
1. Introduction
Over the last years significant progress has been made in obtaining high-time and spatial resolution of waves in 
space plasmas. The interesting class of the observed wave emissions is coherent wave structures in the form of 
wave packets. Examples are near monochromatic packets of right-hand circularly polarized waves (lion roars) 
(Baumjohann et al., 1999; Dubinin et al., 2007; Y. Zhang et al., 1998), large amplitude quasi-monochromatic 
ULF waves in the ion foreshock (Fazakerley et al., 1995; Fuselier et al., 1986), narrow-band chorus emissions 
(Tsurutani & Smith, 1974; Tsurutani et al., 2020). Often such structures are observed in plasmas which contain 
different ion populations. It was suggested that these waves might represent a new class of solitary waves contain-
ing solitons with an embedded smaller scale oscillating core and therefore were called oscillitons (Dubinin 
et al., 2002, 2004; Dubinin, Sauer, & Mckenzie, 2003, Dubinin, Sauer, Mckenzie, & Chanteur, 2003a, 2003b; 
Sauer & Sydora, 2011; Sauer et al., 2001, 2002, 2003). These nonlinear structures are produced by a nonlinear 
resonance driven by the momentum exchange between the protons and electrons in whistler modes or between 
an ion beam and the main plasma or between the different ion populations in multi-ion plasmas, or even between 
two proton populations with different temperatures. In all such cases the momentum exchange is mediated by 
the Maxwell magnetic stresses. It occurs that phases of wave oscillations of the interplaying particles are slightly 
different that results in a wave beating and creation of wave packets (Dubinin, Sauer, & Mckenzie, 2003). It is 
interesting to note that the existence of such nonlinear structures can be predicted from a dispersion analysis even 

Abstract The recent spacecraft observations by MMS and Van Allen Probes associated with 
electromagnetic ion cyclotron (EMIC) waves in the Earth magnetosphere emphasize the important role of 
multi-ion plasma composition for generation and characteristics of these emissions. We show that main 
properties of the coherent EMIC waves can be explained with the concept of “multi-ion oscillitons” (Sauer 
et al., 2001, https://doi.org/10.1029/2001GL013047). In a plasma with two types of ions of different masses 
(e.g., protons and oxygen ions), oscillitons arise from the exchange of momentum and energy between the 
two ion components, with the electromagnetic field acting as a mediator. At frequencies near cross-over 
frequencies of different wave modes in the multi-ion plasma the nonlinear resonance which strongly amplifies 
the seed unstable mode can be excited. A small phase difference in oscillations of different ion species leads 
to a nonlinear wave beating and generation of wave packets. The “resonance” frequency is characterized by a 
local maximum of the phase velocity and the coincidence of phase and group velocity. It is suggested that the 
oscillitons are triggered by the instability due to the proton temperature anisotropy and may survive outside the 
source region for long distances. The generation of coherent waves by oscillitons is of a general nature and may 
contribute to understand the manifold of phenomena in other space plasma environments in which the dynamics 
of minor ion admixtures cannot be neglected. The concept of oscillitons can also be applied to the momentum 
exchange between particle groups of the same mass, but different temperature.

Plain Language Summary The mode splitting of electromagnetic waves at oblique propagation in 
plasmas with multiple ion species leads to the creation of gap regions in omega-k space. In these “forbidden 
regions” spatially growing waves exist whose nonlinear state represents a new type of solitons. These so-called 
oscillitons, first described by Sauer et al. (2001, https://doi.org/10.1029/2001GL013047), arise from momentum 
and energy exchange between two or more ion components, with the electromagnetic field acting as a mediator. 
We suggest that multi-ion oscillitons are the origin of the ion cyclotron electromagnetic waves (EMIC) in the 
magnetosphere, which have been known for a long time. Valuable insights have recently been gained through 
improved diagnostics on the satellites MMS and Van Allen Probes.

SAUER AND DUBININ

© 2022. The Authors.
This is an open access article under 
the terms of the Creative Commons 
Attribution-NonCommercial License, 
which permits use, distribution and 
reproduction in any medium, provided the 
original work is properly cited and is not 
used for commercial purposes.

Multi-Ion Oscillitons—Origin of Coherent Magnetospheric 
EMIC Waves
Konrad Sauer2   and Eduard Dubinin1 

1Max-Planck Institute of Solar System Research, Göttingen, Germany, 2Retired from Max-Planck Institute of Solar System 
Research, Göttingen, Germany

Key Points:
•  Mode coupling of obliquely 

propagating waves in the range of 
the ion cyclotron frequencies is a 
characteristic feature in multi-ion 
plasmas

•  Spatially growing waves may exist in 
the “forbidden (omega.k) areas” which 
arise as result of mode coupling

•  Magnetospheric electromagnetic ion 
cyclotron waves can be explained 
by multi-ion oscillitons (Hall-MHD 
solitons superimposed by spatially 
oscillating structures)

Correspondence to:
K. Sauer,
sauer.ka@gmail.com

Citation:
Sauer, K., & Dubinin, E. (2022). 
Multi-ion oscillitons—Origin of coherent 
magnetospheric EMIC waves. Journal of 
Geophysical Research: Space Physics, 
127, e2022JA030925. https://doi.
org/10.1029/2022JA030925

Received 13 AUG 2022
Accepted 3 SEP 2022

The copyright line for this article was 
changed on 6 OCT 2022 after original 
online publication.

10.1029/2022JA030925
RESEARCH ARTICLE

1 of 22

https://doi.org/10.1029/2001GL013047
https://doi.org/10.1029/2001GL013047
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0000-0003-3257-0916
https://orcid.org/0000-0001-8619-187X
https://doi.org/10.1029/2022JA030925
https://doi.org/10.1029/2022JA030925


Journal of Geophysical Research: Space Physics

SAUER AND DUBININ

10.1029/2022JA030925

2 of 22

without the exact solutions. The favorable conditions are realized when the phase velocity exhibits a maximum 
(inflection point in ω-k space). For example, for whistlers in a cold plasma it happens at ωHe/2. In multi-ion 
plasma it happens near cross-over frequencies of different wave modes. The feature of this frequency at which 
the phase and the group velocities are matched is that the wave packets will be bunched up there. Different types 
of  plasma instabilities driven either by a beam or by a temperature anisotropy can excite a broad range of emis-
sions. The mode at which the nonlinear resonance might be excited is selected from the ensemble of the linearly 
unstable waves and amplified as the system resonates at this frequency.

Electromagnetic ion cyclotron (EMIC) waves bring us another example of coherent wave structures. The 
improved technology of recent spacecraft missions associated also with multi-point measurements has achieved 
a wealth of new data about these waves. The new observations emphasize an important role of multi-ion plasma 
composition for generation and characteristics of EMIC waves. Multi-ion composition is a common feature for 
space plasmas. Even a small admixture of a second ion component to a proton-electron plasma can significantly 
change wave characteristics and plasma flows. The presence of a tenuous He ++ component in solar wind modi-
fies the dispersion of plasma waves and leads to a change of polarization near the cross-over frequency. Such 
effects were recently observed by the Solar Orbiter (Khotyaintsev et  al.,  2021). A change in dispersion may 
result in appearance of a new class of nonlinear waves in the plasma of protons and α-particles (Dubinin, Sauer, 
Mckenzie, & Chanteur, 2003a, 2003b). Left-handed MHD waves arising near the cross-over frequency may also 
be an important agent in the coronal heating of the solar wind (Li & Habbal, 2001). Inclusion of alpha-particles 
into a proton-electron plasma can also reduce the growth rate of the proton cyclotron instability and control a 
dominance of ion cyclotron or mirror waves (Gary et al., 1994). Multi-ion component plasmas are also typical 
for comets where we observe a rich variety of waves and coherent structures (Tsurutani, 1991). Multi-ion origin 
of plasma is also manifested near Venus and Mars (Nagy et al., 2004) with extended exospheres, or Jupiter (T. K. 
Kim et al., 2020) and Saturn (Thomsen et al., 2010) and their moons.

In this paper, we show that diverse phenomena of coherent magnetospheric EMIC waves can be explained with 
the concept of “multi-ion oscillitons.” The theoretical background of oscillitons in the frequency range of EMIC 
waves is formed by the multi-ion Hall-MHD equations which are derived from the multi-fluid equations by 
replacing the electric field via the assumption of mass-less electrons and by using charge neutrality. In general, a 
three-ion plasma of protons, single charged helium and oxygen is considered. By solving the dispersion relation of 
cold ions one gets a first survey about the ω-k position of the cross-over frequencies together with the k-variation 
of the wave polarization as function of the abundance ratios and the wave propagation angle. In the next step, the 
linear characteristics of stationary waves k = k(U), that is the wave number as function of the velocity U of the 
moving frame in which the wave is stationary, are determined. They represent a useful pre-information in solv-
ing the full nonlinear, stationary Hall-MHD equations to get the spatial profiles of oscillitons. Several examples 
of the calculated wave packets are given. In addition it is shown that oscillitons also exist in multi-ion plasmas 
where two heavy-ion populations of the same mass but with different temperatures or streaming velocities are 
present. This leads to oscilliton frequencies very close to heavy-ion cyclotron frequency, in contrast to the more 
common case where the cross-over frequency is above the cyclotron frequency of the heavy ion population. 
We also compare the theoretical results with the properties of observed EMIC events in space. Since EMIC 
waves are more extensively studied near the Earth we make a comparison with recent observations in the Earth 
magnetosphere. It concerns the frequency, the wave polarization and possible plasma parameters which can be 
derived from the theoretical model. The influence of kinetic damping due to finite electron and ion temperatures 
is discussed, too.

2. Theoretical Background of Oscillitons
According to the magnetospheric conditions, we consider a space plasma which consisting of electrons and three 
ion populations, protons single-ionized helium and oxygen, here denoted by the indices p for protons, h for He +, 
and i for O +, respectively. With the proton density npo as reference, a standard composition of 10% helium (nho/
npo = 0.1) and 5% oxygen (nio/npo = 0.05) is assumed. The starting point are the multi-fluid equations which 
have been used in earlier papers on non-linear stationary waves (Sauer et al., 2001, 2002, 2003, 2011; Dubinin 
et al., 2002; Dubinin, Sauer, & Mckenzie, 2003; Dubinin, Sauer, Mckenzie, & Chanteur, 2003a, 2003b; McKenzie 
et al., 2004). They follow in a straightforward way from the usual multi-ion equations by eliminating the elec-
tric field by the following assumptions which are relevant to the low-frequency processes under consideration: 
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(a) massless electrons and (b) charge neutrality, that is, ne = np + nh + ni. This so-called Hall-MHD model is 
described for example, by Huba (2003) in detail and has been applied for many purposes in space physics, as 
for modeling the solar wind interaction with non-magnetized bodies, for example, Sauer et  al.  (1994), Nagy 
et al. (2004), and Rubin et al. (2014). A summary of these equations can be found in Appendix A.

2.1. Multi-Ion Dispersion Theory

In order to analyze the dispersion characteristics of low-frequency waves in multi-ion plasmas, the linearized 
version of the Hall-MHD equations are solved for plane waves in the common way. The applied tensor formal-
ism is similar as described before by Sauer and Sydora (2010). After Fourier transform (all variables vary as 
∼exp(-i(ω-k · x))), the fluid and Maxwell equations are written in tensor form which by means of matrix opera-
tions of Mathematica (Wolfram, 1988) finally leads to the equation

𝐌𝐌(𝜔𝜔𝜔𝐤𝐤) ⋅ 𝐄𝐄(𝜔𝜔𝜔𝐤𝐤) = 𝟎𝟎 (1)

where M is the multi-ion dispersion tensor as a function of ω and k which contains the undisturbed plasma 
parameters (density, velocity, temperature, mass, charge) of the ion populations in addition to the propagation 
angle θ with respect to the magnetic field which was taken in z-direction. From there, one gets the dispersion 
relation

D = Determinant[𝐌𝐌] = 0. (2)

It represents a polynomial (with real coefficients) of nth order in ω as function of k where n depends upon how 
many particle populations are taken and whether they are considered as cold or warm or a beam population 
is present. Further, using the matrix relation (Equation 1), the polarization of the multi-ion waves can easily 
be calculated. From the three equations for the electric field components Ex, Ey, and Ez the polarization (ε) is 
obtained as the ratio ε = i Ey/Ez by simple algebra. Similar dispersion analysis of cold multi-ion plasmas has been 
done long before, for example, by Smith and Brice (1964), Rauch and Roux (1982), and Thompson et al. (1995). 
Our focus of dispersion analysis is mainly directed on the coupling between different wave modes which occurs 
if the waves propagate oblique to the magnetic field.

In Figure  1, solutions of the dispersion relation (Equation  2) are shown for two cases. The three panels of 
Figure 1a belong to a multi-ion plasma consisting of cold protons, single-ionized helium and oxygen with an 
abundance ratio (with respect to the proton density) of NHe + = 10% and NO + = 5%. The propagation angle is 
θ = 15°. The essential effect of interest is the mode splitting between the two kinds of waves, the originally 
right-hand polarized R-mode and the originally left-hand polarized L-modes which arise due to the heavy-ion 
abundance. Whereas at parallel propagation these modes cross each other without any effect, frequency gaps arise 
at the cross-over points (marked by the red and blue dashed circles) if the waves propagate oblique to the magnetic 
field. Characteristic frequencies which are related to the heavy-ion abundances and needed for later discussion 
are the two cut-off frequencies (at k = 0), approximately given by ωcut1 ∼ Ωp(nO +/np + mp/mO +) = 0.11 and 
ωcut2 ∼ Ωp(nHe +/np + mp/mHe +) = 0.35 (Ωp: proton cyclotron frequency), and the two cross-over frequencies which 
are located above their related cut-off frequencies. As a remarkable feature, the phase velocity shown in middle 
panel (a) gets a maximum (minimum) at the mode crossing points. As one could imagine and can clearly be seen 
in the bottom panel, a change of polarization at the cross-over frequencies takes place. For example, the dotted 
curve which is R-polarized at small wave numbers k changes to linear polarization at the point of maximum phase 
velocity (marked by the blue dashed circle) and goes with increasing k over to left-hand polarization. A similar 
behavior takes place for larger wave numbers at the second cross-over point (red dashed circle) at (ω/Ωp ∼ 0.4, 
kc/ωp ∼ 0.4) which is associated with the He + abundance. Observation of EMIC waves with linear polarization 
is partly explained in literature via mode conversion (Jun et al., 2021; Young et al., 1981) when the propagating 
waves approaches the cross-over point. We come back to this in the discussion.

The second example of multi-ion dispersion analysis, shown in the three panels of Figure 1c, concerns a case 
where mode splitting appears due to the existence of two ion populations of the same mass, but with different 
temperatures. Here, cold and hot proton populations are considered. As we will discuss later, this situation creates 
requirements of EMIC wave generation very close to the proton cyclotron frequency, or more general, close to 
the cyclotron frequency of two-temperature heavy ions under consideration. As in Figure 1a from top to bottom 
the frequency, the phase velocity and polarization are shown. As seen, the mode splitting effects are similar as for 
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EMIC waves in the proton plasma with heavy-ion abundances. At the cross-over (ω, k) point, marked by the green 
dashed circle, the phase velocity has a maximum (minimum) and changes the polarization there from right- to 
left-hand polarization (and vice-a versa).

2.2. Linear Stationary Waves

A next step in accordance with the approach to oscillitons in the original paper by Sauer et al. (2001) consists in 
the proof of linear stationary waves in the gap areas around the cross-over points. For this purpose the frequency 
in the dispersion relation 2.2 is replaced by k · U where U is the velocity of the moving frame. With ω = k · U, 
Equation 2 is transformed in a polynomial in k as function of the “oscilliton velocity” U. Solutions of the resulting 
dispersion relation of stationary waves D(k · U, k) = 0 are shown in Figures 1b and 1d. By comparison with the 
related plots of Figures 1a and 1b one can clearly see that growing stationary waves with ki > 0 (ki: imaginary 
part of k) occur just there, where “forbidden” areas in the (ω, k) space owing to mode splitting arise. According to 
Figure 1b, due to the presence of two heavy ion populations (helium and oxygen), one gets two ranges of “oscil-
liton” velocities with the related frequencies ω = k · U and (real) wave numbers. For the selected abundance ratios 
of 5% O + and 10% He + and a propagation angle of θ = 15°, the associated “oscilliton” frequencies are ω ≲ 0.2Ωp 
and ω  ≲  0.45Ωp, respectively. How these frequencies vary with the propagation angle will subsequently be 
discussed. Figure 1d belongs to the plasma with both a cold and hot proton population. As an essential signature 
one has to note that for this kind of plasma a growing stationary wave with a frequency close to the proton cyclo-
tron frequency arises. In plasmas with heavy-ion admixtures, on the other hand, a comparable approaching to this 
frequency cannot be achieved by reasonable abundance ratios.

From the two examples which have been described in Figure 1 it is evident that the analysis of the stationary waves 
in multi-ion plasmas represents a simple tool in order to get useful predictions for further studies. So, the growth 
rate of stationary waves can easily be used to determine the associated “oscilliton frequency” in dependence 
of main parameters, as propagation angle or the abundance ratio of heavy-ions. For a given propagation angle 
θ, for example, the maximum growth rate is determined versus the abundance ratio (heavy-ion density/proton  

Figure 1. Multi-ion dispersion theory and linear stationary waves, fluid approach. (a) The left three panels belong to the cold plasma consisting of electrons, protons, 
He + and O + ions. The heavy-ion densities normalized to the proton density are NHe+ = 10% and NO + = 5%, respectively. The propagation angle is θ = 15°. From top 
to bottom: the (normalized) frequency ω/Ωp, the (normalized) parallel phase velocity Vph/VAp (VAp: proton Alfven velocity) and the polarization ε (epsilon) versus the 
(normalized) wave number kc/ωp (ωp: proton plasma frequency). The dashed blue and red circles mark the cross-over points in the H + and He + bands, respectively. 
(b) Linear stationary multi-ion waves k = k(U) resulting from the dispersion relation of the propagating waves in (a) by the replacement ω → k · U where U is the 
velocity of the moving frame. From top to bottom: real and imaginary part (spatial growth rate) of the wave number kc/ωp and the “oscilliton frequency” ω/Ωp versus 
U/VAp. As seen in the middle panel, growing stationary waves occur at the mode-crossing points. (c) The same format as in (a) showing the dispersion ω = ω(k) of a 
two-temperature plasma of cold and warm protons (relative density NH + = 25%, βH + = 0.25); θ = 25°. The cross-over points are marked by green dashed circles. (d) 
Stationary waves k = k(u) in the two-temperature plasma of Figure 1c. Maximum spatial growth rate (middle panel) appears at the “oscilliton frequency” ω = kr · U 
(bottom panel) very close to the proton cyclotron frequency Ωp.
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density) of O + and He + ions, respectively. From the “oscilliton velocity” U at maximum spatial growth and the 
associated (real) wave number kr, one then obtains the “oscilliton frequency” ω = kr · U, which according to our 
general philosophy is almost identical to the corresponding cross-over frequency. Such a dependency is shown 
in Figure 2 for a fixed propagation angle of θ = 15°, where in the range of small angles (θ ≲ 30°) there are only 
relatively small shifts in both curves. It is noteworthy that due to He + even with moderate admixture (<25%), the 
“oscilliton frequency” remains below 0.5 Ωp. Comparing Figures 1 and 2, we note that in the plasma with only 
He + admixture the oscilliton frequency occurs somewhat less than in the plasma with both additional ion species 
(He + and O +). With O +, on the other hand, a frequency shift from the He + band to the H + band can already take 
place with an addition of less than 10%. As we will discuss, this dependency is directly related to statistical results 
from satellite measurements, see for example, Jun et al. (2021).

In Figure 3, the spatial growth rate kic/ωp and the related frequency ω/Ωp of EMIC oscillitons in plasmas with He + 
and O+ abundance, respectively, versus the propagation angle θ are shown. For He +, in panels (a and b) results 
for the abundance ratios 0.01 (dashed curves), 0.05 (dotted) and 0.10 (solid) are presented. Whereas the spatial 

Figure 2. (a) “Oscilliton frequency” versus the He + (dashed curve) and O + abundance ratio (solid curve), respectively, for 
a fixed propagation angle of θ = 15°. The dependence has been determined from the maximum growth rate of stationary 
waves k = k(U), whereby only one heavy ion population was considered as an addition to the proton plasma. That means, the 
index “h” stands for “He +” and “O +” separately. (b) Statistical Van Allen Probe measurements of the normalized frequency of 
EMIC waves in the H + (upper panel) and He + band (lower panel) versus |MLAT|, adapted from Jun et al. (2019).

Figure 3. (a and c) Spatial growth rate and (b and d) related frequency of electromagnetic ion cyclotron oscillitons for three 
abundance ratios of He + and O + respectively, versus the propagation angle θ. The He + abundance ratio in (a and b) is 0.01 
(dashed), 0.05 (dotted), and 0.10 (solid). The abundance ratio of O + in (c and d) is 0.005 (dashed), 0.025 (dotted), and 0.05 
(solid). The solid red line in (a) and blue line in (d) mark the He + and O + cyclotron frequency, respectively.
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growth rate ki increases with increasing propagation angle, the oscilliton frequency remains nearly constant in 
the interval up to θ = 30°. It varies with the abundance ratio from slightly above the He + cyclotron frequency (ω/
Ωp = 0.25) up to about 0.4 Ωp (see also Figure 2). In panel (c) the growth rate is shown versus the propagation 
angle θ for O + abundance ratios of 0.005 (dashed line), 0.025 (dotted) and 0.05 (solid). Remarkably, there is only 
a weak dependence on the heavy ion density. The frequency in turn increases from ω/Ωp ∼ 0.1 to 0.25 with a 
slight decrease if θ increases.

2.3. Kinetic Dispersion Analysis (Vlasov Approach)

In order to analyze to what extent the multi-fluid theory results shown in Figures 1a and 1c are influenced by 
kinetic damping effects, our own code to solve the kinetic dispersion relation was used. This code written on the 
formalism of Stix (1992) has successfully applied for different purposes, for example, Sauer and Sydora (2011). 
Hereby, the knowledge of the fluid results made it easier to find the corresponding solutions of the Vlasov 
description. Results for the same parameters as in Figure 1 with respect to the abundance ratios and propagation 
angles, supplemented by the plasma temperatures of electrons and ions via the related plasma betas βi (i: e, H +, 
He +, O +) are shown Figure 4. Looking first to the left two panels for the multi-ion dispersion at presence of 
protons, helium and oxygen ions, the good agreement between both approaches with respect to the real part of 

Figure 4. Similar format as in Figure 1, however, instead of fluid theory the Vlasov dispersion relation including kinetic 
damping by finite electron and ion temperatures has been used. The damping rate γ/Ωp is added in the second raw, panels 
(b and f). For the multi-ion case (left panels) the temperatures of the ions (H +, He +, and O +) are given by βH + = 0.15 
and βHe + = βO + = 0.01. For the electrons βe = 0.2 was used. The right panels belong to two-temperature plasma of cold 
(βH + = 0.001) and warm protons (relative density NH + = 25%, βH + = 0.25); θ = 25°.
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frequency in (a), the polarization in (c) and the phase velocity in (d) is visible. As additional information one 
gets the kinetic damping in panel (b). As a remarkable effect one has to note the onset of significant damping of 
the left-hand polarized (cyclotron) modes after their crossing of the weakly damped right-hand mode. The right 
panels (e–h) show the dispersion behavior in the vicinity of the proton cyclotron frequency for the case that the 
proton plasma consists of a cold (βc = 0.001) and hot population (βh = 0.02) whose density is 25% of the cold 
one. Essential effects are again the pronounced mode splitting between the both modes of different polarization 
and the associated formation of an inflection point where phase and group velocity coincide.

2.4. Spatial Oscilliton Profiles

The final step to oscillitons is the calculation of their spatial profiles by solving the stationary nonlinear 
fluid equations. The procedure of deriving the governing system of ordinary differential equations is detailed 
described in earlier papers by Sauer et al. (2001, 2002), Sauer and Sydora (2011), Sauer and Dubinin (2003), 
Dubinin et  al.  (2002,  2004), Dubinin, Sauer, Mckenzie, and Chanteur  (2003a,  2003b), Dubinin, Sauer, and 
Mckenzie (2003), and McKenzie et al. (2004) and, therefore, only few explanations are given here. Starting point 
are the Hall-MHD equations as already explained in Section 2.1. In the one-dimensional model the x-direction 
is determined by the direction of the wave propagation. The y- and z-axes complete the orthogonal system, with 
the magnetic field lying in the x-z plane and forming the angle θ with the x-axis. The search for stationary waves 
means switching to the reference system, in which there is no time dependence. That is, ∂/∂t is replaced by −U 
d/dx, where U stands for the so-called oscilliton velocity. Thus, the complete system of nonlinear equations in 
x and t is converted into a system of ordinary differential equations. Using in addition the conservation of mass 
flux and transverse momentum, for a plasma with three ion species (protons, helium and oxygen ions), finally 
nine equations are required to determine the relevant quantities, that is, density, velocity of ions and the magnetic 
field. Essential parameters are the abundance ratios of the heavy ions and the temperatures of electrons and ions, 
expressed by their plasma betas βi. They together with the propagation angle θ determine the range of “oscilliton 
velocities” U in which, according to the linear theory in Section 2.2, spatially increasing solutions with the corre-
sponding spatial growth rates occur. (For the simple case of the cold two-ion plasma, the equations to be solved 
are given explicitly in Appendix B.)

The following normalizations are used below: The densities relate to the proton density npo, the velocities are 
normalized with the proton Alfven speed VAp. The magnetic field disturbances refer to the undisturbed magnetic 
field B0 and finally the electric fields are normalized with E0 = VAp B0. As a first example, the spatial profiles 
are determined for the case that three ion populations take part at the momentum coupling between magnetized 
ions and the electromagnetic field. As before, a plasma of protons with a proportion of 10% helium (He +) and 5% 
oxygen ions (O +) is assumed. According to the descriptions in the previous sections (Figures 1a and 1b), such a 
three-ion plasma has two cross-over frequencies and thus two propagation velocities U at which oscillitons are to 
be expected. In the context of our fluid model, these are determined by the abundance ratios and the propagation 
angle. In the following we choose θ = 15° and determine the spatial profiles of the oscilliton in the He + band due 
to the O + abundance, which according to Figure 1b exists at M ∼ U/VAp = 0.83 with kc/ωp ∼ 0.22 and thus ω/
Ωp = 0.18. The numerical integration of the differential equations describing the spatial oscilliton profiles results 
in the plots of Figures 5a and 5b. In Figure 5a, the hodograms of the transverse velocities and of the transverse 
magnetic field are shown, whereby the index “h” stands for He + and “i” for “O +.” The corresponding spatial 
variation of the z-component of the four quantities is pictured below in Figure 5b. From the hodograms one can 
see the tendency toward linear polarization and the close correlation between the rotating motion of the ions and 
the behavior of the magnetic field. Further, it can be seen that there is a 90° phase shift between the rotation of 
O + and He +.

Of a particular interest is the occurrence of EMIC waves in the immediate vicinity of the cyclotron frequency of 
an ion species present in the plasma. For example, Teng et al. (2019) describe the generation and characteristics of 
emission at the proton cyclotron frequency. These particular EMIC events are interpreted as oscillitons which are 
based on the presence of two populations of the same mass but with different temperatures or drifts. As analyzed 
in Figures 1c and 1d, mode coupling takes place here between the two components and leads ultimately to the 
possibility of stationary growing waves. A corresponding example is shown in the panels of Figures 5c and 5d, 
where the interaction between two proton populations of different temperature generates an oscilliton very close 
to the proton cyclotron frequency. In the present case it is assumed that the plasma consists of cold protons 
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(index p) with the same admixture of warm protons (index h) with ßh = 0.2. For θ = 60°, the oscilliton velocity 
is M = 0.83 and with kc/ωe = 1.24 one gets an “oscilliton frequency” of ω/Ωp ∼ 1. As can be seen from the first 
two hodograms in Figure 5c, the two proton groups (“p” for the cold population, “h” for the hot one) perform 
very different gyrating motions, which finally, as a result of the self-consistent interaction, causes the particular 
polarization of the magnetic field, plotted in the third hodogram. What the different particle gyrations look like 
in detail depends on the respective parameters of the proton groups. Remarkable is the significant variation of the 
density of cold ions (not shown here), which reaches almost 10%, which is also similarly reflected in the ampli-
tude variation of the magnetic field. In the fourth panels of Figure 5c the hodogram of the electric field is shown, 
whereby Ey, Ez are related to By, Bz by Ey = M · (Bz − Bz0) and Ez = −M · By. In the four panels of Figure 5d, finally, 
the spatial profiles of the z-component of the proton velocities (Vpz and Vhz), of the magnetic field (Bz − Bzo) and 

Figure 5. Hodograms and spatial profiles of oscillitons: (a and b) Multi-ion plasma consisting of three (cold) ion populations: protons, He +-ions (10% of the proton 
density) and O +-ions (5% of the proton density). The oscilliton moves with the velocity M = 0.83 which corresponds to a frequency of ω/Ωp = 0.18. The propagation 
angle is θ = 15°. Panel (a) shows the hodograms of the transverse velocities (indices: p for protons, h for He + ions and i for O + ions) and of the transverse magnetic 
field. The corresponding spatial oscilliton profiles are shown in panel (b). Panels (c and d) belong to a two-temperature proton plasma which consists of a cold (index 
p) and warm population (index h) of the same density with βh = 0.2. The propagation angle is θ = 60°. The oscilliton velocity is U = 0.83 VAp. The resulting oscilliton 
frequency is very close to Ωp. In the last panels (c and d) the hodogram of the electric field (Ez over Ey) and the spatial variation of Ez, respectively, are shown in 
addition.
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of the electric field (Ez) are pictured. As will be shown later, the mutual drift 
of two particle populations of the same mass and temperature can lead to 
similar effects.

2.5. Example of Right-Hand Polarized p-He + Oscilliton

One characteristic feature of the multi-ion oscillitons so far considered in 
Section 2.3, see Figure 5, was their left-hand polarization. The question was 
are there conditions under which right-hand polarized oscillitons exist. One 
tendency which can be gained already from the linear theory of multi-ion 
waves is that the polarization at the cross-over frequency is shifted more and 
more to ε > 0 (right-hand polarization) if the propagation angle increases. 
Since, in turn, multi-ion oscillitons at pronounced oblique propagation can 
exist only in case of small heavy-ion abundance, our search for right-hand 
polarized oscillitons was done in this direction. Under this point of view, a 
proton plasma containing only 1% He + admixture (instead of 10% before) 
is considered in the following investigations, with a propagation angle of 
θ = 30° being selected. In Figure 6 corresponding results of the linear theory 
are shown. Panels (a and b) present the frequency ω/Ωp and the polarization ε 
versus kc/ωp, respectively. The outcome of linear stationary theory is shown 
in the panels (c–e) in the same format as in Figures 1b and 1d. As seen in 
Figure 6d, maximum spatial growth of kic/ωp ∼ 0.02 occurs at the oscilliton 
velocity of U/VAp ∼ 1.05. The related oscilliton frequency (Figure 6e) is ω/
Ωp ∼ 0.27.

The spatial oscilliton profiles are obtained by solving the system of ordinary 
differential equations given in Appendix B. The corresponding results are 
shown in Figure 7, where the right-hand polarization of the EMIC oscilliton 
is to be emphasized. The hodograms of the transverse proton (Vpy, Vpz) and 
He + velocities (Vhy, Vhz) in panels (a and b), respectively, indicate that the 
gyration velocities of the He + ions are larger than those of the protons. This is 
an effect of the low He + density of 1%. In the panels (d–i), the spatial profiles 
of Vpz, Vhz, Vpy, Vhy, Bz-Bz0, and By are shown. From there, the phase relations 
between all these quantities can be read.

2.6. Harmonic Generation

Stimulated by the observation of the harmonics of the EMIC waves, for exam-
ple, Usanova et al. (2016), the question has become topical as to whether and 
in what way the stationary, non-linear structures of oscilitons can be a source 
of higher harmonics. Surprisingly, the Fourier analysis of the spatial profiles 
as shown in Figure 4 has produced results that are apparently directly related 
to the characteristic features of observed harmonics. It turned out that the 
properties of the harmonics generated by the oscilliton depend crucially on 
which wave modes are involved in its formation and in which (ω, k) space 
this occurs. Guided by the observation results of Usanova et al. (2016, 2018), 
Yu et al. (2017), H. Chen et al. (2018), and Zhu and Chen (2019), we have 
analyzed three types of harmonic generation associated with oscillitons. In 
the first case, Figures 8a and 8b, an oscilliton is considered that exists in a 
proton plasma with 1% admixture of O +. At a selected angle θ = 10°, the 
associated wave number is determined by kc/ωp ∼ 0.11, and with an oscil-
liton velocity of U = 1.01 VAp, the fundamental frequency identical with the 

cross-over frequency is ω/Ωp = 0.11. As can be seen from Figure 8b, two further harmonics occur at kc/ωp ∼ 0.22 
and kc/ωp ∼ 0.33, respectively. Accordingly, the frequencies are ω/Ωp ∼ 0.22 and ω/Ωp ∼ 0.33.

A different situation arises, shown in Figures  8c and  8d, when as source of EMIC waves an oscilliton is 
chosen which based on the interaction of two oxygen ion populations at different temperatures. In this case the  

Figure 6. (a and b) Dispersion of electromagnetic ion cyclotron waves and 
of (c–e) stationary waves in a proton-He + plasma; the same format as in 
Figure 1. In contrast to earlier parameters, the abundance ratio of He + is small 
(nHe +/n0 = 0.01) and the propagation angle is θ = 30°. Note the right-hand 
polarization of the original Alfven mode at large wave numbers (solid line) 
at the mode crossing point reaching kc/ωe ∼ 0.25. Panels (c–e) show the 
related dispersion of stationary waves, k = k(U). Maximum growth rate of 
kic/ωp ∼ 0.02 occurs at U/VAp = 1.05 which involves with kc/ωe ∼ 0.25 an 
oscilliton frequency of ω ≳ 0.25 Ωp, s.a. Figure 3b.
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fundamental frequency of the oscilliton is very close to the oxygen ion cyclotron frequency ΩO + = 0.063 Ωp. 
Starting with the fundamental wave number of kc/ωp = 0.07, in Figure 8d more than 10 harmonics are seen. 
The spectral maximum at about kc/ωp ∼ 0.4 is obviously caused by the existence of another oscilliton (marked 
by the red dashed circle) which arises due to the momentum coupling between the protons and the oxygen ion 

Figure 7. Oscilliton profiles as solution of the ordinary differential equations in Appendix B: Panels (a–c) represent the 
hodograms of the transverse proton and He + velocities and of the transverse magnetic field. In the panels below the spatial 
variation of the following six quantities is shown: Vpz, Vhz, Vpy, Vhy, Bz-Bz0 and By. Note the phase relations between each 
variable which has a wavelength of about λ = 25c/ωp.
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populations. Considering the high number of harmonics, one has to take into account that in the fluid approach 
no cyclotron damping is involved.

Finally, a special case is shown in Figures 8e and 8f, which is related to the fact that the magneto-acoustic mode 
comes into play assuming finite electron temperatures. Otherwise, the plasma consists of protons with an admix-
ture of 10% He +. Here the special situation is shown that, in addition to the previous right- and left-hand polarized 
modes, the magneto-acoustic mode contributes to the formation of the oscilliton. This is achieved by an appropri-
ate choice of the electron temperature, which is fixed by βe = 2.4, bringing the phase velocity close to Vph/VAp = 1. 
The special feature of the calculated wave number spectrum in Figure 8f is that only the fundamental wave is 
electromagnetic in nature and has a corresponding peak in the power spectrum of the magnetic field component 
(solid line). As can be seen from the dashed curve in Figure 8f, on the other side, several harmonics appear in 
the power spectrum of the electrostatic field component. Accordingly, these waves are linearly polarized. To 
what extent magneto-acoustic modes with phase velocities below the Alfven velocity, due to their coupling with 
the Alfven wave, can generate electrostatic harmonics in a similar way has not been further investigated by us. 
Further discussion follows later in connection with observations from recent satellite missions.

3. Discussion
It has been shown (Dubinin et  al.,  2002; Dubinin, Sauer, & Mckenzie,  2003; Dubinin, Sauer, Mckenzie, & 
Chanteur, 2003a, 2003b; Sauer at al. 2001, 2002; Sauer & Dubinin, 2003) that oscillitons can exist in different 
plasma systems in which two wave modes are superimposed at one (ω, k) point. These wave modes can be based 
on the existence of different particle groups, for example, electrons and ions, beams, electron and ion groups at 
different temperatures, etc. However, the common property is that the splitting of the associated dispersion curves 
by mode coupling leaves a gap region in which stationary, growing waves exist. In the end, a non-linear system 
results in which rotating and/or oscillating groups of particles are resonantly coupled to the electromagnetic field. 
The properties of these oscillitons determine the characteristics of the associated coherent waves. In this consid-
eration, the triggering of oscillitons by instabilities initially plays a subordinate role.

Figure 8. Harmonic generation by three kinds of oscillitons: (a and b) oscilliton caused by the momentum exchange between protons and 1% cold oxygen ions; 
θ = 10°, M = U/VAp = 1.01; (c and d) oscilliton generated in a cold proton plasma with an admixture of 15% cold and 5% hot oxygen (βh = 0.1), U/VAp = 0.88; (e and 
f) example of electrostatic cyclotron harmonics illustrating consequences of hot electrons. A plasma with 10% of (cold) He + ions is considered; θ = 5°. With βe = 2.4 
an electron temperature was chosen that at the cross-over frequency the magneto-acoustic wave (solid line) squeezes itself between both the R- and L- modes. The 
dispersion ω(k) of the EMIC waves is shown in the panel (a, c, and e). The associated power spectrum the magnetic field component By is plotted in the panels (b and 
d). The dashed curve in panel (f) represents the electrostatic field power. The “oscilliton frequency” on the most bottom scale follows from the relation ω = kr U. The 
red points mark the cross-over frequencies.
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So far, it has been difficult to prove this theoretical concept with well-founded measurements. However, this situ-
ation has changed with the improved technology and the possibility of multipoint measurements of very recent 
space missions. In addition, the analysis of low-frequency EMIC waves and the measurement of basic param-
eters of a multi-ion plasma is easier to realize than details of electron distribution functions when dealing with 
high-frequency processes, for example, in the range of whistler and Langmuir waves. In the following we will 
analyze the various observations about EMIC waves under the aspect, which of their properties can be explained 
with the concept of oscillitons as presented in Section 2.

The first characteristic quantity of our discussion is the frequency of the EMIC waves. For a magnetospheric 
multi-ion plasma made of protons (single charged helium and oxygen ions), three emission bands are distin-
guished: H + band between the local H + and He + cyclotron frequency, He + band between the local He + and O + 
cyclotron frequency, and O + band below the local O + cyclotron frequency, see Figure 2. There a numerous meas-
urements that report in particular EMIC waves in the middle of the H + band, as by Lee et al. (2012), E.-H. Kim 
et al. (2015), Vines et al. (2019) and H. Chen et al. (2020). Statistical analysis of EMIC waves in the H + and He + 
band has carried out for example, by X.-J. Zhang et al. (2016) and Jun et al. (2019). Triggered EMIC activity in 
association with Pc1 waves in Cluster measurements has been described by Pickett et al. (2010). Narrow-banded 
EMIC waves with frequencies at ω ≲ 0.5 Ωp have also been seen by Temerin and Lysak  (1984) in the S3-3 
satellite electric field wave data at altitudes between 800 and 8,000 km. What is striking for EMIC activity in 
the H + band (apart from waves in the immediate vicinity of the proton cyclotron frequency Ωp) is the absence of 
frequencies above ∼0.5 Ωp. This can hardly be explained by a lack of the common proton temperature-anisotropy 
or beam instability within this frequency range. But it seems to be in accordance with our predictions in Figure 2 
according to which the “oscilliton frequency” in the H + band (due to a He + content) remains below ω ∼ 0.45 
Ωp as long as the corresponding abundance ratio nHe +/nH + remains below the reasonable value of ∼0.15. As an 
example of statistical measurements by Jun et al. (2019), Figure 2b shows the variation in frequency of EMIC 
waves in the H + and He band over the magnetic latitude (MLAT). From the comparison with Figure 2a one can 
conclude that the measured maximum frequencies (ω/Ωp < 0.5 for the H + band, ω/Ωp < 0.25 for the He + band) 
are associated with a maximum content of about 20% He + and 7% O +, respectively. The results of E.-H. Kim 
et al. (2015) and H. Chen et al. (2020) can be commented on in a similar way.

The concept of oscillitons as a source of coherent EMIC waves receives valuable support from the multi-point 
measurements of the four MMS satellites. Very coherent wave packets have been observed simultaneously. With 
the help of Wave Curl Analysis, Vines et al. (2021) determined the wave number of a coherent event in the H + 
band with the frequency ω/Ωp ∼ 0.42. From the measured component parallel to the magnetic field of k|| = 3.3 · 
10 −3 rad/km, a normalized wave number of k||c/ωp ∼ 0.5 is obtained if a proton density (not given in the paper) 
of np = 5 cm −3 is assumed. With an “oscilliton velocity” of M = U/VAp ∼ 0.8 (according to Figure 1a) this results 
in an “oscilliton frequency” of the EMIC wave of ω ∼ 0.4 Ωp which is in good agreement with the spacecraft 
measurements.

Especially valuable for confirming the oscilliton concept is the evaluation of multi-point measurements by 
Toledo-Redondo et al. (2021). According to their interpretation, the observed EMIC waves in the H + band (ω/
Ωp ∼ 0.7) arise from the momentum exchange of two groups of cold and warm protons via the mediating elec-
tromagnetic field. This is shown very convincingly by the measured waveforms for the corresponding proton 
velocities and the electric and magnetic fields which agree well with the waveforms in Figure 5d. The associated 
(normalized) wave number is kc/ωp ∼ 1 and, with a “oscilliton velocity” of M ∼ 0.8, supplies an “oscilliton 
frequency” of ω/Ωp ≲ 1. Adapted from Figure 2 of Toledo-Redondo et al. (2021), in Figure 9 (a) the magnetic 
field, (b) the velocity of the cold, and (c) the warm proton population are shown. If normalized values are used 
as before (∆B in units of B0, ∆v in units of VAp), it is immediately apparent that transverse components have 
approximately the same amplitude of about 0.04. Furthermore, there is an opposite phase relationship between 
∆B┴ and ∆vc┴, that is, ∆B┴/B0 = −∆vc┴/VAp, which is particularly clearly seen in the bluely marked transverse 
components in Figures 9a and 9b. Such a relation expresses the conservation of momentum according to Equa-
tions B7 and B8, assuming that the contribution of the warm proton population is negligible because of lower 
density and velocity. Further (not shown here), the transverse electric and magnetic fields follow roughly Fara-
day's law according to Equations B10 and B11. Finally, as a remarkable signature one has to point out that the 
waves are right-hand polarized both in the observations and theory. Altogether, these results support impressively 
the concept of oscillitons as a source of coherent EMIC waves.
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EMIC waves in the immediate vicinity of the proton gyro frequency have also been reported by Teng et al. (2019). 
To what extent, according to our representations, these waves are actually based on the existence of electron 
groups of different temperatures, however, cannot be inferred from their measurements. The observation of 
stationary waveforms and the determination of the wave number of EMIC events by is also highlighted in the 
NASA Report 2017 (J. Zhang et  al.,  2017) as a key result of the mission. From the information given there 
(θ = 71.5°, |k| = 0.005 km −1, ω ∼ 1.9 s −1, Vph ∼ 373 km/s) one can conclude that the observed EMIC event is 
based on the existence of two proton populations whose frequency is close to Ωp.

The harmonics play a remarkable role in the interpretation of EMIC waves since their propagation properties 
allow important conclusions to be drawn about the properties of the plasma and the mechanism by which the 
fundamental wave is formed. Various observations of electromagnetic ion cyclotron harmonic (EMICH) waves 
are reported in the literature, These include the work of Liu et  al.  (1994), Usanova et  al.  (2016,  2018), Yu 
et al. (2017), H. Chen et al. (2018), Zhu and Chen (2019), and Deng et al. (2022). Consistent with our investiga-
tions, the events are differentiated by the frequency of the fundamental wave. In some cases this is almost iden-
tical to the gyro frequency, in other examples it is above or below it. When considering the relationship between 
EMICH waves and oscillitons, one must always keep in mind that oscillitons are based on the non-linearity of 
the fluid-Maxwell equations. It is therefore only natural that the properties of the oscillitons are also reflected in 
their harmonics.

As first example, the observation of oxygen gyro harmonics by H. Chen et  al.  (2018) are discussed. With a 
frequency of ω ∼ 1.6 ΩO + this event corresponds to the theoretical situation in Figures 8a and 8b where the 
governing oscilliton arises by the electromagnetic coupling of protons and oxygen at the cross-over point of both 
mixed modes in the two-ion plasma. The frequencies of the higher harmonics are n times of that of the funda-
mental wave. The waves propagate nearly parallel to the magnetic field, θ ∼ 10°, and are linearly polarized. In 
the work by Usanova et al. (2016) an EMICH event with frequencies very close to the harmonics of the oxygen 
ion cyclotron frequency is described. Noteworthy is the observation of a clear change in the direction of wave 
propagation at the harmonics: the waves with frequencies adjacent to multiples of the O + gyrofrequency travel 
on the opposite directions. This event belongs obviously to the case in Figures 4d and 5c, where the fundamental 
wave is an oscilliton which arises due to two coupled oxygen ion populations, consisting of a cold and a warm 
one. The observed splitting of the harmonics into right-hand and left-hand circular waves propagating in opposite 
directions suggests a slight drift between the two groups of ions. Another observation by Usanova et al. (2018) 
of harmonics of the oxygen ion cyclotron frequency ΩO +, on the other hand, corresponds more to the previously 

Figure 9. (a–c) Waveforms adapted from the multi-point measurements of Toledo-Redondo et al. (2021) and (d–f) spatial profiles of the proton two-temperature 
oscilliton of Section 2.4, see Figures 5c and 5d. The panels present: (a) the magnetic field components ∆B|| (black line), ∆B┴1 (blue) and ∆B┴2 (red) in units of B0, the 
corresponding velocity components of (b) the cold proton and (c) of the hot population in units of VAp. The magnetic field and the proton Alfven velocity are B0 = 36 nT 
and VAp = 770 km/s, respectively. In panels (d–f) the spatial profiles of the oscilliton described in Section 2.4 are shown. The corresponding two-temperature plasma 
consists of cold (index p) and hot protons (index h) of the same density with βh = 0.2. The propagation angle is θ = 60°.
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described event of H. Chen et al. (2018) where the fundamental EMIC wave belongs clearly to the He + band. That 
means, the frequency of the fundamental wave is above ΩO + indicating, according our expectations, an oscilliton 
owing to proton-He+ momentum coupling as origin of the observed emission. The quasi-parallel propagation of 
these waves is considered as a further clue for this interpretation.

In measurements of electromagnetic oxygen ion cyclotron harmonics by Deng et al. (2022) it is has been found 
that the frequencies of these emissions fall around the harmonics of the specific frequency ω0 ∼ 2 ΩO +. This has 
stimulated the question whether the second harmonic plays generally a particular role in the nonlinear mechanism 
of harmonic generation. In this context we want to point out and refer to Figures 5a and 5b that oscillitons in a 
proton-He + plasma may generate harmonics whose fundamental frequency ω0 is approximately 2 ΩO + if the He + 
content is about 1%. Whether the peculiarity that the oscilliton frequency is actually in the range of the second 
harmonic of ΩO +, can only be clarified by appropriate plasma measurements.

With the observation of electrostatic harmonics by Zhu and Chen (2019) a particular type of harmonic generation 
in association with EMIC waves is reported which is essentially different from the electromagnetic events above. 
Whereas the fundamental wave is located in the He + band and of electromagnetic nature is, the third harmonic 
and above (up to fifth) are above the proton cyclotron frequency and have only electric field components (with-
out magnetic fluctuations) propagating bi-directional with respect to the magnetic field. In order to fulfill the 
resonance conditions (the ω, k relations) a plasma wave mode is required which is essentially electrostatic. In 
the low-frequency range of EMIC waves that can only be the magneto-acoustic mode with a dispersion of ω = C 
k, where C is the (constant) phase velocity. Such a case has been considered in our power spectrum analysis of 
Figures 8e and 8f. For the selected electron temperature of βe = 2.4 the magneto-acoustic mode with C = Vph 
∼ (βe/2) VAp touches the crossing (oscilliton) point of the proton-He + plasma at ω ∼ 0.4 Ωp (kc/ωp ∼ 0.4), see 
Figure 8e. This condition enables obviously the generation of four and more electrostatic harmonics. We are not 
sure whether in the event of Zhu and Chen (2019) a plasma with hot electrons of βe = 2.4 really exist. From a 
theoretical point of view, it is challenging to find out whether other particle populations such as groups of hot or 
accelerated electrons or ions can give rise to a magneto-acoustic mode whose phase velocity is also close to the 
proton Alfven velocity to be favorable to touch the ω-k region of spatially growing waves.

A more complex problem concerns the interpretation of the polarization of the observed EMIC waves in relation 
to our model of oscillitons. It is difficult to derive a consistent picture from the literature. For example, adjacent 
lines can be polarized differently, as for example, in the measurements by H. Chen et al.  (2018). However, it 
remains to be seen that linear polarization is present in the majority of the analyzed events, with left polarization 
appearing to be somewhat more strongly represented, see E.-H. Kim et al. (2015), Vines et al. (2019), and Jun 
et al. (2021). Regarding the polarization of EMIC waves, from the theoretical point of view one has to take into 
account two aspects. On the one hand, in the source region i.e., the region where EMIC waves are driven by 
the temperature instability, left-hand polarized waves should dominate. Furthermore, based on the simulation 
results for Langmuir-whistler oscillitons in Appendix C, one can conclude that simultaneously with the instability 
EMIC oscillitons are triggered, the polarization of which ultimately depends on the proportion of heavy ions in 
the plasma. Therefore, in the source region, one has to reckon with the fact that a complex picture of the polari-
zation arises as a result of the superimposition of both wave types. Outside the source region, however, one can 
assume that the polarization is determined by the oscillitons, whose polarization would change from LH (near the 
equator) to RH polarization (in the region of higher latitudes) as the admixture of heavy ions decreases. Such a 
variation was observed in the statistical measurements for example, by Jun et al. (2021). A compelling example 
of RH polarized EMIC waves one finds for example, in the work of Nakamura et al. (2014). The observed wave 
activity in the H + band with ω ∼ 0.3 Ωp and at a propagation angle of θ ≲ 30° is obviously related the presence 
of a small abundance of He + (∼2%) which well agrees with our considerations in Section 2.4. Not surprisingly, 
the EMIC waves occurring simultaneously in the He + band (ω ∼ 0.1 Ωp) show RH polarization, what can be 
associated with an O + abundance of 1–2 percent.

There remains the discussion of the amplitudes of oscillitons. In the case of the two-temperature proton plasma 
shown in Figure 9 we found a good agreement between the measurements by Toledo-Redondo et  al.  (2021) 
and the outcome of the oscilliton theory. The situation is not so satisfactory if heavy ions are involved. Crucial 
quantity in the simplest model of cold multi-ion oscillitons is the density of the individual ion components in 
relation  to the proton density. In parameter studies we found that the calculated amplitudes are generally about 
one order of magnitude higher than the measured values. As seen in Figures 5a and 5b, for a plasma with 10% of 
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helium and 5% of oxygen the velocity and magnetic field disturbances are of the order ∆v/VAp ∼ ∆B/B0 ∼ 0.1. In 
the measurements, for example, by Vines et al. (2021), one the other hand, one only finds ∆B/B0 ≲ 0.01. Whether 
this discrepancy indicates a smaller heavy ion abundance or other effects remains open. In all these consid-
era tions, however, one must always keep in mind that the fluid description of EMIC oscillitons can only represent 
a very rough model of the real conditions. A first extension could be a kinetic dispersion theory of stationary 
waves, which could be worked out with reasonable effort. Such an approach would significantly reduce the spatial 
growth rates due to kinetic damping effects. Ultimately, you have to use simulations, for example, in the form of 
hybrid codes, to check the simple models.

A final but very important point of discussion concerns the role of instabilities in the formation of multi-ion 
oscillitons as the source of coherent waves in the plasma. Results of an instability analysis in a proton-He + with 
temperature-anisotropy are presented for example, in the paper by L. Chen et al. (2011). Instabilities are involved 
in the process of oscilliton formation in two ways. In the first case, they are responsible for triggering the oscill-
itons when the conditions for their existence are present. This means that the instabilities are the reason why the 
system of two particle populations and the connecting electromagnetic field starts to oscillate. In the (ω, k) space 
this happens at the cross-over points, where phase and group velocities are the same. It is worth noting that these 
points are generally different from those of maximum instability. Another situation occurs when the instability, 
for example, due to wave-particle heating, creates a second particle group that differs from the already existing 
one due to different temperature or speed, for example, Teng et al. (2019), Usanova (2021), and Toledo-Redondo 
et al. (2021). In this case, oscillitons can arise in which groups of particles with the same mass participate, but 
which differ from each other in other parameters. Finally, oscillitons and waves with the frequencies in the neigh-
borhood of the maximum growth rate can exist simultaneously, as shown, for example, for Langmuir-whistler 
oscillitons discussed in the Appendix.

4. Summary
Multi-ion oscillitons are stationary nonlinear waves which arise at the mode crossing points of the obliquely prop-
agating electromagnetic waves in plasmas with several ion populations. In these (Gendrin) points the phase and 
group velocity of the coupled waves coincide and it is used as reference velocity of the moving frame in deriving 
the set of stationary nonlinear Hall-MHD equations.

The main results of our studies are the following:

1.  The frequency of the EMIC oscillitons is close to the corresponding heavy-ion cyclotron frequency and 
increases with growing abundance ratio. For He + admixture of slightly above 10% a oscilliton frequency of 
about 0.4 Ωp is gained. A 5% portion of oxygen ions results in a frequency of about 0.2 Ωp.

2.  With decreasing heavy-ion density the optimum conditions of oscilliton generation shift to larger propagation 
angles which is associated with a change of polarization from RH to LH polarization. For an abundance of 
1% He +, for example, RH polarized oscillitons have been found at θ = 30° with a frequency of about 0.25 Ωp.

3.  RH polarized oscillitons of frequencies close to Ωp have been seen in a plasma with cold and hot proton popu-
lations of the same density.

4.  Harmonics of the EMIC oscilliton frequency have been obtained for different plasma compositions. For exam-
ple, more than five harmonics of the oxygen cyclotron frequency ΩO + appeared in a He + - O + plasma.

5.  As a very specific case, it has been shown that He + oscilliton harmonics of electrostatic nature may exist, 
similar as described by Zhu and Chen (2019). For their formation it is necessary that the magneto-acoustic 
mode is involved in the momentum exchange with the magnetic field of the resulting electromagnetic wave. 
Further experimental and theoretical studies are required to find out which particle populations are involved 
in the existence of the electrostatic wave mode.

6.  It is suggested that the EMIC oscillitons can be triggered by the cyclotron instability of protons owing to a 
temperature anisotropy. That means, two kinds of EMIC waves can be present in the source region: unstable 
left-hand polarized waves and EMIC oscillitons with variable polarization. Outside the source region only 
oscillitons can survive.

Kinetic studies on the basis of Vlasov theory and particle simulations are required to complete the oscilliton 
concept of coherent magnetospheric EMIC waves.
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5. Conclusions
In conclusion, we would like to express that the described investigations of multi-ion oscilltons in the magneto-
sphere can be fully transferred to comparable situations in other plasma environments. This applies in particular 
to the plasmas in the vicinity of comets and non-magnetized planets, where the interaction of the solar wind with 
the locally generated ions leads to complex wave phenomena in the low-frequency range (Halekas et al., 2020; 
Mazelle et al., 2004; Nagy et al., 2004; Tsurutani, 1991). But also the solar wind itself is a laboratory for the 
investigation of multi-ion structures due to its composition of different proton groups (core and halo) and the 
admixture of alpha particles. In this context, the recent measurements of the Solar Orbiter of coherent proton 
cyclotron frequency waves of both polarizations (RH and LH) are worth mentioning (Khotyaintsev et al., 2021). 
Referring to Figures 5c and 5d, the conclusion is obvious that two different proton populations are involved in the 
formation of the observed nonlinear structures.

Finally, regarding the momentum exchange between electrons, similar conditions can also prevail in the 
frequency range of the whistler waves and lead to whistler oscillitons in a plasma with electron populations 
of different temperatures (not described so far), which are different from the whistler oscillitons at ω ∼ Ωe/2 
due to the electron-proton coupling (Dubinin, Sauer, & Mckenzie,  2003; Sauer et  al.,  2002). Such a kind of 
two-temperature oscilltons may explain the observed whistler wave packets (ω < Ωe/2) in the magnetosphere 
(Dubinin et al., 2007) and in the solar wind (Breneman et al., 2010) and of chorus waves in the magnetosphere 
(Tsurutani et al., 2009, 2020).

Appendix A: Hall-MHD Equations
The governing system of Hall-MHD equations on which the theory of oscillitons is based is the following, using 
standard notations:

The continuity equation and equation of motion of ions, p, h and i stands for protons, He + ions and O + ions, 
respectively.

𝜕𝜕

𝜕𝜕𝜕𝜕
𝑛𝑛𝑗𝑗 + ∇ ⋅ (𝑛𝑛𝑗𝑗𝐯𝐯𝑗𝑗) = 0 (A1)

𝜕𝜕

𝜕𝜕𝜕𝜕
(𝑛𝑛𝑗𝑗𝐯𝐯𝑗𝑗) + ∇ ⋅

(

𝑛𝑛𝑗𝑗𝐯𝐯𝑗𝑗𝐯𝐯𝑗𝑗 +
𝑝𝑝𝑗𝑗

𝑛𝑛𝑗𝑗𝑚𝑚𝑗𝑗

)

=
𝑞𝑞𝑗𝑗𝑛𝑛𝑗𝑗

𝑚𝑚𝑗𝑗

(

𝐄𝐄 + 𝐯𝐯j × 𝐁𝐁
)

, 𝑗𝑗 = p, h, i (A2)

pj is the thermal pressure, pj = γ nj κ Tj..

With the assumption of massless electrons the equation of motion for the electrons is reduced to

1

𝑛𝑛𝑒𝑒

∇ ⋅ 𝑝𝑝𝑒𝑒 = −𝑒𝑒 (𝑬𝑬 + 𝐯𝐯𝑒𝑒 × 𝐁𝐁) (A3)

The electron density ne follows via charge neutrality:

𝑛𝑛e = 𝑛𝑛p + 𝑛𝑛h + 𝑛𝑛i. (A4)

Together with Faraday's law

𝜕𝜕

𝜕𝜕𝜕𝜕
𝐁𝐁 + ∇ × 𝐄𝐄 = 0 (A5)

and Ampere's law

∇ × 𝐁𝐁 = 𝜇𝜇0𝒋𝒋 (A6)

where the current is given by

𝒋𝒋 = e(np𝐯𝐯p+)nh𝐯𝐯h + ni𝐯𝐯i − ne𝐯𝐯e) (A7)

one gets a closed system of equations.
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Appendix B: Oscilliton Equations for a Cold Two-Ion Plasma
In order to analyze the nonlinear, stationary spatially oscillating structures (oscillitons) which may arise in the 
frequency gaps near the cross-over points of multi-ion plasmas, a one-dimensional model is considered. The 
x-axis is in the propagation direction of the wave; the magnetic field is located in the x-z plane with an angle θ 
with respect to the x-axis, that is, B0 = (B0cosθ, 0, B0sinθ). Looking for stationary waves, all variables f(x,t) with 
respect to the time dependence are considered as function of x′ = x − Ut: f = f(x, x − Ut) where U is the velocity 
of the moving structure. Thus, the convective derivative D/Dt = ∂/∂t + uix ∂/∂x → (−U + uix)∂/∂x.

The resulting system equations which describes the simplest kind of oscillitons in a cold two-ion plasma is given 
below. The plasma under consideration consists of cold electrons and two cold ion populations, protons (index p) 
and single-charged helium (index i). All quantities are written in units of the protons, that means ni = nHe +/npo is 
the normalized He + density, where npo is the undisturbed proton density. The mass is in units of the proton mass 
mp, that is, mi = mHe +/mp = 4. The velocities are normalized with the proton Alfven velocity VAp = B0/(μ0npomp) 1/2, 
the magnetic field is in units of B0. Thus, the normalized “oscilliton velocity” is given by M = U/VAp and the unit 
of the electric field is E0 = VApB0.

To determine the 17 variables (np, ni, ne, vp, vi, ve, By, Bz, Ex, Ey, Ez) our system of equations consists of six 
differential equations and 11 algebraic relations. The latter result either directly from the assumption of massless 
electrons and charge neutrality or they are the result of the integration of the (stationary) Hall-MHD equations. 
The system of equations can be written as follows:

dviy

dx
=

1

mi

[

ni0Bz− niBz0

ni0
+

nivizBx

ni0M

]

 (B1)

dviz

dx
=

1

mi

[

By +
niviyBx

𝑛𝑛𝑖𝑖0M

]

 (B2)

dBy

dx
= −nevez + npvpz + niviz (B3)

dBz

dx
= −

(

−nevey + npvpy
)

 (B4)

dnp

dx
=

n3p

M2

ni

ne

[(

vpy − viy
)

Bz −
(

vpz − viz
)

By

]

−
By

dBy∕dx + Bz
dBz∕dx

ne
 (B5)

dni

dx
= −

n3
i

n2
io
M

2
mi

np

ne

[(

vpy − viy
)

Bz −
(

vpz − viz
)

By

]

−
By

dBy∕dx + Bz
dBz∕dx

mine
 (B6)

vpz = −nio miviz −
Bx(Bz − Bz0)

M
 (B7)

vpy = −niomiviy −
BxBy

M
 (B8)

Ex = −
(

veyBz − vezBy

)

 (B9)

Ey = M(Bz − Bz0) (B10)

Ez = −MBy (B11)

vex =
(

npvpx + nivix
)

∕ne (B12)

vey = −
M

Bxne
ne0By (B13)

vez = −
M

Bxne
(ne0Bz − neBz0) (B14)
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vpx = M
(

np − 1
)

∕np (B15)

vix = M(ni − ni0) ∕ni (B16)

ne = np + ni (B17)

Appendix C: Langmuir-Whistler Oscillitons and Proposed Simulation of EMIC 
Oscillitons
After the discussion of EMIC wave events in space (Section 3) which are related to the concept of multi-ion 
oscillitions, we want to address the possibilities of particle simulations by which the generation of oscillitons and 
their triggering by instabilities can be investigated.

Owing to the lack of particle simulations to EMIC oscillitons, as a first step, it seems to be useful to draw 
conclusions from another type of oscillitons, namely the so-called Langmuir-whistler oscillitons (Sauer & 
Sydora, 2011, 2012), for which particle-in-cell (PIC) simulations have been done. Although these oscillitons 
exist in the frequency range much higher than the EMIC waves, fundamental connections between instability 

Figure C1. Dispersion of electromagnetic waves (a–c) in a cold under-dense plasma (Ωe/ωe = 5) at oblique propagation driven by an electron beam with a beam 
velocity of Vb/c = 0.25 and results of PIC simulations (c and d) as indication of Langmuir-whistler oscilliton. In (a) - frequency versus k – the electromagnetic R-mode 
(lower branch: whistler wave), the electromagnetic L-mode, the Langmuir mode at ω ∼ ωe and the beam mode ω ∼ kVb are seen. Panel (b) shows the growth rate γ/ωe 
versus kc/ωe. Panel (c) represents the temporal evolution of the magnetic field component By(k); (d) shows the (ω, k) spectrum of By. Note the pronounced wave activity 
at the mode crossing point (ω/ωe ∼ 1, kc/ωe ∼ 1) which indicates the generation of the Langmuir-whistler oscilliton, s.a. Sauer and Sydora (2011).



Journal of Geophysical Research: Space Physics

SAUER AND DUBININ

10.1029/2022JA030925

19 of 22

and stationary waves can be derived from them. Essential information for understanding the Langmuir-whistler 
oscillitons is given in Figure C1. Electromagnetic waves in a (cold) under-dense plasma (Ωe = 5 ωe) at oblique 
propagation (θ = 5°) are considered. Their dispersion ω versus k shown in panel (a) is described in more detail 
in Baumjohann and Treumann (1996), for example, In addition, an electron beam with a beam density of nb/
n0 = 0.01 and a speed of Vb = 0.25c is assumed by which electron plasma waves (ω ∼ ωe) are excited. According 
to panel (b), showing the growth rate γ/ωe versus kc/ωe, maximum instability appears at kc/ωe ∼ 4. The region 
of the beam instability is marked in panels (a and b) by the red bar. The yellow bar in both panels, on the other 
hand, marks the wave number range in which the electromagnetic modes cross the Langmuir mode, which in 
oblique propagation is associated with mode splitting and creation of a Gendrin point (Gendrin, 1961) where 
phase and group velocity coincide (Sauer & Sydora, 2011). How the two signatures of the dispersion theory 
(maximum instability and Gendrin point) are reflected in the PIC simulations can be seen in Figures  C1c 
and C1d. Figure C1c shows the temporal evolution of the magnetic field component By(k) up to ωet = 350. 
Considering the beam instability around its maximum at kc/ωe ∼ 5, saturation is reached at about ωet = 100. 
Afterward the amplitude of By(k) decreases continually. A remarkable feature, in addition, is the occurrence of 
another maximum in By(k) just at the Gendrin point at kc/ωe ∼ 1 even larger than the value resulting from the 
beam instability at kc/ωe ≳ 4. These waves represent the Langmuir-whistler oscillitons (Sauer & Sydora, 2011). 
The slightly fainter line at kc/ωe ∼ 2 represents the second harmonic associated with the Langmuir-whistler 

Figure C2. Dispersion characteristics of a two-ion plasma with temperature anisotropy which is proposed for hybrid code 
simulations of EMIC oscillitons. The plasma consists of cold (nc/n0 = 0.85, βc = 0.05), hot anisotropy protons (nh/n0 = 0.1, 
Th/Tc = 15, Ah = 1.8) and cold He +-ions (nHe + = 0.1, THe +/Tc = 0.1). The propagation angle is θ = 15°. Maximum instability 
appears at kc/ωp ∼ 0.67 (ω/ωp ∼ 0.5). From the point of maximum phase velocity, the generation of an EMIC oscilliton at 
(kc/ωp ∼ 0.67, ω/ωe ≲ 0.4) is expected.
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oscilliton by wave-wave interaction. The three wave activities (beam instability, Langmuir-whistler oscilliton 
and its second harmonic) also stand out clearly in the ω-k spectrum of By in Figure C1d by the red colored 
areas.

Based on the discussions above, a hybrid code simulation for the investigation of oscillitons in multi-ion plasmas 
is proposed as an example. As seen in Figure 8, with respect to the dispersion characteristics a similar situation 
as for the high-frequency whistler and Langmuir waves in Figures C1a and C1b exists for EMIC waves in a 
proton-He + plasma where the waves are excited by temperature anisotropy as discussed for example, by L. Chen 
et al. (2011). The detailed parameters are given in the caption of Figure C2. The two essential signatures are the 
separate regions of maximum instability (red bar) and mode splitting (yellow bar). Correspondingly, two major 
wave activities are expected during the temporal evolution of the instability similar as for Langmuir-whistler 
oscillitons: (a) One due to the instability of the Alfven mode at kc/ωp ∼ 0.67 (red bar) and (b) the other as 
EMIC oscilliton at kc/ωe ∼ 0.37 where the phase velocity (panel b) has a maximum (Gendrin point). Probably, 
the second harmonic of the EMIC oscilliton at ω ∼ 0.8 Ωp will be generated too. Such a proposed hybrid code 
simulation would be an very important tool to study the basic mechanisms of the EMIC wave generation by a 
temperature anisotropy, especially the relation between instability and oscilliton.

Data Availability Statement
The paper is theoretical and does not use external data.
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