
1.  Introduction
The identification and verification of a complete constitutive continuum theory, which includes an extended 
set of state variables and related constitutive models, for two-phase flow in porous media have been fields of 
active research for the last decades. Addressing the behavior of capillary pressure versus saturation, which is 
process- and history-dependent, also known as hysteretic, belongs to these theoretical (Mecke & Arns, 2005; 
Miller et  al.,  2019; Spiteri et  al.,  2008), numerical (Armstrong et  al.,  2016; Joekar-Niasar et  al.,  2013), and 
experimental (Herring et  al.,  2013; Tsakiroglou et  al.,  2003) attempts. The determination of ways to lift this 
ambiguity have been “hot” topics related to two-phase flow in porous media. Various efforts have been made 
to address this hysteretic nature with the introduction of additional state variables, and the establishment of an 
extended continuum theory (Hilfer, 2006b; Hassanizadeh & Gray, 1993; Hilfer & Doster, 2010). Implementing 
such extended continuum theories in real-life applications of two-phase flow for various scientific, engineering, 
and industrial purposes, with a vast socioeconomic impact, is crucial. Such applications include, but are not 
limited to, geological carbon sequestration (Bachu, 2000; Benson & Cole, 2008; White et al., 2003), enhanced oil 
recovery (Alvarado & Manrique, 2010; Muggeridge et al., 2014), and remediation of contaminated groundwater/
soil from a non-aqueous phase liquid (Powers et al., 1992; Quintard & Whitaker, 1994). A physically consistent 
and adequate description of the underlying physical processes during two-phase flow would improve our predic-
tive capabilities in all these applications. Moreover, such theories could help us enhance the efficiency of the 
process itself by fine-tuning the corresponding parameters of the system. Among these parameters, one can name 
the physical and chemical properties of the fluids and the solids involved.

So far, none of the proposed theories have been validated for general conditions; neither numerically nor 
experimentally. For instance, using concepts of volume averaging and rational continuum-thermodynamics, 
Hassanizadeh and Gray  (1990,  1993) develop an extended macroscopic theory for two-phase flow. Among 
others, they argue that the multi-valuedness of capillary pressure for a given saturation is because fluids can be 
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distributed in the pores in many different ways at a certain saturation. Thus, a macroscale quantity (read a state 
variable) is needed to characterize different fluids configurations at any given saturation (Hassanizadeh, 2015). 
Also, they argue that the dynamics of interfaces are distinctly different from the dynamics of phases and are 
governed by different equations. As saturation and fluid pressures are volumetric measures, a new state varia-
ble should pertain to interfacial configurations. In fact, when one starts at the pore scale, governing equations 
are needed not only for phases but also for interfaces. Similarly, at the macroscale, one should have governing 
and state variables equations for both phases and interfaces (Gray & Hassanizadeh, 1989; Marle, 1982). In the 
continuum theory developed by Hassanizadeh and Gray (1990), macroscale capillary pressure is found to be the 
derivative of Helmholz free energy of all phases and interfaces with respect to saturation. The specific interfacial 
areas between the three phases (wetting and non-wetting fluids and the solid structure) naturally appear as addi-
tional state variables in their macroscale theory of two-phase flow. In particular, they find that in general capillary 
pressure should be a function of these specific interfacial areas as well as saturation

𝑃𝑃 𝑐𝑐 = 𝑓𝑓 (𝑎𝑎𝑛𝑛𝑛𝑛, 𝑎𝑎𝑤𝑤𝑤𝑤, 𝑎𝑎𝑤𝑤𝑤𝑤, 𝑠𝑠𝑤𝑤) .� (1)

Here, P c is the macroscale capillary pressure, a αβ is the specific interfacial area between phase α and phase β. 
With s nw being the saturation of non-wetting phase, it is known that s w + s nw = 1. For perfectly wettable porous 
media, the variation of a ws may be assumed negligible and the role of a ns is insignificant. Thus, the set of state 
variables reduces to the interfacial area between the wetting and the non-wetting phase by assuming that a ws + a ns 
is a constant and a ns = 0 except for a minimal saturation of the wetting phase. This leads to

𝑃𝑃 𝑐𝑐 = 𝑓𝑓 (𝑎𝑎𝑤𝑤𝑤𝑤, 𝑠𝑠𝑤𝑤) .� (2)

The practical implementation of this extended continuum approach yields that instead of assuming capillary 
pressure to be a function of a single variable (saturation), to characterize the system, one needs to plot capillary 
pressure versus saturation and interfacial area as a three-dimensional surface. In theory, the resulting surface 
should accommodate any potential combination between the three state variables (capillary pressure, saturation, 
and interfacial area). Assuming that the combination of the fluids and the porous medium remains unaltered, the 
extended theory of two-phase flow proposed by Hassanizadeh and Gray (1993) should hold under any boundary 
conditions.

In another attempt, Hilfer (2006a, 2006b) presents a phenomenological approach without including the interfacial 
area between phases. He addresses capillary pressure as a thermodynamic response function of the theory and 
introduces trapped, or residual, saturation as an extra variable in his continuum theory for capillarity in porous 
media. To reflect the dependency of residual saturation on the initial and boundary conditions of the process, 
he refers to residual saturation as the non-percolating saturation of a fluid phase. He distinguishes between the 
percolating and non-percolating saturation of the phase. In his work, the volume fraction of the phase clusters 
connected to the permeable domain boundaries is considered percolating saturation of the phase. He also claims 
that even though there are some strong assumptions in his phenomenological theory, the resulting theory is more 
general than the established commonly used flow theories (Bear, 1972).

In recent years, numerical and experimental efforts have been made in order to evaluate the validity of the 
mentioned continuum theories (Chen et al., 2007; Doster & Hilfer, 2014; Gao et al., 2021; Held & Celia, 2001; 
Hilfer & Doster, 2010; Hilfer et al., 2015; Joekar-Niasar et al., 2008; Joekar-Niasar et al., 2013; Joekar-Niasar & 
Hassanizadeh, 2011; Karadimitriou et al., 2013; Niessner & Hassanizadeh, 2008, 2009; Zhuang, Bezerra Coelho, 
et al., 2017; Zhuang, Hassanizadeh, et al., 2017). Although some advancements are made for quasi-static condi-
tions, none of them are proven to be unconditionally holding or practically applicable. For example, the investi-
gations of the extended theory of Hassanizadeh et al. show that, under quasi-static conditions, the inclusion of the 
interfacial area as a separate state variable helps to model the hysteretic nature of the capillary pressure-saturation 
relationship to a reasonable extent (Chen et al., 2007; Cheng et al., 2004; Held & Celia, 2001; Joekar-Niasar 
et al., 2008; Karadimitriou et al., 2013). However, the experimental verification of this theory under transient 
flow conditions is proven to be a more difficult task. In particular, in the case of pore-scale experiments or micro 
X-ray computed tomography (μXRCT) measurements, detailed information in time and space is needed. To 
gather such information through visualization, the imaging needs to be swift and real-time, especially for fast 
transient events. Another challenge is the combination of imaging with the optical properties of a porous medium. 
For opaque porous media (such as a small column), successful attempts have been made to visualize displacement 
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processes and extract pore-scale information with the use of μXRCT (Armstrong et al., 2012; Bartels et al., 2019; 
Culligan et al., 2004). Nonetheless, given the limitations of the imaging technique itself, it is intrinsically chal-
lenging to perform dynamic experiments with an adequate imaging rate to capture the pore-scale dynamics. 
Although the technology that comes with μXRCT has progressed significantly (both in terms of image quality 
and acquisition times), a synchrotron facility is needed to take advantage of these advancements. Since the need 
for fast and high-resolution imaging is elevated for studying dynamic pore-scale effects, in some cases, one 
complete image of the porous domain has to be performed in less than one second, which jeopardizes the resolu-
tion of the images and their quality. Due to these limitations, optical microscopy is the dominant approach for fast 
imaging since it is feasible in a laboratory environment and can be performed flexibly. Therefore, it has been used 
vastly in experimental studies of transient flow conditions in porous media (Pyrak-Nolte et al., 2008; Weinhardt 
et al., 2021; Yiotis et al., 2021).

Taking advantage of optical microscopy, Karadimitriou et al. (2014) are the first to investigate the theory proposed 
by Hassanizadeh and Gray with the use of microfluidics and under transient conditions, with real-time imaging. 
Their micromodel experiments show that under quasi-static conditions, experimental data points of a wn, P c, and 
s w from a series of drainage and imbibition cycles fall on a unique surface within a reasonable experimental 
error. However, that is not found to be the case under transient flow conditions. Karadimitriou et al. attribute the 
mismatch, which is growing for increasing boundary pressures, to the rise in disconnection of the non-wetting 
phase, occurring due to surging competition between surface and viscous forces. Their experimental results are 
in agreement with the numerical results from Joekar-Niasar and Hassanizadeh (2011).

In recent years, some researchers have proposed another macroscale state variable to account for the role of phase 
topology in modeling approaches for two-phase flow in porous media. This characteristic measure, known as 
Euler characteristic number, is a natural characterization measure of phase discontinuities, originated in math-
ematics. Euler characteristic number (χ) for a three-dimensional body is calculated as the linear combination 
of Betti numbers, χ = b0 − b1 + b2, where b0 is the number of isolated objects, b1 is the number of redundant 
loops, and b2 is the number of cavities. Several theoretical (Armstrong et al., 2019; Miller et al., 2019), numer-
ical (McClure et  al.,  2016, 2018, 2020), and experimental (Armstrong et  al.,  2016; Herring et  al.,  2013; Ott 
et al., 2020; Schlüter et al., 2016) studies have addressed the consideration of the Euler characteristic number 
as a state variable. Their studies show that Euler characteristic number can provide an improved indication of 
two-phase flow and its relevant pore-scale phenomena. For example, McClure et al. (2018, 2020) developed some 
geometric state functions for Euler characteristic number by following principles of integral geometry. However, 
there is no consensus in the literature regarding a universal applicability of the Euler characteristic number for 
modeling two-phase flow, with respect to the phases involved. To a more fundamental level, the Euler character-
istic number ends up being an abstract measure which occasionally cannot be translated to a physical meaning. In 
addition, the Euler characteristic number is a topological measure that is hard to acquire without detailed visual 
information from displacement configurations (Herring et al., 2019), especially at the macroscopic scale. On the 
other hand, the interplay of topological measures such as Euler characteristic number (degree of connectivity of 
phase clusters to each other) as well as geometrical measures (size and shape of the pores) affect percolating of 
the phases. Thus, we believe considering connectivity of the clusters to the flow path can encapsulate both global 
and local information and should be studied further.

Among the experimental and numerical investigations of two-phase displacement events some, such as Armstrong 
et al. (2012) and Herring et al. (2017), considered connectivity of the clusters to the flowing phase in their investi-
gations (as approached in the theory of Hilfer (2006a, 2006b)). It should be noted that the connectivity, as regarded 
by Armstrong et al. and Herring et al. and as included in the modeling approach of Hilfer, is not necessarily what 
is described with the concept of Euler characteristic number. The former differentiates between the clusters based 
on their participation in the flow. The latter provides a measure of connectivity in one phase regardless of the 
flow. The results of their work show that there is a difference in the local curvature of the interfaces connected 
to the flow and the interfaces disconnected from the flow under equilibrium state. Based on pressure values read 
from pressure transducers, Armstrong et al. and Herring et al. calculate the pressure difference between wetting 
and nonwetting phase and compare it with the average capillary pressure calculated from local curvature of the 
imaged fluid-fluid interfaces (through Young-Laplace equation). They conclude that under equilibrium state and 
during imbibition, these two pressures are in good agreement, only if the interfaces disconnected form the flow 
are excluded from calculation of capillary pressure. This outcome emphasizes the importance of considering the 
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connection to the flow, when defining the capillary pressure during flow in porous media. However, in the exper-
imental work Armstrong et al. and Herring et al. both present, XRCT imaging is employed.

For XRCT imaging outside of a synchrotron facility, the transient resolution of imaging is very limited. Typi-
cally, it takes significant time to get a whole 3D scan of a porous medium under flow conditions; in the order of 
tens of seconds in a good scenario. This imposes a constraint regarding the speed at which displacement events 
take place, and their effective imaging. This means nearly equilibrium states are preferred or there is poor time 
resolution and/or limited amount of displacement events. Moreover, either spatial resolution of the images needs 
to be scarified, which prevents the detection of some microscale features such as wetting films, or size of the 
domain under investigation. Considering these limitations discussed, the investigations of Armstrong et al. and 
Herring et al. can benefit from transient state information gathered with methods that allow time-resolved flow 
experiments. As mentioned before, optical microscopy allows for high spatial and temporal resolution imaging, 
independently of flow conditions, which can provide the type of complementary information, we look for.

In this work, we combine microfluidic experiments, optical microscopy, and image processing techniques in 
order to perform a large number of two-phase flow experiments under different boundary conditions (thus, differ-
ent capillary numbers). We are able to obtain desired spatial and temporal resolution in our experiments and 
carry out high accuracy investigations, which is to test the hypothesis of a potential synthesis of the theories 
proposed by Hassanizadeh and Gray (1990, 1993) and Hilfer (2006a, 2006b). The data allows us to study the 
role of disconnected phases (non-percolating) in the theory that includes interfacial area as a separate state vari-
able in two-phase flow models. To the best of our knowledge, this is the first microfluidic experimental inves-
tigation which addresses merging of two existing continuum-theories, in order to overcome their dependency 
on the boundary conditions, when they are applied individually. For this purpose, flux-controlled microfluidic 
experiments consisting of sequential drainage and imbibition cycles are carried out, and images of the related 
phase distribution of the fluids are recorded. The number of cycles assures that the experiments are not only 
considering primary drainage and main imbibition, but also a considerable number of scanning events, which 
induce sequential disconnection and reconnection of clusters. Subsequently, the images are processed, and the 
interfacial area between the three phases, as well as the curvature and contact angle of the terminal menisci, are 
extracted. Using the Young-Laplace equation, the local (micro-scale) capillary pressure associated with each 
wetting/non-wetting interface is calculated and averaged over all fluid-fluid interfaces. Then, a simple constitu-
tive formula for the interfacial area as a function of phase saturation and capillary pressure is fitted to the experi-
mental data. To address the connectivity of phases, two approaches are adopted. In one approach, all the terminal 
menisci between the wetting and non-wetting phases for all displacement processes are included in the analysis 
and averaging. In the other approach, we include only those interfaces that are formed between the percolating 
phase and the other fluid. The goodness of fit for the two approaches then compared by utilizing the R 2 param-
eter to see if and how taking the disconnected clusters out of the calculations helps describe a two-phase cyclic 
displacement process with a single P c − s w − a wn surface. R 2 is a statistical measure that illustrates the strength 
of the relationship between the model and the variable on a 0%–100% scale.

2.  Materials and Methods
2.1.  Experimental Setup

The experimental setup consists of a microfluidic chip bearing a flow network with microscale features, also 
referred to as a micromodel, an open-air microscope, and a syringe pump. A schematic view of the setup is shown 
in Figure 1.

Various parts of the experimental setup will be thoroughly presented in the coming sections.

2.1.1.  Microfluidic Cell

A glass micromodel with cylindrical grains serves as the porous medium in the microfluidic experiments. This 
type of micromodels is commercially available from Micronit ⓒ GmbH., with the flow network being wet-etched 
in glass (Damodara et al., 2021). In this method, the desired design of the microfluidic cell (Figure 2a) is made 
out of an acid-resistant material, which serves as a mask in the production process. A glass plate covered with the 
mask is subsequently exposed to an acid that causes the glass to dissolve selectively, based on the mask used, and 
form channels of a certain depth. In this work, the depth of the cell is 35 μm, and its pore sizes are between 75 and 
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250 μm with a mean value of 180 μm. The flow network is a periodic one, with the replication of a pore network 
pattern twice in the vertical and three times in the horizontal direction (Figures 2a and 2c).

2.1.2.  Visualization and Flow Monitoring

The visualization setup is a modified version of the one introduced by Karadimitriou et al. (2012). In our case, 
only one camera is used. The components of the microscope are a 1W LED light source emitting at 590 nm 
mounted on a F/3.2–135 mm Canon objective lens, an Edmund Optics ⓒ prism, a stage for the microfluidic cell, a 
Sigma ⓒ F/1.8–135 mm tele-lens, and a 5 Mpx, 23 fps, Basler ⓒ acA2440-20gm monochrome camera (Figure 1). 
This visualization setup, given the properties of the optics and the camera, is capable of acquiring images from 
the microfluidic experiments at a resolution ranging from 0.5 to 20 𝐴𝐴

𝜇𝜇m

pixel
 , and an acquisition rate ranging from 0.07 

to 23 fps. The image acquisition rates based on the needs of the experiments presented here and the number of 
processed images and the image size are listed in Table 1. It should be noted that the sensor field of view has 
dimensions of 2,448 × 2,050 pixels originally. However, the region of interest is cut out for further processing. 
The space resolution needed to have the whole porous domain of the cell in the view field is ∼8.3 μm/pixel.

The fluxes at the inlet are generated and controlled by a computer-operated CETONI ⓒ syringe pump (mid-pressure 
CETONI ⓒ neMESYS 1000N, BASE 120, 16-bit DAQ I/O module). QMixElements ⓒ is used as the communica-
tion software between the computer and the pump. Furthermore, the experimental parameters, such as the volu-

Figure 1.  Experimental setup: Open air microscope (1–6); 1) Light source: 1W LED light source emitting at 590 nm 
mounted on an objective lens with F/3.2–135 mm; 2) Prism: 50 mm Edmund Optics ⓒ; 3) Stage for the microfluidic cell; 4) 
Lens: Sigma ⓒ F/1.8–135 mm DG HSM telephoto; 5) Camera: 5 Mpx, 23 fps, Basler ⓒ acA2440-20gm; 6) Computer. Flow 
setup (A–G); (A) Reservoir for the fluids; (B) Syringe pump: CETONI ⓒ neMESYS 1000N; (C) CETONI base module 120; 
(D) CETONI ⓒ I/O module 16-bit; (E) Microfluidic cell; (F) Pressure sensor (Elveflow ⓒ MPS03, range 0–70 mbar); (G) 
Outlet reservoir; (H) Fluid layers in the inlet tube; hatched in black is the colored water and white is the transparent oil. Photo 
is taken by Uli Regenscheit Fotografie.

Figure 2.  Microfluidic cell: (a) Design: Flow channels in white, (b) Final product saturated with blue ink, (c) Porous domain (Under microscope with resolution of 
∼8.3 μm/pixel).
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metric flux, are defined, and the induced boundary pressures are measured 
and logged through the communication software using a 16-bit DAQ I/O 
module.

2.2.  Two-Phase Flow Experiments

The two immiscible phases, water and Fluorinert (3M Fluorinert™ FC-43 
Liquid), are chosen in the experiments as the wetting and non-wetting 
phases, respectively. In order to create the necessary contrast between the 
two colorless fluids, water is mixed with water-based ink (Talens Ecoline 
578 Liquid Watercolor) at a volume ratio of 50%. The viscosity of water and 
Fluorinert are known to be 1 and 4.7 Pa.s, respectively. The density of water 
is 997 kg/m 3 and density of Fluorinert is 1,860 kg/m 3. As mentioned, the 
experiments are flow-controlled, and the capillary number of the primary 

drainage is fixed to 10 −5, 10 −6, and 10 −7, by setting the volumetric fluxes to 0.03, 0.3, and 3 μl/min, respectively 
(Table 1).

Twelve equivolume Fluorinert and water pulses are introduced into the inlet tube, without the microfluidic cell 
being attached, to realize 12 sequential displacement processes. The inlet tube, filled with the fluid layers in it, 
is sketched in Figure 1 (item H). The volume of each pulse is 12 μl, which is five times the micromodel pore 
volume (∼2.4 μl), in order to ensure a steady-state after the breakthrough. Then, the inlet tube with the 12 pulses 
is connected to the fully saturated with water micromodel and the injection is initiated at the volumetric fluxes 
mentioned earlier. The introduction of the fluid layers into the cell, induces 12 displacement processes of primary 
drainage, main imbibition, and 10 scanning curves. Furthermore, we measure and record the pressure before the 
inlet of the cell while having a constant back pressure (as a constant water head equal to ∼1 kPa) at the outlet to 
monitor the stability of the process.

2.3.  Image Processing

In order to extract quantitative information from our investigations, an image-processing tool is developed in 
MATLAB © (2019). This tool is employed to segment and analyze the images acquired during the real-time visu-
alization of our two-phase flow experiments.

As the first step, images are segmented to delineate the solid skeleton and wetting and non-wetting phases. To 
distinguish between the solid skeleton and the non-wetting phase, which are both colorless, a mask is subtracted 
from each image. The mask is an image of the microfluidic cell fully saturated with dyed water at the initial 
stage of each experiment. Afterward, the subtraction result is segmented and assigned to the desired phases 
using multi-thresholding methods. The thresholding procedure is carried out using MATLAB functions such 
as multithresh, and imquantize, or self-developed functions. To pursue the objectives of this investigation, the 
non-wetting and wetting phase clusters that are disconnected from the bulk flow need to be distinguished. Exam-
ples of a segmented image and the disconnected clusters of the non-wetting phase are shown in Figures  3b 
and 3c, respectively. A cluster is considered to be connected if it has connections to the inlet boundary of the 
porous domain, following the definition used in Hilfer (2006a) regarding the percolation of a cluster. From now 
on, and for consistency reasons, the clusters connected to the inlet of the porous domain will be addressed as 
the connected clusters. Next, the saturation of the wetting and non-wetting phase is calculated. The interfaces 
between the three phases are identified. The length of each interface is determined as the cumulative distance 
between the neighboring points (Figure 3d).

Moreover, the contact angle of each end of the interface with the solid skeleton is calculated. It is observed that 
the two angles on the two ends of an interface could be different. To have a single contact angle for the interface, 
we take the average of the two contact angles. For the in-depth contact angle of the interface, the mean value of 
all the calculated contact angles in the x-y plane is calculated separately for drainage and imbibition. Two other 
parameters obtained from the images are the chord length and radius of curvature for each interface. The chord 
length of the interface is defined as the Euclidean difference between the two endpoints of the interface, which 
is equal to the depth of the cell in the y-z plane. The curvature is defined as 1/r, where r is the planar radius of 
curvature of an interface, determined as the radius of a circle fitted to the interface using the method suggested 

Volumetric 
flux (μ l/

min)
Ca a 
(−)

Image 
acquisition 
rate (fps)

Number of 
processed 

images
Image size 

(Pixels)

Exp. 1 0.03 10 –7 1 3,839 2,448 × 1,461

Exp. 2 0.3 10 –6 5 3,851 2,448 × 1,461

Exp. 3 3 10 –5 10 3,877 2,448 × 1,446

Note. where q is the Darcy velocity (m/s), μ is viscosity of the injected fluid 
(Ns/m 2), and σ wn is the surface tension between the two fluids (N/m).
 aCapillary number: 𝐴𝐴 Ca =

𝜇𝜇𝜇𝜇

𝜎𝜎𝑤𝑤𝑤𝑤
 .

Table 1 
Image Acquisition Settings



Water Resources Research

VAHID DASTJERDI ET AL.

10.1029/2022WR033451

7 of 14

by Pratt  (1987) and a MATLAB code developed by Chernov  (2021), in the x-y plane. These parameters are 
substituted in the Young-Laplace equation (Equation 3) to calculate the capillary pressure associated with each 
interface.

As mentioned in Section 2.1.2, the original images have dimensions of 2,448 × 2,050 pixels at a resolution of 
∼8.3 μm/pixel. We investigate the size of Representative Elementary Volume (REV) for both specific interfacial 
area (1/m) and the mean curvature (1/m) in form of their quantity as a function of domain size, as carried out in 
the literature (Bear, 1972; Hassanizadeh & Gray, 1979). The REV size in our investigations is determined to be 
in the order of 1,200 × 1,200 pixels (∼10 × 10 mm). The porous domain dimensions in our experiments are ca. 
1,460 × 2,448 pixels (∼11 × 20 mm). So, the middle part of the micromodel qualifies as at least one REV.

2.4.  Post-Processing

In order to compare and test the validity of macroscopic theories, quantities like saturation, interfacial area, and 
capillary pressure should be evaluated at the REV scale. The capillary pressure is locally calculated using the 
Young-Laplace equation for each interface and subsequently averaged over the interfacial area for the REV-scale 
capillary pressure calculation. In our micromodel, the Young-Laplace equation may be written as

𝑝𝑝𝑐𝑐𝑖𝑖 = 𝜎𝜎𝑤𝑤𝑤𝑤

(

𝑘𝑘𝑖𝑖 + 2
cos 𝛼𝛼

𝑑𝑑

)

,� (3)

Where 𝐴𝐴 𝐴𝐴𝑐𝑐
𝑖𝑖
 is the capillary pressure at interface i, σ wn is the surface tension between Fluorinert and water equal 

to 55 mN/m 2, ki is the curvature of interface i in the x-y plane (1/m), α is the average in-depth contact angle 
(in the y-z plane), and d is the depth of the cell (here 35 μm). The value of the in-depth contact angle is deter-
mined  to be 56° and 58° during drainage and imbibition, respectively, following the procedure described above. 
As mentioned, from the local capillary pressures calculated for each interface, an average capillary pressure is 
calculated associated with each image using Equation 4 (Whitaker, 2013).

𝑝𝑝𝑐𝑐
𝑅𝑅𝑅𝑅𝑅𝑅

=
Σ
(

𝑝𝑝𝑐𝑐
𝑖𝑖
𝐴𝐴𝑤𝑤𝑤𝑤

𝑖𝑖

)

Σ𝐴𝐴𝑤𝑤𝑤𝑤
𝑖𝑖

,� (4)

Where 𝐴𝐴 𝐴𝐴𝑤𝑤𝑤𝑤
𝑖𝑖

 is the area of interface i (m 2), calculated through

Figure 3.  Image processing: (a) Original image, (b) Segmentation into three phases: light green, magenta, and dark green 
representing the non-wetting phase, the wetting phase, and the solid skeleton, respectively, (c) Distinguishing connected 
clusters and not-connected clusters in the non-wetting phase, (d) Interfaces between the three phases: red: non-wetting—solid, 
yellow: wetting—solid, green: non-wetting—wetting.
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𝐴𝐴𝑤𝑤𝑤𝑤
𝑖𝑖 =

𝐿𝐿𝑖𝑖𝑑𝑑

cos 𝛼𝛼

(

𝜋𝜋

2
− 𝛼𝛼

)

.� (5)

Here Li is the length of each interface (m), calculated by image processing. The data points related to the satura-
tion of the invading phase, the area of wetting/non-wetting interfaces, and the capillary pressure associated with 
the interfaces, are collected for all clusters as well as the connected clusters only.

As the fitting function for the data points of saturation, specific interfacial area, and capillary pressure, we use a 
modified version of the one proposed in Karadimitriou et al. (2013) and Joekar-Niasar and Hassanizadeh (2012). 
Here, the non-wetting phase saturation is selected to be the saturation of the invading phase, meaning the 
non-wetting phase saturation for drainage and saturation of the wetting phase for imbibition. Additionally, to 
make the equation consistent in terms of units, we divide the corresponding capillary pressures with the atmos-
pheric one, considered constant throughout the experiments. Equation 6 shows the expression used to fit the 
experimental data by tuning parameters a, b, c, d

𝑎𝑎𝑤𝑤𝑤𝑤 = 𝑎𝑎
(

𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖
)𝑏𝑏(

1 − 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖
)𝑐𝑐

(

𝑝𝑝𝑐𝑐
𝑅𝑅𝑅𝑅𝑅𝑅

𝑝𝑝𝑎𝑎𝑎𝑎𝑎𝑎

)𝑑𝑑

,� (6)

Where a wn is the specific interfacial area (1/m), calculated as the total interfacial wetting/non-wetting 
area (cumulative A wn in REV-scale) divided by the bulk volume of the porous medium (in our case it is 
11 mm × 20 mm × 35 μm). s inv is the saturation of the fluid which is entering the porous medium and is exer-
cising the active forces on the flow front. p atm is the atmospheric pressure and is considered to be constant in all 
experiments. Parameter a has the unit of 1/m, and parameters b, c and d are dimensionless.

The motivation behind the adoption of this equation to proceed with the fitting, as also explained in Karadimitriou 
et al. (2013), and Joekar-Niasar and Hassanizadeh (2012), is that this equation satisfies two pre-requisites: (a) for 
saturation of zero or one, the interfacial area should be zero, and (b) for a capillary pressure of zero, the interfacial 
area should also be zero given the wetting properties of the porous medium.

Although the experiments are carried out for sequential drainage and imbibition, the results presented here are 
from the drainage processes. This is because of the noticeable corner/film flow, which affects the connectivity of 
the wetting phase. The shape of the flow channels, typical for chemically etched microstructures, and the wetting 
properties of glass enable and strengthen such flow paths in the flow channels. Although there is strong evidence 
for the mentioned connectivity (Figure 4a), the extent of this connectivity cannot be estimated from the images. 
As it can be seen in Figure 4b, the shadow formed around the solid pillars (hatched in black), which is due to the 
curved walls, is preventing the corner/film flow (hatched in blue) from being captured in the images. However, 
the area which is marked in green in Figure 4a, is a pore which is drained during flow without any visible connec-
tions to the rest of the wetting phase. This volume change provides evidence of a corner/film connection, which 
facilitates (in the cluster shown in Figure 4) the drainage of the wetting phase for more than 70% of its volume. 
Consequently, defining a disconnected cluster and its volume for the wetting phase becomes a risky process. 
Since our ability to identify a cluster as such is very limited, the corresponding results are seriously affected by 
any assumptions in this regard. To quantify the saturation of the wetting phase accommodated in the corners in 
our experiments, further investigations using other imaging techniques such as μXRCT could be used. However, 

Figure 4.  Wetting phase connectivity in the microfluidic experiments: (a) Volume change in a wetting cluster during 
imbibition: Marked in green is the pore space drained during imbibition, (b) In-depth view of section A-A in chemically 
etched micromodels: A pore and hypothetical corner flow extensions (hatched in black is the shadow seen as the solid wall 
in microscopy images, hatched in blue is the wetting phase remaining in channel corners and hatched in gray is the solid 
skeleton).
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that would be outside the scope of this work since this imaging approach for such flow experiments is not feasible 
in our facilities.

Given the limitations that we need to accommodate in our data processing, related to the nature of the porous 
medium itself, in Equation 7 the saturation of the invading fluid gets replaced by the saturation of the non-wetting 
phase, since drainage is the process of interest

𝑎𝑎𝑤𝑤𝑤𝑤 = 𝑎𝑎(𝑠𝑠𝑛𝑛𝑛𝑛)
𝑏𝑏
(1 − 𝑠𝑠𝑛𝑛𝑛𝑛)

𝑐𝑐

(

𝑝𝑝𝑐𝑐
𝑅𝑅𝑅𝑅𝑅𝑅

𝑝𝑝𝑎𝑎𝑎𝑎𝑎𝑎

)𝑑𝑑

� (7)

The fitting is done in four different ways: (a) for each drainage process (six processes for each Ca number), (b) 
all drainage data points with the same Ca number, (c) combinations of two sequential Ca numbers, and (d) for all 
three Ca numbers. Since every drainage process starts from the final stage of the imbibition before it, the history 
of the flow is implicitly included in the images. The number of images processed for each experiment is 1,738, 
1,686, and 1,664 images for the Ca numbers 10 −5, 10 −6, and 10 −7, respectively.

The same fitting procedure is carried out on the data points collected from all clusters in the displacement process 
and then repeated for the data of the connected clusters only. The goodness of fit and the fit parameters resulting 
from both procedures are estimated and compared, as shown in the following section.

3.  Results
In Figures 5a–5b, 5d, the main variables used in Equation 7 are plotted versus the saturation for all clusters and 
connected clusters. It can be observed in Figures 5a and 5b that the interfacial area produced is similar in the 
experiments with the Ca numbers 10 −7 and 10 −6 but bigger in the fastest experiment with Ca = 10 −5. That is 
expected since the increased boundary flux induces stronger viscous effects creating a different phase distribution 

Figure 5.  Data gathered from the images: Specific interfacial area vs. saturation for (a) all clusters, and (b) connected 
clusters, and capillary pressure vs. saturation for (c) all clusters, and (d) connected clusters.
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and more interfaces to absorb the energy. Moreover, the scanning curves for 
both interfacial area and capillary pressure are not so pronouncedly dispersed 
for the connected clusters during various cycles in contrast to the data from 
all clusters, illustrating the effects of considering connectivity in capturing 
hysteretic behavior of the displacement processes.

A comparison between the commonly used theories (Brooks & Corey, 1964; 
Van Genuchten, 1980) and the extended theory of two-phase flow in porous 
media (Hassanizadeh & Gray, 1990, 1993) shows that including the interfa-
cial area in the closure equations has introduced a substantial improvement in 
capturing hysteresis, albeit depending on the boundary conditions. This study 
takes it a step further and shows that considering the connectivity of phases to 
their boundaries can expand the validity of this theory for a range of the Ca 
numbers and transient flow conditions.

As described in Section 2, a function (Equation 7) is fitted to two sets of data, 
one including the saturation, capillary pressure, and specific interfacial area 

of the whole non-wetting phase during a drainage displacement process and the other with the same variables but 
for the clusters of non-wetting phase connected to the boundary. Table 2 provides the R 2 as a measure of goodness 
of fit for each displacement process belonging to the experiment with Ca number 10 −6 as an example. As one 
can see in every process, there is an improvement in the fitting when only the connected clusters are considered. 
Likewise, the fitting improves for cumulative data, including data points from the six drainage processes in one 
experiment with the same Ca number.

Moreover, in primary drainage, one can observe no improvement or, better to say, the inclusion of only the inter-
facial area for all clusters produces a very nice fit. This can mainly be attributed to the fact that it is not expected 
to have a significant occurrence of disconnections for the non-wetting phase during primary drainage.

As mentioned in Section 2.4, the same procedure is applied to the data from the three experiments, and fitting 
is improved when only the connected clusters are considered compared to the data for all clusters. Since we 
are interested in a function that can describe displacement processes, regardless of the Ca numbers, we will 
concentrate on all data points from each experiment (including six drainage processes). In Table 3, we list the 
R 2 for the collective data of each Ca number, two consecutive Ca numbers combined, and all of the three exper-
iments  together. Although an improvement is observed in every case, in the combinations with the highest Ca 
number (Ca = 10 −5), the fitting is not satisfactory.

By fitting Equation 7, we gather the parameters a, b, c, and d, which are presented in Table 4. By taking a closer 
look at the parameters, one can see that parameters b, c, and d take values in a narrow range for both connected 
clusters and all clusters included. In an attempt to come up with a single function for all of the experimental data 
gathered in our experiments, with respect to the phase-connectivity concept, parameters b, c, and d are fixed, and 
the goodness of fit is compared again to see how extensive fitting is affected by reducing the fitting parameters.

Moreover, the effect of fixing parameters b, c, and d on the parameter a is studied. The values assigned to param-
eters b, c, and d are the average of the values listed in Table 4, for all clusters and connected clusters separately. 
In other words, two functions as Equations 8 and 9 are fitted to the data for all clusters and the connected clusters 
respectively, and the fitting parameter a, as well as the goodness of the fit are recorded

𝑎𝑎𝑤𝑤𝑤𝑤 = 𝑎𝑎(𝑠𝑠𝑛𝑛𝑛𝑛)
1.92

(1 − 𝑠𝑠𝑛𝑛𝑛𝑛)
1.02

(

𝑝𝑝𝑐𝑐
𝑅𝑅𝑅𝑅𝑅𝑅

𝑝𝑝𝑎𝑎𝑎𝑎𝑎𝑎

)−2.8

,� (8)

All clusters Connected clusters

Primary drainage 0.997 0.997

Scanning curve 0.64 0.95

Scanning curve 0.86 0.95

Scanning curve 0.68 0.92

Scanning curve 0.80 0.95

Scanning curve 0.85 0.97

All data points  a 0.79 0.86

 aAccumulated data points from all six displacement processes.

Table 2 
Goodness of Fit (R 2) for Drainage Processes From the Experiment With 
Ca = 10 −6

Log (Ca)

−7 −6 −5 −7 and −6 −6 and −5 −7 and −6 and −5

R 2 All clusters 0.67 0.79 0.74 0.66 0.72 0.48

Connected clusters 0.94 0.86 0.86 0.90 0.74 0.70

Table 3 
Goodness of Fit (R 2) for Accumulative Data in Single Experiments and Their Combinations
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𝑎𝑎𝑤𝑤𝑤𝑤 = 𝑎𝑎(𝑠𝑠𝑛𝑛𝑛𝑛)
0.87

(1 − 𝑠𝑠𝑛𝑛𝑛𝑛)
0.13

(

𝑝𝑝𝑐𝑐
𝑅𝑅𝑅𝑅𝑅𝑅

𝑝𝑝𝑎𝑎𝑎𝑎𝑎𝑎

)−2.1

.� (9)

We observe that the goodness of fit changes only about 2% for connected clusters if we reduce the fitting param-
eters from four to one by assigning certain values to parameters b, c, and d (b = 0.87, c = 0.13, and d = −2.1). 
Nevertheless, if we fix b = 1.92, c = 1.02, and d = −2.8 for the experimental data, including all of the clusters, 
the goodness of fit would drop on average by 10%. See Table 5.

In Table 6, the values of parameter a, resulting from fitting a function with fixed b, c, and d are listed. The trend 
in the values of parameter a in the experiments shows its dependency on the Ca number, also interpretable as the 
transient effects in the displacement process.

4.  Discussion
In the literature, there is a plethora of experimental, numerical, and theoretical works revolving around the appar-
ent hysteretic behavior of cyclic drainage and imbibition events. Two of the objectives have been the identification 
of underlying mechanisms and causes and to find an effective way of modeling hysteresis. Regarding the second 
objective, it is important for the approach to be practically applicable, and not only from a fundamental perspec-
tive. In this work we have focused our attention on the theories developed by Hassanizadeh and Gray (1990, 1993) 
and Hilfer (2006a, 2006b) are developed. In particular, we attempt to merge these two modeling approaches. One 
theory (Hassanizadeh & Gray, 1990, 1993) considers the interfacial area to be a new state variable in two-phase 
flow (in addition to saturation and capillary pressure), and the other (Hilfer, 2006a, 2006b) discriminates between 
connected and disconnected (or percolating and non-percolating) parts of a phase and introduce corresponding 
saturations for each phase as state variables. We perform sequential displacement experiments to test the possi-
bility of combining the two modeling approaches into one. We then evaluate the role of the connected phase 
saturation on the production of three-dimensional surfaces between saturation, capillary pressure, and interfacial 
area as state variables. Our quantitative results clearly show that taking only the connected saturation into account 
allows us to capture hysteresis more effectively than considering the total saturation without any distinction for its 
connectivity. To that end, we use a physically consistent fitting function, as shown in Equation 6. Our results show 
that the synthesis of the theories proposed by Hassanizadeh and Gray (1990, 1993) and Hilfer (2006a, 2006b) 

Log (Ca)

−7 −6 −5 −7 and −6 −6 and −5 −7 and −6 and −5 Arithmetic mean

a All clusters 0.24 0.05 0.06 26.54 4e−5 0.02 4.48

Connected clusters 0.41 8.4 0.04 3.75 4e−4 0.05 2.1

b All clusters 1.08 1.98 2.98 1.59 2.11 1.75 1.92

Connected clusters 0.77 0.75 0.97 0.76 1.07 0.88 0.87

c All clusters 0.16 0.93 2.09 0.61 1.29 1.03 1.02

Connected clusters −0.08 0.06 0.23 0.003 0.36 0.23 0.13

d All clusters −2.03 −2.81 −3.22 −1.03 −4.76 −3.06 −2.8

Connected clusters −1.73 −1 −2.5 −1.19 −3.71 −2.38 −2.1

Table 4 
Function Parameters a, b, c, d Resulting in the Best Fit

Log (Ca)

−7 −6 −5 −7 and −6 −6 and −5 −7 and −6 and −5

R 2 All clusters 0.38 0.78 0.68 0.5 0.65 0.47

Connected clusters 0.91 0.82 0.86 0.88 0.70 0.68

Table 5 
Goodness of Fit (R 2) for All Data in Single Experiments and Their Combinations for Equations 8 and 9
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provides a more efficient description of the evolution of two-phase flow under any boundary conditions. In other 
words, an extended continuum-based model that takes the interfacial area as a state variable into account includes 
the hysteresis more expeditiously if the connectivity of the phase is also considered.

The inherent advantage of microfluidics, that is, the real-time visualization of two-phase flow processes, enables 
us to differentiate in a robust way between connected to the boundary phases, or not, and quantify their contri-
bution to the constitutive surface of saturation, capillary pressure, and specific interfacial area. Under conditions 
where there is no remobilization of the disconnected phases, for each displacement event the porous medium is 
effectively different. This justifies the need to quantify phase connectivity explicitly, knowing that after a number 
of cycles, the configuration of the phases eventually reaches a steady state. This has enhanced our understanding 
of the physical effects involved, and also made evident the correlation between the boundary conditions and the 
relative importance of the pore geometry. In this way we are able to highlight the importance of accounting, at the 
macroscale level, for the variations in pore-scale distribution of phases under different transient conditions vary-
ing from capillary-dominated to viscous-dominated flow regimes. It is also important to investigate the potential 
of Euler characteristic number and its evolution modeling hysteresis using our extensive pore-scale data set. To 
pursue this investigation, 2D formulation of the Euler characteristic number should be adjusted and connectivity 
of the wetting phase should be carefully characterized.

There several issues and challenges regarding interpreting the presented results. One of the challenges is the 
cross-section of the pores and its effect on the behavior of the fluids. Due to the chemical etching method of 
manufacturing of the microfluidic cell, there is a sharp corner at the top of the channels while a curved corner 
at the bottom exists. This feature of the channels strongly affects the interpretation of results, as mentioned in 
Section 2.4. The flow channel shape, along with the wetting properties of the material, creates significant corner/
film flow of the wetting phase while preventing it from being captured in the images through the shadow it 
causes. The wetting phase seems to be connected via paths of variable connectivity (reflected in the response 
times), while the extents of the connection remain unknown. Given this and the consequences of a doubtful 
consideration regarding the connectivity of wetting phase, we have decided to exclude imbibition data from our 
analysis.

The curvature on the walls of the flow network introduces another issue related to the degree of freedom in 
consideration of a contact angle in the z-direction. We believe that the approach of adopting the mean planar 
contact angle as the one for the z-direction does not deviate significantly from the actual case. Nevertheless, 3D 
imaging would be highly beneficial and is one of the things we anticipate doing in the near future. To address 
these issues, we plan to perform similar experiments in microfluidic cells made of Poly-Di-Methyl-Siloxane with 
simpler in-depth geometry and better-defined wetting phase connectivity.

In this work, we show that considering only the connected phase and the corresponding interfacial area signifi-
cantly improves the potential of modeling hysteresis. However, the fact that the efficiency of this approach gets 
reduced by combining higher volumetric fluxes in the datasets, which result in dynamic conditions as also shown 
in Karadimitriou et al. (2014), implies that other factors need to be considered. Given the increasing competi-
tion between capillary and viscous effects for increasing Ca numbers or boundary fluxes, we speculate that the 
geometrical features of the porous structure itself become gradually important. The tortuosity of the porous 
structure and some local characteristics on the pore scale, like confinements or constrains in the pore space, which 
drastically influence the pore-scale Ca number, need to be addressed in detail under highly dynamic conditions so 
as for their effect to be evaluated. We anticipate that in our future work, these issues will be addressed.

Log (Ca)

−7 −6 −5 −7 and −6 −6 and −5 −7 and −6 and −5

a All clusters 0.042 0.050 0.065 0.045 0.059 0.053

Connected clusters 0.13 0.13 0.17 0.13 0.15 0.14

Table 6 
Values of Parameter a in Equations 8 and 9 Resulting in the Best Fit for Various Ca Numbers and Their Combinations
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Data Availability Statement
The datasets are available in the Data Repository of the University of Stuttgart. In the data set, Vahid Dastjerdi 
et al. (2022) provide images of optical microscopy (*.tif) together with the pressure data (*.csv). Moreover, the 
CAD design of the microfluidic cell is available.
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