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Abstract
Extension fractures are typical for the deformation under low or no confining pressure. They can be explained by a phe-
nomenological extension strain failure criterion. In the past, a simple empirical criterion for fracture initiation in brittle rock 
has been developed. In this article, it is shown that the simple extension strain criterion makes unrealistic strength predic-
tions in biaxial compression and tension. To overcome this major limitation, a new extension strain criterion is proposed 
by adding a weighted principal shear component to the simple criterion. The shear weight is chosen, such that the enriched 
extension strain criterion represents the same failure surface as the Mohr–Coulomb (MC) criterion. Thus, the MC criterion 
has been derived as an extension strain criterion predicting extension failure modes, which are unexpected in the classical 
understanding of the failure of cohesive-frictional materials. In progressive damage of rock, the most likely fracture direc-
tion is orthogonal to the maximum extension strain leading to dilatancy. The enriched extension strain criterion is proposed 
as a threshold surface for crack initiation CI and crack damage CD and as a failure surface at peak stress CP. Different from 
compressive loading, tensile loading requires only a limited number of critical cracks to cause failure. Therefore, for tensile 
stresses, the failure criteria must be modified somehow, possibly by a cut-off corresponding to the CI stress. Examples show 
that the enriched extension strain criterion predicts much lower volumes of damaged rock mass compared to the simple 
extension strain criterion.

Keywords  Extension fracture · Simple extension strain criterion · Enriched extension strain criterion · Mohr–Coulomb 
criterion · Low confinement · Evolution of damage

List of symbols
�	� Shear weight
E	� Young’s modulus
G	� Shear modulus
�	� Poisson’s ratio
C	� Uniaxial compressive strength
C0	� Theoretical MC uniaxial compressive 

strength
CCC	� Compressive crack closure stress
CCI , TCI , �CI	� Compressive, tensile stress, strain 

crack initiation threshold
CCD, TCD, �CD	� Compressive, tensile stress, strain 

crack damage threshold
CP, TP, �P	� Peak compressive, peak tensile, peak 

strain, uniaxial strength
S0	� Inherent shear strength (cohesion)

T 	� Uniaxial tensile strength
T0	� Theoretical MC uniaxial tensile 

strength
�T	� T∕E , critical extension strain
�T ,CI , �T ,CD, �T ,P	� TCI

/
E , TCD

/
E , TP∕E

�T0	� T0
/
E , theoretical MC critical exten-

sion strain
�	� Angle of internal friction
m,m0	� C∕T  , C0

/
T0

mCI ,mCD,mP	� CCI

/
TCI , CCD

/
TCD , CP∕TP

K	� (m − 1)∕(m + 1)

K0	�
(
m0 − 1

)/(
m0 + 1

)

KI ,KI�,KIC	� Mode I plane strain stress intensity 
factor, strain intensity factor, fracture 
toughness

po = �gh, pi	� Hydrostatic pressure, support pressure
h,R,Rp	� Overburden, radius of tunnel, failed 

radius
�	� Normal stress on failure plane
�	� Shear stress on failure plane
�1, �2, �3	� Principal stresses, with no regard to 

order

 *	 Manfred Staat 
	 m.staat@fh-aachen.de

1	 Faculty of Medical Engineering and Technomathematics, 
FH Aachen University of Applied Sciences, 
Heinrich‑Mußmann‑Str. 1, 52428 Jülich, Germany

http://orcid.org/0000-0003-4363-6570
http://crossmark.crossref.org/dialog/?doi=10.1007/s00603-021-02608-7&domain=pdf


6208	 M. Staat 

1 3

�I , �II , �III	� Major, intermediate, minor principal 
stresses

�1, �2, �3	� Principal strains, with no regard to 
order

�I , �II , �III	� Major, intermediate, minor principal 
strains

�ij	� Principal shear in plane of �k , k ≠ i, j

�ij	� Principal shear stress in plane of �k , 
k ≠ i, j

�∗
eq
, �∗

eq
	� Equivalent strain, stress referred to T

�eq, �eq	� Equivalent strain, stress referred to C
EE, SE,MC,R,V 	� Enriched extension strain, simple 

extension strain, Mohr–Coulomb, 
Rankine, de Saint Venant

�	� (Volumetric mass) density

Abbreviations
AE	� Acoustic emission
BTS	� Brazilian tensile strength
CC, CI, CD	� Crack closure, initiation, damage
CP	� Peak stress
MC	� Mohr–Coulomb
pp	� Perfectly plastic
SD	� Strength-differential
UCS	� Uniaxial compressive peak strength
UTS	� Uniaxial tensile peak strength
2D, 3D	� Two-dimensional (biaxial), three-

dimensional (triaxial)

1  Introduction

In uniaxial compression tests, axial splitting and lateral 
extension strains are observed in rock and in concrete. 
These splitting areas carry no macroscopic stress if the 
confinement effect is avoided by lubrication, low fric-
tion platens, or brush platens. Biaxial compression tests 
of rock show spalling in the stress free planes normal to 
the unconfined axis (Garg et al. 2018) or weakly pressure 
loaded planes. Similar spalling is often observed in deep 
underground mines in form of layers of parallel fractures 
formed around excavations. All these extension fractures 
are formed parallel to the direction of the major compres-
sive stress and perpendicular to the minor stress, which 
could be zero or even compression. Extension fractures 
(‘tensile’ fractures formed under a compressive stress 
field) are the most common in deep mines (Stacey et al. 
2003b; Barton and Shen 2017). They are formed by in 
induced ‘tension’, but within a wholly compressive stress 
field. It is difficult, if not impossible, to explain exten-
sion fracture on unconfined or weakly confined planes in 
rock by phenomenological stress failure criteria such as 
Mohr–Coulomb (MC) (Coulomb 1773; Mohr 1900; Nádai 

1950), Griffith (Brace 1960), or Hoek–Brown (Hoek and 
Brown 1980) including their modifications and several 
other criteria. These criteria are based on major and minor 
stress and their difference proposes maximum shear stress 
to cause failure in contrast to the strongly tensile nature 
of extension fracture. The dominant fracture behavior of 
specimen in triaxial compression tests changes from shear 
to extension as the ductility of the samples decreases, con-
trolled by lithology (Griggs and Handin 1960).

Experiments have confirmed that splitting parallel to the 
direction of maximum compression is the principal mode 
of macroscopic fracture in brittle rock (Fairhurst and Cook 
1966). One possible way to explain these extension fractures 
uses the existence or creation of micro cracks, which evolve 
to macroscopic fractures. The most common types of failure 
patterns that were evident in 100 uniaxial compression tests 
were shearing along a particular plane and axial splitting and 
these failure patterns were related to the crack propagation 
direction and the spatial distribution of the relatively weaker 
zones. The extension fracture in form of axial cracking was 
more serious, because it occurred at lowest ultimate com-
pressive strength compared to shearing along a single plane-
type failure at considerably higher stress for fine grained 
sandstone (Chakraborty et al. 2019). Extension fracture has 
been considered as a mystery in Kuijpers (2000) and a two-
stage fracture process is suggested as a possible explanation.

The extension strain criterion is found to be a more direct 
and simple explanation of tensile-type fractures on uncon-
fined or weakly confined sections. Under compression, the 
Poisson effect produces extension strains in transverse direc-
tion and it is postulated that the extension strain leads to 
separation fracture similarly to tensile stress. The criterion 
accounts for all three stresses and predicts “tensile” fracture 
by extension strain even in cases that all three stresses are 
compressive. It was presented as a fracture initiation crite-
rion under the “paradox” fracture of seemingly hard rock 
under low stress conditions, which often occurs near excava-
tion boundaries (Stacey 1981; Wesseloo and Stacey 2016). 
Extension strain is used to explain slope failure in open pits 
(Stacey et al. 2003a; Al Mandalawi et al. 2020) and pil-
lar failures during mining production (Rahjoo et al. 2016). 
The observation that tunnel spalling often starts when the 
tangential stress reaches a typical crack initiation level of 
40% of the ultimate compressive strength has been seen as 
indicator to use the simple extension strain criterion (Barton 
and Shen 2017; Shen and Barton 2018). This is affected 
by a choice of the critical strain value, where the simple 
extension strain criterion corresponds to the crack initia-
tion threshold in uniaxial compression tests (Stacey 1981). 
However, different choices are equally possible. The simple 
extension strain criterion has been derived independently 
with a critical strain value corresponding to the tensile stress 
in uniaxial compression with peak stress (Beierlein 1985).
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A statistical evaluation of the results of ten laboratory 
compression tests on Äspö diorite showed that any of five 
strain-based methods, including the simple extension strain 
criterion, provided statistically accurate predictions of the 
onset of cracking (Nicksiar and Martin 2012). The sim-
ple extension strain criterion with critical strain data from 
Stacey (1981) seems promising to explain crack initiation 
and propagation in the Brazilian test (Li and Wong 2013). 
Uniaxial compression, triaxial compression, and Brazilian 
indirect tension tests were conducted on several kinds of 
rock, showing nearly the same value of critical principal ten-
sile1 strain at peak stress (Fujii et al. 1998). This is different 
from Stacey’s crack initiation concept. Several laboratory 
tests, in situ, and numerical studies support the simple exten-
sion strain criterion and the reader should see (Wesseloo 
and Stacey 2016) for the detailed discussion of a number of 
references. Extension strain and the simple extension strain 
criterion denoted that limiting tensile strain criterion has 
been considered independently in Burzyński (1929) and for 
failure of concrete (Robinson 1967; Carino and Slate 1976) 
and ceramics (Beierlein 1985).

In a pressure chamber experiment, Nobel laureate Percy 
W. Bridgman observed a “pinching off” on the unloaded 
plane under equibiaxial pressure, which became known as 
Bridgman’s paradox (Bridgman 1912). The same failure is 
observed as disking in deep vertical boreholes. Bridgman 
suggested that the pinching off could be explained by exten-
sion strain (Bridgman 1938). However, this has been con-
troversial since. It is still an open question and debate if an 
extension strain criterion can be safely used for engineering 
decisions. It is pointed out in Jager and Ryder (2002) that 
the simple extension strain hypothesis predicts a halving of 
the strength in equibiaxial compression and recommend “… 
the extension strain hypothesis has little connection with 
reality, and in fact (at least in its present form) should not 
be used” [cited after (Wesseloo and Stacey 2016) and (Sen-
gani 2020)]. Some deficiencies of the simple extension strain 
criterion are discussed and improvements are suggested by 
Rahjoo et al. 2016. Other authors, however, find that the 
simple extension strain criterion predicts typical rock failure 
quantitatively more realistically than, for example, the MC 
criterion (Barton and Shen 2018; Barton 2020). The stress 
concentration of in situ brittle rock mass caused by excava-
tion results in localized damage evolution parallel to the free 
face. The failure mode of surface instability presents a tran-
sition from brittle to ductile behavior with the increase of 
distance from the surface to depth. It is modeled in Li et al. 

(2020) by the transition from the simple extension strain 
criterion to the MC criterion.

To answer the question if an extension strain criterion 
is applicable, an analytical approach is used assuming iso-
tropic brittle rock. The focus is on the main representative 
criterion, disregarding the many different strain criteria pro-
posed in the literature (Heidarzadeh et al. 2021). The simple 
extension strain criterion in Stacey (1981) or independently 
derived in Burzyński (1928) and Beierlein (1985) is mapped 
into stress and strain space and then compared with the 
established MC criterion to show that the simple extension 
strain criterion is too restrictive in biaxial compression and 
unsafe in biaxial tension. These problems are removed with a 
shear enrichment of the extension strain criterion, which has 
the same failure envelope as the MC criterion, but predicts 
extension failure. The enriched extension strain criterion is 
developed for different stages of crack damage evolution and 
corresponding characteristic strength thresholds. Therefore, 
the discussion is completed with the problems and choices of 
material data and considers the failure stages of crack dam-
age in rocks. Finally, some analytical and numerical solu-
tions of typical problems show the improvement, which is 
achieved by the enriched extension strain criterion.

2 � Two extension strain criteria

2.1 � The Simple Extension Strain Criterion

In isotropic material, stress �ij and strain �ij have the same 
principal axes with principal stresses �1, �2, �3 and prin-
cipal strains �1, �2, �3 with no regard to order. If order is 
relevant, the principal stress indices are written, such that 
�I ≥ �II ≥ �III . The largest principal strain (major strain) �I 
occurs in the direction of the largest principal stress (major 
stress) �I , so that �I ≥ �II ≥ �III . Here, the total stress is 
considered, although this can only be calculated up to an 
unknown self-equilibrated stress.2 In fact, the residual stress 
is in equilibrium with the zero stress and this zero stress can 
be added to any load case without changing the equilibrium. 
On the other hand, the total observable strain can be zero, 
but still lead to failure. Hence, it cannot be used in a failure 
criterion. The total strain includes strains in the structure due 
to thermal gradients, swelling, shrinkage, inelastic deforma-
tion, or phase changes. The strain criteria are based on the 
strain calculated from the total stress using Hooke's law. 

1  Extension and tensile strain are used for the same criterion in e.g. 
(Li and Wong 2013). However, in this article, extension strain refers 
to the simple and to the enriched strain criterion, while tensile strain 
refers to such strain criteria that are not considered in detail here.

2  Residual stress can cause premature failure of brittle material, but 
it is no problem for ductile materials, because residual stress does not 
cause plastic collapse. This theorem of limit analysis has been dem-
onstrated experimentally in (Maier-Leibnitz 1928).
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Thus, thermal strains or other strain incompatibilities are 
taken into account if they cause residual stresses.

For rock and other brittle materials, it has been sug-
gested that observed damage and final fracture on planes 
with least stress are caused by the most negative (extension) 
strain (Carino and Slate 1976; Stacey 1981; Beierlein 1985; 
Louchnikov 2011; Eyre and Nasreddin 2013; Wesseloo and 
Stacey 2016; Barton and Shen 2018; Al Mandalawi et al. 
2020). The equivalent strain of the simple extension strain 
criterion is the absolute value of the most negative strain,

where 𝜀T > 0 is a critical extension strain and tension with 
𝜀III < 0 and −�III ≥ �I ≥ �II ≥ 0 is assumed. In plane strain, 
the Young’s modulus E should be replaced by E

/(
1 − �2

)
 

in the 2D version of (1) (Barton and Shen 2018). In addi-
tion, the Poisson’s ratio v needs to be replaced by �∕(1 − �) 
in this case.

The simple extension strain criterion predicts the criti-
cal point (hot spot) at which fracture is to be expected from 
the negative minor strain �III . The inequality shows that for 
−𝜎III > 𝜈

(
𝜎I + 𝜎II

)
 , extension (negative strain) causing exten-

sion fracture can still occur if all stresses are compressive 
(positive). This would, e.g., occur in a confined compression 
test. Since the magnitude of the strain depends on all three 
principal stresses, the effect of the intermediate principal stress 
�II is automatically taken into account. The most negative 

(1)

�∗
eq,SE

= max
{
−�1,−�2,−�3

}
= −�III

= max
{
�

E

(
�2 + �3

)
−

�1

E
,
�

E

(
�3 + �1

)

−
�2

E
,
�

E

(
�1 + �2

)
−

�3

E

}

=
�

E

(
�
I
+ �II

)
−

�III

E
≤ �

T
,

(extension) strain criterion thus overcomes the problem of 
neglected intermediate principal stress associated with the 
Mohr–Coulomb criterion (Coulomb 1773), the Griffith frac-
ture criterion (Griffith 1924), and the Hoek–Brown criterion 
(Hoek and Brown 1980). The Mohr–Coulomb criterion is too 
conservative, because it neglects the significant strengthening 
effect of the mean principal stress (Ewy 1998). Under hydro-
static pressure, all strains are positive and no failure can occur; 
under isostatic tension, all stresses are negative and failure can 
happen.

Zero principal stress in a plane does not imply zero 
principal strain normal to the plane with surprising conse-
quences. Brittle geomaterials and concrete in uniaxial com-
pression and in biaxial compression show rupture in planes 
with zero confinement stress, as shown in Fig. 1. From the 
stress point of view, this is unexpected. These planes are 
normal to the direction of the extension strain caused by 
the Poisson effect. If the stiffness reduction by damage is 
neglected and Hooke’s law is assumed until fracture Eq. (1) 
is equivalent to the criterion based on the equivalent tensile 
stress (Burzyński 1929; Brown and Trollope 1967)

It is usually assumed that the ultimate strength in uni-
axial tension T can be used here. Different from other 
authors, only positive material constants ( T > 0 ) are used.

In uniaxial tension, �III = −T  , �I = �II = 0 , so that the 
critical extension strain is �T = −�III = T∕E and the major 

(2)

�∗
eq,SE

= �∗
eq,SE

E = max
{
−�1,−�2,−�3

}
E = −�IIIE

= max
{
�
(
�2 + �3

)
− �1, �

(
�3 + �1

)
− �2, �

(
�1 + �2

)
− �3

}

= �
(
�I + �II

)
− �III ≤ T .

  
(a)  (b) (c)  

 

 

≈ 0

≈ 0 

≈ 0 

  

 

≈ 0

 

Fig. 1   Failure of a cylinder in its unloaded planes by a axial split-
ting under uniaxial compression ( 𝜎I > 0 and low or no confinement 
�II = �III = p ≈ 0 ), b disking (cross-sectional splitting, pinching off) 

under equibiaxial compression ( 𝜎I = 𝜎II = p > 0 , and low or no con-
finement �III ≈ 0 ), and c spiral fracture under torsion (pure shear � 
and low or no confinement �II = p ≈ 0)
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strains are �I = �II = �T∕E . Let C denote the ultimate 
uniaxial compressive strength. In uniaxial compression, 
�I = C , �II = �III = 0 , so that the critical extension strain 
�T = −�II = −�III = −�C∕E and the major strain �I = C∕E 
is in the load direction. In uniaxial compression, the speci-
men in Fig. 1a thickens radially and the extension strains 
�II = �III = −�T  explain the observed axial splitting at a 
critical strain limit in the unconfined planes (Kunz 2011). 
The most striking prediction of the simple extension strain 
criterion is the occurrence of an SD effect, also denoted 
strength asymmetry 0 < T∕C = 𝜈 < 0.5 , which excludes 
(ductile) even materials with symmetric strength T∕C = 1.

In biaxial compression tests, the specimen in Fig. 1b 
elongates axially and cracks in the cross section (normal to 
the axis) have to be expected to occur at the same critical 
extension strain limit. The effect has already been shown 
in classic experiments (Föppl 1900; Bridgman 1912) and 
is since used as alternative tension test. The effect has been 
observed and explained for concrete in Robinson (1967). 
This splitting of stress free planes is observed as disking of 
deep drill cores and the contribution of flaws is discussed 
in Huang et al. (2016). The rate of unloading seems to 
determine if the fracture is extension or sliding, so that the 
extension strain may not explain all highly dynamic failure 
processes (Bauch and Lempp 2004). A fracture mechanics 
view is that under compression, wing cracks develop at 
the tips of existing sliding flaws and form crack patterns, 
which fail under extension (Scholz et al. 1986).

Table 1 shows that the Poisson effect strongly contrib-
utes to the SD effect in brittle material like intact rock. 
A material with T∕C = 1 and T∕C = 0 is considered as 
perfectly ductile and perfectly brittle, respectively. The 
ratio T∕C = 0.5 is proposed as a limit between ductile and 
brittle behavior (Christensen 2013). A relation between 
Poisson’s ratio and the SD effect of the MC criterion has 
also been observed independently from the extension 
strain criterion in Baricco et al. (2009).

The Poisson effect is only a simple phenomenological 
model. Compression caused splitting on unloaded planes 
in brittle material has been explained by tensile stress at 
in homogeneities of grains in rock matrix or by unstable 
micro-cracking and fracture mechanics using stress intensity 
factor (Horii and Nemat-Nasser 1986; Iskander and Shrive 

2018). A numerical simulation (bonded disc model) is used 
in Diederichs (2003) to illustrate the generation of both grain 
scale tension and more regional tensile stress through het-
erogeneity of rock. Crack interaction occurs when a critical 
crack density is reached and marks the onset of true yield in 
these simulated specimens. The critical crack density, the 
onset of stress–strain non-linearity was shown to correspond 
to a consistent level of lateral extension strain. The important 
point here is that confinement dependency for crack interac-
tion, and therefore for upper bound rock mass strength, is not 
the result of conventional sliding friction, but rather of the 
elastic generation of extension strain and tensile crack accu-
mulation in which friction plays no part (Diederichs 2003). 
Damage evolution by initiation and growth of cracks occur 
below the macroscopic failure of rock, so that C as a stress 
threshold and the use of Hooke’s law have to be reconsidered 
in more detail in Sect. 3.2.1. It is observed in rock or shown 
in simulations with a bonded-particle model of concrete that 
in compression tests, the extension by the Poisson effect 
produces an order more cracks at lower strains compared 
with the direct extension in tensile tests (Ren et al. 2018). 
Therefore, the use of T in Eq. (2) is not strictly justified and 
the critical tensile strain �T = T∕E may not hold precisely. 
Also, Table 1 shows that the measured values differ from the 
prediction C = T∕�.

The simple extension strain criterion is shown in Fig. 2 
for Poisson’s ratio � = 0.25 in comparison with other failure 
criteria with the SD effect, all for T∕C = 0.25 . The classical 
Mohr–Coulomb (MC) criterion (de Coulomb 1776; Mohr 
1900) for fracture of brittle material can be written with 
emphasis on the SD effect as equivalent stress (Labuz and 
Zang 2012),

The MC criterion is based on shear stress and sliding 
friction and is popular as failure criterion of rocks. 
�1, �2, �3 represent the principal stresses with six 

(3)

�eq,MC =
m + 1

2
max

{||�1−�2|| − K
(
�1 + �2

)
, ||�1−�3||

−K
(
�1 + �3

)
, ||�2−�3|| − K

(
�2 + �3

)}
≤ C,

K =
m − 1

m + 1
=

C − T

C + T
, m =

C

T
.

Table 1   SD effect for intact 
rock; mean values of Poisson’s 
ratio v, uniaxial tensile strength 
Tand compressive strength C 
from (Panthee et al. 2016); 
T∕C = 1∕m calculated

Lithology Marble Garnetifer-
ous schist

Psammitic 
schist

Schistose 
quartzite

Quartzite Phyllite Siliceous 
dolomite

Slate

v 0.18 0.16 0.20 0.17 0.17 0.26 0.18 0.23
T/C = 1/m 0.1 0.11 0.11 0.13 0.12 0.13 0.13 0.07
T (MPa) 11.7 8.6 10.3 13.8 23.2 10.4 21.3 6.4
C (MPa) 122 78 91 109 190 82 169 93
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permutations of the order. Therefore, the MC yield sur-
face is a hexagonal conical prism with the inclination 
angle K of the conical surface in 3D space of principal 
stress. In 2D space of principal stress, it is a cross section 
of the conical prism shown as an irregular hexagon in 
Fig. 2a. In the ductile limit m = 1, the SD effect disap-
pears and the Tresca maximum shear stress criterion 
m = 1 �∗

eq,T
max

(||�1 − �2
||, ||�2 − �3

||, ||�3 − �1
||
)
= ||�III − �I

|| ≤ T 
is assumed. This failure criterion for even materials 

without SD effect contains only one material constant 
which is typically the tensile strength T.

For additional comparison, Rankine’s maximum 
stress criterion is modified to include the SD effect for 
�I ≥ 0 ≥ �III,

Similarly, the de Saint Venant maximum strain criterion 
can be modified to include the SD effect for �I ≥ 0 ≥ �III

The same properties are observed for the above piece-
wise linear criteria plotted in 2D stress and strain space, 
Fig. 2a, b. All criteria have the same number of corre-
sponding corners in both spaces. However, corners on 
the compressive part of the stress axes do not transfer to 
corners on strain axes, because uniaxial stress correlates 
to triaxial strain (the critical �T = T∕E is not measured 
in uniaxial strain, Table 2). This is the reason why exten-
sion strain occurs in compressive stress. Under dominating 
shear (2nd and 4th quadrant), the simple extension strain 
criterion coincides with the MC criterion for shear fail-
ure (Beierlein 1985; Eyre and Nasreddin 2013; Kolupaev 
2018).

Let AT and AC be the equibiaxial strength in tension 
and compression, respectively. For concrete AT ≈ T  and 
AC ≈ 1.16C is found in Kupfer et al. (1969), also for rock 
typically AT ≈ T  and AC ≈ C . The MC criterion predicts 
AT = T  and AC = C , and can be used to discriminate 
between the criteria in biaxial tests. In biaxial tension (3rd 
quadrant), the simple extension strain criterion is unsafe 
with respect to the MC criterion. Under biaxial compres-
sion (1st quadrant), it is overly conservative (Beierlein 
1985; Kolupaev 2018); the stress and strain limit is only 
half the value of the value from the MC criterion under 
equibiaxial compression as pointed out in Jager and Ryder 
(2002). For T∕C → 0 , all criteria tend to the Rankine and 
the de Saint Venant failure envelope with the exception 
of the simple extension strain criterion which allows only 
the fixed half value in equibiaxial stress and strain. For all 
ratios T∕C , the simple extension strain criterion is repre-
sented in the 1st quadrant (compression) by the same diag-
onal line between the points (0, 1) and (1, 0) in the nor-
malized 2D principal stress space, Fig. 2a. The diagonal 
connects the points (−�, 1) and (1,−�) in the normalized 
2D principal strain space, Fig. 2b. Therefore, in agree-
ment with Jager and Ryder (2002), the use of the simple 
extension strain criterion is not recommended and a new 
enriched strain criterion is proposed in the next section.

(4)�∗
eq,R

= −�III ≤ T , �eq,R = �I ≤ C.

(5)�∗
eq,V

= −�III ≤ T∕E, �eq,V = �I ≤ C∕E.

(a) Principal stress space (strength diagram)

(b) Principal strain space (forming limit diagram) 
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Fig. 2   Comparison of failure theories for SD effect in geomaterials 
with T = �C for � = 0.25 , m = 1∕� = 4 (colors in online publication)
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2.2 � An Enriched Extension Strain Criterion

The most simple extension strain criterion is on the same 
failure envelope as the widely accepted MC criterion (inter-
nal friction theory) in plane shear stress (2nd and 4th quad-
rant in Fig. 2); in other words, the criterion is quite useful for 
shear problems. It has problems for biaxial conditions being 
unsafe in tension (3rd quadrant) and overly conservative in 
compression (1st quadrant).

Some shearing failure contributions are sometimes 
observed in connection with extension fractures in uniaxial 
and polyaxial testing conditions (Fig. 3). Therefore, it is 

suggested in Nadler (1989) to add some shear to Eq. (1) 
with an empirical shear weight � . This suggestion has been 
implemented for ceramics in Jakel (1993) with the choice 
of the maximum principal shear strain �III = ||�I − �II

||
/
2 

(maximum principal shear stress3 �III = ||�I − �II
||
/
2 = G�12 

with shearing modulus G = E∕[2(1 + �)] ) in the plane nor-
mal to the (negative) minor principal strain �III (for isotropic 
material, the minor principal stress �III appears in the same 
plane). This leads to the equivalent strain as follows:

Table 2   Probable failure modes predicted on the basis of the contribution of the chosen shear weight � = 2� to the factor of equivalent stress and 
strain for some tests

Test Uniaxial tension Equibiaxial compres-
sion

Uniaxial compression Equibiaxial tension Pure shear

Stress state �
I
= �

II
= 0,�

III
= −T �

I
= �

II
= C,�

III
= 0 �

I
= C,�

II
= �

III
= 0 �

I
= 0,�

II
= �

III
= −T �

I
= T ,�

II
= 0

,�
III

= −T

Equivalent stress 
Eq. (7)

T 2vC
(
� +

�

2

)
C

(
1 − � +

�

2

)
T

(
1 + � +

�

2

)
T

Strain state �
I
= �

II
= �

T

E
�
III

= −
T

E
�
I
= �

II
=

C

E
,�

III
= −�

C

E

�
I
=

C

E
,�

II
= �

III
= −�

C

E

�
I
= �

T

E
,�

II
= �

III
= −

T

E

�
I
=

T

E
,�

II
= 0,�

III
= −

T

E

Equivalent strain 
Eq. (6)

T

E
2�

C

E

(
� +

�

2

)
C

E

(
1 − � +

�

2

)
T

E

(
1 + � +

�

2

)
T

E

Predicted failure 
mode

Extension Extension Extension and shear Extension (and shear) Extension dominant

Failure modes Separation of cross 
section

Figures 1a, 3a Figures 1b, 3b Difficult test Figure 1 c

Fig. 3   Failure of a cube of Berea sandstone in its unloaded planes: 
a by axial splitting with shear contributions under uniaxial compres-
sion ( �II = �III = 0 ); b by disking (cross-sectional splitting) under 

equibiaxial compression ( �III = 0 ) with proportional load path, from 
(Garg et al. 2018) with permission of the author and American Rock 
Mechanics Association (ARMA). (colors in online publication)

3  Twice the shear stress �
I
− �

II
 is also denoted differential stress.
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The equivalent stress of the in-plane enriched extension 
strain criterion is

The shear weight � can be determined from the SD effect 
measured in uniaxial tests. In uniaxial tension test �III = −T , 
�I = �II = 0 , so that the critical strain is �T = −�III = T∕E . 
In uniaxial compression test �I = C , �II = �III = 0 , the criti-
cal strain is �T = (� + �∕2)C∕E . This gives,

so that � = 2(T∕C − �) for known Poisson’s ratio v. The 
theoretical limit is 0 ≤ � ≤ 2(1 + �) (Jakel 1993).

In axisymmetric extension (equibiaxial tension 
test) �II = �III = −AT , �1 = 0 , the critical strain is 
�AT = −�II = −�III = (1 − � + �∕2)AT∕E  . The ratio is 
T∕AT = 1 − � + �∕2 , so that the weight � can be found 
as � = 2(T∕AT − 1 + �) . In axisymmetric compression 
(equibiaxial compression test) �I = �II = AC , �III = 0 , 
the critical strain is �AC = −�III = 2�AC∕E . The ratio is 
C∕AC = (� + �∕2)∕2� , so that the weight � can be found 
as � = 2�(2C∕AC − 1) . The MC criterion predicts AT = T  
and AC = C , so that the enriched extension strain cri-
terion assumes the MC criterion with the choice � = 2� , 
1∕m = T∕C = 2� from Eq. (8) and �T = T∕E = 2�C∕E.

With the shear weight � = 2� , the enriched extension 
strain criterion (6) is.

This is an equivalent strain calculated from three meas-
ured or computed principal strains and is not an actual strain 
that could be measured. Similarly, equivalent stress like 

(6)

�∗
eq,EE

= max

{
�

4(1 + �)
||�2 − �3

|| − �1,
�

4(1 + �)
||�3 − �1

||

−�2,
�

4(1 + �)
||�1 − �2

|| − �3

}

=
�

4(1 + �)
||�I − �II

|| − �III ≤ T∕E.

(7)

�∗
eq,EE

= �∗
eq,EE

E

= max

{
�
(
�2 + �3

)
− �1 +

�

2
||�2 − �3

||,

�
(
�3 + �1

)
− �2 +

�

2
||�3 − �1

||,

�
(
�1 + �2

)
− �3 +

�

2
||�1 − �2

||
}

= � = �
(
�I + �II

)
− �III +

�

2
||�I − �II

|| ≤ T .

(8)
T

C
=

1

m
= � +

�

2
,

(9)
�∗
eq,EE

=
�

2(1 + �)
||�I − �II

|| − �III

=
�

E

(
�I + �II

)
−

�III

E
+ �

||�I − �II
||

E
≤ T∕E.

�eq,MC is calculated from the computed principal stress and is 
not an equilibrium stress. In this sense, we choose to replace 
v in Eq. (9) by 1/(2 m), which is not understood as an elastic 
constant in Hooke’s law (especially with regard to the data 
in Table 1). With the limit C instead of T, the Eq. (6) reads,

Then, the intermediate stress is not effec-
tive as consequence of the choice m = 1∕(2�) , 
b e c a u s e  max

{(
�I + �II

)/
2 − �IIIm ±

(
�I − �II

)/
2
}

= max
{
�I − �IIIm, �II − �IIIm

}
= �I − �IIIm ≤ C.

For comparison, let the maximum in the MC criterion (3) 
be assumed as,

Thus, the enriched extension strain criterion and the MC 
criterion both read

Finally, it is observed that the MC and the enriched exten-
sion strain criterion are represented by the same curves in all 
quadrants in Fig. 4, so that they predict failure in the same hot 
spot of rock at the same load level. Under hydrostatic pres-
sure, all stresses/strains are positive and no failure can occur. 
Under isostatic tension, all stresses/strains are negative and 
failure can happen. In Fig. 4a, a Rankine-like maximum abso-
lute value stress criterion with SD effect is plotted in principal 
stress space for comparison, and in Fig. 4b, a de Saint Venant 
like maximum absolute value strain criterion with SD effect 

(10)

�∗
eq,EE

= max

{
1

2(1 + 2m)
||�2 − �3

||

−�1,
1

2(1 + 2m)
||�3 − �1

||

−�2,
1

2(1 + 2m)
||�1 − �2

|| − �3

}

=
1

2(1 + 2m)
||�I − �II

|| − �III ≤ �T ,

�T =
T

E
= m

C

E
,

�eq,EE = �∗
eq,EE

Em

= max
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1

2

(
�2 + �3
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− �1m

+
1

2
||�2 − �3

||,
1

2
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�3 + �1
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− �2m

+
1

2
||�3 − �1

||,
1

2

(
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− �3m +

1

2
||�1 − �2

||
}

= max

{
1

2

(
�I + �II

)
�IIIm +

1

2
||�I − �II

||
}

= �I − �IIIm ≤ C.

(11)

�eq,MC = max

{
±
m + 1

2

(
�III−�I

)
−

m − 1

2

(
�III + �I

)}

= �I − �IIIm ≤ C.

(12)�eq,AU = �I − �IIIm = �eq,MC ≤ C.
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is added in principal strain space. It is obvious that both maxi-
mum absolute value criteria with SD effect are unsafe. Particu-
larly, the modified de Saint Venant maximum strain criterion is 
severely unsafe for biaxial tension and compression.

The idea to enrich the extension strain by shear is supported 
by the observation that the octahedral strain could be a better 
predictor than the extension strain (Kwaśniewski and Taka-
hashi 2010). A comparison with the MC criterion has been 
made without deriving the enhanced tensile strain criterion in 
Eyre and Nasreddin (2013).

The free choice of the shear weight � allows a class 
of strain criteria, which are independent of the MC shear 
strength theory. The enriched extension strain criterion is 
different from the MC stress criterion, which is based on 
shear strength (Yu and Wang 2019). A major shear frac-
ture at peak strength is not always observed (Wawersik 
and Fairhurst 1970). By comparing the shear weight �∕2 
with v or 1 + � as weights of the extensions in Table 2, we 
find that the enriched criterion typically predicts extension 
fractures parallel to the direction of the major compres-
sive stress and perpendicular to the minor stress. Uniaxial 
tension produces the same deformation as equibiaxial 
compression and the same type of extension crack pat-
tern leading to disking at different stress. Changing signs, 
uniaxial compression produces the same deformation as 
equibiaxial tension and the same type of crack pattern 
leading to axial splitting as the dominant failure mode in 
uniaxial compression which seems to be related with tests 
showing low failure loads (Basu et al. 2013; Chakraborty 
et al. 2019). A possible contribution of shear failure in uni-
axial compression seems to coincide with apparent higher 
strength and may be a consequence of friction between 
load platens and specimen producing an inhomogeneous 
multiaxial stress state. Pure shear failure is dominated 
by extension failure in the plane of maximum extension 
strain and maximum tensile stress, as shown by the spiral 
fracture of concrete cylinders loaded in torsion (Fig. 1c), 
(Lilliu and van Mier 2001). Although the new extension 
strain criterion has been enriched by adding the weighted 
maximum principal shear strain, the expected direction of 
fracture is still predicted to be mostly orthogonal to the 
maximum extension strain.

The enriched extension strain criterion is proposed as a 
criterion, which has the same failure envelope as the MC 
criterion, but predicts the dominating extension failure 
modes. With this property, it is no more necessary to use 
the MC criterion and extension shear criterion separately 
for shear failure and tension failure, respectively, as done 
in a cellular automata to simulation (He and Li 2010). 
The properties collected for the MC criterion in Yu et al. 
(2009) can be cited for the enriched extension strain cri-
terion: it accounts for the strength differential effect, the 
normal stress, a single-shear stress, and the hydrostatic 
stress, but neglects the effect of the intermediate principal 
stress, the intermediate principal shear stress, and the so-
called twin-shear stresses. It is a lower bound of the many 
convex criteria proposed for geomaterials.

If plastic finite-element analysis should be an issue, 
the corners in the piecewise linearly defined MC crite-
rion can be rounded to obtain well-defined derivatives 
for the computation of the plastic strain increments. 
Smoothing is achieved if Weibull statistics is applied to 
failure of brittle material (Jakel 1993). Several nonlinear 

(a) Principal stress space (strength diagram)

(b) Principal strain space (forming limit diagram)
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Fig. 4   Comparison of failure theories for rocks with T = C/m for 
m = 10. The enriched extension strain theory is equivalent to the MC 
theory in this plot (colors in online publication)
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and smooth criteria have been proposed and tested on 
different materials as alternatives to the MC criterion 
(Burzyński 1928; Drucker and Prager 1952; Barsanescu 
et  al. 2018; Wojciechowski 2018; Riyad et  al. 2020). 
However, smoothing of the MC criterion is not necessary, 
since effective algorithms for plasticity with multiple yield 
planes have been developed (Clausen et al. 2006). The 
proposed enriched extension strain criterion can motivate 
and guide the development of new extension strain crite-
ria, which remove some shortcomings of the MC crite-
rion. It is particularly desirable to include the influence of 
the intermediate stress (Comanici and Barsanescu 2018). 
Existing stress failure criteria can be used as benchmark 
for the further improvement of extension strain criteria.

3 � Discussion

3.1 � Mohr–Coulomb Strength Data

An enriched extension strain criterion has been proposed, 
which is mathematically equivalent to the MC criterion. 
The latter, however, is typically presented with different 
data as critical relation between shear stress � and normal 
stress � on the failure plane,

where S0 is the inherent shear strength also known as cohe-
sion and � , 0o ≤ 𝜙 < 90o , is the angle of internal fric-
tion. However, the MC constants S0 and � are difficult to 

(13)|�| = S0 + � tan�,

determine and can be estimated indirectly by linear regres-
sion based on the Hoek–Brown failure criterion (Hoek and 
Brown 1997; Shen et al. 2012) or are obtained from a simu-
lation model. Disregarding this difficulty, S0 and � are used 
to drive the theoretical strength data,

where T0 and C0 are, respectively, the theoretical uniaxial 
tensile and compressive strength (Labuz and Zang 2012). 
The theoretical data is typically not observed in tests of geo-
materials, Table 3. The observed uniaxial tensile stress T is 
often much lower than T0 , i.e., T0 ≫ T  . In uniaxial compres-
sion, a distinction between observed and theoretical strength 
is not needed, because C0 ≈ C according to Labuz and Zang 
(2012).

This observation also has some implications for the 
enriched extension strain criterion. It is suggested in Labuz 
and Zang (2012) to use the preceding Eqs. (8), (10)–(12) with 
the theoretical values

in connection with a Rankine tension cut of the MC failure 
limit at T. The strength ratio m0 is independent of S0.

Alternatively, the MC data �# and S# could be derived 
from measured T and C using,

so that the MC theoretical and the observed uniaxial strength 
are the same, i.e., C0 = C and T0 = T . But now, the observed 
MC parameters � and S0 are different from the calculated 
parameters �# and S# in Tables 3 and 4. A similar approach 
is used in Sivakugan et al. (2014) with Eq. (14) but with 
the Brazilian indirect tensile strength test, which is not uni-
axial, with the relation T = Scos�∕(2 − sin�) . It is found 
that some shear angles are calculated unrealistically small 
or even negative.

With respect to the enriched extension strain criterion, 
which is based on the Poisson effect, exactly Eq. (16) has 
been derived with m0 replaced by the Poisson’s ratio v in 
(Turk and Dearman 1986). Using the MC criterion, five rela-
tions between v and m0 have been derived for intact solids in 
Zhang et al. (2011) from which � = 1

��
2
√
m0

�
 among 

other relations is proposed (Lógó and Vásárhelyi 2019). For 
the enriched extension, strain criterion � = 1

/(
2m0

)
 is 

derived. The Poisson’s ratio v can be compared with m0 or 
m, although the observed v is not constant as assumed in 
linear elasticity, if damage occurs.

(14)T0 = S0
2 cos�

1 + sin�
, C0 = S0

2 cos�

1 − sin�
,

(15)

m0 =
C0

T0
=

1 + sin�

1 − sin�
≥ 1, K0 =

m0 − 1

m0 + 1
=

C0 − T0

C0 + T0
= sin�,

C0 = 2S0
√
m0

(16)�# = arcsin
�
m − 1

m + 1

�
, S# =

1

2

√
CT ,

Table 3   Estimated typical data � , S
0
 , C, T, v, and E of rock mass 

(Hoek and Brown 1997)

Calculated values C
0
 , T

0
 , �

#
 , S

#
 , m , m

0
 , �T , and �T0

Very good 
quality, hard

Average quality Very poor quality

�(°) 46 33 24
�
#

75.4 77.7 87.2
S
0
(MPa) 13 3.5 0.55

S
#
(MPa) 3.5 0.7 0.02

C (MPa) 54.8 13 1.7
C
0
(MPa) 64.4 12.9 1.69

T (MPa) 0.9 0.15 0.01
T
0
(MPa) 10 3,8 0.71

m 60.9 86.7 170
m

0
6.4 3.39 2.38

v 0.2 0.25 0.3
1∕(2�) 2.5 2 1.7
E (GPa) 42 9 1.4
�T(%) 0.0021 0.0017 0.0007
�T0(%) 0.024 0.042 0.051
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In Table 4, it is found that m0 = 1
/
(2�) for chalk mar; 

otherwise, m0 ≈ 1
/
(2�) except of Table 1 and generally 

m ≫ 1∕(2𝜈) . The theoretical critical extension (tensile) 
strain in uniaxial stress and the elastically calculated value 
are,

respectively. It is found that the critical strain is rather low 
even if derived from theoretical strength data, because it is 
computed linear elastically with E (except of �T0 in Table 4 
for slate, intact rock). The evolution of crack damage leads 
to a loss of stiffness before global fracture, so that measured 
strains at failure may be larger than �T and �T0 . Therefore, 
different choices of material data for critical strain vs failure 
strain are discussed in Li et al. (2000) and Daraei and Zare 
(2018).

From the MC criterion, the enriched extension strain 
criterion inherits the problem of the discrepancy between 
strength observed in different tests of geomaterials and 
theoretical tensile strength data. The data in Tables 3 and 
4 and the analysis of data in, e.g., Panthee et al. (2016) 
and Lelović et al. (2019) show that the theoretical values 
T0 ≈ 2�C0 ( m0 ≈ 1∕(2�) ) are closer to the prediction of the 
extension strain criterion than the observed values T ≪ 2𝜈C . 
Following Labuz and Zang (2012), the enriched extension 
strain criterion should be used with the theoretical strength 

(17)�T0 =
T0

E
=

C0

Em0

and �T =
T

E
=

C

Em
,

concept of the MC criterion for best coincidence with the 
MC criterion. However, the favorable Table 3 only repre-
sents experts’ estimations of data for classes of rock mass 
quality. In actually tested rocks, it is found that the theoreti-
cal data T0 and, therefore, �T0 are not measured in experi-
ments. Table 4 shows that the prediction C0 ≈ C in (Labuz 
and Zang 2012) is only found in one case (chalk marl). The 
case that C0 ≪ C for limestone is even related to the strange 
finding T0 < T .

Some reasons of the discrepancy that have been put for-
ward are, among others, the use of the cost-effective indirect 
tensile test (Brazilian test) and the over estimation of C, T 
if C0 , T0 are obtained from the linear MC approximation of 
the nonlinear shear failure envelope � = f (�) (Muralha et al. 
2014). As the derivation of the enriched strain criterion has 
not made any recourse to the MC parameters � and S0 , it is 
recommended to avoid the problems of the theoretical MC 
strength data m0 and to use only the measured strength data. 
Also, in the enriched extension strain version, the theoretical 
strength data v needs to be replaced for better results. How-
ever, in context of progression of rock damage, it becomes 
more plausible that the discrepancy originates from the dif-
ference between direct extension facture by tensile loading 
and indirect extension fracture due to the interplay of com-
pressive loading and the Poisson effect.

The differences between measured strength and the MC 
theoretical strength lead to some inconsistency as can be 
seen in Fig. 5 for phyllite, intact rock, with data from Table 4 

Table 4   Measured values of mean values � , S
0
 , C, T, v, E, and density � from literature

Calculated values C
0
 , T

0
 , �

#
 , S

#
 , m , m

0
 , �T , and �T0

Lithology Chalk marl (Barton 
and Shen 2018)

Phyllite, intact rock 
(Panthee et al. 2016)

Slate, intact rock (Pan-
thee et al. 2016)

Lac du Bonnet granite, intact 
(Hajiabdolmajid et al. 2002)

Concrete grade C30 
(Lelović et al. 2019)

�(°) 30 26 28 48 31
�
#
(°) 71 51 61 66 35

S
0
(MPa) 1.73 27 31 25 1.8

S
#
(MPa) 0.51 15 12 24 9.5

C (MPa) 6 82 93 224 36.31
C
0
(MPa) 5.99 86.4 103 130 6.36

T (MPa) 0.173 10.4 6.4 10 3.02
T
0
(MPa) 2 33.7 37.3 19.1 2.04

m 34.7 7.89 14.5 22.4 12.0
m

0
2 2.56 2.77 6.81 3.12

v 0.25 0.26 0.23 0.2 0.15
1∕(2�) 2 1.9 2.2 2.5 3.3
E (GPa) 0.6 9 1.5 60 32
�T(%) 0.029 0.116 0.427 0.017 0.0094
�T0(%) 0.33 0.374 2.49 0.032 0.0064
�(kg/m3) 2000 2740 2740 - -
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and C0 ≈ C . The large difference between T0 = 33.7 MPa 
and T = 10.4 MPa can be partly compensated by a Rankine 
tension cut-off in stress space. In strain space, a de Saint 
Venant extension cut-off would be the natural choice; Fig. 2b 
shows the changes if a Rankine cut-off would be used in 
strain space. However, the difference between m = 7.89 and 
m0 = 2.56 changes the failure envelope in strain space in the 
1st quadrant of biaxial compression, so that the strain failure 
envelope would be different in this quadrant even if C0 = C . 
Elastic data E are required for strain space presentation.

3.2 � Strain‑Based Methods for the Determination 
of Crack Thresholds

3.2.1 � Progressive Brittle Failure in Uniaxial Compression 
Tests

It is questionable whether Hooke’s law can be used to derive 
the extension strains, because the evolution of crack damage 
generally renders E and as well as the transverse strain in 
uniaxial compression tests and the volumetric strain curves 
nonlinear, so that the total Poisson’s ratio �a is not constant. 
Moreover, the elastic constants E and v of some rocks can 
be different in compression and tension tests (Sundaram and 
Corrales 1980; Stimpson and Chen 1993).

The fracture process in heterogeneous brittle materi-
als in compression tests comprises three stages (Dyskin 
1998): (1) accumulation of wing cracks formed under com-
pression at tips of pre-existing cracks, (2) stable growth 
of larger cracks (mesocracks) normal to the compression 
stress, and (3) development of unstable macrocracks which 
eventually lead to failure. Since the early work of (Brace 
et al. 1966; Bieniawski 1967), it is now fairly standard 
to discuss the strains in the uniaxial compression test in 
five stages of crack development with diagrams similar to 
Fig. 6 (Martin and Chandler 1994; Eberhardt et al. 1999; 
Damjanac and Fairhurst 2010; Perras and Diederichs 
2014; Hoek and Martin 2014a; Barton and Shen 2017; 
Zhao et al. 2018; Heidarzadeh et al. 2021). Figure 6 shows 
the five stages which are separated by the crack closure 
stress CCC and three characteristic stress thresholds: crack 
initiation CCI , crack damage CCD and peak CP , which, how-
ever, are not sharply visible on the standard uniaxial stress 
strain curve, because E is fairly constant.

Various methods that have been proposed to find the 
stress thresholds are tabulated in Xue et al. (2014) and 
may be understood by looking at the colored circles in 
Fig. 6. Crack growth can be “heard” as acoustic emission 
(AE). The development of cracks can be observed from the 
strains, because most rocks become dilatant, that is, their 
volume increases relative to elastic volume changes under 
loading. Serpentinites are a noted exception (Escartín et al. 
1997).

Sharp crack tips lead to 1
�√

r stress singularities. Let a 
crack oriented in the direction of the principal stress direc-
tion be opening in I mode and let the plane strain stress 
intensity factor KI(a) be a function of crack size a, so that 
the stresses and strains have the same singularity

(18)

�1 = �2 =
KI(a)√
2�r

, �1 = �2 =
KI(a)√
2�r

�
1 − �

E

�
=

KI�(a)√
2�r

^  
(a) Principal stress space (strength diagram) 

 
(b) Principal strain space (forming limit diagram) 
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Fig. 5   Comparison of the enriched extension strain failure criterion 
for phyllite, intact rock using data in Table  4: theoretical MC data 
C0 = 86.4 MPa , T0 = 33.7 MPa and measured data C = 82 MPa , 
T = 10.4 MPa with E = 9 GPa
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in (isotropic) linear-elastic fracture mechanics (LEFM) 
and the strain intensity factor KI� = KI((1 − �)∕E) is pro-
portional to the stress intensity factor. Therefore, it seems 
appropriate to discuss cracks with regard to the stress thresh-
olds on the basis of strain criteria and dilatancy.

With regard to the extension strain criteria, it is important 
to see that the total strain �ij is brought about by elastic strain 
�e
ij
 following isotropic Hooke’s law and inelastic damage 

strain �d
ij
 caused by crack like voids (Lubarda et al. 1994). 

The (small deformations) additive split �d
ij
= �ij − �e

ij
 is used 

to calculate the small deformations volumetric strain as the 
trace �vol = ΔV∕V = �ii = �1 + �2 + �3 =

(
1 − 2�a

)
�1 and 

the inelastic crack volumetric strain or dilatancy as �crv = �d
ii
 

(Martin and Chandler 1994). This extension dilatancy is dif-
ferent from shear dilatancy in sand (Reynolds 1885). The 
elastic Poisson’s ratio � = �e

lat

/
�e
1
 and E are constant, so that 

Hooke’s law applies, whereas the total Poisson’s ratio 
�a = �lat∕�1 is not constant, because it is a function of the 
nondecreasing (crack) damage parameter, which is an inter-
nal variable that measures the accumulation of damage. 
Acoustic emission (AE) can be used to measure the damage 
parameter (Zhang et al. 2019).

With these preparations, the following short presentation 
can be based on the diagrams in Fig. 6.

Fig. 6   Stages in the progressive brittle failure of intact Lac du Bonnet granite (from Zhao et al. 2018, modified, colors in online publication)
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Stage I Closure of microcracks (from origin up to the 
crack closure stress CCC).

This stage is observed during the initial stage of load-
ing if the crack density is not too low (intact rock). Pre-
existing cracks oriented at some angles to the applied com-
pressive stress close in loading direction. Eberhardt et al. 
(1998, 1999) pointed out that this region involves move-
ment of aligned crack walls toward one another, parallel 
to the direction of the maximum compressive stress vector 
(stress times area). Later, Korinets and Alehossein (2002) 
have shown in that the effect is dominated by the setting of 
(asperities and voids), which occurs localized at the con-
tact to the load platens, so that the “crack closure stress” 
may be a misnomer and does not present a threshold value. 
This initial setting causes a (concave) non-linearity of the 
axial stress–strain curve, exhibiting an increase in axial 
stiffness.

Stage II Linear elastic deformation (from CCC to the crack 
initiation stress CCI at the initiation of stable crack growth).

At this stage, the rock often behaves as a linear-elastic, 
homogeneous material. Elastic constants of the rock can be 
calculated from this linear portion of the stress–strain curve 
as tangent values Et50 , �t50 or secant values Es50 , �s50 from the 
range of − 0.01% radial (lateral) strain to 50% of peak stress.

Stage III Stable crack propagation or onset of dilatancy 
(from CCI to the crack damage stress CCD at the initiation of 
unstable crack growth).

The stress CCI is the onset of micro-cracking and the 
threshold of relative dilatancy. At CCI , the crack volume 
increases mainly by the generation of new cracks, the propa-
gation of old cracks, and the sliding between crack surfaces. 
Crack initiation (CI) represents the first occurrence of new 
distributed particle size cracks and can be associated with 

the occurrence of non-linearity in the stress versus lateral 
(extension) strain curve or identified with the maximum in 
the crack volume–strain curve. The long-term strength of 
rock is CCI or close to CCI . Stable crack growth can be ter-
minated by controlling the applied load. Dilation is caused 
only by lateral strains and thus reflects the development of 
cracks parallel to the direction of the applied load. This point 
is difficult to see from the stress–strain curve, especially 
if the specimen has a high microcrack density. CI is best 
determined with a plot of volumetric crack strain against 
axial strain (Martin and Chandler, 1994). Eberhardt et al. 
(1998) note that CI has been defined as the point at which 
the lateral strain curve deviates from linearity. Alternative 
methods including AE are compared in Gao et al. (2018). 
Stable (slow) crack growth leads to an orientation of cracks 
orthogonal to the extension strain (lateral strain), resulting 
in the cylindrical transverse isotropic cracking arrangement 
described by Chaboche (1993), illustrated in Fig. 7a.

Stage IV Unstable fracture propagation (from CCD to the 
ultimate (peak) stress CP at the initiation of unstable crack 
growth).

The stress CCD is the threshold of absolute dilatancy. 
Coalescence of microcracks increases crack sizes a and 
the number of unstable cracks. Strain localizes at crack 
tips and instability occurs at a critical value of KI(a) . The 
unstable crack growth is associated with the point of rever-
sal in the volumetric strain curve, which is also known 
as the point of critical energy release or crack damage 
(Martin and Chandler, 1994). The volume dilates up to 
CCD at the maximum of the volumetric strain and contracts 
above CCD . The crack damage stress CCD is also denoted 
the short-term strength of rock, because even if the load 
is reduced, the internal cracks cannot hold stable for a 
significant amount of time and deformations continue up 
to rupture over time. Unstable (rapid) crack propagation 
can be related to the occurrence of (convex) non-linearity 
in the curve of stress vs. strain in loading direction or to 
the maximum in the volume strain ( �vol = ΔV∕V  ) curve. 
The peak point is the ultimate compression stress UCS or 
Cp for short notation in formulae.

Stage V Failure and post-peak behavior.
Unstable growth of macrocracks continues to the point 

where the numerous microcracks have coalesced and the 
rock can no longer support an increase in load (Eberhardt 
et al. 1998) and fails by axial splitting as in Fig. 1a. The peak 
strength of the material, CP , marks the beginning of post-
peak behavior and is used to establish the failure strength 
envelope (Martin and Chandler 1994).

Only reversible macroscopic strains occur below CCI , so 
that no failure occurs (except of the hypothetical case of 
high cycle fatigue). Between CCI and CP elastic and irre-
versible strains occur, which may lead to failure, so that CCI 
and CP can be considered as lower and upper bound failure 

 

(a) (b) 

 

 

≈ 0

≈ 0

≈ 0 

 

Fig. 7   Two transverse isotropic cracking arrangements normal to 
extension strains: a cylindrical produced by uniaxial compression 
𝜎I > 0 and low or no confinement �II = �III = p ≈ 0 ; b planar pro-
duced by equibiaxial compression 𝜎I = 𝜎II = p > 0 , �III ≈ 0 (this has 
been proposed in Chaboche 1993 for uniaxial tension)
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thresholds, respectively. It could be detailed that failure can 
potentially occur between CCI and CCD and is inevitable 
between CCD and CP . Some authors consider the lower bound 
CCI of in situ rock strength as the more important threshold 
in rock engineering (Wei et al. 2018). Observations from 
underground mining in massive brittle rocks suggest that 
failure initiates when the maximum tangential boundary 
stress reaches approximately 40% of UCS ( 0.4CP ), which is 
close to CCI . Also, the long-term strength threshold in crys-
talline rock is found around 0.4CP (Damjanac and Fairhurst 
2010). CCI and CCD can be useful for preliminary engineering 
design, especially when the definition of a warning indicator 
for rock mass damage and breakouts is needed (Pepe et al. 
2018).

Similar to rock mechanics, the stress thresholds CCI and 
CCD are considered suitable for use as bases for lower and 
upper bound failure criteria for concrete structures in con-
formity with the limit state requirements of serviceability 
and ultimate strength, respectively (Newman and Kotsovos 
1977; Kotsovos 1979). This is supported by experiments, 
which indicate a close correlation between CCI and the (low 
cycle) fatigue strength of concrete and between CCD and the 
long-term strength of concrete below which concrete does 
not collapse under sustained load (Kotsovos 1979).

In contrast to the peak strength (Hudson et al. 1972, 
2003), it has been suggested that the above dilatancy thresh-
olds CCI and CCD are true characteristic material parameters 
of rocks, which do not depend on the loading conditions 
in material tests (Martin and Chandler 1994). However, in 
damage-controlled tests, they all drop with the accumula-
tion of damage, most strongly for CCD and CP . For larger 
damage, CCD assumes the low values of CCI in the limit and 
both stabilize at some asymptotic value (Lau and Chandler 
2004; Paraskevopoulou et al. 2017). Although the different 
suggested methods determine the thresholds with different 
certainty, the mean values of the stress thresholds can be 
approximated by the same percentage of CP for most rocks 
in monotonous loading (Taheri et al. 2020): CCC = 0.21CP , 
CCI = 0.33CP , and CCD = 0.8CP.

3.2.2 � Progressive Brittle Failure in Multiaxial Loading

The plasticity criteria proposed in the literature are criti-
cality criteria related to CP , whereas the inelastic processes 
below CP are more subtle leading to dilatancy criteria related 
to CCI and CCD , which are less sharply detected. Although a 
literature dataset on intact rocks from more than 480 uniaxial 
compression tests could be analyzed in Pepe et al. (2018), 
there is only restricted information on multiaxial loading. 
In biaxial compression, stable (slow) crack growth wing 
cracks form at the ends of arbitrarily oriented parent cracks 
leading to an orientation of enlarged cracks orthogonal to 
the extension strain, but unlike uniaxial compression, this 

leads to planar isotropic crack arrangement, as depicted in 
Fig. 7b. This process also occurs in less granular materials 
like ice and is geometrically somewhat more complicated 
in 3D, (Kolari 2019). In a vertical borehole, the equibiaxial 
stress, which increases with depth, drives the core through 
the same sequence of CCC and the stress thresholds CCI , CCD , 
and CP as in uniaxial compression. As shown in Fig. 8, at 
CCD microcracks extend in the orientation shown in Fig. 7b 
and finally lead to disking at CP as in Fig. 1b.

In multidimensional loading CCI , CCD , and CP are rep-
resented by threshold or failure surfaces, which can either 
be based on different failure criteria or all on the same fail-
ure criterion. A modification to the Griffith’s theory is pro-
posed for CCI in Wei et al. (2018). Lubarda et al. (1994) 
use a generalized MC surface as damage surface with CCD 
strength data. A parabolic Drucker–Prager yield surface in 
compression and a linear failure surface in tension are used 
in Nguyen and Houlsby (2008). For concrete, an extended 
Ottosen failure surface is compared to other models for the 
yield envelope and for the peak envelope in Contrafatto and 
Cuomo (2007). The Hoek–Brown criterion is used for the 
thresholds CCI , CCD , and CP of rock in (Hoek and Martin 
2014). Stacey (1981) has proposed the simple extension 

No damage or 
crack closure
at CCC

Crack initiation 
at CIC

Crack damage 
at CDC

Core disking 
at PC

Borehole

Fig. 8   Coring-induced micro cracks in case of equibiaxial stress in 
a vertical borehole. Areal fracture intensity (crack density and size) 
increase with depth (after Martin and Stimpson 1994 but crack dam-
age with crack orientation adapted to extension cracking in Fig. 7b)



6222	 M. Staat 

1 3

strain criterion with the critical strain at the crack initiation 
threshold CCI . This has the advantage that Hooke’s law can 
be assumed to hold but the disadvantage that the criterion 
predicts very large volumes of failing rock, because the low 
values of the CCI threshold coincide with the prediction of 
only 50% of the MC equivalent stress in equibiaxial com-
pression. Burzyński (1929) and Beierlein (1985) have for-
mulated the extension strain criterion independently for CP , 
which is not realistic, because the experimental failure stress 
is found inside the MC surface for approximately equibiaxial 
compression. Buyukozturk (1977) proposes a generalized 
MC surface for CCI and CP.

The Griffith criterion assumes that tensile failure in brit-
tle materials initiates at crack tips which extend if the plane 
strain fracture toughness KIC is exceeded under predomi-
nantly linear-elastic conditions by the stress intensity KI for 
crack opening mode I (Griffith 1924). This is based on frac-
ture mechanics and assumes tensile fracturing with uniaxial 
tensile strength T as material parameter,

The Griffith criterion can be transformed into the Mohr 
shear-normal stress space 4T(T − �) − �2 = 0 . This gives 
a parabolic envelope, which can be used as continuation of 
the linear Mohr–Coulomb envelope Eq. (13) in tension. The 
values (but not the slopes) of the two curves match at � = 0 
if S0 = 2T  is chosen, which fits well experimentally derived 
curves for shear failure.

Murrell’s triaxial extension of the Griffith criterion (Mur-
rell 1963),

predicts realistic larger compressive strength C, because for 
�1 = C , uniaxially C = 8T  and C = 12T  follow from (19) 
and (20), respectively. Different from the MC criterion, Mur-
rel’s criterion includes the dependence on the intermediate 
principal stress �2 , but it severely overestimates strength, 
whereas the MC criterion is only slightly underestimating 
(Zheng and Deng 2015) and is preferred in compression. 
However, TIC = CIC

/
8 or TIC = CIC

/
12 can be used to apply 

the Griffith or the Murrell–Griffith criterion to estimate 
crack initiation in tension, which is difficult to measure in 
direct tension tests, Table 5. The table also uses the Brazil-
ian tensile strength (BTS) estimation as alternative. In ten-
sile tests, the failure process of rock also includes initiation, 
growth, and propagation of micro-fractures. However, this 
all happens when the axial stress is close to the tensile peak 
strength TP . In uniaxial tension tests of norite, it is found that 
the crack initiation threshold is TCI = 0.95TP and the propa-
gation threshold is TCD = 0.97TP , respectively (Bieniawski 

(19)8T
(
𝜎1 + 𝜎3

)
+
(
𝜎1 − 𝜎3

)2
= 0 if 𝜎1 + 3𝜎3 ≥ 0,

T − 𝜎3 = 0 if 𝜎1 + 3𝜎3 < 0.

(20)

(
�1−�2

)2
+
(
�1−�3

)2
+
(
�2−�3

)2
− 24T

(
�1 + �2 + �3

)
= 0,

1967). Even closer to TP , the AE initiation stress level of 
medium grained granite was found to be TCI = 0.98TP in 
Tham et al. (2005), so that TCI ≈ TCD ≈ TP , which is also 
found in other rock in Perras and Diederichs (2014), can be 
simplified to,

This neglects the damage in tension and all damage 
evolves under compression, which results in a compres-
sion hardening behavior of damage evolution similar to 
Mazars (1986) and Mazars et al. (2015) shown in Fig. 9. 
In Mazars' model, however, only the initial damage surface 
is defined, while the damage evolution law finds the subse-
quent surfaces.

Compressive and tension failure mechanisms are repro-
duced according to the same extension fracture mode I 
driven by the principal extension strains. However, it is an 
apparent paradox that two theories of fracture are needed 
depending on whether the applied load is tensile or com-
pressive. An essential difference is that whereas in tension 
the crack extension force increases with crack growth, in 
compression it decreases after a maximum value of the crack 
extension force is reached (Cotterell 1972). The number 
of cracks created indirectly by the Poisson effect in com-
pression is much larger than the number of cracks created 
directly in tension (Karavelić et al. 2019). Therefore, dif-
ferent damage evolution should be modeled in tension and 
compression. In contrast to Eq. (21), the critical elastic strain 
thresholds can be assumed to be different and for a phenom-
enological extension strain criterion,

so that

This leads to an isotropic hardening behavior of damage 
evolution shown for the enriched extension strain criterion 
in Fig. 10. The figure also shows a simple way to achieve 
different damage in tension and compression by tension and 
extension cut-off at TCI and �T ,CI , respectively.

The numerical analysis is based on the integration of 
damage models, which fully describe the nonlinear behav-
ior of rock (Mazars et al. 2015; Jia et al. 2020). However, 
Mazars’ material model is initially isotropic and the dam-
age retains this isotropy with no dominating orientation 

(21)
TCI = TCD = TP,

mCI =
CCI

TCI
, mCD =

CCD

TCI
, mP =

CP

TCI
.

(22)�T ,CI =
CCI

mCIE
, �T ,CD =

CCD

mCIE
, �T ,P =

CP

mCIE
,

(23)
mCI =

CCI

TCI
=

CCD

TCD
=

CP

TP
,

TCI =
CCI

mCI

, TCD =
CCD

mCI

, TP =
CP

mCI

.
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Table 5   Mean, standard deviation, and minimum and maximum values for the granite, limestone, and mudstone properties

Lithology Property Mean (± standard 
deviation) (MPa)

Min. (MPa) Max. (MPa) No. of 
tested 
samples

Forsmark granite (Perras and Diederichs 2016) UCS 246 (± 23) 187 289 43
CI 125 (± 16) 96 172
CD 206 (± 17) 167 238
T = CI/8 15.6 (± 2) 12 21.5
T = CI/12 10.4 (± 1) 8 14.3
E 69,900 30,500 82,900

No dimension ν 0.28 0.21 0.38
Clay shale (Amann et al. 2011) UCS 6.94 (± 1.4) 5.09 10 19

CI 2.01 (± 0.33) 1.49 2.88
CI_EA 2.26 (± 1.48) 0.94 5.84
CD 4.84 (± 1.55) 2.40 7.66
T = CI/8 0.251 (± 0.04) 0.186 0.36
T = CI/12 0.168 (± 0.03) 0.124 0.24
E 1,689 (± 381) 1,013 2,394

No dimension ν 0.16 (± 0.04) 0.11 0.21
Cobourg limestonea (Perras and Diederichs 2016) UCS 112 (± 26) 44 175 60

CI_TD 45 (± 11) 24 75
CIU_AE 41 (± 12) 21 65
CIL_AE 38 (± 11) 21 60
CD 97 (± 27) 45 162
T = CI_TD/8 5.7 (± 1.4) 3 9.4
T = CI_TD/12 3.7 (± 1.5) 2.4 5.9
T = BTS 6.5 (± 2.6) 3.7 8.9 9
T = 0.7 BTS 4.5 (± 1.8) 2.5 6.1
E 38,000 (± 8740) 18,900 55,990

No dimension ν 0.31(± 0.08) 0.12 0.45
Quintner limestone (Perras et al. 2012) UCS 96 (± 32) 53 143 15

CI 46 (± 9.6) 34 67
CD 78 (± 23) 43 105
T = CI/8 5.8 (± 1.2) 4.3 8.4
T = CI/12 3.8 (± 0.8) 2.8 5.6
T = BTS 5.9 (± 2.2) 0.6 10.4
E_50 56,700 (± 23,260) 22,000 119,000

Cobourg limestone (Paraskevopoulou et al. 2017) UCS 125 (± 19) 94 149 9
CI 50 (± 7) 37 58
CD 111 (± 18) 84 136
T = CI/8 6.25 (± 0.88) 4.6 7.3
T = CI/12 4.17 (± 0.58) 3.1 4.8
E 41,000 (± 4000) 36,000 47,000

No dimension ν 0.15 (± 0.04) 0.11 0.24
Jurassic limestone (Paraskevopoulou et al. 2017) UCS 103 (± 23) 66 126 10

CI 39 (± 9) 22 50
CD 91 (± 21) 53 125
T = CI/8 4.88 (± 1.13) 2.75 6.25
T = CI/12 3.25 (± 0.75) 1.83 1.17
E 93,000 (± 25,000) 71,000 125,000

No dimension ν 0.23 (± 0.55) 0.12 0.29
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of cracks. Therefore, the Poisson's ratio remains constant 
throughout the loading, so that shear dilatancy cannot be 
described. Isotropic hardening has been modeled for iso-
tropic rock in Aubertin et al. (2000) for damage initiation 
CCI , short-term failure CCD , and peak CP with a failure sur-
face, which is denoted MSDPu for von Mises–Schleicher & 
Drucker–Prager unified and compared with biaxial tests of 
concrete. A realistic modeling of dilatation is achieved with 
non-associated plasticity, which implies the introduction of a 
dilatation angle, so that the normal to the MC failure surface 
is not obtained by the MC friction angle (Vermeer and de 
Borst 1984; Alejano and Alonso 2005).

The MC criterion has also been used in kinematic hard-
ening models. In a simple form, the initial yield surface 
translates within a fixed bounding surface. This has been 
used for limit analysis in geomechanics (Krabbenhøft et al. 
2007; Martin and Makrodimopoulos 2008). The observation 
TCI ≈ TCD ≈ TP can be satisfied by combining kinematic and 
isotropic hardening.

Intact rocks with random grain structure and crack ori-
entation can be considered as isotropic. The formation and 
growth of wing cracks leads to crack orientation normal to 
the most negative (extension) strain and anisotropic strength. 
Anisotropic forms of the MC criterion have been suggested 
(Pietruszczak and Mroz 2001; Gesualdo and Monaco 2015; 
Pouragha et al. 2019). The representation as an enriched 
extension strain criterion must additionally account for 
elastic anisotropy. Modeling the anisotropy of strength and 
elasticity under the evolution of damage requires further 
theoretical and experimental research.

3.3 � Application of the Criteria to Excavation 
Problems

The MC criterion has the widest application in rock mechan-
ics and its prediction quality has been extensively evaluated 
in material tests with multiaxial loading. Therefore, the same 
quantitative validation can be considered as given for the 
enriched extension strain criterion. The main problem is that 
the effect of the intermediate stress is not represented in the 
MC criterion. This is therefore also missing in the enriched 
extension strain criterion. Having identified the problems 
with the failure envelope of the simple extension strain cri-
terion, the consequences can now be discussed in application 
to two rock problems with care to the separation between 
the effects of criteria and strength data. The data in Table 6 
show that only the MC theoretical data are known and used.

3.4 � Excavation Damage Zone in Circular Tunnels

For application of rockburst prediction methods to tunnels 
under hydrostatic stress condition in massive rock mass, an 
extension of Aydan’s method for tunnels in squeezing rocks 
to rock bursting can be applied (Aydan and Geniş 2010; 
Aydan et al. 2017). The well-known instability phenomenon 
in mining, the strain bursting (rock bursting), is generally 
associated with the violent extensional failure of brittle hard 
rock masses such as igneous rocks, gneiss, quartzite, and 
siliceous sandstone under high in situ compressive stresses. 
An empirical formula for the estimate of the maximum 
extent of brittle failure in the area of sub-surface excava-
tions was fit in (Perras and Diederichs 2016) based on an 
empirical plot from Martin et al. (1999), CCI and case stud-
ies in which the maximum damage depth was investigated 
through intense scaling.

CI and CD are short for  CCI and CCD, respectively. CI_TD is for transducer measurements, and CI_AE based on AE measurements with CIU_
AE as upper and CIL_AE as lower bound
a For completion, some previously unpublished data have been added from the original sources as cited in Perras (2014): Technical Reports by 
Gorski B., Anderson T., Conlon T. in 2009 (TR-07–03, TR-08–11) and in 2010 (TR-8–24, TR-08–36) and by Gorski B., Rodgers D,. Conlon B. 
in 2011 (TR-09–07), DGR Site Characterization Document, Intera Engineering Project, Canada, https://​www.​nwmo.​ca

Table 5   (continued)

Lithology Property Mean (± standard 
deviation) (MPa)

Min. (MPa) Max. (MPa) No. of 
tested 
samples

Jurassic limestone (Paraskevopoulou et al. 2017) UCS 48 (± 15) 19 70 54

CI 19 (± 6) 8 29

CD 32 (± 12) 15 50

T = CI/8 2.4 (± 0.8) 0.9 3.7

T = CI/12 1.6 (± 0.5) 0.6 2.5

E 14,500 (± 6800) 6,500 58,000
No dimension ν 0.40 (± 0.1) 0.10 0.49

https://www.nwmo.ca
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A first simple estimation can be made on the basis of the 
Kirsch’s classical far field solution of stress concentration for 
the tangential tensile stress around a circular hole (Kirsch 
1898). For circular tunnels in depth h of radius R under a 
simplified overburden in form of hydrostatic initial pressure 
p0 = �gh state and the internal support pressure pi ≈ 0 in the 
tunnel as shown in Fig. 11, the failed zone radius Rp can be 
calculated more realistically using the two dimensionless 
variables,

Hoek (1999) inferred from the perfectly plastic (pp) criti-
cal pressure for the MC criterion,

(24)b =
pi

p0
≈ 0, a =

C0

p0
.

(a) Principal stress space (strength diagram)

(b) Principal strain space (forming limit diagram)
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Fig. 9   Compressive damage evolution in progressive failure of rock 
following Eq. (21) for Forsmark granite with data in Table 5 (colors 
in online publication)
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Assuming elastic brittle failure (Aydan et  al. 2017) 
derived for the MC criterion, which also holds for the 
enriched strain criterion,

(25)

Rp
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2
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− 1

)
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]
(
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+ 1

)[(
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and for the simple extension strain criterion,

(27)

Rp
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} 1

2
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} 1
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} 1
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.

Table 6   Rock mass data of 
estimated data (bold) from 
given references and calculated 
values

Good quality (Aydan and 
Geniş 2010)

Eldorado reef, hanging wall (le 
Roux 2015)

Eldorado reef, 
sidewall (le Roux 
2015)

�(°) 42.3 27 34
S
0
(MPa) 4.42 13.48 18.8

C
0
(MPa) 20 44 68

T
0
(MPa) 3.91 16.52 19.22

m
0
= C

0

/
T
0

5.116 2.66 3.54
v 0.25 0.2 0.2
1∕(2�) 2 2.5 2.5
E (GPa) 5.5 7 7
�T(%) - 0.1 0.1
�T0(%) 0.071 0.236 0.275
�(kg/m3) 2500 2700 2700

Fig. 11   Failed massive rock mass around a circular tunnel and nota-
tions
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Fig. 12   Variations of normalized radius Rp

/
R of the failed zone at 

the surface of a circular tunnel in good-quality rock mass data from 
Table  5 ( Cp = C0 , CCD = 0.8CP , and CCI = 0.33CP ) with overbur-
den and pi = 0 , estimated with the enriched extension strain crite-
rion (equivalent to the MC criterion) and the simple extension strain 
criterion for different material parameters. The isotropic damage 
Eq. (27) with no cut-off is used with mCI = m0 for the MC criterion 
and mCI = 1∕� for the simple extension strain criterion (the criteria 
are color-coded in the online publication)
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The failed zone radii Rp have been computed with an 
overburden of � = 2500 kg

/
m3 , pi = 0 and the data of good-

quality rock mass (RMR greater than 60) from Table 6. In 
biaxial compression, the simple extension strain criterion 
allows only half the stress and strain compared to enriched 
extension strain criterion (MC criterion). Therefore, the sim-
ple extension strain criterion with MC theoretical strength 
data m0 = mCI predicts failure already at an overburden 
larger than 160 m for CP = C0 , whereas the enriched exten-
sion strain criterion (MC criterion) predicts failure at an 
overburden larger than 400 m in Fig. 12. The choice between 
the perfectly plastic (pp) and the brittle model makes only 
a minor difference. In Fig. 11, the same analysis is also 
shown for the upper and lower bound of long-term strength 
CCD = 0.8CP and CCI = 0.33CP , respectively. For CCI , the 
simple extension strain criterion predicts failure at a reduced 
overburden of 80 m. In addition, the radius Rp of the failed 
rock mass is strongly over estimated by the simple extension 

strain criterion with respect to the enriched extension strain 
criterion (MC criterion) and even more to other strength 
criteria like the circumscribed Drucker–Prager criterion 
(Drucker and Prager 1952) and the triaxial Mogi–Coulomb 
criterion (Mogi 1971), which show even smaller failure radii 
(Singh et al. 2017). The difference between the simple exten-
sion strain criterion and the enriched extension strain crite-
rion (MC criterion) is considerably larger than the difference 
between the different damage thresholds, as expected from 
Fig. 2. The derivation of the MC criterion as an enriched 
extension strain criterion reflects the observation that the 
failure surface of rockburst is mostly associated with an 
extensional straining.

3.4.1 � Fracture Propagation Depth in Open Stopes

The effect of fracture propagation depth in long hole open 
stopes failure is sometimes underestimated and relatively 

Fig. 13   Planned open stope 
shape in white and predicted 
shapes of the failure domain 
in the hanging wall ( modi-
fied from le Roux 2015 with 
author’s permission, color in 
online publication)

failed

open stope shape

no failure
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unknown. Actual data collected from 22 open stopes and 
the analysis thereof is used for numerical back analysis on 
the failure depth in (le Roux 2015) with the efficient Indirect 
Boundary Element Method software Map3D (Map3D Inter-
national Ltd, https://​www.​map3d.​com). The back calculation 
gives different rock mass data C0 and �0 for the hanging 
wall and the sidewall for all considered stress failure criteria. 
The data for the MC criterion are shown in Table 6 in bold 
together with the derived data. Additionally, the data for the 
simple extension strain criterion are given in Table 6.

The MC criterion predicts only a small fracture propa-
gation into the hanging wall, Fig. 13a. This is also found 
for the other considered nonlinear stress failure criteria 
[Hoek–Brown criterion and five three-dimensional stress 
criteria based on it (le Roux 2015; le Roux and Brentley 
2018)]. The shapes of the failure domain in the hanging wall 
were “similar” for the seven considered stress criteria. The 
actual observations were in the range of the predictions of 
the stress criteria, so that they show over and under predic-
tions. The MC criterion was among the best and typically 
close the Hoek–Brown criterion. The Drucker–Prager cri-
terion was excluded as not appropriate. Figure 13b shows 
that the simple extension strain criterion overestimates the 
fracture propagation most significantly deeper into the hang-
ing wall than observed and compared to the stress criteria.

The simple extension strain criterion and the CM crite-
rion are also used in Borg (1983) to predict what mining 
levels will induce critically large loads in the roof of the 
stopes in cut and fill mining. The strong overestimation of 
fracture propagation by the simple extension strain criterion 
is addressed to the choice of a small critical strain �T near the 
CI threshold in Borg (1983) and le Roux (2015), but could 
also be expected for the larger �T0 from the failure envelope 
of the simple extension strain criterion (Fig. 2) and is in 
line with the analytical predictions for the circular tunnel 
in Fig. 12.

4 � Conclusions

The simple extension strain criterion assumes that failure is 
only caused if a critical tensile strain is exceeded. The Pois-
son effect can produce negative strain and possibly failure 
in the direction of the major compressive stress and perpen-
dicular to the minor stress even if all stresses are compres-
sive. This leads to a strength differential (SD) effect, where 
the ratio between uniaxial compressive strength and tensile 
strength equals the Poisson’s ratio. Assuming Hooke’s law 
the strain criterion can be written in stress space. The sim-
ple extension strain criterion is presented in principal stress 
space as well as in principal strain space in comparison with 
the Mohr–Coulomb (MC) criterion. This shows that the sim-
ple extension strain criterion predicts the observed disking 

failure mode in equibiaxial compression but at only half the 
load compared to MC, which is too restrictive. As a conse-
quence, the simple extension strain criterion predicts signifi-
cantly larger failed domains in rock mass than observed in 
excavations. In biaxial tension, the criterion is unsafe with 
respect to the MC criterion. Therefore, the use of the simple 
extension strain criterion cannot be recommended for quan-
titative reasons.

The observation that extension fractures can show some 
amount of shear contribution to failure suggests to add a 
weighted amount of shear to the extension strain. The Shear 
weight factor can be chosen as such that the enriched exten-
sion strain criterion is represented by the same function as 
the MC criterion and both criteria predict the same strength 
if the same data are used for both. 100 years after the well-
known MC strength theory was established in 1900, it is still 
the most widely in rock engineering (Yu 2002). Therefore, 
the enriched extension strain criterion deserves the same 
recommendation as the MC criterion for application to rock 
and other cohesive-frictional geomaterials. The 2D plots 
of the failure envelopes show that the corners of uniaxial 
compressive (positive) stress in stress space correspond to 
corners of biaxial strain with a negative component in strain 
space, which indicates extension strain. This explains why 
extension failure happens in compressive stress.

The MC parameters obtained from shear tests have a ten-
dency to overestimate the tensile strength leading to some 
inconsistencies between theoretical and measured uniaxial 
strength data. A similar inconsistency is observed for the 
enriched extension strain criterion and may originate from 
the different crack densities in direct and indirect extension. 
Therefore, it is recommended to use the enriched extension 
strain criterion with the measured strength data or to use a 
cut-off.

Brittle materials are characterized by heterogeneous 
microstructures that cause a random distribution of flaws 
like voids and cracks. These concentrate extensional strain 
locally and initiate fracture in both tensile and compres-
sive stress fields. Therefore, the most feasible fracture 
propagation direction is always orthogonal to the maxi-
mum extensional strain. In tensile stress fields, extensional 
strain is realized directly in the loading direction, whereas 
in compressive stress fields, extensional strain is realized 
indirectly and orthogonal to the loading direction through a 
complex interaction of micromechanical processes, which 
depend on the heterogeneity of the microstructure (Klerck 
et al. 2004). In compression tests, the indirect extension by 
the Poisson effect produces an order more cracks at lower 
strains compared with the direct extension in tensile tests 
(Ren et al. 2018). Therefore, different damage models in ten-
sion and compression may be needed. For the compressive 
damage model, the enriched extension strain criterion or, in 
other words, the MC criterion can be proposed as threshold 

https://www.map3d.com
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surface for crack initiation and crack damage, and as fail-
ure surface at peak stress or ultimate extension strain. For a 
simple crack damage model, a tension or extension cut-off 
at the crack initiation threshold is recommended. The crack 
damage models have not yet been fully developed and may 
need the coupling with plastic and creep damage models.
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