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Abstrakt: Z hlediska fyzikalnich déju a procesu ridicich pohyb a dynamiku pevninskych
polytermalnich ledovcu rozlisujeme dvé oblasti, oblast chladného ledu, kde je teplota pod
bodem tani, a poté oblast, kde se led nachéazi pravé na teploté tani, coz vede k piitomnosti
druhé oblasti na zakladé konceptu racionalni termodynamiky reagujicich smési. Pro smés
voda-led jsou odvozeny zdkony bilance hmotnosti, hybnosti, momentu hybnosti, energie a
entropie. Nasleduje komplexni formulace fyzikalnitho modelu polytermalniho pevninského
ledovce dodanim patficnych okrajovych a hrani¢nich podminek. Vysledkem je fyzikalni
model pripraveny k numerické implementaci. Ziskané rovnice jsou numericky feseny pro
stacionarni 2-D pfipad a je provedeno srovnani vysledku ve standardni a nové formulaci.
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Abstract: Based on the physical processes governing the motion and dynamics of poly-
thermal ice sheets, we distinguish two regions; the cold region, where the ice temperature
is below the melting point, and the temperate region, where the ice temperature is exactly
equal to the melting point, leading to the presence of a water fraction. This work focuses
on the analysis and description of the temperate zone on the basis of rational thermo-
dynamics of reacting mixtures. The balance laws for the ice-water mixture, that is the
mass balance, balance of linear and angular momenta, energy and entropy, are discussed.
A physical model for a polythermal ice sheet is then established, including appropriate
boundary and transition conditions. The resulting formulation is convenient for numerical
implementation. Numerical examples are carried out for a stationary 2-D case and the
results of the present and traditional formulations are compared.
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Chapter 1

Introduction

Glaciology studies behaviour of ice masses subject to various climatic and mechanical
conditions, and is of a broad interdisciplinary character. There are many fields of sci-
ence relating to glaciology, as for instance, geophysics, material science, crystallography,
meteorology, oceanology, as well as fundamental chemistry and applied mathematics.
Glaciology covers diverse temporal and spatial scales, describing processes ranging from
ice crystal or flake growth, avalanches, to the flow of mountain glaciers and the advance
and retreat of large ice shelves and ice sheets during glacial cycles. The subject of this
work is mostly connected to the last subject, that is the modelling of physical processes
in large ice sheets.

Ice sheets are land-based ice masses of continental size. The largest contemporary ice
sheets are the Antarctic Ice Sheet (ice volume of 29.5 x 10% km® ~ sea-level equivalent
of 65 m, see Greve [6]), and the smaller Greenland Ice Sheet (2.8 x 10° km® ~ 7m sea-
level equivalent, [6]). However, significant areas of the Earth’s surface have experienced
extended glaciation during the past glacial cycles. During the Last Glacial Maximum,
approximately 21,000 years ago, large parts of North America, northern Europe, the
European Alps, and other areas in the world were covered by ice sheets, with a total ice
volume of approximately 200 x 106 km? ([6]).

An intense effort has been focused on the modelling of the time evolution of large
ice sheets during glacial cycles, with various physical processes included in the models,
starting from the purely mechanical, to the thermo-mechanically coupled ones. This
work focuses on polythermal ice sheets, where the so-called temperate zone is present,
containing meltwater which affects the material behaviour, both mechanically and ther-
modynamically.

In the second chapter, we briefly review the traditional formulation for a polythermal
ice sheet, the theoretical concepts and the equations that have been widely used for large-
scale ice-sheet modelling.

Our aim is an alternative formulation of the temperate-ice region on the basis of
rational thermodynamics of reacting mixtures. The basic concepts of this theory are
outlined in the third chapter, including the formulation of the balance laws, exploitation
of the entropy principle and an investigation of the equilibrium conditions.

In the fourth chapter, we apply the results of the mixture theory to the particular
case of a 2-component ice-water mixture, being the subject of interest for the temperate-
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2 CHAPTER 1. INTRODUCTION

ice region. The material model is reduced by implementing partial linearization with
respect to the equilibrium state and by constraining the model with an incompressibility
condition. The balance equations are then simplified to a form convenient for numerical
implementation.

In the fifth chapter, we consider a standard ice-sheet configuration and formulate
the boundary and transition conditions for the field variables, within the framework of
mixture theory.

In the sixth chapter, the equations describing temperate ice are solved numerically in
a simple 2-D stationary case, and an elementary sensitivity study is performed to show a
comparison between the traditional and the new formulation.
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Chapter 2

Traditional formulation of glacier
physics

2.1 Introduction

z

Atmosphere

4>
X,y

Figure 2.1: Sketch of a polythermal ice sheet resting on the lithospehere. Two distinct regions of an
ice sheet are depicted - the cold-ice region containing no meltwater, and the temperate-ice region, with
meltwater present. The dividing surfaces are represented by implicit equations Fs(Z,t) = 0, Fors(Z,t) =
0, and Fp(Z,t) = 0, for the cold-ice — atmosphere boundary, cold-ice — temperate-ice boundary, and the
ice-lithosphere boundary, respectively.

The physical processes governing the behaviour of an ice sheet are extremely complex
however, for the purpose of large-scale modelling, we may confine ourselves to several
important features. We distinguish two basic zones in a glacier; the cold-ice zone, where
the ice temperature is below the pressure-melting point, and the temperate-ice zone, where
the ice temperature is at the melting point and a certain amount of water is present, which
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4 CHAPTER 2. TRADITIONAL FORMULATION OF GLACIER PHYSICS

significantly affects the thermal and mechanical behaviour of the glacier. The typical
geometry of an ice sheet is depicted in Fig. 2.1.

In this chapter we summarize the traditional formulation of the field equations de-
scribing the thermo-mechanical behaviour in the cold-ice and temperate-ice zones.

2.2 Cold Ice Zone

In the cold-ice region, the ice is below the pressure melting-point and therefore no water
is present. After neglecting the content of salt, debris, and other tracers, cold ice can
be treated as a l-component material. The continuum approach is adopted to describe
both the thermal and the mechanical behaviour. According to the processes of interest,
i.e. glacier flow on the decadal time scale, ice is described by a non-Newtonian, viscous,
heat-conducting fluid. Moreover, the assumption of incompressibility is introduced, in
good agreement with the density-variation observations across the cold-ice regions, (see
Paterson [7]).

The continuum-mechanics description of a 1-component material includes the local
mass balance, the local balance of linear momentum and the local internal-energy balance
(see e.g. Martinec [2]):

dive = 0, (2.1)
pv = —gradp + div T + pga, (2.2)
i = T:D — divq,

where U is the ice velocity, p denotes the ice density, the dot above ¢ denotes the material

time derivative, p the pressure, T the Cauchy stress tensor and 'i‘ its deviatoric part, g,
is the gravity acceleration, € is the internal energy,

1
D = {grad v}*™ = 3 (grad17+ (gradﬁ)T> (2.4)

the strain-rate tensor, and ¢ the heat flux. We omit the angular momentum balance which
constraints the Cauchy stress tensor to be symmetric, and the entropy balance, which
provides constraints on the constitutive relations. However the choice of the constitutive
relations as listed below ((2.5)—(2.8)) automatically satisfy both.

The constitutive relations adopted to complete the system of equations are

T = —pl+ T, (2.5)
e = oT, (2.6)
g = —k(T)gradT (2.7)
D = AT)dE)T, (2.8)

where cy is the specific heat at constant volume® | k(T is the temperature-dependent heat

"Hutter [4] claims that cp, i.e. the specific heat at constant pressure, should be introduced instead of
¢y, but we do not fully follow his argumentation, and keep cy, according to Fowler and Larson [9].
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2.3. TEMPERATE ICE ZONE 5

conductivity of ice, 3 is the effective shear stress defined as

5 = ;tr{(rfy}, (2.9)

A(T) is the rate factor, and d(X) the creep response function considered in the form
dx) = ¥t (2.10)

For n = 3, the stress-strain rate relation (2.8) represents the Glen’s flow law. The tem-
perature dependence of A(T) is usually assumed of the Arrhenius-type,

A(T) = Aexp (-) , (2.11)

where @ is the activation energy, kg the Boltzmann’s constant and A a constant.

2.3 Temperate Ice Zone

Due to the slope of the Clausius-Clapeyron curve of the phase equilibrium between ice
and water, high pressure in deep regions of large glaciers may lead to the presence of
a non-zero water fraction. Such regions are called temperate zones. Although the mass
fraction of water here is typically up to 5%, its presence significantly affects rheological
and transport properties of the surrounding ice. The traditional way of describing the
temperate-ice physics is as follows (Greve [6]).

Temperate ice may be described by two mass balances, one for the mixture as a
whole and one for the water component. The linear momentum and energy balance are
considered only for the mixture as a whole. Water is treated as a tracer component and
its motion relative to the barycenter is described by a diffusion (Fickian) type of law. The
barycentric velocity is introduced as

—, 1 — —
7’ = ;(,01@1 + paih) (2.12)

where p is the mizture density
p = pitp, (2.13)

subscript (1) being for water and (2) for ice. The water content w is introduced as

w =2 (2.14)

The diffusive water mass flux j’, describing the water motion relative to the motion of the
barycenter is introduced as

j = ;@ =) = pw(@ —dP). (2.15)
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6 CHAPTER 2. TRADITIONAL FORMULATION OF GLACIER PHYSICS

The mixture is assumed to be incompressible, since the total density variations do not
exceed 1%. The mixture mass balance and the mixture momentum balance are then
postulated as

divi® = 0, (2.16)
piB = —gradp + div T + 0Ga (2.17)

where again p denotes the pressure, T the Cauchy stress tensor and 'i‘ its deviatoric part,
and g, the gravity acceleration. The mass balance for the water component is

88’11 + div (p1#h) = M, (2.18)

which is under the assumption of mixture incompressibility equivalent to
p = —divj + M, (2.19)

where M denotes the water mass-production term. Constitutive equations of the model
are introduced as follows (see Hutter [4]):

T = —pl+ T, (2.20)
D? = AT,w)d()T, (2.21)
f = —rvgradw , (2.22)
T:D?B

M = 2.2

I (2.23)
where .

D? = {grad ﬁB}Sym' =5 (gradﬁB + (gradﬁB)T> (2.24)

is the strain-rate tensor relative to the barycentric velocity, A(T,w) is the rate factor (now
dependent also on the water content w), d(X) the creep response function, defined again
as

d(x) = ¥, (2.25)

5 =) (2.26)

v is the diffusivity and L the latent heat of melting of ice.

with

This has been the traditional approach to describe the temperate-zone physics. How-
ever, for example the constitutive equations are still a subject of discussion and from our
point of view, the traditional formulation contains several problematic ’ad hoc’ hypothe-
ses. One example might be the stress-strain rate relation that is expressed by means of
the gradient of the barycentric velocity, an assumption that may be difficult to justify.
Moreover, the exact interpretation of the stress tensor is not clear, since the material is
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2.3. TEMPERATE ICE ZONE 7

now a two-component mixture, hence two partial stress tensors are actually necessary. If
the used tensor were the total stress tensor, which has the form (see e.g. Truesdell [14])

2
T =) (To+ pa(@a — %) @ (0, — 7)) ,
a=1

the presence of additional terms due to diffusion would require deeper analysis and justi-
fication before a stress-strain rate relation from the pure-ice case could be adopted.

In the following chapters, we will therefore attempt to formulate a thermo-mechanical
temperate-ice model, strictly by means of rational thermodynamics of mixtures, that
would involve the transport processes being related to water diffusion. We will adopt
a fully-mixture concept, where the presented derivations will reveal the simplifications
implicitly employed in the above formulation and will serve as a starting point for the
possible generalization of the theoretical concept.

Therefore, the main focus of this thesis is the rational-thermodynamics theory of
2-component mixtures. A continuum theory describes a mixture as a superposition of
continua components. The plausibility of this approach in the case of strictly separated
media, as in our case, ice and water being two always separated phases, is discussed, for
example, in Passman et al. [3], and is suitable for the large-scale ice-sheet modelling being
considered in this work.
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Chapter 3

Rational thermodynamics of
mixtures

3.1 Introduction and basic principles

Since the rational thermodynamics of mixtures may not be a known theory to the reader,
we outline it in this chapter following intensively the textbook by Samohyl [1].

The mixture theory is based on the continuum-mechanics approach. Its aim is to
describe properties of a mixture and its components, formulate balance laws for them,
and use the entropy and other constitutive principles to restrict the class of constitutive
(response) functionals. The formulation of the mixture theory is based on the following
three principles:

e All thermo-mechanical properties of a mixture are derivable from the properties of
its components.

e The behaviour of a particular component is described as if it were isolated from
the rest of the mixture, but includes all possible interactions with the rest of the
mixture.

e The properties of a mixture are governed by the same principles as the properties
of a one-component material.

According to the first principle, the properties of the components are first introduced
as independent primitive quantities, from which the properties of the mixture are then
derived. The second point gives a general idea as to how to formulate the balance laws
for the components of a mixture, and the third principle constrains the mixture balance
laws. They must be consistent with the balance laws for a 1-component material as
follows. There should be a straightforward assignment between quantities appearing in
a mixture balance law and in a 1-component material balance law and these quantities
should coincide for a ”1-component mixture”. Hence, a 1-component material must be
only a special case of a mixture.
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10 CHAPTER 3. RATIONAL THERMODYNAMICS OF MIXTURES

3.2 Kinematics of a mixture

The a-component of a mixture is defined by its material body B,, a set of particles { X, }.
We express the configuration of this body by a mapping &, (see e.g. Martinec [2]):

IZQZ Ba—>E3 = 1
Xa_))?a:ga<Xa> a=1,...,Nn,

where K, represents the reference configuration.
The motion of the a-component particles is represented by a sufficiently smooth and in-
vertible mapping Y,:

fa = )Za(Xout) - ia(gc_yl(()?aat)at) = iﬁa(iaat) 5 o = Za N ()

where 7, is the a-particle position in the present configuration.

We will assume that all the reference frames for the components coincide and also
that all the present frames for the components coincide. However, the common reference
frame (to which all the X, vectors are related) and the common present frame (to which
we relate all the #, vectors) may differ.

The mixture is now defined as an intersection of the present configurations of all
its components. Therefore, a material particle of a mixture at position Z in the present
configuration is composed of n component particles, all of them being present at the same
position ¥, = ¥, a=1,...,n.

All standard kinematic quantities can be defined for each mixture component. The
most important are (see Martinec [2]) :

Deformation gradient:

X ra(Xart) 9 X0 (X t)

F.. = GradYea(Xa,t) = T (Fro) = oxT (3.1)
e Second deformation gradient:
G, = Grad, ,F., = W, (Gra)E = W, (3.2)
e Jacobian:
Jeo = detF,, ,
e Cauchy polar decomposition of deformation gradient:*
F.. = RiaUka = VioRia s (3.3)

(Fm)” — (Rna)iK(Una)KJ — (V,m)ik(Rmx)kJ,

'We are using the Einstein summation convention.
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3.2. KINEMATICS OF A MIXTURE 11

where R, is an orthogonal tensor and V., U, are positive definite and symmetric
stretch tensors, i.e.:

R..RY = RT'R,, = 1,
V., = VI

RO )

a-Veo-a >0, Va,
o Right and left Cauchy-Green tensors:
Cra = (Up)?, Bro = (Via)?, (3.4)

e Temporal and spatial derivatives of a scalar, vector or tensor-valued field in the
spatial description, 1, = o (Z,1):

Mo O, t)

= 3.5
ot ot ’ (35)
O
wa = grad 1, . (3.6)
The second equation (3.6) has the following meaning:
— for 1, being a scalar quantity:
(grad 1,)" = O (3.7)
g (% - axz 9 .
— for 1, being a vector:
iJ a(¢a>l
d 1,)" = ., .
(avact )7 = 20 39
— for 1, being a second-order tensor:
g O(1,)¥
(grad 15, = 20e) (39)

oxk 7

and likewise for higher-order tensors.

e Using the mapping ¥ = )Zm()?a,t) and the inverse mapping X, = Xea(Z,t), we
define:

— Material time derivative with respect to the a-component:

775 @ Dawa o 5%%()2(1,15)
“ Dt ot

, (3.10)

Xa

where the superscript in the first term and the subscript for D in the second
term denote the differentiation at fixed X,.
Using X, = Xna(Z, 1) and T = Y,y (X, 1), it analogously holds:

50 = Dta | alXat) (Tt (Ko (X, 1), ), 1)
“ Dt ot ot

Xy
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CHAPTER 3. RATIONAL THERMODYNAMICS OF MIXTURES
— Referential gradient:

Grad v, = 7&%(){“’0

X,
e «-component velocity:

(3.12)
OXwa(Xas )
(03 = 9 3.13
Xa
thus for a field quantity expressed in spatial description ¢ (Z,t), we have:
.o
(8

~ ot

+ grady) - U, ,
e Spatial velocity gradient:

\a_aiw 1aw
V=g tagy

(3.14)
L, =

grad v, ,

y o'
(La)” =
and its symmetric and antisymmetric parts:

oxi’
— Strain-rate tensor:

— m T
‘S])Z.n:

(3.16)
W, =

, 1
Lgntzs. — 7(La o LZ) )
2
It will be also convenient to introduce the following quantities:

(3.17)

o Diffusion velocity relative to the k-th component U&k), ke(l,...,n)
ﬁ&k) - Ua - Uk )

a=1,...,n,
component:

. (3.18)
if the superscript (k) is omitted, then the diffusion velocity is relative to the n-th
Uy = (7

U, =
e Spin relative to the k-th component Q¥ k€ (1,...,n)
Q&)

(3.19)

[0}

= Wa_Wk>

a=1,....n,
in particular, we also define spin relative to the n-th component €2,

(3.20)
Q, = Q0.

(3.21)

We will often use the Reynold’s transport theorem; following Martinec [2]. Consider
a material volume v intersected by a discontinuity surface o(t) across which a field variable

Scientific Technical Report STR 06/13
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3.3. MASS BALANCE IN A MIXTURE 13

Yo, @ € (1,...,n), undergoes a finite jump. Let the points of o(t) move with velocity /.
We can derive

D
-« o dv =
Dtv/¢ v

/ (8;6;1 + div (7,/)(1 Y 17&)> dv + / [¢a R ({;’a _ ﬁ)]i‘ i da , (3'22>
v\o(t) o(t)

or, equivalently,

D,
m/¢adv—

where the symbol ® denotes the tensor (dyadic) product and the square brackets denote
the jump across the singular surface o(t), i.e. for an arbitrary field quantity ¢, [¢]t =
Pt =T

We will also use the modified Gauss theorem, which can be derived for a mixture in
the same way as for a one-component material (Martinec [2]):

Da e N o o .
/ ( le + 1, div Ua> dv + / (o @ (Vo — DT -7 da,  (3.23)
w\o(t) a(t)

/ div v, dv:/%.ﬁda—/[%]j.ﬁda, (3.24)
\o(t) o o(t)

where Ov is the boundary surface and o(¢) the discontinuity surface.

In the following sections, we will derive the conservation laws or balance laws for
mass, linear and angular momenta, energy and, finally, we will deal with the entropy
inequality in mixtures. We will assume that the material volume can be intersected by
a discontinuity surface o(t), where any of the material properties may undergo a finite
jump.

3.3 Mass balance in a mixture

For each component « in the n-component mixture, we introduce a primitive scalar quan-
tity

o Mass density of the a-component in the present configuration:
Po = Pa(Z,t) >0, a=1,...,n,

such that the total mass of the a-component in material volume v is

me(v) = /pa dv | (3.25)

e Volume rate of mass-change of the a-component:

Ta = Ta(T,1t) , Fev(t), a=1,...,n,
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14 CHAPTER 3. RATIONAL THERMODYNAMICS OF MIXTURES

e Surface rate of mass-change of the a-component:

rS =rS(Tt) reo(t), a=1,...,n,

such that the total mass change of the a-component, caused by reactions amongst
the mixture components, in material volume v per unit time is

Ime(v) = /ra dv + / S da .
v o(t)
We also distinguish between the reacting components:
r, 0 or ri;‘éo, p=1....m,
and the non-reacting components:

r, =0 and 7‘550, w=m-+1,...,n.

The mass balance of the a-component of a mixture in material volume v is postulated to
be:

D,
E/padv:/radv+ /rgda, a=1,...,n, (3.26)

v o(t)

and the mass balance of a mixture:
" (D
2 padv|=0. 3.27
> (Dt /s ) (3:27)
Using (3.23), we obtain
D, <o I Lt =
E/padvz / (pa +padlvva>dv+/[pa(va_y)]f'ndaa
v v\o(t) o(t)
which, with the use of (3.26), yields
/(mﬂ+pa&vm—w@<m+ /Qm@;_mt.ﬁ_-@)da:o.
v\o(t) o(t)

Since the material volume v was chosen arbitrarily, we can conclude that

P+ po div i, = 714 in v\o(t),

(3.28)
[pa(ly — D)) -7 = 13 at o(t) .

In addition, using (3.23) in (3.27), we arrive at

[ S padiv) dot [ Y - D) i da = 0,
w\o(t) @71 a(t) @71
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3.4. LINEAR MOMENTUM BALANCE FOR A MIXTURE 15

Since the material volume v was chosen arbitrarily, we conclude that

(P +padivi,) = 0 in v\o(t),

(3.29)

1= 1072

(e — D) -7 = 0 at a(t) .

a=1

By summation of the local mass balances and the boundary conditions expressed in
(3.28) over a, we obtain

Y (P + padivi, —ra) = 0 in v\o(t), (3.30)

a=1

i( Pt~ rl) =0 at a(t) . (3.31)

Subtracting equations (3.30) and (3.31) from the equations in (3.29) yields

NgE
<
S
Il
o
B

v\a(t),

at o(t) .

Q
Il
—

(3.32)

NgE]
<

2w
Il
o

Q
I
H

At this point, it is convenient to introduce:

o Mass density of a mixture p:

=D fa, (3.33)
a=1

e Mass fraction of the a-component wy:

Wy = — a=1,...,n, (3.34)

consequently

i _ (3.35)

3.4 Linear momentum balance for a mixture

The linear momentum of the a-component of a mixture in material volume v is a vector
quantity defined by

v):/paﬁadv, a=1...,n,

GeoForschungsZentrum Potsdam
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16 CHAPTER 3. RATIONAL THERMODYNAMICS OF MIXTURES

The linear-momentum balance for the a-component of a mixture is postulated to be:
D, . . . .
E/pavadv = /Ta~nda+/pabadv+/kadv
v ov v v

+ /raﬁadv—i— /fjfda,
v a(t)

a = 1,...,n, (3.36)
where

o [T, -nda
ov
describes the total surface force exerted on the particular a-component at dv. The
resulting force comes from the following types of interaction:

— Interaction with the surroundings of the material volume v, i.e. the surface
force exerted at the a-component from the outer side of the volume boundary
Ov (determined by the orientation of the normal vector 77). If the boundary dv
is an internal boundary in a mixture, then this term consists of partial forces
related to particular components of the surrounding mixture.

— Interaction surface forces, which represent the surface interaction of the par-
ticular a-component with the remaining mixture components from the inner
side of the volume v.

° fpal;a dv

describes the volume forces (e.g. gravity).

o | ko dv
v
describes the interaction volume forces — volume interaction with the rest of the
mixture.

The interaction and inner surface forces together with the interaction volume forces
enable us to describe the mechanical interaction among the mixture components.
For instance, for an ice-water mixture, these quantities model the volume-averaged
force exerted by flowing water on the surrounding ice. Thus, despite the fact that
the exact geometrical configuration of the water tunnels, cavities, etc., is not spec-
ified, this concept gives us a tool to handle the interactions in a volume-averaged
sense, which is sufficient for certain time- and spatial-scales behaviour.

o [r U, dv
v
Is the rate of change of linear momentum induced by composition changes, e.g. for
a two-component ice-water mixture, both components are considered as continua
moving with generally different velocities, if freezing of water or melting of ice occurs,
it results in appropriate linear-momentum interchange between the components.

GeoForschungsZentrum Potsdam
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3.4. LINEAR MOMENTUM BALANCE FOR A MIXTURE 17

o | f_g da
a(t)
Is the linear-momentum surface-production term. We consider this term because

we may identify a singular surface in a glacier where melting occurs. Thus, for
particular mixture components, the surface behaves as a source of mass, linear and
angular momenta, energy and entropy, respectively.

For the quantity ¢, of the a-component, using (3.23) and (3.28), we can write:
D,

ey a¥o d

Dt / Papa OV

D
_ / (a(pas"a)wa% divﬁa>dv+/[pagoa®(ﬁa—ﬁ)]+~ﬁda

Dt
v\o(t) o(t)
= [ (e pudiv i)+ page®) dot [ pupa® (5 — )it da
v\o () o(t)
= / SOCXTO( dv + / paséaa d'U + / [pagpa ® (2701 — ﬁ)]i— . ﬁ da .
v\o(t) v\o(t) o(t)
(3.37)

Particularly for ¢, = 9,, we obtain
Da — — 5 @ — - N1+ o
E/pava dv = / UpTo dv + / Pala dv + / (el @ (Uy — V)] -7 da . (3.38)
v v\o(t) v\o(t) o(t)
Substituting this into (3.36) yields
/ ,oaﬁ\’aa dv + / [Pala @ (Ta — D))" -l da = /Ta -1 da + / pal_;a dv
v\o(¢) (1) Ov v\o(¢)

+ / ko dv + /]Ffda(339)
v\ (1) (1)

Applying the modified Gauss theorem (3.24) to the first integral on the right-hand side

gives
0 = / (paﬁ\aa —div T, — pal;a — Ea) dv
v\o(t)
— / (T — patia ® (T2 — 2T -7i + f3)da . (3.40)
o(t)

Since the volume v was chosen arbitrarily, we conclude that

wln = divTa + paba + ke in v\o),
pal p ) \o(t) (3.41)
0 = [To = patia @ (U, — D) 7t + f2 at  oft).

GeoForschungsZentrum Potsdam
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18 CHAPTER 3. RATIONAL THERMODYNAMICS OF MIXTURES

The balance of linear momentum of a mixture is postulated as

O;l)tv/pava dv =

Z/Ta nda—l—z

alé)v

alv\

pal_;a dv .

o(t)

(3.42)

Again, applying (3.37) to the left-hand side and (3.24) to the first term on the right-hand

side, we obtain

n

0 = Z (paﬁ\aa + rov, —div T, — paga) dv +
v\o(t) a=1
n +
/ l > {pala @ (U, — V) — TQ}] -7 da . (3.43)
o(t) a=1 _
Since the material volume v was arbitrary, we conclude that
0 = Zn: (paﬁaa + 1o, —div T, — pal;a> in  v\o(t),
a=1
= n + (344)
- [ S {pal @ (Ga— 7) = To}| -7 at o(f).
a=1 _

Summing up the balance laws and boundary conditions (3.41) over all components yields

Z (paﬁ\aa —div T, — paga — /ga) =0 in v\o(t),
a=1

S (ITa = pola® (T — D"t + J5) =0 at o),

a=1

which with the use of (3.44) implies
Enj (Ko +7oTy) = 0 in v\o(t) .
a=t ; (3.45)
Z fo = at o(t) .

3.5 Angular momentum balance for a mixture

The angular momentum of the a-component of a mixture in material volume v relative
to a spatial point 7 is defined as a second-order tensor

la(v):/(f—yjo)/\paﬁadv, a=1,...,n,

v

where 9y is assumed to be a constant vector and the operator A is defined by

iND = aRb—b®a, @AD)T = ('t —db) | (3.46)

GeoForschungsZentrum Potsdam
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3.5. ANGULAR MOMENTUM BALANCE FOR A MIXTURE 19

for two vectors and
(@AB)*F = gt AR — @I AT

for a vector and a second-order tensor.

The angular momentum balance for the a-component in material volume v is postulated

D, L. . L. . L. -
Ft/(x—yo)/\pavadv = /(:p—yo)/\Ta-nda—l—/(w—yo)/\pabadv
v ov v

+ /(f—go)A(Ea+raﬁa)dv+ /(f—gO)Aﬁfda,

v o(t)

a = 1,....,n. (3.47)
By (3.37) we have
D(X — = - Da _’_ T N = = 3 «
E/(x—yo)/\pavadv = / pa<(thy0)/\Ua+(l‘—y0)/\Ua>dU+
v v\o ()
+ / rol@ — G0) ATa dv + / (Pl = Go) ATa) ® (G — )T -7 da .
v\o(t) o(t)
Since L
D(Jz(x - yO)

AUy =Ty NUq =0,

and applying the Gauss theorem? (3.24) on the first surface integral in (3.47), we have

[/(f—go)ATa-ﬁdar

v
- / {(@" =) TZF = (7 — )T} n* da
v
0 i ik i d\ik
= [ gr{E - - @ - T} a
v\o(t)
+ (@ = y) T3 — (@@ — ) TH] " da
o(t)
= | [ (TI=T0) + (F—5) Adiv Ta dv| + /[(f—go)ATa]j-ﬁda
M) o)

Equation (3.47) can be rewritten as follows:

0 = /(TQ—TZZ) dv + /(f—go)A{paﬁaa—div Ta—Ea—paga} dv +

v\o(t) v\o(t

()
+ [ @) A (Ipa @ (G = 7) = Tal* i — ) da,
o(t)

2We have chosen the component description for the sake of brevity.
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20 CHAPTER 3. RATIONAL THERMODYNAMICS OF MIXTURES

where in the last term on the right-hand side the continuity of (¥ — ) at the singu-
lar surface o(t) has been considered. Inspecting the linear-momentum balance and the
boundary condition (3.41), we can see that the second and the third integral vanish, hence
we conclude that
/ (To =T dv = 0. (3.48)
v\o(t)
Since the material volume v was chosen arbitrarily, we obtain

T, =T. in v\o(t). (3.49)

The balance of angular momentum of a mixture in material volume v is postulated in
the following form:

Dt/ Uo) A Pain dv = Z/ 0) ATy da + Z/x 7o) A paba dv . (3.50)

a= 181}

Applying (3.37), we derive

Zi/(f—go)Apaﬁa dv = / (f—gj@/\(Zpﬁf) dv +
a=1 Dt a=1
v v\o(t)
n n +
+ [ (@=d)A (Z m%) dv + / [(f— Go) N>~ {patia @ (Un — 17)}] -7 da .
v\o(t) a=1 o(t) a=1 .

Following the procedure for a one-component body, we obtain

n

Z/ )AT, -Mda = / Z ) dv + / (¥ — go) A div Z ) dv +

=13, o) *=t w\o(t) o=l
n +
+ /[(f—?fo)A ZTQ] i da . (3.51)
o(t) a=1 —

After substituting this into (3.50) and rearranging the terms, we arrive at

/ Z — T dv + / (Z — Yo /\Z{pava 4+ roU, —div T, paba} dv +

o) @ v\ (t) o=l

+
+ / [Zpava Vo )_TG] rida = 0,
o(t) -

where we have used the continuity of (¥ — ) across the singular surface o(t). In view of
(3.44), we finally obtain the angular momentum balance for a mixture

/ S (Ta—T ) dv = 0 (3.52)

w\o(t) @=L

but this is a trivial result of the angular momentum balance for components (3.49).
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3.6. ENERGY BALANCE OF A MIXTURE 21

3.6 Energy balance of a mixture

To formulate the energy-balance principle, we first introduce the following quantities:

e Internal energy e,
e Partial heat flux q,
e Internal heating Q.

o Volume interaction energy e,

S

o Surface energy production e,

The energy balance for the a-component of a mixture in material volume v is postulated

as
D, 1, B B L L
E/pa(sajtiva)dv = /va-Ta-nda+/paba-vadv+/ka-vadv
v ov v v
1
- /Ja-ﬁda+/Qadv+/7’a(€a+§6j)dv
v v v
+ /eadv—i— /eida, a=1,...,n. (3.53)
v o(t)

The terms additionally appeared in (3.53) compared to the energy balance of a one-
component material (see e.g. Samohyl [1]) are as follows:
e | Ea - Uy dv
o\t )
is the power produced by the interaction volume force k,,

o [ e dv
v\o(t)
is the volume interaction power,

o [ ¢edda
o(t)
is the energy production at the singular surface o(t), related to the production of

the particular component of a mixture at the singular surface o (%),

o [ ra(e, —l—% UCYQ) dv
v\o(t)
is the rate of energy change due to compositional changes.
In the handling of (3.53), we proceed in a way analogous to the previous balance laws.
First, we make use of the formula (3.37) and rewrite the time derivative of the left-hand
side of (3.53) as:

Da 1 - N - S5 @ 1 -
D—t/pa(ea + 5 vaz) dv = / Pa(Ea™ + Uy Ty ) dv + / To(Ea + 3 va2) dv +
v v\o(t) v\o(t)
1 +
v f [pa(aa +5 0@~ 7ida (3.54)
o(t) -
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22 CHAPTER 3. RATIONAL THERMODYNAMICS OF MIXTURES

We now use the Gauss theorem (3.24) and express the surface integral as®

/ﬁa -Ty-mda = /véTgnJ da = / 9 ( "TY dv + / TZJ nj da
v v v\o(t) a(t)
o, 0T
_ a g 7 a ij j
_/a]Tad+/vaaxjdv+ (i 7] da
v\o(t) v\o(t) o(t)
= [ Lo Tado + /Ua-divTadv+/[Ua-TQ]f-ﬁda,
v\o(t) v\o(t) o(t)
(3.55)

where L, = grad v, is the velocity gradient and the symbol : denotes the double-dot
product of second-order tensors:

A:B = AY BY, (3.56)

Analogously, from the Gauss theorem (3.24), we obtain

/q}-ﬁdaz /dlvqadv—l— /qa : ) (3.57)
ov

v\o(t)

Substituting (3.54), (3.55) and (3.57) into (3.53) yields

0 = / {paéaa - Ta : La + div q_)a - Qa —€q + Ua : (paz_}aa —div Ta - pocga - Eoz)} dv

v\o(t)
+
+ /({paaa fv V(U — V) — U - T —I—qa - ei) da .

With the help of the linear momentum balance of the a-component (3.41), this equation
further reduces to
0 = / {paéoaa - Ta : La + diV (Toc - Qa - ea} d'U
v\o(t)

[ ([t a0 -9 -0 Ta ]

a(t)

_l’_

- s
- ea> da .

Since the material volume v was chosen arbitrarily, we conclude that

Pata” = To: Dy—div gy + Qa+ eq in v\o(t),
+
e§ = [palcat 00— )~V Tat | -7 at o(t)

«

(3.58)

3To make the derivation transparent, we use the componental description.

GeoForschungsZentrum Potsdam
Scientific Technical Report STR 06/13



3.6. ENERGY BALANCE OF A MIXTURE 23

where we have used the symmetry of the Cauchy stress tensor to write

T,:L, = T, (LY 4+ L) =T, :L¥" =T, : D, . (3.59)

Now we postulate the energy balance of a mixture

Z—a/pa(sa—i——ﬁf)dv = Z/Ua~Ta~ﬁda+Z/Ua~pabadv—
a=1 Dt b 2 a=1 5, a=1 7
_ /cfﬁdaJr/de, (3.60)
ov v

where we have defined

e Total heat flux ¢

7= G, (3.61)
a=1
e Total internal heating ()
Q= > Q.. (3.62)
a=1
Similarly to (3.54), the left-hand side of (3.60) may be rewritten as
D, L
Zi/ﬂa(ﬁa—i——va) / Zpaea + Uy - va)dv—|—
— Dt 2 =
v\o(t)
n 1 =+
/ 3 ralea + fv ) dv +/Z{pa€a S 520 *)} Ada.  (3.63)

w\o(t) oty @=L

With the help of (3.55) and (3.59), the surface integral on the right-hand side of (3.60) is

n

), t
Z/Ua- T, -Mda = / > Dy Ty) dv + / > (Un-div Ty) dv +
a=1 5, \o(t) a=1 w\o(t) a=1
+ / Z : il da . (3.64)
o(t) &=
Also, from the Gauss theorem (3.24), we have
/cf-ﬁda — / div §dv + / (3.65)
v v\o(t)
Substituting (3.63), (3.64) and (3.65) into (3.60) gives

/ (Z {paéaa -T,:D,+7,- (pafg\aa —div T, — paga)} +div ¢ — Q> dv +
no(t) =

{raaa ;v )} dv + /[i

\o(t) *=1 o(t) =1

n

1 +
{pa fat s 5a2)(ﬁa—ﬁ)—aa.Ta}+q*] i da

GeoForschungsZentrum Potsdam
Scientific Technical Report STR 06/13



24 CHAPTER 3. RATIONAL THERMODYNAMICS OF MIXTURES

The term in parenthesis standing at v, in the first volume integral is equal to Ea due to
the linear momentum balance (3.41). Finally, postulating, that this result is valid for any
arbitrary material volume v, we get

0 = Zn:{pagaa_Ta:Da—l—Ua-/;a%—raea—i—fra }—i—dlvq—Q in v\o(t),
a=1
n +
0 = {Z{pa(swrlﬁ?)(v —v)—ﬁa-Ta}Jrcf -7 at  o(t) .
a=1 _
(3.66)

By summation of (3.58), we obtain

0 = Z{paea — Ty i Do+ div go — Qo — €0},
" ] N
0 = Z ({pa 504 577042)(7704_5)—?7&"]?&4‘@& T_I: — 65) .

Subtracting these equation from (3.66) and with the use of (3.61) and (3.62) yields

n - 1
3 {ea T Ko+ Taga t 5 raﬁj} — 0 in w\o(t), (3.67)
a=1
Yed = 0 at ot) . (3.68)
a=1

For the following, we express the first equation in terms of the diffusion velocity (3.19)
(Ug = Uy — Uy) as:

a=1 a=1
n . 1
:Z(Q_fn—l—ﬂ’a) ka—i—er ( + 20, -, + U)
a=1 2 a=1
no_ n N 1 n 1 2
=Ty > (ko + 7o Ua ) + D Ua-ka + T2 1o + = D> 140
a=1 17\—’1)-: a=1 2 a=1 2 a=1
. noo_ 1 Ly n oo 1 Ly
= Uy > (ka+7als) — 202 Ta + Y. Ua-ka + = rol,
a=1 2 a=1 a=1 2 a=1
n N 1
= Z _»oz ka + = Zraﬁo?
a=1 2 a=1
n—1 . 1 n—1
= _’ﬁ . ﬁ + - TﬁﬁﬁQ 3 (369)
B=1 2 B=1

—

where we have used the constraints > r, =0, Y (l;a + 7roUs) = 6, i, = 0, according to
a=1 a=1

(3.32), (3.45) and (3.19), respectively.
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3.7. ENTROPY BALANCE IN A MIXTURE 25

To conclude, the energy-balance of a mixture can be rewritten as

0 = Z {ea + Taca} + Z {U/ﬁ kg + 1 5 Tpls } in v\o(t),

M:\

0 = e at o(t) .

1

6]

3.7 Entropy balance in a mixture

In this section, we will introduce several new quantities:

e entropy density S,

e absolute temperature T,

and postulate the entropy balance (the Clausius-Duham) inequality of a mixture in ma-
terial volume v as follows

=~ D, L.
z::lm/pasadUZ—/T(fnda—i- / gdv. (3.71)
« v B w\o(t)

Making use of ( and the Gauss theorem (3.24), we arrive at

3.37)
7\ @
/ {Zpasa +Zrasa+dlv (T) _T} dv +
\o(?)

a=1
[Z PaSa(Ua — V) + ] il da . (3.72)
a=1 T —

a(t)

Since the material volume v was chosen arbitrarily, we may conclude that

D Pada™ + Y Tasa +div (;{) — ? > 0 in v\o(t), (3.73)

a=1 a=1
[ z:pasa(ﬁa — V) + g] n > 0 at o(t) . (3.74)
We now employ the energy balance of a mix_ture (3.66) and the formula (3.69) to express
divi—Q = —az:paéa Z Tafa + ZD : T, —ﬁzl - kg — ;Zzirﬁg; .

Substituting this expression into the entropy inequality (3.73) yields

1 n . 1 n—1
0 < T{—Zpaéa ZraeaJrZD i T, —Zuﬁ-kﬁ—§ Zrﬁﬁ;}+
a=1 6=1

=1

" 1
+ Z PaSa” + Z TaSa = grad T - ¢ in v\o(t). (3.75)
a=1 a=1
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Multiplying this inequality with —7" and introducing a new field variable
e Free energy of the a-component

fo = €a—Tsq , a=1,...,n, (3.76)

gives the Clausius-Duham inequality in the following form

0 2 Z pafoza + E rozfoz + Z paSaTa + T_lgl“ad T - J - Z Da : Ta
a=1 a=1 a=1 a=1
n—1 n—1
+ Jé] _‘5 + % Z 7’51_[52 in ’U\O’(t) .
p=1 /=1

(3.77)

3.8 Constitutive equations of a mixture

Note: It is not the aim of this section to provide an exhaustive description of the con-
stitutive theory of mixtures, since it would require much more effort and moreover it is
not a subject of this text. However, the basic concepts have to be outlined to enable the
following derivations. This section, more than any other in this chapter, would probably
require further reading, e.g. the textbook by Samohyl [1]).

The independent balance laws listed above, namely the mass balance of the compo-
nents and the mixture, the linear-momenta balance of the components and the mixture,
the angular-momenta balance of the components, and the balance of energy of the mixture,
together with the entropy inequality, do not suffice to determine the thermo-mechanical
behaviour of the mixture*. The missing equations should specify the material class by
adding relationships among the kinematic, mechanical and thermal field variables. This
task is handled by the constitutive theory.

A process is defined as a set of all the fields that appear in the theory:

XOé<XCv7t)7 pa(XOHt)’ T(X!I?t)? (378)
ro(Z,1), a(T1), sa(Zt), @7 1), ka(T,1), To(T,1), (3.79)
Q(Z, 1), ba(T,1), a=1,...,n. (3.80)

A thermodynamic process is such a process that satisfies the mass balance of the reacting
components, the linear-momenta balance of the components, and the energy balance of
the mixture. The validity of the remaining balance laws will be ensured in the following
principles of the constitutive theory, namely in the principle of determinism and in the

4The angular momentum balance of the mixture (of non-polar components) follows from the balance
of its components, it is therefore not independent. The energy balance for components need not be
considered, if all the components have the same temperature. Then the entropy inequality does not
constrain interaction energies e, and variables ¢, and @, appear in the rest of balance laws only in ¢,
and @, respectively (see Samohyl [1]).
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entropy principle.

The constitutive theory is based on several axioms, that are listed below.

e The principle of determinism
This postulates that the constitutive (response) functionals:

TO&? 80&7 Sa7 q_; Eod? TOC? o = ]‘""7/’7’7 (3'81)

at a given location ¥ and at the present instant ¢, depend upon the thermo-kinetic
process, i.e. fields of motion (relative to the configuration k), density of the com-
ponents and temperature:

Xry(Xq, T), py( Xy, 7), T(X,,7), T<t,y=1,...,n, (3.82)
for which the mass balance of the non-reacting components and the mixture, the

linear-momentum balance of the mixture and the angular-momenta balance of the
components are satisfied.

e The principle of local action
states, that the responses (3.81) for a material particle at @ are most affected by
the values of fields (3.82) is the closest neighborhood of Z.

e The principle of differential memory
states that the responses (3.81) are most affected by the values of fields (3.82) at
the present time and in the nearest past.

The last two principles enable us to reduce the functional form of (3.81) to a function
of the Taylor expansion series of the fields (3.82). The order of the expansion specifies a
particular material class.
e The principle of equipresence
states that the set of independent variables, i.e. the set of appropriate Taylor ex-
pansion terms of (3.82), is the same for all response functionals (3.81) unless other
constitutive principles constrain that.

In particular, we are interested in the material class called a mizture of non-simple ma-
terials with differential memory:

{szagmsaa(j;kﬁaTa} = Fn[fa FH’WGN’WL’Y?g’Y?pW?hW?T? 5, X’wt] )
v=1,...m—1 p=1,....m; f=1,....n—1;, a,y=1,...,n,

where we denoted:

- T present position of the material particle,
- F,, deformation gradient — see (3.1),

- Gy, second deformation gradient — see (3.2),
- L, velocity gradient — see (3.15),

- T, velocity of a material particle,

- Py density of a reacting component,

- fL@ density gradient of a reacting component,

h, = grad p,(Z,t) (3.83)
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28 CHAPTER 3. RATIONAL THERMODYNAMICS OF MIXTURES

- T ... absolute temperature,
- g temperature gradient,
g = grad T(¥,t) , (3.84)
- X, ... material particle,
-t present time,
- m ... number of reacting components, i.e. v Z0 fore € (1...m).

e The principle of objectivity
states that the shape of constitutive functionals F, does not depend on a change of

the present frame. The general relation of two Cartesian frames can be expressed

as®:

P = &)+ Q(t)Va(Xart) (3.85)

and
t" = t+0b, (3.86)

where Q is a member of the group of all orthogonal second-order tensors (Orth)
QU eorth:  QWQTM = QA =1 . (3.87)
The velocity then transforms as

T = Q(t)Uy + 4+ AT - 7) with A =QQ". (3.88)

(63
The principle of objectivity asserts that

{7“1/;, EayrSas Qq_), QEﬁa QTQQT} =
Filé+ Q7 QF,,QG,,,QL,Q" + A, Qi + &+ AQF, p,, Qhy, T, QF, Xt +1]

for any arbitrary scalar b, vectors ¢ and c, orthogonal tensor Q and antisymmet-
ric tensor A. It can be shown, see Samohyl [1], that this constraint reduces the
dependence of the constitutive functionals to the following form

{T’w,Ea, SO&?J) E57Ta} = FH[FR’W G577D77Q57ﬁ5ap§077i§07T7 ga XW] ) (389)
v=1,...m—1 p=1,....m; B,0=1,....n—1;, a,y=1,...,n,
satisfying
{rwvgavsomQ(.Tv QE&QT&QT} =
F.QF,,,QG,.,.QD.Q",QQ,;Q", Qis, p,, Qhy, T, Q7. X, ], (3.90)

for any orthogonal tensor Q.

Analogously to one-component materials, we can deal with the changes of the reference
configuration and introduce the symmetry groups of a mixture:

5Vectors are considered here as triplets of coordinates related to a ”static” frame.
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3.8. CONSTITUTIVE EQUATIONS OF A MIXTURE 29

— for a reacting component, € € (1,...,m), we define the symmetry group G,

(H>J) S gne — fn[Fnea GI{€7 @eaXe] = «/Tn[(Fme? Gne) o (Ha J)> @€>Xe] ) (391)

where H is a regular second-order tensor and J is a third-order tensor symmetric in
last two indices. For the sake of brevity, we have denoted

@5 = [Fm'y;ém wa;ﬁea D'ya 957 657 Py, hgm T, §, X'yyfe] >

y=1,...,n; d=1,....n—1; p=1,....,m.

The group G, is a subgroup of a group of all ordered couples (P, K) of arbitrary
regular second-order tensors P and arbitrary third-order tensors K, symmetric in
the last two indices with the group operation o defined as

(Pg,Kg) = (PQ,KQ) O (P17K1> 5

with
P; = P,P;, K; = CKy®PoP;)+PK; .

The contracting operator C is defined as
The inverse is defined as

P,K)*' = (P LK), with K' = -P'C(KeP'oP!). (3.92)

— for a non-reacting component € € (m + 1,...,n), the definition of the symmetry
group is the same as for a reacting component, i.e.

(H7J) 6 gﬁ&‘ ﬁ FN[F}%‘; GHE7 @mXa] - JTH[(an Gm’:‘) o (H7 J)) @E7X€] 9 (393)

but, in addition, the tensors H and J must satisfy the relationships

|detH | = 1 H is unimodular ,
and
tr(H ')+ d.(H—1) =0, (3.94)
where
Tre = prt Grad, e (3.95)

coming from the constraint on the set of reference configurations representing the
material symmetry of non-reacting components:

Pre = Pre 5 Grad,epre = Gradyepae , ee(m+1,...,n),

which states that we are investigating the symmetry properties only in reference
configurations with the same referential density and the density gradient (at the
given material point).
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30 CHAPTER 3. RATIONAL THERMODYNAMICS OF MIXTURES

Thus, for any component € of a mixture, reacting or non-reacting, we have defined a
symmetry group G,. with respect to the reference configuration x.. When the reference
configuration is changed to A, the symmetry group changes according to Noll’s rule:

g)\g — (Pe, Ke) o g/iG o (Pea Ke)_1

e The entropy principle
The balance of entropy introduces additional constraints on the constitutive func-
tionals.

The entropy principle, according to the interpretation of Coleman and Noll, as-
serts that the constitutive functionals are such that the reduced entropy inequality
(3.77) is satisfied for all admissible thermodynamic processes, that is thermodynamic
processes taking place in a mixture of non-simple materials with differential memory
and constitutive equations (3.89), (3.90). This implies that the following balance
laws are satisfied: the mass balance of reacting and non-reacting components and the
mixture, linear-momenta balance of components and the mixture, angular-momenta
balance of components and the energy balance of the mixture. We will moreover
assume that the mixture possesses a homogeneous reference.

The reduced entropy inequality for the non-simple material with differential memory has
the form:

n n 8a o n n 8a o n n aa \a
DT 5D DY N D) DY < L LN D) S
a=1~vy=1 v a=1~vy=1 ’7 a=1~vy=1
n n—1 aa n n—1 aa -
+ Zzpaaé QQ+ZZ a f u6 +Zzpa7p<p
a=1§=1 6 a=1§=1 a=1p=1
nom afa sa n afa \_; ( >\
+ o by Y pars g D pa| o+ 8a | T
aszlp o, e ;p 97 Zp s
m—1 1 oo n n-1 | .
+ (fw—fm)rw‘f‘TQ'g—ZTa‘Da+zk5'uﬁ
=1 a=1 B=1
]_’rTLfl_)2 .
+ 5 (1/) Um>7’¢
=1

This inequality can then be rewritten by expanding the material time derivatives 1[13,
where 1, stands for F,,, G,, Do, Qu, Ua, Pas ﬁa, respectively, to a form, containing only the
time derivatives of the form 1/13‘ (i.e. ¥ = ). The resulting inequality is very complicated
and for the sake of brevity we omit it (see Samohyl [1]).

Several new quantities are introduced:

— Specific free energy of a mixture

[ = Xn:[;j‘fa, (3.96)

i
I
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3.8. CONSTITUTIVE EQUATIONS OF A MIXTURE 31

— Specific entropy of a mizture

Lo
z:j ; (3.97)

— Chemical potential g, and quantity p,

Apf) . Apf)
= , = 2 —1,...m. 3.98
© p, Py on, ® m ( )

The rewritten entropy inequality (Samohyl [1]) depends on several independent vari-
ables only linearly, but the entropy principle asserts that the inequality is satisfied for
all admissible thermodynamic processes, i.e. for any arbitrary choice of the independent
variables. Therefore, the coefficients standing at these ”linear” variables must vanish.

Namely:
— at %—7;:
of
(‘97T = —S, (399)
— at %:
of =
— =0 3.100
ag—]»\ ? ( )
0 n
— at (776 - ﬁn)
aof =
=0, o=1,...,n—1 3.101
au5 ) 7n Y ( )
L
—at (F).:
of of
=0 — =0 =1,....,n; 6=1,....n—1. (3.102
aD’y Y 696 Y ’y Y ’n’ Y 7n ( )
Hence, the specific free energy of a mixture depends only upon
f:f(Fv,Gv,p@,ﬁw,T), y=1,....n; p=1,...,m, (3.103)
in addition, according to (3.98) g,, p, may be written as:
9uv :gy<F7,G7,p¢,E¢,T) ) ﬁu :ﬁu(F'yaG'yupgouﬁgauT> ) (3-104)
y=1,...,n, vio=1....,m,

and due to (3.99) also

s:s(FW,GW,pSD,E@,T), y=1,....,n; o=1,...,m, (3.105)
Since the definition of the free energy f (3.96), with the use of (3.76), gives
f=e—-Ts, (3.106)
we can immediately write
6:5(F7,Gv,p¢,ﬁ¢,,T), y=1,...,n; o=1,...,m. (3.107)
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32 CHAPTER 3. RATIONAL THERMODYNAMICS OF MIXTURES

— at grad ¢
A 4 AT = , (3.108)
where
@7 87’
A] = Z péa Zud + Z 8 ’Lf )
— at Grad cz;,:
NJ+NJ =0, e=1,...,m, (3.109)
where
; (97”1/,
(e 5 - 1,..., 5
Zp ahz ot Z ) o v "
- at G,Y ’LJK
iJK iKJ _ _
C’7 +C’W =0, y=1,...,n, (3.110)
with
Oz’JK _ Z 5 kF—lJZF_lKk + F_lJ]F_lKk {Z afa
- 7 7@ 4P Oé «
¥ 6G JK et = 8DA,

i ) 30 pat e S la“ﬁ +§(575—5W)%]} ,

a=1 89” ¢:1 oDy o o8
— at Grad G,:
iJKL _ iKJL iJJJ iJIK iJKJ _
D7 —D7 , D7 =0, D7 +2D7 =0,

DI+ D'+ DB =0, y=1,....n; i,J K=123,(3.111)

where we do not sum over the underlined superscripts, and where

; = 8foz ; i\ mo1Lj or Lk
DKL = Z Do sz — W) E Y —p’;n)(%;ijFV 0 (3.112)
P=1

Due to the previous results, the dependence of the entropy inequality on W, reduces to
the linear dependence, hence we obtain an additional constraint

K% = K" (3.113)

for

G Na Ol o(p/) »
K]:ZZ aanJ WJJ + ZaGZJKGZ/JK lefahw

y=1a=1
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3.9. MIXTURES OF REACTING AND NON-REACTING FLUIDS 33

The rest of the entropy inequality can be rearranged into the following form:

= & afa 8fa iJK ii i i i i
0 2 lelp [ Fil Fy +aGiJKGJv (Dyj‘i‘Q] prph Dj—i-QJ)
a=1~vy=
o O fa GiE 1K ] S fa ] ij ij
£ 3 Y g G0~ ) + 55 g el (DF - D +9)
a=1~vy=1 6=1a=1
N afOé N ¢ ) i 7
+ D0 D pag k= D (uphi + pDg) (g, th Dyt
(p:lazl p<,0 (p=1
-1 _
e or ) .
k k Y ~iJL Lk ik ik ik
+ TZ)_l(pw_pm){z: 8FZJG’Y F'yl z_: Dn +Q§)
o Or or o m—1
Pt k} - Zpa<+5a>ué9’ + 22 (96 = gm)Ty
p=1 9Py =1
1 i1 . 7 TYJ 1m71 ) i o,,0
t 549 ZlT Dy +Zkﬂuﬁ 2;(%%—%%)%- (3.114)

All results of this section further simplify for fluids with their exceptional symmetry.

3.9 Mixtures of reacting and non-reacting fluids

Fluids are defined by their symmetry groups:

— Reacting fluid e € (1,...,m) ,
where the symmetry group consists of all pairs (H,J), where H is an arbitrary
regular second-order tensor and J is an arbitrary third-order tensor symmetric in
last two indices.

— Non-reacting fluide € (m+1,...,n),
where the symmetry group consists of pairs (H,J), where H is an arbitrary uni-
modular (|detH| = 1) second-order tensor and J is a third-order tensor that fulfils
(3.94).

Thus, for a reacting component, we can choose H = F_! and J = G_!, defined by (3.92),

and then obtain
(Fre,Gre) o (H,J) = (1,0) ,

where (1, 0) is the unit element of the group g. According to the definition of the symmetry
group (3.91), we obtain

Fil(Fre, Gie), O, X = F[(1,0),0,, X | = F.[O] . (3.115)

The possibility to omit the dependence on X, in the last equality results from the fact that
the first equality in (3.115) is valid for any reference configuration. We can in fact choose
a homogeneous configuration where the dependence upon X, vanishes (see Samohyl [1]).
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34 CHAPTER 3. RATIONAL THERMODYNAMICS OF MIXTURES
For a non-reacting component, we choose
H=J.’F.},
and

1
J=—JPF1C(G..OF @F.}) + —J. Y[F. @ grad J. ™

2 K€
1 - 1 -
S FR @ k™ = ST R @ b L

where the superscript sym. for a third-order tensor means symmetrization in the last two
indices:

(Asym.)ijk = (Aijk + Aikj) . (3116)

1
2
It can be shown (Samohyl [1]) that the tensors H and J satisfy condition (3.94). Applying
the definition of the symmetry group (3.93) yields

Fe = FKG[(FKC) GI{G)) @67X€]

1/3 1 1/3 4/3 sym.
= fne <pn€> 17 o Pre (M) 1® Gradﬁepﬁe - <p56> he 7@E7X€
Pe 2 Pe Pe

- f(pmﬁaa@a) .

The last equality results from the fact that the previous formula can be derived for any ref-
erence configuration x, particulary for the homogeneous reference, where the dependence
on X, vanishes.

As a result, the constitutive equations of a mixture of reacting and non-reacting com-
ponents have the following form:

{rwafomsaag;lgﬁaTa} = ﬁ[p’yaﬁ’yaD’yaﬂéaﬁzSaT?g] ) (3117)
v=1,...,m—1; 6,0=1,...,n—1; a,y=1,....n,

where we replaced ¢, with f,, since they are uniquely connected by the definition (3.76).

The principle of objectivity has in the case of fluid mixtures the following form:

{r, far Ss QF, Qks, QT QT } = Flp,, Qh,, QD,QT, QQ:QT, Qiis, T, Q7] ,  (3.118)

for any second-order orthogonal tensor Q.
We can now rewrite the results (3.99) - (3.114) of the entropy principle for the case of
fluid mixtures, where we obtain:

—

f=rflpy,hy,T), y=1,...,n, (3.119)

o7 =5 (3.120)
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3.10. EQUILIBRIUM IN A MIXTURE OF FLUIDS 35

For all components, we define the chemical potential g, and the vector p,:

0 0
o= oeh) g, = 2eh) a=1,....n. (3.121)
Ipa Oy
And find that
st(pwﬁ'yaT) ) ga:ga(pwﬁwT) ) ﬁa:ﬁa<pv>};7>T) ) ay=1...,n.
(3.122)
e sym
0 = Z p5 ® s + Z pw ﬁm)] , (3.123)
[n— m—1 0@ . ~ sym
0 = Zp5 = ®U5 _p’y®u’y+ T®(p¢_pm) ) 7:17"‘7,”7
hv Pp=1 ahv
(3.124)
— m— n—1 n afa ~
0 = Z pm) + 2(575 - 5’771) Zpa & Uqy
=1 5=1 a=1 0825
+ Z aﬁ (Py —Pm) | — pr1®@D, , y=1,...,n, (3.125)
=1
0 = Z(ﬁv Qh = h, QP , (3.126)
y=1
with the entropy inequality in a mixture of fluids reading as:
n n afa . . n
0 = Zzpaa hy UG_Z(gv_fv Uy — va - f)tr D,
y=1a=1 P~ =1
n . . no_ ~ n—1 n afa .
- Z y - hatr D, Z hy - (Dy +82)p, + Z Z apz (Ds — Dy, + Q)i
fy:l —y—l 0=1 a=1
m—l " 67'1/,—» (97’111 n-l 87’w
+ (Py — Dm) 2hy + o5G + ) 5= (Ds — Dy + €25)
P=1 72=1 Opy 0 5= Ot
m—1 8fa - - 1 L n
+ Z(gw—gmeera 87T+3a Ug, g+fq g — ZtrTaDa
Pp=1 a=1 a=1
n—1 . 1 m—1
+ gl + = > (@7 — U2 )ry . (3.127)
B=1 2 Pp=1

3.10 Equilibrium in a mixture of fluids
In the next chapter, we will inspect the constitutive equations of a two-component reacting

mixture of fluids. One of the assumptions in our derivations will be that the mixture is not
too distant from the thermodynamic equilibrium. First, let us therefore define it properly.
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36 CHAPTER 3. RATIONAL THERMODYNAMICS OF MIXTURES

An equilibrium is defined as a thermodynamic process with a zero entropy production.
This means that there is an equality in the reduced entropy inequality (3.127). To satisfy
that, we will consider equilibrium as a process for which it holds that

Df =0, QF=0, iy =0, 0, (3.128)
1 +
X [ Or -
) <8w> (B, — ) -hy =0, (3.129)
p=1~=1 \YPy
m—1
> (g —gb)ri =0, y=1,....,n; 6=1,....n—1, (3.130)
Pp=1

where the equilibrated quantities are denoted by the symbol + . By this choice, the
equality in (3.127) is ensured.
Let the symbol = denote the right-hand side of the entropy inequality (3.127),

E= E(pw hw Dw Qs, us, T, g)

According to the definition of equilibrium, = is maximal in equilibrium. Thus we can
write

d —

7 Elo) + M B 4 0T, ADy, A A T+ A5.09)], = 0, (3.131)
d? -
T3 S(p] Ay BT+ M, Dy A, Al T+ AB, Ag*)\A:O <0, (3.132)

for a real parameter A\, and arbitrary but fixed quantities
047,’7,7,D7795,ﬁ§7ﬁ,§, 7:17"‘771;5:17""71_17

and equilibrated .
p:;’;, h::;? T+ )
that satisfy (3.129) and (3.130).

We will consider only the extremal condition (3.131). Applying it to the reduced
entropy inequality (3.127) yields:

0 = Xn:ipa <8fa> Zn: — fHht- ﬁa+2k5 iis

f=1
— Zp(+ fHtr D, Zp i_l’:yi-tl"D va DhJr

y=1 ~v=1
+ imz”f 5 (a“”) 5 ~ 3 (THD,)
67 'yn pq/; m r
y=1¢=1 6=1 y=1
n—1 . n—1m 87” 1 .
- Sk zz(aj) QLT e T
6=1 o=1 =1 0
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m—1 arw + N N . n o m—1| n
+ o | (PL—Dn) G+ 3 hy- >

n=1 6=1
2 + m—1 n + m—1 n
ry . ore\ o iy - A(gy — gm)

+ = gl + <> (Py = P) -7y + ( a
(398/)7) } ;; dpy) ! wz::l ,,Zl dpy !
(0 —gn)\ T . = (09 — gm)

Y e I

n

¢ B e ) () )

Since o), Yo, Dy, 5, U5, 3, g, are arbitrary constants, we obtain the following seven

constraints:
The terms at o, must vanish

0 i”i(@w) (a(ﬁ¢_ﬁm)>+~ﬁj+ZZ<%>+(ﬁ—ﬁfn)'ﬁj

=1 =1 Ipy

:
m—1 + m—
+ > (9 <8m,> +

=1

<

. o\ " o\ ry (0B —Pw) )"
0 = <¢> B —ph) + 3 <¢> it - (%)
n

=1 \9py y=19=1 \9Py
m—1 or + n m—1 . ) Ty +
b S (52) - ()
P=1 Ohy, =1 9=1 ! 9p0h,,
m—1 /5 — +
+ ( (90 =9 )> ri, m=1,....n. (3.134)
= Oh,,
The terms at D, must vanish after symmetrization
n m—1 2 m—1 +
- 0 Ty 87”1/,
0 - 05 -5 7 (g )+ a0 (o)
[(12:1 P=1 v apaaD'y =1 v any
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m—1n—1 or + sym.
b S -6 (52) eG-m) - T v=ten
P=1 6=1 g
(3.135)
The terms at €25 must vanish after antisymmetrization:
m—1 + n m—1 2 +
8T¢> - - 0 Ty
0 = | (52) ewr-m - ren X @t -m-in
S (&) oo - fon £ Ew-mi (35
1 + antis
e or
Fogh) 222 §=1,...,n—1. 3.136
+ wzl(gw gm) <896> ) ) y T ( )
The terms at @s must vanish:
. no L (0fs\ T n el s Py \T
0 i (58) i - -0 4 B S @ -m E (o
A/Z:l 1 ap7 y é 0 3 1 ;w:1 P ¥y ap’yaug
m—1 a’l“w +
T S e R (3.137
o=1 8U5
The term at [ must vanish:
n m—1 a(ﬁw _ﬁ )>+ . (87“ + n m—1 827’ + .
0 = (m Rt w) + ( ¢> (B —ph) - ht
;wzl oT 7\ Opy 72:11;1 0p,0T ¥ v
m—1 + m—1 +
8T¢ a(g¢ — gm)
+ (9 — 9m) <> - ( . (3.138)
= oT = oT v
Finally, the term at ¢ must vanish:
. 1 =l or,\ * n mol - Ory \ T
0= () e+ S ()
T+ 1;:1 or ¥ ;¢1 ¥ 77\ 0p,0g
-1 +
e ﬁm,
v Sa-an () (3.139
= 09

We will in addition assume that the rate of mass change converges to zero in equilibrium,
ry, = ry(py,h3,0,0,0,77,0) = 0, Y=1,....m—1, (3.140)

i.e. that no reactions take place in equilibrium, and that the density gradient in equilib-

rium is equal to zero,
hfyr:O, y=1,...,n. (3.141)

As a result of these assumptions, conditions (3.129) and (3.130) are satisfied automatically.
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With an assumption (justified later by the choice of a particular material model) that

the free energy of the mixture f is independent of the

pf) =0
oh,

—

y

the equilibrium conditions (3.133) — (3.139) reduce to

m-l ors\ "

0 - (g+ 7—; <¢> 9 a = ]-7 Ly
=Y 6.

o m-l or, \ "

i= S ;)(aff) S a=1..n
Pp=1 for
= ory \ "

0 = (g+—gnﬁ)< L) - pllet - A
=1 Y oD, v \Iy v
r antis
m—1 87"1/, +

0 = (g+ - g;;) () ) 5 = 17
=1 v 0

m—1 +

- - or

0 = k+ + 5 — ;, (—») ) 6 = 17
; E(gw gm) 9,
m—1 (9% +

o - Sw-a(5)
= ¥ oT

] L = + iy [Ory B

0 = ¢ T w:1(9¢ Im) 5 )

Note that the above analysis should be completed

density gradient,

)

(3.142)

the form:

(3.143)

(3.144)

LT,
(3.145)

(3.146)

(3.147)

(3.148)

(3.149)

by inspecting the equilibrium con-

ditions at singular surfaces in the mixture, since the reduced entropy inequality (3.127)

used in this section corresponds only to the volume

part of the entropy production in

(3.72), while the surface entropy production at singular surfaces in the mixture is not

considered. We could, in analogy with the procedure

tional dependence of the surface production terms, namely 72,

above also assume particular func-
S e and attempt to

[} ('R

derive constraints corresponding to the zero surface-entropy production that must hold
in equilibrium. Instead of this, we only assert that in equilibrium no reactions amongst
the components take place and thus all the surface-production functionals are zero:

S+

Ta

S+

€a

_Oa ff+:67 _Oa
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Chapter 4

Application to the water-ice mixture

4.1 Introduction

In this chapter we will apply the approach of rational thermodynamics to the water-ice
mixture in the temperate-ice region of a glacier.

Despite water being distinctly separate from ice, since both are different phases of
the same material, and are separated by a singular surface of phase equilibrium, in our
approach we consider these two phases as mixed continua, both present at each point of
the mixture at the same time. The phase interface between ice and water is not consid-
ered in this concept. The theory that justifies our approach is a theory of multi-phase
mixtures discussed, for example, in Passman et al. [3].

4.2 The material model

Both components, water (o = 1) and ice (o = 2), are treated as non-simple fluids of the
constitutive model (3.117):

{Tlafa7saa§7E17Ta} = ﬁ[p’yaﬁ’wD’y)QhﬁlvTag} ) (41)

a,v=1,2.

For further simplifications of this constitutive model, several assumptions are intro-
duced. Guided by the need to keep the material model as simple as possible, and to
implement the expected features of the mixture, e.g. the nonlinear stress — strain-rate
relationship, we will confine ourselves to the following model. The constitutive functionals

{lefaasomq_;lgl} ) o = 172 ) (42)

will be linearized in the vicinity of equilibrium, defined by eq. (3.128) — (3.149), in vari-
ables {ﬁw D,, Q,uy, g}, without imposing any restrictions on the functional dependence
on the remaining variables, p,, T'.

The stress-tensor functionals T, will not be linearized, since the constitutive relation
for the stress in pure ice is nonlinear with respect to D and T'. We expect this behaviour

41
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42 CHAPTER 4. APPLICATION TO THE WATER-ICE MIXTURE

to persist in the mixture. Thus a simplification by truncating the Taylor expansion series,
as in the case of constitutive functionals {71, fa, Sa, ¢, k1} may be incorrect for T,,.
We now make use of the principle of objectivity (3.118), that states:

{11, far S0, Q7 Qk1, QT.QT} = Flp,, Qh,, QD,QY, Q2 Q", Qi) T,QF) ,  (4.3)

for any orthogonal tensor Q, «,y = 1,2. This principle asserts that the constitutive
relations (4.1) are isotropic functions of their variables:

A scalar a, a vector @ or a tensor (second-order) A are isotropic functions of scalars
Yo, vectors ¢z and second-order tensors Y., respectively, if they satisfy:

a = a(@/aa gﬁ? Y'y) = a(ya, Q@ZB? QY'yQT> s (4-4)
i = W(Yye s Yy) = Q'd(ya, Qs QY,Q") (4.5)
A = A(you yﬂa ) Q A-(ycw Qy[% QYVQT>Q ) (46)

for any orthogonal second-order tensor Q. We now introduce the representation the-
orem for linear isotropic functions, (Samohyl [1]):

If an isotropic scalar a, an isotropic vector @ or an isotropic second-order tensor A, depend
linearly on r vectors ¢, (3 =1,...,7), and s second-order tensors Y., (y =1,...,s), it
is sufficient and necessary to represent them in the forms

a = a + » U,trY,, (4.7)
y=1

i = Z Ca¥is » (4.8)

A = 71+ Zaw (tr Y,)1 + Z Y, +&YT), (4.9)
y=1

where ag, U, (3, T, o, 1y, and &, are scalar constants.

The linearization of the constitutive equations (4.2) with respect to {ﬁw D,, ., 41, g},
with the use of objectivity (4.3), and employing the representation theorem for linear
isotropic functions (4.7) and (4.8) gives the constitutive equations in the following form,

)
) +

r = (p,y,T r(p,, T) Dy + 1P (p,, T) trDy, (4.10)
fa = (p,y,T) + f(1 (py, T) trDy + fo(f)(pV,T) trDs, (4.11)
S = <pr> O (p,,T) Dy + 5(p,. T) Dy, (1.12)
2
CT = - k(p’yaT)g - A(p’WT)ﬁl + wa(p%T)hiﬁ ) (413)
=1
— 2 —
kho = — g(p“/’T)g - V(:0'Y7T)ﬁ1 + deJ(p%T)hdJ ) (414)
=1

while the stress tensors T\, are represented by nonlinear functionals as
T = Talpy, by, Dy, Q.10 T, G) (4.15)
a,y = 1,2.
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4.3. EQUILIBRIUM IN THE WATER-ICE MIXTURE 43

4.3 Equilibrium in the water-ice mixture

We have simplified our material model by partial linearization. To learn more about its
properties, we will inspect the equilibrium in the model more closely.

In the previous chapter, the equilibrium in a two-component mixture of non-simple
fluids is defined as a process, for which it holds:

DI =0, QF =0, it =0, gr=0, (4.16)
2 +
87’1> by T
—p)-hf =0, (4.17)
E(ap’y 1 2 o
(97 —g2)r{ =0, (4.18)
v=1,2

We assumed in (3.140) that:
ri = rl(pj,a,0,0,a, 7+,0) = 0,

and by (3.141) that:

hj/“ =0, vy=12.
As a consequence of these two postulates, (4.17) and (4.18) are satisfied identically.

According to (4.11), the free energies f, are independent of the density gradients

h.. The same holds for the free energy f of a mixture, because of its definition (3.96).
Consequently, (3.121), yields

P, =0, v=1,2, (4.19)
and the equilibrium conditions (3.133)-(3.139) can be reduced to the form (3.143)-(3.149).
In the case of a 2-component mixture, they become:

0 = (gf - +)(aﬁ>+ a=12 (4.20)
91 9o 8pa ) ) ) .

0 = (¢ —gF (aﬁ> . a=1,2, (4.21)
Oy Flgt _ o+ +

0 = _92 oD - pa(ga - fa )1 - Ta ) Q= 172 ) (422>
ory

o - wi-m(2) )

- 8r1 *

0= E - (52) (4.20)
or \ "

0 = - (5] (4.5

— 1 87‘1 +

0 = T 7"+ (9 —99) <8§> : (4.26)

GeoForschungsZentrum Potsdam
Scientific Technical Report STR 06/13



44 CHAPTER 4. APPLICATION TO THE WATER-ICE MIXTURE

We have omitted the superscripts sym. and antis. in (4.22) and (4.23), respectively,
since (4.22) is already symmetric (see (3.49)) and (4.23) is antisymmetric due to the
antisymmetry of €2;.

Equations (4.10)-(4.15) imply that (4.21) and (4.23) are satisfied automatically, since
r1 does not depend on 51, nor £2;. Moreover, r; does not depend on u; and ¢, hence
equations (4.24) and (4.26), yield

If we assume that either

+ +
<§p) 40, o (gT) 40,

then (4.20) or (4.25) imply that

g = 9. (4.27)

This result was expected as g; and go are chemical potentials of the two phases. Finally,
(4.22) states that
TS = il — £, (4.28)

(07

hence the Cauchy stress tensor in equilibrium reduces to an isotropic tensor.

4.4 Further reductions by the entropy principle

In this section we employ the entropy principle to simplify the constitutive model. In-
specting (3.123)-(3.126) we see that they are satisfied identically due to (4.10)—(4.15),
(4.19), except (3.125) which now reads

B afl ~ sym. B afl . sym.

According to (4.11), we have
fi = A% T) + A0, T) D1+ f2(p,, T) D5, (4.30)
hence, the differentiation of f; with respect to D; reads
( of ) )
0D, i 0Dy,
= i T35 - (4.31)

Then, according to (3.116), the first condition in (4.29) reads

1 .
iplfl(l) ((Sijulk + 5¢]€U1j> =0 s \ 1,7, k= 1, 2, 3. (432)
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4.4. FURTHER REDUCTIONS BY THE ENTROPY PRINCIPLE 45

Provided that @, # 0, we can always achieve by a suitable choice of the coordinate system
the relationship
upy 70, uip =u3 =0.

In particular for ¢+ = j = 3,k = 1, we obtain:

pfi) = 0. (4.33)

For a non-zero water-density p; we immediately find
2(py, T) = 0. (4.34)

Provided that the function fl(l)(p77 T) is a continuous function of its arguments, we extend
fl(l) for p1 = 0 by the limit

(o1 =0.p2,T) = Jim fi(p,,T) = 0,

and thus obtain
A0, T) = 0. (4.35)

The second condition in (4.29) can be analyzed in exactly the same way to obtain
(under the same assumptions of continuity of s (py,T))

fl(z)(PwT) = 0. (4.36)

To conclude, eq. (4.29) yields
fl = fl(p’y7T)7 (437)

where we have omitted the superscript ().
Let us recall (3.119), which implies that

of
oD,

=0, y=1,2,

where f is the free energy of mixture, defined by (3.96) as pf = pi1fi + p2f2. Having
shown that f; is independent of D.,, we see that

Of2
D,

Due to (4.11) for a = 2,

fo = B0 1) + 57000, T) D1+ f57(p,, T) 1Dy,
and the constraint (4.38), we have
W =0, (4.39)

(2)
2

Il
o

(4.40)
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46 CHAPTER 4. APPLICATION TO THE WATER-ICE MIXTURE

and, consequently,

fo = f2(PwT)7 (4.41)

where the superscript () has been omitted.

The reduced entropy inequality (3.127) has the following form:

0 - 0f1 -
0 = ( ﬁ_<gl_f1)+wl>hl'u1+< f+w2>h2'u1

Pla o 3 P
+ P1 fl —|— tI‘D1+81 tI‘DQ _é_g gﬁl +&ﬁlg+&};2§
8T T T T
1 k
+ (2 (7’50) +r§1) trD, —1—7“52) tng) — 1/) u% — ff — p1(g1 — fi)trDy
- pa(go — fo)trDy + (g1 — g2) (1) © ‘H’ ) Dy + 7’1 tYDz) — Ty:Dy — Ty Dy
(4.42)

This inequality must hold for any values of the independent variables, particularly for
any arbitrary hi, ho, w1, g, D1, Ds. We now consider various combinations of these
variables:

e for Hl arbitrary, ng =u =g= 6, D, =D;=0:
0> (g1 —go)ri” . (4.43)

This confirms the expected ”direction” of the reaction from higher to lower chemical
potential.

—

e for u; arbitrary, /_il = 52 =g¢g=0,D; =Dy,=0:
1 —,
0> (2 r y> B+ (g1 — go)r”. (4.44)

Since the second term is independent of u;, we find that the term in parenthesis
must always be non-positive:

1 1
77050) —v <0, or ~r§0) < v. (4.45)
2 2
e for g arbitrary, h1 = hg 6 D, =D;=0:
koo (0)
0 > 79 T (91— g2)r1 - (4.46)

Since the second term does not depend on g, and since T is a positive quantity, it
must hold that
k> 0. (4.47)
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4.4. FURTHER REDUCTIONS BY THE ENTROPY PRINCIPLE 47
o for ﬁl, iy arbitrary, EQ =g= 6, D, =D,=0:

0 - 1 .
0 > (plaijl —(n— fi)+ w1> hy-tu; + (2 7’%0) — u) u% + (g1 — gg)rgo). (4.48)
1

Since the last two terms are independent of le, the term in the first parenthesis
must vanish:

Pro = (91— fi) twr = 0 (4.49)
o for ﬁl, g arbitrary, EQ =1 = 6, D, =D,=0:

+ (g1 — g2)r”. (4.50)

—
—

o for 712, iy arbitrary, 711 =¢g=0,D;=Dy=0:

- 1
0> ( afl+wz> hy - + <27“§) V> ﬁ% + (91—92)7‘?)- (4.52)
P2

The last two terms are independent of /;2, thus we obtain

plgl + wy = 0. (4.53)

e for ﬁg, g arbitrary, El =1 = 6, D, =D, =0:

X2y o kE
02 Zha§ — 27 + (90—t . (4.54)

since the last two terms are independent of Eg, we obtain

X2 = 0. (4.55)

Other combinations of variables need not be considered, since they do not provide any
exploitable constraints. The entropy inequality (4.42) now reads

A
0o > {p1<a];+ +511)trD1—|—sg)trD2>—T—ﬁ}m

1 k
+ ( ( ()+T1 trD1+7‘1 trDz)_V> u%_ *g — pilgr — fr) trDy

2 T
— palga— fo) ttDy + (g1 — go)(r” + 7Y Dy + ) trDy)
— T,:D; — Ty:D,. (456)
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48 CHAPTER 4. APPLICATION TO THE WATER-ICE MIXTURE

Having exploited the entropy principle, we arrived at:

r = rgo)(pv,T) + T%l)(me) trDy + 7 (py, T) trDg, (4.57)

fo = [P0, (4.58)

Sa = S((NO)(p’WT) + Sal)(pva) trD; + 5512)(9va) trDy, (4.59)

(T - k(p,y,T)g - /\<:0’77T)ﬁ1 ) (4'60)
2

ko= =&, T)G — vipy, D) + Y wylpy, T)hy (4.61)
¥=1

T, = Talpy,h,, D, Q0. T.3), (4.62)

4.5 Linearization with respect to the water content

In this section we make use of the fact that the water fraction (defined below) in the
temperate-ice region of a glacier is only a few percent (Hutter, [4]). If we assume that
the constitutive functionals are continuous and differentiable in densities py, po, and their
gradients El, fzg, it is reasonable to expand the constitutive functionals into a Taylor series
with respect to the water content and its gradient. This procedure, together with several
additional assumptions, will provide new constraints on the constitutive model.

Let ¢(py,T) be any quantity occurring in the constitutive equations (4.57)-(4.61).
Defining the water mass fraction w

P1
w o= —, (4.63)
p
where p = p; + po is the density of mixture, see (3.33), we can write
pr = wp, (4.64)
p2 = (I-w)p, (4.65)

and consider a formal substitution

U(p1, p2, T) — Y(w,p,T) .

Under the assumption of differentiability of the model with respect to w!, we perform the
Taylor expansion in the vicinity of w = 0:

Op(w, p,T)
ow o
= Qﬁ(pa T) + w@@(mT) + O(wg)’ (466)

where the first two terms are expressed explicitly. Since w small, at most a few percent
(Hutter, [4]), we omit the higher-order terms in (4.66) and write a linearized form:

!This assumption might be questionable since the presence of water may cause a discontinuity in
several material parameters, but we will not consider this case here in accordance with the traditional
approach in glaciology.

Yw,p,T) = $0,pT) + w +O(w?)
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4.5. LINEARIZATION WITH RESPECT TO THE WATER CONTENT 49

We will now apply the linearized form (4.67) to the bracketed terms in (4.57)—(4.61)
and will only keep the terms linear with respect to w, h, 41, g, D, where possible and
physically meaningful leading terms elsewhere. Applying (4.67) to (4.57), we have

® 7!

roo= i (p,T)+#(p,T) Dy + 77 (p, T) 1D,
+ w@®p, T) +#V(p,T) trD; + #?(p, T) trDy) . (4.68)

We may observe two non-linear terms: w trD; and w trDs. We want to keep such
nonlinear terms in the expansions only provided they represent the leading terms
for particular physical process. From this point of view, we may omit f’?)w trDo,
as the leading term for the dependence of r; upon trD, is the term 77%2) trDy (w is
small), but we keep the term with w trD; as it will be shown to be the leading one
for the dependence of r; upon trD;. Thus now we have:

ro= 70, T) +wi” (0, T) + 7 (p,T) +wil" (p,T)) Dy + 77 (p, T) rDy .
(4.69)

Inspecting this relation for the case when approaching the cold-ice case (i.e. here

w — 0), we must conclude that r(l) 0, since no dependence on the water-
component tensor D; should persist. The conclusion is thus:

ro= A0, 1) +wit” (p,T) + wit(p,T) Dy + 747 (p,T) Dy . (4.70)

o faaa:172:

fa = foc(p7T)+wfa(va> : (471)

e s,,a=12:

sa = 39, T)+35W(p,T) trDy + 52 (p, T) trD,
+ wE O, T)+ 3 (p, T) trDy + 5P (p, T) trDy) . (4.72)

The entropy of the mixture was defined in (3.97) as

s = ﬂ31+@82

= ws; + (1—w)sy.
By (4.72), we have
s = N(O) + §§1) trDy + §§2) trD2
+ w(s ()+sl trDy +sl trD2+32)+321) trDl—l—s()tng

) trDl 5@ trDz)
+ w?(5 3O 4 5 ) D, + 51 ) 61D, — )— 52 ) 61D, — 52 trDQ) . (4.73)
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Making use of the result (3.122) implies

Os Os

— =0 — =0 4.74
which due to the fact that (4.73) is a polynomial in w results in the following
identities:

él) = 0 7
) =0,
~g1) _ _§(21) 7
s = 8,
~52) _ _égz) 7
Agz) — §;2) .

(4.75)

We thus arrive at the following expansions:

s1 = 80 +wsl? (1-— w)égl) trDy + (1 — w)é’?) trDy |
where we decide to neglect terms w trDq, w trDy being small compared with trDq,
trDs, respectively, and write

s1 = §§0) (p,T)+ w§§°) (p, T)+ 551)(p, T) trDy + 552) (p, T) trDy , (4.76)
for sq, for s, the result is
s5 = 5 (p, T) +wsP(p, T) — wsl" (p, T) Dy — w3P (p,T) xDy . (4.77)
q:
The expansion of the coefficients k£ and X in the constitutive equation (4.60) for ¢

yields 3 A ) A

Since the total thermal conductivity of the ice-water mixture may be sensitive to
the water content, we suggest to keep the non-linear term k(p, T) wg. Moreover the
last term A(p, T)wi, can be identified as the Dufour effect ([16]), we thus keep it in
the expansion as well. Now we realize, that for the case of the water content and its
gradients of higher orders going to zero, the constitutive functional should match
the situation for a cold ice, in particular the heat flux must be independent of the
diffusive velocity ;. This implies that

Mp,T)=0, (4.78)
and we finally arrive at an expression:

q = —(k(p.T)+wk(p.T))§ — Np, T)wily , (4.79)

where the label "at A was dropped out.

GeoForschungsZentrum Potsdam

Scientific Technical Report STR 06/13



4.5. LINEARIZATION WITH RESPECT TO THE WATER CONTENT 51

® El .
To linearize ki, we must first deal with the terms wih; and wohs. By (4.49), we
have: of
w1 = 91—f1 — plaipi . (480)

The chemical potential g; was defined by (3.121):

Apf(py, 1))
Ip1

_ i(plfl(pr)—f—szQ(pr))

8p1
- afl(p%T) an(pWT)
= filp, T) + ot

hence

an (p’w T) )
Ip1

wp = 2

However,

af2(p’wT) i
Ip1 o
9
8[)1
_ afz(/% T) P2 ; P1 afz(ﬂa T)
B ~3P " (p1 + p2)? o 1)+ pl;" p2 Op
dp p ’ dp
3f2(P7T) 1 f2(P>T) Tw {5f2(P7T) _ fQ(Pa T)}
dp p ’

(]EQ(P, T) +w f2(p> T))

p2,T

<f2(01+,02»T) + 2 f2(P1+P27T)>
po.T P1+ P2

therefore w; then reads

wi = p(l-w) (aﬁg)’T} + falp. T) +w {af2(p’T) - fg(pj)})
] p p
- pafzg;)’T) + falp,T)

dp

—|—wf2(,0,T) -

. of. of.
—2f2(p, T) —préZ’T) wpﬁg)’T)}

p
(4.81)

Using (4.53) we have

—pw afl(Pm T)

w
? dpa
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w a(.fl(p7 T) + wfl(pv T))

= =P

dpa o1, T
~ pl N
= —pw — +p2,T) + + p2, T
pw 9p . <f1(p1 p2,T) o+ P2 filp1 + p2 ))
3ng (p,T) P1 7 P1 afl (p,T) )
= — — 1) +
pu}( dp (pl+—pzy‘ﬁ(p ) p1+p2  Op
dp p dp

For the remaining coefficients we have the linearized expansion

£ =E&(p,T)+wé(p,T) ,
v =v(p,T)+wi(p,T) .

We rewrite hy, hs, according to their definition (3.83) and with the use of (4.64),
(4.65), as

hy = grad(pw) = pgradw + wgradp , (4.83)

hy = grad(p(l1 —w)) = —pgradw + (1 —w) gradp , (4.84)

and assert that k; — 0 as w — 0 and gradw — 0, since this limit (possibly also with
higher-order gradients of w going to zero) corresponds to the cold-ice case, where
the interaction volume force should vanish, i.e. El = (. We assume the constitutive
functionals to possess sufficient smoothness enabling such considerations. As a result
of the limit constraint we obtain

§p,T) = 0, (4.85)
vip,T) = 0. (4.86)
We neglect the following nonlinear terms: w gradw, w gradp, O(w?), in accordance
with our assumption of low water content w and also small magnitude of the water-
content gradient, moreover in further we will introduce an assumption of incom-

pressibility, that’s why the term w gradp can be omitted here as well. With these
assumptions we obtain the final expression

EI - —’U)g(p, T) g - wl/(p, T) U — w<p7 T) gradwa (487)
where we omitted the label "at &, v, and introduced

v - (p2W+pf2<p,T>) . (4.88)

Note that we didn’t neglect nonlinear terms wg and wt, since they are now leading
terms for the dependence of k; upon g, i, respectively.
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In the case of partial stress tensors T, To, we will write the Taylor expansion with
respect to both the water content w and its gradient gradw, performing first the
formal substitution

Ta(pw E77D77 QhﬁlaT? g) - Ta(wagradwapa gradp7 D77 QhﬁlaT? g) .

We assume that apart from the water content, also the magnitude of the water-
content gradient gradw is small enough to justify neglecting the terms of quadratic
and higher order in the Taylor expansion.

] T1 :
The expansion of the Cauchy stress tensor for the water component T, then reads
Ti = Ti(p,gradp, D, R, @1, T,§) + wTi(p,gradp, D,, i1, T, §)
+ Ti(p,gradp, Dy, Q, iy, T, §) gradw (4.89)

where following the notation introduced above, we denoted

Tl - Tl‘w:O,gradw:67 (49())
. oT
T, = — : (4.91)
Ow w:O,gradw:(_j
and here we moreover had to introduce a third-order tensor T;:
A oT
T, = : : (4.92)
agradw w=0,gradw=0

where (to avoid confusion) the third therm in the expansion (4.89) should be read
as

2 2 ow
Lk

It is not obvious that the constitutive relation for the stress tensor is continuous or
even differentiable in the water fraction and its gradient. However, following the
traditional approach in glaciology, we assume such smoothness.

[ ] TQ .
Analogously, we expand
T, = Talp gradp,D,, Qi T,5) + wTs(p,gradp, D,, 2y, i1, T, §)
+ TQ(p, gradp, D, 4,4, T, g) gradw. (4.94)
In the next step, we introduce an incompressibility condition into the constitutive

model. This is done by first rewriting the entropy inequality in terms of the barycentric
velocity and the diffusive velocity with respect to the barycenter.
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4.5.1 Entropy inequality in terms of the barycentric velocity

Considering o = —rq, due to (3.32), the entropy inequality (3.77) for a two-component
reacting mixture reads:

0 > pufl + pafi + rilfi = fo) + psiTh + posoT? +

- 1
— leDl—TQ:D2+/ﬁ-u1+§r1u§. (4.95)

We recall that the superscript ™ denotes the material time derivative with respect to the
velocity of the o component. For the following, it is convenient to rewrite the entropy
inequality in the following manner.

First we introduce the barycentric velocity 2 by (2.12)

= By 2y,
p
and the barycentric diffusion velocities uP, a%
@B = § ", @B = - (4.96)
Consequently,
plﬁl + 02775 =0 )
and
ab = Plgp. (4.97)
P2
We now may write
5 of
1 —
= — + gradf, -0
fl at g fl 1
ofi B

= 5 T grad f, - 0% + grad f, - @?

= JP + gadfi-af, (4.98)

where*® now denotes the material time derivative with respect to the barycentric velocity.
Similarly, we obtain

fi = 7+ eradfo- il
= JF - g;gradfz-ﬁf, (4.99)

where we made use of (4.97). Analogously, it holds

™ = TP + g-ab, (4.100)
™ o= 7B Plgogh (4.101)
P2
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We can also write

D, = {grado,}™
= {gradﬁB + gradﬁf;}sym'
- D? + DF, (4.102)
with
D® = {gradi®}om, DF = {grada?) "™ (4.103)
and similarly
D, = {graddo,}™

= {grad v? + grad ﬁQB}sym

5 1 " SYym.
= {gradv — ggmdu1 }

- DB - ps. (4.104)
P2
Finally
ﬁl - ’(71 - 772
= (P +ab) — @ +ad)
- <1 + pl) b (4.105)
P2

We insert the expressions (4.98) — (4.105) into the entropy inequality (4.95) and arrive at
the form:

— T, (DP+DPF) — T,: (DF - 22 DF) ¢ (le) ky - P

P2
1 p 2
(1 71 —B\2
+ 5 ( + p2> r(Uy)?,

which, after some rearrangement of the terms, reads

0 > pff + paff + ;@ -grad(fi — fo) + m(fi — f2) + (0151 + pasa) TP

+ plsi—s)g-al + T~ (T4 Ty):DP — (Tl—ZlTQ) .DP
2
1 2
+ (le) Rl + (1+p1) () (4.106)
P2 2 P2
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4.5.2 The incompressibility

Let dV be an infinitesimal volume occupied by the mixture and dm; and dms, be the masses
of water and ice components occupying volume elements dV; and dV5, respectively. We
introduce material densities p; and py by

dm1 - dTTLQ

s = = 4.107
P1 d‘/l ’ P2 d‘/2 ; ( )

and the water volume fraction w

dvi
W= — . 4.108
v (4.108)
We assume that the ice-water mixture is saturated, that is

dVi + dVy = dV . (4.109)

This means that the two components completely fill the space and there are no gaps, air
bubbles and holes in the mixture. The densities p;, p2, defined in (3.25), can be expressed
as

dm,
sy
= o, (4.110)

dm2

P2 = W
= ﬁz(l—w). (4.111)

Since both water and ice can be regarded as incompressible materials (Hutter, [4]), with
the material densities p; and p, being constant, the variation of the mixture density (3.33)
p = p1 + p2 is then estimated by

op = 0p1 + Opa
= p10w — ppow
(p1 — pa) O . (4.112)

The values p; and po differ by approximately 10% (Hutter, [4]), the variation in the water
volume fraction is of the same order as the fraction, i.e. less than 5%, thus the variation
of p is of the order of

This motivates us to introduce an additional constraint of the form
p = p1 + pa = const. , (4.113)

where the equivalence symbol in (4.113) denotes both time and spatial constancy.
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The introduction of an internal constraint affects the thermo-mechanical description of

a material model by additional reaction functionals. For example, an additional pressure

—pl is introduced in a l-component elastic incompressible material. In general, the

constitutive functional F of a constrained material will be considered in the form (Gurtin
& Guidugli, [5)):

F =F+F, (4.114)

where FZ (¥ as 7extra”) is the constitutive functional in the absence of the constraint

and F represents the reaction functional due to the constraint.
In our particular case we will consider an extension of the constitutive functions by

the reaction set {rl, four Bu, G, /21, Ta} in the form:

no o= 4+, (4.115)
fa = ff + .fav (4'116)
Sa = SE 4 5, (4.117)
7 = 7+ q, (4.118)
ko= KP4k, (4.119)

T, = T/ 4+ T,, (4.120)
«a 1,2

Following Gurtin & Guidugli [5], we assume that given a constraint functional C of the
form
C(p1, pp, F1, F3,T') =0,

(where the superscript * denotes the history), the reaction set {fl,fa,ga,é_',lgl,'i‘a} is
determined by a reaction function R¢

{fl,fa7§a,aE1,TQ} = Rc(pl,pQ,Fl,Fg,T), (4121)

where p1, p2, F1,Fo, T are the present values of densities, deformation gradients and tem-
perature, respectively. The reaction set {7, fa, 5a; G, /;1, T,} is, in addition, asserted to
be closed to scalar multiplication (Gurtin&Guidugli [5]), thus for an arbitrary real A, the
set{\71, Afa, ASa, AT, Mk, AT, }, is also an admissible reaction.

The reaction set (4.121) will be determined using the entropy inequality (4.106). In-
serting the expansion (4.115)-(4.120) of the functionals {r1, fa, Sa, q, k1, To} into the in-
equality (4.106) yields

B B _ _ _ _
0> 0" + pify + pofs + gy -grad(fi — f2) + F(f — f2) + ri(fi — fo)
7 g

+ Afi—f) + (05 +ps)T? + (5 —s)G-a? + LY

T
(T 4+ Ty DF - (Tl_’“n) DF 4 <1+’”)/€1.ﬁf
P2 P2
1 2
+ 2<1+2> 1 (@P)? (4.122)
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o8 CHAPTER 4. APPLICATION TO THE WATER-ICE MIXTURE

where for brevity we introduced quantity ¢”, which is equal to the right-hand side of
(4.106) with {rl,fa,sa,cj’,lgl,Ta} replaced by {T{E,ff,sg,cfE,Ef,Tf}. To be able to
make use of the entropy inequality (4.122), we use the balance of mass of a mixture
(3.29), which now reads as

ot 4 P 4 pudivey, 4 podivi, = 0,
and can be rewritten as

d(p1 + p2)

ot + diV(p1171+p2172) = 0,

or, in terms of the mixture density p = p; + p» and the barycentric velocity o2 (2.12),

0

a—f + div(pt?) = 0.
Finally, with the use of the incompressibility condition (4.113), we arrive at a constraint
for o5:

divi® = 0, (4.123)

or expressed in terms of the symmetric part of the velocity gradient DZ:
trD? = 0. (4.124)

Thus, the mass balance of a mixture under the incompressibility condition (4.113)
constrains D? by (4.124). Since the remaining independent variables in (4.122) are not
constrained by the remaining balance laws, (linear momentum, angular momentum and
energy), conditions (4.113) and (4.124) represent the only additional restrictions on the
admissible thermodynamic process.

In accordance with the rational-thermodynamics approach, we assert that the inequal-
ity (4.122) holds for all admissible thermodynamic processes. By a special choice of the
independent variables and considering the fact that the reaction set is closed under scalar
multiplications, we obtain restrictions on the reaction functionals.

Let T = 0, uy =g = 0, DB = D% = 0 and the remaining variables be arbitrary,
then the inequality (4.122) reads

E B Fad _ (tE _ (E E(f _ f = (F _ F
0= 0% + pufy + pofy + 1l =) + ri(fi—=f2) + 1(fi = fa) . (4.125)
The assumption that the reaction set is closed to scalar multiplication asserts that
B B _ _ _ _
0> o + A(fy + pofy + RUE =) + ER-R)) + 2 (R - ),

(4.126)
for arbitrary real A\. Moreover, we will assume that

fi= T (4.127)
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Note that this choice is motivated by the discussion in Gurtin & Guidugli [5] where, in
a one-component material, the reaction functional for the free energy was automatically
set equal to zero. Here the assumption (4.127) for a 2-component mixture is somewhat
weaker. However, it is required for the following considerations and must be accepted as
a postulate, otherwise no relevant information about the reaction functionals would be

obtained.
The inequality (4.126) then reads

0> of +)\(pﬁ+ (7= 1),

and it holds for any real A\. Thus

0 =pf, + m(fE — fE). (4.128)

The entropy inequality (4.122) is now reduced to

vy
+
1
Q)
|
=
+
=
w)
Sy

0>o" + (P1§1+p2§2)TB + p1(51 — S2)g - u

2

It is convenient to rewrite (4.129) as

= - - = 1 —B —
0 > of + (771,51,527(1; k1,T1,T2> * (2 (1 + Zl> (ar)?, PIT + P19 - U1,
2

poTP — pg - a@?, 2, (1 - pl) i, -DP - D, -DF + ’”D?) ,
T P2 P2
where the operation x has the following meaning;:
(a,g,c)*(d,é,f) =ad + b-@ + c:f,
for a, d scalars, I;, € vectors, c,f second-order tensors. The assumption that the reaction
set is closed to scalar multiplication asserts that

P2

2
_ 5 _ 1
0 Z O'E -+ A (7’1,51,82,_’/{? T )*(2 <1+p1> (Ul), 1T —i—plgu?,

, T
7B _ , 7. 0B 1+P)\ B _pB_pB _pBLPpB
P2 p1g - u ’ _'_p Up, 1> + 1 )
2

P2

IS

for any real X\. This immediately yields

P2

=7 Mmoo 1 .
0 = (r17$17827qak17T1aT2>*(2 <1+p1> (B) plT +plg u17
po T8 — p1g- @, 2, <1+p1) i?, -DP —DP, —DB+p1D’f> (4.130)
T P2 P2
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The reactions {fl, fur Ba, 4, ko, Ta} are functions of {pi, p2, F1,Fo, T} only, see

(4.121), hence, for special choices of wP, 7, D, DB, T, we obtain:

—

o for #? = § =0, D® = DP = 0, and the remaining variables are arbitrary:

0 = (Fbglag?a(—j’?glaTDTZ) *<O7 PlTBaP2TB: 6a 67 07 0)7
thus
p1§1 + p2§2 =0 , (4131)
and (4.130) now reads
_ 5 1 p 2
0 = <7‘1731, 59, k1, Tl,Tz) * (2 <1 + p1> (ﬁf)za P19 - 17197 —p1g - 17113,
2
g <1 + pl) @’ -DP DB, _DP 4 ’”D?) , (4.132)
T P2 P2

e for =0, D = D? = 0, and the remaining variables are arbitrary:

2
-S> - 1 o
0 = (rl,sl,SQ,@kl,Tl,Tz)* <1+”1> (@2, 0,0, 0, <1+”1> @@ 0, 0|
2 P2 P2

2
1 =
0= a?. (<1+p1> ﬁ?r1+<1+p1>k1).
2 P2 P2

thus

Since %P is arbitrary and the reactions are independent of @, we find:
=0, (4.133)
ko= 0. (4.134)

In view of (4.133), equation (4.128) yields

“B
fl =0 )
thus, in view of (4.127): B B
fi = fo = const.
and in order to keep the reaction functional closed to scalar multiplication (at each
instant), it must hold

fi=fh=0. (4.135)
Hence, (4.132) reduces to
0 = (517527(._ZT17T2>* (plgﬁlBa_plgﬁlB7 %7 _DB_DlBa _DB+ZlDlB> )
2
(4.136)
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e for § =0, D” =0, and the remaining variables are arbitrary:

0 = (31,52,@,T1,Tz)*<0, 0, 4, —D?, 2Df) ,

thus

Tl = ﬂT27 (4137)
P2

and (4.136) reduces to

0 = (517527&7T17T2>* (plgﬁlB7_p1§ﬁle g7 _DB7 _DB> ) (4138>

|

e for @7 =0, D” = 0, and the remaining variables are arbitrary:
0 = (51,5,¢ T, Ta) » (0, 0, 5’:, 0, 0) ,
thus since ¢ is arbitrary and the reactions are independent of it,
;=0, (4.139)
and (4.138) reduces to

0= (51,52,T1,T2)*(plg'-ﬁ?,—plg-a?, ~D?, —DB) : (4.140)

e for D? = 0, and the remaining variables are arbitrary:

0 = (51,5, T1,To) * (pug - af, —pug - at’, 0, 0) .

Therefore, since § and @ are arbitrary and the reactions are independent of them,
we have
51 = 5, (4.141)

s = 0, (4.142)
& = 0, (4.143)
and (4.140) reduces to
0= (Tl,Tg)*(—DB, —DB) , (4.144)
or B B
(T, +Ty):D? = 0. (4.145)

GeoForschungsZentrum Potsdam
Scientific Technical Report STR 06/13



62 CHAPTER 4. APPLICATION TO THE WATER-ICE MIXTURE

The tensor D? does not have arbitrary values, but according to (4.124), it must be

trace-free:
trD? = DP:1 = 0,

thus (4.145) will be satisfied for any
T, + Ty, = —pl |

where p is an arbitrary scalar. According to (4.137) we obtain

T, = —p21, (4.146)
P

T, = —pP1. (4.147)
p

In summary, we have found that the form of the reaction functionals in our 2-component
mixture, for the constraint (4.113), are of the form

where p is an arbitrary scalar and w is the water mass fraction.

Making use of the incompressibility condition (4.113), we can further reduce the con-
stitutive equations for the extra functionals (see (4.114)): {rf, f2 sE g k¥ TE}. In
the case of {rf fE sE g¥ Ef } we only omit the dependence on p, and gradp since the
density is now a constant. Additional information can be obtained about the extra stress

functionals T¥ TE.

o TP
According to (4.89), we have (omitting the dependence on p, gradp)
Tf? = Tl(Dvaﬂlaﬁl7T7§) + le(DvaﬂlaﬁlaT7§)
+ Ty(D,,Qy,,T,7) gradw. (4.149)

Since the case w = 0, gradw = 0, corresponds to pure ice, where no extra ”"water-
stress” should be exerted, we assert

T1E‘|w:0,gradw:6 =0 ) (4150)
and conclude
TlE = le(Dy, Ql; /ljl, T’7 g) + Tl(D,y, Qla 617 T, g) gradw. (4151)
° Tg
According to (4.94), we have
Ty = T2(Dw Q,u,,T,G) + WTz(Dle,ﬁbT, 9)
+ T2<D77 917 1_[1, T, g) gradw . (4152)
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We split the tensor T into the isotropic and traceless deviatoric parts,

TQ - _H2<D77917ﬁ17T7§)1+’%2(D77917ﬁ17T7§> ) (4153>
1 -
HQ = —gtI'TQ . (4154)

For w = 0, gradw = 0, the constitutive equation for Ty must be reduced to that
valid for pure ice (Peterson [7]), i.e. it must hold that

T, — B(T)h(Dsy;) Ds , (4.155)

w=0,gradw=0

where B(T) is a temperature-dependent function and 1072 77 is the second invariant
of the strain deviator ]52.
In view of (4.120) and (4.148), we have

T, = —p(1—w)l + TS . (4.156)

Using (4.152) and (4.153), equation (4.155) implies that

%2 :B(T)h<5211) f)z . (4.157)

At this point it is worthwhile to make the following remark. The stress — strain-rate
relation in pure ice is often considered in the form (2.8):

D, = A(T)d(2) T . (4.158)
where
2 = ;tr(’i‘Q)?. (4.159)

This includes the assumption of the incompressibility of pure ice, that is
D> = D; .
Hence, the relation (4.158) may also be written as
D: = AT)d(X) T2 . (4.160)

We now intend to express the inverse relation, i.e. to express ’i‘g as a function of
D> and its invariants. The double-dot product of (4.160) is

DoDs = (AT)d(D))? ToTs (4.161)

Using the definition of the second invariant of a second-order tensor Y (see e.g.
Marsik [8]):

Yy = —;(trY2—(trY)2> :
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and considering (4.159), we obtain
Do = —(A(T)d(2))*2? .

Provided that the function d(X) is invertible?, we may express ¥ by means of 1072 17
and T'. As a result, we have

Ty = B(T)h(Dayy) Do . (4.162)

The expression (4.157) will only be used in theoretical treatment since T is chosen
to be the dependent variable. However, in numerical implementation (Chapter 6),
we will apply the inverse relation.

Using (4.157), we can write (4.152) as
T2E = _HQ(D’yaﬂlaﬂ:thg)l+B(T)h(DQII) D2
+ wTZ(D’yaﬂlaﬁlvTv.g_f) +T2(D77917617T7§)gradw .
To summarize, after applying the partial linearization, the entropy principle, and
the incompressibility constraint, and requiring that the model of the ice-water mixture

reduces to the model of pure ice in the limit w — 0, gradw — 0, we arrived at the
following general form of the constitutive equations of the ice-water mixture:

ri = FOT) + wi(T) + wi(T) Dy + #2(T) D, | (4.163)
fo = f;( )+ wfa(T) , (4.164)
s1 = §NT )+ws1 (T)+s§1( ) trDy + §2(T) D, | (4.165)
sy = ~“”(T) O1y — ws(T) Dy — w3 (T) trD, | (4.166)
q = —(kT )+wk( )G — A( Jwits (4.167)
ki = —w&(T)g — wv(T)d, — w(T)gradw , (4.168)
T, = —-pwl + wT(D,,Q,4,7,§) + ’i‘l(DW,Ql,ul,T g) gradw , (4.169)
T, = —p(l-w)l — (D, Q@751+ B(T)h(Dayr) Do
Wl (D, 2,7 T.§) + To(D,, Q.. T, ) gradw , (4.170)
a,v=1,2.

2The usual form of the function f(¥) is according to the Glen’s flow law (see e.g. Paterson [7])
f)=x""1 n=3.
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4.6 Balance equations in the water-ice mixture

In this section, we will investigate the balance laws in the ice-water mixture using the
constitutive equations (4.163)-(4.170).

4.6.1 Mass balance

The ice component
From the general mass-balance law (3.28) for mixture components we obtain

0 . .S
% + gradps - U + podivip = 1y .

Since
ro = —nIi,

as follows from (3.32), we can write with the use of (4.65)

0{p(1 — w)}

T + grad{p(1 —w)}-vh + p(1 —w)divth = —r;.

Assuming p constant, we further have

%I; + gradw - v, — (1 —w)divth = Tpl (4.171)

The water component
The mass balance for the water component reads

0 . -
% + gradp, - vy + prdivey = 1y,
or by (4.64)
0
<§;U) + grad (pw) - ¥} + pwdiveh = 1,

and assuming additionally p to be constant, we have

0
6% + gradw - v; + wdive; = o (4.172)
p

Since the independent field variables are the ice velocity v and the diffusion velocity
Uy = Uy — Uy, equation (4.172) is further rearranged by (4.171):

gradw - (U] — Uy) + divth + wdiv () —v5) = 0,

or
gradw -1y + divty + wdivu; = 0. (4.173)

GeoForschungsZentrum Potsdam
Scientific Technical Report STR 06/13



66 CHAPTER 4. APPLICATION TO THE WATER-ICE MIXTURE

4.6.2 Linear-momentum balance

The ice component
With the use of the general linear momentum balance for a mixture component (3.41),
we arrive at

D, Uy

Dt = diVTQ + ,0262 + Eg .

P2
The only volume force b present in our problem is gravity, thus by = by = Ju. Using

ky = =k —nruy

following from (3.45), and using (4.168), we obtain

Do it
p(1 —w) 12):2 = divTy + p(1 —w)g, + wég + wriy + wgradw — i .
(4.174)
The water component
Similarly, for the water component:
D1 7, , - -
p1 ll)tl = divT, + piby + ki,
or, if we express b, and k; from (4.168), we obtain
D —
w ;):1 = divTy; + pwg, — wég§ — wvi; — wgradw . (4.175)

Note that neither here, nor in the previous case of ice momentum balance, do we
expand all the terms (e.g. stress tensors) according to their constitutive equations. This
is done for the sake of brevity, because several further reductions of the system of balance
equations will be done in the next section.

4.6.3 The angular-momentum balance

The angular- momentum balance (3.49) implies the symmetry of the constitutive functio-
nals for T and T:

T, = T7 , T, = T},
which, in view of (4.169) and (4.170) leads to
T, = T7, and T, = T, (4.176)
(T = (T1)jie and (To)isr = (T2)jin - (4.177)
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4.6.4 The energy balance

As discussed before, we are dealing only with the energy balance of the mixture as a
whole. This, according to (3.66), has the form

D1€1 i DQEQ
P1 Dt P2 Dt

T, Dy + Ty Dy — le(f— TE1 — T2E9
1 1

- 171'/€1 - ?72'/€2 - *7’177% - *7”2?72,

2 2

where we do not consider any internal heating @. By (3.69), it holds that
I I 1 1 I 1
Ul'kl + Ug'kz -+ 57“11}1 + 57“21]2 = ul'/ﬁ + irlul.
By (3.32), it follows

To = —T1.

Hence, using the constitutive equations for ¢, see (4.167), and ki, see (4.168), we arrive

at
Dqe Dse - .
pw—p + p(l—w) 2 T, Dy + To:Dy + div((k +wh)f+ i)
1
— ri(eg—e9) + Uy - (WEG+wriy +wgradw) — 57“117%.
(4.178)

4.7 Further reductions of the balance equations

4.7.1 Motivation

Our aim is to obtain a set of equations describing the most important physical features
of the temperate-ice zone and to solve them numerically for a simple geometry (2D) to
study the role of the particular processes involved. For this purpose, we now introduce
several additional simplifications.

4.7.2 Mass balance

We will neglect the term w divd, in the mass balance of the component ice (4.171), since
it is small compared to divts, and therefore write

%I; + gradw -0 — dive, = 7;)1. (4.179)

The mass balance of water (4.173) will be kept unchanged

gradw -1y + divty + wdivu; = 0. (4.180)
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4.7.3 Linear-momentum balance

We start with the linear-momentum balance for the water component (4.175):

D, vy
Dt

pw = divTy + pwg, — wég — wvi; — wgradw .

In the first approximation, we omit the inertia term on the left-hand side and the term

div(w Ty + T, gradw) occurring in the expansion

divTy, = div(—pwl + wTy, + T, gradw) ,

thus keeping only the partial reaction pressure pw from the partial stress tensor T1,
assuming its role to be minor thanks to the assumed low water concentration. Hence, we
arrive at

wri; = —grad(pw) — wé§ — wgradw + pwg, (4.181)
which may be interpreted as the equation for the diffusive water velocity ;.
The linear-momentum balance for the ice component (4.174) reads,
D, Uy
Dt

p(1 —w) = divTe + p(1 —w)g, + w&G + wviy + wgradw — ;.

(4.182)

We again neglect the inertia term on the left-hand side and also the term ryu;, corre-
sponding to the linear-momentum change induced by the mass exchange between the
components. We further expand Ts, according to (4.170):

Ty = —p(l —w)l — 121 + B(T)h(Dayy) Io)g + wTy + ngradw.

Since the constitutive functional for the thermodynamic pressure Il is not known, and
the ice-water mixture compressibility is assumed to be low, we neglect this term. In

the first approximation we also neglect T, gradw, and following (Larson, [9]), specify the
functional Ty by substituting

o

B(T)h(Dyr) Dy + wTy — B(T,w)h(Dyy;) Da
where B is assumed to be linear in w. Hence, (4.182) becomes

0 = grad(pw) + w&g + wvri; + wgradw — pwg,
~ gadp + div(B(T,w)h(Dsyr) Do) + pda ,

which, due to (4.181), is further simplified to become

0 = —gradp + div(B(T,w)h(Day;) Ds) + pia - (4.183)
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4.7.4 Enmnergy balance

Let us recall the constitutive equations for free energy and entropy. By (4.164) and
(4.165), (4.166), we have

fa - a(T) + wfoz(T) )
si = ST+ ws™(T) +5(T) Dy + 5(T) D, |
s5 = ST+ wi(T) — wil(T) trDy — w3P(T) trD, .

For the following derivations, it will be necessary to omit the terms fa, 50), 551), 552),

ie. to keep s., fo dependent only upon the absolute temperature. This can only be
justified in view of the approach commonly applied in glaciology, however by means of
rational thermodynamics we were not able to reduce the constitutive functionals in such
a manner. An argument for this step might be the lack of experimental evidence for the
presence of the discussed terms, and hence an absence of any constraints on the possible
shape of the omitted functions. Thus henceforth, we will consider

fo = Ja(T), (4.184)
Sa = $a(T) (4.185)

where we have omitted the ™ label.
On the left-hand side of equation (4.178), we neglect the terms pwé}, pwé3, since
these are small compared to pé3 . On the right-hand side of (4.178), we expand

T, :D1+Ty:Dy = —pwl:D; + (—P<1 —w)1 + B(T,w)h(Dsyy) [O)2> ‘Do

=  —pwdivi, — pdivib + B(T,w)h(Dss;) DoiDo ,

where we repeated the simplifications of the stress-tensors introduced above, and made
use of . ..

D2 Dy = D2'Da,
that follows from the fact that the deviator f)g is traceless. In the energy balance, we also
neglect the term corresponding to the kinetic-energy changes %rlﬁ%. Inspecting (4.181)

we write
Uy - (WEG + wrily; + weradw) = @ - (—grad(pw) + pwg,) .

The equation (4.178) therefore becomes

o o

D ° ~ .
2 pwdiviy; — pdiviy, + B(T,w)h(D2y;) D2'De + div((k 4+ wk)g + Awiiy)

P Dt

— ri(e1 —&2) + U - (—grad(pw) + pwgs) , (4.186)

which we rewrite as

Dsey

ppr = — pldiviwin) +diviy) + wih - (~gradp + pga) + B(T,w)h(Darr) DD

+  div((k +wk)§+ Mwiy) — r1(e1 —e) | (4.187)
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and inspecting (4.180) we see that the first bracket at the right-hand side is zero, thus
finally

o (o]

Doye . . °
22— wily - (—gradp + pGa) + B(T,w)h(Ds;;) D2'Do

P Dt

+ div((k + wk)F + Mwihy) — ri(e1 —e2) - (4.188)

Ice in the temperate zone is, by definition, at the melting temperature T,;. Despite
the fact that the ice-water mixture is treated as an incompressible material, we assume
that the melting temperature can be determined by the Clausius-Clapeyron relation,

Ty = Tu(p). (4.189)

By (4.189), we implicitly assume that the mixture is close to the thermodynamic equilib-
rium, since relation (4.189) follows from the equilibrium analysis, namely from equality
of chemical potentials. Strictly speaking, relation (4.189) is correct only in compressible
fluids (see Hutter [4]), the term —p1 then denotes the total equilibrium stress. Adopting
such a relation in our particular case, with the incompressibility involved, can only be jus-
tified by assuming the incompressible model to be an approximation of a material model
with very low compressibility. Such an interpretation may justify the Clausius-Clapeyron
relation, however, in (4.189) we moreover replaced the total equilibrium stress by only
—pl, where p is the reaction pressure. We are not able to quantitatively estimate the
error introduced by such an assumption but, following (Hutter [4]), we expect it to be
negligible.
As expressed by (3.76), it holds

5a:fa+Tsaa

thus, with the assumptions (4.184) and (4.185), we obtain

o = &a(T) . (4.190)
Therefore, we may write
Dses DQTM(p)
= ¢,————+* 4.191
Dt "Dt (4.191)
where we introduced p
€2
c, = — . (4.192)
r dT T—Ty,

The energy balance (4.188) can now be rewritten as a definition relationship for the water
production term 7r;:

5 0 - . D,T,
ri(er —e2) = B(T,w)h(Dyr) Do'D2 + div((k +wk)g + Awiiy) — 'OCPZZ;Wt(p)
T wily - (—gradp + pd) (4.193)

This form of the energy balance is already satisfactory. However, following the common
approach in glaciology, we intend to rewrite the difference €; — €5 in terms of the latent
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heat. To do this, we consider a system that contains ice mass m of volume V5, that
melts to the same mass of water with volume V;. We denote the internal energy and
entropy of the ice mass by Us, Ss, and of the water mass by Uy, Si, respectively. We
assume that the ice temperature before melting and the water temperature are equal,
and if we assume that the process of melting was quasi-static, i.e. the ice-water system
remained in thermodynamic equilibrium, and reversible (which is true), the first law of
thermodynamics (Kvasnica [12]) states that

where

U] = Uy —-U,, S] = 5152,

and W is the mechanical work performed by the system during the process of melting.
If the system is in thermodynamic equilibrium, then the equilibrium stress reduces to
pressure and we may arrive at

€] = T[S]—pm , (4.194)

where ¢ is the internal energy density (related to mass), and
T[s] = L, (4.195)

where L is the specific latent heat of melting of ice and p denotes the "material” density.
Thus, under the simplifying assumptions (quasi-static melting, equilibrium pressure
equal to the reaction stress), we may write (4.196) as follows

1 ° o o . 7 Ao -
f = (BB By (s + vy
D>T,
- pcpw + wﬁl-(—gradp+p§a)}- (4.196)
where we introduced ]
A= — - — (4.197)
P1 P2
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Chapter 5

The polythermal ice-sheet model

The aim of this chapter is to summarize the knowledge obtained so far, and after intro-
ducing the appropriate boundary and transition conditions set up the description of a
typical polythermal ice-sheet configuration as depicted in Fig. 2.1.

5.1 Field equations

5.1.1 The cold-ice zone

For the cold-ice zone we adopt the traditional formulation as summarized in the first
chapter. The mass balance, the linear momentum balance and the internal-energy balance

read as
divi = 0, (5.1)
pv = —gradp + div T + 0 &a s (5.2)
pé = T:D — divg, (5.3)

with the constitutive relations

T = —pl+ T, (5.4)
e = of, (5.5)
g = —k(T)gradT (5.6)
D = AT)dE)T . (5.7)

5.1.2 The temperate-ice zone

In the previous chapter, we arrived at the set of equations for the temperate ice-zone
behaviour in the view of the mixture theory. Namely, the two mass-balance laws (4.179),

(4.180):
0
a—z: + gradw - v, — diviy, = 7:01, (5.8)
gradw -, + divty, + wdividy = 0, (5.9)
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74 CHAPTER 5. THE POLYTHERMAL ICE-SHEET MODEL

the two linear-momentum balance laws, (4.181) and (4.183):
wriy = —grad(pw) — wlj — wgradw + pwg, (5.10)

—

0 = —gradp + div (BT.w)h(Dar) D) + o (5.11)

and the energy balance (4.197):

1 ° o o . 7 7N\ = —
™ = m {B(T, w)h(DQII) DQ:DQ + le((k + wk)g + )\wul)
D,T . .
- pCpQDMt(p) + wil - (—gradp+pga)}' (5.12)

5.2 Boundary and transition conditions

So far we have tacitly assumed that the investigated quantities are continuous, mostly
also differentiable. However, in reality, e.g. inside glaciers, even in the "smoothing” con-
tinuous description, we can identify singular surfaces at which the constitutive functionals
or material parameters can undergo a finite jump. In this section, we will investigate the
general conditions for such jumps as a consequence of the balance laws. We will also
rearrange them to a form applicable in numerical computations. To complete the descrip-
tion, we must add the appropriate boundary conditions, both on the free surface (ice-air
boundary) and at the base (ice-bedrock boundary). In all cases, we will use a similar ap-
proach. The boundary will be considered as a singular surface, at which all components
of the mixture are present on both sides, but the density of some components may tend
to zero. This unusual approach will enable the unification of the transition and boundary
conditions within the theoretical framework of Chapter 3 and provide the description of
the physical processes at the mixture boundaries.

Note on notation: in the following sections we will use superscripts + and — to
distinguish the field variables at the opposite sides of a singular surface. The reader
should not confuse it with the notation of equilibrium values of the field variables, as
introduced in section 3.10.

5.2.1 Free surface

The free surface is a cold or temperate-ice — air boundary. At this interface accumulation
of ice due to snowfalls may occur as well as ice melting or refreezing of water. Due to
these processes, a free surface is generally not material and therefore kinematic conditions
must be introduced to determine its evolution.

Let us assume that the points of the free surface at time ¢ in the present configuration
are given by an implicit equation

Fs(Z,t) = 0 (5.13)
for a certain function Fg. Let

S, = {fc E: Fs(Z,t) =0}
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Atmosphere (+)

Cold or temperate ice(-)

Figure 5.1: Free-surface geometry.

be the free surface at time ¢. Let us assume that there exists a one-parametric one-to-one
mapping
Xs - SO X E — St )

where for any ¥ € S; there exists 7y € Sy such that

f = Xs(fo,t).

We can then define the surface velocity 7 (the mapping is assumed to be sufficiently

smooth) by
q Ixs(Zo, )
= == 5.14
7= 2 (5.14)
The time derivative at constant Zy of the implicit equation (5.13) then yields
OF,
(‘%S + 7-gradFs = 0, (5.15)

which is the evolution equation for the free surface. It might be convenient to rewrite this

equation as

oF,
aTS + ¥ -gradFs = (0, — 7) - gradF , (5.16)

where v is the ice velocity on the negative side of the surface, the orientation being
determined by the unit vector 7i:

ol gradFs(Z,t)
£ =
T = oradFa(@, )]

reds, (5.17)

which points, by definition, from the negative to positive side of ;. With the use of 7,
equation (5.16) can be also written as
OF.
aTS + ¥y -gradFs = (0 — 7) - i ||grad F|| . (5.18)
The evolution equation (5.15) represents a kinematic constraint for the free surface.
In addition, the analysis of the balance laws yields a set of dynamic constraints as listed
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below.

Mass-jump conditions

The free surface will be considered as a singular surface in the water-ice-air mixture
(o = 1,2,3, respectively). We assume that air at the negative side (Fig. 5.1) of the
free surface (in the glacier) is highly diluted, and its density is sufficiently small that it
does not affect the behaviour of the ice-water mixture. To express that, we will here and
henceforth adopt the following notation

ps — 0. (5.19)

By this assumption, we can apply the mixture theory (see Chapter 3) to a 3-component
mixture, formulate the boundary conditions at the free surface as the interface conditions
at a singular surface in the mixture. The densities pf and p3, of water and ice, respec-
tively, in the atmosphere are usually assumed to be small!, but cannot be put equal to
zero since it would contradict the accumulation or ablation process on the free surface.

The above formulation is applied to the temperate ice—air boundary. The cold ice—air
boundary will be represented by a singular surface at which p; — 0, that is water is not
present inside the glacier.

The general form of the mass-jump conditions at a singular surface, following from
the mass balance of a n-component mixture (3.28), (3.32) reads as

[pa(Ta — D))" 7t = 18, ot =0. (5.20)

r3=0. (5.21)

Eq. (5.20) then implies that
ry = —ry, (5.22)
where the surface production terms 7] and rj represent the mass exchange between the

ice and water component, i.e. melting or refreezing of ice at the free surface.

The ice component
The jump condition (5.20) for the ice component (o = 2) reads

[po(Vy — )T -7t = 1§ . (5.23)

The term py (v, — )" - 77, means the mass influx or outflow of ice through the free surface
from the glacier to the atmosphere (per unit time and unit surface). We usually do not
have information about p3 and ¥ separately, but their product can be measured by a
so-called free-surface ice accumulation-ablation function (positive for accumulation):

@, = —pi (5 — D)7 (5.24)

'Except the case of an ice layer overlain by a water layer, which is not explicitly considered here,
however extension of the description to such a situation is straightforward.
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With (5.24), equation (5.23) becomes
py (Vg =) = —(a5, +713), (5.25)
or expressed in terms of the water content w and ice-water mixture density p, we have

S S
a3, +73

(1—w )ty —7) it = —2L"°2 (5.26)
P
The water component
The jump condition (5.20) for water (o = 1) reads:
[o1 (0 = DT -7 = ], (5.27)

The process of snow and water accumulation and ablation is very complex and of
course seasonally dependent. We look for the formulation of the boundary conditions in
a time-averaged sense (say over a one-year period of the accumulation-ablation cycle),
and replace the time dependent accumulation, ablation and surface production terms
by their average values. In analogy with the previous case of the ice component, we
introduce another climatological input quantity, an average liquid-precipitation rate P*
corresponding to the mass of water fallen at the glacier surface during rainfalls over the
year.

There is a problem with an interpretation of the term pj (0] — ) - 7. Although an
analogous term for the ice component was identified as the snow accumulation-ablation
function, a climatological quantity, describing the time-averaged snowfall rate, the con-
sidered term for the water component is somewhat more difficult to relate to the liquid-
precipitation rate. The difference is that whereas all the fallen snow is assumed either to
stay at the given location, or to melt partially, water may also flow away along the glacier
surface in the surface water system (streams, rivers,...). Therefore only a fraction of the
total liquid-precipitation rate affects the water-mass balance of an ice sheet.

To handle this, we suggest the water inflow rate to be related to the precipitation and
melting rate as follows:

p (O] — V) -1 = —y(r] +P?), where v € (0,1) . (5.28)

Thus we assume that the inflow of water to the glacier volume is a y-fraction of the total
liquid precipitation plus the y-fraction of the water surface production rate (surface ice-
melting rate). The remaining water is assumed to be driven away in the surface water
system, not entering the glacier volume.

Equation (5.28) can be equivalently rewritten as

pw (Uy — V)il + pw ity -7 = —y(r; +P%), (5.29)

which, with the use of (5.26) and (5.22) reads

w
T(agL +1r3) + (ry —P?%). (5.30)

pw iUy A= T
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The air component
Considering jump condition (5.20) and assuming that there is no air-mass flux through
the free surface into the glacier, in accordance with (5.19), that is

o (W5 — )7 = 0, (5.31)

we obtain
p;f(ﬁgr —vU)-n = 0. (5.32)

As mentioned above, the mass-jump condition for the case of a cold-ice—air boundary
is only a special case of the condition on a temperate-ice — air boundary. We additionally
assume that p; — 0, i.e. w~™ — 0, no water is present in the glacier volume. Then the
mass balance for the ice component (5.26) reads

a’ +r;
= ————2 (5.33)
P

SL

(0 —7)-

mass balance for the water component (5.27) need not be considered since no water is
present at the negative side of the free surface (in the glacier volume), formally (5.27)
states that pf (0] — 7) -7 = r{ , being equivalent to an assumption that all meltwater
flows away from the glacier volume, moreover v = 0, as can be seen from (5.30) consider-
ing w~ = 0. For the air component, (5.31) and (5.32) remain unaltered.

Linear-momentum-jump conditions
The general form of these conditions follows from (3.41) and (3.45):

[To — palia ® (o — )| i = —f5, S =0, (5.34)

Due to the simplifications we have introduced for the stress constitutive equations, it is
sufficient to use only the linear-momentum jump condition for the mixture as a whole:

3
S [To — paiia @ (U, — )" it = 0.
a=1

Since the accumulation velocities at the free surface are small, we neglect the terms
(00T ® (Uq — V)] -7, corresponding to the linear-momentum jumps across the free surface.
We arrive at

T, + Ty + Ts)" -7 = 0, (5.35)

Additionally, we will assume
T, =0, (5.36)

since air is not considered to be present in the glacier. Likewise, for a cold-ice — air

boundary, we assume
T; = 0. (5.37)
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Energy-jump condition
At all singular surfaces, the free surface, the glacier bed and the cold-temperate ice-
transition surface (CTS), the temperature will be considered continuous,

71" = 0. (5.38)

The energy-jump condition for a mixture (3.66) is

[Z {pa(€a+2?ﬁ)(%—ﬁ—%-h}ﬂj} i o= 0.
a=1 _

For our case, i.e. n = 3:
I o\, 1o\ o . 1o\, o .
0 = [P1 (51 + 2”1) (h =) + p2 (82 + 2“2) (Uy = V) + p3 (83 + 2“3) (U — 7))

+
— 5Ty — %-Ty — 0Ty + ¢ - (5.39)

Since the accumulation velocities at the free surface are small, we neglect %(plz_ff)i
S(p213)*=, 5(pst3)*, that describe the jump in kinetic energies. Moreover, &1 and &, are

functions of temperature only (see (4.190)) and temperature is continuous across the
surface, which implies continuity of €1, €9 across the free surface, and (5.39) reads:

Y

0 = elp(@ - i+ ealpa(te— D) i + [esps(ty — 7))L -7
— [T+ 0 To+05-Ts] -7 + [T -7

Using (5.22), (5.23), (5.27), (5.31) and (5.32), we find:
0 = ry(ea—e1) — [00-Tr+ 0 -To+0s-Ts|" -7 + [g]T-7. (5.40)

The terms o= T 7 represent the mechanical work of the rest of the mixture on the a com-
ponent at the singular surface (from the (4) or (—) side). In view of this interpretation,
we can put

i - T; i =0, (5.41)

keeping in mind the assumption that air is not present at the negative side of the surface,
that is in the glacier.

In the special case of a cold-ice — air surface, in addition to the above conditions, it
holds that v; - Ty -7 = 0.

Entropy-jump condition
The general condition (3.74) at the singular surface is

+
.ﬁ)

N

3
0 S Zpasa(ﬁa_ﬁ>+
a=1
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which at the free surface for n = 3 holds

-1+
0 S plsl(l_fl - 17) + pQSQ(UQ - ﬁ) + p383(173 - 17) + %] 1. (542)

Since s; and sy are continuous across the free surface, being functions of 7" only (see
(4.185)), we obtain:

— +
0 < sl =) sl P s+ (2]

Using (5.22), (5.23), (5.27), (5.31) and (5.32), we finally have

0 < r3T(sa—s1) + [q)7 7. (5.43)

5.2.2 Ice-bedrock interface

Cold or temperate ice (-)

Figure 5.2: Ice-bedrock boundary.

The situation at the ice-bedrock interface is analogous to the situation at the free
surface. The interface lies between cold or temperate ice ((—) side of the interface), and
the bedrock ((+4) side of the interface). The mixture approach is adopted again for a
three-component water-ice-bedrock mixture (o = 1,2, 3, respectively). We consider the
limits

ps — 0, p37 =0, (5.44)
i.e. ice does not penetrate into the bedrock and vice versa. Similar assumptions need not
be made for pi, since we generally assume the bedrock to be permeable for water. The
above formulation describes the boundary with temperate ice at one side, the case with
cold ice can be obtained by considering p; — 0 .

The kinematic equation for the ice-bedrock surface evolution is assumed to be defined
by a given function Fg(Z,t). We also assume that the surface velocity / is again well
defined.

The dynamic constraints are derived from the balance equations as follows.
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Mass-jump condition
The mass jump conditions (3.28) and (3.32) are:

3
[P (U — ﬁ)}f fo= 7‘2 , Z 7‘2 = 0. (5.45)
a=1

We assume that bedrock material is not produced at the ice-bedrock interface, that is

0. (5.46)

3
Thus, (5.45) yields
o= —ry, (5.47)

where the surface-production terms 7% and 3, describe the mass exchange between ice and
water, caused by the melting of ice or the refreezing of water at the ice-bedrock interface.

Ice component
The general mass-jump condition (5.45) for aw = 2 reads

[po(y — D) T 70 = rh. (5.48)

As stated before, we consider the bedrock to be impermeable to ice, thus

ps (T — V)1 = 0. (5.49)
Hence it holds
py (Uy = 7)1l = =1}, (5.50)
or,
p(1 —w™)(Uy — V) -7t = —1r5 . (5.51)

Water component
The jump condition (5.45) for the water component (o = 1) reads

(1 (0 = D)]E -t = ] (5.52)

We define the function
o, = pf(F —0)-7, (5.53)

that describes the outflow (inflow) of water from the glacier to the bedrock. Inspecting
(5.47), eq. (5.52) becomes

py (U] —V) -1l = OI{L—H"S, (5.54)

or, equivalently,
pw (Uy — D)7t + pwidy -7 = of +rh. (5.55)
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Using (5.51), we obtain

b — = b b
—rzl_w_ + pw uy -n = o7, +7ry,
b
o b Ty
w U M = 0 — . 5.56
P 1 1L+1_w, ( )

Bedrock-material component
The mass-jump condition (5.45) for the bedrock-material component (o = 3) reads

[ps(Us —D)]T -7 = 0. (5.57)

Since bedrock material does not penetrate to the glacier, it holds

o (55 =)/ = 0, (5.58)
and thus (5.57) yields

ps (U —0)-1 = 0. (5.59)

Here again we summarize the above results for the special case of the cold-ice — bedrock
boundary, where, in addition, p; — 0. The mass balance for the ice component (5.50)
reduces to

p(Ty — D)7 = —rh. (5.60)

The mass balance (5.56) for the water component simplifies to
o, = —rb. (5.61)

The mass balance (5.59) for the bedrock-material component remains unaltered.

Sliding law

At the ice-bedrock interface, we also prescribe a relation between the ice-sliding veloc-
ity V34, and the basal shear stress tg[ The sliding velocity is defined as the tangential
velocity of ice relative to the bedrock:

Uay = Uz — V3| , (5.62)
where
Vo = Ve — (U - i)
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The form of function C() is a subject of discussion and experiments, since various dif-
ferent types of sliding mechanisms may occur. The most simple approximation considers
the sliding function to be constant for the temperate-ice — bedrock boundary, and zero
for the cold-ice — bedrock boundary with temperature below melting point (see Greve [6]).

Linear-momentum-jump conditions
The situation is analogous to the free surface, hence we will only discuss it briefly. The
linear-momentum jump conditions (3.41) and (3.45) read:

3
[T = palia ® (00 — 7)]" il = = f1, k=10 (5.64)
a=1

We will again make use of only the linear-momentum jump condition for the mixture as

a whole:
3

1

—

[To — patia @ (U, — D))" -ii= 0. (5.65)
Vo

We neglect the terms with [p,¥, ® (U, — ¥)]* - 7, that correspond to the linear-momentum
jumps across the boundary since they are assumed to be small:

[Ty + Ty + T35 -7 = 0.
In view of the density limits (5.44):
T, = T; =0, (5.66)
the linear-momentum jump condition finally reads:
(T3 +T7)-ii= (T;y +Ty) -7 . (5.67)
For the cold-ice — bedrock boundary, no water is present in the glacier volume, thus

T; = 0.

Energy-jump condition
Analogously to the free surface, temperature is considered to be continuous across the
ice-bedrock interface:

71" = 0. (5.68)
The general energy-jump condition for the mixture (3.66) is

n 1 +
0 = [ {mtent 5 8- 9) - 0 T4 i,

a=1 2

and for a 3-component mixture:

0 = [,01 (51—1—2@%) (U1 — 7)) + po (62—1—21)%) (Uh — V) + p3 (53+2v§) (U3 — ©)
+
— ﬁl'Tl—UQ'Tg—ﬁg'T3+§ 1.
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We omit the terms $(p107)*, 1(p203)* and (p305)*, that describe jumps in the kinetic
energies, and since £; and €5 are continuous, being functions of temperature only, we
obtain

0 = elp(@ =D+ exlpa(ta = D)7 + [eaps(ts — 2)]T -7
[T - Ty + 0y To+v3-Ts]" -7 + [q]T-7.

Using (5.47), (5.48), (5.52), (5.58) and (5.59):
0=1blea—e1) — [0 T+ Tot b -Ta)T-7 + (@7 (5.69)

The terms o= - T - 77 represent the mechanical work at the singular surface exerted at
the a component. Hence, we may assume that

in accordance with the assumption that ice at the positive side and the bedrock-material
at the negative side of the ice-bedrock interface are highly diluted. As a result, we have

0 = rh(eg—ey) + vy - Ty -7 +0y - Ty -A—vg -TF -7 —v-TF -7 + [q]F-7. (5.70)

The special case of a cold-ice-bedrock interface follows the same procedure, but since
no water is present in the glacier volume, we put v; - Ty -7 = 0.

Entropy-jump condition
From (3.74), we have

3 L1t
0 < Zpasa(ﬁa—ﬁ)—i—q] i,
a=1 T_

thus, for a 3-component mixture

-1+
0 S lplsl(z_fl—ﬁ) + pgSg(Ug-ﬁ) + p383(?73—17) + ;{] 1. (571)

Since 7' is continuous, so are sj, and s,, being functions of 7" only (see (4.185)). Thus it
holds

— +
0 S S1 [,01(771 - ﬁ)]i_ -1 + So [pg(UQ - 17)]1— -1 + [83p3(773 - ﬁ)]i_ -1 + [;] - s

and finally, using (5.47), (5.48), (5.52), (5.58) and (5.59), we find

0 < r5T(sy—s1) + [q)F 7. (5.72)
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Temperate ice (-)

Figure 5.3: Cold-temperate ice transition surface geometry.

5.2.3 Cold-temperate ice transition surface (CTS)

The cold-temperate ice transition surface (CTS) is a surface between the cold (sign (+))
and temperate (sign (—)) region of an ice sheet, where the melting of ice and refreezing
of meltwater may occur. In view of the mixture theory approach, the CTS is described
as a singular surface in the water-ice mixture (o = 1,2, respectively), at which the water
fraction tends to zero at the positive (cold) side:

pf — 0. (5.73)

The kinematic conditions for the CTS are of the same form as for the free surface.
Provided that the CTS is given by an implicit equation Forg(Z,t) = 0 and the surface
velocity v is defined, the evolution equation for the CTS is

OF, ) . 7t

oo+ ¥ -gradFers = (3 — ) - |lgrad Fers]| (5.74)
where dF. 7 ¢

Az, 1) = Sdbers(®i) 7eCTS (5.75)

 leradFors(Z,t)[

and 7 is the material velocity of the ice component at the positive (temperate) side of
the CTS.

The dynamic conditions again follow from the general jump conditions in mixtures.

Mass-jump conditions
The mass-jump conditions (3.28) and (3.32) read as

0T = D)0 -7 = 1, Yot =0, (5.76)
hence
Pt = il (5.77)

The surface production terms 7 r$t describe the mass exchange between the ice and
1 2 »

water component, i.e. the melting of ice or refreezing of water at the CTS.
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The ice component
The jump condition (5.76) for the ice component (o = 2) implies

We will assume that the ice velocity remains continuous across the CTS, i.e. Uy = 05, a
usual assumption in glaciology ([6]), since the CTS can be primarily viewed as a thermal,
not a mechanical boundary. Considering p; = p (no water present in the cold-ice zone
and the difference between the mixture density and the density of pure ice is negligible,
see discussion in section 4.5.2), equation (5.78) can be written as

(p =Py ) (U2 = V) i1 = 15", (5.79)

or in terms of the water content w as

w (U — V) -1l = (5.80)
P
The water component
The jump condition (5.76) for the water component (o = 1) reads
(0, — D) -7 = St (5.81)
We have
pi(0f —V)-ii =0,

since there is no meltwater in the cold-ice zone. By this and (5.77), we conclude that
pr(Ur —0) it = rg”, (5.82)

or,

pw™(Uy =) -7 + pw dy -7t = 157,
which, in view of (5.80), may be written as

pw Uy - = 0. (5.83)

Linear-momentum-jump conditions
The linear-momentum-jump condition at the CTS follows from (3.41) and (3.45):

2
(To — patia @ (Uy — )T -1t = —f S =0, (5.84)
a=1

We again use only the linear-momentum-jump condition for the mixture as a whole:

2
ST [To — paiia @ (T, — )" it = 0. (5.85)

a=1
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Neglecting the terms [p, ¥, ® (U, — P)]T - 71, corresponding to the linear momentum jumps
across the CTS, which are considered to be small, we arrive at

T, + To)F -7 = 0. (5.86)
According to (5.73), we assume:
T — 0
Hence, we obtain
T, 7= (T +Ty5) 7. (5.87)
Energy-jump condition
Temperature is considered to be continuous across the CTS:
71" = 0. (5.88)

The general energy-jump condition (3.66) for the mixture reads:

Z|:pa€a 2 QQ)(UQ_V)—UQ'TQ‘FQQ n .

In our particular case n = 2:
1 —2 — — ]' —2 — —
0 = [pl (81 + 27)1> (U1 —7) + po (62 + 21)2) (U — D)

+
— Ty — 6-Ty + ¢

—

- n.

We omit 3(p107)* and (ps03)*, that describe the jump in kinetic energies, since they
are small. Moreover, since €; and €5 are continuous across the CTS, being functions of
temperature only, we have

0 = elp@ -7+ ealp(te— D) i
- [Ul'T1+U2'T2+ gt -n

Using (5.77), (5.78) and (5.81):
0 = r5%ea—e1) — [T+ Tt i + [@F 7. (5.89)

The terms 0 - T2 - 7 represent the mechanical work at the singular surface (from (+) or
(—) side) prov1ded by the rest of the mixture and exerted at the o component. In view
of this interpretation, we conclude that

Tt
v, Ty -n= 0,

in accordance with the assumption that the water at the positive side is highly diluted.
As a result, concerning also the assumebd continuity of the ice velocity, we obtain

0 = 18(eq—e1) + 7Ty -7+ (Ty; —TF) -7+ [t 7. (5.90)
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88 CHAPTER 5. THE POLYTHERMAL ICE-SHEET MODEL

We may further make use of the linear-momentum jump condition (5.87) and obtain

Entropy-jump condition
The general entropy-jump condition (3.74) reads:

2 1+
0 < Zpasa(ﬁa—ﬁ)+q] 7,
a=1 T_

i.e. for a 2-component mixture:

7+
0 S p181(171 - ﬁ) + pgSg(’UQ - ﬁ) + q‘| 1. (592)

T

Temperature T is continuous across the CTS, which implies the continuity of s; and s,,
since they are functions of T only (according to (4.185)). Then

At
0 < silpn@ PN 7 + s lp@m-D) 7 + m s

and finally, using (5.77), (5.78) and (5.81), we find

0 < r$T(sy—s1) + [q)F 7. (5.93)
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Chapter 6

Numerical implementation: 2-D
stationary case

6.1 Introduction

In the previous chapter we finalized the theoretical description of an ice sheet. The original
aim of this chapter was the numerical implementation of the theory for an ice slab of
uniform thickness under stationary conditions, and an elementary study of the differences
in physical behaviour in the present and the traditional formulation. However, several
numerical problems emerged that we weren’t able to manage. In particular, the main
problems were to determine the position of the CTS interface. The nonlinearity of the field
equations and the uncertainty of several material parameters and boundary conditions
considered, made the resulting problem numerically ill-conditioned. We therefore confine
ourselves to numerically solve the temperate-zone equations only. This limited solution,
however, demonstrates physical features and properties of the present formulation in
comparison with the traditional approach.

6.2 Temperate ice layer

We will consider a two-dimensional inclined temperate-ice layer of uniform thickness. The
following assumptions are made:

e Constant inclination angle v of the slab, with uniformity in the a-direction:

0

9y~ 0. 1
2() =0 (61)
e Steady-state configuration:
0
a() = 0. (6.2)

e Neglect of the pressure dependence of the melting point of ice,

Ty = 0°C . (6.3)

89

GeoForschungsZentrum Potsdam
Scientific Technical Report STR 06/13



90 CHAPTER 6. NUMERICAL IMPLEMENTATION: 2-D STATIONARY CASE

e Parameter values:
p = 910kgm™> k=21Wm 'K ¢, =2009] kg 'K, L = 335kJ kg !,
go = 9.81ms 2

Temperate ice z

Figure 6.1: The coordinate system of the inclined temperate-ice layer.

In the coordinate system shown in Fig. 6.1, all field variables are functions of the
zvariable only.

The traditional formulation

Under the assumptions (6.1)-(6.3), the field equations for the temperate-ice zone, listed
in Chapter 2, reduce to:

Mass balance for the mizture (see (2.16))

dvB
dz
Linear-momentum balance for the mizture
By omitting the inertia term pt'B (Greve, [6]), (2.17) reads:

dp  d(T)..
_dp dT)

- 0. (6.4)

= oo~ Pgacosy = 0, (6.5)
A(T)a
(gz) + pgasiny = 0. (6.6)
Mass balance for the water component (see (2.19))
dw g dj.
— = — 4+ M. 6.7
L 5T (6.7)

Stress-strain rate relation (see (2.21):
Using (6.4) and (6.1), we obtain

o

(T = 0, (6.8)
(T),. = 0, (6.9)
d;’; — AT, w)d(Z)(T)., (6.10)
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where the temperature T}, is assumed to equal zero, see (6.3), and for the function d()
we adopt Glen’s flow law with n = 3:

d(¥) = ¥*. (6.11)

The ¥ variable was defined (see (2.26)) as

5 = ,/éu{(%)?} : (6.12)

o 2

2 = (T)

and now yields

(6.13)

xz

The dependence of A(w) on w is restricted to a linear function (see Lliboutry&Duval [11])
Alw) = Al + aw) , (6.14)

with (Greve [6])
A = 53-107%s7! Pa~?, o =184 . (6.15)

Thus, the stress-strain rate relation (6.10) can be rewritten as

d;’f = 24(1 + aw)((T),.)". (6.16)

Constitutive equation for the diffusive water fluz j (see (2.22)):

, _dw
Jo =m0 (6.17)

and constitutive relation for water mass-production term M (see (2.23)):
A(w)d(2)%?
L
A(l + aw)(T);.
7 :

M = 2

= 2 (6.18)

The present formulation:
We rewrite the field equations, listed at the beginning of Chapter 5;
Mass balance for the ice component (see (5.8)):

dw dvs, T

T = (6.19)

Mass balance for the water component (see (5.9)):

dw dvs, duy,
haed = 0. 2
1z Uy, + dz + w dz 0 (6 O)
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Linear-momentum balance for the water component (see (5.10)):

WU, = wWpgesin-y (6.21)
d d

wru,, = — (gw) — WPY COSY — wd—w. (6.22)
z z

Linear-momentum balance for the ice component

For the numerical implementation, we consider T instead of Ds as an independent vari-
able in the stress-strain rate relation. The linear-momentum balance for the ice component
(5.11) is then written as

d(gz)“ + pgasiny = 0, (6.23)
dp d(%?)zz .
7 + 7~ PYacosy = 0. (6.24)

The stress — strain-rate relation adopted for the numerical implementation is of the form
discussed in Chapter 4 (see (4.160)):

D> = A(w)d(X) Ts , (6.25)

that is, inverse to the relation considered in theoretical investigations. We will also use the
linear dependence of A(w) on w (6.14) and apply Glen’s flow law (6.11). For the purpose
of the modelling, we need to specify the values of parameters A and «. Due to the lack of
reliable estimates, we use the same values as in the traditional formulation. Consequently,
the stress — strain-rate relations coincide formally in both approaches, but whilst in the
traditional formulation, the relation for the strain deviator is related to the barycentric
velocity, in the present formulation the strain deviator is related to the velocity of ice.

Since in our 2-D case,

ldUQI
D, = < dvs,  dv ) ; (6.26)

1
2 dz dz

and the deviator of a second-order tensor in two dimensions in defined as

° 1
D2 = D2 — §tr(D2)1 s (627)
the relation (6.25) reads
1 [ —dv2. dvag 2 5
( i dz;z> = Aw)d(s) | Lz L) (6.28)
2 dz dz T2:vz T22z
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In view of (4.159), we have

292 = tr{(T2)?%}
= (T2)?, + (T2)% + 2(T.)2
= 2((T + (T2) (6:20)

In addition, using the Glen’s flow law (6.11) and (6.14), eq. (6.28) implies:

d;}zz = 2A(1+ aw) <('i‘2)§z + ('i‘g)iz) (T2)s. (6.30)
dzx - 2A(1 + aw) <(%2)§z + (’%2>iz) (%2)1,2 . (631)

Finally, the balance of energy (see (4.197)):

o o 2 d ; d
(L—pA)yr; = 2A(1+ aw) ((Tz)gz + (T2)92m> + A (127:1 ) wulzd—i

+  wpga(ui,siny — uy, cos7y) . (6.32)

Moreover, we assign A = 0, i.e. we neglect the Dufour effect (Mortimer [16]).

6.3 Examples

The equations from the preceding section were solved numerically by a program t_ice.£90
written in Fortran 90. We made use of the IMSL routine DDASPG (see Press [15]), which
provides the solution of a set of first-order ordinary differential equations, expressed in
the implicit form .
f§(=) i(2),2) = 0.

We are solving an initial-value problem, the ice-bedrock boundary as the initial point.
The thickness of the ice sheet is H = 200m, and we are inspecting only a part of the
temperate - ice layer at the bottom of a thickness 10m. The exact position of the CTS
would have to be calculated as a part of the solution, this task is however beyond our
scope at the moment since we want to focus only on the way temperate-ice movement is
affected by varying the diffusion parameters. In the first place we search for the threshold
values of the diffusivities above which significant affection in the ice-velocity profiles can
be observed. This could provide a chance to estimate the relative importance of water
diffusion as soon as realistic estimates of the diffusivities are available from experiments.
The initial values for the model are:

w(0) = 0.05,
p(0) = Hpg, [Pa],
T.. (0) = 0.07- Hpga [Pa]

GeoForschungsZentrum Potsdam
Scientific Technical Report STR 06/13



94 CHAPTER 6. NUMERICAL IMPLEMENTATION: 2-D STATIONARY CASE

T2 (O) = 0 [Pa] )

ulz(o) = 0 [ma_l] )

U2x(0) 5 [mail] )

v5,(0) = —0.2[ma™'],
7=(0) 0 [kgm™2a™']

We introduce the parameters
1
a = = h= 2 ¢c =D, (6.33)

v v

where the first two are the diffusion parameters of the present formulation and ¢ is the
diffusivity considered in the traditional model.

The physical dimensions are

[a] = kg™ ' m?s,

o A)
In the first example, we demonstrate that the traditional and new formulation co-
incide when the water transport is neglected. This is not surprising, we have sys-
tematically aimed during our derivations at the traditional model with an intent to
derive it from basic physical principles. The results are depicted in Figure 6.2.

e B)

In the next example, we inspect the role of the diffusion parameter ¢ in the tra-
ditional formulation. After several tests we found that the bottom value where
sensitivity to the diffusion of water emerges is about ¢ = 10~7. We therefore chose
the range ¢ = 107 — 107°, to show the changes in the velocity profiles vs,, and
in the water content w, and z-component of the diffusive flux j, (the x-component
is identically zero due to our assumptions of uniformness in the x-direction). The
remaining quantities, i.e. the stress field components and z-component of the ice
velocity vy, are not affected.

c
B1: | 107°
B2: | 1078
B3: | 1077
B4: | 1076
B5: | 107°

We display only first 8m of the temperate-ice layer, because the CTS position has
lowered due to the diffusion and with increasing z-distance we would obtain negative,
i.e. non-physical water-content.
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° C)
Finally, in the last example presented here, we deal with the diffusion parameters
a and b from our derived formulation. We found that the threshold values of the
diffusion parameters a and b, above which ice-velocity profiles are significantly af-
fected are 1071, and 1071°, respectively. We therefore display the computed results
for the following range of parameter values:

a b
C1: 1012 10719
C2: 10715 107?
C3: 1071 10~8
C4: 10714 10710
C5: 10~ 1079
C6: 10~ 10~8
Cr: 1071 1010
C8: 10713 1079
C9: 10713 10~8

The results are shown in Figure 6.4. We may see, that apart from the pressure p and

’i‘mm all the remaining computed quantities show considerable variations. Again we
display only first 8m of the temperate-ice layer, from the same reasons as in B).

To conclude, this elementary numerical example demonstrates that above certain
threshold values of diffusion parameters in both the traditional and the new formula-
tion, the ice-velocity profiles are affected by a water-transport in the ice matrix, as a
result of the assumed water-content dependence of temperate-ice rheology. The threshold
values are approximately 107%, 107!°, 1077, for a, b, and ¢, respectively.

The differences between the formulations are difficult to quantify, however, we may
observe, after inspecting the model equations, that for our easy model situation there is
a connection between b and ¢ parameters. They both correspond to diffusion driven by
water-content gradient and it should hold ¢ ~ pb. The analogy is valid with the limitation
that we describe the water flux relative to the ice matrix while the traditional formulation
describe the movement relative to the barycenter.

On the other hand the diffusion parameter a is a feature of our formulation and
is connected with both the gravity-driven diffusion and with the diffusion caused by
change in water partial pressure. The partial pressure in our formulation results from the
assumption of incompressibility of the mixture and is somehow a formal quantity without
clear physical interpretation. More appropriate and intuitively more correct should be an
analogous term with a gradient of real water-pressure, but a correct derivation must be
performed first.
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Figure 6.2: The solutions of the initial-value problem in the temperate-ice zone for the standard, tradi-
tional approach (’stand.’), and the present formulation (‘new’), for the case a = b = ¢ = 0, i.e. no water

diffusion is allowed into the ice. We denoted T',, by ”sigma_xz” and T, by "sigma_zz”. Both solutions

coincide.
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Figure 6.3: The solutions of the initial-value problem in the temperate-ice zone for the traditional
approach, the values of the diffusive parameter c is: Bl: ¢ = 1072, B2: ¢ = 1078, B3: ¢ = 1077, B4:
c = 1075 B5: ¢ = 107°, respectively. We may observe that in this range the diffusive parameter c
substantially affects the resultant velocity profile.
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Figure 6.4: The solutions of the initial-value problem in the temperate-ice zone for our new formulation,
the values of diffusion parameters as follows: Cl: @ = 107156 = 10719, C2: @ = 107156 = 107, C3:
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(o)
and T, by ”sigma_zz".
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Chapter 7

Summary

We have dealt with the formulation of a physical model of a polythermal ice sheet. For
the temperate-ice zone, we applied the mixture approach based on the rational thermody-
namics of reacting mixtures. We derived the balance laws for reacting mixtures containing
discontinuity surfaces, while including surface-production terms at each surface. We ap-
plied the general results of the mixture theory to a 2-component ice-water mixture and
set up the constitutive equations for this material model.

The model was further simplified by means of rational thermodynamics, firstly by
inspecting the entropy principle, then by partial linearization of the material model with
respect to the equilibrium state.

In accordance with the observed conditions in real glaciers, an incompressibility con-
straint was introduced and the form of the reaction functionals was derived. The consti-
tutive model was then applied to the balance laws and the resulting field equations were
reduced to a form convenient for numerical implementation.

The polythermal ice-sheet model was completed by setting up the boundary conditions
at the free surface and at the ice-bedrock boundary, and by interface conditions at the
cold-temperate ice transition surface. The formulation of the boundary and transition
conditions was unified on the basis of the mixture-theory framework.

The field equations were solved numerically for a simple 2-D case of an inclined
temperate-ice layer of uniform thickness under steady-state conditions and the role of
the diffusion parameters was studied. The computed water-content profiles differ signifi-
cantly for a certain range of the diffusion parameters, threshold values of the parameters
were found. The stress — strain-rate relation is assumed to be sensitive to the water
content, which implies considerable variability in the velocity profiles. There is a lack
of knowledge about the real values of the diffusive parameters, which makes it difficult
to quantify the difference between the full-mixture formulation, presented here, and the
traditional approach. Nevertheless, both formulations coincide if the diffusion of water is
neglected.
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Appendix A

Notation

B, abstract body, a-component of a mixture

Xa mixture particle
X, reference configuration of o - mixture particle

R reference mapping

Xa motion mapping

T position of the mixture particle in the present configuration
F.. deformation gradient (a-component of a mixture)
G second deformation gradient

Jea Jacobian
R.. orthogonal part of the Cauchy polar decomposition of F,,
U,, right stretch tensor
V.o left stretch tensor
= %‘; material time derivative with respect to the a-component

Cra right Cauchy-Green tensor
B.. left Cauchy-Green tensor

Uy velocity of the a component

U velocity of ice in the traditional formulation

B barycentric velocity

L, velocity gradient

D, strain-rate tensor — the symmetric part of L,

D ice strain-rate tensor in the traditional formulation

o spin — the antisymmetric part of L,

i) diffusion velocity of the a-component relative to the kth component

o, @™ for k = n, i.e. relative to the last n-th component
Q) spin of the a-component relative to the k&th component
Qo Q((f) for k = n, i.e. relative to the last n-th component

v material volume

o(t) discontinuity surface

v velocity of the discontinuity surface

n normal vector

mass density of the a-component
‘material’ density of the a-component

™D
Q

Q
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102 APPENDIX A. NOTATION

volume rate of mass change of the a-component

<

o
rd surface rate of mass change of the a-component
We mass fraction of the a-component
w mass fraction of water
T, partial Cauchy stress tensor
T Cauchy stress tensor in the traditional formulation
l;a volume force acting at the a-component
Ea interaction volume force
jf linear-momentum surface production
Ea ... partial internal-energy density
€ ... internal-energy density in the traditional formulation
Jo ... partial-heat flux
Q. ... partial-internal heating
€a partial-volume interaction energy
ed ... partial-surface energy production
q ... total heat flux
... total internal heating
Sa ... partial entropy density
T absolute temperature
Ty melting temperature
fa partial free-energy density
ﬁy density gradient
g temperature gradient
Ja gravity acceleration
f specific free energy of a mixture
s specific entropy of a mixture
Ga partial chemical potential
ﬁa ﬁa = 88(%?
{Thd diffusion velocity of the a-component relative to the barycenter
DB strain-rate tensor related to the barycentric velocity D® = {gradv?}sv™
DZ Df = {gradug }*™
k k,A ... expansion coefficients: 7= —(l;: + wl%)ﬁ — \wily
& v,w ... expansion coefficients: ky = —wéqg — wriu; — pwgradw
v diffusivity (traditional formulation)
P constraint pressure
11, partial thermodynamic pressure
L specific latent heat of melting of ice
Fg free-surface implicit function (glacier-air interface)
Fg ... glacier base implicit function (glacier-bedrock interface)
Fers ... CTS implicit function (cold-temperate ice interface)
TS ... mass-production term at the free surface
rb ... mass-production term at the ice-bedrock interface
réts ... mass-production term at the CTS
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d(x)
h(Ds11)
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free-surface liquid-precipitation function

free-surface ice accumulation-ablation function

water outflow function at the ice-bedrock interface
ice accumulation-ablation function at the CTS
specific heat of ice at constant volume

water mass-production in the traditional formulation
diffusion water flux in the traditional formulation
effective shear stress

deviatoric part of a second-order tensor

second invariant of the ice strain-rate tensor deviator
creep response function

creep response function
rate factor
rate factor
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