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Prefaces

The International School of Applied Geophysics was estab-
lished in 1974. Since then four courses and three short semi-
nars have been organized. The subjects covered several as-
pects of geophysics, both from the theoretical and the exper-
imental point of view. The topics were selected according
to new developments of the geophysical science, but also
considering the needs of the users. In every course the theo-
retical treatment is always accompanied by a discussion
on the applications. The title of the 1984 course sounds
theoretical; however, the word use that is added to the
title indicates the practical implications of the subject.

It is well known that synthetic seismograms have been
used successfully for more than 20 years in data interpreta-
tion of the near-to-vertical reflection seismic technique. The
generalization of the approach to the case of variable angle
of incidence and of different types of sources was a difficult
and long process. It was prompted by the following reasons:
— The increasing interest in defining the source and, in
general, the increasingly quantitative approach in passive
seismology, following the development of digital techniques
that was much slower in this field than in the field of oil
exploration.
— In aczive seismology, the expanding field of application
from sedimentary basins to the upper and lower crust; this
expansion led to the need for integration of the normal-
incidence and wide-angle reflection techniques.

For the first time, a Director of the Course had been
appointed: the subject itself required a specialist to organize
the details of the scientifie program.

Owing to the original character of most of the lectures,
it was decided to accept the kind offer of the “Journal
of Geophysics” in order to ensure accurate scientific editing
and a proper dissemination among the geophysical com-
munity.

R. Cassinis
(Director of the School)

The course “Synthetic seismograms: generation and use”
covered problems which are relevant both to general seis-
mology — like the investigation of the lithosphere or seismic
source studies — and to exploration techniques for hydrocar-
bons and other natura] resources. Emphasis was given to
the different approaches of synthetic—seismogram genera-
tion through a review of most of the classical methods eur-
rently in use both for laterally homogeneous and laterally
heterogeneous media. Several of the papers of these pro—
ceedings are review papers; we hope that their joint publica-
tion will make this volume attractive both to students enter-
ing the field of theoretical seismology and to those consider-
ing themselves experts. In addition, some other papers pres-
ent new results of the application of synthetic seismograms
to the structure of the earth and to the earthquake focus.

Journal of
Geophysics

A round-table discussion was held on the last day of
the course; the most relevant topics discussed were instru-
ment calibration, test of methods for laterally varying media
and data inversion. The following summarizes a few of the
views that were expressed.

Instrument calibration, even if it may look a simple
task, is not always done with the precision required for
proper use of the available theoretical tools. The most via-
ble solution seems to be to bring all the instruments on
the same spot before each campaign and to calibrate them
with the same shot. The instrument-ground coupling will
enter this calibration; however, it can be observed that the
same problem also exists in the actual field measurements
along with the little-understood effects of near-surface geol-
ogy. A systematic study of these influences on amplitudes
and phases and of the associated errors is a pressing prob—
lem for establishing confidence in results obtained from
the comparison of data with synthetic seismograms. The
level reached by the theoretical tools is so high that the
problem of calibrating instruments should not be postponed
any longer, also in view of the possibilities of using explo—
sion seismology data for Q determinations.

A basic problem in the calculation of synthetic seismo-
grams is the testing of approximate methods for laterally
varying media, since it may well be that the differences
between synthetics calculated with different techniques are
larger than those between experimental and synthetic seis-
mograms. One way to proceed here seems to be in the
construction of test models using the finite-difference me-
thod. For this, it is necessary that the model has linear
dimensions of about 100 wavelengths; this requires very
large computers.

The interpretation of real data, taking into account la-
teral variations, should be performed using partially auto-
matic methods. The basic iterative step may consist in the
automatic solution of the kinematic inverse problem. For
the solution of this problem for 2-D laterally varying media,
it is necessary to know the travel times from any point
to any other point along the profiles. Therefore, a dense
system of shot points is necessary in addition to a dense
system of receivers. Several approaches have been proposed
recently to solve this problem; most of them are based
on linearization. At each iterative step, synthetic seismo-
grams should be used for comparison with observed re-
cords. A fast way to find a model for laterally varying
media can be the use of dynamic ray-tracing.

As the editors of this special volume of Journal of Geo-
physics we are grateful to the authors for their cooperation
which allowed fast publication.

G. Müller G.F. Panza
(Director of the Course)
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Ray synthetic seismograms for complex two-dimensional
and three-dimensional structures

V. Öerveny
Institute of Geophysies, Charles University, Ke Karlovu 3, 121 16 Praha 2, Czechoslovakia

Abstract. In recent years, considerable progress has been
made in studies of the lateral heterogeneities in the Earth’s
interior and of seismic sources situated in realistie inhomo—
geneous media. In eonnection with these studies, the role
of the ray method and of its various modifications is becom-
ing inereasingly important. In this paper, ways of applying
the ray method t0 the evaluation of high—frequency body
wave synthetic seismograms and synthetic time sections in
complex two-dimensional and three—dimensional laterally
‘Varying layered struetures are discussed. Certain new devel-
opments in the ray theory, mainly dynamic ray tracing and
the paraxial ray approximation, make these eomputations
fast and effective, even in 3-D structures. Although the com-
putations are only approximate and the ray method may
fail partially or completely in eertain situations, the ray
concepts have been found very useful in many practical
applications of‘great seismological interest. The paper ex-
plains the physical principles and the most important algo-
rithmic steps in the computation of ray synthetic seismo-
grams. Numerical examples of ray synthetic seismograms
and ray synthetic time sections are presented.

Key words: Seismic waves — Synthetic seismograms — Ray
method— Dynamic ray tracing — Paraxial ray approximation

l. Introduction

Reeently, considerable attention has been devoted t0 the
numerieal modelling of high-freqeuncy seismic wave fields
in complex 2-D and 3-D layered structures. Several proee-
dures of evaluating high-frequency body wave synthetic se-
ismograms in laterally inhomogeneous media have been
proposed. These procedures have immediately found im-
portant applications in various seismologieal investigations.

This paper is devoted t0 the computation of synthetic
seismograms by the ray method. The ray method, also ealled
the ray series method, or the ART (asymptotic ray theory)
method, was first used to study the propagation of high-
frequency elastic waves in inhomogeneous media by Babich
(1956), see also Babich and Alekseyev (1958), and indepen-
dently by Karal and Keller (1959). It is the simplest, but
very powerful, representative of high-frequency asymptotic
methods. One of its great advantages is its universality,
effeetivity and conceptual clarity.

The ray method, however, is only approximate and can
be applied only t0 smooth media in which the characteristie

dimensions of inhomogeneities are considerably larger than
the prevailing wavelength of the propagating wave. More-
over, it has some other limitations, even in smoothly vary-
ing media. The main limitation consists in its lower accura-
cy or even invalidity in Singular regions of the ray field,
sueh as the caustie region, the eritical region, the transition
zone between the shadow and illuminated region, etc. In
spite of these limitations, computer programs for the evalu-
ation of ray synthetic seismograms in complex struetures
are very useful in the interpretation of seismic data.

In the ray method, as in other high-frequency methods,
the complete wave field is composed of eontributions — ele-
mentary waves — such as the refraeted waves, waves reflected
from individual interfaces, converted waves, multiply re—
fleeted waves, etc. These elementary waves can be simply
evaluated along individual rays. Each elementary wave may
be speeified by some numerieal (or alphanumerical) code
which describes the history of its rays. The numerieal codes
may be introduced in various ways. They may be generated
automatieally, semi-automatically or manually. For com—
plex 2-D and 3-D models, the semi—automatic generation
of numerieal codes often seems t0 be very convenient. It
consists of automatic (optional) generation of the most im-
portant waves, e. g. of the primary P and S reflections from
all interfaces, including refractions and converted reflec-
tions. Other desirable elementary waves, such as multiply
reflected waves, may then be added by manual generation.

The ray method offers the possibility of investigating
the individual elementary waves separately from others.
This fact is very important in praetical applications, e.g.
in the interpretation of data obtained by deep seismic
sounding of the Earth’s crust or in seismic prospecting.

The basic step in the evaluation of the seismic wave
field of individual elementary waves consists in ray tracing.
Many ray tracing algorithms are now available. Some of
them, based on some simple approximation of the model,
are very fast, but are not quite suitable for the evaluation
of ray amplitudes and ray synthetic seismograms as they
may generate false anomalies in the amplitude-distance
curves. The more sophistieated algorithms, based on the
numerieal integration of the ray tracing system, can be used
more safely, but are more time eonsuming. Thus, the suit-
ability of any ray tracing algorithm depends on the seismo-
logieal problem we are treating.

In the evaluation of vectorial complex-valued ampli-
tudes of elementary waves in 2-D and 3-D layered struc-
tures, the most important part is the evaluation of geometri-



|00000009||

cal spreading. The geometrical spreading can be evaluated
in several ways. The simplest (but not very accurate) way
is to measure numerically the cross-sectional area of the
ray tube. In 3-D computations, it is necessary to compute
at least three rays corresponding to close ray parameters
to determine numerically the cross-sectional area of the ray
tube. The second way is based on the so-called dynamic
ray tracing. Dynamic ray tracing plays a fundamental role
not only in the evaluation of geometrical spreading, but
in many other applications. For example, dynamic ray trac-
ing is a very important step in the paraxial ray approxima-
tion, which provides us with the possibility of evaluating
the travel-time field and the displacement vector not only
directly on the ray, but also in its vicinity. Finally, in some
simple types of media, the geometrical spreading can be
evaluated analytically.

There are two main approaches to the evaluation of
ray synthetic seismograms in 2-D and 3—D laterally varying
layered structures. The first is based on two-point ray trac-
ing, the second on the paraxial ray approximation. Both
these approaches are described in the following sections.
Some examples of computations will also be presented.

This paper explains only the most important physical
principles of the ray synthetic seismogram computation.
Any attempt to present all the relevant mathematical equa-
tions would increase the length of the paper inadmissibly.
Moreover, all necessary equations can be found in the ex-
tensive paper by Öerveny (1985 b). Owing to the extensive
use of various matrix notations and to the application of
several coordinate systems and transformation matrices, the
resulting equations in that paper are very concise and un-
derstandable from a physical point of view, even in the
case of an arbitrary multiply reflected wave in a 3-D layered
structure. All the equations are expressed algorithmically;
the expressions are specified to the last detail. They can
thus be used directly for programming.

The literature devoted to the ray method is very exten-
sive. In this paper, we shall refer mainly to recent papers
devoted, directly or indirectly, to the computation of ray
synthetic seismograms in laterally varying layered struc-
tures. For a detailed treatment of many other aspects of
the elastodynamic ray series method and of its applications
in seismology, see the books by Öervenv and Ravindra
(1971), Achenbach (1973), Öervenv et al. (1977), Goldin
(1979), Aki and Richards (1980), Hubral and Krey (1980),
Gerasimenko (1982). The ray series method has also been
widely used in other branches of physics, mainly in electro—
magnetic theory. See, e.g. Kline and Kay (1965), Babich
and Buldyrev (1972), Felsen and Marcuvitz (1973), Kravt-
sov and Orlov (1980).

Some attention in seismology has recently been devoted
to the possibilities of the space-time ray method. In the
space-time ray method, the wave field propagates along
certains space-time, four-dimensional trajectories, called
space-time rays. Their spatial projections are standard rays.
The space-time rays may be easily computed, similarly to
the space rays. The space-time ray-tracing systems and the
space-time dynamic ray-tracing systems can be found e.g.
in Kirpichnikova and Popov (1983). The space-time ray
method may be applied to solve some elastodynamic prob-
lems in media with boundary conditions dependent on time
(reflections from moving bodies), to study the propagation
of high-frequency seismic waves in dispersive and slightly
dissipative media, to study surface waves in laterally vary-
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ing layered structures, to perform the downward and up—
ward continuation of the seismic wave field, etc. In princi-
ple, the method could be easily applied even to the compu-
tation of synthetic seismograms. The author, however, is
not aware of any attempt in this field. For this reason,
we shall not discuss the space-time ray method in this paper.
For more details and references, see Babich (1979), Kravt—
sov and Orlov (1980), Öervenv et al. (1982), Kirpichnikova
and Popov (1983) and mainly the up—to—date monograph
by Babich et al. (1985).

2. Ray tracing

Ray tracing has found broad applications in the solution
of both direct and inverse seismological problems of lateral-
ly varying 2-D and 3-D layered media. In the numerical
modelling of seismic wave fields, it plays an important role
not only in the ray method itself, but also in many other
more sophisticated high-frequency asymptotic methods. In
these methods, the rays are used as a coordinate frame
and the amplitudes are evaluated along rays in the new
coordinate frame by more accurate methods than in the
standard ray method. Examples are the extended WKBJ
method, the Chapman-Maslov method, the Kirchhoff inte—
gral method, the method of Gaussian beams, etc. For more
details and many references, see Öervenv (1985 a) and Chap—
man (1985) in this volume. Ray tracing has found important
applications even in surface wave studies. In the inverse
methods, ray tracing is the basis of many recent inversion
procedures (tomographic methods, various linearization ap—
proaches).

The ray tracing system in a 3-D smoothly varying medi-
um consists of six ordinary differential equations of the
first order. Three equations yield the ray trajectory (Carte—
sian coordinates of points along the ray) and the other
three give the Cartesian components of the slowness vector
at each point on the ray. Together with the computation
of the ray trajectory, the travel time r along the ray is
also evaluated. The ray tracing system, with proper initial
conditions, can be solved numerically by standard numeri-
cal techniques such as the Runge-Kutta method or by the
predictor-corrector method. Some combinations of numeri-
cal and analytical methods may also be suitable for solving
the ray tracing system; e. g. see Dobrovol’skiy and Fridman
(1980) and Fridman (1983) for the method based on the
Richardson extrapolation. Initial-value ray tracing is fast
and stable and its accuracy can be easily controlled, even
in the case of rays of multiply reflected, possibly converted
waves. The new initial conditions for the ray tracing system
at points of reflection/transmission at curved interfaces can
be simply determined using Snell’s law. Note that the initial-
value ray tracing is also sometimes called Cauchy ray trac—
ing.

The ray tracing systems can be written even for inhomo-
geneous anisotropic media. The initial-value ray tracing in
an inhomogeneous anisotropic medium can be performed
in the same way as in inhomogeneous isotropic medium,
but it is more time consuming. For ray tracing systems
in inhomogeneous anisotropic media, see Babich (1961),
Vlaar (1968), Öerveny (1972), Öerveny et al. (1977), Petras—
hen and Kashtan (1984), Cerveny and Firbas (1984).

In seismological applications, however, we often need
boundary-value ray tracing. The well-known example of
boundary-value ray tracing is the so-called two-point ray
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tracing, or source—to-receiver ray tracing. Assuming a point
source, the rays are specified by the initial and endpoints
of the ray (source and receiver). Instead of the initial point,
some other boundary conditions may be important in cer-
tain applications. As an example, let us consider the compu—
tation of synthetic time sections in seismic exploration by
the “normal ray” algorithm. In this case, the initial point
of the ray is not specified. Instead, it is required that the
initial direction of the ray be perpendicular t0 the reflector.
Similar boundary conditions may be imposed if we start
the computation from some initial surface. Boundary-value
ray tracing is considerably more complicated than initial-
value ray tracing, mainly in 3-D media. It can be performed
in several ways. We shall briefly describe two such methods.
The first method, called the shooting method, exploits
Cauchy ray tracing. An iterative loop, in which the initial
conditions for the ray tracing system are Changed, is used
t0 find the ray which passes through the receiver point.
The initial conditions, which are Changed in the shooting
method, may have different physical meanings in various
problems. In source-to-receiver ray tracing, they specify the
initial direction of the ray at the source. In synthetic time—
section computatons, they specify the position of the initial
point on the reflector (the initial direction of the ray, per-
pendicular to the reflector, is then automatically deter-
mined). Various approaches can be used t0 change the ini-
tial conditions for a new iteration. Among others, it is possi-
ble t0 apply the recently proposed methods of the paraxial
ray approximation, see Cervenv et a1. (1984). Special care
must be devoted t0 multiple arrivals of the wave under
consideration (loops in the travel-time curves) and to the
rays in certain Singular regions of the ray field.

The second‘ method, usually called the bending method,
does not exploit standard ray tracing. In this method, an
initial ray path is guessed and the perturbed iteratively t0
satisfy the appropriate differential equations. '

For more details regarding boundary-value ray tracing,
see Wesson (1971), Chander (1975), Julian and Gubbins
(1977), Pereyra et a1. (1980). A good review with many ref-
erences can be found in Lee and Stewart (1981).

Both methods have their advantages and disadvantages.
The shooting method is usually more cumbersome and time
consuming than the bending method, especially in three-
dimensional computations. If, however, the iterative loop
is properly organized, it safely determines the rays of all
required elementary waves arriving at the receiver position.
If the elementary wave has several branches, e.g. in the
case of loops in the travel-time curves, it determines all
relevant multiple arrivals. Such rays may be easily lost in
the bending method which has a tendency t0 determine
only one of the multiple arrivals. For this reason, when
computing synthetic seismograms or synthetic time sections
for complex 2-D or 3—D layered structures, the shooting
method or its various modifications have usually been used.

In most algorithms of high-frequency body wave syn—
thetic seismogram computation, boundary-value ray trac-
ing must be used. In some recent approaches, however,
boundary-value ray tracing is not necessary. This applies,
e. g. t0 the algorithms based on the paraxial ray approxima-
tion and on Gaussian beams. Both these algorithms only
require initial-value ray tracing, which is fast, easy and sim-
ple. Even in these algorithms, however, it is useful t0 modify
the initial—value ray tracing procedure. These algorithms
require a system of rays with a sufficient density of end-

points in the Vicinity of receivers. The density of endpoints
must, of course, be higher for higher frequencies. A suffi-
cient density of endpoints of rays is not always guaranteed
by initial—value ray tracing in laterally varying complex
structures. Some elementary waves may be overlooked, par-
ticularly if all the rays of these waves are within a very
narrow pencil of rays from the source. This is the typical
case of slightly refracted waves, similar t0 head waves. Of-
ten, the ray field of some elementary wave is very sparse
in some region, although it is rather dense in another region.
If the number of computed rays is increased considerably,
the density of rays remains small in the former region and
becomes unnecessarily high in the latter region.

A new method of ray tracing is proposed to deal with
such situations. We call it interval ray tracing. Interval ray
tracing is the ray tracing procedure in which it is required
that at least the endpoint of one ray of the elementary
wave under consideration is situated in any illuminated in-
terval of specified length along the profile. If the elementary
wave under consideration has several branches, the above
requirement applies t0 any branch. In 3-D computations,
instead of the length interval we use the surface element
of a specified area.

The algorithm of 2-D interval ray tracing is as follows.
The standard initial-value ray tracing is performed as long
as the density of the endpoints is sufficient. If any given
length interval is left out (i.e. n0 ray has its endpoint in
that interval), an iterative loop is used t0 find at least one
ray with the endpoint in that interval (if it exists). After
this, the initial-value ray tracing continues with the original
step.

A safe and general interval ray tracing routine for an
arbitrary elementary wave in a 2-D laterally varying layered
structure is now available. The algorithms for 3-D interval
ray tracing are under investigation.

An example of the 2-D interval ray tracing is presented
in Fig. 1. The model of the Earth’s crust used in this exam-
ple (model Zurich) will be described in more detail in Sec-
tion 11, see Fig. 7. The shot point x: 320 km is considered,
and three ray diagrams of the reflected PP wave from the
intermediate crustal interface are shown. The first two ray
diagrams are computed by standard initial-value ray trac-
ing, and the third by interval ray tracing. In the first dia-
gram, the step in the radiation angle is 1.8° (50 rays over
the range from 0° t0 90°). In the second diagram, the step
is four times less, i.e. 0.45° (200 rays). As we can see in
both these ray diagrams, the endpoints of the rays are dis-
tributed along the profile very irregularly. They are very
dense Close t0 the source and extremely sparse at larger
distances from the source. At larger epicentral distances,
there are practically n0 endpoints at all. The four-fold in—
crease of the number of computed rays (from 50 t0 200)
added many superfluous rays at small epicentral distances,
but only one ray with an endpoint beyond x2400 km. The
regular ray field, however, extends t0 a distance xN 500 km,
see the last diagram computed by interval ray tracing. Inter-
val ray tracing was performed with a basic step of 1.8°
in the radiation angle, the same as in the first diagram.
Nevertheless, the coverage of the profile by ray endpoints
is considerably more regular than in the first and second
diagrams. There are n0 “blind” regions along the profile.
Note that interval ray tracing sometimes yields some rays
situated very close to other rays. This case, however, can
be easily treated in the synthetic seismogram algorithm.



. “III irllljlrlll'f,-l{‚.-" 21..l. lr . _.

32D “am"
I

“360|
l

dass)
L

2,00
i

Lid
J

Lid "2:60“ den)
'

'soc “520
Dislooce {kml

Fig. l. Comparison of ray diagrams computed by initial—value ray
tracing and by interval ray tracing. Top diagram: initial—value ray
traeing, the basie step in the radiation angle is 1.8°. Middle dia-
gram: initial-value ray traeing, the basie step in the radiation angle
i5 four times less, i.e. 045°. Borten: diagram: interval ray lracing,
the basic step in the radiation angle is again 18°. Interval ray
traeing gives a more regular distribution of endpoints of rays along
the profile

The interval ray tracing algorithm can be exploited t0
find even the rays of slightly refracted waves. It is often
very diffieult to eateh these rays by initial-value ray tracing.

The algorithm of the interval ray tracing described
above may be modified in several ways. For example, the
initial eonditions for the ray tracing system may be au-
tomatically varied in such a way as t0 obtain a required
density of rays in the region of interest usz‘ng the results
of rhe dynamic ray Iracing, see Section 5. In particular, the
geometrieal spreading matrix Q, defined in Section 4, plays
a very important role in the algorithm. Sueh an algorithm
of interval ray tracing may lind applications mainly in 3-D
computations, see Seetion 14 and also Öervenjr (1985 a).

The ray traeing system may be easily rewritten and
solved numerieally in any orthogonal eoordinate system
(spherieal, eylindrical, etc.) For the very important case
of a spherical eoordinate system see, e.g., Jacob (1970),
Julian and Gubbins (1977), Comer (1984).

In several simpler types of media, the ray tracing system
ean be solved analytically. This applies, e.g., to the case
when the veloeity V (or 1/V or 1/V2 or ln V) is a linear
function of Cartesian ooordinates. The simplest analytical

solution is obtained when the quantity 1/V2 (not V) Chan-
ges linearly with the coordinates. The most popular analyti-
cal solution corresponds to the ease when the veloeity V
changes linearly with eoordinates. The ray trajectory is eir-
Gular in sueh a medium and ean be simply and effieiently
calculated. For example, in the reflection methods of seis-
mic prospeeting, the eommonly used model is eomposed
of layers separated by eurved interfaces, with a oonstant
velocity or with a linear change of velooity within the indi-
vidual layers. For more details and many referenees see
Hubral and Krey (1980) and also Yaooub et al. (1970), Sor-
rels et al. (1971), Shah (1973 a). This approximation has
recently found applications even in seismology, see Lee and
Langston (1983 a, b), Langston and Lee (1983), Matveeva
(1983)

In realistic models, it is sometimes complieated to de—
seribe the velocity distribution in the whole strueture (or
in the whole layer) by a simple analytioal funetion. Often,
however, the medium is divided into parts (bloeks, tetrahe-
drons) with a simple analytical velocity distribution inside
the individual parts. For example, let us assume that a
smooth velocity distribution is specified in a regular or ir-
regular network of points. It is then possible to divide the
whole medium into tetrahedrons whose apexes are at the
above points, and t0 use a linear approximation of V (or
1/ Vor 1/ V2 or In V) in any of the tetrahedrons. The veloei-
ty then remains continuous across the boundaries of the
individual tetrahedrons, but the gradient of the veloeity
changes discontinuously. In this way, seeond-order inter-
faces are generated. Unfortunately, these seeond-order in-
terfaces produce some anomalies in the ray amplitude com-
putations. For examples, see Öervenj/ (1985 a). This approx-
imation may thus be useful in travel—time computation, but
it is not quite suitable for computing ray synthetic seismo-
grams, unless some smoothing of amplitudes is used.

Most commonly, the linear approximation of V is used
inside the tetrahedrons (or within triangles in 2-D eomputa-
tions). The segment of a ray inside any tetrahedron is again
circular. Thus, the ray is evaluated as a suceession of Circu—
lar segments. The method has found important applications
in seismology, mainly in seismic studies of erustal struoture.
See, e. g., Gebrande (1976), Will (1976), Whittall and Clowes
(1979), Arie et al. (1980), Marks and Hron (1980), Cassell
(1982), Müller (1984), Chapman (1985).

3. Polarization vectors

For any selected ray Q, we can introduce the ray-cemred
coordz’nate system q, , q 2, (13 connected with 52 in the follow—
ing way: One eoordinate, say q 3, corresponds to the arc
length s along the ray Q, measured frorn an arbitrary refer-
ence point. The coordinates ql, q; form a 2-D Cartesian
coordinate system in the plane perpendicular to „Q at qa,
with its origin at Q. This Cartesian eoordinate system may
be chosen in many ways. We shall ehoose it is sueh a way
as to make the ray-eentred coordinate system q, , qz, q3
orthogonal. This eondition determines the ray-centred e00r-
dinate system uniquely along the whole ray 52, onee the
2-D Cartesian system q1 , q2 has been speoified at any point
on the ray. The ray-eentred eoordinate system was first
introduced to seismology by Popov and Päenöik (1978 a, b).

The vector basis of the ray-eentred eoordinate system
eonneeted with Q is formecl at an arbitrary point 0, on
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Q by a right-handed triplet of unit vectors e1(s), e2(s), t(s),
Where t(s) is the unit tangent to the ray Q at OS and the
vectors e1(s), e2(s) are perpendicular to Q at OS. For the
orthogonal coordinate system connected with Q, the unit
vectors e1(s), e2(s) are strictly determined at any point on
the ray Q once they have been specified at some reference
point of the ray.

It should be emphasized that the orthogonality of the
ray—centred coordinate system means more than the mutual
perpendicularity of el , ez , t along the ray Q. In any coordi-
nate system (i, i =1, 2, 3, we can express the square of
the infinitesimal length element ds in the following way:
dsz=giiid, where gij are the components of the metric
tensor corresponding to the coordinate system Ci. The coor—
dinate system is called orthogonal if gü:0 for i 7aj in the
whole space. This is the case for the ray-centred coordinate
system introduced here. The unit vectors n, b, t, where n
is the unit normal and b the unit binormal to the ray, are
also mutually perpendicular at any point on the ray Q.
It can, however, be easily proved that the coordinate system
q„, qb, q3 = s, connected with the triplet n, b, t, is not orthog—
onal for rays with a non—zero torsion.

The unit vectors e1(s)‚ e2(s)‚ t(s) play an important role
in all high-frequency asymptotic methods of the investiga-
tion of seismic wave fields. Among others, they determine
the direction of the displacement vector of high-frequency
seismic body waves propagating in laterally varying layered
structures. For this reason, these unit vectors are often
called polarization vectors. More specifically, the unit vector
t determines the direotion of the displacement vector of
P waves which is always linearly polarized. Especially im-
portant are the vectors e1(s)‚ e2(s), as they determine the
polarization of S waves. The S wave is generally elliptically
polarized (although it may also be linearly polarized in
some situations). The complex-valued displacement vector
of S 'waves does not rotate with respect to e1 , e‘z as the
wave progresses along Q, although it rotates with respect
to the unit normal n and unit binormal b to the ray. Thus,
the polarization of S waves is determined by e1 and e2.

There are several ways of evaluating the unit vectors
e1‚ e2 along the ray Q in 3-D media. For example, they
can be determined by just one simple auxiliary integration
along the ray. For the relevant equations, see Popov and
Psenöik (1978 a), Psenöik (1979), Öerveny and Hron (1980),
Öervenjl (1985 b). Cormier (1984) derived a relevant equa-
tion for rays expressed in spherical coordinates and used
it to study the polarization of S waves propagating in later—
ally inhomogeneous models of the Earth’s mantle (e.g. in
lithosperic slabs).

In 2-D media, such computations are not necessary.
One of the polarization vectors e1 , e2 has a constant direc-
tion, and the other can be simply determined from the slow-
ness vector. Similarly, the determination of polarization
vectors e1 and e2 along the ray is straightforward in homo-
geneous media and in media in which V (or 1/ V2) changes
linearly with Cartesian coordinates. No integration along
the ray is necessary to determine e 1 and e2 in these cases.

4. Coordinate systems connected with rays. Transformation
matrices

Besides the general Cartesian coordinate system x1 , x2, x3
and the ray-centred coordinate system q1 , q2 , q3 ‚ it is conve-
nlent to introduce several other coordinate systems con-

nected with rays and ray fields, mainly in 3-D computa—
tions. The application of various transformation matrices
from one coordinate system to another simplifies the nu-
merical modelling of high-frequency wave fields in complex
structures considerably.

The ray coordinates y, (i = 1, 2, 3) are not connected with
one ray but with the whole ray field of the elementary wave
under oonsideration. The quantities yl, yz are parameters
which specify individual rays and 323 is some parameter
along the ray, e.g. the arc length s. The well-known exam-
ples of the ray parameters yl, yz are the radiation angles
in the case of a point source. In other situations, the ray
parameters may have a different meaning, see e.g. Sec—
tion 13.

Other useful coordinate systems are the local Cartesian
coordinate systems at points where the selected ray Q im—
pinges on interfaces. They may be introduced to some extent
arbitrarily. Generally, one coordinate axis coincides with
the unit normal to the interfaoe at the point of incidence,
and one is perpendicular to the plane of incidence. A similar
local Cartesian coordinate system may also be introduced
at the endpoint of the ray.

All these coordinate systems can be specified by the
transformation matrices from the system under considera-
tion to the general Cartesian coordinate system xi. These
transformation matrices can be easily evaluated along Q
and play a basic role in the computation of the wave field,
mainly in 3—D structures. For example, the transformation
matrix from ray-centred to Cartesian coordinates along Q
is formed by Cartesian components of the polarization vec-
tors el , ez, t. Thus, this transformation matrix is automati-
cally obtained as a by-product of the computation of the
polarization vectors.

The most important of these transformation matrices is
the 2 >< 2 transformation matrix Q from ray coordinates yl ‚
y2 to ray-centred corodinates ql, q2 ; Q„=[ÖqI/öyJ]q1=q2=0,
I, J= 1, 2. The determinant of this transformation matrix
can be used to evaluate the geometrical spreading. There-
fore, this matrix can be called the geometrical spreading
matrix. It can also be used to find the caustic points of
the first and second order and to determine the index of
the ray trajectory, also called the KMAH index. At caustic
points of the first order, detQ:0 and trQafiO. At caustic
points of the second order, detQ = trQ =O. The geometrical
spreading matrix can be evaluated by dynamic ray tracing,
see that next section.

In certain applications, it may be convenient to intro—
duce a special phase space, in which the coordinates corre-
spond to the ray-centred components of the slowness vec-
tor, p,=ör/Öq,. The 2x2 transformation matrix P from
ray coordinates yl, yz to the phase—space coordinates pl ,
192; Pu=löpl/Öw]q,=q2=o=[ÖZI/Öqlöy1]q,=q,=o‚ has a
deeper physical meaning and importance in certain high-
frequency methods, e.g. in the Maslov method. It can be
evaluated by dynamic ray tracing, together with the geomet-
rical spreading matrix.

The application of the transformation matrices allows
us to write the expressions for the displacement vector of
arbitrary multiply reflected waves propagating in any 2—D
or 3-D laterally varying layered structure in a very compact
form. For a detailed treatment of the individual transforma-
tion matrices and for their applicatons, refer to Cerveny
(1985 b).
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5. Dynamic ray tracing. Paraxial ray approximation

Dynamic ray tracing is a powerful procedure which has
recently found many applications in the numerical model—
ling of high—frequency seismic wave fields in complex struc-
tures. In seismological terminology, the dynamic ray tracing
system can be interpreted as the approximate ray tracing
system for paraxial rays (rays situated close to the central
ray Q), expressed in the ray-centred coordinates connected
with Q. It consists in solving a system of ordinary differen-
tial equations along a known ray Q. The dynamic ray trac-
ing system can be expressed in different ways.The most
suitable form of the dynamic ray tracing system seems to
be a system of linear ordinary differential equations of the
first order. In 2—D computations, the system consists of
two scalar equations, in 3-D computations of two matrix
equations (for 2 x 2 matrices Q and P).

There are many important applications of dynamic ray
tracing. We shall list several of them here. Some other appli-
cations of dynamic ray tracing will surely be discovered
in the future; they may be even more important than those
listed here (applications in inverse problems, in the lineari-
zation procedures, in seismic source studies, etc.).

The most important quantities which may be deter—
mined by the dynamic ray tracing are as follows:
(a) Matrix Q of geometrical spreading and transformation
matrix P from ray coordinates 321 , 322 to phase-space coordi-
nates pl, pz ; pI=ÖI/öq,. (b) Geometrical spreading, pro-
portional t0 (detQ)1/2. (c) 2 x 2 matrix M of second deriva-
tives of the travel-time field with respect t0 ray-centred co-
ordinates qK, M„=[627/öqlöqj]ql=q2=o (I, J= 1, 2). Matrix
M can be determined from transformation matrices Q and
P using the relation M=PQ‘1. Matrix M itself satisfies
a non-linear matrix Riccati equation. As soon as matrix
M, the velocity of propagation and velocity gradients are
known at some point on the ray, the 3 x 3 matrix of second
derivatives of the travel—time field with respect to Cartesian
coordinates x1 , x2, x3 can be easily determined. (d) 2 x 2
curvature matrix K of the wavefront, sM=vPQ’1.
Matrix K itself again satisfles a non-linear ordinary differ—
ential equation of the first order, which can be simply ob-
tained from the Riccati equation for M. (e) Paraxial travel
times. (f) Paraxial rays. (g) Fresnel volumes and/or Fresnel
zones. (h) Paraxial components of the displacement vector.
(i) Gaussian beams.

The dynamic ray tracing procedure may also be used
to perform approximate boundary-value ray tracing or in-
terval ray tracing in the Vicinity of the central ray and t0
find the analytical continuation of the travel-time field into
shadow zones.

When the ray is incident at an interface (surface of dis-
continuous velocity), the matrices Q, P, M and K change
discontinuously across the interface along the ray. The
transformation of Q, P, M and K across an interface has
played an important role in various seismological applica—
tions, as it is directly connected with the problem of calcu-
lating the amplitudes of seismic body waves propagating
in a layered medium. Traditionally, considerable attention
has been devoted mainly t0 the behaviour of the curvature
matrix. As the curvature matrix K can be easily continued
along the ray in certain simple types of media (homoge-
neous, constant velocity gradient), the curvature matrix can
be efficiently evaluated even along a multiply reflected ray
in a layered medium and may be used to determine the
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geometrical spreading. This method is sometimes called the
“ wavefront curvature method ”, “ principle curvature meth-
od” or similar. Such methods found wide applications
mainly in seismic prospecting. See, e. g., Alekseyev and Gel’-
chinskiy (1959), Gel’chinskiy (1961), Öerveny and Ravindra
(1971), Deschamps (1972), Shah (1973b), Hubral (1979,
1980), Hubral and Krey (1980), Öerveny and Hron (1980),
Ursin (1982 a, 1982 b). Lee and Langston (1983 a), Gjoystdal
et al. (1984).

In models with a more complex velocity distribution
within the individual layers, the curvature method would
require the non-linear ordinary differential equation of first
order for K t0 be solved along the ray. In this case, it
is more useful and computationally more efficient t0 solve
the linear dynamic ray tracing system for Q and P. The
curvature matrix K may then be evaluated from Q and
P at any point on the ray, but this is usually not necessary,
matrices Q, P and M are sufficient t0 solve all problems
of numerical modelling of high-frequency seismic body
waves in complex structures.

Many papers have been devoted t0 various problems
of dynamic ray tracing and/or t0 the evaluation of geomet-
rical spreading. In addition to references given above, we
mention several others: Belonosova et al. (1967), Öerven}?
et al. (1974), Green (1976), Öerveny (1976b). Popov (1977),
Öerveny et al. (1977), Popov and Psenöik (1978 a, 1978 b),
Goldin (1979), Psenöik (1979), Cerveny and Psenöik (1979),
Belonosova and Cecocho (1979), Azbel et al. (1980), Grin-
feld (1980), Popov and Tyurikov (1981), Cerveny (1981a,
b), Psenöik (1983). The complete treatment of this problem
for arbitrary multiply reflected waves in a 3-D laterally
varying layered structure can be found in Öerveny (1985 b).

The main importance of dynamic ray tracing consists
in its applications in the so-called paraxial ray approxima-
tion, see items (e) and (h) above. In the standard ray meth-
od, the travel time and the displacement vector are evalu-
ated only along rays. Thus, if we wish t0 evaluate the wave
field at any point S by the standard ray method, we must
find the ray which arrives at this point (boundary-value
ray tracing). In the paraxial ray approximation, however,
we need not evaluate the ray which arrives at S, but we
can use any point OS, situated on an arbitrary ray Q passing
close t0 S, t0 evaluate the wave field at S. In this case,
however, the dynamic ray tracing must be performed along
Q. The position of both points OS and S may be specified
in general Cartesian coordinates, see Öerveny and Päenöik
(1983).

In many applications, it is suitable t0 use the fundamen-
tal matrix of linearly independent solutions of the dynamic
ray tracing system. As soon as the fundamental matrix is
known, many high-frequency asymptotic computations re-
duce t0 simple matrix algebra. In 3-D problems, the 4 x 4
fundamental matrix consists of two 2 x 2 matrix solutions,
one of them is the “plane wave” solution, and the other
the “point source” solution. Similarly, in 2-D problems,
the 2 x 2 fundamental matrix consists of two solutions, one
of them is again the “plane wave” solution and the other
the “line source” solution.

Dynamic ray tracing takes only a small fraction of the
computer time that ray tracing takes. Moreover, dynamic
ray tracing has t0 be performed even in the standard ray
method t0 evaluate the geometrical spreading. In this way,
all the other possible applications are obtained practically
without any increase in computer time.
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Dynamic ray tracing can be performed even in inhomo-
geneous anisotropic media. For concrete forms of the dy-
namic ray tracing system in general anisotropic media, see
Hanyga (1982).

Let us add one note to the derivation of the dynamic
ray tracing system. The dynamic ray tracing system can
be derived in a very simple and straightforward way from
the eikonal equation rewritten in ray-centred coordinates,
see Öerven}? (1985 b). A more general approach, based on
the Riemannian geometry, is also available. Consider a
three-dimensional Riemannian space with the metric tensor
gij=v_zöij, where v is the propagation velocity and öij the
Kronecker symbol. Then the rays correspond to geodesics
in this space, and the system of differential equations for
the geodesic corresponds to the ray tracing system. Similar-
ly, equations for the so-called geodesic deviation correspond
to the dynamic ray tracing system. The differential equa-
tions for the geodesics and for the geodesic deviations have
been known for a long time and‘are applicable to any
curved n-dimensional Riemannian space, with an arbitrary
metric tensor gij, see e.g. Synge and Schild (1952). These
equations have been widely used in mathematical physics,
mainly in the general theory of relativity, see e.g. Synge
(1960), Misner et al. (1973). The equations for geodesics
and for geodesic deviations may be directly applied to ray
tracing and dynamic ray tracing in “curved spaces” of se-
ismological interest, for which the Riemann (curvature) ten—
sor can be evaluated. As an example, let us mention here
the ray tracing and dynamic ray tracing along an arbitrarily
curved surface. This may be needed in surface wave studies,
in finite-source studies (ray tracing along a generally curved
fault surface), etc. The evaluation of the Riemann tensor,
however, is not in general an easy procedure. For some
related discussions and applications see Sharafutdinov
(1979), Young (1985).

6. Computation of amplitudes

In this section, we shall discuss only the amplitudes of the
zero-order term of the ray series solution. The higher-order
terms of the ray series may be important in investigating
the “higher—order” waves, such as pure head waves, and
in investigating the accuracy of the zero-order term. The
higher-order terms, however, have not yet found wider ap-
plications in seismology. For details regarding the evalua-
tion of higher-order terms of the ray series and regarding
head waves, see Öerven}? and Ravindra (1971). Most of
the important seismic body waves in seismology and seismic
prospecting, such as waves reflected from first-order discon-
tinuities, refracted waves, etc.‚ are “zero-order” waves in
the terminology of the ray series solution. In the following,
we shall call the amplitudes of the zero—order term of the
ray series the ray amplitudes, or simply amplitudes. The
ray amplitudes are inversely proportional to the geometrical
spreading.

As geometrical spreading can be evaluated by dynamic
ray tracing, we shall first discuss the evaluation of the
“spreading-free ” amplitudes, i.e. the ray amplitudes without
the geometrical spreading factor.

The procedures for computing complex—valued vectorial
spreading-free amplitudes in 2-D media are well-known.
The equations can be simply written in a compact form,
even for an arbitrary multiply reflected, possibly converted,

wave in a laterally varying layered structure. Such equations
can be written even for 3-D media, but they are more com—
plicated. The complications are caused mainly by the differ-
ent orientation of the polarization vectors and the local
Cartesian unit vectors at points of reflection/transmission.
Both components of the S vector generally beeome coupled
at any point of reflection/transmission. In 3-D computa-
tions, it is very convenient to use the matrix notation and
various transformation matrices. The matrix notation and
the use of transformation matrices again allow us to write
the equations for the complex-valued displacement vector
of an arbitrary multiply reflected/transmitted P, S or con-
verted wave in any 3-D laterally varying layered structure
in a compact analytical form, see Öerveny (1985 b). Instead
of reflection/transmission coefficients, however, 3 x 3 reflec-
tion/transmission matrices must be used, in which the ele—
ments are the standard reflection/transmission coefficients.
The compact analytical equations for the displacement vec-
tor can be used in various applications. For example, they
can be used to study and prove various reciprocity proper-
ties.

In numerical computation of the spreading-free ampli-
tudes, the compact analytical expressions for the spreading-
free amplitudes are not neeessary. The computations may
be performed by a straightforward step—by-step algorithm,
following the ray from one interface to another, and apply-
ing relevant transformations at individual points of reflec-
tion/transmission. See Psenöik (1979), Hubral and Krey
(1980)

The spreading-free amplitudes can be used not only in
ray applications, but also in some other more sophisticated
computations, e.g. in the method of Gaussian beams. In
the Gaussian beam approach, the standard geometrical
spreading is replaeed by another complex-valued function,
the complex-valued spreading.

Generally speaking, the computation of the complex-
valued vectorial spreading-free amplitudes is not a compli-
cated problem. The procedures are fast and efficient if the
relevant rays are known.

In the case of a point source, the expressions for the
ray amplitudes also contain the radiation patterns of the
source. It may sometimes be more suitable not to include
the radiation pattern in the amplitudes, but to take it into
account only in the synthetic seismogram computations.
See the detailed discussion in the next section.

As mentioned in the introduction, the accuracy of ray
amplitudes is limited in the Singular regions of the ray field,
such as the caustic region, the critical region, the transition
zone between the shadow and illuminated regions, etc. In
some situations, the ray expressions may even be fully inval-
id. For example, in shadow zones the ray method yields
zero amplitudes and, directly at caustics, infinite ampli-
tudes. It should be emphasized that eertain Singular regions
(such as the caustic and critical regions) are of great impor-
tance in seismological applications, as the amplitudes may
be considerably large there. To evaluate the amplitudes in
Singular regions, various modifications of the ray method
have been proposed. Well-known examples are the Airy
modification in the caustic region, the Weber-Hermite mod—
ification in the critical region, etc. The references to the
evaluation of the wave field in Singular regions are too
numerous to be given here. For a more detailed explanation
and many references, see Babich and Buldyrev (1972), Fel-
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sen and Marcuvitz (1973), Öervenv et a1. (1977), Kravtsov
and Orlov (1980), Öervenv (1981 a), Klem-Musatov and Ai-
zenberg (1984), Chapman (1985). Let us only note that the
amplitudes of seismic body waves in Singular regions are
frequency dependent.

Another limitation of the ray method is as follows. Cer-
tain seismic waves cannot be described by the ray series
method. Let us mention here various diffracted waves con-
nected with corners and edges in interfaces, the grazing
diffractions, waves which propagate at least partly along
non-ray paths, such as screened waves, evanescent waves,
tunnel waves, pseudospherical waves like S*, etc. Some of
these waves may be of importance in seismology and seismic
prospecting. Similarly as in the preceding case, various
modifications of the ray method have been proposed which
can be used to find asymptotic high—frequency expressions
for these waves. They again yield frequency-dependent am-
plitudes. These modifications can be simply included in the
ray computations. A good example are the Klem-Musatov
expressions for the edge waves (see Klem-Musatov and Ai-
zenberg 1984), the asymptotic expressions for pseudospheri-
cal waves, etc. See again the references given above.

Moreover, the standard ray series method is not able
to describe waves of an interference character, connected
with very thin layers, whispering gallery waves, etc. For
certain of these waves, some modifications of the ray meth-
od have again been proposed (e.g. for whispering gallery
waves). Some other waves of the interference type may be
evaluated by hybrid methods, which will be described in
the next section.

As mentioned in Section 2, there is still one additional
problem in the evaluation of ray amplitudes. The ray ampli-
tudes of some body waves are very sensitive to minor details
in the approximation of the medium, e. g. to artificial inter-
faces of second order, fictitious small oscillations of the
velocity distribution, etc. There are two possibilities of
avoiding this problem. First: it is possible to use an approxi-
mation of the medium which is smooth enough to suppress
the artificial effects. Unfortunately, this is a very compli—
cated problem, see Section 9. Another possibility is to
smooth the computed ray amplitudes. One such possibility
will be described briefly in Section 8. It would, of course,
also be possible to use other methods of numerical model-
ling, which automatically include some smoothing, such as
the Chapman-Maslov method (see Chapman 1985) or the
method of Gaussian beams (see Öerveny 1985 a, Sec-
tion 12).

As the ray method is only approximate, it would be
useful to have some possibility of estimating the error in
the computation of amplitudes. Unfortunately, the validity
conditions have usually only a qualitative, not quantitative,
character. Therefore, it is not simple to give quantitative
estimates of the error in ray amplitudes. The validity condi-
tions, however, tell us when and where the error is larger
(smaller). Usually, the accuracy of the ray method is studied
quantitatively by the comparison of ray results with more
exact computations for some canonicalproblems. For more
details on the validity conditions, see Cerveny et a1. (1977,
Chapter 8), Ben-Menahem and Beydoun (1985 a, b).

The ray method can be used to determine ray ampli—
tudes of high-frequency seismic body waves even in more
complicated types of media, such as anisotropic, pre—
stressed, slightly dissipative, porous and random media.

7. Elementary wave quantities. Elementary seismograms
As soon as the travel times and vectorial complex-valued
amplitudes of individual elementary waves are available,
it is possible to evaluate elementary seismograms, i.e. the
contributions of the individual elementary waves to the
whole wave field in the time domain.

To determine the elementary synthetic seismograms, we
must know the source-time function and its Hilbert trans—
form. Various source-time functions have been used in syn-
thetic seismology. Let us mention, e.g., the Berlage Signal,
the Ricker Signal, Küpper’s Signal, etc. We prefer to use
the Gaussian envelope Signal (also called the Gabor Signal)

F(l ) = eXp[-(27rfM(t-Io)/)/)2]COS[27IfM(1"l‘o)+ V],
where fM, y, to and v are real-valued free parameters. The
Signal corresponds to a harmonic carrier (frequency fM)
with a Gaussian (bell-shaped) envelope. For larger y (say,
y22.5), the Signal has a very narrow amplitude spectrum,
highly concentrated at frequencyfM. The Hilbert transform
of F(t) can then also be expressed analytically by means
of an approximate equation, see Öervenv (1976 a),

H0): -exp[-(27IfM(t- IO)/y)2]5in[27s(l_ to)+ V]-
This makes the evaluation of elementary seismograms very
easy. Moreover, by a proper choice of the parameters fM‚
y, v, t0 we can simulate a large variety of seismic Signals
observed in seismology and in seismic prospecting.

The analytic expressions for the Hilbert transform are
known for several other useful source-time functions; the
most important of them is the delta function. In this way,
we can easily construct the elementary seismograms for the
delta source-time function. This source-time function, how-
ever, contains very low frequencies (including the D.C.
component) which are not allowed in the high-frequency
calculations. Nevertheless, the delta function computations
may be performed, but the results must later be convolved
with some high-frequency source-time function. For other
details, we refer the reader to Öerveny (1985 b).

If the source-time function is known, the elementary
seismogram of any multiply reflected wave propagating in
an arbitrary structure is fully specified at a receiver point
by the following quantities: the travel time and the vectorial
complex-valued amplitudes. We call these quantities the ele-
mentary wave quantities.

In a general 3-D medium if we are interested in all the
three Cartesian components of the displacement vector,
there are seven real-valued elementary wave quantities: the
real-valued travel time and two real-valued numbers for
each component of the displacement vector.

The number of elementary wave quantities may be de-
creased in some special situations. For example, in 2-D
P—SV computations there are five elementary quantities,
in 2-D SH computations there are three.

We have considered real—valued travel times. In some
cases, it is suitable to consider complex-valued travel times.
This applies, e.g., to slightly dissipative media. One addi-
tional elementary wave quantity, which corresponds to the
imaginary part of the travel time, must then be considered.

In slightly dissipative media, it is convenient to include
among the elementary wave quantities the so—called global
absorption parameter

05
t* z f (VQ)’ 1ds‚

00
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where Q is the quality factor and V is the velocity; the
integration is taken along the ray from the source to the
reeeiver. In addition to standard synthetic seismograms for
a non-absorbing medium, elementary synthetic seismo—
grams for various absorption models (including models of
causal absorption) may then be constructed.

If the elementary wave quantities are known, the ele—
mentary synthetic seismogram can be computed for any
high-frequency source-time funetion. The possibilities of e1-
ementary synthetic seismograms may be considerably gen-
eralized if some other additional quantities are available,
together with the elementary wave quantities listed above.
For example, in the case of a point source, it is useful
also to store the two radiation (take-off) angles. The radia-
tion patterns of the source need then be taken into account
only in the elementary synthetic seismogram oomputations,
not in the amplitude evaluation. The procudure is as fol-
lows: the amplitudes are evaluated for an isotropic radia-
tion pattern of the source, and only the elementary synthetic
seismograms are multiplied by the radiation pattern under
consideration. In this way, the elementary synthetic seismo-
grams may be ealculated for various radiation patterns
practically without any additional numerical effort.

The approach described may, however, be slightly more
complicated in 3-D computations as the radiation patterns
for the two components of S waves (e.g. SH and SV) are
generally different. In this oase, three other complex-valued
Cartesian components of the displacement vector must be
stored if the source generates an S wave. In 2-D computa-
tions, this increase of elementary wave quantities is not
neeessary as the two components of S waves are not cou-
pled together.

4

8. Ray synthetic seismograms
By r’ay synthetic seismograms, we understand a superposi-
tion of the elementary seismograms of all elementary waves
(or some selected elementary waves) arriving along various
ray trajectories from the source to the reeeiver within a
specified time window.

Much attention in the seismological literature has been
devoted to the automatic generation of numerical codes
of multiply reflected waves in horizontally layered media
with homogeneous layers, see e.g. Hron (1972). In such
media, the elementary waves may be effectively grouped
into families of kinematic and dynamic analogs. Only a
finite number of elementary waves arrives at the reeeiver
within a specified time window in this case. In inhomoge-
neous layered struotures, an infinite number of elementary
waves may arrive at the reeeiver, even if a time window
of finite length is considered. Thus, the ray synthetic seismo—
gram oannot be generally oomplete, only partial ray expan-
sion is possible. Moreover, in laterally varying layered
structures, the elementary waves must be treated individual-
ly; they oannot be grouped into families of kinematic and
dynamic analogs. The automatic generation of numerical
codes would be more complicated in this case. The ray
method is most effeetive in situations in which only a small
number of elementary waves needs to be computed. A medi-
um eomposed of thick layers separated by smooth inter-
faees, with a smooth velocity distribution inside individual
layers, may serve as a good example; partioularly if the
epicentral distances of receivers are not too large. The prob-
lem of automatic, semi-automatic and manual generation

of numerical codes of elementary waves was briefly dis-
cussed in Section 1.

The basic data file for the evaluation of ray synthetic
seismograms is the file containing the set of elementary
wave quantities, for all receivers and all elementary waves
under consideration. As soon as this file is available, the
evaluation of ray synthetic seismograms is easy and fast.
In principle, three approaches can then be used to evaluate
the ray synthetic seismograms:
a) Direot summation of elementary seismograms.
b) Frequenoy domain approach. In the frequency domain
approach, the frequency response is evaluated first, using
the elementary wave quantities of all elementary waves
under oonsideration. Multiplying it by the spectrum of the
source-time function yields the spectrum of the synthetic
seismogram. Finally, the ray synthetic seismogram is evalu-
ated by inverse Fourier transform.
c) Convolutory approach. First, the complex-valued im-
pulse response is calculated. The source-time function oor-
responds to the delta function in this case. The ray synthetic
seismogram is then obtained as the real part of the convolu-
tion of the oomplex-valued impulse response with the ana—
lytical Signal oorresponding to the source-time function.
Several alternative approaches can be used. In some of
them, it is not neoessary to work with the analytical Signal
of the source-time function, but only with the real—valued
source-time function. See Chapman (1985) for details.

All the above three approaches have certain advantages
and disadvantages. If the number of elementary waves is
small and the Gaussian envelope Signal is considered as
a source-time funotion, the approach based on the summa-
tion of elementary seismograms is the simplest and most
straightforward. On the other hand, the frequenoy-domain
approach is more general. If the number of elementary
waves is large, it may even be faster. As the vectorial com-
plex-valued amplitudes of elementary waves are indepen—
dent of frequency in the ray method, a fast method can
be used to evaluate the frequency response. The frequency
response at any specified reeeiver has the following form:

N

X(f) Z U”€Xp(i27rff‚.)‚
n: 1

where f is the frequenoy, N is the number of elementary
waves under consideration, In is the travel time and U”
the relevant component of the vectorial complex-valued am—
plitude of the n-th elementary wave, and X(f) is the spec-
trum of the source-time function. Both U" and 1„ are inde—
pendent of frequenoy. Assume that we evaluate the fre—
quency response for frequencies fk, k=1, 2, ..., K, with
fi+ 1 —fi=Af= const. Then, for each elementary wave
(n: 1, 2, ..., N), the eontribution U"exp (i27zfrn) must be
evaluated for frequenoiesfl, k: 1, 2, ..., K. The most time-
consuming step is the evaluation of trigonometric functions
cos (27tfkrn) and sin(27sr„). The fast frequency response
(FFR) algorithm, which removes the calculation of trigono-
metric functions, is as follows. For a given n, the eontribu-
tion U" exp (i 27:frn) is direetly evaluated only for the first
frequency f1. Then the quantity A =exp (127121frn) is com-
puted. For all other frequeneies fk>f1, only one complex-
valued multiplication is needed to evaluate U" exp (i27srn),
as U” exp(i27sr„)= U” exp(i27zf1 I„)A"’1.Thus‚ no trigo-
nometric funotions need be computed. The FFR algorithm
can be used even for complex-valued 1„ (slightly dissipative
media, Gaussian beams) and for certain cases of frequenoy—
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dependent U" [if U"-—-G(f) Ü", where Ü" is frequency inde-
pendent and G(/) is the same for all n].

The frequency-domain approach also allows some fre-
quency-dependent effects (dissipation, frequency character-
istics of recording equipment, subsurface thin layering, thin
transition layers, etc.) to be included simply in the computa-
tions. It also allows various modifications of the ray method
to be considered in Singular regions, and the non-ray waves,
such as the diffracted, evanescent, pseudospherical, and
higher-order waves, to be included. In most of these fre-
quency-dependent effects, however, the fast frequency re-
sponse (FFR) algorithm cannot be used. It can still be used
in the case of non-causal absorption and even for certain
causal absorption models, if the model is considered in lin-
earized form, see Öerveny (1985 a, b). Certain problems in
the frequency-domain approach may be caused by the alias—
ing effect.

As mentioned in Seetion 1, ray synthetic seismograms
may be evaluated by two methods. The first method is based
on bouna’ary-value ray tracing and was explained above.
The second method is based on the paraxial ray approxima-
tion. In the second method, boundary-value ray tracing is
not necessary, only initial—value or interval ray tracing is
required. The initial-value or interval ray tracing does not
yield the elementary wave quantities directly at the re-
ceivers, but in some irregular system of endpoints of rays
along the Earth’s surface. The system of endpoints must
cover the region of interest D0 with sufficient density. The
receiver coordinates need not be specified at this stage, only
the region of interest Do must be known.

The elementary synthetic seismogram can then be evalu-
ated at any point S of region D0 by the method of paraxial
ray approximation. The knowledge of the elementary wave
quantities at the endpoints of rays, however, it not sufficient
to evaluate elementary synthetic seismograms at S, we must
know some additional quantities. To compute elementary
synthetic seismograms by the paraxial ray approximation
at S, the following quantities must be stored at the end-
points of rays: the Cartesian coordinates of the endpoint,
the Cartesian components of the slowness vector at the
endpoint, the travel time, the spreading-free vectorial com-
plex—valued amplitudes, the Cartesian components of the
velocity gradient at the endpoint, the index of the ray trajec-
tory (KMAH index) and the results of dynamic ray tracing.
Optionally, we can again store the quantity t* and the radia-
tion angles.

If such a file is available, ray synthetic seismograms
can be evaluated at any point of the region D0. Only now
need the coordinates of the reeeiver points be specified.
In 3—D oalculations, the receiver points may be distributed
regularly or irregularly along various profiles.

Two algorithms based on the paraxial ray approxima-
tion may be used to evaluate the travel time and the com-
plex-valued vectorial amplitude at a specified receiver point
from the quantities stored at the endpoints of rays. In the
first algorithm, the travel time and complex amplitude are
determined at the receiver from the nearest endpoint of the
ray. In the second algorithm, the travel time and complex
amplitude at the receiver are obtained as a weighted super-
position corresponding to several of the closest endpoints.
The second algorithm automatically includes some smooth-
ing which may be very useful in the ray amplitude computa-
tions. If Gaussian weighting is used to evaluate the ray
amplitude at the receiver, the approach is in fact very close

11

to a special case of the Gaussian beam summation method,
see Öerveny [1985 a, Eq. (18)].

The computation of synthetic seismograms by the ray
method is most effective if we deal with a small number
of rays only. As soon as the number of rays becomes very
large, difficulties may appear. Firstly, the procedures be-
come cumbersome if a large number of elementary waves
must be evaluated. Secondly, certain principal difficulties
can also be encountered in the case of destructive interfer—
ence of waves. The leading terms of the individual waves
may cancel each other. Various modifications were sug—
gested to overcome these difficulties, e.g. hybrid ray-mode
methods or hybrid ray-reflectivity methods. The latter mod—
ification is very convenient if the model is composed of
thick smoothly inhomogeneous layers separated by thin
transition layers with abrupt changes of velocity. The ray
method can then be applied to the thick layers and the
reflection/transmission coefficients at the individual inter-
faces are replaced by frequency-dependent reflection/trans-
mission coefficients for the transition layers, evaluated by
matrix methods. See Ratnikova (1973), Daley and Hron
(1982). .

The concrete algorithms for the computation of ray syn-
thetic seismograms depend considerably on the purpose,
required accuracy and completeness of computations, and
are described in many papers publishing during the last
few years. Several references will be given here for the
reader’s convenience.

Ray synthetic seismograms have found applications
mainly in seismic investigations of the Earth’s crust. In the
1960s the ray synthetic seismograms were evaluated for
crustal models composed of parallel thick homogeneous
layers (e.g., see Öerveny and Novak 1968). Several modifi-
cations of the ray method, such as the Weber-Hermite mod-
ifications in the critical region, were applied to increase
the accuracy of ray computations. The programs were also
modified for vertically inhomogeneous layered structures,
simulating them by thin homogeneous layers (similar to
the refiectivity method). Certain algorithms and programs,
written at that time, such as program SEIS 4, found broader
applications in the interpretation of seismic crustal data.
See the detailed expositions of these methods with many
examples in the book by Öerveny et al. (1977). The evalua-
tion of ray synthetic seismograms for general vertically in—
homogeneous layered structures may be useful even at pres-
ent. A new, very fast and efficient algorithm and program
for such computation is described in Öerveny and Janskjl
(1985). The ray method, of course, eannot eompete in the
accuracy of computations with the refleetivity method, but
it is considerably faster and more efficient, at least for such
structures in which the higher multiple reflections do not
play a considerable role.

Ray synthetic seismograms, however, have found most
natural applications in laterally varying layered crustal
models (where the reflectivity method cannot be used). The
first ray synthetic seismograms for 2-D crustal structures,
mostly composed of homogeneous layers separated by
curved interfaces, were computed at the beginning of the
1980, e. g. see Hron and Kanasewich (1971). The algorithms,
details of computations and numerical examples can be
found in Öerveny and Psenöik (1977), Hron et al. (1977),
Öerveny et al. (1977), Öerveny (1979), Marks and Hron
(1980), McMechan and Mooney (1980), Cassel (1982),
Spence et al. (1984). The accuracy and computer efficiency
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of the ra}r synthetio seismogram was investigated in great
detail by DeSisto and Smith (1983). See also Examples 2
and 3 in Seetions 11 and 12 and other references therein.
The eomparison of eomputations by different algorithms
for a 2-D laterally varying model of the Earth’s ernst, pro-
posed by W.D. Mooney, was performed in the Workshop
of the Commission on Controlled Source Seismology at
Einsiedeln, 1983; for results, see Mooney (1985). The mod-
el, however, is not quite suitable for ray computations as
it contains very thin layers and corner points in interfaces.
Various modifieations of the ray method may also be used
to compute synthetie seismograms for 2-D layered strue-
tures. For example, the synthetic seismograms evaluated
by the Wiggins disc theory are reported by Chiang and
Braile (1984). Note that 2-D ray synthetic seismograms
have even been computed for slightly dissipative media,
see Krebes and Hron (1980, 1981), Öerveny and Psenöik
(1984), and for certain simpler types of anisotropic inhomo-
geneous media. For a review with many references, see Öer-
venjl et al. (1980), Öerven)? (1983), Fertig and Psenöik
(198S).

In interpreting seismic crustal measurements, 3«-D later-
ally inhomogeneous layered structures have not yet been
widely considered. At present, however, effective algorithms
and program packages are available, which allow numerical
modelling even in the case of 3-D crustal models. For de-
tails, see Öervenjz et al. (1984), where also some numerical
examples of ray synthetic seismograms for a 3-D crustal
structure are presented. Generally speaking, the 3-D syn-
thetic seismogram computations are not complicated,
especially if the paraxial ray approximation is used. The
3—D computations are, of course, more time consuming
than 2-D computations. There are some exceptions. If the
receivers are not distributed over a 2-D region on the
Earth’s surface, but only along one roughly straight-line
profile, and if the epieentre is situated close t0 that profile,
the eomputation of the synthetic seismograms is very fast,
even for 3-D models. The synthetic seismogram computa—
tions then do not require considerably more computer time
than the computations for 2-D models. The distribution
of receivers and sources described is typical for deep seismic
sounding studies of the Earth’s crust, so that 3-D synthetic
seismogram eomputations can be performed in this case
even on 200-K-size computers and require only a reasonable
amount of eomputer time. See Example 5 in Section 14.

Recently, ray synthetic seismograms and synthetic time
seetions have found broader applications even in 2-D and
3-D numerieal modelling of seismic wave fields in seismic
prospeen'ng. See, e.g., Hron et al. (1977), May and Hron
(1978), Zilkha et al. (1983), Sierra Geophysics (n.d.), etc.
For simple 2-D examples of synthetie seismogram and syn—
thetie time-section computations for models of some inter-
est in seismie prospecting refer to Sections 10 and 13. The
author expeets the importance of ray concepts and particu-
larly of the ray synthetic seismograms in seismic prospect-
ing, mainly in 3-D seismies, to increase oonsiderably in the
near future.

9. Approximation of the veloeity distribution in the model
The approximation of the veloeity distribution in 2-D and
3-D layered structures is not a simple problem. The ampli—
tudes evaluated by the ray method are sensitive to some
pecularities of the approximation, e.g. to artifieial seeond-
order interfaces, to small oscillations of the veloeity distri-
bution and to eorners in interfaces, introdueed by approxi-
mation methods. These small details in the approximation
are often responsible for the anomalous behaviour of ray
amplitudes in certain ranges of epieentral distanees. For
example, the bilinear approximation, or a pieeewise linear
triangular approximation generates such second-order in-
terfaces. They are, therefore, not quite suitable for comput-
ing ray amplitudes and ray synthetie seismograms (although
they may be useful in the evaluation of travel-time eurves).
The spline approximation does not generate such interfaees
and is usually more useful. Unfortunately, the spline ap-
proximation may generate some small oseillations, which
again cause anomalies in the ray field and in amplitude
computations, mainly in regions of stronger ehanges of ve-
locity. In deep seismic studies of the Earth’s ernst, this ap-
plies particularly to the uppermost part of the crust. lt i5
more convenient to use smoothed splines or splines with
tension.

Generally, the smooth approximation of the velocity
distribution in 2-D and 3-D models is the most complicated
part in the evaluation of ray amplitudes and ray synthetie
seismograms. This is one of the reasons why such a large
effort has been devoted recently t0 the investigation of more
sophisticated high-frequency methods which would not be
so sensitive t0 the minor peculiarities in the approximation
of the velocity distribution.
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Fig. 2. The 2-D laterally varying model IP1, with a lens—like high-
velocity body, used for the eomputalion of the numerieal exam-
ple 1. The P-wave veloeities in individual layers are eonstant

Fig. 3. Model IP1, shot point at x=5 km. Examples of sourcento-receiver ray diagrams, travel-time and ray amplitudewdistanee plots
for two elementary primary reflected waves. Bortom part: ray synthetic seismograms of the vertical eomponent (fefi‘) and horizontal
eomponent (right) of the displaeement veetor. No amplitude normalization is used; travel times are not redueed. All primary refleeted
waves, ineluding eonverted waves, are eonsidered
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Fig. 4. Mode] IP1, shot point at x=5 km. Ray synthetic seismo—
grams of the vertical component (left) and horizontal component
(right) of the displaeement vector. The travel time is not reduced;
the time axis is oriented downwards. from 0 s to 5 s. The horizontal
axes again correspond to x, from 0km to 10 km. All primary
reflected waves, including eonverted waves, are considered. A stan-
dard seismie plotting system is used t0 plot the synthetic seismo-
gram sections

10. Numerical example l: model IP1

We shall now illustrate the ray synthetic seismogram com-
putations on a simple 2-D laterally varying model IP1, see
Fig. 2. The model is 10 km long and 4.5 km deep. It con-
tains a lens-like high-velocity body. For simplicity, the velo—
eities in the individual layers are constant. The P—wave velo-
eities in the individual layers, from top to bottom, are as
follows: 2.5 km/s, 3 km/s, 3.5 km/s (the lens), 3 km/s, 4 km/
s. The S-wave veloeities VS and the densities p are evaluated
from the P—wave I.Ielocities V1, using the relations: Vs: Vp/

3, p: 1.7+0.2 V1,. The uppermost interface is curved and
represents the Earth’s surfaee. In Fig. 2 the region above
the Earth’s surfaee is denoted by asterisks. A point source
with isotropic radiation patterns generates both P and S
waves, the generated S waves being twiee as strong as the
P waves.

The synthetic seismograms for the IP1 model were cal-
eulated using the SEISSI program package. We shall briefly
describe a revised version of the program package, called
8151583, whieh is now available from the World Data
Center A für Solid Earth Geophysics, Boulder. A more
detailed deseription of the SEISS3 program package can
be founcl in Öerven)? and Päenöik (1984).

The SEIS83 program package is designed for the numer-
ioal modelling of high-frequency seismic wave fields in 2-D
laterally varying layered struetures by the ray method. It
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Fig. 5. Model IP1, shot point at x=5 km. Ray synthetic seismo-
grams of the vertieal component of the displaeement vector. Laf'r-
hand side: The source generates only P waves. RighI—hand side:
The source generates only S waves. Primary refleeted waves. in—
cluding converted waves, are considered. The travel time is not
reduced; the time axis is oriented downwards, from Üs to 55.
The horizontal axes again correspond to x, from O km to 10 km.
A standard seismic plotting system is used to plot the synthetie
seismogram sections

is based on two—point ray tracing. The two-point ray traeing
is performed by a modified shooting method. Speeial eare
in the modified shooting procedure is devoted to multiple
arrivals of the individual elementary waves, to boundaries
of shadow zones and t0 slightly refracted waves.

The model is bounded by two vertieal boundaries and
two, possibly curved, boundaries representing the Earth’s
surface and the bottom of the model. Each interface erosses
the whole model from its left vertical boundary to its right
vertical boundary. The interfaces are speeified by systems
of points. They are approximated by cubic spline interpola-
tion. They may have corner points and may be fietitious
in certain parts. Various interfaces may also partially eoin-
cide. Thus, models with Iwanishing layers, blook struetures,
fractures and isolated bodies can be handled. A slight dissi-
pation is optionally considered. Within any layer, the veloe-
ity distribution may be approximated Optionally in one of
the three following ways:
a) The velocities are specified at grid points of a reetangular
network covering the whole layer and a bieubic spline ap—
proximation is used.
b) The same as in a), but the piecewise bilinear approxima-
tion is used instead of splines.
c) The velocity is specified by isolines of velocity, and a
linear velocity-depth interpolation between isolines is used.

The ray synthetic seismograms are evaluated by the
summation of elementary seismograms. The souroe—time

Fig. 6. Mode] IP1, shot point at x20 km. Examples of source-to-receiver ray diagrams for four elementary refleetecl waves. The travel
times and ray amplitudes for one of these waves is also shown. Bottom pari: ray synthetic seismograms of the Ivertieal component
(fefi) and horizontal eomponent (right) of the diSplaoement veotor. No amplitude normalization is used. Travel times are not redueed.
All primary reflected waves, including converted waves, are oonsidered
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function has the form of the Gaussian envelope Signal. The
source may be situated at any point of the medium. The
radiation patterns of the source may be specified indepen-
dently for P and S waves, either by tables or analytically.
The amplitudes are evaluated by standard ray formulae.
The geometrical spreading is determined by dynamic ray
tracing. The semi—automatic generation of numerical codes
of elementary waves is used, see Section 1. All the primary
reflected and refracted waves, including the converted
waves, may be generated automatically. Any other multiply
reflected wave may then be added manually.

Program package SEIS 83 consists of five programs. The
basic program, also called SEIS 83, computes two files. The
first file contains the elementary wave quantities for all
receivers and all elementary waves. The second file contains
data for plotting ray diagrams, travel times and amplitudes.
The first file may be used to evaluate the synthetic seismo-
grams in the SYNTPL program. These synthetic seismo-
grams may be plotted by program SEISPLOT. The results
stored in the second file may be optionally plotted by pro—
gram RAYPLOT. Program SMOOTH may be optionally
used to efficiently prepare the data for the velocity distribu-
tion within individual layers and to smooth them. The
SEIS 83 program package is well documented.

Now we shall return to our example, model IP1. We
shall present results for two different source positions, x:
5 km and x:0 km, situated, in both cases, close to the
Earth’s surface. A point source with isotropic radiation pat-
tern is considered.

a) Source at x=5 km

Figure 3 shows examples of ray diagrams, travel times and
amplitudes of two elementary waves: the PP wave reflected
from the fourth interface and the SS wave reflected from
the fifth interface. (The Earth’s surface is considered as
the first interface.) Let us emphasize that the ray diagrams
are source-to-receiver ray diagrams, not initial-value ones.
Note also the considerably more complicated distribution
of amplitudes of the SS reflected waves as compared to
the amplitudes of the PP reflections. We can also see the
distinct boundary of the shadow zone of the reflected PP
wave at xw2 km. The synthetic seismograms (constructed
from PP, PS, SP and SS primary waves refleeted from
all interfaces) are shown in the bottom part of Fig. 3. Com-
plicated interference zones are clearly seen in both dia—
grams. It is interesting to observe the focusing of energy
at certain epicentral distances, mainly in the case of S
waves, in the horizontal component synthetic seismograms.

In Fig. 4, the synthetic seismograms are shown in a dif-
ferent presentation, more common in seismic prospecting,
with the time axis oriented downwards. The left-hand syn-
thetic seismograms again correspond to the vertical compo-
nent, the right-hand to the horizontal component.

It may sometimes be convenient to evaluate only syn-
thetic seismogram sections of some selected elementary
waves. As an example, we present Fig. 5. Both synthetic
seismogram sections in Fig. 5 correspond to the vertical
component. The left-hand picture corresponds to the P-
wave source, the right-hand to the S-wave source.

All the computed synthetic seismograms in Figs. 3—5
are presented in terms of actual amplitudes. No reduction
of travel times and no amplitude scaling was applied.

b) Source at x=0 km

Figure 6 shows examples of several source-to—receiver ray
diagrams, travel-time curves, amplitude curves and synthet—
ic seismogram sections for the source situated at x=0 km.
Note that the elementary wave corresponding to the code
of the primary reflected wave from some interface automati—
Cally also contains wave refracted in the layer overlying
the interface. For demonstration, see the ray diagram of
the SS reflected wave. As in the case of the source at x:
5 km, we can again observe the interesting behaviour of
the synthetic seismograms, with many regions of strong
arrivals separated by regions of very weak or completely
vanishing arrivals.

ll. Numerical example 2: model Zurich
In this section, we shall present some results of synthetic
seismogram calculations for the 2-D laterally varying
Earth’s crust model which was used as a “secret model”
in the Workshop of the Commission on Controlled Source
Seismology at Einsiedeln, 1983, to test various interpreta—
tional methods. The model, shown in Fig. 7, was proposed
by N.I. Pavlenkova. The Earth’s crust consists of two
layers. The interfaces are shown by the bold lines in Fig. 7,
the thin lines correspond to the isolines of velocity. The
dominant feature of the model is an uplift of the deep dis-
continuities under a sedimentary basin (graben structure).
The model is described in detail in the proceedings of the
workshop, see Finlayson and Ansorge (1984).

Synthetic seismogram sections were computed for four
isotropic shot points, situated at x: 20 km, 170 km, 320 km
and 470 km (six synthetic seismogram sections: 20 R, 170L,
170R, 320L, 320R, 470L). All computations were per-
formed using the SEIS81 program, see Section 10.

In Fig. 8, ray diagrams, travel times and amplitudes for
several elementary waves propagating to the right of SP:
320 km are shown. In particular, we can see the P waves
refracted in the first, second and third layers and the PP
waves reflected from the intermediate interface and from
the Mohoroviöic’: discontinuity. The travel time is reduced,
the reduction velocity being 8 km/s.

The reflected waves from the intermediate interface and
from the Mohoroviöic’: discontinuity are recorded contin—
uously from the shot point at x2320 km to x2500 km
and x:475 km, respectively. Beyond these distances, shad-
ow zones are formed. The critical points corresponding to
these waves are situated at x: 385 km and x:410 km, re-
spectively. At these distances, the ray amplitudes of the

ZURICH DATA SET -1

0 100 200 300 400 500 km

Dept h
km

50

Fig. 7. The 2-D laterally varying Earth’s crust model Zurich, used
for the computation of numerical example 2. The bald lines denote
interfaces, the thin lines the isolines of velocity. The shot points
are situated at x: 20 km, x2170 km, x: 320 km and x=470 km
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reflected waves reach their maximum values. The wave re-
fracted in the first layer is recorded continuously from the
source to x: 500 km, the wave refracted in the second layer
from x=385 km to x=475 km and, finally, the wave re-
fracted under the Moho is observed beyond x=415 km.
Note that the program package SEIS 81 did not give quite
accurately the identification of the boundaries of shadow
zones in certain situations. The program package SEIS 83,
improved in this respect, gives the boundaries of shadow
zones at x: 500 km and x2485 km (not x=475 km).

The wave refracted in the first layer has very large am—
plitudes at small epicentral distances, close to the shot
point. In this region, the amplitudes are not quite regular,
see Fig. 8. The irregularities are caused by changes of veloci-
ty gradients in the source region and by corresponding
(slight) oscillations of the depth derivatives of the spline
approximation. For the detailed behaviour of the ray field
in this region, refer to Öerveny (1985 a, Figs. 15a and 15b).

The synthetic seismogram section for the Zurich model,
SP=320 km, evaluated by the program package SEIS 83,
is presented in Fig. 9a. The source-time function corre-
sponds to the Gaussian envelope Signal, with fM=4 Hz,
y=4, t0=0 s and v=0. The zero time of the source-time
function corresponds to the maximum of the envelope of
the Signal, i.e. to the middle of the Signal. The reduction
velocity is 8 km/s. Amplitude power scaling is used, the
trace at the epicentral distance r being multiplied by
35(r/20)1. Here, r is measured in kilometres and ampli-
tude:1 corresponds to the plotting distance between two
neighbouring traces in the plot of the seismogram section.

The synthetic seismogram section is considerably differ-
ent in three ranges of epicentral distances. At small epicen-
tral distances, a strong refracted wave is followed by weak
reflections from the intermediate interface and from the
Moho. The weak arrivals at a reduced time of about 7.5 s
at xN 360—380 km correspond to the primary reflected con—
verted PS wave from the intermediate interface. (The pri-
mary reflected converted PS wave from the Moho is outside
the range of travel times under consideration.) Individual
waves are well separated from each other. At larger epicen-
tral distances, rrv 70—130 km, the individual waves mutually
interfere. At large epicentral distances, rz 140 km, the indi-
vidual waves are again separated to some extent. The very
weak refracted wave propagating under the Moho appears
in the first arrivals. In the second arrivals, the wave reflected
from the Moho appears. The wave interferes with the wave
refracted in the deep crust in that region. Finally, the re-
flected wave from the intermediate interface arrives as the
last. Again, this wave interferes with the wave refracted
in the first layer. The boundaries of shadow zones for these
waves are situated beyond x=485 km and x: 500 km, re-
spectively, as discussed above. As the ray method is used,
the boundaries between the illuminated and shadow regions
are sharp.

The general behaviour of the synthetic sections for other
shot points is similar to that in Fig. 9 a. A more complicated
synthetic section is obtained for SP=20 km, due to the
low-velocity layer, see Fig. 9b. The refracted wave propa-
gating in the first layer has several branches in this case.
The rays of refracted waves which penetrate to the deeper
parts of the first layer form a new retrograde branch beyond
x=215 km, with a short loop and a caustic point close
to x=215 km. Otherwise, the synthetic section for SP=
20 km is similar to that for SP = 320 km. The wave reflected
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from the intermediate interface has a critical point at
xw 125 km and the boundary of the shadow zone at
xw210 km. The wave reflected from the Moho discontin—
uity has the same points at xw135 km and xN215 km.
The wave refracted below the Moho is too weak to be
observed in the section.

The synthetic seismograms for the same model and for
SP = 320 km, calculated by the Gaussian beam method, are
presented in Öerveny (1985 a) in this volume. The differ-
ences between the ray synthetic seismograms and Gaussian
beam synthetic seismograms are discussed there in some
detail. (Note only that the zero time of the source-time
function in the Gaussian beam computations is shifted by
0.4 s with respect to ray computations and that fM=5 Hz,
not 4 Hz.) The above reference also presents Gaussian beam
synthetic seismograms for the same model and the same
shot point, assuming various radiation patterns of the
source (single force, double couple), and allowing some
slight dissipation in the medium.

Similarly, synthetic seismograms for model Zurich,
SP=20 km, evaluated by a 3-D program package as a
weighted superposition of paraxial ray approximations
from the nearest endpoints of rays are presented in Fig. 13
of this paper. For discussion, see Section 14.

Note that the ray synthetic seismograms for model Zur-
ich and all shot points (SP:20 km, 170 km, 320 km,
470 km), computed by Öerveny and Päenöik, can be found
in Finlayson and Ansorge (1984). The publication also pres-
ents ray synthetic seismograms for several similar laterally
varying 2-D layered crustal models, computed by various
authors in the process of interpreting the “secret” model
Zurich (V. Luosto, E.R. Flüh and B. Milkereit, C.M.R.
Fowler, G.S. Fuis and T.J. Reed, D. Gajewski, B. Gugg-
isberg, N. Sierro, J. Ansorge, M. Demartin and E. Banda,
W.D. Mooney). It is obvious from this list that synthetic
seismograms are now a widely used tool for the interpreta-
tion of deep seismic sounding data. In one paper (by C.
Prodehl), the ray synthetic seismograms for SP z 20 km are
compared with the reflectivity seismograms for a vertically
inhomogeneous (but laterally homogeneous) modification
of model Zurich.

12. Numerical example 3: profile Baigezhuang-Fengning

The next example is taken from actual deep seismic sound-
ing measurements of the Earth’s crust in China. In inter-
preting the measured data, numerical modelling has been
used. In the numerical modelling, the synthetic seismogram
sections for models based on a preliminary kinematic inter-
pretation were computed. We shall present one synthetic
seismogram section from the Baigezhuang—Fengning pro-
file, SP= 112 km. Note that the profile passes in the close
vicinity of the City of Tangshan, well-known for the catas-
trophic 1976 earthquake. The preliminary model used for
the computation is as follows. The crust consists of four
layers and the average depth of the Moho is 34 km. The
interfaces are roughly horizontal, but the velocity in the
individual layers changes considerably both in the horizon—
tal and vertical directions. Indications of several low—veloci—
ty regions were found. To be brief we shall not present
the measured seismogram sections and a detailed descrip-
tion of the proposed model. The synthetic seismograms for
SP=112 km are shown in Fig. 10. They were computed
by the program package SEIS 83. The reduction velocity
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is 6km/s. The Gaussian envelope Signal with fM:4 Hz,
32:4, v=0, {0:0 5 was used in the computations as the
source-time function.

The most interesting feature in Fig. 10 is the compli-
cated behaviüur of the amplitudes of the Pg waves which
are the first arrivals t0 both Sides of the ShOt point. The
amplitudes of seismic waves are more sensitive t0 anomalies
in the velocity distribution than the travel times. We can
also see that the properties of the waves reflected from
intermediate crustal interfaces change considerably in the
lateral direction. The last arrival is the Moho reflection.

13. Numerical example 4: salt dome model

In this section, we shall present an example of the computa-
tion of synthetic time sections. The synthetic time sectinns
were computed using the SYNS 83 program package which
i5 based on the normal ray algorithm. The SYNS 83 pro-
gram package i5 a modification of the SEIS 83 package.
The approximation of the velocity distribution in the model
is the Same as in SEISS3. The main difference between
SEIS 83 and SYNS 83 is that the rays normal t0 individual
reflecting interfaces are evaluated in SYNSEB. In this way,
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the ray parameter does not correspond to the radiation
angle from the source, but the x-coordinate along the nor-
mally reflecting interface under consideration. Boundary-
value ray traoing is used t0 evaluate the normal rays arriv—
ing at receivers. Most of the other details are the same
as in SEISS3.

Synthetic time sections were computed for the salt dome
model, see Fig. 11. The model was proposed by J. Fertig.
It consists of six layers, separated by five interfaces. The
interfaces partially coinoide and partially vanish. The veloc-
ity i3 oonstant within the individual layers. The resulting
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synthetic time sections are shown in Fig. 11, both for the
vertical component (above) and horizontal component (be-
low). The synthetic time sections are normalized. Again,
the Gaussian envelopc Signal is consiclered, with y=4‚
fM=10 Hz, v=0‚ t0=0 s.

Figure 12 Shows normal ray diagrams for elementary
waves corresponding to the second, third, fourth and fifth
interfaces, and the normal two-way travel times and vertical
amplitudes for the second interfaoe. The diagrams are self—
explanatory. As we can see, certain anomalies are caused
by the corners of the interfaces, mainly by the corners of
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Fig. 10. R21}I synthetic seismograms of the verlical component of
the displacement IIIector along the Baigezhuang-Fengning profile

the second interface. In the relevant regions, the ray method
is not too suitable for computations. It would be useful
t0 also evaluate, in addition t0 the standard ray contribu-
tions, the edge waves connected with these corners, see
Klem-Musatov and Aizenberg (1984). Another possibility
is t0 smooth the interface or t0 use Gaussian beams.

It is, however, obvious from the diagrams presented
that the ray computations may be useful in the interpreta-
tion even without the modifications mentioned above.

In the example presented, we have considered the model
Iwith constant velncities in the individual layers. The
SYNS 83 program package allows an arbitrary velocity dis—
tribution t0 be considered in any layer, as in SEIS 83.

l4. Numerical example 5. 3-D computations by weighting
of the paraxial ray approximations

In this sectinn, we shall present Inne example of computing
synthetic seismograms by the program package SW 84, de—
signed für 3-D numerical modelling of seismic wave fields
in cnmplex structures (Klimeä 1985). The synthetic seismo-
grams which will b2 presented here are computed as a
weighted superpüsition of paraxial ray approximations
frnm the nearest endpoints of rays.

The SW84 program package i5 composed of a system

of optional programs and routines. The routines for evalu-
ating the interfaces and velocity distributions in the individ-
ual layers may be specified by the user. Certain Standard
options, based on splines with tension. are included in the
package. The generation of numerical codes of elen'lentnryI
waves is manual, but the numerical codes are constructed
in such a way that one code may include several elr.=.m2‚ntarj‚I
waves. Cauchy initial-value ray tracing is performed. The
increments in the radiation angles from the source, how-
ever, are not necessarily constant but they are optionally
controlled in such a way as t0 obtain the required density
of endpoints of rays in region D0 of interest ang the
Earth’s surface. Thus, some sort of interval ray tracing i5
used. The point source may be situated at any point of
the model. It may generate both P and S waves. In the
oIder version of the program package, called RD83 (see
Öerveny et al. 1984). the synthetic seismograms were evalu-
ated by the summation of elementary seismograms, corre-
sponding t0 the Gaussian envelope source-time functinn
(as in SEIS 83). In SW 84, the frequency-domain approach
is implemented, which allows the use of an arbitrary high-
frequency source-time function. The fast frequency re-
sponse (FFR) algorithm, described in Section 8, is used.
The radiation patterns correspond t0 an isotropic, single-
force or t0 a general moment-tensor source. Slight dissipa-
tion may be considered.

The program package SW84 works in two different
modes:

1) Complere 3—D mode. This mode is suitable für com-
pletely 3—D calculations of synthetic seismograms. This i5
the case of receivers distributed regularly 01* irregularly
along some region DD of interest along the Earth’s surface.
In this mode, a two-parametric system of rays is evaluated.
Both the radiation angles 50 and 990 from the source vary
in broad limits t0 cover the whole reginn D0 with endpoints
of rays.

2) Profile müde. This müde is suitable for computations
of synthetic seismograms at receivers situated roughly alnng
a straight-Iine profile, if the epicentre is located 21052 t0
the profile. In this müde, only a one-parametric system of
rays, with the initial directions in 50m2 vertical plane C011-
taining the source, is evaluated. Fron] the two radiatinn
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angles 50 and (‚90, only one (say 50) is changed, and the
second ((90) remains fixed. As the model is three-dimen-
sional, the endpoints of rays are not generally situated in
that vertical plane. The methods of paraxial ray approxima-
tion allow us t0 evaluate approximately the wave field at
receivers situated in the vicinity of endpoints of rays. The
standard paraxial approximation is used in the direction
of the coordinate line corresponding t0 the ray coordinate
rpü , going through the endpoint. In the plane perpendicular
t0 that coordinate line, Gaussian weighting of paraxial ray
approximations is used. In the profile mode of the program
package SW84, the receivers are generally ehosen along
a straight-line profile or along a slalom-line profile on the
Earth’s surface. The most accurate results are obtained if
the profile roughly follows the endpoints of rays. In 3-D
müdels, which are not strongly inhomogeneous in the direc-
tion perpendicular t0 the vertical plane diseussed above,
the position of the profile i5 not so critical. For example,
the profile may follow the intersection of the Earth’s surface
with the vertieal plane.

Note that ray tracing, dynamic ray traeing, etc., is fully
three-dimensional in both müdes. The profile mode, how—
ever, is considerably faster, as only a one-parametric system
of rays is evaluated. It does not require a eonsiderably lon-
ger computer time than 2-D computations.

Onee a file with elementary wave quantities at the end—
points of rays i5 available, it may also be used für Gaussian
beam enmputatinns. In this way, the program package
SW84 may even be used für the evaluatiün of Gaussian
beam synthetie seismograms, see Cervenjr (1985a). The

Gaussian weighting of paraxial ray approximations corre-
sponds, in principle, t0 the summation of very narrow
Gaussian beams, with their phasefronts at the endpoints
of rays locally identical t0 the wavefronts of elementary
waves under consideration at the same point. See the rele-
vant equations in Öerveny [1985a, Eq. (18)]. The width of
the Gaussian window is selected automatieally t0 be as nar-
row as possible. The lower limit of the width is controlled
by the local density of the endpoints of rays.

We shall now present one examle of computations,
again for model Zurich, as we would like t0 eompare the
3-D paraxial ray approximation computations with the 2-D
two-point ray-tracing computations, see Seetion 11. Al-
though the model is two-dimensional, all the computations
are three-dimensional.

Figure 13 Shows synthetic seismograms für model Zur—
ich, SP= 20 km, evaluated by Gaussian weighting of parax-
ial ray approximations. The profile müde is used für compu-
tations. From the interpretational point of view, Fig. 13
and Fig. 9b are very similar. The only difference is that
the weighting of paraxial ray apprüximations (Fig. 13) in—
volves some smoothing. In this way, the boundaries of
shadow zones and eritical regions are net a5 sharp a5 in
Fig. 9b, but slightly smoothed. Similarly, the Gaustic region
Close t0 x=215 km is smoothed. The reflections from the
intermediate interface and the retrograde branch of the re-
fracted wave are all smoothly eonnected at xm 205—21 5 km,
so that they apparently form one wave.

It should be noted that the smnothing effeet introduced
by the Gaussian weighting of paraxial ray approximatiüns
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corrects the ray amplitudes in Singular regions in a qualita—
tively correct way. The ray synthetic seismograms computed
in this way are, as a rule, closer to exact solutions than
the standard two-point ray tracing solutions. Quantitative-
ly, however, the results in Singular regions may still be rath-
er different from the exact solutions. In the terminology
of Gaussian beams, very narrow Gaussian beams are used,
whereas broader Gaussian beams are needed in some singu-
lar regions to achieve a higher accuracy of the computa-
tions.

As a narrow Gaussian window is used in the procedure,
the computations of synthetic seismograms based on the
weighted summation of paraxial ray approximations is very
fast, stable and computationally efficient.

15. Concluding remarks

The ray algorithms and program packages described above
can be used, directly or after some modifications, in many
other fields of seismology and seismic prospecting. Here
we shall list some of them:

a) Strong motion seismogram computations and seismic
source mechanism studies. See Bernard and Madariaga
(1984), Spudich and Frazer (1984), Madariaga (1985).

b) Effects of structure geometry and local geological
conditions on strong ground motion. See Hong and Helm-
berger (1978), Langston and Lee (1983), Lee and Langston
(1983 a, b).

c) Polarization studies (mainly for S waves). See Cor-
mier (1984).

d) Location of seismic hypocentres. Location of rock-
bursts in mines. See Lee and Stewart (1981), Engdahl
(1984).

e) Solution of inverse problems for laterally varying me-
dia. Seismic tomography. References are too numerous to
given here.

f) Vertical seismic profiling, both in 2-D and 3-D mod-
els. See Cormier and Mellen (1984), Young et al. (1983),
Sierra Geophysics (n.d.).

g) Seismic migration. See, e.g., Hubral and Krey (1980),
Zilkha et al. (1983), and other references given there.

h) Determination of interval velocities and curvatures
of refleeting interfaces in reflection seismology. See Hubral
and Krey (1980).

i) True (spreading-free) amplitude determination in re-
flection seismology. See Hubral (1983).

j) Backward and forward continuation of the wave field
speeified on an initial surface of arbitrary form. See CervenjI
(1985 b).

k) Borehole-to—borehole measurements.
The above list is, of course, far from complete. The

number of applications of the ray method in seismology
and seismic prospecting of complex media continuously in-
creases.
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Ray theory and its extensions: WKBJ and Maslov seismograms
C. H. Chapman
Department of Earth Sciences, University of Cambridge, Bullard Laboratories, Madingley Rise, Madingley Road,
Cambridge CB3 OEZ, UK

Abstract. Asymptotic ray theory can be used to de-
scribe many seismic signals. Provided the wavefronts
and amplitudes vary smoothly and the correet phase
changes are included for causties and refleetion/trans-
mission coefficients, it successfully describes direct and
turning rays, on normal and reversed branches with
multiple turning points, and partial and total refleetions
and transmissions. Nevertheless, many exceptions oc-
cur. Critical points, head waves, interference head
waves, Airy eaustics, Fresnel shadows, edge, point and
interface diffractions and gradient coupling are exam-
ples discussed in this paper. Asymptotic ray theory can
be simply extended to cover some of these problems. In
this paper, the extension called the WKBJ or Maslov
seismogram is discussed.
Key words: Geometrical and asymptotic ray theory —
WKBJ and Maslov seismograms

Introduction

Seismic body waves can be described remarkably suc-
cessfully using geometrical ray theory. Although much
research on synthetic seismograms emphasizes si-
tuations in which geometrical ray theory breaks down,
it should always be remembered that the majority of
seismic data can be interpreted using geometrical ray
theory. Most seismic body waves propagate with little
dispersion or distortion, and non-geometrical effects are
only important in limited regions. The classical Earth
models of Jeffreys and Bullen, and Gutenberg were ob—
tained using, for the most part, geometrical ray theory.
Similarly, most seismic interpretation for oil explo-
ration is based on geometrical ray theory. Nevertheless,
non-geometrical affeets are extremely important. By
their very nature, interesting inhomogeneities in the
Earth may cause non-geometrical Signals. This paper
will begin by reviewing asymptotic ray theory, the
mathematical basis for geometrieal ray theory. The var-
ious types of Signals described by asymptotic ray theory
in its basic form will be discussed. More importantly,
the failures of geometrical ray theory will be empha-
sized: critical points, head waves, interference head
waves, Airy caustics‚ Fresnel shadows, edge, point and
interface diffractions, gradient eoupling, etc. The
numerical difficulties inherent in geometrical ray theory

will also be discussed: the need for ‘smooth’ models in
order to achieve meaningful geometrieal amplitudes
and efficient two-point ray traeing. No one method, ex-
cept a purely numerical method such as finite differ—
ences, will solve all the problems mentioned above.
Speeialized canonical solutions are known for each
problem separately. A major aim of theoretical seismo—
logists is to obtain a simple, general method that will
remain valid for the majority of realistic situations. In
this paper, the generalization of asymptotic ray theory
from the spatial domain to a phase space of position
and slowness will be discussed. With this extension, ray
theory remains valid at Airy caustics, Fresnel shadows,
and critical points and head waves on plane interfaces.
In its present form, problems with curved and discon—
tinuous interfaces still remain. This inadequacy is to be
expected as the boundary conditions, that are crucial
for these Signals, are only modelled locally. Similar li-
mitations are to be expected for all extensions of ray
theory that do not include appropriate boundary con-
ditions.

Transforming the wave equation with respect to
spatial eoordinates, either ‘globally’, if the model is
translationally invariant with respect to the coordinate
or ‘locally’ otherwise, we obtain a new wave equation
in slowness eoordinates. Solutions of this wave equa—
tion can be obtained using asymptotic ray theory. The
phase of this solution in slowness space is related to the
spatial solution by the Legendre transformation. The
nature of this transformation will be discussed in detail
for various types of signal as it is crucial to the com-
putation of synthetic seismograms. The amplitude func-
tion is obtained by canonical transformation.

Synthetic seismograms in the real spatial domain
are obtained from the slowness domain Via the Radon
transform. Since the solution in the slowness domain is
described by asymptotic ray theory, i.e. non-dispersive
propagation, the Radon transform can be evaluated
analytically. Synthetie seismograms ealculated in this
manner have been called ‘WKBJ seismograms’ in la-
terally homogeneous media and ‘Maslov seismograms’
in inhomogeneous media. Results for synthetic seismo-
grams with various types of geometrical and non-
geometrieal Signals will be described. Particular em-
phasis will be plaeed on the canonical problems men-
tioned above.

Although the theoretical methods for computing
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synthetic seismograms may remain valid at high
frequencies, and in general the aceuracy may improve,
in practiee it is necessary to band—limit numerical re-
sults. Equivalently, we can smooth in the time domain.
In order to obtain stable numerical results, this
smoothing is essential and must be performed as an in-
trinsie part of the theory and not merely to the final
numerical results. The smoothing can be achieved in
various ways: including attenuation in the model, sim-
ply band-limiting the theory, or introducing a finite
beam width into ray theory. The smoothing serves the
additional purpose of redueing the sensitivity of calcu-
lations to small numerieal features of the model. There-
fore, the model need not be ‘smooth’ (as required by
geometrical ray theory) and simpler interpolation meth—
ods can be used. A straightforward modelling method
with linear velocity functions in triangles will be de-
scribed. Analytic results for ray traeing and canonical
transformations are known without the general difficul-
ties of dynamie ray tracing. The overall result is an ef-
ficient, simple extension of geometrical ray theory that
remains valid for some of the problem Signals.

Geometrical ray theory (GRT)

First we will review the mathematical basis for GRT,
usually called asymptotic ray theory (ART). ART
(known by various names ineluding “Debye series
method” and “ray series method”) has been widely dis—
cussed in the literaturevand several textbooks exist
(Kline and Kay, 1965; Cerveny and Ravindra, 1971;
Cerveny et al.,. 1977), the last two dealing specifically
with the seismic or elastodynamic problem. The tech-
nique ‚has been used to eompute seismograms in inho-
mogeneous media (e.g. Hron and Kanasewich, 1971;
Jackson, 197l; McMechan and Mooney, 1980; SEIS81
program, etc.). For simplicity, we present an outline of
the theory for the scalar wave equation. More details,
particularly the extension to elastodynamics, can be
found in the above references.

Consider the simplest, scalar wave equation

172(15—12’2(x)8‚2cb=0. (1)
It is notationally simpler in most expressions to use the
wave slowness, u(x)‚ rather than the wave velocity, v(x)
zu‘1(x). As is well known, in a homogeneous medium,
solutions of the wave equation are non-dispersive, eg.

(NL X)=(]50(t —uR)
OI'

for a plane wave

cl>(t‚ x)=q50(t—uR)/R for a spherical wave.

The pulse shape remains constant, i.e. 4900), and pro-
pagates with a constant velocity, v. The amplitude var-
ies as geometrieal spreading occurs. We therefore look
for a similar solution in inhomogeneous media — a
pulse propagating with the local velocity, v(x)‚ without
distortion.

It is often convenient to work in the frequency do—
main. We take the Fourier transform (FT) of Eq.(1)
with respect to time:

Cf)
A

915(61), x): j (j)(t,x)ei“"dt
—OO

(2)
qb(t,x)=äl{cß(w‚x)e_imdw.

_
We shall use the fact that the field variable, d), is real
[therefore, (ß(—w,x):q’)*(w‚x)] and causal (therefore,
the Bromwich contour ‘B’ runs above any singularities -
in the complex w-plane). With this transform, Eq. (2),
and the usual conditions about the variable decaying as
t—+oo‚ we obtain the transformed wave equation

V2<ß+w2u2(x)43:0. (3)

In order to find a solution of this equation, we take as
a trial solution

„ i 00 A‘") .qs<w‚x):<bo<w) Z —(3‘1e“”<*> (4)
n=0(—iw)n

‚

The important features of this ansatz are the separation
of frequency, a), and spatial x, dependence and the lin-
ear frequency dependenee of the phase. At high
frequencies, only the leading term will be important
and we have a pulse, (1)0(t), propagating without distor-
tion and with propagation time, T(x) and an amplitude
variation A‘O)(x), i.e. qb(t‚ x)=A‘0)(x)q50[t— T(x)]. At fi-
nite frequeneies, the high—order terms allow for distor-
tion of the pulse as the amplitude coefficients, Al")(x),
differ.

In the time domain, the series (4) reduces to

n=0

(‚b(t‚ x) = Re {450) * i A‘jfi’(x) h1") [t — T(x)]} (5)

where we have antioipated some of the generalities we
will require later by permitting eomplex amplitude
eoefficients, A‘")(x). The discontinuity functions, h‘")(t)‚
are

h‘0’(t):ö(t)‚ h‘“(t):H(t)‚ h(2)(t):tH(t),

i.e. the Dirac delta function, Heaviside step function,
and higher-order integrals. Convolved with the pulse,
(1)0(t) (the convolution operator is represented by the
star (*) in the usual fashion), they cause n—th order inte-
gration. Higher—order terms are therefore smoother
than lower-order terms. The function, (D0(t)‚ represents
the analytic time series corresponding to the real series,
(150 (t), i.e.

CDO(t)=qb0(t)+icj;0(t) (6)
where (500) is the Hilbert transform of (1)00). The Spec-
tra are related via QBOW): —isgn(w)d>0(a)) and 430(w)
:2H(a))cj)0(oj). Although we have assumed the ampli-
tude coefficients are independent of frequency, Eq.(4)‚
they must be conjugate for positive and negative
frequencies in order to obtain a real solution, i.e.

A‘:>(x):A<2’*(x>
where the subscript (i) indicates whether w 20. In ex-
pression (5), the sign for positive frequeneies should be
used.
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In the wave equation, Eq.(1)‚ and the solution,
Eq. (5), we have not explicitly mentioned the source.
More properly, Eq. (1) should contain an inhomo-
geneous source term, and amplitudes and travel time in
Eq.(5) should refer to this source. For simplicity, we
omit these details.

Without going into mathematical detail, it is evi-
dent from the time form of Eq.(5) that the series is
asymptotie. At sufficiently large time, the highest-order
term included in the series dominates, O(t"‘1), and div-
erges. This cannot occur if the series converged to the
exact solution.

Finally, we should note that although we have only
inoluded one series in Eq.(4), often multiple solutions
for T(x) and A‘")(x) exist. Then a summation over these
different rays is impli’ed.

Substituting the ansatz (4) in the wave equation (3),
we obtain a series in inverse powers of frequeney. Set-
ting the coefficient of each power of w equal to zero,
we obtain the eikonal equation

(VT)2-u2(X):0 (7)
and the general transport equation

217T VA‘k+1’+A‘k+“I72T+ I72A‘k)=0. (8)

The solution of the eikonal equation (7), defines the
function, T(x). We call constant surfaces, t: T(x), wave-
fronts and define the slowness vector

p: 17T (9)
perpendicular to these surfaces (Fig. 1). Rays propagate
in the direction p, so if x defines the ray position

ds

where dx/ds is a unit vector (s is the arc length along
the ray) and |pl-—-u from the eikonal equation [Eqs. (7)
and (9)]. The superscript dot (') represents dv where the
differential is related to the are length and travel time
by dvzvds:v2dT. Differentiating Eq. (9), we obtain

d dT
pzu——(I7T)=ul7(——)=ul7u (11)

ds ds

as dT/ds:u from Eq.(7). These equations, Eqs. (10)
and (11), can be written in the form of Hamilton’s
equations (Kline and Kay, 1965, Chap. 3). If we define a
Hamiltonian

H(x‚ p)=%[p2—u2(X)]‚ (12)
the eikonal equation (7) is equivalent to H20 [with
Eq. (9)]. This can be solved by the method of character-
istics (Courant and Hilbert, 1962, Vol. II, Chap. 2). The
Hamilton or bicharacteristic equations are

X = l7 H =
. p p (13)
p z — l7xH : u l7u

the same as Eqs.(10) and (11). Compared with me-
chanics, slowness and the differential d v have replaced
velocity and the differential dT. The Lagrangian of the
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system is derived from the Hamiltonian (12) by means
of the Legendre transformation (Kline and Kay, 1965,
p. 116):

L(x‚k)=p-X-H(x‚ p)
. (14)

:u(X)IXI.
The Lagrangian satisfies the Euler-Lagrange equations
and so the travel-time integral along the ray path is
stationary (Fermat’s or Hamilton’s principle), and is
given by

T(x)=jL(x‚k)dV=ludS (15)
=}(L+H)dv:l‘p - dx.

In order to find the amplitude coefficient A‘O), we
solve the first transport equation (8) with k: — 1. Using
the definition (9), it can be rewritten

d, lnA‘O’: — 17. p (16)
where we have used the identity p- VEdv. We use
Smirnov’s lemma (Smirnov, 1964, p. 442) to solve this
equation. Other more physical proofs have been given
in the references quoted above. Consider the J acobian

ÖxD:—
ÖXO v

(17)

where x0 is an initial point on a ray and x defines a ray
path. Expanding the derivative of D, the determinants
eontain elements such as öx'i/Öxoj=6pi/Öx0j [using
Eq. (10)]. Expanding these partial derivatives, Öpi/Öxoj
=(Öpi/öxk)(Öxk/Öx0j), most terms do not contribute (as
rows of the determinants are linearly dependent) and
only the terms (Öpi/Öxi)(öxi/Öx0j) (no summation) are
important. Thus

D:(l7' p)D. (18)

Combining Eqs. (16) and (18), we have

d, ln (AW D) z 0

and
Ö

A‘0)(x)=A(O)(xO) (g:—
0
v)? (19)

We can relate the Jacobian to the cross—sectional area
of a ray tube (Fig. 2). It is important to note that in
defining the Jacobian (17), the independent variable is
v, not the more usual T. The volume elements illus-
trated in Fig. 2 which are related by the Jacobian D are
defined by cross-sections J and JO and lengths ds=ud v
and dsozuodv. Hence

Dzlds/J0 dsO.

The result that the amplitude is proportional to (uJ)’%
is equivalent to conservation of energy as it propagates
along the ray tube.

In order to compute the partial derivatives required
for the Jacobian (l7), it is necessary to solve the neigh-
bouring ray equations (otherwise known as the paraxial
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rays
wavefronts

ds=udv

Fig. 1. Rays and wavefronts: wavefronts are defined by the equation t-—-T(x)‚ and rays are trajectories perpendicular t0 these
surfaces

Fig. 2. A ray tube with cross-sectional area JO at x0 spreading t0 area J at x

Fig. 3. Rays reflecting from an interface according t0 Snell’s law. Note the increase in spreading caused by the curvature of the
interface

equations or dynamic ray tracing). Perturbing the ray
equations (13) we obtain the differential system

ÖX2öp
. (20)öp=Cöx

where C is the symmetric 3 x 3 matrix

Öu Öu Özu
..:— —— u—-—_U Öxl. Öxj Öxiöxj

Solving the sixth-order system with appropriate initial
conditions, the required partial derivatives can be ob-
tained. We will not dwell here on the alternative forms
of Eq. (20) that have been derived, nor the difficulties
caused by the‘singularities at caustics. In this paper we
will only need analytic solutions known for simple
models (see section on ‘A numerical model’ belOw).

\ An important property of the differential system
(20) is that the trace of the differential matrix is zero.
As a consequence‚ the determinant of the propagator
matrix is unity (the Jacobi identity, Gilbert and Backus
(1966)]. Liouville’s theorem results

ö(x‚ p)___ :1_ 21
Ö(X0‚p0)v

( )

The differential system and the propagator matrix also
have symplectic symmetries. Important properties of
beams follow but this need not concern us here. More
details concerning the Hamilton equations and
Liouville’s theorem can be found in Thomson and
Chapman (1985).

We have seen that the mathematical structure of
GRT is straightforward and fundamental. The kine-
matic ray equations (13) have the form of Hamilton’s
equations. The Lagrangian (14) is related t0 the Hamil-
tonian (12) by the Legendre transformation, and the tra—
Vel time given by its line integral (15). The amplitude
coefficient can be found by a canonical transformation
(19) and the Jacobian derived from the dynamic ray
equations (20).

In the next section we briefly review differences that
occur for elastic waves in media with interfaces and in
the following section describe situations in which GRT
is valid or invalid.

Elastic waves and interfaces

The wave equations for elastic waves are significantly
more complicated than for scalar waves, Eq.(1)‚ not
least because we are concerned with a vector equation.
Nevertheless, the same basic technique can be used t0
100k for an asymptotic solution. Substituting an asymp-
totic series in inverse powers of frequency into the wave
equations, eikonal and transport equatiqns are ob—
tained. Algebraic details can be found in Cerveny and
Ravindra (1971). Two eikonal equations are obtained
corresponding t0 the two wave types permitted. If the
wave speed is the P-wave velocity, v(x)=oc(x)‚ the dis-
placement of the first amplitude coefficient must be
longitudinal, and if the speed is the S-wave velocity,
v(x)=ß(x)‚ the displacement transverse. The transport
equations are more complicated, but the solution is re-
markably similar. For P waves, the magnitude of the
displacement is

paz Öx
A‘°)(x):A(°’(x0) ( >fii

(22)2Po ocO Öxo

and the displacement is directed along the ray, i.e. in
the direction p. In general, the S-wave Situation is more
complicated as the polarization must be considered in
the transport equation, but the magnitude is given by
Eq. (22) with the S-wave velocity substituted. More de-
tails can be found in Öerveny and Ravindra (1971).

Implicitly it was assumed above that the medium
was continuous. In fact, in order t0 find the n-th term
in the asymptotic series, it is necessary that the n-th
derivatives of the medium are continuous, i.e. the mod-
el contains n0 (n+l)-th or lower-order discontinuities.
If the model contains (n+1)-th order discontinuities,
the asymptotic series must be terminated at the (n— 1)-th
term, i.e. for second-order discontinuities (gradient
discontinuities), the zeroth term is valid. For first—order
discontinuities n0 terms are valid and we must match
boundary conditions at the interface.

At an interface, reflected and transmitted rays of all
types may be generated. In order t0 connect solutions
of the kinematic ray equations, Snell’s law is used, i.e.
the component of the slowness vector parallel t0 the
interface is conversed and the other components are
modified to make the appropriate Hamiltonian zero.
Necessarily, there will now be many solutions (rays)
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and, in prineiple, it is neeessary to eontinue all their ray
series. For the dynamic traeing, account must also be
taken of the interfaee eurvature which will modify the
spreading of a ray tube (Fig. 3). In addition, boundary
conditions must be solved for the eontinuity of dis-
plaeement and normal traction at the interface (assum—
ing a welded solid/solid interfaee). These simple physi-
cal ideas lead to straightforward but tedious algebra.
The results ean be found in Cerveny and Ravindra
(1971). For the zeroth amplitude coeffieient, the reflec-
tion and transmission eoefficients are identical to the
coeffieients for a plane wave at a plane interfaee. The
amplitude coefficient for each ray type must be multi—
plied by the appropriate refleetion and transmission
eoefficient. Care must be taken that the change in
spreading caused by reflection or transmission even for
a plane interfaee is not duplicated in the spreading and
coeffieient ealculations. Also, the coefficient must be
with respeet to the appropriate wave property, e.g. dis-
plaeement magnitude.

Canonical ray problems

In this seotion we describe, largely through diagrams,
body waves for which ART is valid or invalid. In the
latter ease, we give referenees for techniques that have
been used to solve the problem.

a) Direct rays

In Fig. 4a we illustrate the simplest type of rays spread-
ing from a point source. The model contains no diseon-
tinuities and the ray paths and amplitude coefficients
vary smoothly. This is a Situation for which ART is an
excellent approximation.

b) Normal turning rays

In Fig.5a, the ray paths and amplitudes again vary
smoothly and there appears to be little differenee from
Fig. 4a. Indeed the final results are similar. However, in
Fig. 5a turning points exist (for which p and 17v are per-
pendieular). Mathematically, the differenee is important
because partial derivatives in the dynamic ray equa-
tions (20) have singularities. Again, ART is an excellent
approximation.

C) Reversed turning rays

If the rays cross (Fig. 6a), then the amplitude coeffieient
is infinite and obviously ART breaks down. The singu-
larity is called a eaustic. Speeial methods are needed in
the Vieinity of the caustic (see g) below). Nevertheless,
ART can still be used beyond the eaustie provided the
amplitude coefficient is interpreted correctly. At the
simplest caustic, the Jacobian (17) ehanges sign. Equa-
tion (19) for the amplitude coeffieient remains valid,
provided the correct square root is used. We replace
Eq. (19) by

n
”ä ‘ ()— (‚ )

ezsgnw 2axx0 (23)
V

Öx
0

A<°>(x):A<°>(xo>
where 0(x,x0) is the KMAH index [after the contri-
butions by Keller (1958), Maslov (1965), Arnol’d (1967)
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and Hörmander (1971)]. The KMAH index, initially
zero [0(x0‚x0):0], is eonstant between caustics on a
ray and changes by an integer as each eaustic is passed
(Keller, 1958). For seismic body waves the KMAH in-
dex always increases (Cerveny and Ravindra, 1971,
p. 76) as the phase and group veloeities are in the same
direetion. The increment of the index at a caustic is the
number of dimensions a ray tube loses at the caustic
(Keller, 1958). Normally, the eross-seetion of a ray tube
is reduced to a line and the KMAH index inereases by
unity. This introduees the familiar phase retardation of
71/2. Alternatively, the ray tube may be reduced to a
point and two dimensions are lost. Then the phase shift
is 7:. The origin of the n/Z phase shift ean be investi-
gated using the eanonieal Airy caustie problem (see g)
below) (Ludwig, 1966).

d) Reflected and transmitted rays

Provided an interface is smooth and the refleetion/trans-
mission coefficient only varies slowly, then ART ean
be used (Fig. 7a). The geometrical spreading is modified
by the curvature of the interface and the amplitude by
the reflection/transmission eoefficient. For total reflec-
tions, the eoefficient is complex but expression (5) re—
mains valid. ART breaks down if the shape of the in-
terfaee or the behaviour of the coefficients eause dis-
eontinuous (or rapid) amplitude variations across the
wavefronts. Examples are the eritieal point (see e) below)
or corner diffractions (see i) below).

The rays already illustrated ean be described by
ART. We now eome on to the many types of bo-
dy waves for which ART, in its simplest form, breaks
down. Many of these Signals are very important, as
they can be used to investigate inhomogeneities in the
Earth.

e) Critical rays and head waves

At the critieal angle, the refleetion eoefficient has a
square root singularity. The grazing transmitted ray has
zero geometrieal amplitude. The discontinuity in the re-
flected wavefront and the transmitted wavefront are
eonneeted by another wavefront, the head wave
(Fig. 8a). Simple ART does not describe the head wave
or the eritieal region. The head wave can pe described
by the first-order term, A‘“(x), in ART (Cerveny and
Ravindra, 1971). A more complicated function (the We-
ber function) is needed to describe the solution in the
neighbourhood of the eritieal point (Marks and Hron,
1977)

f) Interference head wave

In practiee, a simple head wave rarely exists. Invariably
a veloeity gradient below the interfaee eauses a turning
ray with a very similar travel time (Fig. 9a). Multiple
turning rays reflecting below the interfaee will also
exist. The normal head wave is the limiting case. Al-
though each ray path can be described by ray theory,
ART will be of limited validity due to the proximity of
the interfaee to the ray path. More aecurate wave fune-
tions (the Airy funetion) are required in the faster me-
dium (Hill, 1973; Cerveny and Ravindra, 1971,
Chap. 6).
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(o)

(d)

(C)—-ul7 (b) ,

7
Fig. 4a—d. Diagrfiams for direct rays: a typical ray paths and wavefronts; b the travel—time curve, T(x); c the intercept time T(p);
d the function, 8(p, x), and a typical seismogram if 450(t):H(t)

Fig. 5a—d. As Fig. 4, but for normal turning rays

Fig. 6a—d. As Fig. 4, but for reversed turning rays

Fig. 7a—d. As Fig. 4, but for a reflection. The seismogram is illustrated for a total reflection

Fig. Sa—d. As Fig. 4, but for a head wave and critical point. In d, the function, Ö(p, x), and seismograms are illustrated for two
cases: the receiver is either before (top) or after (bottom) the critical point

Fig. 9a—c. Diagrams for an interference head wave with only one multiple refraction shown: a typical ray paths; b the travel-
time curves, T(x); c the intercept times, T(p)

g) Airy caustics

At a caustic, ART breaks down as the geometrical
amplitude is infinite. Near the caustic, the amplitude
varies rapidly and the two rays interfere (Fig. 10a).

Using higher—order terms in ART does not improve
this Situation. Rather, a more complicated ansatz must
be used (Ludwig, 1966) which includes the expected be—
haviour near caustics (the Airy function in the fre-
quency domain).
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Fig. 10 a—d. As Fig. 4, but for an Airy caustic. In d, the function, Ö(p, x), and seismograms are illustrated for three cases: the
receiver is either in the illuminated region (top), at the caustic (middle) or in the shadow (bottom)

Fig. 12 a—d As Fig. 4, but for a shadow. The wavefronts are discontinuous at the grazing ray The resultant Fresnel diffraction1s
illustrated. In d, the function, Ö(p,x), and seismograms are illustrated for three Gases: the receiver is either in the illuminated
region (top), at the shadow edge (middle) or in the shadow (bottom). In addition, an interface diffraction is generated

(a)

(b)

X1 1 i

(o)

X p

H *e “e 13
Fig. ll a—c. As Fig. 9, but for an interface discon
or point diffractions are generated by the corner

Fig. l3 a—c. As Fig. 9, for a ‘reflected’ Signal due

V

tinuity. The reflected wavefront is discontinuous at the shadow edge, and edge

t0 gradient coupling
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h) Fresnel shadows
Various features in the model may cause the wavefronts
to be discontinuous, e.g. reflections from a discon-
tinuous interface (Fig. 11a) or rays grazing an interfaee
(Fig. 12a). Although the geometrieal amplitude is finite,
ART is inaceurate. Two effects are important: the in—
terface may generate new waves and non-geometrical
effects oeeur at the shadow edge. The former requires
the oorreet boundary conditions to be modelled, nor-
mally via a canonical problem. The latter is more
straightforward as the wave function in the frequency
domain is described by the Fresnel function.

i) Edge and point difl‘ractions
If an interfaee is discontinuous, diffracted Signals are
generated at the corner (Fig. 11a). Keller (1962) has de-
veloped an extension of ART, geometrieal diffraetion
theory, that can be used for these Signals. ART is used
to deseribe the wave incident on the eorner and gener-
ated by the corner, and a canonical loeal problem is
used to eonneet these rays by a direction-dependent dif-
fraetion coeffieient whieh is a simple funetion of fre-
queney.

j) Interface difi’ractions

If a ray grazes an interface (Fig. 12a), an interface wave
is generated. The deeay in the shadow is deseribed by
this wave. It is neeessary to solve boundary eonditions
for a grazing ray and an interface. The amplitude and
velocity of the Signal are frequency dependent. So-
lutions have been given by Gilbert (1960) and Knopoff
and Gilbert (1’961).

k) Gradient eoupling

\Finally, we consider the interaction of a ray with a re-
gion of high gradient (Fig. 13a). Zeroth order ART pre—
dicts the ray will propagate through the region with no
interaetion. But if the region is narrow or the frequency
low, we expeet reflected and transmitted Signals to be
generated as for an interface (conditions in 1-dimen-
sional models have been given in the references cited
below). Including higher—order terms in ART does not
generate these Signals in a useful fashion. This problem
has been thoroughly investigated in 1-dimensional
models (Scholte, 1962; Richards and Frasier, 1976;
Chapman, 1981; Kennett and Illingworth, 1981). Iter-
ative solutions rather than asymptotic series are used.
A similar technique with ART can be used in inhomo-
geneous models, but theoretical or numerical details do
not appear to have been developed yet.

Changes in the velocity gradient also eause rapid
ehanges in the geometrieal spreading function. For in—
stance, velocity maxima eause the spreading function to
be infinite and the geometrical amplitude zero. In the
next seetion we also diseuss problems caused by gra-
dient discontinuities.

Numerical problems with GRT

We have already deseribed various problem Signals
(Figs. 8—13) that are intrinsic to the physical problem.

p

Fig. l4. The range as a function of ray parameter for rays
near grazing a gradient discontinuity. For the grazing ray,
Öpx is infinite. In the figure, rays to the left of the singularity
have propagated through the discontinuity. The upper curve
corresponds to the Situation when the magnitude of the gra—
dient decreases across the discontinuity and the lower curve to
an inerease

Other difficulties arise with solutions using GRT
caused by the numerieal methods.

A velocity model must be specified numerieally.
Some features may be physically insignificant but very
troublesome, i.e. gradient discontinuities. If the veloeity
distribution is interpolated linearly, the gradient discon-
tinuities can cause caustics and other singularities. This
is illustrated in Fig.14, where we have plotted the
range funetion of rays in the neighbourhood of the ray
grazing the gradient discontinuity. Without going into
details, it is evident from the dynamic ray equations,
Eq. (20), that second-order discontinuities will cause
trouble. At finite frequency these features (Fig. 14) may
be too small to be resolved, but ART offers no so-
lution.

In order to use GRT it is necessary to solve the
two-point ray traeing problem, i.e. find the exact ray(s)
that join the source and receiver. Various techniques
have been developed, e. g. ‘ray shooting’ and ‘ray bend-
ing’, but the details need not eoncern us here. Suffice it
to say that singularities caused by velocity gradient dis-
continuities will also cause difficulties when searehing
for the correct ray.

As a result of these numerieal diffieulties with the
validity of ART and perturbation of rays, it is neces-
sary to smoothly interpolate models. Veloeity gradients
and interface curvatures should be eontinuous. Various
techniques have been used — speoialized analytic func-
tions or higher-order numerical methods. Spline fune-
tions are ideal but beeome expensive for 2- or 3-dimen-
sional models. In 1-dimension, analytic results exist for
the ray integrals for many velocity funetions that can
be used for interpolation. In 2- or 3-dimensions, no
such general analytie results exist and we must solve
the ray equations, Eqs.(l3) and (20), numerieally. This
is often an expensive proeedure as high relative ac-
Curacy of ray times is needed. At finite frequeneies
these efforts are essentially wasted as the waves cannot
resolve the small numerical features.

Transformed equations

In the previous sections we have described some of the
suceesses and failures of ART. In this section and the
next we generalize the ideas of ART and obtain a more
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versatile solution. The suocess of the method depends
on Liouville’s theorem, Eq. (21). Although the Jacobian
(17) may be zero or infinite, the Jacobian of position
and slowness is always unity. The method follows
Chapman and Drummond (1982) and Thomson and
Chapman (1985).

First, we define the Fourier transform with respect
to spatial co-ordinates:

(im), y,:(_12%)7 5 (3(w‚x)e—'d=F[qSJ (24)
with the inverse

A
N<z>(w x)):5,Q()1 (>(w‚y)eiXdp=F-1[<(31 (25)

The vector y is the mixed veetor (p, y, z). In general,
this transform can be defined for any number of the
ooordinates, but for simplicity we restrict ourselves to
one eoordinate, x. Applying this transform to the wave
equation (3), we obtain the transformed wave equation

(—a)2p2+Vf)(13+w2u2[(—io))—1Öp‚y,z](ß=0 (26)
where l7L =(0, Öwöz). The exact meaning of the second
term uses the definition of the pseudo-differential oper-
ator (Hörmander, 1979; Thomson and Chapman,
1985). We attempt to solve this equation using the
same technique as ART. Thus we use an ansatz

z:
_ " 00

Ä(n)(y) i y)
(Mm, Y) - (190161))”;O

m
e ( (27)

substitute in Eq. (26), oollect terms of equal order in a)
and obtain modified eikonal and transport equations.
These are (from coz)

(11T)2 —ü2+p2:0 (28)
and (from w)

2 17,21”)- 17, T+ 21“”!7,2 T+ al,/1“” dxü'z
+äÄ<0> Öpöxüz =0 (29)

where ü:u(— Öp T, y‚zz) (Thomson and Chapman,
1985). Comparing the eikonal equations, Eqs. (7) and
(28), we see that T and T must be related by the partial
Legendre transformation [Courant and Hilbert (1962),
p. 35, Eqs. (7) and (8)]

The transport equation, Eq. (29), can be solved using a
suitable form of Smirnov’s lemma and

V)]=0. (31)

These results can also be obtained by connecting the
asymptotic solutions, Eqs. (4) and (27), through the
transform (24). Suobstituting the zeroth-order term from
Eq((4), (151°) say, in Eq. (24), the phase has stationary
points when

d. [Ä‘°)2(y) (Ö—y
X0

Öxs. (32)

35

The transform variable, p, can be identified with the
horizontal slowness, Eq. (9), at these points. Evaluating
the Fourier transform by the stationary phase method,
we find

71
—isgn(a))—Ind(öf T)+icoTÖx e 2 (33)F [(15‘0’1— A‘°’(X)-

where all terms are evaluated at the stationary point,
Eq. (32). The Morse index, Ind(...)‚ is defined by the
orientation and shape of the stationary point. In gener-
al, it is the number of negative eigenvalues of the
Hessian matrix, öx ‚xö T (Morse lemma, Milnor, 1969,
p. 6). In our ease, beoause we have orily transformed
one co-ordinate, it is zero if 82T: Öxp>0, and unity if
öi T=öxp<0. Thus we have

7T

„ Öx 2 —i—Ind(afT)A<f>(y)=A<3>(x)Ö— e 2
Öx " 2 —i—:[Ind(öZT)+a(x, x0)]

Öxo v

Öx=A<°>(x0——) Ö p
(34)

which agrees with Eq. (31). The asymptotic relationship
between the zeroth-order terms in the x- and y-spaees
has been oalled the asymptotic Fourier transform
(AFT) by Ziolkowski and Deschamps (1984) (see also
Thomson and Chapman, 1985). It can be written as

(30’211. [(3‘0’1 (35)
where FO represents the second-order stationary phase
evaluation of the FT and is given exactly by Eqs. (30)
and (34) (with the added generality that there may be
multiple stationary points or rays). Its inverse can be
written

d3 0’—- 1[43‘0’] (36)
Although expression (36) is an exact relationship, and
therefore breaks down at caustics, the canonioal trans—
formation (Öy/Öxo) for A(°’(y) is generally finite, even at
caustics where ö x:0. In general, this follows from
Liouville’s theorem, Eq. (21). In the phase space x><p,
the ray trajeotories do not form caustics (Liouville’s
theorem — the flow is incompressible). The ray paths lie
on a 3-dimensional surface in the 6-dimensional phase
space and do not cross. Only when these paths are pro-
jeoted into x-spaoe are caustics formed. In y-spaee, dif-
ferent caustics are formed. In general, if the caustic is
parallel to the x-axis or if the Jacobian has a second-
order zero, other transform(s) may be neoessary, but
Liouville’s theorem guarantees that there is always a
domain in whioh a partieular point is not a oaustic.

Since (#0) is generally finite, it is sensible to try

d3 2F— 1 [420)] (37)
as an approximate solution. This is essentially Maslov’s
canonioal operator (Maslov, 1965). This solution is still
asymptotioally valid and is generally finite at caustics.
lt reduces to the WKBJ seismogram in laterally homo—
geneous media (Chapman, 1978). In the next section we
investigate non-asymptotio methods of evaluating
Eq. (37).
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Inverse transforms

In the previous section, we have obtained an asymp-
totic solution, Eq. (27), in a transformed domain. If the
inverse transform, Eq. (25), is evaluated asymptotically,
i.e. the AFT, we just obtain ART. We must evaluate
the integral more accurately. The traditional method is
to use higher-order asymptotic methods, e.g. the third-
order saddle point method, the incomplete saddle point
method etc., or to compute the integral numerically.
These methods are called Spectral methods (Chapman,
1978) as the intermediate result is (Mao, x).)The analytic
techniques lack generality and the numerical methods
are expensive at high frequencies. An alternative ap-
proach, the slowness methods, is preferable.

Combining the inverse frequency and slowness inte-
grals, Eqs. (2) and (25), reversing the order of integra-
tion and evaluating the frequency integral first, we ob-
tam

9W, X):
1

(ß

1*":q2768
(t—px y)dp (38)

TL'

1 1 —isn(w)—(—iw)(n/l)ie g 4].2%71
[(i (0/2 70% = —

A product in the frequency domain has become a con-
volution in the time domain. The time series, Ä(t)
:H(t)t‘%‚ has a spectrum

Mao) = (ä)- 2W); (39)

and the Hilbert transform is Ä(t)=H(—t)(—t)‘%. We
can also take the inverse frequency transform of the
spatial transform, Eq. (24), and obtain

- 1 m
<b(t‚y):2,nö‚4(t)* l d>(t+px‚y)dx. (40)

‘—d_l

These results, Eqs. (38) and (40), can be recognized as a
Radon transform pair (Chapman, 1978), the latter being
commonly known as slant stacking.

Using the zeroth term in the asymptotic series (27),
we obtain the simple result

43‘041, y): Re {Ä‘f’(y)d>o[t — T(yn} (41)
analogous to Eq. (5) with n-—-O. Substitute Eq. (41) in
Eq. (38) and we have

W1, X): "2%— CÜOÜ) * fit/1(1)n

* Re l Ä‘f>(y>4 [r—Ö<p. x>] dp (42)
where A(t):ö(t)—i/7rt, the analytic delta function, and

9(1), X): T(y)+px. (43)
Expanding the complex terms and transferring the Hil-
bert transform Operator through the convolution opera-
tor, we obtain

d>(t‚ X)= - (boü)T227:

* 6,1m [A(t)* 050 Ä<3>(y)ö(t—Ö)dp]. (44)

Evaluating the integral at the singularities of the delta
function, we have

(45)q5(t, x): —2—%171— q50(t) * ö, Im [Am a:

where the final summation includes all p’s that solve

1:91,2, x). (46)
Note that evaluation of the inverse integrals is exact,
provided T(y) is real. No approximation beyond
Eq. (41) is made. However, for some p’s, T(y) is com-
plex and hence the complete integrals in Eqs. (42) and
(44) should be approximated by a restricted range. In
the later section on ‘Smoothing’ [b) attenuation and
c) Gaussian beam method] we discuss some cases
when T(y) is complex.

Expression (45) has become known as the WKBJ
seismogram (l-dimensional models; Chapman, 1978) or
the Maslov seismogram (2- or 3-dimensional models;
Chapman and Drummond, 1982). It is extremely easy
to evaluate and widely applicable. Only the results of
kinematic Eq. (13) and dynamic Eq. (20) ray tracing are
needed. It is a special, limiting case of the Gaussian
beam method (infinite beam width). In the next section
we shall use it to investigate the canonical problems.

The convolution operator, A(t)=Ä(t)+i/i(t), is easy
to evaluate as the imaginary part is simply the time
reversal of the real part. A simple rational approxima-
tion has been given by Chapman and Drummond
(1982). Alternatively the convolution can be performed
in the frequency domain. Nevertheless, as we shall see
in the next seotion, the construct for some Signals, e.g.
reflections, is strange. Two acausal Signals are convol-
ved and give a causal result. Taking the Hilbert trans-
form of both Signals would give a more natura] con-
struction. An alternative slowness method with com-
plex p values provides this. We must be more careful
now to consider whether wäO, which we indicate with
subscripts i. The method closely follows Heyman and
Felsen (1984). We proceed as before and evaluate the
frequency integral first but consider the positive and
negative frequencies separately. We obtain

1cl>(t‚ ”Z2471?- cpom * am)
Ä‘f) (Y) Ä(3)(Y)

*{C5+t—:Ö:dp+cj—
[—Ö_

dp} (47)

where the contours C lie infinitesimally above or be-
low the p real axis (dependingon Öp Ö>O and a) >O,
Fig. 15) so that Im(Ö+_)>O. We have used

Neiw<ä+“)dw: —i/(t—6+)‚
OMS

eiw‘5“_”dw:i/(t—Ö_).
Lau—10



Fig. 15. The contours Ci and C‘i in the neighbourhood 01
statiünary points where 6:6ä0. The open Circles are poles für
1 less than the saddle pomt values and the Closed circles are
für 1 greater than this value. The contours Ci are distorted
11:1 C‘i through the corresponding valley 01 the saddle point

11/41m‘*+‘i‘l is real on the real axis, Ä‘f’zÄ‘f”. The integrals
100p in opposite directions about the poles, Eq. (46), on
the real axis, and the half-loops cancel. On the real
axis, the integrals double up and we obtain the Cauchy
principal value, i.e.

1 4 .
.1. ÄtÜl

5;?- 11>0(1) 1: 6,1.(1) =I= P j „1(06) dp. (48)611.11):

The integral can be rewritten as a convolution integral
and recognized as the Hilbert transform. Transferring
the Hilbert transform to ‚1(1), we obtain the WKBJ re-
sult, Eq.(45), for the real part. Alternatively, we can
distort the contours C 10 the complex contours C‘+
defined by Eq (46) withi 1 varying. The Situation differs
für 626>0 and w<>0 (Fig 15) but in both cases the
contopurs C‘+ run in opposite directions and cancel ex-
eept for the loops around the poles. The result is

Äw)1111,11):—2—1;bü(1)=1<6‚)(1)*=1AIm{+00} „ (49)
1=0(.„0+

where we take the pole below the axis. This result is
variously called the generalized ray method or the
Cagniard-deHoop-Pekeris method (Cagniard, 1939,
1962; Pekeris, 1955a, b; de Hoop, 1960), but this deriva-
tion, due 10 Heymfian and Felsen (1984), is valid for
Fäfläq n01 just 6:0—(0.

- __
lf A‘E’u) is imaginary 011 the real axis, A‘f’z —A‘_(_”.

The integrals (47) on the real axis cancel and the half
loops about the poles((46) combine 10 give residues.
The 100p direction depends 01117„Ö>0 (Fig.15) Hence
we obtain

1 1160}
1, =,— 1 311 t 50(151 X)

2„Hd)n()*(‚’()*t=fl|öp0|
1 l

in agreement with Eq (45) Result
0(49)

can be general-
ized 10 include the case when Ä“) l has an imaginary
part due 10 a branch C111, i.e. total reflection

As mentioned above, expression (49) may lead 10 a
more natura] construction für Signals involving Hilbert
transforms. Anotlrer advantage is that we are n01 re-
stricted 10 p and T real and, therefore, end-point errors
1mm a restricted p range will n01 occur. Nevertheless,
these advantages ma}r be outweighed by the difficulties

3?

01 analytically continuing the required functions in the
complex p-domain. If the functions are defined analyti—
cally, the continuation is automatic but für numerical
approximations the process is unstable. The Cagniard-
de Hoop-Pekeris method has been widely used in mod-
els of homogeneous layers, but not in more general in-
homogeneous structures.

End—point errors occur in the WKBJ/Maslov seis-
mograms, Eq. (45), due to the restricted p range used.
Effectively, the ampligude function, Ä‘0’(y), is taken zero
in the range where T(y) is complex. The discontinuity
in the amplitude causes end-point arrivals. These ar—
rivals can be removed by tapering the amplitude {une—
tion smoothly at the end-points. This proeedure is
purely cosmetic and may introduee other errnrs. An al-
ternative is to estimate the part of the p-integral ig-
nored by some simple analytic technique (Thomson
and Chapman, in preparation) Let us consider the
simplest case where Ä‘Ü’(y) andr „66are finite and non-
zero a1 the end—points The integrals (42) and (44) are
restricted to the range plgpgp2, say. Thus the com-
plete result is (Thomson and Chapman, in preparation)

(1511 )
l

I(i(1))%(1:„1 +1iz+nj>
„5 ( )ÄlÜl( )‚X 2—— "— (1')

271.8 27C _‚I PI „J2
0 y

_ eitul61pox)—1] dpdw
”3 1 im l ‚. 10,=12—1(—Mann/1 (y)
„1 211

„1191111121111 ”(1(1) dp
l 1(1) ä ‚. ..

„ A10]

+—2R i
(77:) (1)010} (y)

_ e iw[6(p.x1—f] PI 37.

(im—1...
F2

+
1 1.1) 1': „ 6

l2 —,_— 15011)L2

—7

TI

Äw’m* 6 Im A(1)*|: f „
I

1;} Itpol

Ä‘0’1y)

„€„0
/Un)
66P

H11 4'5t ‚ x1)
P1

P2
1111—01192, 1111]}. (51)

The first term in expression (51) is, 01 course, the
original WKBJ result, Eq. (45). The other terms are ob-
tained by evaluating the semi- infinite integrals by parts.
Only the lowest-order term is retained1higher-order
terms,inv01ving derivatives 0114“” and („6 can be ob-
tained by further integrations. It is easily seen that, to
lowest order, the end-point arrivals in the WKBJ seis-
mogram (45) are cancelled by the new terms in Eq. (51)
ln other situations we must consider the ease where
Ä‘°’(y ) and Ö have singularities, e. g square roüt at the
end points (Thomson and Chapman, in preparation).

Canonical problems

In this section we use the results frorn the last section
10 investigate some Of the eanonical problems described
earlier.
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a) Direct rays
The travel-time for typical direct rays is illustrated in
Fig. 4b. The slope of the curve is the horizontal slow-
ness p, Eq. (9), and the intercept is the time T, Eq. (30).
The Legendre transformation is illustrated in Fig.4c.
The slope of the curve, T, is —x and the intercept is T.
For a normal direct ray 6,2 T>0.

In evaluating the seismogram (45) we need

öp8=x—x(y). (52)

This function is zero for the ray parameter, pray, whieh
solves the two--point ray tracing problem, i. e. x: x(ymy).
At this point, the function Ö reduces to the travel-time,
i..e T(x)= Ö(pray, x)when x: x(yray). In constructing the
seismogram (45), we need to know the form of Ä‘°’(y)
and the shape of Ö(p, x), i..e the sign of 529: —Öp x, as

1:909, X)“ T(X)+1 539(P-Pray)2 (53)
Now Ö2T>O so the Morse index is zero and Ä‘0’(y)
real and ÖäÖ<O. The construction of the seismogram
reduces to (Fig. 4d)

„_i >|<
—

*
2/1290,)d>(t‚x)- zsnöoa) Ö‘i/W) 2(öPX)(T—t)]

=A<3>(x)<)50(r—T) (54)
using Eq (34) and Ä(t)* Mr): —7IH(t). This agrees with
ART, Eq. (5), but the exact evaluation of Eq. (45) will
include variations in Ä‘O (y) and (ö x) away from the
stationary point. This is an exampe where the alter-
native Cagniard form, Eq. (49), is simpler. Then

Ä‘f’w)
2(Öpx)(t — T)

2%
qb(t, x): —— c(t)*ö‚ [Ä(l)* —

7T

which reduces to Eq. (54). In this case öp (7+
imaginary below the saddle point.

is positive

b) Normal turning rays
The travel time for typical normal turning rays is illus—
trated in Fig. 5b and the Legendre transformation in
Fig. 50. For a normal turning ray, Ö2 T<0, so the
Morse indexlS unity and Ä‘°)(y)imaginary, and Ö2Ö>0.
Thus the construction of the seismogram reduces to
(Fig. 5d).

21 A<°>
(bo(t)*Ö‚(Ä(t)*

*l/_
22x)“22))

)‘po(t—T) (55)

using Eq. (34) and/1(t)*/”(t:) 7rH(t.) This agrees with
ART, Eq. (5), but the exact evaluation of Eq. (45) will
include variations in Ä(O)(y) and (öp x) away from the
stationary point.

For multiple turning rays, e..g PP, the Situation
changes as typically a caustic exists. If ö2Ö>0, i.e. nor-
mal, the Morse index is unity, but so is the KMAH
index. Ä‘0)(y) is real and opposite in sign to A(°)(x).
Hence the seismogram is

lt, 2 —.—<5( x) 2,71
:A‘f’(x

N __1_ * — 2Ä‘°’(y)
(15“: X)_ 25,14%“) Ö: (Ä(t)*

l/_ 2(Öpx

)(t—T))

= — Im [A‘f>(x)] (300 — T) (56)
agreeing with Eq. (5). As expected, we obtain the Hil-
bert transform of the direct pulse. As the final result
contains a Hilbert transform there is not much to
choose between Eqs. (45) and (49).

C) Reversed turning rays
For a reversed ray, a caustic exists. The KMAH index
is unity but the Morse index is zero (Ö2Ö<O) (Fig. 6)
Thus Ä‘0’(y) is imaginary and the seismogram is con-
structed

1 2 Im [Ä(f’(y)]
‚ 2 —_1— * Öt’l *d>(t x) 2.„ 450“) (t) 2(apx)(T—t)

: —Im [A<f>(x)] (130(1— T). (57)
As expected, we obtain the Hilbert transform. For a
multiple turning ray on a reversed branch, the KMAH
index is two and the Morse index zero. Thus we get

2Ä‘f’(y)
2(Öpx)(T—t)

wen—T). (58)
A‘0)(x) and Ä‘°)(y) have the opposite sign to A(°)(x0) so
the pulse is inverted. This is another example where the
alternative formulation, Eq. (49), may be advantageous.

1 _(Mr, x): ".7, (po(t)*a.((t)*
Z149“

d) Reflected and transmitted rays

Normally, unless caustics are present, the travel-time
curves for reflections and transmissions are as reversed
rays, Ö2T>O (Fig. 7). The amplitude functions, A‘°)(x)
and Ä‘°)(y), may be real (partial reflections) or complex
(total refleetions) With these generalities, we obtain

1 2Ä‘iWy)4m, x)_ —2—,; (50mm. Im [Am 2(apx)(T—r)]
= Re {A‘3’(x) cm — 7)} (59)

in agreement with Eq. (5)_. Note that the real part of
Ä‘O’(y) is convolved with ‚1(t), an awkward construction
wi+th two Hilbert transforms, whereas the imaginary
part is convolved with ‚1(t). The alternative construction
(49) is

122
—

<b0(t)*Öt’1(t)
TC

*{_
Re [A‘0’(

)l)
Im [A O’()l

)}
(60)

1/2( t)(— 1/2((öp x) T—t

and the real part ofpÄ‘f’(y))contributes off the real axis.

d)(t, x):

e) Critical rays and head waves
The head wave is caused by a square root singularity at
the branch point in a reflection/transmission coefficient
in Ä‘°’(y). Suppose this occurs due to a square root, qh,
contained 1n A‘°’(y) which is zero at p: ph (qh would be
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a slowness component perpendicular t0 the interface).
Then we define

lh=öp9(ph‚X)=x—x(ph) (61)
as the length of the head wave (xh:x(ph) is the critical
range). The arrival time of the head wave is (Fig. 8)

th=Ö(Ph‚ X): T(xh)+phlh‘ (62)

Expanding about the branch point, from Eq.(45) we
obtain (if lh>0)

„ 2 „ ä(i)
- a‚[/1(t)*(t—th)% + ZU) * (th — 0%]

Eöq„Ä‘f>(y>d>o(t—th>*H(t) (63)

l
€15“, X)2 —T

(where we ignore the constant part of Ä‘f’(y)) i.e. the
integral of the direct pulse. Note that in the final time
series in Eq. (45), points with p<ph contribute t0 t<th,
and p>ph t0 t>th. If lh<0 the Situation is reversed and
we obtain

1 „ 2Ph ä
(Nt, x): —5%—n (1500) * öt‘°)(Y) (T13)

° ö: [M0 * (th -t)ä + im * (t — um
=O.

Using the alternative formulation (49), the contribution
comes from the part of the contour C’i looping around
the branch cut, i.e. only if lh>0 and then only from
p>ph. Taking this contribution we obtain

2%
dm, x)= — 606)

7C

„ 2 ä 1* ö‚ [um * 6„A<,9>(y) (1—2’) (r 4m] (64)
h

which reduces to Eq. (63). Note that this construction
is more convenient as the result is not divided equally
between two terms, one of which has two Hilbert trans-
forms. Similarly for lh<0, we d0 not depend on the
cancellation of two equal and opposite terms.

The head wave, Eq. (63), is the integral of the direct
pulse and can be derived using first-order asymptotic
theory, i.e. A”’(x), as A(°’(x) is zero (Öerveny and Rav—
indra, 197l). At the critical point, xh, the head wave
diverges as lh=0. Both formulations, Eqs. (45) and (49),
remain valid in the neighbourhood of the eritical point:
the alternative formulation (49) is more direct. The re-
sultant waveform is presumably equal t0 the inverse
Fourier transform of the Weber function (Marks and
Hron, 1977) although this has not been proved directly.

f) Interference head wave
The travel times for the multiple refractions and the
reflection that contribute t0 the interferenee head wave
are illustrated in Fig. 9. The expression (45) can be used
t0 deseribe each ray and includes the phase ehanges
due to multiple turning points, etc. The refractions all
have an end—point at pzph. The aceuracy of summing
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all these ray contributions t0 model the interference
head wave has not been investigated in detail.

g) Airy caustic

The travel times for a caustic are illustrated in Fig. lO.
Essentially, we have a normal and reversed ray in close
proximity. The function 6 is approximately cubic

9(1), X)2Ö(pa‚ X)+la(lv-iva)-%Ö‚2‚x(iv-pa)3 (65)
where we define the distanee from the caustic

1a 2 X - X (pa) (66)
and the time

ta = 9(pa‚ X) = T(p„) + lapa- (67)
The seismogram is constructed from (Fig. 10d)

Im [Ä‘f’(y)]l
t 2 _T" N<1>< ‚x) zwcpoanötwn lapel

3%2ä
: —

(150(t —ra)7:

Im [Ä‘3’(y>1 21
——1— Ö C t, 7+1* (ab)? ‘ l 336,903] (68)

if Öäx>0. The funetion C(t‚ y) is
d2

C t : 1 69

and has been investigated in detail by Burridge
(1963a, b) and Stickler et al. (198l). It can be expressed
in terms of the complete elliptic integrals. Only three
distinct cases need be considered, C(t, i1) and C (t, O),
as 0thers ean be obtained by scaling (Fig. 10d).

h) Fresnel diffraction

The travel-time curves for a Fresnel shadow are illus-
trated in Fig. l2. It corresponds t0 a normal turning
ray with an end-point, p=pe. Defining the distance
from the shadow edge

lezx —x(pe) (70)

and the diffraction arrival time

te:Ö(pe,x):T(xe)+pele (71)
we obtain the seismogram (Fig. l2)

l
(NL x): "_— (peu)2%7r

* Im [Ä‘f’(y)] [2 —H(t —te)]
>]/—2(Öpx)(t—T)

zA‘fwxe) [wou—n—cbou—re)
Ä(I:)(te—T)ä* 27t(t+te—T)

:A(-(l-))(xe) CÜOÜ—te)

* _Ä(t)(te-T)%
2 7t(t + t9 — T)

* ö, (Mr)

] if le<O

if le>0. (72)
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If le =0‚ it reduces to half the geometrical amplitude,
Eq. (55).

i) Edge and point diffraetions
j) Interface diffractions
k) Gradient coupling
The extension of ART developed in the previous sec-
tions in no way models these signals. They require a
more complicated solution of the wave equation con-
taining more physics, e.g. the correct boundary con-
ditions. The kinematic properties of the first two signals
can be simulated by replacing the discontinuities by
high velocity gradients. As the interaction of the wave
with this gradient is not modelled, we can not expect
the amplitude to be accurate. The last signal can be
simulated by introducing small diseontinuities. Pro—
vided the gradient is fairly uniform this will be reason—
ably accurate, but if the curvature is large, zeroth-order
asymptotics will break down.

Smoothing

In the previous seetion we have discussed the oonstruc-
tion of various Signals. The time series involved have
singularities and for numerical purposes it is necessary
to smooth them. Chapman and Drummond (1982) have
discussed a suitable smoothed, rational approximation
for the eonvolution Operator, Ö‚A*. Various methods
can be used to smooth the other terms.

a) Box-car smoothing
The simplest method is to smooth the time series using
a simple box-ear, 2At long (so the spectrum is zero at
the Nyquist frequency). We denote the box-ear by B(t)
=2{H(t+l)— H(.t—1)} Then the smoothed seismo-
gram [from Eq. (44)]

d)(t‚ x) * B(t/A t)/At
1 00 „ B —ä A= —2—1;7;qso(t)*ö‚Im{A(t>*_lmA‘f>(y>—[3—At—V—gdp}

= 127-—171: d)o(t)*öIm[A(t)* j Ä‘f’(y)dp]. (73)
zeiAt

The final integral is evaluated over p--bands defined by
the solutions of t=Ö(p, x)-l_-At. As Ä‘°)(y) normally var-
ies slowly, the integrals are easily approximated.

The importance of this smoothing for any numerical
algorithm eannot be overemphasized. To evaluate
|ÖPÖ|‘1 numerically would be unstable. To evaluate
Eq. (73) numerically is simple and stable. Small features
in Ö(p‚ x) which may be due to numerical errors or ar-
tefaets, e g. velocity gradient diseontinuities in the mod-
el, do not affect the results unduly. Thus no inter-
mediate results need be caleulated more accurately
than the digitization and band—limiting requires. Cruder
numerical models can be used.

Expression (49) should be smoothed similarly, i.e.

d)(t, x) * B(t/A t)/At
2% „

_71'7 säen) * arm) * Im(A‘f3’(y) dp). (74)
t=0iAt

b) Attenuation

The ART ansatz only applies in no’n-attenuating media.
In general, attenuation must be included. The zeroth-
order term is then

d3‘0’(co‚
where we have included the simplest form of attenua-
tion. The function, t*(y)‚ is defined by

y)=Ä(O)(y) ei(y)—Iw|t*(y) (75)

s ds

i2Q(S)v(S)
where Q(s) is the quality factor. The result (44) is then
replaced by

t* (y) = (76)

(1)00)
l

(15“: X) =
_E

°O1Ä<j3
M; +gyz)t*(y)d]-00 — 2+t*2 (77)*ötlm[A(t)

where the integrand is the inverse Fourier transform of
e‘Iw"*. Unfortunately, this integral cannot be evaluated
analytically. If the attenuation varies little with ray pa-
rameter it can be factored outside the integral and in-
cluded in the previous result (45) as a convolution op-
erator. Otherwise the integral (77) must be evaluated
numerically.

The simple form of attenuation, Eq. (75), is acausal.
More complicated‚ dispersive, eausal attenuation mod-
els can be used but an analytic form for the inverse
Fourier transform may not be known.

C) Gaussian beam method
The Gaussian beam method is another technique for
smoothing the results and, in as much as it does not
correspond to any physical process, is more compli-
cated. The ansatz of ART is generalized to inclucle a
Gaussian weighting about the geometrical ray, i.e. T in
Eq. (30) is replaced by

T(y, Ö): T(Y)+%N(x‚ Ö) [x ->C(Y)]2 (78)
The function, N (x, ö), is a complex function. More de-
tails and references can be found in Madariaga (1984).
The parameter Ö is related to the beam width. Follow-
ing Madariaga (1984), ö is imaginary and as ö—>O‚
N (x, ö)—>0 and we have an infinite beam width. The
amplitude funetion is also modified, Ä‘O)(y, ö), and de-
pends on the beam parameter. Proceeding as bel‘ore
with the inverse transforms, we obtain

9b“: X): _—

°O Ä‘f’w, ö)* _500 Im i: —ä(p‚ x, 5)] dp' (79)
As Ö(p‚x,ö) is complex [derived from Eq. (78) in the
obvious fashion], we obtain a result not dissimilar to
Eq. (77) exeept that the integrand broadens away from
the geometrical ray parameter, i.e. the broadening is a
function of the reeeiver location. The parameter ö is a



smoothing parameter (ö‘1 relates to beam width). As ö
increases, the beam width narrows and only those ray
parameters Close to the geometrical ray contribute sig-
nifieantly.

A numerical model

In the previous section we have seen that small features
in the seismograms, i.e. eompared with Ar, are auto-
matically smoothed out in the expression (73). As a re-
sult, numerical diffieulties are avoided. Also two-point
ray tracing is not necessary t0 evaluate Eq. (73). There-
fore, we can use a simple interpolation method for ve-
Iocity in order to obtain efficient ray tracing. One
possibility is a veloeity distribution defined by linear
funetions in a sequence of triangles. Given the velocity
value at eaeh apex, a linear velocity function is un-
iquely determined in each triangle. In general, the ve—
Iocity is continuous across the edges of the triangles
but the veloeity gradient is discontinuous. The advan-
tage of a linear velocity function is that the ray path is
a circle. The method has been used by others (Will,
1976; Whittal and Clowes, 1979; Marks and I-Iron,
1980).

For simplicity we will only discuss a 2—dimensional
model. In 3-dimensions the velocity can be defined by
linear functions in a sequence of tetrahedra. Again, the
veloeity values at the Iour apexes uniquely define a lin-
ear function. ln each tetrahedron, the ray is restricted
to a plane and the solution is similar t0 the 2-dimen—
sional triangle. However, the geometry of the surfaces
between tetrahedra is considerably more complicated
and the ray plane may intersect the tetrahedron in a
three- or four-sided figure. We will not discuss these
complications here.

In each triangle, the linear velocity function can be
completely general. Nevertheless, we can always define
a local ‘vertical’ such that the velocity is a fqnction of
only one coordinate. We define a unit vector, j, perpen-
dicular to the plane of the ray (fixed) and then define a
BH seg of axes by local vertical and horizontal vectors,
k and i,

ilz—Vu/wm, 1:39:12. (80)
Along the ray, we define another set of RH axes,
A.n=up, fi1:j><fi. (81)

These vectors are illustrated in Fig. 16.
In each triangle, the local “horizontal” slowness (or

ray parameter) is conserved as the velocity funetion is
l-dimensional. To distinguish this from the true hori-
zontal slowness, p, and to indicate the triangle se—
quenee, we use a subscript S. Thus

I05: p 'is (82)
is the ray parameter in the s—th triangle. The ray path is
a eircle with radius

R5= l/m | 172251 (83)

and the centre lies at the interseetion of the veetors lils
and the line n5(z)=0. The intersection of a Circle with a
line reduees to a quadratic equation so it is straightfor-
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ps +I+dp5+1

Fig. 16. Neighbouring rays in the .s-th triangle and across the
s-th interface

ward t0 solve for the exit point of the ray. The 1reetors
[i1 and fi vary along the ray. We are really only in-
terested in their values at the entry and exit points, in-
dicated with and without a superscript dagger (+), eg.
[i]; and lils.

The travel time in a linear velocity function is well
known (Gebrande, 1976):

TS=[tanh‘1(fis - IgJ—tanh‘ 1m; - 115)] /| Vvsl. (s4)
Note that if a turning point occurs in the triangle, both
terms are positive.

In order to calculate the partial derivatives required
for the Jacobian (17), it is necessary to consider neigh-
bouring rays through the triangles and across the edges
(Fig. 16). We define the cross-section of the ray tube

da=doril (85)

and by resolving the cross-section in the local horizon-
tal direction we obtain

(10461573)“ =dcr;'(iii‚j ‘is)—1+dps((7psxs). (86)
The horizontal range and its derivative are

521171251 n S ü: r
1 ul (87)

“PSXSZWLA l‘iab arm-125)
„+2

+ “‘ ä A "‘ ' 8’?m: Uhr: ksil l l
On the s-th boundary at the exit of the s-th triangle we
need formulae to connect das and 0'033.11» and P5 and
l (Fig. 16). We define a unit veetor along the bound-
ary l5 (sign arbitrary). In the figure we have illustrated a
transmission, but the same notation can be used for re-
flections. The subscript 5 enumerates triangles and
boundaries along a ray, not speeific triangles.

The rays are connected across the boundary using
Snell’s law:

ü -1 *+ -I. I] .s s :
s++1

s
_ (88)

vs Us+l
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The cross-sections can be connected via the boundary
element:

dis=„d"f 1,:—‚—d‘5;:+is. (89)
lsilns ls ms+1

The formula to eonneCt dpS and dps+1 is somewhat
more complicated. From the definition of the ray pa-
rameter we have

.
75 l"l 0:19)d

dps:
_

2 (90)U US S

and similarly for d ps +1. From Snell’s law, Eq. (88), we
obtain

dfis-ls (ü, 1W,
vs v5

_dn::l is _(fi:+1 .+Sgdv:+1
(91)

vs+ 1 Us+ 1

These expressions can be simplified using

d fi : d n m (92)

and the veloeity differential eliminated using

dvsz [7195- dlsz —„ (93)

and similarly for (11):“. The final expression connecting
dps and das with dps+1 and du?“ can be written

65—: 1
=

Rs Ss Qs ds (94)

where we have defined a vector a:(d0, dp)T. The 2 x 2
matrices are

(lsk5+1)2 |l7vs+1lR zl, R :0, R =— a11 12 21
(15m:+1)20:+21

R _is+1'fils++1‚
22— A A 9

ls.rns+1

15-111:
5112fil—a 5122521:0‚ 52221; (95)

( lA<)2|l7vl
—17 —09 z" A S. AQll QIZ Q21

(ls ms)GS_ms)Ug

This separation is convenient as Q5 is calCulated in the
s-th triangle, SS at the s-th interface, and RS in the
(s+1)-th triangle. We write the propagation across the
s-th triangle as

„5:10; (96)
where

ms ‚Es T —1
TllzT—is’, lzm,

T21:0‚ T22:1' (97)

Thus the complete transmission through a sequence of
triangles can be written

anzTa—lsn —1Qn—— 1-R151Q1T10i° (98)

This system of equations can be used to find the deriv-
atives required for the Jacobians.

Conclusions

The generalization of ART described in this paper, par-
ticularly the result (45), has solved simply some of the
canoniCal problems. The result is not signifieantly more
compliCated to compute than normal ART as the same
kinematic, Eq. (13), and dynamiC, Eq (20), ray traCing is
required In fact, because two--point ray traCing is not
needed and small, numerical features are automati-
Cally smoothed out, Eq. (73), the result is easier to
compute than normal ART.

Expression (45) is valid for direCt and normal turn-
ing rays with any number of turning points, reversed
turning rays with any number of turning points, partial
and total reflections, and transmissions. For these sig-
nals, the result (45) reduces to normal ART [Eq. (5)
with n: 0] if the amplitude function, Ä(°)(y), is constant
and the phase function, Ö(p, x,) paraboliC. In as muCh
as expression (45) inCludes variations from this, it is
more accurate. It also remains valid at critiCal points,
Airy caustiCs and Fresnel shadows. In laterally homo-
geneous media, it describes head waves and Fresnel dif-
fractions accurately. They are generated by discon-
tinuities in the amplitude function at critiCal and end
points, respectively. In laterally inhomogeneous media
these Signals are described incorrectly both in time and
amplitude. ‘Head wave’ arrivals are obtained with con-
stant slowness as if the interface were plane through the
critiCal point. Fresnel diffraetions extrapolate the dis-
continuous wavefront with eonstant slowness without
regard to the inhomogeneous strueture through whiCh
the wave propagates. It remains an unsolved problem
to model these Signals in a general, straightforward fa-
shion.

It was not expeCted that the other canonical prob-
lems could be solved by a simple extension of ART. In
the case of interferenCe head waves, edge, point and in-
terface diffractions the boundary conditions are ob-
viously vital (and complicated). For gradient eoupling,
it is known from 1-dimensional experience that an iter-
ative rather than asymptotic solution is needed. Al-
though canonical problems can be solved, and com-
bined with ART, they are suffieiently complicated, par-
ticularly for elastodynamics, that they have not been
widely used. SeismiC modelling has progressed suf-
fiCiently that this Situation must now be reetified.
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Gaussian beam synthetic seismograms
V. Öerveny
Institute of Geophysics, Charles University, Ke Karlovu 3, 12116 Praha 2, Czechoslovakia

Abstract. Numerieal modelling of high-frequency seis—
rnic wave fields in complex, 2-D and 3-D, laterally
varying, layered structures by the summation of elasto-
dynamic Gaussian beams is diseussed. The main atten-
tion is devoted t0 the expansion of the wave field into
Gaussian beams, t0 the choice of initial parameters of
Gaussian beams in these expansions and t0 the eon-
struction of synthetic seismograms. The Gaussian beam
synthetic seismograms are regular even in regions
where the ray method fails, such as the eaustic region,
eritical region, etc. Due t0 the smoothing effects in-
volved in the Gaussian beam procedure, the method is
not too sensitive t0 the approximation of the medium
and t0 minor details of the model. Moreover, the meth-
od does not require two-point (source-to-receiver) ray
tracing. The evaluation of Gaussian beam synthetic
seismograms requires approximately the same amount
of computer time as the evaluation of ray synthetic
seismograms. The memory requirements are also ap-
p‘roximately the same. Numerical examples of Gaussian
beam synthetic seismograms for 2—D and 3-D structures
are presented. Various possible applications of Gauss-
ian beams t0 seismological problem of practical impor-
tance are outlined.

Key words: Seismic waves - Synthetic seismograms —
Gaussian beams

Introduction

The computation of high-frequency seismic wave fields
in laterally varying, layered, two-dimensional and three-
dimensional structures plays an important role in the
interpretation of seismic data. The application of ray
methods t0 this problem has been found very useful,
but it has certain restrictions, see Öervenjl (1985 a). Let
us mention three of these restrictions: (1) The ray meth-
od can be applied only t0 smooth media, in which the
characteristic dimensions of inhomogeneities are eon-
siderably larger than the prevailing wavelength of the
propagating wave. (2) The ray method fails in the vi-
cinity of some surfaees, lines or points, at which the ray
field is not regular (Singular regions). (3) The ampli-
tudes of high-frequency seismic waves evaluated by the
ray method are very sensitive t0 the approximation of

the medium and t0 minor details of the model (such as
artificial interfaces of a higher order, edges in interfaces
and small fictitious oseillations of the velocity function
introduced by the approximation of the medium).

The first limitation is very serious and cannot be
eliminated by any high-frequency asymptotic method.
In this paper, we shall assume that the medium is
sufficiently smooth. In order t0 eliminate the second
restriction, various modifications of the ray method
(local asymptotics) can be used. For example, let us
name the Airy modification in the eaustic region and
the Weber-Hermite modification in the eritical region.
In laterally varying media, however, the structure of
Singular regions may be rather complicated and the
Singular regions often overlap. For this reason, the ap-
plication of the above-named modifications becomes
eomplieated or even impossible and is only of limited
value.

Several new techniques t0 evaluate high-frequency
body-wave synthetic seismograms have been proposed
recently, which overcome partially or fully the difficul-
ties of Singular regions even in complex laterally vary-
ing structures. Let us mention the extended WKBJ
method by Chapman (1978), the Maslov asymptotie
theory (Chapman and Drummond, 1982; Chapman,
1985), the phase-front parabolic approximation method
(Haines, 1983, 198421, b), the Kirchhoff-Helmholtz meth—
ods (see, e.g., Sinton and Frazer, 1981, 1982; Scott and
Helmberger, 1983; Frazer and Sen, 1985, where many
other references ean be found), the method of multifold
Kirchhoff-Helmholtz path integrals (Frazer, 1983, 1985;
Sen and Frazer, 1985) and the method of Gaussian
beams.

In this paper, we shall mainly discuss the method
based on the summation of Gaussian beams. We shall
show that the method of Gaussian beams can now be
used routinely t0 evaluate high-frequency synthetic
body-wave seismograms for a broad Class of realistic, la-
terally varying, layered, two-dimensional and three-di-
mensional models. It yields considerably better results
in Singular regions than the ray method, n0 matter how
complicated the singularities are. M0reover, it is not so
sensitive t0 minor details of the model as the ray meth-
od. Nevertheless, many problems in the numerical
modelling of high-frequency seismic wave fields by
Gaussian beams are still open t0 further researeh.

The method of Gaussian beams is a powerful gener-
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alization of the ray method. It is based on the sum-
mation of Gaussian beams concentrated close to rays
traced from the source (or from an initial surface). The
amplitudes of Gaussian beams decrease exponentially
with the square of distance from the central ray (the
amplitude profile is Gaussian, i.e. bell-shaped). This is
the reason why these beams are called Gaussian. The
width and the curvature of the phase front of Gaussian
beams change along the ray due to spreading, diffusion,
reflection/transmissions and, possibly, dissipation. The
final equations for Gaussian beams are valid along the
whole ray, and Gaussian beams do not have any Singu-
larity at caustics.

Assume now that the receivers at which we wish to
evaluate synthetic wave fields are distributed regularly
or irregularly in some region D0 along the Earth’s
surface or along a vertical boundary of the model
(vertical seismic profiling configuration). For simplicity,
we shall consider here only the receivers along the
Earth’s surface; there are practically no differences be—
tween the two cases from the computational point of
View.

The Gaussian beam summation procedure is then
as follows:

a) As in the ray method, the complete wave field is
divided into elementary waves (reflected, refracted, con-
verted, etc.)

b) For each elementary wavev, initial value ray trac-
ing or interval ray tracing (see Cerveny, 1985 a) is per-
formed. The endpoints of the calculated rays must co-
Ver not only the region D0 with a sufficient density, but
also some vicinity of this region. The reason for this is
that a Gaussian beam concentrated close to a particu-
lar ray affects not only the wave field at the endpoint of
the ray, but also the wave field in some finite vicinity
of the endpoint. This may require the extension of
the aotual medium, if the receivers are distributed
close to the side borders of the model. The problem
may be simply overcome by evaluating the endpoints of
rays not only along the Earth’s surface, but also along
the upper parts of the vertical boundaries of the model.
In the whole procedure, two-point ray tracing is not
required.

c) Dynamic ray tracing is then performed along the
computed rays with endpoints in the region D0 or in its
Vicinity. The whole fundamental matrix of the linearly
independent solutions of the dynamic ray-tracing sys—
tem is determined.

d) The spreading-free amplitudes are evaluated.
e) The endpoints of rays, together with the results

of the dynamic ray tracing, spreading-free amplitudes
and some other quantities, all specified at these end-
points, are stored in a file. The procedure is repeated
for all elementary waves under consideration.

Once this file with the endpoints information for all
elementary waves is available, the contributions of
Gaussian beams conoentrated close to individual rays
can be determined at any point of the region D0. The
final synthetic wave field at a receiver situated in region
D0 is then obtained as a weighted superposition of
those Gaussian beams which are situated Close to the
receiver. The remote Gaussian beams need not be con-
sidered in this superposition.

Note that the same file can be used to evaluate
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synthetio seismograms by the paraxial ray approxima-
tion approach and by some other high-frequency meth-
ods similar to the Chapman-Maslov method, etc.

In this paper, we shall discuss only the most impor-
tant physical concepts of the Gaussian beam method.
In most cases, we shall not present any equations; the
necessary mathematical background can be found in
papers listed in the references. For the most general
case of three-dimensional, laterally varying, layered
struotures, see the detailed treatment in Öerveny
(1985b).

Gaussian beams

There are several approaches to derive Gaussian
beams. We shall describe some of them here.

The first approach is based on the application of
the parabolic wave equation method. The fact that the
high-frequency part of the seismic energy propagates
mostly along rays has been well-known; see Aki and
Richards (1980), p. 128. To study the waves which
propagate along a certain preferred direction, it is very
convenient to use the parabolic wave equation method
(Leontovich and Fock, 1946; Fock, 1965). The method
of the parabolic wave equation has been applied to
many wave propagation problems, such as radio waves,
acoustic waves and optical waves. For elastic waves, see
MCCoy (1977) and Hudson (1980). A detailed historical
survey of various applications of the parabolic wave
equation can be found in Tappert (1977). Let us men-
tion here the applications in the research of beam prop-
agation in random media, such as radars (in radio
waves), sonars (in acoustic waves), lasers (in optical
waves), etc. The parabolic wave equation method found
very important applications even in seismic prospect-
ing; see Landers and Claerbout (1972), Claerbout
(1976), Sutton (1984). The first to use this approach to
study the solutions of a wave equation concentrated
close to rays was Babich (1968). See also Babich and
Buldyrev (1972) and Babich and Kirpichnikova (1974).
The same approach was used by Kirpichnikova (1971a)
to investigate the high—frequency solutions of the elasto-
dynamic equation concentrated close to rays of body
waves. The elastodynamic equation can then be re-
duced to the parabolic equations for P and S waves,
which further yield the dynamic ray-tracing systems
and the transport equations for the amplitudes. The
dynamic ray-tracing system is obtained in the form of a
non-linear Riccati matrix equation, but it can simply be
rewritten into any other form well-known from the ray
method, see Öerveny (1985a, b). Contrary to the ray
method, where only the real-valued solutions of the
dynamic ray-tracing system are needed, the solutions
concentrated at the ray require the complex-Valued so—
lutions of the dynamic ray-tracing system. The simplest
solutions of the elastodynamic equation concentrated
Close to rays can then be identified as Gaussian beams.
Higher modes correspond to Hermite-Gaussian beams,
see Klimes (1983).

For the detailed derivation of elastodynamic Gauss-
ian beams by the parabolic wave equation method and
for the discussion of their properties in 2-D and 3-D
media, the reader is referred to Öerveny and Psenöik
(1983 a, b, 1984). For elastodynamic Gaussian beams in
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anisotropic media see Hanyga (1985a, b), for acoousti-
cal Gaussian beams see Babich and Popov (1981) and
for scalar wave equation Gvaussian beams see Cerven}?
(1981, 1982), Popov (1982), Cerveny et al. (1982).

The following approach to derive Gaussian beams
is based on the paraxial ray approximation. The para—
xial ray approximation can be generalized by allowing
the phase funotion (travel time) to be compleX—Valued.
More strictly, the travel time is real-valued along the
central ray of the beam and beoomes complex;valued
outside the central ray. This method is used by Cerveny
(1985b) to derive compact expressions for an arbitrary
multiple refleeted (possibly converted) elastodynamic
Gaussian beam in a general 3—D laterally varying laye-
red structure. The approach yields the same final equa-
tions as the parabolio wave equation method, but is
more straightforward.

As the travel time is eomplex-valued outside the
central ray of the beam, the corresponding rays in the
vieinity of the central ray can be interpreted as com-
plex rays. In this way, the Gaussian beams may be
understood as bundles of complex rays (Keller and
Streifer, 1971; Deschamps, 197l; Felsen and Marcuvitz,
1973; Felsen, 1976a). Both the positions of the points
along the ray and the ray-centred components of the
slowness vectors are compleX-Valued for complex rays.
The interpretation of Gaussian beams as bundles of
complex rays is Closely oonnected with the idea of
displacing a real source into a complex ooordinate
space (Felsen, 1976b, 1985; Ru-Shan Wu, 1985).

Alternatively, Gaussian beams can be obtained as
complex-valued solutions of the Hamilton-Jacobi and
transport equations (with a complex-valued eikonal).
Such solutions were studied in great detail by Maslov
and described in Maslov (1977). Maslov calls the meth-
od “the complex WKB method” and applies it to a
broad variety of problems of quantum physics, propa-
gation of narrow beams, etc. He shows that the method
can also be used to solve various problems of non-
linear equations. See also Klimes (l984b). A similar
method, based on ray expansions with a complex eiko-
nal, was used by Babich and Ulin (1981a) to find so-
lutions of the wave equation concentrated in the neigh-
bourhood of a Closed geodesic, and by Nomofilov
(1981) to find solutions of the general system of seeond-
order differential equations concentrated close to a
fixed ray. The results of Nomofilov are very general
and can be applied directly to various wave fields (an-
isotropic elastic media, magnetie hydrodynamics, etc.)
A similar method was also used by Babich and Ulin
(1981b) to find coneentrated wave packets (called “qua-
siphotons”) moving along spaee-time rays. The method
of Babich and Ulin was further modified by Katchalov
(1984) who used a more suitable ooordinate system
centred at the space-time ray.

Here, we shall eonsider the 3-D Gaussian beam as
the paraxial ray approximation with eomplex-valued
travel times. The details of the evaluation of the para-
xial ray approximation were explained in Öerveny
(1985 b). We shall, therefore, repeat the individual steps
only very briefly.

First, we evaluate the rays. We select one ray Q,
specified by ray coordinates yl, yz, introduee the ray-
centred eoordinate system ql, qz, q3=s eonneoted with

Q (where q3=s is the arc length along the ray Q) and
evaluate the travel time t(s) and the relevant polariza-
tion vectors along Q. The next step is to perform dy-
namic ray tracing along Q. Dynamic ray traoing is used
to evaluate the 2x2 transformation matrix Q(s) from
ray coordinates y 1, yz to ray-eentred coordinates q 1, qz,
QIJ:[ÖqI/Öyj]q1:qzzo (also called the matrix of
geometrical spreading), and the 2x2 transformation
matrix P(s) from ray coordinates yl, yz to the phase
space coordinates, i.e. the ray-centred eomponents of
the slowness veetor pI=Ö‘C/Öql,

PI]: [apI/ÖyJ]q1=Q2=O: [ÖZT/ÖqIÖyJ]q1=q2=O

(with I,J 21,2). In the Gaussian beam computations,
the matriees Q and P are complex-valued, whereas they
are real-valued in the paraxial ray approximation. This
is the most important difference of the paraxial ray
approximation.

If, however, we determine the whole fundamental
matrix of real-valued linearly independent solutions of
the dynamie ray tracing system, i.e. both the plane
wave and the point souroe solutions of the dynamic ray
tracing system, any eomplex—valued solution of the dy-
namic ray traeing system can then be simply evaluated
as a linearv eombination of the above two real-valued
solutions (Cerveny, 1985 b).

In the Gaussian beam approach, a basic role is
played by the symmetric 2 ><2 matrix M of the second
derivatives of the complex-Valued travel time with
respect to ray-eentred coordinates ql, qz, M1J
=[Özt/Öq,ÖqJ]ql=q2=0 (I,J=1,2), and by the 2x2
complex eurvature matrix K, K=vM, where v is the
veloeity. We can evaluate these matriees from Q and P,

M=v—1K=PQ—1. (1)
For Gaussian beams, we can write

M:ReM+iImM, ImM>0. (2)

(By ImM>0, we understand that ImM is positive de-
finite.) For ImM=0, the Gaussian beam reduces to the
paraxial ray approximation. However, if ImM>0 holds
at least at one point of the ray Q, it follows that
ImM>0 along the whole ray Q.

At any selected point of the ray, the matrix ReM
describes the properties of the phase front of the beam
and ReK is the eurvature matrix of the phase front.
Similarly, the matrix ImM describes the width of the
beam. The larger the width, the smaller Im M.

Matrix ReM(s) fully specifies the phase ellipse (or
phase hyperbola) which is given by the equation
nf [qT ReM(s)q]=1. Here f is the frequeney and qT
:(q1, qz). Along the phase ellipse (hyperbola), the tra—
vel time is constant and differs from the travel time 1(5)
on the central ray by (nf)‘1. Similarly, the matrix
Im M(s) specifies the spot ellipse which is given by the
equation 7rf[qT ImM(s)q]=1. The amplitude of the
Gaussian beam along the spot ellipse is constant and
equals e‘1A(s), where A(s) is the amplitude of the
Gaussian beam at the central ray. The phase ellipse
and the spot ellipse, as introduced above, are frequency
dependent; they are smaller for higher frequencies. Al-
ternatively, they can be introduced for some fixed fre—
quency, e.g. for f=1 Hz.
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The orientation of the phase ellipse is generally
different from the orientation of the spot ellipse. Gauss-
ian beams with a different orientation of the spot el-
lipse and phase ellipse are called astigmatic Gaussian
beams (Arnaud and Kogelnik, 1969). The Gaussian
beam is called the Gaussian beam with a simple astig—
matism at s=sO if the phase ellipse and the spot ellipse
have the same orientation at 5:50. For the Gaussian
beam which is stigmatic (circular) at s=s0, we can
write

M<s0)= [v-1(so)Ko+—„—27] 1, (3a)
0

where 0(80) is the velocity at s=s0 and KO and LO are
real constants. They determine the curvature of the
phase front and the width of the circular beam at 5:50,
for the frequency of l. Thus, the Gaussian beam,
Circular at 5:50, is fully specified by two parameters,
K0 and L0. In a laterally inhomogeneous medium, this
beam immediately becomes astigmatie at s=l=sO due t0
inhomogeneities.

For a general astigmatic beam, the matrix M is
specified at any point of the ray Q by six real-valued
quantities: two principal curvatures of the phase front,
two principal widths of the Gaussian beam and two
angles which determine the orientation of both prin-
cipal directions. Thus, the system of Gaussian beams
connected with any 3-D ray Q is six-parametric.

The final expression for the displacement vector of
the Gaussian beam concentrated close t0 the ray Q is
formally the same as the relevant expression for the
displacement vector of the paraxial ray approximation
(Cerveny, 1985a, b). The spreading-free amplitudes are
identical, only the real-valued geometrical spreading is
replaced by the complex-valued geometrical spreading
(det Q)‘ 1/2. Contrary t0 the ray solution, the expression
detQ does not vanish at any point of the ray in the
case of Gaussian beams. The Gaussian beams are regu-
lar along the whole ray, including the caustic points.

Even in the case of Gaussian beam computations, it
is again convenient t0 evaluate a file of elementary wave
quantities, asv in the ease of the paraxial ray compu-
tation (see Cerveny, 1985a, b). The file contains the
same quantities as in the case of the paraxial ray ap-
proximation. It must, however, contain both real-va-
lued solutions of the dynamic ray tracing system (the
whole fundamental matrix), i.e. the plane-wave solution
and the point-source solution. Even if we are consider-
ing only a point source in our computation, the plane-
wave solution of the dynamic ray tracing system must
also be evaluated. The evaluation of the second linearly
independent solution of the dynamie ray tracing system
takes only a small fraction of the computer time re-
quired for the whole computation. Hence, we can say
that the evaluation of the Gaussian beam requires ap-
proximately the same amount of computer time as the
evaluation of the paraxial ray approximation.

In many applications, it is appropriate t0 use 2-D
Gaussian beams. Let us assume that the model does not
depend on one Cartesian coordinate, e.g. on the 000r-
dinate x2. Consider the rays situated in the plane
x2 20. We select one ray Q. The ray is fully specified by
one ray parameter, say y (e.g. the take-off angle at the
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source). This parameter is the ray coordinate. The ray-
centred eoordinates q, are introduced in such a way
that q2 coincides with x2. We shall now consider
Gaussian beams infinitely broad in the x2 direction and
call them 2—D Gaussian beams. All the above equations
remain valid in the case of 2-D Gaussian beams, only
the 2 x 2 matrices P, Q, M, K are replaced by scalars P,
Q, M, K, corresponding t0 the upper left elements of
corresponding matrices. See Öerveny (1985b) for de—
tails. Any 2—D Gaussian beam concentrated close t0 Q
is then specified at any point s=sO of Q by two real-
Valued quantities, Re M (so) and Im M (so). Instead of
Re M(so) and Im M(sO), we can again use K0 and L0,

iM(so)=Re M(so)+i Im M(sO)—-—v‘ 1(so)
K0+n—LT. (3b)

KO and LO are the phase-front curvature and the beam-
width of the 2-D Gaussian beam at 5:50 in the plane
x2=0, for a frequency of 1 Hz. Let us again emphasize
that Eq. (3 b) specifies a 2-D Gaussian beam, infinitely
broad in the x2 direction, not the circular beam as in
Eq. (3 a).

Summation of Gaussian beams

In the Gaussian beam method, the high—frequency so-
lution of the elastodynamic equation for any elementa-
ry wave is obtained by summation of Gaussian beams.
This expansion of the high-frequency wave field into
solutions concentrated Close t0 rays was first suggested
by Babich and Pankratova (1973). Asymptotic expan-
sions of the 3-D wave field, generated by a point
source, into Gaussian beams were derived by Popov
(Katchalov and Popov, 1981; Popov, 1982). Eor the
2- Dwave field generated by a line source, see Cerveny
et al. (1982) and Müller (1984). For the expansion of a
plane wave into Gaussian beams, see Cerveny (1981,
1982)

A more general approach t0 derive the expansion
equations of a high-frequency wave field into Gaussian
beams was used by Klimes (1984a), who applied the
approach t0 a scalar 3-D wave field given on an arbi—
trary smooth initial surface. A similar approavch was
applied t0 a vectorial 3-D wave field by Cerveny
(1985b), where various asymptotic expansions for an
arbitrary multiple reflected (P, S or converted) elemen-
tary wave are derived. We shall present, without deriva-
tion, one of these general expansions. The expansion is
applicable t0 different types of wave fields: for the wave
field generated by a point or line source, for the wave
field specified at an initial surface of arbitrary shape, at
some wavefront, at the Earth’s surface, at an exploding
reflector, etc.

We denote the displacement vector of an elementa-
ry wave, evaluated at any point S by the Gaussian
beam method, by üG(S). The general expansion formula
can then be written in the following form:

üG<S> = 55 Mm m0,) exp (was, 0.)] d2 y. <4)
Here yl, yz are the ray parameters, e.g. the take-off
angles in the case of a point source or the eurvilinear
coordinates along the initial surface. The integration is
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over the ray parameters and a) is the circular frequency.
Each set of ray parameters 321, 322 Specifies one central
ray and relevant Gaussian beam concentrated close to
this ray. Point 0S is the orthogonal projection of the
point S on to the ray specified by the ray parameters
321, 322. ÜN(OS) is the vectorial complex-valued
spreading—free amplitude at the point 0,1(S, OS) is the
Gaussian beam oomplex-valued travel time at S. In ray-
Centred coordinates,

I(S‚ OS)=I(OS)+%qTM(OS)q‚ (5)
where qT=(q1,q2), q1 and q2 being the ray-centred
coordinates of point S. The weighting function (PN is
given by the relation,

@N(v‚)=22 |detQ“(0,)|“2
TC

' {-det[M(OS)-MR(OS)]}“2‚ (6)
with

Re { — det[M(Os) — MR(OS)]}1/2 > 0. (7)

In Eqs. (5)—(7), the quantity I(OS) denotes the real-
valued travel time at OS, evaluated along the ray speci-
fied by ray coordinates y1,y2. M(OS) is the complex-
valued matrix of the second derivatives of the complex
travel time, corresponding to the Gaussian beam con-
centrated close to ray y 1, yz.

Matrix M(Os) is influenced by the choice of initial
parameters of Gaussian beams used in the evaluation
of Eq. (4). Matrices MR(O) and QR(O) have similar
meaning to M(O) and Q(O) and are again evaluated
along the ray yl, yz. They are, however, real-valued and
characterize the paraxial ray approximation of the ray
tield under consideration, not a Gaussian beam. For a
given ray field (e..g corresponding to a point souroe),
MR(OS) and QR(OS) are fully specified at any point OS of
the ray yl, 322. They are not influenced by the choioe of
initial parameters of Gaussian beams used in the ex-
pansion (4).

The evaluation of all quantities in expansion (4) is
easy. The only numerioal problem consists in the evalu-
ation of points OS, i.e. the orthogonal projections of S
on to the individual rays. This step would require all
computed rays to be stored. Expansion (4), however,
remains valid even if OS is not the projection of S on to
ray Q, but if OS is an arbitrary point on Q, situated
close to S. The only equation which must be slightly
modified in this case is the equation for T(S,Os). For
details, see Cerveny (1985a, b). Note that the coor-
dinates of points OS and S may be specified in Car-
tesian ooordinates in the final expansion integrals. In
most of these computations, we consider points OS to
be the endpoints of rays along the Earth’s surface.

The expansion equation, Eq. (4), was derived using
Gaussian beams. Strictly speaking, however, it is not an
expansion into Gaussian beams. The complex-valued
geometrical spreading factor from the expression for
Gaussian beams was introduced into the expression for
the weighting funotion, where it was oancelled with
some other factors. For simplioity, we shall continue t0
refer to Eq. (4) as the expansion into Gaussian beams.

In two-dimensional computations, we obtain,

lAIG(S)= l C15N(v)ÜN(Os)141%(05) GXP [i(S‚ 05)] dv- (8)

Here y is the ray parameter, ÜN(OS) is the spreading-
free amplitude which is praotioally the same as in the
3-D case (it may differ from it only by some souroe
factors, taken at OS). Function T(S‚Os) can also be
evaluated in a standard way. Function Ll(OS) is the
transverse spreading.

Eor
a line souroe, L1(05): l; for a

point souroe L1(05): j v(s)ds/v(00)‚ Where the integral
00

is taken along the ray from the souroe 00 to the end-
point O. These expressions for Ll(O) follow from gen-
eral equations for more complioated situations, derived
by Cerveny (1985 b) GNU») again denotes the weighting
funotion, giyerbby the following relation,

l

M1): (3)1QR(0,)I“227:

'{-i[M(05)-MR(OS)]}1/2‚ (9)

with

Re{—i[M(Os)—MR(OS)]}1/2>O. (10)

The quantities M, MR and QR are the scalar equiva-
lents of matriees M, MR and Q“.

Let us emphasize one important point regarding the
asymptotio expansions in Eqs. (4) and (8). They are
applioable to any orthonomio system of rays, whatever
the souroe of the wave field. The properties of the
aotual ray field under oonsideration are hidden in mat-
riees QR(O ),MR(OS), and in the spreading-free vectorial
amplitude ÜN(Os.) For example, for a point souroe,
ÜN(O )contains the radiation pattern of the souroe.

Discrete expansions

If the integrands of the expansion integrals in Eqs. (4)
and (8) are sufficiently smooth for given S and a), the
integrals may be evaluated by numerical quadratures.
In this way, we obtain the discrete expansion of the
wave field into Gaussian beams. The wave field at the
receiver point S is obtained as a weighted superposition
of eontributions, corresponding to individual beams
passing in the neighbourhood of the reoeiver. The
Gaussian beams corresponding to remote rays have no
substantial effect on the result at the point S and need
not be considered.

The discretization error was investigated by Klimes
(1985). The relative average quadratic error 5(2) over
some region Z oaused by the discretization of Eqs. (4)
or (8), may be defined by the following formula:

:{5 |üG<S>— üG
Z

S)2|)dZ/j IüG(S),|2d2:}1/2

where üG(S) is given by Eq. (4) or (8), üGD(S) denotes
the discrete version of üG(S). To be brief, we shall
consider only the 2-D expansion, Eq. (8). The error 6(2)
is closely connected with the real-valued non-negative
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quantities 162(08),

K2 (0,) = n'f(A W [QR(OS)]2
' {[Re M (OS) — MR (05)]2 [Im M (0.)] *1
+ Im M(0,)}‚ 0,62, (11)

where A3) is the discretization step in the ray parameter
y, f is the frequency and the other quantities have the
same meaning as in Eq. (9). Generally, the error 6(2) is
greater for greater values of K2. For K2 fixed, the error
is a minimum if the quantities Ay, QR, MR, M, UN, Ll
are approximately constant over Z and is greater if
these quantities vary considerably from beam to beam.
We shall present the relations between the error 5(2)
and K2 given by Eq. (11) in two extreme canonical
cases, see Klimes (1985):
A a) The regular case. The quantities A32, QR, MR, M,
UN, L1 are assumed to be constant for all beams and
Z—>(— oo, oo). Then Ö(Z)=ÖREG(Z), where

5REG(2)=VE exp(—7c2 K— 2).

We may also define the relative maximum error in this
case:

55334€): 12161}{lüG(S)-IAIGD(S)|/IIAIG(S)|}.

Then we obtain

öäää(2)=2 exp(_„2 K- 2).
b) The irregular case. The amplitude ÜN is constant

and non-zero only in the elementary interval of the size
of the discretization step A)! and zero outside it. Such a
case simulates a region with sharp changes of ampli-
tudes, e.g. the boundary between the shadow and illu-
minated zones. The relative average quadratic error
may, under some conditions, be approximately evaluat-
ed. It is, of course, considerably larger than ÖREG(Z) and
is given by the relation

ÖIRREG (Z) : ‚(Z/(4 V5).

In practical computations, it may be useful to keep
the quantity K2(Os) fixed, or at least under some limit.
For a given K2(OS)‚ the error lies roughly between
ÖREG(Z) and ÖIRREG(Z).

For K2 fixed, relation (11) offers very useful possibi-
lities to control certain important quantities, e.g. Ay or
Im M (OS):

1) If the frequeney f and the quantities QR, MR,
ReM and ImM are given, Eq. (11) may be used to
evaluate Ay. This possibility represents some sort of
interval ray tracing, in which the discretization step A3)
is automatically determined from the local parameters
of the ray field at the endpoints 0, of the ray [QR(OS)
and MR(Os)] and from the properties of Gaussian beams
at Os[ReM(OS) and Im M(OS)].

2) If Ay, f, QR, MR and ReM(Os) are given or
properly chosen, Eq. (11) may be used to evaluate
Im M(Os). See Eq. (17).

3) Im M (OS) may be also determined from Eq. (11)
by minimizing K2(Os), i.e. by minimizing the discreti-
zation error. See Eq. (14).
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There are also several other possibilities of how to
exploit relation (11).

For 3-D media, all the expressions are similar to
those presented above, but the scalars must be replaced
by matrices. For other details, see Klimes (1985).

Gaussian beam synthetic seismograms

The time-domain equivalents of Gaussian beams are
wave packets; see Babich and Ulin (1981b), Cerveny
(1983). Wave packets propagate along rays and are
firmly tied to them. If the source-time function is given
by the Gaussian envelope (Gabor) Signal,

seXP { — [znfM(t _ to)/l’]2}
- cos [27t(t—t0)+v], (12)

where fM‚ t0, y and v are some real-valued parameters,
the wave packets have a Gaussian envelope both in
time and spaee. These packets are then called Gaussian
packets (or Gaussian envelope packets). Similarly, if the
source-time function is the Dirac delta function, the
wave packets are called delta packets. The getailed
expressions for wave packets are given in Cerveny
(1983, 1985b).

As with ray synthetic seismograms, Gaussian beam
synthetic seismograms can be evaluated by three ap-
proaches: (a) by direct summation of wave packets, (b)
by the frequency-domain approaeh and (c) by the con-
volutory approach.

In the first approach, based on the summation of
wave packets, two summations must be performed: the
first summation is over elementary waves and the sec-
ond over the wave packets forming the elementary
wave. Only wave packets which propagate along the
rays situated in the Vicinity of the receiver need to be
considered. The wave packets propagating along re-
mote rays need not be considered. Nevertheless, the
number of wave packets in the Gaussian beam ap-
proaeh is considerably larger than the number of ele-
mentary seismograms in the ray synthetic seismogram
evaluation. For this reason, the first approach is usually
more time consuming than the frequency-domain ap-
proach, where we can again use the vfast method to
evaluate the frequency response (see Cerveny, 1985a).
The convolutory approaeh, supplemented by some
smoothing procedures, is very useful and efficient in the
case of the summation of paraxial ray approximations,
with real-valued travel times (see Chapman, 1985). It
seems that the approach is not so efficient in the
Gaussian beam approach, where the complex-valued
travel times must be considered. The subject is, how-
ever, open for further research.

Choice of initial parameters
of Gaussian beams in the expansion

There is some degree of freedom in the expansion for-
mulae, Eqs. (4) and (8), as the parameters of Gaussian
beams used in the expansion [represented by matrix
M(Os)] may, to some extent, be chosen arbitrarily.
Moreover, they can be specified at different points of
the rays, as dynamic ray tracing can be used to re-
calculate M from one point of the ray to another.
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The most straightforward way is to choose M di-
rectly at the endpoint OS of the ray. Equations (4) and
(8) can then be used direotly. Another possibility is to
speoify M at the source (or at the initial surface). In this
case, we must recalculate M(OO) to M(Os)‚ using the
fundamental matrix of linearly independent solutions of
the dynamic ray tracing system. We oan also specify M
at any other point Q of the ray, e.g. at a point of
reflection/transmission at an interface. Again, M(Q)
must be recalculated to M(Os) using the fundamental
matrix. The possibility of specifying M at an interface
is very promising for certain applications.

We shall now discuss the problem of choosing ma-
trix M. In 3-D computations, we have six free real-
Valued parameters at our disposal. In regular ray re-
gions, the expansion integrals yield the ray solution.
The value of the integral does practically not depend
on the choice of M(OS) in this case. The behaviour of
the asymptotic expansions (4) and (8) in Singular-ray
regions is, however, more complioated. The value of the
integrals there depends on the choice of the initial
parameters of Gaussian beams.

The freedom in the choice of the initial parameters
of Gaussian beams not only has certain advantages but
also disadvantages. The advantage consists mainly in
the generality of the presented expansion formulae.
Many of the presently available high-frequency modifi-
cations of the ray method are in fact special cases of
these expansions. These special cases may be very con-
venient in some situations, e.g. for roughly vertically
inhomogeneous media, but may fail in some other si-
tuations. On the contrary, the Gaussian beam method
may be adapted to various situations merely by the
proper choice of the initial parameters. The disadvan-
tage is that the optimum choice of the initial parame-

\ters (which would yield results of the highest accuracy)
is not yet fully known.

The proper choice of the initial parameters of
Gaussian beams in the expansion equations has been
investigated mostly by numerical comparisons with
more accurate or exact solutions (reflectivity, finite dif-
ferences, integral equations, etc.), or by the application
of the reciproeity principle. In practically all compu-
tations, considerably better results were obtained by the
summation of Gaussian beams than by the ray method.
Several useful recommendations regarding the choice of
M(Os) have been made. It was found that for media
which are roughly one-dimensional (only vertically in-
homogeneous, radially symmetric) and in which the
velocity changes only smoothly, the most accurate re-
sults are obtained with broad Gaussian beams. In this
case, the Gaussian beam method yields results almost
identical to the results obtained with some other meth-
ods, which use ImM—-—0 (extended WKBJ, Maslov
method). The computations with Gaussian beams, how-
ever, are more stable and suppress various spurious
arrivals typical of the case of ImM=0. They do not
fail at p-caustics. Moreover, the number of rays needed
in the expansion may be oonsiderably smaller than in
the case of ImM=0. See the example in the next
section.

As soon as some more pronounced lateral varia-
tions appear in the medium, the choice of very broad
Gaussian beams is not the best. The Gaussian beam

method, however, may still be able to handle such
situations. As an example, we shall consider the waves
reflected from an interface with an edge. In principle,
the Gaussian beam summation method oan then not be
applied. Nevertheless, it was shown both analytically
and numerioally that the results are satisfactorily ac-
curate if the Gaussian beams used in the expansion are
rather narrow in the vicinity of the edge. For details,
see numerical example 5. A similar conclusion is valid
even for other conspicuous inhomogeneities on which
the Gaussian beams must be “focused”.

The optimum choice of matrix M in the expansion
equations, which would minimize the error, is now the
subject of investigations. It is obvious that such a
choice will depend on the whole history of each ray
and on the velocity distribution in the immediate Vi-
Cinity of the ray (mainly on the velocity gradients).

The optimum choice of ReM and ImM will be
shortly discussed at the end of this section. Here, how-
ever, we shall describe a very stable choice, which can
be used quite automatically. We assume that the re-
ceivers are distributed along the Earth’s surfaoe and
that the file oontaining all necessary quantities at the
endpoints of rays along the Earth’s surfaoe is available.
We shall specify Re M and Im M at the endpoint OS of
the central ray of the beam. We consider models with a
curved Earth’s surface and with velocity gradients (both
vertical and horizontal) varying along the Earth’s sur-
face.

A) Choice Of Re M
It is very convenient to choose Re M(Os) in such a way
as to obtain zero second derivatives of the travel—time
field along the Earth’s surface Z in the vicinity of the
endpoint OS. This will remove some oscillatory func-
tions from the expansion integrals and will yield more
stable results. This choice yields Gaussian beams with
effective plane phase fronts (not with actual plane phase
frontsl). We shall call this choice the eflective plane
phase front choice; its mathematical form is as follows:

ReM(Os)——— —G-1[u-1 cos9D+E](GT)-1. (13)
Here .9 is the “angle of incidence”, 05927:, i.e. the
angle between the vector tangent to the incident ray
and the normal to Z at OS, v=v(Os) is the velocity of
the incident wave at OS. Matrix D denotes the 2x2
curvature matrix of Z at OS. G is the 2x2 upper left
corner submatrix of the 3x3 transformation matrix
from ray-centred (51:) to the local Cartesian coordinate
system (zi) at Z at OS, with Z3 measured along the
normal to Z. Finally, E is a 2 x 2 matrix which specifies
the velocity gradients in the vicinity of OS. If the me-
dium is homogeneous at OS, then E=0, the null matrix.
The symbol T denotes the transpose. More details and
precise specification of the individual matrices oan be
found in Öerveny (1985b). If the effective plane phase
front choioe, Eq. (13), is applied, the actual phase front
of the Gaussian beam under consideration is generally
curved at OS. Only if a plane Earth’s surfaee (D=0)‚
overlying a homogeneous layer (E=0)‚ is involved, the
effective plane phase front choice yields the true plane
phase front of the Gaussian beam [Re M(Os)=0].
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Fig. 1. The 2—D laterully varying Earth’s crust model Zurich.
used for the computation of several numerical examples in
this paper. The bald lines denote interfaees. the {hin lines the
isolines of veloeity. The shot points (SP) are situated at
x=20 km, x=170 km, x=320 km and x:470 km
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Fig. 2. Amplitude-distance eurves of the PP wave reflected
from the intermediate crustal interface in the model Zurich,
SP=320 km (see Figl) eomputed by the summation of
Gaussian beams. The vertieal component of the displacement
veetor is eonsidered. The numbers marking the curves denote
frequeneies (in Hz). In the rop diagram, the effective plane
phase front option, Eq. (l3), for ReM(O_„.) was used. The
hartem diagram eorresponds to plane phase fronts [ReM(OS)
=0 s/kmz]. In both Gases, Im M(OS)=0.001 s/km2, i.e.
L0 : 1?.8 km

To demonstrate the application of the above Option,
we shall use the 2-D laterally varying Earth’s crust
model Zurich, described in detail in Öerveny (198521).
The model is shown in Fig. 1. The interfaces are
shown as bold lines, the thin lines correSpond to
the isolines of veloeity. Note that the gradients of ve-
locity (both vertieal and horizontal) are rather high and
vary eonsiderably along the Earth’s surfaee. We shall
not investigate here whether the validity eonditions are
fulfilled in our computations, we are just interested in
whether our Gaussian beam algorithm yields stable
resulis. even lor regions with larger veloeity gradients.
We shall eonsider the shot point SP=320 km. In Fig. 2.
the amplitude-distance eurves for the vertieal com-
ponent ol the wave reflected from the intermediate
crustal interfaee are shown. In the upper part, the effec-
tive plane phase front ehoiee. Eq. (13)., for ReM(OS)
was applied. (As the computations are two-dimensional,
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M(OS) is not a matrix but a sealar.) The amplitude-
distanee eurves eorrespond to five frequeneies, f:1‚3‚
5, 7, 9Hz. The maxima of the amplitude-distance
curves are shifted beyond the eritical point which is
situated at ‚31:23:85 km. The smaller the frequency, the
larger the shift. The Iower pieture Shows the amplitude-
distanee eurve for the same wave and frequeney
f—-5 Hz, evaluated with the Choice Re M(OS)=0, i.e.
with the actual plane phase fronts at the endpoints of
rays. As we can see, the eurve is very unstable. Note
that ImM(OS) was taken t0 be eonstant, equal to
0.001 s/kmz, i.e. L0:17.8 km.

The effeetive plane phase front ehoiee (13) for Re M
may also be used in a slightly modified forrn at the
source. This ehoiee then yields the WKBJ initial con-
ditions, discussed in detail by Madariaga (1984).

B) Choice Of Im M
This ehoice specifies the width of Gaussian beams. For
Im M=0, there is no Gaussian windowing. In Iaterally
inhomogeneous layered structures, Gaussian windowing
is always useful (although small windowing is often
sufficient) as it inereases the stability of the compu-
tations considerably.

Very stable results have been obtained by the op-
tion which minimizes the discretization error, caused by
replacing the eontinuous expansion into Gaussian
beams by a discrete expansion, see Eq. (11). In 3-D media,
it can be expressed as follows:

Im M(0.)= {[M“<O.)— Re M(Os)]"}“2- (14)
In Eq. (l4), the square root of a positive-definite sym—
metric matrix A=(MR—ReM)2 is a positive definite
symmetric matrix B sueh that BB=A.

We shall generalize this option slightly.

Im M105):C{[MR(Os)-RCM(Os)]2}l“i2‚ (15)
where C is a positive constant elose to 1.

Note that Option (15) has a very interesting proper-
ty. If Eq. (15) is valid at the endpoint O5 of the ray Q,
we obtain, under certain conditions speeified in Öer-
venj/ (1985 b), the following relation:

05
tan f vtr[ImM(s)]ds=2C(1— C2)“. (16)

00

Here tr [Im M(s)] denotes the trace of matrix Im M(5)
and the integral in Eq. (16) is taken along the ray 52.
The integral is small for Gaussian beams which are
globally broad (between points O0 and 05) and Iarge
for Gaussian beams whieh are globally narrow. Thus.
condition (15) yields globally narrow Gaussian beams
for short rays and globally broad Gaussian beams for
long rays. The most stable results are obtained if C is
elose to 1.

Option (15) leads to stable results, even if it is
applied to refracted waves evaluated both in the im-
mediate vieinity of the souree and at Iarger epieentral
distanees. If we ehose ImMzeonst.. the strong wave
field of the refraeted wave elose to the souree would
influenee the whole seetion and would yield very strong
spurious arrivals. For those elementary waves whieh all
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Fig. 3. Amplitude-distance curves of the P refracted wave in
the first layer for model Zurich, SP:320 km (see Fig. l)
computed by the summation of Gaussian beams. A frequency
of 5 Hz is eonsidered. In the lOp diagram, Im M (OS) is selected
according to Eq. (l4); in the bottom diagram, Im M(Os) is
eonstant and equal to 0.001 s/km2 (L0:17.8 km). In both
cases, ReM(OS) is determined from Eq. (13)

have rays of approximately the same length, option (15)
is, of course, not so critical; ImM may be taken con-
stant. This applies, e.g., to all elementary reflected
waves from deeper interfaces, see Fig. 2.

Let us present an example. In Fig. 3, the amplitude-
distance curves of the wave refracted in the first layer in
2-D model Zurich, SP=320 km, are presented. The up-
per picture corresponds to option (14), the lower option
\is computed with eonstant Im M20.001 s/kmz, i.e.
L0 ——— 17.8 km. (Again, M is a scalar quantity, as the com-
putations are two-dimensional.) The strong wave field
Close to the source contaminates the weak wave field at
large distances in the second case. The choice of con-
stant ImM then yields unstable results. Both curves
correspond to a frequency of 5 Hz. The effective plane
phase front choice was used to determine Re M (OS).

In some situations, it may happen that MR(OS)
—ReM(OS) vanishes. In this case, option (15) would
yield Im M(Os)::0, which does not represent a Gauss-
ian beam. But some Gaussian windowing is always use-
ful. For this reason, it is suitable to modify Eq. (15) in
the following way:

Im M(Os) = C {[MR(OS) — RC M(Os)]2 + Arznin}1/2‘ (15’)

Here Amin is some optional real-valued symmetric posi-
tive-definite matrix, which specifies the lower bound of
Im M(Os). (It may also be useful to consider an upper
bound for Im M(OS) in Eq. (15’), as MR(OS) is infinite at
caustic points.)

Generally, the above choice of Im M(Os) yields very
stable results. It is, however, not the Optimum choice in
the sense of minimizing the error of computations, but
it offers a useful compromise. For roughly vertically
inhomogeneous media, more accurate results are usual-
ly obtained with lower Im M(Os) (broader Gaussian
beams) than suggested above. In this case it may be

useful to choose the Gaussian beams as broad as possi-
ble, but so that K2, given by Eq. (11), related to the
discretization error, does not exceed some limit. For
simplicity, we shall again present the final result only
for 2-D computations. In the case of regular initial-
Value ray tracing with the step Ay we obtain approxi-
mately from Eq. (11),

Im M(05)=7IK’2f(A v)2(QR)2(ReM-MR)2. (17)

The meaning of individual symbols is the same as in
Eq. (11).

Option (17) leads to very accurate results in a
smooth medium without conspicuous lateral variations.
Even in media with lateral variations, however, it usu-
ally yields useful results, but it often generates spurious
arrivals.

Using the integral expansions, Eqs. (4) or (8), we can
also evaluate ray synthetic seismograms by the sum-
mation of very narrow Gaussian beams. If we wish to
evaluate ray synthetic seismograms, we must ehoose
ReM(Os)=MR(Os)‚ and ImM(Os) very large. In the
case of 2-D computations and regular initial-value ray
tracing with a step A)», Eq. (11) again yields approxi-
mately

Im M(0s)=K2[7If(A Y)2(QR)2]‘ 1- (18)
For a more detailed explanation and a numerical ex-
ample, see ÖervenjI (1985 a).

At the end of this section, we shall add several
notes to the Optimum choice of Re M(Os) and Im M(Os)
which would minimize the error of computations. Be-
fore we study this error, it is useful to formulate the
validity conditions for Gaussian beams. The validity con-
ditions may be formulated in various ways. We shall
write here three such validity conditions; two of them
are for smooth media without interfaces and the third
applies to the interaction of the Gaussian beam with an
interface. Limited space does not allow us to give the
exact formulation and a detailed discussion of these
conditions here. For a detailed treatment, see Klimes
(1985); other publications are under preparation.

The first validity condition requires that the complex
curvature of the wavefront of the beam be small over
the spot ellipse. In other words, the components of the
slowness vector perpendicular to the oentral ray must
be small over the spot ellipse. The condition can be
expressed as

(02/27rf) tr[M(Im M)‘ 1 M+] < 1,
where M+ is the Hermite adjoint matrix to M.

The second validity condition restricts the variations
of the slowness over the spot ellipse. Alternatively, it
restricts the variations of the norm of the slowness
vector over the spot ellipse. The condition may be
written as follows:

(1/27rfv2) ZT(Im M)-1 Z < 1,
where ZT:(Öv/Öq1,Öv/Öq2).

The third validity condition applies to the interaction
of the Gaussian beam with the interface. It requires
that the second derivatives of the complex-valued travel
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time of the beam along the interface be small over the
Spüt ellipse. The eondition can be expressed as follows

(03/2112)") 0T(M —ME)(Im M)‘1(M — ME)e<1.
Here ME is the right-hand side of Eq. (13), 0T:(el‚ 02),
where ei are components ol the unit vector tangent t0
the interfaee in a plane of incidence into the €11 axes of
the ray-centred coordinate system.

As we can see, the first validity condition requires
brüad Gaussian beams; the seconcL narrow Gaussian
beams. The second condition is esPecially severe for
regions with larger veloeity gradienta where rather nar—

row Gaussian beams must be used t0 satisfy the COI’I-
dition.

The Optimum choice can then be obtained by mi-
nimizing the relevant expressions in the validity con-
ditions along the central ray of the beam. Certain mi-
nimizing equations of this type were obtained by Kli-
meä (1985). They yield the Optimum values of Re M(O„)
and Im M(OS) as a result. They are now the subject of
praetical testing.

For a detailed treatment of various validity CÜI'I-
ditions and for relevant numerical examples.‚ see also
Ben-Menahem and Beydoun (1985 a„ b).
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Numerical example l.
Vertically inhomogeneous model C2

In this section, we shall investigate the accuracy of the
Gaussian beam method in comparison with the re-
flectivity method. W0 shall use a simple l-D model C2,
see Fig. 4, in which the refracted wave forms a caustic.
The point source of P waves with an isotropic ra-
diation pattern is situated at the origin of the Cartesian
coordinates. The source-time function has the form of
the Gaussian envelope Signal, Eq. (12), with 11:4,
1121.57, f," (the prevailing frequency) equals 2H2 or
4 Hz, rÜ=-% 1,; 1.

From the ray diagram we can see that the caustic is
formed at x=120 km at the surface of the Earth. The
reduced traveI-time curve has two branches beycmd the
caustic, whereas a shadow zone is formed in front of
the caustic. The next shadow ZOI’IB is formed at
x>152 km in the first (lower) branch of the refracted

endpoints of 3-D rays along the Earth’s
surface usecl in the evaluation of synthetic
seismograms is shown in the bortom
diagmm. The Gaussian envelope source-
time function with 31:4, 0:0, t0=0.33 s
and jh=2 I-Iz is considered. The synthetic
seismograms are computed by the
summation of 3-D Gaussian envelope
packets, the receivers are distributed along
profiles I, 2, 3 shown in the map of
endpoints. The time axis is reduced with
respect t0 the x-coordinate (not with
respect t0 the epicentral distance), the
reduction velocity being 6 km/s

PROFILE 3

wave. The diagram of ray amplitudes Shows the well-
known behaviour of ray amplitudes in the vicinity 01"
the caustic, with infinite amplitudes exactly at the caus—
t.

Synthetic seismograms evaluated by four different
methods are shown in Fig. 4, for the prevailing frequen—
cies of 2Hz (left—hand-side column) and 4Hz (right-
hand-side column). The travel-time axes are reduced,
the reduction velocity is 6km/s. The first diagram in
each column was evaluated by the reflectivity method
and the last by the ray method. The synthetic seismo—
grams calculated by the refiectivity method clearly
ShOW the differences with YBSpBCt t0 ray synthetic seis-
mograms. The wave field penetrates into the geometri-
cal shadow in front of the caustic. The maximum
amplitudes occur at 50m0 distance beyond the caustic,
not exactly at the caustic. The wavelets in the two
branches do not have the same form; the phase shift of
än is clearly Observed. The lower branch of the re-
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fracted wave penetrates even into the geometrical sha-
dow zone beyond x: 152 km.

The second diagram in eaeh column was evaluated
by the Gaussian beam method, by the summation of
3-D Gaussian envelope packets. The 3-D program BD83
was used for this eomputation. In the simple model
under consideration, the choice of initial parameters of
Gaussian beams is not too eritical. The initial parame-
ters of Gaussian beams were chosen at the source.
Circular Gaussian beams were used, see Eq. (3 a), with
K0=O km“1 and LO=16 km the same for all beams.
The total number of 3-D Gaussian beams used in the
computation was 130. In the next diagram (denoted
mod. Maslov method), paraxial ray approximations
(with ImM=0) were used instead of Gaussian beams in
the summation. As we can see, the general behaviour of
the wave field computed by the Gaussian beam method
is very similar to that obtained by the refleetivity meth-
od. The wave field penetrates into both shadow zones
and the maximum amplitudes are shifted beyond the
eaustic. The amplitudes do not differ by more than 11
per eent. Due to the summation of infinitely wide
Gaussian beams (paraxial ray approximations) in the
third diagram of each column, the number of rays used
in the eomputation had to be increased about seven
times (to 884), in comparison with the second diagram
to obtain stable results. If the number of rays was
smaller, the picture was eovered by noisy oseillations.
Even with the large number of rays used, a spurious
arrival can be seen in the diagrams.

Thus, we can see that even slight Gaussian window-
ing increases the stability and effectiveness of com-
putations eonsiderably, in comparison with the paraxial
ray approximation summation. The windowing also
largely removes the spurious arrivals. For more details
on this example, see Cerveny and Klimes (1984).

Numerical example 2. Simple 3-D model

The program package BD83 used to evaluate numeri-
eal example 1 in the previous seetion can, of course, be
used in synthetie seismogram computations for actual
3-D models. A simple 3-D modification of the model C2
is used in this numerical example, see Fig. 5. The syn-
thetic seismograms were evaluated by the summation of
3-D Gaussian envelope packets. As the upper part of
the model is again homogeneous, various simple ehoi-
ces of initial parameters of Gaussian beams can be
used, practieally without any difference to the results.
In the example, stigmatic Gaussian beams with K0=0
km‘ 1, L0: 15 km at the source were used, the source is
situated at x: y=z=0 km. The total number of beams
used in the eomputation was 330. For more details on
this example, see Öerveny and Klimes (1984).

Figure 5 demonstrates the possibility of performing
3-D computations of synthetic seismograms by the
Gaussian beam method. These 3-D Gaussian beam
eomputations are, in principle, no more time consum-
ing than the ray computations. In all following exam-
ples, we shall consider 2-D models.

Numerical example 3. Critical region
In this seetion, we shall apply the Gaussian beam
method to the computation of PP waves reflected from
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Fig. 6. Critical region. Simple model of a plane interfaee
between two homogeneous media with P-velocity 6.4 km/s
(upper half-space) and 8 km/s (lower half-space). Rays of sev-
eral elementary waves are shown. In the overcritieal region,
head waves are also generated
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Fig. 7. Critical region. Top: Amplitude-distance curve of PP
reflected wave in the model shown in Fig. 6, computed by the
exact method (bald line), in comparison with ray compu—
tations. Bottom: the same, but in comparison with Gaussian
beam computations (dots). The frequency is 6.4 Hz, Gaussian
beam parameters chosen at the source are K020 km’l,
LO = 71.5 km

a plane interfaee between two homogeneous media, see
Fig. 6. We shall eoneentrate our attention on the eriti-
eal region and on head waves. To see the results more
elearly, we shall present computations in the frequency
domain. We consider the point source and the receivers
situated 30 km above the interface, in the upper half-
space with the P-Velocity 6.4 km/s. The P-Veloeity in
the lower half-spaee is 8 km/s. In both halfspaces,
vszvp/V3, pzl g/cm3. The amplitude-distanee curves
are shown in Fig. 7, for a frequency of 6.4 Hz. In the top
diagram, we can see the amplitude-distance curve of the
PP reflected wave computed by exact methods (bold
solid line), in comparison with some ray computations.
In the bottom diagram, the exact amplitude-distance
curve is compared with the Gaussian beam ealeulation.
The exact amplitude-distance curve was computed by
integration along a special eontour in the evomplex
plane, see the deseription of the method in Cerveny
(1967). Both methods give praetieally identical results,
not only in the subcritieal “regular” region, but also in
the critieal region and at overcritieal distances. In the
critical region, where the ray theory fails, the Gaussian
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Fig. 8. Critical region. Amplitude-distance curves of PP re-
fraoted wave for the model shown in Fig. 6, computed by the
summation of Gaussian beams. The Gaussian beam parame-
ters are specified at the interface, KO=0 km‘ 1. The bold solid
line oorresponds to very broad Gaussian beams (L0: 100 km)
and the bald dashed Ihre to very narrow Gaussian beams
(L0: l4 km). The dm: dashed line correSponds again to narrow
Gaussian beams (LÜ=14 km), with the exception of a very
narrow vioinity of the critical point where L0 increases
smoothly from 14 km to 100 km at the critieal point

beam method correctly predicts the shift of the maxi-
mum of the amplitude-distance curve beyond the criti-
cal point. At overcritical distances, the amplitude-dis-
tanoe ourve oscillates due t0 the existence of head
waves. Thus, the head waves are included in the super-
position of the refleeted Gaussian beams. In the com-
putations, the parameters of Gaussian beams were
specified at the source, with K0=0 km“, L0m70 km,
the same for all beams. The number of rays was 200.

The problem of head waves is, however, more com-
plicated. Pure head waves are more sensitive t0 the
choioe of the initial parameters of Gaussian beams than
the reflected wave field itself. Head waves are obtained
only if the width of Gaussian beams is rather 1arge. If
the width is smaller, the overcritical amplitudes are
smoothed. The smoothing practically does not change
the general form of the amplitude-distance curves of the
refieoted wave, but may remove, t0 some extent or
completely, the oscillations of the amplitude-distance
ourve at overcritical distances. In other words, the
smaller widths usually lead to some deerease of the
amplitudes of head waves. An example is shown in
Fig. 8, for a frequency of 10 Hz. The model is practi-
eally the same as in Fig. 7, only the densities are evalu-
ated from vP using the relation p:1.7+0.2 vP. For all
three amplitude-distance curves in Fig. 8, the initial pa-
rameters of Gaussian beams were Specified at the in-
terfaoe with K0=0 km‘ l. The bold solid line was eval—
uated for Lt,m 100 km and gives the exact solution. The
bold dashed line corresponds t0 very narrow Gaussian
beams, with Lüz I4 km. The total number of rays used
in the computation was 200. The smoothing effeet at
overcritical distanees is obvious. The head waves are
full},I removed. The third, thin dashed line, shows the
possibility of inoreasing the accuracy 01 computations
by “focusing” Gaussian beams on certain Singular re-
gions. The width was ehosen to be generally very small,
LÜ=14 km, with the exception of a very narrow vi-
Cinity of the eritical point, where L0 increased smoothly
from l4 km to the maximum value of 100km at the
oritical point. The width of this vicinity of the critical

point was about 10km. Even though the Gaussian
beams remain generally very narrow (with the excep-
tion of the eritical region), the increase in the accuracy
of computations is tremendous. The curve practieally
coincides with the exact solution, with the exoeption of
small deviations in two regions.

The example confirms the possibility of foeusing
Gaussian beams on certain regions of interest (Singular-
ities, conspicuous inhomogeneities, edges in interfaees,
etc.) Whereas broad Gaussian beams must be used in
critical regions, oertain other singularities require very
narrow Gaussian beams.

The diagrams presented in this seotion were eom-
puted by single-purpose programs written for the de-
tailed investigation of prOperties of reflectod and trans-
mitted wave fields (PP, PS, SP, SS), generated at a
plane interface. For details and many other compu-
tations see Konopaskovä and Öerswenj»r (1984) and Öer-
nohlävkovä (1985).

Let us add one interesting point. The Gaussian
beam method correetly predicts even certain non—ray
effäcts. For example, it gives non-vanishing normal in-
cidence amplitudes of converted PS waves (horizontal
component) and converted SP waves (vertical com—
ponent). These normal incidence amplitudes of con-
verted waves are very stable, they practically do not
depend on the choice of initial parameters of Gaussian
beams.

Numerical example 4. lrregularities in interfaces

The Gaussian beam method, striotly Speaking, can not
be applied t0 the evaluation of synthetic seismograms
of waves reflected from interfaces with corners, edges,
etc. lt would, however, be very interesting t0 see the
behaviour of Gaussian beam synthetic seismograms in
such situations and t0 compare them with the ray
synthetic seismograms.

Figure 9 ShOWS three simple examples. In each ex-
ample, the source-to-receiver ray diagrams, ray syn—
thetic seismogram sections and Gaussian beam syn-
thetic seismogram sections are shown. The rays in the
Gaussian beam synthetic seismogram computations
were evaluated by initial-value ray traoing, the number
of rays was 200. Even a considerably smaller number ol
rays, however, would be sufficient to obtain stable re—
sults. The initial parameters of Gaussian beams were
specified at the source in all Gases, K020 km‘l,
L0=25 km for all beams under consideration. The re-
duction velocity is 7km/s. No amplitude scaling is
used; true amplitudes are plotted. The velocities above
and below the interface are again 6.4 km/s and 8 km/s,
as in the previous example. The source is situated at
x=200 km, Close to the Earthls surfaee. Program pack-
age BEAM 81, described in Cervenjl (1983), was used
101“ the Gaussian beam computations. The synthetic
seismograms in BEAM 81 are evaluated as a Stiper-
position of Gaussian envelope packets, with 3::4, v=0,
fM=4Hz, z„=0s‚.

The diagrams clearly show the differences between
the ray synthetic seismograms and the Gaussian beam
synthetie seismograms. We shall add only several short
notes.
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Fig. 9. Interface with a cerner. Comparison of ray synthetic seismograms of PP waves refleeted from the interface with the
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examples are eonsidered, see the Iefl-hand side of the figure, where the source—to-receiver ray diagrams are shüwn. The relevant
ray synthetie seismograms and Gaussian envelope packets synthetic seismograms are shown cm the righr-hand eide. The
parameters 0F Gaussian beams specified at the source are KÜ=0 km“ l, L0 =25 km

In the first diagram, we can see a model of a simple sition in this region. Seme energy penetrates even inte
bloek strueture. The ray method yields a sharp beund— the shadow zone. The amplitudes decrease with increas-
ary between the illuminated and shadow zone. The ing distance from the beundary t0 the shadow Zone.
Gaussian wave packets, however, give a smooth tran- The seeond model contains a corner in the interfaee.
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Due to the eorner, a small shadow zone is formed close
to x=305—310 km. The Gaussian beams give a smooth
wave field in this region.

The third ray diagram corresponds to another mod-
el with a corner point at the interface. The ray diagram
shows two branches of rays with a short overlapping
region elose to x2295 km. Due to the overlapping, the
ray amplitudes are approximately doubled at x:
295 km. The Gaussian beam envelope packets give
smooth synthetic seismograms Close to x=295 km. (The
amplitudes are, of course, higher in this region, but
smooth).

The presented synthetic seismograms do not contain
head waves. The reason is as follows. In the ray syn-
thetic seismogram computations‚ the pure head waves
are evaluated independently of the reflected waves. In
the program SEIS 81, used to evaluate ray synthetie
seismograms, the pure head waves are not considered.
In the Gaussian beam computations, the head waves
are contained in the reflected wave field. To obtain
them, Gaussian beams with a large width must be used,
see numerieal example 3. In this section, however, LO is
not chosen large enough.

More details on the presented examples can be
foundin Cerveny (1983). See also the next example.

Numerical example 5. Rigid half-screen

Katchalov et al. (1983) computed the wave field in the
Vicinity of the edgepoint of a rigid half-screen by the
summation of Gaussian beams and compared it with
the exact solutions. The calculations were performed in
a 2-D homogeneous medium with a rigid half-sereen, in
the frequency domain. An incident plane wave was
considered. The angle of incidence was 45°. The exact
solution was evaluated using Fresnel integrals, see Hönl
et al. (1961).

The method of summation of Gaussian beams
yields results qualitatively Close to exact solutions if
Gaussian beams, which are narrow in the Vicinity of
the edge, are used.

One example is shown in Fig. 10. (The author is
indebted to I. Psenöik for the results of the original
computations from which Fig. 10 was drawn.) The in-
cident plane wave was expanded into 2-D Gaussian
beams with the same parameters along the wavefront.
The parameters K0 and L0 were specified formally
along the wavefront going through the edge. The choice
of KO and L0 along that wavefront was as follows:
KO -—-0 km’1,00L :1 km. This means that the width of
the Gaussian beaoms used has a minimum along the wave-
front running through the edge. In Fig. 10, the distribu-
tion of amplitudes of the wavefield along a circle with
its centre at the edgepoint and with the radius 2,1 is
shown (Ä...wavelength). The bold line shows the exaet
solution, the dashed line the Gaussian beam solution.
The solution includes both the incident and reflected
wave. The mutual interference of both waves generates
typical lobes. The comparison is satisfactory, with the
exception of one lobe where the Gaussian beam ampli-
tudes are about 25 % less.

The results obtained by the Gaussian beam sum-
mation method can be improved if a cylindrical diffrac-
ted wave generated at the edgepoint of the half-screen

SCREEN

Fig. 10. The plane acoustic harmonic wave incident on a rigid
half-screen. Propagation velocity in the model is 5 km/s,
f= 10 Hz, angle of incidence is 45°. The parameters of Gauss-
ian beams, ehosen along the wavefront going through the
edge, are KO=O km‘1 and L0=1 km. The amplitudes of the
complete wave field (incident+reflected) along a circle with
its centre at the edgepoint and with a radius of 2,1 (=1 km)
are shown. The bold line corresponds to the exact solution,
the dashed line is obtained by the summation of Gaussian
beams. The dar-dashed line also includes a diffraeted wave
generated at the edgepoint of the half-screen

is evaluated and added to the result. A central ray field
(with its centre at the edge) corresponds to this diffrac-
ted wave. The diffracted wave field is expanded into
Gaussian beams concentrated close to rays of the cen-
tral ray field, as in the case of the wave field generated
by a line source. The weighting function in the integral
expansion is found by comparison with the exaet so-
lution. For other details see Katchalov et al. (1983). The
wave field which also includes the diffracted wave is
shown by a dot-dashed line in Fig. 10.

Numerical example 6.
Smoothing effect of Gaussian beams

In this example, we show the smoothing effect of the
Gaussian beam summation method. Whereas the ray
method is very sensitive to minor details in the approx-
imation of the medium, the Gaussian beam method is
more robust and stable. To see the results more Clearly‚
we shall present the computations in the frequency
domain (not synthetic seismograms).

We shall consider a vertically inhomogeneous me-
dium. A fast and efficient program package for the
eomputation of Gaussian beam synthetic seismograms
in general vertically inhomogeneous layered struetures,
called VEGA, was written by Jansky and Cerveny. The
paekage is a simple modification of the relevant pro-
gram package for the evaluation of ray synthetic seis-
mograms, described in detail by Öerveny and Jansky
(1985a). The velocity distribution between two grid
points is specified by the law z=z(v) instead of v=v(z)‚
particularly by the eubic polynomial in v 2, 22a
+blv‘2 +c v‘4+d v‘Ö. Here, z denotes the depth and
v the velocity. At those depths where the velocity varies
smoothly and monotonieally with depth (no interfaces
of first—order), the coefficients al., bi‚ ci, di may be ealou-
lated by the smoothed eubie spline approximation. The
approximation then guarantees the continuity of the
velocity-depth distribution with its first and second de-
rivatives at grid points. We shall oall this approxima-
tion the smoothed spline approximation.

Alternatively, we can specify the velocity-depth dis-
tribution between two grid points just by the linear
polynomial in v‘z, z=ai+biv‘2. The approximation
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Fig. ll. The amplitude-distance eurves of the P refracted
wave in the vertieally inhomogeneous model shown on the
Iefr-hana‘ side of the figure. The velocity-depth distribution is
approximated in two ways: by the smoothed spline approxi-
matiün and by the piece-wise interpolation. The piece-wise
interpolatiün introduces fietitious interfaces of second-order.
The amplitude-distance eurves are evaluated by the ray meth-
od and by the Gaussian beam method. The ray ealculations
are eonsiderably influenced by the approximation method,
mainly by the fictitious interfaces of second-order. The Gauss-
ian beam method is not so sensitive t0 the approximation
method; the results are reliable even for the piece-wise ap-
praximation

does not guarantee the continuity of velocity deriva-
tives and introduces artificial interfaces of second-order
at each grid point. We shall call it the piece-wise ap-
proximation.

Für both these approximations the ray integrals can
be simply evaluated analytically. The evaluation re-
quires only the computation of one square root and of
some polynomial for each “layer” between two grid
points. N0 transcendental functions are required. In
this way the evaluation of ray integrals is very fast and
is not much slower than for a system of homogeneous
layers.

The most efficient approach would be t0 use just
the piece—wise approximation. The ray method. how-
ever, is very sensitive t0 the interfaces of second-order,
generated by the piece-wise approximation. This is not
the case with Gaussian beams, which may be safely
used even in the case of the piece-wise approximation.

An example is shown in Fig.11. The velocity is
Speeified at depths 0. 2, 50 km, see Fig. 11. The two
approximations described above are used t0 simulate
the veloeity-depth distribution. The differences between
these two approximations are very small and are not
visible in the graph.

In spite of this, the differences between the amplitu-
de-distance curves of the vertical component of the
refracted P waves für both approximations, evaluated
by the ray method. are tremendous. The amplitude-
distance eurve für the smoothed spline approximation
is quite stable and smooth. On the contrary. the piece-
wise approximation yields quite unstable results. Any
artificial interface of the second-order exerts a great
effeet on the amplitude-distanee curve, causing anom-
alous behaviüur of amplitudes (zeros, infinities. discou—
tinuities). The resulting amplitude-distance curve is a
tangle of short steep discontinuous segments and does
not even enable us t0 follow the actual trend of am—
plitudes.

The behaviour of the amplitude-distance curves
evaluated by the Gaussian beam method is quite dif—
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ferent. They are smooth and stable für büth appmxi-
mations. The differenees between the results für the twe
approximations are not large, see Fig.11. Thus, the
Gaussian beam method is not sensitive t0 the artifieial
interfaees of second-order and may be safely applied
even t0 the case of the pieee-wise approximation. This
is the large advantage of Gaussian beams in compari-
son with the ray method.

Let us add that the parameters 01" Gaussian beams
in this example were specified at endpoints of rays,
K0=O km‘1‚ L0=9 km. The number of rays evaluated
by the standard initial-value ray tracing was elose t0 350.
The example is taken from Cervenj! and Jansi
(1985 b).

Numerical example 7. Model Zurich

In this section, we shall present examples of Gaussian
beam computations for a more realistic 2-D laterally
varying layered model of the Earth’s crust. We shall
again use model Zurich, see Fig. 1, and consider a point
source of P waves situated at SP:320 km, Close t0 the
Earth’s surface. In synthetic seismogram computations.
we shall consider the P refracted waves in the first,
second and third layers and the PP refleeted waves
from the intermediate interface and from the Mohoro-
viöiö discontinuity. Mode] Zurich was diseussed in de-
tail in Öervenj/ (1985a). For a better orientation in
the synthetic seismogram sections, the travel-time
curves of all P waves under consideration are shown
in Fig. 12. The arrows indicate the position of relevant
critical points.

The examples presented in this section and in the
following two sections were evaluated by the program
package BEAM 84. Program package BEAM 84 is simi—
lar t0 the program package SEIS 83. which is deseribed
in Öervenj/ (1985a). The routines for the approxima-
tion of the model, generation of numerical codes of
elementary waves, radiation patterns, spreading free
amplitudes, etc, are exactly the same in both packages.

MODEL IURICH
5P 320

T
-

0.38.0

I5}
“

Ü I | l | | | r |

32Ü 3101] 350 380 400 1:20 ELÜ 450 1|ÄHÜ 5W '52!)

DISTANCE {KM}

Fig. 12. Model Zurich. Reduced travel-time eurves üf P waves
used in the synthetic seismogram computations in numerieal
examples 7. 8 and 9 (Figs. 14. 15b. 16. 19—22). The point
source is situated at SP:320 km. The travel-time eurves eor-
respond t0 the P refraeted waves in the first, second and third
I‘dyCI‘ and t0 the PP refleeted waves from the intermediate
ernstal interfaee and from the Mehemviöie diseüntinuity. The
reduetion velocity is 8 km/s
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Program package BEAM 84 consists of five pro—
grams. The first, basic program, is also called
BEAM 84; the others are called GBSYN, SYNT,
BPLOT and RAYPLOT.

In the first program, initial-Value or interval ray
tracing and dynamie ray traeing are performed and the
spreading-free amplitudes are evaluated. The whole fun-
damental matrix of linearly independent solutions is
computed. Various results of computations at all end-
points of rays along the Earth’s surface are stored in
the final file.

As soon as this file is available, the evaluation of
Gaussian beam synthetic seismograms in any system of
receivers situated along the Earth’s surface is easy. The
frequency-domain approach is used to evaluate syn—
thetic seismograms. In the program GBSYN, this file is
used to evaluate the frequency response in a specified
system of receivers. The position of reeeivers and the
initial parameters of Gaussian beams are specified only
in GBSYN. The radiation patterns, the absorption
mechanism and some frequency—dependent effeets are
also evaluated in GBSYN.

Thus, it is simple to recalculate the results several
times with different parameters of Gaussian beams, dif-
ferent radiation patterns, absorption mechanism, re-
eeiver positions, etc. Frequency-dependent amplitude-
distanee eurves can be constructed, see the examples in
Figs. 2 and 3. Also paraxial ray approximations (in-
finitely broad Gaussian beams) can be used in com-
putations. Ray, WKBJ and Maslov computations may
be performed by the pr0per choice of initial parameters
of Gaussian beams.

The next pgogram‚ program S YN T, evaluates syn-
thetic seismograms from the frequency response for ar-
bitraryhigh-frequency source-time functions. Detailed
pictures of frequency responses, spectra of synthetic
seismograms and synthetic seismograms at any reeeiver
can be plotted. See the examples in Figs. l3 and 23.

Finally, program BPLOT is used to plot synthetic
seismogram sections. Similarly, program RA YPLOT can
be used to plot the ray diagrams, the travel-times and
the spreading-free amplitudes.

Let us now return to model Zurich. We shall again
use the Gaussian envelope signal, with fM=5 Hz, y=4,
v=0, t0=0.4 s. The signal and its amplitude spectrum
are shown in Fig. 13. The spectrum was windowed to
remove frequencies less than l and higher than
10 H2. This windowing practically does not change the
signal, see Fig. l3, and considerably increases the effec-
tivity of computations. Moreover, very low frequencies
must be removed to satisfy the validity conditions of
the Gaussian beam method. However, whether the va-
lidity conditions listed earlier were fulfilled in our com-
putations or not was not investigated quantitatively.

Due to stronger velocity gradients along the Earth’s
surface, the initial parameters of Gaussian beams were
chosen at the endpoints of rays in the way reeom-
mended earlier. More specifieally, the effeetive plane
phase front option (l3) was used to determine Re M,
and Eq. (15) to determine Im M. The rays were eva-
luated by interval ray traeing, with the length of the
interval 2km. This means that at least one ray end-
point of each elementary wave is available in any illu-
minated region of the length 2km along the profile.

MODEL ZURICH. 5P=320

Reduction factor = 0.95177

0.5. I

-0.5-

4h]

'o. 0.1 0.x 1.0 1.3 1./ 2.0
IIHE(S‘

'NPUT SIGNAL

Reduction foctor : 5.77729

O
l l l l

0. 2.0 4.0 6.0 8.0 10.0
FREUUENCYlHZI

KHPLIIUDE SPECTRUH 0F INPUI SIGNAL

Reduction factor : 5.77729

o
l l l l

0. 2.0 4.0 6.0 8.0 10.0
FREOUENCY(HZ)

ÄHPLITUDE SDECTRUH. dINDOH APPLIEO

Reduction foctor : 0.93175

—1 __.
'o. 0.1 o./ 1.0 1.3 1.] 2.0

TIHEIS‘
'NPUI SIGNAL AFTER HINDOHING

Fig. l3. The Gaussian envelope source—time function (y=4,
v-—-0, t0:0.4 s, fM:5 Hz) used in the next synthetic seismo-
gram computations. The amplitude spectrum, windowed
amplitude spectrum and the signal after spectral windowing
are shown

The constant C in Eq. (15) was varied to show the
differences. With the exception of very low C, stable
results were obtained. Figure l4 shows the synthetic
seismogram sections for five different constants C: 5, 2,
1, 0.5, 0.2. The reduction velocity is 8km/s. Power
scaling of amplitudes is used; the trace at the epicentral
distance r is multiplied by the factor 35 (r/20)1. Here r
is measured in kilometres and amplitude =1 corre-
sponds to the plotting distance between two neigh-
bourhood traces in the plots of the synthetie seismo-
gram sections.

If we compare the Gaussian beam synthetic seismo-
grams with the travel-time curves, see Fig. 12, and with
the ray synthetic seismograms, see Fig. 9a in Öerveny
(1985a), we can observe some expected differences.
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Fig. l4. Choice of parameters of Gaussian beams. Gaussian beam synthetic seismograms of the vertical component üf the
displacement vector in the model Zurich, SP=320 km (See Fig. l). The parameters of Gaussian beams are chosen at the
endpoints of rays, using Eq. (13) t0 determine Re M(O_„) and Eq. (15) t0 determine Im M(OS). Five seismogram sections für five
different C, see Eq. (15), are shown: C=5, 2, 1, 0.5, 0.2. The reduction velocity is 8 km/s

There are n0 sharp boundaries of shadow zones at
x=500 km and x=475 km in the Gaussian beam syn-
thetic seismograms. The wave field even penetrates into
Shadow zones. The maximum amplitudes of both re-
flected waves are shifted beyond the critical points,
situated at x=385 km and x=410 km (see also Fig. 2).
Thus, the Gaussian beam method eliminates certain
singularities of the ray solutions in a qualitatively cor—
rect way.

The individual diagrams, for different C, differ in
detail. FOI‘ very large C, i.e. narrower Gaussian beams,
the results are stable but closer t0 the ray solution. For
very small C (see the diagram for C=0.2), some weak
spurious arrivals connected with strong refracted waves
close t0 the source appear.

Option C =l yields very stable results; practically
all Spuriüus arrivals are suppressed. We cannot expect
the accuracy t0 be Optimum in this case, but the choice

is a useful compromise. It yields results considerably
more accurate than the ray method, both in situations
which need very broad Gaussian beams and in si-
tuations which require narrow Gaussian beams.

The amplitudes of the refracted wave close t0 the
source are not quite regular. The irregularities are
caused by some small oscillations in the velocity gra-
dient due t0 the application of the spline approxima-
tion. These oscillations are caused by the large gra-
dients of velocity close t0 the Earth’s surface. In Fig.
15a, we can see the ray diagram and the travel—time
curve of the refracted wave close t0 the source. The ray
diagram was computed by interval ray tracing. In the
ray diagram, we can clearly see the effects of the slight
variations in the velocity gradients. The density of rays
is very high at x=340 km and x=349 km, which Ieads
t0 larger amplitudes at these distances.

The Gaussian beam computation of synthetic seis—
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ef the seuree, i1 we use the cheices 01 initial parameters
ef Gaussian beams suggested abeve. Figure 15b shews
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mediate vicinity 01 the source. The sectien evaluated
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Numerical example 8. Simple types of seismic sources

There are many possibilities of exploiting Gaussian
beams in seismic source studies and in the evaluation of
high-frequency strong-motion seismograms. Here we
shall present the simplest possible alternative of Gauss-
ian beam modelling of seismic sources in laterally vary—
ing media, based on a point source with non-symmetric
radiation patterns. This possibility was included in pro-
gram paekage BEAM 84. Some other possibilities, in-
cluding sources of finite extent, will be shortly discussed
later in this section. We shall discuss only 2-D media
here. The generalization for 3-D media is, however,
straightforward.

We shall consider the following three-types of ra-
diation patterns:

a) Isotropic source of the explosive type. For P
waves, the radiation pattern is isotropic (circular). N0 S
waves are generated.

b) Single force. The direction of the force is speci-
fied by the angle o, see Fig. 17. The radiation patterns
for both P and S waves are two-lobed.

c) Double couple without moment. For the geometry
of this source, see Fig. 18. The dip angle is denoted by
ö. The radiation patterns for both P and S waves are
four-lobed.

More details on radiation patterns and analytie ex-
pressions for them can be found in, e.g. Aki and Ri-
chards (1980), Kennett (1983).

We shall now present synthetic seismograms for the
individual types of seismic sourees deseribed above. We
shall again consider the model Zurich, SP=320 km.
Interaction of the source with the Earth’s surface is
formally not considered. (It would, of course, be easy to
include the interaction of the source with the surfaee in
the computations.) Program package BEAM 84, de-
scribed in the previous section, was used for the com-
putations. Only P-wave synthetic seismograms will be
presented here for simplicity. The evaluation of S
waves, however, can also be performed optionally, to-
gether with the P waves or independently of them.

In all computations presented in this section, the
parameters of Gaussian beams were specified at end-
points of rays, using Eqs. (13) and (15) with C=1.
This Choice of initial parameters guarantees stability of
the computations, even in the case of stronger lateral
variations of velocity close to the Earth’s surface. The
same file with the endpoint information was used as in
example 7.

Synthetic seismograms for the isotrOpic source of P
waves are shown in Fig. 19. The details of these seismo-
grams were discussed in the previous section.

For a single force, see Fig. 20. In Fig. 20a, the
vertical component synthetic seismograms for two in-
clination angles q) ((p:0° and 90°) are shown. For
comparison, Fig. 20b ShOWS the horizontal synthetic
seismograms for (p=90°.

Finally, synthetic seismograms for the double cou-
ple source are shown in Fig. 21. The four synthetic
seismogram sections in Fig. 21 correspond to the dip
angles 0°, 30°, 60° and 90°. In all cases, the vertical
components of the displacement are shown. The differ-
ences between the individual synthetic sections are re—
markable in this case. As we can see, the wave field
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Fig. l7. Single-force radiation patterns. Left: The force is
inclined by angle (p from the horizontal axis. Right: The
single force radiation patterns of P and S waves for (p=30°.
The solid line denotes positive values, dashed line negative
values. t denotes the initial direction of the ray

Fig. 18. Double couple radiation patterns. Left: Geometry of
the source. Right: The double couple radiation patterns of P
and S waves, ö=30°. The solid line denotes positive values,
the dashed lines negative values. t denotes the initial direction
of the ray
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Fig. l9. Isotropic source of P waves. Gaussian beam synthetic
seismograms of the vertical component of the displacement
vector in model Zurich, SP:320 km (see Fig. 1). The parame—
ters of Gaussian beams are chosen at the endpoints of rays,
using Eq. (13) to determine ReM(OS) and Eq. (15) to de-
termine Im M(Os) (with C=1). The reduction velocity is
8 km/s

eonnected with deep discontinuities is eonsiderably sup-
pressed at larger epicentral distances for dip angles
close to 30°. Distinct ehanges in the polarity of the
individual waves can be observed in some diagrams.
For example, see the synthetic section for the dip angle
of 60°, in which the refracted wave in the first layer
changes polarity at x=345 km.

It is obvious from the examples presented that the
source mechanism has a strong influence on the ob-
served high-frequency field. The application of the
point source with a suitable radiation pattern, however,
will often be too large a simplification of the aetual
Situation; sources of finite extent must be considered.
There are several possibilities of applying Gaussian
beams in the numerical modelling of seismic wave fields
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generated by sources of finite extent in complex struc- This would be a straightforward, but time-consuming
tures. We shall mention three possibilities: approach.

a) It would be possible t0 simulate the seismic b) Expansions of a wave field specified at an initial
source by a superposition of time-shifted point sources surface into Gaussian beams were found theoretically;
and t0 expand each point source into Gaussian beams. for a scalar Gase by Klimeä (198421) and for a vectürial



|00000071||

case by Öerven}? (1985 b). These expansions can be used
in several ways. The first possibility is the direet expan-
sion of the wave field along the fault plane into Gauss-
ian beams. The seeond possibility is t0 use the finite
differences t0 recalculate the wave field on some auxil-
iary surfaee surrounding the source and then expand
the wave field at the surface into Gaussian beams.

e) Some new approaches, based on the isochron
integration over the fault with the integrand containing
a ray theoretieal Green’s function were proposed re—
cently (see Madariaga, 1985; Bernard and Madariaga,
1984; Spudich and Frazer, 1984). The author believes
that the application of Gaussian beams may be useful
even in these approaches.

Numerical example 9. Slightly dissipative media
T0 perform eomputations of synthetic seismograms in
laterally varying dissipative media is not a simple prob-
lem. Often, approximate approaches are used. In one of
these approaches, we consider a complex-Valued propa-
gation velocity vc with a small imaginary part, whieh is
formally assumed t0 be of the order of co‘l for w—>oo
(the so—called Debye approximation). For details, see
Kravtsov and Orlov (1980). The approach yields a new
expression for the eomplex-valued travel time 1(05) in

O

Eq. (5), 1(08)= 5[vc(s)]‘1ds. The integration is along
00the ray.

The method has justification only in slightly dissi-
pative media. Under the above assumption, we can still
consider seismie energy t0 propagate along the rays
evaluated for a perfectly elastie medium. For a strenger
absorption, however, a concept of complex rays should
be used whieh would make the eomputations consider-
ably more complicated.

In this section, we shall present an example of syn-
thetic seismogram eomputations in slightly dissipative
media. We again use model Zurich, SP=320 km. The
eomputations are performed by program package
BEAM 84. Program paekage BEAM 84 includes, as a
general possibility, Müller’s absorption model with the
power-law dependence of the quality factor Q on fre—
queney,

Q(f)=Q(f‚)(f/f})y‚ (19)
where y is a eonstant, 4951, and f, is a reference
frequency for whieh Q=Q(fr) is known. See Müller
(1983, 1985) where, also, relevant expressions for the
phase velocity v(f) and eomplex-valued velocity vc(f)
ean be found.

We now assume that the rays and travel times are
calculated with the velocity v(f‚), i.e. with the phase
velocity corresponding t0 the referenee frequency fr.
Then we introduee the quantity

Os

t* =05 [0(13) Q(fr)]‘ 1 d5,

where the integration is along the ray, from the souree
OO t0 the endpoint OS. Using t*, we ean evaluate a
frequency-dependent amplitude decay factor and in-
Clude it in eomputations. For Müller’s model, the
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amplitude decay factor Ad(Os) is as follows:

144(05) = eXp { - 7Ift"‘ [(fr/f)y

ii cot (v g)(1—(fi/f)2)]}. (20)
The sign of the imaginary term in the exponent de-
pends on the sign convention used in the Fourier trans-
form. The same sign eonvention applies t0 Eqs. (21)
and (22).

Even though program package BEAM 84 allows the
general frequency dependence of Q given by Eq. (l9) t0
be considered, we shall present eomputations only for
y-—-O‚ for whieh the amplitude decay factor reduees t0

Ad(0,)=exp{—nft*:2ifl* In (1%)}. (21)
The second term in the exponential function represents
a velocity dispersion correction whieh guarantees, ap—
proximately, the causality of results. If we take into
aecount only the first term and negleet the seeond term
in the exponential function, the eausality is not guaran-
teed; we then speak of non-Causal absorption.

For non-causal absorption, the factor t*/2 ean be
included in the imaginary part of the complex—valued
travel time and the Gaussian beam synthetic seismo-
grams can be evaluated with the same speed as the
synthetie seismograms for non-absorbing media. The
second term in the exponential in Eq. (21) (the disper-
sion correction) is, unfortunately, non-linear in fre-
quency f and would increase the computing time con-
siderably. For slightly dissipative media, however, this
termv can be linearized. This linearization was proposed
by Cerveny and Frangie (1980, 1982). The amplitude-
decay factor, Eq. (21), then reads

Ad(0,)=exp{—2nf[%r*iit+]:2ifMt*}. (22)
Here fM is the prevailing frequency of the Signal under
consideration, t+ is given by the relation

t+ =(t*/7r)[1+ln(fM/fi)]- (23)
The linearized version of Ad(Os)‚ Eq. (22), works es—
pecially well if the amplitude speetrum of the source-
time function is very narrow and highly coneentrated in
the vieinity of the prevailing frequency fM. This is the
case for the Gaussian envelope signal, mainly for larger
y (say y>3). Moreover, in favour of the linearization,
we ean also point out that the instrument responses in
seismology and seismie prospecting are usually narrow-
banded.

Using the linearized form, Eq. (22), the term ät’k
iit+ can again be included in the c0mplex-valued
travel time, and the remaining part, i2ifMt*, is inde—
pendent of frequency and does not cause any difficulty.
In this way, the synthetic seismograms ean be com—
puted with almost the same speed for the causal ab-
sorption as for the non—absorbing medium. T0 evaluate
the frequency response, the fast frequency response a1-
gorithm (FFR) described by Cervenjl (1985 a) can again
be used.

Four “Zurich” models, whieh differ only in the ab—
sorption parameters, are eonsidered:
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Fig. 22. Influence of absorption. Gaussian beam synthetic seis-
mograms 01" the vertical component of the displacement vec-
tor in müde] Zurich, SP=320 km (see Fig. l). TOp diagram:
müde] without absorption. Next {wo diagrams: models with
non-causal absorption. The absorption is larger in the botmm
diagmm, see text for details. The amplitude scaling factor is
different from thai in the 0ther Iigures. Otherwise the same
canditions as in Fig. 19

l) Model without absorption.
2) Model with non-causal absorption. The quality

factors in the first and the third layer are Q2500, and
in the second layer, (2:700.

3) Mode] with larger non-causal absorption. The
quality factors are half of Gase 2.

4) Mode] with causal absorption. The quality fac-
tors are again half of case 2.

In Fig. 22, we can see three Gaussian beam syn-
thetic seismogram sections, I01“ models 1, 2 and 3 de-
scribed above. (The results für the Causal absorption
will be shown later.) The same file with the endpoint
information was used as in examples 7 and 8. The
initial parameters of Gaussian beams were also selected
in the same way as in examples 7 and 8. lt was neces-

sary t0 use different amplitude scalings, otherwise the
amplitudes at larger epicentral distances would be too
small in models 3 and 4. The amplitude scaling factor
is 35(r/2O)3’2. This amplitude scaling factür, 01" course,
yields large amplitudes für the model without absorp-
tion, in comparison with previous computatiüns; e.g.,
see Fig. l4. The non-causal absorption model used für
the computations corresponds t0 Eq. (21) (Müller’s
model with Q independent of frequency) with the phase
term neglected.

More detailed diagrams for one selected epicentral
distance, x=470 km, are shown in Fig. 23. The füur
columns correspond successively t0 the four models
under consideration. In each column, the first diagram
gives the frequency response, the second the spectrum
of the synthetic seismogram and the third the synthetic
seismogram. A5 the absorption increases, the ampli-
tudes decrease (see the reduction factors shown above
the diagrams), but the form of the Signals changes only
slightly. Certain small changes in the form of the Signal
can be observed in the case of causal absorption (see
the last column). The linearized form of the amplitude
decay factor, Eq. (22), was used t0 perform the causal
absorption computations. The influence of absorption
can Clearly be observed in the diagrams of the fre-
quency response.

Let us emphasize again that the evaluation 01'
Gaussian beam synthetic seismograms for slightly dissi-
pative media practically does not require more com-
puter time than the evaluation of synthetic seismo-
grams for non-dissipative media. The differences in the
computer time were not measured during compu-
tations, but the author expects that they d0 not exceed
10/0 of the computer time, even for causal absorption
(in a linearized form).

Other numerical tests and applications
of the Gaussian beam summation method

The Gaussian beam summation method has recently
been tested and applied t0 the solution of various prob-
lems of practical importance in seismology by several
authors. In this section, we shall briefly list some results
in this field. For more detailed conclusions, the reader
is referred t0 the references.

Nowack and Aki (198421) tested the 2—D Gaussian
beam summation method using two approaches. One is
the application of the reciprocity theorem für Green’s
function in arbitrary heterogeneous media. The second
approach is t0 apply the Gaussian beam synthesis t0
cases for which solutions by other approximate meth-
ods are known. Let us name, among 0thers, the soft-
basin problem, which was attacked by several authors
using the finite difference, finite element, discrete wa-
venumber and the glorified optics methods. lt was
found that the results were generally satisfactory. The
Gaussian beam summation method was also used in
two applications of practical importance in seismology:
(a) t0 study volcanic earthquakes a1 Mt. St. Helens, (b)
t0 study the scattering of teleseismic P waves by a
lithosphere with randomly fluctuating velocities. The
Same authors, see Nowack and Aki (l984b), applied the
Gaussian beam synthetic seismograms t0 the iterative
inversion using complete waveforms.
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Müller (1984) applied the Gaussian beam sum-
mation method to the eomputation of SH synthetic
seismograms in 2-D smooth laterally varying media. He
proposed subdividing the model into triangles with
linear velocity and density laws. Although this approxi-
mation is not quite suitable in the case of ray synthetic
seismogram eomputations due to fietitious interfaces of
second-order, it is very useful and effective if the Gauss-
ian beam method is applied. The results obtained in
this way are quite stable and the eomputations are very
fast. Müller tested the Gaussian beam method for verti-
cally inhomogeneous media by comparison with the
reflectivity method, and for laterally varying media by
applying the reciprocity principle. He applied the meth-
od to the model of the crust-mantle transition with
lateral heterogeneities. These complications were mod-
elled, by and large, with success. The seismograms,
however, depend to a certain extent on the Choice of
the beam parameters. The reciprocity prineiple yielded
good agreement for slight lateral variations‚ but the
difference inereased with the strength of lateral hetero-
geneities.

The Gaussian beam summation method was applied
to the computation of the wave field in waveguides by
Katehalov and Popov (1981) and by Grikurov and
Popov (1983 a). An aeoustic waveguide with a parabolic
distribution of velocity is eonsidered in the first paper
and a surface waveguide in the second paper. The re-
sults obtained by the Gaussian beam summation meth-
od are eompared with the exact solutions in the second
paper. By comparison with the exact solution, it was
shown that the method of Gaussian beams is effective
for such computations. Its accuraey does not depend on
the complications of the ray field (causties, shadows).
The accuracy of the method was lower at large dis—
tances from the source. These results are also discussed
by Grikurov and Popov (1983b) and by Babich et al.
(1984)

Madariaga (1984) studied the possibilities and li-
mitations of the Gaussian beam summation method in
the eomputation of synthetic seismograms for vertically
inhomogeneous media. The choiee of the parameters of
Gaussian beams was studied in great detail. Proposals
of suitable choices both for ReM and ImM were given
(in a slightly different notation). It was found that high
accuracy of the results is aehieved mainly if very broad
Gaussian beams are eonsidered. Numerieal examples
proved that the Gaussian beam summation is a power-
ful tool for ealculating synthetic seismograms in the
presenee of eaustics, shadows or other singularities of
the ray field. Compared to the WKBJ and Maslov
methods, the method of Gaussian beam summation has
the advantage that it is possible to control the ampli-
tudes of the cutt-off phases due to the finite range of
slowness integration. Moreover, one does not need to
worry about weighting funetions and p-caustics with
the Gaussian beam method.

Madariaga and Papadimitriou (1985) presented a
new formulation of the Gaussian beam summation
method for the modelling of body phases in a spheri-
eally stratified elastic model of the Earth. They showed
that the Gaussian beam method may be dedueed from
the plane wave decomposition of the field of a line or
point source in an acoustic or elastie medium, when
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each plane wave is replaced by a slightly parabolic
wave. The examples demonstrated the aeeuracy of the
Gaussian beam summation in the modelling of upper
mantle body phases. They also showed that the tech-
nique provides a simple, fast and accurate alternative to
the generalized ray and reflectivity techniques. By
applying Gaussian beams, a signifieant degree of free-
dom is gained which permits the number of rays in the
expansion to be reduced, aliasing in the slowness do—
main to be eliminated and the truncation phases to be
reduced.

Neeessary and sufficient eonditions for the existence
of aeoustic and seismic rays and beams in general in-
homogeneous media without interfaces are investigated
in detail by Ben-Menahem and Beydoun (1985a, b).
These conditions are expressed in terms of new physical
parameters: the threshold frequency associated with the
P/S decoupling conditions, the cut-off frequency as-
sociated with the radiation zone condition, the total
curvature of the wavefront and the Fresnel-zone radius.
With the aid of the above parameters, simple validity
conditions are obtained for the deeoupled far-field, the
decoupled near-field, two-point dynamic ray tracing,
paraxial wave fields and Gaussian beams. Numerical
examples for an explosive point source in a vertically
inhomogeneous medium with a constant velocity gra—
dient are presented and eompared with exact solutions.
Two examples show the application of the Gaussian
beam method to different types of seismic problems: the
vertical seismic profiling and shallow earthquake con-
figurations.

Klimes (1985) wrote a new, very general, program
package SW 84 for the evaluation of Gaussian beam
synthetic seismograms in 3-D laterally varying layered
structures. The initial parameters of Gaussian beams
can be selected in several ways, among others by mi-
nimizing the validity conditions 1 and 2 along the
central ray. Ray, WKBJ and Maslov computations
may also be performed by a proper choice of initial
parameters of Gaussian beams. The steps in the ray
parameters are automatically controlled to keep the
discretization error under some limit. The program
package is briefly described in Öervenjl (1985a). One
numerical example of computation of synthetic seismo-
grams can also be found there. The program is es-
pecially efficient for the evaluation of synthetic seismo-
grams for 3-D struetures at receivers situated roughly
along a straight line profile, if the epicentre is located
close to the profile (so-called “profile mode” compu-
tation). The profile mode can also be efficiently used
for synthetic vertical seismic profiling in 3-D structures;
the profile corresponds to the borehole with the re-
ceivers and the source situated arbitrarily.

Fertig and Psenöik (1985) diseuss in detail the re-
lations between the ray method, the paraxial approxi-
mation and the Gaussian beam method in the evalua-
tion of synthetic seismograms. The main attention is
devoted to the computational aspects.

Cormier and Spudich (1984) used the 2-D Gaussian
beam summation method to calculate P-wave seismo-
grams at ranges of less than 10 km for point sources
located in a low-velocity wedge surrounding a fault.
Synthetic calculations and data examples have demon-
strated that a wedge-shaped zone of low velocity sur-
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rounding a fault may account for the complexity and
amplification of P waves from shallow focus events
observed in the fault zone. Comparisons of Gaussian
beam and ART synthetics were made for several wedge
models discussed in the paper. Some difficulties of the
Gaussian beam method, especially the lack of complete
convergence of the Gaussian beam superposition in
some situations, are discussed in detail.

Jobert and Jobert (1983) studied the propagation of
a disturbance along the Earth’s surface. Using the
Gaussian beam computation scheme, rays were traced
and synthetic seismograms obtained for a few spherical
models with lateral inhomogeneities. In these results,
deviations from the first-order perturbation theory for
normal modes were displayed.

The Gaussian beams for surface waves in a medium,
where the lateral variations of structure are very
smooth were studied by Kirpiehnikova (1971b) and by
Yomogida (1985). In the frequency d0main, see Yomo-
gida (1985), the wave field is constructed from single
mode surface waves which propagate along ray paths
on the surface of the Earth, following the phase-velocity
mapping for that frequency. The results of Yomogida
(1985) were used by Yomogida and Aki (1985) in the
total waveform synthesis of surface waves in a laterally
heterogeneous Earth. A great advantage of surface-wave
synthesis over body-wave synthesis is that for surface

27.0
'
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TIHE<SI

waves the problems are essentially two-dimensional (the
rays are situated along the Earth’s surface). The method
of surface-wave synthesis by Gaussian beams differs
from the body-wave synthesis in several ways, described
in detail in the referred paper. Let us only mention that
the speed of the wave packet along the ray is the local
group velocity, even though the ray path itself is de-
termined by the phase velocity. Yomogida and Aki
found that the weighting funetions of all Gaussian
beams for a moment tensor representation of an earth-
quake are equivalent t0 those of far-field radiation pat-
terns for a point double couple source. They also found
that the choice of the initial parameters of Gaussian
beams is not too critical for the results. The results of
numerical tests for heterogeneous structure in the Pa-
cific Ocean imply that the method may help t0 resolve
small velocity anomalies, e.g. the hot Spots such as the
Hawaiian seamounts, or more precise lateral Changes in
seismic velocities near spreading ridges.

Alekseyev and Cheverda (1981) applied Gaussian
beams t0 solve an important dynamic inverse problem
of a laterally varying piece-wise homogeneous layered
structure. They assumed that the wave field of a wave
reflected from some curved interface, generated by a
point source, was known in some finite region of the
Earth’s surface. They succeeded in determining not only
the position and the geometrical shape in some “illumi-
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Fig. 23. Influence of absorption. Detailed
pictures for the vertical component of the
displacement vector in model Zurich,
SP= 320 km, the receiver is situated at
x=470 km (epicentral distance equal t0
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n0n-causal absorption (stronger in the latter
case) and the fourth column for causal
absorption. In each column, the t0p diagram
is the frequency response, the middle diagram
the amplitude spectrum of the synthetic
seismogram and the bottom diagram the
synthetic seismogram. The parameters of
Gaussian beams were selected in the same
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nated” region of the interface, but also the reflection
coefficients in that region of the interface. The authors
suggest that an analogous approaeh ean be developed
t0 solve even more eomplex inverse dynamic structural
problems.

Babich et al. (1984) reviewed the theory of Gaussian
beams and of their summation. Several applieations of
the Gaussian beam summation method t0 waves prop-
agating in waveguides are presented. Considerable at—
tention is devoted t0 certain non-linear problems. So-
lutions of the non-linear Helmholtz equation (with the
refractive index depending on the square of the ampli—
tude of the wave field) eoncentrated elose to rays are
derived. The evolution of the wave packet in a non-
linear inhomogeneous medium is studied.

Concluding remarks

In the conclusion of this paper we can say that the
Gaussian beam summation method has, in general,
yielded satisfactory results in the numerical modelling
of high—frequency seismie wave fields in complex la-
terally varying layered structures and has found impor-
tant applieations in seismology and seismic prospecting.

Nevertheless, certain problems in the application of
Gaussian beam summation are still open t0 further
research. This applies mainly t0 the problem of the

25.5 26.0 26.5 27.0
way as in Fig. 19

TIHE(S)

Optimum choice of parameters of Gaussian beams,
which would minimize the error of computations. It is
obvious that this Optimum ehoice will depend on the
structure and velocity distribution along eaeh ray under
consideration (mainly on the velocity gradients). The
author believes that some automatic Optimum ehoices
will be found in the near future.

We have discussed only the elastodynamic Gaussian
beams in inhomogeneous elastic isotropie media. The
elastodynamic Gaussian beams in pre-stressed aniso-
tropic elastic media were investigated in detail by Ha-
nyga (1985 a, 1985 b). The Gaussian beam approaeh ean,
h0wever, be generalized even more; it ean be applied t0
any wave field described by a system of linear partial
differential equations of the second-order (see Nomo-
filov, 198l) and, perhaps, even t0 more eomplicated
equations. The author believes that the Gaussian beams
and Gaussian wave packets will find important appli-
cations even in some non-linear problems, both in the
case of physical and geometrical non-linearities.

The main perspectives of the Gaussian bearn sum-
mation approaeh consist in the solution of inverse dy-
namic seismie problems (using complete waveforms,
amplitudes, amplitude ratios, spectral properties, etc).
The computed wave field is a linear superposition of
Gaussian beams (or, in the time domain, of Gaussian
envelope packets). The Gaussian beams and/or Gauss-
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ian envelope packets are controlled by the velocity
distribution only in some limited region; their proper-
ties do not depend on the whole structure. Thus, the
application of Gaussian beams may be suitable to the
investigation of localized velocity changes, geometrical
and physical properties of seismic interfaces in some
region, etc.

For the inversion of seismic data, it may be suitable
to combine the Gaussian beam approach with the per-
turbation theory. Assume that the wave field in an
unperturbed model D0, generated by a point source
situated at M0, is evaluated at point M by the sum-
mation of Gaussian beams concentrated close to a two-
parametric system of rays Q0. We would now like to
evaluate the wave field at M in a perturbed model D. It
would be necessary to evaluate a new system of rays Q
in D and evaluate the Gaussian beams concentrated
close to these rays. The most time—consuming step in
this procedure is the ray tracing of rays Q. The pro-
cedure, however, can be simplified if the perturbation of
the model is only slight, i.e. if model D is very close to
the initial model D0. It is then not necessary to evaluate
the new system of rays Q in the perturbed model D, but
the Gaussian beams (or Gaussian wave packets) in the
perturbed model D can be approximately evaluated
using the old system of rays, QO. This will save con-
siderable computer time. The Gaussian beams, how-
ever, do not have their centre (maximum amplitudes)
on the ray S20 in this case, but the centre of the beam is
laterally shifted outside Q0. A more detailed treatment
of this problem will be published elsewhere

The Gaussian beam with a lateral shift of its centre
was investigated theoretically by Cerveny (unpublished
manuscript). The equations which control the proper-
ties of. such a beam were found. Such Gaussian beams
may be important in the solution of some problems of
seismological interest, e.g. in the more sophisticated
investigation of overcritically reflected Gaussian beams
and waves. The well-known lateral shift of the centre of
the reflected beam is obtained which is closely connect-
ed with the ehanges of the argument of the complex-
valued reflection coefficient. For f—> oo, the lateral shift
vanishes.

The Gaussian beam approach may find broad ap—
plications in many fields of seismology and of seismic
prospecting. It can be used practically everywhere where
the standard ray method is applicable. Certain such
situations are listed in Cerveny (1985a). Let us note,
among others, the applications to vertical seismic pro-
filing, synthetic time-section calculations, strong-mo-
tion seismogram synthesis and interpretation, seismic
tomography based on complete waveforms, borehole-
to-borehole measurements. Gaussian wave packets have
found applications even in such typical ray theory
problems like the location of seismic sources. A new
algorithm for the location of seismic sources in a 3-D
complex structure, based on Gaussian wave packets,
was proposed recently by Klimes (unpublished manu-
script, in Czech).

It is expected that the Gaussian beam summation
method can be suitably combined with some other
methods to produce even more powerful hybrid algo—
rithms for the solution of both direct and inverse seis-
mic problems, e.g. with the matrix reflectivity method,

with the modal summation method and with the finite
difference method. The hybrid reflectivity-Gaussian
beam algorithm was programmed, tested and used to
study the reflected PP, PS, SP and SS wave fields from
thin transition layers by Cernohlavkova and Cerveny.
The method is very efficient and is applicable even to
curved thin transition layers. The detailed exposition
will be published elsewhere.

The application of the Gaussian beam summation
method is efficient both in 1-D media (vertically in-
homogeneous, radially symmetric) and in 2-D and 3-D
laterally varying layered structures. The computer time
savings in comparison with some other, more accurate
methods (finite differences, etc.) will, of course, be es-
pecially pronounced in the 3-D computations. Thus,
the method has large potential, mainly in 3-D seismics.
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Abstract. We present some results of the theory of high-
frequency radiation by seismic sources. The em—
phasis will be placed on the kinematics of high-fre—
quency waves, espeeially the stopping phases produced
when the rupture eneounters barriers of general shape.
These results will be obtained from the representation
theorem in which we replaee the Green function by its
asymptotic approximation at high frequencies, i.e. what
is usually called the far-field approximation. This yields
an expression akin to the Kirchhoff diffraction integral
used in the modelling of reflection profiles and in seis—
mic migration. The results obtained by this method are
valid at distanoes from the fault which are longer than
the dominant wavelength of the radiation. By a detailed
analysis of the asymptotic method we find the wave-
front discontinuities produced by rupture velocity jumps
(barriers) or slip discontinuities (asperities) on the fault.
Some examples of comparison between synthetics cal-
culated with the new methods and those obtained by
complete near—field synthesis will be presented. Among
the examples we will consider is the circular fault, a
model proposed by Bouchon for the Coyote Lake earth-
quake.

Key words: Seismology — Elastic waves — Earthquakes

Seismic radiation

Radiation from a seismie source is a classical problem
in elastodynamics. The most recent developments in-
Clude the study of generalized distributed seismic
sourees, whioh we shall review briefly and in an
overly simplified fashion.

Let f(r, t) be a general distribution of body forces in
the earth, where r and t are position and time, respec-
tively. Seismic radiation may be easily oalculated from
a representation theorem. The displacement u is given
by:

ui(r‚ t): jdt j G,j(r‚ t|r0,t0)fj(r0, t0) dV

where V is the volume of the earth, Gij is the elastody-
namic Green tensor for the earth, which may inolude
both near- and far-field waves. The problem now is to

Offprint requests t0: R. Madariaga

find the body force distribution equivalent to a realistic
seismic source. Let M(r‚ t) be a seismic moment tensor
distribution corresponding to a stress glut, or to inelas-
tic stress in the more traditional nomenclature. The
body force distribution equivalent to this moment ten—
sor field is:

f=—I7°M,

a relation that expresses the equilibrium of forces. In-
serting this definition of f in the representation theorem
and integrating by parts, assuming that M is different
from zero only for t>0 and in a finite region, we find:

ui(r, t): jdtj Gij‚k(r, tlro, t0)Mjk(r0, t0)dV

where the comma indicates differentiation with respect
to source eoordinates. From the symmetry of Mjk, we
see that the radiation from a point moment tensor
source is equivalent to a set of dipoles. A seismic fault
may be described as a single layer distribution of mo-
ment tensors of the form:

Mjk:u(Aujnk+Auknj)ö(D),

where 5(D) is a surface Dirac delta function, Au is the
slip at the fault and n is the unit normal to it at the
point f0.

Inserting this in the representation theorem, we ob-
taln:

ui(r‚t): 5„Aula:(Gij‚k+Gik‚j)nd, (1)

where the time integration has been replaced by the
convolution, indicated by *. Using the true Green ten-
sors for the earth is a formidable problem so that we
usually take only a part of it, either surface waves or
body waves; here we will be concerned only with body
waves.

In most studies of earthquake source mechanism it
is assumed that, in the vicinity of the fault, the Green
function that should be used in Eq. (1) should be calcu-
lated exactly including the so-oalled near-field terms.
This leads to very complicated methods for the ealcu-
lation of accelerograms and seismograms based on
plane-wave decomposition and integration by either re-
flectivity, f—k integration, etc.. It is clear that when
broad-band or long-period synthetics are being calcu—
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lated, the full Green function is needed in Eq. (1). How-
ever, when high-frequency near-source records are de-
sired, it is quite possible to use the so-called far-field
Green function in Eq. (1), which basically neglects the
coupling between P and S waves. This approximation
should be valid as long as the wavelengths under con-
sideration are much shorter than the distance to the
fault. In fact, our experience with synthetics indicates
that the use of the far-field Green function in Eq. (l)
yields reasonable results even at distances of the order
of the wavelength! Even for moderately complex struc-
tures, the cost of calculating Eq. (1) is reduced by at
least an order of magnitude when the asymptotic meth-
od is used.

This is not the only advantage of using far-field
Green functions in Eq. (1). Since this function may be
interpreted in terms of rays, it provides some important
insight into the way in which high-frequency waves are
generated by very general models of the seismic source.
This property will be exploited in order to derive some
general results for cracks and dislocation models of the
source and to propose a new method for the calcu-
lation of near-source synthetics which is quite similar
to the Kirchhoff diffraction integral.

In a homogeneous medium the far-field radiation
from a point dislocation source may be written in the
form:

1

47tpc3u(r, t): R‘ ä ö’(t ——R/c) (2)

where p is density, c is either P- or S-wave velocity
according to the type of wave under consideration. D is
the source-receiver distance, Rc is the radiation pattern
and ö,’ is the derivative of Dirac’s delta function. This

\expression may be generalized to waves obeying simple
geometrical optics replacing the term l/D by the
geometrical spreading calculated from ray theory. Rc is
the radiation pattern which depends on the take—off
angle of the ray at the source and its azimuth.

In order to calculate the radiation in the high-fre-
quency approximation we insert Eq. (2) in the represen-
tation theorem for a flat seismic fault, Eq. (l). We ob-
tain

‚u
4npc

uC(P, r): 3 cäAüU—D/CMS, (3)
S

which is similar to Eq. (14.4) of Aki and Richards
(1980) except that we have omitted obvious indices. In
Eq. (3), however, Rc and D vary with position on the
fault, i.e. we do not make the Fraunhofer approxima-
tion. There is some confusion in the literature between
far-field or high-frequency approximations like Eq. (2),
and the Fraunhofer or far-from-the-source approxima-
tion which applies when the observer is at a distance
far greater than the dimensions of the source. Our in-
tention is to prove that, within the limits of our theory,
accelerograms calculated using Eq. (3) are very good
approximations to those calculated with full wave
theory including “near-field” terms in Eq. (1).

Equation (3) may be easily generalized to media
with slowly varying properties and sharp discontinuities
by means of ray theory. However, for the purposes of
establishing basic results we shall use the simplified

equation, Eq. (3), for a uniform medium. Several of the
examples shown later will be calculated for hetero-
geneous structures using ray theory.

Source models

Equation (3) is entirely equivalent to the Kirchhoff ap-
proximation used in diffraction theory. In the usual in-
terpretation, Ad represents the field given on a surface.
In our application, it represents the slip velocity on the
fault. In order to extract further information from Eq.
(3) we have to consider realistic models of slip velocity
at the source.

The most important feature of Au is that it has a
finite support (the ruptured zone) and that this rupture
expands with time. We demonstrated in Madariaga
(1977) that for very general crack models the radiation
of high frequencies will be controlled by the rupture
front and that the slip inside the fault will be seen only
in the low—frequency approximation. This result may be
demonstrated more easily for the so-called dislocation
models (it should be more correct to call them dislo—
cation loop models). These models emphasize the rup—
ture front discontinuities and eliminate all the details of
the slip function.

We will use a very simple dislocation model for the
source: the rupture initiates at the focus O and expands
radially with rupture velocity v on the fault plane. In
the following discussion, for reasons of simplicity, v will
be assumed to be constant; generalization of our results
to variable rupture velocity may be obtained in a
straightforward way. The slip Au will be assumed to be
uniform, constant and parallel to the fault plane inside
the rupture front limits. This simple model of the slip
function is not physically acceptable but it may be con—
verted into a crack-like dislocation by convolution, as
will be discussed later. Let the rupture grow until it
reaches a barrier of general shape LB. The slip and the
slip velocity are expressed as:

Au(r,6,t)=D0H(t——r/v)H[rO(6)—r] (4)

and

Au'(r,6,t):DOÖ(t—r/U)H[r0(9)—r], (5)

respectively. Here t is time, r and 6 are polar coor-
dinates on the fault plane, H the Heaviside function, ö
the Dirac function and the equation rzr0(6) is the
analytical representation of the barrier line LB. For in-
stance, for a straight barrier line

r0(6)-—-dO/cos 9.

The slip velocity (5) is zero everywhere on the fault
plane, except on the rupture front where it becomes in-
finite. This is the model with the maximum possible
concentration of slip velocity in the Vicinity of the rup—
ture front. In more realistic models the concentration
will be spread in a way determined by the stress distri-
bution near the rupture front. For instance, in Haskell’s
(1964) dislocation model the slip velocity singularity is
spread over the rise time ”C, so that Au will have a box-
car shape. Solutions for these kinds of Slip-velocity sin-
gularities may be obtained by convolution of our so-
lutions with appropriate source-time functions.
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Crack models

Realistic source models should be based on fraeture
mechanies, the physies of the proeesses that occur in
the Vicinity of the rupture front. Let us assume that the
rupture front at the instant t is given by the eurve l(t).
The main features of the elastie fields near the erack tip
may be obtained by assuming steady rupture growth at
eonstant rupture veloeity. If we write the elastodynamie
equations in polar co-ordinates centred at the rupture
front and apply the boundary eonditions for eraeks, the
solution is found t0 have eertain universal features due
t0 the requirement that there be a finite energy fiow
into the rupture front (Freund, 1979). In this solution
the stress and velocity fields present inverse-square-root
singularities (see Fig.1). Along the fault they may be
written in the following form:

0(x, t)—-—K[x —l(t)]' 1/2 for x> l(t) (6a)
and

ALi(x‚t):V[l(t)—x]‘1/2 for x<l(t). (6b)

Here a is a generie stress that represents 0x2 for anti-
plane, ozz for in-plane and c7” for tensional eracks, re-
speetively. K is the dynamic stress intensity factor. The
definition of K in Eq. (16) differs from the usual defini-
tions in fracture mechanies by a eonstant 0/271). We
prefer this definition t0 avoid annoying constants. The
slip velocity entering in Eq. (6b) is the appropriate
eomponent for each mode of deformation. V is the dy-
namic velocity intensity factor.

K and V are related by simple expressions:

Kzu/2v 1 —v2/‚B2 V

for antiplane eracks, where ‚u and ß are the rigidity and
shear-wave veloeity‚ respectively, and v is the rupture
veloeity. For plane eracks,

K:_u_ ß2R(v)——————V2U am
where R is the Rayleigh funetion:

R=4]/1—vz/ß2 1/1-02/062 ——(2 —v2/ß2)2.

The complete angular dependenee of stress and ve-
locity around the eraek tip is given by Freund (1979).
The inverse-square-root singularities of the form (6) are
only valid for rupture velocities lower than the shear-
wave veloeity for antiplane fraetures and the Rayleigh-
wave veloeity for plane eraeks. At these terminal veloc-
ities the eoeffieients of V above reduee t0 zero, i.e. the
dynamie stress eoneentrations K disappear when the
rupture velocity reaehes its terminal value.

The stress field is infinite at the rupture front x
:l(t). This is the result of the idealization that was
made here: it was assumed that the material remained
elastie even in the immediate Vicinity of the rupture
front. The inverse—root singularity appears because this
is the only way the elastie field ean ensure a finite en-
ergy flow into the rupture front. If more realistie con-
ditions are assumed near the rupture front, like a slip-
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Fig. l. Main properties of the stress and slip velocity fields in
the Vicinity of a realistie eraek model of the rupture front.
The rupture is moving t0 the right with a subsonic rupture
velocity

weakening model or a eohesive zone, the singularity
disappears. The singularity is assoeiated with the exter-
nal field, while in the Vicinity of the tip we have an
internal short-range solution (Riee, 1981; Madariaga,
1983). Both merge smoothly at the border of the e0-
hesive zone. Most of the overall features of eraek me-
chanies may be obtained from the elastie model in
which the inelastie behaviour at the breakdown zone is
replaeed by the global variable K. This is valid for the
ealeulation of high-frequeney waves if we assume that
the size of the breakdown zone is smaller than the
wavelength under consideration. Thus, the result we
will obtain using ray theory will be valid for a frequeney
range such that the wavelengths are longer than the
breakdown zone and shorter than the distanee t0 the
observer.

The high—frequeney radiation for a eraek model may
be obtained from that for a disloeation using the slip
velocity function as a source-time function, i.e. convolv-
ing with Eq. (6a). This method is not exact beeause it
negleets the radiation by stopping phases on the fault
(Bernard and Madariaga, 1984a). The results obtained
by convolution are, h0wever, reasonably good approxi-
mations t0 the exaet ones. Given the uneertainties in
the model of the rupture front, we consider the con-
volved results as largely suffieient for strong motion
prediction.

Kinematics of high-frequency radiation: isochrones

Let us introduee the slip velocity (5) into Eq. (3) t0 ob-
tain

uC(P‚ t) : ‚u D03 SRC l ö[t -’L'(P‚ r)] H[r0(6) —r] dS, (7)
4npc S D

where

1'(P‚ r):r/v+D/C (8)

is the retarded time and dSzrdrdG. Given a point on
the fault (r, 6), the distanee D t0 the observer at P is

D(r,6):(r2+R2—2rdcos (9)1/2, (9)

where r, (9, R and d are defined in Fig. 2.
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rupture front

Fig. 2. Geometry of the dislocation model. The observer is at
P, at a height h above the plane of the fault. Point O is the
focus, (r, 6) are polar coordinates: D is the distance from
point A to the observer at P

isochrone

Fig. 3. Geometrical properties of the isochrones. Any point A
on the isochrone refracts the ray 0A in the direction of the
observer at P. n is the normal to the isochrone on the fault
plane, and i1 is the angle between this normal and the radius
from theorigin. d) is the angle of radiation entering into the
directivity term

Using the sifting property of the delta function, the
surfaee integral (7) may be redueed to a line integral
defined by

t:r(P,r):r/v+D(r, 6)/c. (10)

Given the time t, Eq. (10) defines a eurve on the fault
plane that we call the isochrone. This curve defines the
set of points [r(t,6),6] on the fault plane from whioh
radiation arrives at the observation point P at time t.
The different points on the isochrone do not radiate
simultaneously but at the time r/v when the rupture
front passes through them. We can give a simple
geometrieal interpretation to Eq. (10): r/v is the travel
time of a “rupture ray” that leaves the origin O in di-
reetion 6 with velocity v and propagates for a distance
r along the fault. At point A, of coordinates (r, 6), it
leaves the source and propagates to the observer at P
as an elastic wave with veloeity c.

The equation for the isochrone, Eq. (10), may be
easily solved numerically for r1:r(t,6). Let L0(P‚t) be
this isoehrone which is a function both of the position
of P and the time of observation t. In a general me-
dium LO represents a Closed curve around the origin.
For a homogeneous medium the isochrones L0 are
quartic ellipses confocal with the source as shown in
Fig. 3.

Changing variables in Eq. (7) from r to ’L' we get,

uc(P t): ”D0 25:16 050 RclÖU—ÜFÜ (9)6 rdr’ 47'CpC3 0 R/c D ’ t

where the partial derivation Ötrzör/Ör may be ealcu-
lated from the equation for the isoehrone (10):

Ötrzl/(l/v—cos qS/c) (11)

since Ö‚D= —eos qb, where d) is the angle between the
radius vector at r(t, 6) and the direction of the observer
(see Fig. 2). Integrating over r we get the very simple
expression:

uC(P‚t):—’L°3jkc v dl‚ ‚ (12)
47'CpC L D(1—v/ccosc/)) eosz1

where L designates the segments of the isochrone L0
that are inside the fault zone surrounded by the barrier
LB; dl=cosil rdQ and (l—v/c cosqö)‘1 is the well-
known direetivity due to the propagation of the rupture
front. i1, defined in Fig. 3, is the angle between the
isochrone normal and the radius vector from the origin.
Thus, Eq. (12) represents the sum of the radiation from
a set of point double couples distributed along the iso-
chrone L. Eaeh point source is weighted by the local
directivity.

Equation (12) provides a very simple method to cal-
culate near-field velocity: at any given time, velocity is
given by a simple integral along L. We call asymptotic
seismograms those calculated using this method. Two
approximations were made to obtain Eq. (12), the first
one being that the far-field Green function, Eq. (1), be
applieable, i.e. that the shortest wavelength Ä of interest
be the less than minimum of D. The other approxima—
tion, which may be relaxed by convolution, is that Au
be strongly eoncentrated at the rupture front. Let us
remark that, since we are summing the radiation from
a eontinuous distribution of sources on the fault, Eq.
(12) is not strictly a high-frequency approximation. The
true high-frequeney approximation to Eq. (12) will be
obtained from the analysis of its discontinuities.

Bernard and Madariaga (1984b) obtained Eq. (12)
assuming a homogeneous medium and Circular rupture
propagation at constant veloeity. These restrictions
were adopted in order to simplify the presentation; in
fact Eq. (12) is valid under very general conditions of
rupture propagation and for inhomogeneous media as
long as ray theory is valid, i.e. for smoothly varying
media. We can generalize Eq. (12) to more general
models replacing r/v by the time of arrival of the rup-
ture front to a point on the fault and D/C by the travel
time from this point to the observer at P. In this case,
the isoehrone is given by

t=I(P, r):t‚(r)+ T(r, P) (13)
where I, is rupture time at the point r on the fault, and
T is the travel time for a ray from r to P. In Eq. (12), v
should be interpreted as the local rupture velocity at
point r. Finally, D‘1 should be replaoed by geometrical
spreading. Interpreted in this form, Eq. (12) is a very
general formula for the calculation of near—field asymp-
totic syntheties. As shown by Spudich and Frazer



(1984), who independently derived it, it is closely relat-
ed to the Kirchhoff approximation used in modelling
vertical reflection profiles in applied geophysics.

Although Eq. (12) has an extremely simple form, it
is difficult to calculate analytically even for a circular
disloeation in a homogeneous medium. We proceed in
the following way: first, for every given Observer we de-
termine a set of equally time-spaced isochrones numeri-
cally; this is the most time-consuming part of the com-
putation. Onee the isoehrones are ealculated, we integ-
rate Eq. (l2) numerically.

Example: Coyote Lake earthquake

We shall now apply the asymptotic method to the cal—
eulation of synthetic aceelerograms for the Gilroy 6 re-
cording of the August 6, 1979 Coyote Lake earthquake
in California. This event was studied by Bouchon
(1982") who proposed a dislocation model for the source
and calculated synthetic accelerograms by a numerical
frequeney-wavenumber integration method. His model
is a vertical strike-slip fault as shown in Fig. 4. Rupture
starts at 9.5 km depth and propagates self—similarly
with a constant rupture velooity of 2.6 km/s. Slip is
constant (dislocation model) and equal t0 D0=2lcm.
The final fault shape is defined by a rectangular barrier
where rupture stops abruptly. The Gilroy 6 station was
practically on the fault trace, 10km away from epi-
eentre. The medium consists of an upper layer 1.75 km
thick, with a shear velocity of 2.4 km/s and a density of
2.6 g/cm3, overlying an elastic half-space with a shear
velocity of 3.5 km/s and density 2.8 g/cm3.

The isochrones for regular increments of the Obser—
vation tirne are shown in Fig. 4. They were obtained by
a numerical solution of Eq. (10) where D/C was replaced
by the appmpriate expression for the travel time in a
layer over a half-space. The separation between neigh-
bouring isochrones is proportional t0 the directivity
factor; the area that radiates the higher amplitudes is
the elongated sector pointing from the source t0 the
observation point. This explains why, as will be shown
below, the dominating part of the radiation comes from
this seetor of the fault.

We may now compute synthetic displacement re-
cords by integration along the isochrones. Since sta-
tion Gilroy 6 is practically on the fault plane, only
SH waves with di3placement perpendicular t0 the fault
were considered. The synthetic displacement record 0b-
tained by our method is shown in the top of Fig. 5.
Theoretically, these asymptotic reeords are valid for
frequeneies greater than 1.5 Hz in order that all wave-
lengths be shorter than the distance to the fault.

In the same figure we present the displacement re-
cord computed numerically be Bouchon (1982) for the
same model. He discretized the fault into elementary
sources and calculated displacement integrating the full
near-field radiation for eaeh of these sources. In spite of
the different theoretical limits of validity for the two
methods, f< 3.2 Hz for Bouchon and f> 1.5 Hz for the
asymptotic method, the two solutions are very similar.
The prinoipal high-frequency phases are clearly iden-
tifiecl ancl the general form even at low frequencies is
vor}! similar. The asymptotio solutions appear to be val-
icl down to frequencies of l in this case. The prin-
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Gilroy 6

Fig. 4. Source model for the Coyote Lake earthquake (after
Bouchon, 1982) and the isochrones for Station Gilroy 6. The
fault plane is vertioal and the focus is at depth 9.5 km. The
rupture front propagates with constant velocity 2.6 km75 and
stOps on the rectangular barrier 8 km x l4 km, whose top is at
2km depth. The station (Gilroy 6) is 10km from the epi-
centre, on the fault plane. The slip inside the rupture front is
21cm (dislocation) in the horizontal direction (strike-slip).
The medium has an upper layer 1.75 km thick. The iso-
chrones are plotted for a regular increment of the observation
time. They are tangent t0 the barrier at points 11, 12, 13 and
14

um
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Fig.5. Comparison between the asymptotic method and
Bouchon’s frequency—wavenumber integration method. The
asymptotie displacements calculated by the two methods
show a similar overall shape. Phases 0. l. 2 and 4 in the as—
ymptotic appear clearly in the eomplete solution, in spite of
the different frequeney content of either synthetic. The arriual
before phase 0 in Bouchon"s synthetic is due to near-field low
frequencies. which are not modelled in the asymptotic syn-
thetics

Cipal difference between these results is the rapid in-
crease just before phase 2 which does not appear in
Bouchon‘s synthetic. This difference is probably due to
the disoretization of the source in his model.

As seen in Fig.4. the isoehrones are tangent to the
barriers at the points which we call 11 to I4. Radiation
from these four points and from the origin is respon-
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sible for the discontinuities of the radiated field. We
clearly identify in the synthetics the starting phase (0)
and the high-frequency phases generated at the critical
points I1 and 12. The radiation from 13 and I4 is weak-
er because of directivity effects. Just before the arrival
time of the phase radiated by I2 the displacement in-
creases rapidly. This is not a barrier effect, but is ex-
plained by the very short distance between the interface
and the top of the barrier which produces a very rapid
decrease with time of the transmission coefficient near
12. It is also interesting to note that the radiation from
the corners is very weak. This is in contrast to the Has-
kell model where radiation comes mainly from the cor-
ners as shown by Madariaga (1978). The circular fault
model is a much more efficient generator of high
frequencies than Haskell’s model where strong phases
are observed only in front of the fault.

Radiation from a barrier: critical and stopping phases

The method proposed in the previous sections, based
on the Kirchhoff approximation for the Green function,
is valid for wavelengths shorter than the distance to the
fault. It is, in fact, an intermediate-frequency diffraction
approximation to the radiation. At much higher
sfrequencies, those that are of interest in earthquake
engineering, we can obtain much simpler approxi-
mations to the high-frequency phases or wavefront dis-
continuities in the Signal.

There are two major kinds of discontinuities in Eq.
(12), the first ones are the starting phases radiated from
the origin of rupture at O. These are weak singularities
because the isochrone line LO shrinks to zero as the
time t—+R/c, the arrival time for the radiation from the
origin. Initial phases for the dislocation model ,(4) be-

\have like t-H(t) in displacement. Since these phases
may be easily calculated by standard methods (see
Chapter 14 in Aki and Richards, 1980), we will con-
centrate on the strongest phases which are produced by
the interaction of the rupture front and the barrier.

Let us consider the geometry of the barrier and iso-
chrones shown in Fig. 6. Initially, the isochrones
L0(P, t) are continuous curves closed around the origin.
As time increases the isochrone eventually becomes
tangent to a barrier at a point 11. We call critical time
tC the time that defines this isochrone. In the Vicinity of
11, LO cuts LB at two points defined by position s1 and
s2 along the barrier. As shown in Fig. 6, two geometri-
cal cases have to be considered, depending on the rela—
tive curvature at I1 of LO and LB. We will develop our
results for the case of Fig. 6a but, as we show later, the
same results apply to the case of Fig.6b. For times
t<tc, the isochrones LO are continuous, while for t>tc
the isochrone splits, loosing a segment of length AL.

Therefore, for times t>tc, the discontinuity of the
displacement field u in Eq. (12) may be approximated
by:

v dl
1D——v/ccos d) cos il’

u(Pt)——— fR
where the minus sign appears because the discontinuity
is due to the disappearance of the segment AL from the
integral.

l3—47zpc3AL ( )

bgrner isochrones

isochrones

Fig. 6. Generation of critical phases by diffraction at a barrier.
The isochrone is tangent to the barrier line at II, or 12 at
times tc. In the case of the critical point II, the isochrone
looses a segment of length AL for times greater than tc. At
critical point 12, on the other hand, a segment of length AL
shrinks to zero as time approaches tc. These two types of sin—
gularities generate most of the high—frequency radiation by
the source

For tztc, the segment of integration AL is small
and the integral (14) may be approximated by

D 1 AL" ° R._ U . (18)D 1—v/c cosqb cosz1“0(1), t) z
—47Ip c3

where RC, D, d), i1, etc. are calculated at the critical
point 11.

In order to evaluate Eq. (18), we have to calculate
AL in the Vicinity of 11. Let us introduce the travel
time T(s) of a ray diffracted in the direction of the ob—
server at a point of coordinate s on the barrier LB:

T(s)=r0(s)/v+D(P‚s)/c (19)

where D is the distance from the point s on the barrier
to the observer at P and r0(s) is the equation of the
barrier. At the point Il of coordinate sc the isochrone
and the barrier are tangent so that:

tC = T(sc)

and (20)
‚ _ d T(sc) _ d TT (8€) ‘ ds “ dl

where l is distance along the isochrone. Now, since by
definition r is constant along an isochrone, then

dr/dl.

Thus, the travel time T(s) has an extremum at the
point I1 where the isochrone is tangent to the barrier.
The arrival time at the observation point P of a critical
ray diffracted at point I1 on the barrier is tc=T(sc).
Also, the angle i1 appearing in Eq. (18) was defined in
Eq. (12) as the angle between the rupture front and the
isochrone. Since the isochrone is tangent to the barrier
at 11, i1 also represents the angle of incidence of the
rupture front on the barrier as seen in Fig. 7.

Let us prove now that the extremum condition for
the travel time tc leads to Snell’s law for diffraction.
By definition of the normal to a plane curve and re-
ferring to Fig. 7, we find

dr0(s)
ds

zsmzl
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Fig. 7. Geometry of diffraction by a barrier of general shape.
A “rupture ray” propagating from the source with rupture
velocity v is diffracted by the barrier in the direetion of the
observer at P. i1 and i2 are the incidence and diffraction an-
gles, respeetively. They satisfy Snell’s law for diffraction. 6 is
the angle between the fault plane and the plane containing
the tangent t0 the barrier, t, and the Observation point

and (21)

dD(s)
d5

zsiniz,

where i1 is the angle of ineidence of the rupture front
on the barrier and i2 is the take-off angle of the diffrac-
ted wave that passes through P. Thus, the second equa-
tion in (20) leads t0

smz1 =sm 12
(22)v c

whieh is Snell’s law for diffraction.
We may now calculate AL in Eq.(l8). Since T’(sC)

=0, Taylor’s expansion of the travel time T(s) around
I1 yields

T(S)———tc+1/2TH(SC)(S —sc)2. (23)

Noting that 51 and 52 are located on the same isoch-
rone of time t: T(sl)= T(82)‚ WC get from Eq. (23):

2(t —tc)

VT'KSC)
'

For T”>0‚ we have a minimum time phase so that Eq.
(24) is valid only for t>tc; this is the Situation that pre-
Vails in the Vieinity of 11. We may now insert Eq. (24)
into Eq. (18) t0 obtain the singularity associated with a
critical phase:

AL:s1 —52=2 (24)

uC(P t)- ”D0 C v 1 207%)’ —
27rpc3 l—v/c eosd) D COSil 1/?

- H(t —tc). (25)
For T”<O‚ t has t0 be less than tC. This is the case of a
maximum time critical phase like the one radiated from
12 in Fig. 6b. In this case we get:

#Do
RC v 1 2(tc—t)

ac3 l—v/ceosd) Dcosi1]/—T"
- H(tc—-t). (26)

uc(P‚ t): +
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The different variables appearing in Eqs. (25) and
(26) are all evaluated at the diffraetion points I1 and I 2,
respectively. The time dependence of Eq. (26) is the Hil-
bert transform of that of Eq. (25). The second derivative
of the travel time is the usual geometrical spreading for
two-dimensional waves. T” is not difficult t0 calculate
for constant rupture velocity and homogeneous me-
dium, but it is much more difficult t0 calculate in more
general situations. For this reason we recast Eqs. (25)
and (26) in terms of radii of eurvatures of the rupture
front r1‚ the barrier a and the diffraeted wavefront p.
Taking the second derivative of Eq. (19), ealeulated at
sc using Eq. (21), we get:

Zeoszl dz1 __c:osz2 d12
T” .(8€) v ds c d5 (27)

The derivatives di/ds may be ealculated from simple
considerations about the geometry of flat curves. Fol-
lowing Achenbach et al. (1983, pp 175—180), we get:

dll _Cosz1 _1 d12 _ _ 00512 _eosG
ds— r1 a d5 D a ’ (28)

where 6 is the angle between the plane of the barrier
and the plane eontaining the diffracted ray and the lo-
cal tangent t0 LB (see Fig. 7). Inserting in Eq. (27), we
find:

' DT”(sc) z C25; [1 + 3] (29)

where p, the radius of curvature of the critical (stop-
ping) phase, is

1 ceoszi 1 ccosi 11 l_: 2_ —+(c056— ‚ ) ‚ . (30)
p vcos 12 r1 vcosz2 acosz2

This is the standard relation between the radius of
curvature of the diffracted wavefront and the radius of
curvature of the incident wavefront rl. In the case of a
Circular rupture, r1 =r.

Finally, reinserting Eq. (29) into Eq. (25) we get

‚uD0 v
C

eos 12
27tpc3 l—v/c cosqö (zosi1

1/52. _S ‚ 31
I1+D/pI1/D (t) ( )

where S(I) is the radiated Signal:

(t—tc) H(t—tc) for D/p+1>0

or (32)

]/(tC—t) H(tC—t) for D/p+1<0.

Equation (31) gives the high-frequency part of the
displacement u: the critical time t=tc corresponds t0
the arrival time of the ray reaching P, diffracted at the
point I1 on the barrier LB. Thus the critical point I1
seems t0 radiate the high-frequency Signal (stopping
phase) that reaches point P. For a given barrier L3, the
position of the critical point depends on the Observer
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position P and it may be ealeulated by two-point ray
tracing methods. A “rupture” ray propagates with ve—
locity v along the fault until it reaehes the barrier; at
that point a eone of diffracted rays that satisfy Snell’s
law for diffraction, Eq. (22), is generated. One of these
diffracted rays passes through P. Tracing this ray is a
difficult numerical problem since it has to pass through
the nucleation point O, the diffraetion point I1 and the
observer P. Once ray tracing is done, we can calculate
the amplitude using Eq. (31) which may be easily gener-
alized both to inhomogeneous media and to variable
rupture velocity using standard dynamic ray tracing
(Cerveny and Hron, 1980). The result, Eq. (31), is in the
form of geometrical diffraction theory (e.g. Keller, 1962;
Aehenbach et al, 1983). It corresponds to a generaliza-
tion of the diffraction of a straight rupture front mak-
ing an angle i1 with a straight barrier. Equation (31) is
very general and eontains all results published in the
literature for stopping phases produeed by disloeation
models of arbitrary shape and rupture history, e.g.
those of Savage (1966) for an elliptical dislocation, etC..
Let us finally note that for p<0‚ Eq. (31) fails at the
eaustie loeated at D: — p which is a focal point for the
diffraeted rays (see Bernard and Madariaga, 1984a).

The main use of Eq. (31) is to calculate high-fre-
queney approximations at any distanee from the fault.
In partieular, the dominating part in most synthetic ac-
Celerograms generated by disloeation models may be
easily calculated with it. As notieed above, Eq. (31)
may be generalized to more general models of rupture
in heterogeneous media.

A simple example is shown in Figs.4 and 5, where
the arrival of the four prineipal high-frequency phases
is indieated. The discontinuities associated with those
arrivals may be easily ealeulated from Eq. (31), but they
are not very easy to verify against Bouchon’s (1982) cal-
culation beeause his method is too low-frequency in
displacement. Further tests for velocity and aeeeleration
were presented by Bernard and Madariaga (1984a) in
the case of a buried eircular fault.

High-frequency radiation from a crack model

The previous results may be generalized to deal with
more realistic seismie source models than a dislocation.
Here we will briefly discuss the ease in which the slip
velocity is that of a eraek model, so that it has the
characteristic inverse-square-root singularity (6) near
the rupture front, i.e. as the rupture front propagates,
the slip velocity may be expressed as:

Au'(r‚ 6, t)-—-(t —r/v)‘ 1/2 H(t ——r/v)

near the front. Let us consider two particular be-
haviours of the rupture front when it reaehes a barrier.

In the first model we take

H(t—r/v)

]/t-—r/v

so that slip eontinues indefinitely onee the rupture
stops at the barrier line. An alternative model is

Aü(r, 9, t)=mH[r0(9) —vt] (34)
]/ t ——r/v

A Li(r, 9, t) : H[r0(6) —r], (33)

in which the erack heals simultaneously on the whole
radial line of angle 6 when the rupture front reaches
the barrier along that line. Between these two extreme
models, unfortunately, it seems difficult to eonstruct a
realistic model for healing phases without losing the
simplieity of the analytical expression (31). A more re-
alistic model for healing will affeet the diffraction eoef-
ficient eosiZ/eosi1 but not the time dependenee of the
radiation. Given the uncertainties in the models, Eq.
(31) is probably suffieient for most applieations.

For the first extreme model, the high-frequenoy dis-
placement is that given in Eq. (31) convolved with Eq.
(33). Then Eq. (31) remains valid but S(t) Changes to:

S(t)z(t—tC)H(t—tc) for (1+D/p)>0

and for acceleration:

d2 S(t)/dt2 z ö(t — tc)

while, for (1 +D/p)<0‚ we obtain the Hilbert transform-
ed pulses. For example, the aceeleration pulse behaves
like:

d 2 S (t) 1
N

dt2 N(t—tc)’
Thus, the high-frequency aeoeleration radiated by a
propagating erack stopping abruptly is well described
by a superposition of ö-like and 1/t-like impulses, gen-
erated at the eritical points on the barrier (Bernard and
Madariaga, 1984a).

These results are compatible with observed accelera-
tion speetra, for which the high-frequeney part is usual-
ly flat. If the jump of the rupture veloeity is not in-
stantaneous, but takes a time At, the spectral amplitude
of acceleration should break down for frequencies
greater than fmax: l/A t.

Conclusions

We proposed a new approach to the synthesis of strong
ground motion at high frequencies. Two methods were
studied. First, an intermediate-frequeney asymptotic
method similar to the Kirchhoff integral for diffraetion,
in which the Green function entering in the representa-
tion theorem is replaced by its high-frequeney approxi-
mation (the so-called far-field terms). The method is
valid up to wavelengths of the order of the Closest dis-
tance from the observer to the fault. It ean be easily
extended by means of ray theory to heterogeneous me-
dia and non-uniform rupture propagation.

Analysing the wavefront discontinuities that appear
in the Kirchhoff integral, we determine the dominating
part of the radiation at high frequeneies. These are the
eritical phases due to the interaction of the rupture
front with barriers. In the partieular case in which the
barrier stops the rupture completely, these are the usual
stopping phases. A general expression based on the
geometrioal theory of diffraetion is derived, which ean
be easily extended by standard two-point ray traeing to
inhomogeneous media.

The interest of the method presented here is that
once we have solved for the radiation in a uniform me-
dium, we may simply apply ray theory to propagate the
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high-frequeney Signal in a more realistic heterogeneous
attenuating medium.
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Notes on wave propagation in laterally varying structure
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Abstract. Recent models of earth structure suggest large
horizontal gradients, especially in shear velocities. Some
changes in existing methods are required to construct syn-
thetics for broadband Signals in many situations, especially
when energy can reach the reeeiver by up-going as well
as down-going paths. This can be accomplished by allowing
locally dipping structure and making some modifications
to generalized ray theory. Local ray parameters are ex-
pressed in terms of a global reference which allows a de
Hoop contour to be constructed for each generalized ray
with the usual applieation of the Cagniard-de Hoop tech-
nique. Several useful approximations of ray expansions and
WKBJ theory are presented. Comparisons of the synthetics
produced by these two basic techniques alone, or in combi—
nation with known solutions, demonstrates their reliability
and limitations.

Key’words: Synthetic seismograms — Generalized ray theory
—— WKBJ seismograms — Lateral heterogeneity

Introduction

Considerable progress has been made recently in speeding-
up the synthesizing of seismograms with the introduction
of WKBJ and Gaussian beam methods, see Chapman
(1978) and Öerveny’l et al. (1982). These methods have prov—
en highly useful in generalizations to laterally varying struc-
ture, especially at high frequency, see for example Frazer
and Phinney (1980). However, in the construction of longer
periods (long-period WWSSN seismograms) we are often
interested in more complete solutions, since the beginning
portion of surface waves become important, see Grand and
Helmberger (1984 a). A complete set of ray parameter con-
tributions is required to construct seismograms in this situa-
tion. In partieular, one needs to oonsider ray paths leaving
the source horizontally, a case where the WKBJ method
breaks down. We can avoid this problem by applying a
mixture of generalized ray theory, GRT, and WKBJ or
Disk rays as defined by Wiggins (1976).

A simple example of this procedure is given in Fig. 1
where we show schematically how to construct the step
response for a smooth velocity model approximated by a
stack of homogeneous layers. We suppose that a velocity
model can be chosen such that the step response remains
a step at all receiver positions. The Simulation of this step

can be achieved by summing the response from three energy
paths; namely, the direct, the reflected from just below the
source or reference plane and the diving WKBJ contribu-
tion. All three paths contain a product of the transmission
coefficients above the source. The WKBJ path includes the
transmission coefficients across the reference plane, taken
as the interface below the source. We have included a dia—
gram of the 0(t) vs. p curve in Fig. 1 for reference, as it
clearly shows that the diving path contributes little except
at the larger distances. At the nearest distance, position 1,
the direct ray dominates. The reflected path contributes
some as critical angle is approached. At still larger dis—
tances, position 3, a head wave along the bottom of the
reference interface develops followed by the critically re-
fleoted pulse. The head wave contribution is ineluded in
the reflected response since it is assooiated with the reflected
generalized ray. At large ranges, the WKBJ contribution
becomes increasingly dominant. Note that the WKBJ re-
sponse turns off at the same time as the head wave starts,
because the transmission coefficient drops to zero. Essen-
tially, combining the generalized rays and WKBJ response
eliminates the truncation phase and avoids the turning
point breakdown of the WKBJ theory.

In testing the accuracy of the above procedure, it is
quite useful to generate the step response for models for
which the answer is known. Thus, we begin with a homoge-
neous fluid whole space with a point source excitation yield-
ing a step response at all positions with 1/(distance) decay.
We next impose a spherical ooordinate system with many
thin shells of constant velocity. Applying the classical earth-
flattening approximation, we obtain a model with a smooth
velocity increase in depth, see Helmberger (1973). The syn-
thetics generated in Fig. 2 are from such a model, with
the exact step responses indicated by the dotted lines in
the bottom panel. This panel also displays the response
after summing the complete set of generalized rays; direct
rays plus rays reflected upward from all the interfaces below
the source. The GRT response at the largest distance shows
the most roughness for times near the direot arrival when
the interaction with the reflection from just below the
source is the most severe. Similar complexity occurs with
the hybrid method except that the diving energy is smoother
with WKBJ. Short-period synthetics generated from these
step responses become quite dirty and simple geometric ray
theory yields cleaner results. However, for most studies the
advantage of being able to include the radiation pattern
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Fig. 2. Synthetic step responses computed at three interesting
distances and constructed by summing the three energy paths
displayed in Fig. 1. The exact answer is indicated by the dottea’
response in the lower panel

appropriate for earthquake sources, or shear dislocations,
far outweights the disadvantage of the noise generated by
the hybrid method. For example, consider the SH radiation
from a dip-slip event where the up-going radiation has op-
posite polarity from the down-going energy, see Helmberger
(1973). In short, the sum as displayed in Fig. 2 becomes
more interesting when the direet ray traee has opposite sign
from the other two.

We eould probably improve the response at the time
the three energy paths interfere most vigorously by includ-
ing a few more GRs and/or by lowering the reference
boundary for the WKBJ contribution. However, we are
particularly interested in more realistic earth models with
a sedimentary cover over bedrock or a crust-over-mantle
structure providing natural reference boundaries. Thus, we
propose using GRs to compute the start of the Love waves,
and WKBJ t0 generate the responses returning from deeper
structure. This approach proved effective in studying the
structure and evolution of the lithosphere for an 01d oceanic
plate, Grand and Helmberger (1984 b). It would be advanta-
geous t0 treat the obvious lateral variation encountered
in such studies. Although the real world is truly three-di-
mensional, some useful progress can be made by examining
profiles of data along paths of symmetry where two-dimen-
sional idealizations are appropriate. We will address such
models in this paper.

Our strategy is similar t0 Wiggins (1976) and Given

Fig. l. Schematic picture of ray paths and
summation response (also schematic) for a
smooth velocity gradient specified by a layered
stack. Reflected and head-wave paths for case 4
are omitted

(1984) in that we will use a combination of GRT and WKBJ
to generate synthetics and justify the latter by demonstrated
accuracy.

Review of ray interactions with nonplanar structure
Boundary-value problems involving complicated geometry
have a long, rather unrewarding history; thus, we will jump
directly to approximate solutions and test their validity
against finite—difference calculations and other more well-
known results. Before addressing the dipping layer problem,
it is instructive to examine the Hat-layered case and empha-
size the geometrie interpretation of generalized ray theory.
This proves particularly useful for constructing generaliza-
tions t0 more complicated situations since the most pro-
gress in understanding these problems is at high frequency.
Both line and point sources will be discussed since the
former is easier t0 understand theoretically and for testing
against numerical results, while the latter is necessary for
studying the Earth.

Line source and planar made]

The solution of the scalar wave equation, assuming line
source excitation for generalized rays, as given by Gilbert
and Knopoff (1961), is

däLÜ'a Z, 1)=H(Z_to)/(t2—t(2))l/2 (1)

where t0 = R/oc, R2 =22 + r2‚ and oc=velocity.
(ÖL is defined as the displacement potential with the

index L used t0 remind ourselves of the line excitation.
A high-frequency approximation of Eq. (1) is

ÖLQHU—ßfiü—ßyMVE (m
and the motion decays with distance as 1/13 The solution
t0 the interface problem setup displayed in Fig. 3a is

iQ(‚D , ,t=ImL02) ['71
dl

Tefl e)
where
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(a) Line Source

(b) Point Source

(Fig. 3. Diagram displaying the geometric spreading of ray tubes
in two and three dimensions as they encounter a boundary

t=P(d1+d2)+h1 771+h2 '72 (4)

1 2
1/2

m—(oc—iZ—p> ‘

T(p) ä transmission coefficient.
The symbol Im indicates the imaginary part of the com—

plex product of the functions of ray parameter, see Helm-
berger (1983) for example. The ray parameter appropriate
for the direct arrival path, po, can be obtained by

\

and dl—M=d2—%. (5)dt—
(pO):O>

dp 771 '72

But with

_ sinH1 _ sin 02
051 052

(6)P0

and, therefore,

cos 61 cosäz
771 :____„‚ 772 =_‚

d1 0(2

we see that the ray goes from the source to the receiver.
And

° 9 9 ' 0 9tozäsm 1r1+coof 1h1}+{sm 2(123°: 2%}, (7)
oc1 1 “2 2

tol/al +R2/a2.

For times greater than t0, we must solve z for complex
p such that the imaginary parts ofp a’1 and 771/11 etc. cancel.

The behavior near p, can be approximated by noting
that

dt dzt
tZ’o

+21;
(P—PoH‘äP (P—p0)2/2

and solving for

(p—po)2:2(z—zo) (5’!)a’p2

Thus,

dp — 1/2 dzt 1/2
—: t—t 2 — . 8d; < o) dpz ( >
Note that from Eq. (4)

4:2- —h1_ h2
a’p2 nfoci' 77306 (9)

It is convenient t0 condense the various factors containing
[90, into

1
*1/2 ‚ (10)

a1 '71

SL(po)E d2:
dp2

which we call the spreading factor. Thus,

2 —1/25L: h1 + h2 (”3“ . (11)
'71051 '72052 772052

We note that by differentiating Snell’s law we obtain

COSäldÖ _cosäz__ 1_0:1 a2
däz.

Substituting this expression into SL we obtain

VE
0056 1/2'

[R1d61+R2d62 cos 61]2

5L: (12)

If R2 = 0, we obtain the whole-space spreading again where
(R 1 6181) is just the width of the ray tube described in
Fig. 3 a. A correction for the change in direction is required
as the tube crosses the interface, namely

(cosßl/cos 62).

Thus, the denominator of Eq. (12) is again the width of
the ray tube at the receiver, L9 in Fig. 3a. Substituting into
Eq. (3) we obtain

ÖL 05 SL HÜ— t0) Re[T(P0)]/(t_ to)1/2 (13)

where Re indicates the real part Operator.

Point source and planar model

The point—source solution for the same problem setup,
Fig. 3b, is
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*mI (W fd—plldt
(14)

2 l
Öpü', Z‚t):1/;

E
[l—/1:t*

and applying the same first-motion approximation, we ob-
tain a slightly more complicated spreading factor; namely

p l dzt ‘1/2
81951/— — —— 15

1’ n1 dpz
( )

R1 sin6l1+R2 sinÜ2 71/2= . SL (16)Sinäl

and note that by letting R2 20 we obtain

=1/R. (17)

In terms of area, we note that

SP:
sin01d91d<1>

(Rlsin61d@+sin62d<P)(R d9 +R d6

(18)
which can be interpreted as the incremental element of area
at the source divided by the projected area at the receiver,
or simply

A
1/2WG) . (19)

Thus, the first—motion behavior becomes

CP()-rtt 71T[L* ]SR[T(1)]e P1 l

751/1“ *V:

P 0

=S„H(t—to) R6[T(po)]. (20)
More complicated solutions t0 multi-layered models in
terms of ray summations will be discussed later.

Locally dipping structure

Although GRT for parallel interfaces has been well devel-
oped, the modifications for nonplanar structure or
smoothly varying interfaces has not. Some of the difficulties
encountered for the simple wedge problem have been dis-
cussed by Hudson (1963). Hong and Helmberger (1977)
constructed a solution in terms of generalized rays for this
problem and defined a method of ray-path construction
compatible with the usual Cagniard-de Hoop formalism.
We will consider the direct arrival interacting with two dip-
ping interfaces as an example application. The problem se—
tup is displayed in Fig. 4a with the response given by

(21)<DL=Im [T12 (12)T23<122)—1 f5]
where p1 and p2 are defined by the local ray parameter,
namely

1/2
0039

___) ]C0502

p1=——‚ p2—

85

(o) Line Source

(b) Point Source

Fig. 4. Diagram displaying the geometric spreading of rays
encountering nonhorizontal interfaces

sin 01 _ sin 02
051 0‘2

and are no longer equal. However,

sin 61 _ sin l9;
051 052

where

‚2 = 92 + 9s

with Üs defining the change of the slope of interface (1)
relative t0 the previous reference at 91. Performing the de—
rivatives discussed in the previous section, we obtain

SL(po)

W79:
0056 eosf)2 €050

]1/2
[R d6 +R d0 +R d8

os 9’ cos 8’ cos 6’

which is similar t0 Eq. (12) and has the same interpretation.
The travel time is defined by

3
t: 2(pidi+nihi)

i=l
(22)

with the definitions of di and hi given in Fig. 4a as the
projection of the geometric path onto the local Cartesian
coordinates. The arrival time can be determined as before,
with

dt

dpm:
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defining

pl :p019p2 =p029

etc.. Thus,

dm —h„‚ 1ü: 0 (23)
nm

with

sin 0m cos 0m
pm:— and 77m:

am

and the fl=0 condition leads t0 a ray going from the
Pm

source t0 the receiver. The first—motion approximation be-
comes

HU’ ’O)S (24)GPL ocRe[T12(Po)T23(I702)]
W L

Spreading for the point-source solution becomes slightly
more complicated than in the flat case, but allowing

w)
results in Sp, defined by

1 d21:-1/2HE ‘27 52‘ ’ (26)
1

reducing to

=(Ao/A)1/2‚

at the direct arrival time. The details of this result have
been given previously by Hong and Helmberger (1978).
Thus, the point-source solution for the geometry given in
Fig. 4b becomes

22221—1722 1:2:[22m2
where

”(P) = T12(P1) T23(P2)-

Numerical evaluation of Eq. (27) yields the geometric result
but, also, retains longer-period information since (dp/dt)
can be evaluated along the de Hoop contour in the usual
manner. The accuracy of constructing broadband synthetics
applying this procedure is well known: for example see Ap-
sel and Luco (1983) or Burdick and Orcutt (1978).

Many layers, WKBJ and radiation patterns

Following the results of the previous section, and inserting
the radiation pattern for the simple SH motions from a
dislocation source (see Helmberger and Malone, 1975, the
displaeements can be written

M0 A 1/2 d . 2v(r‚ z, 9, t):4np0 (sim) E [Den]; A120, 2, ö) 15m],
(28)

where

2 1 1V22) :|/; g [17; * 220)] (29)

and

2(2): _ZSH(p)„(2(21))n 172(12) (30)
and the summation of n rays is required. The various sym-
bols are defined below:

v (r, z, 9, t) z displacement on free surface
M0 = moment
po = density
D (t) = dislocation history
D (t) = far-field time function
A1(0‚ ‚l, Ö) : 00529 cosl sinö—1/2sin28 sin/1 sinZÖ,
A2(8, Ä, Ö) : — sinä cosÄ cosÖ—cosä sin/1 cosZö,
9 = strike from the end of the fault plane
11 = rake angle
Ö = dip angle
r = distance between source and receiver
p = ray parameter

1 2
1/2

Ü-(ß—‘P >

A = epicentral distanee in radians
A

1/2 . .
< . A) zcorrecnon for earth flattemng

s1n
ß = shear velocity

and where the vertical radiation patterns are given by

1
SH1:P‚

8 27 +1 z>hSH z——‚ :2 ßzp 8 —1z<h

1 2
1/2

Ü-(F—P) -

The correction for point-source spreading is defined by

_1/2
Cszl/Z (Z {2) . (31)

p pi

This solution is similar t0 the flat ease and we can, ob-
viously, construct the diving ray response for a smoothly
varying structure by summing the primary rays as discussed
in Fig. 2. We can then use this result t0 check the disk
ray solution which can be obtained by replacing Eq. (30)
by
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Fig. 5. Ray geometry where the source and receiver are separated
by r and the source depth is h. The ray starts with the pzsin Bs/‚ß
and reaches the surface at r(p’) where the ray parameter along
the path has been adjusted according t0 the local dipping structure

I/Ij: SHj (p) li—flp) 2(öp/ö t) (32)
ß

where the sum is taken over the p(t) curve as described
by Wiggins (1976).

For a simple turning ray problem,

QI
= __1_ (33)ö t |r — r (p)|

where r(p) is distance reached by a ray defined by p, see
Fig. 5. Substituting Eq. (33) into Eq. (32) and evaluating
Eq. (29) yields a simple step response, as discussed by Chap-
man (1976). Essentially, "Eq. (33) has a simple square-root
singularity at r=r(p)‚ and rays that hit the surface near
the receiver dominate the behavior. Since p varies along
the path, we must define which p t0 use in the evaluation
of Eq. (32). The proper choice is the starting p at the source
as outlined in the previous section. Note that for the case
of an up-going direct ray the two methods can be inter-
preted in a similar manner. Only one ray is involved in
both, and applying the first-motion approximation of
Eq. (30) yields Eq. (32) where the extra factor 2 is produced
by the double-valued nature of expression (33). Thus, the
application of WKBJ theory t0 the locally dipping problem
appears t0 be essentially the same as for the uniform-layered
problem. We trace the ray through a stack of layers down
t0 the turning region, turn it around analytically, and follow
it to the surface obeying Snell’s law. The special treatment
at the turning point removes the nonlinear ray parameter
effects of the homogeneous-layered parameterization as is
well known. Essentially, when the ray reaches critical angle
at a given interface, we back up t0 the previous reference
interface and compute the local linear velocity gradient.
The travel time and location at which the ray recrosses
the reference interface is easily calculated by analytical
means. Such a procedure is compatible with the Langer
approximation which is the basis for the WKBJ method,
see Aki and Richards (1980). Earth stretching becomes
slightly more complicated than in the uniform-layered case.
In this Situation we let

raj=(rj+rj+1)/2

where rj is the radius of the Earth at the j—th layer, etc.,
and raj becomes the radius at the midpoint of the layer.
The cross-section is then constructed in terms of vertical
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profiles of velocity and thickness vs. raj and the points
connected by linear lines as displayed in Fig. 5. Next, the
layer thicknesses, Thj, are increased by

rj= Thj(r0/raj)

where ro is the radius of the Earth. This approximation
is adequate for shallow depths. A better transformation
for deeper depths is given by Müller (1971). Note that at
this stage the horizontal velocity in each layer remains con-
stant. The velocity-depth cross-sections will be presented
in this format. The velocity and density approximations
are determined as the ray encounters the various interfaces
with

ß = VJ-(ro/r aj)

pj:dj(rO/raj)

and raj is determined by the local layer thickness and posi—
tion. Thus, the velocity is no longer constant in any given
layer but depends on local depth correction. The Cs factor
can be assumed t0 be one for most applications of gentle
dipping structure, as discussed in the next section and was
omitted from Eq. (32).

The approach followed here is similar t0 that followed
by Wiggins (1976) in that the main justification for expres-
sion Eq. (33) is that it yields results comparable t0 GRT.
A theoretical justification of applying WKBJ to laterally
varying structure is given by Chapman and Drummond
(1982). See Wesson (1970).

Applications

In this section we will briefly outline possible applications
of these approximate solutions to seismological problems.
First, the direct or up-going energy problem is discussed
when motions in the sloping layers of a sedimentary basin
are excited by a line source. In this form, finite-difference
calculations can be used t0 check the accuracy of the GRT
results. Next, the point-source excitation of Love waves
is considered in the presence of sloping structure followed
by models of growing lithosphere. Finally, we construct
synthetics for laterally varying upper-mantle models and
confirm the usefulness of WKBJ at long periods.

Local seismograms

One of many complexities associated with strong-motion
seismology is the noticeably long duration of high-fre-
quency P waves observed in sedimentary basins. These
waves are generally polarized onto the vertical component
due t0 the strong velocity gradients near the surface. The
latter portion of these observed motions are generally de-
pleted at lower frequency. Thus, one might conclude that
there are propagational waveguides that preferentially pro-
long high-frequency motions. Non-planar surface layering
appears t0 have this property. This calculation will be done
with SH waves since this type of motion is studied through-
out the remainder of this paper, but we would expect that
P waves would behave in a similar manner.

A single low—velocity layer which grows with distance
between the source and receiver is assumed with a line
source of SH motion situated at a depth of 5.5 km. The
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Fig. 6. Line-source response as a function of generalized ray
summation. The seismic parameters are ‚ß1 : 1.5 km/s, p 1 :1.5 gm/
c3, and ß; = 3.3, p2 = 2.5 for the upper and lower layer, respectively.
The top plot displays the ray paths at ray parameters appropriate
‘for Snell’s law at true scale. Ray plots on the left have a vertical
exaggeration of 3 t0 1

Point Source Step Response
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Fig. 7. Step responses appropriate for a strike-slip double couple
source and the model discussed in Fig. 6 with and without the
Cs correction. The numbers above each trace indicate the peak
amplitude

response build-up as a function of the number of multiples
is displayed in Fig. 6. The square-root singularity indicated
in expression (13) is apparent for the direct arrival. Note
that after one bounce the reflection from the lower interface
becomes complex because of the local ray parameter effect
and a head wave and post-critical angle reflection develops.
After two bounces, the time separation between the head-
wave onset and reflection times becomes less and the re—
fleeted Spike increases in strength. After many bounces the
ray can n0 longer reach critical angle and still fit into the
waveguide. Thus, (R)" becomes small since the reflection
coefficient (R) becomes less than one. The drop-off in am-
plitude of the multiples occurs abruptly at this time on
the record.

The corresponding point-source response displayed in
Fig. 7 can be obtained from expression (29). Neglecting the
C5 factor produces a similar response with a slight reduction
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Fig. 8. Comparison of GRT results with a finite-difference
calculation. The broadband trace has been filtered t0 remove the
high—frequency Spikes

in later arrivals, roughly 13% for the last arrival. Thus,
point-source amplitudes can be approximated quite well
by scaling line-source results by the square-root of the dis-
tance factor similar t0 the flat case. Note that the Cagniard-
de Hoop technique proves particularly useful in tracing
these rays and evaluating their individual contributions.
H0wever, as mentioned earlier, this series of rays does not
necessarily converge to the exact solution and some demon-
stration of accuracy is required. This was attempted earlier
by Hong and Helmberger (1977), but not very convincingly.
A much more rigorous comparison with a numerical code
is presently being conducted by Vidale et a1. (1984) with
preliminary results of the comparison of the two techniques
for this simple model displayed in Fig. 8. The top trace
is the broadband result displayed in Fig. 6, with a filtered
response in the middle for comparison with finite—difference
results on the bottom. The highest frequencies have been
removed in this comparison due t0 computational expense
but the existence of strong high-frequency multiples is strik—
ing. Since the finite-difference calculation can be performed
on any arbitrary two-dimensional structure, we have ex-
tended the thin layer directly above the source to the left
as a flat thin layer avoiding the wedge effect which is ob-
viously omitted in the ray solution. Comparison with and
without the wedge and many other complexities involving
double—couple solutions constructed by line-to-point source
operators are discussed in Vidale et a1. (1984). We will sup—
pose throughout the remainder of this paper that the gener-
alized ray modifications discussed in the previous section
are sufficiently accurate t0 test the WKBJ synthetics.

Love waves al regional distances

Another interesting application of the above technique is
in the development of Love waves and the effects of travel—
ing across oceanic—to-continental transitions. This problem
was encountered in a recent paper by Grand and Helm-
berger (1984b) when the so-called G phase, the name ap-
plied t0 the impulsive Love waves associated with oceanic
paths, interferes with mantle arrivals. Apparently, this situ-
ation occurs for well-developed lithosphere associated with
older plates over-lying slower upper—mantle velocity mod-
els. The beginning portions of the G phase, as recorded
slightly inland, develop longer periods than observed at
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when eerreeted by the sealing factors. The shaa‘ed area indicates
the water layer

island stations. Their period and arrival times are compati-
ble with the model presented in Fig. 9a. A dipping model
with arrival times compatible with the flat model is pre-
sented in Fig. 9b along with the comparison of step re—
sponses given on the right. Note that the first 45 s of motion
are nearly identical. The higher-frequency portions of the
Love wave beeome less pronouneed in the dipping case
but the general appearance is similar t0 the pure-oceanic
ease, see Grand and Helmberger (1984b).

It appears that as the lithosphere ages it gets thicker;
for example, see Forsyth (“1975). A preliminary model of
predieted Love waves for this Situation is given in Fig. 10;
also included are synthetics for a fast and slow mantle.
The long-period nature of the synthetics from the dipping
model is similar t0 the slow model as we might expect.
However, there is considerable roughness at the start of
the Love waves eaused by the mixed paths involving both
the erust and lid.

Observationally, we see upper-mantle arrivals starting
near these ranges. Thus, the diving energy must be added
t0 these syntheties following the strategy diseussed earlier.
This can be aeeomplished by summing GRS 01' by applying
WKBJ.

Upper-mamle models

In this seetion we investigate effects of lateral variation
in upper-mantle m0dels, as displayed in Fig. 11. We have
ehosen a partieularly simple ease with n0 low-velocity zone
t0 simplify the comparison of GRT with WKBJ synthetics.
A further simplificatien is made by allowing the two models
to be eenneeted in a linear fashion as displayed in the mid-
dle eolumn.

Following the WKBJ appreach, we first illuminate the
model by traeking a set of rays frem the source towards
prosPeetive reeeivers. These rays reach the surfaee at r(p)
in time T(p). The travel time at a particular receiver, r,
ean be written [(p):1)r+ T(p)—pr(p). Note {hat p changes
in eaeh layer but they are all funetions of the beginning
p. Thus. we ean eonstruct the 1.“ vs. p eurves as displayed
in Fig. 12 für reversed profiles. The largest ray parameter,
pmax, is 0.26 whieh eorrespends t0 the crustal veloeity of
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3.9. Next, we perform the numerical derivative (öp/ör) of
these eurves. Note that there will be a large truneation phase
at the near stations at pmax. This ean be aveided by inelud-
ing the product of the transmission coefficients, TCs, across
the Moho, the referenee interfaee diseussed earlier. sinee
TC (12mm) is small. Thus, the product ofthe TCs with (Öp/ör.)
has a relatively smooth behavior. The head wave along
the Moho is added in by including the refleeted generalized
ray. By performing the eonvolution indieated in expressien
Eq. (29), we derive step responses from t vs. p eurves dis-
played in Fig. 12. These results are shewn in Fig. 13. Shül‘t-
period syntheties are ineluded te emphasize the rapid deeay
0famplitude a1 the triplication tips. Eliminating the trunca-
tion phase diseussed here can also be aehieved by a modifi-
cation of the Gaussian beam teehnique as develüped by
Madariaga ancl Papadimitriou (1985).



90

FAST — T0 — SLOW

q
”2" Shallow
C}

C)
“-..

N..PC;

E.
{j

N Deep

C5'200 290 32.0 (.10 T60 590 6520 690 760 890 900
TIME

SLOW - T0 - FAST

(H511
‚(j .. - _ Shollow

O
m-

PD

g.
(j

(2|
Deep

Cj200 270 31.0 2.10 1.80 550 620 690 760 830 900
TIME

Fig. 12. Sets of p vs. t curves for possible receivers along a profile
from 8° t0 30°

'
FAST- T0 - SLOW SLOW-TO — FAST

b. ‚ d eg
I’M" |5 __fw
v—fi __‚W|6 (H,
W | 8 “N
k |9 __H
___.“ i_‚\ä_ 20 _———”” 2| ———r”
__Hf‘f— 22 J
.40” 23 J
___/'I— 24 fl ———"‘“4/‘ 25 _‚f
f 26 __f'd—fiJ/F—

5T E P S T E P

Jul“ I 5 für‘-
___J| In.__„‚H__—.__— l 6

___—_I|I{\_‚_____
—Jur\-—fllJfiL.—-_—u—

l ?
Ikräflun

—I|Um_fi_lllr'L———-—-'
| B '"(‚81.a

klamm—7 I 9 ___
‚(WK-

____—r._r‚l‚h.J"-„—_—— 20 4., U96
___»JnJUr'Iw——— 2 |

Hurt,—

.—a‚—__.ell‚’a_.— 2 2 —mun_.«ld‚'___.
—————”‚'‚r\—"u|"=———— 25 —n„.m——-—.n—
—4ldm——xan—-— 24 war—„.—
_—IIIIIP\.__——_.———

25
J'IUA49‘ 26 'v

5 s

Fig. l3. Seismic sections plotted on the same reduced time scale.
r——A/(5.4 km/s). The synthetics are appropriate für a short-period
WWSSN instrument response

The synthetics at the smallest ranges are completely C011-
trolled by the shallow structure and the local müde]. Thus,
the first arrival from the fast—to—slow synthetics has a short—
er travel time which causes the triplication from the 400-km
discontinuity t0 arrive later than in the reverse profile.

A more detailed plot of the slow—to-fast profile is dis-
played in Fig. 14 along with the GRT responses for com—
parison. The synthetics are appropriate for the WWSSN
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long-period system. A typical strike-slip source was as—
sumed with a triangular time history of (1, 1,1 s) and a
1* = 3 s, see Grand and Helmberger (19843).

Note that there is a distinct change in the latter portion
of the WKBJ step responses between 17° and 18°. This
is caused by omitting the head waves from along the top
of the model for distances beyond 17°. However, n0 appar-
ent change in the synthetics occurs at this range, suggesting
that the long-period drift is outside the pass-band of the
Operators used in generating these synthetics. The high-
frequency Spikes so apparent in the GRT step responses
are likewise removed by the convolution Operators.

The 400-km discontinuity is treated slightly differently
in the two methods, which leads t0 some shifts in the tripli—
cation position. In GRT, the 400—km discontinuity is gener-
ally treated as a sharp jump in velocity since this leads
t0 the best results when compared against reflectivity, see
Burdick and Orcutt (1978). On the 0ther hand, WKBJ re-
quires a smooth transition, 3-km transition in this particular
case, such that the p vs. t curve is smooth. Thus, the sharp
Spikes occurring in the GRT step responses near 14° are
precritical-angle reflections from the 400-km discontinuity.
Similarly, the triplication seems t0 extend t0 greater dis-
tances in the GRT results. Note that the most severe mis-
match occurs near this range. At larger ranges the two
methods agree quite well, especially the synthetic wave-
forms. In fact, the synthetic waveforms agree at all distances
with the maximum deviation in amplitude of about 25%.
Since these synthetic waveforms are used t0 interpret obser-
vations which can seldom be modeled as well as the agree-
ment between these two methods, we can consider the
WKBJ modifications successful. For more precision involv-
ing sharp boundaries, we suggest breaking the p integration
into a combination of WKBJ für the smooth portiün of
the model and a generalized ray for the reflecting interface,
for example see Given (1984).
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Conclusions

In this paper we presented a hybrid procedure of generating
complete seismograms in laterally varying structure by ap-
plying a mixture of GRT and WKBJ methods. First, we
reviewed the modifications of GRT required for dipping
structure in terms of local coordinates and ray parameter
concepts for line- and point-source theory. Solutions calcu-
lated by this approach not only agree with geometric results,
but also agree with longer—period motions such as computed
with finite-difference methods. Using the correspondence
between GRT and WKBJ theory, we can express the latter
in relatively simple form, essentially applying a square-root
of distance correction to line-source spreading. Compari-
sons between GRT and WKBJ synthetics of diving energy
paths agree reasonably well. Thus, we can construct nearly
complete seismograms with a combination of GRT and
WKBJ ‚ with the former used to handle the shallow struc-
ture. Some useful demonstrations of the methods are given
for crustal and upper-mantle models
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Upper-mantle cross-section from California t0 Greenland
D.V. Helmberger, G. Engen and S. Grand
Seismological Laboratory, California Institute of Technology, Pasadena, California 91125, USA

Abstract. Pure-path upper-mantle models appropriate for
tectonic, shield and old ocean have been recently presented
by Grand and Helmberger. This was accomplished by mo-
deling a rather restricted data set of S and SS triplication
waveforms as well as the beginning portion of the Love
waves. A much larger data set of S, SS and SSS, etc. (multi-
bounce S—wave triplications) with a mixture of tectonic
paths is available. In partieular, events usually occur at
tectonic margins and are recorded on stable continents. We
present results of modeling these observations for laterally
varying structure, essentially along a profile from California
t0 Greenland. The models are allowed t0 be locally dipping
with the lithosphere thickening with age at the expense of
a dwindling low-velocity zone. Lateral variation does not
appear t0 be required for depths greater than 400 km along
this particular pmfile. The best-fitting model has a large
increase in lithospheric thickness near the Rocky Mountain
Front, roughly an increase of 75 km in thickness over a
hgrizontal distance of 400 km or less. The low-velocity
zone, with a velocity of 4.4 km/s, is replaced by a much
faster upper 300 km with velocities near 4.7 km/s or a 7%
overall increase. The one-way travel time jumps by roughly
4 s across this boundary, which compares reasonably well
with the direct S residuals obtained from deep earthquake
data although the latter data ShOW large scatter.
Key words: Upper mantle — S waves — Lateral variations
— Synthetic seismograms

Introduction

In a recent paper (Grand and Helmberger 1984a), upper-
mantle models appropriate for pure-path tectonic and
shield regions were presented. By analyzing the (SS-S) trav-
el times and waveform information, it became apparent
that the seismograms could be partitioned into these two
groups and interpreted in terms of vertical structure, see
Fig. 1. Model SNA was derived from Canadian shield ob-
servations but has proven useful in modeling observations
from 0ther shields, Rial et al. (1984). The TNA model ap-
pears appropriate for younger oceanic structures and the
more tectonic parts of western North America. Older
oceans have a thicker lithosphere approaching the physical
Characteristics of the shield but conforming t0 the TNA

Ofiprint requests to: V. Helmberger

model with depth as displayed in Fig. 1. Model ATL was
derived for the IOO-M-year-old portion of the western At-
lantic, Grand and Helmberger (1984 b).

In this paper, we will investigate the nature of the hori—
zontal boundaries that connect the TNA and SNA prov-
inces by modeling the seismograms that sample both areas.

The events used in this study occur along the western
seaboard with recordings taken from the WWSSN and
CSN stations. The locations of the stations and events are
presented in Fig. 2. The events are also listed in Table 1.
The reflection points at the free surface for the SS phases
occur mostly in the midwest with the bottoming or turning
points located in the western United States and in eastern
Canada. The lateral structure across this region is probably
three-dimensional, but the general trend is from tectonic
t0 shield. Thus, t0 simplify a complex Situation, we will
assume that the data, associated with the station locations
displayed in Fig. 2, can be averaged from north t0 south,
i.e. observations at SHA of C2 can be compared to MDS
of 05, etc.. In general, these seismograms do share common
properties as pointed out earlier in Grand and Helmberger
(1984 a). Figure 3 displays representative seismograms from
such paths and synthetics appropriate for the models TNA
and SNA. Examining this figure, we see that the data are

V€|OCIly‚ km/s
5 6
4 . 1

200

«ßO O

Deplh,

km

6OO

800

L l 4] 1 l

Fig. 1. Comparison of three pure-path models appropriate for tec-
tonic (TNA), shield (SNA) and old oceanic (ATL)
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Closer t0 the SNA synthetics in timing but are more similar
t6 the synthetics ofTNA in waveform. The large amplitudes
of SS at 37° in the TNA synthetics are caused by the con—
structive interference of arrivals from the 400—km transition
and from the streng velocity gradient near the depth of
300 km, see Grand and Helmberger (1984 a). A similar en-
hancement in the data of Fig. 3 occurs near 42° implying
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Table l. Event locations and identification

Event Date Location Origin time

01 1970 Nov. 26 43.8 N 127.5 W 03 11 43
02 1972 Oct. 25 43.4 127.7 01 01 41
03 1976 Jan. 27 43.6 127.4 16 06 48
04 1971 Mar. 13 50.6 130.0 23 31 36
05 1963 Aug. 22 42.0 126.4 09 27 03
06 1964 July 13 42.5 126.7 11 54 51
B1 1967 Jan. 23 19.9 109.3 20 25 38
B2 1966 May 23 21.3 108.7 11 51 27
B3 1966 Sept. 23 18.3 104.1 16 24 20
B4 1964 July 5 26.1 110.1 19 07 01
B5 1966 Sept. 23 10.3 104.1 16 24 20
C1 1978 001.4 37.5 118.7 16 42 48
C2 1979 Mar. 15 34.3 116.4 21 07 17
C3 1966 Aug. 17 31.7 114.4 17 36 23
C4 1963 Nov. 19 30.9 113.8 08 23 12

a similar interpretation of arrival positions but with a 5°
shift. This hypothesis is confirmed by this study where the
overall objective will be t0 produce a laterally varying mod-
el from tectonic-to-shield explaining the S, SS and SSS
data; essentially a cross-section from Baja, California t0
Greenland.

Parameterization and synthetics

In this section we will give a brief review of possible strate-
gies in connecting TNA t0 SNA. One of the simplest means
of accomplishing this objective is t0 allow the layers of
constant velocity to change their thicknesses with position
such that the lithosphere grows linearly with distance be-
tween TNA and SNA. A diagram Showing this particular
model variation is given in Fig. 4 along with representative
ray paths used in generalized ray theory (GRT) cm the left
and WKBJ on the right. Note that a thin lithosphere has
been added t0 the tectonic model and similarly a low—veloci-

Time - S, s
60 I20 I80 240 300

l I I T I

Fig. 3. Profiles üf (SS-S) data along a
mixed path compared with pure-path
synthetics. The (SS-S) seismograms
an: from the event labeled Bl unless
labeled otherwise. see Table 1
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Fig. 4. Example 0F a simple linear transition from tectonic-to-shield
along with ray paths appmpriate for the two methods

ty z0ne t0 the shield model. These zones are allowed t0
approach zero thiekness and produce n0 effect on the syn-
thetics for the pure paths.

Synthetics produced by GRT versus WKBJ are given
in Fig. 5 where only the mantle arrivals are considered.
The details of the generation of these synthetics are given
in a eompanion paper, Helmberger et al. (1985), but the
primary difference between the two methods can be seen
in Fig. 4. GRT requires finding the ray paths that reflect
0ff each layer boundary and connect the source t0 the re-
ceiver. This must be repeated for every station, a rather
expensive procedure. In contrast, the WKBJ procedure uses
0nly 011e set of rays that bracket the ranges of interest
and the synthetics can be computed at any range. The gen-
eral comparison of synthetic responses computed by the
two methods agree about as well as in the flat—layered case,
see Grand and Helmberger (1984a). The first arrival in
the GRT result is relatively larger at the nearest distances
due t0 tunnelling through the thin lid. At distances near
28°, the second negative peak in the WKB synthetics is
t00 large compared t0 the GRT results. This arrival is the
back braneh 0f the 600-km triplication and such arrivals
tend t0 be too large near the triplieation tip, see Burdick
and Oreutt (1978) for example. The last arrivals denoted
by the arrows are truncation effects. Both can be eliminated
0r modified by adding more generalized rays, see Helm-
berger et al. (1985). However, we are primarily interested
in mapping the position of the triplications and can tolerate
some synthetie deficieneies. We will also omit the arrivals
guided by the growing lithOSphere, after giving a brief re-
view 0f their properties.

A profile 0F syntheties containing the complete general-
ized ray set for the linear model is displayed in Fig. 6. As
in a recent paper by Grand and Helmberger (1984a), we
have br0ken up the rays into two groups; those that travel
in the crust and lid 0r lithosphere, and those that return
fr0m be10w the low-velocity zone, LVZ. All the responses
are normalized t0 the t0p traee. The short-period precursors
t0 the long-period Love wave are multiples developing in
the gr0wing lid. Upper-mantle arrivals become contributors
t0 the complete response at about 162° (1800 km) for this
particular model. The two sharp Spikes occurring in this
traee are the 0nset of the 400 km triplieation, essentially
S and sS. Rays bottoming between 200 and 300 km produce
the main arrivals. Synthetic seismograms assuming a 13‘: 3 s
and a far-field trapezoidal time history of (1,1,1) are given
0n the right. We probably over-attenuated the lid arrivals
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Fig. 5. Synthetics generated by the WKBJ and GRT methods [01'
the linear model presented in Fig. 4
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in these synthetics since when we can see these precurscirs
on long-period 0bservati0ns, they are also strong 011 the
short—period rec0rds implying a high Q.

We d0 not see preeursors f0r events near the western
portion 0f the United States, see Grand and Helmberger
(198421), although they can be Observed in Canada f0r 50m0
events located near the edge 0F the shield. Since we will
be studying mostly Western seaboard events, we will negleet
licl arrivals and rely mostly 0n mantle arrivals in 0ur model-
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the WKBJ approximations as discussed in

ing effürts, essentially the phases S, SS and SSS. As men-
tiüned earlier, we will be primarily interested in the shifts
in triplications caused by the lateral variation.

Given nur rather limited objectives, we choose i0 exam-
ine four basic types of müdel variation. Two of these models

Fig. 5

are given in Figs. 7 and 8. In the SS model, slow-slow, we
allowed the model t0 start the change t0 shield slüwly, früm
a depth of 40 km t0 the LVZ and from the LVZ t0 the
400—km discontinuity. In the FF müde], fast-fast, the Chan-
ges occur rapidly in büth zones. The other two possibilities
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Fig. 12. Triplications appropriate for the three models

were also considered; namely, models FS and SF. A modifi—
cation of FS which we call RMFS is displayed in Fig. 9.
The sharpness of the transition was also motivated by the
rapid change in S travel-time residuals that apparently oc-
curs near the Rocky Mountain Front, as discussed later.

The first stage in constructing the WKBJ synthetics is
to compute the travel paths through the model for a family
of ray parameters as displayed in Fig. 10. To insure accura-
cy, we must test for ray-path stability. This was done for
the models displayed in Figs. 7, 8 and 9 by increasingthe
number of horizontal segments until the ray paths and re-
sulting synthetics no longer changed. Triplication plots for
these three models are displayed in Fig. 12. Synthetics con-
taining the S and SS phases for these three models are
displayed in Fig. 11 where the amplitutes are normalized
to S. At the nearest distances, the 400-km triplication is
especially apparent in the synthetics from the SS and
RMFS models. All three models predict similar S synthetics
beyond 21° as expected, given the uniformity in structure
below 400 km. The SS phase appears similar as well, except
that the ratio of the SS to S amplitude is different in the
35°—39° range. The strength of SS near 41° is distinctly
different between the models, with the properties of the
FF model least like the data. In the next section, we will
compare the timing and waveforms of these synthetics with
observations.

Comparison with observations

Selecting a set of observations to use for comparison with
the synthetics discussed in the previous section may seem
easy given the large numbers of events available. However,
because of radiation pattern effeots we may not obtain sim-
ple SH pulses along desired paths. SV coupled PL waves
make working with rotated records difficult in many situa-
tions as pointed out earlier, Helmberger and Engen (1974).
Thus, we chose only observations that are relatively natu-
rally rotated or have stations located on SV nodes. The
latter condition can be determined by studying the event

DAL =.I65°

SYN M02

Fig. l3. Comparison of observations and synthetics at DAL, Texas.
Synthetics have time history of (1,1,1)

A= I5.6°i?
I-——I
45 sec

Observed ot GOL
5Synthetic I*=3

=.°I69

I65°

I69
äifl/M;
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I——-I
455

Fig. l4. Observations and synthetics at GOL, Colorado for various
assumptions about time histories and attenuations. Note the lon-
ger-period first arrival in the data relative to the synthetics

teleseismically and, since we use only strike-slip events, the
nodes for P and SV occur along the same azimuth. All
the events used in this analysis are relatively shallow, less
than 15 km. The standard depth used in all the synthetics
was taken as 8 km, unless stated otherwise. A map display-
ing the stations and events used in the direct S waveshape
analyses satisfying the above criterion is given in Fig. 2,
as discussed earlier.

A comparison of some of these observations with the
best-fitting model displaying the onset of the 400-km tripli-
cation is given in Figs. 13 and 14. Many of these events
are quite small and have shorter time functions than the
(1,1,1) assumed in Fig. 11, the event C2 with M252 being
a good example. The synthetics in these figures were com—
puted with the WKBJ code and thus do not contain the
tunnelled energy which appears as a long-period onset to
the mantle S phase as displayed in Fig. 15. The effect disap-
pears at larger ranges as the S phase leaves the shadow-zone
boundary, in this case near 17°. We interpret the gradual
beginning of the observed data at DAL and GOL as pri-
marily due to this tunneled energy. These same events, as
recorded at the more tectonic-type stations, TUC and ALQ,
have sharp onsets with little evidence of any precursors.
However, the thickness of the lithosphere is likely to be
highly variable across the tectonic-shield transition and, giv-
en the uncertainty in attenuation effects and source dura-
tions, we do not think that detailed modeling of the preeur-
sor is justified at this stage. Nevertheless, the 400-km tripli-
cation is obvious in the data and this feature alone argues
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Fig. 16. Observations and synthetics displaying the interaction with
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für each synthetic
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against a fast lateral transition below the LVZ such as that
in model FF, seen in Fig. 8. Note that the 400-km triplica-
tion branch does not start until nearly 18° in the FF model,
see Figs. 11 and 12.

A comparison of the RMFS synthetics with some of
the Observations displaying the strength of the 600-km trip—
lication is given in Fig. 16. The comparison is quite good,
indicating about the right separation between the triplica-
tiün branches. But from Fig. 11 we note that the wave-
shapes are similar für all the models and model resolvability
benümes difficult based on waveform data alone. Fortu-
nately, the travel times of the direct S phase for the various
müdels remain distinct and can be used as a constraint.

Travel-time considerations for the synthetic models and
the Observed first arrivals are given in Fig. 17. The travel
times frnm the earlier study, Helmberger and Engen (1974),
were included which, also, contain some of the larger and
better lücated events in California. Since we have neglected
the tunnelled arrivals in Figs 11 and 12, we should probably
restrict nur attentiün t0 distances beyond 17°. At these
ranges and beyond, it appears that FF is slightly fast,
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Fig. l7. Reduced travel times from Observations, compared with
WKBJ synthetics for possible models
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Fig. 18. Comparison of (SS—S) Observations and synthetics. Un-
markecl seismograms are from event B1. 0thers have event
numbers as in Table 1. Timing lines for SS are at the same time
for both data and synthetics

whereas SS is too slow t0 24°. The arrivals from the TNA
model are late at all ranges. Comparison of the data with
predictions from RMFS are quite good and, as we will
Show in the remainder of this section, the synthetics for
this model fit the SS and SSS data as well.

Many of the travel times beyond 20° displayed in Fig. 17
are taken from the Borrego Mountain event, 1968. This
event, as well as most of the larger events in the Imperial
Valley, produce nearly identical S, SS and SSS seismo—
grams along the profile t0 Greenland. Figure 18 displays
a profile of west coast events from 34°—52° with appropriate
synthetics for the RMFS model. The data profile and timing
line is the same as displayed in Fig. 3.

In general, the RMFS model fits the data quite well.
The double arrival in SS occurring in the data from 34°—39°
is modeled well where the first arrival is coming from about
a depth of 300 km and the second fmm the 400-1011 triplica-
tion. This pattern occurred at ranges 31—35° in the pure
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tectonic model. These two arrivals, in Fig. 18, merge at
larger ranges, producing a strong peak. The 400-km and
600-km triplications cross near 45°. The ratio of SS to S
becomes very large here, but depends critically on the
source duration and the precise positions of the triplica-
Hon&

It appears, from this profile, that the SS phase for our
model i5 relatively fast out t0 about 38°. This would indicate
that the lithosphere is possibly too thick at epicentral dis-
tances less than 15° and should grow more slowly before
then, with perhaps a sharper jump at the Rocky Mountain
Front. 0ther profiles of data along this azimuth are dis-
played in Grand and Helmberger (1984a). Some of these
events are located far enough t0 the south to shift the inter-
ference pattern with respect t0 the stations.

There is a tendency for the ratio of S to SS amplitudes
to vary somewhat from event t0 event. This feature of the
data has not been addressed here but probably is related
t0 5mal! amounts of Clip-Slip comp0nents present in these
events. Corrections for such effects would be required if
the ratios were being used for attentuation measurements.

The 0ther two models produce reasonable fits t0 this
profile, alth0ugh the synthetics for SS are too slow. A 00m-
parison of two key distances i5 given in Fig. 19 where, as
in the direct S 0330, the FF model appears Slightly too
early, particularly at A = 365°. At A =47.6°‚ the FF synthet-

ic fits the observed waveform quite well. Note that the SFA
observation is from event C 3 at the California-Baja border,
while the observation at SCH is of the B1 event near the
tip of Baja. The first leg of SS samples a zone near GOL
for the former path and near JCT for the latter path. See
Fig. 2. From many detailed comparisons between the var-
ious observations and proposed models, we reach the con-
clusion that substantial three-dimensional structure is pres—
ent in the data. However, the RMFS model appears t0
be a good, average two-dimensional model.

A cross-section of velocity structure with the SS ray
paths appropriate for those arrivals bottoming near the
400—km discontinuity is given in Fig. 20. Note that the ray
segments become asymmetric when each leg samples differ-
ent structure. The figure gives an indication of station 100a-
tion along the model. However, keeping in mind that the
model is truly three-dimensional and this is a {wo-dimen-
sional slioe, it is probably true that the structures at DAL
and GOL for example are not alike, although the distances
from the sources are approximately the same. Therefore,
this figure is meant only as a guide t0 the parts of the
models which affect the timing and waveshapes of the seis—
mograms at different stations. It does indicate that for S
arrivals along the Rocky Mountain Front, RMF, m0stly
tectonic structure is sampled, but the shape of the RMF
and the actual Iocation of the station along it will vary



frorn north to south. Also, one can see that for distanoes
beyond about 30° the second segment of SS travels almost
exelusively in the shield.

An extension of the data profile to larger distances and
ineluding SSS is displayed in Fig. 21 along with synthetic
predietions for model RMFS. These data are somewhat
contaminated by SV sinoe SH is no longer in the center
of the radiation loop. This may be the reason for the distor—
tions in SS at some of the stations such as KTG. The
dotted lines have been added at the same positions on both
seetions, indioating an excellent fit to the relative travel
times. Note that SSS peaks near 66° in both the data and
syntheties. This feature is again caused by the erossing of
two triplieations. The phase SSSS is apparent in European
stations for these same events with peak amplitude ratios
oeeurring at STU (88°). No attempt was made at modeling
these data beeause of the mixture of paths encountered
in erossing the extreme tip of the North Atlantic. An abun-
danee of direct S and SS data are available for modeling
this region and will be discussed in a later paper.

Discussion

The RMFS model fits a relatively large amount of travel-
time and waveform data and implies a rapid horizontal
gradient in veloeity near the Rocky Mountain Front. Ex-
aetly where the model has this sharp change relative t0
the surface geology is uncertain because of the averaging
proeess discussed earlier. Nevertheless, it is interesting to
compare the predieted delay time produced by this model
with the observed travel-time residuals, see Fig. 22. We sup-
pose that stations BKS and GSC are near the western edge
of the model and plot the relative travel-time delay appro—
priate for vertieal incidence. Correcting the data to vertical
incidenee would reduce the total variation by about 15%
so that the overall agreement between the model and data
is quite good. Note that the most rapid changes in the
data oecur near stations RCD and DAL with about a 4-s
shift in travel times. These stations Show considerable scat—
ter with strong evidenee of azimuthal dependence. Some
of this seatter is probably caused by slab extension in the
souree region, Jordan (1977), and anomalies in the lower
mantle. Lay (1983). However, the analysis presented here
would not eliminate the possibility of horizontal gradients
sharper than those suggested by RMFS, and if such strong
transitional boundaries exist we might expect to see some
partioularly interesting travel-time patterns along the
boundary. Note that such geologic boundaries would prob-
ably not be linear as supposed in this study. A manifestation
of suoh structure on the charaeter and waveshapes of re-
eorded teleseismic Signals has not been noted in the litera-
ture but, on the other hand, the data and methods required
to synthesize such effects are only now becoming available.

There is a tendeney for the S residuals for stations near
the eastern seaboard to beeome less negative. For instance,
the values observed at Bermuda, BEC, appear to be only
slightly smaller than predieted by JB, a result completely
compatible with the ATL model presented in Fig. 1, see
Grand and Helmberger (1984 b).

Adding a seetion of old-ocean-type structure to the lat-
erally varying model does not generate any improvement
in the synthetie matching for the Greenland stations, see
Fig. 23. Apparently, the slow-down in the third bounce of
the SSS path caused by such a modification is not sup-
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Fig. 23. Possible velocity cross-seetion, upper 400 km, frorn Cali-
fornia t0 Greenland an the Iop with corresPonding synthetio an
the bortom. The source locations for the two observations are given
below the Station names, see B4 and B5 in Fig. 2. The surface
bounce—points for the SS phases are near Husdon’s Bay and South
Dakota, respectively

ported by the data. In this case, the third bounoe-point
is near the Baffin Islands which is apparently underlain
by shield structure. This result is again eompatible with
the earlier study by Grand and Helmberger (1984a).

The observation at RES was included in Fig. 23 to eon—
vey some of the rapid variation observed at other azimuths.
The SSS phase is strong, but more than 20 s late relative
to the paths to Greenland. The SS phase is weak, with
its bounce-point ocourring in South Dakota. 0ther Observa-
tions along this path show elearer SS Signals whioh are
more normal in strength but several seeonds late. These
features appear to be another manifestation of the strong
horizontal gradient assooiated with the stable oontinent
transition which is undoubtedly oomplex in nature. Hope-
fully, by examining the many paths that eross the region
we will be able to construct a truly three-dimentsional mod-
el and, perhaps, the multi-bounoe S phases will prove to



|00000106||

100

be a useful tool in conducting “structural seismology” stu-
dies as defined by Jordan (1979).

In summary, we have used the multi-bounce SH phases
to study the nature of the horizontal transition between
the tectonic province in the western United States and the
more shield-like continental platform. We relied on the
travel times of direct S over the range 15°—30° and the
synthetic modeling of S from 15°—27°, SS-S from 36°—52°
and SSS-SS-S from 44°—66°. Homogeneous layering was
assumed in the modeling, but we allowed the layers to
change their thickness with position. The preferred model
has a smooth transition from west to east at depths greater
than 200 km, but a rather abrupt change in lithospherio
thickness occurring near the Rocky Mountain Front. The
vertical one-way travel-time anomalies computed for this
model are in reasonable agreement with measured teleseis-
mic travel-time residuals. A jump of about 4 s is associated
with crossing the Front. The method is relatively easy to
use and can be employed in investigations of remote regions
where little direct data is available.

Acknowledgements. We would like to thank Cindy Arvesen for
helping with the data processing and drafting. This work was sup—
ported by the National Science Foundation Grant BAR-8306411
and by the Air Force Office of Scientific Research Grant F49620-
83-C-0025. Contribution 4173, Division of Geological and Plane—
tary Sciences, California Institute of Technology, Pasadena, Cali-
fornia 91125.

References

Burdick, L.J., Orcutt, J .A.: A comparison of the generalized ray
and reflectivity methods of waveform synthesis. Geophys. J.
R. Astron. Soc. 58, 261—278, 1978

Grand, S.P., Helmberger, D.V.: Upper mantle shear structure of
North America. Geophys. J ‚R. Astron. Soc. 76, 399—438, 1984a

Grand, S.P., Helmberger, D.V.: Upper mantle shear structure be-
neath the Northwest Atlantic Ocean. J. Geophys. Res. 89,
11465—11475, 1984b

Hales, A.L. Roberts, J .L.: The travel times of S and SKS. Bull.
Seismol. Soc. Am. 60, 461—489, 1970

Helmberger, D.V.‚ Engen, G.R.: Upper mantle shear structure.
J. Geophys. Res. 79, 4017—4028, 1974

Helmberger, D.V.‚ Engen, G.R., Grand, S.: Notes on wave propa—
gation in laterally varying structure. J. Geophys. 58, 82—91,
1985

Jordan, T.H.: Lithospheric slab penetration into the lower mantle
beneath the Sea of Okhotsk, Geophys. J .R. Astron. Soc. 43,
473—496, 1977

Jordan, T.H.: Structural geology of the earth’s interior. Proc. Nat.
Acad. Sci., USA 76, 4192—4200, 1979

Lay, T.: Localized velocity anomalies in the lower mantle. Geo-
phys. J.R. Astron. Soc. 72, 483—516, 1983

Nuttli, O.W.: Travel times and amplitudes of S’ waves from nuclear
explosions in Nevada. Bull. Seismol. Soc. Am. 59, 385—398,
1969

Poupinet, G.: Heterogeneites du manteau terrestre deduites de 1a
propagation des ondes de volume: implication geodynamique.
These presentee a l’ Universite Soientifique et Medicale de
Grenoble, 1977

Rial, J .A., Grand, S., Helmberger, D.V.: A note on lateral varia-
tion in upper mantle shear-wave velocity across the Alpine
front. Geophys. J .R. Astron. Soc. 77, 639—654, 1984

Romanowicz, B.A., Cara, M.: Reconsideration of the relations
between S and P station anomalies in North America. Geophys.
Res. Letts. 7, 417—420, 1980

Sengupta, M.K.: The structure of the earth’s mantle from body
wave observations. M.S. Thesis, Massachusetts Institute of
Technology, 578 pp, 1975

Wickens, A.J., Buchbinder, G.G.R.: S-wave residuals in Canada,
Bull. Seismol. Soc. Am. 70, 809—822, 1980

Received February 20, 1985; revised version June 18, 1985
Accepted June 25, 1985



|00000107||

J Geophys (1985) 582101—124 Journal of
Geophysics

Numerical experiment in seismic investigations
B.G. Mikhailenko
Computing center, USSR Academy of Sciences, Siberian Division, Prospekt akademika Lavrentieva, 6, 630090,
Novosibirsk, USSR

Abstract. Four stages of numerical experiment in seis-
mology and seismic prospecting are considered. These
stages are discussed for different models of a medium.
Anisotropic, porous and nonelastic media, whose pa-
rameters are arbitrary functions of the vertical coor-
dinate, and 2-D-inhomogeneous elastic media, whose
parameters are arbitrary functions of two coordinates,
are dealt with. For solving these problems, different
algorithms are suggested which are based on a com-
bination of finite integral transforms with finite—differ-
ence techniques. Complete theoretical seismograms for
anisotropic, porous and nonelastic media and for com-
plex 3-D-geometries are presented.

Of special importance is the analysis of theoretical
seismograms for SH waves and P-SVwaves for complex
subsurface geometries. From the calculations it is con-
Cluded that diffracted-reflected waves can be rather in-
tense, and that they may be used in seismic exploration.
A corresponding approach is proposed which implies
cancellation of multiple waves and investigation of dif-
fracted waves.

Key words: Elastic wave propagation — Theoretical
seismograms — Finite differences — Finite integral trans-
forms

1. Introduction

In this lecture, we will consider some problems and
results of numerical seismic modelling for complex
geological media. Recently, at the beginning of the
19605, in seismology and seismic prospecting a new
theoretical approach has appeared, which is the
numerieal experiment. With the help of numerical ex—
periments it became possible to calculate complete
theoretical seismograms and to compare them to ob-
served records. In a numerical experiment one can dis-
tinguish several stages. First of all, we will briefly Char-
acterize eaeh stage and then illustrate all the stages in
more detail by partieular examples.

Stage 1. Construction of a physical model of a realistic
medium.

This stage requires a good knowledge of experimental
facts. With the aceumulation of experimental data our
Views change. For example, by the end of the 1950s, in

interpreting seismic data of deep seismic sounding a
model of the Earth’s crust was considered to be made
up of thick, homogeneous layers. Then inhomogeneous
layers were introduced in the model. After that, a mod—
el with lateral inhomogeneities and curved interfaces
was developed. Thus, the accumulating data brought
out a more flexible physioal model than a one—dimen-
sional model. We are now in a transition period from
the 1-D model to the 3-D model.

Stage 2. Construotion of a mathematical model of a
realistie medium.

Now, a physical model seleeted at stage 1 must be
formulated in terms of mathematics. In seismology, a
linear-elastic model of a medium is widely used. This
model is described by the elastodynamic equations with
variable coefficients. For calculated theoretical seismo-
grams to be in good agreement with observed records,
it is necessary to develop a mathematical model which
takes into account many physical effects. To describe
seismic processes in realistie media mathematical mod-
els of nonelastic, anisotropic and porous media must be
considered. A good selection of a mathematical model
makes it possible not only to explain well-known seis—
mic phenomena, but also to predict some new physical
effects.

Stage 3. The development of an efficient algorithm for
the selected mathematieal model of a realistic medium.

The main feature of this stage is the selection of
the technique for the calculation of oomplete theoreti-
cal seismograms for the mathematical model of the
medium. At present there exist many methods of calou-
lation of theoretical seismograms. Each one of the
methods has a corresponding set of problems for which
it is best suited. Most of these methods, however, can-
not be used for general laterally inhomogeneous media
with curved interfaces. There are several approaehes at
present for the eomputation of theoretical seismograms
for elastic waves in media where the elastic parameters
are functions of two coordinates. Only two approaches
will be mentioned here.

The first approach is based on the direct numerical
solution of the elastodynamic equations by means of
finite difference or finite elements techniques. The see-
ond approach amploys approximate methods such as
asymptotic ray theory and its various modifications
and combinations with other methods.
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Here we will discuss the method for calculation of
complete theoretieal seismograms for arbitrary subsur-
face geometries, based on the combination of finite-
integral transforms and finite-difference techniques.

Stage 4. The eomparison of theoretieal and experimen-
tal seismograms.

At this stage, we compare complete theoretical and
experimental seismograms and make conclusions about
the suitability of our physical model. If the results of
this comparison are not satisfactory, we must return t0
the first stage and change the physical model of a
medium and then repeat the whole cycle of the numeri-
eal experiment.

Let us illustrate these four stages of the numerical
experiment on some particular examples. As physical
models of realistic media we will consider the follow-
ing:

anisotropic model,
porous model,
nonelastic model (Boltzmann’s model) and
elastie 2-D inhomogeneous model.
For all these models we will show efficient numeri-

cal algorithms for calculating complete theoretical seis-
mograms. All these algorithms are based on the idea of
combination of finite—integral transforms with finite-dif-
ference techniques.

2. Computation of complete theoretical seismograms
for transversely isotropic media
The need t0 include anisotropy in the description of
Earth models was recognized early in the development
of seismic investigations. The review of theoretical and
experimental results can be found, for example, in pa—
pers by Crampin (1981) and White (1982). Here we will
discuss the ease of a transversely isotropic medium with
the axis of symmetry perpendicular t0 the laminations.
Thus, we have fixed a physical model.

Seismie wave propagation in such a medium is de-
scribed in the cylindrical system of coordinates (r,z) by
equations of the form

62U‚_
(62U‚ 16U_U)'06 11 62 rö—r r2t2

_

+ öZU
U+ö[c44(öU__‚_ 6U2)]+

F61362614 az Öz ör p"
öZU a 6U, öUZ 1 öU‚ au, (1)p”at 444151a7+a71Ü1az+ m11

ö 6U U öUz
+—ö—Z[c13(—ö—r—+——fl)+c33

öz
——]+.pF

Here, the coeffieients cij(z) and the density p(2) are ar-
bitrary funetions of the variable z-Fr and FZ are com-
ponents of the excitation vector. For an explosive-type
source:

_d 5(14)‚—;[—2r]ö(z—d)f(t)‚
6001m14;-2 „d—ZWz—d)]f(t).

Here d is the depth of the source and f(t) represents
the time variation of the source. At the free surface the
boundary conditions of the form

6U, Uz 6Uzazlz=o Z16441W‘71‘LC44a—lo4 (3)
6U, öUzr‚zlz=o:c44(—ö7— ö, >20 (4)

are fulfilled.
This problem is solved with zero initial data

6U 6UU —U —' : z =O. 5r|t= 0— z|t= O:
at t=0 öt t=0

()

According t0 the third stage of the eomputational
experiment it is necessary t0 seleet a method t0 calcu-
late the complete theoretical seismograms for an aniso—
tropic medium. Here we make use of the method based
on a combination of partial separation of variables and
finite-difference techniques. For the inhomogeneous iso-
tropic medium this method was developed in a number
of papers (see, for example, Mikhailenko, 1973; Alek-
seeV and Mikhailenko, 1976, 1978, 1980). This approach
has been extended t0 inhomogeneous anisotropic media
by Martynov and Mikhailenko (1979, 1984). Following
these papers for the solution of problem (1)—(5) we ap-
ply as a first step finite Hankel integral transformations
of the form

R(z, k„ t) = j r Uz(z, r, z) Jo(ki r) dr, (6)
0

_ 2 00 JO(kir)W””72.-; R( k“ t) [Jo(k‚-a)]2’ (7)

S<z‚ki‚ 0:14 U‚(z‚ r, t) 1102— r>dr‚ (8)
0

2 00 J1 k
Ur(Zara 0:61—21:21 S(Za kiat)

[Jzk
1((———i—_61332, (9)

where ki are the roots of the equation J1(kia):0.
At the boundary rza we introduce the additional

boundary eonditions:

_öUz
=a_ ör

=O. (10)
r=a

Urir

In order t0 exclude wave reflections from this bound-
ary, we select a distance rza which is large enough.

Employing the finite integral Hankel transform we
then obtain the following set of equations:

625 ö öS öR „
1055:6:(C44E—kic44R)—kiC136“Z‘—ki2C11 S+pFr7
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68 öR We solve the system of Eqs. (11)—(l4) by the finite
8(2 ki,r)1I=Ü=R(z kt“ I‚)|,=o=6t_ :E 20’ (14) difference method. Here we use an explicit finite—differ-

h
‘zo ence scheme in the space of grid variables zmzmAz, tJ.

w ere =j'At with truncation errors of secnnd approximatinn
‚„ l order.
Fr: —fi5(z —d)f(t)k‚., We must solve problem (ll)—(14) for different fixed

(15) values of ki, the roots of Bessel equation, and then sum
Iä=i —d—[ö(2——d)] f(t).

up the series (7) and (9) in order t0 obtain displacement
“ 27:: d2 components.
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Oneadimensional problems for fixed values of ki can
be solved simultaneously using multiprocessor com-
puters. Convergence of series (7) and (9) depends on the
manner of decreasing the spectrum of the impulse f(r)
in the source; für more details see Martynov and Mik—
hailenkn (1984). This approach makes it possible t0
compute complete theoretical seismograms including
nonray waves.

2.1. Examples of calculation
of complete theoretical seismograms
for transversaly isotropic media

Let us discuss some models of anisotmpic media, which
are common in seismic prospecting. There are three
classes of variation in the quasi—longitudinal velocities:
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Class I — Vp gradually increases from Vp(J_) to Vp(ll),
where Vpp(_L) Vp(ll) are velocities in vertical and hori-
zontal d1rections, respeetively.
Class II — Vp has constant value in the range of 9:00—
20o and then increases to Vp.(l|)
Class III — Vp decreases and then increases to Vp,(H) so
an intermediate minimum is observed.

Theoretical seismograms for these models, wave sur-
faces and polarization diagrams are given in Figs. 1, 2
and 3. The seismograms have been computed along a
semicircle with the radius R for an explosive-type
source in an anisotropic homogeneous space. The com-
mon feature of the figures is that some branches of
wave surfaees are not distinctly traced in the theoretical
seismograms. Figure4 illustrates a model of the me-
dium for the case when Vp decreases to Vp(H). Polariza-
tion diagrams show elliptie polarization of a quasi-
shear wave in the vicinity of the angle of 40°.

The above approach allows us to calculate complete
theoretical seismograms for anisotropic media contain-
ing a large number of anisotropic inhomogeneous
layers. The study of the physics of seismic wave propa-
gation in anisotropie media and comparison to field ex-
periments will allow us to understand in more detail
the nature of waves in anisotropic media.

3. Calculation of complete theoretical seismograms
for liquid-filled porous media

Let us discuss a model of the porous medium. This
physical model became popular for the description of
seismic wave propagation in marine sediments and,
also, for direct hydrocarbon detection.

In numerical Simulation of wave propagation in po-
rous media we take Biot-Frenkel’s system of equations
in cylindrical coordinates (r, Z). For elasticity, this sys-
tem eonsists of four equations in partial derivatives.

For the sake of simplicity we will only eonsider
propagation of P waves in the porous medium (a non-
dissipative case).

The system of equations is of the form
Ö

Ö

where U is the displacement in the solid, and V the
displacement in the liquid.

Biot’s coefficients P,Q,R (P=/l+2‚u) obey the in-
equality

PR—Q2>0.
The coefficients ‚011„012‚p22 satisfy the inequalities

‚011>0‚ ‚022>0‚ 1012>O
‚011 p22—pi2>0-

The point source emitting the P wave is loeated in-
side the medium or at the surface 2:0. In the latter
case, the boundary conditions are of the form

51g __1__ö(_r)Mf() (18)Özz_0 27c r
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6V l ö(r)
62 —2 ßf() (19)
The problem is solved with zero initial data.

We now turn our attention to the discussion of the
third stage of solution, that is selection of the efficient
algorithm. To solve problem (16H19) we apply the
same algorithm which we used in the case of anisotrop-
ic media. Let us use the finite Hankel transform along
the coordinate r in the form

5(z‚ 12., t): f U - rJ0(ki r) dr, (20)

_2 °O JO(k r)W“) mm, (2“
F(z‚ k.‚ )=5V rJ0(k‚.r)dr‚ (22)

O

2 00 J(k r)
V(Z‚T‚t)=

Ei; m,
(23)

where kt. are the roots of the equation J0(kia):0.
As earlier, we assume at the boundary rza con-

ditions of the form

U|‚=a: V|‚=a:0. (24)
The new problem of reduced dimensionality is of the
form
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Problem (25)—(28) with fixed values of kl. is solved
by the finite difference technique. The scheme used here
is explieit with a truncation error of second order with
respeet to time and space. The displacements U and V
are calculated by summing up series (21) and (23).

As an example we took P-wave propagation in a
porous medium. At present, this algorithm without es-
sential Changes is used for solving Lamb’s problem for
the vertieally inhomogeneous porous medium, with po-
rosity also changing with depth. In this case, the initial
problem by means of the finite integral Hankel trans-
formations reduces to a system of four one-dimensional
equations with variable eoefficients. This system is
numerically solved.

3.1. Examples of calculation of theoretical seismograms
for a liquid-filled porous medium

Dynamics of seismic-wave propagation in a porous me—
dium has some peculiarities. There are two types of
longitudinal waves, the so-called “fast” wave (Pf wave)
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poreus medium and parameters of a porous medium. Here U
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liquid. Reeeivers are located at a distance of 4 WL below the
explosive-type seurce

and the “slow” wave (PS wave). The velocity of the slow
F; wave can be greater, equal t0 or less than that of the
shear wave, depending on the relative values of the Biot
eenstants. Examples of calculation of these waves are
shown in Fig. 5. The left-hand side of the figure Shows
the displacement U in the solid; the displacement in
the liquid V is shown in the right—hand side. As is seen
frorn the figure, the fast logitudinal wave (PI wave) is
recorded in the first arrivals; in the second arrivals the
slow PS wave is reeorded. The longitudinal slow wave is
of diffusive nature. As is seen from the figure, the dis-
plaeement of this wave in the solid and in the liquid
are in the Opposite phases.

There is a number of physical experiments where
the slew longitudinal wave is diseovered (see, for exam-
ple, Coussy and Bourbie, 1984). The question arises:
What media ean be well deseribed with the help of the
Biet-Frenkel theory? This problem requires further in-
vestigation both in theory and in practiee. In the first
plaee, it is neeessary te determine Biot’s eoefficients for
different geologieal roeks.

4. Caleulatinn of complete theoretical seismograms
in nen-elastie media

While seismie waves prepagate in real media, absorp
tion takes plaee and ehanges their spectrum and wave-

form. One should take these features inte aeeount when
construeting a mathematieal model ef real media. In
this ease, the relation between stresses and defer-
mations differs from Hooke’s law. We will diseuss a
elass of models deseribing linear nonelastie media. Here
deforrnation and stress tensors are eonnected by linear
integral differential relations. Such models are suitable
for the description of seismic waves far away from the
souree.

Let us consider Boltzmann’s model. The system of
elastieity equations in eylindrical eoordinates (n2) i5 of
the form

ÖZUr 16U‚ U, ÜEUz
(A+2M)(ar2 +Fa—r—r—2) azör

+—a—[M(6U+ 6U“)]- pazU’ pFftr) (29)öz öz ör öt?‘

M(ÖZU‚+18U‚+6:UZ+16_U)+ E[A(ÜU‚+E)özör r öz ö 2 r ör 62 ör r
2

+(A+2M)a—a(:]= pa—ä—rz—g—pF__fit) (30)

where /l and M are integral Operators of the form

A-x(t)=).-x(t)—).’ i g(r—r)x(r)dr, (31)

M yt()= ‚u )-(I)—
‚u'j

l1(I—I)y‘c()dr. (32)

Elastic constants 2.,): and nonelastie ones xi", ii’ are
arbitrary functions of the variable z.

The problem is solved under the following beund-
ary conditions:

8U 6U
-- =M r 5 =0,Tr'IFO (ÖZ

+
Ö" )|z=0

(33)

6U. 6U„ U 8U.
„ =A +2 — = ‚ 40|=0 (azifiJ’aÜ’nh Möz‘_00 (3)

with zero initial data

8U 6UU = r: __= = =0_ 35" öt “ öt 1:0
( )

For an explosive—type source we have

_ö(r) d ‚„ 1 d (5(r)
z—m d—ZÖ(Z—d)‚ Fr—fi d—r 76%

_Z—d). (36)

As earlier, we employ the finite Hankel integral trans—
form:

R(z,k‚.,t)zErU2(z‚r,t)J0(k‚-r)dr, (3?)
0
2 ’ J0 (k r)

U_(_(.‚Z KÜ
Hai—21.11“;

2, kNI
)I.fl)[JÜ(k—:|fl)21

(38)

S(z,k‚.,t):3irU (2,!“ t Jl(kir)dr, (39)
e

_3 "7 Jlflcfr)
U„(z‚

130—02 i;
5(2,

knü—[Jdkim]?
(40)
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We arrive at the following problem of reduced di-
mensionality:

628 ö ÖS Ö———=—— M— —k.2A 2M —k.—— M°RpatZ ÖZ( 62) l( + )S lÖZ( )

öR—kiAö—+pf‚-f(r) (41)
Z

62R a aR 2 a

öS+kiM5+pfz-f(t)‚ (42)
6SM(——kiR) 20, (43)
öz 2:0

R
(A+2M)2—Z+kiASlz=O-:O, (44)

öS öR

SZEZRZ—aTt=O:0‚

(45)

where kl. are the roots of Bessel’s equation J1(kia)-—0.
Applying transformations of the form (37)—(40) br-

ings about new boundary conditions of the form

ÖU
U = z

r|r=a
ör

20. (46)
r=a

We will consider the problem up to the time t=T
where T is the minimal time of longitudinal wave prop-
agation to the reflecting surface at r=a.

Let us apply a finite integral transform with respect
to the variable t in the one-dimensional problem ob—
tained. The possibility to apply these transforms for the
problem under consideration has been studied in Fati-
anov and Mikhailenko (1979), Fatianov (1980). Let us
apply the finite Fourier transform

2T

x(k‚.,n,z): S(z‚ki,t)e—“"‘dt, (47)
O

2T

y(ki‚n,z): j R(z‚ki,t)e‘”"’dt, (48)
0

1 a 00 .S(z,ki‚t):— [— Z a°cosÄnt+bsm/l„t], (49)
T 2 „=1

1
(X)

R(z,k‚.,t):7
E+ Z c-cosÄ„t+dsin/l„t]‚ (50)

n=1

11:55,
T

a(ki‚ n, Z): Rex(ki, n, z),

b(ki‚ n, Z) = —Im x(kl.‚ n, Z),

c(ki, n, z)= Rey(ki, n, z),

d(kia n: Z): —Imy(ki9 n, Z)‘

to Eqs. (41) and (42). As a result we obtain a system of
ordinary differential equations

d dx dE [c1 54m y] —k3(c2+2c1>x—kic2d—:
+pÄSX+pf‚'p:0‚ (51)

107

d— [(CZ-l-ZCI dy
d2 )—

dx
dZ+kic2x] —k?cly+kiC1—ä;

+pÄ3y+p'fz'p=0 (52)
with boundary conditions

kic2x+(c2+2cl)%z=O———O, cl(6;—:—kiy)z=0:0(53)

xlz=b:0‚ Y|z=b=0. (54)

llere

clzu—u’ßm czzÄ—Ä’wxn,
2T2T

p: 5 f(t)e“i’1"‘dt‚ an: 5 g(t)e“”"‘dt,
o o
2T .ßn= f h(r)e””1"‘dt.
0

In Eqs. (51) and (52) we assume that the conditions

68, ÖR.
'5;+1ÄnSL=ZTQÄL }äf+14nRL=2TQK) (55)

are approximately met. It can be shown that these eon-
ditions are fulfilled with high aceuracy if the duration
(l) of an impulse in the source is much less than the
value 2T (l<<2T).

Problem (51)—(54) is solved numerically for different
sets of kl. and n. After that we obtain the displacement
components by summing up series (49), (50) and (38),
(40). Problem (51) can be aecurately solved for layered
homogeneous media (see Fatianov and Mikhailenko,
1984)

4.1. Examples of calculation
of complete theoretical seismograms
for Boltzmann’s media

Attenuation of seismic waves has become an important
parameter in seismic exploration in recent years. Exper-
imental studies of attenuation properties of real media
ShOW the linearity with the frequency of the damping
factor oc over a wide frequency range. This fact was tak—
en into consideration in numerical Simulation of seis-
mic waves in nonelastic inhomogeneous media.

Note that in seismic exploration one uses the damp—
ing factor oc and the logarithmic decrement A. In our
equations, properties of the medium are determined by
nonelastic coefficients ‚1’, ‚u’ and kernels g(6)‚ h(€). There
are particular formulas which relate the nonelastic eoef—
ficients ‚1’, 11’ to the damping factor oc or logarithmic de-
crement A.

The form of the functions g(ä) and h(ä) can be arbi-
trarily selected. For example, if

"15, €>0,h<©=g<o:{ä
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Fig. 6. Theoretical seismograms of the horizontal and vertieal
components of displacement for homogeous Maxwell’s model.
Attenuation decrements of P and S waves are equal. A PzA S
20.1, VS/VP=0.5. The seismograms are calculated along the
radius R=20 WL, where WL is the dominant P wavelength.
Here: P — longitudinal wave, S — shear wave, R — Rayleigh
wave, K — head wave

wex have the Maxwell medium. If the functions g(5) “and
M6) are eonneeted by the relation

3-Ig+2y“h=0
nd

—yä 0h(o={ä ’ Ö’
we arrive at Deriagin’s model (Deriagin, 1931). Thus,
by varying the form of the function g(€) and M6) we
will obtain different models of media.

We now consider the Maxwell model. Let the
source be a vertical force acting at the free surfaee of
the homogeneous half-space. Figure 6 shows theoretical
seismograms of the vertical and horizontal displace-
ment components calculated at a radius R=20 WL,
where WL is the dominant wavelength P. The decre-
ments of attenuation of P and S waves are AS=AP=O.1‚
vS/vp=0.5.

As compared to the elastic medium, the wave pie-
ture essentially Changes. The variations of wave ampli—
tudes with the angle, correspond on the whole to the
elastic medium ease but the waveforms undergo con-
siderable changes.

The waveform of the P wave beeomes similar to the
integral of the P wave waveform in the elastic medium.
The S wave spectrum is shifted towards low frequencies
as compared to P waves.

m

ä.252'sa'baäu'bu'gsä zäa'baisu'bqissß
a b

Fig. 7a, b. Theoretical seismograms of the vertical component
of displacement for homogeneous Maxwell’s model in case of:
(a) AP/AS:O.S‚ AP=O.1; (b) Alp/49:2, AS=0.1. The seismo—
grams are calculated along the radius R=20 WL

Experimental data show evidence of the wide range
of variation of the ratio vp/vs. Its value can be equal to
l, or can be more or less than l. Figure7 represents
theoretical seismograms of the vertical displaeement
eomponents for the following two cases:

(a) Alp/‚4:05
(b) Alp/4:2

AsJ
A3201

As is seen from the figure, with the relation Ap/AS
ehanging, redistribution of energy between P and S
waves takes place.

Figure 8a and b shows theoretical seismograms in
the presence of a thin layer inside the half-space. The
thickness of the layer is h=0.4 WL. The source of ex
plosive type is located at a distance of d:0.2 WL from
the free surface. The parameters of the medium are
Usl/Upl=0.5, 0122:2v, vsz/vsfi. Figure 8a represents
the theoretical seismograms for the elastic medium
and Fig. 8b shows the theoretical seismograms for a
Maxwell medium in the layer and the half-space. Here

4l191204, s/vpzz05, Amr—ODI.

Figure8a and b represents synthetic seismograms of
the vertical component for different epicentral dis-
tances. The seismograms have been calculated at the
free surface. The wave pieture is of complieated eharac-
ter due to interferenee in the layer. As we can judge
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Fig. 8a, b. Theoretical seismograms of the
vertical component for a model of a thin high-
velocity layer in a half-spaee. The layer
thickness is h=0.4 WL. An explosive-type
source is located in the middle of the layer.
Parameters of the medium VP2:2VP1‚ Vgl/V1,1
=0.5, Vsz/VP2=0.5. The following cases are
shown: (a) elastic medium; (b) Maxwell’s
medium with parameters 1151:1115 =0.4‚ AP.2
=ASZ=0.5, AP2=0.01‚ The ratio of scales of
theoretical seismograms für (a) and (b) is 1 :8

1.5 lii 211 2E Ei.) Ji: ".5 ‘ä f 5; 115 1€;

c: b

from the figures, attenuation changes essentially the
wave picture.

5. Calculation of eomplete theoretical seismograms
für complex subsurface geometries

We have considered three-dimensional axisymmetrical
problems für one-dimensional models of media. How-
ever, one-dimensional models are not sufficient for the
deseription of real media. In numerical modelling it is
neeessary t0 take the 2-D and 3-D models of media
into consideration, but this problem is far from being
simple. The basic problem here is t0 construct efficient
algorithms für calculation of complete theoretical seis—
mograms für 2-D and 3-D models of media.

Here we will generalize the above-mentioned algo-
rithms develoPed for one-dimensional models for two-
dimensional models with arbitrary dependence of elas-
tie parameters en two Spatial coordinates. Two varia-
tions of this algorithm were suggested some years ago
(Mikhailenko, 1978, 1979), and were developed in a se-

‚lag-‚1.184;-

ries of papers in the USSR (see, for example, Mik—
hailenko and Korneev, 1983). The review of some of
the results obtained has been published in English
(Mikhailenko, 1984; Mikhailenko and Korneev, 1984).

We will start in the following with the equation of
motion for horizontally polarized shear (SH) waves in
Cartesian coordinates x and 2. Here the elastic parame—
ters are arbitrary functions of two spatial coordinates.
A line source is located inside the half-Space. Further,
we will discuss the plane problem of P-SV-wave propa-
gation in a two—dimensional inhomogeneous half-Spaee
(Lamb’s problem).

In realistic field experiments point sources whieh
generate spherical waves are used. Thus, amplitudes of
reflected and diffraeted waves are not only affected by
reflection coefficients, but also by spherieal divergenee.
Therefore, we will also consider P- and SV—wave propa—
gation in a three-dimensional half-Space, when the elas-
tic parameters are arbitrary functions of two spatial
coordinates.

Finally, we will illustrate these Gases by examples of
caleulation of complete theoretieal seismegrams für SH
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waves and P-S V waves for complex subsurface geome—
tries.

5.1. SH-wave propagation
in complex subsurface geometries

Let us consider an elastic half-space in a Cartesian
coordinate system, where the SH-wave velocity vS (x, z)
is an arbitrary funetion of two eoordinates. For the
sake of simplicity, the density p of the medium is taken
eonstant. In such a medium SH-wave propagation from
a line source, located at x=x0, 2:20 is given by the
equation

a
26U)+ö(vz 6__U)_

aZU
öx(vsöx az SÖZ 6:2

+F1(x—XO)F2(Z—Zo)f(t) (56)
with the boundary condition

96%
z: O

: 0 (57)

and the initial values

U|t=ozäg 20. (58)
Öt ,=0

Here the function f(t) represents the time variation of
the souree. For a finite souree, the functions F1(x—x0),
F2(z—zo) are in the form of the Gauss function

n
F1(x —xo)=i/le—n0(x—x0)2‚

TC

F2(Z—ZO)—_—
|

lüge—moü—zmz.
’ 7T

For n0‚m0—>oo the functions F1 and F2 tend toward
deltafunctions.

Problem (56)—(59) will now be solved with two ver-
sions of the algorithm.

(59)

First version of the algorithm. This version is based on a
combination of finite integral Fourier transforms with
respect to one of the spatial coordinates (e.g., the coor-
dinate oorresponding to the epicentral distance) and the
finite difference method. In this case the problem re-
duces to solving a system of equations with partial de-
rivatives with respect to one spatial coordinate (say, the
vertical one) with coefficients whieh are finite Fourier
integrals of the elastic parameters varying along the
epieentral eoordinate. This approach is an extension of
the standard techniques of separation of variables to
the solution of problems of complex subsurface geome-
tries. For the application of the finite integral Fourier
transform we introduce the boundary conditions for x
20 and x=b,

6U 6U= 20.
x=0 6x x=b

(60)

We seleet a sufficiently large distance b and consider
the wave field up to the time t: T, where T is the mini-
mal time of propagation of the wavefront to the reflect-
ing surface.

Now, we apply the finite integral Fourier transform
along the coordinate x from 0 to b:

b
R(z‚ n, t) 25 U(z‚ x, t) cos

n nx dx,
o
1

U 9 ‚t :_(Z x ) b
. nnx

We then multiply both parts of Eq. (56) by cos

2
oo

R(z,0‚ 0+; 2 R(z‚ n, z) cos n ”x
n=1

and integrate from 0 to b. If we integrate by parts the
first term of Eq. (56), we arrive at an equation of the
form

öaztR
_nn" öSUlnnnx 6U nnx—— ' d — dZbgvszsax b H56620(5262)COS b x

—F2(z—zo)e’4b2nocos"7;x0 f(t). (63)
Integrating the same term once more, we obtain

öZR 2b

W:
— (nbn)0(v2 Ucosn xdx

——Efz}sinn xdx

Ö ÖU+f—2(125 öz—)co ”7]:d

—F2(z—Zo)e_4b2"ocosnnx0 f(t). (64)
Here 1552 is the derivative of the squared velocity with
respeet to x.

There is no separation of variables in Eqs. (63) and
(64) since velocity vs(x,z) is an arbitrary funetion of two
spatial coordinates. Note, that Eq. (63) contains the
first derivative of displaeement with respeet to x under
the integral sign, and Eq. (64) the displaeement itself.

In reeent years several different problems in mathe-
matieal physics and seismology have been solved using
an orthogonal set of trigonometric functions instead of
a finite-difference expression to approximate a spatial
derivative (see, for example, Kreiss and Oliger, 1972;
Gazdag, 1973, 198l). This approaeh allows for a highly
preeise caleulation of spatial derivatives, but requires
substantially more CPU time per degree of freedom.
This difficulty is reduced with the use of the fast Fou-
rier transform (FFT) and array processors, whieh are
ideal for the task of calculating spatial derivatives.

. . 6U .Approximating the spatial derlvatlve
—a—

1n Eq. (63)
x

by the Fourier series (62), we obtain the following sys-
tem of

equations:262R(z‚ m, t)_ _7rn
(X1

22',10RZ(z‚m‚)mt6:2

_
m7tx _

I’lTCXd
b

)Sin
b

Sln
b

X

2b
Z)öR(z‚m‚t)+m Obgözx2„[2(x ÖZ i

:Osm7t
Q ”TCXd

b
C S

b
X

—F2(z—-ZO)e 4b2n0cos "“0 f(t). (65)b
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Equation (64) does not contain the spatial derivative
of the displacement U(2,x,t) with respect to x. In this
ease we approximate the function itself by series (62)
and obtain another system of equations:

ÖZR(2,n,t) nn
6:2 =—2(b)‚„20”)“t

nnxmnx-— vsz(x, 2) eos———cos——dxb1, b b
—(n—bn—)mi0 R(2, m, t)

mrx
sin—dx

b

bZ—[ÜÄ
2

x‚Z)öR(g,Zm,t)]

b mnx51152 (x, 2)Cos
o

(X)

+ m20—
nx nnx
b

CK)S
b

n2 1:2

dx
m

' COS

nnxO
f(t). (66)

It is not quite clear right now which one of these
two systems is preferable. At first sight system (65)
seems more eonvenient for numerical implementation,
although convergence of system (66) is better since the
term m is absent under the summation sign.

Below we will deal with system (65). This system is
solved with the boundary conditions

öR t R t(Z, n9 ) =a (Z) n9 )
=O (67)62 z: o öz z=a

with zero initial data

öR tR(2, n, t)|‚= 0 =——(fl—) = 0. (68)
Öl ‚2 O

Problem (65), 67), (68) is solved with the help of finite-
difference techniques. The scheme used here is explicit,
with a truncation error of the second order with respect
to time and space. System (65) in a finite difference
form can be written as

211?
[RP+ 1(n) —2R5(n) +RE_ 1(71)]

_bn_7z_2°O
=

„102
m Rp(m) Dk(m, n)

+ m2O241% {[R5+ 1(m)—Rf(m)] Ck+1(m>")
+[Rk+1(m)_2Rp(m)

+Rk—1(m)] Ck(m n) + [Rp(m)— Rk— 1 (177)] Ck— 1(m, 71)}
n21r2_— nnx—F2ke 4b2n0 eos O

b

where 2:k'412, 1212-411,

fp, (69)

1b —
Dk(m, n)

251
vfk(x) (>08d

o
1b

—bg
(

2 (n+m)7cx
115k x) cos—————

=hk(n —m) —hk(n+m), (70)

111

ck(m,n):hk(n—m)+hk(n+m). (71)

The infinite system (69) is replaced by a finite system
and is solved numerioally. The boundary conditions (67)
are approximated in a familiar way. For the nodes k of
the difference scheme (zkzk 412), where the velocity vS
is oonstant along the lines parallel to the 0x axis from
O to b, system (69) generates into one equation with the
parameter n:

P[Ri’“—2R€+R1”1]

_n2n2
:

_—52vkRp+A122[(Rk+1— Rp)vzvsk+1

+(R1‘3+1-2R"+R13_1)vs‚. (Rp Rk—1)vs2‚.-1
—F,ke‘4b2nocos"”x° fP. (72)b

Note that the velocity vSk varies from point to point
along the coordinate 2. Here we have a Classical sepa-
ration of variables in combination with the finite differ-
ence approaoh. This algorithm was suggested and de—
veloped by Mikhailenko (1973) and Alekseev and Mik-
hailenko (1976, 1978, 1980). When the velocity is a
function of two coordinates, it is necessary to solve sys-
tem (69). The eoefficients of this system

b snxh s —-—— 112 x cos—dx,

s=nim

are analytically calculated. The function vs(x) which
varies arbitrarily from 0 to b is approximated at each
of the points on nonuniform intervals by the linear
function 1251:0011 +ß, x). Here 1201 is the initial velocity
of each interval l, and ß is the coefficient of velocity
variation, i.e., the velocity gradient.

The eomplexity of subsurface geometries in the di-
rection of the coordinate x does not cause additional
computational difficulties in solving system (69), as long
as the interval of integration between 0 and b in (73) is
partitioned into a suffieiently large number of segments
in which the function vf(x) is well approximated by the
linear function defined earlier.

It should be noted that the dimension of the finite
system (69) is slightly dependent on the partitioning of
the interval O to b. The number of terms that are need-
ed to properly approximate the infinite sum in system
(69) is dependent on the Fourier spectrum width of the
signal f(t). The additional convergence of the series (62)
and hence the number of terms which must be used in
the series is dependent on the smoothness of the veloci-
ty used in integral (73). Therefore, one may use splines
of different orders for smoothing the function h(s)
(Mikhailenko and Korneev, 1984).

This paper also ShOWS that if the velocity vf(x, 2) is
of the form (Fig. 9)

41 l032(X‚Z)=Uo(2)i “(Z)(1—cos“—x)‚ (74)2 b

the original system (63) degenerates into a differential
equation with a shift parameter. Here l is some fixed
arbitrary integer.
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Fig. 9. Variation of the velocity vs(x‚z) given by the formula
l

vsz(x‚z)=A(z)+B(z)cos—1Ib—)—c. The values of A(z) and B(z) are

constant and the figure shows the dependence of the velocity
on x: (a) l=1, (b) 1:2, (c) l=3 and (d) 1:10

In the numerical solution of system (69) with an ex-
plicit finite difference scheme most of the computing
time is required for the computation of the convo-
lution-type sums

M

Z Ri<m>thk(n—m):hk(n+m)i. (75)
m=0

These sums may be evaluated using the fast Fourier
transform (FFT) or some 0ther particular techniques. It
is highly desirable t0 use an array processor which al-
lows one t0 substantially decrease the main-frame time
requirements for computing synthetic seismograms for
complex subsurfaee geometries. It should be noted that
for convolution sums (75) at present more efficient al-
gorithms have been developed as compared t0 those
based on the use of FFT (Nussbaumer, 1981).

Second version of the algorithm. The second version of
the algorithm is based on utilization of finite integral
Fourier transforms with respect t0 two spatial coor-
dinates. Let us apply the finite integral cosine transform
along the coordinate z from 0 t0 a

wa, n, t) = j R(z‚ n, t) cos 525d; (76)
0

2 00 '
R(z‚ n, t) — Z W(i‚n‚t)cos’—”—Z— (77)

ai=1

1=— W(0‚ 71, 0+
a

t0 the system of partial differential equations. We mul—

tiply (65) by cosfl—Z— and integrate by parts from O t0 a.
a

Performing manipulations similar t0 those mentioned
above and making use of condition (67) we obtain

d2W(i,n‚t) n7r °° °° m7: ‚ . .
7-1—sjoömJ—Z bW(]‚m,t)'D1(n,m‚l‚])

1225anWUHmt)D2‚(n‚mi‚j)
a m=0j= 0

—e 4b2noe 472—2117005117”:0 cosmzo, (78)
b a

where

l if m=|=0j=l=0

Ömjz ä if m=0j=l=0 or m=|=0j=0
ä if m=j=O

D2019 m9 iaj)=%[h(n —m9i_j) _h(n —ma i+j)

+h(n+m‚i—j)—h(n+m‚i+j)]‚
ab

h — 2 —”—Z— L”d d(r‚s)—
ab
—4—b‚(j)(j)vs(x‚z)cos a cos b x z.

System (78) is solved with zero initial values

. dW(i‚n‚t)W(i‚ n, t)|t= 0 2—T—
= 0. (80)

t t=0

The infinite system (78) is approximated by a finite sys-
tem and is solved numerically by means of an explicit
differenee scheme:

1
PEWv+1(z‚n)—2Wp(i‚ n)+WP-1(i‚ 71)]

TC—M 1J— 1—‚97:2 Zöm‚—b”UWPmmmmij)
m=0=0

„IM—11.71 j————7:2 25m —W"(j‚m)D2(n„mi,j)
am: Oj= O

n2"

-——— nnxo
_e 4b2no COS_____ f(t) (81)

The displaeement U(z‚ x, t) is determined by summing
up the series (77) and (62). For the calculation of in—
tegral (79) the integration domain from 0 t0 b and O to
a is partitioned into nonuniform segments. In each of
these segments the velocity is approximated by the bi-
linear function

e 4‘121'0 cos

v =akl+bklx+cklz+dklxz.
Skl

The coefficients akl‚bk„ck‚ and dk, are determined from
the velocity values in the nodes of the rectangle. In this
way the value of integral (79) in each segment is easily
calculated analytically. If we sum up the values of the
integrals for all segments we will obtain the coefficients
h(r‚s). Due t0 the fact that the function v(x‚z) is con-
tinuous at all the boundaries of the segment, the eoeffi-
cient decreases as 1/(ris)2. A discontinuity in the veloc-
ity function is well approximated by a gradient layer
whose width is much less than the wavelength. The
number of segments used for the caleulation of the
eoefficients h(r‚s) depends on the complexity of subsur-
face geometries. Here, the coefficients h(r‚s) are calcu-
lated with a speeial subroutine.
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In numerical solutions of system (81) double sums
of the convolution type

M—lJ—l

Z 2 Wp(i‚ m) ° h(n im, iij) (82)
m=0j=0

are ealculated with the fast Fourier transform. We may
also use some other algorithms (Nussbaumer, 1981).

The use of an array proeessor considerably reduees
the computer time for synthetic seismograms of com-
plex subsurface geometries. The convergence of the
double sums of type (82) increases, if one uses splines
for approximating the velocity vsz(x‚z) in caleulation of
the coefficients h(r‚ s).

Note that one ean avoid the calculation of integral
(79) in ealculations of the double sums (82) if the veloc—
ity vs(x‚z) is assumed to be a sufficiently smooth func—
tion of two coordinates. In the case where the velocity
vs(x‚z) is given at the nodes of a uniform grid, the num-
ber of nodes along the coordinates x and z must eoin-
Cide with the number of terms to be summed up in (82).
For more details see Mikhailenko and Korneev (1984).

The seeond version of the algorithm described here
can be related to the so-called spectral methods. In a
recent paper by Kosloff and Baysal (1982) a pseudo—
spectral so-called colloeation method was suggested for
the caleulation of synthetie seismograms. The pseudo-
spectral method is an approximation which uses inter-
polating funetions to evaluate derivatives represented
on a grid in physical space. It is ealled a pseudospectral
method because the interpolating functions used are the
same as in the spectral method. In the pseudospectral
method, all operations except differentiation are earried
out in the physieal space defined by a grid.

In contrast to the familiar spectral method we gain
some advantage in computation time since spectral
multiplication is not necessary. The price that is paid
for this advantage is that the calculations are aliased.
The effect of aliasing may not be important but we
must keep in mind that aliasing has implications for
the stability of a calculation for long intervals of time
(Merilees and Orszag, 1979). Also, the effect of aliasing
may be important if the abruptly changing velocity is
present in our model.

When we use the pseudospectral method, the elastic
parameters are defined at the points of a uniform grid.
The FFT dimension in this case is determined by the
number of grid points. To approximate a medium with
complex subsurface geometries or a medium containing
thin layers it is necessary to use a large number of grid
points which leads to an essential increase in compu-
tation time.

Note that in contrast to the pseudospectral method
we do not calculate second spatial derivatives but ap-
proximate by the Fourier series either the first spatial
derivative or the function itself. This brings about the
better convergence of the algorithm.

The second version is suitable for use in calculating
synthetic seismograms for very complex subsurface
geometries including inhomogeneities which are much
smaller than the predominant wavelengths. This ap-
proach requires much less capacity of computer main
memory than the finite difference method. Although
this approach requires more computer time, the use of
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the FFT makes it possible to overeome this difficulty.
The weak point in this approach is the fact that it is
difficult to satisfy the boundary conditions at the free
surfaee.

This drawback is absent in the first approach, which
for instance is applicable to the calculation of Rayleigh
waves in arbitrary two-dimensional inhomogeneous
media. This version is most effective for thin-layer mod-
els involving heterogeneities whose amplitude along
one coordinate (say, the vertical one) is less than along
the other. These are models of typieal petroleum traps
(anticlines, reefs, thrust faults, etc.) whose size in the
vertical direction is not greater than 8—10 wavelengths.
This approach, as we will discuss later, is used for com-
plex subsurfaee geometries in a cylindrical coordinate
system.

Now we will discuss the implementation of the first
approach for the calculation of theoretical seismograms
of P-SV waves for complex subsurfaee geometries.

5.2. P- and SV-wave propagation
in complex subsurface geometries (Lamb’s problem)

Consider Lamb’s problem for the elastic inhomo—
geneous half—space 220, where the parameters of the
medium are arbitrary funetions of two spatial variables
x and z. For the sake of simplicity we consider the den—
sity p to be constant. At the boundary 2:0 a vertical
force is applied; then the boundary conditions at the
free surface are of the form

(1222,2—2v2)—aö—U—+v226—61: —F(x—x0)f(t) (83)

aw ÖU
E 7321020

(84)

Here U and W are horizontal and vertical displace-
ments, respeetively. As earlier, we take F(x—xo) in the
form

F(x—x0)= gge’mu’xmz. (85)

Having selected the parameter n0 large enough, we
will have a source which is close to a line force. The
second-order partial differential equations, describing
P-SV—wave propagation in a two-dimensional medium
with Cartesian coordinates x and z ean be written as

a 2aU 2 a 26W aU _a2U
l2?» a+2“ zvl—läzlvs(6;+’a:)l——atw6x

(86)

ö[v2<6W+6U)]+ö[v2 LW+22 22)öU]_
62W

ax 6x €27 62 ”Paz ”5 U 6:2
(87)

with zero initial values

ÖU ÖWU =W =— =— =0. 88“=° "=° an:o öt=o H
Let us introduee the new boundary conditions

6W
5:1? ‚ 6x x=0 ( )

=b
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We apply the oosine and sine integral transforms with
finite limits to the system of Eqs. (86), (87):

b
R(z‚ n, t): j W(z‚ x, t) €081“;d (90)

o

1 2 0° nnx
W(z‚x‚t):ER(z,O‚t)+E Z R(z‚ n, t) cos ‚ (91)

n=1

b nnxS(z‚ n, t): f U(z‚ x, t)
sin—b——dx, (92)

o

2 °° ‚ nnx
U(z‚x‚t):E

Z S(z‚n‚t)sm b
(93)

n=1

We multiply Eq. (86) by sinngx and Eq. (87) by

n 7c x ‚ .cos and Integrate by parts from 0 to b, maklng use

of conditions (89). Then substituting the series (91), (93)
instead of W(z‚x‚ t) and U(z‚x‚ t) in the integral terms of
the system obtained, we have:

625(2 n t) nnz °°
———;= ———— m'S(z,m,t)

ÖtZ b2 mgo

b
'—5vä(x,z)cosmnxcoszgidx

_nn
°O öR(z„mt)2

_b— —o öz —j[v
222(x, z)— 202(x‚ 2)]

[v2(X Z) R(Z m 0]US

öS t
z —(Z—’T’—)] sinmgx sin—nä—xdx, (94)

2b
)E(_2 17820€, Z)512

"
b2 „2:0

sin xsinnnxdx
b

°° öS t 2"
+Üb—nmgl—(ZÖ’ZQ’)Eovsz(x‚z)sinmnxsinnnxdx

00 2'2 ö öR tzäo-lalva 2>——‘2’—Z’”’—)lm
°O 2b Ö

4%";1 m-Egä;[(v22‚(x,‚_2) 2v2(x‚ Z))S(z‚ m, 1)]

cos snnxdx.

If we take the velocities vp and vs independent of the
eoordinate x very elose to the free surface, the bound—
ary eonditions for 2:0 will be as follows:

öR ‚n2t n7:vg—E—)+(v‚2 —2v5>—b—S(z‚n‚t)|z=oÖz

_nZTnz

bxo
=e 4b "0 cosn f(t), (96)

öS tL'Q—"—bnmz, n, t)|2_ 0:0. (97)
Öz

Problem (94)—(97) is solved with zero initial values
öS z, n, t)

S(z‚ n, t)|2_ O:R(z‚ n, t)|2_ 0—z—(—a—;—
t=0

öR tzfl :0‚ (98)
öt 2:0

Problem (94)—(98) is solved by means of an explicit
finite difference scheme with a truneation error of see-
ond order. System (94), (95) degenerates into two equa-
tions with a parameter n, if the velooity is only a func-
tion of the coordinate z

For some partieular models of two-dimensional me-
dia one can obtain special one-dimensional equations
with a shift parameter (Mikhailenko and Korneev,
1984)

The above approach requires less computer time
than the second version of the algorithm and than the
pseudospectral method. At the same time it allows us
to ealculate oomplete synthetie seismograms for Lamb’s
problem.

5.3. Calculation of complete theoretical seismograms
for a three-dimensional half-Space
In previous sections we discussed propagation of seis-
mic waves from a line source in two-dimensional in-
homogeneous media. However, for the comparison of
theoretieal seismograms with observed records, we
should consider spherical waves, since amplitudes of re-
flected, diffraeted and other waves, are not only affeeted
by reflection coefficients, but also by spherical diver-
gence.

Now we consider the propagation of P and SV
waves in a medium which is axially symmetric and has
eomplex subsurface geometry. Here, the velocities v2,
and v are arbitrary functions of the two spatial vari-
ables r and z The physieal model selected ean be de-
scribed by the equations

ä<väaalir)+aözivsz (aaU +:aU)]+äifi’ 409%]
a 2 11—2 U, a2U

+äiü’220—2Sa)

i3”

US 526): at2’
(99)

il2% [(23— —+7'+)+22%]Ö Usör v2, Z

a ÖU 2löU2 _a2U 1+37ivs 6545:]:r313Hzr Ör ’2zat (00)
Let us assume that the medium eonsists of two re-

gions as shown in Fig. 10. Medium 2 is located at some
distanee from 12:0. Medium 2 is assumed to be two-
dimensionally inhomogeneous, and the propagation of
seismio waves in it is described by system (99) and
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Fig. 10. Geometry of the medium considered. The medium is
assumed t0 be radially symmetric in the cylindrical system of
coordinates (r, (o, z) indicated in the figure. The source is lo-
cated in medium 1, which is isotropic and homogeneous. The
source may lie at any point along the z axis between 0 and b.
Medium 2 is a generally inhomogeneous medium, and it is in
this medium where the receivers are located

(100). We choose the line of receivers t0 be located in
this region. It is assumed that the medium in region 1
is an isotropic homogeneous medium. If the receivers
are located in region 2 far removed from the source we
may neglect the effect of three-dimensional curved
boundaries. The problem is in effect three-dimensional,
but it can be formulated in terms of a problem in two
dimensions because the medium varies only in two
coordinates, r and z.

As the medium in region 1 is isotropic and homo-
geneous, an analytic solution for the system of Eqs.
(99), (100) can be obtained and connected across the
boundary Zl t0 medium 2 where a numerical solution
must be formulated. This problem will be discussed la-
ter.

According t0 the first version of our algorithm we
apply the finite integral Fourier transform and the fi-
nite difference technique for the numerical solution of
system (99), (100) in region 2. The boundary conditions
for 2:0 and z=b are:

6U,
öz

=O, U
z=O
z=b

O=0. (101)
b

As the source is located in an isotropic homo—
geneous medium, an analytic solution for an explosive-
type point source may be presumed with initial con-
ditions of the form

6U,
öt

The initial conditions in medium 2 are obtained by
matching the analytic solution in medium 1 t0 the
numerical solution across the interface Z 1.

We will now introduce finite sine and cosine trans-
forms and their inverses which we will use in reducing
the dimensionality of Eqs. (99) and (100):

öU‚
U _—_ z—

z|t=0
t=0 öt

U‚|‚=O: =0. (102)
t=0

515d; (103)R(r‚n‚t) b
b

zj Uz sin
0
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22°U(r‚ z t)— —2 R(r n, t) sm—zä (104)
bn: 1

S(r, n, t) =j U, cosfig—Zd; (105)
0

1 2 00 nnz

U‚(r,z,t)=ES(r,0‚t)+E Z S(r‚ n, t) COST. (106)
n=1

As earlier, we will employ these finite transforms so
that the unknown quantities become R(r, n, t) and
S(r, n, t) instead of U‚(r, z, t) and Uz(r, z, t). The obtained
system of partial differential equations may be present—
ed in the following finite difference form:

T15{Si+1(„)_2s;;(n)+s;;-1(n)}
2mi0{AAi(m) Ck+1(m‚ n)+Bj(m) Ck,(m n)

+Ek(mm) k—1(man)+HIJc(m)Fk(ma 71)}, (107)

1 . . 2 °O 2
A—tz—{R{(+1(n)—2R{((n)+R{{—1(n)}: 2 {i(m)'Fk+1(man)

m=0

+Qj(m)F‚(,(m n)+TJ(m) Fk_1(mn)—i(m) Ck(m‚ n),
(108)

where

Ck(m‚n)=%; Vpi(z)cosmnzcosnnzdz

=[Dk(m+n)+Dk(m—n)], (109)

Fk,(m n) L-äi ()51n mnzsinn—g—Z—dz

———[Dk(m—n)—Dk(m+n)]‚ (110)

1b (m+n)7rz
Dk(m_+_n)=BIVp

2kOS(Z)C
S—’——b——dZ,

(111)

and Ai, Bi, Ei, Hif, i, i, 7E and i are known func-
tions. For more details see Mikhailenko (1984).

If the velocity depends only on the spatial coor-
dinate r we arrive at a system of equations of the form1—111

222262151 (2)2
3"; 25+3b5qW2— 2nZ)R]:ä5—‚ (112)

1—1—<>—>
_."b_(V2_2V2)2f _EbE(V-2— mä=%. (113)

Analytical solution for P, SV waves in a homogeneous
medium. Let us consider an explosive-type point source
which is located at some arbitrary depth along the z
coordinate. We assume that f(t) has the following
form:

f(t)=€Xp{ - [27tfo(t _t0)]2/V2} sin [ZflfoU —to)]‚ (114)
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where f0 is the predominant frequency, y is a damping
factor, and tO is selected such that f(0)z0. In this case
we can obtain an analytical solution as a series

R = — (5%) -a(n, 20) i cos [y(t —t0)] b(v) c(k‚. ro), (115)

S=a(n,zo)i cos[y(t—t0)]b(v)d(kir0), (116)

where the coefficients a(n‚Zo)‚ c(k,.ro)‚ d(kir)b(v) are de-
fined as follows:

n2n2—_—— nnz
a(n, 20) = e 4b2n0 cos O

b ‚

C(ki ro) = J0(ki r0)/[J1 (ki 61)] 2,

d(ki ro) Z — ki J1 (ki r0)/[J1 (ki 61)] 2,

_(27r—v)2

b(v>=—};{e (4.731529 (2710):}, v=V.
V

(21c+ v)2
n7: 2 2(b ) +k,.

Derivation of formulas (114) and (115) can be found in
Mikhailenko (1984). With the help of these formulas we
calculate the values of the functions R(r, n, t) and
S(r, n, t) (n=0, 1,2, 3,...) at the point r0‚ which is the first
point of the finite difference Eqs. (107) and (108).

We have selected the explosive-type point source,
although it is not difficult to obtain an analytical so-
lution for other types of sources. Plane waves are also
popular in problems of seismic exploration. It is not
difficult to model a plane wave with the help of the
analytieal solution (114) and (115). In this case the val-
ues of funetions R(r, n, t) and S(r, n, t) are nonzero for
the harmonic n=0 only. However, for the numerical
solution in medium 2 we must use the same number of
harmonies as for a point souree. This ean be seen from
Eqs. (107) and (108), as in this case the solution is not
equal to 0 for the harmonics n=1,...,M. Physically,
this means that the secondary sources, i.e., the points in
the laterally inhomogeneous medium, produce spherical
waves which may be approximated only by a sum—
mation over a number of plane waves which means
that many harmonics must be used. For numerical cal-
culation we will use both plane waves and point
sources.

Introduction of an absorbing boundary. In order to elim-
inate reflections from the pseudoboundary we must in-
troduce an absorbing boundary condition. For this pur-
pose, we make use of the results obtained by Clayton
and Engquist (1977), where a parabolic approximation
to the hyperbolic two-dimensional equations is intro-
duced. Let us assume that in the vicinity of this
pseudoboundary all velocities are constant. In this case
we may obtain a system of one-dimensional equations
for the function R(r, n, t) and S(r, n, t) for a fixed value of
the parameter n. This system is of the form

62S
+

1 özS (Vs—Vp) n1: öR (V —2V)
(nn)ZS

__ __2__2_ ____.______ _
öröt Vp öt Vp b öt 2

(117)
öZR

+LÖZ_R_(VS—Vp)flös
(Vs—2V)

(nn)2R—OÖröt V82 6:2 V b a: 2 ’ ’
S

This system is then formulated in finite differenee form
at the boundary 22 (Mikhailenko, 1984).

Also, it should be noted that the boundaries at z=0
and z=b are reflective, too. In order to eliminate these
reflections, it is necessary to seleet them far enough
from the centre of the geologieal structure. Besides, it is
possible to solve the problems twiee, first with the
boundary conditions

ö Ur = 0, U = 0 119
öZ z: 0

z|::g ( )

z=b

and then with the alternative conditions

ö U
U = 0, z : 0. 120r|::g

aZ z: 0
( )

z=b

After that the results are summed up.
It should be noted that for seismological problems

instead of an absorbing boundary 232 we introduce
boundary conditions at the free surface r=a.

Comments on the Convergence and Accuracy of the
Method. Here we will only mention the main factors
affecting the convergence. For more details see Mik—
hailenko and Korneev (1984) and Mikhailenko (1984).
Most important is the smoothness of the Fourier spec-
trum of f(t), since we select the number of spatial har-
monics in series (104) and (106) according to the high—
est temporal frequency in the spectrum of the source
Signal f (t) and aocording to the minimal velocity of the
medium. The number of harmonics in series (104) and
(106) increases linearly with the inorease of the distance
z=b to the reflecting surface. Here we take two har-
monics per minimal wavelength.

An additional factor affecting the convergenee of
convolution sums of the type (75) is the decrease of
coefficients hk(s) with increasing s. The convergence of
these coefficients is direetly related to the smoothness
of the velocity in the medium, as follows from Eq. (73)
for s—>oo. In numerical calculations we approximate
v8k(x) by a linear function on a uniform interval. In this
case the convergenee is as 1/s2 in Eq. (73). We may
improve the convergence by approximating USR(x) by
spline functions of different orders in nonuniform in—
tervals. Here the coefficients hk(s) are analytically calcu-
lated (Mikhailenko and Korneev, 1984).

In the numerical solution for medium 2, the time
step is determined approximately by the following re-
lations:

l(ä-i)2+("-’-2‘ä-‘)2]<Vf+Vf><l-
In praetice, in our caleulations we made use of the

simple eriterion

t-VLflgggl
Ar

(121)

(122)
The total error of the method consists of the trun-

cation error resulting from finite-difference schemes and
the error from limiting the spatial frequencies in the
Fourier series. The method was tested against several
problems for particular models of inhomogeneous me-
dia ealeulated by the integral equations method (Vo-
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ronin, 1978). The results obtained using the algorithms
described here are in satisfactory agreement.

5.4. Examples of Iheoretical seismOgrams
für media with complex genmetries

The twn versions of the algorithm discussed in this lec-
ture make it possible t0 calculate seismograms for re-

nn‘: IH FERIODS

alistic subsurface geometries. However, we will nnt COII-
sider here a realistic complex model because its seismo-
grams are difficult t0 understand. In this section we will
present only the simplest geological models. In order t0
increase the range of applicability of nur results, dis-
tance and time are expressed in terms of wavelengths
(WL) and periods (T), respectively.

The time dependence of the snurce pulse used is
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given by formula (114). Here we will consider only
sourees generating either P or SH waves, although the
algorithm for the calculation of SH waves in complex
subsurfaee structures with radial symmetry was not dis—
cussed here (Mikhailenko, 1984). In our calculation we
will use also a plane wavefront which is convenient in
the interpretation of theoretieal seismograms.

Let us eonsider the case of a symmetric basin. Fig-
ure 11 Shows this model and theoretical seismograms.
The receivers are located close to the surface EI, which
is 30 WL away from the axis 02. The point source gen-
erating a spherical SH wave is located on the z axis at
the point r:0‚ 2:0. In the figure the front of the wave
incident from the souree is denoted by SI, x1 and x2
denote the coordinates z and r=30 WL, respectively.
The velocity below the interfaee is twice that oI the me-
dium above it. The quantity h=l.5 WL. The identifi—
eation of arrivals is as follows: SI — direet arrival, SII —
reflected arrival, SID — diffraeted arrival. The distance
between the reeeivers is 0.5 WL.

A more complieated pieture may be observed if a
Spherioal P wave is incident on the same struoture. In

g | l 1 _1 1
777
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Fig. l3. Theoretical seismograms of the
vertical and horizontal Components of
displacement generated by a plane P
wave for a model medium consisting of a
high-velocity inclusion whose radius r is
equal to one Fresnel zone. The velocity
of P and S waves in the inclusion is
twice the one outside it (VS/VP=0.6). The
inclusion thickness is h=0.25 WL

this case, besides PP waves, there are eonverted PS
waves. Theoretical seismograms for the vertieal and
horizontal displacement components are presented in
Fig. 12.

As is seen, the wave pieture is far from being sim-
ple. T0 simplify the interpretation of seismograms, we
found it appropriate t0 Change from the spherical wave
to a plane wave. This plane wave may be constructed
by means of a set of point sourees. In Fig. I3 we see the
diffraction of a vertically ineident plane P wave by a
high velocity elastic inclusion. Note that the direct P
wave is cut off in all the Iigures. The inelusion is located
at a distance of 9 WL from the free surface. The size of
the inclusion equals 6 WL which corresponds to the ra-
dius r of the first Fresnel zone. The velocity of longitu-
dinal and shear waves in the inelusion is twiee the ve-
locity outside, and the ratio VS/süß. At the edges a
and b of the inclusion diffraeted P and S waves are
generated. Sinoe the wave picture is symmetrieal with
respect t0 the centre of the inelusion, we will eonsider
the diffraction tails of P waves and the two diffraetion
tails of S waves from the edges a and b. The diffraetion
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Fig. l4. Theoretical seismograms of the vertical eomponent of
displaeement for the model medium shown in Fig. l3. The
width of the inclusion is selected as follows: (a) 0.5 of the
Fresnel zone, (b) 0.25 of the Fresnel zone, (c) 0.04 of the Fres-
nel zone

tail of the P wave from point b has the same polarity
as the reflection event, while the diffraction tail frorn
point a has polarity opposite to the reflection event.
This is a well-known faet. A similar Situation takes
place also for diffraetion tails of S waves. However, if
the diffraeted S wave is incident on the free surface un-
der the angle oc=arc sin(VS/Vp) a longitudinal head wave
l”1 SD P1 is generated. Besides, linear polarization of the
diffraeted shear wave P1 SD ehanges to elliptic polariza-
tion. AS iS seen in Fig. 13 the horizontal diSplacement
component passes through zero. The amplitudes of
waves reflected by the inclusion are zero on the hori—
zontal eomponent beeause we use a plane wave. We
should note that the amplitude of the refleeted P wave
i5 redueed to 50% direetly above the edges of the in-
elusion.

With decreasing size of the inelusion the wave pie-
ture becomes closer to the wave pieture obtained with
a point diffraetor. We can see this in Figs 14 and 15,
where vertical and horizontal diSplacement components
are presented. All the parameters of the previous model
stay the Same here exeept für the size of the inclusion.
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Fig. 15. Theoretical seismograms of the horizontal component
of displacement for the model medium shown in Fig. 13. The
width of the inelusion is as follows: (a) 0.5 of the Fresnel
zone, (b) 0.25 of the Fresnel zone, (e) 0.04 of the Fresnel zone

As we can judge from the ealculations, diffracted [or
scattered) S waves have the same amplitude as P waves,
even when the size of the inclusion is small.

Although in this section we deal with two-dimen-
sional models, the divergence is the same as in a three-
dimensional case, if receivers are located not far from
structures.

Let us now consider simple two-dimensional reef
models. To simplify interpretation of theoretical seis-
mograms, we will use a vertically ineident plane SH
wave. Figure 16 Shows the theoretieal seismograms for
a reef (model A), for a reef with smoothed upper edges
(model B) and for a salt dome (model C). The main
wave types are marked in model A. Sinee the wave pie-
ture is symmetrieal with respeet to the eentre of the
reef, we Show only parts of the profiles on the left.

Interference of diffracted waves from the zone of in-
flection of the geologieal horizon gives a false im-
pression of its eontinuity beneath the reef. Besides, as
we see from the figure, there is an intense wave whieh
arrives after the S11 wave reflected from the horizon. In
order to understand its origin let us eonsider models B



120

_ —-'1—-"-..-1i'l—-‘——

——..—.—.._-—

--.kt.— _— ‘—C _-__---____.;.;„-+ „______.___1__: --------------------------h—hh—F—n—hb—h—b—h—h————-—————.—‚—.—.‚—_—.—.—.—..

—.——-—-—. __‘._-‚._-—_—.N.--—“_F—_—.——_-—-—-_—'.._'_p_____—__-—‚——
__-;_._________________4______—_________‚._„_‚___._____________..‚

15.DÜ

30.00

25.00

ISTÜU

Ifl-DD

25.üfl

' __ —»li-h- ‘R 13

l _-H";-"-' 51021

__.....- ___-_1‚ t -;.-_-'-;.__._--.-:s.......33.3.__l_11„_.__._._._._._._.__ 32A -__------_.__. «—. ——————— .—‚—————————————————————“H“ g

II I

g:

_‚..__‘:-—:-_‘: "““::;:.:: SH Ex I I 3*
Eili)

E;

Ei‘[)_ s

_ „ l | ..
0

l I I 2:
l A A E.-................................................................ E

o o 12 13 24 30 36 |3
1 I l D

F"-
l

r

l
h

---1"""'I'

s 'I. 1 lSH s, D
51 51|

6- 510

’ n.///////// z / //////
’ S

1/ ‘fis 5 1E)

A :‚ 2 5'5 5 V5: ‚
|3.“ //////./////////////////////// / z//////////////////////////////X///////////////////////////////

_-

r V
“x

s2

2 h
B “'—— H —“"

c RH
Fig. 16. Theoretical seismograms for an SH-plane wave normally incident on the three structures A, B, C. The S velocity
inside the structures is twice that above them

and C. As is seen, the smoothed upper edges of the reef
produce more intense diffracted (scattered) S 1 D waves.
Variation in the location of the lower reef edges does
not cause any change in arrival time of the above-men-
tioned intense wave.

Let us consider the three models and theoretical
seismograms shown in Fig. 17. Mode] C and its corre-
Spanding seismograms are taken from the previous fig—
ure. Model D is constructed as follows: We take thö
upper part of model C and make the geologic horizon
continuous. Thus, we obtain some high velocity in-
Clusion above the geologic horizon. Mode] F represents
the above inclusion without geologic horizon.

The analysis of these models leads t0 the conclusion
that the intense wave which arrives alter the reflected
S11 wave is a diffracted (scattered)-reflected wave. The

diffracted (scattered) wave from the upper part of the
salt dome is incident under the critical angle 011 the
geologic horizon. The wave reflected from this horizon
generates a head wave 51021.

We now consider the model and theoretical seis-
mograms presented in Fig. 18. The plane SH wave iS
normally incident on a half-infinite high-Velücity layer
of thickness 0.25 WL (Vsz=2Vs.)' Here one can also see
a diffracted—reflected wave which arises each time mul-
tiple reflections from the horizon and the free surface
are incident on the edge of the layer.

When the distance d between the layer and the h0-
rizon decreases the wave picture becomes more com-
plicated. The diffracted wave and the diffracted-reflect—
ed wave interfere. This can be seen in Fig. 19.

We next consider a two-dimensional monocline
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model. The plane connecting the two half-planes has a
dip of 45°. The velocity below these planes is twice the
velocity above them. If the SH wave is normally in-
cident, the refleeted waves from the dipping plane prop-
agate in the horizontal direction and d0 not come to
the receivers. However, we observe on the theoretical
seismograms a relatively intense diffracted-reflected
wave and head waves (Fig. 20).

Thus, from numerieal experiments it beeomes clear
that diffraeted-refleeted and diffracted head waves can
be rather intense, and that they may possibly be used
in seismie exploration. I would like to pmpose an ap-
proaoh whieh is based on the cancellation of multiple
waves and on the investigation of diffracted waves. The
idea i5 to use plane P waves and recordings of the hori-
zontal eomponent of the diSplacement vector. Let there

be some inclusion or stratigraphic trap inside the stra-
tified mediurn. If we construct a plane wave with the
help of point sources, the amplitudes of all multiply re-
flected waves on the horizontal diSplacement com-
ponent will be zero. ln this case we will have only dif-
fracted waves, if the medium ehanges only in the verti-
ca] direetion. This is illustrated in Fig. 21, where a
plane P wave is incident on a flat layered medium con-
taining an inclusion. The parameters used are l/F3
22V“, V53=2VW VS/Vp=0.6‚ Vpl=l.5Vp1, [452215145].
The thickness of the inclusion is 0.25 WL. Note that the
direct P wave is cut off in the figure. As is seen in the
figure, multiply refleeted waves are absent on the hori-
zontal component, and we have only diffracted waves.
lt is easy to determine the loeation of the middle part
of the inelusion where the horizontal eomponent equals
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1' x, is twice that above it

zero. At present work has begun on implementation of
this approach in seismic exploration.

Conclusion

We have considered and discussed the main stages 01"
numerical experiments in seismic exploration for one—
and two-dimensional inhomogeneous models of media.
The approach presented is being deve10ped for the cal—
culation 01 complete theoretical seismograms and for
three-dimensional inhomogeneous media. In this case
two—dimensional Fourier transform along the 000r-
dinates x and y and the finite difference technique
along the coordinate z is used. Here we introduce an
absorbing condition at the boundary 2:20. Note that
für the calculation of three-dimensional models of re—
alistic media it is necessary t0 use high performance
computers.
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Abstract. From the latest developments of algorithms
for the computation of eigenvalues and eigenfunctions
of Rayleigh waves for flat layered anelastic models of
the Earth, it is possible to eonstruct, with highly satis—
factory efficiency and aecuracy, “eomplete” synthetic
seismograms also at high frequencies. Examples are
given both for continental and oceanic structural mod-
els made up of 70 layers and more and extending to
depths of about 1,100 km.

Key words: Synthetic seismograms —‚ Rayleigh modes —
Anelasticity

1. Introduction

Pekeris (1948), in his pioneering work, has shown the
possibility of treating the problem of wave propagation
in homogeneous layered media, both in terms of rays
(ray-theory) and in terms of modes (normal mode so-
lution); he also proposed the use of ray theory for the
purpose of determining the beginning of the record at a
distant point or for determining the steady-state so-
lution up to moderate ranges. On the other hand, if one
is interested in the steady-state solution at large ranges
where many rays need to be considered, or in the later
phases received at large distances, the normal mode
solution is preferable. Since Pekeris’ paper, a consider-
able amount of research has been carried out following
both approaches. A modern review of the results
achieved in the determination of seismic wave propaga-
tion in stratified media is given by Kennett (1983).

From Kennett’s book it is quite evident that a great
concentration of effort to understand the way in which
the features of observed seismograms are related to the
properties of the source and structure of the Earth is
based on a variety of mathematical and physical tools
essentially inspired by the ray-theory and its develop-
ments.

On the other hand, modal summation has been
successfully applied to the generation of synthetic sig-
nals only for periods greater than 105 (e.g. Liao et al.,
1978; Cuscito and Panza, 1981; Panza and Cuscito,
1982; Woodhouse, 1983).

It would seem that lack of an explicit statement of the
details of high-frequency eigenvalue and eigenfunction
evaluation has been the main factor delaying large-scale

application of multimode, synthetic seismograms to
the interpretation of short-period experimental records.
There are essentially two types of computational prob-
lems: (a) remove the loss-of-precision contained in the
original Thomson (1950) — Haskell (1953) technique for
the computation of Rayleigh-wave dispersion; (b) reach
the necessary acouracy and efficiency in modal com-
putation at high frequency, where many modes get very
close to each other. To deal with the loss-of-precision
problem, two methods exist: Knopofl’s (1964a) method
and the method of delta matrices (Pestel and Leckie,
1963; Thrower, 1965; Dunkin, 1965; Watson, 1970).
Very recently, as a result of intensive international co-
operation, Schwab et a1. (1984) have shown, both for
eigenvalue and eigenfunction determinations, that there
are no loss-of-precision problems when the existing im-
provements of the original formulation are used — also
for frequencies as high as 10000 Hz. The problem of
computational efficiency, while retaining very high ac-
curacy, at short periods has been treated with some
success by Suhadolc et a1. (1985). Thus, at present, the
use of multimode summation for the construction of
synthetic seismograms can be extended to high frequen-
eies.

2. Computation of eigenvalues

Knopoff (1964a) has given the solution to problems of
elastic wave propagation in multilayered media as the
quotient of products of matrices. In the case of SH
waves, the matrices are of order two; in the case of P
—SV waves the matrices are of order four. The in-
dividual matrix elements are themselves determinants
of order two or four in the two cases.

Concerning the determination of the Rayleigh-wave
phase velocity using Knopoff’s method, it was reported
(Schwab, 1970) that with 16 decimal digits carried dur-
ing computation and 15.4 significant figures required in
the computed phase velocities, the number of wave-
lengths of a layered structure above the homogeneous
half-space can be increased to 196 without any loss of
precision. To control overflow when a large number,
H//l‚ of wavelengths of layered structure (H is the depth
to the deepest interface and ‚l is the wavelength) is used
in the computation, a simple normalization is required
(Schwab et al., 1984). With normalization included, so
that large values of H//l can be treated, only the follow-
ing overflow/underflow situations must be avoided.
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The matrix elements for the layers with c<ßm<ocm,
where c is the phase velocity, ßm is the S-wave velocity
of the m-th layer and 0cm is the P-wave velocity of the
m—th layer, contain factors of the form (Sehwab, 1970):

sinh *sinh * (1)cosh m cosh m

where

cod
1/

62 cod31* = — m 1——2= — m ra* realc ocm c m
2

*_ codm c _ codm *Qm— — 1——2—— — rß real
c ßm c "‘

where dm is the thickness of the m—th layer and a) is the
angular frequency. In the notation used here, the as-
terisk denotes the imaginary part of an imaginary
quantity. For large values of the arguments, the magni-
tude of these factors is approximated by:

(2)

1 a) dm
Z

exp [
c

(13"; +rg‘m)]. (3)

In fact,

sinh P* z [exp(P*) — exp( — P*)]/2
and (4)

cosh P* : [exp (P*) + exp( —P*)]/2

which reduees t0

sinh P* 2 — exp( —P*)/2 cosh P* 2 exp( —P*)/2

when P* <0; the same for Q*.
Thus, overflow occurs when the last expression is

approximately equal t0 the maximum value permitted
by the computer. Denoting this last quantity as MAX,
it is easy to find the limiting values

(d) . :c1n(4'MAX)
m max1mum

w(ra‚|:n+rl;km)

Cminimum zM (5)ln(4 . MAX)
cln(4' MAX)

wmaximum2m

t0 avoid overflow during the evaluation of the matrix
elements for any given layer. If these limits are reached,
Splitting the thiek layers into thinner ones having the
same properties does not solve the problem (Schwab et
al.‚ 1984). A powerful, general solution t0 the problem
of handling homogeneous layers, when they are many
wavelengths thick, is the following. When c<ßm<ocm
and dm/Ä is large, for layer m, it is possible t0 use
the approximation

sinh R: = —% exp (k rfm dm)
cosh B: =ä exp (k I'd"; dm) (6)

where kzw/c. The same is valid for sinh Q3; and
cosh Q3} It is important t0 note that these approxi-

mated expressions are exact for a finite-precision com-
puter when the magnitudes of 1,31* and Q3; increase
beyond a certain point. In fact

cosh
sinh x =% 6Xp(X) iä exp< —x). (7)
If x inereases, reaching the point where

äeXP(-X):10M%€XP(X)‚ (8)
where M is the number of deeimal digits earried by the
computer, then it is algorithmieally exact t0 use

eoshx= —sinhx=%exp(—x) x<0. (9)

Thus, in Eq. (1) it is possible t0 factor out the quantity

äexptkdmvmrgmn (10)
which is always positive. Since the interest is limited t0
Changes in sign of the dispersion function, this factor
can be deleted when treating layer m and consequently
there is n0 more need t0 deal with exponentials having
arguments above a eertain level.

The case ßm<c<ocm and large dm/Ä can be treated
by analogy and it is possible t0 delete terms like

äexp(kdmra*m. (11)

The power of this approach has been extensively tested
by Schwab et al. (1984) and Suhadolc et al. (1985).

Onee the phase velocity, c, is obtained for a given
angular frequency a), the group veloeity, u, is obtained
from

‚FC/(1 655).) (12)
where standard implicit funetion theory is applied t0
the dispersion funetion, F, t0 obtain

552—(3—Zl/(2—Zl-
For details, see Schwab and Knopoff (1972). From Eq.
(12) it is evident that the computation of u requires as
input the phase veloeity‚ c. Thus the aecuraey with
which u can be computed‚ Öu, depends on the aeeuraey,
5c, of c. Extensive tests of such dependence have been
carried out by Sehwab et al. (1985) who show the
existenee of a quite general linear relation between öu
and öc. Their results show that it is necessary t0 com-
pute the phase velocity with at least seven significant
figures t0 ensure three significant figures in group ve-
loeity. However, as will be shown later, a greater accu-
racy in c is needed t0 compute aecurate eigenfunetions.

3. Computations of eigenfunctions

The algorithmic details of eigenfunction evaluation
with Knopoff’s method are rather involved — although
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in principle only a straightforward application of
Cramer’s rule is required — whereas the details for the
original formulation (Haskell, 1953) are quite simple.
Full details eoncerning Knopofl’s method are given by
Sehwab et a1. (1984); here, it is sufficient t0 remember
the following. Using Haskell notation, the displace-
ments —- um (radial), wm (vertieal) — or equivalently the
corresponding velocities u'm and wm, and the stresses —
am (normal), Im (tangential) — in the m-th layer are
given by:

cumzAmcospm—zBmsmpm
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Thus Knopoff’s submatrix A‘O) ean be written in the
form

A(0)___|:_p1(y1—1)

0
0

At the m-th interface, the continuity of displacement
and stress yields

_P1'V1 0 . l7
‚013’1 0 _p1(l’1—1)]

( )

Amcosa—ißmsin12„+rßm Cm cos Qm—irßmDm sin Qm

=Am+1+rßm+l
Cm+1,

—iram Am sm Pm+ram Bm cos Pm+iCm s1n Qm—Dm eos Qm
+rßmCmcosqm—irßmDmsinqm, zra +1Bm+1_Dm+17

CWm= —irazmAm Sinpm+ramBm 905 Pm pm(ym—1)AmcosB„—ipm(ym—1)BmsinR„
+i Cm sin qm _Dm COS qm? + pm ym rßm Cm cos Qm —ipm ym rßmDm sin Qm

Gm=pm(vm-1)AmCOSpm—ipm(7m—1) :pm+1(ym+1 _1)Am+1 +pm+1 ym+1rßm+1cm+1’
‘ Bm sin Pm + ‚0m i’m l’pm Cm 905 qm ipm ym ram Am sin B" —- pm ym ram Bm COS Rn
-ipmvmrß‚„Dmsin qm, (14) —ipm(ym—1)Cmsin Qm+pm(ym—1)Dm cos

TmZipmymramAmSinpm—pm2)mr“m —
—pm+1 Vm+1 ram+1Bm+1+pm+1(l)rn+l —1)Dm+1’ (18)

° B —' —1 C ' -"'COS p'" lpm(y‚„ ) "'Sln qm where Enzkram dm, Qm=krßm dm and dm 1s the layer
+Pm(l’m_1)Dm 9959m: thickness. Thus, Knopoff’s 4x8 interface submatriees

have the form

cos Pm — i sin Pm/ram eos Qm

Alm):
—i7'a‚„ sin Pm cos Pm i sin Qm/rßm

pm('))m—1)COSPm —ipm(ym—1)Sia/ram pmym COSQm

ipm ym ram sin Pm —pm ym cos Pm —ipm(ym—1)sia/rßm

—cos 0 —1 1. Q„f (19)
_lmmrßm Sam —pm+1(ym+1—1) O _pm+1ym+1 0

pm('ym—1)COSQm 0 pm+1Ym+1 —pm+1(ym+1—1)

and, noting that in the half-space An =B-— —oc‚2‚A’
h Cn =D„= —2ß2’wn, the submatrix representing "the

W ere (n—1)th interface has the form

Am: _ocri(A;n+Ar,7/l)> Bmz _ari(Ain—A;ri)>
—1 _rßn

Cm: —2ß‚%‚(w;„—w;‚;‚ Dm 2 —2ß‚%‚<w;„+w;‚;>‚ AM: —r,„ 1 ‚ (20)
(m—l) (m—l)

" -p„())„—1) -‚0„))„rßnPm=kram[Z—Z 1» qm zkrßmÜ—Z 1’ p y r -p (v —1)
Vm=2(ßm/C)2- (15)

pm is the density, 2(m‘1) is the depth of the upper
interface of the m-th layer and A;„, 415„ afln, a); are
Haskell (1953) eonstants appearing in the depth-depen-
dent part of the dilatational and rotational wave solu-
tlons:

Agexp( —ikram z)+ A; exp(i kram z),

wg, exp( —i k rßm z)+ wg, exp(i k rßm z).

For a continental model, the vanishing of the two
components of stress at the free surface yields:

-p1(r1 -1)A1
P1 V1 rar B1 ’‚010’1

—p1 V1 rß1 C120, 16—-1)D1:0. ( 2

where the first four columns are the same as those of
A0") with m=n—1. It may be worth observing here
that, for each layer, A“) (i:1,n) submatrices represent
the denominators of Cramer’s system solutions when
the boundary conditions are applied.

Once the phase velocity is determined, the problem
of the evaluation of the eigenfunctions reduces t0 the
determination of the constants Am, Bm‚ Cm, Dm for the
layers and An, Dn for the half-space.

Indeed in writing Eq. (19) it was Chosen t0 de-
termine r Bm and rßm Cm instead of Bm and Cm. This
Choice of themlayer eonstants is particularly convenient
sinee it makes all the elements yij of Eq. (19), when not
equal t0 zero, real quantities if 1+j is even and imag-
inary quantities if 1+j is odd. The starting point is
therefore the linear, homogeneous- system of 4n—2
equations in 4n —2 unknowns (Schwab et al.‚ 1984):
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The determination of the layer constants can be
started by deleting the last equation of the system and
transposing the terms containing Dn to the right-hand
side of the equations, thus forming a vector of in-
homogeneous terms.

Furthermore, D„ can be arbitrarily set equal to 1; as
a consequence rmBm and Dm will be real, while Am and
rßm Cm will be immaginary. Thus the system can bemwrit-
ten as:
_ _. _

41

_.
i— 0

_

ran—1Bn—1 _ Ö

rßn_1C„_1
—

rß„
D„_1 —1
A r

_ — _
n

—
Lpnyn

ßü

(22)
from which An can be determined.

To obtain” An _1‚ ra _1B„_ 1, rß C„_1, D„_ 1, Eq.
(22) is further reduced by deletingß the last equation of
the system and transposing terms including An to the
right-hand side of the equations:
F —

F A1
—

F 0
—

Än—l _

.

ran 1Bn—1 0

rß„_ 1C" _1 l#107)

_ _ _ D„_1__w (n)_
. (23)where 111 (n) = An + rßn Imaginary

wz(n)=i»„„A„ —1 Real.
This procedure can be continued to obtain the re-

maining layer constants, with the only change being in
the definition of the two elements of the vector of
inhomogeneities:

w1(m):Am+rßm Cm

w2(m)=ramBm —Dm
m<n.

For more computational details, see Schwab et al.
(1984).

_
A<°>

_ r A1 — "07
rai B1

rß1 C1
D

raz BZ

rß2 C2
02 = ‚(21)

AUE-2) An—l

ran—1 Bn—l

rßn-l Cn-‘l

D„_
A<"-1> A„ 1

i. ._ L Dn _l -04

4. Energy integral

In multimode synthesis of theoretical seismograms, the
following integral of eigenfunctions must be computed:

=lp(2)[y1(2) +y3(2)]dz (24)
0

where

W(z)_w(2)1 w(O)—W(O)

l. u(z)_ _(_u'Z)y3: w(0) =w(0)
which is usually called the energy integral. For a se-
quence of homogeneous layers, this integral can be
evaluated analytioally from the layer constants (Schwab
et al.‚ 1984).

5. Attenuation due t0 anelastically

The anelastic nature of the Earth’s interior manifests
itself through the phenomena of attenuation of elastic
waves. Knopoff (1964b) introduced an additional term
into the differential equation of motion to aocount for
attenuation effects. He introduced the nondimensional
constant Q, which is related to the space (e‘°‘x) and
time (e‘l‘) attenuation coefficients as follows

a) w
=2—Q—E 1’=—' (25)2Q

where c is the phase velocity of the plane wave motion
under consideration.

Recently, O’Connell and Budiansky (1978) derived
the relation

Q 21
(2 _E)

(26)
201cc)

which is relevant only for small values of a) (long-
period waves and free oscillations). Brune (1962) and
Knopoff et a1. (1964) noted that there are some discrep-
ancies for Q obtained-from propagating wave trains,
Qx‚ and that from free oscillations, Q1. The two values
are joined by the relation uQ1=c where c and u are
phase and group velocity, respeotively.

Attenuation also distorts dispersion properties. Fut-
terman (1962) pointed out that physical dispersion must
accompany wave attenuation to preserve causality prin-
ciple. In a medium with a constant Q, the correction to
the dispersion of body waves can be expressed

2A1(a))=A1(a)0)/ {1+[; A1(co0) A2(c00) 1n(a)O/w)]}‚
(27)

B1(w)=Bl(wO>/{1+[% Bl<wo)Bz(wO>ln(wO/w)])‚
where A1(w) is the P-wave phase velocity, 142(01) is the
P-wave phase attenuation, B1(a)) is the S-wave phase
velocity and B2(w) is the S-wave phase attenuation.

In the following computations we have choosen
wo = 27: radians. The quantities A1, A 2, B1, B2 are related
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t0 the complex body-wave velocities oc and ‚ß, describing
the properties of anelastic media, by

1_1‚ 11———— A, —=———'B 28
oc A1

l 2
‚3 B1

l 2 ( )

(Schwab and Knopoff, 1972). In anelastic media also
surface-wave phase velocity. c, must be expressed as a
complex quantity

1 1
—-—-———'C. 29
c C1

l 2 ( )

The attenuated phase velocity C1 and the phase attenu-
ation C2 can be estimated by using the variational
technique (e.g. Takeuchi and Saito, 1972; Aki and Ri-
chards, 1980). As an intermediate step it is necessary t0
compute the integrals

13::{[(Ä+2u)—(,i:m]yä
1 ‚1

+;(y1 Y4—my2Y3)}dZ (30)

14:?{5(/1+2„)[
0

1
m(yg+2k/1J’2Y3)

(173W) yä]
1 2 2k— 51 —— ki 2] ,+511 M2y4+ [(H'zmmyfi ys) }dz (31)

+k2 (1+

where y1 and y3 are defined as in Sect. 4,

0(2) . T(Z)
y2=w(0)’ IJ’4:W(0)‚
öu=p(ßf-ßä-32)+i2pß1ß2‚
ÖÄ=P[(0<‘;‘—dä*_2)-2(ßf—ßä—Bz)]

+ip2(0<10C2-2ß1ß2)‚
Ö(Ä+2p)=p(ocf—ocä—ä2)+i2poc1a2.

In these expressions, ä and B are the compressional-
and shear—wave velocities in the perfectly elastic case;
in other words

p(ß1+iß2)2=u+öu
with ‚1 and ‚u indicating Lamä’s constants.

Integrals I3 and I4 can be computed analytically
from the layer constants (Schwab et al., 1985), thus
obtaining the anelastic phase velocity

C1 =a „1771,73 Re(I4)] (32)

and the phase attenuation

‚0(0‘1 +iO‘2)2:(/1+2‚U)+ö(4+2l1)‚

2:52071—3111104), (33)

where E and E are the phase velocity and wavenumber
in the perfectly elastic case.
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The exact mathematical treatment of attenuation
due t0 anelasticity is described by Schwab and Knopoff
(1971, 1972, 1973). Its extension t0 efficient multimode
computation is presently in progress.

6. Examples of computations
The construction of realistic seismograms requires the
possibility of handling Earth models formed by a large
number of layers including low-velocity zones. Accord-
ingly, with the more recent models of the crust and
upper mantle these layers correspond t0 sedimentary
layers, t0 the laccolithic zone of granitic intrusion (si-
alic low-velocity zone), t0 granulitic layers (lower crustal
layer) and t0 the asthenospheric low-velocity layer (e.g.
Mueller, 1977; Panza, 1980).

The presence of such velocity inversions removes
from the phase velocity spectra (multimode phase ve-
locities) regularities sometimes used (e.g. Kerry, 1981)
t0 approach the multimode summation in an approxi-
mated way.

In what follows, examples of exact computations are
described for a continental and an oceanic structure
containing low-velocity layers both in the crust and in
the upper mantle (see Table 1 and Fig. 1).

As can be seen from Table 1, structural properties
are specified down t0 depths of about 1,100 km, where
the S-wave velocity reaches 6.42 km/s. The possibility of
handling structural models extending t0 these depths,
in an efficient way, makes it possible t0 synthesize early
P-wave arrivals from all crustal layers having a P-wave
velocity less than 6.42 km/s; without the necessity of
introducing any unrealistic high-velocity half-space,
with the consequent generation of spurious S-wave arri-
vals as, for instance, in the case of the locked mode
approximation (Harvey, 1981).

6.1. Phase velocities

The Rayleigh-wave dispersion curves for the first 214
modes for the continental model are shown in Fig. 2. It
is easy t0 see the effect of the major discontinuities,
present in the structure, which are responsible for all
the “quasi-osculations”. The standard sequence Chan-
nel-waves crustal-waves (Panza et al., 1972), due t0 the
presence of the asthenospheric low—velocity layer, is
intersected by a family of waves mainly sampling the
waveguide formed by the sedimentary layers (Chiarut—
tini et al., 1985). This is the reason for the quite com-
plicated pattern visible at frequencies larger than 0.1 Hz
for phase velocities in the range 4.3—6.3 km/s. Only ten
higher modes reach velocities less than 4.3 km/s (the S-
wave in the asthenospheric low-velocity layer). When
this happens, the modes are essentially sampling only
crust. In fact, crustal layering begins t0 be Visible in the
phase-velocity curves for frequencies larger than about
0.4 Hz, even if not in the form of “quasi-osculations”.
This means that t0 get detailed crustal information it is
necessary t0 reach frequencies much larger than 1 Hz.

Figure 3 ShOWS the Rayleigh-wave dispersion curves
for the oceanic model. Here the standard channel-wave
crustal-wave sequence is limited t0 a smaller number of
modes because of the presence of a -thinner crust. It is
also interesting t0 note that, in addition t0 the family
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Table 1.

Input flat continental structure — IMP1

Depth to Layer Density P—wave phase P-wave phase S—wave phase S—wave phase Qß Layer
interface thickness velocity attenuation velocity attenuation number

(km) (km) (g/cm3) (km/s) (10‘5 s/km) (km/s) (10”4 s/km)

0.00 0.10 2.04 1.69 591.70 0.50 500.00 20 1
0.10 0.15 2.06 1.79 558.70 0.82 305.63 20 2
0.25 0.50 2.13 2.17 461.50 1.01 247.50 20 3
0.75 0.50 2.21 2.53 263.20 1.20 138.90 30 4
1.25 0.50 2.28 2.90 172.40 1.41 88.65 40 5
1.75 0.50 2.35 3.27 122.40 1.62 61.73 50 6
2.25 0.50 2.43 3.63 110.10 1.85 54.05 50 7
2.75 0.50 2.50 4.00 50.00 2.08 24.04 100 8
3.25 0.50 2.57 4.37 30.53 2.33 14.31 150 9
3.75 0.50 2.65 4.73 21.33 2.59 9.65 200 10
4.25 0.50 2.72 5.10 15.69 2.87 6.97 250 11
4.75 0.50 2.77 5.38 12.40 3.06 5.45 300 12
5.25 0.50 2.83 5.65 10.11 3.26 4.38 350 13
5.75 0.25 2.85 5.75 7.73 3.32 3.35 450 14
6.00 0.50 2.85 5.75 7.73 3.32 3.35 450 15
6.50 0.50 2.85 5.75 7.73 3.32 3.35 450 16
7.00 0.50 2.85 5.75 7.73 3.32 3.35 450 17
7.50 0.50 2.85 5.75 7.73 3.32 3.35 450 18
8.00 0.50 2.85 5.75 7.73 3.32 3.35 450 19
8.50 0.50 2.85 5.75 7.73 3.32 3.35 450 20
9.00 0.50 2.85 5.75 7.73 3.32 3.35 450 21
9.50 0.50 2.85 5.75 7.73 3.32 3.35 450 22

10.00 0.50 2.85 5.75 7.73 3.32 3.35 450 23
10.50 0.50 2.85 5.75 7.73 3.32 3.35 450 24
11.00 0.30 3.04 6.70 6.63 3.87 2.87 450 25
11.30 0.30 3.08 6.90 6.44 3.98 2.79 450 26
11.60 0.30 3.12 7.10 6.26 4.10 2.71 450 27
11.90 1.10 3.16 7.30 6.09 4.21 2.64 450 28
13.00 2.00 3.16 7.30 6.09 4.21 2.64 450 29
15.00 2.00 3.16 7.30 6.09 4.21 2.64 450 30
17.00 2.00 3.16 7.30 6.09 4.21 2.64 450 31
19.00 2.00 3.16 7.30 6.09 4.21 2.64 450 32
21.00 2.00 3.16 7.30 6.09 4.21 2.64 450 33
23.00 2.00 3.16 7.30 6.09 4.21 2.64 450 34
25.00 25.00 3.26 7.80 5.70 4.50 2.47 450 35
50.00 25.00 3.40 8.00 25.00 4.30 11.63 100 36
75.00 25.00 3.41 8.00 25.00 4.30 11.63 100 37

100.00 25.00 3.42 8.00 25.00 4.30 11.63 100 38
125.00 25.00 3.43 8.00 25.00 4.30 11.63 100 39
150.00 25.00 3.44 8.00 25.00 4.30 11.63 100 40
175.00 25.00 3.45 8.00 25.00 4.30 11.63 100 41
200.00 25.00 3.46 8.57 15.69 4.60 7.25 150 42
225.00 25.00 3.46 8.57 15.69 4.60 7.25 150 43
250.00 20.00 3.47 8.60 15.50 4.70 7.09 150 44
270.00 20.00 3.47 8.60 15.50 4.70 7.09 150 45
290.00 25.00 3.47 8.70 15.33 4.75 7.02 150 46
315.00 25.00 3.47 8.70 15.33 4.75 7.02 150 47
340.00 25.00 3.47 8.70 15.33 4.75 7.02 150 48
365.00 25.00 3.47 8.70 15.33 4.75 7.02 150 49
390.00 25.00 3.66 8.74 15.15 4.75 6.97 151 50
415.00 20.00 3.88 8.76 15.11 4.75 6.97 151 51
435.00 10.00 3.90 9.04 14.65 5.00 6.61 151 52
445.00 20.00 3.92 9.49 13.95 5.25 6.30 151 53
465.00 25.00 3.93 9.50 13.94 5.25 6.29 151 54
490.00 25.00 3.95 9.52 13.91 5.26 6.29 151 55
515.00 25.00 3.96 9.53 13.90 5.26 6.29 151 56
540.00 25.00 3.99 9.58 13.83 5.29 6.26 151 57
565.00 25.00 4.02 9.63 13.75 5.31 6.23 151 58
590.00 25.00 4.06 9.68 13.67 5.34 6.20 151 59
615.00 25.00 4.09 9.74 12.50 5.37 5.65 165 60
640.00 25.00 4.12 9.78 10.40 5.39 4.73 196 61
665.00 25.00 4.17 10.01 8.80 5.52 3.99 227 62
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Depth to Layer Density P-wave phase P-wave phase S—wave phase S—wave phase Qß Layer
interface thickness velocity attenuation velocity attenuation number

(km) (km) (g/cm3) (km/s) (10‘ 5 s/km) (km/s) (10’4 s/km)

690.00 25.00 4.21 10.18 7.61 5.63 3.44 258 63
715.00 25.00 4.26 10.19 6.81 5.75 3.02 288 64
740.00 25.00 4.30 10.49 5.96 5.85 2.68 319 65
765.00 25.00 4.48 10.68 5.35 5.95 2.40 350 66
790.00 25.00 4.63 10.85 4.84 6.04 2.17 381 67
815.00 25.00 4.80 11.03 4.41 6.14 1.98 411 68
840.00 25.00 4.94 11.18 4.05 6.23 1.82 441 69
865.00 25.00 4.94 11.22 3.77 6.25 1.69 473 70
890.00 25.00 4.95 11.27 3.52 6.28 1.58 504 71
915.00 25.00 4.95 11.31 3.31 6.30 1.49 533 72
940.00 25.00 4.95 11.35 3.12 6.32 1.40 565 73
965.00 25.00 4.95 11.39 2.95 6.34 1.32 597 74
990.00 25.00 4.95 11.43 2.79 6.36 1.26 624 75

1015.00 25.00 4.96 11.48 2.65 6.38 1.19 659 76
1040.00 25.00 4.96 11.52 2.52 6.39 1.14 686 77
1065.00 25.00 4.96 11.56 2.41 6.41 1.09 716 78
1090.00 Infinite 4.96 11.60 2.30 6.42 1.04 749 79

Inpunt flat oceanic structure — OCEAN
0.00 5.00 1.03 1.52 0
5.00 1.00 2.10 2.10 190.48 1.00 100.00 50 1
6.00 2.00 3.07 6.41 49.92 3.70 21.62 62 2
8.00 2.00 3.07 6.41 49.92 3.70 21.62 62 3

10.00 1.00 3.07 6.41 49.92 3.70 21.62 62 4
11.00 1.00 3.40 8.11 9.86 4.61 4.34 250 5
12.00 4.00 3.40 8.11 9.86 4.61 4.34 250 6
16.00 4.00 _ 3.40 8.11 9.86 4.61 4.34 250 7
20.00 1.50 3.40 8.12 9.85 4.61 4.34 250 8
21.50 3.50 3.40 8.12 9.85 4.61 4.34 250 9
25.00 1.50 3.40 8.12 9.85 4.61 4.34 250 10
26.50 5.00 3.40 8.12 9.85 4.61 4.34 250 11
31.50 5.00 3.40 8.12 9.85 4.61 4.34 250 12
36.50 2.50 3.40 8.12 9.85 4.61 4.34 250 13
39.00 1.00 3.40 8.12 9.85 4.61 4.34 250 14
40.00 1.00 3.37 8.01 19.98 4.56 8.77 125 15
41.00 4.00 3.37 8.01 19.98 4.56 8.77 125 16
45.00 5.00 3.37 8.01 19.98 4.56 8.77 125 17
50.00 10.00 3.37 8.01 19.98 4.56 8.77 125 18
60.00 10.00 3.37 7.95 20.13 4.56 8.77 125 19
70.00 10.00 3.37 7.95 20.13 4.56 8.77 125 20
80.00 10.00 3.37 7.71 20.75 4.40 9.09 125 21
90.00 10.00 3.37 7.71 20.75 4.40 9.09 125 22

100.00 20.00 3.33 7.68 20.83 4.34 9.22 125 23
120.00 20.00 3.33 7.78 20.57 4.34 9.22 125 24
140.00 20.00 3.33 7.85 20.83 4.34 9.22 125 25
160.00 20.00 3.33 8.10 19.75 4.45 8.99 125 26
180.00 20.00 3.33 8.12 19.70 4.45 8.99 125 27
200.00 20.00 3.33 8.12 19.70 4.45 8.99 125 28
220.00 20.00 3.33 8.12 19.70 4.45 8.99 125 29
240.00 20.00 3.33 8.12 19.70 4.45 8.99 125 30
260.00 20.00 3.35 8.12 19.70 4.45 8.99 125 31
280.00 20.00 3.36 8.12 19.70 4.45 8.99 125 32
300.00 20.00 3.37 8.12 19.70 4.45 8.99 125 33
320.00 20.00 3.38 8.12 19.70 4.45 8.99 125 34
340.00 20.00 3.39 8.24 19.42 4.50 8.89 125 35
360.00 10.00 3.44 8.30 18.54 4.53 8.49 130 36
370.00 20.00 3.50 8.36 17.72 4.56 8.12 135 37
390.00 5.00 3.68 8.75 16.33 4.61 7.75 140 38
395.00 20.00 3.68 8.75 16.33 4.80 7.45 140 39
415.00 10.00 3.88 9.15 15.07 5.04 6.84 145 40
425.00 10.00 3.88 9.15 14.57 5.04 6.61 150 41
435.00 10.00 3.90 9.43 13.68 5.22 6.18 155 42
445.00 20.00 3.92 9.76 12.81 5.40 5.79 160 43
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Table l. (continued)

Depth t0 Layer Density P—wave phase P—wave phase S—wave phase S—wave phase Qß Layer
interface thickness velocity attenuation velocity attenuation number

(km) (km) (g/cm3) (km/s) (10’5 s/km) (km/s) (10’4 s/km)

465.00 25.00 3.93 9.77 12.41 5.40 5.61 165 44
490.00 25.00 3.95 9.78 12.04 5.40 5.45 170 45
515.00 25.00 3.96 9.78 12.03 5.40 5.45 170 46
540.00 25.00 3.99 9.78 12.02 5.40 5.45 170 47
565.00 25.00 4.02 9.79 12.02 5.40 5.45 170 48
590.00 25.00 4.06 9.79 12.02 5.40 5.45 170 49
615.00 25.00 4.09 9.80 12.01 5.40 5.45 170 50
640.00 25.00 4.12 9.80 10.47 5.40 4.75 195 51
665.00 25.00 4.16 10.16 8.20 5.60 3.72 240 52
690.00 25.00 4.21 10.49 6.69 5.8(Y 3.02 285 53
715.00 25.00 4.26 10.82 5.60 6.10 2.48 330 54
740.00 25.00 4.30 11.12 4.80 6.20 2.15 375 55
765.00 25.00 4.48 11.14 4.28 6.21 1.92 420 56
790.00 25.00 4.63 11.15 3.86 6.21 1.73 465 57
815.00 25.00 4.80 11.17 3.55 6.22 1.59 505 58

The rest as for structure IPM1
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Fig. 1. Distribution versus depth of elastic
and anelastic properties for the two

L-n ‚2.: structural models used in the computation:
05e (Km IMPI is the continental structure, OCEAN

STRUCTURE: OCEAN NUMBER gr' ‚_AYE'RrJ- 70 is the oceanic structure (see also Table 1)
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Fig. 2. Rayleigh-wave dispersion curves for the continental
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tFig.
3. Rayleigh-wave dispersion curves für the oceanic struc-

ure

of waves essentially sampling the sedimentary layers
(sedimentary waves), waves mainly propagating in the
water layer (water waves) are also visible (Chiaruttini et
211., 1985). As in the case of the continental müde-‚1, the
effect of these low—velocity layers is visible also für
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phase velocities exceeding 6.0 km/s. Also für this müde],
only ten higher modes are sampling only the crust, i.e.
are characterized by phase velocities lass than about
4.3 km/s (4.34 km/s is the minimum S-Wave velocity in
the asthenosphere channel). However, the main crustal
discontinuities can be easily seen in the di5persion
curves.

A common feature of Figs. 2 and 3 is the pro-
gressive reduction of the spacing between müdes a5
frequency increases. Since at the same frequency the
difference in phase velocities of two adjacent müdes can
be of the order of 10‘5 km/s, phase velocities must be
computed with an accuracy of more than six figures.
This is not a difficult task if use is made of the algo—
rithms previously mentioned, but it is impossible t0
reach the required accuracy if approximated methods
are used in the computation of phase velocities. As will
be shown below, t0 have accurate determination of the
eigenfunctions, an even higher accuracy is required in
the determination of the phase velocity.

6.2. Group velocities

The group velocities for the two models are shown in
Fig.4 (continental) and FigS (oceanic). Due t0 the
complexity of the pattern it is useless t0 plot all müdes
in a single figure, this is why the group-velocity dia-
gram has been subdivided into four parts. Figure 4a
gives the first 31 modes. Though it is practically im-
possible t0 follow individual modes in their entirety, it
is relatively easy t0 follow the behaviour of channel
and crustal waves as well as that of the sedimentary
waves for frequencies larger than about 0.09 Hz. The
stationary phases formed by the combination of several
higher modes, visible in the group velocity interval 2.8—
3.7 km/s and starting from frequencies of the order of
0.15 Hz, correspond t0 Lz' and Lg phases (e.g. see Panza
and Calcagnile, 1974); while the stationary phases with
group velocity around 2.0 km/s and visible for frequen-
cies larger than about 0.2 Hz, correspond to waves es-
sentially propagating in the low-velocity sediments. For
group velocities around 23—25 km/s, stationary phases
are visible at frequencies larger than 0.55 Hz; these
phases can be associated with waves propagating near
the bottom 01C the sediments.

For frequencies larger than 0.1I-Iz ancl for group
velocities around 4.3 km/s, the trapping in the upper-
mantle low—velocity layer is clearly visible — being re—
sponsible for the very flat portions of the group-veloci—
ty curves. Since the S-wave velocity in the Channel is
4.3 km/s, the Sa phase can be identified with the sta-
tionary phases centered around group-velocity values of
about 4.3 km/s for frequencies less than 0.1Hz. This
interpretation of Sa, as a phase mainly controlled by
the elastic prOperties of the first 400 km er so of the
Earth’s interior, was given by Calcagnile and Panza
(1974). For frequencies larger than 0.1Hz, difTerent
branches of Sn waves are Clearly visible; the fastest
tending t0 a group velocity Of about 4.75 km/s (the
S-wave velocity in the subchannel), the slowest tend-
ing t0 4.50 km/s (the S—wave velocity in the lid).
Around a group velocity of 3.94.0 km/s, very wide
stationary portions are visible für frequencies larger
than about 0.4 Hz; they can be associated with Sb
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Fig. 4a—d. Rayleigh-wave group velocities for the continental structure

waves. The identification 01 these last phases (S n and
Sb) i5 also possible in Fig. 4b and c. In Figs. 4b—d, the
highly oscillating portions of the group-velocity curves
with values above 4.5 km/s can be associated with dif-
ferent body waves (either P-waves sampling the upper
layers 01 S-waves sampling quite deep). A detailed anal—
ysis 01 this part of the group-velocity diagram allows a
more precise identification. H0wever, such an analysis
is beyond the purpose 01 this paper.

Für the oceanic müde], similar observations can be
made as far as the general pr0perties of the group-
velocity diagram is concerned (Figs. 5a—d). In general
stationary phases corresponding t0 crustal waves, se-
dimentary waves and water waves an: easily identified.
The three families 01 waves, each of them formed by

the combination of several higher müdes are, in some
Gases, overlapping and they can be distinguished only
on the basis of the group—velocity value they tend t0.
Thus, stationary portions 01" the group-velocity curves
centred around 3.7 km/s are essentially crustal waves
(3.7 km/S is the velocity 01 S—waves in the crustal
layers), those centred around 1.0 km/s an: essentially
sedimentary waves (1.0 km/s iS the velocity 01 S-waves
in the sedimentary layer) and finally, those centred
around 1.5 km/s can be associated with water waves
(1.52 km/s i5 the velocity of P-waves in the water).
Other stationary p0rtions, visible in the group-velocity
range 4.0—4.4 km/s, can be associated with Sa, Sn and
Li. A more detailed analysis of these group-velocity
Spectra is given by Chiaruttini et al. (1985).
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6.3. Energy integral

A5 for group velocities, a single plot of the energy
integral II is not suitable for interpretation. Thus, also
in this case four plots have been made. Due t0 the
large variations of the energy integral it is convenient
to plot logll. Figure 6a—d refers t0 the continental
model, while Fig. 7a—d refers to the oceanic one. From
Fig. 6a the effect of trapping in the upper-mantle low-
velocity layer is Clearly Visible; in fact, in general, large
values of I1 correspond to practically n0 motion at the
free surface, while small values of l'1 correspond to
significant surfaoe displacement. It is quite interesting
t0 observe that for frequencies smaller than 0.08 Hz the
fundamental dominates, while for larger frequencies (up
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t0 about 0.2 Hz) several higher müdes are characterized
by small values of 11: i.e. are dominating. In the fre—
quency range 015—020 Hz the fundamental and the
first higher mode are the dominant ones, while for
larger frequencies very many modes may contribute
significantly t0 the surface displacement. As a general
rule it can be stated that significant surface displace-
ments may be expected from all the modes having II
values not exceeding 1,000. (10mm, where (l1)min indica-
tes the absolute minimum value of II at Bach frequen-
cy. For the Gase shown in the figure, significant surface
displacement can be expected a5 long a5 11 <1010 kg/mE.
However, the exact prediction of the surface displace-
ment from I1 i5 not straightforward since it strongly
depends upon many factors, as can be seen from Eq.
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Fig. Ga—Ad. Rayleigh-

(35). In Fig. 6b-d the trapping in the mantle low—
velocity layer is not as visibly dramatic as for the first
higher müdes. This indicates that modes with high-
order number are, in general, sampling the whole struc-
ture in a rather homogene-aus way. On the other hand,
a common feature of all parts of Fig.6 are the very
narrow peaks associated with the presence of sedi-
ments. If the source is located in the proximity of the
sedimentary layers in corrESpondence with these nar-
row peaks and even if 11 i5 quite large, one may expect
Significant surface motion mainly in the horizontal
component; in fast, in these portions of the spectrum,
the eigenfunctions are characterized by large lobes COI’I-
centrated in the sedimentary layers and the ellipticity
(see next section) gets very large. The sedimentary
layers are also responsible for the fact that the funda-

‚ E E E
C".2 9.4 9.6 {31.531 2.“:

PREDUEHEV ggf]
wave energy integral, 11, for the continental structure

mental mode is not dominant, i.e. does not have the
smallest I1 over the entire Spectrum.

Figure7a—d referring t0 the oceanic model can be
analysed in the same way. In Fig.7a, as it could be
expected from the observations made when considering
phase and group velocities, the presence of water and
sedimentary layers introduces quite narrow peaks
around frequencies of 0.08, 0.22, 0.40, 0.55, 0.70, 0.90 Hz
superimposed on the broader peaks, due to the trap—
ping in the upper-mantle low-velocity layer. In Fig. 7b
the effect of the upper-mantle low—velocity layer is only
visible for frequencies larger than 0.9 I-Iz, while the nar-
row peaks oharacterize the whole plot.

Before proceeding with the discussion of the main
ingredients necessary for the costruction of synthetic
seismograms, it is important to mention here a major
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Fig. Ta—d. Rayleigh-wave energy integral, 11, for the oceanic structure

point concerning the accuracy necessary in the com-
putation of phase velocity to obtain correct values for
1' 1. As mentioned earlier, seven significant figures in
phase-velocity determination are necessary to obtain
three significant figures in group velocity. One could
think that the same number of significant figures is
sufficient to get accurate eigenfunctions. Unfortunately,
this is not generally true and in some Gases, mainly for
large mode number, the precision required in phase-
velooity determination is larger.

In Fig.8 an example is given of the effect, on the
oomputation of eigenfunctions, of the truncation of the
eigenvalue to 13, 10, 9 and 8 figures resPectively. The
truncation to nine figures introduces already an unde-
sirable extra swing at a depth of about 1,100 km; how-
ever, the integration versus depth of these eigenfunc—

tions can still give accurate enough values. The Situa—
tion is totally different when the phase velocity is trun-
cated t0 eight figures. In fact, in this case, the extra swing
around 1,100 km depth is the dominant feature and the
integration versus depth of auch eigenfunctions gives
absolutely meaningless values. From the present ex-
perience it can be stated that an aocuracy of nine—ten
figures is generally sufficient to ensure the computation
of I 1 with the necessary accuracy. Analogous consider—
ations are applicable to the computation of I 3 and I4.

6.4. Ellipticiry

Another important quantity describing Rayleigh modes
particle motion is the ellipticity so = —u*(0)/w(0), i.e. the
ratio between the horizontal and vertioal components
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Fig.8a——d. Example of the effect of truncating the precision of phase velocity in the determination of eigenfunctions for the
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8 figures. From the figure it is evident that nine—ten figures in phase velocity are necessary to ensure the eorrect computation of
eigenfunctions

of motion at the free surface. lt is very important to
observe that while for the fundamental mode 50 is, in
general, a smooth function of frequency, for the higher
modes 80 can have abrupt discontinuities. More pre-
eisely, at some frequencies 50..... ioo as a consequence
of the fact that w(0) passes through zero. This is not an
obvious behaviour and strongly depends upon the elas-
tic properties of the layers closest to the free surface.
On the basis of tests performed up t0 now it can be
stated that, for frequeneies not exceeding 1 Hz and for
Earth models without sedimentary layers, these discon—
tinuities are present only once in a given mode and
only for modes with large order number. On the con—
trary, if there are sediments at the top of the Earth
models, several diseontinuities are present also in each
of the first higher müdes. An example is given in Fig.9
where, around 0.1, 0.3, 0.4, 0.7 and 0.9 Hz, for many
modes 50" ioo as a oonsequence of the fact that w(0)
passes through zero at these frequencies.

The most interesting feature that can be observed
here is that, due to the presenee of sediments, the
partiele motion of several higher modes is essentially
horizontal, i.e. leül>10‚ over quite wide frequency
ranges. A nice example is shown in Fig. 9a in the fre-
quency bands around 03——04 Hz and 0.7—0.9 Hz. This is

an extremely important observation which has several
practical implications: for instance, in engineering seis-
mology, the concentration of Rayleigh motion in the
horizontal direction may play a relevant role in the so-
called “amplification effect” introduced by sediments.
Thus, sedimentary layers significantly increase the seis-
mic hazard of a region as a consequence not only of
the energy trapping, but also because they tend to
make the horizontal component of motion of Rayleigh
modes dominant (Chiaruttini et al.‚ 1985). Very similar
observations can be applied t0 the behaviour 0150 in
the case of the oceanic structure as can be seen from
Fig. 10 where, as an example, the ellipticity for the first
31 modes is shown.

6.5. Phase artenuation

For large frequencies, the phase attenuation of surfaoe
waves, C 2, can be related to the qualityr factor (Qx), by
the relation

1/(Qx)=2C1 C2 (34)

where C1 and C2 are defined in Sect. 5.
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Fig. Qa—d. Elliptieity, so, curves for the eontinental structure. T
0.9 Hz are due t0 the erossing 01 w(0) through zero

Also für Rayleigh waves, the difference between the
anelastie phase velocity C 1 and the perfectly elastie
phase velocity c can be either positive 01' negative, as
was already shown by Sehwab and Knopoff (1971) for
the first few müdes of Love waves. For the considered
eontinental müde], the phase veloeity correetion due t0
anelasticity is in the range 00002—00006 km/s; this
range seems t0 be quite representative for many cases.
Thus, in the period range we have investigated, com-

he discontinuities quite clearly visible around 0.1, 0.3, 0.4, 0.? and

putations made for perfeetly elastic layers are correet t0
at least four figures.

Also in this case, for reasons of elarity, it has been
necessary t0 subdivide the plot of Qx into four parts.
Figure 11a gives the first 31 müdes. Though it is practi-
eally impossible t0 follow individual modes in their
entirety, it is relatively easy to see the effect 01" the
layering of Qa and Qß. F01“ instanee, the fundamental
mode ShOWS a large peak around 0.05 Hz and this
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corresponds to wave propagation in the lower crust
and upper mantle where Qß=450. For frequencies larg-
er than 0.15 Hz several modes are characterized by very
low values and this indicates wave propagation in the
upper sedimentary layers where Qß does not exceed
100.

As a general remark, it can be observed that Qx has
a frequency dependence quite similar to that of group
velocities; however, while group-velocity envelopes of
orustal and sedimentary waves are quite continuous
(Fig. 4a), a clear and obvious separation exists between
Qx values for waves propagating in the sediments and
in the orust. In fact, crustal waves exhibit fairly large
values of Q, (200 and more) as a consequence of the
high Q in the crust, while sedimentary waves exhibit
rather lflow values of Qx as a consequence of the low Qß
in the sediments.

The trapping in the asthenOSpheric low-velocity
layer, characterized by Qß=100, is clearly visible for
several modes which get very close t0 each other and
have almost constant s Close to 100.

In Fig.11b the low values of Q, around 0.35 and
0.40 Hz correspond to sedimentary waves, while the
high values of Qx around 0.90 Hz COI‘I‘CSpOHd t0 crustal
waves. In Fig. 110 still some effect of sediments is vis-
ible around 0.85 Hz. From the above considerations it
turns out that in order to perform easily interpretable
measurements of Qx it is necessary to apply quite ac-
curate tirne or group velooity windows to the records
before any further processing. In fact, an indiscriminate
use of amplitude spectra Inay lead to reasonable Qx
values which, however, can not be easily related t0 the
anelastic properties of the studiod area.

7. Computation of synthetic seismograms

Ben-Menahem and Harkrider (1964) developed the for-
malism necessary for the study of point sources in
multilayered media. A detailed description of the fault
model of an earthquake used in the following com-
putations is given by Panza et al. (1973). Acoordingly in
the reference system shown in Fig. 12, the asymptotio
expression of the Fourier time transform of the j—th
Rayleigh-mode displacement at the free surfaoo of por-
fectly elastic Earth models, at distance r from the
source, can be written

UrDC = {|R(w)l EXPU (50)} IHI kt" eXPl - i 3 M4) X (9, l1)
sexp(—ikr)/]/(27tr)

U.”C= [so expun/zn-I U.“
UGDC=0 (35)

where R(w) is the Fourier transform of the equivalent
point-force time function, the quantity n is the unit
vector perpendicular t0 the fault and has units of
length,

(350 = arg R(w) (36)
is the initial phase, k is the wavenumber,

„*(0)= — 378° wm) ( )
and w(C) and u*({) are the vertical and horizontal com-
ponents of displacement at depth C for ‘plane’ propa-
gating Rayleigh waves (Haskell, 1953). The factor A is
given by

A-1=2cul:(odr: (38)
0

where c is the phase velocity, u is the group velooity,

(50:):1010 [14"‘(02 + W’UJVJ/W)2 (39)
and p is the density. The azimuthal dependence of the
response is given by

;;(6l,h)=do+i(d1 sin19+d2 cosö)+d3 sin20+d400526.
(40)

The quantities d, are

dozäsinisin2ößfla),
d1: —sinÄcos2öC(h),
d2: —cos ÄcosöCUz), (41)

d3=cos ÄsinöAUz),
d4: —-ä-sinÄsin25A(h),
with

Am: ‘—:‚((0))’
__ mm3 man 2 am)8”” ‘ _ l3 _4 mwl wt0) “pthmmz w(0)/c’ 2(4 1cm): —L rth)

1101) W(0)/C'
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If one adopts the far—field relation given by Ben-Me-

Fig. l2. Seuree geemetry and eeerdinate system assoeiated
with free surfaee: I9 i5 the angle between the strike of the fault
and the epieentre-statien direetion, ö i5 the dip angle and Ä i5
the rake angle, h is the souree depth

nahem and Harkrider (1964):

1'a
3 (43'r

—:8€ÜU
In

then for a wave propagating in the positive r direction
with retrograde elliptical particle m0ti0n, Ur leads U=
by 91/2 radians and 80 is positive only if z is chesen te
increase upward. If, however, as in Panza et a]. (1972),
Haskell (1953) and the first part of Harkrider (1964), z
is chosen positive downward, U, leads UZ by 3715/2 ra—
dians. If relation (43) is used t0 define an, in this latter
case retrograde particle motion i5 definecl by negative
values of the ellipticity. Relative t0 the formalism given
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Fig. 13 a—d. Examples üf synthetic seismograms computed for the eontinental structure for dip-slip point sources

by Ben-Menahem and Harkrider (1964), the following
Observation is relevant in programming. A3 stated
above, U, leads U2 by TE/2 radians, which corresponds t0
Uz and z being positive in the upward direction. How-
ever, the depth-dependent quantities u*(h)/w(0),
w(h)/w(0), 0*(h)/w(O)/c) and I(h)/w(0)/c) are t0 be com-
puted from the usual Haskell (1953) formalism, in
which z is positive in the downward direction.

The asymptotic expression just described allovvs the
computation of synthetie seismograms with at least
three significant figures as 1011g as In"; 10 (Panza et 31.,
1973)

When considering anelastic models, the wavenum-
ber k becomes complex

k:(w/Cl)w—iw C2.
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Fig. l4a—d. Examples of synthetic seismograms computed for the continental structure for strike-slip point sources

Thus the term exp( —ikr) can be written as

exp(—iwr/C1)exp(—w C21”).

The term E‘MZ’, representing the amplitude damp-
ing is the main term introduced by anelasticity. Smaller
effects, like those arising from complex group velocities

and eigenfunctions are not included in the present Gal-
culations.

The extension of these results to the available for-
malism for sources with finite dimensions and duratiün
(e.g. Ben-Menahem, 1961; Kanamori and Given, 1981:,
Stewart and Kanamori, 1982) i5 quite straightforward.

It is quite important t0 observe that the expressions
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for sources of finite dimensions are also valid in the far-
field approximation, which can be roughly expressed by
the condition that the source-receiver distance must be
an order of magnitude greater than source dimensions.
If this condition is not satisfied while the condition
krälO still holds, the synthetic signal can be con-
structed as a proper sum of seismograms given by
point sources separated in time and space. With the
modal approach this is easily done. In fact, following
this method, for a given Earth model, different seismo-
grams corresponding to different sources, can be com-
puted with very little computer time; essentially the
time required for a Fast Fourier transform, since all the
time-consuming computations (eigenvalues and eigen-
functions) are independent of source specifications.

Some examples of computations of synthetic seis-
mograms, for point sources with R(cu) equal to a unit
step function and for the continental model shown in
Table 1, are given in Figs. 13 and 14. Parts a and c of
Fig. 13 give, respectively, the radial and vertical com—
ponent of motion at a distance of 150 km from a source
of dip-slip type. It is important to observe that the
radial component is more than twice the vertical one,
and this is in quite good agreement with what has been
observed about the ellipticity in Sect. 6.4. Similar con-
siderations apply to Fig.13b and d, where synthetic
seismograms computed for an epicentral distance of
100 km are shown.

From these synthetic seismograms it is easy to see
the large increment of the duration of the Signal with
increasing distance, mainly due to the dispersion of the
fundamental and first few higher modes. In Fig. 14 ex-
amples for strike-slip point-sources are given which es-
sentially confirm the previous observations. From a
comparison of Fig. 13a with Fig. 14a it turns out, quite
evidently, how difficult it can be to distinguish among
the two mechanisms if the analysis is limited to the first
part of the record, while significant differences can be
seen in the records for a time greater than 60s. On the
other hand, the difference between Fig. 13b and
Fig. 14b is really very small over the entire duration.
The same considerations can be applied to the vertical
component of motion.

A more detailed discussion of synthetic seismo-
grams, computed using the technique described in this
paper and some comparisons with experimental data is
given by Suhadolc and Panza (1985).

8. Conclusions

The stage reached in the development of algorithms for
the computation of eigenvalues and eigenfunctions of
Rayleigh waves for flat layered anelastic models of the
Earth allows “complete” synthetic seismograms to
frequencies as high as l to be constructed, with
satisfactory efficiency. Routinely, it is possible to con-
sider Earth models made up of 70 layers and more.
Thus, it is feasible also to model any sort of gradient in
the distribution versus depth of elastic and anelastic
properties by a rather fine layering. Typical CPU times
for the frequency-domain computations on an IBM
370/168 computer are around 1h, while the construc-
tion of the time series requires about 300 s. This last
figure decreases to only 305 for all subsequent seismo—

grams computed for different sources, located at the
same depth.

Very preliminary attempts made using the vector
computer CRAY-l gave characteristic times about ten
times smaller for all computations. This very interesting
result could be further improved via an optimization of
the code to the vector machine. This task is presently
in progress.
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The reflectivity method for different souree and
receiver structures and comparison with GRF data
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Abstract. A brief review of the reflectivity method is
given, including a new analytical solution of the layer
matrix equation. The method is extended to allow the
computation of complete body waves for different
souree and reeeiver structures. Applications of theoreti-
cal seismograms to the Gräfenberg broadband data are
shown. Examples are the detection of depth phases at
regional distanoes in southern Germany, which leads to
improved souree depth determinations, and the compu-
tation of the eomplete P-wave group for events in
oeean-covered areas.

Key words: Refleetivity method — Lateral inhomo-
geneities — Regional broadband seismograms

Introduction

The reflectivity method is one of the major methods for
the eomputation of theoretical seismograms. It is a sim-
ple-to-use and a complete method for computing the
effects of the earth strueture on propagating elastic
waves. The large number of applieations range from
deep seismic sounding studies to studies of the inner
core‚ and from surface — wave studies to studies of the
structure-souree interference. The method was invented
at the end of the 1960s and it has been continuously
developed and used since then. Limitations of the
method are its long eomputation times and the restrie-
tion to laterally homogeneous models. In this paper the
method will be extended to a speeial case of lateral in-
homogeneities.

The reflectivity method is based on the Haskell ma-
trix formalism for the propagation of plane waves
through plane-layered media. The transformation from
monoehromatic plane waves into impulsive spherical
waves due to a point souree is carried out by a double
numerical integration over frequency and wavenumber.
The question of the appropriate sampling interval in
the frequeney-wavenumber domain and the associated
aliasing problems are very important. From a practical
point of view, the use of complex frequencies has solved
the aliasing problem in the time domain (Phinney,
1965). In the distanee domain this problem was solved
by a transformation of the variables from wavenumber
to angle of incidence (in the original formulation of the
method) or slowness. The slowness integration is ear-

ried out along the real axis: poles of the integrand are
shifted away using attenuation Via oomplex frequencies
(Schwab and Knopoff, 1972). Problems in the numeri-
cal evaluation of the layer matrices have existed for a
long time. But eontinuous analytical and numerical im-
provements have essentially solved this problem. Ken-
nett (1983) has developed an algorithm which is an
analytical solution. Kind and Odom (1983) use a
numerical solution. Spherical earth models are eom-
puted using an earth flattening approximation.

The method was developed by Fuchs (1968). Fuchs
and Müller (1971) formulated a version which is widely
used in deep seismic sounding and studies of the deeper
structure of the earth. Kind (1978, 1979a) developed a
version of this method for the computation of eomplete
earthquake seismograms.

Solution of the layer matrix equation

We eonsider a staek of homogeneous flat layers with a
free surface on top and a half—space at the bottom. One
of the layers contains a souree. A detailed deseription
of this ease may be found in Harkrider (1964). The re-
sults is a matrix equation which relates the displaee-
ments and stresses at an arbitrary depth to the model
and souree parameters. A solution for the desired dis-
placements of this equation seems trivial. But the prob-
lem is to find an analytical solution which is suitable
for the numerical computations.

The Haskell matrix A is defined as a function which
carries the displacements and stresses from one inter-
faee to the next. In the ease of many layers, the product
of the Haskell matrices does the same. Therefore, we
have

Tk+=A*TO (1)

where Tk+ is, for example, the displaoement-stress vector
just above an arbitrary interface k and TO is the same
at the free surfaee. In this ease we define Tk+
:(W,X‚Y‚Z)+ and TO:(u‚w‚O‚O) with Azaij (i‚j
: 1,2, 3,4). The u and w are the radial and vertical dis-
placement components at the free surface. The stress
components are zero at the free surface. Equation (1)
now becomes
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W + u
X w
Y —A*0
Z O

or

+ Y +

with

„(an am), A2=("“ „3.)“21 “22 a41 a42 ’

A;1:( “42 —a32)/det(A2).
—a41 G31

The product A1>I<Ag1 leads directly t0 the delta ma-
trices. We define

. m n
am2*an1—am1*an2=a 2 1 :Ri1

where i= 1, 2, 3, 4, 5, 6 corresponds t0 the index pair mn
=21, 31, 41, 32, 42, 43. A description of the delta ma-
trices may be found in Zurmühl (1964). Delta matrices
were introduced into seismology by Dunkin (1965).
Their elements consist of 2 x2 sub-determinants of the
Haskell matrix. The main advantage of their use is that
they avoid unnecessary operations with very large or
very small numbers. .

The R,1 are the delta matrix elements. Now we
have the relation

(Z)+=Q*(ZY>+
With Q11:R31/R61> Q12= _R21/R61> Q21:R51/R619
Q22= —R41/R6 1. Equation (2) relates the two displace-
ment eomponents at an arbitrary interface t0 the two
stress components at the same interfaee, for the case of
an arbitrary stack of plane layers with a free surface on
top. The function that carries out this relation contains
five elements of the first column of the product delta
matrix of all considered layers.

Next we consider Tk“‚ the displacement-stress vector
just below the interface k. This veetor is related t0 Tn,
the same vector at the interface of the half-space, by Tn
:B*Tk“. The matrix B is the product Haskell matrix
of all layers between the interfaces n and k. We impose
the eondition of n0 radiation from the half-spaee back
into the layered medium. For this purpose we must
split the displacements and stresses into their up- and
down-going potentials. The relations between potentials
and displacements and stresses may also be found in
Harkrider (1964). This relation is

Pd+Pu
P —P

E d " -—-T.*

Sd_Su
n

Sd+Su

Pu, Pd, S“ and Sd are the up- and down-going potentials
for P and S waves, respeetively. We require n0 up-
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going waves in the half-space, therefore we set Puzsu
=O. It follows that

P, W -
P, X=E-1 Bg „ * * Y <3
s, Z

Taking the differenees between line 1 and line 2, and
between line 3 and line 4 in Eq. (3), gives

W
0 X2DQ) * Y

Z
Here D is the two—lines and four-columns differenee
matrix of En’ 1 multiplied with B. In the same manner
as above we write

W’ _ Y—

(X) ZD11*D2*(2)’

D1:(::11 312), D2:(6dll3 314),21 22 23 24

d —dD-1=( 22 12)/det(I) ).1
_d21 du

1

The product D1‘1>i<D2 again leads directly t0 the delta
matrices. We define

2
) : Slia

1
d1m>kd2n_—dIn*dZm:d (m

n

with the same correspondence of the indices as above.
The S 1,. are the delta matrix elements. Now we obtain

(W— C Y_ 4X) * (Z) ’ ( )
With C11:S14/Sua C12=S15/S11a C21: “—512/511,
C22: *513/511- Equation (4) relates the two displace—
ment eomponents at an arbitrary interface t0 the two
stress components at the same interface, under the con-
dition that there exists an arbitrary stack of plane
layers with an underlying half-space, and if there is n0
radiation from the half-space into the layers. The func-
tion that carries out this relation contains five elements
of the first line of the product delta matrix of all layers
considered. Note that the third and fourth element in
the first line are equal.

We introduce the source now, as follows:

n-=Lj+s. Ö)
Here, the displacement-stress vector S describes the
source. In the absence of a source, the displacements
and stresses at each interface are continuous. The dis—
placements and stresses at the interface k in Eq. (5) may
be computed using the relations (2) and (4). If we want
t0 compute the displacements at the free surface, in the
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half-space or anywhere else in the model, we must com-
pute the Haskell matrix of all layers between k and our
desired interface. Then the displacements and stresses
at k are multiplied with this matrix (if the desired in-
terface is below k) or its inverse (if the desired interface
is above k).

The reflectivity method for different source and receiver
structures

The computation of theoretical seismograms for this
case was treated earlier by Kennett (1975), but he did
not compute the complete response of the söuree and
the receiver structures. More recently, Chang-Eob Baag
and Langston (1985) treated the case for the complete
SV response of the source and receiver structure. The
purpose of this extension is t0 compute the full P-S V
response of the structure in which the earthquake oc-
curs, t0 carry this response in full through the mantle
and, finally, t0 compute the full response of the receiver
structure. The full response of each of the three parts of
the model will be computed. But the response will not
be complete for the entire model, since not all the pos-
sible waves are computed at the interface where the in-
dividual parts of the entire model are connected.

The first step is t0 compute the down-going P— and
S-wave potentials at the source side. For this purpose
we compute first the displacement and stresses at the
source interface k in Eq. (5), using Eqs. (2) and (4).
From Eq. (5) it follows that

(2V)’=(2V)++(ii)‚
(2)—2(9363)
with S-—-(S1,SZ,S3,S4). Now Eqs. (2) and (4) are ap-
plied t0 the first of these equations

C (9’ =Q (9+ + (3:),
and we replace (Y, Z)+:

. C (2) =Q [(2) - (391+ (3:)-
From this it follows that

(g) =(C’Q)‘1*[-Q(2:)+(g)] (6)
Equation (4) is now used t0 compute (W, X)’, and with
this the displacements and stresses at the source inter-
faee k are known. These results are used t0 compute
the down-going potentials Pd and Sd in Eq. (3).

The next step is t0 use Pd and Sd just obtained as
input for the mantle structure and t0 compute the re-
flected potentials Pu and Su. From the relation between
the potentials and the displacement-stress vector, it fol-
lows that

Pd+Pu W
Pd—P Xu =E-1 7
Sd-Su n Y ()
sd+su Z
The index n is, at the same time, the index of the

half-space at the top of the mantle and the index of the
half-space below the source crust. Therefore, it is con-
venient t0 introduce a non-physical boundary between
source structure and mantle, with n0 contrast in ma-
terial properties across this boundary. We sum the first
and the last two lines of Eq. (7) and get

(35% (39% (2’)
where Sl contains the first four elements of the sum-
mation matrix of En— 1, and S2 contains the last four
elements of that matrix. Now we apply Eq. (4) t0 the
mantle model. Recall that it was derived for the case of
a layered half-space below the interface and n0 radia-
tion into the half-space from infinity. It follows that

2Pd Y(25d) (s1 *C+S2)* (Z)
This equation, together with Eq. (4), can be used t0

compute all components of the displacement-stress vec-
tor at the top of the mantle. Equation (7) now contains
all necessary known quantities, and Pu and Su can be
computed directly.

The last step is t0 carry the obtained up-going po-
tentials through the receiver model t0 the free surface,
where the observer is located. We start from Eq. (7)
and use the Haskell matrix A of the receiver model t0
carry the vector (W, X, Y, Z) t0 the free surface:

Pd + Pu

Pd—P“ zEn‘1 *A
Sd_Su

sd+s„ 00€:

We compute the differences, line 1 minus line 2 and
line 3 minus line 4, of this equation:

(35%“ (ä), <8>
where D1 eontains the first four elements of the differ-
ence matrix of En‘1 *A. Equation (8) can now be used
t0 compute the surfaee displacements u and w directly.

In summary, we use Eqs. (6), (4) and (3) t0 obtain
the down-going P and S potentials at the source side.
These potentials are used together with Eqs. (7) and (4)
t0 compute the mantle-reflected, up-going potentials.
These up—going potentials are used with Eq. (8) t0 com-
pute the displacements at the free surface. The com-
plete response is computed in each of these three parts
of our model. We have introduced an artificial inter-
face, which allows only down—going potentials at the
source side and only up-going potentials at the receiver
side. Multiple refleetions through this interface are not
included. Surface waves or phases like PP are therefore



not contained in our results. But the P- and S-wave
groups are eomplete, provided the artificial interface is
chosen properly. This method could also be used for
studies of orustal structure, where different structures
for the upper crust are needed.

Examples of application
Some reoent examples of the application of theoretical
seismograms to broadband data will be shown in the
following. In partieular, the new possibilities of the
most recent extension of the method, derived in the
previous seetions, will be demonstrated in comparison
with the older version of the method.

A) Swabian Jura

The Swabian Jura, the most active seismie zone in Ger-
many, is the region with relatively strong events closest
to the Grafenberg array. For that reason the Swabian
Jura events are very suitable for a demonstration of the
usefulness of high-quality broadband recordings of lo-
eal or regional earthquakes. The highest frequencies
eontained in the Grafenberg data are 5Hz and it is
usually assumed that this frequency cut-off is not suf—
fieient for studies of local earthquakes. This is certainly
true for Inany problems but, on the other hand, it can
be shown that frequencies below 5Hz can contribute
much new information if the stronger earthquakes are
reeorded in a suitable way.

Figure l Shows the vertical and rotated radial and
transverse eomponents of the Grafenberg station A1 of
the Swabian Jura event of September 3, 1978 (MI=6.0)
south of Stuttgart. The traces are proportional t0
ground displaeement. The P-wave group is shown. The
surfaee reflection of P„‚ sP„‚ was identified by Kind
(1979b). This phase has also been identified by Zonno
and Kind (1984) in Grafenberg records of north ltalian
(mainly Friuli) earthquakes. A description of the sPn
phase is given there.

Note the phase shift between vertical and radial
components in Fig. 1. This is an indication of a circular
polarization instead of the expeeted linear polarization
of the P-wave group (Axel Plesinger, personal commu-
nieation). Its origin is not yet known. The observation
of such a phase shift is difficult in analog data, and it is
also not easy to observe if filters other than the Simula-
tion of a displacement reeord are used. The insufficient
quality of older data is eertainly the reason why these
observations have not been made earlier. The modell-
ing of these data will very likely lead to new infor-
mation about the earth.

Figure 2 Shows summation traces of a number of
events from the Swabian Jura. All of the aftershocks of
the large event of September 1978 also have the 5P"
phase. This observation allows an aeeurate depth esti-
mation of the main shock and the aftershocks. The de-
duetion from this observation is that the rupture start-
ed with the main shock at about 6.5 km depth and the
largest aftershoeks migrated eontinuously within 5h to
a depth 2—3 km. The presence of sP„ in the data allows
a direet observation of the time-dependent behaviour of
the souroe depth. This migration of the aftershocks was
not observed elearly by the usual methods of determi-
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Fig. l. Vertical, radial and transverse components of the Swa-
bian Jura event of September 3, 1978, reeorded at the
Grafenberg station A1 (epieentral distanee 210km). The P-
wave group is shown, proportional to displaeement. sP„ is a
surface refleetion of the lt;I wave. Note the phase shift between
vertical and radial components
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Fig. 2. Summation traces of all available vertieal components
for several Swabian Jura events. Different filters have been
used in order to optimize the signal-to-noise ratio. The tirne
differenee between sP„ and P„ is an indication of the souroe
depth. The aftershocks of the large event of September 3 at
0509 migrated within 5h from 6.5 km depth to about 2—3 km
depth

nation of hypocentres using a local network of stations
(Turnowsky and Schneider, 1982).

For comparison and phase identification, theoretieal
seismograms have been computed using the method de-
veloped above and the old method of Kind (1978,
1979a). Figure 3 ShOWS a seetion of seismograms COII'I-
puted with the old method. The assurned model eon-
sists of a 30 km—thiek crust with a P veloeity of 6km/s
and a homogeneous mantle with a P veloeity of 8km/s.
The shear veloeity used was obtained by dividing the P
velocity by the square root of 3. This is the simplest
possible model. lt was used because sueh a model pro-
duees relatively few phases and this makes the phase
identification in the theoretical seismograms easier. The
recording system in Fig. l was simulated. The typieal
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strike-slip orientation of the seismic sourees of the Swa-
bian Jura was used for the computation of the theoreti-
cal seismograms. The souroe-time function of Brüstle
and Müller (1983) with a rise time of 0.53 was used.
This rise time is shorter than the observed pulse du-
ration of P" in Fig. 1, but the different phases are better
separated for demonstrational purposes. P„‚ sP„ and Pg
are reproduced in the theoretieal seismograms, al-
though the Signal shape does not fit the observed seis-
mograms in Fig. 1 very well. No attempt has been
made, so far, to improve the similarity. A more realistic
crustal model eould improve the similarity. Note, in
partieular, that the sign of P,g seems negative in the 0b-
served data in Fig. 1 and it is positive in the theoretical
data in Fig. 3. Probably lateral heterogeneities in the
crust haue strongly modified the waveform of Pg. A
comparison of the Pg onsets of all vertical array traces
of the large Swabian Jura event indicates that Pg is a
very emergent arrival and the sign is therefore unclear.
The wave-forms and arrival times of Pg are also not
1wery stable across the array.

Theoretical seismograms computed with the method
developed in the previous section are shown in Fig. 4.
The source and receiver structures were the same and
all phases going directly from the source t0 the receiver
are not oomputed by the method (like Pg and related
phases). Pn, sPn, PP and sPP are practically identical
and Pg is gone. Also, a weak phase parallel t0 P is
gone, whioh has travelled as a shear wave t0 the sur ace
and from there as a converted P wave t0 the receiver.
In this case the new method was used for phase identi-
fioations. Of course, phases in theoretical seismograms
oomputed with the reflectivity method can be identified
by simpler methods, but the method applied here can
be useful in very complicated models where 0ther
methods oould have problems. The waves travelling
through the artifioial interface could be controlled by
setting arbitrarily up— or down-going P or S potentials
equal to zero, respectively. That means one now has
full control over up- and down-going P and S poten-
tials in the refleetivity method, similarly to the equiva-
lent possibility in Kennett’s (1983) algorithm. The com—
parison Fig. 3 and Fig. 4 also proves that the new
method is performing properly.

Figure 5 Shows the theoretical seismograms as a
funetion of the source depth for a fixed distance of
210km. All depth phases can immediately be recog-
nized in this figure.

The comparison between broadband records of re-
gional earthquakes and theoretieal seismograms has re-
sulted in the identification of the depth phase SP„ in all
the stronger Swabian Jura events (see observed data in
Fig. 2 and theoretical data in Fig. 5). This interpre-
tation i5 practically unique: the phase called sP„ cannot
be a struotural phase beeause its time difference to R,
varies from event to event; and it is probably not a
seoond shoek beoause it seems unlikely that most larger
Swabian Jura events are double shocks. Theoretical
seismograms for the most simple crust-mantle model,
and the typical souree orientation of the Swabian Jura
events, model the observed phase as 3P” without con-
tradietion provided the suitable souree depth is Chosen.
These results clearly demonstrate the usefulness of di-
gital broadband data for reeording regional earth-

180 200 220ioo 12a 145 160
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Fig. 3. Seismogram section of theoretical seismograms für the
Swabian Jura event. The traees are proportional to displaoe-
ment. PP is the Moho refleotion. sPP is also a Moho re-
flection which has been reflected from the free surfaoe belore-
hand. The model consists of a homogeneous crust and mantle
(P velooity in the crust is 6km/s, in the mantle 8km/s, orustal
thickness is 30 km)
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Fig. 4. The same theoretical seismograms as in Fig. 3 but
computed with the method developed in this paper. The
source and reeeiver structures are identical. Phases travelling
directly t0 the reeeiver are omitted by this method (for exam-
ple, P3)
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Fig. 5. The same theoretical seismograms as in Fig. 3, but at
a fixed distance of 210km and as a funotion of the souree
depth. It is very easy to identify all depth phases in this figure

quakes, even if the highest frequencies are not recorded.
The old version of the refleotivity method, without dif-
ferent souroe and reoeiver structures was, in this oase,
suffieient for the interpretation of sP„. The existing lat-
eral inhomogeneities between the Swabian Jura and
the Grafenberg array are not very important in this
ease. The new version of the refleotivity method has



been used in this section only for experimental pur—
poses.

B) Aieutians

The first comparison of theoretical seismograms com-
puted with the new extension and observed data was
earried out with GRF records of earthquakes from the
Aleutians. The source region near the Aleutians is COV-
ered by ocean, and this is not the case at the location
of the Grafenberg array. It is obvious that for a useful
comparison with theoretical seismograms a method is
required which takes these differences into account. It is
eSpeciaHy interesting t0 see, in the case of an ocean-
covered source region, what the influence of the ocean
on the depth pP and sP is. The contrast 01" the material
properties at the ocean bottom is very streng. Depth
phases refleeted at the ocean bottom and at the free
surfaee have been observed by many authors (see, for
example, Engdahl and Kind, 1985). It is also very in-
teresting to compute, in addition t0 the reflections at
the oeean bottom and at the free surface, the complete
interaction of the wave field emitted by the source with
the complieated earth structure near the source. All in-
terfaees cause reflections and conversions and those
near the souree, especially, contribute t0 a complication
of the source Signal. It is very important for studies of
the rupture proeess of an earthquake t0 have full con—
trol over the propagation effects. The new extension of
the reflectivity method takes the layered structure near
the source eompletely into account, independently of
the structure at the receiver side. It allows numerical
experiments with modifications of the source structure,
keeping the reeeiver side fixed. However three-dimen-
sional souree structures cannot be considered, as usual
in the reflectivity method. This is still a severe limi-
tation of realistic modelling of observed data, since
most hypocentres are located in complicated three-di-
mensional structures like subduction zones. Therefore
the present extension of the reflectivity method still
only allows a crude approximation of the real world,
altough it is more complete than earlier similar meth-
ods.

The bottom trace of Fig. 6 Shows the P—wave group
01 the event of July 13, 1981 in the Aleutians (_m.„=5.5)
reeorded at the array Station A2. A displacement pro—
portional record was simulated in Fig. 6, and the same
is shown in Fig. 7 for WWSSN long-period Simulation.
Theoretical seismograms eomputed with the new meth—
od are also shown. They are computed for the case
with (traee a) and without (trace b) a water layer on
top of the source structure. The source depth is 16km.
The area is eovered with a S-km-thiek layer of water,
followed by a l-km layer with a velocity 01 5.2km/s
and a 4-km-thick layer with a veloeity of 6.3 km/s. The
structure at the receiver side is a simplified model of
the ernst underneath Grafenberg. lt eonsists of a 2-km—
thiek layer with a P veloeity of 3.5 km/s and a 28—km—
thick layer with a P velocity of 6km/s. The P velocity
at the top of the mantle is 8km/s. The shear velocities
are obtained by dividing the compressional velocities
by the square root of 3. The water layer at the epi-
Centre is approximated by a solid layer with a shear
velocity of 0.01 km/s for the computation of theoretical

151

W

|

A2 2V
MmfivjpfiW'pi/WW

v“

22:
2112:5131I

Fig. 6. Bottom t1ace:P-wave group 01 the event on July 13,
1981 in the Aleutians (mb:5.5, depth 16km, epicentral dis-
tance 79°), proportional to displacement. sP is the reflection
frorn the bottom of the oeean and swP is the refleetion from
the water surfaee which travelled through the ocean as a con-
verted P wave. The traces above show theoretical seismograms
computed with the new method. Trace c1 is for the model of
the souree region ineluding the water layer. In trace b the
water layer is replaced by a solid layer. 5P is shifted to a later
time in that trace. The polarity (arrow) is plotted in this un-
usual way because most events from the Aleutians have a
similar source orientation, but reversed polarity (Engdahl and
Kind, 1985)"i
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Fig. 7. The same as in Fig. 6 for the long-period WWSSN
response

seismograms. The mantle in the epicentral region lies at
a depth of 10km below the ocean surface. The velocity
structures at the Aleutians are taken from local studies
(Engdahl and Kind, 1985). The Jeffreys-Bullen mantle
model was used and the artificial interfaee required by
the method is at 100 km depth. The orientation of the
fault plane is: strike=70°, dip=50° to the north-west
and Slip: —90° (Engdahl and Kind, 1985). The azi—
muth t0 Grafenberg is 357° from the epicentre. A fre-
quency window from zero t0 2.9 Hz and a rise time of
ls in the source-time function of Brüstle and Mülier
(1983) was used in the computations. This rise tirne re-
sults in a corner frequency of 1.1Hz. This high-fre-
quency cut-off was not large enough, compared with
the observed data, but it has been used in order to save
computer time. The Computer time was 12h on a
VAX 780 for computing the theoretieal seismograms in
Fig. 6 and 7. The slowness integration was carried out
in a window corresponding to the apparent veloeities
between 9 and 19km/s. There is some numerical noise
in front of the first onset, espeeially in the theoretioal
seismograms in Fig. 6. These are numerical phases re-
lated to the fast limit of the slowness integration. They
are typical for the reflectivity method. They can be sup-
pressed by applying a taper at the end 01 the slowness
window. The equivalent phenomenon in the ease of the
Fourier transformation is ringing in the time domain, if
the cut—off in the frequency domain is too steep. No
taper was used in the slowness integration for comput-
ing Figs. 6 and 7.
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The phase marked sP in these figures is the reflec-
tion from the bottom of the ocean and the phase mark-
ed swP is the surface reflection which travelled as a
converted P wave through the ocean. The surface re-
flections pP and pwP arrive, because of the small
source depth, only slightly earlier than sP and swP and
they are weaker and not clearly separated from these
two phases (Engdahl and Kind, 1985). sP has shifted to
a later time in the case where the water layer is re-
placed by a solid layer with a velocity of 5.2 km/s, be—
cause it is now the usual reflection from the surface of
the earth which is located further from the source than
the ocean bottom. The artificial layering, used for the
approximation of gradients, has been chosen very fine
so that the theoretical seismograms are not much influ-
enced by that approximation. It is interesting to see
that the WWSSN Simulation of the theoretical seismo-
grams for the two models with and without water are
significantly different at the first minimum of the trace.
Depth phases are contributing strongly to this mini-
mum.

The general agreement between the observed bot-
tom trace, especially in the long-period data in Fig. 7,
and the computed trace a seems to be fairly good. In
detail, however, there are still many things which could
be improved. Modifications of the source depth or the
structure near the source would have the largest influ-
ence on the Signal form of the entire P-wave group.
The long-period part following swP, especially, could
be brought to better agreement by such means. But we
cannot hope to achieve very close agreement because
there are still many parameters which influence the
waveform in the real earth and over which we have no
control. Another question is how representative thc re-
cord at a single site is for a larger area, or how impor—
tant very local effects of the receiver site are. This prob-
lem can be treated by using averaged records over all
the Grafenberg traces. Then undesired site effects will
be reduced.

Conclusions

The main purpose of this paper was to derive a version
of the reflectivity method which allows the computation
(in most parts of the model) of complete theoretical
seismograms for different source and receiver struc-
tures. This has been achieved, and first comparisons
with Observations have been carried out. It was shown
that the new method performs well. It was not the pur-
pose of this paper to show definitive new results of data
interpretation. Rather, it was intended to illustrate ex—
amples of how theoretical seismograms might be ap-
plied. Nevertheless, the examples from the Swabian
Jura events clearly demonstrate the usefulness of broad-

band data for the interpretation of regional earth—
quakes. They permit the interpretation of details of the
waveform which, so far, could not be seen.
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Abstract. An extended reflectivity method is described
by which complete seismograms for a point source in a
layered half-space can be calculated. Starting with the
differential equations and boundary conditions, the re—
flection and transmission of plane waves at layered me-
dia is treated first, followed by the synthesis of point—
source wave fields. The frequency-domain displace—
ments of the half-space surface are expressed as slow-
ness integrals, and the most prominent parts of the in-
tegrands are the reflectivities of the layers below and
above the point source and a function which is closely
related to the transmissivity of the layers above the
source. Reflectivities and transmissivities are calculated
by recursive methods which are numerically stable for
all frequencies and slownesses. Near- and far-field re-
sults are given for single-force and moment-tensor
point sources. From the general results for the com-
plete medium response, partial responses can easily be
extracted, e.g. the original form of the reflectivity meth-
od which calculates only the response from the layers
below the source. Thus, the extended reflectivity meth-
od has a flexibility which is not available if propagator
methods are used for the calculation of the integrands.
Various other aspects of seismogram calculation are
addressed, such as extended sourees, an earth-flattening
transformation and the inclusion of absorption for con-
stant and frequency—dependent Q. Theoretical seismo-
grams are shown, first for body-wave propagation from
explosions in a crustal model and in a model which
came from seismic prospecting, and seeond for surface-
wave propagation from a double—couple source.

Due to the tutorial nature of this paper the de-
rivations are mostly rather detailed. It is hoped that
this will help interested newcomers to the field of
theoretical seismograms to get started.

Key words: Reflectivity method — Reflection and trans-
mission coefficients — Synthetic seismograms — Dissi-
pation

l. Introduction

The theory of seismic wave propagation in horizontally
stratified media, i.e. in media whose elastic and anelas-
tic properties depend only on depth, has been a main
subject of research in seismology over the past decades.

Currently, however, the interest of seismologists and
theoreticians focuses strongly on methods which allow
the treatment of laterally heterogeneous media. This de-
velopment has been prompted by many clear percep-
tions, collected in several disciplines of geosciences, that
the earth is a dynamic body with relatively rapid in-
ternal motions. These processes and related horizontal
temperature differences may lead to pronounced lateral
variations in elastic and anelastic properties. Thus, for
the seismologist, who is interested in depth ranges from
the lower crust to the core, the earth beeomes what it
has always been for those engaged in seismic prospect-
ing: a medium with truly three-dimensional inhomo—
geneities.

Methods for horizontally stratified earth models
will, of course, continue to have their importance and
find applications in studies of structural properties and
sources of seismic waves. Hence, a good understanding
of the relevant theory will always be a necessity. The
purpose of these lecture notes is to contribute to this
understanding by presenting a self-contained theory of
one of the methods for horizontally layered media, the
reflectivity method, including all material that is neces-
sary for the development of corresponding computer
programs for theoretical seismograms.

Before we start with the details, a few words about
the general scene of methods for horizontally stratified
media are in order. This scene is very vast now, and it
is praotically impossible to mention all the different
methods that are in use. Much background material
can be found in the text books and monographs by Pi-
lant (1979), Aki and Richards (1980), Ben-Menahem
and Singh (1981) and Kennett (1983). The most impor-
tant theories and methods for wave propagation and
seismogram synthesis are the following (the references
given are only examples and far from complete):
Generalized ray theory (Helmberger, 1968; Müller,
1969; Ben-Menahem and Vered, 1973): the medium is
approximated by homogeneous layers, and the wave
field is decomposed into elementary seismograms corre-
sponding to rays.
Full-wave theory (Cormier and Richards, 1977): a ray
theory for inhomogeneous layers which takes account
of frequency—dependent effects connected, e.g., with
caustics and shadow zones.
WKBJ theory (Chapman, 1978): aray theory for in-
homogeneous layers which is more limited than full-
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wave theory, as far as frequency-dependent effects are
concerned, but which allows very rapid computations.
Wavenumber or slowness integration methods (Kind,
1978; Cormier, 1980; Wang and Herrmann, 1980;
Ingate et al., 1983; Ha, 1984): representation of the
Fourier-transformed wave field of a layered medium by
integrals over horizontal wavenumber or slowness; the
reflectivity method belongs to this elass of methods (see
below).
Wavenumber summation methods (Alekseev and Mik-
hailenko, 1980; Bouchon, 1981; Korn and Müller,
1983; Spudich and Ascher, 1983; Olson et al., 1984;
Campillo et al., 1984): both time- and frequency-do-
main methods which are in principle very Similar to
wavenumber integration methods, but the eontinuous
distribution of wavenumbers is replaeed by a discrete
one.
Modal summation method (Harvey, 1981; Panza, 1985):
representation of the wave field by normal modes of
Rayleigh and Love waves alone, either with the as-
sumption of a perfect refleetor at depth or without.

The first three of these methods are suitable for the
calculation of body-wave contributions to seismograms,
whereas the last three also allow surface waves to be
included, i.e. these methods are methods for complete
seismograms.

The reflectivity method, which is deseribed below in
more detail, is a wavenumber or slowness integration
method. The name stems from the fact that the func-
tion which is integrated is mainly the reflection eoef-
ficient or refleetivity of a layered medium. At first, this
is true only for a layered medium without a free surface
and with a souree on one side of those layers whose
reflections are sought; this is the geometry for which
the reflectivity method was developed originally (Fuchs,
1968; Fuchs and Müller, 1971). However, Kennett and
Kerry (1979) and Kennett (1983) have shown that in
the case of a layered half-space, having a free surface
and a souree at arbitrary depth, the integrand of the
wavenumber or slowness integrals can be expressed
mainly by the reflectivities of two partitions of the
medium — the layers above the souree and those below.
This form of the theory justifies the continued use of
the name reflectivity method. However, we emphasize
that there is no difference to the wavenumber or slow-
ness integration methods quoted above in which the
integrand is calculated differently, namely by matrix or
propagator techniques. That notations here indeed have
a certain degree of arbitrariness, is illustrated by the fact
that Lueo and Apsel (1983) and Apsel and Luco (1983),
whose treatment of the layered half-space comes Closest
to the results presented below, eall their method simply
a wavenumber—integration method.

These lecture notes are organized as follows. After a
discussion of the differential equations for wave propa-
gation in horizontally stratified media and of the
boundary conditions in Seetion 2, we derive in Seetion
3 the refleetion and transmission eoefficients (or reflec-
tivities and transmissivities) for plane waves, incident
on a plane interface or a stack of homogeneous layers
separating two homogeneous half-spaces. The eoef-
ficients for an interfaee are given analytically and those
for a stack of layers are derived by a reeursive algo-
rithm first deseribed by Kennett (1974). In Seetion 4 we

start with the displacement potentials for a point
souree in a homogeneous medium and their well-
known representation by Sommerfeld integrals in the
wavenumber or slowness domain. Similar representa-
tions are valid for the displacement eomponents at
points with arbitrary location in a layered medium.
The upgoing wave field in the layer with the souree
is synthesized as the sum of the direct wave from the
souree and all possible interactions between the layer
stack above the souree and that below the souree.
The interaetion terms contain the reflectivities of
these zones: in the case of P—SV waves, they are
2x2 matrices whose elements are the P—P, SV—P,
P —S V, S V—S V reflection eoeffieients; in the case of SH
waves, they are scalars. The upgoing wave field in the
souree layer is then transmitted through the layer stack
above the souree with the aid of the transmissivity of
this zone, and the complete wave field in the half-spaee
on top of the medium is obtained. An analytical limit-
ing process which turns this half-space into vacuum
gives, for points on the uppermost interface, the final
expressions for the displacement components. The basic
ideas of this wave field synthesis follow Kennett and
Kerry (1979) and Kennett (1983), but some details are
different — mainly the treatment of transmission
through the layers above the souree. The theory is pre-
sented here for the simplest type of point souree,
radiating P, SV and SH waves, a single force of arbi-
trary orientation. Final results for a general moment-
tensor point souree, including an explosion, are also
given.

In Seetion 5 we discuss the possibility of extracting,
from the expressions for the complete wave field, sim-
pler expressions which represent only partial responses
of the layered medium. Moreover, compact far-field for-
mulas for extended sourees consisting of several point
sources are eompiled, and a few computational aspeets
of the reflectivity method are mentioned. Seetion 6 first
presents an earth—flattening transformation by which
the refleetivity method ean also be used for media with
spherical geometry; it is adequate for many body and
surfaee waves propagating in a spherical earth. Then
we deseribe how the theory of wave propagation for
purely elastic media is modified for dissipative media.
Under the usual, experimentally confirmed assumption
of a linear relation between stress and strain also in
dissipative media at low strains, these media are com-
pletely deseribed by eomplex elastic moduli and henee
by complex wave velocities. A few possibilities of
choosing these velocities, aecording to non-causal or
causal absorption, are deseribed. Finally, in Seetion 7
we present results of some synthetie-seismogram calcu-
lations.

2. Differential equations and boundary conditions
We assume that the medium consists of homogeneous
layers, separated by first-order discontinuities. If a me—
dium is continuously inhomogeneous (throughout or
pieeewise), it is replaeed by a sufficiently large number
of homogeneous layers; in smooth gradient zones it is
usually enough to choose roughly half the dominant
wavelength as layer thickness, whereas in transition
zones with larger velocity gradients the layer thiekness
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should be reduced further. The advantage of the homo-
geneous-layer approximation is that inside each layer
the equation of motion takes a relatively simple form.
Its disadvantage is that boundary conditions have to be
fulfilled at many interfaces. An'alytical methods for in-
homogeneous layers (in oontrast to numerical, e.g. fi-
nite-differenoe, methods) are not yet developed to a
point where they really can compete with the methods
for homogeneous layers.

The equation of motion of a homogeneous, isotro-
pic elastic medium is

pu‚„=(/l+2/‚L) grad divu—‚u rot rotu, (1)

where u is the displacement vector, p the density and Ä
and ‚u the Lame parameters. Body forces due to gravity
and seismic sources are not included in Eq. (1): it is
assumed that gravity has no other effect than to de-
termine, Via self-compression, the (constant) values of p,-
x1 and u, and sources of seismio waves are included
through their known contributions to u (see Section 4).

Next we introduce displacement potentials, from
which the displacements follow by spatial differen-
tiation. For the first case of reflection and transmission
that we consider later, i.e. reflection and transmission of
plane waves (Section 3), we use Cartesian coordinates
(x, y, z), place the interfaces at constant values of z and
assume independence of the y coordinate. Then it is
most appropriate to derive the displacements ux and uz
from potentials d) and w:

ux=<25,x-W‚z‚ uz=d>‚z+l/I‚xo (2)
For the displacement uy, no potential is used. Inserting
the corresponding representation of the displacement
vector

u=grad (15+rot(ey 1P)+eyuy (3)

(eyzunit vector in y-direction) into Eq. (1), one obtains
wave equations for (b, 1/1 and uy:

1 1 l
VZÖZBC—z—qw VZW=PWJI> 1721,52?“e (4)

Here, [72:62/Öx2+62/öz2 is the Laplace Operator in
two dimensions, oc=[(Ä+2u)/p]1/2 the velocity of P
waves and ‚b’zm/p)“2 the velocity of S waves. Equations
(4) imply decoupled propagation of P and S waves
within the layers.

In the second case considered below, reflection and
transmission of waves from a point source (Section 4),
cylindrical coordinates (r, (p, z) are most appropriate.
Then we use displacement potentials for all displace-
ment components and obtain instead of Eqs. (2) and (3)
(ezzunit vector in z-direction):

u -—- grad d) + rot rot(ez lP) + rot(ez X) (5)

1
ur qJ—i— T‚rz+;X‚(p

1 1
uw:;d)’q‚+;'{’‚q‚z—X„

(6)

1 1
uZ:<b‚Z Trr——qj,r—r—‘{qp
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By inserting Eq. (5) into Eq. (1), again wave equations
aIe found, this time for all potentials:

1 1 1
qözät—qgta VzlP=_ß—2—lp‚tta VZXZFXJP (7)

The seoond of these equations can be used to simplify
the displacement component uz in Eq. (6):

1
“zn,z+ql,zz—p ‚ICI? (6’)

The boundary conditions require continuity of the trac-
tion and displacement vectors across internal interfaces
in solid media. At a free surface the traction vanishes,
and the displacements are unspeoified.

If Cartesian coordinates are used, the traction com-
ponents, i.e. normal and tangential stresses, are:

pzx=:u(uz,x+ux,z)9 pzyz'uukw pzzzÄdivu+2lluz,z‘

Inserting Eq. (2) here, we obtain the first three bound-
ary conditions which require continuity of the quan-
tities

1
”(2q5„xz—2l/l‚zz+pl/l‚tt)9 luujhz’

ägczzfizuuzzzzwfl) (8a)
at all interfaces, including a free surface where these
quantities vanish. The conditions for displacements at
internal interfaoes additionally require continuity of the
quantities

(‚b‚x—w‚za uya 4)‚2+W‚xo (8b)

In the case of cylindrical coordinates, the relevant
stresses are

1
pzr=Ju(uz‚r+ur,2)9 pZCPZ'u (“(P‚Z+;uzaq’)‚

pzzz/ldiv u+2‚uuZ‚Z.

Inserting Eqs. (6) and (6’), one finds those quantities
which are continuous at interfaces, in analogy to Eqs.
(8 a) and (8 b). These quantities are not reproduced here.
Closer inspection shows that they are continuous if the
simpler quantities

1
‚U (Ö‚z+2 T‚zz ——2 'IJJI)’ß

Ä 1
“X,” FÖ’II—FZIM (@,zz+gl‚zzz

—F
Tfitz) (93)

and
1

Ö+qj‚z9 X9 Ö,Z+T,zz—P ‘11,“ (9b)

are continuous; these quantities contain no derivatives
with respect to the horizontal coordinates r and go. For
instance, if the first two functions in Eq. (9b) are con-
tinuous, so are the displacements u‚ and uw in Eq. (6).

If the medium contains liquid layers, e.g. in cases
where wave propagation through the ocean or the
earth’s core is to be modelled, the displacement vector
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is irrotational, u=grad d), and the boundary conditions
are in principle different from those given above. How—
ever, computational experience Shows that liquid layers
are modelled perfeotly by solid layers whose S velocity
is of the order of 0.001 times the P velocity. Thus, algo-
rithms for solid media are sufficient for all practical
purposes.

The continuity of the quantities in Eq. (8a and b) at
interfaces implies that interaction takes place between
P waves, derived from d), and S waves, derived from w.
The S waves, represented by uy and polarized horizon-
tally, propagate independently. The S waves derived
from (‚ü are called SV waves and those derived from u ,
SH waves. Similar conclusions follow from (9a and b):
'P is the potential of the SV waves, and X the potential
of the SH waves. Note that, according to Eq. (6), SV
waves contribute also to the horizontal transverse com-
ponent um and SH waves to the horizontal radial com-
ponent u‚. Both contributions are, however, near-field
terms for point sources. In the far-field of point sources,
SV waves are polarized in rz-planes and SH waves, per-
pendicular to rz-planes.

3. Plane waves in layered media

3.1. Reflection and transmission at an interface
Here we consider the case of one interfaoe, separating
two homogeneous half-spaces, and determine the reflec-
tion and transmission coefficients of this interface for
plane harmonic waves. These eoefficients are essential
quantities for the treatment of layered media, as will be-
come clear in Section 3.2, but they are also of general
interest to seismologists because they can sometimes be
used for simple estimates of body-wave amplitudes. We
use Cartesian coordinates and the corresponding dis-
placement components, equations and boundary eon-
ditions compiled above. The interface is at 2:0.

The two cases sketehed in Fig. 1 have to be treated,
that of a downgoing incident wave (case I) and that of
an upgoing incident wave (case II). In case I the in-
cident wave travels in half-space 1, in case II in half-
space 2. We consider case I in more detail.

If the incident wave is a P wave, the seeondary
waves produced at the interface are of P and SV type.
Then we assume the following expressions for the dis-
plaoement potentials in both half-spaces (jzimaginary
unit):

(b1 :ej(wt—kx——llz)

d j(wt——kx+llz)+Rppe

#11s ej(cot—kx+l’lz)ps

Ö =Td ej(wt—kx—lzz)2 pp

.702
: Td ej(cot—-kx—l’zz)ps

(incident P wave),
(reflected P wave)
(reflected SV wave), (10)
(transmitted P wave),
(transmitted SV wave).

The incident P wave has unit potential amplitude.
Then, the amplitudes of the seeondary waves are identi-
Cal with the reflection and transmission coefficients for
potential amplitudes. These coefficients have a super-
script d, indicating that they correspond to a down-
going incident wave. All terms in Eq. (10) have plane-
wave form and satisfy the wave equations (4). All waves
travel horizontally with the same horizontal wavenum-

‚ Cose I Cose II
\Xxä I‚ 1 _ 1 „

Fig.1. Incidence of a plane wave at the interface z=0 be—
tween two half-spaces 1 and 2. .9 is the angle of incidence

ber k, in fulfilment of Snell’s law. The relation between
k and the angle of incidence .9 (Fig. l) is

kzgsmS. an
ocl

The vertical wavenumbers l1 2 and l’1 2 are
(1)2 1/2 (02 1/211,2:( —k2) ‚ I;‚2=( 2 —k2) ‚ (12)2

oc1,2 1,2

and the signs in front of them in Eq. (10) are negative
(positive) for propagation in positive (negative) z-direc—
tion.
The boundary conditions for z=0 can be formulated
with the d)- and tß—dependent quantities in Eq. (8a and
b) and with Eq. (10). For instance, continuity of the
horizontal displacement ux yields:
(bl‚x_w1,z:qö2,x—l//2‚z (2:0).
The following four equations for the reflection and
transmission coefficients are obtained in matrix form:

—k —l’1 k —l’2
[1 —'k l2 k

l’iwz—zflikz —2#1kli 2/v‘2k2_102w2 _zflzkllz
zflikli pl—Zylkz 2‚“2kl2 2fl2k2—Pzw2

lR; k (3
R33 : l1
Tifp Zylkz—plw2
Tziis 2‚ulkll

The apparent frequency dependence of these equations
can be removed if the wavenumbers are replaced by
slownesses :

k sinS
uz—z

a) ocl
(horizontal slowness), (l4)

(vertical slownesses). (15)

Then, Eq. (13) tranforms into the equation

—u —b1 u —b2
a1 ——u a2 u

pi—zfliuz —2H1ub1 2H2u2—p2 _2/Jzub2
2fllua1 pl_2:ulu2 2‚u2ua2 Zuzuz—pz

R"
(16)

pp u
R‘Ifls ___ a1
7,51„ zfliuz—pi
T" Ziilua1
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Table 1. Plane-wave reflection and transmission coefficients of
a plane interface between two half-spaces (P velocities cx ‚2, S
velocities ß1 2, densities ‚01,2, horizontal slowness u). R and
T" are coefficients for potential amplitudes of P—S V waves, r"
and td coefficients for displacement amplitudes of SH waves.
The incident wave travels in the medium with index 1 (down-
ward propagation, case I of Fig. 1)

P” Df+Dä
d 2ua1 2 2 2Rps

_Dd+Dd
{(cu —p1+p2)(cu +p2)+c(cu —p1)a2b2}

1 2
2p ad 1 1 ‚ 2 ‚ 2Tpp
Mac“

+p2)b1—(cu —P1)b2}

2p1ua1
Tpds

_D111+Dä
{cuZ—p1+p2+ca2b1}

Rd Dä—D‘f—2p1p2(a1b2—a2b1)55 Df+Dä
2ub

Rgp
Dd+ll)d

{(cuz—p1 +p2)(cu2+p2)+c(cu2—p1)a2b2}
1 2

2l01b1
7::

Df+Dä
{(cu2+p2)a1—(Cu2—p1)a2}

2p1ub1
Tsaia D1+Dg{cu2—p1+p2+ca1b2}

rd ulbl-uzbz
‚1111314412132

td
2tulbl

Mib1+l12b2

Di =(Cu2’P1+P2)2“2+(C“2—P1)2 az b2+P1 ‚02 azbi

Dä=czu2a1a2b1 b2+(cu2+p2)2a1b1+p1 Pzaibz
a1‚2=(cx1‘‚22—u2)1/2 posmye real or

_2 2 „2 negative imaginary for cu>0 or
b1‚2=(ß1’2—u ) positive imaginary for w<0

_ __ 2
C‘2(l‘1—H2)a ”1,2—p1,2ß1,2

Application of Cramer’s rule to this equation is cum-
bersome but rewarding, since relatively compact ex—
pressions for the reflection and transmission coefficients
result. They are given in Table 1.

The case of an incident SV wave ean be treated
along the same lines, starting with the appropriate po-
tentials instead of Eq. (10). The reflection and trans—
mission coefficients follow from the equation

—u —b1 u —b2
a1 —u a2 u

P1—2M1u2 —2Iulub1 2‚u2u2—-p2 —2u2ub2
2.uiuai p1—2I‘1L’2 zflzuaz 2/12112—‚02

Rgp —bl

Rd uSS
: 17

7s: —2‚ulub1
( )

Tsds zfiiuz—pi

and are included in Table 1.
The case of an incident SH wave is much simpler
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than the P—S V case, since there is no conversion to P
or SV waves at the interface. The displacements are:

u 1 =ej(wt—kx—l’12)y (incident SH wave),
(reflected SH wave), (18)
(transmitted SH wave).

+Td ej(wt—kx+liz)

‚ _ d j(wt—kx—l’22)uyZ—t e

The reflection and transmission coefficients, which here
are coefficients for displacement amplitudes, follow from
the continuity conditions for uy and „um at 2:0 [see
Eq. (8a and b)]. They are also given in Table 1.

P—SV reflection and transmission coefficients for
displacement amplitudes follow from the potential coef-
ficients in Tablel by multiplication with factors which
are quotients of the velocity of the incident wave and
the velocity of the secondary wave.

The ooefficients in Tablel depend only on the ve—
locities and densities of the two half—spaces and on
slowness or angle of incidence, according to Eq. (l4).
They can become complex‚ if one or more of the verti—
cal slownesses (11,2 and 171,2 are imaginary. In this case
some of the secondary waves are inhomogeneous waves
which propagate horizontally and whose amplitudes
decay exponentially with increasing vertical distance
from the interface; this follows from Eqs. (10) or (18).
In this case there is a slight frequency-dependence of
the reflection and transmission coefficients according to
the sign of a), as indicated in Table l. For numerical cal-
culations it is usually sufficient to consider wäO; then
the reflection and transmission coefficients of an inter-
face are frequency-independent.

The reflection and transmission coefficients in case
II of Fig. 1, i.e. for incidence at the interface 2:0 from
below, follow from those in Tablel by two Changes.
The first is an interchange of the parameters of both
media, the second a sign change for those P—S V coef-
ficients which imply wave conversion at the interface.
This sign change is a consequence of the change, with
respect to case I, in propagation directions relative to
the z-axis. The coefficients are summarized in Table 2;
their superscript u indicates that the incident wave is
upgoing.

The coefficients in Tables l and 2 are the essential
basis for the calculation of reflection and transmission
coefficients of layered media with an arbitrary number
of interfaces. The recursive calculation of these reflectiv-
ities and transmissivities will be described in the next
section.

3.2 Reflection and transmission at a layer Stack

We consider a stack of n —1 layers between two homo-
geneous half-spaces. The upper half-space has the index
O, the half-space at the bottom the index n, the parame-
ters of the medium i are 0:1., ‚Bi, Pi and the thickness di,
and the layers i and i+1 are separated by the interface
z=zi+1. We treat the case of incident waves travelling
downwards in the upper half-space in some detail. The
results for the case of incident waves, travelling up—
wards in the lower half-space, are summarized in Sec-
tion 3.2.3.
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Table 2. Plane—wave reflection and transmission coefficients as
in Table 1, but for an incident wave travelling in the medium
with index 2 (upward propagation, case II of Fig. 1)

R„ Dä-Dä‘p" DY+D3
2ua

R“s „ 2„{(c„2—p +p )(C„2_p )+c(cu2+p )a b}p
D1+Lb

1 2 1 2 1 1

2pzazT“ u u {(cu2+p )b —(cu2—p )b}

2p2ua2T“S — u u {cuz—p +p +Ca b}p
D1+D2

1 2 l 2

R“ Dä—Dlll_2pl p2(a2b1—a1b2)55 DHDä
2ub

R? - u 2„{(Cu2-p +p )(cuZ—p )+C(Cu2+p )a b }
2p2b2Ts'; „ „ {(cu2+p )a -(cu2—p )a}
D1+Lb

2 1 1 2

2p2ub2T5“ u u {cuZ—p +p +ca b}p
D1+D2

1 2 2 1

ru #2b2“H1b1
#1b14’flzb2

u 2Mzbz
#1b14‘flzb2

D1=4Cu2—1%—Fp92u2+{cuÄ+ia1by+p1pzalbz
Dä=w9u2a1a2b1b2+fcu2—4%)2a2bf+p1pzazbl
Other quantities as in Tablel

3.2.1 P—SV case. In the P—SV case the displacement
potentials in layer i are, in analogy to Eq. (10):

ÖiZB—jkx[Aie—jli(z—zi)+Bi€+jli(z—zi)]
i—O 1 n

[/jize—k[Cie—Jli(Z-Zi)+Die+Jli(Z-Zi)] ’ ’ ’ '

(19)
The time factor €i has been suppressed. The first
terms in Eq. (19) represent all downgoing waves in
layer i, the second terms all upgoing waves. Then we
define reflectivities at the top of layer i by the ampli-
tude ratios of upgoing and downgoing waves:

B. 4D.
PPTiz—l‚ PSTi=——l,

Ai Ai
„B. l}

SPT.=——‘, SST:—'.l
C

l
Cl l

The first letter of each reflectivity denotes the type of
the incident wave, the second letter denotes the type of
the secondary wave and T stands for top. We combine
the reflectivities in the local reflectivity matrix

(20)
PPTi SP7;MTi=( )PSTi SSTi

Similarly, we have for the bottom of layer i:

SV

CXÄ1
Loyeri
Loyeri+1

Fig. 2. Potential amplitudes of downgoing and upgoing waves
immediately above and below the interface z=z i+1

B_ +jlidi .
PPBiz-[zll—eiflzppne‘I'zllidi,

ie

l l

D.
+jlgdi ‚ ‚PSBI:%=PSTL. e+1<li+1i)di, etc.

ie

l l

PPB. SPB.
MB. = l l ‚ 21' (P531. 5313i) ( )
The relation between the reflectivity matrices at the top
and the bottom of layer i is

MTi : Ei MBi Ei (22)

with the phase matrix

e—j’idi 0Ei:( 0 am). (23)
The relation between the reflectivity matrices at the
bottom of layer i, MBÜ and at the top of layer i+1,
MTi+1, is more complicated; here the reflection and
transmission coefficients of the interface z=zi+1 come
into play. We abbreviate the potential amplitudes of
downgoing and upgoing waves at the bottom of layer
i, i.e. immediately above the interface, by a1, b1, c1, d1
(Fig. 2); similarly a2, b2, c2, d2 define the amplitudes
immediately below the interface (there should be n0
confusion with slownesses and layer thicknesses). The
relation between these amplitudes is:

azspal+Rgpb2+Tsicl+R3pd2
czssa1+Rgsb2+TSc+Rgsd2
blzR‘äpal+T;pb2+R;’pcl+7;';‚d2
d1:Rf‚Sa1+Tpusb2+sc1+7ggd2 .

(24)

The coefficients Rd’" and Td’“ are the plane-wave re-
flection and transmission coefficients of the interface z
:Zi+1; they follow from Tables 1 and 2 by replacing
the parameters 0:1, ß1‚ p1 there by oci, ßi‚ pi and 0:2, [32,
p2 by 0:1.“, ßi+1‚ pi“. The left sides of Eq. (24) are the
amplitudes of the four waves travelling away from the
interface; they are linear combinations of the ampli-
tudes of all four incident waves, the weights being the
appropriate reflection and transmission coefficients. We
combine these coefficients into matrices of interface re-
flection and transmission coeflicients

d‚u d,u
Rd’“ Z

(Rpp
Rsp

)
i+1

Rd,u Rd,u
’

ps ss

Td,u 'Tsd,uT341 : (T2514 T5“) (25)
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and replace Eq. (24) by two vector equations:

(Z:)=-TI'+1(‘Z )+RI‘+1(2:) <26>
(2:)1111):) <2)
The amplitudes b1, d1, b2, d2 of the upgoing waves can
also be expressed with the aid of the reflectivities at the
bottom of layer i and at the top of layer i+ l:

blzalPPBi+clSPBi
(b1):MBi (a1) (28)dlzalPSBi+clSSBi d1 c1

bzzazPPT.+1+czSPTl+1
(192:) MT1+1(a2) (29)dZ:a2PST.+1+czSSTi+1 d2 c2

Equation (26) is inserted into Eq. (29):

(Z:)=Mm [T111 ( >+Rf+n(32)].
The solution of this equation is

b(d2)=[I—MT„1R;'+1]_-‘MT.+1T;‘+1 (Z ) (30)
2 1

where I is the 2 >< 2 identity matrix. From Eqs. (27) and
(28) one obtains

a1 d
b)

MBi(c1)=——Ri_|_1(:l >+T1+1(d2.

Inserting Eq. (30) here, we find the desired relation
between MBi and MTi+1.

MB.—=R;‘+1 +T;'+1 [I— MT,+1 R“1+1] 1MT Tdi+l i+l (31)
Equations (31) and (22) together relate the reflectivity
matrices at the top of layers i+1 and i.

Our final aim is t0 calculate the overall reflectivity
matrix

RRd
d

RRd=( W RRSP>2MB0 (32)
RRZS RRfs

at the bottom of the upper half-space, since the ele-
ments of this matrix are just the desired reflection coef-
ficients or reflectivities of the medium (for potential
amplitudes). Therefore, we apply Eqs. (31) and (22) re-
cursively. We start with i=n—1 and MTn=0‚ which is
the logical condition for any level inside the lower half-
space. Then, the reflectivity matrix at the bottom of
layer n ——1 is just the matrix of reflection coefficients of
the interface z=z„ for downgoing incident waves:
MB„_l zRfl. By successive applications of Eqs. (22) and
(31) one moves upwards through the medium, until i
20 is reached. The reflectivity matrix becomes increas-
ingly more c0mplicated, since it now also represents
multiples and conversions produced at the interfaces.

For practical purposes it may be useful t0 relate the
reflectivity matrix t0 a level inside the upper half-space; MTi =[I—R“
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this is achieved by another application of Eq. (22) and
introduces only phase shifts.

The great advantage of the recursive algorithm de-
scribed is that it is unconditionally stable for all
frequencies and slownesses. Other methods sometimes
suffer from overflow problems in the calculation of ex-
ponential functions for high frequencies and slownesses
(see e.g.‚ Kennett, 1983, Sec. 6.2.2). Here, exponential
functions appear only in the phase matrix (23), and the
sign of their arguments guarantees that they are always
bounded.

The transmission properties of the layered medium
for incident waves coming from above can be found in
a similar way t0 the reflection properties. We define
transmissivities at the top of layer i by comparing the
amplitudes of the downgoing waves there and in the
upper half-space [see Eq. (19)]:

”’— Ai —— CiPPI: ‚ P571: ,
A0 O

_ A. __ .SPTi= l, SSTi: ‘.
CO C0

We combine them into a local transmissivity matrix

—
(PPTl.

SPT.MT. z _ )PSTl. SSTl. '

Similarly we have for the bottom of layer i:

"jl'diAie l
PPBl. = = P131; e-flidg etc.

0

M,:(__ __‚ PSB SSBi )=EiM—TÄ (33)
with the phase matrix E from Eq (_23).

The relation between MB and MTi+ lfollows from
a consideration of the interface 2:21+1,+similar t0 that
above (Fig 2). We have:

(3:):W2‘3) <34>
(::)= Mm (2:1)- (35)
On the other hand, from Eqs. (26) and (29):

a a1 b2(c:)=11:41)”): (1:)
_Tsi1+1 ()+RI+IMTI+1(2')

C2
Hence:

a()— [I— R1+1MT1+11 1T?“ (C )
1C2

Inserting Eqs. (34) and (35), we obtain

1+1 MTi+l]
1

Tid+l MBi ° (36)
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The recursion, based on Eqs. (36) and (33), starts with i
=0 and MBÜ=L The overall transmissivity matrix is

T71, TTsdpTT"=(n; T7: )=M—T„ (37)
and has as its elements the transmission coefficients or
transmissivities of the medium (again for potential
amplitudes).

lt is, however, not advisable to perform the recur-
sion in this form in practice because it would require
that the reflectivity matrices MTi+1 be calculated and
stored prior to the calculation of TT". Rather, one uses
the form

TT“: F„_l F“_2 F09 (38)

where

F1:[I_R?+IMTi+l]—1T?+IE1 (39)

(E„=I‚ MT„=0). lf the matrix multiplication in Eq.
(38) is performed from left to right, the calculation of
TTd can directly be combined with the calculation of
the reflectivity matrix RR".

TTd is the transmissivity of the depth range between
the uppermost and the lowermost interface of the me—
dium. If it is desirable also to include parts of the half-
spaces, Eq. (38) can also be used with additional phase
matrices (23) multiplied from right and left.

3.2.2 SH C6158. In this section we give only the results
for the scalar reflectivity RR" and the scalar transmis-
sivity TT", which here express the displacement-ampli-
tude ratio of the secondary (reflected or transmitted)
and the incident SH wave. As in the P—SV case, RR"
refers to the interface 2:2, between the upper half-
space and the first layer, and TT" to the lowermost in-
terface 2:2,. lt is clear that the principles of the deri-
vation of RR“ and TTd are the same as in the P—SV
case, but the derivation itself is much simpler; it is ac-
tually a good exercise for the interested reader. One ob-
talns:

11/18,:4‘:1 4,23%}.
l—l‘i+1MT,-+1 f:n—l‚n—2,...,0 (4])

MT, z MBie‘ 2W"
n—l

TT": n F, (42)
f=Ü

v: wann"
EZ1—:“l MT ' (43)

i+l 1+1

In Eq. (41) one uses MT„=0, and the factor F0 in Eq.
(43) is obtained by setting (10:0. The interface coef-
ficients rd'“ and td'“ follow from Tables 1 and 2. Com-
parison of the SH results with those for the P—SV
Gase, e.g. of Eq. (41) and Eqs. (31) plus (22), ShOWS the
great similarity in basic structure.

3.2.3 Wave incidence from below. The layered medium is
the same as before, but now the incident waves travel
upwards in the lower half-space. In this case the overall
refleotivity matrix RR“ expresses, for a level at the top
of the lower half-space, the potential-amplitude ratlos
Of downgoing reflected and upgoing incident waves.
The overall transmissivity matrix TT“ relates the ampli-
tudes of upgoing transmitted waves at the bottom of
the upper half-spaoe and the amplitudes of the upgoing
incident waves at the tOp of the lower half-space. Simi-
lar definitions hold for the scalar SH reflectivity RR“
and transmissivity TT".

The recursion, leading to RR“, is as follows:

NBo 20

NT- =RTl +T.d’+' “j,” '+‘ i:0,1,...,n—1 (44)
{I —NBi Ri+l]—

1
NBi T11.“

I\Il3i+l = Ei+l 1NITi-p-l Ei+l

RR" RR"
RR“: pp sp =NT . 45

(RRBS RR'S'S) n ( )

The local reflectivity matrices NT, and NBi correspond
t0 the top and the bottom of layer 1', respectively. They
are different from the matrices MTi and MB, in Section
3.2.1, because they relate downgoing reflected and
upgoing incident waves, whereas MTi and MBi relate
upgoing reflected and downgoing incident waves.

The overall transmissivity matrix TT“ is:

TT“ TT“
TT“: p" Sp)=G G ...G 46(T7245

T7}:

Ü l n—l ( )

Gi=Ei[I—R?+l NBi]—1Tiu+19 6(1s- (47)

The matrix multiplication in Eq. (46) is performed from
left t0 right, since the calculation of TT“ can then be
directly combined with that of RR“.

The results for SH waves are:

NBO=O
z‘.’ tf‘ NB.

NIE+1:Fz'M+1‘l’L1in‘t—1—i
1_ri+1NBi 5:0,l,...,n—1 (43)

NB:'+1:NT:'+19—2’“;*’di+1

RR"=NT„ (49)
n—1

TTEHG" (50)i:0
r‘.‘ e’j‘äd"c.:_5__1____ z... 1' l—nF’HNB,’ GO t1 (5)

4. Waves from point sources in layered media

4.] Elementary displacement potentials
jbr (L'ylindrical coordinares
Elementary solutions of the wave equations (7) for the
P—SV potentials in layer i 01" the medium, which will
be used later for the synthesis of point-source wave
fields, are the following:
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cosl . .

Cbi:{ {P}
J1(kr) [Aie—Jli(Z—zi)+Bie+lli(z—Zi)]
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sin l(p _
-

coslgo 1
z=0,1‚...‚n. (52)

3U: _ J k _ C. -jl;(z—zi) D. +jl;(z—z‚-)
l {5111160} l( r)jk[ 1€ + le ]

Jl(k r) is the Bessel function of integer order l dependent components F1, F2, F3. These components
zO,1,2‚ ..., and the time factor eja" has been omitted
as in the corresponding plane-wave (Cartesian coor-
dinate) expressions, Eq. (19).

In the SV potential ‘I’i the term (jk)‘1 has been fac-
tored out since the equations for the coefficients Ai‚ Bi‚
Ci, Di‚ which follow from the boundary conditions at
interfaces [see Eq. (9a and b)], then agree exactly with
the equations for the coefficients in Eq. (19) which are
based on the continuity of the quantities (8a and b).
This has the important consequence that the plane-
wave reflectivity and transmissivity matrices that have
been derived in Section 3 can be used directly here. For
instance, the amplitudes of the upgoing wave field at
the uppermost interface 2:21, BO and D0, follow from
the amplitudes of the downgoing wave field, AO and
C0, with the aid of the reflectivity matrix RRd in Eq.
(32):

(Z:)=RRd(ä:>- <5»
Similarly, if the amplitudes of the upgoing wave field at
the lowermost interface z-—-z„‚ Bn and D„‚ are given, B0
and D0 follow from

(139m6),
where TT“ is the transmissivity matrix in Eq. (46).

The elementary SH potential in layer i is

coslgo
Xi—{Sll}Jl(kr)

.[Eie-jl;(z—Zi)+Fie+jl;(z-z‚-)], (55)

and the scalar reflectivity and transmissivity of the
plane—wave case can also be used here:

FozRRdEO (56)
with RR" from Eqs. (40) and (41), or

F0 .—. TT“ F„ (57)
with T T“ according to Eqs. (50) and (51).

Up till now, reflectivities and transmissivities have
been described for the complete layered medium. It is
clear that they can also be defined for partitions of the
medium by simply deleting those layers which are not
of interest. The refleetivities and transmissivities in this
form will be used later on.

4.2 Displacement potentials for a single force

We eonsider now the layered medium with a single-
foree point source at depth zs in layer m (Fig. 3). The
single force F is harmonic in time and has frequency-

refer to a Cartesian coordinate system with, say, the x-
axis pointing north, the y-axis pointing east and the z-
axis pointing down. The displacement potentials of the
single force have the following slowness-integral repre—
sentations for an observer with cylindrical coordinates
(r, (p‚Z) in an infinite medium whose material properties
are those of layer m:

OO

47mm (psz81ySlgn(Z —zs)uJ0(u wr)e‘jwam|z“25'du
o

00,2

+82 ILJ1(uwr)e‘jwam|Z‘ldu (58)
Ojam

00
u —'w z—z

47Ipmgg:81gj—CU—I‘);JO(UCUT)€

J bml S'du

oosign(z—zs) _. b _+ 25—————J1(uwr)e W mlz zS'du (59)
o

47Ip X ZU?J—‚1J1(uwr)e‘jwbm|z‘25'du (60)m S
0 ßmjbm

=(oc—2 —u2)1/2a (positive real or
negative imaginary), (61)

81=F3‚ 82:F1 cos<p+F2 sin q),
n: —F1sin<p+F2 cos go. (62)

These source-potential representations are very similar
to the well-known Sommerfeld integral for an explosive
point source. They have been taken from Müller (1969)
and were correoted for a misprint in the second term of
the original form of Eq. (58).

Layer
Receivers(z=0)

——— 21:0

Z2
R+ T+

_. _____ Zm

Point source— -— — _._ _ __ Zs

R-

Zn
n

Z

Fig. 3. Layered medium, consisting of n—l homogeneous
layers between two homogeneous half-spaces. Layer parame-
ters are: oci=P velocity, ßizS velocity, pizdensity, di=thiCk-
ness, zizdepth to the top. On the left it is indieated to which
partition of the medium the reflectivities Ri, i and the
transmissivity T"'‚ T+ correspond
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The integrands in Eqs. (58)—(60) have, in prineiple,
the form of the elementary potentials (52) and (55) for l
:O and l=1 if the wavenumbers there are replaced by
slownesses,

l.:aiw, l’izbiw,lkzuw,

with ai and bi defined in analogy to Eq. (61). Hence, it
is olear that the interaction of the source wave field
with the layer staoks above and below the source can
also be represented by such slowness integrals. All that
has to be done is to extract from Eqs. (58)—(60) source
amplitudes As, BS, ...,Fs and then to describe the inter-
action by equations similar to Eqs. (53) and (54) or Eqs.
(56) and (57).

The source amplitudes are different for downgoing
and upgoing waves, and in the P—SV case they are
also different for the terms with different types of (p de-
pendence. For downgoing waves (z>zs) we obtain:

47Tpm d): = l (81 As1Jo+32Asz J1)e—jwam(z_z'")du (63)
0

4npm9?
ZEWLCUEI C51 J0+82 C82 J1)e‘jwbm(z—z"’)du (64)

4npmxfzojonEsJ1e—jwbm(z’zm)du (65)
o

Asl=uea, A52=_u—2ea,

“2
Jam

__1
(66)

Cs1:B;eß’
C52=jueß,

Es=meß

eazejw“m(ZS—z'"), eßzejwbml—Z'"). (67)

Similar expressions hold for upgoing waves (z<zs):

47Ipm<PZ=l(81lJo+82135211)€+j“’“'"‘z’z'"’du (68)
o

4nanfl“
00 1 . _Z

Zg].u—w(81DsiJo“l’82D512Ji)QMM“z "0d“ (69)

4npmx's‘zjnfllle+jwbm(z"zm)du (70)
0

‚ 2
l——uea—19 BSZ—Lea—l

Jam
‚M2

D51 Feß—l’ D52: —jueß—1, (71)

_1 _1S ijbm ß '

For later use, it is favourable to oombine the P—S V
source amplitudes into source amplitude vectors:

A B
sd

:( 51,2),
Su

:( 51,2).
(72)1,2

Csl,2
1,2

Dsl,2

Moreover, we write

Sd:Es, S“=FS (73)

for the SH source amplitudes, in order to have unified
notation.

4.3 Synthesis of the wave field at 2:0

The first step in the wave-field synthesis is to determine
the complete upgoing wave field in layer m. This field is
the sum of the direot upgoing waves, Eqs. (68), (69) and
(70), and all possible reflections and multiple refleotions
at the layer stacks above and below the level zzzm (in
the sense of 2;) in layer m. Each of these contributions,
and also their sum, can be written in a form similar to
Eq. (68), (69) or (70):

47mm <1)“=5(81B1J0+82 B2 J1)e+jwam(z‘zm)du
0
(X)

1 ’47Ipm W“: f
17075031

D1 J0+82 D2 J1)e+”’bm(z"zm) du (74)
o

4npm X11: 5 7] VJl
e+jwbm(z—zm)

du

o
The contributions differ in the P—S V amplitude vectors

B\G‚2:=( 1’2) (75)
D1,2

and in the scalar SH amplitude V, respectively, depend-
ing on the type of interaction that is considered. In or-
der to determine these amplitudes explicitly, we first
define P—S V reflectivity matriees R" for the part z>zm
of the medium and R+ for the part zgzm and, likewise,
scalar SH reflectivities R— and R+ (see Fig. 3). R‘, R‘,
R+, R+ are reflectivities of the type specified by Eq.
(32), (40), (45) and (49), respectively. The praotical com-
putation of these quantities should be clear from the
details that have been given in Section 3.

In the P—S V case, the amplitude vectors V1,2 are:

512
R-R+s';‚2

for the direct wave field (/‘)‚
for the first multiple of the
direct wave field (M),

R' R+ R“ R"'S‘;‚2 for the second multiple (/\/\/‘)‚

R‘S‘L2
R-R+R-S‘}‚2

for the reflected wave field (\/‘),
for the first multiple of the
refleoted wave field (W),

The sum of all these wave fields has the amplitude vec-
tors

Vhfza+RfR++R'R+R-R++„)612+Rfsig
:[I—R"R"']‘1(S‘;‚2+R‘S‘}‚2). (76)

Their components [see Eq. (75)], when inserted into
Eq. (74), specify the complete upgoing P ——S V wave field
in layer m.
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The corresponding SH potential is the expression
for X" in Eq. (74) with

V=(1——R‘R+)“1(S“+R‘ sd). (77)
Note the structural similarity of Eqs. (76) and (77).

The second step in the synthesis of the wave field for
2:0 is to determine, from the potentials (74), the po-
tentials (1)0, WO and X0 in the upper half-space of the
layered medium and from these the displacement com-
ponents at 2:0. The P—S V amplitude vectors in the
upper half-space, V32, follow from those in layer m,
V1,2 in Eq. (76), by multiplieation from the left with the
transmissivity matrix T"' of the layers between 2:2,:
and 2:21— 20— [see Eq. (54) and Fig. 3]:

O
B1,2Vf‚2= (D0 )=T+Vl,2. (78)

1,2

Then the potentials qbo and 'PO are (250):
OO

47mm (1)0: j (81 B‘1)J(‚+82 B3J1)e+j°°“°zdu
o

(79)
41: pm ‘PO = (EI—“1561 D‘fJO +82 D3 J1) e+j°°bozdu.

The SH potential is, accordingly,

47tpmxo=osonT+ VJle+jwb°zdu (80)
o

with V from Eq. (77), and with the scalar transmissivity
T+ defined in the same way as T+. The calculation of
T+ and T+ is performed with Eqs. (46) and (50), respec-
tively; in these formulas the index n is replaced by m.

The displacement components follow from inserting
Eqs. (79) and (80) into Eq. (6) and (6’), respectively.
The results are given below for far-field and near-field
terms separately. They can be written in a compact
form, if the following definitions are used:

v=<;; in), u=<‚:;>
J1: (_Jllluwr) jJ0(2wr))’

The vector u should not be confused with the displace-
ment vector. The far-field displacements at the level z
=0 are

uff 2 00
47tpm (“37)20) Z ai jJiUT+Vidu

z i=1 0

Vi -—- [I ——R' R+]‘1(S;’+R" S?) (83)

47tpmugf: —wn o(uwr)uT+ Vdu
o

V=(1—R’R+)“1(S“+R‘Sd). (84)

163

The near-field displacements are:

=(’82) ofill—rJ1(ua)r)(uTT"'V2+uT+V)du (85)
O

The total displacement vector is the sum of the near-
field and far-field vectors. Closer inspection shows that
at the origin this veetor (in Cartesian coordinates) is
finite and independent of (p, as it should be.

The results (83){85) reflect the well-known fact that,
in the far field of a point source, P—SV waves are re-
stricted to the radial and the vertical component and
SH waves to the transverse component. Only in the
near field do P—SV waves appear also on the trans-
verse and SH waves also on the radial component.
Moreover, the two terms in Eq. (83) are easily identified
as the displacements due to a vertieal force (i=1) and a
horizontal force (i=2). A purely vertical force produces
no near—field displacements (82:1720).

The results (83—(85), supplemented by the factor
eja", are the displacements due to the harmonie single
force F=(F1,F2‚F3)'ej‘°‘. As they stand, they can also
be considered as the Fourier transforms of the displace-
ments due to time-dependent force components, with Fl.
:Fi(a)) being the Fourier transform of the i-th com-
ponent. With this in mind, one obtains time-domain dis-
placement seismograms by inverse Fourier transfor-
mation of Eqs. (83)—-(85).

Equations (83)—(85) represent the eomplete displace-
ment field of the medium, including body and surface
waves, in spite of their derivation in terms of body-
wave notions such as reflection, transmission, upward
and downward propagation and decomposition into
multiple waves. Surface waves in the sense of normal
modes are related to poles of the integrands on the
positive real u-axis whieh follow from the dispersion
equations:

det [I —R‘ R+] ‘ 1 = O (Rayleigh waves)
86

l—R‘R+=O ( )(Love waves).

Further theoretical discussion of these equations and
how they are solved for the slowness—frequency relation
of Rayleigh and Love waves can be found in Kennett
(1983). Here, where the interest is eoncentrated on the
ealculation of theoretical seismograms, it is sufficient to
remark that the poles of the integrands are shifted
away from the real u-aXis if absorption is introduced
via complex wave velocities (see Section 6.2). Hence,
straightforward numerical integration of Eqs. (83)—(85)
poses no problem in principle and both body- and sur-
face-wave contributions to theoretical seismograms are
obtained. It is, of course, possible to ealculate only
body or surface waves by integrating only over the cor-
responding slownesses.

4.4 Exact results for a free surface

The displacements (83)—(85) were derived for the ease
that the layered medium has a homogeneous upper half-
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space with non-zero velocities ocO, ‚60 and density po.
Realistie seismogram calculations, eorresponding to a
free surface 2:0, can probably be performed by choos-
ing oco and p0 approximately as the values of air, and
ß0<oc0. It is more elegant, however, to obtain exact
free-surface conditions by the limiting process ocO—>O,
ßO—>O, p0—>0. The parameters oco, ßo, p0 appear in the
matrix U, in the vector u [see Eq. (81)] and in the
transmissivities T+ and T+. The transmissivities follow
from Eqs. (46) and (50), respectively, with the index n
replaced by the index m of the layer with the source
(see Fig. 3):

T+=T;‘ G,
T+=4:G,

G:G,G,...Gm 1 (87)
GzGl...Gm_1. (88)

Ti' is the matrix of P—S V transmission coefficients of
the interface z=zl=0 for wave incidence from below,
as defined in Eq. (25), and t'f is the corresponding SH
transmission coefficient. These coefficients follow from
Table2 by changing the half-space index 1 to 0 and the
index 2 to 1. Only in Ti’ and t'f do the parameters ocO,
‚80, pO appear; G and G are free of them.

We then introduce in the P —S V case the new quan-
tities

2H=UT;’, 2hT=uTTf,

and perform in them and in ti‘ the limiting process
oco—>O (hence a0—> oo), ‚EO—+0 (hence bO—+ oo) and
pO—>0. At first sight this does not look trivial in the P
—SV case, but actually it is simple since only terms
whieh eontain the produet a0 b0 have to be taken into
account. We obtain:

1
_(1—2ßäu2)2+4ß‘1‘u2a1b1

(zßäualbl
<1—2ßäu2>b1)(l—Zßi“2)a1 —2ßäua1b1

hT=first row of H
t;‘:2.

H

(89)

Then the following substitutions are made in Eqs. (83)—
(85):

UT+:2HG, uTT"'=2hT G, T+=2G. (90)

G and G are defined by Eqs. (87) and (88), respeetively,
and calculated with the aid of Eqs. (47) and (51).

Equations (83){85) together with Eq. (90) are the
final results for the exact free—surface response of a
layered half-space to excitation by a single force.

In their essential structure our P—SV results are
simpler than the forms presented in Kennett [1983,
Eqs. (7.36) and (7.53)]. These forms contain a slightly
different transmissivity from our results and require the
calculation of a third reflectivity matrix in addition to
R' and R+. The relative simplicity of the form obtained
here will probably also imply some savings in comput-
ing time. We mention also that the above special treat-
ment of the free surface 2:0 leads to results which ap-
pear to be identical in struoture with the results of

Luco and Apsel (1983), whose approach starts directly
with the free-surface boundary eonditions.

4.5 Results for a moment-tensor point source

A generalized point source is represented by the sym-
metric moment tensor

M11 M12 M13
M: M12 M22 M23 ' (91)

A413 A423 A433

This tensor represents a superposition of three single
couples without moment along the x-, y- and z-axes of
the Cartesian coordinate system introduced earlier and
three double couples in the xy-, xz- and yz-planes.
The tensor components may be frequency dependent.
The moment-tensor point source includes, as speoial ca-
ses, simpler point sources such as an explosion or a
double couple of arbitrary orientation; it does not in-
Clude single forces.

For instance, an explosion in layer m, having the
reduced displacement potential F(t), is represented by
Eq. (91) with vanishing mixed components and

M11=M22=M33=—47tpmoc‚7;11?(a)), (92)

where F(a)) is the Fourier transform of F(t) (Müller,
1973). For a double couple of arbitrary orientation,
specified by two orthogonal unit vectors f and n and by
the moment function M(t), the moment tensor com-
ponents are

M11“: —M(w)(finj+fjni)a (93)

where M(w) is the Fourier transform of M(t). The vec-
tors f and n are nodal-plane normals and have between
them a quadrant with P-wave motions towards the
foeus.

The wave field of each of the couples, oombined in
Eq. (91), is found by spatial differentiation of the wave
fields of a single force with respect to the source coor-
dinates. Details are omitted here; they can be found in
the text books mentioned in the introduction. In this
way source displacement potentials similar to Eqs. (58)—
(60), representing a moment tensor in its general form
(91), can be found. The subsequent treatment, leading
to the displacements at the top of the layered medium,
is exaetly the same as in the case of the single force.

In the following we give first the results for the far-
field displacements at z=0 in a form similar to Eqs. (83)
and (84):

27mm (“if):w
iglKigjiUT

Vidu

V,:[I—R-R+]-1(s;'+R-s;*)
2 oo

2npmugfzw2 2 Äi jjiuT+Vidu
oi=1

Vi=(1—R‘R+)‘1(s'i‘+R‘sf). (95)
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In these equations we have:

K1=%(M11 coszgo+M22sin2g0+M12sin2go),
K2=äM33, K3=M13cosgo+M23sin<p,

(96)‚11=%(M11—M22)sin2q)—Mlzoos2(p,
Äz=M13sinq>—M23cosq)

j1:j2=J1a
j3=J2[J1‚2 from Eq. (82)] (97)
j1 =J1(uwr), j2= ——J0(uwr).

The source amplitudes are [ea and eß from Eq. (67)]:

ju -1
_ea

.e_1u am u
(juamae )

: ‚ S zSl

juzeß—l
2

_juZeß—l

.. —u2e;153:
u‚ —2 —1

(2u2—ßm )2—b—r;eß

(98)
J'M3
_e“ ua e
a m (1s1: TT’Z s“=(’ 2 )‚—Ju eß ju eß

d L128“s3: ' u2 —2

u ju —1 u —l

1_2ß2b
ß ’ 52:

2—ß2
eß—l

-‚ 1d- J“ sd (99)Sl‘zßäbmeß’ 2:213. e”
The remaining quantities in Eqs. (94) and (95) are
identical with those in Eqs. (83) and (84). The near-field
displacements are:

unf2711:: >(p

1 21)—(5—- 1)uflT+V,—2uT+VQ
”wg“ ur uwr

+(3H)NTT+V-—uT+V9}du uom

27tpmu11;”:i4 ful—rvTT+V1du0U

K4:%(M2211r—)COS2(p—M 2sin2<p. (101)

In these expressions the Bessel functions JO and J1 have
been written without their argument ucur, the column
veotor v has the components a0 and —u, and all other
quantities are the same as in Eqs. (94) and (95); the
column vector u is defined in Eq. (81).

Exact results for a free surface follow, as in the case
of a single force, by the substitutions (90) supplemented
by vTT"’:2kT G, where kT is a row vector formed by
the second row of matrix H in Eq. (89). Moreover, the
total displacement field is regular at the origin.
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5. Discussion

5.1 Partial responses

In the following discussion reference is made only to
the far-field P—SV displacements for a single force in
the form

uff 2 00
27tp‚„( rff)=w Z 81 (JiHGVidu

“z i=1 0
Vi = [I —R‘R+] ‘ 1(S;'+ R‘Sf). (102)

The conclusions apply, of course, also to near-field dis—
placements, SH waves and moment-tensor sources.

Equation (102) yields, in the far-field approximation,
the complete medium response, i.e. all possible interac-
tions and wave types are included. Various partial re-
sponses are immediately evident and they may be of
great praotical importance. For instanoe, the original
form of the reflectivity method1s obtained by setting V
=R‘Sfl, i..e by considering only downgoing waves at
the source which are reflected once at the layers below,
without any further reverberation between the layers
above and below the source. The matrix G
= Gl G2... Gm—l with Gi from Eq. (47) can be calculat-
ed either exactly, in cases where multiples and conver-
sions produced by the upgoing wave field in the layers
between the source and the free surface are of interest,
or with the approximation G =Ei Tu+1 which implies
only phase shifts in the layers and transmission losses
at the interfaces. Note that the reduced wave field con-
tains the P—P, SV—P, P—SV and SV—SV reflections
from the layers below the source which may still be
more than actually desired. In this case, one introduoes
vanishing elements into R‘ and possibly also into T111-

Another important partial response is obtained by
choosing Vi=R"(R"’S;'+S;’). This is similar to the fore—
going case but, additionally, the reflection of the source
wave field at the layers above the source is included. In
seismological terms this means, for instance, that be-
sides the mantle P phase the surface reflections pP and
sP at the source are also obtained. R+ is caloulated
with the aid of Eqs. (44) and (45), where n is replaced
by m. Often the approximation in Eq. (44), NT1+1Rn+1
+Ti‘_’‚_l NB„T11 or even NT1+1 :R“+1 + NBi, is sufficient.

These brief examples of partial responses illustrate
that the formalism presented here has great flexibility
and that it is worthwhile to include a few such options
in a oomputer program together with the full calcu-
lation. The flexibility of the refleetivity method is its
main advantage in comparison with propagator meth—
ods which usually give the complete response of the
medium. (An exception is Kind’s (1985) treatment, by
propagator methods, of different souroe and receiver
structures which implies an incomplete response.)

5.2 Extended sources

Extended sources, modelled by a superposition of seV-
eral point sources, will often require the use of both
far- and near-field displacements. In this case it is ad-
visable to Change from cylindrical to Cartesian coor-
dinates before the displaeement fields of the individual
point sources are superposed.
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If the receiver distance from the source region is
large compared with the source dimensions, and if all
point sources are located in the same layer m, simple
displacement formulas can be found which oecasionally
may be useful.

We start with the generalization of Eq. (102) and
assume that the N point sources, which here are single
forces, have the spectral representations Fk=(F1k, F2k,
F3k) and act at the hypooentres (xsk, ysk,zsk) at the times
tk (so far 1k:0). Moreover, we assume the origin of the
Cartesian and cylindrical coordinate systems to be di—
rectly above the source region and the receiver coor-
dinate r to be so large that the receiver azimuth, with
respect to each point source, is (p with good accuracy.
Then we have from Eq. (62) 81k——‘F3k and 82k:Flkcosrp
+F2k sin q), and not only can the vertical displacements
due to the different point sources be added, but also
the horizontal radial displacements; their sum is the
displacement along the azimuth direction of the re-
eeiver with good accuracy.

In the far field the Bessel functions in the matrices
(82) can be replaced by the asymptotie form of the cor-
responding Hankel functions of the second kind, which
implies that only waves propagating away from the
source are eonsidered. This yields:

Öi —j(uwrk—E) 1 0i“ (27tua)rk)1/2 e 4 (0 —1)’ (103)

where 51: —j and (52:1, and rk is the horizontal dis-
tance from the receiver to the k-th point souree; rk in
the denominator, but not in the exponential function,
can be replaeed by r. Finally, also the source amplitude
vectors S‘i‘lg" [see Eq. (72)] are different for different
point sourees: the source depth zs in Eq. (67) has to be
replaced by 25k. All other quantities in Eq. (102) are
independent of sourees and receiver.

After some algebra, one obtains the following far-
field P —S V displacements for the extended source:

„ff a) 1/200
47Cpm( ’ff):(1—j)(—) Jul/ZHGVdu

—uz nr 104:[I—R-R+]-10(ss"+R-ssd) ( )

ssud= Z 28,555? (105)
i=1k=1

ESS‘iif‘zäs‘ii?
“E (106)

5531“ 215839.,"
Ezexp{—jw(urk+tk)}, (107)

SS31;d from Eqs. (72), (66), (67) and (71) with Z, replaced
by 28k.

Equation (104) looks essentially like the point-
source result (102) with new source amplitude veetors
SS“ and SS". These vectors are now frequency and azi-
muth dependent, i.e. they reflect the direetivity proper—
ties of the composite source. Equation (104) is, of
course, also useful for far-field calculations for only one
point source (N = 1).

The SH displacement, corresponding to the P—S V
displacements (104), is:

1/2 oo
47tpmugf= —(1——j) (2) [111/2 GVdu

nr 0 108V:(1—R-R+)-1(ss"+.R-ssd) ( )

35”: Z „,5ssud (109)
55;; dsskw’, (110)
E from Eq. (107), SZ’d from Eq. (73), 11k from Eq. (62) for
the k-th single force.

Finally, we give the far-field results for an extend-
ed source, consisting of several moment—tensor point
sources. The P —S V displacements are:

“ff . (03/2 00
1/2_uffZ 1 d (111)

:[I—R‘R+]‘ (ss“+R'ss)
3 N

“= Z Z Kikssä‘a“ (112)
i=1k=1

SSikd=ESikda SS'i’kd Z5531?
(113)

u,d E u d
553k ZJUS3’IU

Säld from Eq. (98) with Z, replaced by zsk.
The SH displacement is:

(03/227tpmuif= —(1
—j)(——m)1/2 150111 2GVdu

(114)
V: (1———R R+)) (sous+R ssd)
2 N

=2 Z 0188232" (115)
i= 1 k:

ssä’kdzEsäkd, ssä’dk ziEsz’dk, (116)

533;" from Eq. (99) with 2'S replaced by zsk.
The factors Kik in Eq. (112) and ‚lik in Eq. (115) fol-

low from Eq. (96) for the k—th moment tensor, and E is
given in Eq. (107).

The main applications of these results is in the
modelling of extended earthquake sources. Such
sources are represented by a suffieient number of shear
dislocations or double couples with moment tensors
according to Eq. (93), and these moment tensors are
inserted above.

5.3 Computational aspects
Remarks on the numerical calculation of theoretical
seismograms with the reflectivity method, i.e. on the
calculation of integrals like Eqs. (83) and (84) or Eqs.
(111) and (114), have been made by many authors (eg.
Fuchs and Müller, 1971; Kennett, 1979, 1980, 1983; Tem—
me and Müller, 1982). So the following comments
will be relatively brief.

1) The calculation of the refleotivities and trans-
missivities is usually the most time—consuming part in
the oomputation, since it has to be done typically for
several hundred slownesses and several ten to several
hundred frequencies. The frequency-dependence is in-
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troduced mainly through the phase matrices (23). The
interfaoe reflection and transmission coefficients (Ta-
blesl and 2) are frequency independent in the purely
elastic case, but they become slightly frequency depen-
dent if causal absorption is introduced, since then the
wave velocities are frequency dependent (see Section
6.2). We found it usually sufficient to calculate these
coefficients for the dominant frequency of the problem
under study, such that they continue to depend only on
slowness.

2) The slowness integration is performed with the
trapezoidal rule and restricted to the slownesses of in-
terest. Numerical phases with the limiting slownesses
are often produeed by this and they may occasionally
be a serious disturbanoe. Their amplitudes can be re-
duced by application of cosine tapers at the ends of the
slowness interval.

3) Fast Fourier transformation is used to go from
the time domain to the frequency domain and back
and the usual rules for sampling in both domains are
applied. The length of the seismograms which deter-
mines the frequenoy interval may be very long, in par-
ticular, when the complete—response integrals are used.
Then the number of frequencies may be very large. If a
partial-response integral is sufficient for the problem
under study, this number may be reduced.

4) In many cases it is favourable to use a reduced
time scale t—r/c—t0 with suitably Chosen values of re-
duction velocity c and minimum reduced time t0, since
then the calculation starts closer to the first arrival and
the seismogram length is reduced. In the frequency do-
main this means multiplication of the slowness integrals
by the factor ejw"/c+‘°).

5) If, in spite of these possibilities, the seismogram
length has to be chosen shorter than the duration of
the medium response, the resulting time-domain alias-
ing, i.e. appearance of late energy early in the seismo-
gram, can be reduced or even avoided if one uses com-
plex frequencies co—j/r instead of a) (Bouchon, 1979).
This implies, as a consequence of the damping theorem
of Fourier transformation, that instead of the desired
seismogram u(t) the damped version u(t)e"” is calcu-
lated. Depending on ”L", this version actually has a shor-
ter effective length and therefore is less disturbed by
time-domain aliasing. Multiplieation by 6“” gives the
desired seismogram u(t). r is usually taken between
200/0 and 50% of the chosen seismogram length. This
method often gives satisfactory results, but sometimes it
does just the opposite. This happens when there would
be energy in the seismogram prior to the time at which
the computation starts; the main source of such energy
are the numerical phases mentioned above. Then blown-
up amplitudes of this energy show up late in the
seismogram (after multiplication by 6+t/t) and they may
exceed the amplitudes of the physical arrivals. Hence,
the suppression of time-domain aliasing Via complex
frequencies cannot be performed routinely but requires
special consideration in each case.

6) The reflectivity method oan be programmed in
such a way that effioient use can be made of modern
vector computers (Sandmeier and Wenzel, 1985). Ac-
eording to these authors the speed of oomputation can
be inoreased by a factor of 20 to 30 relative to a
modern general-purpose computer; Sandmeier and

167

Wenzel compared the CDC CYBER 205, a vector com-
puter, and the SIEMENS 7880. Such gains in speed
open up completely new possibilities in seismogram
calculations for highly complicated layering and broad
frequency bands.

6. Supplements

6.1 Earth-flattening transformation
Spherical earth models can be treated with the reflec-
tivity method in the form described here after an earth-
flattening transformation, i.e. the spherical earth is re-
placed by an equivalent or almost equivalent flat earth.
Various ray and wave theoretical aspects of this trans-
formation have been discussed by Gerver and Marku-
shevich (1966), Biswas and Knopoff (1970), Chapman
(1973) and Müller (1977a); the following is a compi-
lation of its main features.

The depth and velocity transformation is

R RZ:Rln—, vf(z):—vs(r), (117)
r l”

where vS(r) is the P or S velocity in the spherical earth
at the radial distance r from the centre, R the earth’s
radius, z the depth in the flat earth and vf(z) the trans-
formed velocity. Tracing of seismic rays through both
media ShOWS that the spherical earth is mapped on a
cylindrioal portion of the flat earth whose radius is the
epicentral distance nR of the antipode. The earth’s cen-
tre is mapped on a point with infinite depth and veloci-
ties. Rays, leaving the source in both media under the
same radiation angle with respect to the vertical, always
form identical angles with the vertical at corresponding
depths. They also have identical travel times with the
consequence that travel-time curves, e.g. at the surface,
agree. These properties characterize Eq. (117) as a high-
frequency transformation.

The density transformation is not unique, but this is
no serious problem since the wave amplitudes are influ-
enced much less by the density structure than by the
velocities except in the case of vertical wave propaga-
tion. In this case the wave amplitudes depend mainly
on the impedance, i.e. on the velocity times density pro-
duct, and therefore it is logical to make the impedances
in the spherical and the flat earth identical. This yields
the density transformation

l"
pf(Z):_R (118)zur).

Tests show that Eq. (118) is acourate enough also for
non-vertical wave propagation.

The transformations (117) and (118) are applied prior
to the calculation of theoretical seismograms. This cal-
culation is performed under the assumption that the
same single force or moment tensor acts at the original
and the transformed source, although the medium
properties there are usually different. The seismograms
so obtained do not yet correspond to the spherical
earth. For this, they have to be multiplied, in the case
of points at the surface, by the factor (see Müller,
1977a)
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where ro is the radial distanoe of the source from the
earth’s centre‚ A the epioentral distance, q=1 for a sin-
gle force and q=2 for a moment-tensor souroe. The
first factor in Eq. (119) serves as a correction for the
differenoes in velooity and density at the original and
the transformed source just mentioned. For deep-focus
earthquakes this factor can be 1.2—1.3 and, hence, it
should not be negleoted in oaloulations of absolute
amplitudes. The second factor in Eq. (119) is well-
known and takes aocount of the different ways in which
the wavefront expands in the spherioal and the flat
earth.

In spite of its high-frequency Charaoter‚ the earth-
flattening transformation, Eqs. (117)—(119)‚ has a broad
range of applicability. It is useful for practioally all
body and surface waves travelling through the earth’s
mantle and also for most body waves traversing the
core (e.g. Häge, 1983). Difficulties are manifest only for
waves propagating very Close to the earth’s centre
where the transformation (117) breaks down and where
the velocity struoture in the spherioal earth, corre-
sponding to the homogeneous-layer representation of
the flat earth, oscillates strongly and hence deviates
from the true structure (Müller, 1977b). In such cases,
methods for synthetic seismograms, which work di-
rectly in spherical geometry, are definitely superior (e.g.
Rial and Cormier, 1980).

(119)

6.2 Dissipative media

The following discussion of a way in which dissipation
of wave energy can be taken into account in seismo-
gram oalculations is tailored directly to the needs of
seismology. The literature on anelastic and rheological
properties of earth materials is very vast. As a starting
point for the interested reader, we mention only a book
by Christensen (1982) on visooelasticity in general and
a review article by Minster (1980) which is geophysi-
cally oriented.

Dissipation or absorption of wave energy is often
described by linear laws, i.e. it is assumed that stress
and strain are linearly related as in purely elastio me-
dia. The difference to this case is that now phase shifts
oecur between stress and strain. This implies that the
elastio moduli are no longer real, but complex and pos-
sibly frequenoy dependent. The simple one-dimensional
stress-strain relation is

M(w) 8(0)).

If 8 is a shear strain, p a shear stress, then M is identi-
Cal with twice the complex rigidity ‚u. If 8 is a volume
strain or cubic dilatation, p a pressure (apart from the
sign), then M is the complex bulk modulus k. As a
third example, if 8 is the strain along a rod or wire, p
the corresponding uniaxial stress, then M is the com-
plex Young’s modulus. We will call M(w) the viscoelas-
tic modulus without specifying the mode of deformation.
The general three-dimensional Viscoelastic stress-strain
relation of an isotropic substance is

pij(w) = [k(w) —% „((0)1 9(0)) öij + 2 „(0))81-1100),

[9(60) = (120)

(121)

where 6 is the eubic dilatation and otherwise familiar
notation has been used.

The viscoelastio modulus in Eq. (120) is separated
into real and imaginary parts, M —-—M 1+jM2, or into
magnitude and phase, M =Aej"’. All these quantities in
principle have to be considered as frequenoy depen-
dent. The quality factor Q is defined by

Q‘lz/Mlztanrp. (122)

Inoreasing dissipation inereases the phase shift (p be-
tween stress and strain and hence decreases Q. It can
be shown that, if Q>1‚ Q‘1 is proportional to the en-
ergy loss per period in a harmonic loading experi-
ment and therefore has a simple physical meaning. Q
can be measured by different techniques, including
amplitude measurements of propagating waves, width
measurements of spectral lines in spectra of free oscil-
lations and, of oourse, phase-shift measurements be-
tween stress and strain in forced oscillations.

An important point to note is that Eq. (120), and
similarly Eq. (121), can be considered as a linear filter
equation. The filter, represented by the Viscoelastic
modulus, must be oausal, i.e. the filter output p(t) in the
time domain must not start earlier than the filter input
8(t). This requirement imposes relations between M1
and M2, or A and (p, which are called dispersion or
Kramers-Kronig relations. Those relating magnitude A
and phase (p [and hence Q, acoording to Eq. (122)] are
the most important in the present context:

<0’(w’)dw
‚lnA(co)= B —1P:5 (123)

Wo _1P+[min/1(w'dw) (124)

Here, only Eq. (123) is needed. For simple types of fre-
quency dependenoe of Q, the principal-value integral
can be calculated analytically and the oonstant B can
be determined either at high or at low frequenoies. As a
consequence, the viscoelastic modulus is known for all
frequencies. If this procedure is followed for the rigidity
Mao) and the bulk modulus k(w)‚ and if these eomplex
moduli are used instead of the real moduli in the so—
lution of an elastic wave-propagation problem, then the
frequency-domain solution of the corresponding visco-
elastic problem is obtained. This is the correspondence
principle of the linear theory of Visooelasticity. The
time-domain solution of the Visooelastic problem fol-
lows as usual by inverse Fourier transformation.

Working with ‚u(w) and k(co) is, however, not the
procedure that is normally used. Rather, one works
with wave velocities and hence replaces real velocities
by complex velocities. For P and S waves, we have the
complex veloeities

um): (125)
where p is the (real) density. The viscoelastic modulus
for P waves is

(126)Ma<w)=k(w>+%u(w)
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with the quality factor Q1; following from absorption-band models have been investigated many
2 2 times in the literature (for a review, See Minster, 1980),

Q_1_4__ß2Q_1+ (l
_415’

>11
_1

(127) although often with unnecessary complieations auch a5a 3012 ' cut-off frequencies introduced for mathematical con-
_ venience alone. Here we give the results for the case of

For S WHVCS W6 have, aceordingly: seismological interest, Q> l. lf Q is constant, this eon-
dition applies for all frequencies, and in the ease of the

Mß(w)—11(cu) (128) power law (131) we consider only frequencies für which
QfizQu‚ (129) Q> l. In the constant—Q ease one obtains the well-

Q and Qk are the quality factors of 11 and k, and oc and
ß in Eq. (127) are real wave velocities taken for a typi-
cal frequency. A familiar assumption is Qk>Q, i..e that
there is much less dissipation in volume deformation
than in shear deformation Then Q depends only on
Q”, and Qa and Qfi have the same frequency depen-
denee. In effeet this implies a real, frequency-indepen-
dent bulk modulus at least in the seismic frequency
band. An often used relation is Q =2.25 Qß, correpond-
ing 10 1312:3132.

The procedure to find the complex velocities (125) is
te make assurnptions about Q“ and Qß as functions of
frequeney, t0 use Eqs. (122) and (123) for the determi-
nation of M5E and M]ß and then to insert these moduli
into Eq. (125). In the following we will again disregard
the distinetien of P and S waves and work with M(w),
Q(_(11) and the complex velocity

—M(w)] H2. (130)11,1111) = [
‚0

If Q is a frequeney—independent eonstant, or if it follows
from the power law

Qrw1=Qrw3 (ä) (131)
with the referenee frequeney (‚er and an exponent y be-
tween —1 and +1, the steps leading to the complex
veloeity (130) are rather straightforward (Müller. 1983)
and will not be repeated here. These Q laws and related

known result

vc(w)=v(l +—a—+ 2J—Q) (132)

and in the case of the power law (131)

‚ _ . 1 1 _L“(w)— '11 + 2 19m.) Q1w)]
cot—”++2Qj(w)} (133)

In these expressions, v is a real velocity. The real part
of the complex velocity,

0(00) : Re 1.1.0111), 6((Ur) = u, (134)

is the phase velocity of bedy-wave prepagation. This
follows from the plane-wave expression

„(x z): exp {jw (t-(im)}

mexp {jw

(t—xj))}

mexp {ja} (t—fi)}exp{-ü}a

which represents a wave with phase veloeity 6(11)). The
imaginary part Of the eomplex velocity is responsible

(135)
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Fig.5. P velocity-depth function of a crustal model for which
theoretical seismograms are shown in Fig. 6

for absorption, since it leads to the exponential decay
of the wave amplitudes in Eq. (I35) with increasing
propagation distance x.

The frequency dependence of dm) reflects the dis-
persion that is connected with absorption. Dispersion is
slight, of course, and both positive and negative ex—
ponents j: lead to an increase of phase velocity with
frequency (Fig.4). Group velocity can formally be cal-
culatecl from the phase velocity and has been included
in Fig. 4. We have calculated synthetic seismograms for
oases with relatively strong absorption and found that
first—arrival times agree quite well with travel times
computed from group velocity at the dominant fre-
quency. Group velocity therefore appears to be a mean-
ingful velocity also in the case of weak dispersion.

SynthetiC-seismogram calculations for dissipative
media with the reflectivity method require the specifi-
eation of the relerenee frequency wr, the real layer ve-
locity (*(wr) for P and S waves, the quality factor Q or
Q(m„) of each layer for P and S waves and the exponent
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y in the case of the power law (13l). The Preliminary
Reference Earth Model of Dziewonski and Anderson
(1981) contains auch a speeification. Its reference fre-
quency is wr=2n5‘1‚ and Q0E and Q3 are assumed Con-
stant such that Eq. (132) applies and relates the veloci-
ties for different frequencies. O’Neill and Hill (1979)
have performed seismogram ealculations with the re—
flectivity method and Eq. (132). They compared the re-
sults with seismograms caleulated for the dispersion-
free, frequency-independent complex velocity

lPC=U (1+ (136)L)2Q ’

which leads to acausal body-wave arrivals. Therefore,
this simple velocity law is not well suited for body-
wave calculations, but it is often sufficient for surface
waves. Incorporation of the three velocity laws (I32),
(133) and (136) in a computer program for theoretical
seismograms offers enough possibilities for the modell-
ing of absorption effects.

An alternative to the use of eomplex veloeities is
sometimes the use of dissipurion Operators which are
convolved with seismograms, computed for purely elas-
tic media. Dissipation Operators follow from the plane-
wave delta-function response of a homogeneous ab-
sorbing medium by appropriate averaging of the quali—
ty factor of an inhomogeneous medium along seismic
rays. The use of such Operators, normally correspond-
ing to frequency-independent Q, is very common in
conjunction with seismogram calculations by general-
ized or asymptotic ray theory. Operators for the power
law (131) are given by Müller (1983). The use of dissi-
pation Operators, however, is restricted to body-wave
investigations with little or no interference of phases
propagating along different rays. lnterfering body
waves and surface waves usually have to be treated
with the aid of complex velocities.
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Fig. 6. Record section of vertical-
component seismograms (eg. for
displacement or particle veloeity),
caleulated for the crustal model of
Fig. 5 and an explosive point
source at depth 30m. Reduction
veloeity is 6 km/s and true
amplitudes are shown. Due t0 the
simplicity of the erustal modeL
praetieallyr all seismic phases can
be identified. The seismogram
seotion also illustrates two
problems that can be oonneeted
with reflectivity calculations: the
appearance of numerical phases
(_indicated by dashed lines) and the
oceurrenee of time-domain aliasing
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7. Examples of theoretical seismograms

7.1 ExplosErm-generated body wam

The first example of theoretical seismograms oonsists of
refleetion and refraetion seismological records, generat-
ed by an explosive point source in a relatively simple
model of the earth’s crust. The P veloeities of this mod-
el are shown in Fig. 5 and the theoretical seismograms
in Fig. 6. Reasonable assumptions about the S veloci-
ties and the densities were made whieh need not be de—
tailed here. In the whole model, Q,E is 500 and Q5 is
250. The complex-velocity law (132) was applied, corre-
sponding to frequency-independent Q and causal ab-
sorption. The source is at depth 30m and radiates a
far-field pulse, e.g. for diSplacement or particle velocity,
with a. dominant frequency of 5 Hz and an effective fre-
queney band from 0 to 15 Hz; 307 frequencies were
used.

The complete P—SV response of the model was cal-
eulated with far-field expressions similar t0 Eqs. (104)
or (111). Therefore, reflections and multiple reflections,
produced by the earth’s surface, are included. Due t0
the nature of the explosion there is n0 direct radiation
of S waves. However, because of the proximity Of the
explosion to the surface, S waves are efj’äctively ra-
diated in the form of the surface reflection pS and the
non-geometrical wave 5* (Hron and Mikhailenko,
1981).

The phase—velocity range in the calculation was
3.54—l,100km/s, corresponding t0 the slowness window
00009—02825 sfkm and including all body-wave veloci—
ties of the model; 1,300 equidistant slownesses were
used. ln Spite of cosine tapering from 3.54 to 3.56 km/s
and from 1,000 t0 1,100 km/s, the amplitudes of the
numerical phases, mentioned in Section 5.3, are rather
strong at short distances. The Rayleigh wave tied t0 the
surface of the model is suppressed, because its slowness
falls outside the slowness window.

The theoretical seismograms in Fig.6 Show the di-
rect wave I; and the Moho reflections PM P, PMS+SMP
and SMS as the main phases. Multiple reflections are
very weak. As mentioned above, SMP and SMS actually
do not leave the source as SV waves but are produced
at the surfaee by P-to-SV conversion and 8* exci-
tation. The amplitude behaviour of the Moho reflec-
tions is mainly determined by the reflectivities of the
Moho transition. Time-domain aliasing has not been
suppressed. As a consequence, SMS jumps from (cor-
rect) late arrival times to (ineorrect) early arrival times
at a distance of about 140 km. The reverse jump is seen
in the fast numerieal phase at about 20 km.

One purpose of the seismogram calculations for the
erustal model of Fig. 5 and other models was to inves-
tigate quantitatively the amplitude ratio of steep-angle
and wide—angle Moho reflections RWP. Steep-angle re-
flections are strongly influeneed by the special form of
the veloeity and density transition from the lower crust
to the uppermost mantle, whereas wide—angle reflec-
tions around the critical point have more similar ampli—
tudes. A first-order discontinuity is eonnected with an
amplitude ratio of steep- to wide-angle reflections
around 0.5. Laminated transitions, characterized by ve-
loeity and density reversals. which have been suggested
several times (e.g. Fuchs, 1969; Deichmann and An-
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Fig. 7. P velocity-depth funetion of a model relevant to seis-
mic prospecting for coal. The synthetic seismograms are
shown in Fig. 8

sorge, 1983), produce even larger amplitude ratios. The
observational evidence from explosion-seismological ex-
periments is rather t0 the contrary, i.e. steep-angle
Moho reflections appear to be considerably weaker
than wide-angle reflections. This points t0 a Moho
transition similar in character t0 the transition assumed
in Fig. 5, with partly gradual and partly step-like veloc-
ity and density increase without pronounced lami-
nation.

Theoretical P—SV seismograms for a complicated
model (Fig. 7), taken from seismic prospecting for coal,
are shown in Fig.8 as a second example. The model
represents carboniferous rocks containing several
groups of coal seams and overlain by a complicated
overburden. The source is an explosion at depth 30m,
i.e. in the first layer. The frequency range is 0—300 Hz
with a dominant frequency of 100 Hz; 307 frequencies
have been used. The phase—velocity range is 1—
1,100 km/s, and 1,300 slownesses are distributed over
this range. Since the lowest S velocity of the model is
1.01 km/s, the seismograms include all body waves of
the model, but the Rayleigh waves, connected with the
waveguide formed by the first layer and represented by
the low frequencies at the end of the seismograms in
Fig. 8, may not be modelled completely. Q, is 1,000 and
Qß is 500 throughout the model. Time-domain aliasing
has been successfully suppressed by ehoosing the time T
(see Section 5.3) equal t0 0.25 s; this is about 25% 01
the seismOgram length.

The seismograms of Fig. 8 are truly complicated re-
cords with much interference and only few phases
which can be related to particular layers of the model.
The band of strong amplitudes running across the re-
cord section corresponds to waves in the top layers of
the overburden. The weaker energy prior to this band
is due t0 waves that have travelled deeper through the
overburden. The weak phases in the time interval 0.4—
0.555 at short distances are compressional reflections
from the groups of coal seams.

7.2 Earrlzqunke-genemted surflic‘e wures

The theoretical seismograms in Fig.9 illustrate the
possibility of calculating surface waves with the reflec-
tivity method and of obtaining absolute amplitudes, eg.
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seismograms for the horizontal
transverse component. Times are
reduced with 8.1 km/s, and the
theoretical EI and SII arrival times are
indicated in the seismograms für the
distance 1,000 km

für displacement or particle velocity. A simple three-
layer crust-mantle model has been assumed: the layer
thicknesses are IS/S/oo km, the P velocities
5.0/?.2/8.1km/s‚ the S velocities 2.9/4.2/4.7 km/s, the
densities 27/30/33 g/cm3, the quality factors
700/700/225 für P waves and 300/300/100 for S waves.
Thicknesses, velocities and densities were slightly modi-
fied by the earth-flattening transformation. A strike-slip

double couple is located at_ dePth 10km. Its moment
function, whose spectrum M(cu) enters the double—cou-
ple moment tensor (93), corresponds t0 the build-up of
the moment 1025 dyne cm over a rise time of 10 s. The
frequency range is 0—04 Hz and 400 frequencies were
used. The simple complex—velocity law (I36) was as-
sumed, the phase-velocity range is 2—v15km/s and the
number of slownesses 500.
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The synthetic seismograms for particle velocity
in Fig. 9 at epicentral distances of 1,000, 1,500 and
2,000 km were calculated with the aid of Eqs. (111) and
(114), respectively. The receivers have an azimuth of
30° with respect to one of the two vertical nodal planes
of the double couple. The main wave groups in Fig.9
are surface waves, and the Love waves are much stron-
ger than the Rayleigh waves. In both cases, the main
contributions come from the fundamental and the first
higher mode. The Love waves show the typical surface-
wave picture, i.e. regular dispersion in the first part of
the seismograms and pronounced (fundamental-mode)
Airy phases. The fundamental-mode Rayleigh wave
contributes the inversely dispersed Rg wave, and the
first higher-mode Rayleigh wave is dominated by an
Airy phase with maximum group velocity.

Seismogram calculations like those for Fig.9 are
useful, among others, for determinations of the moment
and moment rise time of earthquakes from long-period
seismograms. The rise time is a rough measure of the
rupture duration, and an estimate of rupture length fol—
lows from it by multiplication with a reasonable value
for the rupture velocity. Modelling of Love waves at
distances up to 20° can be very successful, even with
simple average models of the crust (Brüstle and Müller,
1983). Rayleigh waves appear to be more strongly influ-
enced by details of the crust-mantle waveguide.

8. Conclusions

The extended form of the reflectivity method presented
here will probably occupy an important place in the
spectrum of synthetic-seismogram methods for verti-
cally inhomogeneous media. The main advantage in
comparison with propagator methods in their usual
form (e.g. Kind, 1978; Woodhouse, 1980; Kind and
Odom, 1983) is the possibility of calculating partial re-
sponses of the medium. The main advantage in compari-
son with wavenumber summation methods working in
the time domain, e.g. the AlekseeV-Mikhailenko meth-
od (Alekseev and Mikhailenko, 1980), is that absorp—
tion is easily modelled by complex wave velocities.
However, the reflectivity method cannot be considered
as being the optimum method in all cases. For instance,
for models with many layers per wavelength the Alek—
seev-Mikhailenko method will require less computing
time than the reflectivity method because the essential
step, a finite-difference calculation in the depth-time
domain, is independent of the model complications;
whereas the corresponding step in the reflectivity meth-
od requires more computing time for more complicated
models (Korn and Müller, 1983). Moreover, the Alek-
seeV-Mikhailenko method can be formulated in the fre—
quency domain, such that absorption is easily incorpo-
rated (Korn, 1985). Also, it remains to be seen whether
the reflectivity method in the form described here re-
quires less or more computing time than propagator
methods.
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Abstract. The relocation of a number of large shocks and
the estimation of their fault-plane dip, along with seismotec—
tonic evidence, allow some conclusions about the mecha-
nisms of Friuli (NE Italy) earthquakes. The largest shocks
of the 1976 sequence are located in an area with an ESE—
WNW trend, extending on both sides of the Tagliamento
River. The May earthquakes occurred over the whole area,
while the September aftershocks were ooncentrated in the
oentre of this area. The 1977—1979 events are spread over
a wider zone. These shocks can be ascribed mainly to Din-
aric structures. The hypooentre distribution of the largest
1976 events shows that the stress involved deeper crustal
sectors in the south of this area (about 8 km) than in the
northern part (where it does not exceed 6 km). The motion
occurred either in the south along gently dipping planes,
which probably correspond to the detaohment surface be-
tween the post—Hercynian cover and the Paleozoic base-
ment, or in the north along more steeply dipping planes
(thrusts) within the Mesozoic cover, along with triggering
and rearrangement in the shallower Alpine and/or Dinaric
structures.

Kew words: Friuli earthquakes — Fault-plane determination
— Theoretical seismograms

Introduction

The main aim of this paper is to redetermine the hypocen-
tral distribution and to summarize some aspects of focal
mechanisms of the largest Friuli shocks in the years
1976—1979. The correct determination of the rupture zone
and of the focal mechanisms is fundamental to the under-
standing of the relationship between seismicity and tecton-
lCS.

The data for this work oame mainly from the digitally
recording broadband Gräfenberg (GRF) array, described
by Harjes and Seidl (1978). This array is looated at a dis-
tance of about 450 km from the epicentral area of the events
considered. At this distanee it is usually difficult to identify
later phases at single narrow-band stations. Correlation
over an array and the possibility of applying different filters
to broadband data allow later phases to be identified at

Offprint requests t0: G. Zonno

regional distanoes and interpreted using complete theoreti-
cal seismograms.

Zonno and Kind (1984) determined the relative source
depth of these earthquakes using P„ and sP„ phases. The
amplitude ratio of these two phases strongly depends on
source orientation.

In order to estimate the most probable source orienta-
tion for the Friuli earthquakes, we attempt to model the
P„ and sP„ phases with theoretical seismograms. Fault—
plane solutions have already been estimated for these earth-
quakes. However, whereas the solutions for the larger
events are reliable, some ambiguities exist for the smaller
events. It is therefore difficult to correlate their source ori-
entation with tectonic structures.

It is not possible to resolve fault-plane solutions with
one station; but we can estimate, as we will see, the fault-
plane dip.

Epicentral distribution

First, the available information on epicentral location was
analysed. In fact there is some doubt concerning the loca-
tion of the 1976 main shock. The shocks were relocated
in this study using the Hypo71 program (Lee and Lahr,
1975). The computation has been performed using the An-
genheister et a1. (1972) crustal model and stations within
a range of 500 km from the epicentral area. The focal
depths were fixed on the basis of the results of Zonno and
Kind (1984).

The events (Table 1) are located in an area with ESE—
WNW trend (Fig. 1), extending on both sides of the Taglia-
mento River. The main shoek (6 May 1976, hr:20.00) and
its foreshock hr: 19.59) are looated on the eastern edge of
the aftershock distribution near the Cagnetti and Console
(1977) and CSEM looation and not in the centre (Istituto
Nationale di Geofisica, Roma).

The May events are distributed over the whole region,
while the September aftershocks occurred in the middle of
this area. The 1977—1979 earthquakes are spread over a
wider zone (Slejko and Renner, 1984).

Moreover, it seems that there is no correlation between
depth and areal distribution of the epicentres. The epicen-
tral distribution obtained agrees with recent redetermina-
tions performed using other methods (Cipar, 1980; Lyon—
Caen, 1980; Slejko and Renner, 1984).
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Table l. Earthquake parameters

No. Date hr min L-at. N Lon. E M Depth (km)
S-R GRF

1a 27. 03. 28 08.32 46 26 13 03 5.5 4
2EI 08.06.34 03.18 46 18 12 28 3.8 6
3a 18.10.36 03.10 46 06 12 26 5.3 7
4“ 05.11.56 19.45 46 33 12 57 3.7 7
5a 26.04.59 14.45 46 28 13 00 4.5 5
6° 24.03.75 02.33 46 17 13 08 4.1

150 06.05.76 19.59 46 17.04 13 20.86 4 5 10" 8
15 06.05.76 20.00 46 16.51 13 14.80 6 4 7b 6 5
16 07.05.76 00.23 46 15.23 13 20.53 4 5 9b 8 5

160 09.05.76 00.53 46 12.89 13 19.60 5 3 6" 8 5
17 11.05. 76 22.44 46 15.62 13 02.46 4.8 9b 6
18 11.09.76 16.31 46 16.50 13 13.47 5.1 6h 6.5
20 15.09.76 03.15 46 17.05 13 10.43 5.8 6b 5
21 15.09.76 04.38 46 18.61 13 10.13 4.7 8
22 15.09. 76 09.21 46 18.02 13 08.74 6.1 11 b 7
14 16.09.77 23.48 46 16.10 13 00.98 5.2 8
26a 12.12.78 15.14 46 19 12 42 4.4
11 18.04.79 15.19 46 21.27 13 17.77 4.8 5

a Kunze (1982); S—R: Slejko and Renner (1984)
b EMSC
° Mayer-Rosa et al. (1976)
GRF= Zonno and Kind (1984)

46'40'
50 km

-€:'};‘:-d5»A VI I "'-"‘---Q T
RUSO J

N.

Fig. 1. Main neotectonic
structural features, upper
Pleistocene-Holocene (after
Zanferrari et al., 1982; modified),

46-20. and epicentral distribution. AB
and CD cross-sections of Figs. 10
and 12. 1: epicentres; 2: dipnslip
fault (dashes towards lowered
area, arrows according to the dip
direction); 3: strike-slip fault; 4:
fault with undetermined
character; 5: uplifting axis; 6:
flexure; 7: antioline axis; 8:
synoline axis; 9: asymmetrical
uplift (arrow towards less uplifted

Tectonic setting and fault-plane solution (FPS)

The shocks we are dealing with are looated in Friuli, in
the eastern part of the Southern Alps, where the overlap
with Dinario structures takes place.

The Southern Alps are interpreted, in global tectonics,
as the result of the continuation of relative motion between
the European plate and the Adriatic microplate, and the
Alps originate from their collision in the late Cretaceous-
Tertiary.

These movernents, a5 demonstrated by neotectonio
structures and by seismio activity, are still active. But, the
subduction proeess must already be oompleted and the su-
ture between the European continent and the Adriatic plate
has already oecurred, as shown by deep orustal seismic

46'00' area)

sounding profiles (Italian Explosion Seismology Group and
Institute of Geophysics, ETH Zürich, 1981) and by the hy-
pocentre distribution of earthquakes which occur only in
the upper 15 km of depth (Siro and S1ejko, 1982).

The northward movement of the Adriatic plate in the
Neogene and Quaternary involved increasing areas of the
Southern Alps. This should have eaused intense shortening,
mainly in post—Hercynian Cover, with a build-up of over-
thrusts verging towards the south and its probable detaeh-
ment frorn the Paleozoic basement in the more southern
sector. In the pre-alpine area especially, the Dinaric over-
thrusts have been partly split up and inoorporated in the
south—Alpine overthrusts and partly re-utilized in the south-
Alpine tectogenesis, causing very oornplicated struetural re-
lationships (Zanferrari, personal communioation).
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Table 2. Fault-plane solutions

N0. Date hr min Plane A Plane B Ref.

Dip Strike Dip Strike

1 27.03. 28 08.32 90 112 90 202 K

2 08.06. 34 03.18 82NNE 295 70WNW 203 K

3 18.10.36 03.10 88NNE 293 60WNW 200 K

4 05.11.56 19.45 90 94 90 184 K

5 26.04. 59 14.45 76NNE 305 70WNW 210 K

6 24.03. 75 02.33 60NE 316 69WNW 212 M-R

60 24.03.75 02.33 54SSE 81 36NNW 261 M-R

150 06.05. 76 19.59 72S 86 22NW 230 S—R
19E 353 84NNW 244 CON

15 06. 05. 76 20.00 7OSSE 78 22NW 230 S-R
7SSSE 76 15N 266 C
78S 80 16NW 222 L-C

16 07.05. 76 00.23 70S 86 34NW 208 S-R
15ESE 22 78NW 237 CON

08.05. 76 03.10 60SSE 82 30NNW 256 S-R

160 09.05. 76 00.53 56SSW 100 34N 266 S-R
28E 15 64NW 221 CON

10. 05. 76 04.35 64SSE 72 26NNW 244 S-R

17 11.05. 76 22.44 62SSE 96 30NNW 252 S-R
88S 94 4WNW 198 DCP

08.06. 76 12.14 62SSW 104 44NW 226 S-R
26.06. 76 11.13 70S 90 34WNW 212 S-R
14.07. 76 05.39 62SSW 102 44NW 224 S-R

18 11.09. 76 16.31 62SSE 82 36NW 220 S-R
33S 89 62NW 233 CON

11.09.76 16.35 76SSE 76 14NW 234 S-R
12.09. 76 19.53 66S 90 24NNW 254 S-R
13.09. 76 18.54 64SSW 96 42NW 218 S-R

20 15.09. 76 03.15 46SE 30 46NW 232 S-R
58ENE 350 56NW 235 L-C
50ENE 349 60NW 230 C

21 15.09. 76 04.38 8OSE 52 14W 186 S-R

22 15.09. 76 09.21 SOS 84 40N 264 S-R
68SE 56 30NNE 278 C
68SE 56 24NNW 260 L-C

15.09. 76 09.45 668SW 100 SONW 212 S-R
15.09. 76 19.31 62SSW 98 36NW 234 S-R
03.04. 77 03.18 60SW 140 31NE 302 S-R

14 16.09. 77 23.48 728 92 22NW 234 S-R
68ENE 349 68NNW 249 K

20.02. 78 12.13 90 276 14E 6 S-R
03.04. 78 10.49 57SW 144 42NNE 280 S-R

26 12.12.78 15.14 64SSE 82 26NNW 252 S-R
74SSE 82 40WNW 192 K

06.03. 79 13.46 40SW 136 52NE 292 S—R

11 18.04. 79 15.19 58SE 68 62NE 316 S-R
90 171 90 261 K

19.06. 79 10.03 70S 82 40WNW 196 S-R
14.08. 79 18.58 48N 268 80E 6 S-R

K: Kunze (1982); M-R: Mayer-Rosa et a1. (1976); S-R: Slejko and Renner (1984); C: Cipar (1980);
L-C: Lyon-Caen (1980); DCP: D’Ingeo et al. (1980); CON: Console (1976).
The dip is the angle which the fault plane forms with the horizontal. The strike is the azimuth, north
through east, of the fault plane
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The most important regional struetural features are
(Fig. 1): the E-W-striking south-Alpine overthrusts (mainly
in the northwest) and the SE-NW-striking Dinarie over—
thrusts (mainly in the southeast and buried in the Friuli
plane). These struetures are interseoted by subvertical faults,
striking about N-S and often Showing strike-slip motion.
Both struetures (overthrusts and strike-slip faults) are com-
patible with the aetual stress field, with NNW—SSE maxi-
mum compressive stress (Zanferrari et al., 1982). The earth-s
quakes before the 1976 events have PPS Showing mainly
strike-slip motion (8 June 1934, 18 October 1936 Cansiglio;
27 March 1928, 5 November 1956, 26 April 1959 Tol-
mezzo), on planes with prevailing directions between E-W
and WNW-ESE or between N-S and NNE-SSW (Table
2).

The FPS of the 24 March 1975 earthquake is ambigu—
ous, beeause of its small magnitude; it may be either a
strike-slip mechanism, with a NNE-SSW- or NNW-SSE—
striking plane, or a thrust mechanism, with nearly E—W—
striking plane (Mayer-Rosa et al., 1976).

For the 6 May 1976 (hr:19.59) foreshock and the 16
September 1977 event, several solutions exist (Table 2).
Some authors give a strike-slip mechanism, others a thrust
mechanism.

The main shock (6 May 1976, hr:20.00) and the 15
September 1976 (hr:09.21) aftershock have a similar mech—
anism of thrust type; the gently northward-dipping nodal
plane, striking nearly E-W, is chosen as the fault plane
(Müller, 1977a; Cipar, 1980; Slejko and Renner, 1984).

The mechanism of the 15 September 1976 (hr:03.15)
aftershoek again Shows dip-slip motion but with a consider-
able strike-slip eomponent. The nodal planes strike NE-SW
and N-S, in eontrast to the other mechanisms in which
the nodal planes strike nearly E-W (Cipar, 1980; Lyon-
Caen, 1980). Furthermore, this aftershock is located at a
shallower depth than the previous events (Lyon-Caen,
1980; Zonno and Kind, 1984).

Most of the May-September 1976 aftershocks have FPS
of thrust type with nodal planes striking E-W, whereas the
following events Show different mechanisms. There are ei-
ther transcurrent or thrust mechanisms as well as normal
mechanisms (Slejko and Renner, 1984). For the thrust
earthquakes, the available data define the steeply dipping
nodal plane quite well, while the other plane is almost com-
pletely uneonstrained.

For most earthquakes, either with thrust or strike-slip
meehanism, the maximum compressive stress is oriented
between NW-SE and N-S, in agreement with the regional
neoteetonic Stress field (Zanferrari et al., 1982).

Three zones with different types of mechanism can be
distinguished:
1) to the north of the Periadriatic overthrust and to the
west of the Tagliamento River, the earthquakes show
mainly transcurrent motion. The maximum eompressive
stress axis, P, is oriented NNW-SSE— These mechanisms
are related mostly to events before and after the 1976 se-
quenee (Fig. 2a and d).
2) In the eontaet zone between Julian and Carnie pre—Alps
(Gemona, Buia, Osoppo area), the mechanisms are of thrust
type but with a strike—slip eomponent. The P trend is NW-
SE (Fig. 2e) and the nodal planes strike nearly N-S.
3) To the south of the Periadriatie overthrust and to the
east of the Tagliamento River, the FPS are of thrust type
with a gently dipping nodal plane striking nearly E-W. P

Fig. Za—d. Composite plot of prineipal stress axes P (n) and T
(A) for the available fault-plane solutions: a events before 1976;
b May-August 1976 events; c September-October 1976 events; d
events after 1976

is oriented nearly N-S (Fig. 2b and c). These earthquakes
seem to be located at a deeper seismic level (7—10 km) than
the transcurrent ones (4—6 km), loeated in the first zone.

Analysis and results

The theoretieal seismograms have been computed using a
modification by Kind (1978, 1979) of the original refleoti-
vity method of Fuchs (1968). The method allows computa-
tion of complete theoretical seismograms for a point source
buried in a horizontally layered medium.

The source is a dislocation point source, whose orienta-
tion is defined by three angles: the strike 0, the dip ö, and
the Slip 2., according to the FPS. d5 is the azimuth between
the strike of the fault and the station. The moment function
used was taken from Brüstle and Müller (1983). The spheri-
cally layered earth is mapped into a plane-layered medium
using an earth-fiattening approximation (Müller, 1977 b),
although this effect is small for the distanees considered.

To fit the data, a modifioation of the Angenheister et
al. (1972) crustal model has been used (Fig. 3). A linear
velocity Variation between 7 and 7.8 km/s is eonsidered
from 42 to 50 km. Q values of 1,000 for P waves and 300
for S waves were assumed for the whole model. The shear
velocities are obtained by dividing the P veloeities by the
square root of 3.

The P„ and 5P, phases are not very dependent on the
model assumed. These phases travel at the Moho and are
not influeneed much by the complex structure of the Alpine
ernst. The path at the Moho is the same for P„ and sP„.
Both phases are therefore influeneed by a complex Moho
in the same way. The two phases have different paths only
in a relatively small region near the souree (Zonno and
Kind, 1984). The erustal model of Angenheister et al. (1972)
has been selected because it aeeeptably reproduees the
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Fig. 4. Displaeement-proportional reeords of GRF array station
A1, vertieal eomponent. The parameters of the events are given
in Table 1. P„ and Pg are marked 1 and 2, respectively. 3 is the
depth phase sP„. The reoords are sorted so that the time differences
.rP„-P„ increase frorn the bottom to the top of the figure. These
differenees depend on the souree depth (after Zonno and Kind,
1984)

phases eonsidered. The displacement-proportional Kirnos
filter has been used to compute theoretical seismograms.

Figure 4 Shows displaoement—proportional records of
the GRF Station A1 of the largest Friuli events (_Table 1).
Phases marked 1 and 2 are P, and Pg, respectively. Accord—
ing to earlier work by Zonno and Kind (1984), the phase
marked 3 is the depth phase sP„. The records are sorted
so that the time differenees between 5P„ and P, increase
from the bottom to the top of the figure. These differences
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Fig. 5. Events from Fig. 4 with similar waveforms and source orien-
tation (see Table 2). The records are sorted so that the amplitude
ratio of P„/sP„ increases from the bottom to the top of the figure.
This variation depends on the source orientation

depend on the source depth. Some of these earthquakes
have similar Signal form and frequency. The events 160,
16, 17, 14, 18, 22 and 15 have similar FPS of thrust type
with a steeply dipping E-W plane and a nearly horizontal
plane not always well constrained. These reeords are sorted
in Fig. 5 so that the amplitude ratio P„/sP„ increases frorn
the bottom to the top. The amplitudes of P, and 51”„ are
measured from the zero line to the maximum. The ampli-
tude ratio of these two phases depends on the source orien-
tation.

Several tests have been performed to investigate the in-
fluence of the source orientation on the Signal form, starting
from an average source orientation, 0=96°, ö: 16° N (ö:
——16°) and zl=80°, assumung a rise time of 1.25 and a
source depth of 8 km. This average souree orientation i5
similar to Cipar’s (1980) orientation (0: 86°, c5 = 15° N, Ä =
80°). The strike of our average orientation corresponds to
an azimuth (d5) of —116° to Grafenberg. The amplitudes
are normalized. No moment determination was atternpted.
Using only single-station data, it i5 diffieult to estimate
the seismic moment and energy of an earthquake beoause
of the corrections necessary for source mechanism and
propagation path. In particular the effects of pP and 5P
interference and the effeets of the struetures at the souree
and receiver sites are very eritical points (Seidl and Berck-
hemer, 1982).

The fit between observed and eomputed seismograms
is good during the first 10 s. This can be seen in Fig. 6,
where the theoretieal seismogram at about 412 km and the
record of earthquake 14 are compared. We have varied
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i5 — 116°), depth 8 km. Barium: Comparison between the theoreti-
cal seismogram at about 412 km distance (heavy line) and the 0b-
served seismogram of earthquake 14

the source orientation in order t0 estimate how much this
influences the Signal forma. Two angles were kept fixed
in each experiment and the third was varied. This procedure
does not cover the complete space of the three angles, but
it seems t0 be sufficient for an estimate. The variation of
strike, 40°<8<152° (Ä=80°, ö: —16°) has little influence
on the computer theoretical Signal forms (Fig. 7). The varia-
tion of the Slip vector in Fig. 8, 0°<Ä<180° (ö: —-16°,
19:96"), Shows an inversion point at 20°, otherwise the wa-
veform is quite similar.

A more meaningful result is derived from the dip varia-
tions. Figure 9 Shows that the Pn phase disappears when
the dip varies from 0°<ö<45° N (Äz80°, 0=96°). So the
slightly varying P„/SP„ amplitude ratio is interpreted as a
slightly varying dip of the fault plane.

A good fault—plane dip estimation für the earthquakes
Üf Fig. 5 can ba obtained by comparing the P„/SP„ ratio
between Observed and computed seismograms. The earth-
quakes 160, 16, 17, 14 have a fault plane with a smaller
dip (between 3° N and 11°N) than the earthquakes 15,
18 and 22, whose dip is between 15° N and 25° N. Further-
more, tha shocks 160, 16, 14 are located at greater depth
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Fig. 7. Theoretical seismograms computed with fixed slip (‚1: 80°),
dip (ö: 16° N) and varying strike 152°>6>40° of the fault. The
seismogramm drawn with a heavy lfne in Figs. 7, 8 and 9 corre-
sponds t0 our average source orientation
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Fig. 8. Theoretical seismograms computed with fixed strike (.9:
96°) and dip (c5=16° N) and varying Slip 0°<Ä< 180°

(at about 8 km) than the shocks 15, 17, 18 and 22 (at about
6 km), see Fig. 10. The two shocks 11 and 150 contain high-
er frequencies than the rest of the events in Fig. 4. The
two FPS for ShOCk 11 are similar (Table 2); the mechanism
is strike—slip. In contrast, several solutiüns exist für füre-
shock 150. It is possible that the higher frequencies of thesa
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two shocks are due t0 different rupture processes and t0
their smaller magnitudes.

Our theoretieal seismograms are computed using a sin—
gle point source. This is a good approximation since most
of the earthquakes of Fig. 4 seem t0 be single-shock events.
The phases P„ and sP„ are easy t0 identify. Single and multi-
ple events are shown in Fig. 11. For the earthquakes 15
and 22 twu P„ unsets ean be related t0 multiple events
(see also Cipar, 1981). Cipar also models event 20 as a
multiple event although, as he says, the long-period P waves
are obscured in many cases by the coda of earlier teleseisms.
From GRF data, there i3 n0 evidence that earthquake 20
is a multiple event.

Diseussion and conclusions

The methüd used in this work t0 determine the source orien-
tation does not allow an unambiguous determination of
fault—plane solutions because of the influence of other pa-
rameters, sueh a5 the complicated earth model or the use
uf a single Station. Furthermore, there is evidence for a
multiple-event nature für some Friuli earthquakes. Never-
theless, P„ and 51”„ modelling für a single station at a re-

181

[1|11IT'III'IIIIIII'IIIII'IIIIIII'lIITTITTTI'I

10 20 50 4U 50
TIME IN S

Fig. 11. Representation of P,I onsets for single events (14 and 20)
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Fig. l2. Attempt at seismotectonic interpretation for the eentral
Friuli region, with the estimated fault-plane dip of the Fig. 5 events.
1: Quaternary and Cenozoic; 2: Mesozoie and Paleezoie with Al-
pine orogenesis; 3: Paleozoic with Hercynian and Alpine Drogene-
sis and metamorphic basement. R: Resia overthrust; U: Uccea
overthrust; SP: Periadriatic overthrust; B: Bernardia overthrust;
TC: Tricesimo-Cividale overthrust; UD: Udine-Buttrio over-
thrust; P: Palmanova overthrust

gional distance from the epicentre can be a reliable method
for the estimation of the fault-plane dip even für small
events.

The results obtained are useful for seismotectenic Gon-
siderations. On the basis of the dip values derived in this
study, depth and epicentral distributions and on the basis
of the geometry of the faults outeropping in the area, we
can suppese that:

The large shocks of May-September 1976 sequenee are
mainly related t0 Dinaric structures involved in the south-
Alpine shortening (Tricesimo-Cividale, Udine—Buttrio, Pal-
manova overthrusts), and the stress mainly in the south
involved a deeper crustal sector (abeut 8 km) relative t0
the more northern part where it appears not t0 exceed 6 km.
The motion occurred either in the south along gently dip-
ping planes, which probably correspond t0 the detaehment
surface betweEH the post-Hereynian eover and the Paleozoie
basement, or in the north along steeper dipping planes
(thrusts) within the Mesozoie eover.

These movements give rise t0 subsequent triggering and
rearrangement in the shallower Alpine and/er Dinarie
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structures, along with scattered earthquakes over a wider
area.

The cross-section in Fig. 12 shows an attempt at a seis-
motectonic interpretation for the central Friuli region.

All the earthquakes known in the area have depths of
less than 15 km. Therefore, the movements occur only in
the upper crust, involving at most the upper part of the
crystalline basement beneath the Paleozoic with Hercynian
and/or Alpine tectogenesis.

In the Friuli region, the main shocks are often followed
several months later by strong aftershocks. The anomalous
decay of the aftershocks sequence seems to be a regional
seismic peculiarity and is probably due to the alternate
movements between Dinaric and Alpine structures, in re-
sponse to the acting stress. Several examples are reported
in the chronicles: the earthquakes which hit Idria and Civi-
dale on March 26, 1511, and struck Cividale again in the
same year on August 8; the Tolmezzo earthquake of 1788
followed by another earthquake in 1789 at Tramonti and
again at Tolmezzo in 1790 (Carulli et al., 1982); and lastly
the better known 1976 sequenee.
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Abstract. Complete synthetic seismograms can be computed
by the superposition of the fundamental and higher modes
of Rayleigh waves. The usefulness of this approach is illus-
trated by the fact that it is possible t0 reproduce with suffi-
cient detail experimental signals lasting several tens of sec—
onds and having a high-frequency content (up t0 1 Hz).
The method has been proven to work even for higher fre-
quencies, up to 10 Hz. T0 illustrate the source and structure
modelling using this method, the whole experimental re-
cords from the Carder displacement meter at the station
E1 Centro for the 1968 Borrego Mountain earthquake have
been fitted. Seismic profiles (displacement, velocity and ac-
celeration) have been synthesized and they clearly show the
expected agreement between ray travel times and arrival
times of different phases.

Key words: Synthetic seismograms — Modal summation —
Borrego Mountain 1968 earthquake

Introduction

By summing the normal modes of a given structure, which
approximates a certain region of the Earth with flat parallel
layers (Panza, 1985), and using realistic models of a seismic
source, it is possible to construct synthetic seismograms.
The use of Rayleigh waves permits the modelling of the
vertical and radial displacements; the use of Love waves,
the transversal displacement. This approach has already
been used with some success by Swanger and Boore (1978),
referred t0 as SB hereafter, who used only four modes in
the computation and did not include anelasticity.

In this article we demonstrate the efficiency and the
power of the method using the summation of Rayleigh
waves t0 fit experimental records. Another possibility,
shown with a theoretical example, is t0 use such synthetics
to interpret the data from deep seismic sounding experi-
ments, in order t0 retrieve information regarding the S-
wave velocity distribution not easily attainable with elassi-
cal methods.

Theory

It was shown by Harkrider (1970), assuming a point double
couple source model, that it is possible to represent the

Offprint requests to: P. Suhadolc

Fourier transform of the displacement due to a Rayleigh
mode by the following expressions:

U, :R(a)) |n| k‘ä exp(-—i37z/14) x(9, h)
'80 A exp(—ikr)/(27zr)E

Uz:[80 CXPUfl/ZH’1 Ur (1)
U, =0

where R(w) is the Fourier transform of the point-source
time function, n is the unit vector perpendicular t0 the fault
plane and has units of length, k is the wavenumber, r is
the epicentral distance, x(6, h) represents the azimuthal de-
pendence of the source radiation which contains the fault-
plane parameters and the eigenfunctions at the source
depth, 80 is the ellipticity and A=(2cUIl)‘ 1 with c, U and
I1 the phase velocity, group velocity and energy integral,
respectively (see Panza et al., 1973 for details). The factor
(27tr)_5 comes essentially from the first term of the asymp-
totic expansion of the Hankel function. This approxima-
tion, together with neglecting terms of higher order in r‘i,
enables results t0 be obtained with at least three significant
figures whenever kr> 10 (Panza et al., 1973).

The attenuation is included by making k complex (e.g.
Panza, 1985). Causality is preserved by introducing the
body-wave dispersion according to Futtermann (1962).

In these computations we deliberately neglect the contri-
bution of the branch line integral corresponding t0 the half-
space. This may have some effect on the P—wave arrivals
from layers with compressional wave velocity Close to or
larger than the S-wave velocity in the half-space (Harvey,
1981). However, the capability of handling large quantities
of structure enables the synthesis of most arrivals from
crustal layers (Panza, 1985).

Examples of the computation of the quantities which
appear in Eq. (1) are given by Panza (1985). In this article
we will be dealing with time-domain computations. A main
advantage of the mode summation compared with other
existing methods for the construction of synthetic seismo—
grams described elsewhere in this volume, apart from the
relatively easy way to treat anelasticity and the use of a
great number of layers, is the following. All the factors
in Eq. (1), with the exception of x(0‚ h), are independent
of the source mechanism and need therefore be computed
only once. The earth response for every distance and for
an arbitrary mechanism can be quickly computed by a sim-
ple inverse Fourier transform, summed over the modes.
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Fig. 1. Vertieal, radial and transversal component of the observed
displacement (dashed) and synthetic diSplacement for a point
souree (canrinuous) of the Borrego Mountain, California, 1968
earhquake (after Swanger and Boore, 1978). The Station is El Cen-
tl‘ü

Synrhen'c seismograms

T0 Show the validity of our computer program for the sum-
mation of Rayleigh wave modes, we tried t0 reproduce the
recordings of the Carder displacement meter of the Borrego
Mountaim California, earthquake of April 9, 1968 (Heaton
and Helmberger, 1977, referred t0 as HH hereafter).

An attempt to model this earthquake in terms of sum-
mation of surface-wave modes has been done by SB. These
two authors were able t0 reproduce the transversal compo-
nent of motion quite well, but failed t0 obtain a good fit
for the radial and vertical component (Fig. 1). We have
therefore tried t0 fit these two components in order t0 test
our computer program.

The initial structure used in the computations is shown
in Fig. 2a. The crustal structure, Fig. 2b, is taken from
the strueture used by SB. The mantle part is taken from
the models proposed by Biswas and Knopoff (1974) for
the western United States.

In the initial step of fitting the radial component, we
held the structure fixed and varied only some of the source
parameters. At the beginning we used a single-point-source
müde], while later on a two—point model is shown t0 give
a better fit.

Singie-poim saurce
The radial compenent of the observed seisrnogram is shown
in Fig. 3a. For the source parameters, we adopted those
given by Burdiek and Mellman (1976). These authors mod-
elled the teleseismie P pulse by adding the contribution
of three point sources occurring in a time span of about
15 s. We used the parameters of the first of these three
events, which are also in good agreement with the values
proposed by Allen and Nordquist (1972). A Heaviside step
funetien was used für the source time function.

The synthetic seismogram obtained with these parame-
ters and the sum of 218 modes is shown in Fig. 3b. For
a unitary seismie moment, the zero-to—peak amplitude of
the synthetic of Fig. 3b is 6.1 x107” CI'I’I. T0 obtain the
abserved maximum displacement we need a seismic mo-
ment of about 12 x 1025 dyne—cni.

It is evident that the coda amplitudes of the Observed
seismegram are mueh larger than these 0f the synthetic.
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Fig. 2. a BORN structure used t0 construct the synthetie seismo-
grams of Figs. 3b, 4a, 4b, 5. b BORN structure, crustal part

2vm .
s'o 8:0 100 1ä0 1540 13:0 100 200

TIME {S}

340 100 1:10 Tito—160 1&0 200
TIME (S)

Fig. 3. a Observed radial eomponent of the ground motion due
to the Borrego Mountain, California, 1968 earthquake, reeorded
at E1 Centro station. Maximum zero-to-peak amplitude is about
7.3 cm. b Synthetic seismogram: radial eomponent, point souree,
r=66 km, 72:8 km, strike=185°‚ dip=81°‚ rake 2178.", souree
durationzo s, summed m0des=218, M0: 12 ><1025 dyne-cm,
structure BORN. Unless explicitly specified, the parameters of the
synthetie seismograms in the 0ther figures are the same as these
of this figure. The reported values of M0 are obtained by sealing
the maximum zero-to-peak amplitude of the 1 dyne-em syntheties
t0 the observed one

This problem may be removed by a variation in the depth
of the source, which greatly affects the relative amplitudes
between the early and late parts of the reeording. The large-
amplitude late arrivals ceuld not be explained, according
t0 SB. HH, on the other hand, attribute them t0 lateral
reflections and refractiüns frorn the edges nf the Salton
Trough, the struetural depression underlain and beunded



'— a

c: „A.

0 20 4'0 0'0 80 100 12'0 1110 11510 100 200
'[IHE [5}

F
b

ÜHWMVHMM
11111111“

0 20 40 50 0.0 130 100 1510 1530 1530 200
TlME [S]

Fig. 4. a Synthetic seismogram: h=4.5 km, M0 =9 >< 1025 dynevcm.
I1 Synthetic seismogram: 1124.5 km, summed modes: 13, M0:
9 x 1025 dyne-cm

0 20 10 0'0 00 1150 150 1510 100 100 200
TIME (S)

Fig. 5. Synthetie seismogram: h=4.5 km, source duration:2 s,
M0 = 13 X1025 dyne-cm

by crystalline rocks and filled with sediments, in which both
the epieentre and receiver lie. A simple way to obtain them
is, as said above, by a shallower source. The synthetics
obtained with a source depth of 4.5 km, and leaving the
other parameters the same, is shown in Fig. 4a. Some signif-
ieant improvement is evident. The strenger excitation of
Rayleigh waves in the sedimentary surficial layers, which
is probably responsible for the high-amplitude late arrivals,
is aecomplished by a shallower source.

Before going on, by 1rarying source and structure param—
eters, we note that for this distance the main contribution
t0 the seismogram is given by the lower modes. The effect
of higher modes is t0 better approximate the initial part
of the seismogram and the first arrivals in particular. In
order to save computing time, and work therefore almost
interactively, we decided to sum from 5 t0 13 modes only
in our trial—and-error procedure to fit the actual recording.
T0 Show that this is in fact reasonable, the synthetic in
Fig. 4b is computed with exactly the same parameters as
that in Fig. 4a, but now summing only 13 modes instead
0f 218. The difference between the two is almost unnotice-
able.

The high frequeneies present in the early arrivals of the
synthetic seismogram of Fig. 4a can be filtered out by using
a finite rise—time source function. We adopted a symmetrie
triangular function for the derivative of the source time
funetion. The resulting synthetie, for a duration of 2 s, is
shown in Fig. 5.

The prineipal difference seen between the synthetic and
the 0bserved recording is still in the amplitudes. The ampli-
tudes of the later arrivals dominate in the observed record—
ing, while in the synthetic the early arrivals are the larger
ones

T0 further reduce the ratio between the early and later
arrivals we tried t0 inerease the Q factor in the sediments
and t0 diminish it in the crust, as shown in Fig. 6. The
structure BORD is therefore similar to BORN apart from
the Q values in the first seven layers. A small improvement
is seen in the corresponding synthetic given in Fig. 7.

For a better fit, some structural parameters have t0 be
changed. In partioular, we note that the frequency of the
fundamental mode, which produces the large-amplitude
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Fig. 7. Synthetic seismogram: h=4.5 km, source duration : 2 s,
summed modes:13, M0 : 13 >< 1025 dyne-em, structure BORD
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Fig. 8. Structure BORY. Only the crustal part is shown, the mantle
part coincides with that of structure BORN

later arrivals, is lower in the observed seismogram than
in the synthetic one. This ean be taken care of by increasing
the thieknesses of the uppermost layers. After some trials
in adjusting the corresponding velocities in order to main-
tain the correct arrival times, the structure shown in Fig. 8
was found to give the best results. The corresponding syn-
thetic, for a source duration of 3 s, a value used also by
SB, is given in Fig. 9a. The fit in the later arrivals is now
quite good. The corresponding seismio moment is about
9 >< 1025 dyne-cm, in good agreement with the values given
by SB and HH.

The discrepancies which still persist between observed
and synthetic data are in the large early arrivals, the initial
double peak and the latest arrival, which have not been
synthetised up till now. The problem ean be resolved by
considering more than one point source.

Two—point sources

An easy way t0 reduce the amplitudes of the first arrivals
is to consider more than one point souree. HH and Burdick
and Mellman (1976) also find that the event cannot be
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Fig. 9. a Synthetic seismogram: 11:45 km, source duration= 3 s,
summed modes=218, M0=9 >< 1025 dynencm, structure BORY. b
Synthetie seismogram: h=8 km, souree duration=1 s, summed
müdes = 218, M0 25 >< 1025 dyne-cm, strueture BORY. c Synthetic
seismogram: twe-point-souree event, the two point sources corre-
spond t0 those of Figs. 9a and b. The two sources are given equal
weight, the deeper one being delayed 6 S with respect t0 the shal—
lower 011e. Total M0 : 11 x 1025 dyne-cm
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Fig. 10. a Observed vertical component of the ground motion due
t0 the Borrego Mountain, California, 1968 earthquake, recorded
at E1 Centro station. Maximum zero-to-peak amplitude is about
3.1 cm. b Synthetie seismogram: vertical component, M0 =5 >< 1025
dyne-em, strueture BORY, two-point—source event corresponding
t0 that of Fig. 90

modelled with a single point source. In order t0 preserve
the good»fitting later arrivals and change only the early
part 01” the synthetie, a second deeper point source is consid-
ered. Since the early arrivals Show more high-frequency
eontent, a source 8 km deep with a time duration of 1 s
was chosen. The seismogram is shown in Fig. 9b. The effect
0n station El Centro (ELC) of the two point sources, the
deeper one being 6 s late with respect t0 the shallower one,
is shewn in Fig. 9e. The weights of the two point sources
were Chosen t0 be identieal, resulting in a total seismic m0-
ment of about 10 x 1025 dyne-cm.

The 0ther features could probably be modelled assum-
ing more point sources loeated at different hypocentres,
but the problem has not been dealt with in this paper, since
it is not 0ur aim 10 make a particular study of the Borrego
Mountain event.

The synthetie vertieal eomponent (the observed vertical
component is sh0wn in Fig. 100) eürresponding t0 the syn-
thetie of Fig. 9c is given in Fig. 10b. The overall fit is not
bad at all, especially in the middle part of the record, but
the latest arrivals 01' the Observed recording show sharp
phase ehanges and very large periods and amplitudes, fea-
tures missing in the syntheties 0f Fig. 10b. These are very
prübably due 10 the interferenee effeet of more point
50urees.
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see Fig. 2b)
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At this stage, however, we consider any further attempt
t0 model this component useless since its size, only about
one third of the radial, is just above the noise level.

An extended source can also be tried with our program
by approximating each square kilometre, say, 01" the fault
surface with a point dislocation souree. Without entering
into the question of the faulting proeess and not claiming
t0 have improved on previous workers, we just note that
our modelling confirms the complexity of the source 01'
seismic energy.

We have, therefore, Shown that our eomputer program
based on the summation of surfaee-wave modes is quite
versatile and ean be used t0 müde] Observed reeordings
in a highly realistic way.

Synthetic profiles

In this seetion we eünsider a single point souree with an
instantaneous dislocation of the strike-slip type and the
structural model of Fig. 2. An example with an explosive
souree is treated in Suhadolc and Marson (1985).

By varying only the distanee frem the souree, it is pessi-
ble t0 eonstruet synthetie seismie profiles in an easy way.
These can be utilized t0 interpret the Observed prüfiles in
deep seismie sounding experiments with 0bvi0us but sub-
stantial advantages with resPeCt 10 the techniques eurrently
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in use. An example of such a profile is given in Fig. 11.
On the figure, some travel-time curves are drawn.

The eorrelation between the phases whieh could be seen
on the seismograms and the travel—time curves, which were
eomputed with ray theory, is quite good. Note the expected
5mal] amplitude, with respect to the dominant phases of
the seismogram (S waves), of the refracted and reflected
P waves. The various phases arriving before and after the
direct S wave, whieh are not interpreted in Fig. 11, corre-
spond to multiple refleetions in the sedimentary layers. For
example, the prominent phase at about 48 s at 120 km cor-
responds to a multiple reflection in the sedimentary layer
just above the basement.

We have computed displacements up till now. It is also
possible, however, to eompute velocities and accelerations
by simply multiplying the results of Eq. (1) by im and —w2,
respeetively. In general it is also possible, with a simple
eonvolution, to obtain the Signal eorreSponding to the out-
put of a general instrument with known characteristics. Ex-
amples of velocity and aeeeleration profiles corresponding
to the diSplacement profile of Fig. 11 are given in Figs. 12
and 13.

Since the frequeneies involved in experimental refraction
profiles are larger than 1 Hz, we performed some computa-
tions up to 10 Hz. In this ease we used lithOSpheric struc-
tures, i.e. struetures with elastie and anelastic characteristics
speeified down to a depth of about 40 km. The structure
used, BOR1, is given in Fig. 14a and the synthetie seismo-
gram corresponding to a point source with a prevailing
dip-slip mechanism at a distanee of 10km is shown in
Fig.14b. On the figure, an interpretation based on ray
theory of some phases i5 given. In our notation, the sub-
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Fig. l4. a Strueture BORI used to eonstruet the seismogram shown
in Fig. 14b. b Synthetie seismogram: displacement, vertieal compo-
nent, r= 10 km, h = 1 km, strike = 254°, dip = 25°, rake: 280°,
source duration 20 s, M0 :1 dyne-em, maximum zero-to-peak am-
plitude=6.1x10—23cm, maximum frequency 10 Hz, structure
BORI. Some of the phases are interpreted with ray theory (the
subscript 1 indieates propagation in the First layer)
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Fig. 15. Synthetic profile: displacements, same source as in
Fig. 14b, maximum frequency 10 Hz, structure BOR1. The travel—
time curves at the distance of 10km correspond to the arrival
times given in Fig. 14b. For greater times, two more curves are
shown which correspond to the multiple reflections of the S wave
in the first layer (51818151 and 5181818181). For distances greater
than about 25 km a time-domain aliasing phenomenon is seen

script indicates the layer in which the wave propagates;
thus, for example P151 is a wave starting as P and reaching
the receiver after being refleoted as S at the bottom of layer
1. As oan be seen, the agreement is very good not only
for direct waves and simple reflections, but also for the
surface head wave H, the converted phases and the multiple
S reflections in the surficial layer.

Due to the above result, we also synthesized a profile
for frequencies up to 10 Hz, and the result is shown in
Fig. 15. The travel-time curves are those corresponding to
some of the phases interpreted in Fig. 14b. The last two
curves correspond to the multiple reflections 81818181 and
5151515151 in the surficial layer. For distances larger than
about 25 km, an aliasing problem is present which can,
however, be easily taken care of by interpolating the fre—
quenoy spectrum.

Conclusions

It has been shown that the summation of modes of Rayleigh
waves allows us to model, very efficiently and in a highly
realistic way, the observed ground motions due to earth-
quakes. The radial component of the ground motion of

the Borrego Mountain 1968 earthquake reeorded at El Cen-
tro Station, California, has been quite successfully modelled.
Complete synthetio seismograms (di5placements, velooities
and aecelerations) obtained in this way and arranged in
a seismio profile Show an excellent agreement between theo-
retical travel times computed with ray theory and the main
phases on the seismogram.
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Abstract. We investigate the effect of low-velocity wave-
guides on ground motion. The computation of eigenvalues
and eigenfunctions of Rayleigh waves up to the frequency
10.0 Hz allows an analysis of the seismic response which
is source independent. The main conclusions of this study
are: (1) Extending the model to depths greater than that
of the waveguides allows the exact computation of leaking
modes. (2) A source in a layered structure generates P waves
of higher frequency than S waves even if the structure is
purely elastic. (3) At high frequencies (10.0 Hz) the modal
components of P waves separate from those of SV waves.
(4) Strong surface waves are generated by shallow sources
in sedimentary basins, also at a source distance of a few
tens of kilometres. These waves do not appear in structures
without sediments. (5) The polarization of strong ground
motion at the surface of low-velocity layers is mainly hori-
zontal. (6) For oceanic models, the contribution of the sedi-
mentary layers is separable from that of the water layer
only at high frequencies.

Key words: Seismic waveguides — Sedimentary basins — Oce-
anic sediments — Rayleigh modes — Synthetic seismograms

Introduction

Low-velocity layers on top of an Earth structure form a
waveguide which can trap seismic energy and propagate
it to large distances even for media with very low Q. This
kind of structure occurs frequently in seismological studies.
Over large areas, the top of the continental crust is made
of sedimentary rocks overlying a crystalline basement. The
thickness of such sedimentary layers frequently ranges over
a few kilometres and their fundamental eigenfrequencies
may be as low as 0.1 Hz. On a smaller thickness scale,
soft loose sediments often cover sedimentary rocks and con-
stitute a sub-waveguide affecting frequencies of 1.0 Hz and
higher.

In oceanic structures, the water layer and soft sediments
on the oceanic floor constitute a waveguide affecting fre-
quencies from 0.1 Hz to 10.0 Hz and more.

Seismic risk studies pay much attention to alluvial de—
posits, since it is well known that sites located on alluvium
experience shaking which is stronger and lasts for a longer
time than do sites located on rocks or stiff soils. This effect

Ofi’print requests t0: G.F. Panza

is named ‘soil amplification’, although this term is an im-
proper one since no extra energy is supplied to the wave
by the sediments. Most seismic risk oriented analyses of
strong ground motion consider body waves only. Among
body waves, SH waves are usually thought to be the ones
bearing the greatest damaging potential. Examples of the
importance of considering the whole wave field, including
both surface and body waves, may be found in Hartzell
et al. (1978) and in Johnson and Silva (1981). The strong
motion recorded for the Imperial Valley earthquake in Cali-
fornia on October 15, 1979, has a relevant surface—wave
contribution (Brady et al. 1980).

Seismic exploration primarily makes use of body waves,
although records of surface waves can be extremely useful
in determining the presence and the gross properties of sedi-
mentary basins. Tatham (1975) proposed the use of avail-
able seismograms as an easy and inexpensive procedure for
the identification of sedimentary basins. More recently, As-
ten and Henstridge (1984) extended this proposal to the
use of microseisms. Ebeniro et al. (1983) used surface
waves, recorded during a refraction survey of the Texas
coastal plain, to derive a smoothly varying vertical structure
of the sedimentary cover down to a depth of 1.0 km. McMe-
chan and Yedlin (1981) provide an example of the interest
of using surface waves in marine seismic prospecting.

The computation of synthetic seismograms by normal
mode superposition allows a complete insight into the re-
sponse of a structure, both in the frequency and in the
time domain (Panza 1985). This synthesis allows the exploi-
tation of the greatest part of the Signal since it ineludes
surface waves and most of the body waves, thus providing
much stronger constraints t0 the compatible crust models.

In the present paper we will investigate the response
of a sedimentary continental and an oceanic structure by
means of the computation and summation of Rayleigh
modes. Frequencies up to 10.0 HZ will be considered.

The test models

The oceanic model considered is that of Harkrider (1970).
The continental model is the crustal model of Fuis et al.
(1982) for the Imperial Valley, overlying the upper—mantle
model of Biswas and Knopoff (1974) for the western United
States. The rest of the model down to a depth of 1,100 km
is identical to the Harkrider (1970) continental shield struc-
ture. The lithosphere is 50 km thick and the Moho is at
a depth of 25 km. The crust is made up of two homoge-
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neous layers separated by a transition zone between 11.0
and 11.9 km in depth. They are overlain by 5.5 km of sedi-
mentary rock Characterized by P- and S-wave velocities
with a constant gradient. Finally, 250 rn of alluvial deposits
constitute the topmost part of the structure.

The elastic and anelastic parameters of' the two models
are listed in Table 1 and plotted in Fig. 1 of the paper by
Panza (1985) in this same issue of this journal.

The frequency—domain response up t0 1.0 Hz

a) Oceanic structure

The phase—velocity spectrum, i.e. the dispersion curves, for
the first 204 modes of the Rayleigh waves up to 1.0 Hz
with step of 0.005 Hz has been computed for the oceanic
structure (Fig. 1a).

For phase velocities higher than the asthenospheric
channel S—wave velocity (about 4.3—4.4 km/s), the apparent
continuity between adjacent modes, associated with the
presence of different waveguides (Tolstoy and Usdin 1957;
Tolstoy 1956; Deresiewicz and Mindlin 1955), makes it pos-
sible to easily differentiate the contribution of different
mantle layers.

In Fig. la we can recognize the switching between crus—
tal and channel waves for modes in the phase-velocity range
434—456 km/s (see Kovach and Anderson 1964; Schwab
and Knopoff 1971; Panza et al. 1972). Beside these, sharp
slope variations of nearly vertical trend in the dispersion
curves are evident; für instance, at about 0.07 Hz, 0.20 Hz,
0.25 Hz, 0.75 Hz.

Eigenfunctions analysis (see later) ShOWS that these fam-
ilies of modes correspond t0 waves which propagate essen-
tially either in the sedimentary layer, or in the water layer,
or in the sedimentary and water layers simultaneously. The
above statement can be illustrated by comparing the spectra
of a few elementary waveguides with the spectrum shown
in Fig. 1 a. Such elementary waveguides are made of only
the shallowest layers, the boundary conditions being the
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free upper surface and a rigid substratum at the bottom.
A comparison of the phase-velocity spectra of two elemen-
tary models, one formecl by the water layer only and the
other by the sedimentary layer only, showed that the CÜI‘I‘E-
spondence with the mode-to-mode continuities present in
the spectrum of the complete model is not satisfactüry. On
the other hand, the spectrum of an elementary model,
formed by both the water and sedimentary layers, Cnrre-
sponds very nicely t0 the trend of the families of müdes
described in Fig. 1. The only portion of the Spectrum, char-
acterized by mode-to-mode continuation, which is not seen
in the spectrum of the elementary structure (see dot-dashed
line in Fig. 1a), corresponds t0 a crustal wave. This point
will be considered in detail in a later section.

Considering the eigenfunctions of Fig. 2a, we see that
point 2 in Fig. 1a reflects the properties of the sediments
and the water layer. The depth intervals of the predominant
portions of eigenfunctions correSponding t0 points 1 and
3 can similarly be shown t0 correspond t0 the water layer
and sedimentary layer.

The points 4, 5 and 6, in terms of phase velocity, corre—
spond t0 waves propagating mainly in the sedimentary
layer. The eigenfunctions which correspond t0 points 4 and
6 (Fig. 2b and c), for both stress and displacement, are
indeed concentrated in the sedimentary layer.

Points 7, 8, 9 and 10 follow the dot-dashed 1ine of
Fig. Ia. Eigenfunction sets, corresponding t0 these points,
are all similar and only the one corresponding t0 point
9 is shown in Fig. 2d. Note that displacements and stresses
are dominant in the sedimentary layer, but also penetrate
significantly into the crustal layer below. It is, therefore,
obvious that this spectrum characteristic, related to crustal
waves, is not present in the spectra of the considered ele-
mentary models. The eigenfunctions calculated for points
7 and 8 have a remarkable energy concentration in the
sedimentary and water layers. In fact point 7 is common
to a mode of the elementary waveguide (water and sediment
layers), whereas point 8 is close t0 a mode of the müde!
made by the water layer only.

.1:

11.111

Fig. la and b. Dispersion curves für the oceanic model up [0 1Hz. a Phase velocities (solid lines) für the first 204 müdes and
b group velocities (501'151 Eines) für the first 30 modes. On thc figure are also shown the P wave velocity of the water layer (Pw),
the S wave 1.16101:i cf the crust (Sa) and the P wave and S wave velocities of the sedimentary layer, P. and 8„ respectively. Für
the meaning üf the numbers and of the dashed and dot-dashed lines, see text
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The main difference between the response of the elemen-
tary waveguides and the whole oceanic model is that, in
the former case, the rigid boundary conditions at the bot-
tom confine the energy in the one or two elastic layers
considered. In the latter Gase, energy may reach greater
depths. When the phase velocity is larger than the S—wave
velocity just below the sediments, some energy always pene-
trates deeper. When this portion of energy is small com-
pared to the total energy of the wave, the water and sedi—
ment layers act as a waveguide which leaks part of the
energy to the underlying structure. The discrepancy between
the elementary and the whole models is due to the absence
in the elementary model of that part of the wave which
penetrates deep into the crust and mantle.

The analysis of the group-velocity spectrum gives fur-
ther confirmation of the interpretation given above. In
order to avoid excessive close-packing of 1ines, the group-
velocity spectrum for the first 30 modes only are shown
in Fig. 1b, in which the dispersion curves of the water and
sediments elementary waveguide are also indicated by
dashed bold lines. For the group velocity of the other higher
modes, see Fig. Sb—d of Panza (1985).
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Fig. 3. Phase--velocity spectrum of the model IMP2 First 209
modes

Also in the group-velocity spectrum, the müdes are
grouped in a way which reflects the main layering of the
S-wave and P-wave velocities. Information for the deeper
layers, and higher velocities, is not present because only
the first 30 modes have been plotted.

b) Continental structure

A concise description of the response of this model for
frequencies as high as 1.0 Hz is given by Panza (1985). In
this paper, we will focus our attention on the families of
waves formed by the mode-to-mode continuation of the
steep segments of the phase-velocity dispersion curves
(Panza 1985, Fig. 2) in the frequency ranges 01334113 Hz,
0.30—050 Hz, 068—095 Hz. A fourth family is present in
the range 088—100 Hz, but i5 not seen in the figure due
t0 the limited resolution of the drawing.

As a first proof of the sedimentary nature of such waves,
let us compare Fig. 2 of Panza (1985) with the phase-veloci-
ty spectrum in Fig. 3, where such families of waves do not
appear either in the domain of mantle or of crustal veloci-
ties. The model IMP2 is similar to IMPl, except that the
sediments are replaced by a homogeneous layer of the same
thickness as the sediments which has the same properties
as the bedrock. Removing the sediments results in a simpli-
flcation of the spectrum in the crustal wave domain für
velocities smaller than 4.3 km/s. The spectrum of the group
velocities leads to the same conclusions.

Figure 4 Shows examples of eigenfunctions. The wave
in Fig. 4a and b belongs to the second of the families we
are investigating. One can see that the motion is almost
totally confined to the sediments, thus confirming nur ear-
lier arguments. In contrast, Fig. 4c Shows the eigenfunc-
tions of a wave which samples the crust and the mantle
down t0 a depth of 450 km. The wave in Fig. 4a and b
has a group velocity of about 3.0 km/s, and is of dominantly
compressional nature as can be seen by the larger values
of the vertical (i.e. compressional) stress with respect to
the horizontal (1.6. shearing) stress. This argument is con—
firmed by the value of the group velocity which is in the
range of the P—wave velocities in the sedimentary cover.
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Such a wave is thus mainly a compressional sedimentary
wave which is coupled with a smaller-amplitude mantle
wave of Inainly shearing natura. Waves of this type arise
from the prodominanoe of the compressional potential over
the shearing potential and are the modal components of
the sedimentary P waves. In order t0 be synthesized, they
require a model whioh includes a mantle.

The frequency-domain response up t0 10.0 Hz

A deeper insight into the rosponso of the tost models is
given by the extension of the above computations to
10.0 Hz. In this case we simplify the structure by retaining
only the lithosphere. This reduotion in layers saves a large
amount of computer tirne sinne it avoids the computation
of nearly 2000 mantle modes.

a) Oceanic structure

FroIn the previous section it follows that the oontributions,
in the phase-velocity speotra oaloulated up to 1.0 Hz, of
two layers with low acoustic impedance — in this partioular
case the water layer and the sedirnentary layer — are not
distinguishable. To resolve these layers i1; is neoessary to
calculate the phase and group velocities at highor frequen-
cies (Fig. 5a and b). For frequenoies higher than 1.0—1.5 Hz,
the apparent horizontal oontinuity from mode to mode oor-
responds to the stratification of the structure. In fact the
nearly horizontal seotions of the numerous families of waves
correspond to the velocity of S waves propagating in the
crustal layer (3.6 km/s), to that of the P waves propagating
in the water layer (1.52 km/s) and to that of the S waves
propagating in the sedimentary layer (1.0 km/s), when pro-
gressively lower values of the phase velooity are examined.
In this frequency band the three superficial layers of the
oceanic structure behave as individual waveguides and their
contributions are easily separable. In partieular, it is very
interesting to observe the apparent oontinuity frorn mode
to mode in relation with the P wave velocity in the water
layer, which introduces a remarkable grouping of modes.

It is wort noting that the number of modes for the
10.0-Hz spectrum is strictly related to the water thickness.
In fact, if the water thickness is reduced to 2.0 km, the
spectrum exhibits only 68 modes. On the contrary, oaloulat—
ing the spectrum up t0 1.0 Hz with 2.0 km of water, the
number of modes remains greater than 200. Furthermore,
it is remarkable that the continuity from mode to mode,
in correspondence with the P wave velocity (2.1 km/s) of
the sedimentary layer (Fig. Sa), corresponds t0 that barely
apparent for the first three higher modes of the speotrum
calculated up to 1.0 Hz (Fig. 1a). The portion of the Spec-
trum between the S wave velocity of the crustal layer and
the P wave velocity of the sedimentary layer is characterized
by two families of modes, whose trends are marked by
a thick solid and a thiok dashed line in Fig. Sa. They corre-
spond t0 sedimentary and water waves respeotively, a5 we
will Show in analysing the eigenfunctions.

The eigenfunctions calculated at the points 1, 2, 3 and
4 (solid line trend), Show that these are sedimentary waves.
In fact, nearly all the stresses and the displaoements are
concentrated in the sedimentary layer. They are all very
similar and the one corresponding to point 4 is shown in
Fig. 6a. The eigenfunctions in Fig. 6b and o have been cal-
culated at points 5 and 6 to interpret the wave families
with the trend marked by the dashod line in Fig. Sa. Thoy
show that the energy is concentrated in the water layer
and in a little part in the sediments. If the phase-velooity
spectrum of the waveguide formed by the water layor only
on top of a rigid substratum is caloulated, it may be seen
that this speotrum can be juxtaposed, in a large part, to
the families of waves indicated by the dashed 1in8 trend.

The eigenfunctions oorresponding to the mode grouping
Close t0 the P wave velocity of the sedimentary layer (points
7, 8 and 9) Show that they are mainly sedimentary compres-
sional waves, as can be deduoed by the dominant vertical
(i.e. oompressional) stress. It is very interesting to note here
also that, in the samo sodimontary layor, two wavos of dif-
ferent vertical wavelength are present. The long-wavelength
component is assooiated with the P wavo propagating in
the sedirnents, whilo the component of short wavelength
corresponds to the sedimentary S wave. It i5 interesting
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t0 note also, in these points, that the P wave propagating
in sediments carries along a significant component of the
water wave.

b) Continental structure

In the phase-velocity spectrum of model IMP1 (Fig. 7F) we
can see the traces of the two crustal layers having a velücity
of 3.32 km/s and 4.21 km/s, resPtectively. In the bottom of
the figure, we see that the müdes are sparser für velocities
smaller than 1.0 km/s. This value corresponds t0 the veloci-
ty of the top of the sedimentary rock layer, velocities from
1.0 km/s down t0 0.5 km/s belonging t0 the thin layers of
alluvial deposits.

Following the müde-to—mode continuity of the disper-
sion curves across the near-osculation points, we recognize
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two sets of curves: one formed by a large number of closely
spaeed lines which inflect in correspondence t0 the main
diseentinuities in the S wave velocities, the other formed
by 1? curves, more widely separated from each 0ther and
all enntained above the velocity of 1.9 km/s. In analogy
with what has been Observed in the ocean case, thinking
in terms of rays, the former are the modal components
ef the erustal and sedimentary S waves and the latter are
the modal eomponents of the sedimentary P waves. Fig-
ure8 ShÜWS twe examples of eigenfunetions. Figure 8a
Shows a wave in which the presence of both compressional
and shearing elastie potentials are evident; a small-ampli-
tude and small-vertical-wavelength S wave is coupled with
a large-amplitude and large»vertical-wavelength P wave.
The wave in the eigenfunction of Fig. 8b can be identified
as an S wave sinee it uniformly samples the upper ernst
with a dominant wavenumber k practieally Coincident with
01/ Vs.

Time-dumain respnnses

a) Oceanic structure

Twe examples of the radial component of motion up t0
1.0 Hz (Fig. 9a) and up t0 10.0 Hz (Fig. 9b) were calculated
utilizing the Spectra analysed befnre and following the for-
malism given by Panza (1985). The source for the two seis-
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Fig. 9a and b. Example of seismograms für the oeeanie mndel eal-
culated up t0 1.0 Hz (a) and up t0 10.0 Hz (b) für the same snuree.
The number above eaeh seismogram is the peak displacement in
eentimetres for a seismic moment of 1018 Nm

mograms has been placed at a depth of 1.0 km, at the inter-
face between the sedimentary and the erustal layers. The
characteristics of the double-couple source considered are:
dip=90°, rake=0°; the receiver is placed at a distanee of
50 km and at an azimuth of 225° with respeet t0 the fault
strike.

If the scale factors of the two seismograms are properly
chosen, and the seismograms are compared, it is pessible
t0 see the nearly perfect correspondence between the two
Signals up t0 45 s and after 65 s. In the time interval between
these values a Signal of high frequency is present (Fig. 9b);
it is characterized by a large amplitude, nearly 1.7 times
the maximum amplitude of the 1.0-Hz seismogram. This
Signal can be assoeiated with multiple reflections in the sedi-
mentary layer. In fact, the arrival time of this Signal is
about 50—60 s, which corresponds t0 a group veloeity of
0.8—1.0 km/s. Such a velocity eorresponds, in the group-
velocity spectra, t0 the mode grouping around the S wave
velocity of the sedimentary layer.

Thus, the seismogram calculated for 10.0 Hz carries
some information regarding the superficial sedimentary
layer which is not present in the seismogram ealculated
up t0 1.0 Hz.

b) Continental structure
As examples of time—domain responses, eonsider the seis-
mograms of Fig. 10. They are computed assuming the same
focal parameters and source—to—receiver geometry for the
two earth models. The source is a strike-slip fault on a
sub-vertical plane at a depth of 2.75 km (i.e. in the sedi-
ments in the Gase of the IMP1 model). The expected trap-
ping of energy in the sediments is apparent and results in
much longer Signals with many crustal reverberations and
long surface-wave trains in the case of the IMP1 müde].
Surface waves have the same maximum amplitude a5 the
body waves. At 1.0 Hz, the peak vertieal displaeement nf
the model IMP1 is slightly larger than that Of the model
IMP2. The wave train arriving after 60 s has a frequency
of about 0.28 Hz and a velocity of 0.75 km/s; it i5 due
t0 the excitation of the fundamental mode. The earlier train
arriving around 40 s has a velocity of 1.32 km/s and a fre-
quency of about 0.20 Hz, whieh enrresponds t0 the station-
ary phase of the minimum of the first higher müde (see
Panza 1985, Fig. 4a). The two distinct large arrivals in the
IMP2 seismograms at 1.0 Hz (Fig. 10b and d) are the direct
P and S waves.
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mogram is the peak displacement in centimetres

In Fig. 10 we see that the sediments make the radial
motion 2—3.4 times as high as the vertical one. Note that
no SH waves are present. Nevertheless, the surface motion
of model IMP1 is predominantly horizontal. This is due
to the elliptieity (i.e. the ratio of the radial t0 vertical ampli-
tude of motion at the surface) which, in the presence of
low-velocity surface layers, assumes large absolute values
over a large part of the spectrum (see Panza 1985, Fig. 9a—
d). This effect of slow superficial layers has already been
pointed out by Mooney and Bolt (1966) — see, in particular,
their Figs. 11—16.

Comparing the seismogram for the model IMP1 at
1.0 Hz (Fig. 10a and c) and at 10.0 Hz (Fig. 10e and g),
we see that the long-period late parts of the seismograms
are the same in both cases and that the first parts are simi-
lar, except for the obviously larger frequency content of
Fig. 106 and g. The radial components have nearly the same
amplitude, whereas strong high-frequeney phases at about
20 s inorease the amplitude of the vertical component of
the 10 Hz seismogram by 40%. This is due t0 the simulta-
neous arrival of both S waves refleoted at the 11—km and
at the 25—km discontinuities, whieh eonstruotively interfere
at a source distanee of 50 km.

In the case of model IMP2, the 10.0-Hz seismogram
(Fig. 10f and h) has a peak amplitude about four times
larger than the one at 1.0 Hz (Fig. 10b and d) due t0 high-
frequeney pulses whieh are efficiently transmitted by the
high-Q layers of this model. The main difference is the
absence of the direet P wave in the 10.0-Hz seismogram.
It oannot be synthesized in this ease since the half-space
of the 10.0—Hz model has a shear-wave velooity of 4.5 km/s,
whioh is less than the P wave veloeity in the uppermost
layer (see also Panza 1985). On the contrary, in the oceanio
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10.0-Hz seismogram, seclimentary P waves are present be-
oause of their low veloeity in the sediments (2.1 km/s) com-
pared with the S—wave veloeity of the half—spaoe (4.61 km/s).

The frequency of P and S waves
It is generally assumed in seismology that the spectra of
S and P waves at the souree have the same shape and
that the Observation of higher frequeney in P waves is ex-
plained by a larger attenuation of S waves in their travel
through the earth. Figure 7 Shows that the sedimentary S
waves (bottom of the figure) reaoh their horizontal asymp-
tote at frequencies smaller than the sedimentary P waves
d0. Since the flat portions of dispersion curves eorrespond
very closely t0 sub-horizontal rays of practieally non-dis-
persed body waves, it follows that the earth strueture re-
sponds to any excitation with higher frequeneies in P waves
than in S waves. This fact is not surprising if we think
that a layered structure is essentially a set of ooupled oseilla-
tors and that the larger velocity of P waves implies that
they have resonant frequencies whioh are larger than those
of S waves. Note that this conclusion is valid also for purely
elastic structures, sinee the Earth’s anelastieity in general
does not affect the first four digits of the phase velooity.
The same conclusion could be drawn from the spectrum
of the oceanic model (Fig. 1a). This remark of oourse de-
serves a more detailed discussion than is possible here. Nev—
ertheless, we think it is worth a mention here for the rele—
vance it has in the measurement of Q in the Earth.

Conclusions

We have shown that the application of the algorithm pre-
sented by Panza (1985) to earth models including low-im—
pedance superficial waveguides, both in continental and
oceanic environment, permits the synthesis, in a mathemati—
cally simple way, of all types of guided waves. Besides sur-
face waves, they include some P waves and practieally all
S waves, thus allowing the full synthesis of the wave phases
of shallow sources recorded up to epioentral distanees of
about 100 km.

Until now, leaking mode theory (Phinney 1961) has
been used t0 compute the waves which almost totally prop-
agate in low-impedanee waveguides and which have a small
fraction of their energy travelling in the substratum. In our
approach they are computed as any other higher mode,
thus avoiding all the mathematical complexity of the Ieak-
ing mode theory.

The late arrivals of the guided waves may be synthesized
considering lithospherie models only. T0 obtain also the
early P wave arrivals, it is necessary t0 consider an earth
model whieh is thick enough to inelude all layers having
S wave veloeities smaller than the P wave veloeity in the
waveguide. This means that in most Gases the model should
extend t0 a depth of 1,000 km.

The layering of the earth has the eonsequence that the
Fourier speotrum of an S wave extends to frequeneies lower
than that of a P wave, even for purely elastie Struotures.
This fact should be considered when measuring the anelasti-
City of the Earth.

In the oase that the waveguide is composed of two layers
which d0 not differ greatly in impedance, as in the oase
of the oceanie model, it is necessary to perform high-fre-
quency oomputations in order t0 separate the waves propa-
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gating in the two individual layers. The presenee of signifi-
eant lateral heterogeneities will of course invalidate the pro-
cess of modelling by flat layers. There do appear to be
regions, however, such as portions of ocean basins, where
approximate lateral homogeneity persists for at least several
tens of kilometres. The recording of short-period waves like
those already illustrated in the seismogram of Fig. 9b could
be used as evidenee for the presence of undisturbed sedi-
mentary deposits.

Finally, we have shown that in the case of low—impe-
denee waveguides the particle motion of Rayleigh waves
at the surface beeomes predominantly horizontal. This part
of the wave field should also be eonsidered in seismic risk
studies, espeeially since the radiation patterns of Love and
Rayleigh waves are generally complementary in azimuth.
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