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Abstract

The differences between one classical and three state-of-the-art formulations of the mass
density of humid air were quantified. Here, we present both the calculi for direct deter-
mination of the humid-air mass density employing the virial form of the thermodynamic
equation of state, and a sufficiently accurate look-up-table for the quick-look determination
of the humid-air mass density, which is based on the advanced Thermodynamic Equation
of Seawater 2010.
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1 Introduction
1.1 Definition of humid air

Humid air is considered a mixture of dry air and water vapor, the mass density of which is
a key meteorological observable, which depends not only on temperature and pressure but
also on the water-vapor content. The latter can be expressed in different metrics such as the
mass fraction of dry air in humid air, the specific humidity, the mass-mixing ratio of water
vapor, the mole fraction of water vapor, the dew and frost point, or the relative humidity.

This paper is dedicated to the memory of Prof. Dr. habil. Dietrich Sonntag (23 June 1927-1 January
2018), who contributed so much to all aspects of hygrometry with special predilection for the highly
accurate determination of hygrometric properties and table values for the meteorological practice (see
epitaph by Foken 2018).
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1.2 Metrological applications of the mass density of humid air

The mass density of humid air enters a wide range of metrological applications in meteo-
rology and climatology, and is required, e.g., for the determination of turbulent fluxes of
latent heat, sensible heat, and momentum as well as of radiative heating rates. A problem
which does usually not take a center stage in considerations of the mass density of humid
air is the correct closure of the physical conservation laws of heat, momentum (inclusive of
vorticity), and mass. Violations of those conservation laws are reported to not only occur
in numerical models of the atmosphere but also in the objective analysis of observational
data, which enter numerical forecast systems as input parameters or which serve as a foun-
dation for model validation and verification. For example, Trenberth et al. (1995) pointed
to the existence of unclosed balances of heat, momentum and masses of air and trace gases,
such as water vapor, carbon dioxide and ozone as derived from the operative global objec-
tive analysis. Due to the fact that the amount of trace gases is typically expressed in mixing
ratios of mass (or volume) of the considered species relative to the mass (or volume) of air,
errors in the mass balance of air can also propagate to the mass balances of climatologically
effective trace gases. While the total error in the model-based mass balance of dry air alone
was reported to locally cause artificial excess fluxes in the vertically integrated heat balance
of up to 100 W m—2 (Alexander and Schubert 1990), the contribution of real-gas effects to
this overall heat-flux error is expectable to be about four orders of magnitude lower. How-
ever, later in the present work we will demonstrate that even such tiny real-gas effect is
sufficiently large to cause a climatologically relevant bias in the global energy balance.

Highly accurate mass-density formulations of humid air are also demanded for the
metrology of interface parameters. Recently, Teleszewski and Gajewski (2020) employed
a sophisticated experimental setup in combination with a comprehensive thermomechani-
cal interface model for the highly accurate determination of the surface tension of water.
One of the thermophysical quantities entering the calculus is the humid-air mass density. As
a matter of fact, the availability of highly accurate mass-density formulations is therefore
a prerequisite both for the ensurance of mass conservation in atmospheric models and for
metrological tasks in meteorology and industrial applications.

1.3 On the importance of real-gas effects in humid air

Even more complicated than the treatment of hygrometric effects is the consideration of
real-gas effects in humid air, which requires a virial representation of the underlying ther-
modynamic equation of state. Real-gas effects are small at atmospheric pressure and can be
omitted in many meteorological applications of the humid-air mass density (Herbert 1987,
p- 74 therein). However, several metrological tasks of meteorological interest require the
consideration of real-gas effects, e.g., Buck (1981), Feistal et al. (2010a, b), Wright et al.
(2010), Feistel (2012), Feistel et al. (2015a, b), Feistel et al. (20164, b), Lovell-Smith (2006,
2007, 2009), Lovell-Smith et al. (2016), Sonntag (1990, 1994), WMO (2014), and Foken
et al. (2021). The importance of real-gas effects in humid air for the energy balance of the
climate system was analyzed in Feistel and Hellmuth (2020a, b).

1.4 Available mass-density formulations of humid air

The dependence of the humid-air mass density on three independent variables compli-
cates all calculations in meteorological applications of this quantity. Established and widely
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employed sources for the humid-air mass density and/or its generating hygrometric quanti-
ties are the meteorological handbooks of Guyot (1852, Tables II/I and II/II “Elastic Forces
of Aqueous Vapors” therein), WMO (1966), and Baur (1970, p. 471, Table 45 therein), and
Herbert (1987, pp. 70-80, Tables 13, 14, and 15 therein) being part of the meteorologi-
cal volume of the well-known reference book “Landolt—-Bornstein”, hereafter abbreviated
as LB-1987, i. e., the last publication of a look-up table for quick-look determination of
the humid-air density dates back about three decades. It should be noted that the LB-1987
approach, which is presented in Section 5 here, still referred to the previous “International
Practical Temperature Scale 1968” (IPTS-68). Although being more and more replaced by
small computer programs, such look-up tables retain their justification as they give a very
good visual overview over a per se complicated issue. Also for quick-look applications such
look-up tables are still very useful. Apart from that it should be mentioned that not all of
such available computer programs and mobile applications are traceably documented.

More recently, revised formulations for the humid-air mass density have been proposed
on the base of the virial representation of the equation of state and the temperature scale ITS-
90. The first one considered here is an air-density calculus, which is based on hygrometric
expressions recommended by WMO (2014, Annex 4.B therein) for use in meteorologi-
cal applications (hereafter abbreviated as WMO-2014), presented in Section 6. The second
formulation is the new air-density calculus provided by the International Committee for
Weights and Measures (CIPM), which is known as CIPM-2007 (Picard et al. 2008) and pre-
sented in Section 7. This equation is considered the currently most accurate available one
for bouyancy corrections of high-precision weight measurements in air. However, the appli-
cation of the CIPM-2007 formulation for atmospheric conditions is very limited. While its
pressure definition range covers the pressure variation in the lower troposphere, its tem-
perature definition range is restricted to typical conditions at 2 m screening height above
the surface in summer with a characteristic pressure of about 1000 hPa. Finally, the third
state-of-the-art formulation of the mass density of humid air is provided by the advanced
Thermodynamic Equation of Seawater, TEOS-10 (Feistel et al 2010b, Part 1; Wright et al.
2010, Part 2; IOC et al. 2010; Feistel 2012; Feistel 2018), briefly described in Section 8.
This formulation is valid for temperatures down to the temperature of homogeneous water-
to-ice nucleation. CIPM-2007 and TEOS-10 are mutually consistent within their common
ranges of validity to within their estimated uncertainties (Feistel 2018).

1.5 Aim and structure of the present study

In view of the availability of different formulations for the humid-air mass density the ques-
tion arises for the expectable differences between them. The aim of the present analysis is
an intercomparison of the LB-1987, WMO-2014, CIPM-2007, and TEOS-10 formulations
of the humid-air mass density and the quantification of (i) real-gas effects in the LB-1987,
WMO-2014, CIPM-2007, and TEOS-10 formulations, and (ii) the deviation of the WMO-
2014, CIPM-2007, and TEOS-10 formulations from the LB-1987 reference formulation.
For quick-look applications we propose a look-up table for the user-friendly determination
of the humid-air mass density which is based on an approximation of the TEOS-10 formu-
lation, and which is sufficiently accurate for the daily meteorological practice. At this place
it should be noted that the redefinition of the basic thermodynamic SI properties does not
affect the subsequent analysis within the given uncertainties (BIPM 2019).

The present paper is organized as follows. Section 2 contains a compilation of the
elementary constants employed for the determination of the humid-air mass density. In
Section 3 humidity measures are defined, which enter the formulation of the humid-air mass
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density as one of three independent variables, and in Section 4 the notion “virtual temper-
ature” is introduced. Sections 5, 6, 7, and 8 are devoted to a comprehensive description
of the Landolt-Bornstein (LB-1987), the WMO-2014, the CIPM-2007, and the TEOS-
10 formulations of the mass density of humid air, respectively. In Section 9 a linearized
TEOS-10 formulation is presented, on the base of which look-up tables for the quick-look
approximation of the mass density of humid air were calculated. The uncertainty of the
virial representation of humid-air mass density is analyzed in Section 10. The results of
the intercomparison of the different mass-density formulations are presented in Section 11.
In Section 12 climatological implications of real-gas effects in the mass density of humid
air are discussed. Therein it will be shown that the tiny bias in the global energy balance
caused by real-gas effects in humid air is already sufficiently large to result in a measur-
able global-warming signal. Finally, the present study is completed by Section 13 with the
conclusions.

Appendix 1 contains details of the thermodynamic foundation of the virial representation
of the mass density of humid air, and in Appendix 2 the virial coefficients of the LB-1987
approach are presented. The Supplementary Material comprises the table values evaluated
in Section 11 (Hellmuth et al. 2021).

2 Elementary constants

Humid air (subscript “AV”) is described as a gas mixture with molar mass May, specific
gas constant Ry, mole number nay, mass may=nay May, and mass density pay, which
consists

— of dry air (subscript “A”) with molar mass My, specific gas constant RA=R /M, mole
number na, mass ma=na My, and mass density pa, and

— of water vapor (subscript “V”’) with molar mass My, specific gas constant Ry=R /My,
mole number ny, mass my=ny My, and mass density gy, respectively.

As a consequence of the conservation laws for mass and molecule number (molecules are
treated as passive objects, i.e., chemical reactions, coagulation, sticking effects etc. are
excluded), the following constraints hold:
Mmay = ma +my, nav =na+ny. (D

Here, R=kp Na denotes the molar gas constant with kg being the Boltzmann constant and
Na the Avogadro constant. Table 1 displays the elementary constants used in the LB-1987,
WMO-2014, CIPM-2007, and TEOS-10 formulations of the humid-air mass density. The
most recent value of the molar gas constant, given in last row of Table 1, is calculated
using kg=1.380649-10"23 JK~! and Ny=6.022 14076-10%* mol~' approved by the Inter-
national System of Units, the SI (BIPM 2019, p. 128, Table 1 therein) as exact figures by
definition.

For the subsequent derivations the following auxiliary parameters will be used, the
numerical values of which are taken from Herbert (1987, Section 2.3.3, Table 12 therein):

Ry My 1
Hy= —=——/0.62198, H =—~1.60777,

Ry  Mj Hy

H, = 1—Hy~037802, H;=H;—1~=0.60777. 2)
By virtue of Eq. (2) the following relations hold:
1

Hy = , Hy=HyH3. 3
071 + H3 2 073 ©)
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3 Definition of humidity measures
3.1 Mole fraction, mass fraction, and mass mixing ratio of water vapor in humid air

Of particular interest for the present purposes are the mole fractions of dry air and water
vapor in humid air, x4 and xv, respectively, the partial pressure of water vapor in humid
air, py, the dry-air mass fraction A, the water-vapor mass fraction or specific humidity ¢,
and the water-vapor mass mixing ratio of humid air » (Herbert 1987, Section 2.3.3, Table
12 therein):

na
XA = —=1—-xy,

nAv

ny Hiq r
sziz = ,

nav. 1+ Hig Ho+r
PV = pXv,

m
A=7A=Q7A=1—q’

mav oAV

my ov r
q: = —-———

mav  oav  l4r’
M
ma  naMa na 1 —xv oA
g 1-A

I—q 2 “

3.2 Specific gas constant and molar mass of humid air
Employing the relations defined in Eq. (4), taking into account the general relation between
the specific gas constant, the molar gas constant, and the molar mass, and considering the

conservation law for the molecule number, Eq. (1), one can uniquely determine the specific
gas constant Ray:

may
R = RavMav = Rav——
nAv
ma
= RAMA = RA—
nA
my
= RyMy = Ry—
ny
Rav ma NAv A A
~s - = = = and
RA may nA XA 1 —xv
RAV _ mVnAv_i_l—A
Ry may ny Xy Xy

~ Rav = ARA+ (1 —A)Ry = (1 —q)RA +gRyv
Ry
=Ra|l—qg+q——|=Ra(l+ Hsq)
Ra

Hjr 14+ Hr
= R 1 = =R _
A<+1+r) A<l+r>

Ra

= — 5
1 — HoHj3 xvy )
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Analogously, by virtue of Eq. (5) one obtains the expression for the molar mass of humid

air, May:
Y R (1 —A N A )‘1
AV = —— = —
Rav My Ma

= (1 —xy)Ma +xvMy . (6)

A thermodynamically rigorous derivation of commonly used humidity metrics on the base
of chemical potentials can be found in Feistel et al. (2016a, b).

3.3 Relative humidity

In addition to the humidity quantities defined in Eq. (4) a further key metric is the relative
humidity, RH®, which is both a primary observable and a secondary, thermodynamically
well-defined derivable as function of any of the aforementioned humidity quantities, and
of T and p. The superscript “(c)” specifies the condensed phase of water the saturation
state of water vapor is referring to in the thermodynamic phase equilibrium (c=w for water,
c=i for ice) (see explanation given below). The relative humidity is defined by the World
Meteorological Organization (WMO) as follows (WMO 2014, Eq. (4.A.15) therein):

¢ _ XV _ pxv  pv
RH™ = (© © T (©
xV,sat pr,sat pV,sat
Harly)
_r (Ho +r§§3) _ 4ol L+ o
P&\ Ho+r rs+ry |
1+4+r
()
Xy
r = Ho ('S?; ) : ®)
1—- Xy sat

Here, rs(;f, x§,c Zm: pgzat /p, and pifiat denote the mass mixing ratio, the mole fraction, and

the partial pressure of water vapor in saturated humid air (subscript “sat”), respectively. The
water-vapor mole fraction in saturated humid air, x{,c’ iat(T, p), with respect to liquid water or
ice, is obtained from the condition of thermodynamic equilibrium of water in the two coex-
isting macrophases, i.e., in humid air and in the condensed phases of water (liquid water
or ice). The thermodynamic equilibrium comprises the conditions of thermal, mechanical,
and chemical equilibrium between water in the different phases. The saturated water-vapor
mole fraction is obtained by solving the following two equations for the chemical equilib-
rium at given 7" and p, the first equation for the condensed phase “liquid water”, the second
one for the condensed phase “ice” (Feistel et al. 2016a, Appendix C therein):

i (W0 T p) = VT p)
i (o Top) = W™(T. ). ©

Here, MQV denotes the chemical potential of water in humid air, and wW and p' are the
chemical potentials of liquid water and ambient hexagonal ice, respectively. For the special
case of pure water vapor, xy = 1, the equilibrium conditions given by Eq. (9) comprise
also a regulation for the determination of the pressure of saturated (pure) water vapor (i.e.,
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of water vapor in thermodynamic equilibrium with one of the condensed water phases),

p=eNT):

/LAV (1 T, eé‘:t)) = (T eg)) ,
i (1.7.el) = M”l (7.e%) - (10)

Equation (10) defines eggz as a unique function of temperature. The three chemical poten-

tials ,uw wW, and Mlh together with numerical solutions of Eq. (9), x{,ws)m, xg)sat, and of

Eq. (10), ¢, ¢! are provided by TEOS-10. Note that the solubility of air in liquid water
is neglected in Eqs. (9) and (10).

3.4 Enhancement factor of water vapor in humid air

The ratio of the partial pressure of water vapor in saturated humid air, pﬁf)sm, to the pressure

of saturated (pure) water vapor, el (T), defines the enhancement factor (WMO 2014, p.

sat

160 therein) (see also see also Feistel et al. (2016a, Appendix C therein):

© ©
1T, p _ vaP) vl W
’ e© -0 :
esat(T) ee(T)

Having at ones disposal f©(T, p), one can determine both the partial pressure and the mole
fraction of water vapor in saturated humid air:

(C) T
PSr(T. p) = FOT, peSi(T) . 2§ (T, p) = FOT, p)( st )> .12

The notion of enhancement factor allows the consideration of real-gas effects in the eval-
uation of the relative humidity as defined in Eq. (7). However, the definition of RH(
according to Eq. (7) itself leads to a bias in the determination of the thermodynamic driv-
ing force of phase transition, which is scaled in terms of the chemical potential difference
between the coexisting phases of water. In fact, the consideration of the enhancement fac-
tor to account for real-gas effects in the determination of x&,f Zat(T, p) according to Eq. (12)
is inconsistent with the ideal-gas definition of the relative humidity according to Eq. (7).
The meteorological system of hygrometric equations, however, should in principle fulfill
the axiomatic postulation of consistency as the seawater standard TEOS-10 does. To ensure
a thermodynamic self-consistent description of the thermodynamic driving force, as a con-
sequence the chemical potential difference is preferably expressed in terms of water activity
and relative fugacity instead of relative humidity. The relative fugacity is a generalization
of the relative humidity; it accounts for both real-gas effects in humid air and allows a
thermodynamically rigorous determination of the driving force of phase transitions (e.g.,
Feistel 2015, 2019; Feistel et al. 2015a, b, 2016a, b; Lovell-Smith et al. 2016; Feistel and
Lovell-Smith 2017). In the ideal-gas approximation, relative fugacity and relative humidity
are identical.

4 Definition of the virtual temperature

In order to bring the ideal-gas law for binary systems (such as for humid air) in a form as
simple as those for unary systems (such as for dry air), in meteorology the temperature is
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usually replaced with the so-called virtual temperature as can be found in many classical
textbooks and reference papers, e.g., Fleagle and Businger (1980, p. 74, Eq. (2.94) therein),
Iribarne and Godson (1981, p. 74, Eq. (71) therein), Liljequist and Cehak (1984, p. 46,
Section 5.2 therein), Pielke (1984, p. 8, Eq. (2.13) therein), Cotton and Anthes (1989, p. 15,
Eq. (2.15) therein), Bohren and Albrecht (1998, p. 279, Eq. (6.41) therein), Pruppacher and
Klett (2004, p. 106, Eq. (4.30) therein), Zdunkowski and Bott (2004, pp. 128—129 therein),
Jacobson (2005, p. 33, Eq. (2.36) therein), Feistel et al. (2010a, Eq. (5.8) therein), Salby
2012, p. 129, Eq. (5.10) therein), Molders and Kramm (2014, p. 67, Eq. (2.67) therein). Such
replacement considerably simplifies the practical calculation of the humid-air mass density.
The concept of virtual temperature itself, however, does not imply any approximation in the
description of the behavior of binary ideal-gas mixtures but is just a “rearrangement” of the
humidity information from the gas constant of the mixture to the temperature.

In its most general form the virtual temperature of humid air, 7, (subscript “v”), is
defined as the temperature at which humid air with mass density oav(A, T, p) at given A,
T, and p would have the same mass density as dry air (corresponding to A=1) at the same
pressure:

eav(A, T, p) =oav(1, Ty, p) = oa(Ty, p) . (13)
Equation (13) can be rewritten using the compressibility factor of humid air, Zay, defined
as follows:

(id)
p P Oay

oavRavT  0avRT  oav
1 , no molecular interaction forces (ideal gas),
> 1 , dominance of repulsive molecular interaction forces, (14)
< 1 , dominance of attractive molecular interaction forces.

Zav =

In Eq. (14), Rav denotes the specific gas constant of humid air according to Eq. (5), 0av
the molar density of humid air, and the quantity

(id) P
Oav RavT (15)

is the mass density of humid air in ideal-gas approximation (Zay=1). Knowing Qgs,) and
Z Av, the humid-air density can be calculated from Eq. (14):

0
oav = 22 (16)

The general expression of the virtual temperature is obtained from the definitions given by
Egs. (13) and (14):

V4 R
P____P_ . p_7 (iV) <AV> . (17)
ZavRavT  ZARAT, Za Ra

Here, Za and Ra denote the compressibility factor and the specific gas constant of dry air
with mass density oa (T, p). Applying the ideal-gas approximation, i.e., Zay=Za=1, to
Eq. (17) one obtains the definition of the virtual temperature in the ideal-gas limit, Tvid), as
can be found in the above-cited classical textbooks and reference papers:

; R
' = ) l()id> - (%) T (18)
o (L1 p)Ra \ Fa

The superscript “(id)” has been introduced at this place to distinguish the ideal-gas limit of
the virtual temperature from its real-gas form, Eq. (17).
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5 Landolt-Bornstein (LB-1987) formulation
5.1 Ideal-gas approximation of the humid-air mass density

Considering the additivity of the partial mass densities o and gv to yield the mass density
of humid air,

OAV = 0A + 0V, (19)

and approximating humid air as an ideal-gas mixture of dry air and water vapor (superscript
“(id)”), one can apply Dalton’s law, according to which the total pressure p of the gas mix-
ture is the sum of the corresponding partial pressures pa and py of the single components
(Herbert 1987, Section 2.3.3, pp. 67-68 therein) (c. f. Eq. (15)):

id d
pa = oWRAT ., pv=0'"RyT

d d d
~ p=pA+pv=(Q§§)R +o4YRy )T—in)RAvT

iy _ _P
RavT -~

(20)

Here, Ray is defined in Eq. (5), by virtue of which the ideal-gas approximation of the
humid-air mass density, Eq. (20), can be expressed in terms of the ideal-gas limit of the
virtual temperature, Eq. (18):

Q(ld) R P
AT BT T R

Tid — T=T(+Hyq)=T]|1
v (RA) (1+ H3q) |:+l+r]

T T
- = ) (21)
1 — HyH3 xv 1 — Hyxy

Equivalently, Eq. (21) can be expressed using the virtual temperature increment, AT\fid):

T8 = 7 4 AT

H3Tq=T<H3r>=T<ﬂ> . 22)

AT
14+r 1 — Hyxy

The representation of the virtual temperature of an ideal-gas by its temperature and an
excess value AT\,(ld) does not rely on an additional approximation, i.e., Eq. (22) represents a
thermodynamically exact relation. For later use, we introduce here the corresponding virtual

temperature increment of saturated humid air, ATv(lf:uC ):
(id.0) © Hsrig Hox\ o
1 ~ s
AT 0 = H3Tqg =T =Tl —e |- (23)
1+ TFsat 1- Hzx\/,sat

Adopting f©(T, p)=1 in Eq. (12) in accordance with the ideal-gas approximation of
humid air, A T(gat ) given by Eq. (23) can be directly determined as a function of temperature
and pressure (Herbert 1987, pp. 98—100 therein):

()

Hye . (T)

Tv‘gif)(T p=T (““(C) ) ) (24)
p — Hayey ( (T)
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Alternatively to Eq. (22), ATV(id) can also be expressed in terms of RH®, T, and p. By
virtue of Eq. (24) one has:

ATSO (1 +r§§2> oy (1 - HzX‘vam> 05)
(de) — () - L© — ’
ATv,lsatC T, sgt 1 +r x\2sat 1 Hzxv

Inserting now ATV(id) /T from Eq. (22), ATV(,isda’tC ) /T from Eq. (23), and ATv(id) /AT(id’C)

v,sat
from Egs. (25) into Eq. (7), one arrives at the following governing equation for
ATIYRH®, T, p) (Herbert 1987, Section 2.3.3, p. 68 therein):

(id,c)
v,sat

iy [ 1+
RH© = AL :
ATLS) - AT
T
. RH© ATO (T,
~ AT\Sld)(RH(C), T, p) = vsat (T, p) (26)

(id,c) .
I+ (1~ RH(C))W

With AT&};’E )(T, p) from Eq. (24) and RH® from measurements, the virtual temperature
increment is fully determined by Eq. (26). The pressure of saturated water vapor, which is
applied within the framework of LB-1987 approach in Eq. (24), is given by the empirical

Magnus relation with the parameters presented in Table 2 (Herbert 1987, p. 98 therein):

AT — Tp)

eSUT) = e$S(Tp) eXP( T ) , Tp=273.15K. @7

5.2 Real-gas representation of the humid-air mass density

The real-gas form of the mass density of humid air, pav, is given by Eq. (16) with the ideal-
gas approximated mass density, QXS,), obtained from Egs. (21)—(27), and the compressibility
factor, Zay, defined in Eq. (14).

In Herbert (1987), two different approaches for the calculation of the compressibility
factor, Zay(xv, T, p), are described. As a first guess, Herbert (1987, p. 74 therein) approx-
imated the compressibility factor by the one of the nitrogen gas as a proxy for a dry-air
atmosphere. Details of the corresponding calculus are provided in Appendix A2.1. The
assumption Zav~Zn, (T, p) was exploited, e.g., by Lemmon et al. (2000, Eq. (9) therein)
for the calculation of air properties from high-pressure and high-temperature nitrogen data.

Table2 IPTS-68-based parameters in the Magnus formula, Eq. (27), applied in the LB-1987 approach. Taken
from Herbert (1987, p. 98 therein)

Parameter Condensed phase

Water (c=w) Ice (c=i)
(T 6.1070hPa 6.1064 hPa
A© 17.15 21.88
B© 38.25K 7.65K
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For a refined guess, Herbert (1987, Section 2.3.3, Table 15 therein) presented table val-
ues of Zay for a binary dry air—water vapor mixture, however, without explicit specification
of the underlying formula. Therefore, in Appendix A2.2 we have traced back the avail-
able information to the sources underlying the calculus of the virial representation of
Zav(xv, T, p).

The availability of alternative representations of the virial coefficients for both pure nitro-
gen gas as well as for the dry air—water vapor mixture suggests a corresponding update of
the formulation of the compressibility factor. Here, however, we want to focus our interest
on the recovery of the original LB-1987 calculus as the reference formulation of the mass
density of humid air. A detailed intercomparison of different formulations for the virial
coefficients is beyond the scope of the present analysis but subject of an ongoing work.

By virtue of Egs. (7) and (12), the water-vapor mole fraction in humid air, xvy, appearing
in Zav(xy, T, p) (see Eq. (A2.5)), can be expressed in terms of the relative humidity:

e(c)(T)
xv(RHO, T, p) = RHO fO(T, p) [ === . (28)
p

For quick-look applications, Herbert (1987) prepared three look-up tables for the stepwise
determination of the mass density of humid air with liquid water serving as the condensed
phase of water (c=w):

1. The first look-up table contains the virtual temperature increment ATV(’ii;tC ) = T\flitc ) _

T of saturated humid air as a function of Celsius temperature ¢+ in the interval
—40°C<19<50°C with a resolution of A¥=1K, and of pressure p in the interval
1100 hPa>p>200hPa with a resolution of Ap=50hPa (Herbert 1987, pp. 70-73,
Table 13 therein). Having determined ATV(;%f ), the actual virtual temperature increment
ATV(Id) is calculated using either the full ATV(Id) expression given by Eq. (26), or the
following approximation:
(id,c)
RH© AT G
(id,c)
1+ (1 —RH©)
T

AT =

v,sat

(id,c)
~ RH© AT140) [1 —1- RH(C))LT"’M }
T

‘ AT de)

~ RH© AT [1 - ;Sa‘} . (29)
According to Herbert (1987, p. 68 therein), the ATV(id) expression given by Eq. (29) will
generally suffice for practical applications, because the neglect of the [RH(C)]2 term is
always less than 0.1 K as long as ATV(id)Slo K.

2. The second look-up table presents the mass density of humid air in ideal-gas approx-
imation, QXS,) , as a function of the virtual Celsius temperature ¥, in the interval
—110°C<9,<100 °C with a resolution of A¥,=1K, and of pressure p in the inter-
val 1100 hPa> p>100 hPa with a resolution of Ap=100hPa (Herbert 1987, pp. 7679,
Table 14 therein). .

3. The third look-up table presents the compressibility factor Z AV:QES,) /oav (a) for dry air
as a function of pressure p at p=(0, 300, 700, 1100) hPa and of Celsius temperature in
the interval —100 °C<19<—10°C with a resolution of A¥=10K, and (b) for humid air
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as a function of pressure p at p=(0, 300, 700, 1100) hPa, of Celsius temperature in the
interval 0°C < ¢ < 60 °C with a resolution of A¥=10K, and of the relative humid-
ity RH® in the interval 0 %rh<RH® <100 %rh with a resolution of ARH© =25 %rh
(Herbert 1987, p. 80, Table 15 therein). Knowing the ideal-gas mass density QXS,) from

steps 1 and 2, the real-gas mass density is given by o AV:QXS,) /Zav.

6 WMO-2014-compatible formulation
6.1 Basicinformation

The second formulation of the humid-air mass density considered here is based on hygrome-
tric expression recommended by WMO (2014, Annex 4.B therein) for use in meteorological
applications. These expressions, in turn, are those proposed by Sonntag (1990, 1994), which
rely on values from the compilation of a consistent set of fundamental physical constants of
1986 with completion by that author. The saturation vapor pressures with respect to water
and ice are described by the Magnus formula, the parameters of which have been recal-
culated by Sonntag (1990) from the previous IPTS-68 to the currently valid “International
Temperature Scale” (ITS-90). On recommendation of the Consultative Committee on Ther-
mometry (CCT) the ITS-90 was adopted in 1989 and introduced on 1 January 1990 by the
International Committee on Weights and Measures (CIPM), authorized by the CIPM (Son-
ntag 1990, 1994). ITS-90 will remain a valid temperature scale for the foreseeable future in
parallel to the recent “thermodynamic temperature” introduced by the revised SI in 2018.

Actually, neither Sonntag (1990, 1994) nor WMO (2014) provided an explicit formula
for the mass density of real humid air, which implies instead the adoption of the ideal-
gas approximation of this quantity. However, the hygrometric formulae proposed in the
cited references allow the determination of the humid-air mass density with approximative
consideration of real-gas effects.

6.2 Assumptions, approximations, and mass-density formulation

In order to derive an approximative expression for the mass density of humid air, in the fol-
lowing use is made (i) of the additivity of the single-component mass densities in the binary
mixture according to Eq. (19), (ii) of the real-gas representation of the thermal equations of
state for dry air and water vapor, (iii) of the approximative additivity of the partial pressures
pa and py to yield the total pressure p according to Dalton’s law, implying the disregard of
interactions between dry-air and water-vapor molecules. Introducing the apparent specific
gas constants R, and Ry, which account for real-gas effects caused by air-air and water-
water molecular interactions (see Bogel 1977; Sonntag 1990, Table 1 therein; Sonntag and
Zeitschrift 1994, Egs. (3), (4) therein), the approximative gas law of humid air reads:

pa = 0AR\T, R\ = ZaRa,
pv = ovRyT , Ry =ZvRy

~  p~ pa+pv=_(0aR\+0ovRy) T = oavR\yT
p
~ QA R ——— . (30)
RI/AVT

Here, Z4 and Zvy denote the compressibility factors of dry air and water vapor, respectively,
and R/, is the apparent specific gas constant of the real-gas mixture.
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The real-gas representation given by Eq. (30) is formally identical with the ideal-gas
approximation of humid air, Eq. (20), which will allow us to apply the calculus of the
LB-1987 ideal-gas formulation, presented in Section 5.1 but with parameter modifications,
also for the calculation of the mass density of real humid air. For completeness, these
modifications are presented hereafter. By virtue of

R
Ry

, R

MJA V= 50
Ry

) ) (€29

and by replacement of the auxiliary parameters introduced by Eq. (2) with their real-gas
corrected counterparts

R/ V4 1

Hy= e Doy =
R, ~ Zy H]

Hy=1—H), Hy=H —1,

Hy = — . Hj= HjH], 32)
14 Hj

one can formally apply the derivations given by Egs. (21)-(26) to obtain the apparent
specific gas constant of the real-gas mixture, Eq. (5),

Ry = AR, + (1 — ARy = (1 —q)R\ + qR, = R}, (1 + Hjq)

Hlr 1+ Hr
R, (1 S ) =R, [ —
A(+l+r) A<l+r)

__ R
- ! g/ 4 (33)
1-— H0H3 Xv
and the governing equation for the mass density of humid air:
N RGT T RLTY
R’ Hir
)= (N )T=TU+Hjq)=T|1+——
T T
= (34)

| — HjH,xy 1—Hyxy '
Equivalently, Eq. (34) can be expressed using the virtual temperature increment, A7),

analogously to Eq. (22)—(26):
T, = T + AT, ,

v
Hir H,
HTqg=T(-—2") =12V
7 1+r 1 — Hyxy

RH®© AT (T, p)

v,sat

(c)y s
L+ (1 - RH<c>)w

Hjx)
ATG =T (— ) - (35)
1— HZ/XV,sat

AT
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Alternatively to the use of Egs. (31)—(35), the modified ideal-gas form of the mass density
of humid air given by Eq. (30) can also be expressed in the equivalent real-gas form given
by Eq. (14) if the compressibility factor Zay is used in the following approximative form:

P = ZavoavRAvT =~ (QAZARA +0ovZyRy) T
OARAZA +0vRvZA
oavRav

l—g¢ q )
— ) ZAa+ | ——7— ) Zv . 36
<1+H361> A <H0(1+H361) v 0)
In the derivation of Eq. (36) use was made of Egs. (2) and (5).

X

N ZAV

6.3 Thermodynamic closure parameters

In order to close the calculus, the compressibility factors, Zo and Zy, and the expression
for the water-vapor mole fraction in saturated humid air, x£, ;at, must be specified. The com-

pressibility factor Z, is specified according to Bogel (1977), and Zy according to Sonntag

(1990):
Za~1-10%. (70— 2 (L)
oC/ \nPa/’

s
Zy ~ 1 —exp |:0.02735 (40 + %) - 8] . 37

The quantity xv Sat(T p) is given by Eq. (12) with the saturation vapor pressure of water,

N dt(T) according to the Magnus formula, Eq. (27). The corresponding constants are
displayed in Table 3 (Sonntag 1990, Eqgs. (2), (8) therein).
With neglect of the temperature dependence, Sonntag (1990, Eq. (20) and reference
therein to Sonntag 1989) proposed the following approximation of the enhancement factors
for both liquid water (c=w) and ice (c=i) as developed by Bogel (1977):

-1
©(p) ~ 10016 +3.15- 107 (L) 0074 (L) . 38
/P * hPa hPa (38)

Figure 1 depicts the enhancement-factor deviation from ideality, Af = f©(p) — 1.
Upon increasing dilution of the humid-air mixture (p — 0), the gas increasingly behaves
like an ideal gas, characterized by weakening of the molecular interactions between the gas
constituents. In this case the enhancement-factor deviation tends to approach zero. Upon
increasing pressure, molecular interactions starts to come into play and the gas behavior

Table 3 ITS-90-based parameters in the Magnus formula, Eq. (27)

Parameter Condensed phase
Water (c=w) Ice (c=i)
eEN(To) 6.112hPa 6.112hPa
A© 17.62 22.46
B© 30.03K 0.53K

Taken from Sonntag (1990, Egs. (2) and (8) therein) after rearrangement of their form In e(c)(T) =

sat

In e)(To) + a©9 (b© + )" into the form of Eq. (27) with A©) = a(© and B© = Ty — b©
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Fig.1 Enhancement-factor deviation from ideality, Af© = f(©)(p) — 1, according to Eq. (38) as function
of pressure

deviates more and more from ideality. In the atmospheric pressure range the enhancement-
factor deviation according to Eq. (38) varies in the range of Af ©(p) = (1 — 5)%e.

By virtue of Eq. (38), the mass density of humid air is given by Eq. (34) with R}, from
Egs. (30) and (37), T from Eq. (35) with x{;,, from Eq. (12), e{s)(T) from Eq. (27) and
Table 3, and f©(p) from Eq. (38).

7 CIPM-2007 formulation

Based on gravimetric density measurements and using the CIPM-81/91 formula, Picard
et al. (2008) determined an equation of state for the mass density of humid air, known as
CIPM-2007 formulation, for application in the following pressure and temperature ranges:

600hPa < p < 1100hPa, 15°C <9 <27°C.

The density of real humid air, pav, is determined on the base of Eqs. (14) and (18) with the
water-vapor mole fraction xy=xv(RH, T, p) determined using Eq. (28) and the molar gas
constant and the molar masses of dry air and water vapor as given in Table 1 (Picard et al.
2008, Egs. (1), (A1.3), and Table 4 therein):

14 (id) T
oav=—"——"—=, T,/ =—"7—.
ZavRa V(ld) v 1 — Hyxy

(39)

The enhancement factor defined by Eq. (11) and entering Eq. (28) for the determination
of xy(RH, T, p), is parameterized as follows (Picard et al. 2008, Appendix A, Eq. (A1.2)
therein):

FONT, p) = a+ Bp+y(T — Tp)*,
a = 100062, B=3.1410"%Pa"!, »=5610"K2. (40
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The pressure of saturated water vapor is given by the following parameterization (Picard
et al. 2008, Eq. (A1.1) therein):

D
(T = ™) exp (AT2 +BT +C+ 7) , e =1Pa,

sat sat,0 sat,

A = 1.2378847-10° K2, B =-19121316.10"2K!,
C = 3393711047, D = —6.3431645-10°K . 1)

Finally, the CIPM-2007 formulation of the compressibility factor, Zay, reads (Picard et al.
2008, Eq. (A1.4) therein):

p
Zay =1 — ?{ao + a1 (T — To) + ax(T — To)* + [bo + b1(T — To)]xv

2
+Heo + en (T — To>]x%} + (;) (a+exd) . 42)
ao = 1.58123-100°KPa~', 4 = —2.9331.108Pa!,
a = 1.1043.107 1K' pa~! |
by = 5.707-107°KPa~!, b; = —2.051-10"8Pa~!,
co = 1.9898-107*KPa~!, ¢; =—-2.376.10"°Pa!,

d =183107""K?Pa2, e=-0.76510"3K>Pa2.

8 TEOS-10 formulation
8.1 Background information

The Thermodynamic Equation Of Seawater 2010 (TEOS-10) is an international standard for
the thermodynamic properties of seawater, ice, and humid air, which was adopted in 2009 by
the Intergovernmental Oceanographic Commission (IOC) of the UNESCO and in 2011 by
the International Union of Geodesy and Geophysics (IUGG). This new standard is based on
the realization of a very general algorithm to describe thermodynamic systems: (1) formula-
tion of the fundamental thermodynamic relation of the system of interest; (2) determination
of a suitable thermodynamic potential (containing by definition all information about the
system) from experimental data or on the base of microscopic theories within the framework
of statistical thermodynamics; (3) calculation of the thermodynamic properties, the thermic
and caloric equations of state, and all other state variables of interest from the thermody-
namic potential (Kluge and Neugebauer 1994). The application of the TEOS-10 seawater
standard is supported by a comprehensive, open-access source code library, referred to as
the Sea-Ice-Air (SIA) library. The background information and equations (including ref-
erences for the primary data sources) required for the determination of the properties of
single phases, material components, phase transitions, and composite systems as imple-
mented in the SIA program library are presented in the key papers of Feistel et al. (2010a, b)
and Wright et al. (2010), the TEOS-10 Manual (IOC et al. 2010), the introductory and
guidance paper of Feistel (2012), and a comprehensive review paper of Feistel (2018). The
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SIA program library can be downloaded from the official TEOS-10 website (http:/www.
teos-10.org/).

8.2 Thermodynamic foundation

TEOS-10 is based on four independent thermodynamic potentials, defined as functions
of the independent observables temperature, pressure, dry-air mass fraction, density, and
salinity. A description of the theoretical background is given in Appendix 1.

The IAPWS-95 fluid water formulation is of key importance for the description of atmo-
spheric water within the framework of TEOS-10. This water formulation is based on the
international temperature scale ITS-90 and on the evaluation of a comprehensive and con-
sistent data set, which was assembled from a total of about 20,000 experimental data of
water. The authors of IAPWS-95 (Wagner and Prufl 2002) took into account all available
information given in the scientific articles, which described the data collection underlying
the development of the thermal equation of state of water. They critically reexamined the
available data sets w.r.t. their internal consistency and their basic applicability for the devel-
opment of a new equation of state for water. Only those data were incorporated into the
final nonlinear fitting procedure, which were judged to be of high quality. These selected
data sets took into account experimental data, which were available by the middle of the
year 1994 (Wagner and Pruf3 2002). A compilation of the experimental data used to develop
TAPWS-95 can be found on the official IAPWS website (http://www.iapws.org/).

The availability of reliable experimental data on subcooled liquid water (i.e., metastable
w.r.t. the solid form of water) was restricted to a few data sets for several properties only
along the isobar p=1013.25 hPa, which set the lower limit of the temperature range for the
validity of IAPWS-95 for liquid water (and so of TEOS-10) to =236 K. This temperature
is called the temperature of homogeneous ice nucleation (or homogeneous freezing tem-
perature) and represents the lower limit below which it is very difficult to subcool water.
The assessment of the accuracy of the IAPWS-95 formulation in the temperature range of
subcooled liquid water (see Wagner and Pruff 2002, Section 7.3.2 therein) revealed that
TEOS-10 fully satisfies the meteorological needs with respect to accuracy down to this tem-
perature. In contrast to the water formulation, the water-vapor formulation of IAPWS-95
(and TEOS-10) is valid down to 130 K, and with an available extension (see IAPWS G9-12
2012 and Feistel et al. 2010a) even to 50 K.

8.3 Governing equation for the humid-air mass density

For given A, T, and p the TEOS-10 mass density of humid air pay (A, T, p) is iteratively
calculated from the following transcendental implicit equation Feistel et al. (2010b, Eq.
(4.38) therein):

(A Tow) )
AT

P=ow doav

Here, fav (A, T, oav) denotes the specific Helmholtz energy of humid air, the thermody-
namic foundation of which is presented in Appendix 1. For given A, T, and p, the humid-air
density pav can be determined by numerical solution of the transcendental Eq. (43) using
the SIA library function air g density_si(a,t,p) (see Feistel et al. 2010b (digital
supplement, Table S12 therein) and Wright et al. 2010 (digital supplement, Table S16, Eq.
(S516.6) therein)).
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9 Linearized TEOS-10 formulation for quick-look applications
9.1 Taylorization of the expression for the humid-air mass density

For many practical applications the precalculation of look-up-tables of the humid-air mass
density might be a suitable alternative to the numerical execution of the TEOS-10 SIA
library function to solve Eq. (43). To avoid an unhandily large look-up table of the mass
density of humid air originating from sampling the parameter space in the three independent
variables A, T, and p, here a linearization of the TEOS-10 formulation given by Eq. (43)
will be proposed, which allows the determination of pav(A, T, p) from one look-up table
containing the virtual temperature increment of saturated humid air, ATV(;Z“(T, p), and a
second look-up table containing the mass-density of dry air, oA(7T, p)=0av(l, T, p). The
approach is similar to the one in Herbert (1987, Tables 13—15 therein) but requires only two
look-up tables instead of three.

Starting point is the definition of the virtual temperature of humid air, 7y, according
to Egs. (13) and (17), respectively, i.e., the ideal-gas approximation was omitted in the
following steps. Employing the relation A=A (xv), the definition of the virtual temperature
reads:

oav(xy, T, p) =oav(0. Ty, p) . (44)
By virtue of the WMO definition of the relative humidity, Eq. (7),

xy = RH® x&iat(T, ),

the linearization of the left-hand side of Eq. (44) reads:
oav (. T.p) = oav (RHO 3. T. p) ~ 0av(0.T. p) + RH Soav(T. p) .
S0av(T, p) = oav (oo T P) = 0av (0. T p) . (45)

Here, 5oav (T, p) is an infinitesimal excess value of the mass density, which must be suf-
ficiently small to justify the approximation of the mass density of humid air by a linear
function of the relative humidity at constant temperature and pressure. The relation holds
exactly at both RH©'=0 and RH®=1.

In the ideal-gas presentation underlying Eq. (22), the virtual temperature of ideal humid
air Tv(id) was represented by a superposition of the temperature 7 and a virtual temperature
increment AT\,(id). In contrast to Eq. (22), the following analysis is based on the real-gas
representation given by Eq. (44), i.e., the virtual temperature of the real gas, Ty, is approxi-
mated by a superposition of temperature 7 and an infinitesimal temperature increment § 7 .
While AT\fid) has been introduced as an exact incremental value without any constraint on
its absolute value, the infinitesimal quantity §7; is demanded to be sufficiently small to
allow the expansion of the mass density of dry air into a Taylor series (“taylorization”) up
to the linear term (linearization). Employing the decomposition

T, ~ T +68Ty, (46)
the linearization of the right-hand side of Eq. (44) reads:

0 0, T,
oav( P)) 5T, |
P

oT “7)

QAV(Oa TV’ p) ~ QAV(Oa T7 p) + <
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By virtue of the definition of the coefficient of isobaric thermal expansion of dry air,
ap (T, 0av(0, T, p)),

1 0 0, T,
a0 (T, p) = ( oav( P)) ’
p

oav(0, T, p) arT
Equation (47) assumes the following form:
oav (0, Ty, p) ~ 0av(0, T, p) — ap(T, p) oav(0, T, p) 8Ty . (48)

The thermal expansion coefficient in Eq. (48) can be numerically determined by means
of the TEOS-10 SIA library function air_f_ expansion_si (a,t,d) (Feistel et al.
2010b, digital supplement, Table S5 therein; Wright et al. 2010, digital supplement,
Table S10, Eq. (S10.6) therein). Inserting Egs. (45) and (48) into Eq. (44), one obtains the
virtual temperature increment:

STW(RH®, T, p) ~ RH® §T (T, p)
oav(0, T, p) — oav (xi,fzat(T, p). T, P)

(©)
ST. T, =
vl T ) (T, p)oav(©, T, p)

>0. (49)

9.2 Construction of look-up tables for quick-look applications

The virtual temperature increment of saturated humid air, § Tv(,cszt( T, p), and the mass density
of dry air, oav (0, T, p), were calculated using the TEOS-10 SIA library, stored in two sep-
arate look-up tables with isotherms arranged along the rows (#=—40...60°C, A¥=1K),
isobars arranged in the columns (p=200—1100 hPa, Ap=50hPa), and published in Foken
et al. (2021, Tables 5.17-5.20 therein).

Based on these two look-up tables, the mass density of humid air can be determined for
given RH, T, and p in three steps:

1. At first, for given T and p the quantity 8T\f,2n(T, p) is read out from the first look-up
table.

2. At second, the virtual temperature increment §7y (RH©, T, p) is calculated according
to Eq. (49), and therewith the virtual temperature 7y according to Eq. (46):

T, =T + 8T, (RH®, T, p) .

3. Atthird, for given Ty and p the mass density of humid air, oav (0, Ty, p), can be directly
readout from the second look-up table at T=T,.

As real-gas effects are already considered by the virial representation of the mass density
of humid air in TEOS-10, the present approach employs 7, instead of Tv(id) and, as a con-
sequence, does not require a third look-up table for the compressibility factor as in the
Landolt-Bérnstein approach.

10 Uncertainty analysis
While for the LB-1987 and WMO-2014 formulations of the humid-air mass density no
uncertainty is provided, Picard et al. (2008, Table 2 therein) notified for the CIPM-2007

formulation a combined standard uncertainty of u(0av)/0av=22 ppm (exclusive additional
contributions originating from instrumental uncertainties due to measured input pressure,
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temperature, dew-point temperature or relative humidity, and the mole fraction of COy).
To get a clue of the combined standard uncertainty of the TEOS-10 formulation we start
with Eq. (14) and assume it prudent that the uncertainty of the mass density is con-
trolled by those of the compressibility factor, u(oav)/oavXu(Zav)/Zay. By virtue of
u(Zav)/Zav<20ppm in line with Picard et al. (2008) and references therein one can con-
clude that the combined standard uncertainty of the TEOS-10 humid-air mass density is of
the same order of magnitude as that of the CIPM-2007 formulation.

11 Results: intercomparison of the different mass-density
formulations

11.1 Specification of the condensed phase for the calculations

The intercomparison of the different mass-density formulations has been consistently con-
ducted taking “liquid water” as the thermodynamic reference phase (saturation state of water
in humid air with respect to condensed water, denoted by superscript c=w). At 9 > 0°C
this refers to thermodynamically stable water, and at ¢ < 0 °C to undercooled (metastable)
water. However, to disburden the type face the superscript (w) is omitted hereafter in the
symbols RH and AT .

11.2 LB-1987, WMO-2014, CIPM-2007, and TEOS-10 mass densities of saturated
humid air

Tables 4 and 5 display the mass density of saturated humid air in ideal-gas approximation,
(ld sat) (RH=100 %rh, T, p) at p=1000 hPa (second column) together with the relative

dev1at10ns (in percent) (Q AV ng,) ) / Q(ld) of the X = (LB-1987, WMO-2014, CIPM-2007,

TEOS-10) formulations from the ideal-gas approximation (third to sixth column) at atmo-
spheric pressure, (a) in the temperature range of the CIPM-2007 formulation (Table 4), (b)
in the temperature range —35 < ¢#/°C < 60 (Table 5). The graphs corresponding to Tables 4
and 5 are depicted in Figs. 2 and 3.

By virtue of the definition provided by Eq. (14), the values presented in Table 5,

(Q(X’Sa[) d, Sdt)) /0 ('d 1) can be used to calculate the compressibility factor of saturated

AV
humid air:
(id,sat)
(sat) Qav _ 1
Z - (sat) - (X,sat) (id,sat)\ ° (50)

Qav 1+ AV ~0av
(id,sat)
AV

To get an idea of the order of magnitude of the compressibility factor, Fig. 4 depicts the

Z(sal) Z(sat)

compressibility-factor deviation from ideality, A 1. Throughout the con-

sidered temperature range one has AZ (Sat) < 0 resulting in Zﬁw < 1, i.e., the dominating
molecular forces are attractive. While the three analyzed mass-density formulations fairly
agree with respect to their compressibility factors below 40 °C, the WMO-2014 formulation
reveals a smaller real-gas effect at % > 40 °C than the LB-1987 and TEOS-10 formulations.
This originates from the approximations entering the WMO-2014 formulation by Eqs. (30)
and (37).
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Table 4 Mass density of

saturated humid air in ideal-gas 9 oUW 1B-1987 WMO-2014 CIPM-2007 TEOS-10
approximation, €O (kgm™) (%) %) %) (%)
0\ (RH=100 %rh, T, p), at
p=1000 hPa and relative 15 1201 0.04669  0.05305 0.04486 0.04635
deviations (in percent) 16 1197 0.04610  0.05232 0.04420 0.04569
(X,sat) __(id,sat) (id,sat) £
Qv Onv ) /eay O 17 1192 0.04556  0.05160 0.04357 0.04507
the X = (LB-1987, WMO-2014, 18 1187 0.04507 0.05091 0.04298  0.04450
CIPM-2007, TEOS-10)
formulations from the ideal-gas 19 1183 0.04463  0.05023 0.04243 0.04396
approximation in the validity 20 1178 0.04428  0.04958 0.04193 0.04347
range of the CIPM-2007 21 1173 0.04395  0.04895 0.04147 0.04302
formulation 2 1.168 0.04368  0.04833 0.04106 0.04261
23 1164 0.04347  0.04775 0.04070 0.04226
24 1159 0.04332  0.04718 0.04039 0.04196
25 1154 0.04325  0.04663 0.04013 0.04170
Outside the specified temperature 26 1.150 0.04325  0.04611 0.03992 0.04151
range the CIPM-2007 27 1.145 0.04332  0.04562 0.03977 0.04137

formulation is not defined

As shown in Table 4, at atmospheric pressure and room temperature the analyzed mass
densities of saturated humid air deviate from the ideal-gas limit by ~0.05 %. For com-
parison, this relative deviation in the mass densities is in the order of magnitude of the

Table 5 As in Table 4, but for

the X = (LB-1987, WMO-2014, 5 olids0 LB-1987  WMO-2014  TEOS-10

TEOS-10) formulations in the (°0) (kgm™3) (%) (%) (%)

temperature range

—35=<9/°C <60 -35 1.463 0.11770 0.10157 0.11843
-30 1.432 0.10705 0.09639 0.10782
-25 1.403 0.09730 0.09120 0.09805
-20 1.376 0.08836 0.08601 0.08905
-15 1.349 0.08017 0.08084 0.08079
-10 1.322 0.07278 0.07573 0.07324
-5 1.297 0.06605 0.07073 0.06640
0 1.272 0.06002 0.06589 0.06025
5 1.248 0.05473 0.06128 0.05483
10 1.225 0.05025 0.05698 0.05018
15 1.201 0.04669 0.05305 0.04635
20 1.178 0.04428 0.04958 0.04347
25 1.154 0.04325 0.04663 0.04170
30 1.131 0.04404 0.04427 0.04135
35 1.106 0.04725 0.04252 0.04283
40 1.081 0.05372 0.04142 0.04680
45 1.055 0.06461 0.04096 0.05426
50 1.028 0.08152 0.04116 0.06666
55 0.998 0.10658 0.04210 0.08615
60 0.967 0.14268 0.04392 0.11582
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Fig. 2 Mass density of saturated humid air in ideal-gas approximation, gxt\j;sa‘) (RH=100 %rh, T, p), at
p=1000hPa and relative deviations (in percent) (in(\;sa[) - gﬁfjsa[)) in‘\l;sao of the X = (LB-1987, WMO-

2014, CIPM-2007, TEOS-10) formulations from the ideal-gas approximation in the validity range of the
CIPM-2007 formulation according to Table 4

relative deviation in the saturation water-vapor pressure solely originating from choice of
the temperature scale (IPTS-68 vs. ITS-90). For example, Sonntag (1990, Table 3 therein)
reported
egat (990) — elay (Ves)
efat (990)
increasing to |—0.055| % at ¥99= — 30°C and to 0.073 % at }99=060 °C. Toward the lower
and upper limits of the temperature range in Table 5, the relative deviation due to real-gas

x 100 =0.03% at 199 =20°C,

0.16 :
= | ]
5 012 | LB-1987
5} ! .
&, | :
g : :
£ 0.08 |
g & " TEOS-10
= .
3 I
o 0.04 | e e
B : WMO0-2014
o) I
~ 0 .

-40 -20 0 20 40 60 80

Temperature in Celsius

Fig.3 Asin Fig. 2, but for the X = (LB-1987, WMO-2014, TEOS-10) formulations in the temperature range
—35 < ¢¥/°C < 60 according to Table 5
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Temperature in Celsius
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-0.12
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Fig. 4 Compressibility-factor deviation AZ;;Z}O = Zf;\'“}t) — 1 for saturated humid air with ZSC[) according
to Eq. (50) and (Q;@Sm - Qg$sal>) /0595 from Table 5 for the X = (LB-1987, WMO-2014, TEOS-10)
formulations in the temperature range —35 < ¥/°C < 60

effects may exceed ~ 0.1 %. As a consequence, for hygrometric applications in which dif-
ferences originating from the choice of the temperature scales play a role with respect to the
required accuracy, the consideration of real-gas effects in the mass-density determination is
mandatory. Note that CIPM-2007 formulation permits an adjustable value for the CO, frac-
tion of dry air, while CO is entirely neglected in the dry-air model of TEOS-10 (Lemmon
et al. 2000).

11.3 Reexamination of the LB-1987 formulation

In order to check the consistency between the analytical LB-1987 calculus of the humid-
air mass density recovered here and presented in Section 5 and the corresponding look-up
table values previously published in Herbert (1987, Tables 13—15), we have determined and
evaluated the relative deviations of the calculated from the published values.

(i) The Supplementary Material (SM), Table S-1 contains the virtual temperature
increments of saturated humid air (serving as reference values), ATV(y]fa’tL UT)(T, D)
(superscript “LUT” for look-up table), excerpted from the corresponding look-
up table published in Herbert (1987, Table 13 therein). Compared to the original
look-up table the temperature resolution was reduced here to SK and the pres-

sure resolution to 100 hPa, respectively. SM/Table S-2 displays the relative devi-

ations, (AT(id’CalC) _AT(id’LUT)> /A TUEUD) percent), of the calculated values

v,sat v,sat v,sat
ATV(;‘;““C) using Eq. (24), from the look-up table reference values AT\f,lsi’tL UT) pre-

sented in SM/Table S-1. The maximum of the absolute value of the relative deviation
was found to amount ~28 % at ¥=—40°C and p=1100hPa, i.e., at extremely dry
. . (id)
conditions corresponding to very low AT,
supposed to originate from round-off errors.

values. These enhanced deviations are
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(i) SM/Table S-3 shows the ideal-gas approximated dry-air mass densities (serving as
reference values), Q(ld LUT)(T, p), excerpted from the corresponding look-up table
in Herbert (1987, Table 14 therein). Compared to the original look-up table, the

temperature resolution was reduced to 5 K. SM/Table S-4 displays the relative devia-
. (id,calc) (id,LUT) (id,calc)

tions, (Q A — 0\ )

employing Eq. (20), from the look-up table reference values g, presented in

SM/Table S-3. The maximum of the absolute value of the relative deviation was

found to amount only ~0.05 %.

(iii) SM/Table S-5, column 3 presents the compressibility factors of dry air (ser-
(LUT) (T, p) = (LUT> (xv

/0A (dLUT) (in percent), of the calculated values g,
(id,LUT)

ving as reference values), Z, = 0,T, p), excerpted
from the corresponding look -up table in Herbert (1987, Table 15, left panel
therein). SM/Table S-5, column 4 depicts the relative deviations, defined by
(Z(Calc)—Z(LUT)> / Z(LUT) (in percent), of the calculated values Z€® according
A A A

to the Goff—Gratch formulation using Eq. (A2.4), from the look-up table values
ZX“UT) (T, p), presented in SM/Table S-5, column 3. The maximum of the absolute
value of the relative deviation was found to amount only ~0.44 %.

(iv)  Finally, SM/Table S-6 shows the compressibility factors of humid air (serving
as reference values), Z(LUT)(RH, T, p), excerpted from the corresponding look-
up table in Herbert (1987, Table 15, right panel therein) for RH=(0, 25, 50,
75, 100) %rh. In SM/Table S-7 presented are the relative deviations, defined

by (ij\z}lc)—Zg{,UT)) / Z(LUT) (in percent), of the calculated values ZX\E}IC) using

Eq. (A2.4) from the look-up table values Z%,UT), depicted in SM/Table S-6. The
maximum of the absolute value of the relative deviation was found to amount only
~0.02 %.

The analysis confirms the consistency between the analytical LB-1987 formulation of the
humid-air mass density with the look-up table values published in Herbert (1987, Tables 13-
15 therein).

11.4 Quantification of real-gas effects for 600 < p/hPa < 1100
and 15 < #/°C < 27

SM/Table S-8 displays the ideal-gas approximation of the humid-air mass density (serving

as the reference formulation), Q( id) (RH, T, p) according to Eq. (20) (in units of kgm™ 3)

over the validity range of the CIPM 2007 formulation (see Section 7). In SM/Tables S-9

to S-12 shown are the relative deviations (Qg(\,) ng,)) / Q(ld) (in percent) of the respective

LB-1987, WMO-2014, CIPM-2007 and TEOS-10 mass densities QE\XV) with X = (LB87,

WMO, CIMP, TEOS), from the ideal-gas approximation, Q presented in SM/Table S-8.
The maximum of the absolute value of the relative deviation was found to amount ~ 0.06%
and to occur for the WMO-2014 formulation.

11.5 Deviations from the LB-1987 real-gas formulation for 600 < p/hPa < 1100
and 15 < #/°C < 27

SM/Table S-13 displays the LB-1987 humid-air mass density (serving as the reference formu-
lation), Q(LB87)(RH, T, p) (in units of kg m_3), over the validity range of the CIPM-2007
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formulation (see Section 7). SM/Tables S-14 to S-16 show the relative deviations
(Qf:() Qg{?87)> /0 (LB87) (in percent) of the respective WMO-2014, CIPM-2007, and

TEOS-10 mass densities, QS\(/) with X = (WMO, CIMP, TEOS), from the LB-1987 real-

gas formulation, Q(LB87) respectively. The maximum of the absolute value of the relative

deviation was found to amount only ~0.01% and to occur for the WMO-2014 formulation.

11.6 Deviation of the approximative from the full real-gas LB-1987 formulation
under tropospheric conditions

SM/Table S-17 displays the LB-1987 humid-air mass density (serving as the ref-
erence formulation), Q(LBS7)(RH, T, p) (in units of kgm’3), using the Goff-Gratch
formulation of the compressibility factor (full formulation), Eq. (A2.4), in the pres-
sure range 200hPa<p<1100hPa, temperature range —35°C<9¥<60°C, and at rela-

tive humidities RH=(0, 25, 50, 75, 100) %rh. SM/Table S-18 shows the relative devia-

tion, <QgB87 ,approx) (LB87)>

ues Q%gghppmx) employing the compressibility factor for nitrogen, Zn, according to

/05 (LB87) (in percent), of the approximative LB-1987 val-

Eq. (A2.1), from the LB87 values Qg{?m) using the Goff—Gratch formulation of Zay accord-
ing to Eq. (A2.4). The maximum of the absolute value of the relative deviation was found
to amount ~2.6 %.

11.7 Deviations of the WMO0-2014 and TEOS-10 from the LB-1987 real-gas
formulation

SM/Table S-19 and SM/Table S-20 present the relative deviations, defined by
(QS(V) QE\L\?W)) /Q(LB87) (in percent), of the WMO-2014 and TEOS-10 values QS(V) with

= (WMO, TEOS) from the LB-1987 values oyy* using Zay according to Eq. (A2.4),
presented in SM/Table 17. An excerpt of these tables is shown in Table 6.

The maximum of the relative deviation of the WMO-2014-based from the LB-1987
formulation was found to amount —0.1297 %, occurring at p = 400hPa, ¥#=60°C, and

Table 6 Excerpt from SM/Tables S-19 and S-20, showing the relative deviations, (QE\XV) Qﬂ{?m)) Q%Em

(in percent), of the WMO-2014 and TEOS-10 values Qg\(,) with X = (WMO, TEOS) from the LB-1987 values

95\1{3337)
X p/hPa 9/°C (QX‘V) —g§§}337>) oLB8N
at RH = 0 %rh at RH = 100 %rh
WMO 1000 —35 —0.0155% ~0.0161%
60 0.0001 % —0.0986 %
200 35 ~0.0055 % —~0.0080 %
60 ~0.0024 % ~0.0767%
TEOS 1000 -35 0.0012 % 0.0007 %
60 0.0007 % —0.0268 %
200 —35 0.0005 % —0.0015 %
60 0.0004 % 0.1939 %
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RH = 100 %rh, that of the TEOS-10 formulation to amount 0.1939 %, occurring at
p = 200hPa, 9=60°C, and RH = 100 %rh.

11.8 Deviation of the WMO0-2014 from the TEOS-10 formulation

SM/Table S-21 displays the relative deviation, (Q%MO) (TEOS))

the WMO-2014-based values o AVMO) from the TEOS-10 values Q(TEOS) An excerpt of this
table is shown in Table 7. The maximum relative deviation of the WMO-2014 formulation
from the TEOS-10 formulation was found to amount —0.2701 %, occurring at p = 200 hPa
and 9=60°C, and RH = 100 %rh.

/ Q(TEOS) (in percent), of

11.9 Look-up table of the approximative TEOS-10 humid-air mass density

(i) SM/Table S-22 depicts (a) the approximative virtual temperature increment of sat-
urated humid air ATy (T, p), derived from the linearized TEOS-10 formulation
of oav(xv, T, p) according to Eq. (49), and (b) the real-gas dry-air mass density,
oa(T, p)=o0av(xyv=0, T, p). Having determined the virtual temperature, 7y,=T +
RH ATy 52 (T, p), one can directly obtain the mass density of real-gas humid air as
oav(RH, T, p)=pa(Ty, p). SM/Table S-22 has been included in Foken et al. (2021).

(i) SM/Table S-23 shows the relative deviation, defined by Q(TEOS APPIOX) _ Q('QEOS)) /

(TEOS

QA ) (in percent), of the approximative TEOS-10 values Q(TEOS +APPrOX) , from the

exact (numerical) TEOS-10 values Qf\f:os). Relative deviations >1 % are marked in
bold style. The maximum of the absolute value of the relative deviation was found to
amount ~16 % at p=200hPa, 9=60 °C, and RH=100 %rh. The table indicates that
deviations >1 % are restricted to temperatures of ¥ >35°C at p=200hPa, >45°C
at p=300hPa, >50°C at p=400hPa, >55°C at p=500hPa, >60°C at p=600 hPa,
and >60°C at p=700hPa. Such extreme combinations of temperature and pressure,
however, do not occur in Earth’s polytropic troposphere, and are even not expectable
in a post-war “nuclear winter” atmosphere with extreme heating at pressure levels
p<500hPa (Robock et al. 2007, Fig. 3 therein). Hence, for atmospheric applications
the approximative humid-air mass densities differ from the exact ones by less than one
percent, and in the major part of the p—T region by not more than a few permille.
This accuracy is sufficient for quick-look applications under typical tropospheric con-
ditions. However, for metrological purposes or for applications in numerical models
the TEOS-10 SIA library function of the humid-air mass density is recommended to
use.

Table 7 Excerpt from SM/Table

$-21, showing the relative p/hPa v/°C (QQC’MO) o'y ) oy
deviation,
(Q%M@ Qg/EOS)> /0TEOS) (i at RH = 0 %rh at RH = 100 %rh

percent), of the WMO-2014-

(WMO) 1000 -35 —0.0167 % —0.0168 %

based values g,y from the
TEOS-10 values Q(TEOS) 60 —0.0006 % —0.0718 %
200 -35 0.0060 % —0.0065 %
60 —0.0028 % —0.2701 %
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12 Climatological implications of real-gas effects in the mass density
of humid air

Analyzing the role of water vapor in the energy balance of the climate system, Feistel and
Hellmuth (20204, see references therein)! estimated the heat flux excess required to increase
the global temperature by AT = 0.5 K over a period of At = 30yr corresponding to the
observed recent global warming. The authors considered a tropospheric air column extend-
ing from the Earth surface at z = z¢ until the tropopause at 7 = z1 with air-mass density
o and specific isobaric heat capacity cp. The rate of temperature change of this air column
originates from the divergence of the diabatic heat flux and is given by the first law:
oT dHY,

P T 9z ©b)
Here, Hy, denotes the diabatic heat flux (in unit of W m~2). Counting the heat flux positive
in upward direction (positive z-coordinate), the temperature of the air column increases
if the heat flux decreases in upward direction. By virtue of the mean-value theorem for
definite integrals one can determine the vertically averaged warming rate of the air column
(indicated by the overbar) by integration of Eq. (51) from z = z¢ to z = zt:

T T oH!
dz=— | Z=DBg
20 20
oT
~ CPQEAZ = Hp(z0) — Hp(z1) - (52)

Here, Az = zT — z¢ is the vertical thickness of the air column. Without loss of generality
we adopt the following approximation for the mean warming rate:

Therewith one arrives at the following relation:

AT
At
Adopting ¢, = 103Jkg™'K™!, 0 = 1kgm™, z0 = Om, zr = 10’ m (height of the
peplopause) or zp = 10* m (height of the tropopause), one obtains:

5-107*Wm2 for Az =10°m,

5-103Wm=2 for Az =10*m.

H{\(z0) — Hp(z1) ® ¢ 0 Az (53)

Hp(z0) — Hp(z1) ~ {

If we interprete AT /At as the global-warming signal, then H{,(zo) — H{(zt) is the differ-
ence of the causative excess values of the heat fluxes at the lower and upper boundaries of
the atmospheric layer with thickness Az. A positive value of this difference corresponds to
a net warming of this layer, and a negative value to a net cooling. In other words, a perturba-
tion of the energy balance of an atmospheric layer of Az = 10* m by a heat-flux excess of
only 5mW m~2 is sufficient to cause a warming of this layer by AT = 0.5K over a period
of At = 30yr. Feistel and Hellmuth (2020a) showed that the uncertainty of the latent-
heat flux originating alone from the uncertainty in the measured relative humidity amounts

I'The English translation of this publication is given by Feistel and Hellmuth (2020b).

@ Springer



Bull. of Atmos. Sci. & Technol. (2021) 2: 13 Page290f43 13

about 3.6 Wm™2 on a global scale. Those authors further argued that the global warm-
ing of an air column by a hypothetical excess value of the latent heat flux in the order of
H{ (z0) = 5SmW m~? would be already caused by a decrease of the mean relative humidity
of only ARH ~ —0.001 %rh.

In a similar way we can estimate the real-gas effect of humid air on the heat flux.
Representing the sensible heat flux in the form Hs(zo) = ¢, ¢ w'T’ with w'T”’ denot-
ing the spatio-temporally averaged correlation product of vertical velocity and temperature
fluctuations (kinematic heat flux), the relative uncertainty of the heat flux originating
from uncertainties in the mass density is given by AHs(z9)/Hs(z0) ~ Apg/o. Taking
for the real-gas effect in humid air a value of Ap/o = 0.05% according to Table 4,
and adopting Hs(zp) &~ 17 W m~—2 (Trenberth et al. 2009) on a global scale, one obtains
AHs(z9) ~ 85mWm 2. Analogously, representing the latent heat flux in the form
Hi (z0) = Ly 0 w'q’ with Ly denoting the specific enthalpy of evaporation and w’q’ the
spatio-temporally averaged correlation product of vertical velocity and specific humidity
fluctuations (kinematic humidity flux), and adopting Hy (z0) =& 80 W m2 (Trenberth et al.
2009) on the global scale, one arrives at A Hy,(z9) &~ 40 mW m~2.

Although the sensitivity of both the sensible and latent heat fluxes against real-gas effects
is extremely small, the tiny bias in the global energy balance caused by real-gas effects in
humid air is already large enough to result in a remarkable global warming signal. For this
reason real-gas effects deserve consideration in the long-term and large-scale integration
of the partial differential equations describing the conservation laws of heat, momentum,
and mass underlying climate modelling. This analysis shows that the relevance of real-gas
effects depends on the scale and question of interest, which supports the argumentation in
Feistel and Hellmuth (2020a).

13 Conclusions

We have analyzed the deviations of the WMO-2014, CIPM-2007, and TEOS-10 formula-
tions of the humid-air mass density from the mass density derived on base of the classical
look-up tables presented in Herbert (1987, Table 13-15 therein) (LB-1987). To circum-
vent the interpolation of the humid-air mass density in its three indepedent variables p,
T, and RH from the LB-1987 look-up tables, at first the full analytical form of the LB-
1987 approach was recovered from different sources. Note, however, that no conversion
between the different historical temperature scales was applied for the LB-1987 formu-
lation. At second, the real-gas effects under atmospheric conditions were quantified. It
appeared that under tropospheric conditions these effects are very small with mass densi-
ties deviating from the ideal-gas limit by not more than 0.1 %. However, in highly accurate
hygrometrological applications, which are sensitive to the choice of the temperature scale,
real-gas effects should be considered. The deviations of the ITS-90-based WMO-2014,
CIPM-2007, and TEOS-10 formulations from the IPTS-68-based LB-1987 reference formu-
lation over a pressure and temperature range corresponding to summerly low-tropospheric
condition do not exceed 0.01 %. For the WMO-2014 and TEOS-10 formulations over the
extended range of tropospheric conditions these deviations do not exceed 0.2 % with the
maximum occurring for the TEOS-10 formulation at p=200hPa (tropopause pressure),
=60 °C (temperature of a heated skin layer), and RH=100 %rh. The maximum relative
deviation of the WMO-2014-based formulation from the TEOS-10 formulation was found
to amount —0.27 %, occurring at p = 200 hPa, 9=60 °C, and RH = 100 %rh. However, the
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combinations of p, T, and RH values at which these maximum deviations occur are not
expectable under tropospheric conditions.

In view of the smallness of these deviations the choice of the formulation depends pri-
marily on the question of interest and is not crucial for most applications. One should note,
however, that the highly accurate CIPM-2007 formulation is valid only for low-tropospheric
conditions in a very limited temperature range. The closeness of the WMO-2014 and TEOS-
10 formulations throughout the range of tropospheric pressures and temperatures supports
the applicability of the advanced seawater standard TEOS-10, developed for oceanic use,
also for meteorological purposes. The TEOS-10 humid-air mass density is determined in a
thermodynamically rigorous way from the Helmholtz potential of humid air by numerical
iteration of a transcendental equation. A FORTRAN subroutine from the TEOS-10 SIA pro-
gram library provides a convenient means to perform numerical calculations. The TEOS-10
SIA program library is freely available from the TEOS-10 website.

For quick-look estimations of the humid-air mass density at tropospheric conditions we
have presented in SM/Table S-22 a TEOS-10 based, approximative look-up table of the
virtual temperature increment of saturated humid air together with the virial-corrected dry-
air mass density. The approximation proposed here is sufficiently accurate for quick-look
purposes with the humid-air mass density deviating by less then one percent from exact
calculations for meteorologically relevant combinations of pressure and temperature. This
look-up table is part of the handbook of Foken et al. (2021). The analysis of the sensitiv-
ity of the compressibility factor of humid air against different formulations of the virial
coefficients is subject of ongoing work.

Appendix 1. Thermodynamic potentials of humid air
A1.1 Basic remarks

In the description of geophysical thermodynamic properties, the International Thermody-
namic Equation of Seawater (TEOS-10) is the first international standard that is rigorously
based on thermodynamic potentials in an axiomatic way (Feistel et al. 2016a, b; Feistel
2018). All required properties can be defined mathematically in terms of only three empir-
ical functions, plus some general constants such as molar masses or the gas constant. This
approach permits an analysis of internal relations between quantities that otherwise are
often formulated from apparently independent experimental data. Here we express several
fundamental quantities of atmospheric physics in terms of the TEOS-10 thermodynamic
potentials.

A1.2 General thermodynamic relations

Thermodynamic properties of humid air, including its saturation states, can be derived from
three analytical empirical functions, the so-called thermodynamic potentials of humid air,
of liquid water and of ambient ice Ih. In the framework of TEOS-10, these functions? are,

respectively,

2For the sake of completeness we mention two further TEOS-10 generating thermodynamic potentials, that
are the specific Helmholtz energy, fa (7, oa), of dry air (as a function of the ITS-90 temperature 7', and the
mass density of dry air, o) (Lemmon et al. 2000), and the specific Gibbs energy of seasalt dissolved in water
(Feistel 2003, 2008, and IAPWS R13-08 2008).
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(i) the specific Helmholtz energy, fav(A, T, oav), of humid air as a function of the dry-
air mass fraction, A, the temperature, T, on the International Temperature Scale 1990
(ITS-90), and the mass density, oav;

(i) the specific Helmholtz energy, fw (T, ow), of liquid water as a function of the ITS-
90 temperature, 7', and the mass density of liquid water, ow (Wagner and Pruf3 2002;
TAPWS R6-95 2016) (known as “IAPWS-95”);

(iii))  the specific Gibbs energy, g (7, p), of hexagonal ice I as a function of the ITS-90
temperature T', and the pressure, p (Feistel and Wagner 2006; IAPWS R10-06 2009).

In combination with air—water cross-virial coefficients (see Hyland and Wexler 1983a,
b, Harvey and Huang 2007, Feistel et al. 2010a) this set of thermodynamic potentials is
used as the primary standard for pure water (liquid, vapor, and solid), seawater and humid
air from which all other properties are derived by mathematical operations, i.e., without
the need for additional empirical functions. For meteorological applications, the TEOS-10
Helmholtz function of humid air, fay, may be approximated with sufficient accuracy by
virial coefficients (Feistel et al. 2015a, Eq. (3) and references therein):

fav (A, T, oav) = (1 = A) v (T, ov) + Afa (T, 0A) + fuix (A, T, 0av) . (ALD

The partial mass densities of the vapor and the air, respectively, are oy = (1 — A)pay and
oa = Agayv, their related molar densities are gy = oy/Myw and 0o = oa/Ma, their molar
masses are My and My, their specific gas constants are Rw = R/Mw and Ry = R/Ma,
and R is the molar gas constant. According to Eq. (A1.1), the function fay (A, T, oav) is
composed of a dry-air part given by the specific Helmholtz energy for dry air, fa (T, 0a)
Lemmon et al. (2000), of a water-vapor part given by the specific Helmholtz energy for
water vapor, fy (T, ov), which is defined by the thermal equation of state of fluid water
(Wagner and Pruf3 2002, IAPWS-95), and of a part describing the contribution of air—vapor
interactions to the mixture properties, fmix (A, T, oav) (Feistel et al. 2015a, Eqgs. (14), (15),
(16), and references therein):

(T, ov) = fvo(T)

- ~ | B
+RwT [ln % + Bww(T)ov + ECWWW(T) (Qv)z} . (Al2)

SA(T, 0n) = fao(T)

N o i
+RAT [m %—‘3 + Baa(T)Ba + 5Cara(T) <QA)2] . (ALD)

- - RT
fmix (A, T, 0av) = 0A0V—
OAV

3 - 3 -
X [2BAW(T) + ECAWW(T)QV + ECAAW(T)QA:I . (Al4)

The quantity g is an arbitrary reference molar density, such as g9 = 1 mol m~3, introduced
only to render the argument of the logarithm unitless. The functions fyvo(7") and fao(T)
are relatively complicated mathematical expressions related to ideal-gas heat capacities;
these functions are not relevant for the following derivations, and explicitly reporting them
is refrained from here.

In Egs. (A1.2)-(A1.4), Bww(T) and Cwww (T) denote the second and third molar virial
coefficients (VCs) for water—water interactions, Baa (7)) and Caaa (T') the second and third
molar virial coefficients for air—air interactions, and Baw(7T), Caww(T), Caaw(T) the
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second and third molar cross-virial coefficients for air-water interactions. The second virial
coefficients are given in units of the molar volume (m3 mol_l), and the third ones in units of
the square of the molar volume (m® mol~2). These seven functions are mutually independent
and are sufficient to describe all thermodynamic real-gas corrections of humid air. It is the
aim of this Appendix to provide rigorous relations for quantities of meteorological interest
in terms of these seven VCs. Various empirical formulas for these VCs are available from
the scientific literature; in Appendix 2 we shall focus on only those which are related the
selected meteorological standard equations.

Expressing Eq. (A1.1) in terms of these seven VCs, the Helmholtz function of humid air
reads:

fav(A, T, oav) = favo(A, T)
RT 0

L |:xv Inxy + (1 — xy) In(1 — xy) + In 22

Mav 00

~ 1 ~
+B(xv, T)oav + EC(XV, T)lew]- (ALS5)

In Eq. (A1.5) these seven VCs appear in two regular combinations of the so-called mix-
ture virial coefficients B(xy, T) and C(xv, T') (Guggenheim 1950; Prausnitz et al. 1999,
pp- 133-134, Egs. (5.20), (5.22) therein):

B(xy, T) = x3 Bww(T) + 2xy (1 — xv) Baw(T) + (1 — xy)*Baa(T) , (A1.6)

Clxy, T) = xyCwww(T) + 3x3 (1 — xv)Caww (T)
+3xv(1 — xv)2Caaw(T) + (1 — xv)>Cana(T) . (AL.7)

In Egs. (A1.6) and (A1.7) the quantity xy is the mole fraction of water vapor in humid air,

xy=(1- A)M;IL\;A) , (A1.8)
My is the mean molar mass of the binary gas mixture “humid air”,
1-4) A"
Mav(4) = S [( it M—J , (AL9)
and
Javo(A, T) = (1= A) fvo(T) + Afao(T) (AL.10)

is an abbreviation. Thermodynamic potentials may be mathematically transformed in vari-
ous ways to be expressed in suitable independent variables (Alberty 2001). To replace the
density argument of the Helmholtz function f (7T, o) by the more convenient pressure, by

virtue of
9
p= o (l) , (AL11)
do/r

a Gibbs function g(7, p) may be employed, which is obtained by the so-called Legendre
transformation:

9
g, p)=f+eo <a—f) . (A1.12)
e/r
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The virial equation for the pressure of humid air is obtained from the density derivative,
Eq. (A1.11), of the Helmholtz function, Eq. (A1.5):

2 (afAV)
p=0|—
90av /) 1
= DAVRT [1 + B(xy, T)3av + Clav, T3y + D(xv, TPy + .. ] (AL13)

In TEOS-10, the Gibbs function of liquid water, gw (7, p), is computed numerically from
Jw(T, ow), but for low-pressure conditions an analytical version of gw is available (Feistel
2003; IAPWS SR7-09 2009). The virial equation for the Gibbs function of humid air related
to the Helmbholtz function, Eq. (A1.1), takes the form

(AT, p) = go(A, T) +a | In=L +b(L)+lc(L)2
SR T P B RT%, RT) T 2°\RT

+3d (R”Tﬂ +0 { (%)4} (ALY

The virial equation for the mass density of humid air is obtained from gav(A, T, p) via

Q% _ (a;’;w)A’T _ % [1 +b(L) +c(%)2+d(%)3 +} (ALIS)

Introducing the variable y = p/(RT), Eq. (A1.13) can be brought into the following form:

y=0avx. x=1+BBav+Coxy + D3}y - (A1.16)
Analogously, Eq. (A1.15) assumes the following form:
p = aMayBav(l + by + cy* +dy?) . (A1.17)

Equating the pressures defined by Eqgs. (A1.16) and (A1.17) yields:
RTOAvX = aMavOav (1 +by+cy2+dy3> . (A1.18)
Inserting y from Eq. (A1.16) into the right-hand side of Eq. (A1.18), one arrives at the
following relation:
_aMav

x = (1+68avx + @’ +dvr’) €= (AL19)

~ 1+ BOav+ COay + Do3y
= € + eb0av (1 + B3av + COay + DE?W)
~2 ~ ~2 ~3 2
+ €cory (1 + Boav + Coxy + DQAV)
~3 ~ ~2 ~3 3
+ €dOny (1 + Boav + Coxy + D AV)
= ¢ +ebBav + (bB + €c)F%y + (ebC +26cB + ed)Fay
+ O {54AV}
~ 0= (1—€)+(B—eb)Bav + (C —ebB — €c)Try
+ (D — €bC —2ecB — ed)Fry + O {Eiv} :
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The satisfaction of the last relation in Eq. (A1.19) requires the fulfillment of the following
relations between the coefficients of the pressure expansion, Eq. (A1.15), and the original
VCs introduced by Eq. (A1.13):

RT
1—6:0 > 6:1 ~ azi7
Mav
B—¢b=0 ~ b=B8B,
C—¢bB—sc=0 ~ c¢=C-B%,
D—ebC—2ecB—ed=0 ~ d=D-3BC+2B>. (A1.20)

The inverse relations read:
B=b, C=c+b>, D=d+3bc+b. (A1.21)
Also, from Eq. (A1.12), g = f + p/o, it follows that
RT
80(A, T) = favo(T) + My [1+xvInxy + (1 —xv) In(1 —xv)] . (Al1.22)

By virtue of Eq. (A1.20) the virial equation for the Gibbs function of humid air, Eq. (A1.14),
can be expressed in terms of the original VCs:

(A.T. p) AT)+ 2|1y P +B(”)+1(c BZ)(”)2
T, p) = , —— | In——= — )+ =(C— -
gav p) = &0 May | | RTGo rRT) 2 RT

o 3BC+2133)(‘D)3 +O (p)4 (A1.23)
3 RT RT ' ’
Analogously, the virial equation for the mass density of humid air, Eq. (A1.15), can be
rewritten as follows:

o = |1+ () = ()
+(D —3BC +2B%) (%)%Jr] (A1.24)

A1.3 Virial form of thermodynamic properties
A1.3.1 Basic remarks

Virial coefficients are basic thermodynamic quantities which contain the full information
about the real-gas behavior of a vapor or a vapor mixture. These coefficients represent a
complete, self-consistent, and independent description of real gases, while thermodynamic
derivables given in form of empirical or semiempirical functions do neither fulfill the crite-
rion of independency from each other, nor the criterion of completeness. In other words, it
is impossible to provide separate empirical formulae for such derivables, which do not lead
to discrepancies in the corresponding VCs retrieved from these formulae.

The thermodynamic equilibrium conditions given by Eqgs. (9) and (10) allow the deter-

mination of the mole fraction of water vapor in saturated humid air, x$ ;at,
(©)

pressure of water vapor, eg,, respectively. In TEOS-10, the chemical potentials of lig-
uid water and ice, u™ (7, p) and wih(r, p), are available as functions of temperature
and pressure. Furthermore, in Feistel et al. (2015a, b) also virial approximations of the
TEOS-10 equations for the fugacity and the chemical potential of water vapor in humid,
u{',‘vv(xv, T, p), are derived. This preparatory effort suggests the possibility of expressing

and saturation
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x{,c lat and egzi in terms of VCs. The derivation of virial representations for these two quan-

tities, however, is a nontrivial and pending task, which is beyond the scope of the present
study. The same holds true for the enhancement factor, f©(T, p), defined by Eq. (11).
Therefore, below we restrict our consideration to the derivation of the virial forms of the
compressibility coefficient and the virtual temperature, which can be obtained in a more
straightforward manner.

A1.3.2 Virial form of the compressibility coefficient

The compressibility coefficient of humid air, Z vy, is defined by Eq. (14) as

Zay = (A1.25)

~ OavRT
By virtue of Eq. (A1.13), Zay can be expressed as a series expansion with respect to the
molar density:

p(©0av)
OAvRT

Analogously, by virtue of Egs. (Al.15) and (A1.24), Zay can be expressed as a series
expansion with respect to pressure:

~ 1+ Bxy, T)8av + C(xv, T)8ay + D(xv, TNy - (A1.26)

Zav(©0av) =

Zav(p) = m ~ 1+ b(xy. T) (%) ¥ e(ey, T) (%)2
+d(xy, T) (%)3
— 14+ B(xv, T) (%)
+(Ctv. T) - B 1) (%)2
+(DGrv. T) = 3BGrv, TICrv, T) + 2B, T) ) (%)3 (A1.27)

These equations permit the a posteriori derivation of associated VCs from several published
empirical functions Zay. Such VCs, in turn, permit comparison with VCs derived from
other empirical formulas, such as for the density. The special case of the compressibility
factor for dry air can be recovered from Eqgs. (A1.26) and (A1.27) for xy = O:

ZA@@av) ~ 1+ B(0, T)3a + C(0, T)34 + D(0, T)33 (A1.28)
Zap ~ 1460.7) (L) +e0. 1) (L) va0. 1 (L)
= 1+80.7) (=) + (cO.1) - 5*0.1)) (%)2

+ (D(o, T) — 3B(0, T)C(0, T) + 2B (0, T)) (%)3 . (A129)

A1.3.3 Virial form of the virtual temperature

The general expression of the virtual temperature, 7y, is defined by Eq. (17):
Z R Z M
T,=T <ﬂ> <ﬂ> —T <ﬂ> <J> . (A1.30)
Za Ra Za Mav

@ Springer



13 Page360f43 Bull. of Atmos. Sci. & Technol. (2021) 2: 13

For meteorological applications this temperature is typically evaluated as function of the
pressure. By virtue of Zay(p) from Eq. (A1.27) and Za(p) from Eq. (A1.29) the virial
form of the virtual temperature reads:

_ (M r
T, = T<MAV> x {1 +B(xv,T)<RT)

+(Cav. 1) = By, 1) (R’iT)2

+(DGrv. T) = 3By, TICrv, T) + 283, T) ) (%)3 }

s () s (eon-pon) ()

-1
+ (D(o, T) —3B(0, T)C(0, T) + 2B3(0, T)) (%)3 } . (A131)

Empirical equations available for 7, permit the estimation of associated VCs by means
of Egs. (A1.27)-(A1.28) or (A1.31), respectively, or by suitable low-pressure series
expansions of those equations.

Appendix 2. Compressibility factor employed in the LB-1987 approach
A2.1 Compressibility factor of nitrogen

As a first guess, Herbert (1987, p. 74 therein) approximated the compressibility factor of
humid air, Zay, by the one of nitrogen, serving in turn as proxy of dry air. The corresponding
virial form of Zay is given by the following relation:
3
Zny ~ Zny(T.p) =14 Y B(T)p*. (A2.1)
k=1
The coefficients Bl’((T) are presented in Table 8. Equation (A2.1) is equivalent to the
textbook-like form, Eq. (A1.27), with the pressure-expanded VCs b, ¢, and d determined by
the following transformations:

b=RTB{(T), c¢=(RT)*B5(T), d=(RT)’BYT). (A2.2)
By virtue of Eq. (A1.21), the density-expanded VCs read
B = RTB{(T).

C = (RT)Z[(B;(T»2 + Bﬁ(T)] :

D = (RT)3[(B;(T))3 + 3B (T)BY(T) + Bg(T)} . (A2.3)

For temperatures in the interval 200 K<7 <300K the VCs B{, B}, and Bé in Table 8
must be interpolated. As the VCs vary by more than one order of magnitude over this
range and as the corresponding temperature coefficients differ by their signs (dBj /dT > 0,
dB}/dT > 0, and dB;/dT < 0) it would be desirable to have physical a priori information
for the specification of the appropriate interpolation. However, due to lack of such guiding
information in Herbert (1987, p. 74 therein) as a first guess we applied linear interpolation
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Table 8 Coefficients B|, By, and B} of the compressibility factor of nitrogen, Eq. (A2.1)

T B, B, B,

K Pa~! Pa=2 pa~3

200 —2.097212:108 —7.801880-10~18 5.505254.10723
300 —1.80607-10~° 2.025956-10~16 2.864616-1072

Taken from Herbert (1987) (see reference therein to Iribarne and Godson 1981). In the original table Bi is
given in units of atm™!, Bé in units of atm~2, and Bé in units of atm ™3

appearing the simplest one. One can at least expect that the uncertainty of such practice is
not larger than those originating from linear interpolation of look-up table values. However,
the analysis of the sensitivity of Zn, (T, p) against the interpolation method for the coef-
ficients B{, B), and Bj as well as against the application of alternative expressions for the
temperature dependence of the VCs is beyond the scope of the present study, but is subject
of an ongoing work.

A2.2 Compressibility factor of humid air

For a refined guess of the compressibility factor, Herbert (1987, Section 2.3.3, Table 15
therein) presented table values of Zay with reference to WMO (1968). In the source (WMO
1968, Table 4.12.2 therein) in turn, reference is given to SMT (1951, pp. 331-333 and Table
84 therein)®, which again relegates to the Goff-Gratch formulation of the thermodynamic
properties of air and water vapor as published in Goff and Gratch (1945, 1946), and Goff
(1949a)*.

The form of ZAy used in SMT (1951, Table 84 therein) can be derived from Goff and
Gratch (1945, Eq. (13.8) therein):

p

—— = RT — [ng’AA 4+ 2xa(1 — xa) Ay + (1 — xA)ZA{VW:|p
QAV

- [(1 - xA)3A§VWW] P’ (A2.4)

Here, xo = 1 — xvy denotes the mole fraction of dry air in humid air. By virtue of the
definition Zay = p/(RT0av), Eq. (A2.4) can be rewritten as follows:

Zavey, T, p) ~ 1 = [(1 — 22 Ala + 21 — xv)ay Ay
2 p 3 p*
/ /

Here, AA A A(NW, and A;xw (in units of a molar volume, m3 mol’l) are coefficients, which
are related to the second molar virial and cross-virial coefficients of molecular air—air,

3Table 15 in Section 2.3.3 of Herbert (1987), Table 4.12-2 in WMO (1966), and Table 84 in SMT (1951) are
identical.
4Slightly different versions of this final report were published by Goff (1949b) and Goff (1949c).
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water—water, and air—water interactions, Baa, Bww, and Baw, respectively, and Ay (in
units of m3 mol~! Pa~!) is related to the third molar VC of interactions between three water
molecules, Cwww. As Goff and Gratch (1945, p. 139 therein) did neither had experimental
nor theoretical information regarding the triple-interactions coefficients A’y , », A’y o> and
A;xww’ they were entirely neglected in Eq. (A2.4).

The LB-1987 form of Zay, Eq. (A2.5), is equivalent to the textbook-like form,

Eq. (A1.27),
14 () +e ()
p

— 148 (%) +(C - B?) (ﬁ)z , (A2.6)

%

Zav

with the second and third VCs defined by Eqs. (A1.6) and (A1.7),

B = xyBww + 2xy(1 — xy)Baw + (1 — xv)*Baa .
C = x3Cwww + 3x3 (1 — xv)Caww
+3xy (1 — xv)2Caaw + (1 — xv)>Cana (A2.7)

and the replacements

b=B= —|:x\2,A/WW + 2xy (1 — xy) Apw + (1 — xv)zAgA}
~  Bww = —Aww. Baw=—Aly. Baa=-—A),, (A2.8)

and

C(RpT>2 - C<1 _fc:> (%)2 ~C (%)2

<1
2
o~ 3 P \? 3 p
~ xyCwww (RT) = _|:XVA/WWWi|ﬁ
~  Cwww = —RT Ay - (A2.9)

While A{VWW is given in units of m3 mol~! Pa~! , the commonly used third VC, Cwww, is
given in units of m® mol 2.

Parameterizations of the virial-like coefficients A’y \, Ay, Ayww- and Ay, used in
the LB-1987 formulation are given in Goff and Gratch (1945, Egs. (2.4), (8.1), (8.2), and
(16.2) therein). However, as SMT (1951, pp. 331-333 and Table 84 therein) cited the later
publication of Goff (1949a), here the virial-like coefficients were taken from this source.
Correspondingly, the second virial-like coefficient of dry air reads (Goff 1949a, Table 3
therein):

A 1.3116-102 120
—AA = 407107 + - s
m3 mol™ T/K (T/K)-
183K < T <363K. (A2.10)
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For the second and third virial-like coefficients of water vapor, Goff ( 1949a, Tables 4
and 5 therein) referred to the formulation provided by Goff and Gratch (1946, Eq. (20)
therein)’:

AW 3397.1075 4 5.5306-1072  2000/7/K)? ,
m?3 mol ™! T/K
263K < T < 363K, (A2.11)
Ayrww 3.43449.10° ( Aww )3
m?3 mol 'Pa~! (T/K)? m3 mol ! ’
293K < T < 363K . (A2.12)

For the second cross virial-like coefficient of air—water interactions, Goff (1949a, Table 6
therein) referred to the formulation provided by Goff and Gratch (1945, Eq. (16.2) therein):

A —2.953-107° + 6.69-10~° <Z> [1 —exp <— 44165)]
m3 mol ™! K T/K
1.7546-10~2  9.53.1072  85.15
Tk T Tamr Tame
183K < T < 363K. (A2.13)

To avoid spurious misfits outside the declared definition ranges of A’ ,, Al\w. Ayw:
and Ay the VCs were set to zero beyond the declared temperature intervals (instead
of extrapolating the corresponding formulas beyond their definition ranges). Zeroing
simultaneously all of the VCs corresponds to idealization of the gas-phase mixture.
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SIn the original paper of Goff and Gratch (1946, Eq. (20) therein) there is some confusion with the physical
units. The expression Ay, is given in units of ft3/Ib, that of Alyww in units of ft> /1b%, and temperature in
units of °R. Thus, the product p A{y, should have the unit J kg~! instead of ft as announced in the paper. If
P ALy, however, has the unit of a mass-specific energy (J kg™!), than the product RT must have the same
physical unit with R being the specific gas constant of humid air. However, in the paper RT is given in
units of a molar energy (cm> atm/mole, corresponding to J mol ™). If, as indicated in the paper, the product
pAlyy has the unit ft and RT the unit cm? atm/mole, an incompatibility in Goff and Gratch (1946, Eq. (2)
therein) occurs, because in the difference (RT —A},,,) subtrahend and minuend have different physical units.
Therefore, for application the user should consequently switch to the SI system of units.
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