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Abstract

In der vorliegenden Arbeit wird die Existenz und Stabilitdt von stationdren
Losungen des Vlasov—Poisson—Systems untersucht. Dieses System wird u.a. in
der Stellardynamik zur Beschreibung von Galaxien verwendet. Dabei werden
Kollisionen vernachlassigt und die Interaktion zwischen den Teilchen, d.h der
Sterne wird nur durch das von ihnen erzeugte Gravitationspotential bestimmt.
Das System besteht aus folgenden Gleichungen:

Of+v-V,f=V,U-V,f=0,

AU =47p, lim U(t,z)=0,

|z|—o0

p(t,x) :/f(t,x,v)dv.

Dabei bezeichnet f:RxRS—R, f=f(t,z,v)>0 fir teR, z,veR? die
Phasenraumdichte der Teilchen, U=U(t,z) das Gravitationspotential, und
p=p(t,x) die rdumliche Dichte.

Im ersten Teil der Arbeit werden Existenz und Stabilitdt stationérer
Losungen der Form

folw,v)=(Eo— E)}(L—Lo),

unter dem Einfluss einer im Ursprung fixierten Punktmasse mittels einer Vari-
ationsmethode bewiesen. Dabei ist

1 M,
E=E(z,v)=o +U(z) - =k

L=z xv|?

und k,l mit 0<k <[, sowie Ey und Ly sind Konstanten. M, ist die Masse
der Punktmasse. Diese Losungen konnen als einfache Modelle fiir Galaxien
verwendet werden, die in ihrem Zentrum ein massives schwarzes Loch besitzen,
das dann anndhernd als fixe Punktmasse angesehen werden kann. Fir das
Vlasov—Poisson System unter der Wirkung eines solchen externen Potentials
wird auch ein globaler Existenzsatz fiir geeignete Anfangsdaten bewiesen.

1



9 ABSTRACT

Im zweiten Teil wird die Existenz axialsymmetrischer Losungen behandelt.
Es werden stationare Zustande konstruiert, die in einem langsam rotierenden
System durch Deformation einer gegebenen sphérisch symmetrischen Losung
entstehen. Dazu wird ein Satz tiber implizite Funktionen auf einen modi-
fizierten Losungsoperator der Poisson—Gleichung angewendet. Im rotierenden
System haben diese Zustande die Form

fo(z,v)=¢ (%112 +U(x)— %wz(xf +x§)) ,

wobei w die Rotationsgeschwindigkeit bezeichnet und ¢ € C*(R) noch gewissen
Zusatzannahmen unterliegt. Der Ausdruck

1 1
E;:= §|v\2 +U(z)— §w2(xf +a3)
wird auch als Jakobis Integral bezeichnet. Die hier prasentierten Ergebnisse
sind in Ubereinstimmung mit den numerischen Beobachtungen des Astro-
physikers P.O. Vandervoort.



Preface

In the present work, we analyse the time evolution of large particle ensembles,
e.g. stars, under the influence of a self-consistent force, which will be the
gravitational force here. If relativistic effects are neglected and if the distances
between the particles are large enough, an appropiate way to describe such a
system are the equations of the N-body-problem:

X;— X,

N
= M

Py

j=1,...,N, (0.1)

where X (s),Xs(s),...,Xn(s) are threedimensional time-dependent vectors
denoting the position of the NV point masses and my,ma,...my are their masses.
The gravitational constant is denoted by v and we prescribe X;(0),X,(0), j=
1,...,N with X;(0)# X;(0) for ¢#j. Many important developments in astro-
physics originate from the N-body-problem such as the analysis of motions of
the solar system and with the growing computing power of modern processors,
the problem is numerically tractable even for large N.

However, for very large NV, such as in galaxies or star clusters, where N >
1019 ¢f. Figure 1, one is in a very unpromising situation concerning analytical
results for this system and it is indeed not reasonable to observe each particle
if the focus is for example on stability or the distribution of the particles. In
fact, an “averaged” view seems to be more adequate and for many questions it
is sufficient to know only how the particles are distributed in phase space R =
R3 x R?. For that purpose, one introduces a function f:R xR®— R, which is
the phase space density f= f(t,2,v) >0, where t € R denotes time and x,v € R3
denote position and velocity. Its value is - up to a multiplicative constant - the
number of particles per phase space volume at the time t. More precisely, if
we take a phase space volume IT CR®, the number of particles N(IL,¢) at time
t in the volume II is

N(IL,t) :/Hf(t,x,v)dxdv.

We have to ascertain the equations which determine f and we start by
analysing the motion of a particle X in a fixed force field, induced by a given

3



4 PREFACE

Figure 1: The spiral galaxy M74, http://hubblesite.org

potential U="U(t,z). The behaviour of X =X (s) is again governed by New-
ton’s Law,

X=V
{ V =-V,U(s,X), (02)

with some initial condition X (0),V(0). If collissions are neglected, it is natural
to require that f is constant along such particle paths, if U in (0.2) is the
self-consistent potential which is collectively created by all particles. More
precisely, we require

f(s,X(s),V(s))=const.,

for all (X,V) solving (0.2) and differentiating with respect to s implies
Ouf(s,2(s))+V(s) Vaf(s,2(s)) = VaU(s,X(s))- Vo f(s5,Z(s)) =0,  (0.3)

where we abbreviated (X (s),V (s))=:Z(s). If we take for given (¢,z,v) a suit-
able Z =Z(s) with Z(t) = (X (¢),V (t)) = (x,v), we arrive at the so-called Vlasov
equation,

Ouf +v-Vof =V, UV, f=0, (0.4)

and we easily verify that f= f(¢,z,v) solves (0.4), iff f is constant along every
solution of (0.2). This statement is just the fact that (0.2) is the characteristic
system of the first order PDE (0.4). To reflect the requirement, that the
potential U is created by the particles, we have to couple Eq. (0.4) with
Poisson’s equation,

A U(t,x)=4mp(t,z), lim U(t,z)=0, (0.5)

|z|—o00
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where we define
plt,x) = | f(tz,0)dv

R3
as the spatial density. Equation (0.5) just says that

Ult,z)=— [ﬁ *xp:| (t,a:):—/R plt.y) dy

s |z —y|

and we also have

Ty
V.Utz)= | ——2_p(t,y)dy,
(t,x) . |x_y|3,0( y)dy

which is the averaged form of the right-hand side of equation (0.1), and we
assumed p(t,.) € C.(R?).

Equations (0.4) and (0.5) form a closed system, the so-called Vlasov—Poisson
system. At the beginning of the last century, this system was used by Sir
J. Jeans to model stellar clusters and galaxies [14] and to investigate their
stability properties. In this context, it is also used by today’s astrophysicists,
cf. [4].

Meanwhile, the existence theory for this system is well-understood: Local
existence and uniqueness was established by R. Kurth in 1952, cf. [15] and
global existence for spherically symmetric solutions was proved by J. Batt
in 1977, cf. [3]. Afterwards, global solutions with small initial data were
obtained by C. Bardos and P. Degond in 1985, cf. [2]. The final breakthrough
was achieved in 1989, when global existence for general classical solutions
was independently from each other proved by Pfaffelmoser, cf. [21] and P.
L. Lions/B. Perthame, cf. [19]. They proved that for every inital datum
]3 € CH(RY), the corresponding solution to the Vlasov—Poisson system exists
for all time.

We are interested in existence and stability of stationary soltutions to (0.4)—
(0.5). For the construction of stationary solutions, we recall that f is a solution
of the Vlasov equation, iff it is constant along characteristics, i.e., the solutions
of the charateristic system (0.2). Thus natural candidates for stationary solu-
tions are functions of conserved quantities of the characteristic system. One
immediate expression for a conserved quantity is the particle energy

Blav) = %|v|2+U(x), (0.6)

so that the ansatz

fo(z,v) :=p(E) (0.7)
automatically satisfies the Vlasov equation for ¢ € C'. Of course, we still have
to solve Poisson’s equation. Plugging (0.7) into (0.5) yields

AU(x):47r/g0(%|v|2+U(x)) dv, (0.8)
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Figure 2: The spatial density p=p(z)=p(|z|) of a shell

which is a semilinear elliptic equation for U. If ¢ only depends on the energy,
one can show that the potential U then has to be spherically symmetric, which
is a special case of a more general result of Gidas, Ni and Nirenberg, cf. [6].
Here spherical symmetry means that U(Az) =U(z) VA€ O(3) Vo €R3, where
O(3) is the group of orthogonal 3 x 3 matrices. Equation (0.8) then reduces to
the following ordinary differential equation

1 1
ﬁ(TzU/(T))/:47T/g0(§|1}‘2—|—U(7’)) dv,
which is much easier to solve.
If we a-priori require some symmetry on U, say spherical symmetry, we can also
use other invariants than the energy, for example components of the angular
momentum x X v, or

L:= |z xv|?,

the modulus of the angular momentum squared.
In Chapter 1, we are interested in stationary solutions of the form

fO(xﬂ)):QO(EvL)v (09)

and one can show that for suitable ¢, the support of the corresponding spatial
densities is bounded away from the origin and also contained in some large
ball. The spatial profile of such a shell is shown in Figure 2. These shells
can be used as a simple model for a galaxy surrounding a black hole in the
following way: The black hole is modeled by a fixed point mass in the origin
which acts like an external force on all particles. The Vlasov—Poisson system
then has to be modified such that the additional force term due to the point
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mass is taken into account.

We will then prove existence and stability of shells of form (0.9) for the modified
system with a variational approach based on energy methods. This approach,
once established, yields existence and stability of a stationary solution from one
source: The existence will be a consequence of the Euler-Lagrange equations of
the considered energy functional and the stability follows from the convergence
properties of minimizing sequences.

For the stability issue, we only can consider perturbations to the system
which “stay away” in a suitable sense from the point mass singularity and
we also have to prove an existence theorem to know that solutions exist
in the neighbourhood of such a stationary shell. All this will be described
in detail in the next Chapter. The variational techniques mentioned above
were established by Y. Guo and G. Rein and meanwhile there is a quite
extensive literature on this topic, we want to list [7, 8,9, 10, 11, 24, 25, 26] here.

Chapter 2 evolved from the attempt to construct triaxial solutions to the
Vlasov—Poisson system. A triaxial solution is a stationary solution with no
axial symmetry, the support of its spatial density is an ellipsoid with three
principal axes of different length. The central idea is to construct such a solu-
tion by deforming a given spherically symmetric solution (fo,Up) of form (0.7).
This is tried by considering the Vlasov—Poisson system in a rotating frame
for small rotational velocity w >0 around the x3-axis. There, one conserved
quantity of the characteristic system is the so-called Jacobi’s integral

1 1
EJ::§|U\2+U(x) — §w2(xf+x§),

and the ansatz fo(x,v) =(E;) leads to

AU(z) :47T/<p<%\v|2+U(x) - %uﬂ(ﬁﬂg)) do, (0.10)

which corresponds to Eq. (0.8) in this situation. For w =0, we have the original
system with solution (fy,Up) and for small w, we construct solutions of (0.10)
which arise from deformations of (fy,Uy) by applying an implicit function
theorem on a modified solution operator of the Poisson equation. However,
up to now we have no method to exclude symmetry with respect to the xs3-
axis, though our class of allowed deformations could match a truely triaxial
system. Our result is the existence of axially symmetric solutions of the above
form to the Vlasov—Poisson system. The approach for the deformation of the
spherically symmetric steady state described above is based on [23], where
axially symmetric solutions to the nonrotating Vlasov—Poisson system were
constructed. There, the deformed solution a-priori has to be axially symmetric,
since the ansatz used for the steady state depends on P =x,v9 — z9v1, the third
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component of the angular momentum, which is only a conserved quantity along
characteristics, if U is axially symmetric. So far, our approach seems to allow
less symmetry, since we have no symmetry assumptions on U.

Eq. (0.10) also has been studied numerically by P.O. Vandervoort, cf. [30],
for ¢(E;)=(Ey—E;)% for some constant Ey and he observed that triaxial
systems only can occur for w large enough. For small w, all calculated solutions
are axially symmetric. Our result is in accordance with his one, since we
achieve existence only for small w.



Notation

Most of the notation used here is self-explaining, but we still want to fix some
of it. For a set M CRR", x s denotes its indicator function, i.e.,

xu(r)=1if xeM, xu(x)=0 if z¢ M.

If M is measurable, we denote its Lebesgue measure by |M|. For 1 <p<oo,
we will write |- ||, for the norm on the Lebesgue space LP(R™).
For z,y € R™, we denote by

:E-y::inyi, x| =Vz-x
i=1

the Euclidian scalar product and norm. For n€R, the positive part 7, is
defined by

1+ :=max{n,0}.
We will write
CHR™), CER™)

for the space of k times continuously differentiable functions on R", the sub-

[1Phi

script “c” indicates compactly supported functions.
For a function g € C}(R") we define the norm | -||1. by

911,00 = lglloc + 1V gl

and the norm |-||2 is defined analoguously for functions which are twice
differentiable. We call a function g:R? — R spherically symmetric, if

g(Az)=g(x) V A€O(3),
where O(3) denotes the group of orthogonal 3 x 3-matrices. Furthermore, a
function f:R3xR3—R, with f= f(z,v), z,v €R? is called spherically sym-

metric, if

f(Az,Av)= f(z,v) ¥V A€O(3).

9



10 NOTATION

In Chapter 1, two weighed LP-spaces play an important role. For given Lg >0,
they are defined by

LMY(RS) = { f:R® =R measurable, spherically symmetric and

//|f\1+i(L—L0)1l/kd:cdv<oo}

equipped with the norm

k

==
[ fllkg:= (/ \f|1+%(L—L0);l/kd:L’dv) ,

where we define L := |z x v|? for z,v € R?, and

L™ (R3) = {p :R®* =R measurable, spherically symmetric and

/ |p|1+%|a:|—2”"dx<oo}
nil
1ol i= ( / |p|1+i|x|-2”"da:) .

with norm




Chapter 1

Existence and stability of static
shells with a fixed central point
mass

1.1 Introduction

For the sake of clarity, we state the Vlasov—Poisson system again:

Oif+v-Vof =V,U-V,f=0, (1.1)
AU =4mp, ‘l‘im Ul(t,z)=0, (1.2)

p(t,x):/f(t,x,v)dv, (1.3)

where f = f(t,z,v) >0 is the phase-space density of the particles, U=U(t,x) is
the gravitational potential of the ensemble, and p= p(,x) is its spatial density.
We want to investigate this system under the influence of a fixed point mass. If
we assume that a point mass M, is fixed in the origin and acts like an external
force on the particles, the Vlasov equation reads

M.
||

Opf +v-Vof = (VoU =V —5) -V, f =0. (1.4)

If we write Uyg:=U — M../|z|, the Poisson equation becomes
AUcg =47 (p+ M.J), (1.5)

where ¢ denotes the d-distribution. This chapter is dedicated to the existence
and stability of steady states of the system (1.2)—(1.4).

11



12 CHAPTER 1. STATIC SHELLS

As already mentioned in the Preface, for the construction of stationary
solutions, one has to find conserved quantities of the characteristic system

Ry

X=V
{V - VL (U(X) ) (0

where (X,V)=(X,V)(s):=(X,V)(s,t,x,v) with (X,V)(¢,t,z,v) = (z,v) for an
initial value (z,v) € R® and s,t € R. Again, one immediate expression for such
a quantity is the particle energy

M.
|z]

1

and if we make some additional symmetry assumptions on the potential U, we
can find other conserved terms such as the angular momentum.
Here, we are interested in stationary solutions of the form

fo(z,v)=(Ey— E)% (L— Lo)., (1.7)

where 0 < k<[ and Fy<0,Ly>0 are constants. F is the particle energy as
above and

L=z xv]*=|z*]v)? = (z-v)? (1.8)

denotes the modulus of angular momentum squared which is conserved along
characteristics, if U is spherically symmetric.

If we want to construct the stationary solution (fo,Up) explicitely from the
ansatz (1.7), we still have to solve the Poisson equation (1.2) to get a self-
consistent potential Ujy. The existence of stationary solutions with parameter
range k>—1, [>—1, k+1+1/2>0, k<3l+7/2 was established in [22] for
M.=0.

Without the exterior potential, the existence and stability of stationary
solutions of the form (1.7) was done in [29], where the parameter range [ > —1
and 0 <k <l+3/2 was covered. The details of this paper will be described in
Section 1.7.

As mentioned above, for our ansatz (1.7) we require that the corresponding
potential U is spherically symmetric and therefore the stationary solutions
(1.7) also have to be spherically symmetric, i.e.,

f(z,v)=f(Az, Av) VAe€O(3), (1.9)

where O(3) is the group of orthogonal 3 x 3 matrices. For Ly >0 the support of
the induced spatial density p(x) = p(|x|) is contained in some interval [Ry, Ry
with Ry >0 and the steady state describes a shell. This can be seen as follows.
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If we introduce the new coordinates r:=|z|,w:=xz-v/r and L as in (1.8), we
can calculate the spatial density of fj as

pro(x /fo
// < o—— (w +L) Uo(r)+]\f0)k(L—Lo)l+dde (1.10)

+
M. Ly k+1+3/2
2 )

=C(k,1)r* (EO—UO(r) : (1.11)

J’_

where
!

1 1
C(k,1 :2l+3/2ﬂ'/ i ds/ sHH2(1—s)kds.
(k1) (s [

For small r the expression in the bracket of (1.11) becomes negative and this
implies supp py C [Ry,00[, for some R;>0. On the other hand, because of

= [, s*p(s)ds/r? >0 for r>0, the function —Uy(r)+ M, /r is decreasing
and with Ey <0 we conclude that pg, (r) =0 for large r.

These shells together with the exterior potential induced by a point mass
can be used as a simple model for a galaxy which encloses a black hole in the
center.

The ansatz (1.7) also leads to steady states and shells of the Vlasov-Einstein
system, the general relativistic counterpart of the newtonian Vlasov-Poisson
system, and they provide an access to study stability and critical phenomena
numerically, cf. [1].

We examine the shells in the newtonian framework and to investigate their
stability, we will firstly prove a global existence result for the system (1.2)—
(1.4) for initial data, which vanishes in a neighbourhood of the singularity
r=0. The corresponding solution then exists for all time, and will always
vanish, if x is in a ball around the singularity, which is determined by the
initial datum. We mention that, without the exterior potential, the existence
problem for the Vlasov—Poisson system is well understood, see for example
[19, 21, 28] for global existence of classical solutions. However, in our situation
the exterior potential becomes unbounded in =0 and we have to ensure that
the particles stay away from the singularity.

To show existence and stability of the shells, we use a similar approach
as in [9], where existence and stability of the above steady states was shown
in the case Ly =0 without the exterior potential. The main idea is to use an
Energy-Casimir functional as a Lyapunov function with the help of variational
methods. We briefly sketch the basic concept:
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The Vlasov-Poisson system is conservative, i.e., the total energy
H(f) = Ekin(f) _'_Epot(f)

_1 2 L o STM,
.—2/|v| f(z,v)dvdx 87T/<|VUf(:L")| +

|z]

,of(at)) dr  (1.12)

of a state f is conserved along solutions and hence is a natural candidate for
a Lyapunov function in a stability analysis; U; denotes the potential induced
by f, note also the interaction term [ py M./|z|dx induced by the fixed central
point mass. However, the energy does not have critical points, but for any
reasonable function ® the so-called Casimir functional

()= [[ ®lrta0)duds
is conserved as well. Now one tries to minimize the energy-Casimir functional
He:=H+C

in the class of allowed perturbations Fj;, which consists of positive L'(R)-
functions with prescribed mass M, i.e. [[ f=M and with finite kinetic energy
and a finite Casimir functional to ensure that Hc is well-defined.

The aim is to prove that a minimizer f; is a stationary solution of (1.2)—
(1.4) and to deduce its stability. One of the difficulties is to show that the
weak limit of a minimizing sequence in H¢, indeed is a minimizer. For this
purpose, we will need that every function in the class of perturbations Fj,
vanishes on the set 0 <L < L.

We are only able to show stability against spherically symmetric pertur-
bations, because our approach requires an L-dependence in the Casimir func-
tional, more precisely, we define

C(f)::/RSCP((L—LO);lf(a:,v))(L—Lo)ﬂrdvdx, (1.13)

with 0 <k <l as in (1.7), ® convex, satisfying certain growth conditions, and
this will be a conserved quantity for spherically symmetric f only. To simplify
our presentation, we focus on the case

B(f) = 1"

which will lead to stationary solutions of the form (1.7). The Casimir func-
tional then reads

Cf) = /R PR, 0) (L L) dud, (1.14)
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At one point we need a scaling argument, which gets complicated in the case
of a translation in L in the Casimir-functional. Here we exploit the spheri-
cal symmetry and use coordinates adapted to it: If f= f(z,v) is spherically
symmetric, we have

flzv)=f(rw,L),
with 7= |z[,w=%% and L as in (1.10), see Section 1.4. Altogether, we want
to minimize the energy-Casimir functional

He(f) = Exin(f) + Epot (f) +C(f),
with Eyn, Epor from (1.12) and C(f) as in (1.14) over the set

]-"M::{feLl(RG) | £>0, f is spherically symmetric, / f=M,
Eian(f) +C(f) <00, f(w,0)=0 a.e. for 0£L<Lo}- (1.15)

See (1.9) for the definition of spherical symmetry.

This chapter is organized as follows: In the next section, we prove a global
existence result for the system (1.2)—(1.4). Afterwards, we examine the vari-
ational problem and we show that H¢ is bounded from below in Section 1.3.
Then we prove a scaling property and that the the infimum of H¢ is negative
in Section 1.4. In Sections 1.5 and 1.6 we show the existence of a minimizer
and analyse its properties; it is a stationary solution, and it is nonlinearly
stable against sperically symmetric perturbations. Finally, in Section 1.7, we
treat the case M,=0.

1.2 Global existence

In order to prepare the stability analysis, we want to prove a global existence
result for classical solutions to the system (1.2)—(1.4), so that we know that
solutions in a neighbourhood of the examined steady states exist. We want to
prove the following theorem.

Theorem 1.1. Consider the system (1.2)—(1.4). Let f€C! be a spherically
symmetric initial datum with f(x,v) =0 for L:=|xxv|?> <Ly, where Ly>0 is
given. Then the corresponding solution (f,U) exists for all time and there
exists Ryin >0, such that f(t,x,v)=0 for |z| < Ry, t>0, where the number

o

R,in only depends on M., Ly and f.

Remark. Without the exterior potential, the global existence result was
proved by J. Batt, cf. [3] and this was also the first global existence result
for the Vlasov—Poisson system in space dimension three. In our proof given
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below, the main idea for proving the boundedness of the velocities, is due to
E. Horst, cf. [13].

Proof. We fix an initial datum f € CH(R®) with f>0 and we fix R, P with
flz,w)=0 for|z|>R or |v|>P.

This implies f(z,0)=0 for |z| <+/Lo/P, since L=sin?(a)|v|?|z|2> Ly on the
support of f , where a denotes the angle between x and v.

In the following, we will denote first partial derivatives with respect to x with
V. and we will write 92 for the second partial derivatives. We now consider the

following iteration process to construct the classical solution. The Oth iterate
is defined by

o

folt,z):=f(z), t>0,z€R".
If the nth iterate f, is already defined, we define

1 M,
Pr = Pf, = /3 fadv, U, :=U,, =—p,* ﬂ, Unet:i=U,, — W
R
on [0,00[xR3, and for L= |z xv|*> Ly we denote by
Zn(s,t,2):=(Xpn, Vo) (s,t,2,0) (1.16)
the solution of the characteristic system
X=V, V==V, U,exs,X) (1.17)

with Z,(t,t,z) = z, where we want to examine characteristics which start on the
support of f . We claim that |X,(s,0,z)| is bounded from below by a positive
constant for all s>0,n€N, so that the right-hand side of the charcteristic
system is well-defined for all time. Together with (1.16)—(1.17) this leads to
the definition

. f(Zn(O,t,z))for z=(z,0): |zxv|[*> Ly
frsa(tz,0) = { 0 else.

for the (n+1)st iterate. Note that, due to sperical symmetry, L=|X x V|?
is a conserved quantity of (1.17) and that || f,.(¢)||1 = |lpn(t)|l1 = || f||1 since the
characteristic flow is measure preserving. We introduce some notations:

PO(t) ::ﬁv

Pat)i=sup{Viea(s.0.2)] | z€suppf, 0<s<t, 1<k<n}, neN,
R?mn(t) =V LO/ﬁ>
Ry (8) :=inf{|z], (z,0) ER*xR® | (z,v) Esupp fu(s), 0<s<t}

:inf{\Xn_l(s,O,z)\ | z€Esupp f, Ogsgt}, neN.
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Next we show

Pn(t)SCO, Ry ()2017 tER+a n€N>

min

where Cy >0 and C; >0 only depend on M., ||f|l, ||flle and Ly. We abbre-
viate X, (s) : = X,.(s,0,2) for some z €supp f fixed. Now fix ¢ > 0; we then have
X, € C?([0,t]) with

Xn(s)

Xn(S):_(mp7l(s>|Xn(S)|)+M) |X ( )‘3’

(1.18)

where we used the spherical symmetry and defined

My, (8,7) = 47T/ 2 pn(s,7)dr.
0

To get suitable bounds for the right-hand side of equation (1.18), we firstly
use [27], Lemma P1:

My, (5,]Xn(s)]) = |V,Un(5,X(5))]

X, (5)]?
<302m)*2) p )1 o (122
<4-3Y3793) fIVP N FI122 P2 ()
:.Iipi( ).

Furthermore, since L, (s):=|X,(s) X V,,(s)|” is constant in s,
Ly Ly

Xl 2 o S st (2 (X (o) Va)))] = PR (5)”

which implies

1
“X HE P3+1(t) 0<s<t.
We also have )
; 1f1l+ M.
(Xn()| < T 7am
| X (s)[?
Altogether,
. . 1
[ Xn(s)|<C mm{m,Pfﬂ(t)}, 0<s<t,
where

* * ; - o Mc
cr=C <||fr|1,r|f||w,Mc,Lo>=maX(HfHﬁMC,L_OH),
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Now define &,(s) := (X, (s)); for i€ {1,2,3} and 0<s<t. Then

€a(s) < g(&(s), 0<s<t,

where .
g(r) ::C*min{r—z,Pgﬂ(t)}, reR.

If £,(s) #0 on ]0,t[, we have

(1) +al0)]
[éiéas
<2 [ |6 lo(euls)) ds =2 [, o

< 2/ g(r)dr=8C"P,1(t),
R

(1) —£al0)]
(1) = £ (0)°

£ —E0)] <

=2

and hence

£0(1)~£,(0) <2v2C PA 1),
If £,(s) =0 for some s €]0,t[, we define

soi=inf{s€)0f] | &u(s) =0}, spi=sup{s€l0t] | &(s)=0)
and the calculation made above implies
£alt) =E0(0)] < [ént) —nls)| +
<420 PYA(1).

Since &, = (Xn), = (V,.)s, we conclude that

€n(5-) —£a(0)

Pop(t) <P+4V6C* P2 (1) t>0, neN.

and therefore
P.(t)<Cy, neN,

where Cy only depends on || f]|1, || f]lo; Lo, M, and we also have

R" (t)>\/L_0

min - )
Co
Now we can continue with the iterates and prove their convergence. We have

fa €CH([0,00[XR%), I fa()lloo=lflloes  Ifa(®l=11lhs 20,

neN.
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t
fo(t,x,v)=0 for |v|> P,(t) 0r|x\2R+/ P,(s)ds, or L < Ly,
0

and
pn € CH([0,00[xR?),
0 41 o

lon @) lr =11, IIpn(t)IlwﬁngllooPS(t), t>0,
t

pul(tyz) =0 for\x|ZR+/ Po(s)ds
0

We define

k<)

||VxUn,eff(t)||min,oo ‘=5sup { |van,eff(tax)| TO S |ZI§'| <00
0

and || 02Uy e (t)]|min,c0 18 defined analoguously.

Now choose Tp>0. We want to prove that there exists a constant C'>0,
which only depends on Ty, f, Lo and M., such that

Hv:cpn(t)noo + Ha:%Un,eﬂ”(t)Hmin,oo < C> te [OaTO]’ neN.

In the following, C' > 0 may change from line to line, but there is no dependence
on t€[0,7p] or n€N. We have
[

Vopelta) < [ |V {20400 |do <19 Z0000)

[v]<Pn(t)

where
IV Zu (0,8, )l i=sup { | VaZa(0,6,2)] | 2: Z(0,t,2) €supp f |

Next, fix z,0 € R?, t €[0,Tp] and write Z,(s) = (X,,,V,) () := (X, Vi) (,t,2,0),
where we require that Z,(0) €supp f. Differentiating the characteristic system
with respect to x, we get

|VxXn($)| <[V Va(s)], |van(3)| < Ha:%Umeﬂ”(S)||min,OO|VxXn(5)|'
By integrating and noticing V,X,,(t)=FE,V,V,(t) =0, we have
Vo Xo(8)] + [V V()]

§1+/ (1+||85Un7eff(7)”min,oo> (‘VIXH(T)}_‘_}van(T)‘)dT
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Gronwall’s lemma now implies

t
}VxXn(s)} + ‘VIVH(S)‘ §exp/ (1+[|02Up (7)) | min,o0 ) dT,
0

and thus

t
IV 21 (B0 < Clexp / 102027 i -
0

A well known estimate for the Poisson equation then implies, cf.[27], Lemma
P1,

t
120l SC(1+ [ 102U (7 i ).
0

By induction,
102U et () || im0 < Ce*

and thus [|02U,, e (t) || min,co < C. Now we show that the sequence (f,,) converges
to some function f, uniformly on [0,7p] x R* x R*. For n€N and z € RS,

|fn+1(taz) —fn(t,Z)| §C|Zn(0>t7z) _Zn—l(oataz”'

For 0 <s<t, we have

| X () V() = Voa(7)|dr,

[Va(s)

—Xn_1<s>|s/ |
Vial< [ [Wn(mm)—van_1<T,Xn<r>>|

+ ‘van—l,oﬁ(Tan(T)) - van—l,eff(Tan—l(T>> |:| dr

g/: [vaUnm—van_l(ﬂHw

20201 () il X (7) = X (7) |] dar,

where we used the mean value theorem and the factor 2|X,(7) — X,,_1(7)| in
the last line is an upper bound for the length of a curve which connects X, (7)
with X,,_1(7) (s <7<t) and avoids the critical area B, 5,c, — note again that

we have the inequality R, (t) >+/Lo/Cp.

min

Recalling || 02Uy, et ()| min.co < C, adding these estimates and applying Gron-
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wall’s lemma, we obtain
2006) = Z0s( € [ [Valr) =Vl ()]
<C [[nr) = sl onr) = nes )
<c/ 19a() = pus ()|

<c [ 1801

where the second inequality follows by splitting the expression

|va(a:)|g/ p(z)Qdy / pla )2d +/ ”(I)zdy,
|£L’—y| |z— y|<R|$ y| \x—y\2R|x_y|

and then using Holder’s inequality and an optimization in R>0, cf. [27],
Lemma P1.

Also note that the support of both p,(t) and f, () is bounded, uniformly in n
and t €[0,Tp]. Altogether, we have

0= 5aOll o <C- [ o) = s (0]

and by induction,

crn cn
S <O neNg, 0<t<T,

| fu(t) = faca ()] <C

n!

This implies that the sequence (f,,) is uniformly Cauchy and converges uni-
formly on [0,7p] x R to some function f e C([0,Ty] x R%), which has the fol-
lowing property:

fltz,0)=0 for |v|>Cy or |z|>R~+Ct.

Furthermore,
pn—pi=ps, Up—U:=Us, (n—o00),

uniformly on [0,7p] x R3. Since Tj > 0 was arbitrary, the proof is complete once
we show that the limit function f has the regularity to be a solution to the
Vlasov—Poisson system. With [27], Lemma P1, we have

IVaUn(8) = Vol () oo < Cllpn (€)= pm (01212 (6) = pin (8) 1
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and

102010) - 20 0 <C | (1107 ) n0) - pu )]
] T.pu(8) Vb Dl + B pult) — (0]

for any 0 <d < R. This implies that the sequences (V,U,) and (92U,,) are also
uniform Cauchy sequences on [0,Tp] x R3. Indeed, since all p, have compact
support, uniformly in n, we can estimate

lon(t) = pm (D)1 < Clipn () = pim () loo < Cllfn ) = fin () |0

which converges to zero. For the term with the derivatives of p,, we only know
that
IV epn(t) = Vipm ()]l <C

with a not necessarily small constant C, but here we can choose d >0 in front
of this term as small as we want. Hence we have

V.U,02U € C([0,Ty] x R?).
Now we have for the characterstic flow Z, induced by the limiting field -V, U,

Z = lim Z, € C"([0,Ty] x [0,T] x R%),

and finally, ] ]
F(2) = lim f(Z,(0.4.2) = F(2(0..2)),
so that fe€C*([0,Ty] xRY) is a classical solution. O

1.3 A lower bound on Hq

We recall that we want to minimize

Ho(f) = Exin () + Epot (/) +C(f),
with Eyn, Fper from (1.12) and C(f) as in (1.14) over the set

fM::{feL%R% | 20, is spheically symmetric, [ [ 7=,

Ewin(f)+C(f) <00, f(z,v)=0 a.e. for 0§L<L0}.
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Firstly, we want to establish a lower bound on H¢s and we will need several
estimates for p; and Uy induced by an element f& Fy. We will show that
ELot(f) makes sense, that is,

M,
VU; € L*(R*) and —pp(x)dr < oo.

R3 | 7]

Lemma 1.2. Let n::k+l+%. Then there exists C'>0, such that

/p;”+7ll(x)‘l’|_2l/nd:€SC(C(f)‘f‘Ekin(f))v J€Fu

Proof. For any R>0, we have

lvI<R lv|>R
</U§R(L Lo)k+1f( )(L LO /|’U| f Sﬂ’U
<C(/USR(L—L0)+CZ )k 1 (/f1+k(x v)(L— L) l/kdv) s
s [P

k
k+1
<C'|:17|k+1 R¥T (/flJri(x,v)(L—Lo)j/kdv)

+ %/|v|2f(x,v)dv.

Optimization in R yields

k+1

<2/ |U|2f(x’”)d“)'x'k_ﬁ (/ f”%v)(L—Lo)?/kdv)m] :

and thus

R:=

1+3/2

2l . TTET5/2
prto)<Cll i ([ ptani—roao) T (B )

T
< Cla| i (Ekm<f>+ / f1+%<x,v><L—Lo>;l/kdv) -
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Taking both sides of the inequality to the power 1+%, dividing by ra and
integrating with respect to x proves the assertion. O

From Lemma 1.2 we see that a function f lying in F,; and its induced density
ps automatically are elements of certain Banach spaces which we now define:

LPY(RS) = { f:R®—R measurable, spherically symmetric and

//|f\1+i(L—L0)1l/kd:cdv<oo}

equipped with the norm

k
=
| flles:= (/ ‘f|1+% (L—Lo);l/kdajdv)

and

L™(R3) = {p :R® =R measurable, spherically symmetric and

/ |p|1+%|a:|-2”"dx<oo}

1 _o/m ntl
1ol i= ( G dx) .

Both spaces are reflexive Banach spaces. More precisely, f and py are contained
in the subsets L"'(R®) and L'(R?), respectively, which consist of the a.e.-
nonnegative functions of these spaces.

We now need some notations which clarify what Epe(f) and VU; means
for f € Fy. For spherically symmetric p € C!(R3) Poisson’s equation becomes

1
(20 = amplo)

where 7:=|z| and we have U € C*(R?) and U’(r) =4r [ s*p(s)ds/r?; in par-
ticular, VU (z)=U'(r)%. This motivates the following definitions. For f € Fy,
ie., p:=p;e€ L™ (R3), we define

mp(r)::/x<rp(:c)d:c:4ﬂ/0 s?p(s)ds. (1.19)

with norm

Uy (r):= m;jﬁ” (1.20)
VU, (z):= m::_g?”)% (1.21)

Up(r)::—/ooU;(s)ds (1.22)



1.3. A LOWER BOUND ON H¢ 25

and we will sometimes write Uy or VU instead of U,, =U, or VU,, =VU,, if
ps is induced by f. The definition (1.21) implies

00 0y 2
/ |VUpf(:L’)|2dx:47r/ mp—gmdr.
R3 0 r

Now we can state the next lemma.
Lemma 1.3. (a) Define the function ¢ € C(R") by

_JR® for0O<KR<1
C(R)_{Rq2f0r1<R<oo’

where q1 :=1—k+1/2>0 and g3 :=4l+5—n>0. Then there ezists a con-
stant C'>0 such that for pe L™ (R3) with [ p(x)dx=M we have

pot /|VU| dl’+/|

§2/0 (mrirhgm rp(r )) dr+%(M2+2MM)

<CC(R)(1+[p]l 57 )+ﬁ(M2+2MM) R>0

where U, denotes the potential induced by p.
(b) For every R>0 the mapping

m
T:L™(R%)3 pr Tp|[0,R] e L*([0,R])

18 compact.

(¢c) For py,py € L™ (R3)NLY(R3) we have

/VUpl~VUp2dx:—47T/Up1p2d:c.

Proof. Obviously, we have m,(r) <M, and this shows the first estimate of
(a). Now for pe L™*(R?), we have

R R .
/ rp(r)dr:/ rl Z+1/2r2:f13p(r)dr
0 0

R = R e
s( / rl_k_l/er) ( / Ot )dr)
0 0

< CRl_k+1/2||p||n,l
1
<CR™MY (14 pl,))
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where we used Holder’s inequality in the second line. Furthermore, again by
Holder’s inequality,

fmy(r)| < CrH Dol .70, (1.23)
and thus
R 2
/ mp(r)drgcllpIIQ (RUFE=m)/(n ) (1.24)
o 7 "

1
< CR(4I+5—n)/(n+1)(1 + HpH:;ﬁ)’

which implies the estimate in (a). As to (b), by (1.24) we already know that
the operator 1" is bounded. To show the compactness of T, we use the Fréchet-
Kolmogorov criterion, cf. [31], Theorem X.1. We take a bounded set K € L™
and to show the precompactness of TK, we redefine Tp:="2x g € L*(R).
The crucial part is to show that

|(Tp)n—Tpll2—0, h—0,

uniformly in p€ K, where (T'p),:=(Tp)(-+h). For h>0, we have

2

m,(r+h) m,(r)

h 2 h h 2 R 2
< / L(T;r ) it / —mpgr) dr+ / —m”gr) dr
0 r 0 r R-h T
R—h 2
11
n / n2(r)

——| dr
R-h ,
+/ 7‘mp(r+h)—mp(r)‘ dr
h

r+h r
(r+h)?

For the first four terms, one can use the estimate (1.23). Indeed, for example,

2
R-h T R—h

= C||p||?,, (RUFS=/ (1) _ (R _ p)(al5-m)/(n+D)

R 2 R
/ mp(T) dr<C ||p||i7lr(4l+4—2n)/(n+l)d,,,

and
1 1

R—h 2 R—h 2 2
AP )
/h my(7) r+h r dr—/h r2 \r+h ar,

which converges to zero by Lebesgue’s theorem. We have

|m,,(r + h) _ mp(r)| < C'||p||n,z ((T + h)(2l+3)/(n+1) _ r(21+3)/(n+1)) ’
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and again by Lebesgue’s theorem, also the last term converges to zero. Each
term coneverges uniformly in p€ K and the case h <0 is completely analogu-
ous.

As to (c), we firstly show the assertion for pi,p, € C°NL™NL'. An integra-
tion by parts gives

/VUP1 -VU,, dx:47r/ U;)l (r)m,, (r)dr
R+

e KACECT

- 47TUP1 (T>mp2 (T)

= —47T/Up1p2 dz,

where the boundary term at infinity vanishes since |U,, (r)| <|/p1]l1/r and
My, (1) <||p2|li and the boundary term at zero vanishes since m,,(r)=

O(r?), r—0. Now we consider approximating sequences (p}),(p3)C L™N
C*NL!' such that for i=1,2

pl—p; in L™ (j—o00),

and ||p!||1 <||psll:. Using the estimates of (a), we conclude that the above
identity still holds for p; € L' N L' and the proof is complete. a

Lemma 1.4. There exists a constant C >0, such that

in particular,
hM::iIlf{Hc(f)|f€fM}>—OO. (1.25)

Proof. Using the previous two lemmas we have

Holf) 2 BianlF)+C(H) —CLRI(1+ o) - 2 e

2R
M? +2MM,
> (Bign () +C(f))(1— CC(R)) — C((R) - 22,
where C' >0 is some constant which does not depend on R>0. The assertion
follows by a suitable choice of R. O

1.4 A scaling lemma

In this section we show that hj; is negative. We also examine the behaviour
of Ho(f), if f is rescaled.
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Lemma 1.5. Define hy as in (1.25). Then for M >0 we have —oo < hyy <0.

Proof. As already mentioned in the introduction, we will use coordinates
adapted to spherical symmetry. If f(z,v)= f(Az,Av) V A€ O(3), we have

f(z,v)= f(rw,L),

where r:=|z|, w:=2% L:=|zxwv|* and we will write again f instead of f.
It is easy to check that, in the new coordinates, the energies and the Casimir
functional read

Euin(f 27T/ // w? + 5)f (r,w, L)dLdwdr,
R+ R+ r

Epot(f):—1 ( )d — 47 M, rpg(r)dr,

2 R+ 7’2 R+
C(f):4”2/ / / PR L) (L — Lo)2/* dLdwir,
Rt JRJR+

with R :=[0,00[ and m;=m,, as in (1.19).
Given any function f € F);, we define a rescaled and translated function

frw,L)=af (br,cw,b*c®L — (b*c* —1)Ly) (1.26)

where a,b,c> 0.
Then f(r,w,L)=0 a.e. if L < Ly,

///f(r,w,L)dewdr:a(bc)—?’///f(r’w’L)dewdr

and if f € Fy;, we have f € Fy; with M =a(bc)~3>M. Furthermore,
= L (*c2—1)L
Fuin(f) =2m2ab™c” ///( al - ) 0) f(r,w,L)drdwdL, (1.27)

C(f)=a b E e re(f), (1.28)
- 1 m?2(br
Eoor( ):__/ a’hO f( )d —drab2c¢3 M.rpg(r)dr
2 R+ R+
Lo 5 6 ( )
=——ab""c —a dr —4n M.ab2c™ rps(r)dr. (1.29)
2 R+ R+
To prove the lemma, we consider the case bc < 1. Here we have
Eyin(f) <ab™*c™ Exin(f). (1.30)

Now we fix some f € F; with compact support and let

a= M (bc)?.
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Consequently,
He(f) <atip™E e e(f) +ab™e ™ Bu(f)
1 mj(r
__a2b—5c—6/ #dr_zmMcab”c_g/ rps(r)dr
2 R+ T R

S Cla% (bC) % + CQC_2 - Cgb,

where C7,C5,C3>0 depend on f and M. Since we want the last term to
dominate as b— 0, we let ¢=b""/2 so that bc=>b""2 for some n€]1,2[. For b
small enough we have bc <1 and

Ho(J) < Cbt= /% 4 Copn — O,

Now fix n€]1,2[ such that (1—2)(2/+3)/k>1; such an 7 exists by the as-
sumptions on k£ and [. For b> 0 sufficiently small, the sum of the last three
terms will be negative and the assertion follows. O

In the next section, we will use the rescaling formulas (1.27)—(1.29) to show
that a function fy, constructed by the weak limit of a minimizing sequence
actually is a minimizer with mass M.

1.5 Existence and properties of minimizers

Theorem 1.6. Let M >0, Ly>0 and let (f;) C Fu be a minimizing sequence
of Hc. Then there is a minimizer fy and a subsequence (fj;,) such that
He(fo) =har and f;, — fo weakly in L*'. For the induced potentials we have
VU;, — VU strongly in L*(R?).

Proof. By Lemma 1.4, Ey,(f;)+C(f;) is bounded and thus (f;) is bounded
in L. Now there exists a weakly convergent subsequence, denoted by (f;)
again:

fi— fo weakly in Lk

Clearly, fo>0 a.e. and fo(x,v) =0 a.e. for 0< L < Ly. By weak convergence,
Ekin(fO) < hmsup Ekin(fj) < 0oQ. (131)

J—00

By Lemma 1.2, (p;)=(py,) is bounded in L™ (R?). After choosing another
subsequence, we conclude that

p;—po weakly in L™, (1.32)

where we have the identity

pozpfozz/fo(:c,v)dv.
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Indeed, assume we would have ps >py a.e. on the measurable set A:=
AR, r,:={r€R3| Ry <|z|< Ry with 0< R; < Ry < oo}, note that both py and
Py, are spherically symmetric. Then for R> 0, by weak convergence we have

0<v:=[4(pfo($)—po($))dx
= lim/A |v|<Rfj(:B,v)dvd:E—l—/ fo(z,v)dvdz—

Jj—oo AJv|>R

j—oo J 4
where we used the fact that y4 € (L”’l)* and xaxp, € (Lk’l)*. Now Eyin(f;) is

bounded and this implies

2 9 o
/A |v|>Rf0(:l?,v)dvdx < ﬁEkin(fO) < ﬁhmsupEkin(fj) <=

j—00 R2 '
We conclude

R?  j—o

which is a contradiction.
Next, from (1.32) together with Lemma 1.3 (a) (b), the strong convergence

C ) 2C
|v|§—2+,hm/ fj(%v)dvdxﬁﬁv
AJv|>R

VU; - VU, strongly in L*(R?), (1.33)

follows, and we have

Epot(fj) = Epot(fo)-
Indeed, from Lemma 1.3 we have

2

1 9, Oompfj_/’fo

Rm2 2
pr =1, M
< —L—dr+—=1+11I.
/0 r2 s R +

Now let € >0 be given. Choose R>0 large enough so that I <e/2. For j
sufficiently large, the first term also will be smaller than €/2 because of the
compactness of T', defined in Lemma 1.3 (b): The weak convergence py, — py,
implies the strong convergence m,, _, Jr—0in L*([0, R]).

Furthermore, we can estimate the interaction term as

2M

1 1
[ e -m i+ 2

— (p(2) = po(@)) d

<
R3 | Z|
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Here the first term tends to zero, because of the weak convergence (1.32)
together with the fact that <|?1|,~>L2(BR) € (L™(R?))" which we have shown in

the proof of Lemma 1.3(a). The same argument as above then proves

L (p;j(x) = po(z)) dz| — 0.

R3 |$‘

Next, we show that fy actually is a minimizer, in particular
Eyin(fo) +C(fo) < oo. By weak covergence, we have

k+1)/k . . k+1)/k
C(fo):||fo’|/(f,;r / Shjrglor.}f||fj||](w+ e < oo,

Together with (1.31) and (1.33) this implies
Eiin(fo) +C(fo) < lim (Bian(f;) +C(f;)) <00,
note that the lim;_, in the above inequality exists. Finally,

He(fo) =C(fo) + Exin(fo) + Epot(fo) Sjlijgo (C(f;)+ Exin(f5) + Epot (f5)) = ha-

It remains to show that || fo||1 =M. By weak convergence, we have || fol|1 <M
and we already know that || fo|l; >0, since hy; <0. Now assume that M;:=
| foll1 < M. We consider the rescaled function fy defined in (1.26) in section 4
and recall formulas (1.27)—(1.29). Now define

M\ 13
a:=1, c::(—o) . bi=c%

This implies (bc)~3 = M /M, and thus || fy||; = M. We have
hay <He(fo)
1, (r)

m2
<cBia(fo)+ () -3¢ [ T
R+

r

dr—c47rMC/ rps(r)dr,
0

where we used (1.30), note that be=c"' < 1. Since ¢>1 and 0 <k <[ we con-
clude

B M 1/3
hMSHc(fo)SCHc(fo): (ﬁo) hM, (134)

which is a contradiction. O

Theorem 1.7. Let fo € Fyr be a minimizer of Ho. Then there exists Fy <0
such that

(Eo—E) (L—Lo)\. (1.35)

k
fole) =57
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where . M
E:==-0v>+0, -
21} + Uy () ™

and Uy is the potential induced by fo. Moreover, fy is a steady state of the
Viasov-Poisson system (1.2)-(1.4).

(1.36)

Proof. Let fy be a minimizer. We choose a suitable representative for f; and
define for € >0 the set

1 1
KE::{(x,v)|e<f0(x,v)<— L0+6§L§L0+—}.
€ €

Since fy € L% we have 0 < | K| < oo for € sufficiently small. Now let g € L>°(RS)
be spherically symmetric with supp g C K, and

e ([ oae) .

Then for 7€R small enough we have fy+7h>0 and fy+7h€ Fy, indeed,
Eiin(fo+7h) <oc and

h:=g—

Cfo+7h)=C(f) +7// (fo)(L— L) *h+o(r) <

where we recall that ®(f)= f*"/*. Now we have
0<Hc(fo+7h)—Hc(fo) =
1 M,
—7//< (fo)(L—Lo); l/k+§v2+Uo(:)s) - |7|C> hdvdz +o(T)

= [[ (¥ (L= 20) 4 E) hdvda-+ofr),

where we used Lemma 1.3 (c) to calculate the potential energy term. Since
—h is also an admissible function, this implies

// (cp’(fo)(L—LO);”’wE) hdvdz =0.

Inserting the definition of h we get

//{ (L=Lo)i'fo) + E) - |K\// ((L—=Lo) lfo)+E)]gdvd:)::0.

Consequently,

®'((L—Lo);' fo)+ E=FE. ae. on K,
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where
E€—|K|// ((L—Lo){' fo) + E) dvdz.

Thus for € small, E, will be a constant which we denote by Ej, and we conclude
' ((L—Lo) ' fo)+ E=FE, a.e. on {(x,v)|fo(z,v)>0}. (1.37)

Suppose now, there would exist a measurable set A C {(x,v)|fo(x,v)=0,Lo <
L} with
E<Ey, ae on A

and 0 <|A| <oco. We can also assume that A is spherically symmetric, i.e. x4
is spherically symmteric. Next, define

1
hi:XA—m (//XAdUdl’) " XK.

with K. as above and small ¢ >0. Then for 7> 0 sufficiently small we have
fo+The Fy and again

0<Hc(fo+7h)—Hc(fo) —T// ((L—Lo){ fo) + E) hdvdz+o(7).

Plugging the definition of h into the above equation, we have

0<// (L—Lo); f0)+E)XA—Eo//XA
://A(E—EO)<O

a contradiction and thus E > Ey a.e. on {(z,v)|fo(z,v)=0,Ly < L}. Together
with (1.37) this implies that fy is of the form given in the theorem.

Since fy is a function of the microscopic energy E defined by (1.36) and L,
it is constant along solutions of the characteristic system

1 X[?

X=V
V= -V, Up(X)— e X

and thus fj is a solution of the Vlasov equation, provided the potential Uy is
sufficiently smooth. But one can indeed show that Uy € C*(R3). This can be
seen as follows. We firstly recall the formula for py,, if fy is of form (1.35),

M. L k+1+3/2
) (1.38)

o2

po(r) = piy (r) = C (I, 1) (E Uy +

+
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and we claim that Uy € L*(R") and thus the above equation implies py, €
L'NL>. Indeed, for any R>r,

~t)= [ ") gy | e

s2

R
M
SC/ S(—2k—2)/(n+1)HpOHmldS_I_E
_ _ M
(ROEIHH/D/(41) _p (h41/2)/(e41)) | 22
R Y
and because of 0<k<Il+1/2, the claim follows. Now p; € L'NL> im-
plies UpeC' and because of (1.38) also poeC'. Together with Uj(r)=
= [y $°po(s)ds, the asserted regularity of Uy is proved.
By construction, we have

=Cllpolln.

A[]0 = 47TP0>

so that (fo,p0,Up) is indeed a solution of the Vlasov-Poisson system. It remains
to show that Ey<0. Recall the formula for py from (1.38) and the fact that
| folll=M. If Ey>0, we would have

Vol = lpolls = C (k1) / ( ) dr=c [~

Ro 2r Ro

where we have chosen Ry >0 sufficiently large so that Lo/r* < M./2r, r> R.
Consequently, we conclude Ej<0. O

1.6 Dynamical stability

We investigate the nonlinear stability of fy. For f & Fy,

Holf) = Holf) =df. o)~ 5 [ IVUr= VU Pz, (139
where

ar fo)i= [[ [(77 = Y (L= )T (B Ea)(f - fo)] dod

where E is defined as in (1.36). We have d(f, fo) >0, fe€Fy with d(f,fo)=0,
iff f=fo. Indeed,

d(f,fo) > / / [@/((L— Lo) 7 fo) + (B — Eo)] (f — fo) dvda >0,

which is due to the convexity of ®, and on the support of f, the bracket
vanishes. This fact allows us to use d(., fy) to measure the distance to the
stationary solution fj.
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Theorem 1.8. Assume that the minimizer fo is unique in Fpr. Then for all
€ >0 there is 0 >0 such that for any solution f(t) of the Viasov-Poisson system
with f(0) € CHR®)NFyy,

1
d(f(0), fo) + o / IVUf) — VU;, [*da <6

implies
1
d(f(t)afo)+8—7r/\VUf(t>—VUfo\QdSKE, t>0.

Proof. We observe that H¢ is conserved along any solution f(t) of the Vlasov-
Poisson system with f(0)€ C}(R®)NFy;. This follows from conservation of
energy and the fact that both f(¢) and L are conserved along characteristics.
Assume the theorem were false. Then there exists ¢p >0, ¢;>0, and f;(0) €
CH(R®)N Fys such that

1 1
d(fj(0)7f0>+8—7r/‘VUf](0) —VUfOPdSL’S;

and .
d(fi(t;), fo) + 8_7T/|VUfj(tj) — VU, |*dz > €.

From (1.39), we have
lim He(f(0) =har,

and because Hc(f;(t)) is conserved,
lim He(f;(t;)) = lim He(f;(0) =har

Thus (f;(t;)) C Fa is a minimizing sequence of He and with Theorem 1.6 we
have

1
8 / [VUjt,) = VU [*dz — 0,

which implies
d(fi(t), fo) =0
by (1.39), a contradiction. O

Corollary 1.9. If in Theorem 1.8 the assumption || f(0)|x:=||follk. is added,
then for any €>0 the parameter 6 >0 can be chosen such that the stability
estimate

| f) = follka<e, t>0
holds.
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Proof. We repeat the proof of Theorem 1.8 except that in the contradiction
assumption have

1
16569 = folea+dstt5). o) + 5 [ VU0 = TUp oz o

From the minimizing sequence f;(¢;) we can now extract a subsequence which
converges weakly in L*! to f,. But due to our additional restriction we have

i) k= I folles, JEN.

Now the lower semicontinuity of the norm and the uniform convexity of L*!(RR%)
imply f;(t;) — fo strongly in L*!. Together with the rest of the proof of The-
orem 1.8, the assertion follows. O

Remarks.

(a) The technical assumption f=0 a.e. for 0 < L < Ly in the class of pertur-
bations Fy, see (1.15), is needed for the scaling argument in Lemma 1.5
and it would be desirable to improve it to f=0 a.e. for 0 < L <~vLg for
some 0 <~y <1.

(b) For M.=0 one can show existence and stability for steady states of form
(1.7) for the parameter range [ > —1, 0<k<[+3/2, see the next Section
1.7. For M. >0, we had to restrict the parameter range to 0 <k <[ in
order to guarantee that the scaling argument (1.34) works.

(¢) The uniqueness of the minimizer fy subject to the fixed mass constraint
can be shown by a scaling argument in the case Ly=0 and M.=0. For
Lo >0, at least numerically the minimizer seems to be unique, but the
scaling argument fails because of the translation in L. We mention that,
for Theorem 1.8, it would suffice if the minimizers of H¢s were isolated.

(d) We only obtain stability against spherically symmetric perturbations,
because the quantity L is conserved by the characteristic flow only for
spherically symmetric solutions. Stability against asymmetric perturba-
tions is an open problem and more delicate mathematical tools have to
be invented to address this question.

1.7 The case M.=0

In this Section, we want to prove existence and stability of stationary solutions
of form 1.7, but now with M_.=0, i.e., we consider the unmodified Vlasov—
Poisson system. Of course, for the parameter range 0 <k <[ we can follow
Sections 1.3-1.6.
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We want to extend the covered parameter range to 0 <k <[+43/2 and [ >
—1. As already mentioned, in this case the scaling argument (1.34) fails, but
with the point mass vanishing, we can analyze how hj; behaves, if M varies.
We then will show that the mass remains concentrated along a minimizing
sequence for the variational problem introduced in Section 1.1, which will
easily imply that f, has mass M and has compact support.

All lemmas of Section 1.3 hold true and we can use the proofs given there
also for the extended parameter range, except for Lemma 1.3, where the case
414+5—n <0 can appear, if n>1. But here we can use the estimate

/ m d’f’ <M1—/ mp 7’ =r Ny <C||p|| nR(2H—3—n)/n’

where 2l+3 —n=1[—k+3/2>0 and the assertions still hold if we make suitable
changes for the parameters q1,qs.
We now want to prove an extended version of Lemma 1.5.

Lemma 1.10. Define hy:=infrer, Ho(f) with M. =0 in the definition of
He.

(a) Let M >0. Then —oo<hy <0.

(b) There exists a>0 such that for 0 < M; <M,

]\41 14+
ha, > | — har,-
My, Z (Mg) Mo

Proof. We again will use coordinates adapted to spherical symmetry. Re-
call formula (1.26), where we defined for f & F), the rescaled and translated
function

frow,L)y=af (br,cw,b*c®L — (b*c*—1)Ly) (1.40)
where a,b,c> 0.
Then f(r,w,L)=0 a.e. if L <Ly and if f€ Fy, we have fe Fy with M=

a(bc) M. Furthermore, we recall the scaling behaviour of the terms of He,
cf. (1.27) — (1.29), now with M,.=0:

Eyin(f) =2m%ab™%c” ///( L+ (t* Z_l)LO)f(r,w,L) drdwdL, (1.41)
(f)—aHkb 342 —3+21 c(f),

_ 1 o .m3(br) L
Epot(f):__/R+a2b Oc 6f7d7=:a2[) oc 6Epot(f)-

2 r2
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The mapping Fa; — Fyz, [+ [ is bijective and its inverse is

2.2
fraw,Ly—a ' f (b‘lr,c_lw, L+ 1)L0) )

b2 c?

For the proof of (a), we can follow the same lines as in the proof of Lemma
1.5.

As to (b), we distinguish the cases [ >0 and —1<1<0. If I >0, we take f
defined by (1.40), but now with a=c=1 and b> 1. From (1.41), we have

Ekin(f) S b_lEkin(f)
and -

Eyin(f) > 072 Ein(f).
We take b= (M, /M,y)~'/3>1. This implies

He () 2072 Bn(f) +b7° Byt (f) + 0735 C(f)
>0 Egn (f) + 0 Epor (f) +57°C(f)
= b‘5Hc( f).

This implies o= %, notice that v <1 for w<0.

If —1<1<0, we first consider the case 0 <k <1/2 and we assume bc>1 in
(1.40). Together with (1.41),

Ekin(f) S ab_lc_gEkin(f)a

and -
Ekin(f) Z ab_30_5Ekin(f)-
Now we choose f € Fy, and f € Fyy,, so that

M
3.3 MM
ab™’c v :m <1. (1.42)
Then
He () 2 ab™ e Buaa( ) + a0 ¢ By (1) + 0™ (be) ()
:mc_2Ekin(f)+m2bEpot(f)—|—ma,%(bc)%c(f).
We require

Hence we choose

2042 20+2k41
c=mz-3-2, h=msFa-2%  q= (bc)gm
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and this implies be = m#+2)/(B+2=2k)—1 _ 1 (2k=1)/(3+21=2k) > 1 Then

He(f) 2m" (B (f) + Epor (f) +C(f)) =m " Ho(f),

where a:=(41+4)/(2l+3—2k) > 0.
For —1<1<0 and k> we assume bc<1 in (1.40) and it is easy to check
that

Ekin( ) Z ab_lc_sEkin(f>-
We take f, f and m as in (1.42) above. Finally,

= 1 21

He(f) 2 ab™ ¢ B (f) +a*07°¢  Epor(f) +a' % (be) T C(f)
= mb? B (f) + M2 By (f) +ma¥ (be) % C(f).

Defining

bem. = m2k—4-20/(3+2D)

so that be=m@—1/3+2) < 1 the assertion follows with av=2. O

The scaling estimate above can be used to show that, along a minimizing
sequence, the mass has to remain concentrated.

Lemma 1.11. Let M >0 and M.=0. Then there exists a radius Ry; >0 such
that if (f;) CFar is a minimizing sequence of He,

1im/ /fjdvdxzo, R> Ryy.
J7J|z|>R

Proof. We define the ball Bp:={z€R?:|z| < R}. Let xp,xrs be the charac-
terisitc function of By x R3. For f € F); we split

fi 3=XBRxR3f> fo=f— N1

and define m;(r) :=my,(r), i=1,2, with my,(r) :==4x [ s*py,(s)ds. We abbre-
viate A=M —my(R). Then

mo (7’)

Ho(f) =He(f) + Holfy) - / ),

S s T — / Md
0

2

since f; € Fy_» and fy € Fy. Next,

/ N 7m1(T3T2(T) dr < \(M—\) / N %dr = 7A(MR_ N
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Using Lemma 1.10 (b), we find that

ez | (1) " () |- 2

Since the function ¢ defined by
q(z) =2+ (1—2)* T + Coz(1—1)
is convex in [0,1] for suitable C, > 0, we have the inequality
(1—z)t !t 1< -Cy(1—2)z 0<z<1.

Choosing z =2 and noticing that by Lemma 1.10 (a) hys <0, we have

He(f) = ha = [(1—i)1+a+ <i)l+a—1] By~ MM =A)

M M R
AN\ A AWM =N
> _ SRR N S
= C“hM<1 M)M R
B Cohy 1
(G Dy
1 1
“\&, & ms(R)(M —mg(R)), (1.43)
where ,
M
RM.——CahM > 0.

Now let (f;) C Far be a minimizing sequence of H¢, and assume the assertion of
the lemma is wrong. Then there exist some R > R/, A >0, and a subsequence
called (f;) again, such that

lim/ /fjdvdx:)\.
I7Jz|>R

For every j €N we can choose R; > R such that

1
>\jZ:/ /fjdvd:c:—/ /f]dvdx
2> R; 2 Jal>r

A
lim/ /fjdvd:z: lim \;=—=>0.
i=% Jj|>R; jmeo T 2

Then
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Applying (1.43), we get

since 0< 4 <M. This contradicts (f;) being a minimizing sequence. O

Now the theorems of Section 1.5 still hold, where we now can show the mass
property of fy in Theorem 1.6 as follows: By Lemma 1.11 we have

= hm/ / f]dvdx+hm/ / fijdvdx
I z|<R1 J|v|< Ry I z|<R1 J |v|>Ra

< lim/ / fi dvdm—l— ,
J—o0 |z|<R1 v/ |v|<R2 ! R2

where Ry > Ry, and Ry >0 are arbitrary. This implies

/|:c|<R/f0dde:

for every Ry > Ry This proves [[ fo=M and also that supp py, C[0,R] for
some R>0. This support property also shows that the Lagrange multiplier
Ep in Theorem 1.7 has to be negative. We then can calculate py, as

Lo\ /2
g (r)=C(k,1)r? (EO_UO(T>_T_§) .

+
Together with the fact that —U(r) <M/r, r>0 this implies that supppy, C
[R1, R], for some 0 < R; < R and with a similar argument as in the proof The-
orem 1.7 we can show the boundedness and the regularity properties of Uj.
For the extended parameter range, the stability assertions in Section 1.6 hold
true without changes in the proofs.
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Chapter 2

Existence of axially symmetric
solutions to the Vlasov-Poisson
system depending on Jacobi’s
integral

2.1 Introduction

In this chapter, we consider the Vlasov—Poisson system in the following form

Of+v-Vof =V, U-V,f=0, (2.1)
AU =4mp, (2.2)
p(t,x) :/f(t,x,v)dv. (2.3)

We are looking for stationary solutions of (2.1)-(2.3). As already mentioned
in the Preface, if fy only depends on the particle energy, i.e., if is of the form

foltr,0) =®(E) = (307 + U(x)), (2.4)
this leads to
AU =47hge(U) :4ﬂ/¢(%v2+U(x))dv, (2.5)

and this equation only possesses spherically symmetric solutions, a fact which
follows from a more general result of Gidas, Ni and Nirenberg, cf. [6].

If one is interested in stationary solutions with less symmetry, one can try
to add more invariants to (2.4), so that the right-hand side of (2.5) explicitly
depends on x. These invariants ideally should require no symmetry assump-
tions on U.

43
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One possibility is to consider a rotating system. If the ensemble is rotating
about a given axis, say the xs-axis, we can change to the rotating frame and
change coordinates as follows:

(:= Rz, n:=Rw—Qx(Rz),

where
cos(wt) sin(wt) 0
R;:= | —sin(wt) cos(wt) 0 |, Q:=
0 0 1

& oo

and the (rotational) velocity w >0 is given. The Vlasov-Poisson system then
takes the form

Ohf+n-Vef—=(VU+Dx (QxC)+2(2xn))-V,f=0, (2.6)
U(t,Q)=4mp(t.C), (2.7)
plt.0)= [ £(t.C.n)d (28)

and the characteristic system of the Vlasov equation (2.6) reads

{Czn
n=—0U(t,()—20xn—Qx (Q2x()’

which has the following expression as a conserved quantity, if U is time-

independent:

1 1
EJ3:§772+U(C)—§|QXC|2>

where I is also called Jacobi’s integral. A natural ansatz for the construction
of stationary solutions of (2.6)-(2.8) is now

FCm)=e(Eg) =gl + U () 5wr?) (2.9

for a suitable function ¢:R—RT, where r:=r(z)=+/¢}+ (2. In the original
coordinates x,v one easily verfies that this ansatz leads to

o(2,0) = F(Cn) = p(50* + U Rez) ~wP),

where we define P as the third component of the angular momentum, that
is P:=x1v9 —x9v1, which is a conserved quantity of the characteristic system
of the Vlasov equation (2.1), if U is axially symmetric with respect to the
xz-axis. Obviously, the function f= f((,n) then automatically satisfies (2.6)
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and one has to solve the Poisson equation, where we relabel ¢ and 7 to  and v,

AU = /4,0(%112 +U(x)— %w27’2)dv =: h(w,r(z),U(z)). (2.10)
So if we construct an axially symmetric U solving (2.10), the corresponding
functions (g,U), with g defined as above also will be a stationary solution of
(2.1)-(2.3). Clearly, our ansatz for f satisfies (2.6) without any symmetry as-
sumptions on U and this gives hope for the construction of stationary solutions
with less symmetry, for example triaxial systems.

Equation (2.10) has been studied, among others, by Vandervoort, cf. [30]. He

observed numerically, that if ¢ is of the form
o(Es)=(Ey—Ep)T?, (2.11)

then for 0.5<[3<0.808 there are triaxial solutions to (2.10) for sufficiently
large w. For small w or #>0.808, all numerically constructed solutions are
axially symmetric. Consequently, (2.10) seems to be of particular interest for
the construction of ellipsoidal systems, but to our knowledge no self-consistent
ellipsoidal systems to (2.1)-(2.3) or (2.6)-(2.8) have been constructed analyti-
cally yet.

We will prove that there exist axially symmetric solutions to (2.10) for small
w under suitable assumptions on ¢, where we treat the case >5/2 in (2.11).
For this purpose, we require, that for w =0, we have a nontrivial, spherically
symmetric solution (fy,Uy) of (2.10). Note, that in this case the righthand-
side of (2.10) only depends on Uy. For w#0, we want to apply an implicit
function theorem to get solutions, which arise by deforming U, where certain
symmetries are conserved. The central idea, which makes this approach work
is to look for a solution U“ as a deformation of Uy, i.e., UY=Uy(g(x)) for
some diffeomorphism ¢ on R3, and to formulate the problem in terms of
finding zeros of a suitable operator T' over the space of such deformations
instead of the space of the potentials. Whereas the original problem (2.10)
had to be solved in R?, we will only need to know the deformation on a
compact neighbourhood of the support of the original solution (fy,p0,Us),
and this provides useful compactness properties. Furthermore, finite radius
and finite mass of the constructed solutions then are just consequences of the
corresponding properties of (fo,po,Up).

Although the allowed perturbations for the potential U, only have mirror
symmetry which would match a triaxial system, we have up to now no method
to exclude axial symmetry with respect to the xs-axis for the perturbations
constructed by the implicit function theorem.

The approach described above has been used by Lichtenstein for proving the
existence of slowly rotating Newtonian stars, as described by selfgravitating
fluid balls, cf. [16, 17]. A translation of Lichtenstein’s approach into modern
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mathematical language is due to Heilig, cf. [12].

The investigations made there were applied to the Vlasov-Poisson system in
[23], where stationary solutions to (2.1)-(2.3) of the form f(z,v)=p(E)¢(wP)
were constructed. There, the potential U a-priori was axially symmetric, so
that the expression P=x1vy—x9v; is a conserved quantity with respect to
the characteristic system. The procedure described there is the basis of our
approach.

This chapter is organized as follows: In the next section we rewrite the
problem in terms of finding zeros of the operator 7T, we then state the main
result and prove it using an implicit function theorem. For this, we need
certain properties of 7' which can be proved as in [23], except some minor
technical modifications. For the convenience of the reader, the corresponding
proofs are given in Sections 2.3 and 2.4.

2.2 The main result
The mappings, which leave our solutions invariant, are in the set

51:{7'110 : (551>952,I3) — (931,172,—1'3), T101 - (551,552,173) = (551,—552,553)>
To11 - (I17$2,$3) = (—$17$2,$3)}-
Now let Bg:={x € R?||z| < R} and define
Cs(Bg):={f€C(Bg)| f(Az)=f(x), A€S, € By}. (2.12)

Then we have

Vf(0)=0, if feC'(Br)NCs(Bg).
For ¢:R—[0,00] we require

(pl) peCH(R) and there is By € R with ¢(E;)=0 for E; > Ey and ¢(E;) >0
for E; < Ey.

(p2) @ is strictly decreasing in | — oo, Ey|.

(p3) The ansatz fo(z,v) =¢(E;) with w=0 produces a nontrivial, spherically
symmetric solution (fy,p0,Up) of (2.1)-(2.3) with py € C1(R3), supp po=
By and Uy € C*(R?) with limj, o Up(x) =0.

Examples for a functions satisfying (¢1)—(¢3) are the so-called polytropes
p(By):=(Eo—Ey)}

for k> 1 and suitable Ey < 0. Now we can state the main theorem.
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Theorem 2.1. Let r:=+/a2+x3. There exists wy>0, such that for all we
| —wo,wol there exits a nontrivial solution (f“,p~,U%) of (2.6)-(2.8) with

e(20?+ U () —swr?)  for |z|<4

0 else

() f“’(%v):{

(7’7’) (anPOaUO):(foapoan) and fOT ‘w| <wo, (fvavaw) has the fOllOU)ZTLg
symmetry properties: For all A€ S we have

F4(An, Av) = [4(2,0), p*(An) =p(a),  U=(Az) =U(2)
and (f¢,p*,U%) is not spherically symmetric for w#0.
(i) p* € CHR?) and U € CE(R?), where p*(z)= [ f(z,v)dv.

(iv) The mappings | —wo,wo[dw > p* and | —wg,wo[dwr— U are continuous
with respect to the norms ||+ ||1.00 07 || ||l2.00, respectively.

Remark. If we add rotations about the xz3— axis to the set .S, the proof of
Theorem 2.1 still holds — we can essentially follow the proof given here, and
this shows that the constructed solutions in Theorem 2.1 have to be axially
symmetric a-posteriori. This follows by the uniqueness of the mapping given
in the implicit function theorem, cf. Theorem B.1.

For the proof of Theorem 2.1, we need some lemmata.

Lemma 2.2. The spherically symmetric solution ( fo,po,Us) has the following
properties.

(a) The potential Uy is given by

|z o0

Szpo(s)d8—4ﬂ'/ spo(s)ds, v€R?.

||

V() = — poly) o _ _4m
|z —y| =] Jo

(b) po is decreasing with po(0)>0,U;(0) >0 and for every R>0 there exists
C >0, such that Uj(r)>Cr, rel0,R], and Uy(1) = Ej.

(¢) ply is Holder continuous and Uje C*(R?), where R3 :=R*\{0}.

Proof. The formula
Ar [ s%po(s)ds
r2
easily follows from the Poisson equation with spherical symmetry and since we
require lim,|—o Up(2) =0, the representation for Uy holds by uniqueness. As
to (b), for w=0 we have fo(z,v) = fo(E)= fo(30*+ Up(z)) and this implies

Ey

po(x)= [ folz,v)dv="ho(Us(z)):=4mv2 Y(E)WE—-Uy(z)dE, (2.13)

R3 Uop ()

Up(r)
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where the function A is continuously differentiable and with (¢1), (¢2) we have
h'(s) <0 for s< Ey. Consequently, po is decreasing because Up is increasing
and since the steady state (fo,Up) is assumed to be nontrivial, we must have
po(0) > 0. Thus actually U/(r) >0, r >0, and since U}/ (0) = (47/3) po(0) > 0 this
implies the estimate on U] from below. The assertion that Uy(1) = Ej follows
from (2.13) and the assumption supppo=B;. The regularity of U] follows
from the formula for U} above and the fact that py€ C!, which we deduce
again from (2.13). Finally, the Holder continuity of pf, will be part of the next
Lemma. 0

Lemma 2.3. Let Ey:=Uy(2) — Ey and define f by

Y

f(z,v)= {g(%v2+U($) - %wzrz) J;(Z; U(z)< Ey+E;

where ¢ satisfies (1), (¢2) and U € CE(R3) with U(x) > Ey+ E; for |z|>4.
Then the following holds:

pi(@)= [ Fav)
Rlw,r(2),U ()

hU(x)—sw?r?)  for Ulz)<Ey+E,
0 else

(2.14)

with

h(s) =4mV?2 / " VE —sp(E)dE.

Furthermore, heC' (Rx[0,00[xR) and for every bounded set BC
R x [0,00[xR there are constants C>0 and pe€l0,1] such that for
(w,r,u), (W' ru") € B we have

\&fz(w,r,u)\ <C'r,
|h(w,r,u) = h(w,ru’)| < C(lw—w'|r+ u—1)),
|8, h(w,r,u) — (w1 )| < C(|lw—w'| + |u—u/|*).

In addition, for w=0, the function 71(0,-,~) does not depend on r(x) and we
can write hg:=h(0,0,u).
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Proof. Introducing polar coordinates, we have for U(x) < Ey+ F;

o)~ [ (00~ )
:47r/000t2g0 (%ﬁ +U(x)— %w%z) dt
=471V2 / v (E —U(x)+ 1w2r2) " o(E)dE,

2
and (2.14) follows.
We have h € C*(R) with

Hls)= _47“[/% WE—s"

for s < By and h'(s) =0 for s > Ej and the first two estimates follow. Next,

)—L1w2r2

p(E)IE

Eo—s 1

WE"
:—4%\/5/ i 8—‘P,(E+S)dE

——47rxf/Eo2m

yields local Lipschitz continuity of duh with respect to w and u and the proof
is complete. O

h"(s)= —47T\/118 o(E+s)dE

"(E)dE

We want to find solutions of the equation
AU =4rh(w,r(z),U) (2.15)

and the main idea is to rewrite problem (2.15) in terms of finding zeros of
an operator T, which does not act directly on the space of potentials, but
on deformations of the given spherically symmetric potential Uy. We define
Banach spaces, which will serve as domain and range of T’

X:={feCs(Bs)|f(0)=0,f€C"(By),3C>0:|V f(2)| <C,x € By,
Ve 0B, 3 liorg()Vf(tx) =:Vf(0zx) exists, uniformly in € 0B},
where OBy :={z €R?® | |z|=1} and B,:= B4\{0}. We equip X with the norm

[fllx:=sup [Vf(z)], feX

r€By
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and

V:={fe€Cs(B4)|f(0)=0,feC"(By),3C >0:|V f(2)| <C|z|,x € By,
VeeoB,: lim L) _ V/(0r)

t—0,t>0 t 0

exists, uniformly in x €0B;}

with norm

| flly := sup w, fey.

x€B4 ‘ |

To state more precisely, how to use functions in X to deform the potential Uy,
we need the next lemma.

Lemma 2.4. For (€ X let

T .
gc: By —R?, gc(:c):::c+C(:c)m, r€ By, gc(0)=0

Then there exists r >0, such that for all { €€}, where

Q:={CeX][|Cllx <r}
we have:
(a) gc: Ba— Buc:=gc(By) is a homeomorphism, g;:By— B¢ is a C'-
diffeomorphism, with
|Dyge(x) —id) < %, r€B,
and for every x € 0B, the mapping

9c:0,4x3y—gc(y) €0,|gc(42) |z
s one-to-one, onto and preserves the natural ordering of points in 0,4z,
where we defined Ty, T3 := {xl + Ao —x1) | N E [0,1]} for x1,x9 €R3.
(b) x| <l|ge(x)| < 2|z|,x € By, and g¢(Bs) C Bs, By C g¢(B4) C Bs
(¢) gc(Ax)=Agc(x),x € By and gc_l(Ax) :Aggl(a:), r€Byc, A€S
(d) |Dgg_1(x) —id| < %,:EGBM and there exists a constant C >0, such that
for all {,{' €

1

mwc(x) —g9¢(@)|+|Dge(x) = Do (2)| <CIC=('llx, v € By,

and
lg9; () — g5 (2)| < Cl¢ =l x x|, =€ Bs
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Proof. In By, we have for 1,7=1,2,3:

and therefore
|Dge(z) —id| < 3||¢]|x-

With the inverse function theorem the first two assertions in (a) follow. For
WS 831,

ge(ter) =tx+((tr)r=x(t+((tx))
and

%(t+((tx)):1+vg(tx)-a:>0 for||¢|| x small

and the proof of (a) is complete.

We have |((x)| <||¢||x|z| for x € By and this implies (b) for r >0 sufficiently
small. Assertion (c) is easily verified, too. If we choose r even smaller we also
have the first claim of (d), because

Dy '(x)=(Dge) ™ (9¢ ' ().

The estimate for g — g follows from the definition of g, and the estimate for
Dg:— Dy, follows from (2.16).

For x € By, we have with (b): € gc(By)Nge(B,). Consequently, there exists
y € By mit 2 =g (y). Now we have

97 (2) — g ()| = g¢ (g () —
=197 (9¢(y)) —9¢ (9c ()]
<2lg¢(y) — g W) <2[¢ =[xyl
<4 =[x |=l,
where we used the mean value theorem, the estimate for Dg. ! and
9c(4),9¢:(y) C ge(Bu). O

We want to find solutions of (2.15) with the following structure
U(SL’):UQ(I)I U(](gc_l(l')), LUEB47C,

with a suitable ¢ €. Obviously, we need U on the whole space R?, but this
is only a technical problem. We use the fundamental solution of the Poisson
equation to integrate (2.15) and we then have to solve

h(w,r(y), Vo9 ()
UQ(I’)‘F/B;ALC |g<($)_y| dy=0, x€B,. (217)
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This equation essentially contains the operator we are looking for, but we have
to modify things a little and also we want to get rid of the dependence on (
in the integration domain.

Proof of Theorem 2.1. For ( €2 and w € R, we define

ﬁw,r Uo(grt
o=ty | HOTOBE O,
—Uo(O)—/B h(w,r(y),g(‘)(ggl(y)))dy’ 1C B, (2.18)

Suppose we already know that this defines a continuous operator
T:]—0,0[xQ—=Y

for some w >0 and T is continuously Frechet-differentiable with respect to (,

where
0:1(0,0): X =Y

is an isomorphism — we will verify this in Section 2.3 and 2.4. The definition of
Y requires T'(w,()(0) =0 and therefore we substracted the constant in (2.18).
With assumption (¢3), we know 7(0,0) =0, because go= id and supppy=
supphgoUy= By C Bs. The implicit function theorem, cf. [5], Theorem 15.1,
also stated in the Appendix as Theorem B.1, cf. Section 2.5, now guarantees
the existence of wy €]0,&[ and the existence of a continuous mapping

|—wi,wiPw— (e

such that
T(w,(*)=0, w €] —wi,w]

and ¢°=0. We also will require that w?r? < E; in B,, where £, is defined in
Lemma 2.3 and therefore define

v ‘El|}. (2.19)

wo ::min{wl, 1

Now let ( =(¥, where we choose a fixed w €] —wp,wp[ and define
pg(x)::fz(w,r(:c),Uo(gc_l(:c))), x € DBs. (2.20)

Then we have pc€Cg(Bs)NC'(Bs). By Lemma 2.3, p>0 at most, if
Uo(ggl(x)) < Eo+ E1, which is equivalent to |g<_1(z)| <2 by Lemma 2.2. Con-
sequently, )

supppc = g¢(Ba) C Bs.
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We extend p¢ by 0 to all of R* and we achieve
pc € C.(R®),  supppc C Bs.

We want equation (2.20) to hold everywhere, but we have not defined g, glob-
ally.
We can rewrite T'(w,() =0 as

Up(x)=— dea T € By,
Bs 19¢(7) =y

or

3

where

C:=Uy(0) +/B %dy.

Now define

Ue(x) :=— pe(y) dy+C.
®s |7 =Yl
Then we have U; € C*(R?) with
Ue(z)=Us(g; '(x)), x€BsCBig (2.21)

and thus p; € C3(R?) and U, € CZ(R?) with AU, =4mp; in R3.
Furthermore,

AU, = 4rh(w,r(z), U (x)), x€ B3 C Byg. (2.22)
The last equation holds even in R3. We have to show
pe(a)=h(w,r(z),Uc(2)), w€R’,
that is, Uc(z) > Eg+ E; for x € R*\g¢(By). We know
AU(z)=0,  z€R*\gc(Ba),
lim|g| oo Ue(x) =C and

Ug(x):Eo—i-El, x€8g4(32),
UC($)>E0+E1, ZL’EBg\gc(BQ).

Here we used (2.21) and the monotonicity of Uy(|z|) with Uy(2) = Eo+ Ey. If
C < Ey+ Fy, we have a contradiction to the maximum principle. Therefore,
C'> Ey+ E; and again by the maximum principle: U; > Eo+ E; on R3\g:(Bz)



54 CHAPTER 2. AXIALLY SYMMETRIC SOLUTIONS

and consequently, (2.22) holds in R3.
Now define p*:=p;, U“:=U; and

(307 +U%(2) — swhr?),  forU%(z) < Eg+E,

0 else

fe(x,v) ::{

1,2 wioy 1 2.2
_ o(zv° +U%(x) — 5wr?), for|z| <4 (2.23)
0 else.

Now f“ defined by (2.23) solves the Vlasov equation (2.6) because it is con-
stant along characteristics. More precisely, we have U¢(x)— %wzrz >Fp in a
neighbourhood of 9By, if we choose wy sufficiently small as in (2.19). If we
then fix (z,v) with E;(x,v) < Ey and consider a characteristic (X,V) going
through (z,v) we conclude that if = € By, we have X € By for all time. On the
other hand, if = ¢ By, we have X ¢ B, for all time.

Altogether, assertions (i)-(iii) of the theorem follow, except the non-spherical
symmetry in the case w# 0. Choose x € R? with p*(2) >0, 21:=a#0,19 =13=
0. Then there exists some n€R?, such that

1 1

—n? +U"(z) — ~w?a® < Ey.

2 2

Now if (f“,U%) were spherically symmetric, there would exist a rotation A
around the xo-axis such that (Az); = (Az), =0 and f“(Az,Av) = f“(z,v). But
the monotonicity of ¢ implies

Fow0) =0l + U (2) ~ 2wa?) = p( By (w,0)

# o (Ar, Av)) = p(0* + U*(2)) = f*(Ax, Av),

which contradicts our assumption of spherical symmetry. With a similar
argument, one can also show that the constructed solutions cannot be axially
symmetric with respect to any axis in R? except for the z3-axis. Though our
deformations only have mirror symmetry with respect to every coordinate
plane, which would match a triaxial system, we would still have to prove that
the constructed (¥ are not axially symmetric with repect to the xz-axis to
construct triaxial solutions.

The asserted continuity properties (iv) can be proved as follows: For
xr € B3 we have

U () = U (2)] < |Uplloclgg (2) =9 () S Cll G —Curlx-
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By the implicit function theorem, ¢“ continuously depends on w with respect
to the ||- || x-norm and we have p*(x) = h(w,r(z),U%(x)).
Lemma 2.3 implies that p* is continuous in w with respect to || - ||« and

U“’(x):—/ () dy+U0(O)+/ P (y)dy, reR?
By [T =] B 1Yl

implies the continuity of U“ in w with respect to ||-||1,.0. Differentiating the
above expression for p* yields the continuity of p* with respect to |- |1, and
therefore also the continuity of U in the norm || - ||2,0c- O
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2.3 Fréchet-Differentiability of T'
Theorem 2.5. Let wy:=+/|E1|/4, where Ey is defined in Lemma 2.3. The

continuous mapping T :] —ws,ws[xQ—Y, defined by (2.18), is continuously
Fréchet-differentiable with respect to ¢ and the Fréchet-derivative is given by

0T (w,C)A](x) =

- /Bg<|g<(x)_y| ) Ol ). V) VUL) G )y
9@ =Y f NV
- Tocl) =y TR U )y M), € By (2.24)

where w €] —wa,ws[, (€L, A€ X, und U¢(y) ::Uo(gc_l(y)), y € Bs.

For the proof we need some preliminary results.
Lemma 2.6. Let ( €$). Then we have:
(a) |C(x) = (@) <[[¢llx|e —a'], z,2" € By.

(b) For x€ 0By, the mapping [0,3] >t ((tx) is continuously differentiable
and limy_0~0(C(tx)/t) =:V((0x) -z exists uniformly in x € 0B;.

(¢) The mapping [0,4] x 0By > (t,x)— V{(tx) is uniformly continous.
(d) For x € 0By, the following limits

gc(tx)  gc(0x) . .
tqogl>0 t 0 and tl%]?>0DgC(tx)—.Dgg(0I)

exist uniformly in x € 0By .
Proof. The assertion in (a) follows easily by distinguishing the cases 0 € x,2’
and 0 ¢ x,2’. (b) follows with
d
%Q(tx):VQ(tx)-zﬁVC(Oz)-x, t—0,t>0

and the definition of X. With V¢ e C/(B,) and V((tx) — V{(0z), uniformly
in x €9By, (c) is obvious. The last assertion (d) follows with the definitions
of gc, X and equation (2.16). O

Next we establish some estimates for the spatial density induced by a de-
formation of the potential Uy:
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Lemma 2.7. For w €] —wq,ws| and (€ let

puc(@)i=h(w,r(z),Uo(g; (), x€Bs.
Then the following holds:

(a) puc€Cs(Bs)NCY(Bs) with suppp.c C Bs, and there exists a constant
C' >0 such that for all w €] —ws,ws| and €€,

|Vpuc(x) <Clz|, z€Bs.

(b) There exists a constant C >0 such that for all w,w' €] —wa,ws| and (,(' €
Q,
1P () = pur e ()] SC(Jlw =W [+ ¢ =l x)|z], =€ Bs.

Proof. Lemmas 2.3 and 2.4 imply that p=p,, € Cs(Bs)NC"(Bs). For x€ By
we have

Vg () =0, h(w,r(x), Un(g; () V()
+0uh(w,r(2),Us(g *(2)))VUo(g¢ ' (2))- Dy (),

and Lemma 2.3, the fact that Uy € C?*(R?) with VUy(0)=0, and Lemma 2.4
imply the estimate

V()] < Clz|+C|VU(g: H(2))] < Cla| +Clg; M) < Clal,  x€ By;

note that the range of Uy is bounded. Since x ¢ g-(B;) implies Uo(ggl(x)) >
Eo+ E7 and thus p(x) =0, the assertion on the support of p follows by Lemma
2.4(b). The inequality in (b) is immediate from Lemmas 2.3 and 2.4(d). O

Lemma 2.8. Let 0 € Cg(Bs) be such that

Cy 1= SUp lo(@) <00
:L‘EB3 |$|
and define
Vyi=— o) dy, x€R3
Bs [T =Y

Then V, € CY(R?), and there exists C >0 such that for all o as above the
following estimates hold:

(a) [VV,(2)|<Cc,lz|, 7R3,

(b) [VValge(w)) = Vi (ge ()| < Ceo |¢ = Y2 |2], z€ By, ¢,¢'€9.
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Proof. For o € Cg(Bs) we have VV,(0) =0 and thus

(:c—y +L)U(y)dy), r€R3
B3

VV, (z)| <
VVa(o)l T=yP TP

Let %0 and r:=2|z|. Then we obtain the estimate

|vva<x>|s%/ Ty

B3\B, |93—?J|3 |?/|3

1 1
+ca/ ( 5+ )Iyldy L+ 1
Bsns, \|T—y[*  [y[?

For almost every y € By there exists 7 € [0,1] such that

|ly| dy

T—y Y
7_'__
lz—yl2 |yl3

A —
| ||7‘:L’—y|3
and since for |y| >,

|y

[Tz —y| > |y| — 2| = |y|——2 5

we can estimate the first term as

1
IISCCUM/ 5 dy=Ccylz].

For the second term we have

1 1
123300( 2dy+/ —2dy)§6cg 2dy Ceq ||,
B, |t =y B, Yl .yl

and (a) follows. As to (b), we have

g@)-y  gol@)—y
l9¢(z) —yl*  |ger(z) —yl?

ly|dy.

VVa (g (2)) = VVa ge (2))] < Cc /

Bs

Let € By and 6 :=||¢ —('||x <1, r :=20|x|, and ry:=4|z| > ry; recall that we
choose that radius of the set € less than 1/3. We split the integral above into
three parts, I, I, I3, according to the decomposition

B3 = (B3\Br2) U ((B?: mBTz)\Bm (gC(z))) U (B3 mBm (gg(l')))

As to I, we find for almost every y € Bs a 7 between ((x) and (’(x) such that

9c(r) —y _ ge(z)—y C .
l9c(x) —y[® g (x)—yl3 §|$+Tﬁ—yl3 C(z) = '(2)];
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note that both g;(x) and g (x) lie on the line Rz. Since
C(z) = (@) < NI¢ =]z =0l
we have for |y| > 7o,

== y—g<<x>+<<(z>—¢>§| > [y| — |gc ()] — [¢(2) — ()]

3 5 5 3
Z|y|—§\fc|—5|x\ 2|y|—§\x|=|y|—§r22§\y\-

|lx+7
2]

This implies the estimate
I <Cc||¢ =l xxl.
To estimate I, we have for y ¢ B, (g:(x))

i T

[r+7——y|= y—Qg(%H(C(%)—T);‘ > |yl =lgc (@)= ¢ () = ¢ ()]

B
> [y~ ge(a)] — el > gy~ gc(@)],
and for y € B,,
9= 9c(@) < lyl+ Slal <o+ Sr <2,
Altogether,

9
5 dy= Ccoé\x|47rln£
Bary (9 (2)\Bry (5 (@) 19¢(2) =] r

4
= Cegbleldming = Ceq|¢ |1

12 S CCU(S|LU‘

As to the third term we have

d d
13<2¢, / 7y2dy+/ 7y2dy
By, (9c(@)) 9¢() =Y Bry (gc (@) 190 (%) =Y

dy
<de, / Y dy=Ceor=Ce,|I¢~C|Ixlal,
Br, (9¢(2)) |ge(z) =y

and the proof is complete. O

Lemma 2.9. Forw €] —ws,ws| and ¢ € Q we have T'(w,() €Y, and the mapping
T:] — we,ws[xQ—Y is continuous.
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Proof. Let

VwC(x)::_/ pw’C(y) dy7 .CL’GRs, (W,C) E]_w27w2[XQ
7 B3 |$—y|

The assertions in Lemma 2.7(a) imply that V,, . € C*(R?) with VV,, +(0)=0.
Since

T(w,O)(x)=Uo(x) = Vic (9¢ (%)) = Un(0) + Voo (0), @€ By,

cf. equation (2.18), we have T(w,()(0)=0 and T(w,()€C(B,)NCs(By).
While we show that T'(w,() €Y for (w,() €] —wa,ws[x(2, the arguments w and
¢ remain fixed, and we write V:=V,, .. We have

VT (w.0)() = V() ~ VVac(gc(2)) Dgc(a), w€ B,
which implies
VT (w,0)(2)] = [ D*Uol|so|] + 2| D?V [|oc| g¢ ()] < Cla]

with some constant C', which depends on Uy and V' but not on x. In particular,
this shows that T'(w,() € C*(B3). Now we fix x € 9B;. Since any point on the
line segment 0,g¢(tz) can be written as g¢(7x) with 7€ 0,t], we have

00, T(w.Q)(tx) _ 0, Up(tz)
t N t

_ %vv(gg(m)) +On,gc(t)

=0T (D2 (g )8 -0, 1)

t
V8, Up(0) -7 — (D?V(O)QC (SI)) 0,90 (0z),

as t— 07, uniformly in z € 0B;, by Lemma 2.6(d). This verifies T'(w,() €Y.
To show that 7" is continuous, we fix (w',(’) €] —wa,ws[x 2. Constants denoted
by C' may depend on (w',{’) but not on (w,() €] —wa,ws[xQ or z€ By. We
have

||T(w><) _T(w,></)||Y = Sup

TEBy

1
|z]

1
S sup —([1+]2+]3),

IEGB4 |I|

[VVic(9¢(2)) Dge () =V Vi o (9er (7)) Dger ()]

where for z € By,
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Using Lemmas 2.7(b) and 2.8(a) with o :=p,, ¢ — pu ¢, we find
1YV c(06(2)) = Voo o)) £ C (=410 =) lge(@)],
and by Lemma 2.4,
L<C(lw=w|+[[¢={lx) [z], € B
Since Vo € C*(R?) with VV,,(0) =0, we have by Lemma 2.4(d),
I, <Clge(x) =g (@) <CIC=llx|z],  x€ B,

and
I3 <||D*Vy ¢t |loslger (@) IC=C'lx <CIC—C|Ix]2|, € B,

and the continuity of 7" follows. O

To deal with the differentiability of T, we have to investigate the integrand
in the formula for 9,7 in Theorem 2.5.

Lemma 2.10. For w €] —wp,wo|, (€Q, and A€ X define

g xT) = ~w7‘x T ;(;M
@)= 0ub(,r (). Ue(a) VUe(o) - s

where we recall that Uc(x) =Up(g; ' (x)), x€Bs. Then o, €Cs(Bs), and
there exists C' >0 such that for every w €] —ws,ws[, (€N and A€ X,

Mg ' (), x€Bs,

|owcal@)| <ClAl[x]zl, @€ Bs.

Furthermore, if we fix (W',(") €] —wa,ws[ X, there exists for each € >0 a § >0
such that for all (w,() €] —wa,wa[xQ with |w—w'|+ || —{||x <6 and A€ X,

|0wca(®) —ouw o a(z)| <€Al x[z], z€Bs.
Proof. The range of Uy and therefore also of U, is bounded. Thus the first
factor in o, ¢ o is bounded, uniformly in w and ¢, and the same is obviously
true for the second and third factor. Together with
[Alge (@) < A llxlgs (@) <20[Allx|zl, =€ Bs, (2.25)

the estimate for o, follows. The continuity of o, on By is clear, and
at =0 it follows from the estimate obove. The symmetry follows from the
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corresponding properties of Uy, g and A In the following, C' denotes a constant
which may depend on Uy and (w',{’), but not on w,(,A or . We find that
|0w.ca() = 0w o A ()]
Whl(w,r(@),Ug(2)) = 0w r(x), Uer (2))| [A (g7 ()]
+C|VU(x) = VU ()| [A(g; " ()]

O@) 6@ )
\g @l @ % @)

+COA (g7 (2)) = Algs ' ()]
:2]1+]2+[3+[4, LL’EB3.

+C

Now (2.25) together with Lemma 2.3 and Lemma 2.4 imply that
L < C (Jw—w'[+|Uo(ge " (2)) = Uolgg ' (@)1*) [ All x| ]

<C(lw—w'[+lgg " (@) —gg" (@)|") [IAllx =]
SC(lw=w+IC=ClI5) IAlx]z], =€ Bs.

For I3 and I, we have

1 1
LCO\ =g+ 1971 (2) — g (@) 1A ]| x |
’ <|g<1<z>| |g<,1<x>|> ¢ %
<C|¢=C|Ix | Allxlel, € Bs,

and

Li<ClIA]xlg ' (2) = 9" (@) < ClIC = x| Allx 2], =€ By,

The estimate of term I is more difficult, here we need the limit condition in
the definition of the space X. Firstly, we have

L <C|VU(g¢ ' () = VUo(g" ()] Al x|2]
+C| Dy (z) = Dggr' ()] | Al x]al
<ClI¢~ClIx Al x|z +C|Dg (z) = Dgg' ()] Al x]l,

and with z ::gc_l(:c) and 2’ ::gc_,l(:c) we can estimate

|Dg; ' (x) = Dggr' (2)| = [(Dge) ' (2) = (Dger) ™' ()]
<C|Dg(z) — Dge ()]
<C|Dgc(z) = Dge(2)| + C|Dge (2) — Dger (2))]
<ClI¢={lx+C|Dge (2) — Dger ()]
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where the first inequality relies on the identity A~' =B '=A"1(B—-A)B™!
for two quadratic and invertible matrices A, B. We now have to deal with the
term |Dge(2) — Dger(2')]. From equation (2.16) we get

|Dge(2) = Dge(2)| < CIV{(2) = V()]

/ / < Z,
+C|VC(z)|m El |‘IC() ¢'()
(L1 5 A
(|- -
= Ji+Jo+J3+J4

With z:=xz/|z|, there exist s,s’ >0 such that z:ggl(x) =s% and z’:gc_,l(x) =
s’z so that s=|z|, s'=17/|, and

[s—s'| =]zl =12l <lg; ' (2) = 95" (@) < ClI¢ (I, € By,

Now given e¢>0 we can choose d >0 according to Lemma 2.6(c) such that
|¢ = {'||x <6 implies

=C|V((sz) -V (sT)|<e, x€Bs.

With Lemma 2.4 and Lemma 2.6 we obtain
1 1 , ,
J<C QJFW IZ—ZI_| ‘IIC (x|l =ClI¢—{llx,

¢ / /
Jsﬁmlz—ZISCIIC—C I x

and
1 1

so that finally

L < Cl¢ = Ix A xla +CellAllxlal, x€Bs,
provided ||¢ —('||x <9, and the proof is complete. O

The next step in the proof of Theorem 2.5 is to show that the right-hand
side of the formula for 0,7 (w,() is indeed the Gateaux derivative. For fixed
(w,() €] —wa,wa[ xS, we will denote by LA the right-hand side of the definition
of 0.7 (w,()A, Ae X, cf. equation (2.24).
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Lemma 2.11. L€ £(X,Y) is a bounded, linear operator, and for all A€ X,

t—0 t

=LA

with respect to || - ||y .

Proof. 1t is convenient to introduce the Banach space
7::{f€CS(B4)}f(O):O, feC (By),3C>0: |Vf(2)|<C|z|, € By},

which we equip with the norm ||-||y. Clearly, Y is a closed subspace of Y.
Since we already know that 7" maps X into Y it is then sufficient to show that
Le £(X,Y) and that the asserted convergence holds. To see the former define

1

V, = S
A(z) Bs \x—y\

UWvaA(y) dy> xz €R37

and

1
W([L’):— 7pu,§(y)dy> :L’ER?’,
Bs [T =l
where p, ¢ is defined as in Lemma 2.7. Then V) € C*(R?), W e C?*(R?), and
we can write

(L) () = Va(g¢(#)) = VA(0) =YW (ge(a) - [ A (), 2 € By

This implies that for A € X, we have LA € C*(B,), (LA)(0)=0, and

(VLA)) =TV (5t(0) Daele) ~ DIV (5e(0) Do) A0
VW (ge(a))D (%) Aw)= VW (ge(o) SVA). v b

Using Lemma 2.10 and Lemma 2.8(a), we get the estimate

[A(2)|
|z]

|<VLA><x>|s0||A||X|g<<x>\+C|A<x>\+cr|D2W||oo\g<<x>|( +|VA<x>|)
<C|Al|x|z|, z€B.
In particular, this implies that LA is differentiable also at =0, and

LAy <C|Allx, AeX.

The symmetry of LA follows easily from the corresponding properties of
Vi, W,(, and A. In order to show that LA is indeed the Gateaux derivative of
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T at (w,() in the direction of A we choose to > 0 such that (+tA € for |t| <t
and we will write

91(2) = geyen (x) =2+ (C(2) +EA(2)) %

T € By, tE] —to,to[.

We now define for fixed y € By the mapping
G(t,x):=gi(x)—y, te€]—to,to], z€ B,.

Now since G(t,g; '(y)) =0, t€]—to,to[, the fact that 9,G(t,z) = Dg,(z) is in-
vertible and the implicit function theorem imply that g; ' is continuously dif-
ferentiable with respect to t. We can calculate its derivate by differentiating
the identity == g,(g; *(z)) with respect to ¢ and obtain

d 4 —1/,—1 —1 6 (2)
=00 0 @) Ao ) A

It will also be convenient to abbreviate

Pe(T) = Puctn(x),  ori=0ucqmmn(), tE€]—to,to], x€Ds,

and we define

F(t,x);:/83< L i)pt(y)dy, TERS, te]—to tol.

lz—y| |yl

Then except for 0?F all derivatives of F' up to second order exist and are
continuous on | —to,to[xR3, and

O,F(t,x) :—/BS (ﬁ _Ell) oi(y).dy,

VE(tz)=— [ 1=

—pe(y) dy.
B |$_y|pt( )

These results follow from the fact that p; € C}(Bs) and

(9)=0uF(r(2), (g (0) V005 (9) g (2)
=0, (2). Vol (9)) VUl () (Dg) ™ (07 ()

<Al )2

— Ouh(woyr (@), Uolgr ()Y (Ul (1)) Al (@) 2

=—04(y).

E'Ot
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Now
T(w,(+tA)(z) =T (w,Q)(x) _ F(t,g(x)) = F(0,9:(x))
t t
_I_F(ngt(x));F(QgO(x))’
t €] —to,to|, z€ Buy,
and

<LA><x>:atF<o,go<x>>+VF<o,go<x>>~%A@, v€By;

one should note here that go=gcyon=gc. To prove that L is the Gateaux
differential of T" at (w,(), we have to show

F(t,gi(x)) = F(0,9:())
t

— 0:1°(0,g0()) (2.26)

and

£(0,9:(x)) = F(0,90(x))
t

— VF(0,g0(2))- %A(;p), (2.27)

where the limits are understood with respect to ||-|y. As to Eq. (2.26), we
observe that

g Plt(@) = FO.0(2)

—v<atF<o,go<x>>>'

‘VF(tvgt(x)) —VF(0,g:(x))
t
)VF(tygt(x)) —VF(0,g:(z))
t
+|VO,F(0,9:(7)) = VO, F(0,90(x))| |Dge(x)|
+|VO,F(0,90(x))| [Dge() — Dgo(z)|

:le+12+[3.

Dgi(x) = VO, F(0,g0(x)) Dgo()

IA

—VO,F(0,g:(x))

| Dgi()]

Let €>0. For every z € R3 there exists 7 between 0 and ¢ such that
’ VF(t,z)—VF(0,z2)

- v&gF(O,Z) = ‘v&gF(T,Z) - V@tF(O,z)|

t

— ‘v/B i(m(y)—ao(y))dy

and using Lemma 2.8(a), the latter integral can be estimated by Ce||Allx|z],
provided

lo:(y) —oo(y)| <ellAllx|y|, vy€Bs.
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This is guaranteed by Lemma 2.10 and we have for § >0 sufficiently small,
[t <9,
I <Celgi(x)| < Celx|, z€By.

Again by Lemma 2.10 and Lemma 2.8(b) we find the estimate
L<C||A||x[I¢+tA ¢ 2| <Clt[V?al, w€ By,

and by Lemmas 2.10, 2.8(a) and 2.4(d) we conclude that
L<C|A|x|g0(@)| I +tA = ¢ x <C|t||z|, x€ B

This proves convergence in Eq. (2.26). As to Eq. (2.27), we have for every
x e B4,

PO~ PO _ D g g, (2)),. =V F(0.9, () A,

where 7 lies between 0 and t. Therefore,

F(ngt(x)) _F(ngO(x>>

v t - (VFOm) LA
= 9| (VP04 - TP Ot o)

<|D*F(0,9:(x)) — D*F(0,90(2))|C|2]
+|D*F(0,90())||Dg- () = Dgo()|Clz]

+\VF(O,gT(x))—VF(O,gO(:c))|‘D(A(x)%), ven,

Since D?*F(0,-) is uniformly continuous on Bs, which contains g, (z) for = € By
and 7 €] —tg,to[, cf. Lemma 2.4(b), and

197(2) = go(@)| < [|Al[x|7l[z[ <Clt],  ze By,
we obtain the asserted convergence with respect to the norm ||- ||y O

Since a continuous Gateaux derivative is a Fréchet derivative, we need to
verify the next Lemma to complete the proof of Theorem 2.5

Lemma 2.12. The mapping | —ws,w2[x02 3 (w,() — 0T (w,() € £(X,Y) is
continuous.
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Proof. We fix (W',(") €] —wa,ws[x Q) and we take (w,() €] —wq,ws[xQand A € X
with ||Al|x =1. Since

[0 T (w,O)A](2) = [0 T (', ¢)A] ()

B e

—/B {%pw,c(y)—%mw(y)]dy~m/\(f€), v € By

|9¢()
we have
|V ([0:T(w, QA (z) = [0, T (W', ¢")A] () | < le,
where
1 1
A e Rl

1 1
I,:=|V < )aw@/, y)dy|,
: @ =yl Tgal@—gl) W

g )
L=|p [ DY ) ey dy\m

B, 19¢(x) =yl
- 9@ =y _ golr)—y /
li=|D Bg(|g<<x>—y|3 |g<f<x>—y|3)’)“ dy"A 7l
b= [ %m,c(m—w(y»@\ \D( ‘i)

| [ (- s o] o (o)

Given € >0, we can choose 0 >0 so that the second estimate in Lemma 2.10
holds for |w—w'|+]|/( —('|x <J. Then Lemma 2.8(a) implies, with z=g¢(z),
the estimate

T (0w a(y) — 0w o a(y)) dyDge(z)

B3 |Z_y‘
<Ce|lz|<Ce€lx|, x€By.

nelv

If we define
1

Bs |x—y|

V(x):= 0w (y)dy, reR3,
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we have V € C'(R?) with VV(0)=0, and
I,=|VV(g¢(x))Dgc(x )_VV(QC’( ))Dge ()|
<C|VV(ge(2)) = VV (g0 ()| +|VV (g0 (2))| | Dge () — Dger ()|
<C|¢ =1 2]+ Claer (@)] 1K= Ix <ClIC =¥ ], =€ By,

where we have used Lemma 2.10, Lemma 2.8 and Lemma 2.4(d). To estimate
the remaining terms, we define

Vw,c(l’)i
Then V,, . € C*(R? and
L <DV, ((ge(w)) = D*Viy cr(9¢(2)) || Dge ()| A ().

We now use [27], Lemma P1, where the second derivatives of a newtonian
potential U,, induced by p € CL(R?) for any 0 <d < R are estimated as

1

——puc(y)dy, zeR’.
gy Jo—yl "N

D20yl <C | Rl 4Vl (1410 ) .
If we choose d= R and R=(||p||1/]|p|ls)"/*, we have
10Ul <€ Il I + ol
and we can estimate I3 as follows:
I < Clo (19 = purgt IV 1V punc = Vpr 124+ o = Pt 1|

<Clal [(lo=w/|+1IC = ¢lx) "+ (o=l +11C = Clx) ]
where we used Lemma 2.7. As to Iy, we have
I;=|D*Vy ¢ (9¢(2)) Dge(x) — D* Vi C’(QC’( )) Dy ()| |A(z)
< Ola| [ DV o (9e(x)) = D*Vir (9o () |+ C ] |Dgc(93) Dy ()]
<elz|+Cla[|C—(llx, x€ B,
provided || —('||x is small enough, where we have used that D*V, ¢ is uni-

formly continuous on Bj > gc(z),g0(z) and |gc(x) —ge(2)| <C||¢—('||x. By
Lemma 2.7(b) and Lemma 2.8(a) for o= p, ¢ — pur ¢/, We obtain
1
s (P (Y) =P o (v) dy
o lgc() =y ‘

P () — Pur o (y)]
||

IsSC"V

<Clge(z)| sup
TEB3

<Cla|(lw-w+[IC={llx), = €B,




70 CHAPTER 2. AXIALLY SYMMETRIC SOLUTIONS

By Lemma 2.4 we finally have

Is <[VVir e (9c(@)) = VVis o (90 (2))]
<CD* Vo ¢ lloolge (@) = 9o ()]
<CI¢= x|z, @€ By

and we have shown that for fixed (w’,(’), we have that for every ¢>0 there
exists d =0(w’,(’) >0 such that for all (w,() €] —wa,ws[xQ with |w—w'|+]|¢—
('l <6 and all A€ X with ||A]|x=1 we have

10:T(w,O)A =0T (', ¢")A|ly <e.
The proof is complete. O

Putting Lemmas 2.9 - 2.12 together, the assertions of Theorem 2.5 follow.

2.4 0./7(0,0) is an isomorphism

We want to prove the following result:
Proposition 2.13. The mapping 0;1(0,0): X —Y is a linear isomorphism.

Let us abbreviate LoA :=0.7(0,0)A for A € X. We observe that gy =1d and
therefore the function U; in Theorem 2.5 coincides with the potential U of
the spherically symmetric steady state we started with, if (=0. We have

po(J2]) = 8uh(0,7(x), Un(|)Us (I

:auﬁ(o,r(x),UO(|x|))VUO(x)%', r€RS,

This implies

(L)) =~ [ ( ! 1)pa<|y|>A<y>dy— | =ity £

lz—y| |yl 2|

! 1 1 /
Ui~ [ (= )by, o€ BiAeX.

Now let
1 1 1Y , )
K0y~ [ (= )b Aw s, re B AeCs()
Then we can write
(LoA)(x)=-Ul(|z|)[(id— K)A](z), x€ By, AeX. (2.28)

In order to prove Proposition 2.13, we need
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Lemma 2.14. The linear operator K :Cg(By) — Cs(By4) is compact, where
Cs(By) is equipped with the supremum norm ||+ ||oo-

Proof. For Ae Cg(By) let

V@)= [ (AW, aeR”
Then V, GCI(Rg), VVA(O) =0, and
(KA) (@)= —— (Va(z) = VA(0)), z€Ba.

Us(|])

Using Lemma 2.2(c), we obtain the estimate

(KA (@)| = IV Vallsol2] < CllA ], € By,

where the constant C' depends on pg and Uy, but not on A or . Thus K maps
bounded sets into bounded sets. We next show that KA is Holder continuous
with exponent 1/2; uniformly on bounded sets in Cg(By). Let M >0 and
assume ||Al|oo <M. In the following, constants denoted by C' depend on pg, Uy
and M, but not on A. Obviously, phA € L*(R?) and we deduce from Lemma
B.2 the existence of C' >0 with

IVVA(z) = VVA(2)| < C|lphAllso]z — 2|2, x,2" € B,y
Since VV,4(0) =0, the latter implies
|VVa(z)| < Clz|?, z€B,.
Now let 2,2’ € By and || <|2/|. Then
1 1
Us(l=]) — Ug(l='])
|1/|)|VA( 0~ Va(e)| =L+ I

and we obtain for some z € B, with |z| <|2/| the estimates
|Us(l=]) = Us(l2"])
|||

[(KA)(z) = (KA)(2')] <

|[Va(z) = Va(0)]

T

1/2
| IVVa(2)| 2] Sg‘x_x/‘lﬂw‘zpﬁ

I <
- |2/]

and

12<W|VVA( 2)| |z —2'| <

Tl e —a!| < Cla =o'V,

/]



72 CHAPTER 2. AXIALLY SYMMETRIC SOLUTIONS

so that
(Ka)(2)Kp) (@) <Cla—2'|"?, 2,2’ €B,
and

[(Kp)(2)| <C|VVA(2)| < C|z|?, € By

We have shown that K maps bounded sets of Cg(B;) into bounded and
equicontinuous subsets of Cs(By4). Thus K is compact by the Arzela-Ascoli
theorem and the proof is complete. O

Lemma 2.15. id— K :Cg(By) — Cs(By) is one-to-one and onto.

Proof. Since K is compact, it suffices to show that id — K is one-to-one. Let
AeCs(By) with A—KA=0. Now A=0 can be shown by expanding A into
spherical harmonics. For that purpose, let

{Sn;, neN, j=1,.. 2n+1}

be the orthonormal set of spherical harmonics introduced in the Appendix, cf.
Section 2.5, where for n €N, the functions S, ;:0B; — R, j=1,...,2n+1 are
homogeneous polynomials of degree n. We define

0= [ SO0t [ St @

and we use the expansion of the integral kernel 1/|z—y| into spherical har-
monics, cf. Lemma B.3 and Lemma B.4: For z,y €R3, v =7¢ and y=sn with
EneDBy, r,seRT, r#s, we have

1 oo 2n+1 mm(r S) n
=max(r,s) Z Z 2n+1 <max s)) Sn,j(f)gn,j(n)-

|z —y] et

KA —A=0 then implies

—Uél / /aBl(V5 = ) Sus O el A dy
- / e /a 15ny(77)/\(877)dwnd8

Apy(r)=

2n+1 U(r max r,s)ntl
A

min(r s) 0
= An d ’
2n+1 Ul(r / (max(r s)ntl s"“) s(s)ds



2.4. 9.T(0,0) IS AN ISOMORPHISM 73

where we used that the functions &, ; are orthonormal with repsect to
(.,-)r2(0By)- We find that

—% /Or,o'o(s) s(s—r)A\o1(s)ds

and we obviously have lim, oA (r)=0. Let R>0 be maximal such that
Ao1(r) vanishes on [0, R]. Then for r € [R,3],

AOl (’f’) =

4T

|A01( )|— UO( )HpO’

| oo sup \Am )\/ s(r—s)ds<C(r—R) sup |Ap(s)].
R

0<s<r

Thus for small € >0, we have Ag;(r) =0 on the interval [R, R+¢] and we con-
clude that Ay, vanishes on the whole interval [0,3]. Now up to linear combi-
nations, the spherical harmonics for n=1 are given by z1,x5,23, and A€ Cy
implies

GA(r dwe=— [  &A(r§)dwe =0,

8B1 631

where we made the transformation &+ (—&;,£2,€3). Analoguously,

Eo\(ré) dwe = EA(r§) dwe =0,

0B; 0B1

and we have All :A12 :Alg =0. Let nz 2. Then

Ani( )__i 1 /T82 /o )iA (s)d +/382 /o )LA (s)ds
=5 gy Sy 0 e s [l G e 2) 4 )

and
gl (5 [ 0t
<ol (5 [ Cotasr [3<—p3><s>ds)
1
G

2§jl1lﬂ ok "ﬂ“x><r (= pOﬂi)4‘;;jgrsaxﬂs)ds%—rp00§)

3
Con+1

47
2n+1 U,

[ A ()] <

MIH *MIH

H Nj||00>

Where we integrated by parts in the third line and used the fact that Uj(r)=
2% Jy s°po(s)ds in the last line, also recall from (2.13) that —p{(r) >0.

Now 2n+1>3 for n>2 implies that A,;=0 for n>2 as well and the com-
pleteness of {S, ;} induces A=0. We conclude that id— K is one-to-one as
claimed. O
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It is now clear that Ly: X — Y is one-to-one as well — this follows from Eq.
(2.28) and the fact that Uj(r) >0 for r>0. So once we have proved the next
lemma, the proof of Proposition 2.13 will be complete.

Lemma 2.16. Ly: X —Y s onto.

Proof. Let g€Y and define ¢q:=g/U;. We will show g€ X. We have g€
01(34)QCS(B4) and

V(o) Uel) = | _ o IVole) _ loto)
Vil < ey 9600 [ <O (R + ) <2t

By definition of Y and since Uy € C?([0,00[) with Uy (0) >0 we have that for

every x € 0By,
Vq(m):Vg(tx) t  g(w) o (t)( t ) .

A IR 0
Vg(0z) 1 g(0x) 1
S0 o e 0 Ogoe?

as t — 04, uniformly in z € 0B;.
Since X C Cg(By), there exists by Lemma 2.15 an element A € Cg(Bj,) such
that g
AN—KAN=—q= Ul
This implies that LoA =g and thus that Lg is onto, provided A€ X. To see
the latter we observe that A= KA — ¢ is Holder continuous since KA is Holder
continuous. If we now define Vj as above in the proof of Lemma 2.14 we
also conclude that V € C?(R?) and thus KA € C'(By). Denoting by Hy, the

Hessian of V, we obtain for each z € By a point z €0,z such that

V(KA ()] < g;h'; (2)— VA (0) +

< ‘C|2|<HVA< 22|+

[VVa()]

o
|Us(|z])]

7 \VVA( ) <ClD*Vill

Finally, for z € 0B;, we have

V(KA () = g,"((f 2(Va(tr) = Va(0)) + Uo(t>VVA(tx)
——Uy() (ﬁ) vy g Fv (r) b 1)+ %w
1 1,
—W<HVA(O)1',9:>$+ U{)’(O)D Va(0)z,

as t — 04, uniformly in z € 9B;. We have shown that KA € X and this implies
A=KA+qge X and the proof is complete. O
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2.5 Appendix

In this section, we firstly state the implicit function theorem which is used for
the proof of Theorem 2.1. Then we give a regularity result for the Poisson
equation and finally introduce spherical harmonics and state two important
lemmas: an addition theorem and the expansion of the integral kernel 1/|z —y|
in spherical harmonics.

Theorem B.1. Let X.Y,Z be Banach spaces, U CX and V CY neighbour-
hoods of xg€ X and yo €Y respectively, F':U XV — Z continuous and conti-
nously Fréchet-differentiable with respect to the second variable. Suppose also
that F(xo,y0) =0 and F, " (x0,y0) €L(Z,Y).

Then there exist balls B.(xo) CU, Bs(yo) CV and exactly one continuous map
G: B, (xo) — Bs(yo) such that Gxo=1yy and F(x,Gx)=0 on B,(x).

Proof. [5], Theorem 15.1. O

Lemma B.2. Let n<p<oo and let p(x) € LP(R™) with compact support. De-
fine

V() = / L o)y

p
o |z =yl
Then for every 0 <a<1—n/p we have V, € CH*(R™) and

l—a_ 1
n p

|0V, (2) = 0;V,(2")| < Cn, v, p) |2’ — ||| f[[, L™ (supp {p})
Proof. [18], Theorem 10.2. O

Some facts about spherical harmonics

In the following, we use the notation of [20] and we will always con-
sider the case, where the space dimension ¢ is equal to 3. For n €N, consider
a homogeneous polynomial H,, of degree n, which satisfies

AH,(z)=0.
Then for £ €0B; :={x € R®||z|=1},

Sn(&) = Hn(§)

is called a spherical harmonic of order n. For each n, there exist 2n+ 1 linearly
independent spherical harmonics, which we call S, ;, j=1,...2n+1, cf. [20],
Lemma 4. We denote by {S,;, n=0,...,00, j=1,...,2n+1} the orthonor-
mal set of all spherical harmonics, where we orthonormalize with respect to
(-,-)12(88,)- Then we have the following
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Lemma B.3. For a fited n €N and £,n€ 0By, we have

2n+1 B om—+1

Y Sni(€)Sns(n)= o Dal&em),

j=1
where P,(t) is the Legendre Polynomial of degree n.

Lemma B.4. Let x,y €R3 with x=RE, y=rn, for suitable £,n€0B; and
r,ReR. Then we have for R>r

LY () R,

and for R<r
o R n
H:T_IZ<?) P(&m),

where P, (t) is the Legendre Polynomial of degree n.

Proofs can be found in [20], Theorem 2 and Lemma 19.
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