
1. Introduction
The largest part of Earth's unbound fresh water is groundwater, thus being of great importance for human kind. 
Climate change is anticipated to have severe impacts on the amount and dynamics of groundwater recharge 
and consequently on water resources stored in aquifers (Butler et al., 2021; Russo & Lall, 2017; Whittemore 
et  al.,  2015). In particular, the spatial and temporal variations of the storage are still unclear. Furthermore, 
abstraction rates may increase to meet future human water demands, placing additional stress on groundwater 
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scale gap and derive regional hydraulic parameters by spectral analysis of groundwater level fluctuations. We 
hypothesize that specific locations in aquifers can reveal regional parameters of the hydraulic system. We first 
generate ensembles of synthetic but realistic aquifers which systematically differ in complexity. Applying 
Liang and Zhang’s (2013), https://doi.org/10.1016/j.jhydrol.2012.11.044, semi-analytical solution for the 
spectrum of hydraulic head time series, we identify for each ensemble member and at different locations 
representative aquifer parameters. Next, we extend our study to investigate the use of spectral analysis in more 
complex numerical models and in real settings. Our analyses indicate that the variance of inferred effective 
transmissivity and storativity values for stochastic aquifer ensembles is small for observation points which are 
far away from the Dirichlet boundary. Moreover, the head time series has to cover a period which is roughly 
10 times as long as the characteristic time of the aquifer. In deterministic aquifer models we infer equivalent, 
regionally valid parameters. A sensitivity analysis further reveals that as long as the aquifer length and the 
position of the groundwater measurement location is roughly known, the parameters can be robustly estimated.

Plain Language Summary We build large-scale (regional) computer models of the subsurface 
flow conditions in order to quantify the long-term shift in groundwater storage and response on the national 
level under changing climatic conditions and increasing human water demands. These models must be fed 
with hydrogeological parameters obtained from subsurface observation wells, drilling logs, and hydraulic tests 
in conjunction with (hydro)geological and geostatistical methods. In some regions these wells are sparsely 
distributed and derived parameters are representative only for small areas. We hypothesize that groundwater 
level records can reveal regional aquifer information when analyzed in the spectral domain. In order to 
bridge that scale gap and because groundwater level time series are generally available, we propose to infer 
regional parameters by analyzing the frequency content (spectrum) of long groundwater level time series. 
The required parameters were determined using mathematical formulations of the theoretical spectrum for 
simplified settings. We tested the methodology in computer models with limited complexity and found that 
the groundwater level time series indeed contain regional information if the time of observation is sufficiently 
long. Lastly, we apply the spectral analysis to real groundwater data to test the capability of the method to infer 
regional aquifer parameters in real aquifers.
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systems. Hydrological models are essential tools for describing and understanding the dynamics of hydrological 
systems, investigating the impact of climate and anthropogenically induced changes and lay the foundation to 
answer questions societies and decision makers face: How long do aquifers meet increasing water demands or 
buffer recharge fluctuations until groundwater levels fall and baseflows run dry? In order to answer these ques-
tions usually regional scale integrated models are established. The models often cover areas on the order of major 
river basins as the impact of climate change and human interventions affect hydrological processes operating 
at these scales. Regional groundwater models are then a part of these integrated hydrologic models, in which 
the representation of groundwater is usually conceptualized through simple linear reservoir approaches (e.g., 
Hamman et al., 2018; Samaniego et al., 2010; Sutanudjaja et al., 2018). In the last years, however, one can observe 
that more complex partial differential equation (PDE) based modeling approaches solving the spatially resolved 
groundwater flow equation are incorporated into or coupled with the codes as well (e.g., Hellwig et al., 2020; Jing 
et al., 2018; Markstrom et al., 2005; Maxwell & Miller, 2005; Srivastava et al., 2014; Sutanudjaja et al., 2011). 
The construction of regional PDE based groundwater models poses specific problems due to limited groundwater 
data availability but also due to the coarse numerical discretization of regional groundwater models. The standard 
procedure of building a PDE based groundwater model is composed of several steps. First, a structural geologi-
cal model is established to describe the spatial geometry of the groundwater system which typically consists of 
different complex hydrogeological layers and facies. The extent and thickness of the relevant hydrogeological 
facies determine the capacity of the groundwater system to store and the ability to transmit groundwater. An 
appropriate estimation of the extent and thickness of layers and their complex connections is difficult to achieve. 
Consequently, the complex interplay of adjacent units which collectively contribute to regional groundwater 
behavior was often disregarded and replaced by a simpler conceptualization. In a second step, local groundwater 
level measurements and in-situ investigations such as pumping, slug test, or direct-push (e.g., Butler et al., 2007; 
Dietrich & Leven, 2009) together with laboratory experiments are used to infer hydraulic properties of the layers 
and facies and to delineate different hydrogeological units. However, all these measurements and data are rare in 
regional systems. Consequently, they cover only a small fraction of the whole aquifer system. In particular, since 
hydraulic properties of aquifers vary spatially over several orders of magnitude within an aquifer, rare measure-
ments do not capture the heterogeneity of the system to its full extent. In addition, hydraulic tests and similar 
techniques predominantly describe local hydraulic properties of a groundwater system. Similarly, the absolute 
values of groundwater level measurements display very local conditions. Unfortunately, the support volume of 
these measurements does not match the discretization volumes of regional groundwater model which are usually 
much larger and in the order of several hundred meters. Installing many more groundwater monitoring wells 
is not feasible. The challenging question therefore is: are there alternative techniques for interpreting available 
but scarce groundwater data? An alternative approach might be developed from the following concept: Natural 
groundwater recharge is continuously and regionally forcing shallow aquifer systems like a continuous large 
scale injection test and aquifer systems are responding to it by changes in groundwater levels. Around 20 years 
ago, Zhang and colleagues studied the frequency distribution of groundwater level fluctuations (Zhang & Schil-
ling, 2004) together with the frequency distribution of stream and baseflow fluctuations (Zhang & Li, 2005; 
Zhang & Schilling, 2005). They found that regional shallow aquifers transmit and alter the forcing signal in a 
specific way: Aquifers transforms the incoming signal into a signal in which frequencies higher than a specific 
cut-off frequency are attenuated. In other words, aquifers act as low-pass filters. Moreover, the cut-off frequency 
strongly depends on the aquifer properties like transmissivity, storativity, and spatial extension of the system. 
Therefore, the investigation of frequency distributions of groundwater level fluctuations may be used for parame-
ter inversion. In addition, Zhang and colleagues found in their field studies but also in numerical simulations that 
the cut-off frequency is not very sensitive to local variations in the hydraulic conductivity. This raises the hypoth-
esis that the cut-off frequency is dominated by regional and representative (Sanchez-Vila et al., 2006) hydraulic 
properties of aquifer systems and thus may be a suitable property to identify regional scale aquifer parameters.

Calculating the spectrum of a signal is a standard method to investigate the frequency distribution of time series. 
Pioneering work in the field of spectral analyses of groundwater systems has been conducted by Gelhar (1974). 
He developed analytical solutions in the frequency domain to describe the spectral response characteristics of 
three different ideal phreatic aquifers (linear reservoir, linear Dupuit aquifer, and Laplace aquifer) with time-vari-
able recharge and river stage fluctuations. Similarly, Zhang and Schilling (2004) investigated a simple groundwa-
ter model forced by uncorrelated white noise recharge. They expanded their approach in subsequent studies and 
included the impact of temporally correlated recharge (Zhang & Li, 2006), spatial heterogeneity, and temporally 
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changing river stage on groundwater level fluctuations (Zhang & Yang,  2010) making use of non-stationary 
spectral analysis and numerical simulations.

Recently, researchers investigated the spectral response of hydrological systems and extended existing models 
in order to improve the quality of parameter determination (Schuite et al., 2019) or to estimate the impact of 
groundwater abstraction on groundwater levels (Condon & Maxwell, 2014). Moreover, Liang and Zhang (2013) 
presented an analytical solution of the hydraulic head spectrum for a bounded unconfined aquifer based on the 
linearized Boussinesq equation (Bear, 1972). The equation relates the recharge spectrum (input spectrum) to the 
head spectrum (output spectrum). Assuming stationarity in the time series, the relation between input and output 
can be expressed in terms of a transfer function which depends on the hydraulic parameters, the storativity, and 
the transmissivity. Transfer functions in general are also the focus of papers by Molénat et al. (1999) and Molénat 
et al.  (2000) who studied groundwater flow and transport including discharge and rapid flow, compared it to 
simulated results and identified the governing flow and transport processes as well as the characteristic time 
of these hydrological systems. Based on these findings, we hypothesize that the spectrum of groundwater level 
fluctuations is predominantly determined by regional hydraulic properties of an aquifer and therefore can be used 
to reliably infer regional aquifer parameters to effectively parameterize a groundwater model at regional scales.

Our proof of concept builds on the following consecutive steps: First, we generate a 2D virtual aquifer setup 
and show that a spectrum can be used to reliably estimate aquifer parameters for an aquifer with a homogene-
ous hydraulic conductivity field. Then, we expand the homogeneous setup to various heterogeneous setups and 
demonstrate that the spectrum of the groundwater level fluctuations is predominantly determined by effective 
hydraulic properties of the aquifer and can be used to infer effective parameters. Third, we move from virtual 2D 
aquifers to real aquifers and compare spectra from real groundwater level time series with theoretical spectra. 
Moreover, real aquifer systems are three dimensional and groundwater flow lines and their lengths are not exactly 
known without a groundwater model but the length L is an essential prerequisite for our method. Therefore, we 
investigate the sensitivity of our method with respect to that length in a fourth step. Finally, we present a plausi-
bility test of our method on four groundwater level time series of the Main catchment.

In the following theoretical part, the relevant groundwater flow equations and the spectral analysis method are 
described, followed by the numerical tools used. Then we provide the experimental setup to validate the first two 
steps of the proof of concept described above. We develop a method to infer regional aquifer parameters from a 
spectrum in a virtual aquifer setup. Subsequently, we show how spectra of real groundwater level time series can 
look like and how they compare to the theoretical considerations. It follows the sensitivity analysis of the devel-
oped method using real groundwater data and a plausibility test of the spectral approach. Finally, we summarize 
and discuss the field data analysis before we complete our work with a conclusion.

2. Theory
2.1. Equations of Groundwater Flow

Based on the conservation of water mass and Darcy's law, the flow of water through an anisotropic, saturated 
medium is described with the 3D groundwater equation (e.g., Freeze, 1979):

𝜕𝜕
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 (1)

where Ss [L −1] and K [LT −1] are the specific storage and the hydraulic conductivity of the porous medium, respec-
tively, and h [L] states the groundwater level above an underlying aquitard. For an isotropic and homogeneous 
porous medium Equation 1 reduces to:
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 (2)

In a shallow regional groundwater system with a horizontal extension much larger than its vertical, the vertical 
flow components are much smaller than the horizontal ones and usually neglected. Consequently, Equation 2 can 
be averaged across the vertical coordinate z. In a confined aquifer with constant thickness b [L], the hydraulic 
conductivity and specific storage are then replaced by the transmissivity T [L 2T −1] = K [LT −1] ⋅ b [L] and the 
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storativity S[−] = Ss [L −1] ⋅ b [L]. If additionally groundwater recharge W [LT −1] enters the aquifer, Equation 2 
finally becomes:

𝑇𝑇

(

𝜕𝜕2ℎ

𝜕𝜕𝜕𝜕2
+

𝜕𝜕2ℎ

𝜕𝜕𝜕𝜕2

)

+𝑊𝑊 = 𝑆𝑆
𝜕𝜕ℎ

𝜕𝜕𝜕𝜕
 (3)

In unconfined aquifers the thickness does not depend on z but is given by the water level h which introduces a 
non-linearity in the flow (Equation 3). However, in shallow regional systems, water level variations are consid-
ered small against the overall water level and a constant thickness is presumed. Following this argumentation, 
Equation  3 describes both confined and unconfined shallow groundwater systems. The difference between 
them shows up in the storativity only. The storativity of confined aquifers is determined by the porosity, the 
compressibility of the aquifer, and the water itself and is usually very small. The storativity in unconfined aqui-
fers comprises the compressibility of the aquifer, the water, and additionally, the specific yield Sy [−]. Since Sy 
is typically dominating the storage behavior of the aquifer, the storativity is effectively equal to Sy in unconfined 
groundwater systems.

Depending on the boundary conditions, groundwater might flow more or less uniformly along one spatial direc-
tion and Equation 3 can be even more simplified to

𝑇𝑇
𝜕𝜕2ℎ

𝜕𝜕𝜕𝜕2
+𝑊𝑊 = 𝑆𝑆

𝜕𝜕ℎ

𝜕𝜕𝜕𝜕
 (4)

where x axis is now aligned parallel to the groundwater flow direction. Assuming that the groundwater system is 
only supplied by groundwater recharge W from the top, groundwater might leave the system toward a river. The 
corresponding boundary and initial conditions describing such a groundwater system then read

ℎ(𝑥𝑥𝑥 0) = 𝑓𝑓 (𝑥𝑥);
𝜕𝜕ℎ

𝜕𝜕𝑥𝑥
|𝑥𝑥=0 = 0; ℎ(𝐿𝐿𝑥 𝐿𝐿) = ℎ0 (5)

assuming an aquifer system of length L, a no-flow boundary condition at the water divide x = 0 and a fixed water 
level at the river boundary x = L (Figure 2a).

Equation 4 together with its initial and boundary conditions (Equation 5) can be solved analytically. This still 
holds if the groundwater recharge is a temporally fluctuating function W(t) and more complex boundary condi-
tions are governing the groundwater flow behavior. Analytical solutions are presented in the articles by Liang and 
Zhang (2013), Liang and Zhang (2015), or de Rooij (2012).

2.2. Stochastic Temporal Behavior of Hydraulic Heads

A temporally fluctuating recharge W(t) complicates the analytical solution and allows only to specify it as a 
convolution of W(t) with basic expansion terms solving the homogeneous equation. However, considering W(t) 
as a stochastic function in time with a known temporal mean 𝐴𝐴 𝑊𝑊  , temporal variance 𝐴𝐴 𝐴𝐴2

𝑊𝑊
 and auto-covariance 

function allows to solve Equation 4 stochastically. Making use of the calculus of stochastic differential equations, 
stochastic temporal moments can be evaluated as presented in the article by Liang and Zhang (2013). In their arti-
cle, the authors argue that river fluctuations are in most cases relatively small compared to the groundwater level 
fluctuations in the aquifer so that their effects are limited to a small zone close to the constant-head boundary 
condition. Thus, they set T, Sy, and h0 to be constant and consider only the recharge W as being stochastic in time 
following a white noise process. Our work focuses on the head spectrum Shh (also: PSD, power spectrum, spectral 
density) which is the Fourier transform of the temporal auto-covariance function Rhh of groundwater levels. The 
solution will be discussed later in this subsection. First, the theoretical basis for the spectral approach is given.

The spectral approach is based on the Fourier transform, which transfers a signal g(t) (e.g., measured groundwater 
levels over time) from the time to the frequency domain. The forward Fourier transform is defined as:

�̂�𝑔(𝜔𝜔) = ∫
∞

−∞

𝑔𝑔(𝑡𝑡) 𝑒𝑒2𝜋𝜋𝜋𝜋𝜔𝜔𝑡𝑡𝑑𝑑𝑡𝑡 (6)



Water Resources Research

HOUBEN ET AL.

10.1029/2021WR031289

5 of 22

where 𝐴𝐴 𝐴𝐴 =
√

−1 and ω is the frequency. The resulting signal 𝐴𝐴 𝐴𝐴𝐴(𝜔𝜔) represents the frequency share of the original 
signal, that is, it can be seen as the decomposition of the signal into sine waves of varying amplitude, phase, and 
period (Fleming et al., 2002).

Using the Fourier transform (Equation 6), Equation 4 can be transferred to the frequency domain, solved and 
Shh—which is according to the Wiener-Khinchin theorem the Fourier transform of Rhh (Khintchine,  1934; 
Wiener, 1930)—can be evaluated.

𝑆𝑆ℎℎ(𝑥𝑥𝑥 𝑥𝑥) = ∫
∞

−∞

𝑅𝑅ℎℎ(𝑥𝑥𝑥 𝑥𝑥) 𝑒𝑒
−2𝜋𝜋𝜋𝜋𝑥𝑥𝑥𝑥𝑑𝑑𝑥𝑥 (7)

where Rhh is assumed to be stationary in time and τ is the time lag.

The head spectrum is given by

𝑆𝑆ℎℎ(𝑥𝑥𝑥 𝑥𝑥) =
16

𝜋𝜋2𝑆𝑆2
𝑦𝑦

∞
∑

𝑚𝑚=0

∞
∑

𝑛𝑛=0

(−1)
𝑚𝑚+𝑛𝑛

𝐵𝐵𝑚𝑚𝐵𝐵𝑛𝑛𝑆𝑆𝑤𝑤𝑤𝑤

(2𝑚𝑚2 + 2𝑛𝑛2 + 2𝑚𝑚 + 2𝑛𝑛 + 1)
⋅

(2𝑚𝑚 + 1)
2

(2𝑚𝑚 + 1)
4
𝑡𝑡−2𝑐𝑐 + 𝑥𝑥2

 (8)

𝐵𝐵𝑚𝑚 =
cos

[

(2𝑚𝑚 + 1)𝜋𝜋𝜋𝜋′∕2
]

(2𝑚𝑚 + 1)
, 𝜋𝜋′ =

𝜋𝜋

𝐿𝐿
 (9)

where tc is the so called characteristic time of the aquifer (also referred to as characteristic time scale or aquifer 
response time), Sww the spectrum of groundwater recharge fluctuations, x is the lateral position of the hydraulic 
head measurement, and L is the aquifer length from the water divide to the river. Assuming the recharge having 
a constant power spectrum (white noise-like) for frequencies larger than 0, the spectrum of hydraulic head fluc-
tuations is shaped as displayed in Figure 1. A white noise is a process which is temporally uncorrelated and thus 
shows a spectrum which is constant for all frequencies. As mentioned in Section 1, the aquifer serves as a low-pass 

Figure 1. Semi-analytical power spectra of a hydraulic head fluctuation calculated with a white noise-like recharge. The recharge signal was sampled from a uniform 
distribution between the intervals 0 and 1 mmd −1 and has a constant power spectrum for frequencies larger than 0. In each subplot another parameter was varied: 
(a) storativity S (specific yield Sy in Equation 8); (b) transmissivity T; (c) position along the transect x; (d) aquifer length L. Except for varied parameters, remaining 
parameters are kept constant for each subplot: S = 0.01, T = 0.001 m 2 s −1, x = 500 m, and L = 1,000 m. Vertical dashed lines mark frequencies which correspond to a 
period of 1 year, 1 month, and 1 week, from left to right, respectively.
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filter which dampers higher frequencies and let pass lower frequencies of the signal almost unaltered. The onset 
of filtering is set by a specific frequency which is related to the inverse characteristic time (i.e., the hydraulic 
response time) of an aquifer which depends on the materials the water flows through. Increasing the storativity 
(Figure 1a), decreasing the transmissivity (Figure 1b), or extending the length of the aquifer (Figure 1d) results 
in larger characteristic times which implies that perturbations persist for longer times in the aquifer until they 
vanish. Larger characteristic times move the cut-off frequency to lower frequencies. In addition, the location of 
the groundwater level measurement x mainly influences the overall magnitude of the spectrum (Figure 1c).

Finally, we discuss the characteristic time tc of an aquifer. In literature, many different definitions and different 
names are existing. Markovic and Koch (2014) call it characteristic aquifer time scale, van de Leur (1958) call it 
reservoir-coefficient, de Rooij (2013) just used the expression characteristic time, while Liang and Zhang (2013) 
did not use any specific terminology. The reason for these different names lies probably in the fact that different 
aspects in the temporal behavior of an aquifer are addressed. While surface hydrologists often mean by char-
acteristic time the inverse recession constant (e.g., Gelhar,  1974) which describes the recession of baseflow 
when no recharge is feeding the aquifer, groundwater hydrologists usually relate it to the time until an aquifer 
reaches the near-steady state (e.g., 95% equilibrium) after a certain perturbation, tNE (Carr & Simpson, 2018; 
Rousseau-Gueutin et al., 2013). However, all these definitions of a characteristic time have in common that it is 

proportional to 𝐴𝐴
𝐿𝐿2𝑆𝑆𝑦𝑦

𝑇𝑇
 . The difference is only in changing the pre-factors.

Starting from Equation  4 and using the spectral approach, Liang and Zhang  (2013) derive the characteristic 
time  as

𝑡𝑡𝐷𝐷𝐷𝐷𝐷𝐷𝐷 =
4𝐿𝐿2𝑆𝑆𝑦𝑦

𝜋𝜋2𝑇𝑇
 (10)

while others like Liang and Zhang (2015) (in a later paper), Wilkinson and Cooper (1993), and Jiménez-Martínez 
et al. (2013) or Russian et al. (2013) define it as

Figure 2. (a) Aquifer geometry, forcing and boundary conditions for all numerical setups. (b) One realization of each correlation length of an isotropic, log-normal 
distributed hydraulic conductivity field generated from a Gaussian covariance model with variance 1. Top: 15 m, bottom: 5 m correlation length. (c) Deterministic 
block aquifer with two zones of different transmissivity. The position of the boundary between the zones was varied throughout the different simulations.
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𝑡𝑡𝐷𝐷𝐷𝐷𝐷𝐷𝐷 =
𝐿𝐿2𝑆𝑆𝑦𝑦

𝑇𝑇
 (11)

skipping any pre-factor. Starting from Equation 4 but deriving a linear reservoir type model from it, Gelhar (1974) 
and Gelhar and Wilson (1974) define the characteristic time as

𝑡𝑡𝐿𝐿𝐿𝐿𝐿𝐿 =
𝐿𝐿2𝑆𝑆𝑦𝑦

3𝑇𝑇
 (12)

Moreover, Molénat et al. (1999) and Molénat et al. (2000) state that the spectral response of a linear reservoir 
model and a Dupuit aquifer model can be equivalent for low frequencies when using a time scale as

𝑡𝑡𝑐𝑐 =
√

6
𝐿𝐿2𝑆𝑆𝑦𝑦

𝑇𝑇
 (13)

Further definitions can be found in Manga (1999), Carr and Simpson (2018), and Erskine and Papaioannou (1997). 
In this work we define the characteristic time by (10) to be consistent with Liang and Zhang (2013).

The characteristic time can vary over orders of magnitude and depends strongly on the aquifer length. It might 
range from a few months for small and highly conductive aquifers with small specific storage to several years for 
large aquifers with small transmissivities and high storativities. For instance, if L = 1000 m, Sy = 0.1, T = 0.01 
then tc = 47 days and if L = 5,000 m, Sy = 0.01, T = 0.001 then tc = 1,172 days. Figure S10 in Supporting Infor-
mation S1 depicts the resulting characteristic times for different combinations of S, T, and L (aquifer length).

3. Numerical Tools
The groundwater simulations in this work were conducted with the open-source multi-physics software OpenGe-
oSys (OGS) version 5.7.1-49-g5255869 (Kolditz et al., 2012). OGS solves the 3D groundwater flow Equation 1 
based on the finite element method and is widely used for modeling coupled thermo-hydro-mechanical-chem-
ical processes in porous and fractured media. The source code is written in C++ and can be downloaded from 
the corresponding GitHub repository (https://github.com/ufz/ogs5) together with additional tools for pre- and 
post-processing including the OGS Data Explorer.

The research questions addressed in this paper made it necessary to work with large ensembles of numerical 
groundwater models. Setting up model domains including mesh generation, application of boundary conditions 
and groundwater recharge, and sampling aquifer parameters from large ensembles is tedious work. With ogs5py 
(Müller, 2019) API it is possible to generate OGS5 input files and run the current setup with python scripts. 
Furthermore, the output in form of VTK and TecPlot can be read and is directly available in python for further 
processing.

Heterogeneous stochastic hydraulic conductivity fields were generated and assigned to the grid cells with the 
combination of ogs5py and gstools (Müller & Schüler,  2019). The python package gstools (GeoStatTools) 
contains geostatistical tools for random field generation and variogram estimation. The complete geo-statistical 
framework can be accessed via https://geostat-framework.github.io/.

Simulated time series from the numerical models and observed time series from the field study were processed 
and their spectra were calculated making use of the numpy package. Time series data of groundwater levels 
at different locations in the domain are Fourier transformed using numpy.fft. The power spectrum was finally 
obtained by taking the magnitude squared of the Fourier transformation. The result corresponds to the Fourier 
transform of the auto-covariance function of the groundwater levels (Section 2.1). The resulting numerical spec-
tra were evaluated at frequencies larger than 0 and fitted with least-squares optimization against the semi-analyt-
ical solution of the head spectrum from Liang and Zhang (2013) which depends on the transmissivity T, specific 
yield Sy, aquifer length L, and position x along the transect. The aquifer length and the position of the measure-
ment location are prescribed and thus known and T and Sy are inversely determined from the fitted spectrum.

All python scripts for data processing and analysis as well as for the model establishment are available on GitHub 
and Zenodo (Houben, 2022) release version 1.0. The modeling results as well as the time series from the field 

https://github.com/ufz/ogs5
https://geostat-framework.github.io/
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study are available in a collection on Zenodo (Houben, 2021). Additional information can be found in Supporting 
Information S1 or directly in the repository.

4. Design of Numerical Experiments
In this section, we describe the design of three sets of different numerical experiments which are based on simula-
tions of groundwater flow through virtual aquifers. All virtual aquifers have the same geometry, the same bound-
ary conditions at the upgradient water divide and at the downgradient river boundary, and the same groundwater 
recharge. They differ with respect to the selected hydraulic parameters.

The first set of simulations are conducted to prove the feasibility to infer the hydraulic parameters S and T from 
groundwater level spectra. Therefore, the virtual aquifer in this first experiment is chosen to be homogeneous. 
Real aquifers are, however, always heterogeneous and show heterogeneously distributed hydraulic parameters. 
Knowing the recharge and assuming that other hydrological processes play a minor role, we hypothesize that the 
spectrum of groundwater level fluctuations is mainly determined by large scale hydraulic properties. Therefore, 
the second set of numerical simulations builds on virtual aquifers with heterogeneously distributed hydraulic 
conductivity fields drawn from an isotropically distributed log-normal spatial distribution with a known effective 
hydraulic conductivity value, resulting in a known effective transmissivity value for a constant aquifer thickness. 
In addition to stochastic heterogeneity, often deterministic heterogeneity (i.e., zones of constant properties) are 
found in real aquifers. The third set of simulations therefore aims at investigating the impact of different zones on 
the estimation of representative hydraulic parameters of the aquifer breaking the ergodicity of the second setup.

In this work, we follow the terminology for representative hydraulic parameters as explained by Sanchez-Vila 
et  al.  (2006), where they consider a representative parameter to control the average behavior of groundwater 
flow at a given scale. They subdivide the terminology further as follows: effective parameters are obtained by 
averaging over an ensemble of realizations of a stochastic process which reveals a constant value for the entire 
domain under the assumption of ergodicity (setup 1 and 2). In case this value varies in space (i.e., in the presence 
of boundaries or source/sinks) it is termed as the pseudo-effective or apparent parameter. An equivalent param-
eter is obtained by averaging in physical space which is often referred to as block-averaged or volume-averaged, 
consequently upscaled parameter (setup 3). Finally, an interpreted parameter is defined in the physical space and 
obtained from the interpretation of field tests (e.g., pumping and slug tests, among others).

4.1. General Numerical Setup

The numerical model represents a rectangular aquifer system with a no-flow boundary condition at x = 0 (water 
divide) and a Dirichlet boundary condition (constant head) at x = L (river) for the right boundary of the model 
domain (Figure  2), where L is the aquifer length from water divide to the river chosen to be 1,000  m. The 
river is fully penetrating, that is, connected over the entire thickness of 30 m. No-flow boundary conditions are 
implemented at the bottom of the model domain while groundwater recharge is added from the top (Neumann 
boundary condition). Groundwater recharge is constant in space but fluctuates temporally as a white noise-like 
signal sampled from a uniform distribution between the intervals 0 and 1  mmd −1 showing a constant power 
spectrum for frequencies larger than 0 and smaller than the Nyquist frequency (fNyquist = 0.5 ⋅ fsampling = 0.5 ⋅ 
(1/86,400 s) ≈ 5.79 −6 Hz).

For each model the modeling period spans 30 years (10,950 days) with a time step size of 1 day. The numerical 
models were set up with different spatial discretizations. In the first set of simulations (homogeneous setup, 
Section 4.2) the cell size was chosen to be 10 × 10 m, whereas in the other two sets (Section 4.3 and Section 4.4) 
a 1 × 1 m resolution was chosen. As initial condition for each transient simulation we set the steady state ground-
water level distribution originating from a steady-state simulation with the temporal mean of the groundwater 
recharge.

4.2. First Setup: Homogeneous Virtual Aquifer

The aim of this experiment is to prove that T and S can be inversely estimated from groundwater level spectra.
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Values for T and S were uniformly sampled (on a logarithmic scale) over a wide range of realistic values: the stor-
ativity values ranged from 1 ⋅ 10 −5 to 1 ⋅ 10 −1 [−] and transmissivity from 1 ⋅ 10 −6 to 1 ⋅ 10 −2 m 2 s −1. Each parame-
ter was sampled 41 times resulting in a total number of 1,681 independent models. The relative deviation between 
the true model parameters, transmissivity (T) and storativity (S), and the inversely estimated parameters of the 
spectral analysis at several locations in the aquifer was evaluated using the formula 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴[%] =

|𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼−𝑂𝑂𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼|

𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼
⋅ 100 .

4.3. Second Setup: Virtual Aquifer With Stochastic Heterogeneity

In order to investigate the spectral response of a heterogeneous aquifer system, we generated random, isotropic, 
and log-normal distributed hydraulic conductivity fields. The geometric mean was set to approximately 4.5 ⋅ 
10 −5 m s −1. The isotropic spatial correlation structure was determined by a Gaussian covariance function with 
variance 1 and two different correlation lengths of 5 and 15 m (Figure 2). For each stochastic hydraulic conduc-
tivity field, 200 realizations were generated. The specific storage in this experiment was set to 1 ⋅ 10 −3 [−] and 
was constant for all simulations.

4.4. Third Setup: Virtual Aquifer With Deterministic Heterogeneity

In the third numerical experiment, we simulated aquifer transects with two distinct zones of transmissivity 
(Figure 2c).

In the first model from setup (c) (Figure 2c) the lower conductive zone was placed in the upgradient part of 
the aquifer and the higher conductive part downgradient, whereas in the second model the arrangement was 
swapped. Moreover, we kept the specific storage constant (Ss = 10 −4). The aquifer thickness was constant in the 
whole domain, and thus the transmissivity results from multiplying the hydraulic conductivity with the thick-
ness of 30 m. The transmissivity of the low conductive zone was set to T1 = 3 ⋅ 10 −4 m 2 s −1 and that of the high 
conductive zone to T2 = 3 ⋅ 10 −2 m 2 s −1. The interface between these two zones was moved step wise from x = 10 
to x = 990 m with increments of approximately 50 m. For simplicity, we show in this paper the results of three 
locations only: the two extreme locations (x = 10 and 990 m) and one intermediate setting (x = 500 m). Additional 
settings can be found in Supporting Information S1.

5. Numerical Experiments: Results and Discussion
5.1. First Setup: Homogeneous Virtual Aquifer

In Figure 3 we summarize the results of this experiment and plot the relative error of the estimated parameters T 
and S against the characteristic time tc.

For a modeling period of 30 years and a time step size of 1 day we can make the following statements: the esti-
mated values for T and S matched the real parameter values for a wide range of tc almost precisely with differences 
between T and S for specific ranges of tc. T could be estimated for aquifers with a tc ranging from 0.1 days to 
approximately 1,000 days within an error of 5% (Figure 3b). Only in aquifer systems with characteristic times 
larger than approximately 1,000 days, the estimation of T was prone to errors. Moreover, the estimated values did 
not strongly depend on the spatial location where the spectrum has been evaluated.

For the storativity, the error was large for aquifer systems with characteristic times smaller than a day (Figure 3), 
whereas we found an accurate estimation for aquifer systems with a tc between 1 and approximately 1,000 days. 
For characteristic times tc larger than 1,000 days, the error increased again and showed in addition a stronger 
dependence on the spatial location in the aquifer. Closer to the river, the error was largest and exceeds values of 
more than 60%. Closer to the no-flow boundary condition (water divide) the error was much smaller.

In order to explain our results we need to recall two aspects: First, any real time series has a finite total length 
and a finite temporal discretization which results in an upper and a lower bound for frequencies which can be 
contained in the signal. In our case, the upper bound was determined by time discretization of 1 day leading to 
an upper frequency of about 1/day whereas the total length of the time record of 30 years set the lower bound. 
Second, having a closer look at Equation 8, we see that the spectrum is characterized by two regimes: a frequency 
regime with frequencies smaller than the inverse characteristic time tc and one with frequencies larger than 1/
tc. In the regime ω < 1/tc, the spectrum depends on T but not on S, which is consistent with the fact that small 
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frequencies are equivalent to long times and the steady state of the hydraulic head distribution depends only on 
T. For ω > 1/tc, high frequencies representing the short time behavior and with that S is dominating the temporal 
behavior of the aquifer.

Combining these two aspects, it is evident that in very slowly responding aquifers with characteristic times tc of 
about 30 years ≈ 10 4 days, no T can be estimated if the time series just comprises 30 years in total. Consequently, 
if time series records are limited, the spectral analysis should be applied in shorter and higher conductive aquifers 
with small storativities in order to ensure correct estimates of the power spectrum and therefore correct estimates 
of T. In the other extreme of very quickly responding aquifer systems with characteristic times of about a day, 
no S can be estimated by making use of groundwater levels measured with just daily resolution. Some examples 
of head power spectra and their fit with the semi-analytical solution can be found in Supporting Information S1. 
Furthermore, Figure S10 in Supporting Information S1 depicts the resulting characteristic times based on Equa-
tion 10 for different combinations of S, T, and L. We included the obtained results concerning the minimum length 
of the time series, so that it can be easily seen which aquifers required certain lengths of groundwater records.

In addition to these constraints, a look at formula 8 shows that an estimate close to the river is hampered since the 
cosine function in the spectrum is approaching zero.

All our simulation results are consistent with these considerations and support our hypothesis that a thin, confined 
2D groundwater system can be approximated by the 1D analytical solution of the linearized Boussinesq equation 
of Liang and Zhang (2013) with the following restrictions to the length of the simulation time and the temporal 
discretization: (a) The simulation time should cover at least a period which is approximately 10 times as long as 
the characteristic time of the investigated aquifer system to obtain a correct estimate of the spectra, thus correct 
estimates of T, and (b) the temporal discretization should be at least slightly smaller than the characteristic time 
to model the full transient behavior correctly. Respecting these conditions, it is possible to robustly estimate S and 
T from groundwater level spectra.

5.2. Second Setup: Stochastic Virtual Aquifer

In the second experiment, hydraulic head time series of two stochastic ensembles (differing by the spatial corre-
lation length) and at different locations (100, 200, 500, 800, 940 m) were analyzed. The kernel density estimates 
of the inversely estimated aquifer parameters are depicted in Figure 4 against the different locations. Red and blue 
illustrate the distribution of estimated T and S values for the two different ensembles of 5 and 15 m correlation 
length, respectively. The storativity and the geometric mean of the transmissivity were held constant throughout 
all realizations.

Figure 3. Error of deviation between input (numerical model) and output (spectral analysis) aquifer parameters with respect 
to input parameters plotted against the characteristic time tc of the aquifer for five locations. The error was evaluated using the 
formula 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴[%] =

|𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼−𝑂𝑂𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼|

𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼
⋅ 100 . (a) Error of storativity and (b) error of transmissivity.
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Figure 4a summarizes the inversely estimated storativity values. For locations close to the no-flow boundary 
condition and at the center of the aquifer (x = 100, 200, 500 m) the spread of the estimated parameter distribution 
was very small. In particular, the storativity could be estimated for both correlations lengths with high accuracy 
and precision. For observation points closer to the river (x = 800 m) the distribution started to spread, and the 
spread was highest at location x = 940 m since the ergodicity of heterogeneity was no longer satisfied. Neverthe-
less, the center of the distribution fell exactly on the correct storativity at all locations and for both correlations 
lengths.

Evaluating the transmissivity in Figure 4b, we observe a similar pattern like for the storativity: the precision of 
the estimates of the transmissivity was higher when approaching the water divide. In general, the center of the 
distributions fell slightly below the expected value (the geometric mean, also: the effective hydraulic conductiv-
ity) of the heterogeneous transmissivity field at all positions and both correlation lengths. The deviation from the 
geometric mean was higher for the ensemble with correlation length of 15 m, which was expected. According 
to the literature, the effective hydraulic conductivity approaches the geometric mean for two dimensional flow 
(e.g., Bakr et al., 1978; Dagan, 1979; de Marsily et al., 2005; Desbarats & Srivastava, 1991; Gutjahr et al., 1978) 
and log-normally distributed hydraulic conductivity fields. Higher correlation lengths lead to larger parts of less 
variable hydraulic conductivity, thus reducing the flow problem continuously from 2D to 1D if the correlation 
length approaches (half) the domain thickness (e.g., Pechstein & Copty, 2021; Schneider & Attinger, 2008). For 
1D flow the effective hydraulic conductivity was expected to be equal to the harmonic mean (Bear, 1972; Gutjahr 
et al., 1978; Smith & Freeze, 1979). This explains why effective transmissivity values smaller than the geometric 

Figure 4. Kernel density estimate for determined aquifer properties by spectral analysis of hydraulic heads for 200 
realizations of a stochastic (log-normal distributed K-field) aquifer, evaluated at different locations. Red and blue indicate 
5 m and 15 m correlation length, respectively. The characteristic time tc considering the geometric mean and Equation 10 is 
108 days. (a) Derived storativities. The input storativity of the numerical model was held constant throughout all realizations 
(S = 0.03). (b) Derived transmissivities. The arithmetic, geometric, and harmonic mean of the underlying distribution are 
depicted with horizontal lines.
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mean were deduced in this experiment. In order to obtain values which precisely match the geometric mean, a 
smaller correlation length (at least along z) should have been chosen.

In general, our results support the hypothesis that the spectrum of groundwater level fluctuations is mainly influ-
enced by effective and larger scale hydraulic properties when the recharge is known and effects from other hydro-
logical processes (river stage, topography, tides, etc.) can be neglected. With that, spectral analysis has proven to 
be a valuable method to infer regional hydraulic parameters from local groundwater measurements.

5.3. Third Setup: Deterministic Block Aquifer

The results of the spectral analysis for six block aquifers are depicted in Figure  5. The solid lines represent 
the input parameters of the numerical model for the respective block. The spectral analysis was performed at 
different locations in the aquifer (see horizontal positions of markers) and the determined transmissivities are 
represented with a dashed red line for a white noise-like recharge. A plot of the recharge is included in Supporting 
Information S1.

In scenario (a), the water flowed from the low conductive to the high conductive zone. Low and high conductive 
zones could be correctly estimated but with a smooth transition zone of about 100–200 m between them instead 
of the sharp physical transition existing in reality. Moreover, the downgradient high conductive zone seems to 
have an impact on the inversely estimated low conductive zone located upgradient by stating too high transmis-
sivity values. The extend of the low conductive zone upgradient in (a1) and (a2) is still too small in order to 
significantly reduce the equivalent transmissivity obtained from spectral analysis.

In scenario (b) the setting was swapped. The high conductive zone Thigh was located in the upgradient part and the 
low conductive zone Tlow in the downgradient part. The low conductive zone was well identified with its correct 
value Tlow. The low conductive zone, however, tremendously also impacted the parameter inversion in the high 
conductive zone upgradient leading to transmissivity values which were considerably lower than the actual model 
input parameter. This supports the hypothesis that the variations in groundwater level at a given point may contain 
information about the hydraulic properties of the adjacent zones and, therefore, regional information related to 
equivalent (averaged) hydraulic parameters. Consequently, we were able to identify the low permeability zone at 

Figure 5. Input (numerical model) and output (spectral analysis) transmissivity for six different deterministic aquifers. A white noise-like recharge was assigned to the 
numerical model. (a) A low conductive zone in the upgradient part of the aquifer and a high conductive zone at the outlet. (b) A high conductive part upgradient and a 
low conductive part downgradient. Characteristic times of the low and high conductive zones considering Equation 10 are approximately 47 and 0.47 days, respectively.
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the outlet while sampling groundwater in the adjacent and higher conductive materials. Moreover, the transition 
zone between the two estimated zones was tremendously increased compared to scenario (a): a larger low conduc-
tive zone leads to a larger transition zone. Even a very small low conductive zone at the outlet of the aquifer 
(Figure 5b, bottom) influenced the regional aquifer response of that zone. This fact is already known and can be 
easily calculated with the harmonic mean of Darcy's equation, yet with spectral analysis it is possible to illustrate 
this effect clearly. Consequently, accumulating materials at the river which cause a clogging of the flow might 
lead to entirely different equivalent hydraulic parameters than would be expected just from the material properties 
of the aquifer itself, making the spectral analysis potentially a more appropriate tool for estimating the regional 
hydrologic system than classical hydraulic tests. Figures S5 and S6 in Supporting Information S1 depict several 
models with other intermediate boundary settings.

Also the third set of experiments impressively demonstrated that the spectral analyses of sufficiently long time 
series can be a feasible tool to derive regional aquifer parameters.

6. Field Data Analysis
In the first part of the paper we analyzed two dimensional virtual homogeneous, stochastic and deterministic 
block aquifer systems and our results indicated a general feasibility of the spectral approach to estimate regional 
aquifer parameters. In this section, we move toward real aquifers with measured groundwater data and will shortly 
explain the additional challenge we face: our approach needs the aquifer length L, that is, the groundwater flow 
line and the position x where the groundwater observation well is located. Groundwater flow lines start at a water 
divide and end a river system. Unfortunately, finding and tracking groundwater flow lines is not a trivial task in 
three dimensional complex shaped aquifer systems. The lengths L differ within the catchment and also the posi-
tions of the head measurements need to be described with respect to their flow lines. Consequently, L and x are 
subject to large uncertainty. Therefore, we perform a sensitivity analysis to quantify how sensitive knowledge of 
L and x is to the application of our method.

Before the results of the sensitivity analysis are presented, we provide a general hydrogeological overview of the 
selected catchment and discuss groundwater level spectra of the four investigated observation wells. We close this 
section with a plausibility test of the spectral analysis using the measured groundwater level time series.

6.1. Hydrogeological Overview

Four observation wells in the Main catchment in central Germany were chosen in order to inspect the shape of 
their spectra. The catchment covers an area of 27,292 km 2. In this study we focused on the northern part of a 
subordinate catchment located in the south of the Main catchment (Figure 6). The northern part covers an area 
of approximately 940 km 2. Erosion has shaped the landscape remarkably cutting valleys into the sandstone and 
creating elevations of 400–440 m.a.s.l. on the high plateaus to depressions of 240 m.a.s.l. close to the Regnitz 
river. The dominant aquifer in this region, especially in the western part, is the Burg- und Blasensandstein which 
drains toward the Regnitz, a tributary of the Main river and is stratigraphically assigned to the middle Keuper as 
triassic sediments (Henningsen & Katzung, 2011).

We selected two groundwater observation wells (Birkach, Strullendorf Nord) screened in the dominant aquifer 
(Burg- und Blasensandstein) and two shallow observation wells installed in the Quaternary sediments from the 
valley fillings (Stegaurach, Strullendorf West). These wells were chosen since the groundwater records cover a 
sufficiently long time period, they are classified as shallow observation wells (except for Strullendorf Nord) and 
the aquifer is relatively homogeneous and conductive. Details about the heterogeneity of local subsurface flow 
conditions are unknown but following the interpolated groundwater levels, statements about the general drainage 
direction could be made, which informed the placement of the transect and finally helped to estimate the aquifer 
length, that is, the length from a water divide to the river. The groundwater data is freely available under license 
CC BY 4.0 and was downloaded from the online service of the Bavarian State Office for the Environment (https://
www.gkd.bayern.de/de/grundwasser/oberesstockwerk). A section of the groundwater level time series of the 
observation wells are depicted in Figure 7. The records from Strullendorf West comprise the longest time period 
starting in the early 1970s. The time series from the observation well Stegaurach covers roughly 33 years start-
ing in 1986, whereas the records from well Strullendorf Nord and Birkach start in 1998 and 2000, respectively, 
covering the shortest period. In the early years of the monitoring period the measurements were taken irregularly 

https://www.gkd.bayern.de/de/grundwasser/oberesstockwerk
https://www.gkd.bayern.de/de/grundwasser/oberesstockwerk
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and with different time intervals. Using the spectral approach requires a time series with constant time steps. This 
was accomplished by gap filling via quadratic interpolation.

In addition to hydraulic head data, the spectral analysis also requires groundwater recharge time series. Since 
groundwater recharge is difficult to measure, we use modeled recharge data provided by the hydrological model 
mHM (Kumar et al., 2013; Samaniego et al., 2010; Zink et al., 2017), which ran at a spatial resolution of 4 × 4 km 
for the Main catchment. The recharge time series are plotted in Figure 7 with bar plots of different colors corre-
sponding to the respective location. The time series show similar temporal patterns at all observation wells. In 
contrast to that, the fluctuations of the groundwater levels systematically differ at the different locations: ground-
water levels at Stegaurach as well as Strullendorf West react quickly to strong recharge events (e.g., in summer 
2013) and show a short response time duration. In contrast to these shallow aquifer systems, the groundwater 
levels in the deeper aquifers (Birkach, Strullendorf Nord) respond slower to recharge events and show longer 
relaxation time periods up to 2 years.

6.2. Spectra of Groundwater Recharge and Groundwater Levels—General Insights

Groundwater recharge and head spectra were calculated and depicted in Figure 8. All groundwater recharge spec-
tra have a similar form decreasing with ω (−ν) for times larger than a year corresponding to frequencies smaller 
than 1/year matching the theoretical shape of the spectrum based on Equation 8 very well for larger frequencies. 
The exponent ν is constant for times between a year and a month and larger than that for time scales smaller than 

Figure 6. (a) Subordinate catchment in the south of the Main catchment in central Germany. Topography is indicated with black lines (no labels) and the geology 
with colored layers. The CRS is ETRS89/UTM zone 32N (EPSG:25832). (b) Zoom closer to the four investigated groundwater observation wells and the valley with 
the Regnitz river. The waterways were downloaded from OpenSteetMap (http://download.geofabrik.de), the SRTM was provided by the German Research Center for 
Air and Space Travel (DLR, https://eoweb.dlr.de/egp/), and the hydrogeological overview map (HUEK200) was published by the Federal Institute for Geosciences and 
Natural Resources (BGR, https://produktcenter.bgr.de/terraCatalog/Start.do).
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months and weeks. This behavior may indicate that different processes govern the yearly and sub-yearly recharge 
behavior.

Despite this analogy, the groundwater level spectra vary between locations in shallow and deeper aquifer systems. 
The spectra in the deeper formations Birkach and Strullendorf Nord decrease with a higher exponent than Steg-
aurach and Strullendorf West (Figure 7) for times between a year and a month and show no filtering behavior for 

Figure 7. Groundwater level time series of four observation wells in the central Main catchment and corresponding recharge modeled with mHM.

Figure 8. Power spectra of recharge (a) and groundwater level time series (b) for each observation well. For a better view, geologically similar wells are plotted in one 
figure: (c) screened in Burg- und Blasensandstein and (d) screened in quaternary sediments.



Water Resources Research

HOUBEN ET AL.

10.1029/2021WR031289

16 of 22

time scales between a month and a week. In contrast, the shallow systems Stegaurach and Strullendorf West still 
show filtering behavior for time scales between a month and a week.

Figure 8c depicts the spectra from observation wells Birkach and Strullendorf Nord which both are screened in 
the Burg -und Blasensandstein thus representing a deeper groundwater system. Although the locations Birkach 
and Strullendorf Nord have a distance of roughly 10 km from each other and are situated on opposite sites of 
the Regnitz river (Figure 6) they still show a similar spectral response, giving evidence that the spectra mainly 
describe the regional aquifer behavior than the local one.

The observation wells Stegaurach and Strullendorf West in Figure 8d represent a shallow groundwater system 
which is highly sensitive to recharge perturbations and river stage fluctuations. Stegaurach shows a similar 
spectrum like the one of the corresponding mHM based groundwater recharge. The similarity to the recharge 
gives evidence that the estimated recharge from the mHM model was predicted quite accurately and the filtering 
property of the aquifer is weaker compared to Birkach and Strullendorf Nord. The spectrum shows only little 
influ ence of lateral inflow. In contrast to this, the spectrum of Strullendorf West is impacted by additional forc-
ings, presumably the fluctuations from the river Regnitz.

6.3. Sensitivity Analysis

After considering general features of the groundwater spectra of the four observation wells we now focus on the 
sensitivity analysis.

Before we start the analysis, we recall the formula of the spectrum (8). In the simple one dimensional aquifer, the 
spectrum only depends on three different sets of parameters: S, T/L 2, and x/L which implies that only the ratio x/L 
and T/L 2 can be inferred from the spectrum but not T separately. In the virtual aquifer system, the length of the 
aquifer was known, in real aquifers we do not know it beforehand. Only if we have geological expertise together 
with some knowledge of the flow system, the aquifer length L can be roughly estimated. Therefore, we test the 
sensitivity of L and x/L on the inversion of T and S.

For that purpose we randomly sampled x and L from a log-normal distribution with reasonable limits. We grouped 
them imposing the constrain x < L and created a sample size of 243 samples. The goodness of fit was evaluated by 
R 2. The resulting values for T, S, and tc as well as the evaluation metric for the goodness of the fit R 2 are depicted 
in the scatter plots in Figure 9.

We start with a discussion of the sensitivity results for the different parameters S, T, and tc and continue in the 
following subsection by providing a range of the aquifer length L for each observation well which was estimated 
with hydrogeological expertise.

The first column on the left of Figure 9 shows the estimated storativity S. The variations in the estimated S are 
very small over all samples and all observation wells. Only for samples where L is approximately equal to x (close 
to the river) a decrease is noted, that is, the sensitivity increases when x approaches L. In addition, using field 
data and maps, it is usually straightforward to determine whether the observation well is very close to a river in 
relation to the aquifer length or whether it is situated in the aquifer body. Consequently, S can be robustly esti-
mated even without knowing the exact values for L and x, especially when the observation well is not too close to 
the river. The same holds for the characteristic time (third column from the left): tc is determined through S and 
T/L 2. The results show that both can be estimated robustly leading to good estimates for the characteristic time. In 
contrast, the estimation of T (second column from the left) is more uncertain which is explained by the fact that 
L is not known precisely. However, if L and x are known within an uncertainty below approximately one order of 
magnitude, which is realistic in real groundwater systems, the transmissivity can still be estimated quite precisely 
with an uncertainty of less than one order of magnitude. All these findings are consistent with results of the 
parameter inversion in the virtual aquifer system and impressively confirms the feasibility of the spectral method.

6.4. Plausibility Test

We close this section with a plausibility test. One possibility to achieve a reasonable estimate of the aquifer length 
is to follow the steepest groundwater gradient (groundwater flow direction) from the observation well toward the 
stream as well as in opposite direction, from the well toward a local groundwater maximum (e.g., a summit) and 
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assume the sum of these two paths to be the aquifer length L. The position of the measurements x is then equal to 
the length of the upgradient segment. To preserve the assumptions of the semi-analytical model, we ensured that 
the upgradient and downgradient segments are parallel, that is, form a straight line from the summit toward  the 
river intersecting the groundwater observation well. Within the ranges of hydrogeological interpretation of the 
orientation of the flow regime supported by the analysis of groundwater level maps, geological profile (data 
source: Bavarian State Office for the Environment, www.lfu.bayern.de), hydrogeological maps including digital 
elevation models as well as hydrological catchment delineations, we identified a maximum and minimum aquifer 
length. The parameters were inserted into Equation 8 and S, T, and tc were inversely estimated. The results are 
listed in Table 1 and the head spectra including the least squares fit of the semi-analytical solution are depicted in 
Figure 10. The resulting transects are depicted in Figure S9 in Supporting Information S1.

The estimation of the aquifer length L and the position x for Birkach have a high uncertainty. The range for L 
was detected to be between 2,528 and 7,509 m. Therefore, the possible range for the transmissivity covers almost 
one order of magnitude (Table 1). By evaluating the R 2 (Figure 9) values we can clearly identify a better fit for 
positions of the observation well in the body of the aquifer which limits the possible range of lengths L. tc is then 
estimated to be between 259 to approximately 273 days.

Stegaurach is situated close to the river. Therefore, the selected aquifer length and position x are almost iden-
tical. It resulted in robust estimates for all three parameters T, S, and tc. Surprisingly, the R 2 value is lowest 
for samples where L almost equals x. Although the well was screened in quaternary sediments, it might be 

Figure 9. Scatter plots of derived storativity S, transmissivity T, and resulting characteristic time tc for different combinations of aquifer length L and distance to 
water divide x. The goodness of the fit was evaluated with the R 2 value. Color bars of S and T have the same log-scale for every observation point with a value range 
according to the 5%–95% quantile range. The linear scale for tc and R 2 was adjusted in each plot according to the 15%–85% quantile range. Values which are higher 
or lower than the color bar range are depicted in cyan and orange, respectively. The big stars represent the value range estimated with geological expertise which are 
discussed in Section 6.4. Histograms of every scatter plot can be found in the supporting information.

http://www.lfu.bayern.de
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possible that the water which passes the observation well drains toward the next bigger river, the Regnitz. This 
hypothesis is supported by the shape of the spectrum (Figure 10b) which shows an almost constant slope (Schil-
ling & Zhang, 2011) but also some additional perturbations which flatten the curve and might stem from river 
fluctuations.

Strullendorf West is located in the valley very close to the Regnitz river which fits to the result that the R 2 values 
were highest when L almost equals x. The aquifer length was not easily identifiable and varied between 968 and 
7,910 m. Consequently, T varies over one order of magnitude. The general shape of the spectrum follows the 
theoretical Dupuit-aquifer (considering the mHM recharge) for a wide frequency range (Figure 10c) which lead 
to a good overall fit.

S [−] T [m 2 s −1] tc [days] L [m] x [m]

Birkach max L 4.86 ⋅ 10 −2 4.71 ⋅ 10 −2 273 7,509 2,997

min L 5.41 ⋅ 10 −2 6.26 ⋅ 10 −3 259 2,528 304

Stegaurach max L 6.41 ⋅ 10 −3 5.39 ⋅ 10 −3 119 4,619 4,500

min L 2.97 ⋅ 10 −2 6.93 ⋅ 10 −3 116 2,408 2,100

Strullendorf West max L 1.21 ⋅ 10 −2 1.37 ⋅ 10 −2 258 7,910 7,250

min L 5.15 ⋅ 10 −2 1.33 ⋅ 10 −3 171 968 220

Strullendorf Nord max L 1.52 ⋅ 10 −2 2.71 ⋅ 10 −2 173 8,100 5,600

min L 1.56 ⋅ 10 −2 1.55 ⋅ 10 −2 172 6,032 4,100

Table 1 
Results of the Spectral Analysis for the Manually Estimated Range of Aquifer Length L and Position of Groundwater 
Measurement x Based on Geological Expertise

Figure 10. Spectra of groundwater levels (Shh, solid) and a corresponding fit of the analytical solution (Shh fit, dots) with the best R 2 value, selected from the analysis 
with manually estimated aquifer lengths based on geological expertise.
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For Strullendorf Nord we robustly estimated all aquifer parameters (Table 1). Although the time series and the 
spectra of Strullendorf Nord and Birkach are relatively similar, the resulting characteristic times differ by a factor 
of 1.5.

6.5. Summary and Comprehensive Discussion

The spectra of the observed groundwater level fluctuations from the catchment in central Germany could be well 
fitted by the theoretical spectrum up to monthly time scales for at least three of the four investigated wells (Birk-
ach, Strullendorf West, Strullendorf Nord, Figure 10).

For time scales below a month, the observed spectra diverge from the theoretical spectrum. A reason for the devi-
ation might be monthly to weekly fluctuations in river height of the surrounding streams (e.g., the Rauhe Ebrach, 
south of Birkach, see supporting information for a hydrograph), the short term lateral inflow or highly fractured 
karstic materials which is not captured by the theoretical spectrum (Equation 8). Furthermore, the shape of the 
spectrum can be influenced by the superposition of local and intermediate flow systems, wetting and drying in 
partly saturated shallow aquifers (Zhang et al., 2022) as well as other hydrogeological processes.

Nevertheless, we clearly demonstrated that the characteristic time tc as well as the storativity S could be robustly 
estimated using the spectral approach, that is, the results are only slightly sensitive to the aquifer length L and the 
position of the observation well x related to that length. In contrast, the estimated transmissivity T depends on a 
good estimate of the length L. If too little information about the aquifer is available and the aquifer length cannot 
be estimated it might be better to infer just the characteristic time. This parameter already allows to distinguish 
between different aquifer types and hydraulic regimes (Section 6.3).

In the second part of the field study, we estimated ranges for the length of the aquifer L and the related position 
of the observation well x with geological expertise, performed the spectral analysis, and obtained reasonable 
values. Since no additional information about the transmissivity and storativity of the aquifers could be acquired 
from literature, these results could not be compared and validated. Furthermore, estimates of T and S are often 
inferred from pumping, direct-push, slug tests, and laboratory tests. Considering the discussed regional informa-
tion content of groundwater level time series and their spectra (representative, i.e., effective (Section 5.2) and 
equivalent (Section 5.3) aquifer parameters) compared to relatively local information from standard techniques 
(interpreted parameters) a direct comparison of these results might not be appropriate. Consequently, this study 
provides evidence that the spectral analysis might be a feasible methodology to bridge the scale and deliver aver-
aged and regionally valid aquifer parameters. How large the representative volume of the aquifer characterized 
by the spectral analysis finally is, depends on the hydrogeological setting and its heterogeneity. Besides that, also 
topography, nested flow systems, and vertical hydraulic gradients will change the shape of the power spectra of 
hydraulic heads of different depths (Zhang et al., 2022). Consequently, the assumed Dupuit model may no longer 
be appropriate. Future studies in numerical environments will be specifically tailored to these research questions.

Even if the underlying concept of this methodology diverges from classical hydraulic tests, we consider an exten-
sive comparison of the spectral analysis to existing methods as necessary and inevitable, which will be the scope 
of future studies as well. The synthetic study in this work including the application to real data should serve as a 
proof of concept in order to illustrate the methodology and its general feasibility.

Beside the investigation of L and x in well-known systems, we further need to evaluate the effect of temporally 
correlated recharge. While the synthetic experiments were driven by white noise recharge (uncorrelated), the real 
groundwater level time series were analyzed with a temporally correlated recharge extracted from an mHM model 
run. It has to be evaluated whether and under which circumstances the correlation time of the recharge signal 
interferes with the characteristic time of the aquifer influencing the results of the spectral analysis.

Additional complex synthetic studies as well as field studies with several observation wells, ideally drilled in 
aquifers with well-known properties, need to be conducted in order to compare the results and to tune the param-
eters of the spectral analysis.

The field data analysis supports the feasibility of the spectral approach and shows that this technique can be used 
to characterize the response of regional hydrological systems just by considering groundwater level and recharge 
time series as well as a rough estimate of the aquifer length and the position of the observation point.
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7. Conclusion
In this study we investigated the feasibility of the spectral analysis in three synthetic model domains with different 
complexity (i.e., aquifer properties) and forcing. Finally, we examined the sensitivity of this approach by using 
real groundwater data recorded in the Main catchment in central Germany. We conclude this work with the 
following statements:

1.  In synthetic, homogeneous environments, the model input parameters can be precisely derived with spectral 
analysis of groundwater level fluctuations as long as the time series are sufficiently long.

2.  Time series of groundwater level fluctuation must be roughly 10 times as long as the characteristic time (aqui-
fer response time) tc of the aquifer. Consequently, short and higher conductive aquifers with small storativities 
are better suited for an investigation with the spectral analysis if observational periods are limited.

3.  In stochastic ensembles of numerical models the effective transmissivity obtained from spectral analysis 
represents the geometric mean of the underlying distribution as long as the correlation length is small enough. 
The variance of the derived parameters is much smaller when the heads are observed in the aquifer body or 
close to the water divide.

4.  Depending on the hydrogeological setting and the measurement location, the derived aquifer parameters are 
representative for local and/or regional portions of the aquifer. In settings where flow is forced to pass zones of 
lower hydraulic conductivity, the regional parameters are affected, while regions with high hydraulic conduc-
tivity seams to disappear, that is, having less effect on the hydraulic regime.

5.  The sensitivity analysis has shown that even for different values of the position of the observation well x and 
the aquifer length L the resulting characteristic times are relatively similar. Consequently, the characteristic 
time can be robustly estimated with only little geologic information.

6.  Field data analysis with the spectral approach granted reasonable results. Although complex flow regimes 
could be identified, the shape of the spectra follows the theoretical shape of a Dupuit aquifer at least for lower 
frequencies.

7.  The characteristic time can be used in reservoir-type models where the groundwater compartment is repre-
sented in a conceptual way, while transmissivity and storativity values can be used in PDE-based models and 
converted to material properties (such as the hydraulic conductivity and specific storage) using the geometry 
(thickness) of the model.

The results of this work support the hypothesis that the spectrum of groundwater level fluctuations is mainly 
influenced by larger scale hydraulic properties. With that, spectral analysis might be a valuable method to infer 
regional hydraulic parameters from local groundwater measurements.

This tool can be used as a stand-alone procedure to estimate regionally valid aquifer properties or in combination 
with pumping tests to characterize the local properties as well. Future work will focus on a detailed validation, the 
identification of the aquifer length L as input parameter as well as the regionalization of the results of the spectral 
analysis with the help of auxiliary data sets.

Data Availability Statement
The groundwater simulations in this work were conducted with the open-source multi-physics software OpenGeo-
Sys (OGS) version 5.7.1-49-g5255869 (Kolditz et al., 2012). The source code is written in C++ and can be down-
loaded from the corresponding GitHub repository (https://github.com/ufz/ogs5) together with additional tools 
for pre- and post-processing including the OGS Data Explorer. Heterogeneous stochastic hydraulic conductivity 
fields were generated and assigned to the grid cells with the combination of ogs5py (Müller, 2019) and gstools 
(Müller & Schüler, 2019). The complete geo-statistical framework can be accessed via https://geostat-framework.
github.io/. Python scripts for model preparation, data processing, and analysis as well as for plotting are available 
on GitHub and Zenodo (Houben, 2022). Additional information can be found in Supporting Information S1 or 
directly in the repository. The modeled as well as the field data used for the spectral analysis in this study are 
available on Zenodo (Houben,  2021) with CC BY-NC. Please regard the included readme-file for additional 
license information.

https://github.com/ufz/ogs5
https://geostat-framework.github.io/
https://geostat-framework.github.io/
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