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A relation between continental heat flow
and the seismic reflectivity of the lower crust
Simon L. Klemperer
British Institutions’ Reflection Profiling Syndicate (BIRPS), Bullard Laboratories, Madingley Rise, Madingley Road,
Cambridge, CB3 OEZ, U.K.

Abstract. Deep seismic reflection profiling of the continen-
tal crust has found world-wide evidence for prominent re-
flections from the middle and lower crust. This paper pres-
ents evidence for a correlation between the depth to the
zone of pronounced refleetivity (the ‘reflective lower crust’)
and the surface heat flow. The highly reflective zone appears
to be shallower beneath regions with higher heat flow, sug-
gesting that one condition for the development of the reflec-
tive zone is the existence of a sufflciently high temperature
in the crust. The data presented in this paper suggest that
the highly refleetive zone is generally developed only at
temperatures higher than 300°4100 °C. This correlation of
refleetivity with heat flow implies that crustal reflectivity
must be variable on the same time seales on which crustal
heat flow is variable. This constraint appears to favour an
origin for the lower crustal refleetivity related either t0 due-
tile strain banding or to free fluids that may be transient
on geologic time scales, rather than to compositional layer-
ing or multiple igneous intrusions that are relatively perma-
nent features of the crust.

Key words: Reflection seismology — Deep-crustal refleetion
profiling — Heat flow — Continental lower crust

Introduction

Among the most fundamental diseoveries of crustal reflec-
tion profiling has been the finding that the lower part of
the continental crust typically exhibits a pronounced reflec—
tivity that is unmatched in the upper crust above or in
the upper mantle below. Typical deep seismic seetions show
refleetions from the sedimentary cover, if present, below
which lies an upper crust that is rather non-reflective apart
from occasional through-going fault reflections, and a
strongly reflective middle and lower crust above an upper
mantle that is frequently non-refleetive (Matthews and
Cheadle, 1986). Data fltting this model have been recorded
in North America (eg. Brown et al., 1986; Green et al.,
1986), Europe (e.g. Matthews and Cheadle, 1986; Bois
et al., 1986; Meissner and Wever, 1986) and Australia (e.g.
Moss and Mathur, 1986) and from areas as diverse as active
tectonie regions (Basin and Range province, Allmendinger
et al., 1987 a) and Archaean eratons (Mathur et al., 1977).
Numerous hypotheses have been advaneed to explain the
refleetivity of the lower crust. These hypotheses include
multiple intrusion ofmaflc sills (Meissner, 1973; McKenzie,

1984), layered igneous intrusions (Lynn et al., 1981), sedi-
ments thrust beneath the upper crust (Brown et al., 1983),
extensional or compressional strain banding developed in
the ‘ duetile’ lower crust (Phinney and Jurdy, 1979), laminae
of hydrated rocks (Hall, 1986) and open, fluid-fllled eraeks
(Matthews, 1986). Though these hypotheses are not neces-
sarily mutually exclusive, it seems probable that such a
widespread phenomenon as the reflectivity of the lower
crust has relatively few dominant underlying causes.

There are also some areas of the world where the reflee—
tive lower crust is not recognisable as a separate entity be-
Cause reflective zones are visible throughout the crust. Such
areas are frequently in the interior of compressional orogens
(e.g. Appalachians: Ando et al., 1983; North American
Cordillera: Potter et al., 1987a; Cook et al., 1987) and the
reflective zones at high levels in the crust are commonly
interpreted as fault zones or highly faulted rocks. These
areas are not eonsidered further in this paper, because the
reflective lower crust cannot be easily defmed on profiles
from these areas.

Different approaches to the study of the cause of the
reflectivity of the lower crust include both attempts to trace
the lower crustal layering to surface outcrop or to drillable
subcrop in areas of deep erosion, and also attempts to relate
the distribution of reflectivity to geologic history, teetonie
age or present-day crustal state. The latter approach is
taken in this paper. Crustal reflection profiles from three
eontinents have been selected on which the reflective lower
crust can be Clearly defmed over length scales at least com-
parable with crustal thickness, and for which the regional
surface heat flow is known for the area in which the profile
was collected. Deep seismic reflection profiles provide an
image of the physical properties of rocks present at the
time the profile is eollected, and provide a measure of the
present-day state of the crust. Similarly, because the thermal
time eonstant of the continental crust is of the order of
only 10 Ma (Lachenbruch and Sass, 1977), surface heat
flow is a measure of the present-day, or, at least, of the
Neogene, state of the crust in a way that surface exposures
of rocks dating from former epochs are not.

Previous attempts to analyse the distribution of reflecti-
vity on crustal reflection proflles have included both histo-
gram analyses of the number of refleetions observed in suc-
Cessive depth intervals (Meissner et al., 1983; Meissner and
Wever, 1986; Wever et al., 1986) and more subjeetive esti-
mates of reflection amplitudes and patterns (Allmendinger
et al., 1987b). In this paper a simpler parameter is mea-
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sured; the two-way travel time from the surface to the top
of the reflective lower crust. Where the seismic velocity of
the crust is known, this travel time may be converted to
an absolute depth. It is this depth to the top of the reflective
layering for which a correlation with the surface heat flow
is presented in this paper.

Presentation of data

Figure 1a shows a sample of deep seismic data recorded
southwest of Britain by BIRPS. A dramatic increase in ref-
lectivity oecurs at 6.0—6.5 s (all times are given as two-way
travel times). Similar jumps in reflection density ean be
observed on a line drawing of the seismic data (Fig. 1b)
and on a histogram Showing refleetion density as a function
of travel time (Fig. 10). In order to illustrate as much data
as possible in this paper line-drawings are used, but refer—
enees are given to other papers which show the actual data.
The data in Fig. 1 and throughout this paper are unmi-
grated but, because the reflections in the lower erust are
typieally sub-horizontal, migration does not in general
greatly alter the distribution of these reflections with travel
time. The travel time of onset of the reflective layering var-
ies from as little as 3.5 s in parts of the Basin and Range
Province, Nevada, and beneath the Cornubian batholith,
south-west Britain, to as much as 8 s beneath the Colorado
Plateau, Utah, the northern Paris Basin, Franee, and parts
of the Australian craton. In the area of Fig. 1 the onset
of the refleetivity is sharp and is observed at a rather uni-
form travel time across a lateral distance of several tens
of kilometres. In some areas the distinction between non-
reflective upper erust and highly reflective lower crust is
less Clearly defined, perhaps due to higher noise levels, but
may be estimated to within 0.5—1.0 s. The rather larger
range of travel times (0.5—20 s) given for the data points
compiled in Table 1 is accounted for by local, lateral varia-
tion in travel time to the top of the reflective lower erust.
Lateral variation can be extreme where major faults cut
through the crust. In these cases the top of the reflective
layering dips systematically over a range of several seconds
[e.g. Appalachian suture, Georgia (Nelson et al., 1985)] and
may be bounded by a fault—plane refleetion [e.g. Outer Isles

Normalised
reflection Iength/s

fault zone (Brewer et al., 1983)]. These cases have not been
included in the present compilation because it is mean-
ingless to piek a single travel time to the top of the reflective
lower crust when the top is steeply dipping.

Although the observed position of the top of the reflec-
tive lower crust may be locally dependent on signal—to—noise
ratios which may be expected to vary both laterally and
vertically, care has been taken to average the observed
depth of the reflective lower crust over distances of several
tens of kilometres thus Circumventing any local noise prob—
lems in these data sets. Indirect evidence that it is possible
to pick the top of the refiective lower crust comes from
gravity modelling. Successful gravity models along seismic
profiles around Britain and in Germany have been prepared
using the top of the reflective lower crust as a significant
density boundary (Setto and Meissner, 1986), implying that
the reflective lower erust is a distinct geological entity.

Western USA

The western USA is an area for which the heat flow is
well determined (over 120 heat—flow determinations are in—
corporated in Fig. 2a), and across which the heat flow
shows considerable variability (Fig. 2a) from greater than
100 mW—m‘2 in the Battle Mountain heat-flow high to
less than 60 mW°m_2 in the Colorado Plateau and the
Sierra Nevada (Lachenbruch and Sass, 1977). It is also an
area across which continuous deep reflection profiles have
been run from the Sierra Nevada to the Colorado Plateau
(Allmendinger et al., 1987 a) by COCORP (Consortium for
Continental Reflection Profiling). Figure 2b shows parts
of line drawings of COCORP reflection data acquired ac-
ross the Battle Mountain heat-flow high and across the
Colorado Plateau, and shows a Clear variation in the travel
time to the lower crustal refleetivity which ranges from 3.5
to 8 s. It is important to note that the COCORP profiles
represent an essentially continuous transect across the Basin
and Range province and the western Colorado Plateau.
The deep reflective layering is observed across the entire
750-km transeet, except in areas where Signal penetration
was limited to the upper crust only (Mayer and Brown,
1986). This is a powerful argument that the reflective layer—
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Fig. 2. a Map of western USA to show COCORP lines in relation to heat flow provinces. Cross-hatching: heat flow 2105 mW-m‘
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dots: heat flow S63 mW-m‘z; blank area: intermediate heat flow values (Lachenbruch and Sass, 1977). Numbers 1—5 show locations
of data segments illustrated in Fig. 2b. b Data segments along the COCORP Basin and Range survey. The reflective lower crust
has been shown to be essentially continuous between the data segments illustrated. Each data segment is 25 km long, and is located
by its number in Fig. 2a. Data redrawn from Hauge et al. (1987), Potter et a1. (1987b), Allmendinger et al. (1983) and Mayer and
Brown (1986). Dotted lines mark the interpreted top of the reflective lower crust and the interpreted reflection Moho. c Plot of heat
flow vs. depth to the top of the reflective lower crust. Values plotted (see Table 1) are derived from the full dataset located in Fig. 2a
rather than the 25-km data segments illustrated in Fig. 2b

ing has a related cause in both the Basin and Range (a
Neogene extensional province) and in the Colorado Plateau
(where the most recent deformation was Eocene compres-
sion) despite their different Cenozoic histories (though of
course tectonic events in the lower crust may not have paral-
lelled the observed upper crustal events in Character or tim-
ing). Figure 2€ shows a plot of surface heat flow against
depth to the refleotive layering for the COCORP transect,
with depths being calculated from refraetion velocities given
by Prodehl (1979). Note that regional estimates averaged
over 50—100 km of both heat flow and depth to reflective
layering have been used. A simple inverse relationship can
be fitted to the data.

Offshore Brilish Isles

The British Institutions’ Reflection Profiling Syndicate
(BIRPS) has collected over 8000 km of deep reflection data
over the continental shelf around Great Britain, and most
of these data show a typically transparent upper crust and
strongly reflective lower crust (Fig. 1). No measurements
of heat flow were made along the lines of the BIRPS pro—
files, but because there are many heat-flow determinations
in the British Isles (over 180 measurements in the area of
Fig. 3a) and because the profiles were collected close to
shore (within 20—30 km) it is possible to extrapolate gener-

alised heat-flow provinces offshore from England and
Wales (Fig. 3a). The extensive BIRPS dataset allows the
reflective layering in the lower crust to be traced contin-
uously across all these heat—flow provinces. Unusually high
heat flow occurs over the Hercynian Cornubian batholith
in southwest Britain (Bloomer et al., 1979), and where the
BIRPS profiles cross the batholith the reflective layering
is observed to shallow by 3 s to about 3.5 s (BIRPS and
ECORS, 1986) (Fig. 3b). A similar shallowing of the reflec—
tive layering was observed beneath the Cotentin granites
of northern France (BIRPS and ECORS, 1986). Although
the unusually shallow reflective layering beneath the Cornu—
bian batholith could be due to lithologic layering related
to the granites, the continuity of the reflective lower crustal
layer both north and south of the Cornubian batholith
argues that the layering has a more general cause that is
widespread over hundreds of kilometres. In the Celtic Sea
the regional heat flow is less than 60 mW-m‘2 (Bloomer
et al., 1979) and the top of the reflective layering is generally
beneath 5 s (BIRPS and ECORS, 1986) (Fig. 3a and b;
see also Fig. 1 from offshore Brittany). Further north in
the Irish Channel the heat flow is 60—80 mW - m ’ 2 (Bloomer
et al., 1979) and the top of the reflective layering is at about
5 s (Brewer et al., 1983). Travel times were converted to
depths using velocity models derived from crossing refrac-
tion profiles by Blundell and Parks (1969), Holder and Bott
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Fig. 3. a Map of British Isles to show BIRPS lines in relation to heat flow provinces. Cross-hatching: heat flow 80 mW°m_2; dots:
heat flow S60 mW-m’z; blank area: intermediate heat flow values (Öermak, 1979; Gale, 1986). Numbers 1—4 show locations of data
segments illustrated in Fig. 3b. b Data segments from BIRPS surveys around Britain. The reflective lower crust has been shown to
be essentially continuous between the data segments shown from the west side of Britain. Each data segment is 30 km long, and
is located by its number in Fig. 3a. Data redrawn from BIRPS and ECORS (1986), Brewer et al. (1983) and Klemperer and Matthews
(1987). Dotted lines mark the interpreted top of the reflective lower erust and the interpreted reflection Moho. c Plot of heat flow
vs. depth to the top of the reflective lower erust. Values plotted (see Table 1) are derived from the full dataset located in Fig. 3a
rather than the 30—km data segments illustrated in Fig. 3b

(1971), Bamford (1972) and Lewis (1986). Figure 3c shows
a plot of average depth to the refleetive layering for each
of these three areas, between which the reflective lower crust
may be traced continuously, and also for the western North
Sea.

World—wia'e compz'lation
Both the western USA and the continental shelf around
Great Britain show similar relationships between heat flow
and depth to the refieetive layering. In order to obtain a
larger number of data points it has been necessary to com-
pile all available deep crustal data from the whole world,
including data from other areas of North America, Europe
and Australia (Table 1 and Fig. 4). The criteria for seleetion
of these areas were that the reflective lower crust be seismi-
cally well defined over length scales of at least several tens
of kilometres, and that the regional heat flow be known.
The presentation of these diverse data sets on a single plot
implicitly assumes that the reflective layering has the same
cause in all these areas. Although this assumption may well
be justified in areas of eontinuous profiling such as the
COCORP or the BIRPS data sets presented above, this
assumption eannot be easily tested world-wide. It is possible
that there exist different causes for lower crustal reflectivity

in different areas, and that this is the reason for the greater
scatter in the data in the world—wide compilation (Fig. 4)
as compared to the regional datasets (Figs. 2c: and 3C). Al-
though there is a considerable spread of data points in
Fig. 4, points tend not to plot in the upper right (high heat
fiow/deep reflective lower crust) nor in the lower left (low
heat flow/shallow reflective lower crust) of the graphs in
Fig. 4. More data points, in particular from areas of very
high heat flow, are needed to adequately constrain any rela—
tionship between heat flow and depth to the reflective lower
erust. Within this limitation, the world-wide ensemble of
data visually fits a single pattern, despite being drawn from
wide-ranging geographic locations and highly variable tec-
tonie environments.

Correlation between temperature and depth t0 reflectivity

In the previous paragraphs regional and global data sets
were used to substantiate a correlation between surface heat
flow and depth to the seismically reflective lower crust. Sta—
tistieal eorrelations have been calculated both for depth
to the reflective lower crust proportional to heat flow, and
for the more physically meaningful relation of depth to
the lower crust inversely proportional to heat flow. If the
depth to the reflective lower erust is inversely proportional



Table l. Heat flow, and travel time and depth to the reflective lower crust and Moho

Location and line Q/mW-m’2 tR/s ZR/km tM/s zM/km References

USA
Colorado Plateau 52i 10 7.0 —8.5 23 14.5 —15.0 48 [1, 2, 3, 4, 5]

COCORP Utah 4
Eastern Basin and Range 86i 10 4.5 —5.5 14 10.0 —10.5 29 [1, 2, 5, 6, 7]

COCORP Utah 1
Central Basin and Range 79i 10 5.0 —6.0 16 10.0 —12.0 33 [1, 2, 5, 7, 8]

COCORP Nevada 6 and 7
Battle Mt. Heat Flow High 1151L 15 3 5 —4.0 10 9.5 —10.0 29 [1, 2, 5, 7, 9]

COCORP Nevada least and 2
Western Basin and Range 79i 10 4.5 —5.0 13 10.0 —10.5 31 [1, 2, 5, 7, 9]

COCORP Nevada 1west
Rio Grande Rift New Mexico 901L 15 3.5 —4.0 10 11.5 —12.5 34 [10, 11, 12]

COCORP Socorro 2A
North Texas 52i 10 5.5 —6.5 16 15.5 50 [1,2, 13, 14]

COCORP Hardeman Cty 1, 2, 3
Long Island New York 50lL 10 4.5 —6.0 14 9.5 —11.0 30 [1, 2, 15]

U.S.G.S lines 36 and 23
Adirondacks New York 42i 10 5.5 —7.0 20 (11) 35 [1, 2, 16, 17]

COCORP New York 7

Europe

Cornubian Batholith, U.K. 110i20 3.5 4.5 12 9.5 —10.0 27 [18, 19, 20, 21]
BIRPS SWAT 6

Celtic Sea, U.K. 50i 15 6.5 —7.25 20 9.5 —10.0 30 [18, 19, 20,22]
BIRPS SWAT 2, 3north, 4north, 5north

Irish Channel, U.K. 65i 15 5.0 —5.5 15 9.5 —10.0 30 [18, 19, 23,24]
BIRPS WINCH 2E, 3, 3A, 4north

North East Coast, U.K. 50i15 5.0 —7.0 16 10.0 —11.0 32 [18, 19,25, 26]
BIRPS NEC

Paris Basin, France 70i 10 6.0 —8.0 20 12.0 —13.0 38 [27, 28]
ECORS Nord du France

Aachen, West Germany 55 i 10 5.75—6.25 18 10.0 30 [29, 30]
Northwest German Basin 551L 10 6.0 “—7.5 19 10.0—10.5 32 [29, 31]
Urach, West Germany 85lL 15 4.5 —6.0 13 8.5 — 9.0 26 [32, 33, 34]

U1 and U2
Dinkelsbühl, West Germany 75i 10 5.0 —6.0 17 9.0 —10.0 29 [29, 35]

DEKORP 2 South
Rastatt, Rhine Graben 1001L 10 6.75—7.25 18 9.25— 9.75 26 [29, 36, 37, 38]

West Germany
Haslach, Schwarzwald 70lL 10 5.0 —5.5 15 8.5 — 9.0 26 [29, 38, 39, 40]

West Germany KTB line 8401

Australia
Yilgarn Block Western Aus. 52i 10 4.0 4.5 13 11.0 —12.0 40 [41, 42]

Hines Hill traverses Q, R, S
Fraser Ranges Western Aus. 33 i 10 6.0 *80 22 11.0 —12.0 36 [41, 42]

Traverses D, E, F
Bowen Basin Queensland 65 i 15 4.25—5.75 15 11.5 —13.0 36 [41, 43, 44]
Sites F and G

Georgina Basin Queensland 80i 15 4.0 —5.0 12 (17) 53 [41, 43, 45]
Sites C and D

Eromanga Basin Queensland 80i 15 7.0 —8.0 20 12.5 —13.5 38 [41, 46, 47, 48]

Q: regional surface heat flow, with an uncertainty subjectively estimated from variability and density of local heat—flow measurements;
IR and IMJ ranges of two—way travel times to top of reflective lower crust and to reflection Moho, respectively (numbers in brackets:
travel times estimated from refraction data);
ZR and 2M: mean estimated depths to top of reflective lower crust and to Moho, respectively. Typical uncertainty in converting a
crustal travel time to depth is i 2 km, which therefore represents the minimum error bar on each estimate

References:

1. Sass et al., 1976 7. Klemperer et al., 1986 13. Oliver and Kaufman, 1977 19. Gale, 1986
2. Lachenbruch and Sass, 1977 8. Potter et al., 1987b 14. Tryggvason and Qualls, 1967 20. BIRPS and ECORS, 1986
3. Farmer et al., 1987 9. Hauge et al., 1987 15. Phinney, 1986 21. Holder and Bott, 1971
4. Mayer and Brown, 1986 10. Reiter et al., 1986 16. Klemperer et al., 1985 22. Bamford, 1972
5. Prodehl, 1979 11. Brown et al., 1979 17. Taylor and Toksöz, 1979 23. Brewer et al., 1983
6. Allmendinger et al., 1983 12. Olsen et al., 1.979 18. Bloomer et al., 1979 24. Blundell and Parks, 1969
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lower crust, T2, of 310O C, for the Lachenbruch (1970) model with a reduced heat flow of 33 mW-m’2 and a scale length for the
depletion of radioactive isotopes of 10 km, calculated for plausible values of crustal thermal conductivity

to heat flow, then the top of the reflective lower crust may
be an isothermal boundary in regions of constant thermal
conductivity. For the global data and the western USA
data the correlation coefficients obtained for the model in
which heat flow is inversely proportional to depth are high-
er than for the model in which heat flow is directly propor—
tional to depth.

Different thermal models of the crust, including both
a constant geothermal gradient and the more complex mod-
el due to Lachenbruch (1970) in which the concentration
of radioactive isotopes decreases exponentially with depth,
can be used to calculate isothermal curves relating heat
flow to depth for chosen values of thermal conductivity.
In the model with constant geothermal gradient, the depth
(z) to an isotherm (T2) is related to the thermal conductivity
of the crust (Ä) and the surface heat flow (Q) by the equa-
tion

Q : ‚l T2 /Z.

A least-squares fit of the equation

Q = Ä Tz / Z + 06
to the data in Table 1 (25 points) gives values for the con-
stants

ÄTZ:866W°m_1;oc:12.8 mW-m‘2
with a correlation coefficient r:0.64 (10 limits:
0.495 rSO.75). For an assumed upper-crustal conductivity
of 2.7 W-m“ 1-K’ 1 (Smithson and Decker, 1974), these

data suggest that the reflective layering preferentially ap-
pears in regions in the crust with temperatures above about
320 °C. Isothermal curves are plotted in Fig. 4a for a plausi-
ble range of upper-crustal thermal conductivities
(225/1532). Using only the data from the western USA
(Fig. 2c; 5 points) values of
ÄTZ:1051W‘m‘1, oc:7.7 mW-m‘z,
and

r:0.96 (10 limits: 0.8651‘5099)

are obtained. Taking ‚1:2.7 W'm_1-K_1‚ a critical iso—
therm of T22390 °C is found (Fig. 2c).

In the Lachenbruch (1970) model of exponential distri-
bution of heat production in the crust, with 2* representing
the characteristic depth of the heat-production distribution
and q* the reduced heat flow,

Ä T2: 61*Z+ (Q-q*)Z*{1 -€Xp (—Z/Z*)}.
Making the simplest possible assumption that this equation
is correct world-wide, with constant, global-average, values
of 2*:10 km and q*:33 mW-m—2 (e.g. Turcotte and
Schubert, 1982), a best fit to the equation (a minimum value
of chi-squared) is obtained with ÄTZ:830 W'm_1. Thus
for an assumed crustal conductivity of 2.7 W°m_1-K_1
the data of Table 1, when fit to the exponential heat—pro-
duction model, suggest that the reflective layering tends
to be restricted to parts of the crust with temperatures
above about 310 °C (Fig. 4b). Given the simplistic assump—

25. Klemperer and Matthews, 1987
26. Lewis, 1986
27. Vasseur and Lucazeau, 1982
28. Bois et al., 1986
29. Bram, 1979
30. Meissner et al., 1984
31. Dohr et al., 1983

32.
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36.
37.
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44. Collins, 1978
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46. Cull and Conley, 1983
47. Moss and Mathur, 1986
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with symbols as in Fig. 4. Error bars are omitted for clarity but are comparable with those in Figs. 2c and 3C. The data are essentially
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tion in this model of a globally oonstant reduced heat flow lower crustal reflectivity is the existence of a suitably high
and scale length for the distribution of heat production, temperature. However, temperature cannot be the only con-
it is perhaps remarkable that any correlation of the data trolling variable, and to some extent multiple proeesses
with the model is visible. must be operating, since the correlations obtained are im-

The data in Table 1 have also been used to make similar perfect (correlation coefficient < 1.0). In several areas the
correlations between Moho depth and calculated tempera- top of the reflective crust has a substantial dip (30° or more)
ture at the Moho (Fig. 5a). Weak negative correlations be- where it follows a teetonio boundary [e.g. Outer Isles fault
tween heat flow and depth to the Moho have been reported zone (Brewer et al.‚ 1983); Appalachian suture, Georgia
by other authors (e.g. Vyskoöil, 1979; Öermak and Zah— (Nelson et al.‚ 1985)]. Because the thermal time oonstant
radnik, 1982). However, for the present heat flow data set of the crust is only about 10 Ma (Lachenbrueh and Sass,
(severely restricted by the requirement for coincident deep- 1977), such dipping boundaries are most unlikely to be iso—
erustal seismic data) the negative correlation obtained be— therms at the present day. Thus the oceasional existence
tween heat flow and Moho depth and the positive correla- of steeply dipping boundaries to the top of the reflective
tion obtained between heat flow and reciprocal Moho depth lower crust also implies that development of the reflectivity
(r:O.41; 10 limits: 0.22gr3057 for the global dataset) requires both elevated temperatures and additional factors,
are clearly worse than the eorrelations obtained between presumably the existenee in the lower crust of suitable litho—
depth to the reflective lower crust or reciprocal depth to logic eontrasts.
the Iower crust. The depth to the Moho is also only very The depth to the reflective lower crust is more strongly
weakly eorrelated with the depth to the reflective lower eorrelated with reoiprocal heat flow than is the Moho depth
crust (r:0.2i0.2). The reoiprocal of the thiekness of the (Figs. 4 and 5a), and the thiekness of the reflective lower
lower crust, ealeulated simply as the reciprocal of the differ- crust is neither oonstant nor is it correlated with heat flow
enee between the depth to the Moho and the depth to the or reciproeal heat flow (Fig. 5b). Moho depth is only very
top of the reflective Iower crust, is uncorrelated with heat weakly correlated with depth to the reflective lower crust.
flow (r:0.1 i0.2) for the global dataset (Fig. 5b), but may Therefore, the relation between heat flow and reflectivity
be oorrelated for regional subsets of the data (Wever et al.‚ of the lower crust is most probably due to the nature of
1987). the reflectors, rather than being oontrolled by independent

oonstraints on crustal thiekness or lower crustal thiekness

Discussion per se.

Data presented regionally for the western USA (Fig. 2) and
the U.K. (Fig. 3), and as a global compilation (Fig. 4) sug-
gest that the seismically reflective Iower crust may be re- The correlation of the top of the reflective lower crust with
stricted to regions with temperatures greater than an isotherm of about 300°—4OO °C is based on data from
3003400 °C. The very definition of the ‘refieetive lower crustal provinees ranging in age from Archaean to Neogene.
erust’ as existing beneath a largely non-reflective upper If the correlation is correct, and has been maintained over
crust requires that the reflectivity of the lower crust occurs geological time, then as surface heat flow varies through

Is Iower crustal reflectivity transient?

only at elevated temperatures. Nonetheless, the demonstra- time (due either to changing mantle heat flux or to erosion
ble inverse correlation between heat flow and depth to the of the uppermost levels of the crust that are enriched in
top of the reflective Iower crust suggests that a necessary, radioisotopes), then the position of the top of the reflective
though not suffioient, condition for the development of the lower crust must vary with respeet to a fixed marker horizon



in the crust. Hypotheses for the origin of the reflectivity
of the lower crust that depend only on the presence of
different rock types, such as multiple mafic sills or layered
igneous intrusions, do not easily permit the layering to
move both up and down with respect to a marker horizon
in the crust. In contrast, hypotheses for the origin of the
reflectivity of the lower crust that rely on time— or tempera-
ture-dependent properties of rocks may satisfy this require-
ment. Two hypotheses that are time- and temperature-de-
pendent relate to the possible existence of ductile strain
banding or fluid—filled cracks in the lower crust (e.g. Mat-
thews and Cheadle, 1986).

Further evidence to suggest that many seismic reflectors
in the lower crust are transient and are not related solely
to lithologic boundaries comes from reflection profiles over
terranes exhumed from the lower crust. Crustal reflection
profiles have been recorded over exposed granulites of the
Fraser Range, Western Australia (Mathur et al., 1977), the
Erzgebirge, East Germany (Bölsche and Kresser, 1978), the
Lewisian, northwest Scotland (Brewer et al., 1983) and the
Adirondacks, New York State (Klemperer et al., 1985). In
all four eases the granulitic basement forming the upper
crust, which must have at one time been at lower crustal
depths, is relatively non-reflective. In contrast the present-
day lower crust, probably at granulite facies at some time
during its formation or evolution, is highly reflective in
all these areas. If these exposed granulite terranes are litho-
logical analogues of the present-day lower crust, then the
lack of pronounced reflectivity in the upper crust must be
due to changes that occurred as a result of uplift. These
Changes might include changing rheology as a result of re-
duced temperature and consequent brittle deformation near
the surface, or loss of trapped fluids and opening of eracks
due to reduced confining pressure near the surface.

Possible causes of transient reflectivity
At least some ductile shear zones have been shown to be
reflective where they outcrop near the surface (Hurich et al.,
1985). Ductile banding may be widely developed below the
‘brittle—ductile transition’ which occurs at about 350 °C
(but is highly dependent on lithology, strain rate, fluid activ-
ity, etc.) (Meissner and Strehlau, 1982), a temperature com—
mensurate with the range of temperatures identified in this
paper as marking the upper boundary of the reflective lower
crust. If the temperature of the crust increases, ductile band-
ing could be developed at successively higher levels in the
crust, produeing a corresponding rise in top of the reflective
lower crust. If the crustal temperature deelines and the brit-
tle-ductile transition moves to a deeper level in the crust,
then ductile banding might be caused to disappear, or at
least to cease to become refiective, by long-term ereep or
Chemical processes, or brittle deformation (Wever et al.,
1987)

Another possible cause of the reflectivity of the lower
crust is the presence of free fluids in the lower crust (Mat-
thews, 1986). Free fluids in the lower crust have also been
invoked in recent years to explain the widespread observa-
tion of extremely high electrieal conductivity in the lower
crust (e.g. Shankland and Ander, 1983). The generally very
low conductivity of the upper crust is usually taken to imply
an absence of fluids, or at least a very different distribution
of fluids, in the upper crust. Although little is known about
the ways in which fluids might reside in the lower crust,

the confining mechanism of lower-erustal fluids must de-
pend on the rheology of the lower crust and hence on the
temperature. It has been suggested that lower-crustal con-
ductive zones may be confined to regions where metamor—
phic dehydration reactions are able to provide free fluids,
at temperatures warmer than about 400 °C (Jones, 1987)
or above 500 °C (Ädam, 1976), and thus to the thermal
region identified in this paper as the reflective lower crust.
In this model, reflectors would represent local zones of high
fluid pore-pressures, probably but not necessarily con—
strained by pre—existing lithological boundaries. The large-
scale distribution of such fluids might also be controlled
by the presence of major crustal faults, giving rise to the
dipping boundaries to the reflective lower crust discussed
above. Lower-crustal fluids might be expected to be mobile
on geological time scales, migrating relatively rapidly in
response to Changes in crustal temperature and rheology.

Although this model of widespread free fluids in the
lower crust can explain the observations presented in this
paper there remain many questions, not least the source
of the fluids and problem of how to maintain high fluid
pressures in discrete layers separated by layers with much
lower fluid pressure. Measured rock permeabilities are suffi-
ciently high that fluids should diffuse out of high—pressure
zones very rapidly on geologic time scales (Jones and Nur,
1984). If free fluids are the cause of the observed lower-
crustal refleetivity, then an efficient mechanism is required
to supply very large quantities of fluid into the lower crust
to maintain locally high fluid pressures: the volume of fluid
contained by 1% porosity in a 15-km layer of the continen-
tal crust of the whole Earth is equivalent to the entire vol—
ume of water (230 x 106 km3) subducted every 20 Ma
(Fyfe and Kerrich, 1985). However, the exposure at the
surface of high-grade anhydrous metamorphic terranes
(granulite terranes) is commonly taken to imply that the
lower crust contains negligible amounts of free water. If
these objections can be overcome, it is well known that
strong reflections can be generated by fluid—filled porosity,
including hydrocarbon accumulations marked by ‘bright
spots’ (e.g. Dobrin, 1976). Changes in fluid—filled porosity
or fluid pore-pressure, measured to 12 km depth in the Kola
borehole in crystalline basement, have been directly linked
to changes in seismic properties and to seismic reflections
(Karus et al., 1982; Kozlovsky, 1984).

Conclusions

There exists a moderate inverse correlation between the
depth to the reflective lower crust and the surface heat flow,
when averaged over tectonic provinces, that can be demon-
strated both regionally and globally. This correlation im-
plies that one requirement for the development of the reflec-
tiVity of the lower crust is the existence of a sufficiently
high temperature in the lower crust. This hypothesis will
be tested further as additional seismic profiles are run in
areas of laterally varying heat flow. In particular, more
experiments are needed in areas of very high heat flow to
confirm that the correlation proposed in this paper is a
consequence of the nature of the reflective lower crust rath-
er than an effect of the way in which the reflective lower
crust is defined and recognised. A further implication of
the proposed correlation is that the lower-crustal reflectivity
must be variable on the same time scales as crustal tempera—
tures are believed to vary, i.e. tens of millions of years.



This result favours, as a cause of the lower-crustal reflecti-
vity, mechanisms that may be transient features of the crust,
notably free fluids or ductile strain banding. Indeed, these
possibilities are not mutually exclusive. The lower-crustal
reflectivity may be best developed where fluids are present
to enhance reflectivity due to lithologic contrast in ductile
regions of the crust.
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Analytical model calculations for heat exchange
in a confined aquifer
R. Schulz
Niedersächsisches Landesamt für Bodenforschung, Postfach 5101 53, D-3000 Hannover 51, Federal Republic of Germany

Abstract. Model calculations are carried out for the temper-
ature distribution in an aquifer, into which water is injected.
The models are simplified so that the temperature distribu-
tion can be given by an analytical expression. The one-
dimensional Simulation shows the well-known fact that ef-
fects of conduction can generally be neglected. In two-di—
mensional models the case of a doublet, in particular, is
analysed. A new approach is used for solving the heat trans-
port equation. The distributions of temperature, streamlines
and potential, even if a natural uniform flow of groundwater
exists, can be easily calculated and plotted. The computa—
tion of the temperature in the extraction well shows that
the economical working time of a doublet can be longer
than the thermal breakthrough time.
Key words: Geothermal energy — Heat transport equation
— Groundwater — Hydrothermal heat transport

Introduction

The geothermal resources and reserves in the Federal Re-
public of Germany have been estimated for selected aquifers
in the Northern German Basin, the Molasse Basin and the
Upper Rhinegraben. This study indicates that the highest
reserves are in the Molasse Basin of southern Germany
(Haenel, 1985). In a current research project the geothermal
reserves will be assessed more accurately for the Malm
aquifer (Upper Jurassic) in the Molasse Basin. For that pur-
pose and for other planned projects, computer modelling
is a helpful tool.

The models treated in this paper are simplified so that
the hydraulic and the heat transport equation can be solved
by analytical methods. The one-dimensional models can be
used for water injection or extraction into an aquifer; simi—
lar, but more complicated, models for solving this problem
can be found in Mehlhorn (1982). The thermal effects in
an aquifer caused by injection and production wells will
be analysed by a two-dimensional model. The approach
of Gringarten and Sauty (1975) for this model will be im-
proved.

The analytical models are very useful for obtaining a
general View of principal effects. Expenditure of computer
programming and running time is small compared to nu-
merical models. These simplified models are appropriate
for carrying out model investigations for small selected ar-
eas.

Such a local model was established for two wells in

the area of Saulgau (Baden-Württemberg, southern Ger-
many), which will be published by the European Commun-
ity; see also Table 1(b). The distance between the two wells
in Saulgau is only 400 rn. For greater distances or for re-
gional investigations, the hydraulic and geological Situation
often cannot be modelled in that simplified way which is
needed for an analytical approach. Then numerical model—
ling has to be used (e.g. see Lütkestratkötter, 1977). The
numerical methods can be tested by the analytical models
described here; this is intended for a further paper.

Basic equations

Fluid and heat transport in porous media are described
by the three equations of momentum, mass and energy con-
servation. The comprehensive derivations of the basic equa—
tions are given by Bear (1972, 1979), Carslaw and Jaeger
(1959) and Myers (1971).
A 1) First we assume that Darcy’s law is valid

qz—Kgradqb (1a)

where
q (m3 s‘ 1 rn ‘ 2) specific volume flux,
K (m s‘ 1) hydraulic conductivity (a tensor),
ab (m) hydraulic potential.
Since the dimension of the specific flux is a velocity, q is
also designated as Darcy velocity vF. For isotropic media
Eq. (1 a) can be rewritten as

s—kfgradrj) (1b)

where
kf (m s‘ 1) value of hydraulic conductivity (a scalar).
The equation of mass conservation for the fluid in a porous
medium is given by

5(np ) . „öt” +dw<ppq)+pFQ=0 <2a)
where
n (—) porosity,
ILF (kg m‘ 3) fluid density,
Q (m3 s“ 1 m73) source rate per volume.
For the sake of simplicity the following assumptions are
made:
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This is guaranteed if the density is constant or depends
on the pressure p only, since in this case

grad PFZPF ßF grads

is valid because of the low isotherm compressibility of water
(F25 ><10_10 m s2 kg‘l).

Then Eq. (2 a) can be reduced t0 the continuity equation

div q+Q:0. (2b)

If the heat production can be neglected, the heat transport
equation is given by

Ö
E(‚DCT):CIIV(Ä grad T—pCTv) (3 a)

where
C (J kg‘1 K‘ 1) sp€cific heat capacity,
T (0C) temperature,
x7. (W rn’1 K’ l)
Thermal dispersion and dissipation can be Ieft out of
Eq. (3 a), as Bear (1972, ä 10.7.4/5) describes.

Equation (3 a) is reduced t0 the heat conduction equa—
tion assuming an impermeable solid

thermal conductivity.

Y

4, x

VF: 0 pScS ÄS vertical T(z.x‚y) Caprock
Zo

T
M VF(X‘y) pACA

ÄA horizontal T(zo.x y) Aquifer

ZO+M l

VF= 0 pSCS
ÄS vertical T(z‚x‘y) Basement

W
a Z

t T

\
\

\ Caprock
\ Äs

\ \
\ \

ZO l I

| | Aquifer Fig. 1a, b. Hydrogeothermal model.
| | a Geometry and parameters.

ZO+M 1 1 b Vertical energy balance in the aquifer: (1)
\ \ undisturbed temperature; energy is balanced;

V
\ Basement (2) injection of warm water; energy is extracted

Z
\ ÄS from the aquifer into the caprock and the
\ basement; (3) injection of cold water; energy is

extracted from the caprock and the basement

b (1) (2) (3) into the aquifer

A 2) The flow is steady—state. Ö _
_ . . _ _ . 8— (ps c5 T): d1V()„S grad T). (3 b)

A3) The spatlal derlvatlon of the flu1d densny vanlshes. t

In an aquifer two different portions of media have t0 be
considered; therefore, Eq. (3 a) can be rewritten as

Ö
Öt

where

PA CA :o CF +(1— n) Pm Cm'

(The index m marks the aquifer matrix. Pm'C'm:/)s'C-'s is as-
sumed for the model calculations.)

Model assumptions

In order t0 calculate the temperature distribution, the heat
transfer equation, Eq. (3), has t0 be solved. The unknown
velocity v must be determined by Darcy’s law, Eq. (1), in
conjunction with the continuity equation, Eq. (2). In order
t0 solve this problem for a confined aquifer by analytical
methods, additional model assumptions are necessary (see
Fig. 1a):
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A4) All parameters of the model are isotropic and con-
stant. The parameters of the caprock and the basement are
identical.

A5) The aquifer is infinite in the horizontal direction; its
vertical thickness M is constant.
A6) The caprock and the basement are impermeable, i.e.
v=O. In the aquifer, the water flows only in the horizontal
direetion, i.e. v=(vx, vy, 0).

A7) The temperature in the aquifer is independent of
depth.

T(x‚ y, z): T(x, y, 20) for zogzgzo+M.

20 is the depth of the aquifer top.
A8) The horizontal heat conduction in the surrounding
rock is ignored, i.e. the vertical heat conduction is, as usual,
dominant.

Taking these assumptions into account, the temperature T
in the rock is governed by the heat conduction equation,
see Eq. (3 b),

ÖT ÖZ
PsCsW=4sä7T (4)

and in the aquifer by the modified heat transfer equation,
see Eq. (3 C),

ÖT „ 2 T
pAcA—Ö—t—+cFvFgrad TZASJ—VI—52220—i—ÄAAT

(5)

with the two-dimensional Laplace operator

82 82

Because of assumption A7, this equation is eonsidered only
at the boundary of the aquifer. Since the influence of the
whole aquifer has to be taken into account, the conductive
part of the energy balance in the z direction need not be
considered in a differential sense (see Fig. 1b). The term

Ö
Ä

Ö
Taz( A a—Z )

must be replaced by (Myers, 1971; Landel and Sauty, 1978)

28T
Äsüäz‘ .

2:20

The unknown velocity vF in Eq. (5) is determined by Darcy’s
law, Eq. (1b); the hydraulic potential (j) is governed by the
two—dimensional potential equation

Ad>=ZQ',-M/T‚ (6)

where

Qj (rn3 s’ 1 m‘3) source term for each well,
T, (m2 s’ 1) transmissivity

zO+M

ZO

Equation (6) is a combination of Eqs. (1b) and (2b). This
approach is based on the assumption that the source term
vanishes except at the location of injection or extraction
wells.

It is further assumed that the initial temperature T0 of
the aquifer at time t=0 is constant. At that time water
of temperature 7} is pumped into the aquifer at the injection
wells. The flow rate and the temperature of the injected
water need not be constant in time.

One-dimensional models

In a one-dimensional model the flow of the groundwater
can be considered only in one cartesian direction or in a
radial direction. Flow in one horizontal direction can be
caused by a number of injection wells lying in a straight
line. The temperature field is characterized in the rock by
Eq. (4) and in the aquifer by, see Eq. (5),

ÖT ÖT 2 ÖT 82T
pACAW+pFCFUFE:ÄSMFZ— _ + A—Z—Öx - (7)

The velocity of the water is given by

vp:vo+Q/(aM)

where

natural Darcy velocity‚
injection rate of each well,
distance between two wells.

Uo (m 5—1)
Q (11135—1)
a (m)

If the conductive heat transfer is considered (‚1A > 0), the
relative temperature differences are given by AVdonin (1964)

T(x, z, t)—TO

T?
4x

fexp{-[VSl/;—x/(MSl/T)]2}52a/ro
(8)

oo
—'Ä

l exP(-u2)erfC Z
A82 4 duds

w(52)
ZÄ l/g

1—8
S

T__SZs 71]?—

where

r 2(4ÄAw/(pAcAM2),y =(vFMcF)/(41A)‚
8 : l/(ÄS Cs ps)/(ÄA CA pA)’

w(s)=(88'l/T)/(2 1*5)’
_ _ 0 for ZOSZSZO+M
Z —{2|Z_ZO_M/2|/M_1 otherwise‚

T0 initial temperature at t: O,
Ti temperature of injected water,
S, u dummy integration parameters,
erfe complementary error function.

Taking Z =0‚ the relative temperature differences within the
aquifer are given by
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T(X‚ ZOa 0— T0

Ti—To
2x 1exp{—[vsI/%—x/(MsI/%)]2>

S2
2

Ml/E of

LKW. (9)-erfc(
2 1—52

If the conductive heat transfer can be neglected ().A:0),
the temperature is described by Lauwerier (1955)

w:U(I—6) erfc
[_äi]

(10)Ti—To 2m???)
where

T =(4 Ästl/(pA CA M2)‚
f Z (4 Äs x)/(PF CF M2 0F),
9 :(pA CA)/(ps 65),
2‘ = as in Eq. (8),
U = unit step function.

Both cited papers give full details about the mathematical
derivations of Eqs. (8)410). The solution without conductive

r“ [m] 250

heat transfer [/lA 20, Eq.(10)] cannot be treated as a special
case (‚lA—>O) of Eq. (8); both solutions need their own ap-
proach.

The temperature, depending on the distance to the line
source, is plotted for three different values of the thermal
oonductivity of the aquifer in Fig. 2. The parameters used
are given in Table 1. Figure 2 Shows the well—known fact
that conduction can be neglected if the velocity of the
groundwater is high enough; that means, in this case, that
the “Peclet number” y in Eq. (8) should be greater than
4. If a horizontal thermal conductivity in the aquifer is as-
sumed, deviations are observable only at the temperature
front.

The solutions given above are less important for practi-
cal applications as line sources seldom exist. Therefore, the
flow of groundwater in a radial direction, caused by a point
source (one well), is analysed. Again the temperature field
in the rock is characterized by Eq. (4) and in the aquifer,
analogously to Eq. (7), by

öT ‚1A QcF ÖT
Wenn—H ‘i‘a?

‚i
2 ÖT

2
62T 11— SM—Zz:z(‚+ ”A Ör2 ( )
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Table 1. Parameters used in model calculations

Parameters Dimension (a) (b)

Specific heat capacity c5 J kg‘1 K ’ 1 1000 850
of the rock

Density of the rock ps kg m ’ 3 2600 2670
Thermal conductivity ‚15 W m ’ 1 K ‘1 2.8 2.9

of the rock
Depth of the aquifer 20 2 100 586
Thickness of the aquifer M m 30 35
Porosity n % 1.0 2.7
Distance of the wells 2a m 400 400
Undisturbed temperature T0 °C 40 40
Injection temperature T‚. °C 25 25
Injected volume fiow rate Q m3 s’1 0.03 0.03

(a) Principal model (Fig. 5)
(b) Parameters for the area of Saulgau (Baden-Württemberg, south—
ern Germany)

where r is the distance t0 the well. The solution of Eq. (11)
is given by Avdonin (1964)

T(r, Z, t)— T0 2

(

r2

>V

1 exp[—r2/(Mzrs)]
72—770

—l/;F(v)
M2'L'

0 Sv+1

00
2

Z—'ÄA8- j exp(—u)erfc 4 2 duds
MS) 2251/; 1———2—84:ls —828

where

v: (QCF PF)/(47IM 4A),
2, 8, I and w as in Eq. (8),
F Gamma function.

If the thermal conductivity is neglected (‚1A 20), the solution
of Eq. (11) is a special case (one well, v0=0) of Eq. (19)
below. Both solutions are compared in Fig. 3. It is shown,
as in Fig. 2, that heat conduction is negligible.

Two-dimensional model

If the efTect of two or more wells and of an additional natu-
ral flow of groundwater is taken into account, a two-dimen-
sional approach of the heat transfer within the aquifer is
necessary. The flow of the groundwater is described by
Darcy’s law, Eq. (l), where the hydraulic potential gb has
t0 satisfy the potential equation, Eq. (6). This hydraulic
problem can by solved by the theory of conformal mapping
and by superposition of the effeets of each well (Dacosta
and Bennett, 1960; Bear, 1972).

The case of a doublet will be considered in particular.
A doublet consists of two wells (Fig. 4); in the well I water
is injected into the aquifer, in the other well E water is
extracted; the filter length is identical t0 the thickness M
of the aquifer. The number of wells has been limited t0
two only for practical reasons; a generalization t0 an arbi-
trary number of wells is possible. If the same injection and
extraction rate is assumed (Q1: —Q2———Q), the solution of
the hydraulic problem is given by the velocity potential

v0 Q (><+a)2 +y2900c, y): —k— (x cos oc +y sin oc)— (13)
f 471T, n(x—a)2+y2’

Fig. 4. Principle of a doublet: I injection well at (—a, 0); E extrac-
tion well at (a, 0); vO natura] flow field; oc azimuth of the natural
flow field

the stream function

vo . 26WWx, y):
—k—f(y

cosoc—x s1noc)—m arctan
m

(14)
and the velocity

Q x+a x—a”F00 COSOC+271M[(x+a)2:‘Z—(x—a)2+y2]

v -v sinoc+ y — y (15)
y— O 27IM (x+a)2+y2 (x—a)2+y2

where

2a the distance between the two wells,
v0 velocity of the natura] flow field,
oc azimuth of the natural flow field (see Fig. 4).

The temperature field in the rock is characterized by
the heat conduction equation, Eq. (4), and in the aquifer
by the heat transfer equation, see Eq. (5),

ÖT 2 ÖT
pACA—Öt—+pFCFvgrad TZÄS—ME _ . (16)

As shown above, the conductive heat transfer can be neg-
lected for sufficiently great injection rates.

If the velocity v, Eq. (15), is described as a function of
go and w, it is well-known that v depends on the potential
go but does not depend on the stream function l/l. Therefore,
the dependency on the two spatial coordinates x and y
can be redueed t0 one coordinate. The following equation
is valid in the new (p —tß coordinate system:

(17)

Opposed t0 this approach, Gringarten and Sauty (1975)
have used the area element S as parameter

Ö T
vgrad Tzkgüfi. (18)

This approach has often been cited (e.g. Mercer et a1., 1982),
but has the disadvantage of using a relatively long comput—
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Fig.5a—c. Two-dimensional distribution of temperature, streamlines and potential. a after t=3 years, 00:1.0x10_6 m 3—1; b after
t: 5 years, 120 : 1.0 x 10"6 m s’ 1; c after t: 3 years, v0 22.5 x 10’6 m s‘ 1. oc:90° azimuth. Other model parameters: see Table 1(a)

ing time. The new approaeh, Eq. (17), seems t0 be Clearer
from the mathematieal point of view and the computing
time can be reduced t0 one-tenth. The derivation of the
solution with the new approach is given in the Appendix.
The temperature distribution at time t and point
€00 Z 900%, J’o) i5 given by

T t, , z —— T c(
#17) O=U[t-pA

A I(<po)]
i 0 ‚0F CF

s I M _
m (€00)+—4—Z

-erfc (19)
s pA CAt — I

Ps C5 PF CF
((Po)

where

0° 1
[(CPO)=kf ‚l grüß, (20)

(Po

5 as in Eq. (8).

The integration contour in Eq. (20) is the streamline
gI/O=Ip(x0, yo). If we assume that the natura] groundwater
flow vanishes (v0=0), the integral, Eq. (20), can be given
in a completely analytical way. Following the approach of
Muskat (eited by Bear, 1979) the two parameters C and
9 are defined as

(>c—a)2+y2ln
———2——2(x+a)+y

(21)
NIH

_‚ 2 a y
‚31 : arctan

m
. (22)

The integral I, Eq. (20), can be rewritten as

27I:Ma2 00 _
[(CO):—Q——

l (coshC+cos 8) ZdC. (23)
C0

Using integration formulas, e.g. Gradshteyn and Ryzhik
(1965), the following result is yielded

a) |eosS|=i=1

I
_27rMa2

l 2 8 h8;
9

(C)—T{ +[ cot -aretan(tan Etan
f)

sinhg” ‚ _29 24
—Wi

Sln } ( a)

b) |cos.9|=l, i.e. y:0

I 2nM “2 sinhC cos .9
(O‘Ti ‘W( +W)}

(24b)

If the natural flow of groundwater does not vanish (v0 #0),
the approach of Muskat cannot be used. The integral,
Eq. (20), has t0 be treated numerically. For a given point
(x0, yo) the stream function Wo: L//(x0, yo), Eq. (l4), the p0—
tential (pO:(p(x0, yo), Eq. (13), and the veloeity v(x0, yo),
Eq. (15), have t0 be calculated. Then the potential (po is
increased by a small value Aq) t0 <pO+Acp; this is a new
point on the integration contour. The eorresponding carte-
sian x— y coordinates are given by an implieit system of
equations

l/Io =I//(x‚ y)
900 + A <0 = <0 (x, y)- (25)

Since [ß and (p are nonlinear function, a direct inversion
of the system (25) is not possible. In order t0 solve the
system, the Newton-Raphson method can be used (e.g.
Stoer, 1972):
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[x.‚„...]J’(m+1)

_[x(m)]_[Öl/’/9X 'QW/ÖJ’]_1[W(x(m)ay(m))—'//o J
—

Mm) QCP/QX Ügo/Öy (P(x(m)aJ’(m))_(Po—A(P
i

Using the relationship of go, w and v, Eqs. (13H15), the
two-dimensional system can be rewritten

[X(m+ 1)]:[x(m):l+52f_[—

Uy

Ux] [W

(Mm), Y(m))_ Wo

]
(26)

J’(m+1) Mm) Ü Üx Üy (Pump Y(m))—(Po—A(P

Since the convergence of the Newton-Raphson method is
very fast, only a small number of iterations is needed to
determine the x1 and y1 values belonging to goO+A (p; the
corresponding value vz(x1‚ yl) is ealculated from Eq. (15).
The procedure is continued for cp0+2A (p, starting the new
iteration, Eq. (26), with the old x1 — y1 values.

For suffieiently great N, (p=(pO+NA (p, the point
(xN, yN) should lie in the neighbourhood of the injection
well: (xN, yN) z(—a‚ 0). Then the integral, Eq. (20), is numer-
ically calculated by

N
4W

1((p0):kf Z
mi=O

Otherwise the point (x0, yO) is situated at a streamline 11/0
which does not lead to the injection well; in this case we
set

1((PO): 00

and therefore, see Eq. (19),

T(t, 900, z) = T0 for all t.

The Newton-Raphson method is also used for the repre-
sentation of stream and potential lines. These lines, together
with the isotherms, are plotted in Fig. 5; the parameters
used are given in Table 1(a). In Fig. 5a and b the velocity
of the natural groundwater flow is v0=1 x 10—6 m s’ 1 and
its azimuth (see Fig. 4) is 90°. In Fig. 5a the temperature
distribution is shown after a working time for the doublet
of 3 years. The eourse of the temperature front is given
by the isotherm of 40° C. This front will arrive at the extrac-
tion well after less than 5 years, see Fig. 5b. If the velocity
is slightly raised to 2.5x10‘6ms_1‚ there is no single
streamline connecting both wells, as shown in Fig. 5C. As
a steady—state flow is assumed, a thermal conneetion be-
tween both wells can be excluded for this model; see also
Fig. 6.

Temperature in the extraction well
In geothermal energy applications, the behaviour of the
temperature in the extraction well at (a, O) is decisive. One
problem is whether, and when, the temperature front of
the injected water will arrive at the extraction well. As we
have seen in Eq. (19) the argument of the unit step function
is important. If this argument is greater than zero, the tem-
perature front has arrived at the extraction well. This data
is called the thermal breakthrough time:

_ ‚0A CA
‚0F CF 1 (ma) (27)t3

Table 2. Thermal breakthrough times for a doublet

Natural flow of groundwater Thermal breakthrough time

VCIOCitY Azimuth
v0 OC tB

pA CA 47rMa2
00:0 _

‚ÜFCF 3Q

O
pA CA 2a Q C+a

UO>O 0
‚DFCF

E(1———_27IMUOC
n—C_a)

O ‚DA CA 2a a
Q/(anM)>UO>O 180

pFCF
‘U;(—

Warctan
g)

vo/(anM) 180° oo

Q (m3 s‘l) injection and extraction rate; 2a (m) distance between
both wells; M (m) thiekness of the aquifer;
c: Ia2 +aQ/(7rM v0 cos oc)|1’2

IIIIIIII I fiIIIIIII I IIITÜI ITIIIII
8

I

B

[a]

1 llllll

Vo [In/83155
ß l l lllllll l lJllllll l llllllll I

121—9 158 1a'7 13—5
Fig. 6. Thermal breakthrough time tB for a doublet: v0 natural
flow field; oc azimuth. Other model parameters: see Table 1(b)

where I (goa) is the lowest value of the integral, Eq. (20), relat-
ing to all streamlines z/I connecting both wells. If there is
no natural flow field (vO 20), the straight line IE (see Fig. 4)
is the streamline that has been searched for. In this case
the integral can be calculated by using Eq. (24b) with
cos 9: —1 and Eq. (21)

I(x )=fl(2a3+3a2x —x3)o 3Qa o o

where the point (x0, 0) is situated on IE (I xol S a). This result
is well known (e.g. Lippmann and Tsang, 1980). The straight
line IE is also the streamline we have been looking for,
if the direction of the velocity is parallel to IE (oc=0° or
oc=180°). Using Eqs.(13)—(15) the integral is given by
(lxolsa)

I(x0):7rM }0(a2——x2)/[aQ+7zM vo(a2—x2) cos oc] dx.
*a

Setting x0 2a, the thermal breakthrough time can be calcu-
lated by simple formulas which are summarized in Table 2.
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The breakthrough times for all other cases can be nu-
merically determined as described above. The breakthrough
times, depending on the velocity vO and the azimuth, are
plotted in Fig. 6. They are identical for vanishing and low
velocities. For higher velocities, higher than 10‘7 In s‘ 1 for
the given parameters, the azimuth is important.

The breakthrough time is the date of the first connection
of the injected water with the extraction well. After this
time there is not necessarily an important change in the
extraction temperature TE. This temperature is a mixed tem-
perature integrated over all streamlines connected with the
extraction well. It is given by, see Eq. (19),

TE(t)—TO__1_W;2“U t_pACA
Ti—TO —27T ‚1,61 PFCF

W
.erfc(—————spscs 1„/ t—pA CA 1.,)614/ (28)

FMpFCF

with

Uo .waz— a Slnoc
kf

+00

Iwzkf 1 5261W

where the integration contour is the streamline 11/.
The extraction temperature for different injection-ex-

traction rates, depending on the working time of a doublet,
is plotted in Fig. 7. For example, the breakthrough time
for an extraction rate of 0.03 m3 s- 1 (301 s— 1) in the given
case is about 3 years and 2.5 months, but a marked reduc-
tion of the temperature by 33% will occur after about
15 years. This shows that the economical working time of
a doublet can be considerably longer than the thermal
breakthrough time.

19

Remarks

The formulas given in this paper can also be used for the
temperaturedistribution in the caprock and in the base-
ment. But in this case the aquifer must be situated at greater
depth, since the solutions are given for a full space without
boundary conditions at the earth’s surface. For this case
Kasamyer et al. (1984) give a solution for the one-dimen-
sional model. Chen (1980) shows that the temperature distri—
bution in the aquifer is independent of the caprock thickness
20 for a time period t after injection starts, if

t50.1 2(2) ps Cs/Äs.

This relation is always valid for aquifers deeper than 100 m
and a working time of a doublet of 30 years.

Appendix

Solution of the difi’erential equations

We have t0 find the solution of the heat conduction equa-
tion, Eq. (4), in the basement

öT 62T
psCSFE—ZÄSFZT; Z>ZO+M. (29)

The temperature T has t0 satisfy the boundary condition,
Eqs. (16) and (17), at z =zO + M

ÖT 122 ÖT_ 2 ÖT

PACA—äT_PFCFk—fw- SMEZZZO+M.
(30)

An analogous formulation is valid for the caprock (Z<ZO).
The initial condition is

T=0
TzT,

for t=0
31

at (x,y)=(—a,0); i.e. cpzoo ( )

As the problem is linear, the effects of other wells and of
a Change of the injection temperature can be considered
by superposition. '

The differential equations, Eqs. (29) and (30), are trans—
formed by

t :(M2 PA CA T)/(4Äs)
(P :(M2 PF CF Ö/(4 Äs) (32)

M
Z =_2—(7’]+2)+ZO

into the equations

ÖT 82T
W=C107F ">0 (33)
ÖT ÖT v2 ÖT—=— ‚1:0 (34)ar an +7; 73?
with

C1 = (‚0A CA)/(ps 05).

The Laplace transform (e.g. Abramowitz and Stegun, 1964)

L(s‚ 6, 71): I e’SITü, ä, wir
O
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yields an ordinary differential equation instead of the partial
differential equation (33)

ÖZ
sL:C1

W
L. (35)

The solution of Eq. (35) is

L(S‚ 6, 77)=b1(€‚ S) 6Xp(- S/Cl '1)+
b2(€‚ S)°€Xp( 8/61 77). (36)

Since the second term becomes infinite if 17 —> oo, i.e. z —> oo,
the coefficient b2 must vanish. The coefficient b1 is governed
by the equation

2 ab1(5+I/S/C1)b1=%W (37)

which is a combination of the Laplace-transformed Eq. (34)
and Eq. (36). Its solution is

191(5, S)=b3(S) eXI>[-(S+|/S/Ci)1(f)] (38)
with

1 -
I(.f)=kf Fdä. (39)

“’78

Using the initial condition, Eq. (31), the coefficient b3 is
determined. The Laplace transform yields for 17:0 and
5:00

L(s, oo, 0) : Ti/s

and Eqs. (36) and (38) yield

L(s, oo, 0):b3(s).

Therefore, the solution of Eq. (35) is given by

L(S‚ ä, 77) = T.- eXp { -1(€) 8+ [1(6)+ 17] l/ S/CJ/S
and the inverse Laplace transform yields the solutions of
Eqs. (33) and (34).

T(T‚ 6, 77): Ti (JE-1(5)]
n + 1(6)- f .“AN/W

Using the inverse transform of Eq. (32), the solution of the
original problem is obtained [see Eq. (19)].

(40)
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Abstract. In order to constrain the motions of the allochtho-
nous Ardenne during the Paleozoic, standard paleomag-
netic techniques have been applied on acidic and basic sills
of the Cambrian Rocroi massif and on Cambrian-to-Visean
sedimentary series sampled along the Meuse valley. Ordovi—
Cian—Silurian volcanics and Devonian—Visean limestones
have also been collected in the autochtonous Brabant and
Namur basin, in order to get paleomagnetic reference poles.

In the Ardenne, two groups of in situ paleomagnetic
directions arise. The A components (mean: D2212°, I:
—11°, 0595 26°, for 10 sites), that are Characterized by un-
blocking temperatures around 330° C, represent Late Var-
iscan (Stephanian—Permian) overprints. The B components
(mean: D2236°‚ I: 2°, 0(95 211°, for 13 sites) display high—
er unblocking temperatures, in the range 400°—580° C. They
show a large scatter in inclination (—25°<I< 35°) that is
not reduced by teetonic correction. The B components are
interpreted as post- and partly synfolding overprints of
Middle—Late Carboniferous age. In the Brabant, all series
display Late Variscan remagnetizations (mean: D:204°,
I: —7°, 0(95:9°, for 5 sites), consistent with the Stepha-
nian—Permian pole of Europe.

The existence of Middle-to-Late Variscan B directions
in the Armorican Massif, Central Massif, Vosges and Black
Forest indicates that in Namurian—Westphalian times the
whole investigated Variscan belt, including the Ardenne,
was trending N-S. A 45° Clockwise rotation relative to the
paleomeridian, during the latest Westphalian—Stephanian,
has lead the massif to its Permian position.

Key words: Paleomagnetism — Paleozoic — Ardenne — Bra-
bant — Remagnetizations — Rotations

Introduction

The folded and metamorphosed Paleozoic series of the Ar-
denne massif are limited to the north by a major tectonic
feature, the Midi fault. Reflection seismic surveys and deep
drilling show that this large thrust fault dips under the Ar-
denne and continues under the Paris basin, where it reaches
the boundary between upper and lower crust (Ecors, 1984).

The objectives of this study are to follow the move-

Qfiprint requests t0: J.B. Edel

ments, both in paleolatitude and direction, of the Ardenne
and the Brabant during Devonian—Carboniferous times
and, partieularly, to see whether paleomagnetism can give
information on the Variscan motions that have initiated
the Midi fault overthrust.

The paleomagnetic study has been performed on Paleo-
zoic series outcropping along the Meuse valley, from the
Rocroi massif to the region of Namur and along the E-W
belt of Silurian—Ordovician magmatism of the Brabant
(Fig. 1). The investigated area is crossed by the Variscan
front. In the Brabant, the youngest ages of metamorphism,
i.e. 4OW375 Ma, represent the latest phase related to Cale-
donian folding (Andre et al., 1981). In the Hercynian Ar-
denne, a thermal phase dated at 316 Ma (Michot, 1976)
affected the region along the anticlinal axis. Near the Midi
fault, a late Variscan age of 297 Ma, probably related to
the latest thrusting phase (Pique et al., 1984), has been ob-
tained. According to Beugnies (1983), the Ardenne has been
affected by E—W strike-slip faulting, after folding and meta-
morphism.

The Ardenne sites

In the Ardenne massif, the grades of metamorphism and
of the schistosity decrease from south to north (Beugnies,
1962; Dandois, 1981 ; Pique et al., 1984). North of the Cam—
brian Rocroi massif, which is overlapped by discordant De-
vonian, the isogrades rernain parallel to the stratigraphic
series. Sampling has been carried out on a S-N profile that
erosses these isogrades.

The Rocroi massif

Samples were collected mainly in diabase sills (sites Ar 2A,
2B, 3, 6) and microgranite sills (sites Ar 1, 4, 5, 19) intruded
into metamorphic silts and sandstones (Beugnies, 1962)
(Fig. 1). The microgranites seem to be younger than the
diabases. They were probably emplaoed at the same time
as the rhyolitic volcanics of Willerzie that outcrop at the
eastern border of the Rocroi massif (sites Ar 7, 8, Fig. 1).
The different facies are due to different metamorphic para-
genesis, to hydrothermal activity and to the conditions of
emplacement. Two sites have been drilled in epimeta—
morphic series south of the axis of maximum metamor—
phism (sites Ar 9, 10).
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The Devonian series

It is composed of an alternation of detritic and carbonated
layers. Sampling has been carried out in Emsian sandstones
(site Ar 11) and in lower Givetian limestones. Site Ar 12
layers are in a normal position, those of site Ar 13 in a
reversed. Site Ar 20 corresponds to a cross-section starting
in Famennian limestones and ending in Etroeungtian lime-
stones (Strunian). Two sites (Ar 7, 8) are located in the
rhyolite of Willerzie, close to the eastern discordance of
the Rocroi massif (Beugnies et al., 1976).

The Dinantian series

Sampling has been performed at different levels of the
mainly calcareous series:

the Tournaisian lower boundary (Site Ar 17).
— the Tournaisian—Visean boundary (site Ar 14)
— the middle Visean (Site Ar 15)
2 the upper Visean (site Ar 16).

The Brabant and the northern Namur syncline sites

The Brabant a’aciles

The early Paleozoic series, generally hidden by Tertiary de-
posits, outcrop only in some valleys and in quarries. The
Cambrian, whieh presents some analogy with that of the
Ardenne massif, is overlapped by a thick phyllitic Silurian—
Ordovician series. The Silurian—Ordovician boundary is
characterized by volcanic formations that extend along an
are Ostende—Liege. The site of Lessines (Br 1) has been
sampled in a piling of several hundred sills dated at 419 Ma
(Andre and Deutsch, 1984). The samples show a low-tem—
perature paragenesis with quartz, albite, Chlorite and epi-
dote. Near Fauquez, the volcanic series is composed of la-
vas, pyroclastites (Site Br 4) and volcanic sedimentary layers
(Br 2). Analysis of thin sections reveals a similar composi-
tion as in the dacites of Lessines; however, the effects of
hydrothermal alteration and Caledonian tectonics are more
pronounced. Further to the east, at le Pitet, the tuffs (Br 7)
and lavas (Br 8) of Wenlockian age are hardly affected by
hydrothermal activity and schistosity.

The limestones 0f the Namur syncline

North of the Namur syncline, Givetian (Br 5) and middle
Visean (Br 6) limestones were collected. The Givetian marks
the southern border of the Brabant massif, whereas the
Visean series correspond to the northern limb of the Namur
syncline.

Sampling and laboratory techniques

The samples were drilled or collected as hand samples and
oriented with magnetic and, whenever possible, solar com-
pass. In the laboratory the cored samples, 2.5 cm in diame—
ter, were eut into 2.2-Cm-long specimens. Remanent mag-
netizations were measured with a Digieo magnetometer
(Molyneux, 1971). Its noise level has been reduced to
3 >< 107 5 Am’ 1. We used alternating field (AF) and thermal
demagnetizing units and a Curie balanee, built in our labo-
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ratory. The low field susceptibility measurements were per-
formed with a Digico susceptibility bridge.

Rock magnetism

The sills andflows

Natura] remanent magnetizations range from 1074—10"1
Am‘ 1 in the microgranites and from 10—4—1 Am’ 1 in the
diabases. Susceptibilities are less dispersed. In the diabases
they group around 10—2, while in microgranite they are
weaker. In most cases the Koenigsberger ratio (remanent
magnetization divided by induced magnetization: Q:
J/KH) remains lower than I. The thermomagnetic curves
display Curie temperatures of 320°—350° C, 500°—580°C
and/or 620°—650° C. In one microgranite, the curve ShOWS
a “hump” in the range 420°—580° whiCh is due to produc-
tion of magnetite above 420°. During cooling, the curves
reveal various behaviours. A common feature is the creation
of ferro/ferrimagnetic material with Curie temperatures of
450°—580° C.

The sediments

Most of the sampled sediments are limestones. The intensi-
ties of NRM apparently depend on the age of the series.
The Givetian limestones show the highest values (in the
range 2 x 10— 3—2 >< 10— 2 Am‘ 1), while the Visean range be-
tween 10—4 and 10—3 Am”. As the susceptibilities show
the same tendency, it is concluded that the amount of mag—
netic material is greater in the Devonian limestones than
in the Carboniferous.

The thermomagnetic curves usually reveal changes of
the magnetic mineralogy during the heating and/or cooling
process. In the limestones, the “humps” are common in
the range 420°—580° C. In most cases the magnetizations
hardly increase during cooling. The ereated ferro/ferrimag-
netiC materials exhibit Curie temperatures of 280° and/or
580° C, the latter corresponding to magnetite.

The remanent magnetizations

(Table I, Figs. 2 and 3)

Pilot demagnetization tests have shown that thermal treat-
ment separates the different components of NRM better
than AF cleaning. Consequently, most of the 340 specimens
were demagnetized thermally.

The sills andflows

Most microgranite samples are Characterized by a magnetic
eomponent that cannot be demagnetized because of mag-
netic Changes above 330°—400° C. The destroyed material
is supposed to be maghemite or a sulphide. AF demagnetiz-
ing does not appear to be more efficient. At sites Ar 4,
5 and 19, the magnetization often diverges above
330°—400° C. With exception, most characteristic directions
were obtained from the computation of a mean direction
in the range 100°—300° C.

Site Ar 1 was sampled in a thick sill not muCh affected
by hydrothermal alteration. Demagnetization reveals a first



24

N
’l Ar1.41 ’+ A'6‘41 A A

550 wähnt < 1L -4 >E
\+\ down 2.10x Br1.74

\+\ 490
\\\

>1<\\
‘s 550 l

t -3
+N äE 530

W
\\

5.10 X\
\
\

6 t -3 >E \
down 10 X \

\ \
\

\
\‘

260
J

330 \x\>)‘<\
ldown 180 x x

Ar 20.36 N/l +fi+\ Ar10.51 AN
\+ x

\\\ >E
++—-+———+———+—_—L

> \\\

430

\\\

\\

10'3 l + >E
5.10’4

320

I
‚'

+ (down

260
Wdown

Fig. 2. Typical vector diagrams 0f thermal demagnetization. Ar 1.41: mierogranite; Ar 6.41: diabase; Ar 20.36: Strunian limestone;
Ar 10.51: Cambrian schist; Br 1.74: daeite of Lessines; Br 5.62: Givetian limestone. Orthogonal projections in the horizontal plane
(o) and in the E-W (+) or N-S ( x) vertical planes. The intensities of remanent magnetization are given in Am—l

Component that disappears at 550° C and a second one,
roughly opposite in direction, carried by magnetite (Fig. 2,
Ar 1.41). Magnetite seems t0 have been a primary mineral
in mierogranites. It was probably oxidized into maghemite
in the hydrothermalized sills.

In the diabases of sites Ar 3 and Ar 6, which are the
least altered, 0ne Observes unblocking temperatures 0f
550°e580° C that reveal magnetite as the main carrier of
magnetization. At site Ar 2a and particularly at site Ar 2b,
which are affected by hydrothermal alteration, the unblock-
ing temperatures drop down t0 330° C, revealing the pres-
ence of maghemite.

The rhyolite 0f Willerzie is characterized by both high
(Ar 7) and 10w (Ar 8) unblocking temperatures (Table 1).
North of the Midi fault, the Brabant dacites ShOW maxi-
mum unblocking temperatures 0f at least 500° C (Fig. 2,
Br 1.74). Because 0f the weak intensities of magnetization
it was not possible t0 obtain a precision for these tempera-
tures. In a few cases magnetite was revealed by the thermal
treatment.

The sediments

After elimination of a soft viscous magnetization at
100°—180° C, the Ardenne limestones and sandstones reveal

two ranges of maximum unblocking temperatures, i.e.
320°—360°C and 400°—500°C (Fig. 2, Ar 20.30 and Ar
10.51). Sample Ar 20.36 ShOWS the behaviour 0f all speci-
mens of sites Ar 14 and Ar 20: after demagnetizing a first
component with declinations of 210°—220° at about 330° C,
there remains a second component, more deviated t0 the
west, with declinations in the range 230°—240° and a maxi-
mum unblocking temperature around 450° C. Later, these
components will be called A and B magnetizations, respec—
tively. In the Cambrian of site Ar 10 (Ar 10.51, Fig. 2)
and in the Devonian sandstones and limestone 0f sites Ar
1, 12, 13, only the low—temperature component (Curie tem-
perature 2330° C) was exhibited. North of the Midi fault,
the Devonian and Visean limestones (Ar 5, 6) display much
higher maximum unblocking temperatures up t0 500° C (Br
6.62, Fig. 2).

The presence of macroscopic pyrite in the limestones
and the behaviour 0f the thermomagnetic curves suggest
that iron sulphides carry at least a part 0f the remanent
magnetizations. Curves very similar t0 our thermomagnetic
curves have been obtained by Kruczyk (1983) f0r sediments
containing iron sulphides. The unblocking temperature of
320° C may be due t0 pyrrhotite, whereas the higher tem—
peratures may correspond t0 more or less oxidized pyrrho-
tlte.
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Table l. Site mean directions of remanent magnetizations. Tb: maximum unblocking temperatures; N/No: number of samples that
carry the considered magnetization/total number of samples; n: number of specimens taken into account; D, I: in situ declination
and inclination; k, 0:95: Fisher statistic parameters. A, B: mean directions for magnetizations with respective maximum unblooking
temperatures of 300°—360° C and 400°—580° C. The doubtful results are not plotted in Figs. 5 and 4

Site Formation, age Tb N/No n D I k 0(95

Ar 1 microgranite 52(F550 5/ 6 6 221 — 10 23 14
580 5/ 6 10 61 —30 72 6

Ar 2a diabase 330—460 2/ 5 6 241 39 29 13
33m370 2/ 5 4 152 54 39 15

Ar 2b diabase (altered) — 3/ 5 4 274 —44 13 27
330 4/ 5 7 213 — 5 30 11

Ar 3 diabase 300—370 3/ 6 10 31 5 55 7
500—580 6/ 6 10 233 —21 54 7

Ar 4 microgranite 2400 3/ 4 5 134 —35 53 11
2400 4/ 4 5 238 — 4 20 17

Ar 5 microgranite 230 2/11 3 215 5 11 40
2330 7/11 10 243 27 10 16

Ar 6 diabase 2 330 1/ 6 3 213 — 14 19 29
250—350 3/ 6 4 263 —22 53 13
550—580 5/ 6 10 235 —17 67 6

Ar 7 volcanites 500—550 2/ 7 2 305 —24 — —
2 500 2/ 7 3 48 0 51 18

Ar 8 volcanites 350—450 6/ 9 9 233 —20 79 6
Ar 9 schists, Cambrian 350 3/ 6 4 195 — 19 30 17

>580 2/ 6 2 274 88
Ar 10 schists, Lower Cambrian 320—350 6/ 9 10 224 — 8 47 7
Ar 11 sandstones, Lower — 7/ 7 13 215 — 4 8 15

Emsian
Ar 12 limestones, Lower Givetian 360 9/ 9 13 216 —25 15 11
Ar 13 limestones, Lower Givetian 360 8/ 8 9 213 —15 75 6
Ar 14 limestones, 330—350 3/ 6 3 208 — 5 23 26

Tournaisian/Visean boundary 450—500 6/ 6 8 230 — 7 60 7
Ar 15 limestones, Middle Visean 330—450? 3/ 4 7 235 16 34 10
Ar 16 limestones, Upper Visean ?? 2/ 3 4 234 16 29 17
Ar 17 limestones+sandstones, 26(F350 5/ 5 10 210 — 2 62 6

Strunian-Tournaisian 450—500 5/ 5 9 208 13 52 7
Ar 19 microgranite 350—450 4/ 4 4 206 —14 37 15

40(F500 4/ 4 8 239 —16 28 11
Ar 20 limestones + sandstones, 300—350 3/ 6 7 214 — 12 69 7

Fammenian-Strunian 450—500 6/ 6 13 240 —15 31 8
Mean B 40(FS80 13 236 2 16 11
Mean A 3004100 10 212 —11 61 6

Br 1 dacite 45(F500 6/11 16 204 — 13 41 6
Br 2 tuffs
Br 4 dacite 45m500 3/ 6 4 84 —24 16 24

>500 4/ 6 4 197 —16 31 17
4/ 6 5 169 ——16 34 13

Br 5 limestones, Givetian 450—480 8/ 8 13 206 — 3 305 2
Br 6 limestones, Middle Visean 450—500 6/ 6 8 212 4 143 5
Br 7 + 8 tuffs + rhyolites 2 500 8/ 8 12 199 — 9 46 6

Mean 5 204 — 7 67 9

The directions of remanent magnetization

Figure 3 and Table 1 give the mean in situ directions ob—
tained at eaoh site for the different components of magneti—
zation. Bedding was measured in all sedimentary series.
Conoerning the sills, whose ages are still unclear, we dispose
only of their tectonic position in the folded sedimentary
environment. The possibility that they were emplaced after
a first folding phase cannot be excluded.

The Ara’enne massif is Charaoterized by a predominance of
southwesterly directions. Three sites display directions

which may have a normal polarity (Ar 1, 3, 7). Bedding
correction, when possible, increases the dispersion, indicat—
ing that all sites have been remagnetized. In order to facili-
tate the analysis, all directions have been plotted on a rect-
angular D versus I diagram (Fig. 4). The normal directions
have been reversed.

Figure 4 displays two groups of directions which differ
by their unblocking temperatures. The low-temperature A
magnetizations (300°—360° C) present a mean direction D —-—
212°, I: — 11°, 0(95 : 6° (VGP: 38° N, 143° E) that is consis-
tent with the direction computed from the late Carbonifer-
ous—early Permian pole for Europe (43° N, 167° E, after
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ing temperatures 400°<Ib<580°; 2: low-temperature magnetiza-
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(Bachtadse; 1983); 4: primary magnetizations of the Permian vol—
Canics of the Saar-Nahe basin (Nijenhuis, 1961; Berthold et al.,
1975); 5: directions computed from the VGP of Europe after 1:
Westphal, 1976; 2: French, 1976; 3: Duff, 1980. The dotlea' lines
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Fig. 3. Stereographie projection of the
site mean in situ directions in the
Ardenne massif (Ar) and in the Brabant
(Br). Sills and volcanics are represented
by squares, sediments by dots. Full
symbols: lower hemisphere; open
symbols: upper hemisphere; asterisk:
present day field

Westphal, 1976), if one assumes a clockwise rotation of
the deelination of about 20°. Directions obtained on early
Permian aeidic volcanics from the Saar-Nahe basin, whieh
is located south-west of the Rhenish massif (Fig. 4), are
typically “European” (Nijenhuis, 1961; Berthold et al.,
1975). The negative fold test and the apparent late Carboni-
ferous—early Permian mean inelination of the A components
indieate a late Variscan magnetic overprint of the western
Ardenne massif. Sites which contain a unique A component
are mostly characterized by hydrothermal alteration. The
yellow-orange eolour of some samples is a Visible conse—
quenee of the alteration. The A remagnetizations result,
very probably, from a low-temperature hydrothermal alter-
ation phase that occurred during the Kiaman reversal, in
Stephanian—Permian times. Site 3 displays a normal A com-
ponent that may have taken place either before the reversal
or during a short normal period within the Kiaman reversal.
Such a normal period exists in the Permian Saar-Nahe vol-
eanics (Berthold et al., 1975).

Samples of the B group are eharaeterized by higher un-
blocking temperatures (400—580° C) than the A compo-
nents. They present a large scatter of inclinations
(—25°<I< 35°), whereas the deelinations remain around
D: 236°: 5.5°. As the bedding correetion increases the dis-
persion even more (Fig. 4), the magnetizations are post—
or synfolding overprints. At site Ar 14, the Visean—Tourna—
isian samples have been collected on a deeametric syncline.
The direetions of magnetizations are identieal at places with
different attitude within the fold. This indicates that the
remagnetization proeess occurred after folding. Neverthe-
less, the possibility of a later tilting of the fold axis and/or
of the whole fold cannot be exeluded. The teetonic paths
eorresponding to the bedding correction of the Devonian—
Visean limestone series directions (sites Ar 14, 15, 16, 17,
20, Fig. 4) suggest that the tectonic aetivity was probably
not eompleted after the remagnetization process. The un-
blocking temperatures of 400°—580° C let us suppose that
the overprints are related to a heating phase. Aceording
to Miehot (1976), a thermal metamorphism affected the
region along the antielinal axis of the massif around 316 Ma
(age recalculated for ‚187s 1.42 >< 10— 11 a’ 1). More to
the east, in the northern Rhenish Massif that extends the
Ardenne metamorphism, ages of 305—315 Ma are related



to folding (Ahrendt et al.‚ 1983). As the B magnetizations
concern Visean series (Ar 15—16), they are surely post
Visean, probably Namurian—Westphalian.

As all magnetizations found in the Ardenne massif are
overprints, it seems highly questionable whether magneto-
stratigraphic studies have any significance in this area (Ko-
lesov, 1984).

The Brabant series display site mean directions close to the
Permian volcanios of the Saar-Nahe basin and to the direc-
tion computed from the European late Carboniferous —
early Permian VGP, with slight deviations of the declina-
tions. At sites Br 6 and Br 7—8, the fold test indicates (hat
the magnetization has taken place after folding. At the
other sites the bedding corrections are too weak for a fold
test. The ages of metamorphism (4OW375 Ma) are inconsis—
tent with the paleomagnetic results. The 450°—500° C un-
blocking temperatures lead to a late Variscan hydrothermal
phase as responsible for remagnetization. The effects of this
alteration are particularly Visible in the volcanics of sites
Br 4 and Br 7—8. The mean direction computed for these
late Variscan overprints is D2204°‚ I: —7°, 0:95 29°
(VGP:39° N, 153° E).
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Discussion and conclusion

The B directions represent post- and/or partly syntectonic
magnetic overprints emplaced after the Visean, probably
during the Namurian—Westphalian. The scattered inclina-
tions preclude definite conclusions being drawn on the pa—
leolatitudes. On the contrary, as shown in Fig. 4, the mean
declination does not change significantly when assuming
a partial unfolding or not. The low unblocking tempera-
tures and the negative fold test relative to the A magnetiza-
tions indicates that they were emplaced after the B magneti-
zations. Their inclinations are in favour of a Stephanian—
Autunian age corresponding to the Kiaman reversal. The
Change from B to A directions has to be interpreted in
terms of geodynamics. The same inference can be drawn
for the change from A to A0, A0 being the mean late Car-
boniferous—early Permian direction of Europe. One has to
diseuss now if these deviating declinations are due to local,
regional or global rotations.

B directions exist also in other Paleozoic outcrops of
the Variscan belt (Edel, 1986), e.g., in the Laval Basin (Ar-
morican Massif), the Central Massif, the Vosges and the
Black Forest, where they Characterize post-Visean, mainly

++W’V'1 2 3 4
4—4...... ————<>—-__..

5 6 7 8
?SI/'/7/04„X/ EX/

Fig.5. Tectonic Sketch map and paleomagnetie results of the Ardenne and the Rhenish massif. 1: antieline axis; 2: syncline axis;
3: thrust fault; 4: fault; 5: Westphalian—Stephanian B overprint directions; 6: Stephanian—Permian A overprint directions; 7: mean
direction of remagnetization in the Sauerland (S1) (Bachtadse, 1983); 8: mean directions in Permian volcanics of the Saar-Nahe (Sa-Na)
(Nijenhuis, 1961 ; Berthold et al., 1975); MF: Midi fault; C-O.F.: La Carbonniere-Opont strike-slip fault



28

Namurian—Westphalian overprints and primary magnetiza-
tions (Edel and Coulon, 1984; Edel et al., 1981 ; Edel, 1984,
1985; Edel et al., 1986). In south-west Great Britain, De-
vonian Old Red sandstones exhibit Carboniferous—Permian
remagnetizations with B WSW declinations and low inclina-
tions (McClelland Brown, 1983). As a consequence of these
deviating declinations we have proposed a paleogeographic
reconstruction with the Variscan belt trending N-S in Na-
murian—Westphalian times (Edel, 1986). The results from
Ardenne demonstrate that at this time the massif had the
same N-S orientation. The change in declination from B
to A results from a clockwise rotation of the whole belt
in the 310—290 Ma time span. The existence in the coal
basin of Saar-Lorraine of a discordance, attributed to the
Asturian phase at the Westphalian—Stephanian boundary,
may be a result of this general motion (Donsimoni et al.,
1980)

The change from A to A0 can be interpreted in two
ways. As directions close to A exist also in other regions,
the A overprint may represent an intermediate stage of the
clockwise rotation that has affected the whole belt. The
other interpretation has more local consequences. Over-
prints with inclinations similar to the A group were found
in the Sauerland, north-east of the Rhenish Massif (Bach—
tadse, 1983, Fig. 5). The deviation of the declination be-
tween both regions (2 30°) is of the same order as the differ-
ence of orientation of the fold axes (15°—30°, Fig. 5). This
leads us to explain the bend of the Ardenne by a late Var-
iscan clockwise rotation of the western part of the massif
relative to the eastern. In both cases, the existence of E—W
dextral strike—slip faults may be a consequence of the clock-
wise rotation. South of the massif, the “La Carbonniere-
Opont” fault shows a dextral offset of 15—18 km (Beugnies,
1983) (Fig. 5).

Results from Brabant are more difflcult to interpret.
Their magnetic characteristics are those of the Ardenne B
group, but the directions are intermediate to A—AO. We
are not able to say if they have been emplaced together
with the B, the A or the A0 overprints. If they are of the
same age as the B overprints, then the Brabant has kept
the same position from the Namurian to the Permian, while
the Ardenne and the rest of the belt have rotated clockwise.
The rotation of the Ardenne relative to the Brabant would
imply that the late Variscan Midi fault overthrust had an
important rotational component. In the other case, a Ste-
phanian—Permian age of the Brabant overprints precludes
any conclusion being drawn on the Permian positions of
the massif and consequently on the relative motions Ar—
denne—Brabant.

In short, during the middle-late Carboniferous, the Ar-
denne had the same paleomagnetic behaviour as the internal
zones of the Variscan belt. In the Brabant massif, no reliable
paleomagnetic reference pole older than Stephanian—Per-
mian could be found.
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Abstract. The Campidano Graben is certainly one of the
most striking geological features of Sardinia. Up till now
there has been no general agreement as to the origin of
the graben. As the adjacent andesitic rock formations and
old extinct volcanoes suggest, volcanism has certainly
played a role in the geological history of the graben. This
is confirmed by data from a borehole which has been drilled
in the search for oil in the southern part of the Campidano
Graben. It has revealed an insulating layer of andesitic tuffs
sandwiched between two sedimentary layers. The lower sed—
iments are Eocene sandstones and clays from the nearby
Cixerri valley, while the upper ones comprise formations
of the Pliocene to the Upper Oligoeene. All this rests on
an old and resistive Paleozoic basement. Our soundings
have indeed confirmed this alternance of resistive and con-
ductive layers at depths in the range 0—10 km and also indi-
Cate the presence of a very good conductor at depths of
10—40 km or more. They have made it possible to propose
a two-dimensional conductivity structure for the Campi—
dano Graben.

Key words: Magnetotellurics in the Campidano Graben and
Cixerri valley of Sardinia — Two-dimensional magnetotel-
luric modelling

Introduction

In Sardinia the Campidano Graben is, without question,
one of the outstanding geological features of the island.
So far, however, there is no consensus as to its origin. For
some it is the result of middle Pliocene to Quaternary rifting
(e.g., Cf, Cherchi and Montadert, 1985), others see it as
the remains of a subduction trench where the NE block
plunged under the SW part. This suggestion stems from
the geochemical Character of the volcanism observed, com-
posed of andesitic tuffs and pyroclastic lavas interspersed
with ignimbrites (Cocozza and Jacobacci, 1975). But paleo-
magnetic data from the present to the Eooene indicate a
counterclockwise rotation of Sardinia and Corsica (e. g., cf.‚
Illies, 1975; Horner and Lowrie, 1981 ; Burrus, 1984). When
Sardinia is rotated back to its Eocene position of 40—50 my
ago, the Campidano Graben appears as a continuation of
the Rhone Valley, whioh has been found to constitute a
deep trench extending far below the present-day sea level

Of/print requests t0: P.A. Schnegg

(Hsü, 1983). However, some problems of chronology must
be sorted out before this last suggestion can be accepted.
As Burrus (1984) showed, the recent rotational phase of
Sardinia occurred between 19 and 21 my ago, whereas some
ot the sediments found in the Rhone gorge near Valence
are as young as the Pliocene age (Hsü, 1983). More favour-
able to our hypothesis are the well—known and striking simi-
larities of the Sardinian and Languedoc geological land-
seapes (e.g., Cf., Geze, 1957) and the often-observed NS
orientation of all major adjacent geological lineations (e.g.‚
Cf., Knetsch, 1964) like the Rhine Graben, the Rhone Gra—
ben, and the Algerian and Libyan structures.

Our study of the Campidano Graben does not purport
to settle the question of its geological origin. Our aim is
to investigate the sediments and, possibly, other fill of the
graben and to compare our MT and AMT data with the
results obtained in the same area with other sounding meth-
ods. Our range of periods extends from 1 ms to 30 s and
provides an ideal coverage of the graben structure from
about 10 m to 20 km. Pedersen and Svennekjaer (1984, cf.
also Finzi—Contini, 1982) have carried out an MT sounding
along the axis of the Campidano Graben. Their period
range stretches from around 0.1 s to around 103—104 s and
is therefore in part complementary to ours. These longer
periods are adequate to study the basement and upper man—
tle, but they are not suitable for revealing the sedimentary
graben structure in detail. In the period range from 0.1 s
to 10 s the data of Pedersen and Svennekjaer agree fairly
well with ours, but at longer periods their apparent resistivi-
ty remains at rather unrealistically high values‚ implying
resistivities of the order of 102—2x 103 Qm at depths of
10W500 km.

Experimental method

Our AMT sounding method has been described elsewhere
(Fischer, 1982; Schnegg et al., 1983). We shall therefore
limit our present description to a few additional details.
The soundings were performed in two stages. First we col-
lected about 60 samples with our AMT coils (ECA-CM 16,
cf. Andrieux et al., 1974) to cover the periods from 1 ms
to 0.3 s. Then 48 samples were taken with ECA-CM11E
coils to cover the range from 0.1 s to 30 s. This insured
a good overlap between the two ranges. Data collection,
as well as deployment and recovery of the equipment, took
about one and a half to two hours. In general, four sound—
ings were performed each day.



Table 1. Geographical Situation of the MT sounding sites (longi-
tude of Rome: 12° 27.14 E of Greenwich)

MT Longitude Latitude Altitude Profile
Station W Rome (m)
no.

1 3° 38.64 39° 22.15 73 PECA
2 3° 36.32 39° 22.89 45 PECA
3 3° 33.94 39° 23.22 32 PECA
4 3° 30.09 39° 21.80 24 PECA/PACA
5 3° 29.05 39° 22.89 41 PECA/PACA
6 3° 27.67 39° 23.09 51 PECA/PACA
7 3o 25.82 39° 23.31 63 PECA/PACA
8 3° 23.67 39° 24.95 93 PECA/PACA
9 3° 41.31 39° 21.55 160 PECA/PACA

10 3° 40.18 39° 21.46 84 PECA/PACA
11 3° 26.85 39° 20.12 30 PACA/PACI
12 3° 35.57 39° 26.79 40 PACA/PACI
13 3° 38.42 39° 22.80 84 PECA
14 3° 44.47 39° 16.65 80 PECI
15 3° 44.35 39° 16.05 89 PECI
16 3° 44.26 39O 15.78 98 PECI
17 3° 44.50 39° 17.97 106 PECI
18 3° 44.33 39° 17.36 84 PECI/PACI
19 3° 44.86 39° 19.55 154 PECI/PACI
20 3° 32.30 39° 18.70 13 PACI
21 3° 38.90 39° 19.08 76 PACI
22 3° 41.35 39° 31.66 64 PACA
23 3° 45.64 39° 35.72 50 PACA

PE : Perpendicular PA = Parallel CA : Campidano CI = Cixerri
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The location of the sounding profiles is given in Table 1
and shown in Fig. 1, while Fig. 2 helps to situate these pro-
files with respect to the geological setting. Profilesl and
2 are across the Campidano Graben and across the Cixerri
valley‚ respectively, whereas profiles 3 and 4 are along the
strike directions of these two features. At the location of
our profiles, the geological strikes are approximately
N45°W for the Campidano and N 90°E for the Cixerri.
These two directions were therefore chosen from the start
as principal directions, respectively for profiles 1 and 3 and
profiles 2 and 4. It was thus not necessary to rotate the
data mathematically afterwards. When the phases of the
data are not too reliable, avoiding the mathematical rota-
tion may be preferable (Schnegg et al.‚ 1986). Note that
the stations along profile 1 are not set exactly across the
graben, but the measurement axes were nevertheless laid
out according to the strike, i.e. x—axis along N45°W and
y-axis along N45o E. The average strike direction of the
Campidano is closer to N 35° W, but in the measurement
area the choice of N 45° W is more appropriate.

Interpretation of the data from profiles l and 3
Our MT soundings over the central section of profile 1 con-
sistently suggest a succession of five layers of alternatively
high and low conductivity. Examples are given in Figs. 3
and 8. At periods below 0.1 s the data are isotropic, indicat-
ing that to depths and lateral distances of the order of
0.5 km the structure can be treated as one dimensional
(1 D). With periods longer than 0.1 s, the 2D character of

Fig. l. Geographical Situation of the
23 sounding sites and the 4 profiles. Station 4 is
also the location of the Campidano 1 borehole,
the lithology of which is given by Pala et al.
(1982)
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the graben structure is increasingly evidsnt. For stations
on the flanks or shoulders of the graben, Fig. 4 shows that
anisotropy already begins at 10 ms; this means that the
2D Character has become dominant. Furthermore, it is 0b-
Vious that the resistivities over the graben shoulders are
much higher than over its central part. Clearly the data
over this profile must be interpreted in terms of a 2D struc—
tural model.

Schnegg et al. (1986) have recently shown that, for 2D
structures which d0 not comprise highly insulating layers,
the H-POL adjustment length can sometimes be very short.
With this in mind an initial 2D model was constructed
by smoothing the structure obtained through the juxtaposi-
tion of 1 D/H—POL interpretations according t0 the model-
ling routine of Fischer and Le Quang (1981). The apparent
resistivities alone were considered because our phase data
in general seem somewhat less reliable. The response of

this initial 2D model was computed with the finite-differ—
ence program of Brewitt-Taylor and Weaver (1976), includ—
ing some recent improvements by Weaver et a1. (1985). The
2D model was then gradually modified with a View t0 im-
proving the fit of its H-POL response with the H—POL field
data. Once satisfactory accord was achieved for H-POL
we found that the E-POL response of the model already
fitted the E-POL field data reasonably well. Only small
modifications of the model were then required t0 achieve
the same degree of concordance between model responses
and field data for both E and H polarizations. The final
model is shown in Fig. 5 and its responses at various periods
are compared in Fig. 6 with the original field data. The
agreement can be termed very good, as model and field
values of apparent resistivity generally remain within a fac-
tor of two of each other.

Figure 7 is a smoothed version of Fig. 5, adapted t0
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Fig. 3. Magnetotellurie sounding data obtained at station 6, inside
the Campidano Graben. The stars refer to the H-POL geometry
and the circles to E-POL. These data indicate a structure with
at least four layers with, beginning at the top, alternately low-high-
low—high resistivities. Here the graben sediments are highly con-
ducting and only the H-POL phase gives some indication of the
presence of a deep conductor. The vertical bars give a measure
of the statistical uneertainty of each data point. The phase T is
given as deviation from the 45° uniform half—space limit, i.e. PHI :
45° — 1/1

the geological setting of the Campidano Graben. The litho—
logical interpretation is in perfeet aocord with the data ob-
tained at the Campidano1 drill hole (Pala et al., 1982),
located almost exactly at our site 4, as well as with the
resistivities derived by Marehisio and Ranieri (1982) from
Schlumberger and dipole-dipole resistivity soundings [also
see Marchisio et a1. (1982)]. The 15- and 4—Qm material
corresponds to the four sedimentary formations of various
alluvial deposits, silts and Clays‚ down to 1,162 m, followed
by about 400 m of vulcanitic andesites, ignimbrites and py-
roclastic lavas (our 400-52m formation), underlain first by
120 m of Eocene sediments of the Cixerri formation (10!! m)
and followed by the resistive 4009m of the Paleozoic base-
ment.

The transition to a good deep conductor at lower crust
or mantle depths is confirmed by all our data, but the exact
form of the transition to the mantle cannot be considered
as resolved by the present measurements. For the moment
the two conductive horsts rising to within about 10 km of
the surfaee must be looked upon as conjeetural. Good data
to periods longer than 30 s will be required to confirm their
existence. If they do exist, these two horsts, placed symmet-
rically with respect to the graben axis, could perhaps pro—
"vide the basis for an explanation of the origin of the Campi-
dano. All we ean say with certainty, so far, is that our
data suggest a good conductor at depths in the range
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Fig. 4. Magnetotelluric data obtained at station 10, on the western
shoulder of the Campidano Graben. The stars refer to the H—POL
configuration, the circles to E-POL. The E-POL data clearly sug-
gest five layers of alternatively low and high resistivities. The verti-
Cal bars are a measure of the statistical uneertainty of each data
point. The phase Tis given as deviation from the 45° uniform half-
space limit, i.e. PHI =45° — w

10—40 km. As we said in the Introduction, there is no indica-
tion of its presence in the data of Pedersen and Svennekjaer
(1984), but their high apparent resistivities of
102—2 >< 103 Qm at periods of 103 s must be eonsidered as
highly doubtful. Also see the doctoral thesis by Svennekjaer
(1982)

A few other features of our model are worth mention—
ing. The eastern part of the graben is apparently more con-
ducting than its western side and the graben wall seems
to dip much more abruptly on the east than on the west.
On the western shoulder the metamorphic rocks crop to
the surface. Indeed, at site 9 it was difficult to bury the
electrodes or introduee the coil Spikes into the rocky
ground. On the eastern shoulder, on the eontrary, there
is a sedimentary cover a few metres thick. Our site 8 was
in the middle of a Vineyard. Our model indeed comprises
a top layer 7 m thick of 3-Qm material over the 400—(2m
basement rocks, but this cannot be shown with the range
of our logarithmic scale.

For the stations along profile 3, i.e. along the axis of
the Campidano Graben, we only made a 1 D interpretation
of the H—POL data. This confirmed the gravimetric evidence
(Balia et al.‚ 1984) that the graben floor is undulating and
at Villasor it is dipping toward the NW. We find the base—
ment at a depth of about 1,700 m at station 4. At station 12
we are unable to see any increase in resistivity down to
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the right-hand side of this model they seem contiguous with the upper sediments. The lowermost conductor has also been given a
resistivity of 10 Qm. The model is cut off at a depth of 50 km with a perfect conductor, t0 reduce computer time

about 2,800 m, whereas at stations 22 and 23 our data place
the basement level at a depth of around 2,400 m.

Station 11 does not seem to fit into this pattern. We
believe that this station is over an extinct but buried vol-
cano. The data are very isotropic and suggest a transition
to a SOO—Qm resistor at a depth of only 275 m. As we
shall see, stations 20 and 21, which are on the same profile 4
as station 11, are also odd, probably for the same reasons.

On the uniqueness of our graben model

As is well known, the inverse geophysical problem is gener-
ally non-unique. ObViously, this also applies to the 2D mo-
del of Fig. 5. A fit as good — or probably even better, since
our model is the result of a few trials only and is therefore
in no way optimal — as the one shown in Fig. 6 could have
been achieved by an infinite variety of other models. Indeed,
we were able to obtain an excellent agreement with a much
simpler model comprising, in broad terms, only three for-
mations (Fischer et al., 1986). However, the Campidano
geology is quite well known already and, as has been shown
for example by Fischer and Le Quang (1982), any prior
geological knowledge must be taken into consideration t0
restrict the family of possible models. At the same time
it is imperative to look for models with as few parameters
as are compatible with the prior knowledge and with the
data. In 1D interpretations, for example, Fischer and Le
Quang (1982) have argued that this means working with
as few layers as possible.

In the southern part of the Campidano Graben, a struc-
ture comprising five layers of alternatingly high and low
conductivity is required by the known lithology revealed
through the Campidano 1 borehole. As Figs. 3 and 8 dem—
onstrate, our data systematically suggest these five alternat-
ing formations, but the second resistive layer is rather thin
and sandwiched between two good conductors. It is thus
not surprising if this layer does not appear prominently
in the field data of Fig. 3. Station 13, which will be used
as base station in a telluric survey of the same profile,
provides a similar example. It is clear that the H-POL data
of Fig. 8 could have been interpreted almost equally well
with only three layers rather than with five. Since all our
soundings on profilel suggest five layers and Since this
agrees with the known lithology from the Campidanol
borehole at our site 4, the family of permitted models is
strongly reduced. While an unlimited number of small vari-
ations of the Fig. 5 model are certainly possible, the broad
outlines of this model can, however, be considered as un—
ique.

Interpretation of the data from profiles 2 and 4

The data from stations 14—19 on profile 2 across the Cixerri
valley were interpreted in a manner similar to those of pro-
file 1, except that here it was usually sufficient to postulate
three layers only. This is also in accord with the known
geology (Pala et al., 1977). Station 9 from the first profile
was projected onto profile 2 to provide one site on the
northern shoulder of the valley.
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Fig. 6. Comparison of measured apparent resistivities pa (dots) with the computed response from the Fig. 5 model (curve) at periods
of 10 and 100 ms, and 1 and 10 s. The agreement is remarkably good. The standard deviation for log pa is 0.276, corresponding
t0 an average resistivity ratio of only 1.89. This ratio in fact rarely exceeds the value of 3
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An initial 2D conductivity model was again derived
from the juxtaposition of 1 D inversions of the original H-
POL data. The model was gradually improved to insure
a better fit first with the H-POL field data, and then also
with the E-POL data. The final model is shown in Fig. 9,
with a smoothed version according to the known geological
elements given in Fig. 10. The most striking feature of these
profiles is the presence of a resistive outcrop of metamor-
phic rocks, actually visible at the site of station 18. They
correspond to an extinct volcanic diapir. In fact, the south-
ern part of the Cixerri valley is strewn with extinct volca—
noes of Oligocene to Lower Miocene age which often rise

above the level of the valley sediments, as for example the
Castello d’Acquafredda south of Siliqua (Cf. Fig. 1). It is
not surprising, therefore, if our stations 21, 20 and 11 all
suggest high resistors at depth which are shallower than
the actual basement level. Ifthis level is at 500 m at profile 2
and at about 1,700 m at station 4, our soundings at sta-
tions 21, 20 and 11, which are all fairly isotropic, indioate
resistive formations at depths of 840 m, 435 m and 275 m,
respectively. We believe that many more Closely spaced
soundings would be required in that area to determine this
complicated buried topography. This more complex buried
structure also leads to more frequent deviations from an
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ideally 2D structure on profile 2 than on profile 1 and ac-
counts for the somewhat greater standard deviation (8:
0.341 on profile 2, as against 8:0.276 on profile 1).

Conclusions

Our MT study of the structure of the Campidano Graben
has confirmed the lithological information provided by the
Campidano 1 borehole. Above the resistive Paleozoic valley
basement, whose central depth is in the range
1,500—2‚000 m, we find a first conducting layer correspond-
ing to the sediments of the Cixerri formation of Eocene
age. This is followed by a resistor, attributed to the vulca-
nitic andesites and ignimbrites which were deposited during
the Oligocene — Lower Miocene period of great volcanic
activity in SW Sardinia. The younger upper sediments are
not individually resolvable by the MT method, since they
are all of low resistivities, in the range 4—15 Qm.

The present study further indicates that the sediments
are appreciably more conducting on the eastern flank of
profile 1. On this side, the graben shoulder seems to dip
more steeply than on the western border. Along its axis
from SE to NW the Campidano Graben appears to deepen
rapidly from Decimomannu to the latitude of Villacidro
and then rises again toward Pabillonis. At the southern
end of profile 3, and indeed all along profile 4, there seems
to be an accumulation of extinct volcanoes, some of which
reach above the level of the valley; but the great majority
are probably buried under the sediments and create a rather
rugged hidden topography along the south side of the Cix-
erri valley.
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Observation of correlated ULF fluctuations
in the geomagnetic field and in the phase path
of ionospheric HF soundings
J. Watermannl
Institut für Geophysik der Universität Göttingen, Herzberger Landstraße 180, D-3400 Göttingen, Federal Republic of Germany

Abstract. Rapid geomagnetic variations and frequency shifts
of ionospherically reflected fixed-frequency continuous ra—
dio waves are sometimes closely correlated. Under this as-
pect, geomagnetic ssc and si events and pi 2 pulsations re—
corded between October 1978 and June 1979 at a midlati-
tude ground station have been studied. About 50% of the
ssc/s i, but only some 30% of the pi2, were correlated with
radio frequency shifts. In most of these cases the frequency
shift can only be interpreted by a vertical motion of the
ionospheric F-layer. A statistioally significant annual varia-
tion Showing frequent occurrence of correlated events at
equinoxes and rare occurrence at solstices has been found.
Bivariate oomplex transfer-function analysis of single events
indicates a marked frequency dependence of the relation
between radio-wave frequency shifts and variations of the
horizontal geomagnetio field. It is estimated to be in the
theoretically predicted order of magnitude with smaller day-
time values due to a pronounced E—layer ionisation and
higher integrated conductivities. However, unlike the theo-
retical expectation, it is found to be approximately fre-
quency proportional in amplitude and randomly distributed
in phase.

Key words: Geomagnetic ssc, si and pi2 — E x B drift —
Vertioal ionospheric bulk motion — Transfer functions

Introduction

Time variations of the ionospheric refractive index Change
the phase velocity of electromagnetic waves and can be ob-
served as phase shifts of high-frequency radio waves. There
are two possible mechanisms that can cause the variations:
an extraordinary ionisation or recombination of ionospher-
ic particles, or a bulk motion of the Charged partieles, main-
ly in the F-layer. The first may be due to enhanced UV
and X-ray radiation (which is typical for the sunlit side
of the earth as a consequence of a strong solar flare effect),
or to a solar eclipse; the second can be caused by ionospher-
ic electric fields or neutral air motions. This paper will be
restricted to geomagnetic phenomena like ssc, si and pi 2
events, which are oonnected with time-varying ionospheric
electric fields. In the presenoe of a non—vertical magnetic
field BO it is the vertical component of the E >< BO drift which

1 Present address: Herzberg Institute of Astrophysics, National Re-
search Council of Canada, Ottawa, Ontario, Canada KIA OR6

forces the electron gas to move up or down. The related
radio-wave frequency shift will be called Doppler shift, in
accordance with the simplified picture of a wave refleoted
from a moving mirror. Under certain conditions, observa—
tions of the Doppler shift might thus provide some informa—
tion about the ionospheric electric fields.

Sinoe the IGY 1957/1958, a number of publioations have
dealt with observations of correlated rapid geomagnetic
variations and frequency shifts of fixed—frequency radio
waves reflected from the ionospheric F-layer (Watts and
Davies, 1960; Fenwick and Villard, 1960; Davies et al.,
1962; Chan et al., 1962, 1963; Rishbeth and Garriott, 1964;
Davies and Baker, 1966; Lewis, 1967; Duffus and Boyd,
1968; Klostermeyer and Röttger, 1976; Menk et al., 1983).
But, mainly beoause of observational inaccuracy and unsuit-
ed analysis techniques, no suffioiently concise results could
be derived to prove theories quantitatively. In most of the
referenced papers, only a qualitative or a classical statistical
sample analysis had been carried out. The results suffer from
the fact that the physical conditions of the ionosphere might
change remarkably even within an hour, which makes the
common comparative statistics quite uncertain.

In this study, ground-based observations of geomagnetic
and radio frequency variations have been analysed using
a time-series regression technique for each individual event.
It turned out that it was more adequate to analyse the
Fourier-transformed time series instead of the time series
themselves. Therefore, not the common regression method
in the time domain but its more general counterpart in
the frequency domain is preferred. This means that, for
every single event, complex coeflicients of the relation be—
tween the Doppler shift and a combination of the orthogo—
nal horizontal magnetic field variations are estimated at
separated frequencies in a least-squares sense. Such a set
of ooefficients is named a transfer function. It shows the
relation in different frequency bands at the same time, i.e.
under the same geophysical conditions. The general ten-
dency seen in the transfer functions of all individual events
indicates how to interpret the whole sample.

Instrumentation and field observations

After preliminary observations in the winter 1977/1978, the
main campaign of simultaneous geomagnetic and iono-
spheric observations lasted from October 1978 until the end
of June 1979, but with interruptions during the winter and
spring seasons.
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Fig. 1. Observation facilities: GTTand KSTare locations of the
ground-based three-component magnetometer, L, M and S are
those of the three HF—CW radio transmitters, and LIN is the com-
mon receiver. Some geographic details are added for orientation

With the help of a three-component search coil magne-
tometer in combination with an electronic amplifier and
low-pass filter device, geomagnetic fluctuations in the period
range from 4 s up to some thousand seconds were observed.
Together with accurate quartz-clock time information, they
were reeorded on magnetic tape in an automatically work-
ing low-power digital data-acquisition system with a 12-bit
analog-to-digital converter. The sampling rate was 30 read-
ings per minute in each component. Until December 1978,
the magnetometer was set up in a forest near Göttingen
(symbol KST), and in March, April and June 1979 it was
placed close to the Geophysical Institute of Göttingen Uni-
versity (GTT).

At the same time, high-frequency continuous radio
waves were emitted at three stations in the vicinity of Göt-
tingen, named Mönchhof (M), Schladen (S) and Holzminden
(L). The Doppler shifts of the signals reflected in the iono-
sphere were recorded at the Max-Plaa—lnstitut für Aeron—
omie (MPAe) in Lindau (LIN). They were transformed to
voltage variations and fed into a data-acquisition system
identieal to the above-mentioned one. The transmitters
worked at frequeneies 4.5885 MHZ, 4.5890 MHZ, and
4.5900 MHz, respeetively. They were stable enough to allow
frequency shifts of 0.1 Hz to be resolved in the time scale
of interest (4—1000 s). The HF system is part of the MPAe-
SOUSY technical equipment and is described in detail by
Röttger and Becker (1977) under the name HF—CW-
Doppler radar.

A comparison with data from the MPAe ionosonde
showed that for all nighttime events analysed in this study
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Fig. 2. The ssc of April 5, 1979. From top to bottom: time series
of the geomagnetic northward and eastward components, AH and
AD, the phase height variations of the three HF signals emitted
at stations M, S and L, and the time derivatives of AH and AD.
Scaling bars at the right, minute marks at the top and bottom,
and the beginning and end of the time interval in UT

I1nT/s

the radio waves had been reflected at Virtual heights h’ be-
tween 210 km and 450 km. As the distance between trans-
mitter and receiver was 50 km on average, the speoial ease
of almost vertical incidence was realised.

A geographic orientation is presented in Fig. 1. lt shows
that the three radio-wave reflection points were roughly
straight above the geomagnetic observation point, a situa-
tion that is different from most of those in preVious publica-
tions.

As an example, Fig. 2 shows the recording of the ssc
on April 5, 1979. From top to bottom, the horizontal mag-
netic field variations in the northward and eastward direc-
tion, AH and AD, the phase height variations (which are
the frequency—shift variations multiplied by a constant fac-
tor — see next section) of the three radio signals, M, S and
L, and the time derivatives of the magnetic field variations
are to be seen. The short vertical lines at the lower and
upper margin mark integer minutes, and the beginning and
end of the interval in UT are written above.

Theoretical aspects

Let n(s) be the ionospherie refraetive index along a ray
path S, [ß the angle between the ray direction (direetion
of energy transport) and the wave normal (whiCh is zero
in an isotropie ionosphere), f0 the frequency of the emitted
radio wave and C0 the vaeuum light velocity. A time varia-
tion of the refractive index results in a wave frequency shift
of Afat the receiver:

fdAf: 53,— (1)



with

P=jn(s)cosnßds (2)

denoting the phase path.
In the case of vertical incidence, the phase path only

depends on the reflection height h0, irrespective of the geom-
etry of the ray path. Defining the phase height hp by

h::?n00dh B)P
O

it can be shown that P=2hp. For midlatitude regions and
frequencies of about 4.6 MHZ, only the real part ‚u(h) of
the refractive index is of significance. Although the geomag-
netic field influences the refractive index, only electron den—
sity variations and not magnetic field variations themselves
have a directly observable effect on the phase height varia—
tions. Introducing the magneto—ionie parameters X
= wä/wä, Y: Lug/wo, and Z : ve/wo, (with the radio-wave an-
gular frequency wo, the squared plasma frequency (0,2,
2e2 Ne/aO me, the electron gyrofrequency wezeBO/me and
the effective electron collision frequency ve), we get

2f0 d "0 2fo "OÖMXJÖÖXW
Af— —:Eol”(h’t)t—EO 6X Öt (ULM)

Let us first consider a simple physical model. If we assume
a horizontally stratified ionosphere with height-integrated
Pedersen and Hall eonductivities ZP and EH, and an iono-
spheric height-independent electric field E that drives a hori-
zontal sheet current density j in the E-layer, we can map
the electric field along the field lines up to the F—layer and
will find a Hall drift v of the electrons

QT‘LDXBOE><BO
5Bg — Bä (lV—

with Z denoting the height-integrated conduetivity tensor.
If we assume a bulk motion of the F-layer with velocity
v and no significant effect of the lower ionosphere on a
radio wave reflected in the F-layer, we find the vertical com-
ponent vz of v to be equal to the time derivative of hp (e.g.
DaVies et al., 1962):

‚_P z „z. (6)

Neglecting damping effects in the lower atmosphere (which
are only valid for variations of short scale compared to
the E-layer height) as well as induction effects in the earth,
we can calculate the ground magnetic field produced by
the sheet current density. Its northward and eastward com-
ponents, AH and AD, are related to the radio-wave fre-
quency shift A f by

j _ 2f0 2cosI" f(t)”c—ouoBo(2%+Zä>[2PAHay+gnlz„ADan(n
where I denotes the magnetic inclination. Electromagnetic
induction in the earth changes the horizontal magnetic field
only by a factor of between 1 and 2, which is not much
eompared to the variability of the ionospheric parameters.
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The basic ideas of this Hall drift model have been formu-
lated by [Rishbeth and Garriott (1964); for details of the
calculations see Watermann (1984).

In a refined model, developed by Jacobs and Watanabe
(1966) and extended by Watermann (1984), the vertical com-
ponent of the electron drifts is evaluated along the whole
phase path in the ionosphere. It varies with height, as the
electron mobility in the lower ionosphere is influenced more
by collisions. Although the electron drift differs from a pure
E >< B0 drift, it can be shown that in a typical average state
of the ionosphere the particle drift above about 200 km
height is almost unaffected by collisions. At every fixed
height along the phase path, the vertical component of the
electron drift is observed as a local electron density varia-
tion. If electron enhancing processes like solar flare effects
are neglected and if the electron density relaxation time
is long compared with the period of the electron density
variation, one arrives after some algebra at a frequency shift
A f related to a “mean” phase height velocity 152:

Af: ——C— Uz (8)

with

Üz z VOUN EN + JE EE) (9)

l’o Z 32/(4 7752f02 me 30)

h0 Öu ÖÖ—Xö—hwe m) dh
O

JMEz—

cotI (vi—iw)co‚-
NN B0 (vi—ia))2+co‚-2

cos I a),-2
Ez B0 (vi—iw)2+w‚-2' (10)

coi denotes the ion gyrofrequency and vi the ion-neutral
collision frequency. If a height—integrated current density
j is related to the height-independent electric field E by
the height-integrated conductivity tensor Z [see Eq. (5)],
one observes magnetic field components AH and AD on
the ground related to Ü, by

3’1 .
vzzmflsm

IJN ZH+JE ZP) AH

+(——sin2IJNZP+sinIJEZ„)AD] (11)

with

ezcä
V1 _ 27:2f02 me'

In this paper, electron density variation periods of more
than 15 s (angular frequencies a) <0.4 s‘ 1) are studied.
Compared to a), > 150 s- 1 in the central European geomag-
netic field, bE remains nearly independet of a), and bN varies
with a) only where a) becomes comparable to vi. That re-
quires a radar reflection height of more than 300 km, which
is higher than that of most of the observed events examined
for this paper. Even for the radar Signals which were re-
flected in that high region, the effect of a) is weak. Above
N300 km, we find |Ö(Ne bN)/ÖZ| < |Ö(Ne bE)/Öz|. If that
height contributes substantially to the integrals JN. E, one
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sees that IJNI < IJEI, and 152 is not much influenced by a).
The physical background is provided by the fact that the
Charged particle drift is nearly E x BO oriented at this height,
and 152 is mainly determined by the east-west electric field
EE, as B0 is inclined to the north. In this model, the Hall
drift plays the important role. Probably of more interest
than wzv, is the case w<vb as can be seen from what
follows where the Alfven wave model is examined.

In the case of Alfven waves propagating downwards
onto an ionosphere with uniformly distributed integrated
conductivity, the electric fields of the ineident and the re-
flected waves superpose. Pedersen currents and field—aligned
currents form a solenoid current system with no remarkable
magnetic field on the ground, where only the magnetic field
of the Hall current is observable [see Glaßmeier (1984) and
references therein]. Thus, the Alfven wave model of
Rishbeth and Garriott (1964), neglecting ionospheric modi-
fication of the magnetic fields, no longer holds in that for—
mulation. But we can set ZP=0, and Eq. (11) will be simpli-
fied

_ yl sinI
vz—

ZH
(hAH+hAm. um

The electric field of Alfven waves is established by a small
difference between the motions of electrons and ions. There-
fore, the electron velocity v is Close to the ion velocity vi,
and both are almost equal to the centre-of-mass velocity.
The momentum equation for a fully ionized quasi-neutral
plasma can be applied to an ionized gas, embedded in the
neutral gas of the ionosphere, if an ion-neutral collision
term vi, damping the ion motion, is included:

övi _ 1
W:-——l(/L)Vi————p p

BoetAB—vivi. (13)
0 i

pizNe(me+m‚-)zNe m, denotes the mass density of the ion—
ized gas component. Now, Eq. (12) has to be replaced by

yl sinI
Z (MAH+J„M»u+nywyä an

H
172:

If vi/cu>2, an approximation with an error of less than
6% reads:

|(1+ivi/w)_%lz(w/vi)%. (15)

In the present study, only angular frequencies less than
0.4 s‘1 are regarded. Thus the approximation (15) can be
used at least up to about 250 km, and even throughout
the F-layer for the lower frequencies.

For a quantitative calculation, besides the integrated
conductivity, some information about the undisturbed elec—
tron density profile Ne(h) and the collision frequency vi(h)
is required, while Öu/ÖX can easily be caleulated from the
Appleton-Hartree equation. coi is well known and changes
very little with time. If no observations are available one
has to use model ionospheres to get the order of JN, E. It
turns out from numerical caleulations that there is not much
difference between the values of the coefficients in the mod-
els described by Eq. (7) and Eqs. (8%(11), as the main contri-
bution to the phase path variation stems from the drift
of the more dense electron gas in the F-layer above the
current sheet.

Neglecting a possible modification with frequency ac-
eording to Eq. (14), both models show that the observed
quantities A f(t), AH (t) and AD(t) should follow the bivar-
iate regression model

A _ 210f(t)—
—:[h„

AH(t)+hD AD(t)+ö(t)] (16)

with a noise (or random) term Ö(t) added. Inspection of
the observed time series suggests that it is adequate to re-
gard the noise as present mainly in the output Af of the
model.

It should be noted that both regression coefficients hH
and h D are positive in both models if evaluated with reason-
able ionospheric parameters. The coefficients become larger
with smaller integrated conductivities. They vary between
h„z0.3, t0.6 m nT’1 s‘1 at noon and t20, hD
z30 m nT‘1 s‘1 at night. For all numerical calculations,
a magnetic inelination of 67°, a total field strength of
48 000 nT and the model ionospheres proposed by Gurevieh
(1978), which are valid for midlatitude regions and moderate
solar activity, have been used.

Occurrence of correlated events

During the time of simultaneous observations, 8 ssc, 10 si,
and 137 pi2 oeeurred. Three ssc and seven si were daytime
events. The distinction between day and night that will ex—
tend throughout the analysis is defined by sunrise and sun-
set at a height of 120 km above the ground, which is roughly
the height of the maximum electron production rate by
solar radiation.

All pi2 events with onsets within 30 min were combined
to a group event. Firstly, it seems reasonable (in contrast
to the single-event analysis in the next seetion) to study
the statistics of groups as the midlatitude ionosphere is as-
sumed not to change too much during half an hour; second-
ly, ionosonde data were only available in 1—h intervals. Of
the resulting 115 groups, 41 had to be excluded from the
analysis because of a too poor signal-to-noise ratio in the
radar Signal records. Of the remaining 74 groups, 19 oc—
curred during daytime.

All ssc, but only half of the si, could be recognized
by their Doppler shifts, and these were nighttime and high-
amplitude daytime events. Only one-third (26 out of 74)
of the pi 2 could be identified in the Doppler data, Without
a statistically significant difference between day and night.
The same holds for the variability with geomagnetic aetivity
or E-layer eritieal frequency: no significant dependence on
these parameters could be found.

But a striking result was a rather frequent occurrence
of correlated pi2 events around the equinoxes and a rare
occurrence at the solstices, as can be seen from Table 1

Table 1

Observation Number of pi2 groups Probability
interval Correlated Total of randomness

02.10.—04.11.78 7 20 18.5%
09.11.4)9.12.78 3 15 9.9%
08.03.—13.04.79 14 22 0.1%
12067010779 1 17 0.3%



The last two lines in Tablel show a deviation from the
total distribution which could be drawn randomly only by
a probability of 0.1% and 0.3%, which means that the de-
viation is regarded as significant.

Data analysis and interpretation

In this section the 49 correlated, more or less worldwide
geomagnetie events (8 ssc, 5 si, and 26 pi2 groups compris-
ing 36 single pi 2), will be studied individually. An analysis
on the basis of the regression model, Eq. (16), shows that
the regression coefficient estimates hH and hD are in general
elearly larger for nighttime than for daytime events. This
was expeeted from the daily variation of the integrated con-
ductivity. The absolute values of hH and h D are of compara-
ble size and vary between about 1 and 5 m nT‘1 3—1 in
daytime and 3 and 25 m nT‘ 1 s‘ 1 at night. But, the regres-
sion coefficients have both positive and negative signs which
seem to be randomly distributed.

A look baek to Fig. 2 indicates that the discrepancy
might be due to the use of a simple time-domain regression
analysis, while the relation between A fand AH or AD seems
to be highly frequeney dependent. The same holds for the
other analysed events. Therefore, the analysis was repeated
in the frequency domain with the Fourier transforms Aflw),
21H (w) and 215(co) of the original time series. The regression
model Eq. (16) is then superseded by the transfer-function
model

2fo
C0

417(60): [Gn(w)AÜ(w)+GD(w)AÜ(w)+5(w)] (17)

of which Eq. (16) is only the special case of frequency-inde-
pendent transfer functions GH and GD.

For each individual event, GH(a)) and GD(co) were esti-
mated by means of smoothed Fourier products under the
condition that the residuum <5(w)5*(w)> is a minimum.
The smoothing proeedure used a Papoulis window (Papou-
lis, 1973) of frequency-dependent bandwidth. The number
of Fourier products inside the spectral windows varied be-
tween 5 and 50. As not all of the three radio Signals could
be used for the analysis all of the time because of technical
trouble, it was only sometimes possible to average the Four—
ier products over three estimates, and sometimes over two,
and sometimes not at all. Therefore, the degrees of freedom
and confidence limits of the transfer function estimates were
different for different events and different frequency bands.

All estimates of GH and GD and their upper 90% confi-
dence limits show a tendency to increase with frequency,
while most of the lower 90% confidence limits are near
zero. As an example, Fig. 3 shows the upper confidence
limits of G H (left panel) and G D (right panel) of the analysed
ssc and si events on a logarithmic scale. The ssc are marked
by integers and the si by capital letters, with solid lines
for nighttime and dashed lines for daytime events. In the
upper part, the central frequencies and bandwidths of the
smoothing windows are drawn. A similar picture (not
shown here) with the same numerical scale holds for the
pi2 events. There is no general difference between the
behaViour of ssc/si and pi 2 but there is a clear difference
between day and night for both of them. The daytime and
the nighttime values appear like realisations of two different
bell-shape-distributed random processes. Therefore, the esti-
mates of all daytime transfer functions on one hand and
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Fig. 3. Upper 90% confidence limits of the absolute transfer-func-
tion values of the investigated ssc (marked by integers) and si
(capital letters). Daytime events with dashed lines, nighttime events
with solid lines. Right panel for the geomagnetic northward, left
panel for the eastward component. Frequency bands with central
frequencies and overlapping bandwidths are indicated in the upper
part

of all nighttime transfer functions on the other are combined
in Fig. 4. It shows the means and standard deviations of
the logarithms of the absolute values (lower panel) and the
phases (upper panel) of the transfer functions.

In every quadruple the lines have the following meaning:
dashed lines with triangles (extreme left) represent the day-
time estimates of GD, dashed lines with open circles (extreme
right) represent those of GH. The solid lines are of similar
meaning but for nighttime events: on the left with triangles
are the estimates of GD, and on the right with open circles
are those of GH. The triangles and circles mark the mean
values, and the lengths of the lines represent the range of
the standard deviations. The short lines at the lower margin
indicate the central frequencies of the different bands, while
the broad solid bars at the right and left margin of the
phase panel give the theoretical standard deviation of ran-
domly distributed phases. The conclusions that can be
drawn from Fig. 4 are:

1) The absolute values of the northward and eastward
magnetic field components do not show a signifieant differ-
ence in their relation to the phase height variations.

2) With the exception of the lowest frequeney band, the
transfer function estimates of nighttime events are larger
by a factor of about 4 compared to the daytime estimates.

3) There is no indication of a decrease with increasing
frequency above 0.01 HZ, unlike Duffus and Boyd (1968)
stated.

4) The geometric means of the absolute values of the
transfer functions are roughly frequency proportional. The
dotted interrupted line which has a gradient of 0.5 on a
logarithmic scale (equivalent to a square-root relation on
a linear sale) shows a frequency dependence aceording to
Eq. (14) with approximation (15), and would be expected
from the results of Klostermeyer and Röttger (1976). Ob-
Viously, it does not match the observations. Furthermore,
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Fig. 4. Mean values and standard deviations of the logarithms
of the absolute values and of the phases of all transfer functions.
Daytime events with dashed lines, nighttime events with solid lines.
For further explanations see the text

the gradient should become smaller with increasing fre-
quency while Fig. 4 indicates just the opposite: the gradient
tends to increase, i.e. the growth rate of the transfer function
tends to be higher with higher frequencies.

5) The mean values of the phases do not show a clear
daily variation but a difTerence in the magnetic east and
north components. For higher frequencies, Üz and AD are
nearly in phase, and 52 and AH are nearly in opposite phase.
But as the standard deviations of the phase are not much
smaller than those of a random uniform distribution, the
phases have only little meaning.

Conclusions

As all time-varying magnetic fields observed on the ground
must be accompanied by electric fields, and as the lower

atmosphere is a very bad conductor (i.e. its skin depth is
several magnitudes larger than its height extension up to
the ionospheric E- and F-layer), there should be an accom-
panying ionospheric electron drift with a vertical compo-
nent in midlatitude regions. By the method of observing
phase path variations of reflected HF—radio signals de-
scribed above, the electron drift could not always be de-
tected. Because of this result and the fact that several param-
eters, mainly the vertical profiles of electron density and
collision frequencies or integrated conductivities, are neces—
sary for exact calculations of the electric field, this simple
and easy-to-use method does not seem to be sufficiently
accurate for calculating the ionospheric electric fields. But
the results can be used to find an answer to the question
of whether the relation between the frequency of the field
variations and the vertical bulk motions of the electron
gas is square-root like, linear or quadratic in general. From
the results presented here a linear relationship is favoured,
which means that none of the presented models will, without
major revisions, be supported by the observations. It should
be stressed that this relationship comes from averaging sin-
gle—event spectra, i.e. it is independent of time variations
of ionospheric parameters.

Lastly, one must remember that some unsolved ques-
tions remain: for example the marked annual variation of
correlated occurrence, or the fact that so many geomagnetic
events could not be detected by phase shifts, or the nearly
randomly distributed phases.
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Apparent and intrinsic Q: the one-dimensional case
U. Görich and G. Müller
Institute of Meteorology and Geophysics, University of Frankfurt, Feldbergstr. 47, D-6000 Frankfurt a.M.,
Federal Republic of Germany

Abstract. The propagation of plane waves through statisti-
cally layered media is investigated both numerically and
with single—scattering theory in the one-dimensional case.
Exaet apparent or stratigraphic Q, Q5, is determined from
synthetic seismograms with the spectral—ratio method. Max-
imum velocity (impedanee) fluetuations up t0 30% („40%)
are studied; the fluctuations are uniformly distributed with
zero mean. In all cases the trend of Qs as a function of
frequency is well described by the analytical Qs, as deter—
mined from single-seattering theory under the assumption
of an exponential autocorrelation function of the impedance
fluctuations. The frequency dependence of the analytical
Q5—1 follows a Debye-peak function, its maximum is y2/2
and corresponds t0 the wavelength 47Ia(y2 =variance of re-
lative impedance fluctuation, azcorrelation distance). In
further numerical calculations intrinsie or anelastic Q, Qa,
is introduced, and it is shown that total attenuation Q—1
agrees very well with the sum of apparent and anelastic
attenuation, Q8— 1 +Q; 1. Finally, a simple, minimum-phase
stratigraphie attenuation Operator is derived which de-
scribes the amplitude decay and the dispersion in a one—
dimensional random medium with good accuraey. Strati-
graphic attenuation is similar t0 the anelastie attenuation
of a standard linear solid.

Key words: Quality factor — Stratigraphic attenuation — Sin-
gle-scattering theory

Introduction

The amplitudes of seismic waves are influenced by factors
depending on the source, the propagation path and the re-
ceiver. O’Doherty and Anstey (1971) have given an often-
quoted survey of these factors, in particular as they are
of importance in seismic prospecting. Among the many in-
fluential factors on the propagation path are attenuation
due t0 scattering, i.e. deviation of energy from the general
propagation direction, and attenuation due t0 intrinsic
losses or anelasticity, i.e. eonversion of energy into heat.
These two effects, and their relation, will be discussed in
this paper in the eontext of a simple 1D model.

Anelasticity is conveniently described by the quality fac—
tor Qa of the rock. Qa depends, among others, on Viscous
processes between the rock matrix and liquid inclusions
sueh as pore fluids or melt fractions, and on movements

Offprint requests t0: G. Müller

of dislocations through the mineral grains; Qa can be fre-
quency dependent. An accurate and frequently chosen way
t0 introduce anelasticity into numerical codes for wave
propagation is t0 use a complex wave velocity as a conse-
quence of a complex (and minimum-phase) viscoelastic
modulus. For instance, in the case of frequency—independent
Qa this velocity is

1 a) j
vazvo l+—ln—+ (1)

TCQa wr E

‚

where a) is the (circular) frequency, a), a referenee frequency,
vo the real phase velocity at the reference frequency and
j the imaginary unit. As is well known, the imaginary part
of va describes the absorption, whereas the frequency-depen-
dent real part gives the assoeiated dispersion.

Since scattering has the same effect as anelasticity, name-
ly a reduction of amplitudes, it is also described by a quality
factor: the apparent or scattering quality factor Qs. Qs de-
pends on the spatial structure of the scattering heterogenei-
ties in the medium, on the size of the velocity and density
fluctuations and on frequency or wavelength. Only recently
has Qs been determined suceessfully from these quantities
with the aid of single-scattering theory in the 3 D case (Wu,
1982; Sato, 1982a, b, 1984) and in the 2D case (Frankel
and Clayton, 1986). The limits of this theory are not yet
Clear (Hudson and Heritage, 1981). Investigations of the
1D case can help t0 Clarify them.

A 1D model, having variations only in one direction,
say the depth (z) direction, has been studied several times
for plane waves propagating perpendicularly t0 the inter-
faces (Sehoenberger and Levin, 1974, 1978; Spencer et al.,
1977; Sato, 1979, 1981; Menke, 1983; Richards and Menke,
1983). This model is of praetical importanee for seismie pro-
specting where seismic waves often propagate more or less
vertically through horizontally layered sediments; QS in this
case is sometimes called stratigraphic Q. This special model,
which produces only strict forward scattering and strict
backward scattering, is also studied here. Its advantage is
that exact (numerical) results are easily obtained with matrix
methods for complicated layering with arbitrary parameter
fluctuations. Hence, Q8 can be determined exaetly and com—
pared with the result of single-scattering theory. First results
of sueh eomparisons in the 2D case are due t0 Frankel
and Clayton (1986); they used finite-difference calculations
t0 produce the seismograms for a random medium.

Our particular eonfiguration consists of two identical
half—spaees with an arbitrary number of homogeneous



layers of total thickness D in between. Velocity, density and
thickness of the layers are determined with the aid of uni-
formly distributed pseudo-random numbers and fluctuate
about mean values which for velocity and density agree
with the values outside the layer stack. The incident wave
in the upper half-space, a P wave, is specified through its
time function, u(z 2 0, t), the transmissivity of the layer stack
is determined with a matrix method (e.g. Temme and
Müller, 1982), and the complete seismogram u(D, t) in the
lower half-space is calculated. The spectra at z 2 0 and z 2 D,
ü(0, w) and ü(D, w), are related by the complex, frequency-
dependent wave velocity v(a)) of the random medium:

_ D
ü (D, w) 2 ü(0, c0) (3‘m. (2)

From this equation, v(a)) can be determined by spectral
division:

ü(D,a))
0(0)):

—ja)D/lnm. (3)

If the exponential term in Eq. (2) is written in the form

_ D _D 1 j
e‘m2e‘J‘” [M‘zdmmwl

which implies a propagation term and a decay term, with
the real phase velocity c(a)) and the real quality factor Q(a))
of the random medium, these quantities can be determined
with the aid of Eq. (3):

c (w) 2 1/Re [L]v(w)
1

Q(a)) 2 1/{2c(w) Im {M}. (4)

The quality factor so determined is an apparent or strati-
graphic Q alone, if the medium is elastic. If anelasticity in
the layers is assumed, e.g. by making the layer velocities
complex according to Eq. (1), Q contains contributions both
from anelasticity and from scattering. Calculations for elas-
tic layers thus give QS and its dependence on velocity and
density fluctuations and on frequency. Calculations for an-
elastic layers then allow us to compare Qs and Qa and,
in particular, to see whether the total amplitude losses due
to scattering and anelasticity follow the simple law

1_ 1 1
5ewig? U

that is often assumed (e.g. Spencer et al., 1982; Richards
and Menke, 1983; Menke and Dubendorff, 1985). In princi-
ple, this law holds only if these losses do not occur concur-
rently, but separately, e.g. when a zone with stratigraphic
attenuation isfollowed by a homogeneous anelastic medium.
Lerche and Menke (1986) have given a theoretical argument
for the validity of Eq. (5) in the case of weak anelastic attenu—
ation (see also Wenzel, 1982).

The purpose of this paper is three-fold. After a few exam-
ples of stratigraphic-Q calculations we first derive Qs from
single—scattering theory for the 1D case and compare it
with the numerical results; quite good agreement is found
for maximum velocity fluctuations from 5% to 30%. Sec-
ond, we illustrate with a few examples that the superposition
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law (5) holds with very good approximation for the whole
frequency range studied here; similar results have already
been obtained by Richards and Menke (1983) who, how-
ever, have not considered the frequency dependence. Final-
ly, a stratigraphic attenuation operator is derived which
simulates the attenuation and dispersion efTects of a random
stratification.

Numerical results for stratigraphic Q
The numerical calculations have been performed for the
mean values of P velocity and density, a024000 m/s and
p022.39 g/cm3, and for N layers with total thickness D
21600 m; N varies from 100—1600. The relative velocity
fluctuation

_Öoc(z)
050

ä (Z) (6)
has zero mean, a uniform distribution between — p and
+ p and hence a mean squared value or variance of p2/3
(standard deviation p/lß); p varies from 5% to 30%. The
relative density fluctuation

_ öp(2)
1(2) ‚00

2 Kflz) (7)

is assumed to be proportional to the velocity fluctuation,
which is true if density and velocity are linearly related.
We have used the relation p20.000173 oc+ 1.695 (0c in m/s,
p in g/cm3) which is suitable for sedimentary rocks (Grant
and West, 1965, Fig. 7—7); this implies K=0.290. The density
fluctuations vary from —K p to +K p. The layer thickness
fluctuates by a somewhat larger amount, 3 p, around the
mean value D/N.

Figure 1 shows synthetic seismograms for N 2400 and
variable p. The incident wave (lowest trace) has an almost
flat spectrum between 0 and 300 Hz. The layer-stack thick-
ness D corresponds to 60 wavelengths at the central fre-
quency 150 Hz. Thus, in terms of wavelengths the propaga-
tion distance in the random medium is rather long. With
increasing p, pronounced low-pass filtering develops and
seismogram duration increases strongly. For the largest p
values, the effective duration is 1—2 s. For analysis we have
taken the time interval 0.125 s, shown in Fig. 1, which is
not longer than a few times the duration of the main part
of the transmitted pulse; a similar restriction would be ap-
plied in the analysis of observed data.

The spectral-ratio method described in the introduction
[Eqs. (3) and (4)] has been applied to seismograms of the
kind shown in Fig. 1. Results for apparent Q are given in
Figs. 2 and 3. The solid curves in these figures have quite
an oscillatory character which masks to some extent the
general trend. A minimum of QS is indicated in Fig. 2 at
about 3(F60 Hz and appears to be independent of p, where-
as according to Fig. 3 it depends on N: it is shifted to higher
frequencies for decreasing average layer thickness. The gen-
eral decrease of Q5 with increasing p (Fig. 2) is an expected
result. The dashed curves in Figs. 2 and 3 are discussed
below.

Stratigraphic Q from single-scattering theory
In the following we give a simple derivation of QS in the
1D case; the results is identical with a result of Sato (1982 b)
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which was derived by the more complicated mean-wave
formalism with travel—time corrections (see also Banik et al.,
1985 a, b). The basic idea is, as in the 3D case (Wu, 1982;
Sato, 1982 a, b, 1984), to calculate the energy of singly scat-
tered waves, to identify this energy with the energy loss
of the transmitted wave, and to relate this energy loss to
Qs-

We consider a particular frequency a) or wavenumber
kzw/ao of a plane P wave incident upon the random struc-
ture of total thickness D (Fig. 4). This wave has unit ampli—
tude and unit intensity E: l. The impedance of the struc-
ture lS

I(Z)=IO+ÖI(Z)

with the mean value 102,00 oco and the fluctuation ÖI(z).
The reflected wave from the whole layer in the single back—
seattering (or primary reflection) approximation has the
complex amplitude

D ÖI’(z)dz _jw2_2

10:3.
{T8 an}, (8)

where the first term in the curly brackets is the reflection
coefficient at coordinate z, and the exponential factor takes
account of the phase shift due to the two-way travel time
2z/oc0. Partial integration of Eq. (8), together with the as-
sumption Ö 1(0) —-— Ö I (D) = 0, yields

D

ur=jk l n(Z)€—2j"zdz=jkfi(2k)‚ (9)
O

where 11(z) is the relative impedance fluotuation ÖI (z)/I0 and
fi(k) its Fourier transform. „(2) is related to the relative
velocity and density fluctuation, defined in Eqs. (6) and (7),
by

"(Z)=5(Z)+K(Z)=(1+K)6(Z)- (10)
Equation (9) could also have been found by the Born ap—
proximation.

The intensity of the reflected wave and hence the intensi—
ty loss of the transmitted wave is AE=u‚ 14;", where uj‘ is
the eomplex conjugate of u‚. From (9) one obtains AE

0.125

-—- k2 DR (2 k), with the Fourier transform

R(k)= 300 R(Z)e—j'”‘dz (11)
-oo

of the autocorrelation function of n(z),

1 D

R(Z):B j n(z’)r](z’+z)dz’.
o

R(z) is dimensionless, and R(O) is the variance of the relative
impedance fluctuations.

Apparent or stratigraphic Q is then found by noting
that Q; 1 is defined as 1/27: times the relative intensity loss
per wavelength. The relative intensity loss here is AE/
EzAE, and corresponds to Die/27: wavelengths. One ob-
tains therefore, using Eq. (11) and the evenness of R(z),

_1 AE _ 00
s 2—: = zcos z z.Q Dk kR(2k) 2k5R() 2k d (12)

O

This result is in agreement with Eq. (38) of Sato (1982b);
in the case of constant density there is also agreement with
Eq. (45) of Wenzel (1982).

Our derivation of Eq. (12) has not used any statistical
argument, Since we have considered one particular imped-
ance structure. Since QS depends only on the autocorrelation
function of the impedance fluctuation, Eq. (12) represents
also a whole ensemble of random media, provided that all
have the same autocorrelation function.

In the following, we use an exponential autocorrelation
function

R(z)=yZe—'z'/a (13)

with the variance yz of the relative impedance fluetuation
and the correlation distance a. This form is a good approxi-
mation to the autocorrelation functions or our numerical
models, as the examples in Fig. 5 show. Inserting Eq. (13)
into Eq. (12) yields:

_1_ 2 2ak
14Qs —Vr:m7' ( l
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Fig. 2. Stratigraphic or apparent Q (solid curves) as a function of frequency for different values of maximum relative velocity fluctuation
p in a stack of N2200 layers. The maximum relative fluctuation of layer thickness is 3p, and the total thickness is 60 wavelengths
at 150 Hz. Density Iluctuation is K:O.Z9 times the velocity lluctuation. The dashed curves are results from single-scattering theory
and follow from Eq. (l4)

This is a Classical Debye-peak function whieh also plays
an important role in the phenomenological description of
anelasticity; for instance, Q;1 of a standard linear solid
follows this law. The relaxation time T of the Debye peak
(l4) is defined by wr=2ak and is 17:2a/OC0; this is the
two-way travel time related t0 the typical scatterer dimen—
sion a. The frequency dependence of stratigraphic attenua-

tion is quite pronounced: the half-width of Q;1 is only
about one decade. For quick estimates of stratigraphic Q
one may use

Qs>Qsmmz (15)
N34

N
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Fig. 3. Stratigraphic or apparent Q (solid curves) as a funetion of frequency for different values of layer number N and for maximum
relative velocity fluctuation p: 20%. The dashed curves follow from Eq. (14). See also Fig. 2 caption

The minimum corresponds t0 the wavelength 47m, which
is about one order of magnitude larger than the correlation
distance.

Theoretical Q5 eurves are included in Figs. 2 and 3 as
dashed lines. The variance of the impedance fluctuation in
these applieations is related by

2

y2=(l+K)2-p3—:0.555 p2 (16)

t0 the maximum relative velocity fluctuation p [see Eq.
(10)], and the eorrelation distance a is identified with the
average layer thiekness D/N.

In general, the trend of the numerical QS is well repre—
sented by the theoretical curves. The agreement is n0 worse
for the larger p values than for the lower p values (Fig. 2).
The frequency shift of the minimum of the numerical Q5
with increasing N follows the theoretical prediction (Fig. 3).
Therefore, stratigraphic Q is represented by Eq. (l4) with
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Iayer thickness

51

good accuracy over the whole frequency range of seismic
prospecting and for a rather broad range of impedance fluc-
tuations. '

Superposition of stratigraphic and intrinsic Q
The numerical calculations for Figs. 2 and 3 have been per-
formed for purely elastic layers, and the resulting Q is purely
stratigraphic. Allowing for anelasticity in the layers leads
t0 an intrinsic contribution t0 the total Q. The numerical
method for seismogram calculation allows incorporation
of anelasticity via complex P-wave velocities according t0
the simple law (1), i.e. the intrinsic Q factor Qa is assumed
t0 be frequency independent. The reference circular fre-
quency a), corresponds t0 the upper frequency limit 300 Hz,
and v0 fluctuates around the mean value 0(024000 m/s.
Varying the value of Qa for a particular random structure
yields seismograms with different amounts of anelasticity-
related low-pass filtering, in addition t0 the common low-
pass filtering due t0 scattering (Fig. 6).

Seismogram analysis by the spectral-ratio method gives
total Q (Fig. 7, left part); in the case Q0: oo, it represents
the stratigraphic Q of the structure: Q=QS. Then, a test
of the superposition hypothesis (5) for the attenuation is
possible for the cases Qa< oo. A typical example is shown
in the right part of Fig. 7 for Qa: 100. The solid curve la-
belled l/Q follows from the total-Q curve for Qa: 100
(Fig. 7, left part); the solid curve labelled 1 /Qs corresponds
to the elastic case. The dashed curve is the sum l/QS+ l/Qa
and represents Eq. (5) exactly. The agreement with the 1 /Q
curve is very good; similar results were found in all other
cases studied.

Therefore, the superposition hypothesis (5) has a solid
basis as already stated, e.g., by Richards and Menke (1983);
certainly, it applies also in cases where Qa is frequency de-
pendent and where the frequency dependence of QS is more
pronounced than in Fig. 7.

Stratigraphic attenuation Operator
Anelastic attenuation can be described by a complex wave
velocity va or, alternatively, by an anelastic attenuation op-
erator (usually called a dissipation Operator). Equation (1)
is an example of va, and the corresponding dissipation oper-
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Fig. 6. Synthetic seismograms for a random structure
with N=400 layers and maximum velocity fluctuation
p=20%. Anelasticity in the layers with frequency-
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Input independent Q factor Qa is assumed; Qa is the same for
all layers. The seismogram for Qaz oo displays only
stratigraphic attenuation
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ator in the frequeney domain follows from Eq. (2) through
v=vaz

Tw 1 2jl w 17EL *2 “(0)1 ( )
T: D/vO is the travel time. The elastie response of the medi-
um is multiplied by A(0), T), and the result is the anelastic
response. Equation (17) represents a minimum—phase opera-
tor in the time domain, apart from a time shift which de-
pends on the value of the reference frequeney 0),.

Likewise, stratigraphie attenuation can approximately
be represented by a complex velocity vs or a stratigraphic
attenuation Operator. T0 find these we start from the faet
that the transmission operator of a layer stack, eorrected
for the phase shift due t0 the one-way travel time through
the stack, is minimum phase (Sherwood and Trorey, 1965).
Therefore, as in the ease of anelastic attenuation, the phase
veloeity c, which is very Close t0 the real part of vs, follows
from Q; 1 by a dispersion relation:

1 1 O°Qs (0)) ,MZWLI 2nP-Lw’mm}
An alternative in the present ease, where Q; is given by
Eq. (14), is t0 use direetly the dispersion result for a standard
linear solid (e.g. Kanamori and Anderson, 1977) t0 obtain
c. In either ease

A(0),T)=exp[—

1

0.5 y ‚

is found; 3,2 and 'L’ have been defined earlier, and 00 is the
(real) high-frequeney limit of vs. Then Eq. (2) can be used,
now with v = vs, t0 derive the stratigraphic attenuation oper-
ator:

(19)—fi(T(D+I)
0.5),‘2T0)
1+1 0) ]’5(0), T) = exp[—

where T: D/oc0 is the travel time at the mean velocity oco.
The meaning of the Operator (19) is as follows: the homoge-
neous-medium response ü(0, 0)) e‘j‘”, which is the incident
wave at 2:0 delayed by T, has t0 be multiplied by 8(0)
T), and the result is approximately the transmission re-
sponse of the random structure. The dashed seismograms

the ease Q„= 100
10 3,5 60 05 110 135 160 185 210 235 260

Frequency' [Hz]

in Fig. 8 have been determined in this way. The agreement
with the exact seismograms is remarkably good, both in
the amplitudes and in the long-period trend. Thus, the com—
plex velocity (18) and the Operator (19) appear t0 be well
suited t0 describe the absorptive and dispersive nature of
stratigraphic attenuation.

If both anelastie and stratigraphic attenuation is present,
the resulting complex wave veloeity is obtained from an
obvious combination of the velocities (1) and (18), under
the assumption 00:00. The resulting attenuation Operator
is the product of Eqs. (17) and (19).

At this point a comparison with the work of Banik et a1.
(1985 a, b) is in order. Our 1D random model, characterized
by the exponential autocorrelation function (13) of the im-
pedance fluetuations, the inverse quality factor (14) and the
attenuation Operator (19), is identical with the so-called tele-
graph model of these authors. In partieular, our Operator
(19) agrees in essenee with their attenuation Operator [Banik
et al., 1985b, Eq. (19)]. This is quite satisfactory in View
of the grossly different derivations; namely, from a stochas-
tie wave equation and mean-field theory in the Banik et a1.
approaeh and from simple energy considerations and an
absorption-dispersion pair here.

Discussion and conclusions

The main result of this study is that stratigraphic attenua-
tion is well described by single-scattering theory, leading
t0 Eq. (14) for apparent Q. More empirical QS formulas,
given by Menke (1983) and Richards and Menke (1983),
are less well suited; in general, they d0 not reproduce the
level of Q5 and its frequeney dependence.

Equation (14) for QS is valid under the assumption of
an exponential autocorrelation funetion of the relative im-
pedance fluctuations of stratigraphy. This forrn is a good
approximation in the ease of uniformly distributed imped-
ance fluctuations with mean value zero. In more general
eases Eq. (12) has t0 be applied.

Under the validity of Eq. (14), stratigraphie attenuation
is similar t0 the anelastic attenuation of a standard linear
solid. Thus, its frequency dependence is rather pronounced:
the main effeets are coneentrated in a frequeney decade
around the frequency (27tr)‘ 1, where 1: is the two—way travel
time related t0 the correlation distanee.

From the sueeess of Eq. (14) in the 1D ease we eonelude
that the eorresponding 3D results for Q5 (Sato, 1984) have
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a similar range of applicability and that multiple scattering
plays no major role for attenuation due to scattering. With
results for Q5 available in the 3D case, it should be possible
to derive the corresponding complex velocity and scattering
attenuation Operator as generalizations of Eqs. (18) and (19),
respectively.

The parameters that enter Eq. (14) are the variance of
the impedance fluctuation and the correlation distance. If
these parameters are available, e.g. from sonic logs, the stra-
iigraphic component Qs of Q can be estimated and the in-
trinsic component Qa determined; the latter is considered
as an important lithological parameter. Of oourse, this re-
quires reliable inferences on total Q from seismic data. Since
Qs of a particular realization of a random structure can
have pronounced oscillations around the statistical average
represented by Eq. (14) (Figs. 2 and 3), smoothing of total
Q over frequency is required for a reliable estimate of Qa.
Q should be available for at least 1—2 frequency decades.

Besides the sediments of the upper crust, the rocks of
the lower crust may possess a stratigraphic Q. Recent seis-
mic investigations (e.g. DEKORP Research Group, 1985;
Sandmeier and Wenzel, 1986) give some evidence of more
<>r less horizontal laminae in much of the lower crust down
io the crust-mantle boundary. Lamina thicknesses of 100—

A 5 x Fig. 8. Exact synthetic seismograms (solid lines)
and approximations (dashed lines), calculated

Input with the stratigraphio attenuation operator (l9)
for N 2200 (t0p), N 2400 (b0tt0m), and in each

N = 40° case for variable maximum velocity fluctuation p
0.125

150 In and maximum velocity fluctuations of i 10% have
been suggested by Sandmeier and Wenzel. From Eqs. (15)
and (16), with Kz0.7 for rocks of the lower crust, a mini-
mum Qs value of about 200 is estimated. It corresponds
to frequencies of 3—5 Hz and applies only to steeply propa-
gating waves. This rather low Qs value indicates that strati-
graphy and scattering contribute quite essentially to wave
attenuation in the lower crust, at least in the frequency
band of explosion seismology. For frequencies from 3—
15 Hz, Qs is in the range from 200 to about 400.

We have concentrated in this paper on those features
of stratigraphic attenuation which are successfully explained
by single-scattering theory. There are also, however, unex-
plained characteristics; for instance, differences between the
exaot (numerical) Qs and the analytical Qs in Figs. 2 and
3 which sometimes can exceed 50%. Moreover, the strati-
graphic attenuation operator (19) does not explain the high-
frequency seismogram reverberations in Fig. 8. These fea-
tures are influenced or even dominated by multiple scatter-
ing, possibly up to high orders. These unexplained features
are not always negligible, but their analytical description
is more difficult. Single-scattering theory gives a good de—
scription of a few basic features of stratigraphic attenuation.
This is sufficient for quite a number of applications.
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Linearized scattering of surface waves on a spherical Earth
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Abstract. Recently, a formalism for three-dimensional sur-
face-wave soattering in a plane geometry was derived. Since
teleseismic surface—wave data are generally recorded at epi-
central distances large enough to be influenced by the sphe-
ricity of the Earth, it is necessary to find the effects of a
spherical geometry on surface-wave scattering. The theory
of surface-wave soattering relies heavily on a dyadic decom-
position of the Green’s funotion, and a new derivation is
given for the (dyadic) Green’s funotion of a spherically sym—
metric Earth. This new derivation employs Poisson’s sum
formula and is more rigorous than previous derivations.
Using the dyadic Green’s function, a relation is established
with the scattering theory in a flat geometry. This finally
leads to a linearized formalism for three-dimensional sur-
face-wave scattering on a sphere. Even for shallow surface
waves the effects of sphericity are important and necessitate
a modification of the propagator terms in the expression
for the soattered surface waves.

Key words: Seismology — Normal modes — Surface waves
— Scattering — Inversion

lntroduction

Mapping the lateral heterogeneities in the Earth is a major
task of modern seismology. This problem has been attaoked
with two types of methods. The first method utilizes the
great circle theorem for surface waves (Backus, 1964; Jor-
dan, 1978; Dahlen, 1979 a). This theorem states that if the
heterogeneity varies smoothly in the horizontal direction,
the surface wave is only influenced by the Earth’s structure
on the source-receiver great circle. By combining the infor-
mation of many source-receiver great circles an image of
the Earth can in principle be obtained (e.g. Woodhouse
and Dziewonski, 1984; Montagner, 1986; Nataf et al., 1986).
The seoond method consists of the tomographic inversion
of large data sets of body—wave delay times. This can be
done on a global scale (Dziewonski, 1984), on a continental
scale (Spakman, 1986) or on a more local scale (Nercessian
et al., 1984).

None of these methods is able to cope with true body-
wave or surface-wave scattering, so that a large part of
the seismic Signal is not used. Scattering of body waves
has been treated by several authors in the Born approxima-
tion (Hudson and Heritage, 1982; Malin and Phinney, 1985;
Wu and Aki, 1985). However, up to this point none of these

Ojfprint requests t0: R. Snieder

techniques could cope with a layered reference medium,
and they have not yet been used for systematio inversions
in global seismology.

Apart from scattering body waves, lateral heterogene-
ities also scatter surface waves and give rise to the coupling
of normal modes of a laterally homogeneous Earth. That
surface-wave scattering occurs in reality is shown by the
observations of Levshin and Berteussen (1979) and Bungum
and Capon (1974). Scattering of surface waves is caused
by sharp lateral inhomogeneities, and therefore scattered
surface waves can provide valuable information on these
heterogeneities. These heterogeneities may be located far
from the plane of the source-receiver great circle. Unlike
other types of waves, scattered surface waves enable us to
investigate upper mantle heterogeneities even in regions de—
void of adequate seismic instrumentation such as oceans,
continental margins and large parts of the continents. It
is therefore important to develop a workable method for
the interpretation of these waves which, so far, by necessity
have been regarded as ‘noise’.

Kennett (1984) devised an exact theory for the effects
of lateral inhomogeneities on surface waves in two dimen—
sions. This theory employs invariant embedding and there-
fore relies heavily on the fact that surface waves in two
dimensions propagate in only one horizontal direction. At
this point there is no exact theory for surface-wave scatter-
ing in three dimensions. Snieder (1986 a) developed a pertur—
bation theory for the scattering of surface waves in a flat
geometry, for buried inhomogeneities. He showed how dif-
ferent modes are coupled, and how this gives rise to surface-
wave scattering. As an example, a “great circle theorem”
in a flat geometry was derived, and it was shown that Snell’s
law holds for the reflection of surface waves by a vertical
interface between two media. Furthermore, an inversion
procedure was presented for the reconstruction of the medi—
um from scattered surface-wave data. In Snieder (1986b)
a similar theory is presented for surface-wave scattering by
surface topography, and it is shown there that the restriotion
that the inhomogeneity should be buried is not necessary.

One limitation of the theory presented by Snieder
(1986 a, b) is that the theory is formulated for a flat geome-
try. This paper serves to show how the theory for a flat
geometry can be generalized for a spherical geometry. It
is shown here that even for shallow surface waves the theory
has to be modified, since the propagator terms are affected
by the sphericity.

Paradoxically, the major part of this paper is devoted
to a spherically symmetric Earth. The reason for this is
that in order to give an efficient derivation of the scattering
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efTects of lateral heterogeneities, it is necessary to have a
simple dyadic representation of the Green’s function of a
laterally homogeneous Earth. In principle, this problem is
already solved. Gilbert and Dziewonski (1975) and Vlaar
(1976) present the response of a layered Earth, while Ben-
Menahem and Singh (1968) give a dyadic representation
of the Green’s function of a homogeneous sphere. However,
none of these theories provides an expression for the Green’s
funetion which is eonvenient for analytical work, and which
also has a simple physical interpretation. It is for this reason
that a new derivation is given in this paper, leading to a
simpler dyadic representation of the Green’s function.

In order to do this, the response of the Earth is written
as a sum of normal modes. The far-field limit of the Green’s
function and its gradient is derived in the following two
sections. It is shown in the Appendix how the sum of all
normal modes can be reduced to a sum over radial mode
numbers only. Then a theory is derived for the scattering
by lateral heterogeneities. In the subsequent seetion it is
shown that the scattering coefficients on the sphere are simi-
lar to the scattering coefficients in a flat geometry.

In order to be able to derive this theory, several restric—
tive assumptions have to be made. It is assumed throughout
this paper that:

1. The heterogeneity is weak enough that a linearization
in the heterogeneity can be performed.

2. The modes which are exeited have a horizontal wave-
length small compared to the Circumferenee of the Earth.

3. The far-field limit can be used, i.e. the scatterer is
several wavelengths removed from both the source and the
receiver.

One word about the notation in this paper. The summa-
tion convention is used both for vector and tensor indiees.
Latin indices are used for vector eomponents, while a Greek
index is used for the radial mode number of surface waves.
(For normal modes we retain the conventional “n”.) The
dot product in this paper is defined by

[AB] =AE" Bi (1)
and the double contraction by

[C2D]=C‚?"i‚-. (2)

The response of a radially symmetric Earth in terms
of its normal modes

The equation of motion for the excitation of an elastie inho—
mogeneous sphere by a point force F oscillating with fre-
queney a) is given by:

where,

Lij: —Öijpw2—Ön(cinmj am) (4)

and cimj is the elasticity tensor.
In subsequent sections an expression is derived for the

wave which is seattered by lateral heterogeneities. This ex-
pression eontains the Green’s function of a reference model,
for which a spherieally symmetric Earth is taken. For the
moment we will restrict ourselves, therefore, to the exeita-
tion of a radially symmetric non-rotating Earth.

The response can conveniently be expressed as a sum

over normal modes s”'”' (n‚l and m are the eonventional
quantum numbers of the modes). According to Gilbert and
Dziewonski ( 1975) or Vlaar (1976), the response to this point
force is:

2
wnl z zs(r)= Z Ws" "'(r) [8" “(o-F]. (5)

If a small amount of damping (a„,) is introduced this can
be written as:

—i
S(f)= Z 71)-ws„z(w)S"lm(r)[5"1m(rs)'F] (6)

with

Cnl(w):%(i(w—wnl)—anl)—1+%(i(w+wnl)—anl)—1' (7)

For the moment we shall assume the source to be located
at the pole. Furthermore, we shall restrict ourselves to the
far-field response of the Earth. This means that the reeeiver
is assumed to be located at such a colatitude that:

sin 9 > (8)
m

(l+%)'
Furthermore, we will only consider modes with a horizontal
wavelength much smaller than the circumference of the
Earth, i.e.

I>1. (9)
A point force or a point moment tensor only excites modes
with

Iml ä 2 (10)
so that (8) is satisfied several wavelengths from the source.

As shown by Dahlen (1979 a), the toroidal (T) and sphe—
roidal (S) modes in the far field, for m 20, behave as:

l ä „ ‚ 1 .
s%’m(r)=n:Si—; 6))? 4)W„‚(r) s1n[(l+%)6+(%—z) 7:] am, (11)

„Im 1 1 m 1
SS (r) =

TC(SII1 6)?
{f U‚„(r) COS |:(l+ f) 6 +(—2——Z) 7C]

—Ö(l+%) V„,(r) sin [(l+ä) 0+(‚5—ä) 71]} eim". (12)

f, Ö and 43 are unit vectors pointing in the direetion of
inereasing r, 9 and (f). W, U and V are the radial eigenfunc—
tions defined in Dahlen (1979 a). For negative m, the modes
follow from the symmetry properties of the spherical har—
monies, which leads to:

Sn‚l,-m:(_1)m(sn,l‚m)*. (13)

The bilinear formula (6) also requires the normal modes
at the source position (the pole). As shown by Ben-Mena—
hem and Singh (1968), the normal modes close to the pole
behave as:

1+; ä (ß—imö . xS'l’m(r)=( 2;) (1%) w„‚(r>—2———(ö‚„‚ 1 —ö‚„‚ _1) M, (14:



l+läAsgl'"(r)=(—2„—2) (rUmm öm o
(0+im (ß)—(I+%)V ‚(r)——(ö„. l—öm -0) eimr. (15)

The m-summation in the modal sum can now be performed
analytically by inserting Eqs. (11), (12), (14) and (15) in Eq.
(6). For spheroidal modes this leads to:

. 2 1 l—l wnl [+7 2
sS(r‚ 9,

9b)-nzl j C„‚(a)) 7r(sin 9% ( 27C )

.{|:fU„‚(r) cos [(l+%) 6—:]+Ö(l+ä) VnzÜ‘)

-cos[(l+ä—)9+ 471]] [l's FJU„(Tsl

+[—f U„,(r) cos [(l+%) 0+:]+ö(l+ä) VnzÜ‘)

- cos [(1%) 9-3] [ös-F] (1+1) mm}. (16)
The l-summation can be converted to an integral by means
of Poisson’s summation formula. This integral can be evalu-
ated with a contour integration; this procedure is deseribed
in the Appendix. For the first orbit this yields, after some
rearrangement, the following result for the sum of the sphe-
roidal modes:

lv + l ä a) „ss(r‚ 6, qs)=;(2—‚j) 2—“; [aus v—iwvm]
7C

(sin gfi [(5s + ä) Vv(rs) — if‘s Uv(rs)) . F]. (17)

In this expression v is the radial mode number, and u; is
the angular group velocity of the v-th mode. lv is related
to the horizontal wavenumber (kv) of the surface-wave mode
v through the relation kva:(lv+%), where a is the Earth’s
radius. The horizontal wavenumber (kv) depends eontin-
uously on frequency, therefore lv is not necessarily an in-
teger.

For toroidal modes a similar result can be derived in
the same way. These modes give the following contribution
to the displacement:

lv ä ä ‚.sT(r‚6‚</>):Z( 2: ) ziwafiawwm
1c

exp i[(lv +ä) 8+1]

(sin 6)% W1(rs)l:(ßsF]- (l8)

The expressions (17) and (18) for the spheroidal and toroidal
mode displacements depend only on the epicentral distance
and the source-receiver direction. This means that the
choice of the pole position is irrelevant. In order to make
this more explicit we shall denote the epicentral distance
by A, the unit vector along the source-receiver great Circle
by Ä, and the horizontal unit vector perpendicular to this
great circle by 43, see Fig. 1.

The spheroidal and toroidal mode contributions to the
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Fig. 1. Definition of the geometric variables for the direct wave

displacement can both be accommodated in the following
expression:

lv+%)%

a)sm=2(;; smm)
emnßh+äA+;]

(sin 10%
[pv (T's, Ö) ' F] - (19)

The modal summation now includes both the toroidal and
the spheroidal modes, and both types of modes are treated
in an unified way. The p vectors are called the polarization
vectors (Snieder, 1986a) since they describe the direction
of oscillation of every mode. For spheroidal modes the po-
larization vector is:

P"(r‚ d’)=(lv+%) Vv(r)Ä-iUv(r)f- (20)
While for toroidal modes:

Pv(r‚ 9P): -(lv+%)Wv(r)43- (21)
In these expressions CD denotes the source-receiver great cir-
Cle. Note that for toroidal modes the polarization vector
is purely transverse, while for spheroidal modes the polar—
ization vector has components both in the epicentral direc-
tion and the vertical direetion which are 90° out of phase.

Up to this point the normalization of Dahlen (1979a)
has been used implicitly, that is:

2aß1;::1. (22)
[In Dahlen (1979 a) this expression is used with the normal—
mode eigenfrequency (wv) instead of the frequency of excita-
tion (w). However, as shown in the Appendix, the dominant
contribution to the contour integral cornes from the point
(1)s, so that a) and cov can freely be exchanged after
the surface-wave limit is taken.] The integral 1‘1’ for spheroi—
dal modes is:

1l=%5p(r)(Uv2(r)+lv(lv+1)WUDrzdr- (23a)
While for toroidal modes:

H—i)vvl(l +1) W2(r)r2 dr. (23b)
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lnserting Eq. (22) in Eq. (19) yields:

lv+% ä 1 v“ÜZÄ 27: ) 4wu;1:"("(p)
7E

exp i[(lv+%) A +4]
'

(sin 20% [Pv(rs‚ (P) - F] - (24)

The presence of the normalization integral 1} in Eq. (24)
makes it possible t0 renormalize the eigenfunctions U, V
and W in the polarization vectors. For convenience we im-
pose the following normalization:

1v+l ä”26713) /4wu;‚ (25)

which leads t0

7E
exp i[(lv+ä) A + 4]

(sin 20%S(r) : Z Pv(r‚ (P) [Pv(rs‚ 45) - F] - (26)

So that the Green’s function for the displaeement at r1 due
t0 a point force at r2 has a very simple form:

7:
exp i[(lv + ä) A +4]

(sin AF‘Gij(r19 f2)=2p‚y(l'1, Qp) PYÜ’z: (p). (27)

This is a similar dyadie expansion of the Green’s function
t0 that in Snieder (1986a). Apart from the geometrical
spreading factor, the Green’s function has the same form
on the sphere as in a flat geometry if the higher orbits
are neglected. This can be seen by using the correspondence

wzkvcw kv:(lv+%)/r‚ Ug"2u"r‚

ll (Z)H - (lv + ä) Wv(r)‚ rl (Z)<->(lv + ä) Vv(r)‚ (28)
Ö Ö

rä(Z)HUv(r)a
5H_Ea

s0 that
A l

Gij(r19 T2):<m> 2W Pi (T1, 45)

71:
€Xpi<kv FA +3)

n
k

ä(z M)
Apart from the (A/sin 20% term, this is expression (3) of
Snieder (1986 a). It reflects the well-known travelling-wave
character of the Earth’s normal modes for large angular
quantum number l.

Expression (29) only takes the first orbit into account,
but higher orbits can easily be included by adding similar
terms t0 (29). The phase factors for the polar phase shift
are given by Dahlen (l979a). For brevity we will neglect
the eontribution of the higher orbits.

P)“ (I2, (P). (29)

The gradient of the Green’s function and the excitation
by a moment tensor

In the derivation of the scattered wave, the gradient of the
Green’s function is needed. For the moment let us once

more assume that r2 in Eq. (27) is located at the pole. The
expression for the gradient of the Green’s function is some-
what more complicated in spherical coordinates than in
Cartesian coordinates due t0 the affine terms in the deriva-
tive (Butkov, 1968). However, for the far-field Green’s func—
tion the vertical derivatives and the derivative in the epicen-
tral direction are of relative order (l+%)/r‚ while the azi-
muthal derivative and the affine terms are of relative order
l/r and cot B/r. This means that under the restrictions (8)
and (9) the gradient tensor is given by:

„ „ „ 1
sffö,f‚+f06‚fg+fd>ö‚f4‚+0f7 a„f‚

„1 „1+007aof9+0(p;a„fd‚. (30)

If this expression is used, the far—field r1 gradient of the
Greenls flinction takes the following form if one resubsti-
tutes A : 0:

(lv+%I7<1>Gij(n‚r2>:z(fa‚pr+i )Äpr)(r1)
TC

exp i[(lv+ä) A +1]

(sin 10% Pj (T2). (313)

The gradient with respect t0 the r2 coordinates follows by
complex conjugation:

7:
exp i [(lv + ä) A +1]

(sin 20%

„ r .(Iv+i) „ w,(mm—z „2 Ap.)(r2).

V(2)Gij(r19 1'2) 22pzv(r1)

(31b)J

These expressions can be used to determine the response
t0 an excitation by a moment tensor. The response t0 a
single couple follows by adding the response t0 a point
force F at rs+ö t0 a point force —F at rs—ö and Taylor-
expanding the result in ö. If the directions of F and ö are
interchanged and the results are added, the response t0 a
double couple couple is obtained. Taking the limit Ö—>0
while keeping Fö constant and adding these results yields
the following response t0 a moment tensor:

exp i[(lv +ä) A +2]

8002;!) (r)
(sin A);

[E iM]: (32)

where the moment tensor is

M:2(öF+FÖ) (33)
and the excitation tensor (E) is

1v+l „Ev:(fö‚+i( r2)A)pv. (34)

This means that the response t0 a moment tensor can, ev—
erywhere in this paper, be obtained by making the following
substitution:

[p°F]—>[E:M]. (35)



In can be shown that apart from terms of relative order
1/l, the excitation term [E:M] is equivalent to the “Z—ex-
pressions” of Dahlen (1979 b). The excitation terms of Dah-
len (1979 b) can be written in the form [E:M] by considering
them in a coordinate system with the H—axis along the
source-receiver great circle. This particular choice of the
coordinate system does not affect the excitation, since the
double contraction is invariant under rotations. In this deri-
vation, terms like U(r)/r have been neglected because |6, U |
is of the order |(l+%)U/r|>|U/r|. This is consistent with
the assumptions (8)—(10).

The response of a laterally inhomogeneous Earth

The previous sections dealt with a dyadic formulation for
the response of a spherically symmetric Earth to a point
force or moment tensor excitation. This section features a
perturbation theory to treat the effect of lateral heterogene—
ities. Suppose that the density and the elasticity tensor have
the following form:

p(r‚ 9, </>)=p0(r)+8 p1(r‚ 9, (1))
(36)c(r‚ 9, d)):c°(r)+8c1(r, 9, 4)).

The density p0 and elasticity tensor c0 define a radially
symmetric referenoe medium which is perturbed by the lat-
eral heterogeneities p1 and c1. The parameter 8 is introduced
to indicate that the perturbation is small, and facilitates
a systematic perturbation approach.

The equation of motion is given by Eqs. (3) and (4).
If the decomposition (36) is used, the differential operator
L can be written as:

L2L0+8L1. (37)

The displacement can be expressed as a perturbation series
in 8:

s=s°+8s1+0(82). (38)

In this way the displacement field is divided into a direct
wave (so) and a scattered wave [the 0(8) terms of s]. Insert-
ing Eqs. (37) and (38) in Eq. (3), and taking the terms propor-
tional to so and 81 together gives:

L0 s0 2 F (39)

Los1 : —Llso. (40)

The direct wave can be expressed in the Green’s function
of the spherically symmetric reference medium. For a point
force excitation at rs one finds:

519(1') z Gij(r‚

Hudson (1977) showed that in the absence of topography
variations Eq. (40) is solved by:

rs) Fj(rs). (41)

S}(r) ={j Gij(r, r’)‚01(r’)a)2 GJ-‚(r’, rs)d3r’
‘HömGij (r 1' l] ink(rT)[Ön lü’a 13)] 613”} FIÜS). (42)

This expression is hard to interpret due to the presence
of the gradient of the Green’s function. If the dyadic form
of the Green’s function (27) and its gradient (31) is inserted
in Eq. (42), and if an isotropic medium is assumed, the
scattered wave takes after quite a bit of algebra, the follow—
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Fig. 2. Definition of the geometric variables for the scattered wave

ing form:
7:

exp i[(lv+%) A2 +1]

(sin A2? V”(9’‚ cm
TC

exp i|:(la + ä) A 1 + z]

'
(sin A 0%

[Po (rsa cDQ-F] sin 6’d0’dd)’. (43)

In this expression A1 is the epicentral distance between the
source and the scatterer, while (D1 denotes the source—scat—
terer great circle. A2 is the epicentral distanee between the
scatterer and the reeeiver, and €152 denotes the scatterer-
receiver great circle. See Fig. 2 for the definition of variables.
Note that the scattered wave is expressed as an integral
over the horizontal extent of the heterogeneity. The depth
dependence of the inhomogeneity is eontained in the VW
term. The coefficients V” are related to the perturbations
in the density (‚01) and in the Lame parameters (‚11 and
#1):

Vv025p1w2[pV(<1>2)-p0<@
—H1((i[ö‚pV(<I>2)-f]+ [Pv(<Pz)'Ä.2])

1,4% „ 2( ‚„ )[A1-p“(d>1)]))r dr

1)] rzdr

(lv+%)
r

'(-i[?°ÖrP"(<Pl)]+

(1+2)(1„+;_) „ ,_+——‚;z——[p(an 4,] [A2.p“(<z>1>]]r dr
—lu1([a‚pV(d>2)-a‚p°@1>]

1+1(+
217(7e)[42ÄIIIM)-p“(<l>1)])r2dr. (44)



60

The expressions (43) and (44) can be interpreted in a simple
way, despite their complicated form. Reading Eq. (43) from
right to left one follows the “life history” of the scattered
wave. At the source, mode 0 is excited. The excitation is
described by the projection of the force on the polarization
vector of mode a. The wave then travels from the source
to the soatterer, the phase shift and the geometrical spread-
ing being described by the term

expi[(l„ +2)A1+ :]/(sin211)‘.

After this, scattering oceurs at (8’, q‘J’). This is described by
the term V”, which will be called the interaction matrix.
The scattering also involves mode conversion to mode v
since a summation over all modes v and 0 is performed
in Eq. (43). The wave then travels to the receiver, which
is described by another propagator term. Finally, at the
receiver the direction of the displacement oscillation is given
by the polarization veotor p".

The expression for the seattered wave (43) closely resem-
bles the expression given by Woodhouse and Girnius (1982)
for elastic waves on a laterally inhomogeneous elastic
sphere. Both their results and Eq. (43) express the scattered
wave as an integral over the horizontal extent of the hetero-
geneity. However, Woodhouse and Girnius present their
result in the time domain which, in the Born approximation,
leads to a divergence for large times. The formalism pre-
sented here does not have this problem, thus making it
possible to consider scattered waves with shorther periods.
Furthermore, their formalism does not handle interactions
between modes, which are fully taken care of in the theory
presented here.

Equations (43) and (44) are obtained for a point force.
Since the expressions are linear in the exeitation, a more
general excitation can be treated by integrating over the
source coordinate rs. Excitation by a moment tensor can
be incorporated with the substitution (35). It is shown in
Snieder (1986 b) how topography variations can be treated
within the same formalism.

Analysis of the interaction matrix

The most interesting part of Eq. (43) is of course the interac-
tion matrix V”, because this matrix determines how the
modes interact with each other. Unfortunately, Eq. (44) is
not easy to interpret because this expression is extremely
complicated. However, comparing Eq. (44) with the interac—
tion matrix in a flat geometry [see (27) of Snieder (1986 a)]‚
using the correspondence (28), one finds that these expres-
sions are equivalent. (The only difference is that here the
depth integral is absorbed in the interaction terms.) The
interaction terms are analysed in great detail in Snieder
(1986a). It is shown there that even though V” depends
on the polarization vectors of the incoming and the outgo-
ing waves, V” depends in a very simple way on the scatter—
ing angle {p defined by:

scattcrcr (45)

(see Fig. 2). As in Snieder (1986a), the interaction matrix
takes a simple form if analysed for toroidal and spheroidal
modes separately:

COSW:[42'41]

VTT=(I +T)(l +T)5(W"W“p1w
—(a‚ Wv) (a, W")p1) rzdr cos T

(lv+%)2(l„+%)2
‚.2

VSVT=(IV+T)<I„+%)5(—VvW“p1w2
r2 dr cos 21/1, (46)jwv WG/‚Ll

1
+(7 Uv+ö‚ Vv) (ö, W“) ‚111) r?“ dr sin lI’

l, l2]
l2

+(‘+2) 20+» IVVWÜLlrzdrsinZi/J, (47)
r

V135 = - 5n, (48)
I/SvSa

=I{UVUGP1602

l 42 L+lz{n1 V —ö‚Uv>((—r—2)— V"—Ö‚U") ‚11

(lv+—;:)2(I„+%)2
_( T2 Vv V"+2(Ö‚ Uv) (Ö, U")> [11} r2 dr

+(lv+%) (l„+%)1(Vv V°p1w2
U0

#(+Ö‚"V)( +Ö‚V°>u1)r2droos'{’
r

_(l +
2):

(10+ ä) jV" Vaitlr2 dr cos 21k. (49)

Vfi describes the coupling between the toroidal mode v
and the toroidal mode 0, V}; describes the conversion from
the spheroidal mode a to the toroidal mode v, etc. Snieder
(1986a) gives caloulations of these terms for a flat Earth
structure. It is shown there that the interaction terms are,
in general, a strong function of frequency. Since for high
l the modes of a spherical Earth are not dramatically differ-
ent from the modes in a flat Earth structure, this conclusion
remains valid in the spherical ease.

Discussion, general inversion with surface waves
The scattering theory developed in the previous sections
makes it possible to calculate the surface waves scattered
by lateral inhomogeneities in a spherical earth. It is shown
in Snieder (1986 a) how this theory can be modified for the
Situation that the seatterers are not embedded in a laterally
homogeneous medium, but in a reference medium with
smooth lateral heterogeneities. The effect of surface pertur—
bations on surface waves (Snieder, 1986 b) can be taken into
account in the same fashion as in the previous derivation.

In general, the (unknown) heterogeneities will have a
wide range of horizontal spatial scales. Inhomogeneities
with a horizontal scale of the order of the horizontal wave-
length are efficient scatterers. This ean be described with
the theory of the two previous sections. Heterogeneities
which vary on a horizontal scale much larger than the hori-
zontal wavelength do not give rise to scattering, but they
do affect the propagation of the surface waves. The great
cirole theorem (Jordan, 1978; Dahlen, 1979 a) can be used
for this type of heterogeneity either with linearized inver-



sions using dispersion data (Nolet, 1977), or with a wave-
form fitting technique which can be either linearized
(Lerner-Lam and Jordan, 1983) or nonlinear (Nolet et al.,
1986)

It would be desirable to have an inversion scheme with
can cope with all the scales of the heterogeneity. This algo-
rithm should be able to handle both the scattering effects
of the small-scale inhomogeneities and the effects of the
1arge-scale heterogeneity on the propagation of surface
waves. This can, in principle, be achieved along the follow-
ing lines.

Let us designate the data (which consist of a large set
of seismograms) by “d”. The lateral heterogeneity can be
expanded in a set of basis functions (which might be func-
tions defining a cell model), so that the heterogeneity can
be represented by a model vector “m” of expansion coefli-
cients. The lateral heterogeneity “m” is superposed on a
laterally homogeneous background model “M”. Further-
more, we shall use “s” to designate the synthetic seismo-
grams for this model:

S : S(m). (50)

The relation between the model perturbation and the
changes in the synthetic seismograms is, in general, strongly
nonlinear because small perturbations in the wavenumber
k, are multiplied by the epicentral distance rA. However,
this nonlinearity is only important in modelling the propa-
gation effects on surface waves. We can hopefully treat the
scattering amplitudes in a linearized way with the single
scattering theory presented in this paper. In that case the
synthetic seismograms can be written [using Eqs. (38), (41)
and (43)] symbolically as:

SZgOF+gout I/gin}7° (51)

In this expression F denotes the excitation, while go, 8m
and gout denote the propagator terms and polarization vec-
tors for the direct surface wave, the surface wave propagat-
ing to the scatterer and the scattered surface wave, respec—
tively. The interaction terms V are given in Eq. (49). Since
we assumed that the scattering is linear, the interaction
terms can be written as:

ÖV
V(m)

Öm m. (52)

The synthetic seismograms then depend on the model in
the following way:

ÖV
S1(nl):g0(rn)1.7—lwgout0’n)ä—n—‚lrngin(n’l)1;‘ (53)

The inversion can now proceed by fitting the synthetic se-
ismograms to the data. This can be done by minimizing
the misfit (S):

S=I|S(m)—dll+rIIYnll. (54)
A regularization parameter y is added to ensure stability,
H . H denotes a suitable measure of the misfit. The inversion
can therefore be treated as a (nonlinear) optimization prob-
lem. These problems can be solved iteratively.

However, these iterative schemes need the gradient of
the synthetic seismograms with respect to the model param—
eters. This gradient can be determined from Eq. (53) by
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varying the model by a small amount Öm, and linearizing
the change ös in 5m:

Ö ÖVös(m)=(fi „amw g.„F) öm. (55)Öm

(Here we tacitly assumed that terms of the order möm in
the scattering term can be ignored, this is consistent with
the Born approximation.) The derivatives ÖV/Öm can be
obtained from Eq. (49) analytically, so that only the deriva-
tives of the propagator ÖgO/Öm of the direct-wave term have
to be determined. These derivatives can be obtained by di-
rect calculation of the Frechet derivatives using ray tracing
(Babich et al., 1976) or Gaussian beams (Yomogida and
Aki, 1985). A faster, but less accurate way to estimate the
derivatives is to combine the great circle theorem with re-
sults from WKB theory, as in Nolet et al. (1986).

In principle, it should therefore be possible to invert
for heterogeneities with a large range of horizontal spatial
scales. The price one has to pay is that the number of un-
knowns is extremely large. The cell size (or the minimum
wavelength of the basis functions in which the heterogeneity
is expanded) has to be smaller than the wavelength of the
scattered waves. This means that several thousands of un-
knowns have to be determined for an inversion on a conti-
nental scale, requiring a huge data set. With the continuing
growth in power of even moderate machines, this is no
computational problem. However, if insufficient data are
available, widely different models may give an equally rea—
sonable fit to the data. A broad-band digital seismic net-
work with a density that matches the length scale of the
lithospheric heterogeneities, as proposed in the ORFEUS
(Nolet et al., 1985) and PASSCAL (1984) proposals, is neces-
sary to make this type of inversion feasible.
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Appendix
The evaluation of the sum of normal modes

The sum of normal modes (16) can be evaluated by simple
summation over 1, but for high frequeneies this summation
becomes rather expensive. A modified approach to the cal—

culation of the Green’s function for surface waves in a spher-
ical Earth was given by Nolet (1976), using the FFT, and
by Lerner-Lam and Jordan (1983) using the Filon quadra-
ture algorithm. Here we describe the FFT method.

This philosophy of the FFT method is to extend the
l-summation from 1:0 to oo to a summation from 1 : — oo
to oo, after which Poisson’s sum formula and a contour
integration make it possible to evaluate this sum. Now first
consider the sum

S+(6): i b+(1)cos[(1+%)6+—:—] (56)
1:0

and assume that under the transformation

1—+ — l — 1 (57)

the b+ coefficients behave as follows:

b+(—1—1)=ib+(l) (l<0). (58)

By expanding the cosine in Eq. (56) in two exponentials,
and making the substitution (57) for 1 in the term with the
negative exponent, one finds with Eq. (58) that

(I)

S+(6)= Z äb+(1)expi|:(1+ä—)6+:]. (59)
l=-oo

Likewise, if S _ is defined by

0° n
: Z b_(l) cos [(1+ä) 6—4] (60)

1:0

and if b- has the following symmetry property

b_(—1—1)=—ib_(l) (l<0), (61)

then S- satisfies:

s_ (9)— i lb (1)ex i („im—17"— (62)
:_ 002b—

P 2 4 -

These results can be used to evaluate the modal sum (16).
In order to do this, the symmetry properties of the l-depen-
dent coefficients in Eq. (16) under the transformation (57)
have to be determined. It is shown in Aki and Richards
(1980) that the spheroidal modes depend only on l(l+1).
This quantity is invariant under the substitution (57), and
therefore C„„ wnl, Unl and V„l are invariant under this trans-
formation. [A similar result holds for toroidal modes, which
depend on 1 only through the combination (1— 1) (1+ 2). This
quantity also does not Change under (57).] Apart from terms
which are invariant under (57), the coefficients of the
cos [(1+ 2)—77.'/45] terms in Eq. (16) are proportional to
(1+ 2)2 or (1+}Zi) Likewise, the cos [(1+2 )+7r/4]coefficients
in Eq. (16) are proportional to (1+;ä )%.

The square root in these expressions has to defined with
some care. In the subsequent derivation we want to do
a contour integration with the variable 621+). We want
to avoid a branch cut in the eomplex upper plane, so that
we take the branch cut for the square root in the lower
plane. This means that for (1+ ä) <0

(I+1)ä*:+i[—(I+1)J%



and therefore

[-(l+%)]%=-i(l+%)ä [(l+%)<0]. (63)

This means that the l-dependent coefficients of the
cos [(l+%)—n/4] term in Eq. (16) satisfy Eq. (61), while the
coefficients of the eos [(l+%)+7r/4] term satisfy Eq. (58).
Using Eqs. (59) and (62) we can write Eq. (16) then as:

65:62 i A‚.‚(r‚ 6)C„)(co)ei[”+%>0+%] (64)
n l: - oo

with

—1 wä 1+66A ‚„A„‚(r‚ 6):—— ( ) (rU‚„(r)+10(I+%) V‚„(r))a) 7c(sin 8)? —27r*

'[(—ifUnz(rs)+Ö(l+%)Vnz(7‘s))'F]- (65)

Application of Poisson’s sum formula leads to:

ss=%Z(—1)j 1014m, 6, 6)C„(w‚ 6)e‘(“’+%+2“i’)dö (66)
j,"

If we restrict ourselves to the direct arriving wave ([20)
this reduces to:

85:62 i A„(r‚ 6, 6)C„(w‚ 6)ei(69+%)66. (67)
n —(13

For one value of a), say wo, the function C„(a)0‚ ä) is sharply
peaked around im where a)„(8;„) zwo. Thus, the integral
may be approximated by:

SS ((1)0) :% Z An(ra 69 in) Dn (0)0) (68)

where

D„(wo): 10 616“?) C„(wo‚ 6)d6. (69)
*00

Because of Eq. (7), the integrand in Eq. (69) has two poles,
one in the first quadrant and one in the third quadrant.
Sinoe the integral (69) is only needed for 6>0„ the contour
should be closed in the upper half plane so that only the
pole in the first quadrant gives a contribution. This contri—
bution can easily be evaluated by a Taylor expansion
around €„>O:

(0(6):w0+(€—€„) 142+...

63

da) ‚ . .
7d?

lS the angular group velocrty of mode n (in

radians per'second)‚ evaluated in im The pole is located
in

61, = 6„ + ia(€„)/u;;‚ (70)

which gives a residue

where u; :

2m R66 (6 = 69:2—„7: exp [76„—6(6„)/u;;] 6. (71)
We then find

1),n exp [i€„—oc(ä„)/u;] 6, (72)
which gives for the contribution of the spheroidal modes

71:ss(r‚ w): —ZA„(r‚ 6, 6„)2—„„ exp [76„—o<(6„)/u;] 6. (73)
n g

This finally proves Eq. (17).
For toroidal modes, the derivation is completely analo-

gous. The derivation can also be applied directly to the
excitation by a moment tensor given by the “Z-expressions”
of Dahlen (1979 b). In the normal-mode sum of Dahlen,
two types of terms ean be seen to occur after using relations
like sin (x + 71/4) zcos (x - 71/4). The first kind of term is pro-
portional to

(1+ %)%(l+ am“ ““mb‘" cos [(1 + 5) 0 +
Z]

while the second type of term is proportional to

1 ‘ 713(1 + ä)? (1+ am" "um cos [(1 + ä) a — 4].

Therefore, the coefficients of the cosine terms satisfy Eqs.
(58) and (61) and the same derivation ean be used to evalu—
ate the l-summation.

The evaluation of the l—summation, as it is presented
here, leads to the same results as in Dahlen (1979 a). How-
ever, Dahlen makes three approximations which are not
needed. Firstly, Dahlen ignores the pole in the third quad-
rant. Secondly, he extends the lower bound of the ä-integra-
tion from O to — oo. Thirdly, he ignores the incoming wave
term. This ineoming wave term could only be ignored be—
cause Dahlen also ignored the pole in the third quadrant.
The derivation presented here gives a more rigorous proof
of his result.
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Abstract. In the Western Desert of Egypt two profiles have
been sampled at the Cretaceous-Tertiary boundary: one at
Gebel Gifata near the Dakhla Oasis (29.0o E, 25.5° N) and
the other at the Abutatur phosphate mine in the Vicinity
of Kharga Oasis (30.5o E, 25.5° N). The rock sequences,
consisting mainly of limestones and shales, were found to
be extremely weakly magnetized. A complete sampling
along profiles across the Cretaceous-Tertiary boundary was
not possible because many parts of the profiles were covered
with debris. The presence of goethite also made many rocks
unsuitable for a palaeomagnetic study. However, seven pro-
file sections without goethite (six with normal and one with
reversed polarity), all from the Gebel Gifata near the
Dakhla Oasis, yielded a mean characteristic remanence di-
rection of D: 357.6° E, I: 320°, from which a Virtual geo-
magnetic pole position at 224.7° E, 81.5° N, A :8.5° could
be calculated. This pole position is in good agreement with
other Upper Cretaceous — Lower Tertiary poles of Egypt
(Schult et al., 1981).

Key words: Cretaceous-Tertiary boundary — Palaeomagnet-
ism — Africa — Apparent polar wander path

Introduction

The Cretaceous—Tertiary boundary has become a subject
of increasing interest for many disciplines in the geosciences
because of the suspected impact of a large meteorite at
this period with fatal consequences for life on earth (Silver
and Schultz, 1982). Sedimentary sequences of that age inter-
val have been carefully studied in the meantime by various
groups of geoscientists, also with regard to the structure
of the geomagnetic field. The reversal pattern of the geo—
magnetic field around the Cretaceous-Tertiary boundary
(Alvarez and Lowrie, 1978) shows some characteristic fea—
tures which can be used for the determination of the age
of sedimentary piles, provided that a complete sampling
is possible.

In connection with the Special Research Project No. 69
of the Technical University of Berlin we have been able
to take samples at two profiles from the Cretaceous-Terti-
ary boundary in the Dakhla and Kharga Oases in the West-
ern Desert in Egypt for such a palaeomagnetic and magne—
tostratigraphic study.

Sampling

The stratigraphy of the sampling sites has been studied by
Barthel and Herrmann-Degen (1981). The series consists
mainly of limestones (Tarawan and Kurkur formation of
Lower Paleocene age) and shales (Dakhla shale) ranging
in age from the Lower Paleocene into the Campanian, with
some economically interesting phosphate horizons in the
Campanian. The Cretaceous-Tertiary boundary is believed
to coincide with the so-called Bir-Abu-Munqar horizon.
Many parts of the profiles were either not accessible or
covered with debris, or were otherwise not suitable for sam-
pling (material which was too soft or too fractured, so that
not even hand samples could be taken). The oriented cores
were drilled with portable core drilling machines at dis-
tances of about 0.5 m. In the Dakhla and Kharga area,
484 and 187 cores, respectively, have been sampled, each
core yielding 1—3 cylindrical specimens 2.5 cm in diameter
and 2.3 cm in length.

Rock magnetic measurements

The magnetic susceptibility X of the rocks was measured
first with a Kappabridge (Jelinek, 1973) in order to find
ways for their classification and characterization. Most of
the specimens of the Dakhla profile (about 80%) are weakly
paramagnetic (X> 0), indicating at least some iron content
in the limestones and the shales. The remaining 20% were
found to be diamagnetic (X< 0); predominantly limestones.
Most of the specimens from the Kharga profile (about
60%) are diamagnetic as well. From the diamagnetism of
many specimens, an extremely low iron content can be ex—
pected which is estimated to be less than a few 100 ppm.
The remaining specimens from this profile were found to
be weakly paramagnetic. The low iron content of many
specimens from both profiles indicates a poor quality of
these rocks for any palaeomagnetic measurement. As it
turned out later, only the predominantly paramagnetic
shales of the Gebel Gifata site (Dakhla Oasis) gave reasona—
bly reliable palaeomagnetic results in some parts. More de—
tails about the rock magnetic properties of the samples can
be taken from an internal report (Saradeth et al. 1986).

According to Dunlop (1972), the acquisition of Isother-
mal Remanent Magnetization (IRM) with increasing inten-
sity of the magnetic field gives indications for the ferrimag—
netic mineralogy. Figure 1 shows some typical IRM—acqui—
sition curves. Magnetite and hematite are only rarely pres—
ent (Fig. 1a), whereas goethite (Fig. 1b) was found to be
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to 1 T for a a sample containing mostly magnetite (with some
hematite) and b a sample containing goethite as magnetic mineral

the dominant ferrimagnotic mineral in many rocks. This
is also revealed in the thermal demagnetization and alter—
nating-field demagnetization curves‚ which are discussed in
a later section. Goethite is an iron-oxide mineral which
is formed during weathering from other iron oxides (pre-
dominantly magnetite). The presence of goethite in rocks
is always regarded as indicative of a complete or partial
loss of any primary remanent magnetization in favour of
a secondary remanence of uncertain age.

Palaeomagnetic measurements

Due to the low iron content of many rock specimens, a
rather low intensity of the remanent magnetization could
be expected. The measurements were carried out with the
cryogenic magnetometer at the University of Bochum. The
sensitivity of the available instrument was 1—2 x 10‘ 7 Gauss
or 1—2 x10‘4 A/m. Even with this instrument it was not
possible to measure the Natural Remanent Magnetization
(NRM) of all specimens. This is in agreement with the re-
sults of the susceptibility measurements which showed that
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Fig. 3a, b. Variation of NRM intensity of samples containing
goethite during a thermal and b alternating-field demagnetization

most specimens of this profile are diamagnetic with an ob—
Viously extremely low iron content. The specimens of the
Dakhla profile were found to have much higher NRM in-
tensities. This is in agreement with the higher abundance
of specimens with a paramagmetic susceptibility in this col-
lection.

o-——-11 3155-4 R/n

NRM
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Fig. Za, b. Vector and intensity
diagrams Showing the change of
magnetization with respect to an
internal coordinate system during
demagnetization. Crosses:
projection onto the horizontal x—y
plane; stars: projection onto a
vertical H—z plane. a AF
demagnetization of sample number
0-6-2 with both normal NRM and
CARM. b TH demagnetization of
sample number HD-lO-l with
normal NRM and reversed CARM
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Fig. 4. Cretaceous and Tertiary polar wander path and pole posi-
tions of Africa. See also Schult et al. (1981) for numbers of poles
and references. Diamond with oval of confi'dence: pole position of
this paper for the Cretaceous-Tertiary boundary

Table 1. Mean remanence directions of the seven profile sections
from Gebe] Gifata (Dakhla Oasis) where reliable remanence direc-
tions could be obtained. The sections are arranged with age increas-
ing from N21 to N27. M: Middle to Lower Maastrichtian; C:
Upper to Middle Campanian; n:number of specimens; N:
number of the section; d, D: declination in °E; i, I." inclination;
k: precision parameter; oc(95), A(95): radius of the 95% confidence
circle; DP, DM: errors of the virtual geomagnetic pole position
in degrees

Section n a’ i oc(95) k Longitude Latitude
number (°E) (°) (°) (°E) (°N)

1 (M) 8 355.7 32.3 5.2 113.2 236.9 81.1
2 (M) 30 359.9 33.6 5.1 27.1 210.5 82.8
3 (M) 26 357.9 44.4 6.1 22.2 316.8 88.0
4 (M) 9 5.6 33.6 14.0 14.5 172.3 81.1
5 (M) 24 5.4 19.0 4.2 51.0 190.4 73.4
6 (M) 7 349.6 41.0 35.3 3.9 289.6 80.3
7 (C)a 22 168.8 —18.8 3.7 70.7 245.3 70.9

Mean of the sites:

N D 1 A(95) k Longitude Latitude DP DM
(°E) (°) (°) (°E) (°N) (°) (°)

7 357.6 32.0 8.5 50.4 225.0 81.5 5.4 9.6

a A reversed section which was inverted to normal polarity for
the computation of the mean remanence direction and pole posi-
tion

Pilot specimens from both profiles have been studied
with alternating-field (AF) and thermal (TH) demagnetiza-
tion experiments in order to determine the stability of the
NRM and to get some information about the magnetic
mineralogy. Figure 2 gives some examples for AF and TH
demagnetization experiments (vector diagrams) for speci—
mens presumably containing magnetite and/or hematite as
the main ferrimagnetic minerals. Figure 2a represents a
specimen with both normal NRM and Characteristic Re—
manence CARM, whereas Fig. 2b is a specimen with nor-
mal NRM and reversed CARM. Part of the specimens ex—
hibited AF and TH demagnetization behaviour, which is
typical for rocks with goethite as the main carrier of rema-
nent magnetization. Figure 3a (TH) and 3b (AF) show the
extreme stability of goethite during alternating—field demag-
netization and the low Curie temperature and blocking tem—
peratures of goethite (less than 100° C) during thermal de-
magnetization.

Despite the large sample collection it was only possible
to determine the CARM directions of a limited number

of specimens and sections in the profiles from the Gebel
Gifata (Dakhla Oasis). The mean CARM data are listed
in Tablel together with the mean CARM direction for
the entire collection. Normal and reversed polarities have
been observed, all grouping quite well. The results of the
seven sections are arranged with respect to their age, with
age increasing from top to bottom. Sections 1—6 are of
Middle to Lower Maastrichtian, section number 7 is pre—
sumably of Upper to Middle Campanian age.

Interpretation and conclusions

From the mean CARM direction (D : 357.6°, I: 32.0°) and
from the mean geographic coordinates of the sampling area
(25.5O N, 29.0o E), a virtual geomagnetic pole (VGP) posi-
tion at 81.5° N, 224.7o E, A28.5° was determined which
is plotted in Fig. 4 (diamond) together with its oval of confi—
dence and other North African pole positions [see Schult
et al. (1981) for the exact pole positions and references].
Within the limits of error there is good agreement with
the Lower Tertiary and Upper Cretaceous pole positions
for North Africa. The small number of polarity determina-
tions makes a correlation with the polarity time scale for
the Uppermost Cretaceous impossible, so that the profiles
cannot be compared with the Upper Cretaceous—Lower Ter-
tiary polarity time scale as initially planned.
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In memoriam

Herbert Lennartz (1916—1986)

Herbert Lennartz, founder and, until his retirement in 1984,
owner of Lennartz-Electronic — manufacturer of seismic in—
struments, Tübingen — died October 23, 1986, after a few
months of illness. He was a pioneer in the design and con-
struction of seismic data-acquisition systems, and his instru-
ments are in use in more than 50 countries all over the
world.

Lennartz was born in Lingen (Ems) in 1916 as the son
of a pharmacist. At the age of seven, his school-mates won-
dered if it was possible to climb one of those newly installed
high—voltage transmission towers. Young Herbert showed
that it was, but he lost his right arm completely and the
left arm had to be amputated above the elbow. After long
hospital treatment he had a private teacher for one year,
but then he was again able to attend a public school. Fol—
lowing his Abitur, which he took in Essen, he went to Berlin
to study physics at the Technische Hochschule. He earned
his living by writing technical articles for various radio mag-
azines. In addition to his construction articles, he distrib—
uted the necessary electronic parts. Possibly he was the first
to sell television receiver kits.

Journal of
Geophysics

During the second World War he was forced to develop
electronic measuring devices for military use. With air raids
against Berlin getting more severe, he had to transfer his
company to a quieter place. He chose Tübingen to be close
to a university, and so this town became the home for the
rest of his life.

Radio receivers were much in demand in the years after
the war. His company “Labor für technische Physik”
(L.T.P.), which he owned together with a partner, now pro-
duced radios using parts from surplus military equipment.
In the late 1940s they belonged to the largest manufacturers
of radio receivers in West Germany, employing 700 people.
After the dreadful war, people in Germany were strongly
prone to romanticism. A best seller of L.T.P. were radio
chassis installed in ceramic flower vases. But, alas, a thou—
sand vases turned out to be a few millimeters too small
to serve as cabinets for the chassis. Economic difflculties
followed, and the company was forced to close. Again, for
some time, Herbert Lennartz earned his living writing nu-
merous articles for electronics journals. With no hands
available, he had to take the soldering iron in his mouth
to assemble the test circuits.

In 1959, his economic Situation again allowed the foun-
dation of his own office: “Ingenieurbüro Herbert Len-
nartz”. He used his experience in the design of instrumenta-
tion amplifiers and data recording systems made during
the war and developed circuits for storing low-frequency
and D.C. data on magnetic tape using a frequency modula—
tion multiplex channel system. His system was ideally suited
to the requirements of recording seismograms in refraction
shooting and, after a testing phase, the German geophysical
institutes ordered the first 40 recording stations which later
became known as “MARS 66”. Performance and reliabili—
ty of Lennartz equipment soon became proverbial. In 1978,
he was able to sell modulator number 500. The name of
Lennartz is strongly associated with the beginning of mod-
ern long-profile refraction measurements.

He now worked almost exclusively for geophysics, under
the new name Lennartz-Electronic. Although most of his
life was devoted to analog circuits, he did not miss the
train to the digital age. But health problems became more
severe, and, when in 1984 the Lennartz 5800 PCM system
was ready for series production, he decided to retire and
sold his company to leading employees.

Herbert Lennartz was a versatile man: a genius engi-
neer, a clever business man, an active radio amateur and,
despite his severe physical handicap, an enthusiastic sports-
car driver.

R. Schick
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An analytical approach to the magnetic field
of the Earth’s crust
H.J. Nolte and M. Siebert
Institut für Geophysik der Universität, Herzberger Landstraße 180, D-3400 Göttingen, Federal Republic of Germany

Abstract. A method is introduced that allows calculation
of the magnetic crustal field of the Earth from crustal and
geomagnetic core field data. If induced magnetization only
is considered, and if its vertical extension is neglected on
a global scale, the crust can be Characterized by an integrat-
ed susceptibility. The inducing core field is represented by
an expansion into spherical harmonics, and the explicit deri-
vation of the equations is exemplified with the dipole term
of this expansion. The application to a recently developed
global model of the Earth’s crust involves the conversion
of the discrete data of the crustal magnetization into the
continuous integrated susceptibility function which is then
definitive for the model. This is accomplished by means
of potential theory and classical spherical harmonic analysis
applied to the surface density of magnetization of variable
amount and direction. A comparison of the spatial energy
density spectrum of the crustal field with previous results
demonstrates the usefulness of the method. The analytical
approach yields results of comparable accuracy with consid-
erably less numerical effort. Regarding the induced crustal
field, it turns out that the inducing core field may satisfacto—
rily be approximated by its zonal dipole term. The angular
dependenee of the inducing field has only little influence
upon the crustal model field.

Key words: Geomagnetic crustal field — Integrated crustal
susceptibility — Potential theory — Spherical harmonic anal-
ysis — Multipole expansion — Spatial energy density spec-
trum

Introduction

In recent years there has been a growing interest in the
crustal part of the Earth’s magnetic field, both under region-
al and global aspects (Regan et al.‚ 1975; Mayhew, 1979;
Alldredge, 1983; Nakagawa et al.‚ 1985). The investigation
of the crustal field or crustal anomaly has been greatly facili-
tated by satellite surveys at low altitudes. We mention in
particular the mission of the Magnetic Field Satellite (Mag-
sat) that was planned and operated by NASA and the U.S.
Geological Survey between October 1979 and June 1980.
It was the first satellite designed to provide a global vector
survey of the magnetic field.

The measured whole field Bw is the superposition of

Offprint requests t0: M. Siebert

the internal geomagnetic field Bi originating from sources
within the Earth’s oore (Bc) and crust (Ba), and of the exter-
nal field Be that results from ionospheric and magnetospher—
ic currents. In the following we shall be concerned only
with the internal part of the field, i.e. in the case of any
comparison with experiment we assume that the external
contributions have been removed in advance from the mea—
sured data. The crustal field is then obtained by subtracting
the geomagnetic core field BC from the remaining internal
field

BaZBi—Bc:(Bw—Be)—BC' (1)

The core field cannot be measured independently of the
internal field, and commonly it has been subtracted from
the latter by adopting a suitable field model. The core field
is thought to be Characterized by the large-scale or low-
degree part of the spherical harmonic expansion of the inter-
nal field. Cain (1975) and Langel and Estes (1982) suggested
attributing the first n degrees of the expansion to the core
field and to represent the crustal field by all higher terms.
These authors specified n = 13 in View of an obvious separa-
tion of the energy density spectrum into two distinct straight
sections that intersect at approximately this value. This sug-
gestion has raised several objections. Carle and Harrison
(1982) note that such a separation does not remove all large-
scale oscillations from the crustal field. There are always
some, though small in value, that remain. On the other
hand, Meyer et a1. (1983) have pointed out that also impor-
tant large-scale variations pertaining to the crustal field are
removed from the anomaly charts. Crustal structures of con—
tinental size, e.g. the continental margins, cannot be repro-
duced with the truncated expansion (n213) taken for the
crustal field; however, they should Clearly be Visible if a
full expansion is used (Meyer et al.‚ 1985). In View of the
deficiencies of the conventional methods these authors made
a new approach to the forward analysis of the Magsat
anomaly data. On the basis of surface geology and seismic
investigations they have developed a global model of the
Earth’s crust that is consistent with the crustal part of a
particular field model derived by Cain et al. (1984) from
the Magsat data. The improved version of the crustal model,
that is effective for the time being, has been published by
Hahn et al. (1984).

The representation of the magnetic field of the new
crustal model in terms of isodynamic Charts for the vertical
component‚ or of the energy density spectrum, required ex-
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tensive numerical eomputations. The numerical expenditure
and the need for repeated computation with different input
parameters suggested elaborating a more economical way
in order t0 study the dependence of the crustal model field
on the partieulars of the model and of the inducing eore
field. We present here an analytieal method of forward cal-
culation of the crustal field that was originally outlined by
one of the authors (M.S.) and further developed and applied
t0 the above-mentioned crustal model by the other author
(N01te, 1985). After formulation of the pertinent equations
in the next section, the method is applied t0 the latest crustal
model and evaluated by comparison with previous results.
Conclusions will be drawn with respect t0 the crustal mag-
netization of the Earth that can be deduced from the m0del,
and t0 the role of the inducing core field.

Theory

The approach is based on the following assumptions. At
the present level of approximation we neglect all deviations
of the shape of the terrestrial body from a sphere with equi-
volumetric radius a (a:6371.2 km). The crustal thickness
does not surpass about 0.5% of the Earth’s radius. Since
we are interested in global aspects of the field, it is admissi-
ble t0 neglect the thickness as compared t0 the Earth’s radi-
us. Taking into aecount only induced magnetization, the
crustal data can be deseribed by an integrated susceptibility
that depends upon the angular coordinates of the spherical
surface. Spherical coordinates are understood t0 coincide
with the conventional geographie system of radius r, colati-
tude 6 and longitude Ä.

Consider a volume element dr’ of magnetizable material
located at the point r’:(r’, 9’, Ä’) within the Earth’s crust
that is exposed t0 the magnetic induction BC of the geomag-
netie eore field. The magnetization of dr’ causes a crustal
magnetie induction with a scalar potential dVa at a fixed
external point r=(r‚ 6, ‚1). The underlying geometric Situa-
tion is illustrated in Fig. 1. If dr’ is sufficiently small, dVa
ean be formulated as the dipole potential

'
l M0 / l1

dVa(r‚r):Edm(r)-l7 T. (2)

Here ‚uO is the permeability of vaeuum‚ lzlr—r’|‚ and the
prime with the Nabla Operator l7’ denotes differentiation
with respect t0 crustal eoordinates. The magnetie dipole
moment dm is the produet of dr’ with the magnetization
M. Under the assumptions mentioned above, the latter is
the product of the magnetic suseeptibility X of the material
and of the inducing field BC (or, more strictly, BC/uo) with
a scalar potential VC outside the Earth’s core

dm(r’)=M(r’) da = —#1 m) 17' mr') dr’. (3)
O

T0 take advantage of the negligible erustal thickness d, we
use the integrated susceptibility of the crust in order t0
define the surfaee suseeptibility Z by

2(6’, 21’): lim x(r’) dr’ (4)
da0 a-d
X" 00

which is related t0 the eorresponding vector of surface mag-
netization by

L. =(0‚O:X) I =(F‚Ö‚)\l

(205€!o : cosöcosö’ + sinÖ sinö'cos (Ä-X)
Fig.1. Illustration of the geometric relations between some point
in space and some point on the spherical Earth’s surface

N 1
M(9’‚ Ä’) z 170 23W, Ä’) V’ Vc(r’) l‚'=a. (5)
The vertical bar denotes that the variable r’ has t0 be re-
placed by the radius a after differentiation.

The total potential of the erustal field at the external
point is obtained from integrating Eq. (2) over the entire
crustal volume. We note that dr’ is connected with the differ-
ential solid angle da)’ on the spherical surface by dr’
zaz dr’da)’, where da)’:sin Ü’dö’d/l’. After introduction of
Eqs. (3) and (4) into Eq. (2) the result is

2471:a 1nah—E l 2(6'‚Ä’)V’Vc(r').r7'7 dw'. (6)
0

The potential of the geomagnetic eore field is expanded
into a series of spherical harmonics with reference radius
a

sa f; (2)/Hexen). (7)
n’:1

Due t0 the missing magnetic monopole, there is n0 term
with degree n’:0. Y„‚ represents a sum over one or more
elementary surface harmonics of the same degree n’ but
with orders varying between m’ 20 and m’ =n’

Y„‚ : Z (g„„„‚ cos m’ ‚l’+h„„„‚ sin m’ Ä’) R‚'‚"'(9’). (8)
m’=0

Here the quasi-normalization according t0 Schmidt is used
throughout for Legendre’s associated functions R17", and all
Gaussian coefficients g„„„‚ and h„‚„„ are given by an appro-
priate field model.

There is a well—known expansion of the reeiproeal dis-
tanee between points r and r’ into spherieal harmonics
(Hobson, 1955) which reads, for r’ g};

1 1 007:; g (7) 1:460). (9)
v ’



The geocentric angle 60 between r and r’ combines the angu-
lar components of both vectors by the cosine relation of
spherical trigonometry

cos 90 :cos 6 cos 9’ + sin 6 sin 6’ cos (‚l— Ä’). (10)

Provided the integrated susceptibility is differentiable, it can
be expanded into a series of spherical surface harmonics
with variable degree n. Let

22'112
Z„(6(’‚2’), (11)

where in is a sum of elementary surface harmonics

in = Z (pnm COS mÄ’ +qnm Sin mÄ’)R.'”(9’)- (12)
m:0

Strictly speaking, the expansion in Eq. (11) should start
with a term of degree n :0 that represents a constant distri-
bution of the integrated susceptibility over the entire surface
of the Earth. However, this term is dropped because of
a theorem due to Runcorn (1975) stating that a spherical
shell of uniform susceptibility does not contribute to the
induoed magnetic field to be observed outside.

The potential Va is evaluated by separating Eq. (6) into
a sum of two integrals that comprise only differentiations
with respect to (i) the radial variable r’ and (ii) the angular
variables 8’ and ‚1’, respectively.

Va(r) = VZÜ) + Va”(r)‚ (13)
where

n(r)——“2 232%a 6,1 dw' (14)47: 0 Ör Ör l„:a

and

a2 4“ 1Va”(r):—E
0g

zV'V V’lr: dw’. (15)

The truncated Nabla operator is defined by

17—1676 ‚(_1 Ö 16r-5( WJ‘ sinQ’W)’ l )
and the unit vectors Ö and J: point into the directions of
increasing colatitude and longitude, respectively.

It is no loss of generality to piek out one representative
term each from Eqs. (7) and (11). All operators (integral
and differential) that will be encountered are linear, and
the most general result can easily be obtained by summing
up finally over all pertinent degrees n and n’.

i) After introducing Eq. (9) and Eqs. (7) and (11) (repre-
sentative terms) into Eq. (14) we obtain, with r’ 2a,

. 1 oo a v +1 47:„(10:21; Z v’(‚„) 5 (n’+1))z„Y‚„R‚(60)dw’
v’ZO O

(n:I,2‚3‚...; n’:1‚2,3‚...). (17)
Note that by means of Eq. (10) Legendre’s polynomials Pv‚
depend upon the variables 9’ and Ä’, as do the funetions
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in and Y„‚. The product in Y„‚ is defined on the surface of
the sphere and can be expanded into a series of spherical
surfaee harmonics SV with variable degree v because the
latter form a complete and orthogonal set of functions

V

v’, 2’): Es (6'2')
„=0

: i (aw cos uÄ’+bv„ sin uÄ’)Pv"(t9’)‚ (18)
„20

with v:0, 1, 2, . With the definition

väSv: (n + 1))(„Y„‚ (19)

we obtain from Eq. (17)

1 00 a v’ + 1 47!

n(r)=H v 2_v (7) JSV(6‚2)P)(60)dw. (20)

ii) The same considerations applied to Eq. (15) lead to

1 00 a v’+1 47!Vamp]; z (—) 5 („mm-anwendw'. (21)
0v’ZO

r

For the sake of brevity we temporarily replace the “prefae—
tor” of this integral by

1 oo a v' + 1

„E Z (7) . (21 a)

The operator l7; fulfils the identity

l7‚’-(uv):ul7‚’-v+v—l7‚’u‚ (22)

where u and v denote a scalar and a vector field, respectively,
of the variables 6’ and Ä’. Setting u: R„ and v: in I7‚’ Y„‚
this identity allows us to rewrite Eq. (21) as

47t

V:(r)=—F 5 an.(e)z„anY„2)dw’
O

41:

+1“ l Ran—(nun 1c) dw'. (23)
0

The first integral on the right-hand side vanishes (see Ap-
pendix) and we are left with

47:

Va”(r)=F l R'()Z„(al7t’)2 Ynl+aWZn°aVla>dwÜ (24)
O

The square of (a 17/) is Legendre’s differential operator

L _ 17’ 2 _ 1 Ö
9,

Ö 1 82
25‘“ —(a t) — ”E139 (88’ 5m 69' +sin’ät ä)?! ( )

which has the basic property that any spherical surfaee har—
monic of degree, say, n is an eigenfunction to the eigenvalue
n(n + 1). The seeond term of the integrand in Eq. (24) obeys
the relation

t/in't/Yn’Z-2(LXnYn’’_ZnLYn’_—Yn'LZn)' (26)
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With the definition of the functions S, according to Eq.
(19) and with the “prefactor” F according to Eq. (21 a) we
obtain

v(v+ 1)+n’(n’+ 1)—n(n+ 1)
2(n’+1)

1 oo

ICI/(r): —fi Z
v, v’ Z O

a v’ + 1 475(7) 5 S.162 1310.100) dw'. (27)
O

The integral over the solid angle in Eqs. (20) and (27) is
solved by application of an integral-theorem for spherical
surface harmonies (Lense, 1954, p. 76)

41c

l Sv(9’‚ Ä’)R„(60) dw’ =
O m

Sv(8> Ä) övv" (28)

(5W is the Kronecker symbol. Note that the angular coordi-
nates of the fixed external point r enter as arguments into
the function S, on the right-hand side. The whole potential
of the crustal magnetic field at the external point is the
sum of Eqs. (20) and (27). The result is generalized here
by allowing for the full expansions Eqs. (7) and (11) of the
core field and the susceptibility

)_.1

v(v+1)+n’(n’+1)—n(n+1) a v+11— 1.)
(29)

Note that S, also depends on the summation indices n and
n’ according to Eq. (19). Equation (29) is the basic equation
of the geomagnetic crustal field. The functions S, are speci-
fied by definite assumptions about the crustal susceptibility
and the core field. A detailed inspection of the recurrence
relations for spherical harmonics (Jahnke and Emde, 1945;
Kautzleben, 1965), however, reveals that only a finite
number of functions S, according to Eq. (19) are different
from zero The pertinent degrees vary in steps of two units
between v:|n— n’I and v:n+n’.

Then the crustal anomaly is derived from the gradient
of the potential V

Ba(r) = - VVa(r)- (30)
To be specific, the geomagnetic core field shall be repre-

sented by its dipole term only (n’: 1). This case is the most
practicable one for calculation and, as it turns out later,
also the most important one at all

Y1(9’, Ä’):g10 P1 (9/) + (811 COS Ä, + h1 1 Sin Ä!) P11(0l)' (31)

The integrated susceptibility of the crust shall be accounted
for by the representative term of Eq. (12) With arbitrary,
but fixed, degree n and order m. Thus, the twofold sum
over indices n and n’ in Eq. (29) reduces to exactly one
term. With the abbreviations

oc(‚l’)=p‚„„ cos mÄ’ +q„„‚ sin mÄ’,

ß(/l’)=p„m COS [(m- 1) Ä — 1) Ä’+8]‚ (32)
y(/l’)= p„‚„ cos [(m+ 1) ‚l’—8] +q„‚„ sin [(m+1)/l’—8],

’+ 8] + qnm sin [(m

and
'

g = arctan (h1 1/81 1)>

we have

(124.1)}? 12:". (33)21/12810 “Ham‘l‘ä gi1+hi1

The products of Legendre’s associated functions are ex-
panded into a linear combination of the functions by means
of the recurrence relations

13112:":—2n1+1

+Vm— m+nm+m+afl) an

—( (n-m)(n+m)R‚"11

and

P1P"’-l öm—l (1/(n+m—1)(n+m)R‚"i"111 " —2n+1

—V(n—m+1)(n—m+2)12;t;;1
—1

—(2n+1)1/ö'‚„
—l/(n+m+1)(n+m+2)R‚",i+11 (35)

(Vn—m—IMn—mM'täl

1/2 for k = —l
ök : 2 for k:0

1 otherwise.

The alternative recurrence relation differs With respect to
the order of Legendre’s associated functions. The correct
choice is made if the order of the expanded form agrees
with the argument of the trigonometric functions ß and
y, respectively. The prefactors involving the Operation 5k
result from the normalization due to Schmidt. Actually, the
order assumes non-negative values only. However, the par—
ticular case Ö_ 1 is introduced formally, beeause it is needed
for the determination of the Gaussian coefficients of the
crustal field. For the sake of Clarity it is stressed that ök
should not be confused with the Kroneeker ÖW.

According to Eq. (19) the product Z Y1 defines the spheri-
cal surface harmonies S,

ZY1:%(Sn—1+Sn+1)

22C20 Sn 1+;08m) (36)

With the functions S’v‘ defined in Eq. (18). For the degrees
of this expansion which result from the proper recurrence
relations, cf. the remark following Eq. (29). To specify these
functions in terms of known quantities we equate the right-
hand sides of Eqs. (33) and (36) and use the recurrence
relations for the former. The functions are then determined
by integrating over the entire surface of the Earth and utiliz-
ing fully the orthogonality relations for spherical surface
harmonics.

It is obvious from Eqs. (33%(36) that in the course of
this procedure the order of the functions S’; assumes only
the values ‚u =m— 1, m and m + 1. We obtain, for example,
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n—1—2n+1

n—l ( )

and similar but more extended formulae result for the re-
maining five functions. These functions are introduced into
Eq. (29) with n fixed and n’: 1. The sum over v has only
two terms, v:n—1 and v:n+ 1, and leads t0 the crustal
potential

3(n—1) a n2(2„_1)(2„+1)(;){g10aw (n—m)<n+m>12‚"11(6)
i1 hil+_l/g_—_2—t_[|/5m_1 ß(/l)l/(n+m—1)(n+m)R‚"1—11(9)

Va(r)

_M Wn_m—1)(n—m)R‚"l+11(9)]}m
n a n+2

+(2n+1)(2n+3)(?)
{gioaw (n—m+1)(n+m+1)P„'11(6>

____l/g1—12;—f__2[l/(3m_1 ß(‚1)1/(ni—m+1)(n—m+2)13{1-11(9)

W) ‚m
B

——— (n+m+1)(n+m+2)P„+1(6) . (38)m
The first and fourth terms of this equation represent the
potential if only the zonal dipole part of the inducing core
field is c0nsidered, and the 0ther terms account for the sec-
torial dipole. With regard t0 Legendre’s associated functions
P„'"_1 and R,"L+11, it should be mentioned that these functions
vanish by definition if the order surmounts the degree, i.e.
for m2 n and for m2 n— 1, respectively.

It has been emphasized by Meyer et al. (1983) that the
spatial spectrum of the mean energy density is in many
respects an appropriate measure for the global comparison
of the crustal model field and the Observed field. The spec—
trum function itself was first derived by Mauersberger (1956)
and Lucke (1957). It is expressed in discrete terms of degree
N in the form

N

W(N)=(N+1) Z [(g%)2+(häl)2]- (39)
M20

Except for a factor 1/2‚uO this quantity is the energy density
of the particular field constituent (zfield of the 2N-pole)
averaged over the whole Earth. ggf and h2? are the spherical
harmonic expansion eoefficients of the field under consider—
ation, i.e. in our case of the erustal potential

oo N a N+1

Va(r)=a Z Z (7) (gfilcosM/l+hfl‚4sinM/1)PNM(6).
N20 MIO

(40)
In order t0 express the expansion coefficients in terms of
core and crustal parameters, one has t0 identify the general
form of Eq. (40) With Va given by Eq. (29) and t0 utilize
again the orthogonality relations for spherical surface har-
monics. If we approximate the geomagnetic core field by
its dipole term only, we obtain from Eqs. (38) and (40),
in a way analogous t0 that described after Eq. (36),
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M— 1 N—l [/N M N M
gN-a(2N+1) 2N_1810 ( — )( + )pN—1‚M

|/ 2 +h2 ‚+—&lz——1(Vfil(N+M—i)(N+M)
‘ (pN-1.M—1 COSS_qN—1‚M—1 Sin 3)

—1/5M(N—M—1)(N—M)
'(PN—1,M+1 COSS+qN-1,M+1 Sin 8D]

3N F _‚+m[gmv(N—M+1>(N+M+1)p„„‚M
I/ gi1+hi1————(]/ö;‚1_1(N—M+1)(N—M+2)2

‘(PN+1,M—1 COS8‘QN+1‚M—1 Sin 8)

— ÖM(N+M+1)(N+M+2)

'(pN+1,M+10088+qN-+1,M+1Sin8)):|}' (41)

Again, only the first and the fourth terms remain if the
core field is approximated by a zonal dipole field (i.e. g11
2h11 =0). A similar formula results for 112,4; it differs from
Eq. (41) in that the coefficients p and q and the boldface
signs are interchanged. It should be mentioned that these
coefficients are defined only for non-negative values of the
subscripts and that the second subscript must not exceed
the first one by value. In all other cases the coefficients
have t0 be set equal t0 zero.

More complicated analytical expressions have been de-
rived for the crustal potential and the expansion coefficients
if the quadrupole and octupole terms of the geomagnetic
core field are taken into aceount (Nolte, 1985). The formulae
are not reproduced here because these cases turn out t0
be less important. Nevertheless, the effects of core field mul-
tipoles of higher degrees will be included in the discussion
of numerical results below. The pertinent equations are
readily evaluated by a digital computer and require only
little computation time.

Results

We apply the analytical approach t0 the specific global
model of crustal magnetization established by Hahn et al.
(1984). This model subdivides the Earth’s crust into blocks
of 2°><2° extension along geographical eoordinates and
classifies each block on the basis of 16 crustal types. Each
block is composed of two or three layers of definite thick-
ness. Within a layer the magnetic susceptibility is assumed
t0 be constant.

The transformation of the model data into the continu-
ous function of the integrated susceptibility proceeds in two
steps.

1) For each crustal type the defining Eq. (4) now as-
sumes the form of a sum

jz: _Z xidi (42)
where Xi is the magnetic susceptibility, di the thickness of
the i—th layer and j the number of layers in the block. Table
1 ShOWS the 16 types that constitute the basis of the crustal
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Table l. Crustal types of the model of Hahn et al. (1984) and inte-
grated suseeptibility i from Eq. (42)

Code Crustal type i (unit: m)

Continental erust

A Platform 1231.7
K Platform with 3000-m sedimentary eover 1055.7
B Shield 1633.7
C Blaek Sea 138.3
D Basin struetures (Basin and Range type) 429.9
L Basin structures with thick 477.6

sedimentary cover
E Mobile belts-Palaeozoic Age; 681.2

Moho at 30 km
F Mobile belts-younger than Palaeozoie; 907.4

Moho deeper than 30 km
G Continental side

}
of passive 628.4

H Oceanie side continental margin 251.3
J Marginal sea 75.4

Oceanie crust
Z General oceanic crust 75.4
Y Mid—oeean ridge 50.3
X Oceanie plateau 716.4
W Island arcs 590.7
V Trench 25.1

model together with the integrated suseeptibilities from Eq.
(42). The first column in the table denotes the code that
has been ehosen for an easy demonstration of the distribu-
tion of erustal types in a world ehart.

2) Each erustal block can thus be characterized by a
discrete value of the integrated susceptibility whieh is attrib-
uted to the centre of the block surface, Viz. to all pairs
of eoordinates (6’, Ä’) with (9’: 1°, 3°, ..., 179° and
Ä’: 1°, 3°, ..., 359°. Conventional spherical harmonie anal-
ysis (Chapman and Bartels, 1940) is used to determine the
expansion coeflicients a and qnm of Eq. (12). The eomputa-
tion of the energy density spectrum of the erustal model
field up to degree N z 35 requires the knowledge of all coeffi-
Cients up to degree and order n:m:38 if octupole terms

0‘

of the core field are ineluded in the eonsideration. The eoeffi-
Cients are then definitive for the erustal model and can be
used for repeated eomputations of the spectrum as well as
for other purposes.

The analysis reveals that many of the coefficients are
of similar magnitude. No prominent eoefficient representing
a partieular periodieity of the integrated susceptibility can
be singled out. The maximum value is found with coefficient
P00, as a mere consequence of the fact that Z can assume
non—negative values only. However, this coefficient need not
be considered further because it does not eontribute to the
induced erustal field.

In agreement with previous work the geomagnetie core
field is approximated by the IGRF (Peddie, 1982), here for
the epoch 1980.0. In favour of this approximation one can
argue that it ineorporates the effect of demagnetization in
the erust whieh is not built into the theory explicitly. After
seleetion of a speeific core field model we have ealeulated
the spatial spectrum of the erustal model field from Eq.
(39). Figure 2 shows the resulting spectra for different ele-
mentary multipole terms of the core field and the spectrum
of the previous numerical eomputation. Attention is drawn
to three facts that show up clearly in the figure. (i) Except
for the first three or four terms the spectra are almost con—
stant with degree N or “white”, i.e. the mean energy density
of the crustal model field is distributed equally among the
degrees, at least as far as N = 35. (ii) The spectrum by Hahn
et a1. (1984) is reproduced almost perfeetly if the core field
is approximated by the zonal dipole term. (iii) Neglecting
small deviations, the spectra appear almost as if they were
shifted parallel on the logarithmic ordinate scale if other
multipole terms of the core field are eonsidered, i.e. they
differ only by nearly eonstant factors.

The first observation has already been diseussed in detail
in the literature. A white spectrum is regarded as an indica-
tion that the reference sphere for expansion into spherical
harmonies (here the Earth’s surface) eoincides roughly with
the location of the sourees of the field under consideration.
The other observations will be diseussed in the next section.

Figure 3 shows the energy density spectrum of the
crustal model field at different steps of approximating the

O
O1 O

0+

Fig. 2. Spatial energy density spectra of the crustal
model field due to various core field models.
Q numerical eomputation (Hahn et al., 1984) with
core field approximated by full IGRF of 1980.0;
present investigation with .core field approximated
by IGRF of 1980.0:
A zonal, E1 sectorial dipole term;
V zonal, O tesseral, O seetorial quadrupole term;
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geomagnetie core field. Note from Eq. (39) that the spectra
in this figure cannot be obtained by simple addition of the
spectra in Fig. 2, because the coefficients p„‚„ and q„‚„ per-
taining to the individual central multipoles have to be added
first. Close inspection of the higher degree terms reveals
that the agreement with the spectrum of comparison slightly
worsens with a more accurate approximation of the core
field. We attribute the deviations to the different treatment
of the global crustal model in the original and in the present
work.

Discussion

The convenience of the analytical approach to the geomag-
netic crustal field is based on two simplifying assumptions
that can be justified on a global scale.

1) The approach considers induced magnetization only,
i.e. at any crustal point the magnetization is proportional
to the inducing field from the core. The crust is then charac-
terized by its magnetic susceptibility which, being a scalar
function, allows for simple notation of the relevant formu—
lae. The restriction to consider induced magnetization only
and, hence, to disregard any remanent magnetization is jus-
tified by the argument that the contributions of successive
crustal layers which have been magnetized during different
palaeomagnetic epochs cancel each other to a large extent.
There remains only the contribution of the most recent mag-
netization which is in fact proportional to the inducing field.
In principle the model can also take into account any rema-
nent magnetization parallel to the induced magnetization.
In this case, however, the function X loses its direct physical
meaning and turns into a mere computational quantity.

2) The second simplification concerns the neglect of the
radial extension of the crust with respect to global dimen-
sions. Admittedly we lose information about the crustal
magnetization, and this approximation certainly is not al-
lowed if we are investigating local anomalies. With the inte—
grated susceptibility function we are able to make extensive
use of spherical surface harmonics and to benefit from their
orthogonality relations in the formulation of the theory.
In the actual computation of the potential we are saved
from the time—consuming three-dimensional integration

30

75

Fig. 3. Spatial energy density spectra of the crustal
model field at different steps of approximation of
the core field. O cf. Fig. 2;
present investigation with core field approximated
by IGRF of 1980.0:
A dipole term;
1:1 dipole and quadrupole terms;
<> dipole and quadrupole and tesseral (n’:3,

1+ N m’: l) octupole terms
35

over the crustal volume which proved to be a limiting factor
in the previous work.

An essential step is the expansion of the product of
spherical surface harmonics into a linear eombination of
the same kind of functions. Instead of solving this problem
in full generality, which is difficult because of a lack of gener-
alized recurrence relations for Legendre’s associated func—
tions, we have allowed for a full expansion of the integrated
susceptibility; but the multipole expansion of the core field
has been restricted to its terms of lowest degree (n’g3)
which are the most important ones at the Earth’s surface.
There is no fundamental difficulty to include multipoles of
higher degrees, except for the rapidly increasing length of
the resulting formulae and the number of individual terms.
Whereas the expression for the erustal potential splits into
six different terms in the case of a central dipole, cf. Eq.
(38), the corresponding formula splits into (n’+ l)(2n’+ 1)
terms if a central multipole of degree n’ is considered.

The construction of the function Z(0’, Ä’) from discrete
data by means of the spherical harmonic analysis has pro-
Vided further insight into the crustal model of Hahn et a1.
(1984). Although large connected areas of the Earth’s sur-
face appear to be uniform when Characterized on the basis
of 16 crustal types, a prominent periodicity in the integrated
susceptibility cannot be detected. Apparently this function
exhibits a random distribution in terms of wavelengths. The
individual expansion coefficient a or qnm, therefore, has
no physical meaning, and only the coefficients altogether
describe the magnetic properties of the crust satisfactorily.
A rather large expansion into spherical surface harmonics
is necessary in order to ensure an adequate description of
the crustal model field.

The magnetic field of the model is eontrolled almost
exclusively by the distribution of the magnetizable material
in the Earth’s crust. The angular dependence of the inducing
core field is of little influence. This is concluded from the
observation in Fig. 2 that the distribution of energy among
the individual terms of the spectra is nearly equal, although
the core field components are different. The spectra differ
in absolute value, reflecting the field strengths of the core
field components at the surface that enter into the function
W(N) with their second power. Obviously the zonal dipole
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term of the core field dominates the inductive effect on the
crustal magnetization. This might have been supposed from
inspection of the Gaussian coefficients of the IGRF. How-
ever, the crustal field results from both the crustal properties
and the core field properties, and the minor role of other
central multipoles, could not be known a priori; they had
to be confirmed by actual computation.

From Figs. 2 and 3 we notice that the spectrum after
Hahn et al. (1984) and the result of the analytical approach
agree best if the inducing core field is approximated by
the zonal dipole only. A more complete expansion of the
core field, including octupole terms, even worsens the agree-
ment at degrees above N = 20. The optimum with the zonal
dipole is probably due to the cancellation of small errors
that arise from the different treatment of the crust in the
previous papers and in the present investigation. Neglect
of the finite crustal thickness can partially account for the
differences in some of the degrees in Fig. 3. Moreover, simple
analytical expressions result if the integration is performed
over the entire spherical surface, whereas the original nu-
merical computation of the crustal model field and of the
spectrum considers only a limited number of crustal blocks
within a geocentric angular distance of 70° (see Meyer et al.,
1983) around each external point. This restriction had been
introduced to save computation time. It is also supported
by the argument that crustal regions which are hidden by
the conductive eore of the Earth should not be treated in
the same way as the regions close to the external point.

The formalism described in this paper provides an effec-
tive method of forward analysis of the geomagnetic crustal
field under global aspects. Concerning the spectrum of mean
energy density, it has confirmed the previous results with
high accuracy and with only a fraction of the numerical
effort involved. The role of the inducing core field could
be evaluated in some detail. The analytical approach can
easily be applied to the computation of world charts of
large—scale anomalies and to other magnetic phenomena
of the crust. It may serve as an appropriate tool for a global
comparison between observational data and model concep-
tions in future studies.

Appendix

For the proof that the first integral in Eq. (23) is zero, we
define the vector field T(6’, 2’) tangential to the surface of
the sphere

TZÖYIJ+ITJI::intIYn’°
Then we have
41:

l aIZ'leTMw’
Ö ‚. A

n l Ö{59" T.)+P.„ T6 cote +m Ö—„(Pw T.>}dw
(sin 9/13„ 7;) d9} dÄ’

21: Ög .31 (13„ n) d2} dH’

since
71:

Ö . , l ‘ l 7C

jÖ—(yßinä 1179616 =Sln9 Pv' T0|0=0‚
0

and

27:

1 W01 Tod/‘u—en ä":0.0 .
Both Pv‚ and TÄ are 27t-periodical with respect to the variable
‚1’.
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Stable inversions of MAGSAT data over
the geomagnetic equator by means of ridge regression
C.J. Lötter
Magnetic Observatory, PO Box 32, Hermanus 7200, South Africa

Abstract. Several authors have reported on the instability
problems experienced when inverting satellite magnetic
anomaly data using the equivalent source technique. These
instabilities particularly occur for inversions of data in re-
gions near the geomagnetic equator and for certain dipole
spacings in the equivalent source formulation. In this study
the method of ridge regression is put forward as an alterna-
tive method, as it provides very stable solutions. In addition,
it gives an indication of where the instabilities occur and
can be utilized with smaller than usual dipole spacings. This
method is demonstrated by applying it to the region con-
taining the Bangui anomaly.

Key words: Stable solutions — Diagonal additive — Crustal
magnetization/susceptibility — Equivalent source — Dipole
spacing

Introduction

One of the reasons for inverting satellite magnetic anomaly
data is to obtain more information on the spatial physical
properties of the crust. The standard method is to invert
the anomaly data to an equivalent layer magnetization
model based on a latitude-longitude dipole source array
at the earth’s surface. Mayhew and Galliher (1982) reported
that the inversion process becomes unstable for dipole spac—
ings of less than 220 km. At these dipole spacings the pa-
rameter solutions exhibit an oscillatory nature; that is, adja-
Cent sources generally take on alternately large positive and
negative values and Clearly have no physical meaning. For
larger dipole spacings they found that the magnetization
solutions vary systematically and have a physically mean-
ingful interpretation. Their results were obtained for mid-
latitude regions, utilizing the Moore-Penrose inverse:

AP:(ATA)-1 ATAG (1)
where AP is as parameter correction vector, AG is a residual
vector (observed minus initial model) and A is the dipole
source function matrix. Within +20o of the geomagnetic
equator, this technique yields unstable solutions for any
reasonable dipole spacing.

The problem of inverting satellite magnetic anomaly
data involves a large number of data points and of parame-
ters to be resolved. Numerical manipulation of large matri—

ces can lead to instabilities due to round-off error. In addi-
tion, the magnetic inverse problem is very similar to down—
ward continuation right down to the surface of the source.
This is a very unstable process and short wavelength varia-
tions in the residual total field, AF, are amplified out of
proportion in the magnetization solution.

Another stability problem is associated with proximity
to the geomagnetic equator. The presence of the asymmetric
sine function in the dipole source function equation can
lead to symmetric sign changes in values of the elements
of the matrix A for this region. This is mainly due to the
change in sign of the inclinations of the magnetization vec-
tor and main field direction, respectively, as the geomagnetic
equator is erossed. A problem that now arises is that of
linear dependence between the columns of the problem ma-
trix (ATA). If the eondition of linear dependence is nearly
satisfied, i.e. certain linear combinations of the columns are
nearly zero, the determinant of (ATA) is almost zero. The
problem can then be Classified as Singular, ill-Conditoned‚
non—orthogonal or ill—posed.

Von Frese et a1. (1981) applied Singular value decompo-
sition to the problem matrix in order to obtain physically
realistic parameter values for subsequent geological inter-
pretation of the crust. They did an eigenvalue—eigenvector
decomposition of A given by AzUSVT to yield Lanczos’
natural inverse:

P:(vs-1UT)G. (2)

U and V are orthogonal matrices whose columns are the
eigenvectors associated with the columns and rows of A,
respectively, S is a diagonal matrix whose elements are the
eigenvalues of A. Here P and G are the estimated parameter
and total field residual vectors, respectively. The authors
do not explicitly mention any instability problems near the
geomagnetic equator, or for certain dipole spacings for that
matter.

Langel et al. (1984) suggested and demonstrated the use
of principal component regression to overcome the instabili-
ty problem. They also start off with a Singular value decom—
position and then force the system to be positive definite
by truncating the smaller eigenvalues. This is equivalent
to reducing the rank of the problem matrix. With this meth-
od one is restricted to a ehoice between two adjacent integer
values for the rank, even though the optimum rank some-
times Clearly lies between the two values (Marquardt, 1970).
This normally happens when some of the eigenvalues are
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not precisely zero, as is the ease with some dipole source
function matrices.

Marquardt (1970) came to the conclusion that principal
component regression (and the natural inverse) is preferable
for problems containing some zero eigenvalues. Our prob-
lem involves some very small eigenvalues.

Other authors (Leite, 1983; Silva, 1986) have discussed
the technique of adding a small value to the diagonal of
the problem matrix, in order to force the system to be or-
thogonal. In the present study the method of ridge regres-
sion, initiated by Hoerl and Kennard (1970a, b) together
with some ideas put forward by Marquardt (1970), is imple-
mented to obtain stable inversions for regions near the geo-
magnetic equator and for smaller than usual dipole spac-
ings.

Theory of the method
The theoretical magnetic field value at the j —th satellite
observation point due to an array of k dipoles is given
by:

k

8)“: Z ajipi+8j
i:1

j:1,...,n (3)

with

n = number of observations,
aij z element of dipole source function matrix,
p,— = magnetization of i—th crustal block,
aj = measurement errors and noise.

The theoretical field arising from the source array is a linear
function of the source parameters. The parameters may
therefore be directly determined using a least-squares tech-
nique. The standard least-squares solution for an estimated
parameter correction is given by Eq. (l).

Hoerl and Kennard (1970a) demonstrated (see Appen-
dix) that when ATA is nearly Singular the mean-square error
between the unbiased estimates, P, and the true parameters,
P, becomes very large when using Eq. ( 1). The same happens
with the variance of the parameter. Instead of the least-
squares estimator they suggest the use of the ridge regres-
sion estimate of P, which is:

13* = (ATA + ylrl ATG (4)
where the relationship between the two estimators is given
by:

P*:[I+y(ATA)‘1]’1 1‘). (5)
From (5) it is clear that P* is a biased estimate of P. Here
I is the identity matrix and y is a real positive value. Accord-
ing to the existence theorem of Hoerl and Kennard (1970a),
a small value yc always exists such that the mean-squared
difference between P* and P, L2, is smaller than that be-
tween P and the ordinary least-squares estimator P. This
relationship is graphically illustrated in Fig. 1.

Before adding the factor y, the matrix ATA is standard-
ized in such a way that it produees a matrix of correlation
coefficients among the parameters. In other words, the diag-
onal values of ATA all became equal to unity. Therefore,
the diagonal additive y must have a value between O and
1. Equation (4) ean now be rewritten in the form:

Ieast-squares solution

MEAN-SQUARE

ERROR

\/5° DIAGONAL ADDITIVE (K)
Fig. l. Mean-square error functions for the ridge regression estima-
tor (after Hoerl and Kennard, 1970a)

P* z D (DATAD + y I)-1 DATG (6)
where D is the diagonal scaling matrix with elements

n 1/2

diizl/(Z 6112i) .

J'Zl

Hoerl and Kennard (1970a) give eriteria for the selection
of an optimal y. Leite (1983) provides another method to
determine yc.

Off-diagonal coefficients in the eorrelation matrix
DATAD approximating unity indicate that the problem is
nearly Singular. This leads to very small eigenvalues which,
in turn, render the problem sensitive to noise in the data
and to computer round-ofT error. By adding a small value
y to the diagonal of DATAD, all small eigenvalues will be
increased by an amount y. This will lead to a more stable
inversion.

The following is an algorithm to perform a stable inver-
Sion:
1. Let the variations in y be defined by the exponential
form y = 10‘t‘“) (Leite, 1983). Determine an optimum value
for y in the following way:

a) Set r: —1 and 1:1 (These values are suitable for
the data set used in this study).

b) Determine the solution P"‘:D(DATAD)+))I)"1
DATG.

C) Determine G1 =AP’f‚ the first model.
d) Determine an estimate of the residual variance:

zä, where AG1=G(observed)—G1.

e) Determine the total parameter variance

6,2, : 2 [VAR(P’1")]„
i=1
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with VAR(P’1")=äf Z(ATA)’1 ZT (Hoerl and Kennard,
1970a)

z .—_ (ATA + yl)’ 1(ATA).
f) Determine a new value for y by setting Ä 2/1/2 and

I=I-10gio(Öi/Öä)
G (observed)T G (observed)

n — kwhere 6(2) :
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g) Repeat steps (b)—(e) with P3, G2 and 6%.
h) If 6% <äf‚ repeat steps (l) and (g); if ää>6f‚ set 17:1"

+1, leave ‚l'unchanged and repeat step (g) with Pä, G3
and 6%.

i) After three attempts, use Lagrange interpolation on
the curve 62 versus y to obtain an optimal y.

2. Solve Eq.(6) using the optimal y value.
3. If not satisfied with the total variance of the parame-

ters, increase the value y as described above while closely
monitoring the estimated residual variance 62.

Results

The area in Central Africa where part of the Bangui anoma-
ly is situated was Chosen to demonstrate the application
of the proposed method. A 1o latitude-longitude array of
dipole sourees was used for the equivalent source inversion.
Each observation is an average of the MAGSAT residual
total field values contained in a cylinder of radius 0.7°,
height equal to the full elevation range of the satellite and
eentred at integer latitude-longitude interseotions. Figure 2
shows a contour map of the data prior to inversion. The
following corrections have been applied to this data set:
removal of the main field, an improved ring eurrent eorrec—
tion (Zaaiman and Kühn, 1986) and linear fits to individual
passes to improve track-to-track consistency.

The optimal value of y for this problem was found to
be 0.005. Figure 3 shows a contour map of the synthesized
field at a common altitude of 400 km, obtained by using
y=0.005. From Fig. 1 it is clear that a y>yc can be used
to obtain solutions with smaller parameter variance without
increasing l7 above that obtained by the least—squares solu-
tion.

Leite (1983) used ridge regression to obtain depth to
the top, width, direction and intensity of magnetization for
basement blocks from aeromagnetic data. He reported that
a relatively large value of y (0.7) was required to determine
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Fig.3a and b. a Anomaly field computed at 400km altitude from equivalent source solution. Contour interval is 2 nT. b Anomaly
field at 400 km altitude reduced to the pole. Contour interval is 5 nT
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Fig. 4a and b. a Magnetization contours from equivalent source solutions. Contour interval is 0.1 A/m. b Susceptibility contours fromequivalent souree solutions. Contour interval is 0.005 SI units

physically meaningful magnetization and susceptibility
values from aeromagnetie data. In the present study a value
for y whieh is orders of magnitude larger than the optimal
value‚ yc, was also found to be necessary. In order to obtain
smooth parameter solutions from satellite magnetic data,
a value of 0.15 was used for y. This is the largest value
for which the inversion process is still stable and produces
a smaller Ü than the least-squares technique. Figure 4a
and b shows the apparent magnetization and apparent sus-
Ceptibility contrast contour maps for the study area. There
are only small differenees between the two maps. The reason
is the small variation of the main field intensity (H) in this
region. It was assumed from the start that one has indueed
magnetization only, so that the relationship between the
magnetization (P) and the suseeptibility (K), which is

PzKH,

explains the similarity between the two maps.
The minor edge effeets that are observed in Fig. 4a and

b, ean be avoided by using solutions for overlapping adja-
Cent regions and combining them at a suitable boundary.
From subsequent work on the Southern Afriean region it
was found that, with a 1O dipole spacing, an overlap of
6° for adjaeent regions was suffieient to get satisfactory
matching. The small perturbations whieh are superimposed
on all the eontour maps are due to the linear interpolation
technique that was used prior to eontouring the data.

The map reduced to the (south) pole was produced using
the magnetization values of Fig. 4a.

Conclusions

Stable inversions cannot be obtained for regions near or
over the geomagnetic equator when using standard inver-
sion techniques. Ridge regression ean be applied to obtain
stable solutions and physically realistic parameter values
for this region.

One of the most important advantages of the ridge re-
gression method is that it allows much more freedom in
seleeting a suitable dipole spacing for the equivalent source
grid to be used. This has been demonstrated by using a
1° >< 1° dipole grid in this study. The minimum dipole spac—
ing is only determined by the capabilities of the computer
in use and the limitation that the system of equations must
be overeonstrained. It would be physically meaningless to
decrease the dipole spacing beyond the resolution capabili-
ties of the data set, but a higher sampling density of magneti-
zation and/or susceptibility values faeilitates effective con-
touring of the data. This obviates the shifting of the source
grid and recalculation of parameters to obtain a satisfactory
sampling density as deseribed by Mayhew (1982).

Appendix
The following demonstrates why the least-squares estimate P of
the true parameter correction vector P tends to be unreliable for
an ill-conditioned DATAD matrix.

Let the eigenvalues of DATAD be denoted by

ÄmaXZÄläÄZ " IIV Äp : Ämin > 0.

From Hoerl and Kennafd (1970 a) the mean-square distance differ—
ence 1:2 between P and P is given by

P

1:2 = 02 TRACE(DATAD)_ 1 : 02 2 (l/Äj)
‚'21

and the varianee is given by

P

VAR[L2]=204 Z (1/‚1J-)2
j:1

where 02 is the residual variance.
Lower limits for these two properties of L2 are az/Ämin and

202/13“. lt is now clear that for a DATAD with one or more
very small eigenvalues, the distanee between P and P will tend
to be large. The variance of L2 will also be large and this is responsi-



ble for the oscillatory behaviour of the magnetization solutions
observed by Mayhew (1982) and Mayhew and Galliher (1982) for
certain dipole spacings.
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Aqueous maghemitization of titanomagnetite
K. Brown* and W. O’Reilly
Department of Geophysics and Planetary Physics, School of Physics,
7RU, U.K.

Abstract. Finely ground, sub—micron synthetie sintered ti-
tanomagnetite (Fe2‚4Ti0_öO4, TM60) and a chemical pre—
cipitated magnetite (the pigment Mapico Black — nominally
Fe3O4) have been heated at 100° C in de-ionized water and
sea water for times up to 60 days. Chemical analysis of
the solid phases shows that considerable oxidation has
taken plaee (about halfway to complete oxidation) and
analysis of the liquid phase shows that iron has been re—
moved from the solid. Magnetic studies of the oxidized
material reveal at least two magnetic phases (i.e. spinel ox-
ides) which cannot, however, be distinguished in the X-ray
powder pictures of such fine material. The data is inter-
preted in terms of a grinding-induced strained surface layer
which persists during the oxidation and determines the rela-
tive eoncentrations of the two magnetic phases (designated
“skin” and “‘Core”). In the present experiments, skin: core
21:10. While the grain as a whole is oxidizing, the skin
reduces and the core oxidizes. The magnetic properties of
the solid phases are also consistent with iron removed by
aqueous oxidation being ineorporated into a third iron-rieh
spinel phase.

Introduction

Maghemitization

The primary magnetic mineral in the upper layers of the
newly constructed Earth’s crust at the spreading centres
can be modelled by the composition Fe2.„‚Ti0_öO4 (TM60).
During construction of the crust or during sea-floor spread-
ing, the TM60 may be altered by a number of processes
— deuteric oxidation, subsolvus exsolution, maghemitization
and inversion. (e.g. O’Reilly, 1984). In the course of maghe—
mitization the TM60 becomes oxidized but maintains the
spinel crystal structure. This implies an increasing degree
of non-stoichiometry achieved by the introduction ofcation
vacancies, together with an inereasing Fe3 + /Fe2 + ratio. The
small size of vacancies and Fe3+ results in a shrinking of
the spinel lattice. When the extent of maghemitization is
non-uniform throughout a crystallite, the strain of lattice
mismatch may be relieved by eracking within the partiele;
maghemitization may bring about microstructural, in addi-
tion to compositional, change. Separate particles, e.g., of
haematite (ocFezO3), may be produced in connection with
* Presem address: RAE, Farnborough, Hampshire

University of Newcastle upon Tyne, Newcastle upon Tyne NE1

or as a consequence of maghemitization. The cation-defi-
cient spinel structure is metastable and may collapse to a
more stable conflguration (inversion) depending on the
time-temperature—pressure regime.

Evidence from nature
The existence of titanomaghemite in basalts has long been
established (e.g. Basta, 1959; Akimoto and Katsura, 1959).
The recovery of basement material from the ocean floors
and the discovery of widespread maghemitization (e. g. Mar—
shall and Cox, 1972; Ryall and Hall, 1975; Petersen et al.,
1979) led to an accelerated interest in the phenomenon.
The observations of naturally ocourring titanomaghemite
suggest that oxidation might take plaee largely by the re-
moval of iron from the crystallites rather than the addition
of oxygen (Prevot et al., 1968; Marshall and Cox, 1972;
Furuta et al., 1985).

Some indieation of the physical conditions needed to
bring about inversion of titanomaghemites may be found
from naturally ocourring material. Titanomaghemites have
been found to sub-bottom depths of the order of 500 m,
in basalts recovered from Hole 504B of the Deep Sea Drill-
ing Project (O’Donovan and O’Reilly, 1983) but not below
depths of about 800 m in the same hole (Facey et al., 1985).

Laboratory experimen ts
Geological time allows maghemitization of large grains (in
the optical range), although often heterogeneously. In labo-
ratory times, the upper limit to the temperature stability
field of titanomaghemites (N 350° C) has restricted success-
ful simulations of the process to sub—optical particles. Oxi-
dation has generally been carried out by heating in air and
the progress of the reaetion often monitored by gravimetry
(e.g. Readman and O’Reilly, 1970). Differential thermogra-
vimetric analysis (DTG) reveals two peaks in reaction rate
which have been ascribed to the differential oxidation of
Fe2+ on the two sublattices of the spinel structure (next
section). The maghemitization of Mg—substituted (O’Dono—
van and O’Reilly, 1978) and Al—substituted TM60 (Özdemir
and O’Reilly, 1981) has also been studied. Keefer and Shive
(1981) and Nishitani and Kono (1983) have also synthesized
and measured the Curie-point temperatures (T6) and lattice
parameters of titanomaghemites. Curie-point temperature
rises, and lattice constant falls, as oxidation proceeds. The
room-temperature spontaneous magnetization generally
falls although it may rise again, e.g., in highly maghemitized



substituted TM60. The characteristies of the magnetization
process in fine—grain titanomaghemite have also been re—
ported, including thermoremanence (TRM) (Özdemir and
O’Reilly, 1983).

An exploration of oxidation of TM60 and magnetite
in an aqueous environment has been described by Brown
(1981) (the present paper contains the first full account of
this work). Water had traditionally been ascribed an impor—
tant role in the maghemitization of magnetite, being either '

associated with precipitated starting material, included in
the oxidizing atmosphere, or introduoed by pulverizing the
starting material in water (Elder, 1965; Sakamoto et al.,
1968). A small particle size and enhanced diffusion rates
due to internal imperfections also seem to be essential to
successful maghemitization. The role of water has not been
entirely resolved, as gravimetry reveals that even acetone—
ground finely divided starting materials contain adsorbed
volatiles (presumably water) possibly gained from the atmo-
sphere. Aharoni et al. (1962) suggested that maghemite is
in fact a solid solution between model non-stoichiometric
maghemite 2Feä/+3O2

and stoichiometric hydrogen ferrite
Hf/zFeä/ZOi ‚In the Worm and Banerjee (1983) study of
aqueous oxidation of titanomagnetite, hydrogenlS also sug—
gested to play a role, although principally as a sink for
electrons. The progressive laboratory oxidation of basalt
heated in sea water is suggested by the rise in Curie-point
temperature of basalts with time of heating (Ryall and Hall,
1979)

The inversion of natural or synthetic titanomagnemite
during laboratory thermomagnetic experiments has been
widely observed and is a useful qualitative and potentially
quantitative indicator of maghemitization (O’Reilly, 1983).

Modelling the maghemitizalion process

Models involve the diffusion of ions within the body of
the crystal together with the transfer of electrons between
species (oxidation and reduction) at the surface of the crys—
tal. Fe2+ situated on the tetrahedral sublattice and bonded
covalently are believed to be less freely available for oxida-
tion than ionically bonded octahedrally sited ions. The evi-
dence for this oomes from Mössbauer-effect spectra of sim-
ple spinels (Armstrong et al., 1966), diffusion experiments
on Fe2 +-Containing spinels (Freer and OReilly, 1980) and
DTG analyses of the oxidation of titanomagnetite (Özdemir
and O’Reilly, 1981). In addition to a factor describing the
relative availability for oxidation of the Fe2 + on tetrahedral
and octahedral sites, a further parameter of the models
assigns the distribution of the produced vacancies to the
sublattices. The first approximation — vacancies on octahe-
dral sites only — is often adopted (O’Reilly, 1983), although
the presence of a fraction on tetrahedral sites is probably
needed to match models to experimental saturation magne-
tization data (Readman and O’Reilly, 1972). At the surface,
the addition—of-oxygen (AO) mechanism results in an exten-
sion of the crystal structure; the number of cations remains
constant and lattice vacancies are produced. The removal
of metals (RM) implies a constant number of unit cells
in the particle, lattice vacancies following from the removal
of metals. O’Reilly (1983) envisages Fe0 atoms, momentar—
ily produced at the surface during electron hopping between
Fe cations, being leached away through the attraction of
a suitable medium. This suggests that oxidation by removal
of Ti would require the simultaneous presence of Ti3 + and
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Ti4+ and an electron hopping process. Worm and Banerjee
(1983) propose that the removal of electrons from the Fe2 +

ions in the crystal (oxidation) is not effected by escaping
Fe", but that they are removed and collected by H+ ions
in aqueous solution whilst Fe2+ ions simultaneously exit
from the crystal.

The effect of oxidation by the AO or RM on composi—
tion is shown in the ternary diagram of Fig. 3. Positions
within the titanomaghemite quadrilateral may be assigned
composition coordinates either (x, 2) or (x’, 2’), the latter
being most appropriate when considering oxidation by re-
moval of iron. Lines of constant x’ and 2’ are not parallel
however, nor is 2’ linear in the diagram. A titanomaghemite
at a given point in the quadrilateral, which may have been
arrived at by a horizontal AO track or an inclined RM
track, can be expressed (O’Reilly, 1983) in either set of
coordinates as

Fe(3_x)RTixREl3(1_R)O4 Whel‘e R:8/[8+Z(1+X)]

or F63 —x'—(z'/3) (1 +x’)Tix’ Ü(z’/3) (1 +1004.

The cation distribution in the titanomaghemite depends on
the parameters describing both the internal and surface pro-
Cesses. O’Reilly’s (1983) model cation distributions suggest
that while the difference in saturation magnetization (Ms)
of a given composition arrived at by the two mechanisms
may be significantly different, the Curie-point temperature
—being strongly sensitive to bulk composition but only
weakly so to cation distribution — will be negligibly differc
ent.

The present study

The properties of air-synthesized titanomaghemites (princi—
pally TC) have been successfully used to produce large-scale
models of the geochemistry of the magnetic minerals of
the submarine crust (Petersen et al., 1979). The general va-
lidity of such models is probably not seriously weakened
by the use of air-oxidized synthetic analogues, as Tc is prob—
ably not significantly different (O’Reilly, 1983). The pres-
ence of other cation species (A1, Mg, Mn etc.) is a more
serious difficulty, at least for detailed modelling. The use
of air-oxidized materials as a data source for geophysical
models of the submarine crust is more problematie. Satura—
tion magnetization (and, by implication, the magnetization
process parameters) may be quite different in a given com-
position produced by either the AO or RM mechanisms.

The present study describes an exploration of the oxida-
tion of titanomagnetite in the laboratory when the AO
mechanism is suppressed and the RM mechanism encour—
aged. The intention is not to make an accurate Simulation
of the complex system with many degrees of freedom such
as operates on and under the sea floor. The principal ques—
tions to be addressed are: (i) can oxidation take place by
removal of Fe; (ii) will Ti also be removed; (iii) are the
intrinsic magnetic properties (Tc, MS) of RM-produced ma-
terials significantly different from AO-produced titano-
maghemite?

Experimental

Synthesis and characlerizalion ofstarting material

Synthetio TM60 was prepared by twice-firing pressed pellets
of Fe, FeZO3 and TiO2 mixed in stoichiometric proportions
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in a COz—CO mixture appropriate to TM60 at the firing
temperature (1350° C). The details of the procedure may
be found elsewhere (e.g. Özdemir and O’Reilly, 1981). X-
ray powder pictures revealed only the presence of a well—
crystallized spinel phase with extrapolated cell edge
8.478i0.002 A using the method of Nelson and Riley
(1945). Using the extrapolation method of Fig. 2, a Curie-
point temperature of 176° C was derived from the tempera-
ture dependence of saturation magnetization of a piece of
pellet. Using the Hauptman (1974) relationship Tc: 149+
7122 (°C), the oxidation parameter of the starting material
was determined as 220.038 i 0.003. The initial susoeptibili—
ty (a magnetization process parameter) fell rapidly at
171° C, slightly below TC.

The grain size of the near-stoichiometric TM60 was re-
dueed to about 0.1 um by ball milling for times between
6 and 12 h in a high-purity methanol slurry. This was to
increase the specific surface area, and so promote oxidation,
and to simulate the fine-particle material of quenched sub-
marine basalts. The slurry was dried at room temperature.
As is eommonly found, the maghemitization process had
already begun during grinding. The X-ray powder pictures
now showed additional lines which could be indexed as
a tetragonal superstructure with the exeeption of one line
(d22.187) which could be aseribed to haematite. Calculat-
ing a (rough) cell edge from the superstructure lines alone
may suggest that part of the grains is oxidized and has
a lower cell edge than the stoiohiometric core. This is con—
firmed by high-field thermomagnetic analysis of encapsu-
lated material for which the Curie point was observed at
194° C (9 h milled) and 222° C (12 h milled) on the heating
cycle. After heating to 600° C, the cooling curves gave lower
TC values and ratios of magnetization after the cycle (MF)
to the starting value (M1) greater than unity (12—1.3).

The eomposition of the finely ground material was de—
termined by wet chemieal volumetric analysis. The material
was dissolved in 5 N hydroehloric acid with various precau—
tionary measures to prevent oxidation during dissolution.
Fe“ concentration was determined by titration against
0.05 N ceric sulphate solution using 1:10 phenanthroline-
ferrous sulphate as indicator. The titrated volume of stan-
dard solution was eorrected for the presence of the indi—
cator. Total iron was determined as Fe2+ by reducing the
Fe3+ by adding 10% stannous Chloride solution drop by
drop to the hot solution. Exoess Sn2+ in the solution was
oxidized by the addition of a saturated solution of mercurie
Chloride. 0.05 N potassium dichromate was titrated against
the sample using 0.2% barium diphenylamine as indicator
together with Spekker acid to produce an unambiguous
end—point. The method was ohecked against the pre—ground
near—stoiehiometric TM60. The resulting composition coor-
dinates for the fine-ground TM60 were: x: 0.66i 0.06; z:
0.13i0.06. This confirms that some oxidation had taken
plaee during grinding. Once the material has become oxi—
dized, and later during the oxidation experiments (next see—
tion), the x value changes from the starting value of 0.6
if iron has been removed from the spinel phase(s). We sim-
ply retain the blanket term TM60 for all samples in the
present study derived from our starting sintered x: 0.6 ma-
terial.

Hysteresis loops were run at room temperature in a
maximum field of 9 x 105 A/m, the TM60 being dispersed
in calcium fluoride (oxidezsalt about 4% by volume) and
pressed into pellets. Saturation magnetization in infinite

field (US) was determined by extrapolation using the expres-
sion 0:05(1—b/H2). This yielded 05:24i1 Amz/kg [and
b:(1.4i0.3) >< 1010 Az/mz], a good value for fine-partiele
TM60. Using the extrapolated saturation magnetization,
the ratio of saturation remanence to saturation magnetiza—
tion (Mm/Ms) of 0.5 -l_- 0.03 seems to indicate non—interacting
randomly orientated monodomain grains with uniaxial an-
isotropy. (This does not exclude, of course, the possibility
of cubic anisotropy with M‚S/Ms reduced from the model
value of 0.7 by the presence of superparamagnetic grains,
or grains containing some domains, or interactions between
grains; the obtained value of 0.5 would then be only a
coincidence.) The coercive foree of (9.0i0.1) x 104 A/m
and initial susceptibility 0.34i0.02 are explicable in terms
of an average internal stress of about 108 N/m2 together
with a magnetostriction coefficient ‚15 of 2.1 x 10’4.

A second starting composition was provided by a com-
mercially produced pigment, “ Mapico Black ”. This is man-
ufactured by the Columbia Carbon Company (who kindly
provided the sample). The material, which has grain size
0.2—0.8 um and is prepared at low temperature, is typical
of the kind of magnetite which readily oxidizes in air to
produce magnetite-maghemite solid solution. It therefore
provides a different type of starting material to the sintered
TM60 and contains negligible titanium. X-ray powder pic-
tures were consistent with a spoinel structure having extrapo-
lated cell edge 8.393i0.001 A. Faint haematite lines were
also present. Chemical analysis showed that, like the fine-
particle TM60, the Mapico Black was also partially maghe—
mitized although to a greater extent. The composition eoor—
dinates returned by the analysis were : x20.01i0.06 and
2:0.34i0.06. High-field thermomagnetic analysis of an
encapsulated sample gave a Curie-point temperature of
579°i 5° C and MF/M1 near to unity. The saturation mag-
netization (05:79i3 Amz/kg) was low compared to the
92 AmZ/kg expected for pure unoxidized magnetite. Other-
wise the Mrs/MS of 0.275i0.005 and Hc of
(2.59 i003) x 104 A/m are typical of fine-grain magnetite.

Oxidation in water

The experiments were carried out at 100° C to aecelerate,
into the laboratory time scale, the reaction which may take
plaoe in the order of 106 year during submarine weathering.
In a standard run, 1 g of oxide was heated in 500 m1 of
de-ionized water or sea water in glass apparatus under at-
mospheric pressure for times between 1 and 60 days, the
liquid volume maintained by a reflux condenser. The sea
water was collected 20 km from the coast of NE England.
At the end of a run, the liquid was decanted off and filtered.
The solid phase was dried by blowing with cold air. The
iron and titanium content of the liquid was determined
immediately after the run by atomic absorption spectros—
copy and the composition of the solid phase determined
by wet chemioal analysis. The results are presented in Table
1 in the form of total iron in the aqueous phase (from
a starting 1-g solid phase) and the composition of the solid
material expressed as z (salt in sea-water—heated solid mate-
rial having been allowed for). If oxidation had taken plaee
only by removal of iron and all the iron remained in solu—
tion, then the Change in 2 which can be calculated from
the concentration of the water-borne iron should be consis—
tent with the change in z of the solid phase. However, the
iron eoncentrations are about 10% of the values needed



Table 1. Chemical analysis of the aqueous and solid products after
heating TM60 and Mapico Black in de-ionized water (DW) or
sea water (SW) at 100° C for times up t0 60 days

Heating TM60 TMO (Mapico Black)
tlme
(days) Iron in Composition Iron in Composition

aqueous of solid (Z) aqueous of solid (2)
phase (11g) phase (11g)

DW SW DW SW DW SW DW SW

0 15 220 0.13 0.13 15 220 0.34 0.34
1 15 220 0.16 0.22 0 240 0.42 0.46
2 0 420 0.26 0.26 30 230 0.45 0.49
7.5 30 660 0.29 0.34 200 275 0.48 0.42

15 50 240 0.21 0.20 — 243 —— 0.39
30 240 180 0.44 0.20 9 190 0.51 0.55
60 1300 3000 0.20 0.37 1300 200 0.42 0.36

t0 account for the change in composition of the solid phase.
This means that if, at one extreme, oxidation has taken
place only by removal of iron, the capacity of the liquid
part of the system is not large enough t0 carry the removed
iron and that about 90% of the removed iron has become
part of the solid phase leaving about 10% in solution. At
the other extreme, 90% of the oxidation has taken place
by addition of oxygen to the solid phase and 10% by remov-
al of iron which has gone into solution. Intermediate pro-
portions of the two mechanisms operating in tandem are
possible, but it is Clear from the presence of iron in solution
that removal of iron plays a significant role in the alteration
process. N0 titanium was found in the aqueous phase.

Analysis of the reaction kinetics is 'not possible, as can
be seen from the erratic relation between heating time and
the extent of oxidation achieved in the separate runs. The
scatter is not due t0 uncertainties in the analysed composi-
tions. These correlate satisfactorily with the compositions
as expressed in the Curie—point temperatures (Fig. 2), and
the estimated uncertainties in the water—borne iron and the
solid-phase Z values are typically i20 ug and 350.05, re-
spectively. The scatter results from inadequate control of
the experimental conditions under which the solid/liquid
reaction takes place. In some runs the boiling water
“bumped” Violently.

The general conclusions which can be reached are that
(i) oxidation has taken place in the aqueous environment,
(ii) iron is removed from the crystal and this process ac-
counts for at least 10% of the oxidation achieved, (iii) titan-
ium is not removed.

The X-ray powder pictures of the solid material re-
mained essentially unchanged during aqueous oxidation
with a trend of scattered spinel cell edges decreasing with
increasing heating time.

.Vlagnetic properlies of the oxidized malerial
‚Thermomagnetic analysis. Specimens of the oxidized materi-
:‚1l were heated in evacuated capsules t0 700° C in the mag-
netic balance in a field of about 3 ><105 A/m. As titano-
maghemites are structurally metastable, the heating and
woling parts of the thermomagnetic cycle are different. In
mrder t0 produce a set of comparable cooling (Ms— T)
curves, the runs were standardized by holding the speeimen
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Fig. l. Thermomagnetic curve of encapsulated TM60 previously
heated in de-ionized water for 30 days. Tcl and T62 are the Curie
points observed on the heating run. This particular sample also
shows a heating-run Curie point at 540° C. c is the final Curie
point on cooling after holding the specimen at 700° C
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Table 2. Parameters of the thermomagnetic runs on encapsulated
specimens of oxidized TM60. Tcl and TC2 are Curie-point tempera-
tures observed during the heating run and c that observed on
the cooling run after holding the specimen at 700° C for 2 h

Heating De-ionized water Sea water
time
(days) Tc 1 Tc 2 c Tc 1 Tcz Tcf

0 222 190 222 190
1 258 580 181 242 410 157
2 274 560 185 254 420 160
7.5 296 490 205 280 560 188

15 260 550 180 260 420 174
30 312 450, 540 174 304 440 169
60 335 460,580 187 317 410 170

for 2 h at 700° C before cooling, with the purpose of allow—
ing the process of inversion t0 go t0 completion.

The thermomagnetic curve of TM60 heated in de-ion—
ized water for 30 days is shown in Fig. 1. In general, at
least two Curie points were observed on the heating run
(this more oxidized sample shows three — one at 540° C)
and, after holding the temperature at 700° C for 2 h, a single
low Curie point on the cooling run. The Curie-point tem-
perature data for the oxidized TM60 suite are summarized
in Table 2. For the Mapico Black suite, single Curie points
were observed on both heating and cooling runs, all at
between 570° and 585° C. The TM60 data are plotted in
Fig. 2 now with z, the composition of the solid phase, as
a variable rather than heating time as in Table 2. As degree
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Fig. 2. Curie-point temperatures T61, T62 and c plotted against
composition for the oxidized TM60. The upperfigure shows the
result for the de-ionized water runs (DW) and the lower figure
the sea water runs (S W). The dashed lines are not models, but
indicate pereeived trends

of oxidation inereases, a rise in Tcl and a fall in Tc2 are
indicated; c remains eonstant. The data points for 60
days in de-ionized water have been omitted from the plot.
The Z value (0.20) of Table 1 seems anomalously low com-
pared to the magnetically inferred Z suggested by the Tel
and T62 values. From the trends of Fig. 2 a z of about
0.4 would be indieated. The MF/M1 values ranged between
about 0.8 and 1.3 and showed no diseernible trends with
degree of alteration.

Hysteresis loop paramelers and saturation magnetization.
The data are listed in Table 3a and b. No significant Chan-
ges in saturation magnetization (O's) or the ratio of satura-
tion remanence to saturation magnetization (am/05) is ob-
served as alteration proeeeds. The coereive force (He) data
is more eomplex. This is because one batch of milled TM60
exhibited slightly waisted hysteresis loops (perhaps the grain
size of this bateh was small enough to eontain near-super-
paramagnetic particles) and gave redueed coereive forees.
In Table 3(a), coercive forces <105 A/m correspond to the
waisted loops and those >105 A/m to the non-waisted
loops. An additional, and unavoidable, eomplication in the
magnetization process data is that the parameters depend
on more than one variable, whereas the Curie—point temper-
atures depend on only one — the composition. 0,8/0, and

Hc depend on composition and mierostructure and the de-
pendence is even more complex in an assemblage of (say)
two compositions, eaeh with its own mierostructure. O'S de-
pends on eomposition and also on eoncentration in a system
eontaining more than one phase.

Discussion

The course of alteration

The ehemical analysis (Table 1) shows that appreciable oxi—
dation of the TM60 (up to zN0.4) has taken place in water
in times up to 60 days at 100° C, and that the removal
of iron from the solid has eontributed to this process. In
addition to the ehemieal analysis, the thermomagnetie data
(Fig. 2) also provides evidence for the eompositional Chan-
ges proceeding during oxidation. The reaction rates com-
pare favourably with air-oxidation studies. To produee a
Z of 0.425 in a similar TM60 starting material, Özdemir &
O’Reilly (1981) record the following treatment: 1.5 h at
100° C, 20 h at 130° C, 12 h at 165° C. The much longer
times of the present experiments (N102—103 h) may be
largely explicable in terms of the lower alteration tempera-
ture. Assuming the reaction rate is proportional to exp(—
Q/kT), and taking Q:1eV, the reaction rate at 200° C
is about 103 greater than that at 100° C. To obtain higher
degrees of alteration in times of the order of tens of hours,
air—oxidation treatment temperatures rise to about 300° C,
where the same calculation suggests the reaction rate is
about 105 times greater than at 100° C.

The thermomagnetic analysis shows that at least two
phases are present in the oxidized material — one a‘ssociated
with T61, which rises with z from near the Curie point
of the starting material; and another with T62, which ap—
pears early in the alteration proeedure and subsequently
falls as z increases. The two Curie points may converge
at about 2:0.6 by extrapolation of the data of Fig. 2. The
resolution of the two phases, which are both almost eer—
tainly spinels, is not allowed by the quality of the X-ray
powder pietures of such finely divided material.

The composition of the alteration products

We propose the following scenario which is broadly consis-
tent with the observations.

During grinding a strained surface layer is formed which
is readily maghemitized; indeed, the extent of grinding-in—
duced oxidation is largely aecounted for by the oxidation
of the strained layer. At the beginning of maghemitization
at elevated temperature, the strained layer rapidly attains
maximum oxidation state. We assign Tc 1 to the largely un-
altered “core” and TC2 to the highly oxidized “skin”. The
persistence of TC1 and TC2 up to 2N0.5 implies that the
core and skin remain as distinct regions of the grains up
to this degree of oxidation; the Changing values of Tcl and
Tc 2 refleet the changing compositions of core and skin.
During air-indueed maghemitization of finely ground mate—
rial at higher temperatures, the higher diffusion rates within
the crystal presumably aecount for the absence of distinet
phases. The thermomagnetic analysis of sueh air—oxidized
materials shows only one Curie point, although it may be
less well defined than in large-grain unoxidized samples.

The Chemical composition of “core” (C) and “skin”
(S) are shown in Fig. 3. In the figure we have assumed
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Table 3 a. Saturation magnetization (O’s) and the magnetization process parameters 038/08 (ratio ofsaturation remanence
to saturation magnetization) and HC (coercive force) for oxidized TM60 (z is the degree of oxidation). Of the
two sea-water 2:0.2 specimens, the upper corresponds to the shorter oxidation time

De-ionized water Sea water

Z US Urs/as Hc Z US Urs/Us HC
(AmZ/kg_1) (><104 A/m‘l) (AmZ/kg_1) (x104 A/m”)

0.09 24 0.50 9.0 0.09 24 0.50 9.0
0.16 26 0.56 12.6 0.20 29 0.50 8.5
0.20 24 0.56 11.4 0.20 26 0.58 7.0
0.21 26 0.50 7.5 0.22 24 0.53 14.1
0.26 27 0.45 — 0.26 24 0.56 15.4
0.29 24 0.56 10.8 0.34 25 0.53 —
0.44 22 0.50 6.4 0.37 25 0.62 12.4

Tabelle 3b. Saturation magnetization (05) and the magnetization process parameters (Im/08 (ratio of saturation
remanence to saturation magnetization) and HC (coercive force) for oxidized TMO (Mapico Black). Of the two
2:0.42 de-ionized water-oxidized specimens, the upper corresponds to the shorter oxidation time

De-ionized water Sea water

Z US Urs/Us Hc Z US Urs/Us Hc
(AmZ/kg_1) (><104 A/m‘l) (AmZ/kg‘l) (><104 A/m'l)

0.33 80 0.28 2.59 0.33 80 0.28 2.59
0.42 78 0.26 1.1 0.36 82 0.15 1.14
0.42 79 0.15 1.16 0.39 88 0.16 1.19
0.45 80 0.17 0.97 0.42 82 0.17 1.28
0.48 77 0.16 1.26 0.46 — 0.18 1.5
0.51 77 0.18 1.38 0.49 81 0.18 1.56

0.55 78 0.16 1 13
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Fig. 3. Proposed evolution of the phases in the maghemitized TM60 Showing the gradual oxidation of the “core” phase (C), the
I‘eduction of the “skin” phase (S), the approximate location of the removed and oxidized iron (D) and the migration of the bulk
composition of the solids (B) and the maghemitized grains (B’). C, S and B’ converge at about 2:0.6 C having started at 2:0,
S at 2:1 and B’ at 2:0.1

oxidation by removal of iron. If the iron is contained as
F6203 in the solid phase together with the maghemitized
grains, then the presence of this material (D) can also be
indicated on the figure. This could possibly be an Fe3O4/y —
576203 highly oxidized phase as suggested by the analysis
Of the saturation magnetization data (next section). The
bulk composition of the solid phase lies at B and the bulk

composition of maghemitized grains at B’. As oxidation
proceeds, the location of the core moves to the right (Tc1
rises) whereas that of the skin moves to the left (TC2 falls).
The bulk compositions B and B’ move to the right. The
quantity of D increases. When z reaches about 0.6, the
compositions at C and S will have converged on B’. The
Chemical analysis of Table 1 yields the composition of B.
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For simplicity we shall ignore the small difference in the
z values of B and B’ so that if zc is the composition of
the core, 25 the eomposition of the skin and the skin ac-
counts for an average fraction f of the grains, then (the
bulk) z:(1—f) zc+fzs. As Tc1 and Tc2 can be taken to
vary linearly with the bulk composition (Fig. 2), we also
suppose their associated compositions can similarly be
taken to change in a linear manner. Assigning an initial
value of 222i which corresponds to the initial rapid oxida—
tion of the strained layer, and taking 26:0 and 23:1 at
zi‚ then 2€:a(Z—Zl-) and 25:1—b(Z-Zi), where a and b
are constants. Substituting for zc and 25 in the expression
for the bulk composition yields f: {z—a(2—z‚)}/{l—(a+
b) (Z—Zi)}. Determination of numerical values for a, b and
zi will reveal the variation in concentration of the core and
skin as maghemitization progresses.

A value 21.20.1 is indicated from Table 1 (and is typical
of the post—ground state of titanomagnetite of previously
published studies). This implies that the strained layer occu—
pies a fraction 0.1 of the grains. Taking 4225:2 at 2:0.6
(Fig. 2), then a:1.2 and 1920.8. These values give f: 0.1,
independent of z. The strained surface layer therefore ap-
pears to be a dominant factor in these low—temperature
experiments, persisting throughout the oxidation process
and dictating what the coexisting eompositions and concen-
trations of the consequent two phases will be for a given
bulk composition. When the skin oontains a higher concen-
tration of Fe3+ and 1:1 and a lower coneentration of Fe“
than the core, the resultant diffusion across the boundary
ean be represented by (2/3 Fe3 + + 1/3 Ü) entering the core
for each Fe2+ leaving. There is a net loss of iron from
the core, and the increased Fe3+ coneentration results in
the rise in Tel. The increased Fe2+ concentration in the
skin leads to the fall in T62. The core oxidizes and the
skin reduces, while the grain as a whole oxidizes. The rate
of oxidation of the whole grain will be controlled by the
concentration of Fe2+ near the surface in the skin, so the
whole grain cannot oxidize faster than the core (the source
of Fe“).

The magnetic properties oft/1e oxidized material

Having arrived at a model for the eomposition and concen-
tration of coexisting skin and core, this model can, in princi-
ple, be tested against the measured saturation magnetiza-
tion values. The room-temperature values of the saturation
magnetization of single-phase titanomaghemites (x:0.6)
prepared by air oxidation can be represented by as(z):
23(1—O.632) AmZ/kg (Özdemir and O’Reilly, 1983). For
the present two—phase material as(z) zf as (zs)+(1 —
j) os(zc). Substitution of numerical values for f, 2,-, a and
b gives a as(z) for the combined core and skin numerically
the same as the single-phase material. Thus, as(z) should
fall by about 30% when z reaches about 0.5.

The weighed specimen used to find the 05 of Table 3a
also includes the non-titanomaghemite phases. Taking 1 kg
mol of Fe3_xTixO4 to release (2’/3) (1 +x) Fe which in turn
oxidizes to Fe203 and which is included with the weighed
sample of solid phase, we find that 1 kg of solid derived
by oxidation of TM60 contains (1—0.13z’)/(1+0.06z’) kg
of maghemitized TM60 and 0.192’/(1+0.06Z’) kg of
Fe203. Thus, for Z’N0.5 the measured 05 for the mixed
phases would be reduced by a factor of about 0.9 of the
maghemitized TM60 alone (assuming negligible magnetiza-

tion of the Fe203), i.e. to about 55% of the starting TM60.
This is clearly not borne out by the data of Table 3a.

A simple explanation of the disagreement is that the
test is invalid beeause the cation distributions in water-
oxidized TM60 are different to those in air-oxidized TM60.
This is certainly the case in the model 0 K spontaneous
magnetizations calculated by O’Reilly (1983). However, no
room—temperature experimental 05 values exist for single—
phase water-oxidized material. A further means of resolving
the problem and preserving the model for the two-phase
grains is to suppose that the Fe203 is a magnetic material
precipitated from the solution (like the Mapico Black). Per-
haps this is detectable in the most highly oxidized samples
(Fig. 1). Assigning a saturation magnetization of 80 Amz/
kg to this phase, we arrive at as(z): (23—22+ 1.89 22)/(1 +
0.062) Amz/kg for the mixed phases. Thus, for 2:0.5 the
moment will have fallen from 23 to 22 Amz/kg — less than
the scatter in the data.

The O'rs/O’S values suggest monodomain behaviour
throughout for the TM60—derived suite. When several
phases are present, the resultant coereive force depends on
the relative conoentrations of the phases in addition to the
oomposition and grain size of the individual phases.

The Mapico Black, not necessarily having the strained
layer of the ground TM60, may be more uniformly altered.
The conversion of the removed iron to magnetic oxide
phase would also be consistent with the negligible change
in 05. The fall in magnetic hardness of Mapico Black follow—
ing heat treatment is a commonly observed, but as yet unex—
plained, phenomenon (Dunlop, personal communication).

Thermomagnetic behaviour

The characteristic thermomagnetic signatures of inversion
of titanomaghemite, either synthetic or in submarine ba-
salts, are absent from the present data. There is no rise
in magnetization above about 350° C during the heating
run, with a fall towards about 600° C followed by a greatly
enhaneed magnetization observed in the cooling run. The
different behaviour observed in the present investigation may
be due to the samples being different to air-oxidized materi-
al, or due to the different procedure adopted in the present
runs (a 2-h “ soak” at 700° C). The lower non—stoichiometry
of the core may discourage inversion; the stability of the
core may be transferred to the more non-stoichiometric
skin. Inversion may take place at higher temperatures than
expected. The Curie point on the cooling run (c) seems
independent of the degree of oxidation and approximates
Closely to the starting TM60. It is tempting to suggest that
the material has re—equilibrated to TM60 plus possibly non-
magnetic phases after 2 h at 700° C in the evacuated cap—
sule. Further experiments are needed.

Conclusions

Resulls

i) Titanomagnetite readily oxidizes in water, the reaction
rates being comparable to air—oxidation experiments on
similar materials.
ii) Oxidation proeeeds, at least in part, by the removal of
iron; there is no evidence for titanium removal.

iii) The oxidation produot contains more than one magnetic
phase.



Interpretation

i) During pre-alteration grinding a strained surface layer
is formed, constituting about 10% by volume of the grains.
This layer persists during oxidation at low enough tempera-
tures and results in the formation of two zones of different
degree of oxidation — an initially highly oxidized “skin”
and a near-stoichiometric “core”.
ii) During oxidation the relative volumes of skin and core
remain constant, but the compositions change as the whole
grain gradually oxidizes; the core oxidizes and the skin re-
duces.
iii) Iron removed during oxidation is in turn oxidized by
addition of oxygen and accumulates as a magnetic spinel
phase with the maghemitized material. Thus, the saturation
magnetization of the solid phases does not change signifi-
cantly during oxidation and a third (high) Curie point be-
comes detectable in the more highly oxidized samples.
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Abstract. Upper Carboniferous and Permian volcanites
from Sudetes were sampled in 11 localities (mean site coor-
dinates: 50.8°N, 16,3°E). Thermal demagnetizations of the
samples showed several magnetic components. But in one
site, all high-temperature components are reversed. The in-
terpretation of the results ShOWS a first, primary magnetiza-
tion acquired probably in the Upper Carboniferous before
tilting (N: 8, D: 192°, I: —2°, k: 27, 0(95 -—- 11°, pole:
39°N, 181°E) and a remagnetization acquired later, during
or after tilting (N: 5, D: 190°, I: — 19°, k: 18, 0(95 = 18°,
pole: 48°N, 181°E).

Key words: Paleomagnetism — Carboniferous — Permian —
Sudetes — Poland — Remagnetization

Introduction

As time goes on, it is more and more evident that Carboni-
ferous and older rocks are remagnetized and contain several
magnetic components (Kim and Soffel, 1982; Perroud
et al., 1984; Edel and Coulon, 1984; Tarling, 1985; Courtil-
lot et al., 1986; Edel, 1987). Thus, many results, obtained
several years ago, need to be reworked. In the scope of
unravelling the deformation of the Hercynian fold belt we
have resampled the Upper Carboniferous rocks from Su—
detes. These were originally studied by Birkenmajer et al.
(1968), but they used AC demagnetization only in a limited
way and did not look for different magnetic components.

Geology

The Inner Sudetic Depression is an elongated syncline of
north-west—southeast direction. It is a variscan structure ae—
Centuated by bordering faults reactivated in younger geo-
logieal times. Since the Visean, the Depression was an area
of deposition of mainly detritic and fresh-water sediments
throughout the Upper Carboniferous to Permian and into
Lower Triassic times.

The Inner Sudetic basin was initiated as a result of late
Bretonic movements, but the main earth movements were
the Erzgebirgian and Asturian phases. Repeated move—
ments occurred from Westphalian B through Stephanian.
Further distinotive movements during the Lower Permian
are assigned to the Saalian phase.

Offprint requests [0: M. Westphal

The more important stages in the tectonic history of
the basin were accompanied by volcanic activity. The earli—
est one (Tournaisian-Visean) was not very marked and was
not sampled. The main volcanic phases accompanied the
Asturian movement and the final Saalian phase.

We sampled mainly in the Late Carboniferous mag-
matic formations (Fig. 1). These are mainly felsite porphyr-
itic effusives (sites 1, 2, 4, 5, 8, 9, 10, 19) and sometimes
intrusive necks and laccoliths (6, 7, 13). All the outcrops
are not equally well dated, but the eruptives usually overlay
or cut Westphalian B sediments dated by maerofloras in
nearby coal mines (2, 4, 5, 13) or eut Namurian A levels
(19). They are overlain by Westphalian C or D (8) or by
Lower Permian redbeds (2, 4, 5). The other outcrops are
dated by similarity with the former (1, 6, 7, 9, 10). The
Permian volcanics are melaphyre sills and we sampled them
only in one locality (Gluszyca, sites 11 and 12). The folding
was usually not very important. It gave the sampled locali-
ties a general south-west dip of about 40°. For each locality
the mean magnetic directions were corrected acoording to
the local bedding plane, assuming that the fold axis was
horizontal.

Sampling and measurements

The sampling and the measurements were always doubled
by the Polish and French teams. One set of samples was
taken as hand samples and another set by a portable drill.
In both cases the samples were oriented with a magnetic
compass and often with a sun compass. The samples were
spread as widely as possible in order to cover the whole
outcrop. About 110 separately orientated samples were
taken in ten localities. The samples were cut into 25-rnrn-
diameter, 22-mm—height specimens.

The measurements were done in Strasbourg with a Di-
gico spinner magnetometer and in Warsaw with a Jelinek
JR4. AC and thermal demagnetization were done in coil
or screen—compensated free—field spaces in both laborato-
ries. The demagnetization paths were analysed with Zijder—
Veld plots. The different magnetic components were deter—
mined by least-square methods either on intervals Chosen
by eye or by automatic determinations (Kirschvink, 1980).
Some demagnetizations were Checked with the Kent et al.
(1983) LINEFIND program. Several specimens from the
same hand samples were measured and demagnetized in
Warsaw and in Strasbourg in order to cross—check methods.
The results are always very similar.
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Rock magnetism

Together with the Classical thermal demagnetization, a con-
tinuous thermal demagnetization of a saturated isothermal
remanent magnetization was done on selected samples
(Fig. 2). They show mostly a single haematite (curve c) or
magnetite (curve b) blocking temperature and sometimes
a first phase with a lower blocking temperature (curve a).
During the thermal demagnetization of the NRM, the low-
field susceptibility was measured after each step. This shows
two different behaviours (Fig. 3). For some samples the
susceptibility decreased sharply between 300° and 400° C,
Showing an irreversible transformation (Fig. 3a). This is
espeeially the case for Stary Lesieniec, where three magnetic
components coexist. For other samples the susceptibility
was stable up t0 500° C, where it increased sharply
(Fig. 3b).

A A
k/ ko k / ko

1- 1-

a b

Fig. 3a and b. Susceptibility variations
after each heating step of samples. a

g I I r I ‚ l : ‚ . I ‚ ‚ a Stary Lesieniec; b Czarny Bor
'300° 600° T 300° 600° T
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Fig. 4. Thermal demagnetization of a sample of Stary Lesieniec (site 1). Open dols: horizontal plane; black dots: north-south vertical
plane. An enlargement of the central part of the figure is shown in the mida’le. At the bottom is plotted the variation of total intensity
with temperature. Note the three different components. Scale in 10— 3 A/m

Fig. 5. Stereogram of all the magnetic components found in the samples of Stary Lesieniec. Nearly vertical directions: soft component,
destroyed at 200°—250° C; northerly flat directions: components destroyed between 250° and 550° C; southerly directions with positive
inclination: components destroyed above 590° C

Fig. 6. Thermal demagnetization of a sample of Czarny Bor (site 4) with almost a single magnetization

Fig. 7. Thermal demagnetization of a sample from Kamiensk (site 13). It ShOWS two magnetic components (100°—575° C), (575°—690° C).
The bends of the 100°—575° C part of the curve may ShOW that a part of the higher-temperature component is already demagnetized
at lower temperatures
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Table 1. C .° component identification number; Ns: number of specimens where this component was found; Dg, Ig: declination and
inclination of mean before tectonic eorreetion; Ds, Is: mean direction after tectonic correetion; k, 0(95: Fisher precision parameter;
Tb: blocking temperature; I'd: identification in text. Numbers in brackets below the locality name: strike and dip of the bedding
plane (left—hand conventions)

Site name and number C NS Dg(°) Ig(°) Ds(°) Is(°) k a95(°) Tb(°) id

Stary Lesieniec (1) 1 28 191 29 201 2 156 2 675 SL 1
(160/44) 2 22 353 0 349 9 21 715 356 —— 5 355 7 67 5 550 SL 2

3 29 359 78 267 49 20 6 300 SL 3
Gorce (2) 1 20 200 38 213 8 32 6 675 GO 1
(160/40) 2 7 151 87 245 50 33 11 500 GO 2
Czarny Bor (4,5) 1 28 201 12 202 — 6 214 2 580 CZ 1
(160/27)
Boguszov (6) 1 21 188 — 2 177 —33 111 3 575 BO 1
(140/45) 2 4 339 35 304 36 20 21 250 BO 2
Boguszov Gorce (7) 1 12 175 — 13 162 —48 36 7 575 BG 1
(110/40) 2 9 164 88 198 48 9 17 300 BG 2
Barbarka (8) 1 20 193 —29 190 —40 37 5 670 BA 1
(120/12)
Niedwiadki (9) 1 20 184 11 182 — 5 71 4 570—630 UN 1
upper part 2 7 190 — 14 203 — 19 128 5 680 UN 2
(24/42) 3 5 355 25 20 38 49 11 250 UN 3
Niedwiadki (10) 1 7 184 25 173 6 98 6 585 LN 1
lower part
(24/42)
Kamiensk (13) 1 12 189 8 189 — 7 49 6 580—630 KA 1
(90/15) 2 6 208 —39 217 —52 101 7 680 KA 2

3 11 5 50 7 65 66 6 250 KA 3
Rusinowa (19) 1 6 182 37 202 — 4 20 15 670 RU 1
(160/70) 2 10 192 82 243 16 11 14 630 RU 2
Gluszyea (11, 12) 1 14 108 — 12 112 29 50 4 590 GL 1
(172/46) 2 6 240 60 251 15 124 6 590 GL 2

3 4 31 84 268 47 49 13 300 GL 3

Paleomagnetic results

The magnetization intensity varies between 10‘3 A/m and
1 A/m, the median magnetization is 10‘2 A/m and the sus-
Ceptibility varies between 3 >< 10“5 and 2 x 10‘2 SI. Ther-
mal demagnetization showed one, two or three different
magnetie components (Figs. 4—7): usually a soft component
destroyed at about 300° C, a harder magnetization des-
troyed at 580° C and a still harder one demagnetized only
at about 670° or 690° C. These three magnetizations are
well seen in Stary Lesieniee (Figs. 4 and 5).

Table 1 gives the different magnetic components before
and after teetonic eorrection with their average unbloeking
temperature. This Table shows several groups of directions.
— First: directions with a southerly declination and a shal-
low positive or negative inelination always characterized
by high unblocking temperature magnetizations.
— Second: directions with a northerly declination and a
shallow inclination (only in Stary Lesieniec). This is also
a high unbloeking temperature eomponent.
_ Third: directions with very steep inelinations corre-
sponding to low unbloeking temperature components, ex-
äcept in one case (Rusinowa), and a few other low-tempera-
ture components with shallower inelinations.

The low—temperature components

Two normal directions with rather shallow inelinations
(B02 and UN3) are found. They may be Mesozoie remagne-
tizations. We have also one site with a slightly steeper ineli-
nation (KA3: D : 5°, I: 50°) which may be a reeent magne—
tization.

The five remaining sites have a mean direction D:9S°,
I: 89°, N: 5, k : 82, 0c: 8° before tectonic correction. After
tectonic correction, the k value drops to 6.8. This direction
is very Clear and well defined. The fold test shows that
it is Clearly a post-tectonic one (Table 2). It does not look
like a present field direction, neither a Mesozoic or Early
Cenozoic one. We are unable to interpret it Clearly now.

The high—temperature components

In three sites, two high—temperature components coexist in
the same samples (Figs. 4 and 7). One with a 580°—630° C
unblocking temperature and another one with a still higher
unblocking temperature. This is the case of Stary Lesieniec,
Niedwiadki and Kamiensk. In Stary Lesieniec, the presence
of both normal and reversed components shows Clearly that
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Table 2. Means

N D(°) 1(°) k 0695(°) °N °E

Low-temperature components

SL 3, GO 2, BG 2, RU 2, GL 3
before T.C. 5 95 89 82 8 51 19
after T.C. 5 — — 7 —

BO 2, UN 3, KA 3
before T.C. 3 352 37 25 25 59 211
after T.C. 3 — — 6 —

High-temperature components
SL 1, GO 1, CZ 1, UN 1, LN 1,
KA 1, RU 1 and SL 2 (reversed)

before T.C. 8 189 21 25 11
after T.C. 8 192 — 2 27 11 39 181

BO 1, BG 1, BA 1, UN 2, KA2
before T.C. 5 190 — 19 18 18 48 181
after T.C. 5 191 —44 16 19

All
before T.C. 13 184 6 9.8 13.2
after T.C. 13 191 —16 10.3 12.9
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component 2 by the site number with an’. Component SL2 (1’) is shown reversed. a all components before bedding corrections; b
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some remagnetization process occurred after the formation
of the rock.

Figure 8a shows all these directions before teetonic cor-
rections and a clear trend of directions between positive
and negative inelinations. After tectonic correetions the
scatter is more random (Fig. 8b) but the overall scatter
remains large: k is about 10 in both eases (Table 2).

The problem now is to separate older primary magneti-
zations from the younger secondary ones and to decide
which should be corrected for tilting and which do not
need to be corrected. The magnetizations carried by haema-
tite (unblocking temperature of 680° C) are not necessarily
the oldest.

We may have some indications of the inclinations before
and after tectonic corrections. The general trend of polar
wander paths in Europe (Irving and Irving, 1982; Edel,
1987) corresponds to a shift in inclinations from positive
to negative (with southerly declinations, i.e. a reversed field)
from Carboniferous to Jurassic through Permian and
Triassie (Fig. 9). The effect of tectonie corrections is unfor-
tunately in the same direction: it shifts these directions from
positive towards negative inelinations. The older pre-tec—
tonic directions must have very shallow inclinations, after
tectonic corrections, sometimes positive. The younger,
probably post teetonic ones must have negative inclinations
before tectonic corrections.
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Fig. 9. Top: pole position for the 330—210 Ma period (after Irving
and Irving, 1982). S1 and 82 are the two poles from Sudetes (Ta-
ble 2). Triangles represent poles obtained on dated volcanics and
plutonies from Black-Forest and Central Massif (Edel, 1987) and
T the Thuringian pole from Maures (Merabet and Daly, 1986).
Boltom: the same data are shown with the corresponding declina—
tion (horizontal) and inclination (vertical) recalculated for the Su-
detes with averaged confidence intervals

We shall sort the components into two groups: those
which can clearly be pre-tectonic and those which are
Clearly post tectonic. In the first group can be entered SL1,
GOI, LNl, RUl (1, 2, 10, 19). In the second group we
include directions BGl, BAl, KA2 (7, 8, 13’). Then, CZl,
UNl and KA1 (4, 9, 13) are most certainly also pre-tec-
tonic; if this were not the case we should have a positive
inclination for post—tectonic components. In the same man-
ner B01 and UN2 (6, 9’) are most probably also post tec-

tonic.
The problem remains with the second component of

Stary Lesieniec. It is a normal component while other com-
ponents are all reversed. It has a shallow positive inclination
when reversed before tectonic correction and negative after
tectonic correction.

Figure 5 shows the three magnetic components found
in Stary Lesieniec. The second component, with a northerly
declination and a shallow inclination, shows a first group
with shallow negative inclinations and a few scattered direc-
tions with higher positive inclinations. Two mean directions
were calculated in Table 1 : the first with all the specimens
and the second with only the specimens with negative or
very shallow positive inclination assuming that the direc-
tions with higher inclinations are either younger ones or
badly separated from the first low-temperature component
which has a high positive inclination. We have Chosen to
keep this second mean direction.
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Until now when a locality had two high—temperature
components o'ne was considered as pre-tectonic and the
other one as post tectonic (upper Niedwiadki, Kamiensk).
With the Stary Lesieniec site, the two high-temperature
components look as if they were both pre-tectonic. This
will mean that there was a remagnetization before folding
and a much younger one after folding. But we can also
suppose that the folding phase provided the fluids and tem-
perature necessary to remagnetize, partly or completely,
these rocks. Thus for some sites the remagnetization process
might have taken place early, and a tectonic correction
should be done, completely or partly (for instance SL2);
for other sites the remagnetization process might have taken
place later, and the tectonic correction should not be done
(UN2, KA2). The corresponding interpretation is shown
in Fig. 8C.

The components B01 and BG1 are thought to be re—
magnetizations. But, the corresponding formation is a lac-
colith which may be intruded between already tilted stratas.
It is then younger than the folding phase and its magnetiza—
tion may be primary. But in this case the volcanism should
be almost of the same age as the folding. We would have
in a short interval of time: magnetism, folding, remagneti-
zation and a reversal of the field. We cannot exclude this
possibility.

The effect of tectonic correction does not show signifi—
cant increase or decrease of k values. This is largely due
to very similar tilting. Unfortunately, we could not find
sites with different bedding orientations.

The presence of a normal direction can help us to give
a more preeise age for the remagnetization. In Late Carbon-
iferous and during almost all the Permian, the magnetic
field was reversed. It is the well-known Kiaman interval.
Normal directions are very searce. There are the Illawara
reversals in late Permian, the Paterson reversals in Westpha-
lian-Stephanian and perhaps a single normal event at the
Carboniferous—Permian boundary (McElhinny, 1973).
These two last possibilities are the most probable ages for
this remagnetization.

Gluszyca

The formation sampled in Gluszyca is of Lower Permian
age. The quarry shows two large melaphyre sills, separated
by some siltstones. The two sills gave two different Charac-
teristic high-temperature components which are 140° C
apart: component GLl for the higher one and GL2 for
the lower one. Both are very different in declination and
inclination with classical Permian directions. We think that
it is a local problem here, probably of tectonic origin, that
we cannot solve for the moment with the data already avail-
able.

Comparison with other poles

The poles of the characteristic directions are given in Ta-
ble 2. The mean direction of the high-temperature compo-
nents are close to the results obtained previously by Birken—
majer et a1. (1968), but they did not separate the different
components and did not find the normal component present
in Stary Lesieniec, for instance, although they had sampled
this quarry.

The overall magnetic poles calculated for Europe by
Irving and Irving (1982) for the 250—330 Ma time range
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lie between 44°N, 163°E and 35°N, 159°E. The eorrespond-
ing magnetic directions recalculated for the Sudetes range
between D2200° and 210° and I: — 18° and 0° (Fig. 9).

The inclinations obtained in this study are similar to
Upper Carboniferous and Permian inclinations calculated
from the Irving and Irving (1982) polar wander curve for
Eurasia. The deelinations are slightly different, shifted by
about 10°. This is below confidence intervals.

Comparison of the mean poles with dated results from
other massifs in Western Europe, for instance the Black
Forest, shows that the pole corresponding to the first mag-
matic phase (39°N, 181°E) lies closer to the pole dated
at 287 Ma (Carboniferous-Permian boundary) than to the
Westphalian poles (300 Ma) (Lippolt et al., 1983; Edel,
1987). Thus, the normal event found in Stary Lesieniec may
be the one which seems to be at the Carboniferous—Permian
boundary, and the volcanism is then of about the same
age. The second high-temperature component is then of
Permian age. Unfortunately, the eonfidence intervals are
too large and direct dating is difficult.
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Audiomagnetotelluric sounding using
the Schumann resonances

A. Tzanis* and D. Beamish
British Geological Survey, Murchison House, West Mains Road, Edinburgh EH9 3LA, United Kingdom

Abstract. The Schumann resonance waveforms in the lower
ELF band (5—100 Hz) are produced within the Earth-ion—
osphere cavity by distant lightning diseharges; they provide
a useful source field for shallow audiomagnetotelluric
(AMT) crustal sounding. In this study we investigate their
waveform characteristics that are important t0 the assump-
tions of AMT sounding. A time-domain polarization analy-
sis technique is applied t0 a variety of examples of Schu-
mann resonance waveforms. The multiplicity of worldwide
thunderstorm centres provides a background activity which
is generally incoherent and, accordingly, displays incoher-
ent polarization characteristics. Superimposed on the back-
ground are larger-amplitude transient events (sferics) from
individual thunderstorm centres; they represent the re-
sponse of the Earth-ionosphere cavity t0 very large lightn-
ing discharges and are generally linearly polarized at a given
azimuth. The analysis indicates that the Sehuman resonance
waveforms provide a plane—wave source field, as required
for electromagnetic crustal sounding. The differenees in the“ received” characteristics between the two waveform types
prompted an investigation of the extent t0 which the wave-
form type and its particular polarization characteristics in—
fluence the determination of a geoelectric sounding curve.
A detailed study, carried out with a multivariate maximum
entropy spectral analysis algorithm, indicates that the two
types of Schumann resonance waveform provide repeatable
and consistent results at the 95% confidence level and that
the linear polarizations associated with the sferics d0 not
infiuence the estimation of the Earth response.
Key words: Electromagnetic induction — Audiomagnetotel-
lurie — Schumann resonances — Polarization analysis — Au-
toregressive spectral estimation

Introduction

Audiomagnetotelluric (AMT) crustal sounding is an exten-
sion of the lower frequency (f< 1 Hz) magnetotelluric (MT)
method to higher frequencies. The basic requirement for
'both methods of geoelectric sounding is a time-varying elec-
tromagnetic source field. Such an external field provides
the energy source for electromagnetic induction in the con-
dueting Earth. The time variations are recorded as two
uomponents of the induced electric field (Ex, Ey) and the

j"Öl/ffprim requests t0: D. Beamish

combined inducing and induced magnetic field (Hx, Hy)
at a particular location. Linear relationships between the
field components, calculated as a funetion of frequency,
enable a geoelectric sounding curve t0 be obtained and in—
terpreted. High-frequency source fields enable relatively
shallow crustal targets t0 be explored. If the instrumental
bandwidth extends t0 100 Hz, skin depths would range
from 158 m t0 16 km in uniform crustal rocks with resistivi-
ties from 10 t0 105 ohm'm, respectively.

The transition frequency from MT t0 AMT sounding
is not arbitrary (Keller, 1971). A frequency of several hertz
is associated with a distinct minimum in the Earth’s natural
electromagnetic source spectrum (Watt, 1967). At frequen-
Cies 0ff<1 Hz the source fields are primarily of magneto—
spheric and ionospheric origin, i.e. associated with pertur-
bations of the main geomagnetic field. The geomagnetic
energy spectrum for f<1 Hz, observed in active regions
of the magnetosphere, displays an approximately f‘2 t0
f‘3 dependence (Russell et al., 1970). This spectral decay,
combined with the low energy transmission coefficient of
the ionosphere at such frequencies (Abbas, 1968), suggests
that only a few rare magnetospheric disturbance fields will
contribute significant amounts of energy at frequencies
greater than a few hertz. The natural noise spectrum in
the 5 Hz—25 kHz range is primarily due t0 electromagnetic
perturbations generated by lightning diseharges (ELF sfer-
ics). Such sources may contain a wide spectrum of frequen-
cies. However, for distant (i.e. worldwide) sources, the ener-
gy undergoes multiple reflection in the Earth-ionosphere
waveguide giving rise t0 frequency-dependent attenuation.
In the lower audio band (i.e. f<2 kHz) the energy propa-
gates as a transverse magnetic mode in which the electric
field is largely radial. The largest energy components in
this lower audio band are the Schumann resonance modes.
The first five of these modes have typical frequencies of
7.8, 14.1, 20.3, 26.3 and 32.5 Hz (Madden and Thomson,
1965). The present study considers some aspects of sferic
source fields, in particular the Schumann resonance modes,
and their utilisation in AMT crustal sounding.

Although AMT instrumentation may use the natural
spectrum up t0 10 kHz (Strangway et al., 1973), we confine
our attention t0 the low-order Schumann resonance modes
U<100 Hz). Telluric and magnetotelluric prospecting
methods, using the fundamental mode V: 7.8 Hz), have
been described by Slankis et al. (1972). The analysis of the
Characteristics of audio Signals described by Telford (1977)
was undertaken using time-averaged measurements of the
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induced electric field. This would appear to be the least
effective way to determine the source characteristics of sig—
nals propagating in a transverse magnetic mode. Although
AMT tensor measurements are now increasingly common,
descriptions of source (and noise) characteristics are usually
restricted to the spectral content of the waveforms (Hoover
et al., 1978; Labson et al., 1985). In order to provide a
more detailed description of typical source characteristics,
we investigate here a useful method for the polarization
analysis of sferic waveforms.

Common assumptions in both the MT and AMT meth-
ods are that the source field approximates an incident plane
wave and that no current sources exist within the region
through which electromagnetic induction takes place. It is
quite possible for both of these assumptions to break down
when we attempt to use sferic sources in the lower audio
band (5 Hz—2 kHz). The plane-wave assumption is not ap-
propriate for energy sources which derive from local and
regional thunderstorm activity (examples are provided in
Keller and Frischknecht, 1966). The power distribution grid
and its users are capable of providing both narrow-band
and broad-band current sources which invalidate the sec—
ond assumption. The present study avoids the second com-
plication by using “clean” Schumann resonance waveforms
(Beamish and Tzanis, 1986). The first assumption is exam-
ined by considering the general characteristics of sferic
sources across the Schumann bandwidth. A polarization
analysis of the magnetic field components of Schumann
resonance waveforms is then described and their ability to
provide repeatable geoelectric sounding curves is then inves-
tigated.

General characteristics of sferic sources

In the ELF band, electromagnetic energy is largely pro—
duced by radiation from vertical lightning discharges. De—
scriptions of the processes involved can be found in Uman
(1969). For a particular model of the discharge (e.g. single
or return strokes), the discharge will be characterized by
its current moment (time domain) or equivalently by its
source spectrum (frequency domain). The electric field ener-
gy generated comprises electrostatic, inductive and radia-
tion components which decay with distance (D) as 1/D3,
1 /D2 and 1 /D, respectively. The electrostatic term represents
the dominant component up to distances of about 20 km,
while the radiation term predominates at distances in excess
of 100 km (Bliokh et al., 1980). In order to observe the
Schumann resonances, we require that the source-receiver
separation be large (e.g. >1000 km) and that the source
provides forced oscillations within the Earth-ionosphere
cavity. Under these circumstances, the received spectrum
will be the product of the source spectrum and the wave-
guide transmission function.

The three main equatorial thunderstorm centres in Cen—
tral/South America, Central Africa and S.E. Asia (Keller
and Frischknecht, 1966) provide a nearly uniform source
of ELF noise in that there exists a high probability that
a thunderstorm is in progress somewhere on the globe. The
presence of such recurring centres of activity suggests that
mid- and high-latitude locations maintain a high probabili-
ty of being in the far-field (D> 10000 km) region with re-
spect to the main source locations. In addition to this spatial
distribution, thunderstorm activity can also be character-
ized by a time dependence. The broad feature of late after-

P(arbitrary

units)

Fig. l. Lightning activity of the global thunderstorm centres as
a function of universal time. (1) African centre, (2) Asiatic and
(3) American. After Bliokh et al. (1980)

noon maximum (20:00 U.T.) and a night-time minimum
(04:00 U.T.) in ELF noise may be further developed by
including the time-dependent contributions from the three
main thunderstorm centres. The activity of these centres,
as a function of universal time, is reproduced from Bliokh
et al. (1980) in Fig. 1. In this statistical model, ELF energy
would be received from each of the three centres during
the course of the day.

According to Bliokh et al. (1980), it is common to distin-
guish two main components of the noise in the lower audio
band. The first component is the continuous background
level due to the global sum of all (incoherent) sources. The
spectral variance of such noise is remarkably stable and
remains almost constant over time intervals of the order
of 1—2 h; it gives rise to the diurnal pattern noted above.
The second main component is an ELF transient event
which is the response of the cavity to a single, very powerful
lightning discharge. The amplitude of such events can ex-
ceed the background level by a substantial factor (e. g. > 10)
and their duration is typically a few cycles. Such events
may be coherent over most, if not all, of the Earth. It
is these two main components that we will consider in the
present study.

The structure of the ELF spectrum (i.e. the relative am—
plitude and the position of spectral peaks) is strongly depen-
dent on the range from source to receiver. With simplifying
assumptions concerning the source spectrum, the range of
a lightning discharge is determined by comparing the re-
corded spectrum with spectra calculated for different ranges
(Jones and Kemp, 1970). To locate a lightning discharge
it is then sufficient to obtain the angle of arrival (or bearing)
of the wave from the two horizontal magnetic components
(Kemp, 1971). If the source spectrum is not simple (i.e.
it may comprise multiple return discharges), the received
spectrum will be highly structured and the above procedure
is difficult to apply. This particular problem can be over-
come by using the spectrum of the wave impedance (E‚/H9),
if all three electromagnetic components are measured
(Kemp and Jones, 1971; Ingmann et al., 1985). We note
that if measurements of the radial electric field (Er) were
routinely included in the AMT instrumentation, the exclu—
sion of local or regional sources would, in theory at least,
be possible. If E, is not observed, the simplest source char—
acteristic to investigate is the bearing of the wave by a



polarization analysis of the two horizontal magnetic com-
ponents.

Polarization analysis of Schumann waveforms

Some of the data used in the present analysis were used
in the spectral study of Beamish and Tzanis (1986). The
instrumental conditioning and collection scheme provides
four decades of data from 100 to 0.01 Hz. Decade 1 is sam-
pled at 400 Hz and resampled at 200 Hz, providing a data
bandwidth from 100 to 10 Hz. This deeade attenuates the
fundamental (7.5 Hz) Schumann resonance mode but pro—
vides data for studies of the higher-order modes. It is data
from this decade that are used in the present study. The
data were colleeted in western Anatolia (Turkey), geograph-
ic coordinates 40.5o N, 30° E. The spectral content of typi—
cal decade-l data has been described by Beamish and Tzan-
is (1986).

A large number of individual data windows were eollect-
ed at a number of sites. We present detailed examples of
waveform characteristics on two separate days, at two sepa—
rate locations. The three examples from the first day (8 June
1984, between 10:40 and 11:00 L.T.) have relatively uni-
form variance and can be considered representative of the
ELF background field. They are referred to as events B1,
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B2 and B3. The three examples from the second day
(27 July 1984, between 10:37 and 10:50 L.T.) are impulsive
waveforms having peak-to-peak amplitudes of between >< 5
and x 15 that of the background level and are considered
representative of typical ELF events. They are referred to
as events Il , I2 and I3. The waveforms recorded can display
a high degree of amplitude/frequency variance as typified
in the four equivalent sonograms of Fig. 2. This figure
Sl’lOWS the spectral content of successive data windows in
the N—S horizontal magnetie field of decade-l data. In gen-
eral, the Schumann resonance waveforms comprise
“events” superimposed on a background. In order to ex-
tract realistic polarization parameters for the waveforms
considered, it has been neeessary to investigate time-local
polarization analysis techniques.

In the present study we adopt a technique, proposed
by Kodera et al. (1977) and first described by Gabor (1946),
which permits the derivation of the polarization parameters
in the time domain in the form of instantaneous values.
This procedure has the advantage of tracing any variation
in the state of polarization of individual waveforms encoun—
tered within a particular data window. The technique ex-
tends the formalism obeyed by a complex Signal c:x+iy,
associated with any two orthogonal components x and y,
to a two-component representation. Kodera et al. (1977)
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Fig. 2. High-resolution sonogram of the N—S (Hx) magnetic component. Four perspective view of the same sonogram. Data collected
on 8 June 1984. Power density values in (nT)2 Hz’1 x 1076. Decade-l data, 10—100 Hz. Maximum entropy power spectra. Filter length
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demonstrate that it is possible to decompose the complex
signal in terms of circular components rotating in opposite
directions. At any given frequencyfo, we may write:

C0: f0) Z C(W0) exp (i W0 l),

which represents a Circular harmonic in the complex plane,
rotating in a sense which depends on the sign of wo. Positive
(+) frequencies correspond to circular components rotating
in the counterclockwise direction and negative (——) frequen-
Cies to components rotating in the clockwise sense. The
power spectrum of the complex signal is related to the inten-
sity of the circular components and the spectral asymmetry
to the polarization of the real signals. The authors detail
how the two complex circular decomposites of the complex
signal can be written in terms of the equivalent real decom—
posites of the two orthogonal components, in the form:

c+ (t):x+ (t)+iy+ (t),
c— (t):x— (l)+iy— (t).

By introducing the concept of the complex analytic signal
associated with any real signal (e.g. Ville, 1946), one can
easily show that:

x+(t):xa(l)/2 X—(l):XZ‘(l)/2
and similarly for the y component. The subscript a denotes
the analytic Signal; the asterisk, complex conjugation. Con-
sequently, one can deduce that:

c+ (t):[xa(t)+iya(t)]/2‚
c" (I) = [962" (I) + 02;" (1)1/2.
For monochromatic or quasi-monochromatic Signals, the
standard polarization parameters are easily obtained as:

halfmajor axis: a:|C+|+|C—|
half minor axis: b:|c+ |—|c’|
ellipticity: 8:b/a
azimuthal angle: 0: [arg(c+)+arg(c’)]/2.

In the above expressions, b and 8 are positive for counter—
clockwise rotation and negative for Clockwise rotation. We
use a different numerieal implementation to that suggested
by Kodera et al. (1977), which appears to be more suitable
for data displaying large waveform variability. This has
been deseribed in Tzanis and Beamish (1986 b).

The same method of presentation is repeated for all
six examples. Events B1, B2 and B3 (background field) con-
sist of 150 data points in (Hx, Hy). The time interval consid-
ered is 0.75 s. Events I1, 12 and I3 consist of 50 data points
(0.25 s) in (Hx, Hy). For each example, the two-component
data are displayed first. The polarization parameters ellipti-
City (8) and azimuth (8) are then displayed in the time do-
main, below the eorresponding data. The instantaneous
values of e and l9 consist of a series of diserete symbols
that correspond to the extrema in (Hx, Hy), i.e. the signal
inflexion points, evaluated using the modulus. If the ampli—
tude of the modulus falls below a pre-set threshold (usually
taken as a percentage amplitude of the maximum excursion
eneountered), the result is omitted. This is a simple and
effeetive method of rejecting noise. The thresholds used here
are of the order of 25% for the background field and 10%
for the ELF transient events. In keeping with the previous
definitions, a value of 8:1 corresponds to a circular wave
rotating in a counterclockwise (+) sense, a value of 8:0

corresponds to a linearly polarized wave and a value of
8:1 to a circular wave rotating in a clockwise (—) sense.
Azimuths are defined as magnetic west (180°), magnetic
north (90°) and magnetic east (0°).

Figure 3a shows the results from the analysis of event
B1. There are no strongly dominant waveforms and the
peak-to—peak amplitudes are less than 0.01 nT. A high de-
gree of variability in polarization characteristics is apparent.
Figure 3b shows the results obtained from event B2. Peak-
to—peak amplitudes are all less than 0.02 nT. The large Hy-
component waveform is clearly linearly polarized, while the
other waveforms display a variety of polarization character-
isties. Example B3 (Fig. 3c) is not totally representative of
the background field due to the presence of a large-ampli-
tude waveform (just after 0.50 s), possessing a larger vari—
anee level and more stable polarization characteristics as
a function of time. This example can be directly eompared
with the impusive waveforms shown in Fig. 4. It is easily
recognized that the three main impulsive waveforms shown
in Fig. 4 all posses a near-zero initial ellipticity but distinctly
different azimuths. The azimuths of examples I1 and I2
differ by 66°; the azimuths of I2 and I3 by 60°. All wave-
forms possess similar amplitudes. The real time interval
between I1 and I3 is approximately 8 min.

Our purpose in presenting the above results has been
to provide typical examples of the polarization characteris-
tics of ELF waveforms. The spectral content of these data
indicate that the waveforms are due to the Schumann reso-
nances, originating in the Earth-ionosphere cavity (Beamish
and Tzanis, 1986). The most straightforward use of the
polarization characteristies presented is the identification
of the bearing of the source. The horizontal bearing of
the source is perpendicular to the polarization azimuth of
the horizontal magnetic field. The bearings of the back-
ground waveforms display the prescribed level of variability
for incoherent sources with two exceptions. The two larger-
amplitude waveforms in Fig. 3b and c are both character-
ised as short-duration, quasi-linear waveforms. Their ampli—
tude excursion exceeds the background by a factor of less
than 5 and the bearings of the two sources appear in oppo-
site quadrants. Their polarization eharacteristies appear to
be a more stable function of time. The three main impulsive
events considered in Fig. 4 appear a simple, damped quasi-
sinusoidal oscillations. These waveforms posses the charac-
teristic commencement of typical transient events, inter-
preted by Jones and Kemp (1970) as the response of the
cavity to single, powerful and relatively short-duration
lightning discharges. The initial portion of any ELF distur-
bance is due to the direct reception of radiation from the
discharge. Subsequent fluctuations are due the circulation
of energy around the globe. For genuinely impulsive wave-
forms, the onset should be characterised by an ellipticity
of zero. This feature is common to the three transient events
analysed. The two “main” waveforms encountered in
Fig. 4b are a good example of source “repetition” on a
time scale of 0.25 s. The same effect is also evident in
Fig. 4a. Another interesting feature in this figure is the ex—
istence of a small—amplitude waveform just prior to the
onset of the main impulsive event, with distinctly different
polarization characteristics (9:87°, 3:0.25). The results
demonstrate the extremely time—local behaviour of the ELF
sferic waveforms. When the bearings of the three impulsive
forms of Fig. 4 are eompared, it is apparent that the sources
have different azimuthal locations. The study by Tzanis
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Fig. 3a—c. Three examples of the time—domain polarization analysis
of background sferics. H and D correspond t0 the N—S and E—W
magnetic components. a example B1; b example B2; c example
B3

and Beamish (198621) indicates that the source locations
of such waveforms possess ranges (D) of the order of sever—
al thousand kilometres and are widely distributed across
the globe. The same is evident from the data presented
in this analysis; individual sources are detectable even at
the background level (e.g. examples B1 and B2). The low
Q factors (less than 8) calculated from the power spectra
of the ELF sferics also indicate that energy has propagated
over large distances in the Earth-ionosphere cavity. They
reflect the effect of the low transmission coefficient of the
cavity resonator (Bliokh et a1. 1980) and can be used as
a diagnostic aid in verifying the nature of the received wave-
forms. In conclusion‚ the above Observations point towards
the validity of the plane-wave assumption when using ‘typi-
cal’ Schumann resonance waveforms.

Geoelectric sounding curves from single events
In general terms it appears that the Schumann resonances
provide two main types of source waveforms for use in
geoelectric sounding. The background source fields possess
uniform, but low, variance and provide a complete range
of source azimuths and ellipticities on time scales equivalent
t0 the duration of the waveforms. The large-amplitude tran—
sient events are of short duration (typically less than 0.25 s)
and appear as quasi-linearly polarized waveforms at a given
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components are related, in the frequency domain, by the
two equations:

Ex(w):Zxx(w) Hx(W)+n(W) Hy(W)‚ (1)
Ey(w):Zyx(w) Hx(w)+Zyy(w) Hy(w) (2)

or, in matrix form, as E:Z-H, where E:[Ex Ey]T‚ H:
[Hx Hy]T and Z is termed the impedanee tensor. The two
pairs of impedanee elements are usually estimated by least-
squares solutions which minimize noise on a particular data
Channel (Sims et al., 1971). The quality of the least-squares
solutions for each of the the two pairs of impedanee ele-
ments is then obtained from the multiple (predieted) coher-
ence function between a measured electrio field component
and that predicted by the least-squares solution.

The auto- and eross-spectral estimates between the field
eomponents are eonventionally computed using the Fast
Fourier Transformation (FFT) technique. Given the inher-
ent varianee of the resulting raw spectral density function,
smoothing over a frequency interval (often arbitrarily Cho-
sen) is usually prescribed in order to stabilize the spectral
density estimates. The frequeney resolution of the resulting
impedanee estimates is thus drastically redueed. Additional
disadvantages of the procedure are that the resulting
(smoothed) spectral estimates contain the contributions of
several (and often unconforming) frequency-local proper-
ties over the interval of smoothing, and that the FFT cannot
handle short data lengths without loss of statistical signifi-
Cance in the spectral estimator. To obtain highly resolved
and statistically robust impedanee estimates that display
properties loealized in frequency, a different spectral ap-
proach can be adopted.

It appears that for the case of spectral estimation from
a stationary time series, there exists a ubiquitous possibility
that we can represent the time series by an autoregressive
(AR) proeess of the form:
x(z):Z a(m) x(t—m)+e(t)

(Ulrych and Bishop, 1975; Jaynes, 1982), where e(t) is a
white-noise error series and a(m) is an absolutely summable
filter. Using such a model, it is possible to improve fre-
quency resolution by determining the spectrum from the
properties of the filter a(m), m20, ..,M that best adapts
to the given data set. The problem of spectral estimation
then reduees to that of determining the optimum filter coef—
ficient vector. Burg (1968) proposed a method for estimat-
ing the filter coefficients and hence the power spectrum
of a stationary time series in the maximum entropy (ME)
sense. Beamish and Tzanis (1986) demonstrated the capaei-
ty of the algorithm for the production of high—resolution
spectra when applied to single-component Schumann reso—
nance waveforms (i.e. the univariate case). In order to apply
the same spectral technique to impedanee estimation we
require to ealculate both auto- and eross-spectral estimates
(i.e. the multivariate case).

Consider a vector time series of the form:
.\:(t):[x1(t)x2(t)...xp(l)]T, 1:1,...‚N
«.gronsisting of p simultaneous data channels. The equivalent
linear AR system will now assume the form:
.\'(t):zaT(m)x(l—m)+e(l)

m

where e(t) is a p vector white-noise series and a is a p ><p
vector absolutely summable filter. The power density spec-
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trum will be given by the expression:

S(Z)=At'lA(Z)_1]*T'Pm°lA (Z)'1]
where Pm is the p x p vector residual error power and A (z)
is the p ><p vector z-transform of the filter a. At is the
data sampling rate and the asterisk denotes complex con-
jugation. The least-squares minimization of e(t)‚ to provide
the optimum unit prediction error filter a, has been consid-
ered by a number of authors (e.g. Strand, 1977; Morf et al.,
1978) in a more or less direct generalization of Burg’s algo-
rithm. The simultaneous treatment of p data Channels pro-
vides the opportunity for a direet evaluation of both auto-
and eross—spectral components using the p >< p Operator a.

For our data consider the vector time series
x(t)=[Ex(t)Ey(t)Hx(l)Hy(t)]T‚ t:1,...,N‚
consisting of four data channels. The above spectral proce—
dure is then used to form the spectral components required
for the least-squares solutions. The spectral analysis algo-
rithm implemented is a modification of the one due to
Strand (1977). The estimation of the error associated with
the resulting impedanee tensor elements was performed ac-
Cording to Pedersen (1982). In the latter, the statistical sig—
nificance of the principal-eomponent spectral density esti-
mates involved is introduced through their associated
number of degrees of freedom; their distribution is assumed
to be complex normal for the raw spectral density matrix
and complex Wishart for its smoothed equivalent (e.g.
Priestley, 1981, pp. 693—701). This is true for spectra ealcu—
lated with the conventional techniques; however, the multi-
variate ME spectral estimator laCks an exact statistical de-
scription of its properties.

Progress can be made if we consider the statistics of
the generalized linear regression system. Its spectral density
matrix is shown to comprise a Class of eonsistent, asymptot-
ically unbiased and asymptotieally eomplex normally dis—
tributed estimates (e.g. Brillinger, 1981, Chapter 8). It is
therefore eonceivable that the multivariate AR spectral esti—
mator, being a partieular case of suCh a system, will possess
similar statistical properties, although the moments of the
distribution are yet to the specified. Such an argument is
based on, and enhanced by, the fact that all the entries
in the data vector x are assumed to be second-order station-
ary time series, jointly normally distributed; this somehow
preseribes the result. The number of degrees of freedom
associated with the principal components of the spectral
density matrix are taken to be n -—- N/M, as a direct general-
ization of the result by Kromer (1970) concerning the statis-
tics of the univariate AR spectral estimator. The latter was
found to be unbiased, consistent and asymptotieally nor—
mally distributed. The above arguments provide, at best,
an approximation. However, they are based on reasonable
assessments and are practical with respect to applications
in EM field data analysis. A quantitative measure of the
goodness of the least-squares solutions for a high-resolution
(quasi-continuous) Z can thus be afforded. A detailed de-
scription of the rationale and implementation of the above
procedure to AMT data will be reported elsewhere.

Results

The particular solution we use here for demonstration as-
sumes that the noise exists only in the electric field compo—
nents and is referred to as a downward-biased estimate.
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Fig. Sa—c. Three examples of the downward-biased impedance tensor elements, calculated from high-quality ELF transient events with

the multivariate ME method. Analysis parameters
modulus of the impedance tensor, the predicted coherence functions Yiz‘

are N250 (0.25 s), M:6. 58 frequency estimates, 1.56 Hz apart. Results are the
12 and the input field ordinary coherence Yi‘z. 1 and 2 refer

to the input field components Hx and Hy, respectively. Upper and lower curves represent 95% confidence limits; middle curve is the

estimated impedance

Figure 5 displays the results from three data windows con—
taining large—amplitude ELF transient events. Figure 6
ShOWS the equivalent results obtained from background
waveforms. We present the modulus of the impedance ten—
sor elements (logarithmic scale) as a function of frequency
(linear scale), as well as the predicted coherence function
(K312, izx, y) and the input field coherence (Yfz). The
subscripts x and y will henceforth refer t0 the predicted
coherences associated with the solutions of Eqs. (1) and

(2) respectively. The error bounds displayed represent the
95% confidence limits. The larger error bounds associated
with the ELF transient event impedances are explained as
follows. The capability of the ME method t0 handle short
data lengths permits the analysis of such waveforms in iso—
lation, without interference from other sources. Typically,
data windows of 0.25-s (50 data points) duration have been
analysed in Fig. 5. The degrees of freedom associated with
the resulting spectral components are necessarily reduced
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(eg. n : 8 for a filter length of M: 6), with a eorresponding
widening of the confidence interval. Care should therefore
be exercised when comparing the errors between the tran-
sient and the background waveform throughout this discus-
sion; the difference may, at first glanee, be misleading. In
addition, the geoelectric structure of the measurement site
has been identified as 2-dimensional and, by Chance, the
directions of the axes of measurement were almost coinci—
dent with the prineipal geoelectric structural directions. In
such eircumstances, the least-squares solutions are patho-
logieal for the diagonal elements and give rise t0 the instabi—
lities observed. The data from this site permit a study of
a naturally decoupled (rotated) data set. Consequently, we
shall focus our attention on the off-diagonal elements.

A detailed comparison of the six results for the off-
diagonal impedance pair (w Zyx) reveals that the esti-
mates obtained from “single” events are consistent at the
95% confidence level. The properties which differ in the
two types of waveforms analysed are the levels of predicted
coherence (of both solutions) and the input field ordinary
coherence. A comparison of the input field (i.e. magnetic
field) ordinary coherence functions reveals that the transient
events (Fig. 5) display mueh higher levels than d0 the back-
ground events of Fig. 6. The input field coherence remains
large across the eomplete bandwidth. According t0 Peder-
sen and Svennekjaer (1984), very high Yfz may be asso-
ciated with high degrees of polarization of the input field;
this is certainly true for the data in question. The predicted
eoherence funetions assoeiated with the transient events are
invariably >0.95‚ so that bias in the impedance estimates
is expected t0 be minimal. The background waveforms dis—
play a high degree of stability throughout their impedance
speetra. The predicted coherence is >0.80 and the input
field coherence Yi‘z displays a strong frequency dependenee
sind is generally much lower than that associated with the
iransient events. We interpret this as an effect of the data
eontaining samples of several waveforms at various states
of polarization, whose relative contribution produces the
siesults shown. In summary, a comparison of the stable im-

FREGUENCY (Hz)

pedance elements from the two types of Schumann reso-
nance activity indicates that they are consistent and that
our estimation procedure is not influenced by polarization
properties of the transient waveforms.

This assertion is examined in more detail by considering
the results presented in Fig. 7. Single—frequeney estimates
for the four tensor impedance elements are shown. The
frames indicated by “B” contain estimates from a number
of background data windows, arranged as a function of
a count number. The frames indicated by “I” contain esti-
mates from ELF transient events, plotted as a function of
their assoeiated azimuthal angle. For this demonstration,
azimuths are defined as 90° (magnetic east), 0° (magnetic
north) and —900 (magnetie west). All the data windows
that provided the results for Fig. 7 have been selected on
the basis of high S/N ratio (i 12 >0.85, izx, y). An addi-
tional requirement for the seleetion of the ELF transients
analysed was waveform purity, i.e. absence of any other

- interfering sourees. This has been achieved by analysing
short data lengths. The real time interval within which these
waveforms were collected is approximately 8 min. The esti-
mates shown between the frames are averaged impedances.
Averaging was performed by using the associated 95% con—
fidence limits as weights. The first estimate from the left
(marked with “B”) is the average of the impedance ele-
ments in frame “B”; the third (marked with “I”) is the
equivalent for the impedances in frame “I”. The seeond
(unmarked) estimate is the combined result of a data set
of 165 data windows with duration lengths of 0.75 s (150
data points), containing the whole range of possible Schu-
mann resonance waveforms at various noise levels. Three
example at frequencies 17 Hz, 25 Hz and 64 Hz are pre-
sented for demonstration. N0 systematie variation with azi-
muth, of the impedances derived from the linearly polarized
waveforms, is evident. All estimates appear t0 be within
the 95% limits of their population average.

In summary, it appears that the Schumann resonanees
can provide consistent and repeatable geoelectric sounding
eurves that are independent of the state of polarization of
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Fig. öa—c. As for Fig. 5, but for high-quality ELF background. Analysis parameters are N: 150 (0.75 s), M: 10

the waveforms. Our results indicate that, ideally‚ geoelectric
sounding can be performed with one or two high-quality
data windows (e. g. the impulsive events of Fig. 4). The same
conclusions can be drawn by considering the impedance
phase results which have been omitted for the sake of brevi-
ty.

Summary

This study has considered Schumann resonance waveforms
and their applied use for sounding crustal geoelectric struc—
ture. It has been noted that such waveforms provide the

main energy component as we employ higher-frequency
fields and encounter the transition from a spectrum derived
from geomagnetic disturbances t0 a spectrum ultimately
dominated by ELF sferics.

The spectral Characteristics noted from previous work
and the waveform polarizations investigated in this study
appear consistent with theoretical models of thunderstorm
energy release and propagation in the Earth-ionosphere
cavity. We have examined the two main components of
the energy spectrum: namely, the background field and the
larger—amplitude transient waveforms. By making use of
the horizontal polarization properties of the waveforms it
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has b0en possible t0 demonstrate the ‘incoherent’ nature
0f the background field and the arrival of larger energy
components from individual thunderstorm centres distrib—
uted across the globe. By making joint use of the spectral
and polarization properties of the waveforms it has been

possible t0 obtain estimates of the range of source locations.
Our data indicate that the larger energy components have
propagated over large distances in the Earth-ionosphere
cavity. The results, for both energy components, point to-
ward the validity of the ‘plane-wave’ assumption.
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Fig. 7 b, c

Our study has also considered the extent t0 which the Such a scheme is particularly appropriate for the transient
Schumann resonance waveforms and their properties influ— events because it enables the geoelectric response of individ-
ence geoelectric sounding curves. In order t0 isolate the ual waveforms, directly related t0 a given discharge and
effects of short-duration waveforms we have found it useful propagation path, t0 be determined. Our data suggest that
t0 employ a maximum entropy spectral analysis scheme. the two main Schumann energy components provide two



types of behaviour in the coherence functions typically de-
termined by least-squares solutions. The background wave-
forms, which necessarily have the lowest S/N levels, con-
sistently provide the lowest values in both the predicted
coherence and input field ordinary coherence. When the
transient events are analysed on an individual basis they
are found to provide very high values in both of these coher-
ence functions.

We have examined the behaviour of the impedance
functions obtained using both types of waveform. For the
background waveforms, 14 repeat determinations are
shown. For the transient events 11 determinations, with the
events classified according to their polarization angle, have
been provided. The comparison is made for three selected
frequencies. The ‘individual’ estimates obtained for the two
types of waveform are consistent at the 95% confidenee
level and no systematic variation with polarization angle
is evident. Using equivalent degrees of freedom, the tran-
sient events generally provide a more accurate result.

Each set of ‘individual’ waveform data were also com—
bined to form ‘average’ results for both waveform types.
The results obtained were then compared with the ‘ compos-
ite ’ results using a much larger data set comprising all wave-
form types. The ‘individual’, ‘average’ and ‘composite’ re-
sults are all entirely consistent. Our results indicate that
an adequate AMT sounding for the Schumann bandwidth
can be achieved using only a small number of high-quality
data windows provided by the impulsive events.
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Two-dimensional modelling of a towed transient magnetie
dipole-dipole sea floor EM system
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Abstract. The diseovery of massive sulphide dcposits along
mid—oeean ridges has prompted the development of towed
sea floor eleetromagnetie mapping tools. One suitable eon-
figuration of transmitter and reeeiver is the in-line, eoaxial,
magnetie dipole-dipole. The step response of this system
to a double half-spaee model has two distinet parts. The
position in time of the initial event is indieative of the eon-
duetivity of the sea floor. A reduetion in dimensionality
greatly simplifies the analytie and numerieal eomputation
ol more eomplieated eases. The transmitter is redueed to
a pair of horizontal line sourees earrying equal but opposite
eurrents and separated by a small vertieal distanee. The
transient responses of the simplified system and the eoaxial
system to the double half-spaee model are remarkably simi-
lar, even though the eleetromagnetie mode eharaeterised
by vertieal eurrent flow is exeluded by the simplifieation.
The analytie form of the sensitivity funetion enables a simple
expression for a depth of investigation beneath the sea floor
to be derived as a funetion of time. The magnetie effeets
of eurrents impressed in a two-dimensional eonduetive tar-
get embedded in the sea floor by a horizontal magnetie
point dipole transmitter may be represented approximately
by a system of vortex currents only. Sinee vortex eurrent
flow is the type of eurrent flow indueed in a two-dimensional
target by a two-dimensional magnetie souree, the prineipal
eharaeteristies of the three-dimensional problem ean be
studied by two-dimensional modelling. The seattered fields
from a thin eonduetive dike and a thin eonduetive sill are
evaluated by setting up and solving a boundary element
integral equation in the eleetrie field. Transient response
eurves are presented for a limited range of models. The
sea floor eonduetivity is fixed at 1/30 that of seawater, a
typieal value for reeent basalt. The array size and plate
depth extent are fixed at 100 m and 25 m, respeetively, while
the depth of burial is allowed to vary from 4 m t0 25 m.
The ratio of the induetive response parameter of the plate
to the response parameter of the erust, whieh determines
the degree of influenee of the plate eonduetor on the eom—
bined step response, is varied from 0.4 to 10. Inereasing
the relative effeet of the target delays the onset and deereases
the gradient of the initial part of the response. Pronouneed
minima in the response as a funetion of array loeation are
observed when either the transmitter or the reeeiver eross

* On Ieavefrom: Department of Physies, University of Toronto,
Toronto, Ontario, Canada, M SS 1A7

Offprint requests t0: R.N. Edwards

over the target. The minimum field over a wide range of
times is elose to zero for a shallow dike due to the eombined
shielding effeet of the dike and the seawater. The shallow
dike may be distinguished from a shallow sill by the shape
of the minima.

Key words: Offshore, EM, Exploration

lntroduction

The report by Franeheteau et al. (1979), of the diseovery
of massive sulphide deposits and high-temperature hydro-
thermal vents on the East Paeifie Rise, spurred an interna-
tional effort to investigate similar phenomena at other sites
of sea floor spreading along the 60000 km mid-oeean ridge
system and opened the possiblity of deep sea mining. Sul-
phide mineralisation relatively rieh in gold, silver, eopper,
zine and manganese has sinee been mapped on the erest
of the East Paeifie Rise (Hekinian et al., 1980), on the Gala—
pagos Ridge (Malahoff, 1982), on the Juan de Fuea plate
(Normark et al., 1983; Koski et al., 1985; Tivey and Delan—
ey, 1985) and elsewhere on the world-wide ridge system
(Rona, 1985). The deposits were initially loeated visually
with submersibles. Some have been mapped aeoustieally
with instrument paekages like SEABEAM (Ballard and
Francheteau, 1982), whieh are eapable of determining the
depth with high resolution. While these methods have been
able to examine surfieial geology, they are ineapable of ade—
quately assessing the extent of the deposits and the strueture
of the region in whieh they are found. Sea floor eonduetivity
mapping using the eleetromagnetie method is one of the
few geophysieal tools suitable for this purpose.

Over the eontinents, eleetromagnetie mapping is rou-
tinely earried out by air. A simple apparent-resistivity map,
often produeed on-line from the output of a towed airborne
EM system, has proven eapable of diseriminating between
different types of roek and direetly identifying loeal three-
dimensional targets sueh as base metal mineral deposits.
The latter have the property of being mueh more eonduetive
than the host roeks in whieh they are found. It is our aim
t0 produee a similar mapping tool for the sea floor operat-
ing on a similar scale, on the order of a hundred metres.

T0 be useful, any deep—towed EM system must be sensi-
tive to the eleetrieal eonduetivity of the sea floor. The eon-
duetivity of the sea floor is usually mueh less than that
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Fig. l. The step-on response of the double half—space model to
the coaxial electric dipole-dipole system (alter Cheesman et a1. 1987)

of the seawater above it. Electromagnetic fields diagnostic
of sea floor eonductivity have to be measured at or near
the surface of what behaves as a nearly perfect conduetor,
at the relevant operational frequeneies or delay times. The
consequence of this is that some EM systems, commonly
used for eontinental surveys, are unsuitable for sea floor
eonductivity assessment. The horizontal coplanar coil sys-
tem, popularly called Slingram, comes to mind. The receiver
measures the eomponent of the magnetie field normal to
the sea floor, whieh is very small for the band of frequeneies
of interest.

The wide range of eonductivities expeeted for the sea
floor, combined with the even wider range of anticipated
electromagnetic response numbers for an embedded target,
dietate the use of a broad-band EM system. Most modern
reeeivers deteet the transient fields eaused by currents in-
dueed in the ground by a distinet event, sueh as the rapid
turn—off of a eonstant current in the transmitter. The tran—
sient system is preferred over a eontinuous—wave switehed-
frequency system for many reasons including electronie sim-
plicity, the absenee of a response due to surficial conductors
at late time and the measurement of a purely seeondary
Signal. The last reason is not valid for a sea floor system
because there is nothing equivalent to an air—wave at the
reeeiver. The point is best illustrated by example. Edwards
and Chave (1986) computed the response of a crustal half-
space beneath a more eonductive half-space representing
seawater to a transient in-line electrie dipole—dipole system.
The electromagnetic field excited by an event in the trans—
mitter diffuses outwards from it through both the seawater
and the relatively less eonductive sea floor. The rate of diffu-
sion through a medium is inversely proportional to the eon-
ductivity of the medium, so that in the most common in-
stance of a resistive sea bed, the electromagnetic field diffus—
ing through the sea floor reaches the reeeiver first. At later
times the Signal diffusing through the seawater arrives, and
ultimately the measured field approaches the static limit.
Edwards and Chave (1986) showed that the transient coaxi-
al electrie dipole-dipole system is particularly useful for de-
termining sea floor eonductivity. The normalized step-on
response of this system is plotted in Fig. 1 for a range of
values of the eonductivity ratio between the seawater and
the sea floor as a function of dimensionless time, whieh
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Fig. 2. The step-on response of the doublc half—spaec model to
the coaxial magnetic dipolc—dipole system (alter Cheesman et a1.
1987). The second time axis gives the true response time for a
sea floor system in whieh the eonductivity 00 and separation p
are 3 S/m and 100 m, respectively

is true time divided by the eonstant ‘60, the characteristic
diffusion time for electromagnetic Signals in seawater (see
expression 25). The initial step to just over half the static
limit is due to propagation in the sea floor; the second
step at constant later time is due to propagation in the
sea. Clearly, the position in time of the initial rise in the
sea floor response is a direct measure of the sea floor con-
ductivity and, for many practical values of the eonductivity
ratio, the separation in time between the two parts of the
transient response, and hence the resolution of sea floor
eonductivity, is substantial.

Cheesman et a1. (1987) addressed the obvious question:
“What other transient electromagnetic systems show similar
Charaeteristics when operated in the marine environment?”
They evaluated the responses of a wide variety of systems
at the boundary of two half-spaees. The diagnostic separa—
tion in time between two parts of the transient response
does not oecur for many other systems. A change in eonduc-
tivity of the sea floor produces a second-order perturbation
in what is essentially a seawater response. Only the horizon-
tal, eoaxial, magnetic dipole-dipole system was added to
the list of suitable geometries. The normalised step—on re-
sponse of this system is plotted in Fig. 2 for a range of
values of the eonductivity ratio between the seawater and
the sea floor. Clearly, Figs. 1 and 2 resemble one another.
The tendeney of the magnetic field at early time to rise
to twiee the free-space field following the deeay of induced
currents in the crust can be understood in terms of a Max-
well image of the transmitter in the conductive oeean.

From a practical point of view, the coaxial magnetic
system can be constructed as a sea floor towed array, so
that it deserved further study. The step-on response to sever-
al other simple geological models — the resistive layer, the
resistive and eonductive basement, and the vertieal eonduc-
tive dike — seleeted to illustrate salient physios, were docu-
mented and estimates of two possible sourees of error asso—
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ciated with the use of a practical system were obtained.
Errors due to imperfect positioning were estimated by rais-
ing the receiver off the sea fioor, while those due to misalign-
ment of the transmitter were estimated by determining the
radial magnetic field produced by a vertical transient mag-
netic dipole transmitter.

Cheesman et al. (1987) point out that preconceptions
based on the use of the system on land can be quite mislead-
ing when sea floor responses have to be estimated. The
fact that a thin resistive zone responds at all is a case in
point. The horizontal eoaxial system, indeed any system
with a magnetic source, generates only horizontal current
flow in a layered ground when operated at the free land—air
surface. It is Virtually insensitive to an intermediate, hori-
zontal resistive zone because little current is induced in the
zone. On the sea floor, the same system induces both hori-
zontal and vertical current flow in a layered earth, and the
resistive zone is detected by virtue of its pronounced effect
on the latter.

Cheesman et al. (1987) also computed the response of
the system to a semi—infinite vertical dike embedded in the
sea floor. If the transmitter and receiver straddle the dike,
the effeet of the dike is to delay the initial part of the tran-
sient response. The delay as an increment from that caused
by the crustal half-space alone varies linearly with dike con-
ductance. This suggested that time delay could be inverted
direetly to give some measure of the anomalous integrated
conductivity of the sea floor which lies both between and
in the vicinity of the transmitter and receiver. It is this obser-
vation that deserves further study for, if generally applicable,
it could open the way for a tomographic reconstruction
of conductivity anomalies from multiple profiles over the
sea floor.

Two-dimensional modelling

The purpose of the current paper is to illustrate further
some of the Characteristics of the EM response of the sea
floor to a towed magnetic dipole-dipole system. A reduction
in the dimensionality of the problem greatly simplifies both
analytic and numerical computation. The point dipole is
integrated along a defined strike to yield a two—dimensional
source; a pair of horizontal wires earrying equal but oppo-
site currents and separated by a small vertical distance. We
show that the response of the double half-space model to
this source is similar to the response of the same model
to the point dipole source, even though one of the two
modes of current flow described above is absent. Vertieal
current flow cannot be induced by a long wire magnetic
source in any two-dimensional model.

The theory of EM induction by a single line source in
a conduetive layered medium was set out by Wait (1953),
and it has been extended by many other researchers. Inan
et al. (1986) have compiled an up-to-date survey of the avail-
able literature. The earlier work is adapted for a dipolar
source, and Closed form expressions for the general layered-
earth response are derived both in the frequency and time
domains. The expressions are reduced to very simple analyt-
ical forms for the special model of two half-spaces in con-
tact. Sensitivity functions for the double half—space problem
are also obtained in the time domain.

The anomalous electric current flow associated with a
two-dimensional conductive inhomogeneity in a host medi-

um excited by a horizontal point magnetic dipole is of two
distinct forms: a Channelled current exchange between the
inhomogeneity and the host, limited by the build up of
Charge on the inhomogeneity, and a vortex current flow
confined to the inhomogeneity whose magnetic field op-
poses the local rate of Change of magnetie flux. The limita-
tions in representing the three-dimensional problem by a
two—dimensional approximation which cannot represent the
current gathering effect are reasonably well understood and
can be found in the literature, provided the target is buried
in a single conductive half—space. For a double half-space
host medium, there is no equivalent pool of knowledge.
Further, in our problem, there is one obvious channelling
mode which forms a very significant part of the total anoma-
lous current flow, for targets which outcrop (or come Close
to it). It is a current flow in a vertieal plane from the sea,
through the target and baek to the sea. Cheesman et al.
(1987) have shown using image theory that the mode pro-
duces the same magnetic field at the receiver as a vortex
circulating entirely within a eomposite conductor formed
of the target and its image in the sea layer. Consequently,
a study of the interaction of a two-dimensional target with
the two-dimensional source can reveal the principal Charac-
teristics of this three-dimensional problem. We have selected
two kinds of targets: the thin conductive dike and the thin
conductive sill. The scattered fields are evaluated by setting
up and solving a boundary element integral equation in
the electric field.

Theory

The forward layered-earth problem

The problem is solved in cartesian coordinates with the
y-axis along strike. The plane 2:0 represents the sea floor,
and z increases downwards. The sea is represented by an
upper half-space of uniform conductivity 00. The conductiv-
ity 0(2) of the crustal rock beneath the sea is isotropic and
varies only in the vertical direction. The source consists
of two long, horizontal wires, located in the sea at x20,
2:20 and x:0‚ 2:20+A, carrying currents of strength
+1 (t) and —I(t)‚ respectively. The moment M (t) of the lin-
ear dipole produced is defined as 1(t) A.

Let M (t) vary as M exp(ia)t). The problem is two-di-
mensional in the space variables x and z; current flow is
only in the y direction and is symmetric in x. The electric
field vector E is

E:E(x‚ Z, c0) exp(iwt)f2, (1)

where E (x, z, w) is the inverse cosine transform of a kernel
function EM, z, w) defined as

E(x‚ z, w): FEM, z, w) cos(‚lx) d1. (2)

The magnetic field has two components in the vertical and
across-strike directions, related to the single along-strike
component of the electric field by Faraday’s law. Expres-
sions for the electric and acros-strike magnetic field kernels
on the sea floor may be found by integrating the eorre—
sponding fields of point dipoles distributed uniformly along
strike. The latter are usually expressed in terms of Hankel



transforms (Cheesman et al. 1987; Chave and C0x, 1982)
and are, in general, made up of two parts, corresponding
with the two independent toroidal and poloidal modes of
propagation. The modes are characterised by the absence
of a vertical magnetic and vertical electric field component
respectively. Only the poloidal forms can exist in the model
considered here. Integrals of the Sonine-Gegenbauer type
(Luke, 1962) simplify the resulting double integrals. There
results

iq 200Q(O) exp(— 90 520|)
EMHO (1):) 27: 1+80Q(0) (3)
and

‚MM 290 e3(135—905‘305)
3x54’0’w):‘fi 1+60Q(0) ’ (4)
where the wavenumber 60 and the parameter Q(z) are given
by
6ä=Ä2+ocä:/lz+iw‚uao (5)

and

Q(z) = — E(/l‚ Z, w)/ia)Bx(/l‚ z, w) : — E(Ä‚ z, w)/E’(Ä, z, w), (6)

respeetively, and the prime denotes differentiation with re-
speet t0 z. The parameter Q(z) is continuous across all hori-
zontal planes in the model which d0 not contain the source.
If the crustal zone happens t0 be plane layered, it is possible
t0 find Q(0) given the conductivities and thicknesses of crus-
tal layers only, by means of a recurrenee rule (Wait, 1962).
The value of Q(O) is then substituted into expressions (3)
or (4) and the fields evaluated through the inverse cosine
transform (2).

The sensitivity function
The measured magnetic component Bx(x,0, (1)) on the sea
floor ehanges when any small Change (30' oecurs in the sea
floor conductivity 0(2) over an interval öz at some depth
Z. The total ehange in the magnetic component is related
t0 systematic small Changes in the resistivity at all depths
by the integral

ÖBx(x, 0, c0) -—- 5 F(log (7, x, z, w) Ö(log 0) d2, (7)
o

where ö(log a) is the fractional change in eonductivity at
depth z. The function F is the sensitivity function or Frechet
kernel. Our aim is t0 determine an expression for the sensi-
tivity function for the general l-D model, initially in [/1, w]-
spaee. The expression is evaluated subsequently, explicitly
for given values of x for specific simple models. The shapes
Of the resulting funetions are analysed t0 obtain the penetra-
tion depths and the resolution depth intervals associated
with a given model and given measurements, both in time
and frequency.

Parker (1977), Fullagar and Oldenburg (1984) and Chave
( 1984) have shown that a sensitivity integral for the parame-
ter Q may be written as

, 0625315252)0Q(‚l
—O5 W6

log[0(z)] d2. (8)
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The perturbation ÖBx(O) remains t0 be found. It is related
t0 ÖQ(O) by' the rule

ÜBAO)
ÖQ (0)53x (0) = Ö Q (0). (9)

The derivative of expression (4) eombined with expression
(9) yields

MM 293 eXp(-Üo|Zo|)
Ü [1 +60Q(0)]2

(Z)E2(Z)5a—ZFQ—ö log[a(z)] dz, (10)

öBx(/l, 0, c0) : —

and, by inspeetion, the required sensitivity funetion is

MM 293 eX10(-90|Zol) o(2(2)EZ(Z)
Ü [1+9oQ(0)]2 E’2(0)

F(log0, 1,2, w)=— (11)

Analytical solutions for the case of a uniform half-space
If the erustal zone has uniform eonduetivity 01, the fields
decay exponentially with increasing z and are porportional
t0 exp(— 01 z). The value of Q(z) is therefore eonstant every-
where and given by

Q(Z)=1/91. (12)

The form of the magnetie eomponent Bx for the model of
a uniform crustal layer beneath the sea may now be 0b-
tained by setting this value for Q(O) in (4). lt is

#M 29091 exp(— 90 5750|)IMtQm——3; %+& ‚ um
and the corresponding component in [x,w]-space is the
inverse cosine transform defined by expression (2) as

_fl
3029081

eXp5—905Zol)
27T 90+91O

Bx(x, 0, w) = cos(‚l x) d/l. (14)

At zero frequency, the expression simplifies t0

BEC(x, O, c0): —(‚uM/27t) 502 exp(—Ä|zol) cos(/lx) d/l. (15)

which has the well-known form

=MMßmä2ggä (m)BECOC, 0, w)

and which reduces, in turn, t0 uM/27tx2 for vanishing 20.
If the transmitter and receiver both lie on the sea floor,

then expression (14) takes on a form which is invariant
under an exchange of half—space indices. The integral may
be normalised for convenienee by dividing by the zero-fre-
quency response. The result is

00 29 0
B:160“ 0’ (”F—X2 5 005611

O

cos()tx) d/l. (17)
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The integral may be rearranged as

2x2
Bx‘x’o’“)=m

- s +ocä) 60—(‚12 +ocä) 61] cos(‚lx) d2. (18)
O

Two types of integrals need t0 be evaluated. The first is
of the form

linä l 6exp(—6h)cos(‚lx)d/t_’ 0

2—1151) Ö—Öh
hci

exp(— 6h))dcos(Äx)/t (19)

z _nmi ab
K {oc(x2+h2)1/2} (20)h—>O Öh ()cz+hZ)Il2 1 ‚

by formula 1.4.26 of Erdelyi et al. (1954),

: —ocK1(ocx)/x. (21)

The second integral is a double derivative of the first with
respect t0 x, and is given by

linä I ‚126 exp(—6h) cos(/lx)d/l“’ 0
6a (x3 3052

=FK1(ocx)+7K1(ocx)+:z-Ko(ax)' (22)
The final normalised form of the frequency-domain solution
is

B;(x‚ O, w) z 600
[{(00—01)a0x+fi}K1(050x)

00—01

+3UOKO(oc0x)]

+ the above with the subseripts on
oz and a exchanged. (23)

Assuming zero initial eonditions, the Laplace transform of
the magnetie eomponent Bx(x‚ 0, s) is the un-normalised ver—
sion of (23) with the product in) replaeed by the Laplace
variable s. It is

Bx(x‚ 0, s) :

600—— K1 I/ 0
|/ros}

( I S)

+300K0(|/ros)]

+ the above with the subscripts on r and
a exehanged, (24)

where the electromagnetie diffusion time constant for the
ith medium is

TizlLLÖ-i. (25)

Expression (24) may be inverted t0 the time domain if the
Laplace transform of the source dipole moment M (s) is
specified. A current 1 switched on at time t=0 for a time
d t has the constant transform Mdt and the eorresponding
impulse response may be obtained from standard tables
of Laplace transforms as

‚uMdt
:—_T(00—01)7'CX t

6 6-1{<ao—«>+:—m:—:}+ 2::—W
+ the above with the subseripts on r and 0 exehanged. (26)

dB;(x‚ 0, z)

If the current I in the dipole is switched on at time
zero and held on indefinitely, then the step response
BS(xO, t) obtainedlS the integral

Bipc, 0, z) = j dB;(x, 0, t). (27)
O

The integral may be evaluated by inspeetion, and the result-
ing field may be normalised by the low-frequency or, equiva—
lently, the late-time value defined in expression (l6). There
results

BS"(x 0 t): [(0 —a )+600t] ex (—r /4t)x 1 a O 1
1.0

p 0
00—61

+ the above with the subscripts on I and a exchanged. (28)

In the lower half-spaee the ratio of the electrie field t0
its vertical derivative may be written as

E101, Z)/E’1(Ä‚ 0): -6Xp(-91Z)/91. (29)

Hence, the half-spaee sensitivity funetions in [Ä‚w]-space
and [x, w]-space‚ respectively, are

MM 29äocf(z) exp(—2612)F(log 0-1, 1,2,w): — (30)Ü (60+61)2
and

F(log01,x‚z,a)):—flw—
271

00 M0a1(z)exP( 2612)Cos(‚lx)d/l. (31)05 (60+61)
The actual change observed in the magnetic field at the
reeeiver when a small fractional change Ö log(01) occurs
over a small interval Öz about the depth z in the half-space
is the product of expression (31) with ö log(o*1) öz, by defini—
tion. The cosine transform can only be evaluated analyti—
Cally for the special case of a perfectly conduetive sea layer.
Then

F(log01‚x‚ z, w) z—Ez—A—ll2 f(exp —2912)Cos(2x)d/l
O

4,11Moc3 Z: — 2n(x2+4;2)1’7 K1la1(x2+422)1/2}'
(32)



Expressions for the sensitivity function in the time domain
for impulsive and step sources are obtained in the manner
described earlier for computing transient magnetic fields
from their frequency response. In expression (31), product
ia) is replaced by the Laplace variable s and appropriate
forms are inserted for the moment M (s). The evaluation
of the transient sensitivity functions F1 (log 01,x, z, t) and
FS(log al,x‚z, t) requires in general both a numerical in-
verse cosine transform and a numerical inverse Laplace
transform. The Laplace transform of the kernel function
is performed under the cosine integral, using the Gaver-
Stehfest algorithm described in the Appendix. The kernel
has to be evaluated for a set of eight real values of the
Laplace variable s for wavenumbers ‚l specified by the in-
verse cosine transform algorithm. The latter is a variation
of the inverse Hankel transform described by Chave (1983),
modified for half-integer—order Bessel functions. The special
case of a perfectly conductive sea layer over a crustal half-
space leads to an analytieal form. For example, if the con-
stant amplitude source moment M in (32) is replaced by
a weighted M (s) of M/s, then the step sensitivity function
may be evaluated using standard tables as

uM zum )2
2—7:——t—21—exp{—;wl(x2 +422)/4t}.

(33)
FS(log 01, x, z, t):

The anomalous effect of a thin dike
A two-dimensional vertical plate, width a, conductivity-
thiekness product S, is located at a depth d below the sea
floor in crustal material of constant oonductivity 01, as
shown in Fig. 3. It is excited by the horizontal, long-wire
dipole which is a horizontal distance x, away. The moment
M exp(iwt)>t of the dipole is as defined previously. The
receiver which measures the x-component of the magnetic
field on the sea floor is at a distanee x, from the plate.

The plate is divided up into infinitesimal strips of width
d C. Let the indueed secondary surface current on a given
strip be K(C). It is the total integrated current density
through the plane of the plate, because the plate has infini-
tesimal thickness, so that the contribution from the primary
current flow is itself infinitesimal. It follows that the total
electric field within the strip is K (O/S. An integral equation
can be formed by equating this internal tangential electric
field to the corresponding external electric field at the sur-
face of the strip. The latter is simply expressed as a sum
of the external field of the plate current distribution and
the field of the exeiting dipole source.

Let P(z) be a test point on the surface of the plate.
The external electric field dES(z) at P due to a strip of eur—
rent at C is

iK(C)dC(1ES(Z): —
27: [KoiOCIIZ—Cli‘

_FM
{_9 ( +C)ldfl 340 61<61+90)CXP 12 f Al’ ( )

where the form of the Green’s function is given by Inan
et al. (1986). The field of all such rings is

a+d

Es(z): —(ia)‚u/27'C) j K(C)dC[KO{oc1|Z—C|}

—90
—5 616(29—4—656Xpl—0 (2+C)} 61/]. (35)
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Fig. 3. The interaction of the magnetic dipole-dipole system with
a vertical plate: definition of parameters

The external electric field at the point P(z) due to the source
magnetic dipole is

(KOMM/27:))56
O

Ep(z)=
Oexp(

—61 z) eos (Ä x‚) d/l. (36)

The total external field is the sum of the fields given in
(35) and (36).

The integral equation can now be formed by equating
the internal and external tangential components of the elec—
tric field at R It is

K (z)/s = E"(z) + Es(z). (37)
The equation may be solved numerically by the method
of subsections — the boundary element technique. The strip
is divided into N strips of finite thickness A equal to a/N.
The depth to the centre of the ith ring is 2,. The integral
equation in discrete form for a set of N test points zj is

K(Z‚-)/S=E”(xt‚ Zj)+ Z K(Zi) G(i‚j)‚ (38)
i=l

where the interaction function G(i,j) is given by

zi+A/2

G(i‚j):—(iwu/27r)[ 5 Komllzj—wc
zi—A/Z

—90
+A fmexp{— 6 11-(2 +2„(l/l]. (39)

For the special case i:j‚ the first term in expression (39)
is evaluated analytically using the small argument form of
the modified Bessel function. There results

i K0 {051'23—
zi-A/Z

CI} dCzAll—V—logWiA/Q}, (40)

where y is Euler’s constant. For all other eases a three-point
Simpson’s rule approximation to the integral suffices. The
second term in expression (39) represents the correction that
has to be made to a whole-space interaction function to
account for the sea layer above the crustal layer. The rea-
sonable approximation used in its evaluation is the assump-
tion that the strip current is concentrated into a line source
at its centre.

The computation of the anomalous magnetic compo—
nent at the receiver point is a summation over the strip
currents. For reeeiver points not too close to the strip, the
line current approximation may again be used. There results
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The Gaver-Stehfest algorithm may be employed to compute
the transient response of the strip. The expressions given
above, with i a) replaced by s and an appropriate form for
the moment function M (s) inserted, have to be evaluated
at eight defined real values of s for every required delay
tlme t.

Results

The double half-space response
The normalised frequency—domain amplitude response and
time-domain step-on response of the two-dimensional di-
pole-dipole system to the double half—space model are
shown in Figs. 4 and 5, respectively. The eurves were com-
puted from the analytical expressions (23) and (28), for a
typical transmitter-receiver separation of 100 m and for a
range of values of the eonductivity ratio 00/01. The two
figures are qualitatively similar provided frequency in Fig. 4
is read as inverse time. The roll-off of the erustal response
is about two and a half deeades of frequency wide, while
the eorresponding rise in the time domain is only one and
a quarter decades wide. The transient responses are com-
pared with those of the coaxial dipole-dipole system in
Fig. 6. The position in time of the initial event on both
sets of eurves is indicate of the conductivity of the sea floor

1.4e \\

....... .
0.8l \\ ‘\

0.6 -
1 (70/01

Step

Response

0.4l; “““ “‘ "x
b

sep: 100m0.2—
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Fig. 4. The normalised frequency-domain amplitude response of
the double half-space model to the two—dimensional dipole-dipole
system computed analytically from expression (23) at a range of
values of (70/01 for 00 and x values of 3 S/m and 100 m, respectively

Fig. 5. The normalised transient step-on response of the double
half—space model to the two-dimensional magnetie dipole-dipole
system computed analytieally from expression (28) for a range of
values of 00/01 and shown as solid lines. The loei of constant depths
of investigation zp for the same model are shown as dashed lines

Fig. 6. A eomparison of the step-on responses of the double half-
space model to the coaxial (dashed lines) and the two-dimensional
(solid lines) magnetic dipole-dipole systems

while, at distinctly later time, a seeond characteristie of the
transient is a measure only of the seawater conductivity.
The two sets of eurves are surprisingly similar, but clearly
they differ in detail, following different power laws as a
funetion of time. The nature of the differences is perhaps
best understood by eonsidering the physies of the problem,
when the conductivity contrast between the sea and the
sea floor is large. At early time, the sea behaves as a perfeet
conductor; the magnetie field observed is that of a transmit-
ter of twiee the moment in a whole space of conduetivity
01 (see discussion in Cheesman et al. 1987). The whole—space
conductivity model is so simple that the fundamental shape
of the transient is relatively insensitive to the shape of the
source. At late time, the field is that of the transmitter and
the currents it induces in a half-space of eonduetivity 00.
The current flow induced in the sea is horizontal and uni-
modal in both eases.

The set of dashed lines crossing the principal solid re—
sponse eurves in Fig. 5 indicate the depth of investigation
of the system as a funetion of time for any given response.
As the total field at the receiver increases, the depth of
investigation of the system increases, to a maximum depth
in exeess of 100 m. From the point of view of physios, this
behaviour is quite logical. As time progresses, the eleetro-
magnetic fields induced in the erustal half—space diffuse to
greater depth and excite the deeper regions of the model.
The field of the induced eurrents and their images in the
conduetive seawater, together with the eonstant field of the
transmitter and its image in the seawater, constitute the
total measured erustal response.

The definition of the depth of investigation and its deter—
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mination as an analytic form requires a study of the tran—
sient sensitivity function. For step-on excitation the general
form of the function, for arbitrary conductivity ratios, is
the Laplace transform of expression (31), with source mo-
ment M (s) set to M/s. The analytic reduction for a very
resistive crust is given by expression (33).

The sensitivity function has the units of tesla'm”, but
a dimensionless function can be formed from it. Clearly,
Changes in the magnetic field can be expressed as a fraction
of the free-spaee late-time field, by dividing the function
by ‚uM/271x2. For the shape of the sensitivity funetion to
be useful for experimental design with this choice of a con-
stant normalising field, the typical experimental errors ex-
pected on a measured response curve should be independent
01 time. The ehoice of a suitable scale length to multiply
the function is less easy. The value Chosen should be typical
01 the depth interval over which a conductivity change
might be expected to influence the data. Intuitively, the in—
terval should not be a constant but should increase with
depth, as most users of EM systems anticipate a decrease
27:1 absolute resolution as depth increases. Consequently, the
function is scaled by multiplying by the depth z. Clearly,
1Ehis choice of scaling has the effect of enhancing for large
.2 the magnitude of the sensitivity function, and the inferred
depth of investigation, over a linearly scaled function. The
Change in the observed magnetic field at the receiver, as

fraction of the late-time field, when a small fractional
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Fig. 7. The sensitivity *depth function plotted as a function of depth
for several times, for 01 and 00 values 010.3 and 3 S/m (solid lines)
and 0.3 and ooS/m (dashed Iines)

Fig. 8. The sensitivity>1<depth function plotted as a function of depth
for several times, for 01 and 00 values 010.1 and 3 S/m (solid Iines)
and 0.1 and ooS/m (dashed lines)

Fig. 9. The sensitivity *depth function plotted as a function of depth
for several times, for 01 and 00 values of 0.03 and 3 S/m (solid
lines) and 0.03 and ooS/m (dashed lines)

Change ö log(01) oceurs over an interval z about a depth
z in the half—space is the product of the final normalised
sensitivity>1<depth funetion with ö log(al).

Normalised sensitivity>1<depth functions, for a range of
suitable values of tirne, the typical transmitter-receiver sepa-
ration of 100 m and a sea eonductivity of 3S/m are plotted
as solid curves in Figs. 7, 8 and 9 for values of the ratio
00/01 of 10, 30 and 100, respectively. These curves were
all calculated numerically. As time increases, the EM system
becomes increasingly more sensitive to the deeper zones
of the half—space. As the absolute eonductivity of the half—
space decreases, the sensitivity function appropriate to a
given depth moves to earlier time. The dashed curves on
the figures, which overlie corresponding solid curves, are
for the same values of the sea floor conductivity 01. They
were evaluated from the analytic expression (33), which was
derived assuming 00 was infinite. Qualitatively, the dashed
and solid curves are similar, except for amplitude variation.
In partieular, the location in depth of the peaks of a solid
curve and a corresponding dashed curve seem very close.
The location of the peak in the dashed curve, defined here
as the depth of investigation, can be found analytically. It
is the value of depth zp which maximises the product of
z and the RHS of expression (33). After differentiation, the

rule obtained is zp = |/ t/110 1 ‚ and the dashed curves in Fig. 5
are simply the loci of eonstant zp.
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The response of the dike and the sill

The electromagnetic transient response of a finite conductor
in the crustal half—space is shown with two families of curves.
For the first family, the transmitter and receiver locations
are fixed symmetrically about the conductor. The depth and
conductivity of the anomaly are varied, and the step re-
sponse is plotted as a function of time for given crustal
and seawater conductivities. The curves are smooth curves
and are indicative principally of the eleotromagnetic proper—
ties of the system. The second family of curves are designed
to show the geometrical response of the anomaly. The plot
is of step response against position, with time as the variable
parameter. Clearly, position needs to be defined and the
definition depends on how the EM system is arranged on
the sea floor for successive measurements. The assumption
in this work is that the transmitter-receiver combination
is towed across the anomaly keeping the separation between
them constant. The resulting response is symmetric about
the centre of the conductor, because of the symmetry in
x of the two structures studied and the symmtery of the
Green’s functions carrying the source field from the trans-
mitter to the conductor and the secondary field back from
the conductor to the receiver, expressions (36) and (41). The
step response axis in both families of curves refers to the
total step response. The secondary field due to the anoma-
lous conductor has not been stripped from the normal, dou-
ble half-space response.

Step

Response

Fig. 10. The transient step-on response of the double half—space
model containing a conductive vertical dike. The transmitter and
receiver straddle the dike symmetrically. The depth of burial d,
the conductivities 01 and 00 are 4 m, and 0.1 and 3.0 S/m, respec-
tively

Fig. 11. The transient step—on response of the double half-space
model containing a conductive vertical dike. The transmitter and
receiver straddle the dike symmetrically. The depth of burial d,
the conductivities 01 and 00 are 10 m, and 0.1 and 3.0 S/m, respec-
tively

Fig. 12. The transient step-on response of the double half-space
model containing a conductive vertical dike. The transmitter and
receiver straddle the dike symmetrically. The depth of burial d,
the conductivities 01 and 00 are 25 m, and 0.1 and 3.0 S/m, respec-
tively

The computation of results for even the geologically use-
ful range of the many parameters would lead to an indigest-
ible display of data. The work has to be restricted to a
few typical cases illustrating the salient points of physics.
Wolfgram et al. (1986) have estimated the bulk electrical
conductivity of basalt in the Vicinity of an active hydrother—
mal zone as being of the order of 0.1—0.2 S/m. Consequently,
it is reasonable to fix the ratio 00/01 at 30. The size of
the ratio of the response parameter of the plate uaS/t to
the response parameter of the crust palxz/t, i.e. aS/alxz,
determines the degree of influence of the plate conductor
on the combined step response. The selected set of ratios
(0.4, 2.0, 4.0, 10.0) may be converted into plate conductances
provided the depth extent a of the plate is specified. The
choice of 25 m for a enables the effect of depth of burial
d on the response curves to be quantified easily without
d exceeding the transmitter—receiver separation. It follows
that the set of conductances S is (16.0, 80.0, 160.0, 400.0) S.

The first family of curves for the vertical conductive plate
or dike is presented in Figs. 10, 11 and 12 for values of
the depth of burial of 4, 10 and 25 m, respectively. The
principal effects of the dike are to delay the initial rise of
the step response and to change its gradient. The frequency—
domain response of an isolated conductor like a plate is
approximately a single pole function which varies very rap—
idly with frequency, much more rapidly than the response
of a distributed conductor like a half—space. As a consem
quence of the uncertainty principle, the step response varies
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Fig. l3. The transient step-on response of the double half-space model containing a vertical dike plotted as a function of the position
of a moving transmitter-receiver array for a range of times. The depth of burial of the dike d is 4 m

Fig.14. The transient step-on response of the double half-space model containing a vertical dike plotted as a function of the position
of a moving transmitter-receiver array for a range of times. The depth of burial of the dike d is 10 m

Fig. 15. The transient step-on response of the double half-space model containing a vertical dike plotted as a function of the position
of a moving transmitter-receiver array for a range of times. The depth of burial of the dike d is 25 m

Fig. 16. The transient step-on response of the double half-space model containing a horizontal sill plotted as a function of the position
Of a moving transmitter—receiver array for a range of times. The depth of burial of the dike d is 4 m

Fig. l7. The transient step-on response of the double half-space model containing a horizontal sill plotted as a function of the position
Of a moving transmitter-receiver array for a range of times. The depth of burial of the dike d is 10 m

Fig. 18. The transient step-on response of the double half-space model containing a horizontal sill plotted as a function of the position
of a moving transmitter-receiver array for a range of times. The depth of burial of the dike d is 25 m
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as a function of time more slowly than the corresponding
half-space response, which explains the Change in gradient.
The effect of increasing depth of burial is to increase the
effect of the dike at the later times. A deeper dike is presum-
ably better coupled to the late-time souree field.

The seeond family of curves, the variation of the re—
sponse with the position of a moving EM system, is shown
in Figs. 13, 14 and 15 for the same values of depth of burial.
Pronounced minima in the curves are observed when either
the transmitter or the receiver are immediately above the
dike. The sharpness of the minima decreases as depth of
burial increases. A shallow plate has the effect of almost
extinguishing the total field at the earliest times when the
receiver and transmitter straddle it.

The response of a horizontal plate or sill may be com-
puted in much the same way as the response of a dike.
In fact, the software is simplified as the interaction matrix
is Toeplitz no matter what the nature of the layering, and
special rapid algorithms are available for inverting it. A
family of curves of the second type is shown in Figs. 16,
17 and 18, for the usual set of depths of burial. The minima
observed when either the transmitter or the receiver cross
over the still are just as deep as but broader than the corre-
sponding minima for the dike. The total field at early time
is not as well extinguished as in the case of the dike. How—
ever, for the largest depth of burial, the responses of the
dike and sill look very similar.

Conclusions

A two-dimensional problem has been studied with the aim
of learning more about the physics of the response of the
earth to a towed transient magnetic dipole-dipole sea floor
EM system. Analytic solutions for the frequency-domain
response and the step-on time—domain transient response
of two half—spaces in contact have been derived. For conduc-
tivity ratios greater than about ten, the response divides
into two parts. The location in time of the initial rise in
the transient response provides a direct measure of the ap—
parent conductivity of the sea floor, while the character
of the signal at late times may be inverted only for seawater
conductivity. Analysis of the sensitivity function for the two
half—space model enables a simple expression for a depth
of investigation to be derived as a function of time.

The transient responses of a dike and a sill embedded
in the crustal half-space to a moving array configuration
have also been examined. The added conductivity delays
the rise of the initial part of the transient response as a
function of time and decreases the gradient of the response.
Pronounced minima in the response as a function of array
location are observed when either the transmitter or the
receiver cross over the target. A shallow dike may be distin—
guished from a shallow sill by the shape of the minima.

Appendix

Numerical inversion of the Laplace transform

Davis and Martin (1979) critically evaluated a large number
of different methods for numerically inverting the Laplace
transform. The Gaver-Stehfest technique is neither the most
aecurate nor the most generally applicable. One has to be
certain a priori that the unknown temporal function F (t)

has no discontinuities, sharp peaks or rapid oscillations.
However, the algorithm does offer the user the advantage
of speed, simplicity and, perhaps most important of all, the
need to compute the transform function F (s) only for real
values of the Laplace variable s. A detailed description of
the algorithm may be found in Stehfest (1970) and Knight
and Raiche (1982). The numerieal recipe for an approxima-
tion Fa(t) to the function F (t) is

n—

F.(r):log2/r i c‚.F(s„)‚ (42)

where the Nc discrete values of s are given by snzn log 2/t,
and the coefficients cn by

c„=(—1)"+Nc/2
"11001, NC/Z) kn/2 (2 k)!

N2 k'klk 1! k'2k y— (43)
k=(n+1)/2( c/ — ) '( — )(n— )-( "—n).

The Choice of an optimum value of Nc, which must be even,
depends on the precision of the machine arithmetic. Stehfest
comments that, with inereasing Nc, the number of eorrect
figures in Fa first increases linearly then decreases linearly.
On the IBM-PC equipped with Microsoft FORTRAN 3.1
and operating in single precision, the optimum Nc is about
8. Values of NC significantly greater than 8 cause grossly
incorrect results due to rounding error. The set of coeffi-
Cients (c„) for Nc= 8 is

(— 0.33333333, 48.333333, — 906.00000, 5464.6667,
— 14 376.667, 18 730.000, —11946.667, 2986.6667).

Form a purely aeademic point of View, it is interesting to
examine the simplest Gaver-Stehfest representation, the case
NC:2. The set (c1, cz) is (2, —2) and

Fa(t) z (2 log 2/z) [F(log 2/t) — F(2 log 2m]. (44)
If F (s) happens to be the single pole function 1/(1 + S), which
is the principal response of a simple conductor in free space,
then the approximation Fa(t) and the exact inverse exp(—t)
are in the ratio

(1.00, 0.70, 0.65, 0.78, 2.08, 7.84)

for values of t of

(0.0, 0.5, 1.0, 2.0, 4.0, 6.0),

respectively. The error decreases rapidly as Nc increases,
and the corresponding result for Nc : 8 is

(1.000, 0.999, 0.998, 1.007, 1.063, 0.682),

Showing that the decaying exponential function could be
traeked to at least one—hundreth of its original amplitude.

A more appropriate test for this project is the inverse
transformation of expression (23) to the step response of
the double half-space model, derived earlier analytically as
expression (28). The approximate inverse transforms for
values of Nc of 4, 6 and 8 are shown in Fig. 19, while the
percentage error in the NC=8 eurve relative to the analytic
inverse is shown in Fig. 20. Again, the value 8 seems ade-
quate for Nc‚ as the error level over much of the time range
of interest is less than 1%.
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Fig. 20. The pereentage error in the Nc: 8 eurve of Fig. 19 relative to the analytie solution
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Abstract. Observational data from all-sky cameras, iono—
sondes, riometers, ground-based magnetometers and from
a 90 MHz short-pulse auroral radar have been used in the
analysis of 41 auroral are events in the interval 18-06 MLT
over Scandinavia and the Kola peninsula during the IMS
period. The spatial distributions of electrie fields in the vi—
cinity of the auroral arcs were determined by radar data,
which were sometimes supplemented by balloon and roeket
data. The study leads to the following conclusions: (i) At
ionospherie level, the are-associated electrie field has a meri-
dional scale of about 1° in latitude for all MLT values.
This is equally true for active and quiet auroral ares. (ii) Far
from midnight, the spatial orientation of the field closely
follows the orientation of the ionospheric convection elec—
trie field. The maximum of the arc-assoeiated electrie field
is observed equatorward of the visual are in the evening
and poleward in the morning. (iii) Near midnight, after the
eonvection reversal, the behaviour of the arc-associated
electrie field on the southern edge of the auroral bulge is
of the evening type, while at the northern edge of the bulge
it is of the morning type. In the evening type, the meridional
eomponent of the ambient electrie field vanishes, while the
morning type is characterized by the dominance of the
southward eomponent of the electrie field. Radar diagnos-
tics show that the minimum meridional distance between
the visual are and the radar are is, on average, about zero
in the evening and about 15 km in the morning. (iv) The
work done by the are-associated electrie field within the
radar are but outside the visual are is positive in all MLT
sectors, and it is concluded that the generator of the arc-
associated electrie field is located in the magnetosphere.
By using possible conductivity profiles through the are,
models of the three—dimensional current system assoeiated
with an auroral and radar are are built. These results are
eompared with direct measurements and discussed in the
light of the main models of the electrodynamical strueture
of auroral arcs.

Key words: Ionosphere — Radar aurora — Electrie field —
Auroral are — Convection — Conduetivity profiles — Three-
dimensional eurrents — Are-assoeiated electrie field

Introduction

An optieal auroral are, quiet or disturbed, has a large
number of eouplings to the surrounding ionosphere, to

the magnetosphere and even to the interplanetary medium.
The electrie field measured in the Vicinity of an auroral
are is a superposition of the large-scale, convective magne-
tospheric electrie field, obviously controlled by the inter-
planetary electrie and magnetie fields (Akasofu, 1981), the
electrie field associated with the inverted-V eontaining the
are (Heelis et al., 1981; Timofeev et al., 1985a), and the
local electrie field produced by the are itself (Marklund
et al., 1982; Ziesolleck et al., 1983). The convective electrie
field in the auroral oval region is typically of the order
of some mV/m, while the electrie field produeed by the
inverted-V and the auroral are may vary from a few tens
to 100 mV/m (Heelis et al., 1981; Timofeev et al., 1983,
1985 a). The region directly influenced by the auroral are
and inverted-V electrie fields has a meridional scale varying
from 10 to 100 km. Inside the are itself, there is a distinet
strueture with a meridional seale of 10 km (Marklund et al.,
1982). In this paper we shall eall the electrie field produeed
by the are itself, superimposed on the inverted-V electrie
field and observed loeally in the Vicinity of the are, ‘the
are-associated electrie field’.

The electrie fields observed in the auroral are region
depend strongly on the current systems eoupling the auroral
oval to the outer magnetosphere. An observed electrie field
is a superposition of the two electrie fields mentioned above.
In order to diseuss the arc—associated electrie field one has
to be able to subtraet the convective field from the observed
total electrie field. This may be diffieult in practice,
espeeially during disturbed eonditions, since both the con-
vective electrie field and the field-aligned Birkeland currents
influence the are environment.

During the past few years, numerous measurements of
electrie fields, conduetivities and eurrents in the Vicinity
of an auroral are have been made by means of rockets,
satellites and ineoherent scatter radar facilities [e.g. see
Baumjohann (1983) and Marklund (1984) and referenees
therein]. A rather complete set of such data in the evening
sector has made it possible to study different types of elec-
trie field patterns near an auroral are (de la Beaujardiere
et al., 1981). On the other hand, similar data in the morning
sector are scanty. There are (up to 1985) only four eases
of direct measurements: de la Beaujardiere et al. (1977),
Horwitz et al. (1978), Ziesolleck et a1. (1983) and Brüning
et al. (1985). It is worthwhile to note that in the first two
cases the auroral forms studied were homogeneous long-
lived ares, and the latitudinal scan of the incoherent scatter
radar used was of the order of 10 min or more; while in



the last two cases rocket data were used and the arcs were
somewhat active. The study of the parameters of an active
arc, observed as a rule in the near—midnight sector of mag-
netic local time (MLT), is difficult because of the dynamical
nature of the arc. Therefore, the data on electric fields and
eurrents around such arcs are actually non-existent except
for the events deseribed on the basis of STARE data
(STARE: Scandinavian Twin Auroral Radar Experiment,
Greenwald et al.‚ 1978; Nielsen and Greenwald, 1978; In-
hester et al.‚ 1981; Baumjohann et al.‚ 1981). However, in
these cases it is difficult to distinguish an arc-associated
electric field from the large-scale convection eleetric field
or bulge-associated electric field because the STARE radial
resolution is only about 15 km, whereas the spatial scale
of the arc-associated field is of the order of 10 km (Mark-
lund et al.‚ 1982; Ziesolleck et al.‚ 1983). The rocket data
on electric field patterns associated with an individual active
auroral arc have rather insuffieient coverage because of the
strong temporal and spatial dynamics of the visual arcs
during the flight.

The first study on radar arcs (Chesnut, 1968) was made
about the radiophysical Characteristics of the phenomenon.
Tsunoda et al. (1976) were the first to draw conclusions
about the spatial structure of the electric fields and currents
in the Vicinity of an auroral are. However, these results
were limited to the evening sector, and the spatial resolution
was 45 km.

This paper aims at a systematic investigation of the eon-
figurations of eleetric fields and currents around an auroral
are in different MLT sectors and under varying ionospheric
conditions. For this purpose, we have used PPI (Plane Posi-
tion Intensity) data of a rotating radar antenna on diserete
radar arcs, along with data from ionospheric and ground-
based measurements. The pulse length of 8 ps gives a slant
range cell length of only 2 km in the direction along the
radar beam. In practice, this means that the radial resolu-
tion is about 5 km. Since the beam width was 9°, the lateral
resolution is much poorer: of the order of 100 km in prac-
tice. The radar is about 15 dB less sensitive than STARE,
so that the results presented here cannot be directly com—
pared with STARE data.

It is known that a rough linear dependence has been
t‘ound between the radar aurora (RA) intensity and the
ambient ionospheric eleetrie field from threshold to about
30 mV/m (Tsunoda and Presnell, 1976; Siren et al.‚ 1977;
Andre, 1983), after which this dependence disappears
(Andre, 1983; Uspensky et al.‚ 1983). For eleetrie fields well
above the threshold, the radar aurora intensity has been
found to be controlled by the ionospheric electron density
only (Starkov et al.‚ 1983). By using ionosonde, riometer
chain and X-ray balloon data, we have Checked whether
the area of maximum electron density outside the auroral
are itself coincides with the loeation of the RA maximum
intensity. This allows us to decide which parameter can
be diagnosed by radar data in situ: electrie field or electron
density. Thus, for example, the appearance of a radar are
in a previously quiescent ionosphere, where the ambient
electric field is evidently below the threshold, must be due
to an inerease in the electric field strength near the visual
are. Then, using simultaneous data from ground—based
magnetometers, the sign of the meridional component of
the ionospheric electric field ean be inferred from the direc-
tion of the ionospheric Hall currents. Similar methods have
been tested earlier by Timofeev et a1. (1980) in studying

123

36°
20° 28°

Fig. l. The map of the observation region including the main Scan-
dinavian and Kola peninsula observatories used. The general field
of view of the ASCs limited by a zenith angle of 75° is shown
by the outermost dashed curve. Solid curves are the aspect angle
contours of the Essoyla radar, and the innermost dashea’ curves
show the radar field of view

Table l. The Essoyla radar parameters

Transmitter peak power 75 kW
Transmitter frequency 88 i 5 MHZ
Pulse width 8 us
Horizontal beam width 9°
Antenna rotation period 72 s
Pulse repetition frequency 50 Hz

the near-are structure of the ionospheric currents in the
evening seetor. The eonclusions obtained there are sup—
ported by direet measurements (Burke et al.‚ 1980; Von-
drak, 1981; Marklund et al.‚ 1982; Baumjohann, 1983).

Experimental arrangements and data handling

The main part of the visual aurora data was obtained by
the Finnish all-sky camera (ASC) network [for a deserip-
tion, see Pellinen (1982)], supplemented by ASC pictures
from Loparskaya and Apatity, Kola peninsula. The posi-
tions ofthe main observatories are shown in Fig. 1. In addi—
tion, data from the Scandinavian Magnetometer Array
(SMA), balloon and roeket measurements (e.g. SAMBO,
SBARMO and Substorm—GEOS experiments) were used in
several events. Observations of the radar aurorae were per-
formed in the azimuth scan mode of the 90 MHz short—
pulse radar located in Essoyla (61°N, 33°E), Karelia,
USSR. The main technical parameters of the radar are giv-
en in Table 1.

The selected events with radar and visual auroral arcs
and with direct ionospherie electric field measurements in
the vieinity of a radar are are from the period 1975—1982,
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and mainly from midnight and morning sectors. Since the
radar are is, in general, more often associated with bright
than with faint visual arcs, the selection is somewhat biased.
The data set used consists of 15, 19 and 7 events in the
morning, near-midnight and evening sectors, respectively.
The well-studied evening sector part contains the cases of
direct measurements or the most illustrative examples only.
All events were selected to satisfy the following require-
ments:

1) the auroral are is observed near the zenith of some
ASC for at least 2 min

2) the meridional drift velocity of the are does not ex-
ceed 200 m/s

3) the magnetometer data of the Kola peninsula chain
from Rybatohy (RYB) to Umba (UMB) are available for
this interval.

There are two exceptions to the first requirement. In
these cases, the zenith angle was about 45°. For these two
events, the projections of the lower edge of the arc on the
map were estimated by first plotting the curves for the two
extreme cases of are altitudes, 90 and 120 km. The band
between the two eurves was then eompared with the loca-
tion of the corresponding radar arc. This procedure is the
same as in the Radar — All-Sky Camera proeedure (RASC)
of Fremouw and Fang (1975).

In order to determine the minimum distances between
the radar and visual arcs along the meridian, the morpho-
logieal differences between evening and morning arcs have
to be taken into aooount. Evening-type arcs are often rela-
tively distinct with sharp boundaries, especially on the equa-
torward side, and relatively narrow in the latitudinal diree-
tion. The morning-type arcs are, on the other hand, wider
and have more diffuse boundaries. Since the radar arcs
appear equatorward of the evening arcs but poleward of
the morning arcs, the minimum distance along the meridian
is relatively easy to determine for evening arcs. For morning
arcs, we selected out of the 19 cases available those 10
in which the auroral arcs were observed constanlly in the
zenith of some ASC, so that the distance determination
was, in our opinion, as reliable as possible.

Observations and their interpretation

The evening seclor

We shall present below two cases as illustrative examples
of auroral arcs and associated magnetic variations, and two
cases of direct measurements of the ionospheric parameters.
We shall call the radar arcs appearing below ‘evening radar
ares’.

Event I. The ionospherio Situation at 17.35 UT on March
3, 1976 is shown in Fig. 2. At that moment, the eastward
eleetrojet suddenly intensified and reappeared for 1—2 min
south of the Loparskaya station. The value of the H-eom-
ponent variation at the Lovozero station, under the south-
ernmost auroral are, was about 70 nT. It was a single are
aocompanied by a radar are located equatorward of the
visual are. It is to be noted that the radar are was visible
for 2 min, viz. the time of the eleetrojet recovery. The values
of the H-Component variations were negative north of Lo-
vozero. One can also see that the bright auroral arcs embed-
ded in the westward eleotrojet were not aecompanied by
radar arcs.

MARCH 3,1976 17:35 UT

16 17 18 19 UT

Fig. 2. Auroral are and radar aurora display seen by the Lopars-
kaya ASC (solid circle). Projections of auroral arcs are given by
the solid lines. The radar are is denoted by a shaa’ed band. Diffuse
luminosity is marked by points. The dashed vertical line on the
Kola magnetometer chain (left panel) marks the moment of the
radar are appearance
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Fig. 3. The latitude-time diagram of the locations of auroral forms
on November 24, 1978

Event 2. Figure 3 shows the latitudinal development of the
electrojet boundary with radar and visual arcs between
17.10 and 17.20 UT on November 24, 1978. One ean see
that there were up to five auroral arcs within the latitudes
from Rybatchy to Umba. The line AHzO, constructed
from the data of the meridional magnetometer chain, di-
vides the auroral arcs into two groups: those with and those
without a radar are. At first, only the southernmost auroral
are, embedded in the eastward electrojet, had a radar arc.
Then at about 17.15 UT two auroral arcs appeared almost
simultaneously, but on different sides of the boundary. Only
the second southernmost auroral are, located within the
region of northward ambient electric field, was accompa-
nied by a radar are. Aoeording to the Kola peninsula mag-
netometer-chain data, the eastward eleetrojet intensified
suddenly between 17.10 and 17.15 UT south of Loparskaya,
within the region where the radar arcs appeared.

Event 3. March 5, 1979 is an example of balloon eleotric
field measurements in the vicinity of an evening auroral
are during the SAMBO experiment. Figure4 shows the
electric field vectors measured by the three balloons plotted
on the map. One can see a discrete auroral are accompanied
by a radar are, situated near its equatorial edge. The electric
field value decreased from 60 to 10 mV/m when passing
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Fig. 4. The location of the aurora (dashed line) and the radar are
(shaa’ea’ band) relative to the three SAMBO balloons. The vectors
denote the electric field values measured by the balloons
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Fig. 5. The observation region during the GEOS-rocket launeh.
The solid curve shows the visual are projection on the map accord-
ing to the data from the three ASCS (circles), the broad band is
the radar are as seen by the Essoyla radar, and the arrows denote
the ground equivalent current vectors. The projection of the rocket
trajectory on the ionosphere is shown by the thick arrow

southward of the radar are to a distance of about 1o in
latitude. In agreement with the positive H—component varia—
tions registered by the ground magnetometers, the meri-
dional component of the ionospheric electric field was di-
rected northward according to all balloon data. The zonal,
westward component of the electric field was negligible ex-
Cept in the vicinity of the auroral are.

Event 4. January 27, 1979 gives an opportunity to study
the behaviour of not only the eleetric field but also of other
ionospheric parameters. The measurements were made by
a roeket payload launched from Esrange at 17.12 UT dur-
ing the Substorm-GEOS rocket experiment. The electron
density and ionospheric eurrent data, taken from Marklund
et a1. (1982), will be discussed later. The radar arc, appear—
ing one-quarter of an hour earlier, was related to the bright-
ening of the southernmost auroral are. Both arcs are shown
in Fig. 5 for the moment about 1min after the launch.
As is seen, a rather broad (up to 1° in latitude) radar are
was located Close to the equatorial edge of the visual arc.
Observations further to the west were impossible due to
the large aspect-angle values. The rocket—borne electrometer
registered the electric field north and east components with
maxima of 115 and 20 mV/m, respectively, just before the
equatorial edge of the visual are. The measurements also
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showed the presence of a local electron density depression
by a factor of 3—4 near the equatorial edge of the auroral
are [see Fig. 6 of Marklund et a1. (1982)]. The maximum
of the ionospheric eurrent density was located at the south-
ern edge of the auroral arc (Fig. 11a, ibid.). In other words,
a eurrent density enhancement was situated within the radar
are.

Therefore, the radar arc was a region of a Hall current
located equatorward of the visual are and propagating par-
allel with it, and the radar are manifests itself in the evening
sector as a westward Hall-current enhancement flowing at
the equatorward side of the are. The Close spatial interrela-
tion between the radar arc and the local electron density
minimum mentioned is a typical feature of the evening are.
The same minimum can be clearly seen in Fig. 2.

However, sometimes, but rather rarely, the opposite oc-
curs: the radar are is situated right at the local ionization
maximum. Two such exceptions have been observed in the
evening sector, during growth phase conditions. The loca-
tion of the moving ionization band was in these cases de-
tected by riometer ehain data. During the first event on
November 11, 1976 the ionization band maximum observed
at 17.06 UT near the Sodankylä zenith coincided with the
centre of a broad radar are with a thickness of some 20 km.
During the second event on March 16, 1978 the absorption
band passed the Loparskaya zenith at about 17.20 UT
practically simultaneously with the passage of the radar
are. The absorption band location was determined in Star-
kov et al. (1980).

The morning sector (01—06 MLT)

In eontrast to the evening, the appearance of a radar are
in the morning sector is connected with the increase in the
westward electrojet intensity. Moreover, the radar are shape
is dissimilar to the regularly broadening shape of the even—
ing radar arc, and it is observed on the poleward, opposite
side of the visual are. This spatial interrelation persists in
this MLT sector independently of the location of other
auroral forms (diffuse luminosity and absorption band) rel-
ative to the auroral are. We shall illustrate this by describing
three events, and we shall eall the radar arcs appearing
below ‘morning radar arcs’.

Event I. January 25, 1979. During this event, the auroral
activation began in the region of the Kevo observatory at
01.50 UT (about 04.50 MLT). Before this time, the iono-
spheric currents had been quiescent for 3 h. Auroral arcs
moved southward, brightening from time to time. One of
these brightenings took place near the zenith of the Lopars-
kaya observatory. Figure 6 shows the locations of the visual
and radar arcs for this moment, as well as the magnetometer
H—component record. As seen, the appearance of a radar
arc poleward of the visual are was accompanied by a sudden
inerease in the westward electrojet intensity. Diffuse, but
remarkably intense luminosity was observed at the same
side of the visual are. The intensity of the backscattered
Signal had a maximum at the western edge of the radar
are and decreased in a regular manner towards the east
along the are. The Murmansk ionosonde registered a
particle E-layer (Esr) equatorward of the visual are at
05.05 MLT, and r— and a-types of auroral ionization simul—
taneously poleward of the are at 05.15 MLT. The electron
densities determined for both moments from thefB values
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Fig. 6a and b. a Positions of the visual arc (solid curve) and of
the radar arc (broad band). The dashed region is the region of
diffuse luminosity. The dashed Circle shows the field of View of
the Loparskaya ASC. b The moment of interest on the Loparskaya
magnetometer record is shown by an arrow

for the particle E-layer were approximately the same, about
2.2 x 1011 m—3. The Loparskaya 32 MHZ riometer directed
t0 the North Star registered increased auroral absorption
beginning at 04.45 MLT (01.45 UT). The maximum value
of absorption, about 0.6 dB, was observed at 05.07 MLT
when the riometer antenna beam pointed equatorward of
the visual arc.

The ionization value registered during the event was
well above the threshold of radar aurora appearance, which
is equal t0 3 x1010—5 ><1010 m’3 (Tsunoda and Presnell,
1976). Therefore, the absence of a radar aurora everywhere
in the ionosphere, exeept in the narrow band poleward of
the visual arc, means that the background electric field was
less than the threshold electric field value. In our opinion,
the total ionospheric electric field (background plus arc-
associated) within the radar arc limits was already above
the same threshold. Inferring from the sign of the H—Compo-
nent variation, both electric flelds had southward meri—
dional components.

Event 2. January 27, 1979. The riometer data of the event
give an opportunity t0 detect accurately the meridional lo-
cation of the auroral absorption band relative t0 the radar
and visual arcs. The equatorward drift of the band and
both arcs began at 02.19 MLT with an average velocity
of about 200 m/s. The absorption maximum was registered
at the Kevo and Ivalo observatories about 10 min before
the radar arc erossed the zenith. Hence, the band maximum
should be loeated about 120 km south of the centre of the
radar arc at that time. According t0 the Murmansk iono-
sonde data (f3 Es), the E-region ionization level in the event
was 1.8 ><1011 rn‘3 at 02.15 MLT, and 1.4><1011 m—3 at
02.45 MLT. At 02.30 the ionosonde registered a blackout.
Thus. during the whole time interval around the moments
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Fig. 7a—c. a Latitudinal profiles of the H— and Z—component varia-
tions at the moment of the auroral arc brightening. b The auroral
arc (solia’ line) and radar arc (broad band) within the Muonio ASC
field of View (large dashed circle) for the same moment. The intensi-
ty level of the radar arc is shown by the degree of darkening in
the broad band. The dashed region is the region of diffuse lumino-
sity. The dashed straight line shows the location of the centre of
the auroral absorption band. The solid circle represents the iono-
sonde antenna beam eross-section. c The arrow on the panel marks
the moment of interest in the Loparskaya magnetometer record

shown in Fig. 7, the ionization value was well above the
threshold within the region equatorward of the visual arc.
The backseatter Signal intensity poleward of the arc in—
creased suddenly at 23.36 UT (02.36 MLT) simultaneously
with the brightening of the auroral arc. As seen from the
magnetogram in the lower panel, the intensity of the iono-
spheric eurrents was nearly maximum at that moment. The
profiles of the H- and Z—eomponent variations constructed
almost along the geomagnetie meridian are shown in
Fig. 7a. One can see that the local maximum of the west—
ward ionospheric Hall currents was loeated near the Lo-
parskaya observatory, south of the visual arc. The radar
arc was situated on the poleward side of the visual arc,
and the backscatter intensity had a maximum at the western
edge of the radar arc as in the previous event.

Hence, we can conclude that the riometer absorption
and the energetie (20—30 keV) electron preeipitation had
a maximum equatorward of the arc. Since the ionization
level was well above the threshold in this region, the pres-
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ence of a backseatter band at the opposite side of the visual
arc means that the ionospherie eleetric field there was strong
and above threshold. Altogether, this means that the arc-
associated eleetric field was southward and had a maximum
within the radar arc, poleward of the visual arc.

Event 3. October 20, 1975. A weak, scattered arc was 0b-
served during the growth phase of an isolated substorm
from 22.15 until 22.25 UT (01.15—01.25 MLT). The pre-
substorm conditions can be clearly seen after 22.00 UT in
the Loparskaya magnetometer data shown in Fig. 8a. This
is in complete agreement with the IMP-8 satellite data (not
shown here), according t0 which BZ (the z-component of
the interplanetary magnetic field in the GSM—coordinate
system) was positive (northward) for about 1 h before
22 UT and became negative right after that moment. The
radar are and the auroral absorption band drifted equator—
ward during the time interval considered here. The location
Of the absorption band was detected by the riometers at
Kevo, Ivalo, Sodankylä and Loparskaya observatories. Be-
t‘ore 22.27 UT, n0 aurora could be registered sinee the
weather was eloudy. At 22.27 UT, an auroral arc poleward
of the Muonio station brightened simultaneously with a
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sudden increase of the radar arc backscatter intensity. As
seen in the magnetogram in Fig. 8a, the intensity of the
ionospheric currents increased at the same moment, marked
by the arrow. The locations of the radar and visual arcs
and of the absorption band are shown in Fig. 8c for the
same moment. The Murmansk ionosonde registered a parti-
cle E-layer at 22.15 plus simultaneously a- and r—types of
sporadic ionization (Es-layers at 22.30 UT (01.30 MLT).
The eleetron density values derived from fBES were
5.0 x 1010 and 4.9 >< 1011 m‘3, respectively. Both ionosonde
measurement regions are located equatorward of the visual
arc. The backseatter intensity distribution along the radar
are was similar t0 both previous events.

The specific peculiarity of this last event is the extreme
‘quiescence of the ionosphere before the moment of the sub-
storm onset. Indeed, Bz was positive for more than 1 h.
The auroral absorption, sporadic ionization and ionospher-
ic currents were practically absent for almost 10 h. Thus,
the value of the background electric field was probably
small and below threshold around the auroral arc. As in
the previous examples, the electron density maximum (out—
side the arc) and the backscatter Signal intensity maximum
were registered at opposite sides of the visual arc. Besides,
the electron density equatorward of the auroral arc was
equal t0 or much higher than the ionization threshold for
the appearance of a radar aurora. Therefore, the electric
field was below threshold everywhere except in the region
within the radar arc itself. As in the previous events, the
signs of the H—Component variations accompanying the in-
crease in the backscatter intensity show that the total iono-
spheric electric field (convection plus arC-associated) as well
as the large-scale convection electric field were predomi-
nantly southward.

The southward arc-associated eleetric field increases the
density of the ionospheric current. Thus, in the m0rning,
the radar arc manifests itself as a westward Hall-current
enhancement flowing along the poleward edge of the
auroral arc.

The histogram of the minimum distances between the
radar and visual arcs along the meridian in the morning
sector is shown in Fig. 9. It was constructed from the data
of ten events where the auroral arcs were constantly ob—
served in the zenith of the ASC (KEV, IVA, MUO and
LPY), as mentioned in the previous section. The values
of the distances, presented in Table 2, range from about
5 km t0 about 50 km. The mean value is about 25 km, and
the median about 15 km.
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Table 2. List of morning radar arcs with well-defined properties

Date Year UT MLT ASC Distance Width

October 20 1975 22.27 01.30 MUO 15i 10 50
March 2 1976 21.34 00.30 KEV 8i 5 25
March 2 1976 21.57 01.00 IVA 40i 5 45
March 15 1978 20.25 23.30 LPY 20i 5 55
March 15 1978 21.24 00.30 KEV 50i 5 100
March 18 1978 00.55 04.00 KEV 5i 5 45
November 26 1978 00.06 03.00 IVA 45i 5 40
January 25 1979 02.11 05.15 IVA 10i 5 30
January 27 1979 23.36 02.30 MUO 25i— 5 50
March 5 1979 02.18 05.15 KEV 5i 5 70

The near-midnight sector

The events studied here are observed after the eonveotion
reversal, which in our case takes place at about 18 UT,
and before loeal magnetic midnight within the westward
electrojet region. The short lifetime of the auroral aros and
their dynamical development is a characteristic feature of
this seetor. The time scale is an order of magnitude less
than the corresponding times in the evening or morning
sectors, 1—3 min only. It may be expected on general
grounds that in this sector there are analogues of both the
evening— and morning-type situations near the auroral arcs
under different physical conditions. If the radar are is lo-
cated equatorward (poleward) of the visual are, it should
be of the evening (morning) type. Later on, we shall show
that the physical conditions which prevail in either type
of cases are rather different. For instance, the evening type
is associated with the preceding recovery of the H-eompo-
nent variation almost up to its undisturbed level. The morn—
ing type is, on the contrary, associated with a sharp increase
of the value of the negative H-Component variation regis—
tered by ground-based magnetometers situated under the
auroral arC considered.

Event I. February 18, 1979. The locations of the radar and
visual arcs at 20.27 UT (23.30 MLT), when the visual are
suddenly brightened oonsiderably, are shown in Fig. 10a.
The breakup started right after this moment. The meri-
dional profiles of the H- and Z—Component variations dur-
ing the growth phase and just before the breakup are shown
in Fig. 10b and Fig. 10C; also, the meridional locations of
the visual and radar arcs are shown. It is seen that the
westward electrojet intensity increased suddenly near the
breakup moment in the region poleward of the visual are.
Acoording to the riometer Chain and ASC network data
(not presented here), the main high-energy partiele precipi-
tation area was situated equatorward of the visual are (Ser—
geev et al., 1983). Therefore, the strengthening of the west-
ward electrojet intensity observed at 20.27 UT might be
assoeiated with the increase in the value of the southward
component of the ionospheric electrie field within the region
poleward of the visual are. According to the ASC data,
no auroral bulge was formed at that moment, but rather
2 or 3 min later. It seems reasonable to assoeiate the electric
field value inerease in the vicinity of the auroral are with
an additional contribution of the are—associated electrie
field, which strengthened during the brightening of the are.
If the latter had a southward meridional eomponent having
a maximum at the poleward side of the are, the resulting
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Fig. 10a—c. a The relative locations of the radar arc (broad band)
and visual are (dashed lines). The intensity level of the radar are
is shown by the degree of darkening in the band. b, c Open rectan-
gles show the location of the visual are as seen by the Ivalo ASC.
The dotted rectangle shows the meridional location of the radar
are

electric field eould beoome large enough to exoeed the
threshold for the appearance of a radar aurora in the region
near the visual are (and within the radar are).

Event 2. November 24, 1978. Several examples of evening
and morning types, based mainly on the Loparskaya ASC
data and the Loparskaya H-Component magnetometer re-
cord, are shown in Fig. 11. In the first example, the auroral
are at the southern edge of the auroral bulge brightened
suddenly at 17.59 UT at the same time as the H-component
recovered almost to its undisturbed level. The visual are
was accompanied by a radar are of the evening type. Similar
behaviour could be observed at 19.24 UT and 21.26 UT
(00.10 MLT). The relative loeations of the radar and visual
arcs for the last moment are shown to the right in the
figure, whieh was constructed from the Ivalo ASC film.
The corresponding radar are is of the evening type. The
first example of the morning-type Situation is illustrated
in the figure at 18.14 UT. From the Loparskaya ASC film
it is seen that this auroral are was situated at the northern
edge of the auroral bulge. In all Similar situations, marked
by downward arrows, sudden increases in the westward
electrojet intensity were registered by the magnetometers
nearest to the are.

We have collected data from 19 events in the near-mid—
night seetor in Table 3. In Fig. 12, we present the 21H varia-
tions for these events. The distribution of AH variations
shows consistently almost zero values for the evening type
(dots) and large negative values for the morning type (cross-
es.
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Table 3. Near-midnight events

Date Year UT MLT ASC AH Magnetometer Type

November 24 1978 17.59 20.45 LPY — 43 LOZ evening
November 24 1978 18.25 21.10 LPY + 10 LOZ evening
November 24 1978 19.24 22.10 LPY — 17 LPY evening
November 24 1978 21.26 00.10 IVA — 34 LPY evening
March 3 1976 17.34 20.35 LPY — 30 LOZ evening
March 15 1978 19.08 23.10 KEV 0 RYB evening
November 25 1978 18.11 20.55 IVA —260 RYB morning
November 24 1978 18.14 21.00 LPY —220 RYB morning
March 2 1976 19.50 22.50 IVA — 140 LPY morning
November 24 1978 20.10 22.55 LPY — 330 RYB morning
November 24 1978 20.20 23.05 LPY —350 UMB morning
February 27 1976 20.10 23.10 MUO — 165 LPY morning
March 2 1976 20.10 23.10 MUO, KEV —200 LPY morning
February 18 1979 20.28 23.30 IVA — 175 LOZ morning
March 15 1978 20.25 23.30 LPY — 110 LPY morning
March 15 1978 21.24 00.25 KEV — 145 RYB morning
March 15 1978 21.27 00.30 KEV —190 RYB morning
April 19 1982 22.07 01.07 LPY —246 LPY morning
September 8 1982 22.35 01.35 LPY — 22 LPY evening

4” ' ' ' ' ' Event 3. March 6, 1979 is an example of a direct measure-
(nT) 21 22 23 oo o1 MLT . . . . . .ment 1n thrs MLT sector 1n the Vlcmlty of an auroral arc
200 r- 4 (from Petrov et al.‚ 1984) during the SAMBO campaign.

The meridional component of the ionospheric electric field
o . : . turned from south to north within the region equatorward° ° . ' of the westward-travelling auroral bulge. The balloon elec-

+
i

7:. i trometer data gave a value of about 5 mV/m for the north-‘200 '
++ + _ ward component. The evening radar arc appeared and

++ lasted for 2min in the region equatorward of the most

Fig. 12. The distribution of the 21H variations registered by the
ground-based magnetometer located under the arc for the 19 near-
:nidnight events. Points mark the evening—type events, crosses the
morning types

southward auroral arc near the moment of the surge pas-
sage. This was observed at 20.58 UT, i.e. practically at local
magnetic midnight. The small, near-zero meridional com-
ponent of the ambient ionospheric electric field in the vicin-
ity of an auroral arc was observed at the southern edge
of the auroral bulge.
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Fig. l3. The balloon positions relative to the radar are at the mo-
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as measured by the balloons near the moment of interest, denoted
by the arrow. The third balloon, 800623, could only register auroral
precipitation

Event 4. June 23, 1979. In this case, the direct measurements
of electric fields and particle precipitations were obtained
simultaneously on three balloon flights Close to magnetic
midnight during a SBARMO experiment (Tanskanen et al.,
1982). Figure 13 shows the positions of the radar are and
the electric field data. The radar are appeared in a quiescent
ionosphere at 00.05 MLT. According to the Kola magnet-
ometer—Chain data, the radar arc was observed within the
westward eleotrojet region with an intensity of about
150 nT. The four riometers in Kevo, Ivalo, Sodankylä and
Loparskaya detected the auroral absorption band during
the whole growth phase interval, from 20.30 to the breakup
at 21.02 UT. The band was located approximately at the
equatorial edge of the radar arc appearing at 20.51 UT.
The orientation of both forms was practically the same.
As shown in the two previous sections, this is typical of
the evening type of forms only. The marked eastward thick-
ening of the radar are also means that it was of the evening
type. As already mentioned in the Introduetion and shown
for individual events (Tsunoda et al., 1976; Timofeev et al.‚
1980), such radar arcs are located Close to and equatorward
of the visual aros. In this case, the visual arc could not
be detected in midsummer. The lower panel of the figure
shows that the ionospherie electric field components were
directed westward and southward during the growth phase
before the appearance of the radar are. As in the previous
event, the meridional component of the field passed through
zero and remained northward for a few minutes near the

moment of the radar arc appearance according to the data
of both northern balloons. The great similarity of the elec—
triC-field variations registered on the two rather remote bal-
loons shows that the spatial scale of variations is large.
The third, southernmost balloon measured the intensity of
auroral fluxes in several energy channels. According to
these and the riometer chain data, no increase in the fluxes
could be detected near the moment of the radar are appear-
ance. The Murmansk ionosonde data showed that the ioni—
zation density was well above the threshold for the radar
aurora appearance both equatorward (at 20.45 UT) and
poleward (at 21.00 UT) of the are. The zonal component
of the electric field surrounding the radar are was constantly
westward in accordance with the equatorward drift of the
auroral forms.

Sinoe the radar are appeared in spite of the smallness
of the background electric field, we have to conclude that
a northward electric field with a value of about 15—20 mV/m
is associated with the auroral are on the southern edge
of the bulge. We have no direot data on electric fields for
the opposite side of the bulge, but inferring from the ex-
istence of the radar aurora in this region, we see that a
southward electrie field with a maximum poleward of the
are was associated with the auroral are. The existence of
suCh arc-associated electric fields has been proven for the
event on February 18, 1979 (Fig. 10) for the active auroral
are situated within the region of southward ambient electric
field. In our opinion, it is the ambient electric field which
is the physioal reason determining the differences in the
orientation and location of the maximum of the are eleetric
field at the opposite edges of the bulge. The essential differ-
ence of these features is, in turn, reflected in the non-sym—
metrical behaviour of the 21H variations discussed above.

Discussion

Introduction

Previous papers have usually described single examples of
direct measurements of the parameters near an auroral are
(Casserly and Cloutier, 1975; Cloutier and Anderson, 1975;
Cahill et al., 1978; Stiles et al., 1980; Robinson et al., 1981;
for a list of references, see Marklund, 1984). Attempts to
construct a Classification scheme of the electric field pat-
terns in the vieinity of an auroral arc were first made during
the past few years (de la Beaujardiere et al., 1981; Yasu—
hara, 1981; Baumjohann, 1983; Marklund, 1984).

De la Beaujardiere et al. (1981) eonstructed a morpho—
logical scheme; their data set was practically empty of after—
midnight sector events. Also, the account of the east-west
electriC—field components was very crude, the accuracy be—
ing of the order of 100% according to Marklund (1984).
Yasuhara (1981) has applied the same morphological ap-
proach to rocket measurements. Baumjohann’s review
(1983) noted the remarkable difference in the spatial scales
of the arc-associated electric field patterns registered by
rockets (about 10 km) and by means of incoherent scatter
faoilities (up to about 100 km), but it was based on a few
events only. The evening—to—morning asymmetry of the elec—
tric field patterns was shown in one case by comparing
the data from two rocket flights. Marklund’s scheme has
a clear physical foundation at ionospheric level, and it dis—
tinguishes two physically different types of auroral arcs:
polarization arcs and Birkeland current arcs. These types
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differ in their mechanisms t0 satisfy the current eontinuity
requirements across the are. The distinction is made by
comparing the electric fields and conductivities away from
the are (ambient parameters) and within the visual arc lim-
its. Conclusions about the behaviour of electric fields in
the intermediate region are not possible without additional
assumptions. Alternatively, electric field pattern measure—
ments in the vicinity of the auroral are are necessary.

General

In this paper we have been able t0 draw conclusions about
the electric field patterns in the vicinity of an auroral arc
in different MLT seetors and under different ionospheric
conditions on the basis of radar aurora data. In this sense,
the method itself is a further development of Tsunoda et al.
(1976), where the authors considered the sudden appear-
ance of the radar are during the visual arc brightening as
being due t0 the increase in the electric field value in a
previously quiescent ionosphere. The results obtained here
are in agreement with their results in the evening seetor,
in spite of the large difference in the radar frequencies,
398 and 88 MHZ. We have also been able t0 determine
the minimum meridional distances between the visual and
radar arcs.

It should be stressed that our data selection eriterion,
the presence of a radar are in the close Vicinity of an auroral
arc, induees a bias. In fact, in sueh a way only brightening
or bright auroral arcs are selected (Tsunoda et al.‚ 1976;
Timofeev and Yahnin, 1982). It probably means that we
have selected the rather general asymmetrical type of the
are—assoeiated electric field patterns (de la Beaujardiere
et al.‚ 1981).

The electric field patterns
We d0 not Claim that some of our results about the electric
field patterns in the evening and morning sectors are partie—
ularly new; the same cannot be said about the near-mid—
night sector.

The results described in the previous sections are sum—
marized in Fig. 14, where the spatial interrelations of the
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radar andvisual arcs are shown. The meridional scale of
the arc—associated electric field, the width of the radar arc,
is about 100 km at ionospheric level for all MLT values.
The orientation of the field in the evening and morning
sectors is similar to that of the convection electric field.
The regions of the electric field maxima are shifted equator-
ward or poleward of the visual arc in the evening- or mom-
ing-type situations, respectively. Near midnight, the charac-
teristics of the electric field depend on which side of the
auroral bulge the visual arc is situated.

For the evening sector, the are-associated electric field
patterns presented in Fig. 14 are in good agreement with
the direct measurements quoted in the Introduction and
with, for example, the reView of Baumjohann (1983). Sum—
marizing, the typical features of the evening radar arcs
found in the previous section were:

1) The evening radar are appears near the eorresponding
visual arc, always on its equatorward side. The arcs have
practically the same spatial orientation and temporal devel—
opment.

2) In the case of several discrete homogeneous auroral
arcs, only the most southward arcs near the boundary divid-
ing the eastward and westward electrojet regions, i.e. the
eonvection reversal boundary, are accompanied by a radar
arc,

3) The average meridional radar arc width is about 1o
in latitude. The minimum meridional distance between the
visual and radar are is consistent with zero, i.e. of the order
of the measurement accuracy, about 5 km.

4) The radar arcs are located within the eastward elec-
trojet, where the electric field is northward. Sometimes dur-
ing growth-phase conditions, the radar arcs are situated
near the auroral absorption maximum.

In the evening sector, practically the same value of the
meridional scale of the arc—associated electric field at iono-
spheric level has been measured by an incoherent scatter
radar (Vondrak, 1981). In the morning sector, our results
agree with the few known examples (Horwitz et al.‚ 1978;
Ziesolleck et al.‚ 1983; Brüning et al.‚ 1985). Summarizing,
the typical features of the morning radar arcs were:

1) The morning radar arcs appear at the poleward side
of the visual arc at a distance of about 10—20 km, and have
the same orientation and development as the visual are.

2) The morning radar arcs appear, or their intensity in—
ereases suddenly, at the same time as the westward electrojet
intensifies (registered by ground-based magnetometers) or
the visual arcs start brightening.

3) The radar arcs and the auroral absorption bands are
located on opposite sides of the visual arcs, the radar are
being poleward and the absorption band equatorward of
the visual are. The relative distance between these two forms
is about 100 km.

4) In most cases, the backscatter intensity maximum is
located at the western edge of the radar are in spite of
the differenees in aspect angle and flow angle conditions.
The meridional width of the radar are remains constant
along the are within the limits of the radar field of view.
Frequently, the backseatter intensity distribution along the
radar arc agress qualitatively with the luminosity distribu-
tion of the visual are.

A point t0 be noted is the systematical difference in
the radar diagnostic features between the evening and
morning sectors. In the morning sector, the smallness of
the flow angle dependence of the radar echo with respect



132

to the evening radar arc auroral echo may not be connected
with any systematical difference of the electric field patterns
in these MLT sectors. The difference in the flow angle de-
pendences between the morning and evening hours was also
noted by Andre (1983). Timofeev (1985) made a systemati-
cal study and suggested that this phenomenon is a result
of the inner granular structure of the diffuse backscatter
in the morning sector reported by Greenwald (1979) and
Vasilyev (1981), and concluded that the morning radar are
is a narrow meridional band of the normal diffuse granular
morning backscatter, in the same way as the evening radar
arc is a narrow meridional band of the usual evening diffuse
backscatter (Tsunoda et al., 1976). This would then mean
that all nightside auroral oval radar arcs are narrow meri-
dional bands of diffuse backscatter generated mainly by
the enhancement in the level of the ionospheric electric
fields in the vieinity of the auroral are. The difference may
also be due to the difference in the spatial forms of the
auroral irregularities when looked at by a radar parallel
or antiparallel to the current flow direetion in the eastward
or westward electrojet regions (Sverdlov, 1986; Sverdlov
et al., 1986).

Summarizing, the typical Situation in the vicinity of an
auroral arc in the midnight sector was found to be the
following:

1) The type is determined by the location of the auroral
arc relative to the auroral bulge and/or the sign of the
AH variation under the arc.

2) The morning-type Situation, with the radar arc lo-
cated poleward of the visual are, occurs at the poleward
edge of the auroral bulge and is associated with rather large
negative values of the AH variations, about —200 nT.

3) The evening—type Situation, with the radar are located
equatorward of the visual are, ocours at the equatorward
edge of the auroral bulge and is associated with the H-
component recovery up to its undisturbed level. The aver—
age values of the corresponding AH variations are about
—20 nT and the value of the meridional component of the
ambient electric field is small and positive, about + 5 mV/m.
An electric field of 10—25 mV/m is associated with the visual
arc near the southern edge of the bulge.

Isaev et al. (1985) give a direct test of the above ground-
based results by comparing simultaneous particle and elec-
tric field measurements on board the IK-BULGARIA-1300
satellite. The radar are was observed poleward of the visual
arc, as expected in the morning-type case. The southward
component of the measured electric field had a maximum
poleward of the visual are. The particle flux corresponding
to diffuse auroral luminosity had a maximum equatorward
of the visual arc.

The conductivity profiles, ionospheric andfield—aligned
currenls

The aim of the present paper is to construct a scheme of
the full three-dimensional current system associated with
the visual and radar arcs. As we have seen earlier, the radar
arC can be considered as a Hall—current enhancement; al—
ready Baumjohann et al. (1978) have noted that the maxi—
mum of the backscatter intensity coincided with the region
of the Hall-current maximum. The field-aligned currents
in the vicinity of an auroral arc may be obtained from
the divergence of the horizontal height-integrated iono-

spheric currents. There, we need to know the electron den-
sity or conductivity profiles. Since we are interested in the
general three—dimensional patterns of the currents‚ the aver-
age E—layer ionization profiles are sufficient. For a rough
modelling of the profiles, we use optical and riometer data.

In our estimates of the FAC directions we use three
different conductivity (electron density) profiles:
— the asymmetric triangle model (Fig. 15 a, d) based on very
accurate scanning photometer data (Velichko et al., 1981)
with uniquely large statistics of brightening auroral arc
measurements (about 100 events from nearly 10 years of
observations)
— the constant conductivity model (Fig. 15b, e) based on
incoherent scatter radar data (de la Beaujardiere et al.,
1977; Stiles et al., 1980; de la Beaujardiere et al., 1981)
— the gap—like conductivity model (Fig.150) (Lui et al.,
1977; Robinson et al., 1981; Marklund et al., 1982) for the
evening type.

The results of the qualitative analysis on the basis of
these three profiles are presented in Fig. 15. As one can
see, the auroral-arC—radar-arc system is part of a Birkeland
current sheet loop. The downward FACs are located equa-
torward of the visual arc in the evening and poleward in
the morning, and the upward FACs. Similar FAC configu-
rations near the are have been found by direct measure-
ments (Casserley and Cloutier, 1975; Robinson et al., 1981 ;
de la Beaujardiere and Vondrak, 1982; Theile and Wilhelm,
1980). In these experiments, the spatial scales along the
meridian vary from a few tens to about one hundred kilo—
metres. This range of values is in good agreement with
the average meridional width of the radar arc or the arc-
associated electric field obtained in this paper (Table 2).

It follows from our scheme that the region of upward
FACs is wider than the visual are and that additional small—
scale FAC loops (denoted by dashed lines in Fig. 15) appear
in some situations. These features are sometimes detected
in rocket experiments (Robinson et al., 1981; Marklund
et al., 1982; Ziesolleck et al., 1983). The current flow direc-
tions in the small-scale loops, either deduced from direct
measurements or derived from the divergence of the iono—
spheric horizontal currents, are the same: counterclockwise
in the evening (Robinson et al., 1981; Marklund et al.,
1982) and Clockwise in the morning (Ziesolleck et al., 1983).
These findings support the view that the asymmetric type
of the are-associated electric field is rather general, and
practically all known experimental features of the three-
dimensional current systems associated with an auroral are
can be explained.

It must be noted that the conclusion about the loop
Character of the three-dimensional currents associated with
the visual-arc—auroral—arc system depends to a certain de-
gree on the ratio of the charaoteristic scales of both the
electron density and electric field profiles used. The same
conclusion may be supported by an independent argument.
As noted earlier in this section, the radar arc may be consid-
ered as a band of zonal Hall current enhancements. Since
the ratio of Hall and Pedersen oonductivities, ZH/ZP, is
constant outside the visual are, the meridional current is
stronger within the radar arc limits. Since there is an up—
ward FAC within the visual are, we may conClude from
current conservation that there is also a downward FAC
within (or near) the radar are limits, which shows the ex-
istence of a Birkeland current loop with a meridional scale
of about the size of the system, i.e. a few tens of kilometres.
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Fig. 15 a—e. Sketch of near—are electrie field and three-dimensional
current patterns for various types of conductivity profiles. Shaa’ed
z'ertical strips denote the Visual arcs. The top figures show the arc-
associated electric fields EA, the middle ones the electron density
profiles and the bottom figures the meridional current profiles. The
lield-aligned eurrents are denoted by I” and shown by the thick
arrows, the are-associated Closing currents by 11:4 and denoted by
the smaller horizontal arrows. Also, additional small field—aligned
current loops denoted by dashed lines are shown

The auroral bulge
The scheme proposed here may be stated: away from mid—
night, the direction of the are-associated eleetric field in
the radar arc region is the same as that of the large-scale
convection electric field, i.e. northward in the evening,
southward in the morning. In general, and especially near
midnight, this must be phrased as follows: the meridional
ionospheric Closing currents of the three-dimensional eur-
rent systems of the auroral-arc—radar-arc system and of
the large-scale eonvection field are approximately parallel.

We choose the x—axis towards the magnetic north and
t'ne y-axis eastward. Then the meridional component Ix of
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the closing „current of the convection field near midnight
is determined by both the meridional and zonal components
of the convection electric field (Ex and Ey) by the usual
Ohm’s law:

Ixzsx—ZHEy, (1)
where the Zp and 27H are the height-integrated Pedersen
and Hall conductivities.

Near the southern edge of the auroral bulge, the meri—
dional component of the convection electric field is approxi-
mately zero. This is due to the compensation of the small
southward convection electric field by the electrie field asso-
ciated with the bulge (see Fig. 14). The bulge has its own
electric field ereated by the negative Charge located within
the head of the bulge (Inhester et al.‚ 1981; Opgenoorth
et al.‚ 1983; Petrov et al.‚ 1984). The compensation is dem-
onstrated, e.g., in Tanskanen et a1. (1982); Petrov et a1.
(1984), and may be confirmed by a comparison of the statis-
tics on ground—based magnetic variations and ionospheric
electric fields (Kamide and Viekrey, 1983). According to
these data, the average value of the H—component variations
obtained here for the southern edge of the bulge corre—
sponds to a value of the meridional component of the total
ionospheric electric field of not more than i 5 mV/m.

The zonal component of the electric field at the southern
edge of the auroral bulge is systematically observed to be
westward near midnight (Mozer and Lucht, 1974; Zi and
Nielsen, 1981; Baumjohann et al.‚ 1981). Hence, according
to Eq. (1), the meridional oonvection current is northward,
since the meridional electric field is almost zero and the
zonal component is westward: Ix>0, since Es and Ey<
0. In the model proposed here (see Fig. 15), the meridional
current of the Birkeland current loop of an auroral are
is also northward in this region.

The reverse happens when one goes to the opposite edge
of the auroral bulge. There, the bulge-associated field and
the convection electric field add up. Inferring from the sign
and the average value of the H—Component variations
(— 200 nT) on the ground, the total southward electric field
provides the large values of the westward and southward
ionospheric currents in this region. In the model proposed
here (see Fig. 15), the meridional current associated with
an auroral are is likewise southward.

If the H-component variations are considerably smaller
than the average value —200 nT, the value of the total
ionospheric eonvection current is probably nearly zero. The
absence of radar ares in similar situations shows that the
currents and electric fields associated with such auroral arcs
are also small. Then an enhancement in the Circuit, in the
value of the meridional Closing current, is possible if the
westward component becomes unusually large. This hap-
pens in the data on March 21, 1973 [see Fig. 50, d and
Fig. 2 in Tsunoda et al. (1976)]: at about 07.20 UT an even-
ing-type Situation was encountered. The radar arc was de—
tected on the equatorward side of the most southward are,
the H-Component variation was about -—1OO nT, and the
ionospheric electric field was westward and had an un-
usually large value of 40 mV/m.

The currenl systems

We have seen that the meridional Closing currents of the
Birkeland current loops associated with an individual auro—
ral are and those of the large—scale convection currents are
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analogous, i.e. the three—dimensional current system asso-
ciated with an auroral arc is similar to the current Circuit
associated with the large—soale convection in the whole
nightside auroral oval.

Also, control of the direction of the inverted-V-asso-
ciated electric fields by the convection electric field sur-
rounding the structure has been described in Heelis et a1.
(1981). The similarity in the behaviour of the two eleotro-
dynamical systems, the auroral arc and the inverted-V, with
respect to the convection electric field patterns is striking.
We may speculate that the direction of the current flows
of the three-dimensional current systems coupling> the ion-
osphere and the magnetosphere does not depend on the
spatial scale of the structure, but only on the character
of the convection flow around the structure (Kaufmann,
1984). In other words, as electrodynamical systems, both
the auroral arcs and the inverted-V events are cells of en-
hanced convection having only different spatial scales, 10
and 100 km at ionospheric level, respectively. Recent AUR-
EOL-3 satellite observations together with radar data sup-
port this view (Timofeev et al., 1985a). Also, it has been
noted by Fennel et al. (1981) that the visual arcs have a
tendency to be observed at the edges of the inverted-V struc-
tures.

The electron densily depression

As noted in Baumjohann (1983), the region of the maxi-
mum of the arc-associated electric field is located farther
away from the visual are in the morning (Ziesolleck et al.,
1983) than in the evening (Marklund et al., 1982). Our data
shows that this is indeed so, systematioally: the minimum
distance between the visual arc and the region of the arc-
associated electrie field enhancement, the radar are, is on
average about 15 km in the morning and consistent with
zero (with an accuracy of 5 km) in the evening. The reason
for this systematic difference is, in our opinion, connected
with the gap-like Charaoter of the conductivity profile often
observed in the evening auroral are (Robinson et al., 1981 ;
Marklund et al., 1982). The electron density depression
(gap) is located equatorward of the auroral are, which is
within the limits of the arc-associated Birkeland current
loop in the evening, but outside in the morning. Therefore,
its influence on the current system must be taken into ae-
count in the evening sector only. The meridional size of
this gap is, according to the direct measurements quoted,
10—20 km, which is about one-tenth of the meridional scale
of the arc-associated Birkeland current loop. By current
conservation, the arc-associated electric field within the
density depression region should increase, and the electric
field maximum should therefore be located in general Closer
to the visual arc than in the gapless case. A rough estimate
of this shift is half the size of the gap in the ionosphere,
i.e. 5—10 km, which is not too far from the observed median
(or average) based on muCh larger statistics.

Comparison with olher models

It is well known that the auroral arc results from the iono-
sphere-magnetosphere coupling (Atkinson, 1970; Sato and
Holzer, 1973; Maltsev et al., 1977; Mallincrodt and Carl-
son, 1978; Sato, 1978; Tverskoi, 1982). Leontyev and
Lyatsky (1982) give a detailed description of the effects
of ambient ionospheric electric field on the auroral arc elec-

trodynamics. Their model is in complete agreement with
the three-dimensional current system picture developed in
this paper. However, it only describes the visual part of
the auroral are system. Thus, the meridional size of the
arc current loop system in this model is only about 10 km
at ionospheric level. The Sato (1978) model gives it approxi—
mately the same size as the present model, and the three-
dimensional current system construeted is also in full agree-
ment with the systematics of this paper for the whole night-
side auroral oval. Reoently, Sato’s idea that the electrodyn-
amical system of the auroral arC is a cell of enhanced mag-
netospheric convection in the ionosphere—magnetosphere
coupling has been developed further by Trakhtengertz and
Feldstein (1984).

The model presented here is based on the idea that a
Close connection exists between the eonvection eleetric field
pattern and the auroral arc electrodynamical system. The
model predicts the existence of an arc-associated electric
field beyond the limits of the visual are. The location of
the maximum of the electric field is predicted to shift to
a distance of about 10 km towards the region of inflow
of the downward FAC current of the auroral are current
loop. This value is in rough agreement with the data pre-
sented here. Moreover, the model can in prinoiple explain
the systematic difference in the location of the are-asso-
ciated electric field maximum relative to the visual are be-
tween the morning and evening types of radar arcs. This
difference is, in the model, due to the electron density de-
pression in the vicinity of the evening arc. The model pro-
posed by Vondrak (1975) is in agreement with the data
far from midnight only. Near the midnight meridian, when
the westward component of the electrio field dominates,
Vondrak’s model is in disagreement with our data.

Joule heating

According to our model (see Figs. 14 and 15), the work
per unit area done by the arc—associated electric forces,

WAZEA'IA (2)

where EA and 1A are the arc-associated electric field and
current, respectively (see Figs. 14 and 15), is positive in
the viCinity of the arc and within the radar are for all MLT
values. In the evening sector, this agrees with incoherent
scatter data (Stiles et al., 1980; Robinson et al., 1981; de
la Beaujardiere et al., 1981) Showing the presence of an
increased Joule heating area with a meridional size of about
100 km located equatorward of the visual arc near its equa-
torial edge. Accurate rocket measurements of ionospheric
electric fields and conductivities during an auroral arc pas-
sage showed that the electric field meridional component
sometimes decreased down to zero under the influence of
the polarization electric field only (Marklund, 1984). In
such a case, the arc polarization electric field within the
visual arc and the arc—associated electric field within the
radar arc may be estimated to be approximately equal. To
the extent that the electric fields may be considered as uni—
form within the visual are, the are polarization electric field
and the ionospheric olosing current of the are current circuit
are antiparallel within the visual are, meaning that the visu-
al are acts like a generator. On the other hand, within the
radar are the arc—associated electric field and the ionospher—
ic Closing current are parallel, which means that the radar
arC acts like a load. Putting in characteristic values for the



meridional scales and Pedersen conductivities for the visual
arc, 10 km and 10 S, versus the numbers for the radar are,
100 km and 1 S, we see that the total energy release within
the radar arc is at least one order of magnitude higher
than the energy input from the visual arc. Therefore, it
is important to recognize that the electric generator of the
three-dimensional current system associated with the auro—
ral are is located outside the ionosphere, i.e. in the magne-
tosphere.

Conclusions

1) Discrete radar arcs of evening type are observed in the
evening sector and near midnight at the southern edge of
the auroral bulge; discrete radar ares of morning type are
observed in the morning and at the northern edge of the
bulge. Radar arcs of evening type appear equatorward of
the corresponding visual arcs, those of the morning type
poleward. The radar and visual arcs have the same orienta-
tion and appear, brighten and move in harmony in all MLT
sectors. The ares are manifestations of a eommon underly-
ing structure whose meridional size is about 1° in latitude,
i.e. 100 km at ionospheric level for all MLT values.

2) The radar arc is a Hall current band enhancement
caused by the presence of an arc-assoeiated electric field
within the band. For the whole nightside oval, there are
two types of arC-associated electric field patterns corre—
sponding to the two types of radar arcs. Far from midnight,
the spatial orientation of the field and the orientation of
the ionospheric conveetion electric field are the same:
northward in the evening, southward in the morning.

3) The minimum meridional distanee between the visual
arc and the radar arc, the manifestation of the arc—asso-
ciated electrie field, is on average consistent with zero in
the evening and about 15 km in the morning. This differ-
ence is probably due to differences in the meridional con—
duetivity profiles through the are in these MLT sectors,
in particular to the existence of an electron density depres-
sion in the are current eireuit in the evening.

4) The construetion of the three-dimensional eurrent
system associated with an auroral arC and a radar are shows
that the arC, as an electrodynamical system, is a Birkeland
current sheet with an upward FAC within the visual arc
and a downward FAC within the radar are. The meridional
size of the system is a few tens of kilometres at ionospheric
level.

5) The direction of the meridional closing current of
the arc Birkeland current loop is the same as that of the
meridional ionospheric eonvection current in the vicinity
of the visual are. Around magnetie midnight, it is deter-
mined by both the meridional and zonal components of
the eonveetion electrie field.

6) The work done by the electric forees in the arc Birke-
land current loop is positive everywhere within the radar
arc for the whole nightside auroral oval. The total amount
of work done within the radar are limits is probably at
least an order of magnitude larger than the total energy
input within the visual arc limits. Therefore, the generator
of the arC current circuit is most probably loeated outside
the ionosphere, i.e. in the magnetosphere.

7) From the similarity of the large-seale conveetion elec-
tric field patterns and those of the auroral are, it follows
that the auroral arc as an electrodynamical system is a cell
in the large—scale conveetion structure. Recent eoordinated
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satellite-ionosphere experiments show that the inverted-V-
events behave similarly (Isaev et al., 1985; Timofeev et al.,
1985a,1985b).Therefore, the radar—arc — visual-are — in—
verted-V structure is a eommon electrodynamical pattern
in the magnetosphere-ionosphere system.
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Book reviews

Active Tectonics. Geophysics Study Committee. Series ‘Studies in
Geophysics’, 266 p., US S 26.95, Export S 32.50, National Aca—
demy Press, Washington, D.C., 1986

This book aims to provide a survey of those phenomena of tecton-
ics being of significance to society. It is not only addressed to
the scientist but is also intended to give help, from the scientific
community, to policymakers in deeisions on societal problems in-
volving geophysics. This is also one of the purposes of a series
of ‘Studies in Geophysics’ of the Geophysics Research Forum,
of which this book is a part.

In this context, the term ‘active tectonies’ is neither defined
as movements currently happening — since the term ‘Currently’
is ambiguous — nor is the frequency of faulting events within a
certain time the specific characterization of ‘aetive’. Here ‘active
tectonics’ is defined as “tectonic movements that are expected to
oecur within a future time Span of coneern to society. ” Therefore,
the forecast of earthquakes and the evaluation of possible volcanic
eruptions and seismic hazards are topics of this book as well as
slower tectonic proeesses causing serious economic problems, e.g.
the disruption of river channels or the changing of coastlines. Con—
cerning these topics, the book is meant to provide contributions
to research on styles, rates and impacts of active tectonics. The
book is divided into 16 Chapters, each written by a different author.
These contributions are based on scientific findings presented at
an American Geophysical Union symposium in San Francisco in
1983.

In the first seven Chapters the styles of active tectonics are
treated phenomenologically. Events at the margins between the
North American and the Pacific plate are discussed as well as
active faulting, associated hazards and postglacial rebound phe-
nomena like the uplift of Fennoscandia. Furthermore, active tec-
tonic movements in coastal areas and the response of rivers, Chan-
nels and escarpments to geomorphologieal changes due to tectonics
are presented, mostly in the form of case studies in which areas
of the North American continent were investigated. Social aspects
are not treated in detail here.

In the following seven Chapters, mainly methods of evaluating
active tectonics are considered. Geomorphological and geological
investigations are essential to the reeognition of tectonically aetive
regions and different dating methods are necessary for their chron-
ological assessment. Geodetic measurements play an important
role; both monitoring of fault movements by precise surveying
of permanent bench marks close to a fault and far-field, or global,
geodesy. Unfortunately, the reader is not given a more detailed
description of extraterrestrial surveying methods such as Very—
Long—Baseline Interferometry (VLBI), which has been suecessfully
applied recently. It is only briefly mentioned here and is missing
in the register.

The last two Chapters deal with tectonic problems related to
volcanoes. Here the impact on society of these processes is treated
in detail. The effeets volcanoes have on people living near them

Journal of
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and the public response to volcanic eruptions are discussed. The
section containing the classification of volcanoes and eruptions
is a little short and unstructured compared with descriptions in
other Chapters. In the last chapter, volcanic hazard assessment for
disposal of high-level radioactive waste is investigated by a study
of a potential waste-disposal site in Nevada.

Since all Chapters are written by different authors, they are
of different styles. In most cases, however, a general knowledge
of geosciences is sufficient for understanding, which corresponds
to the editor’s intention. The book contains a wealth of figures
and diagrams. It cannot and does not want to be a substitute
for a textbook on tectonics, but with many examples and detailed
referenees in each chapter it is a useful eomplement.

V. Tönnies

Zakharova, A.I.: Estimation of Seismicity Parameters Using a Com-
puter. A.A. Balkema, Rotterdam. 160 pages, 30 tables, 18 figures.
Cloth-bound volume. 75.90 DM, 1986

The aims of this book are considerably advanced. It claims to
establish algorithms for the determination of seismicity parameters
and gives computer programs which can be adopted, a little modi-
fied or improved if necessary. The whole collection should be of
use for seismic zoning and parameters like the number of earth—
quakes of a certain magnitude, the seismic activity and the maximal
possible earthquake of a territory should be evaluated as well as
recorded cartographically from continual registration of several
seismograph stations. Concerning the estimation of epicentres, hy—
pocentres and focal depth, other publications are referred to.

The book is subdivided into two main parts. The first, which
is the more theoretieal part, contains Chapters I and II. In the
first chapter a few seismicity parameters are defined, mathemati-
cally explained and the various expressions are put together for
comparison. This ehapter appears to be a good, but not complete,
survey of the quantitative formulation of seismicity. The second
chapter gives references to computer programs for the localization
of epicentres and hypocentres, for the evaluation of foeal depth,
emergence time and angle and for the construction of epicentre
maps for given registration arrays and computer configurations.
The basie ideas of these programs and the given configurations
are explained briefly in comparison. In addition, it advertises pro-
grams for the quantitative analysis of earthquakes; like the calcula-
tion of magnitudes, frequency content, seismic activity and maxi—
mal possible intensity. The theoretical bases of these programs
are explained in more detail.

The second part, containing Chapters III—V, refers more to
the applieations, espeeially of computer calculations. Altogether
seven programs are introdueed, which are fairly informatively
called SP-1 to SP-7. SP stands for “Seismic Parameters”. This
significant description eonceals four programs for eartographieal



recording of seismic activity by different methods, a program for
the calculation of the number of earthquakes with a certain magni-
tude and two programs for the cartographical registration of maxi-
mal possible earthquakes. The program description is given by:
a theoretical introduction, mostly with the basic formulas; a block
diagram — not however, drawn up according t0 the rules of struc-
tured programming; a program listing, but only in machine code
in octal representation; and an “illustrative example” in the form
of tables of the input and output parameters (formatted decimal,
so that you may get the value but not its order of magnitude).
With that information it is quite impracticable t0 adopt the pro-
grams and it is not at all possible either to adapt the programs
t0 your own conditions or t0 develop them. Therefore, the book
has failed in its main claim. Only the block diagrams could be
regarded as stimulation for your own developments. But, being
neither a flow chart nor a structured block diagram, this work
would be quite arduous and it has t0 be questioned whether a
development with the help of these diagrams would mean a gain
in time in comparison with your own creations based on the given
definitions.
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But what are these programs able t0 achieve, if you actually
succeed in getting them running? In one of the five forewords
it is said that the standard evaluation with these programs is up
t0 ten times faster than the manual estimation and cartographical
registration. I suppose that your own developments would carry
out this work considerably faster. In addition it will be more struc-
tured and — being written in standards like FORTRAN or Pascal
— compatible as well. But what can you expect? The English trans-
lation from the Russian language came out recently, but the book
had been published in the Soviet Union in 1971 and it is based
on investigations from the years 1961 t0 1970! Just t0 complete
the picture, it has t0 be mentioned that the programs — because
of the machine-code programming — would only work on M-20,
M220, BESM-9O computers and would need their “standard pro-
gram libary”, whatever this may conceal.

So, what is the use, even if in the last chapter these programs
are applied t0 seismicity evaluation in East Uzbekistan and the
reader can admire the various beautiful maps that came out as
a result of these exotic calculation machines?

D. Schröder
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An upper bound on lithosphere thickness
from glacio-isostatic adjustment in Fennoscandia*
Detlef Wolf
Geophysics Division, Geological Survey of Canada, Ottawa, Ontario, Canada, KlA OY3

Abstract. The three-layer Maxwell half-space model of the
earth and a disk—load approximation of the Weichselian
deglaciation history of Fennoscandia are used to calculate
glacio-isostatic adjustment for this region. The calculations
include the effects of deglaciation-induced geoid perturba-
tions and eustatic sea—level rise and regard (1) lithosphere
thickness, (2) asthenosphere viscosity and (3) ice thickness
as the free model parameters. Numerical values of parame-
ters (1H3) are estimated by caleulating the past land uplift
and present land-uplift rate observed in central Sweden (gla-
ciation centre) and the past land uplift and past land tilt
observed in southern Finland (glaciation margin). The
uniqueness of the estimates and their sensitivity to uncer-
tainties in (4) subasthenosphere viscosity, (5) ice eross—sec-
tion and (6) deglaciation time are also assessed. The princi-
pal result of the investigation is that it suggests an upper
bound of 80 km on the thiekness of the Fennoscandian lith-
osphere.

Key words: Asthenosphere —— Fennoscandia — Glacio-iso-
stasy 9—7 Lithosphere — Maxwell continuum — Weichselian
ice—sheet

lntroduction

The idea of interpreting the isostatic adjustment caused by
the ablation of the Weichselian ice-sheet in Fennoscandia
in terms of the earth’s internal constitution and rheology
dates back to the beginning of this eentury. The early inves-
tigators discussed the nature of the compensation mecha-
nism only qualitatively (e.g. Nansen, 1921; Daly, 1934).
Later, van Bemmelen and Berlage (1935) and Haskell (1935)
proposed quantitative interpretations, which have been ex—
tended by many others since then (cf. Cathles, 1975).

The main purpose of these interpretations was to esti—
mate the viscosity of the earth’s mantle. The effect caused
by the flexural rigidity of the earth’s lithosphere (elastic sur-
face layer) was usually neglected, although Niskanen’s (1943,
1949) theoretical analyses were suggestive of the potential
importance of that structural feature to glacio-isostatic ad-
justment in Fennoscandia.

The first attempt to determine lithosphere thickness for
Fennoscandia appears to be that made by McConnell
11968). Using Sauramo’s (1958) shoreline diagram, he esti-

* Geological Survey of Canada Contribution No. 35,386

mated the relaxation—time spectrum of the Fennoscandian
uplift. The short-wavelength part of the spectrum allowed
him to infer the existenoe of a 120-km-thick lithosphere
superjacent to an asthenosphere (low—viscosity layer).

Cathles (1975, pp. 180—184) extended McConnell’s
(1968) interpretation and showed that there exists a trade-off
between lithosphere thickness and asthenosphere viscosity
so that an increase in lithosphere thickness requires an in-
crease in asthenosphere viscosity. This agrees with Parsons’
(1972, pp. 172——201) analysis, which uses Backus-Gilbert in—
verse theory to Show that an asthenosphere is only margin-
ally resolvable from the relaxation-time spectrum.

A necessary condition for the validity of these inferences
is the accuracy of McConnell’s (1968) relaxation—time Spec—
trum. Walcott (1980) discussed this in the light of inconsis-
tencies between several shoreline diagrams proposed for
Fennoscandia and noted that the short-wavelength part of
McConnell’s spectrum is highly uncertain.

Cathles (1975, pp. 184—191) also used a three-layer earth
model and an elementary load model to calculate land uplift
for the Fennoscandian glaciation centre and land—uplift
rates for a radial profile from this centre. Based on a qualita—
tive analysis of the long-wavelength gravity field in Fenno-
scandia, he assumed the flexural rigidity of 5.0 x 1024 Nm,
approximately corresponding to the thickness of 70 km, for
the lithosphere in his calculations. Cathles (1975, pp. 151„
154) claimed that such a flexural rigidity is too small to
modify the land uplift near the Fennoseandian glaciation
centre significantly. Clearly, many assumptions enter into
Cathles’ argument and his conclusions are, therefore, not
convincing.

Considering the contingencies involved in these esti-
mates of lithosphere thickness for Fennoscandia, a more
detailed investigation ofthe effect ofa lithosphere on glacio-
isostatic adjustment appears desirable. Previous calcula-
tions showed that, near the Fennoscandian glaciation
centre, the land uplift is distinctly sensitive to the presence
of a lithosphere (Wolf, 1984, 1985 a). However, a similarly
distinct sensitivity to the presence of an asthenosphere was
also indicated. This suggested the possibility of an ambigui-
ty when interpreting the land uplift observed in central Swe—
den reminiseent of the ambiguity noted by Cathles (1975)
when interpreting McConnell’s (1968 relaxation—time speC-
trum. Calculations of land uplift for ngermanland (central
Sweden) confirmed that suspicion. Without an astheno-
sphere, a lithosphere thickness of about 200 km was com-
patible with the observations; with an asthenosphere of ap—
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propriate viscosity and the ice thickness suitably reduced,
a lithosphere thickness of about 100 km was required (Wolf,
1986 a) The uplift observations1n Ängermanland were thus
found to be insufficient for determining lithosphere thick—
ness, asthenosphere viscosity and ice thickness uniquely.

The question of the thickness of the Fennoscandian
lithosphere was, therefore, addressed in a different way, and
a heuristic method of estimating that parameter was devel—
oped. It is based on a static earth model in which the litho-
sphere is assumed to be elastic and the sublithosphere to
be inviscid. If land uplift and tilt near the load margin are
known, the method allows the direct calculation of litho-
sphere thickness. The method was applied to observations
of land uplift and land tilt in southern Finland and yielded
an upper bound of 110i 30 km on the thickness of the Fen-
noscandian lithosphere (Wolf, 1986 b).

The present study endeavours to improve that thickness
estimate by using the three—layer Maxwell half-space model
of the earth and a disk-load approximation of the Fenno-
scandian deglaciation history, with (1) lithosphere thickness,
(2) asthenosphere viscosity and (3) ice thickness being the
free parameters. In contrast to Wolf (1986a), the effect of
deglaciation-induced geoid perturbations has been taken
into account and the load model has been improved. The
latter is necessary to calculate the land adjustment both
for the centre and the margin of the Fennoscandian ice-
sheet. The uniqueness of the set of numerical values inferred
for the parameters (1)—(3) above and their sensitivity to un-
certainties in (4) subasthenosphere viscosity, (5) ice cross-
seetion and (6) deglaciation time are also assessed. This
leads to an improved upper bound on the thickness of the
Fennoscandian lithosphere.

Theoretical model

The present study uses the externally gravitating, layered,
inoompressible Maxwell half—space (Wolf, 1985 a) as the
earth model. The interpretation of glacio-isostatic uplift in
terms of earth structure requires the calculation of the load-
induced (downward) displacement component, w. Let q(r)
denote the axisymmetric pressure at the radial distance r
caused by the impulsive loading event ö(t) at the time t=0.
Then, in the wave-number domain,

M1221, t)= W‘”)(k‚ Zu t) (1(k), (1)
where the circumflex denotes zeroth-order Hankel transfor—
mation of the associated variable with respect to r, k the
(horizontal) wave number (Hankel-transform variable) and
zl the depth to the top of the l-th layer below the surface.
The impulse transfer funetion for displacement, WM), also
depends on the parameters characterizing each layer l, Viz.
thickness h„ density pl, rigidity ‚u, and viscosity m (cf. Wolf,
1985a)

A more accurate interpretation of uplift also requires
the calculation of the deglaciation-induced geopotential per-
turbation, ÖU. Since the Maxwell continuum is assumed
to be inoompressible, ÖU satisfies Laplace’s equation. In
the Hankel—transform domain, therefore,

ö Ü”(k‚ z, t) — kzö Ü(k, z, z) :0 (2)

subject to the boundary eonditions

öÜ(k,z,+0,t)—öÜ(k,z‚—O,t)=0 (3)

Table l. Parameters of earth model A.1

l h1 P1 ‚u, '71
(km) (kg m _ 3’) (Pa) (Pa s)

1 h1 3,380 0.67 x 1011 oo
2 100 3,380 0.67 X 1011 772
3 oo 3,380 1.45 x1011 1.0 x1021

and

öÜ’(k,z‚+0, t)—öÜ’(k,z‚—0‚ t)=47ry 1%‚(k‚ t). (4)

The prime denotes difTerentiation with respect to z; y is
the gravitational constant. The Hankel-transformed inter-
face-mass density, 1%„ is given by

z— 1—1 W(ve)k‚ z, —Ö ‚ l=1
1610€, t): —cj(k)

{iZz—Zz— 1; W(ve)ik‚ :za 3,
(Ü/g

l> 1’ (5)

with g the gravitational acceleration. By Eq. (1),
—cj(p,—p,_ 1) WM) is the part of 1€, associated with the in-
terface deflection; qö(t)/g is the part associated with the
load. Assuming also lim ö Ü: O, the solution at 2:21 is

|z|->oo

öÜ(k‚Z1‚t)=G(ve)(k‚Z1‚t)ä(k)‚ (6)

where

7W L
G(Ue)(ka 21,0:27 Z {(pl—pl-1)W(Ue)(kazlat)

1:1

271:}; Ö_(t)
XCXP[-k(zz- 21)]l- g

- (7)

This is the impulse transfer function for potential. For the
Hankel-transformed (downward) geoid perturbation, ä,
therefore,

1
€(k‚21‚t)=g G‘U")(k‚ zur) (10€)- (8)

The higher—order geoid perturbations caused by the redistri-
bution of ocean water according to Eq. (8) (e.g. Farrell and
Clark, 1976) will be neglected here.

As in Wolf (1986 a), the three-layer earth model A.l (Ta-
ble 1) is considered, with h1 and 112 as free parameters. Alter—
natively, h2 rather than 112 could have been selected as a
free parameter. However, as long as h2 is small compared
with the lateral dimensions of the load, the response of
the asthenosphere is approximately governed by the single
parameter D2172 hä/3 (e.g. Nadai, 1963, pp. 260—262, 285—
287), i.e. the two situations are equivalent. The numerical
values of p, and 11, are taken from a simple elastic earth
model (Bullen, 1963, pp. 232—235); the value of 1.0

>< 1021 Pa s for n3 is the upper-mantle value of several
viseous earth models (e.g. Cathles, 1975; Peltier and An-
drews, 1976; Wu and Peltier, 1983). The effect of increasing
n3 to 2.0 x 1021 Pa s (earth model A.1 a) is also investigated.
Such a viscosity value may be required for the lower mantle
to explain the deglaciation—induced part of the free-air gravi-
ty anomalies observed in Fennoscandia and Laurentia (Wu
and Peltier, 1983; Wolf, 1986 a).



Table 2. Parameters of load model WEICHSEL—l (hä„‚/R„=const.‚
p=910 kg m‘3; 0 B.P. =A.D. 1950)

H t1 , n t2 ‚ n xn yn Rn

(ka B.P.) (ka B.P.) (km) (km) (km)

1 100.0 18.0 — 325 0 900
2 18.0 17.0 — 375 0 850
3 17.0 16.0 — 425 0 800
4 16.0 15.0 —475 0 750
5 15.0 14.0 — 525 0 700
6 14.0 13.0 — 575 0 650
7 13.0 1 1.0 — 625 0 600
8 1 1.0 9.8 — 625 0 500
9 9 8 9.6 —— 625 0 400

10 9.6 9.4 — 625 0 300
1 1 9.4 9 2 — 625 0 200
12 9.2 9 0 — 625 0 100

300 km

Fig. 1a, b. a Observed (after de Geer, 1954; cf. also Andersen,
1981) and b schematie (load model WEICHSEL-l) deglaciation
isochrons (in units of ka B.P.); the symbols A and H denote Änger-
manland and Helsinki, respeetively

The present study uses load model WEICHSEL-l
(Fig. 1b, Table 2). It is charaeterized by a sequence of box-
ear loading functions, H (t—t1‚„)—H (t—t2‚„), where H de-
notes the Heaviside funetion. In addition, load model
WEICHSEL-la, for which the sequence of loading func-
tions is shifted in time by —1 ka, is eonsidered. (A positive
shift would entail a confliet between deglaeiation and emer—
genee ehronologies). With (2„ the Hankel—transformed load
pressure associated With the n-th box-ear loading function,
therefore, instead of Eqs. (1) and (8),

Mk, Zla t) : m(ve)(k, Zla t) qAn(k)> (9)

and

Ä, 1
8116921, 0:; Gitve)(kazla t) qAn(k)° (10)

The n-th box-ear transfer functions for displaeement and
potential, W„(”e) and G3”), respectively, are obtained by eon-
volution (Appendix A).

Since q„ is assumed to be axisymmetrie and the load
density p to be eonstant, the load eross-section is also ax-
isymmetric. Here, disk loads of radius R„ and eentered at
the souree point (xn, yn) (Fig. 1b, Table 2) are eonsidered.
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Fig. 2. Load thickness h as a function of radial distance r for an
axisymmetric load of parabolic (dashed) or elliptie (dotted) cross—
section; the straight lines represent equal-area rectangular cross-
sections
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Fig. 3. Vertical surface displaeement w with respect to the geoid
(solid) or with respect to the horizontal plane (dotted) as a function
of radial distance r from the load axis for several times (in units
of ka) after a Heaviside unloading event; the ealeulations apply
to earth model A.1 with h1:100 km and 172: 1.0>< 1021 Pa s, and
to an axisymmetric load of rectangular cross-section with h : 2 km,
R:600 km and p: 1,000 kg m—3

The whole sequence is intended to approximate the Fennos-
eandian deglaeiation history (Fig. 1a). The axial load thiek-
ness for the first loading function, 120,1, is taken as a free
parameter; however, the ratio häm/Rn is assumed to be inde—
pendent of n. This partial restrietion is in aecordanee with
the theory of perfeetly plastic ice—sheets at equilibrium (Or-
owan, 1949; cf. also Paterson, 1981, p. 154). In the present
study, parabolic and, in addition, elliptic load cross—seetions
are eonsidered. Compared with the parabolic eross-seetion,
the elliptie eross-section is eharaeterized by steeper slopes
near the load margin (Fig. 2). Not eonsidered is the theoreti-
cal profile of a perfeetly plastie iee-sheet at equilibrium (Nye,
1952; Cf. also Paterson, 1981, pp. 153—164), which is some—
what intermediate between the parabolic and elliptie pro—
files. Substitution of the appropriate Hankel transforms for
ein in Eqs. (9) and (10), inverse Hankel transformation and
superposition of the solutions for the individual box-car
loading funetions yields the final solutions w(x, y, zl, t) and
8(X, y, 21, t) for the observation point (x, y) (Appendix B).

To study the importanee of geoid perturbations to the
interpretation of the glacio-isostatic adjustment of Fenno-
seandia, it is sufficient to eonsider a simpler load model,
Viz. the Heaviside unloading event 1—H (t) produced by
an axisymmetrie load of rectangular eross—section, and to
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compare w with w—e on a radial profile from the load
axis for different times after unloading. Figure 3 Shows that,
before unloading, the geoid is almost unperturbed, i.e. the
mass excess associated with q is largely eompensated by
the mass deficit associated with w. The small degree of up—
warping of the geoid is caused by the flexural rigidity of
the lithosphere, which prevents perfeet local compensation.
After unloading, the surface depression entails a geoid de—
pression which decays with the surface depression. Al-
though 8 is always less than 10% of w, its magnitude may
be signifieant at times shortly after unloading. Wu and Pel-
tier (1983) and Wolf (1986€) discussed other numerical ex—
amples of the effect of deglaeiation-indueed geoid perturba—
tions.

The interpretation of glaeio-isostatie adjustment re-
quires the ealculation of the land uplift with respeet to the
geoid for the time interval [t, 0], Viz.

H(X‚y,l):Hw(X,y,l)—H8(X‚y‚t)‚ (11)

where the land uplift with respect to the horizontal surfaee,
Hw, and the geoid uplift, H8, are defined by

HW(X‚y‚t)=W(X‚y‚Z1‚[)—W(X,y‚Z1,O) (12)

and

H8(x,y,t)=8(x,y,zl,t)—8(x,y,21,0). (13)

Let Hs denote the land emergence (land uplift with respect
to the sea level) and He the eustatie sea—level rise (e.g. Wal-
eott, 1972) during [t, 0]. Then the observed land uplift with
respeet to the geoid is given by

H(x7y’t):Hs(xay>t)—He(xayat)a (14)

which may be compared with the calculated land uplift with
respect to the geoid, Eq. (11).

Interpretation

The interpretation uses the past land emergence, Hs(t), ob-
served in Ängermanland and near Helsinki (Table 3). The
Ängermanland observations apply to x: —425 km,
y: — 150 km (Fig. 1) and are taken from Niskanen (1939),
but are originally due to Liden (1938). The Helsinki observa-
tions apply to x20 km, y=0 km (Fig. 1) and are estimated
from emergence diagrams compiled by Donner (1980) and
Eronen (1983). To obtain the observed value of H (t), He(t)
must be known. Andrews (1970, pp. 22—24) suggested a qua—
dratic function that Closely approximates the mean of sever-
al eustatic correetions proposed. Here a simpler approxima-
tion is used, Viz.

O, [36
He(’):{10(z—6)‚ t>6’ (15)

where He and t must be in units of m and ka B.P., respec—
tively (cf. also Table 3).

The ages of the emerged beaches in Ängermanland were
inferred using wave chronology. The relative ages are, there—
fore, very accurate, but the absolute ages may be less so.
Also, older beaches were mapped about 100 km inland of
the loeation of the younger beaches (cf. Niskanen, 1939),
which leads to uneertainties in HS. Donner’s (1980) and

Table 3. Observed land emergenee Hs and observed land uplift
H at x: —425 km, y: — 150 km (Angermanland) and at x 20 km,
y:0 km (Helsinki); 0 B.P. =A.D. 1950

Helsinki
(Donner, 1980; Eronen, 1983)

Ängermanland
(Liden, 1938)

t Hs H t H5 H
(ka B.P.) (m) (m) (ka B.P.) (m) (m)

8.893 232 261 10.0 70 110
8.755 220 248 9.0 46 76
8.550 193 219 8.0 35 55
7.655 138.9 156 7.0 34 44
6.452 104.1 109 6.0 32 32
5.879 90.4 90 5.0 27 27
5.424 80.2 80 4.0 22 22
5.246 76.2 76 3.0 17 l7
4.065 54.1 54 2.0 11 11
3.805 51.1 51 1.0 5 5
3.629 48.2 48 0.0 0 0
3.119 40.7 41
2.076 26.3 26
1.490 18.0 18
1.028 12.2 12
0.011 0.0 0

Eronen’s (1983) emergenee diagrams for Helsinki compile
observations obtained by different methods, which makes
estimates of the uneertainties difficult. The present study
assumes t to be accurate but assigns uneertainties of i 15 m
and i 10 m to H for Ängermanland and Helsinki, respec-
tively. These values also take into aecount the uneertainty
in He.

The observed past land tilt, H’EdH/dx, is estimated
from shoreline diagrams (Donner, 1980; Eronen, 1983) and
applies to x z —— 50 km, y = 0 km (Fig. 1). Since the eonstruc-
tion of shoreline diagrams for Fennoscandia is, to some
extent, interpretative (Cf. Hyvärinen and Eronen, 1979), the
liberal estimate of i005 >< 10‘3 is used for the uneertainty
in H’.

The observed present land-uplift rates, H E dH/d t, apply
to the profile connecting Helsinki and the glaciation eentre
(Fig. 1). The numerieal values are interpolated from a
smoothed contour map by Balling (1980). The original ob—
servations were obtained by preeise re-levellings tied to mar-
eograph reeordings (Kääriäinen, 1966). The assumed uneer—
tainty of i1 mm a"1 is sufficiently large to aecount for
potentially continuing eustatic sea-level chan es.

Figure 4 ShOWS the observations of H in Angermanland
and near Helsinki, the observations of H on the profile
eonnecting Helsinki with the glaciation eentre and the ob-
servations of H’ near Helsinki. The calculations apply to
earth model A.1 and WEICHSEL-l with parabolic load
eross-seetion. The eurve-fitting proeess has been faeilitated
by the following: (1) The parameter h1 mainly determines
the ratio between the calculated values of H (t=8.893 ka
B.P.) for Ängermanland and of H(t —-— 10 ka B.P.) for Helsinki.
whereas kg,1 determines the magnitude of these values. (2)
The parameter n2 controls the ealculated value of H(x:
— 600 km). (3) The observations of H’ near Helsinki provide
little additional information, although the fact that the ob--
served values of both H and H’ ean be elosely fitted a1
the glaeiation margin indicates that the parabolie cross—-
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Fig. öa—f. As for Fig. 5 except that dotted lines apply to earth
model A.1 and to WEICHSEL—la with parabolic load cross-section

the parabolic eross-section used is compatible with the ob-
servations; apart from that, H’ is not very diagnostic.

The dotted lines in Fig. 5 apply to earth model A.l and
WEICHSEL-l with elliptic load cross—section. The average
thickness of this eross-section is larger than that of the para-
bolic cross-section by about 18% (Fig. 3). Figure 5a—d
shows that a reduction in h0 1 for the elliptic cross--section
by a comparable amount permits a perfect fit of the calculat-
ed to the observed values of H for Ängermanland. The
remaining misfit between the ealculated and observed values
of H is insignificant. The land adjustment near the Fenno-
scandian glaeiation centre is, therefore, sensitive mainly to
mean load thickness, i.e. it does not permit the resolution
of the load profile. Figure 5e shows that the calculated
values of H for Helsinki are larger for the elliptic than for
the parabolic cross-section. Since the marginal load thick-
nesses are also larger for the elliptic than for the parabolic
cross-section, it follows that, near the Fennoscandian glacia-
tion margin, H is sensitive mainly to local rather than mean
load thickness. The reduction in the calculated value of H’
for the elliptic cross-section (Fig. 51) is similarly related to
the more uniform distribution of load thickness for this
eross-section. The failure of WEICHSEL-l with elliptic load
cross-section to fit the calculated to the observed values
of H and H’ near the glaciation margin even for small values
of h1 indicates that this cross-section is not completely ade-
quate. For small values of h1, the discrepancy is, however,
not severe and the point should not be over-emphasized.

The dashed lines of Fig. 6 again apply to earth model
A.1 and WEICHSEL-l with parabolic load cross-section.
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Fig. 7a—f. As for Fig. 5 except that dotted lines apply to earth
model A.1a and to WEICHSEL—l with parabolic load cross-section

The dotted lines, however, are for WEICHSEL-la. The
comparison of the two sets of ealculations, therefore, shows
the sensitivity of the numerical values inferred for h1, n2
and h0,1 to a shift of the sequence of loading functions
by ——1 ka. This extends the time elapsed since unloading
by 1 ka. Near the glaciation centre, the resulting reduction
in the calculated values of H and H can be simply balanced
by an increase in h0,1 (Fig. 6a—d). As before, a perfect fit
of the calculated to the observed values of H has been forced
for Ängermanland. The remaining misfit between the calcu—
lated and observed values of H is small compared with
the uncertainty assumed for the observation. Figure 6€
shows that WEICHSEL-la slightly reduces the calculated
values of H for Helsinki. This entails that the maximum
value of h1 compatible with the observation increases to
about 80 km. The discrepancies between the calculated and
observed values of H’ for such values of h1 are, however,
larger by a factor of about 2 than the uncertainty assumed
for the observation (Fig. 61).

Figure 7 investigates the modifications of the results for
earth model A.1 and WEICHSEL-l with parabolic load
cross-section (dashed lines) introduced by using earth model
A.1a (dotted lines) instead. Thus, the sensitivity of the nu—
merical values inferred for h1, 112 and 210,1 to an increase
in 173 to 2.0 >< 1021 Pas is studied. Figure 7a—d shows that,
for the glaciation centre, there exists a trade—off between
112 and n3 so that the increase in n3 can be largely compen-n
sated by a suitable decrease in n2 Since H was found to
be highly diagnostic of the Viseosity structure (Fig. 4b), a
perfect fit has been forced for H. The remaining misfit be-



tween the calculated and observed values of H for Änger-
manland is tolerable considering the uncertainty of the ob-
servation. Figure 7e and f Shows that this trade-off between
n2 and n3 also leaves the calculated values for the glaciation
margin essentially unchanged. The maximum value of h1
compatible with the observed value of H near Helsinki is
about 75 km.

Discussion and conclusion

The interpretation of the glacio-isostatic adjustment of Fen-
noscandia and the analysis of the uniqueness of the set of
numerical values inferred for the free model parameters can
be summarized as follows:

(1) The observations of H and H in central Sweden and
of H and H’ in southern Finland can be explained by the
basic model, i.e. earth model A.1 and WEICHSEL-l with
parabolic load cross-section, if h1 250 km, n2; 1.2
x1019 Pas and h0,1 22.1 km.

(2) The simultaneous calculation of H(t=8.893 ka B.P.)
for Ängermanland and of H(t= 10 ka 3.1).) for Helsinki for
different values of h1 shows that h1270 km is rejected by
the observations. For h1570 km, the sensitivity to hl is
weak. Therefore, only an upper bound can be inferred from
the observations.

(3) The modification of the basic model by an elliptic
load cross-section leads to values of H and H’ for southern
Finland outside the uncertainties of the observations for
any numerical value of h1.

(4) The modification of the basic model by a shift of
the sequence of loading functions by —1 ka (WEICHSEL-
1a) increases the maximum value of h1 compatible with
the observations to about 80 km. Also, an increase in h0‚1
to about 2.8 km is required whereas 172 remains unchanged.
However, the values of H’ tend to be too large.

(5) The modification of the basic model by a two-fold
increase in 173 (earth model A.1a) entails a decrease in 172
to about 5.3 ><1018 Pas but only insignificant Changes in
h1 and h0‚1.

The upper bound of about 80 km found for h1 is very
similar to Cathles’ (1975) estimate of this parameter. How—
ever, as discussed previously (Wolf, 1986 a) and also shown
here, the limited set of observations used by Cathles did
not allow him to resolve the numerical value of h1. The
coincidence is, therefore, largely fortuitous.

The estimate of h1 for the Fennoscandian lithosphere
may be contrasted with estimates of this parameter for the
Laurentian lithosphere from observations of land adjust-
ment after the ablation of the Wisconsin Laurentide ice—
sheet. Walcott (1970) and Wolf (1985 b) used observations
of land tilt near the Laurentide glaciation margin and in-
ferred numerical values of h1 whiCh are very similar to the
upper bound of 80 km obtained for Fennoscandia. Peltier
( 1984) used observations of land emergence along the North
American east coast and estimated 1112200 km for the
Laurentian lithosphere.

Recently, Sabadini et a1. (1986) studied the effects of up—
per—mantle lateral heterogeneities likely to be assoeiated
with a passive continental margin on the land uplift follow-
ing the disappearance of a Laurentide—sized load. They
showed that interpretations of the observed land uplift for
points close to both the continental margin and the glacia-
tion margin results in underestimates of h1 for the continen-
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tal lithosphere if the lateral heterogeneity is neglected. Dis—
cussing Peltier’s (1984) study in this context, Sabadini et al.
concluded that h1 ‚2 250 km would be required for the Laur-
entian lithosphere if the Atlantic continental margin were
accounted for. This is much higher than any other estimate
of h1 inferred for Laurentia or Fennoscandia, and ways
of reconciling the divergent estimates are needed.

For Fennoscandia, the problem of lateral upper-mantle
heterogeneity is less severe. The observation points in cen-
tral Sweden and, in particular, southern Finland are well
removed from the continental margin, and a laterally homo-
geneous model appears to be an adequate approximation.

Finally, the question as to what extent the upper bound
on h1 reflects the approximations of the load model used
must be briefly addressed. Clearly, WEICHSEL-l does not
accurately model the Fennoscandian deglaciation history
(Fig. 1), nor does it allow for the necessarily gradual ice
accumulation before deglaciation. However, since the accu—
racy of WEICHSEL-l is highest at locations and times close
to those of the observations, and since the calculated re-
sponse at a particular location and time is predominantly
caused by the spatially and temporally adjacent parts of
the load, WEICHSEL-l is not expected to result in signifi-
Cant bias.

Quinlan and Beaumont (1982) have recently proposed
a method of improving the model of the Laurentide ice—
sheet. Using ICE-1 (Peltier and Andrews, 1976) as the start-
ing model in a detailed interpretation of the post-glacial
emergence of the Canadian east coast, they determined to
which features of the load the calculated response at the
locations and times of the observations is most sensitive.
This led to the construction of a modified version of ICE-l,
which has enhanced accuracy in these crucial features and
gives a better fit to the emergence observations.

In future interpretations of the Fennoscandian uplift,
more observations should be considered. Then, however,
WEICHSEL-l may become inadequate and require modifi-
cation. Clearly, the method of Quinlan and Beaumont
(1982) offers itself for refining WEICHSEL-l. The so im—
proved load model may later be used to arrive also at im-
proved estimates of the parameters of the earth model.

Appendix A

Convolution of impulse transfer function

For the layered Maxwell half-spaee and an arbitrary field
quantity, the impulse transfer function, T‘W’, is given by
(Wolf, 1985 a)

T026) (k, Zl 9 t) Z T(e) (k, Zl) ö (t)

+ ä T4”)(k‚Zz)s‚„(k)exr>[—s‚„(k)t], (16)
m:

where T‘e) is the elastic transfer function and T„‘‚“) is the
m-th viscous transfer function (eigenfunction) belonging to
the m-th inverse relaxation time (eigenvalue) sm. The func—
tional forms of T‘e), T‚f‚”) and sm, and the number of modes,
M, depend on the type of layering considered. Since the
Maxwell rheology is linear, the response to the box-car
loading function H(t—t1‚„)—H(t—t2‚„) is obtained by con—
volution, viz.
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t—tl.n

U“)(k,z„t)=H(t—t1‚„) j T‘”"’(k,z„t’)dt’
—0

t—lln

—H(r—r2,„> 5 T<ve>(k‚zl‚t'>dz' (17)
-O

or, upon substitution for T‘U‘” from Eq. (16),

T„‘”e)(k‚ Zu t)

Mmi T„(,”)(k, 2)]=[H(t—t1,„)—H(t-t2‚„)][T”(k

t(—t1„)exP[sm(k)t1 „J- H(t—t2‚„.„)€Xp[S(k) t2„]}— m2{H
>< 7:1“) (k, z‚) exp [—sm1k) t]. (18)
Here, the transfer functions Tare to be interpreted either
as those for displacement, W, or those for potential, G.

Appendix B

Inverse Hankel transformation of wave-number solutions

For the n-th box-car loading function, the pressure q„ ex-
erted at the observation point (x, y) by an axisymmetric
load of parabolic cross-section with axial thickness hom,
radius R„, density p and centered at the source point (x„,
yn) is given by

1—(Ar„)2R„ 02211;,a
qn(Arn:) pgh0,n{0 R„<Ar„<oo’ (19)

where (A r„)2 = (x —— x„)2 + (y —y„)2. If the cross-section is el-
liptic, this becomes

[1-(41‘02/RZJ1’2 OgAr„gR„
q„(Ar„)= pgho„{0 R„<Ar„<oo' (20)

Alternatively, q„ may be expressed as the zeroth-order Han—
kel transform, Viz.

= 10 c1„(k)kJo(kA r„)dk‚ (21)
where

A 2pghOn 2qnlk):—kz—’[1R„ J<kR„—) Jo(kR.)] (22)
for the parabolic cross-section (e.g. Sneddon, 1951, p. 528)
and

A __ 2j1(kRn)

for the elliptic cross-section (e.g. Terazawa, 1916; Farrell,
1972). The symbols J0 and J1 denote the zeroth- and first—
order Bessel functions of the first kind. The first-order spher—
ical Bessel function of the first kind, j 1, can be represented
by (e.g. Abramowitz and Stegun, 1965, pp. 4374138)

1/2 sinx cosxj1(x=) (27) 13/2——2—— ‚ (24)X X

where x is an arbitrary argument. With ae) or G2“) given
by Eq. (18) and ein by Eq. (22) or (23), the inverse Hankel
transforms

WM r„‚Zz‚t)= l Mve’(k‚zz‚t)ä„(k)klo(k4 7‘„)dk (25)
O

and

8(A rnazlat) gIG(17,8)(k Zlat)qn(k)kJ0(kA rn)d k (26)
O

can be evaluated. If there are N box-car loading functions,
superposition gives the total displacement w(x, y, zl, t) and
the total geoid perturbation 8(x, y, 21, t).
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Abstract. Two regional earthquake catalogues are analysed
in order to investigate the existence of diurnal, annual and
earth-tide related periodicities of the occurrence time of
seismic events. The first earthquake catalogue covers the
total region of the Federal Republic of Germany for the
time period 1021 -1979 (1530 events) and is investigated with
respect to the existence of diurnal and annual periodicities.
With the help of the graphical representation for Schuster’s
test, a midnight and a midday maximum are separated for
different intensity classes. A winter maximum present in
the data prior to 1930 is absent in the more recent data.
It is argued that both diurnal and annual maxima are arti-
facts due to data sampling problems.

The second earthquake catalogue refers to the western
part of Germany (Lower Rhine Graben, Rhenish Massif)
and the time period 19794984 (1012 events of magnitude
ML=0.0—5.1). For the events of this catalogue, a tidal
phase is computed according to a model for the triggering
of the predominant dip-slip earthquakes. The distribution
of phases supports the triggering hypothesis (at the 99%
significance level if Schuster’s test is applied).
Key words: Earthquakes — Periodicities — Tidal triggering
— Rhenish Massif— Lower Rhine Graben

Introduction

Earthquake prediction research at the beginning of this cen—
tury mainly dealt with the question of triggering of earth—
quakes by external forces like weather phenomena or, often
in linkage with this first aspect, with the question of lunar
and solar periodicities. Nowadays, research is concentrating
on the search for and the explanation of precursory phe-
nomena and, still, on triggering by tidal forces. In the recent
past it has, however, seldom been tried to check earthquake
catalogues for the existence of diurnal and annual periodici—
ties which, for example, Tams (1926) and Davison (1938)
had detected some 50 years ago [see Karnik (1971), Shim—
shoni (1971), Schneider (1975) and McClellan (1984) for
more recent investigations of these periods].

In the first of this paper we demonstrate that both diur-
nal and annual periods can be found in a catalogue of
German earthquakes. The reasons leading to these perio-
dicities are discussed. The second part of this study deals
with the hypothesis of tidal triggering attributable to the

Offprirzt requesls t0: U. Ulbrich

most significant partial tides having semi-diurnal or diurnal
periods. The basic idea of the hypothesis is that an earth-
quake should be released when tidal stresses enhance the
tectonic stresses actually causing it, while it will be delayed
when tidal and tectonic stress oppose each other. We shall
derive a simple relation between the triggering tidal stress
and the tidal linear strain in the direction of the minimum
tectonic stress axis. The relation is valid for normal—fault
mechanisms predominating in the Lower Rhine Graben and
Rhenish Massif Area which is covered by the second cata-
logue used.

Methods

When looking at earthquakes in relation to a given period,
each event is assigned to a phase which is determined by
its location within this period (the hour within a day, the
day within a year, ...). The event times are tested against
the null hypothesis of a uniform distribution of such phases
(i.e. no periodicity) by applying the conventional Xz-test
and Schuster’s test [proposed by Schuster (1897) and de—
scribed in detail by Chapman and Bartels (1951)]. Schuster’s
test, based on a random walk model, is specially designed
for investigations of phase distributions. Its graphical repre-
sentation, which is itself a powerful tool for the control
and interpretation of the statistical results, is widely used
in this study and is considered below.

Each event corresponds to a unit vector, the orientation
of which is determined by the phase angle (Fig. 1). The
sum of all vectors is a hodograph, the origin of the axes
being the starting point of the vector sequence. The distance
between the origin and the end of this sequence is R, mea-
sured in multiples of the unit length. R will be small when
there is no phase preferred in the data; it will be large
when a periodicity is real.

A uniform probability of all phases will be the null hy-
pothesis in all following statistical investigations. Using N
events out of a multitude fulfilling this null hypothesis, the
probability for the resultant distance to be larger than R
is, according to Schuster’s test, PR:exp(—R2/N). We re-
ject the null hypothesis when PR is found to be lower than
or equal to 1%, equivalent to a significance level of I—PR :
99%.

As Schuster’s test only uses the values of R and N it
will not take into account whether the vector sequence (and
therefore the statistical significance) is influenced by any
persistencies (Chapman and Bartels, 1951 ; refer also to next
section). Such persistencies can, however, be seen in the
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Fig. l. Hodograph consisting of N = 7 unit vectors. The sum vector
of R=3 units is represented by the broken line. The phase of the
first vector is 315°; with respect to the diurnal period, this vector
would represent an event at 21 UT

hodograph which, in this way, proves to be a valuable tool
for identifying effects within the data influencing a sus-
pected periodicity.

The significance levels obtained by Schuster’s test and
the XZ-test can differ considerably. For example, consider
a case where the events exhibit the following phases: 0°,
45°, 90°, 135°, 180°, 225°, 270°, 315°. Let us assume that
the phases 0°, 45°, 90° and 135° are met by 30 events and
the rest by 20 events each. In the case of the Xz-test, the
eight groups represent counts of phases in sectors of equal
size centered at 0°, 45° etc.. Then the expected number
for each of these eight groups is (4*30+4*20)/8:25 (ac—
cording to the null hypothesis “uniform distribution”).
With X2 : 8, the significance level reached is only 50%. With
Schuster’s test, R22683 is obtained which, with N —-—200,
gives PR: 3.3%.

This difference in significance levels appears to be unrea—
sonable at first sight, but it may be explained in the follow-
ing way. The Xz—test does not take into account the order
of the groups; so any ordering of the groups with four
containing 30 events and four containing 20 would be
equivalent for this test. In contrast, the result of Schuster’s
test may differ considerably from the one obtained above
if the phases are arranged in a different way. For instance,
if 30 events were attached to 0°, 90°, 180° and 270° and
20 events to each of the other four phases, a value of PR:
100% would be reached (corresponding to R20).

So, for investigations of distributions of phases, Schus-
ter’s test which is especially designed for this problem,
should preferably be used. The results of the Xz-test (histo—
gram and significance) are still valuable for comparison.

Filtering

Special attention must be given to aftershocks and other
forms of interdependency of earthquakes, since both X2-
and Schuster’s test assume that events occur independently
of each other. The catalogues used here are influenced by
some form of interdependency, as shown by tests on serial
correlation by Ulbrich (1985). To remove such effects we
used a special filter procedure. Any event preceded by an-
other one during a time interval of 36 h or less was elimi—
nated from the catalogue. For the sake of brevity we call
this procedure a 36—h filter. The filter was applied without
differentiating the events according to epicentre location,
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magnitude or other properties of the events. As an example:
if the catalogue consisted of events occurring once every
hour (or once every K hours, Kg 36), only the flrst event
would be left after application of the 36-h filter, since this
would be the only event without a predecessor within 36 h.
The time window (filter length) of 36 h is chosen because
it appears to be destructive on diurnal periodicities, and
we believe that a destructive filter will make our results
more reliable. This filter length, on the other hand, is some-
what arbitrary because there are other possible lengths with
the same effect. The time window of 36 h has the advantage
that not too many events are excluded from the catalogues.
Furthermore, it appears to be efficient enough to eliminate
serial correlations to a significant degree (Ulbrich, 1985).

For reasons of data comparability this filter length is
also used for tests regarding the annual periodicity and
the tidal triggering hypothesis, though the applicability is
not clear a priori and must be discussed in the correspond-
ing Chapters.

The catalogues

Two catalogues have been used for the investigations: the
earthquake catalogue of the Federal Republic of Germany,
compiled by G. Leydecker at the Bundesanstalt für Geo—
wissenschaften und Rohstoffe (Hannover, West-Germany)
in cooperation with many seismological observatories in
Germany and neighbouring countries (extended version
published by Leydecker, 1986); and the catalogue of the
Rhenish Massif and Lower Rhine Graben Area (zcata-
logue of the Rhine Area), compiled by L. Ahorner at the
seismological observatory of the University of Cologne (un-
published).

The catalogue of the Federal Republic of Germany in
its original form consists of 1530 events that occurred be-
tween the years 1021 and 1979; only 157 of them are dated
before 1800. Most events are described in strength by the
macroseismic intensity I (MSK-Scale). Missing intensity
values are computed from the local magnitude ML and focal
depth if possible, using an empirical formula from Ahorner
(1983 a). After removing all events Classified as non-tectonic
as well as those assigned to a more distant region (e.g.
Italy), 1348 events are left. The intensities range from I
to IX—X with an average value of IV—V. It must be empha-
sized that the data sources used for the compilation of this
catalogue are heterogeneous, and thus the data are very
inhomogeneous in quality and completeness. This is re-
flected by the graph of the distribution of events with time
(Fig. 2).

In contrast to this catalogue, the earthquake catalogue
of the Rhine Area can be regarded as relatively homoge-
neous. It is based on recordings from a seismic network
set up for the registration of micro-earthquakes in this area
(see Ahorner, 1983 b). This catalogue consists of 1012 events
that occurred between 1979 and 1984. All events have been
carefully checked on their tectonic origin. Local magnitudes
range from ML200 to ML251 with an average value of
ML208. Only 27 events have a magnitude greater than
or equal to 3.0.

An inhomogenity in the seismic activity of this area
is found in June 1982 and is due to a series of events near
the town of Bad Marienberg (Ahorner, 1983 b) which result
in rates of activity considerably higher than the average
level of this region (Fig. 3).
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Fig. 3. Number of events per month in the catalogue of the Rhine
Area

Results and discussion

The diurnal periodicity
Using all events left application of the 36—h filter, the cata-
logue of the Federal Republic of Germany does not ShOW
any significant diurnal variation (Table 1). The correspond-
ing hodograph (Fig. 4) clearly displays that the high value
of PR of Schuster’s test (meaning low significance) is caused
by two parts of the vector sequence opposing each other:
a tendency towards midnight dominates until about the
year 1975, followed by a period of time when earthquakes
seem t0 occur more often around midday.

A cumulative hodograph, where all events of the same
intensity are represented by their vector sum (Fig. 5), pro-
vides a Clue for understanding these trends: events with
intensity Ig IV generally contribute t0 the midnight maxi—
mum, while the weaker events (included only in the latest
part of the catalogue) Show the opposite tendency. When
considered separately, both intensity ranges lead t0 highly
significant deviations from a homogeneous distribution of
events (Table 1). The destructive interferenee of the two
eontradictory effects is also Clearly displayed in the bar
diagram (Fig. 6).

It can be taken for granted that the lunchtime maximum
in the number of minor events is caused by the inclusion
of quarry blasts which have not been marked as non-tec-
tonic events in the catalogue (Mayer-Rosa, 1986, personal
communication).

It is interesting t0 note that n0 midnight maximum can

Fig. 2. Number of events per month
in the catalogue of the Federal
Republic of Germany. Years before
1900 are not shown

1960 1970 1980

Table l. Statistics for the diurnal periodicity. Probability p for the
2

o . i .x -test 13 g1ven for 23 degrees of freedom. Only events whose orlgln
time is known t0 an accuracy of 1 min are used

Intensity Filter Number Xz—test Schuster’s
of test
events 12 p (in %) PR (in o/o)

Catalogue of the Federal Republic of Germany
All none 1197 28.5 30 1.9
All 36 h 852 28.1 30 2.5
1; IV 36 h 633 46.2 1 2.1 x10—4
I<IV 36 h 219 30.6 30 0.2

Catalogue of the Rhine Area
All 1 h 741 30.4 30 18.6
All 36 h 403 30.4 30 36.8

be found for earthquakes whose intensity has been com-
puted from the magnitude ML. This gives strong evidence
that the reason for this maximum is a change of the subjec—
tive impression of the strength of an earthquake with day-
time; at night the same earthquake is assigned a higher
macroseismic intensity than during the day. This explana—
tion is preferred over the explanation of a possible lack
of completeness of weaker events at daytime (e. g. Schneider,
1975) for, in the latter case, a homogeneous distribution
should have been found for the strongest earthquakes.

The catalogue of the Rhine Area does not ShOW any
significant accumulation of events at a certain time of day.
The hodograph (Fig. 7) displays some persistencies of irreg—
ular length. Applying Schuster’s test on suCh parts of the
vector sequence, one may find significance levels of 99%
(PR: 1%) or better. Yet they appear t0 be of n0 special
meaning regarding the overall vector sequence. Further-
more, there exists n0 obvious explanation for these findings.
It is highly probable that it is a fortuitous result.

The annual periodicily
Only the catalogue of the Federal Republic of Germany
is tested for an annual periodicity, since the length of record
of the Rhine Area eatalogue is insufficient.

Using the 36-h filter, a Clear Winter maximum appears
in the frequency of events (Fig. 8, Table 2). The correspond-
ing hodograph (Fig. 9) leads t0 the conclusion that this
result is strongly influenced by certain periods of increased
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earthquake aetivity in the early part of the eatalogue (e.g.
from the year 1869 until 1871). It is possible that these
increases are not of natural origin but are caused by the
variability of human attention paid t0 the oecurrence of
earthquakes. Therefore, it is necessary t0 exelude such a
possibility affecting the statistics and we introduced a more
effective filter by increasing the filter length t0 480 h.
Though this filter probably does not eliminate all possible
interdependencies, it removes the intervals of increased ac-
tivity from the eatalogue (figure not shown). However, the
winter maximum is still evident, at least until about the
year 1930. For 269 events before this year, PRz0.000028.
Thus, whatever the cause of these intervals is, they are not
alone responsible for the winter maximum.

Trends are not seen in the more recent data (Fig. 9,
36-h filter) and we conclude that there is n0 winter maxi-
mum in the latest part of the catalogue. In this part, so
many events per month are included that single years are
refleeted almost by circles in the vector sequence.

A possible explanation for the winter maximum in the
early part of the recorded period and its disappearance in
the later part is that people usually spend more time in
buildings in the winter (with an increased Chance for the

detection of earthquakes). This effect disappears in the later
part of the catalogue due t0 the improvement of the density
and quality of the seismographic network, thus deereasing
the fraction of non-instrumental recordings in the cata—
logue.

Tidal triggering

It has often been suggested that tidal forces on earth are
eapable of triggering earthquakes, but in most cases n0
statistieal evidence for this hypothesis could be found. This
negative result has been attributed t0 the masking effeet
of averaging over large regions with different local earth-
quake mechanisms (Young and Zürn, 1979). There may
also be time dependencies in the fault-zone rheologies. Ad—
ditionally, pore fluid flow may have a strong impaet on
tidal stresses, eausing the periodic effective stress t0 differ
in its phase by up to 180° from a simple caleulation of
tidal stress (Klein, 1976). Furthermore, as Souriau et al.
(1982) pointed out, triggering can only be detected when
the build—up rate of the tectonic stress is low compared
t0 the rate of variation imposed by tidal stresses.

Finally, it should be noted that several investigations
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on tidal triggering exist which are not explicitly based on
a physically founded triggering hypothesis, but simply use
the tidal potential instead of the tidal stress sympathetic
to the tectonic stress. Ulbrieh (1985) has emphasized that
the use of the tidal potential implies the hypothesis that
tidally caused volume expansion/contraction is the trigger
force. He showed that this hypothesis leads to a negative
result when applied to the same earthquake data.

We now derive a simple relation between the tidal linear
strain (which was available from computations) and the
tidal triggering stress valid for the tectonic setting of the
Rhenish Massif and Lower Rhine Graben Area.

The area is characterized by shallow and low-magnitude
seismio activity. The dominant faulting type is a tensional
dip—slip mechanism with a vertical al-axis (maximum tec-
tonic stress) and a horizontal a3-axis (minimum stress)
striking N 45°E (Ahorner et a1.‚ 1983). As the vertical tidal
stress can be neglected close to the free surface (Melohior,
1978), only the horizontal tidal stresses modulating the tec-
tonic stress have to be considered. Thus, for this special
tectonic Situation (which, for simplicity, we assume to be
valid for every single event) only a modulation of the tec—
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Fig. 8. Annual periodicity. Histogram for events from the catalogue
of the Federal Republie of Germany with application of the 36—h
filter. The period January (: 1) to December (: 12) is displayed
twice. Counts for intensities 124 are hatched

Table 2. Statistics for the annual periodicity. Probability p for the
Xz—test is given for 11 degrees of freedom. Only events whose origin
time is known to an accuracy of 1 h are used

Intensity Filter Number XZ-test Schuster’s
of test
events 12 p (in o/o) PR (in %)

Catalogue of the Federal Republic of Germany
All none 1273 69.3 0.1 8.9 X 10—9
All 36 h 923 23.6 2.5 1.1><10—2
All 480 h 462 13.1 30 0.7
121V 36h 702 25.9 1 1.5X10_3

tonic stress in the direction of the minimum stress axis,
a3 ‚ may possibly be responsible for tidal triggering. In prin-
eiple there are two possibilities for triggering by tidal
stresses: via an increase of the shear stress on the fault
or via a decrease of the normal stress (e.g. Young and Zürn,
1979). Here, considering a modulation of a3 is equivalent
to a simultaneous treatment of these two possibilities. Their
relative importance (depending on the dip) is not used in
this study. When the tidal stress A 03 is tensional, the occur—
rence of an earthquake should be supported. If 83 denotes
the extensional tidal strain parallel to a3 ‚ 82 the extensional
tidal strain in the horizontal direction orthogonal to a3,
and au the vertical tidal extensional strain, then A03 can
be expressed by

A03:2#83+Ä(82+83+80)a (1)

where u and ‚1 are Lame’s oonstants. Replacing

v
80: — (82+83) (2)1 — v

(from Melchior, 1978; v: Poisson ratio) and

1—2v: ‚1 ‚ 3fl 2 v ( )

we finally get

Aa3zÄ—li(83+v82). (4)
v(1 — v)
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Table 3. Theoretical values of the eight strongest partial tides of
the horizontal extension in direction N45°E and N 135°E com-
puted for the earth model Gutenberg-Bullen A (Wilmes, 1983) for
Bonn, Federal Republic of Germany, for lst January, 1976, 0 UT
(Büllesfeld, 1985, personal communieation)

Tide Frequency Amplitude Phase Phase
(°/h) (*10’9) N45°E N 135°E

Q1 13.398661 1.1225 317°, 8618 284°, 6913
01 13.943036 5.8630 38°, 5712 5°, 4007
P1 14.958931 2.7284 13°, 8796 340°, 7091
K1 15.041069 8.8502 33°, 4575 0°, 2870
N2 28.439730 1.4209 276°, 8220 359°, 4755
M2 28.984104 7.4214 357°, 5314 80°, 1849
82 30.000000 3.4527 332°, 8398 55°, 4934
K2 30.082137 0.9389 172°, 4177 255°, 0712

Table 4. Statistics for the investigation on tidal triggering. Probabil-
ity p for the Xz-test is given for 17 degrees of freedom

Intensity Filter Number XZ-test Schuster’s
of test
events 12 p (in °/o) PR (in %)

Catalogue of the Rhine Area
All 1 h 741 22.3 30 4.8
All 36 h 403 20.7 30 1.0
All 108 h 218 24.4 30 0.7

Thus, in the case of dip-slip faults the additional tidal stress
suspected to trigger earthquakes can be computed from
the horizontal linear strain parallel to the minimum tectonic
stress axis and the strain parallel to the null-axis alone.

For the computations we used the eight strongest partial
tides at Bonn (Table 3). The error that results from neglect—
ing additional partial tides is insignificant for our purpose.
The same holds for the indirect effect of the oceanic tides
(eompare Wilmes, 1983). Like other authors (e.g. Shlien,
1972; Heaton, 1975), we use a “tidal phase” for the statisti-
cal treatment which is defined as follows: two succeeding
maxima of tidal tensional stress are assigned the phase
values of 0° and 360°. An earthquake occurring within this
C'fy’cle is represented by a phase value found by linear inter-
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Fig. 10. Tidal triggering hypothesis. Histogram of the distribution
of tidal phases as computed from the catalogue of the Rhine Area,
with application of the 36-h filter

polation. If there is no tidal triggering, all phases should
be equally likely. If our triggering hypothesis is correct,
the events should tend to occur at phases somewhat less
than 360° (Souriau et al., 1982).

From the Xz-test a deviation from a homogeneous distri-
bution of phases should be regarded as insignificant (Ta-
ble 4). However, the application of Schuster’s test gives
PR:1%, which means significance at the 99% level. On
the basis of the arguments given earlier, we believe that
the result from Schuster’s test is to be preferred. As sup-
ported by the histogram (Fig. 10), the hodograph (Fig. 11)
reveals a predominance of phase angles of about 310° which
is consistent with our model of tidal triggering. A striking
feature in Fig. 11 is the curvature of the vector sequence:
starting from a mean direction of 45° in its first part, a
steady change towards a mean direction of 260° in the final
part can be seen. Such a long-term Change of the dominant
phase angle will negatively influenee the significance com-
puted from either of the statistical tests applied.

A possible hiding influenoe of an increased seismic activ-
ity (that is connected with an increased variability of the
tectonic stress) was investigated by increasing the filter
length so that only events with a prolonged preceding seis-
mic quiescence were used. We have arbitrarily chosen 108 h
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(24.5 days) instead of 36 h. The effect is a minor decrease
of the value of PR (Table 4). Though the predominant di-
rections of the hodograph appear to be more distinct than
before, the curvature itself remains and prevents a clear
increase of the quotient Rz/N (Fig. 12).

As both the 36—h filter and the 108—h filter have time
constants close to multiples of the semi—diurnal tidal perio—
dicities, it must be assured that the significance is not caused
by the application of these filters. For this we computed
PR for filter lengths between 1 h and 200 h (Fig. 13). With
the exception of some very short (e.g. 2 h, N2704, PR:
6.1%) and very long filter lengths (e.g. 200 h, N: 86, PR:
9.6%), all values of PR lie below 5%. Neither the 36-h
filter nor the 108-h filter produces an extremely low value
of PR. Therefore, we conclude that our filtering procedure
is not the cause of the significance.

The predominant phases as derived from the filtered
catalogue agree rather well with those postulated by our
model of tidal triggering. However, significance at the 1%
level was only reached with Schuster’s test, while the Xz—test
leads to an insignificant result. The hodograph Clearly indi-
Cates a long-term ehange of the dominant phase angle,
which definitely reduces the significance level reached in
both tests. The cause for this Change is not Clear. Possible
explanations are the irregular displacement of seismic actiV-
ity to areas with different tectonic Characteristics within
the seismoactive region investigated or general Changes of
the tectonic stress. This would imply that an evaluation
of tidal phases using individual focal solutions should yield
better results. It must be noted, however, that Heaton
(1982) could not find a significant effect for 100 shallow
dip—slip and oblique-slip earthquakes, even though he used
focal solutions and a triggering hypothesis similar to ours.
In contrast to the events we used, his sample was gathered
on a world—wide basis and included events of relatively high
magnitude. One might speculate that the latter could be
a cause for the negative result since a review of earthquake-
tide correlations by Klein (1976) proposes that weak events
might be more easily triggered by the earth—tides than
strong events.

The catalogue of the Federal Republic of Germany was
also examined with respect to tidal triggering. In this case
there is also evidence that the hypothesized tidal triggering
is efficient. Yet the statistical result is only signifieant at
a rather low level (about 85% applying Sehuster’s test; Ul-
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Fig. 13. Tidal triggering
hypothesis. Probability PR from
Schuster’s test as a function of the
filter length, using data from the
catalogue of the Rhine Area. The
two horizontal lines indicate PR:
5% and PR:1%, corresponding
to signifieance levels of 95% and
99%, respectively
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'äarich, 1985). A possible reason might be the inhomogeneity
of the data.

Conclusion

We have demonstrated that both diurnal and annual perio—
dicities can be found in the earthquake catalogue of the
Eederal Republic of Germany. However, a detailed investi-
gation leads to the conclusion that these periodicities are
not of physical origin but have to be attributed to the sensi-
aivity of macroseismic observation varying with season and
time of day, and to other sampling problems.

With regard to tidal triggering, we have found evidence
that tidal stresses are able to influence the occurrence time
of tectonic micro-earthquakes in the Rhenish Massif and
Lower Rhine Graben Area. A long-term change in the pre-
dominant tidal phase at which an earthquake is released
seems to exist.

Our investigations have shown that it can be useful not
{o rely on significance levels alone, but to also use the hodo-
graph for displaying fluctuations of a periodicity that would
otherwise have stayed undetected.
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Surface harmonic expansion methodology
in restricted domains of the Earth’s surface —
Application to the Indian Ocean
Xavier Lana and Ramon Carbonell
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Abstract. A dense distribution of Rayleigh-wave group velo-
cities (fundamental mode) throughout the Indian Ocean is
obtained by means of spherical harmonic expansion of the
inverse of group velocity and standard least-squares meth-
ods. The data, covering the whole region, come from nine
earthquakes in the Indian Ocean, recorded at several sta—
tions of the WWSSN (long period). This coverage, for each
period, consists of approximately 50 paths. The records used
correspond to periods ranging between 15 and 90 s. The
results allow a qualitative discussion of the upper part of
the Indian Ocean’s lithosphere and especially display high
velocities around the Rodrigues triple junction. The number
of group velocities mapped should allow a quantitative
study of the upper part of this lithosphere.

Key words: Spherical harmonic expansions — Group veloci-
ties of Rayleigh waves’ fundamental mode — Indian Ocean
— Lithosphere

Introduction

The spherical harmonic expansion method is an efficient
tool in work on many aspects of Earth properties on a
global scale. Some pioneer works are the papers of Kaula
(1959), Horai and Simmons (1969), Ellsasser (1966) and
Coode (1967), among others. These papers developed both
atmospheric and geophysical parameters for the whole
Earth. Dispersive properties of surface waves have also been
subjected to this analysis by Sato and Santo (1969). More
recent papers which follow the same line are by Nakanishi
and Anderson (1982), Nataf et a1. (1984), Nishimura and
Forsyth (1985) and others. Nishimura and Forsyth’s (1985)
study is the only one which develops surface-wave proper-
ties by means of a spherical harmonic representation on
a restrieted domain of the Earth. Additional information
about propagation of body waves and inversion of seismic
waveforms, using spherical harmonics, can be found in
papers of Dziewonski (1984) and Woodhouse and Dziew-
onski (1984).

It must be remembered that spherical harmonic expan-
sions have two shortcomings. First, they are no longer effi—
cient when there are very sharp lateral velocity gradients.

Oflprint requests t0: X. Lana

This problem could be avoided by increasing the harmonic
order. Second, if expansions are applied to restricted do-
mains, the properties under investigation near the boundary
regions must be carefully considered. The parameters stud-
ied in this paper extend over a considerable part of the
Earth’s surface and, consequently, spherical harmonic func—
tions are a reasonable expansion basis. The linearity be-
tween data (travel times) and parameters (spherical harmon-
ic coefficients) must be pointed out, because it simplifies
the least-squares method by avoiding iterative processes.
Although the pure-path method has the same advantage
of linearity, spherical harmonic expansions are superior
since they avoid the a priori age regionalization which is
an important shortcoming in the first method.

In the present paper we study the methodology involved
in the expansion of Rayleigh-wave group velocities by
means of spherical harmonics over restricted domains. The
implications of this method for crustal and lithospheric
structure are outlined.

Theory

Following Courant and Hilbert (1962), any function g(9,
go) which is continuous, together with its derivatives, up
to second order on the sphere may be expanded in an abso-
lutely and uniformly convergent series in terms of spherical
harmonics:

g(9‚<p)= Z G„‚„ K552“), (1)
n=0,m: -n

where 6 and (p are the spherical coordinates colatitude and
longitude, respectively, 1153;”) the fully normalized spherical
harmonics and Gnm the coefflcients of the expansion.

From now on, as we will study the group velocity of
the Rayleigh-wave fundamental mode, the function g(6, (‚0)
will be the corresponding slowness 5(0), 6, (p); a) is the angu—
lar frequency.

We define the travel time for each path l between an
epicentre (e) and a station (s) as:

tz=Lz 5*(w)z‚ (2)
where L, is the epicentral distance and S*(co), the experimenn
tal averaged slowness. The slowness in Eq. (2), in the ap»



proximation of geometrical optics, is an average value along
the path. Consequently, we can also define the travel time
as:

[1:IS(w‚ 69 m)dLla (3)

where S (a), 9, 90) is the local slowness and depends on the
spherical coordinates.

The pure-path method (Nishimura and Fortsyth 1985;
Yu and Mitchell 1979; Mitchell and Yu 1980; and others)
assumes a correlation between surface tectonics and deep
structure. Under this hypothesis, the product in (2) or the
integral in (3) is replaeed by a discrete summation for all
the structural ages considered. In order to avoid this a priori
age regionalization of crustal structure, inherent to the pure—
path method, a continuous representation of the slowness
on colatitude and longitude is more advisable.

Splitting the fully normalized spherical harmonics into
sine and cosine terms, Eq. (1) for S (w, 6, (p) reads:

5m), 6, <p> : 2 A... H32 cos<m <p)
nZO,m=O

+ Bnm 3‘533 sin (m q?)- (4)

3(2) are the fully normalized associated Legendre functions.
It is implicitly assumed that azimuthal anisotropy can be
neglected.

Inserting Eq. (4) in Eq. (3), we obtain for each path
l (l= 1, ..., k) the basic equation:

t‚= H 2’ A„‚„12.<‚?2cos<m<p>
e n=0,m=0

+ Z Bnm3(2)sin(mqo)}dL‚. (5)
n=1,m=1

The integrals:

Cnml : 5 121(31) COS(m 80) dLl (6 a)

D„‚„‚: 5 12‘533 sin<m cp) dL„ (6b)
e

which depend on the location of the epicentre and the sta-
tion, must be evaluated along the path.

The set of equations, Eq. (5), for different paths can be
written in a compact way as follows:

T=MA‚ (7)

where T is the travel-time vector (t1 , ..., tk), M is the matrix
formed by the factors Cnml and Dnm, defined in Eq. (6) for
each path l, and A is the vector of the unknown eoefficients
Anm and Bnm of the spherical harmonie expansion. Expres—
sion (7) is a linear system of equations which is solved by
means of the standard least-squares method.

Another very important question is the uncertainty of
the spherical harmonic coefficients in terms of the errors
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in the data. Following Nishimura and Forsyth (1985), we
can define the slowness variance as:

018(94)): Q WQTa (8)

where W is the covariance matrix of the coefiicients and
Q the partial derivative vector‚ defined as:

Q=(Ö S/Ö Anm, ÖS/ÜBm)- (9)
The covariance matrix of the coeflicients is defined as:

W=M_1 'P(M‘1)T (10)

where M_ 1 is the generalized inverse of M and ‘I’ the covari-
ance matrix of the data. The covariance of the data is esti-
mated from the travel—time residual of the least-squares pro—
eess by assuming, for instance, that Y’ is the identity matrix
multiplied by the Euclidian norm of the travel—time residual.

If we are interested in the group—velocity variance, it
is easy to find that

O-v(0,(p):o_S(0,(p)S—2(67 (p) (11)

Methodology

A first and important point is to fix the degree of the spheri-
eal harmonic expansion; in other words, to decide how
many of the fully normalized harmonics should be used
in this expansion. The path coverage of the studied domain,
the travel-time residual evolution with the degree of the
expansion and the physical relevance of the coefficients will
give some insight to this question:
A) It is clear that the path coverage has a direct influence
on the degree of the expansion (Nishimura and Forsyth,
1985), but this effect has not been quantified yet.
B) The minimization of the inversion travel-time residuals,
as a eriterion to decide the convenient degree of the expan—
sion, has been proposed by Nakanishi and Anderson (1982).
It eonsists of Choosing the degree that corresponds to a
minimum of the travel-time residual evolution. The same
authors point out that this eriterion will not always work.
C) A low-degree expansion corresponds to a simple view
of the Earth model. A higher-degree expansion produces
corrections to this poorly detailed description in order to
obtain a more realistic model. In this way, when the degree
increases, a decrease of the absolute values of the expansion
coefficients is expeeted, provided that only smooth lateral
heterogeneities in the Earth model are present. If sharp ve-
locity gradients exist, the coefficients do not clearly decrease
with increasing degree, but the group-velocity map tends
to a more detailed one.

The algorithm used in solving expression (7) is also rele-
vant for the degree of the expansion. By means of the singu—
lar value decomposition (S.V.D.) (Lanczos 1961), we solve
the system of Eq. (7) in a proper way. Other possibilities
are the total inversion algorithm (Tarantola and Valette
1982) or the Backus-Gilbert inversion (Backus and Gilbert
1967, 1968). Examples of the application of the total inver—
sion algorithm are the papers of Angelier et a1. (1982) and
Lana and Correig (1987). With respect to the Backus-Gil-
bert inversion we can refer, for instance, to Nolet (1976)
and Tanimoto and Anderson (1985). The linearity between
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Table l. Earthquake parameters. The numbers of the events correspond to those in Fig. l. CARL, MIR
and MASC identify, respectively, the regions of Carlsberg Ridge, Mid-lndian Rise and Masearena Island
Region

Date Latitude Longitude Origin time Depth Magnitude

1 CARL 04.0.5 72 5.200 62.100 0 h 27 m 34 s 58 km 5.1
2 MASC 06.19.76 — 17.900 65.400 15 h 0 m 46 s 21 km 5.5
3 CARL 09.0.772 — 1.900 68.100 2 h 55 m 0 s 47 km 5.6
4 MIR 10.29.70 —40.900 80.500 2 h 23 m 25 s ’33 km 5.5
5 MIR 11.22.76 —38.500 78.600 4 h 46 m 26 s 33 km 5.1
6 MASC 10.25.70 — 13.700 66.300 12h 0 m 35 s 25 km 5.6
7 MIR 03.27.76 —38.900 78.100 8 h 49 m 32 s 35 km 5.2
8 MIR 02.19.77 —41.300 80.500 7 h 53 m 23 s 33 km 5.8
9 MIR 11.16.76 —41.800 80.100 18h 20m 49s 18km 5.3

the travel times and the coefficients, together with the sim-
plieity and the speed of computation of the S.V.D. algo-
rithm, make it advisable to use the S.V.D. algorithm in
this case.

If all the eigenvalues, evaluated by the S.V.D. algorithm,
are used in the solution of system (7), usually unrealistic
Earth models appear. Such models are a consequence of
ineluding also the smallest eigenvalues. The existence of
small eigenvalues is due to singularities in the system of
equations. The existenee of these singularities eomes not
only from the noise in the data, but also from the path
coverage. It is obvious that there may be a certain number
of paths which are very Close to each other and that they
generate very similar equations in (7). We must bear in
mind that a eertain degree of the expansion implies a mini-
mum number of independent paths. Singularities are usually
expected, and the crucial question here is the Choice of a
reasonable cut-off value l0 which fixes the last eigenvalue
that the algorithm will employ in the matrix inversion.
Problems related to the proper choiee of 10 have been
pointed out by Tanimoto and Anderson (1985), studying
the upper mantle of the whole Earth, but without absolutely
conclusive results about the proper cut-off value. When the
group-velocity distribution is computed all over the Earth,
the physical meaning of the evaluated eoefficients is particu-
larly relevant in deciding the eut-off value. In this case the
coefficient A00 represents the inverse of the averaged group
velocity (Nakanishi and Anderson, 1982). Following this
interpretation, the fixed 10 must involve a suitable value
of A00 in agreement with some reasonable standard Earth
model. The present application does not study the entire
domain of the Earth’s surfaee, and A00 has a different mean-
ing. Aecording to Eq. (4), if we integrate this expression
over the whole Earth’s surfaee, only the term with n20
and m 20 eontributes to the averaged slowness. In our case,
integrating over part of the Earth’s surfaee, the averaged
slowness depends not only on the term with n=0, m=0
but also on higher terms which do not cancel now. We
also think that the extension of the integration over the
whole surfaee is meaningless, because our data are only
related to a restricted domain of the Earth. The evaluation,
in such a case, of both the cut-off value and the expansion
degree must be done at the same time taking into considera-
tion the following points:
A) The decreasing evolution of the travel-time residuals with
an increasing degree and with different 10.
B) To obtain coefficient values with a reasonable behaviour
for the degree of the expansion.

C) Poor resolution in the kernels of the S.V.D. algorithm
for most of the eoefficients implies a superfluous degree,
even though the residual has a good evolution. We must
bear in mind that, according to Eq. (7), the kernel resolution
matrix is defined by:

Kz M‘ 1 M. (12)

The matrix K is the identity matrix if [0:0. On the other
hand, lO >0 leads to a matrix K which differs from the iden—
tity matrix. The eoeffieient which corresponds to the row
of the K matrix that differs from the same row in the identity
matrix has a poor resolution.

In short, the degree and the cut-off value lO arise as
a result of the minimization of the travel-time residual, the
correet evolution of the coefficients and the best kernel reso-
lutions for most of them. With respeet t0 the expansion
degree, it is convenient to apply a window to the coefficients.
By doing this we ean remove or attenuate the ringing phe—
nomena in the group—velocity maps. This phenomenon is
very similar t0 that obtained When a short temporal Signal
is spectrally analysed. Beeause of the analogy between both
situations we ean use (Tanimoto and Anderson 1985) a elas—
sical Hamming window, substituting the length of the tem-
poral Signal by the number of the highest degree expansion
used. If the slowness has sharp discontinuities, Gibbs phe-
nomena (Kulhanek 1976) could appear When expression (4)
is truncated. We assume that such discontinuities are not
present in the slowness. Consequently, Gibbs phenomena
will not appreciably afTeet the group-velocity maps.

The third and last point is the mathematical meaning
of the cut-off Operation. The generation of eompatible solu-
tions of linear or linearized systems of equations like (7),
as a consequenee of the smallest eigenvalues, is well estab-
lished in Pous et al. (1985) and Lana and Correig (1986).
The consequences and the physical meaning in our applica-
tion will be discussed in the conelusions.

Application t0 the Indian Ocean

The theory and methodology developed above has been
applied to a set of experimental group velocities of the fun—
damental mode of Rayleigh waves, evaluated for the Indian
Ocean. These group velocities are obtained, after standard
instrumental correction of the reeords (Chandra, 1970), by
standard speetral analysis of the vertical component of the
seismic reeords (Herrmann 1973, 1978). These reeords eorre—
spond t0 several WWSSN stations surrounding the Indian
Ocean and to earthquakes with magnitudes between 5 and
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Fig. l. Path coverage for the Indian
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correspond t0 the nine events from
which seismic records were obtained.
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included
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Table 2. Set of coefficients obtained at 15, 30, 40, 50 and 60 s, fourth—degree expansion and a cut-off
value of 0.05

15s 308 405 508 60s

A00 0.379E+00 0.214E+00 0.219E+00 0.233 E+00 0.207E+00
A10 ——0.106E+00 —0.651E—01 —0.428E—01 —0.883E—01 —0.728E—01
A11 0.172E+00 0.956E—01 0.125E+00 0.897E—01 0.877E—01
A20 0.184E+00 ——0.675E—01 —0.948E—01 —0.390E—01 —0.729E—01
A21 —0.294E+00 —0.180E—02 —0.448E—01 0.757E—01 —0.135E—01
A22 —0.222E+00 —0.134E+00 —0.102E+00 —0.114E+00 —0.135E+00
A30 —0.105E+00 0.369E—02 0.136E—02 0.101E—03 0.105E—01
A31 0.185E+00 —0.165E—01 —0.198E—01" —0.397E—01 —0.254E—01
A32 —0.265E+00 0.210E—01 —0.264E—01 0.505E—01 0.113E—01
A33 —0.213E—01 —0.371E—01 —0.162E—01 —0.519E—01 —0.389E—01
A40 0.134E+00 —0.445E—01 —0.239E+00 —0.511E—01 —0.710E—01
A41 0.531 E—02 0.204E+00 0.147E+00 0.606E—01 0.683E—01
A42 —0.130E—01 0.348E—01 0.102E+00 0.889E—01 0.967E—02
A43 —0.122E+00 —0.864E—01 —0.368E—01 —0.773E—02 —0.613E—01
A44 —0.908E—01 —0.356E—01 0.146E—01 0.144E—01 —0.136E—01
B11 0.381 E +00 0.265 E +00 0.260E +00 0.274E +00 0.260E +00
821 0.710E—01 —0.780E—01 —0.317E—01 —0.116E+00 —0.856E—01
822 0.130E+00 0.117E+00 0.129E+00 0.123E+00 0.108E+00
B31 0.268E+00 0.100E—01 —0.790E—02 0.479E—01 0.491 E—02
B32 ——0.177E+00 0.117E—01 —0.244E—01 0.900E—01 0.221E—02
B33 —0.141E+00 —0.189E—01 —0.932E—02 0.144E—01 —0.242E—01
B41 0.5]2E—01 —0.143E+00 ——0.156E+00 —0.854E—01 —0.117E+00
B42 —0.242E+00 0.437E—01 —0.848E—01 0.252E—01 —0.189E—01
B43 0.219E+00 0.422E—01 0.988E—01 —0.766E—01 —0.241E—01
B44 0.147E+00 0.861E—01 0.112E+00 0.783E—01 0.710E—01

6. The events used, and their main eharacteristics, are listed
in Table 1. Source group delay has been neglected. The dis-
tribution of the paths in the Indian Ocean and the main
surface tectonic features are shown in Fig. 1.

Following the methodology discussed above, a suitable
expansion degree and a suitable cut—off value of 0.05 for
the S.V.D. algorithm have been fixed. The Euclidian norms
of the travel-time residuals divided by the number of paths,
at a period of 15s for the first four degrees, for instance,

are: 110.6, 101.0, 89.2, and 58.9, given in units of 52. These
residuals, computed without cut-off value, are only slightly
different from those calculated with a cut-off value. These
residuals imply an averaged difference of 9 s between the
experimental travel times and the theoretical ones evaluated
from expression (5) with the coefficients obtained solving
system (7). This averaged difference of 9 s results in an upper
limit of uncertainty in the third decimal place of the group
veloeities according t0 Eq. (11). This assessment is a conse-
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Table 3. Set of coefficients obtained at l5, 30, 40, 50 and 60 s, third-degree expansion and a CUt-Off
value 010.05

158 305 403 505 60s

A00 0.326E +00 0.283 E +00 0.275 E+00 0.280E +00 0.280E+00
A10 —0.111E+00 —0.977E—01 —0.101E+00 —0.191E+00 —0.152E+00
A11 0.288E+00 0.133E+00 0.224E+00 0.735E—01 0.106E+00
A20 —0.912E—01 —0.711E—01 —0.685E——01 —0.307E——01 —0.441E—01
A21 —0.863E—01 —0.301E—01 —0.695E—01 —0.347E—01 —0.336E—01
A22 —0.600E—01 —0.110E+00 —0.624E——01 —0.106E+00 —0.111E+00
A30 —0.190E+00 —0.559E—01 ——0.126E+00 —0.109E+00 —0.978E—01
A31 —0.131E+00 0.541E—02 —0.881E—01 0.802E—02 —0.787E—01
A32 —0.348E—02 ——0.624E—01 —0.364E—01 —0.l33E+00 —0.126E+00
A33 0.231E+00 0.983E—01 0.162E+00 0.231E—01 0.607E—01
B11 0.339E+00 0.325E+00 0.290E+00 0.313E+00 0.315E+00
821 —0.719E—01 —-0.767E—01 —0.671E—01 —0.156E+00 —0.118E+00
822 0.233E+00 0.110E +00 0.183E+00 0.586E—01 0.909E—01
B31 0.132E+00 0.679E—01 0.115E+00 0.871E—02 0.735E—01
B32 0.542E—01 0.729E—01 0.588E—01 0.817E—01 0.554E—01
B33 —0.906E——01 0.435 E—01 —0.706E—01 0.545E—01 0.157E—01

Table 4. Graphical representation of the kernel resolution matrix
at a period of 15 s, an expansion of fourth degree and a cut-off
value of 0.05. The elements of the symmetric matrix have been
reduced to values ranging from 0 to 10, which are proportional
to their absolute values between 0 and 1. The rows are associated,
from the top to the bottom of the table, with the eoefficients A00,
A10, B43, B44

3
12
102
0103
01104
101104
0101103
00011003
010020114
0010000003
00010010009
000000110009
1100010111009
00001010100009
001001010000009
3111030010000004
03000020300000005
103101010200001104
1104011110101000106
01104011100012011015
001013010000002102014
0100003000000000100009
00001002100000000100009
001000112000000010001009
1011010003001001000010008

quence of the standard deviations computed by means of
Eqs. (8%(10). As we can see, there is a significant decrease
in the residuals from the first to the fourth degree.

It can be seen that the errors in travel times are very
similar to the travel-time residuals of the fourth-degree ex-
pansion, by comparing pairs of travel times for similar tra—
jeetories. Consequently, neglecting the anisotropy elTect and
remembering the linear character of the problem, we can
assume that data residuals are of the same magnitude as
data errors. We can also eompare the Euclidian norm of
the residual with the Euclidian norm of the dilTerences be—

Table 5. Set of coeffieients for a third- and fourth-degree expansion
at a period of 15 s. No cut-off value has been used. These coefficients
are very different from those in Tables 2 and 3

A00 —0.347E+02 O.715E+04
A10 —0.545E+01 0.196E+04
A11 0.140D+02 —0.217E+04
A20 0.112E+02 —0.214E+04
A21 0.430E+00 —0.561E+03
A22 0.852E+01 —0.355E+O4
A30 O.932E+00 —0.537E+03
A31 —0.139E+01 0.181E+03
A32 0.797E+00 —0.574E+03
A33 —0.122E+01 0.835E+03
A40 0.452E+02
A41 0.327E+02
A42 O.736E+02
A43 0.756E+02
A44 0.785E+02
B11 0.346E+02 —0.801E+04
B21 0.441E+01 —0.188E+04
B22 —O.872E+01 0.207E+04
B31 —0.257E+01 0.714E+03
B32 —0.809E—01 0.374E+03
B33 —0.351E+00 0.838E+03
B41 0.11213+03
B42 —0.381E+02
B43 0.654E+02
B44 —0.132E+03

tween the experimental travel times and those computed
for a spherioal symmetric Earth such as the PREM: model
(Dziewonski and Anderson 1981). In such a way, a variance
reduction between 35% and 45% is obtained.

Tables 2 and 3 show the set of coeffieients obtained for
degrees 4 and 3, respectively, for all periods as well as the
oommon value of l0 that leads system (7) to the proper
solution. As Nakanishi and Anderson (1982) show, coeffi-
eients belonging to higher degrees are usually small correc—
tions of those calculated for smaller degrees, if great lateral
heterogeneities are missing in the medium. Tables 2 and
3 illustrate this behaviour, where some of the higher-degree
coefficients are also slightly smaller than the lower ones.
This Situation could not only be the result of an insufficient
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Fig. 2. Group-velocity map for a period
of 30 s and a second-degree expansion.
Isolines are given in units of km/s. The
numbers correspond t0 the events of
Table 1
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degree of the expansion, but also due t0 sharp group-veloci-
{y gradients. A higher degree could be attempted, giving
smaller travel-time residuals. Table 4 ShOWS the resolution
kernel for a fourth-degree expansion at 15 s. It can be seen
that coefficients A4m, B4m, (m21, ...‚ 4) have a very good
resolution, whereas some of the rest have a very poor one.
Through the inversion process, a decrease of the kernel
quality, when the expansion degree increases has been 0b-
served. C0nsequently, very poor resolution for all of the
caefficients would be found in expansions with a degree
greater than four. The kernel evolution is, of course‚ a direct
consequence of the singularities and cut-off values. Taking
into account the restrictions discussed in the methodology,

an expansion of fourth degree and a cut—off value of 0.05
looks reasonable for all periods. Third- and fourth-degree
kernels are very similar. Though a third-degree expansion
would be acceptable, its travel-time fit is worse than that
associated with the fourth degree. In addition, the fourth
degree gives more detailed group-velocity maps. We can
obtain very good kernels’ with second-degree expansions,
but the corresponding group-velocity maps give an extreme-
ly simplified View of the medium.

It is important t0 point out that if a cut-off value smaller
than lO is used, the coefficients of the expansion lose all
their; physical meaning. Table 5 ShOWS the wrong coeffi-
cients obtained for third and fourth degrees at a period



164

.NIL

NAIO ///\ .

o
/

6/

o

.BUL a a

\PREO
3'85\
375\

GRM #395 3’65\
MOS\ 6/355—\

10° 50°E ' / 7
'-—---4 40°s 4 40°

f

‚_ m Z
o
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of 15 s; n0 cut-off values has been used. Notice the unrea-
sonable jump in the coefficient values when changing from
one degree t0 the 0ther. In a similar way, the unacceptable
values of the coefficients in Table 5 become evident, if they
are compared with those in Tables 2 and 3.

Figures 2 and 3, together with Fig. 4, Show the group-
velocity evolution through an increasing degree of expan-
sion at a period of 30 s. Figures 2 and 3 correspond t0
expansion of second and third degree, respectively, and have
been computed aceording t0 the methodology discussed,
with a suitable cut—off value for each degree slightly different
from 0.05. From the set of maps at 30 s one ean deduce

100°E
S Fig. 5. Same as Fig. 2, for a period of 15 s

that very similar features are developed by third and fourth
degrees. The second degree with a suitable l0 expansion
generates the same robust features as the greater-degree
maps d0, but in a more simplified and poorly detailed way.

Figures 4—8 are group-velocity distributions for the Indiw
an Ocean at periods of 30, 15, 40, 50 and 608. All of them
correspond t0 fourth-degree expansions. There is a smal?
evolution through the five maps where the robust common
features are a maximum group velocity near the Rodrigues
triple junction, another maximum just south of the Indonew
sian Arc, one saddle point at both sides of the central maxiw
mum and a minimum just on the Indian Coast.
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Conclusions

Using a set of group velocities computed by a standard
spectral analysis program, a methodology for surface har—
monic expansions in restricted regions of the Earth’s surface
is developed. By means of this methodology one can estab—
lish the cut—off value for the S.V.D. algorithm and the degree
of the expansion. Both the expansion degree and the cut-off
value are determined from three conditions:

1) First, the determination of the smallest travel-time
residual

2) Second, the seareh for expansion coefficients with
physical meaning

m
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100°E
Fig. 6. Same as Fig. 2, for a period of 40 s

MUN

100°E Fig. 7. Same as Fig. 2, for a period of 50 s

3) Third, the retrieval of good resolution of the kernel
for a signifieant number of coefficients

It is relevant t0 point out that the combination of these
points systematizes two aspects of the paper of Nishimura
and Forsyth (1985); namely, a better treatment of the
singularities and an efficient system t0 define the proper
degree of the spherical harmonic expansion. This last aspect
is very important due t0 the fact that the easy process of
studying only the minimization of the travel-time residuals
(Nakanishi and Anderson 1982) does not always define the
proper degree.

The cut—off operation means that 0ther compatible solu-
tions can be reached. This assertion has been discussed and
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exercised in other aspeets of seismology by Pous et a1. (1985)
and Lana and Correig (1986).

Coming to the specifie results for the Indian Ocean, it
is important to point out the existence of the same robust
features in all velocity distribution maps. These robust fea-
tures are present in both sequences of maps shown here:
one for increasing expansion degree at a given period; the
other for different periods and a given expansion degree.
Perhaps the most relevant feature are the high velocities
near the triple junction.

Comparing the map at 30—5 period with the world-wide
distribution of group velocity at the same period obtained
by Sato and Santo (1969), we find that the relevant maxi-
mum is located at the same place, but that our map is
more detailed because of better coverage over a smaller
domain. We obtain even greater similarity when a smaller
expansion degree is used, but then we lose details.

The map shown at 60 s can be approximately compared
with that of Montagner (1986) at 75 s. The similarities seen,
as in the case before, are the robust features. The minimum
in the southeast corner of the map has its correspondenee
in Montagner’s map. The maximum value of our group-
velocity distribution just south of the islands of Sumatra
and Java also has its correspondence in Montagner’s map,
and the south part of our map is also in agreement. Another
minimum ean be assumed in our map south of the Arabian
peninsula, which is also well define in Montagner’s paper.
A different distribution of group velocities appears near the
Indian peninsula. We think this effect is due to the poor
coverage we had for this region (Fig. 1) and perhaps also
due to the efTect of the continental crust, corrected in Mon-
tagner (1986). From this last point we may conclude that
coverage is important. Another point that reinforces this
conclusion is the above discussion for the period 30 s; when
the second-degree expansion fits Sato and Santo’s maps,
but a fourth-degree expansion develops a more accurate
description.

The evolution of all the common robust features, ob-
served through the maps as we increase the period, indicates

Fig. 8. Same as Fig. 2, for a period of 60 s

good correlation between the shallow and intermediate
structure with surface tectonics down to a depth of 60 km.
This result is reinforced by a similar correlation for deeper
structures pointed out by Montagner (1986), if we bear in
mind the agreement between his map at 75 s and our map
at 60 s.

Group—velocity dispersion curves can, in fact, be inferred
from these expansions by increasing the number of periods;
one then obtains slightly different dispersion curves for dif-
ferent age regions of the Indian Ocean lithosphere. Partial
derivatives of group velocities (Rodi et al., 1975) can be used
to retrieve the shallow and intermediate lithosphere struc-
ture (depth range 1(F7O km) missed by Montagner (1986),
because of the very long period he used. In this way it
will be possible to compare computed models of the litho-
sphere with the location of ridges and distribution of litho-
spherie ages. As a first step, the map at 15 s Shows good
correlation between 10- to 53-million-year lithosphere and
low group velocities. Regions with lithospheric age greater
than 53 million year have higher group velocities. In short,
the present paper establishes rough lines for a study which
may confirm Montagner’s lithospheric models at intermedi—
ate periods.
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Simple algorithms for vertical seismic profiling
in transversely isotropic media
Joseph Ha
Department of Mathematics, University of the South Pacific, Suva, Fiji

Abstract. A set of stable algorithms for the full wave synthe—
sis of vertical seismic proflles in transversely isotropic media
is presented. The algorithms are in a form suitable for imme-
diate numerical implementation. The complete seismograms
are computed from plane waves by numerical integrations
in the wavenumber and frequency domains. Compared with
algorithms for surface receivers, algorithms for vertical seis-
mic profiles require larger amount of computer memory
and take, at the most, three times the amount of computing
time to compute the various quantities needed to define
the displacement vector. The computing time for vertical
seismic profiles depends on the number of layers spanned
by the depth range of the seismic sensors. The computing
time required to compose the displacement vectors from
the overall reflection and transmission coefficients is also
greater for subsurface receivers than that for free surface
receivers. The symmetries in the reflection and transmission
coefficients for seismic waves simplify the computational
scheme and reduce the amount of computation required
for synthesizing vertical seismic profiles.
Key words: Vertical seismic profile — Transverse isotropy
— Synthetic seismograms

lntroduction

The application of vertical seismic profiling techniques to
the imaging of the Earth’s interior has received a lot of
attention in the past decade. It has been the subject of sever—
al books and many research papers [see‚ for example, Gal’—
perin (1974) and Balch (1984)]. Vertical seismic profiling
(VSP) provides additional information that may not be ob-
tainable from other types of data. VSP displays the propaga-
tion of seismic waves through the Earth in depth as well
as time. This time-depth representation is quite instructive.
It offers insights into the wave propagation properties of
the medium, as the identification of down and upgoing
waves and multiples is facilitated. For example, it is often
possible to follow the path along which the seismic pulse
propagates through the Earth to form multiples.

One major drawback of the application of VSP tech-
niques is the relative expense involved in the oollection of
data. The computation of VSP is also relatively more expen-
sive oompared with that for the surface receivers. The theo-
retical development in the past decade has decreased the
cost of numerical computation of synthetic seismograms.
Recently, Ha (1984 a, 1984 b, 1986) presented a set of stable

algorithms for computing synthetic seismograms in isotro—
pic and transversely isotropic media that are simpler to
implement and require up to 30% fewer algebraic opera-
tions than the reflection matrix method. The algorithms
are for surface receivers only. The stability of these algo-
rithms in the numerical computation of synthetic seismo-
grams results from the non—existence of any growing expo—
nential in the computational scheme. Also, the loss of pre-
cision problem assooiated with high frequencies that is in-
herent in the propagator matrix approach does not occur
in these algorithms. In this paper, the algorithms of Ha
are extended to enable the computation of seismograms
for a range of receiver depths in transversely isotropic me-
dia. The extension is straightforward and forms a natural
adjunct t0 the algorithms for surface receivers. The incorpo-
ration of uniaxial anisotropy into the stratification does
not entail additional cost to the computation time but al-
lows both isotropic and transversely isotropic materials to
be included in the model. The solution procedure for multi-
ple receiver depths follows that of Ha (1986) for surface
receivers. The numerical examples presented there demon-
strate the validity of the solution procedure on which the
algorithms of the present paper are based. The algorithms
for computing VSPS are presented in the next section in
a form that is suitable for immediate numerical implementa-
tion.

Although our algorithms differ from those based on the
matrix method, they have certain features in common with
other computational schemes reported in the literature. Our
computational procedure for SH waves is similar to that
for acoustic waves presented by Temme and Müller (1982,
Appendix). The greater accuracy and shorter computing

A time of our algorithms than those based on the propagator
matrix method were also noted by Temme and Müller. The
global matrix method of Schmidt and Tango (1986) also
achieves improved accuracy and efficiency over the propa-
gator matrix method for computing synthetic seismograms
for stratified isotropic media. The algorithms of this paper
shares other important advantages with the global matrix
method. The handling of multiple sources is straightfor-v
ward. The wavefields generated by multiple sources are simw
ply superposed. It is also not necessary for our algorithms
to introduce dummy interfaces at the source depths.

Numerical algorithms

The derivation of the algorithms for multiple receiver depths
is similar to that presented in Ha (1986) except that the



displacement vectors at difTerent receiver depths are now
required. The derivation for SH waves is presented first,
followed by the derivation for P and SV waves. For each
wave type, there are three cases to consider — the receiver
layer is above, below or the same as the source layer. Al-
though the source is normally on or near the free surface
for VSP in practice, we consider all possible source-receiver
eonfigurations for completeness.

A cylindrical coordinate system (r, d), z) is used with
the origin at the free surface and the z-aXis taken positive
downward. The model considered consists of n homoge—
neous, transversely isotropic (with vertical axis of symmetry)
or isotropic layers overlying a half-space. The mth layer
of thickness dm and density pm is bounded by the horizontal
planes Z=Zm_ 1 and 222m. For each anisotropic layer, five
elastic moduli c“, C33, €66, C44 and c13 in abbreviated sub-
scripts are required to describe the elastic behaviour fully
[see‚ for example, Auld (1973)]. From these elastic moduli,
we define the following parameters:

05h: Cll/p’

Q(u: C33/‚0‚

[ihr—M9

[SH/U,
”1’: C13/Po

These parameters are associated with the velocities of the
three body waves that correspond to the P, SV and SH
waves in isotropic media. The velocities och and ocv are asso-
Ciated with the P waves, while ßh and ßv are associated
with the SH waves. The subscripts h and v denote horizontal
and vertical propagation, respectively. For SV waves, the
horizontal and vertical velocities take the same value ‚ßv.
ln the following discussion, the source is assumed to be
in layer s and the reeeiver in layer r of the stratification.

SH waves

ln the frequency(c0)-wavenurnber(k) domain, the azimuthal
displacement at depth z of the jth layer can be written
as

5(Z)=Aj CXP(—5jz)+Bj CXP (612), (1)
and

„.‚:{k.‚j
pzßäj—l p>1/ßhj

51
ikvj l—Pzßiij P<1/‚ßhj

l1c _zw/ß ..DJ ”J

Here, p denotes slowness. The two terms on the right of
Eq. (1) represent the down and upgoing components of the
‚SH wavefield. In the source layer (j:s)‚ the appropriate
source term of the form S exp[—€s|h—z|] for a source
.„1t depth h needs to be added to the right of Eq. (1).

Applying the solution procedure of Ha (1984a) and
working upward from the bottom of the stratification, the
'following relation is obtained for layer j:
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where

Dj=1+rjs231+1 1gjgn
l=[r?+Q‘}+1]exp(—2€jdj)/D‘} lgjgn

l0 ifj>s
[r?+Q?+1] 52 CXP [-€j(Zj-h)] €Xp(-<5jdj)/D7

isS
A3521{“52CXP[—5j(h—Zj—1)]+A3i+1iexp(—€jdj)/Dg

iss—l
Ltijf+1exp(—äjdj)/Df iflgjgs—Z

7'?:(Pjß3j äj—pj+1 ßgj+1äj+1)/(Pjßgj‘:j+l)j+1 ßgjn 61+ 1)

lf1}:2.0j+1 ‚3n 51+ 1/(pj ‚331 äj+pj+1 ßgfil €141)-

Here, r‘} and t3? denote the jth interfacial reflection and trans-
mission coefficient, respectively. The superscripts u and d
indicate that the wave approaches the j th interface from
below and above the interface, respectively. Sf, and S: repre-
sent the amplitudes of SH waves leaving the source down-
ward and upward, respectively. We make this distinction
to allow for possible asymmetry in the source radiation.
These source amplitudes for a point horizontal force and
for a point shear dislocation are defined in Ha (1986). From
Eq. (2), it is clear that the upgoing wave of layer j arises
from the upward transmission and downward reflection
from the stratification below layer j. When the source layer
is above layer j, the first term on the right of Eq. (2) is
absent. The upgoing wave of layer j comes from the down-
going wave that has reflected back up from interface j and
below. When the source layer is below the jth layer, the
source contribution to the upgoing wave of layerj is given
by the term A35.

Similarly, we obtain the following relation expressing
the downgoing wave component of layer j in terms of the
upgoing wave component from the transmission and reflec-
tion properties of the stratification above layer j:

where

D;:1+r;+_1 3:1 igjgn
Q}?=[rj?_1+i_l]exp(—25jdj)/D'f 121S"

'0 ifj<s
[e1

+Qy_1]SZCXP[-€j(h-Zj—1)]eXP(-5_Jf4j)/Di1j:s
A3424t‘}_1{Säexp[—€j—1(Zj—1-h)]+Ai—1}exP(—5jdj)/Di

ifj:s+1
lrgtl A311 exp (—:‚.dj)/D; iss+2

u____ d
rj— rj

Here, r; and t3? denote the reflection and transmission coeffi-
cients for waves that approach the jth interface from below
and above the interfaee, respectively. The term A‘} is absent
from Eq. (3) if the source layer is below layer j. The downgo-
ing wave of layer j comes from the upgoing wave that has
reflected back down from interface (j— 1) and above. When
the source layer is above the j th layer, A‘} gives the source
contribution to the downgoing wave of layer j.

The similarity in structure between Eqs. (2) and (3) is
not surprising as the formal symmetry between upward and
downward propagation is well appreciated [see‚ for exam-
ple, Kennett et al. (1978) and Thomson et al. (1986)]. The
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reciprocals of D3? and D'} represent infinite series of multiply
reflected and transmitted rays that interaet with the stratifi-
cation below and above layer j. S231. and S27 are the overall
downward and upward reflection coefficients below and
above layer j, respeetively. For multiple sources, it is clear
from Eqs. (2) and (3) that additional source terms of the
form A'S‘ (or A‘s’) for sources present in layer j are simply
added to A34 (or A7).

In general, we have the following two relations at any
receiver depth z from Eqs. (2) and (3):

Br CXP(62):}1‘1‘44’55l Ar €XP(-€‚Z)‚ (4a)
Ar 6m ( — i‚2)=/Tf +52? Br CXP (6,2). (4b)
The subseript r refers to the receiver layer. AN‘,‘ and Ö? are
obtained from A’,‘ and 52?, respectively, by replacing the
layer thickness d, in the exponential term by (2,—2). Ä?
and Ö',‘ are obtained from Af and Q3, respectively, by replac-
ing the layer thickness d, in the exponential term by (z
—z‚_ l). When the source and receiver are in different layers
of the stratification, Ä: is zero if r>s‚ but Ä? is zero if
r<s. By solving Eqs. (4a) and (4b) simultaneously, we ob-
tain the following result for the azimuthal displacement at
the receiver depth z:

Ä:(1+Ö:‘)/Dh „ „ ‚. „ ifr<s
5(Z)_ SCXP[-frlh-Z|]+[Ai‘(1+93)+A3(1+Qf)]/Dh—

ifrzs
Äf(1+äf)/Dh ifr>s

(5)

where

tl—ÖfÖf

andS- g if(h—z)>0
‘sg if(h—z)<0.

Equation (5) constitutes the VSP algorithm for SH
waves. The reourrence relations for the various quantities
involved are defined in Eqs. (2) and (3). The relations are
in a form suitable for immediate numerical implementation.
In Eq. (5), the terms Ä’,‘ and Ä‘f Ö? represent the upgoing
wave components while Ä‘f and Ä‘; Ö‘,‘ represent the downgo-
ing wave components of the SH wavefield at depth z. The
multiple interaction of the source pulse with the stratified
medium is given by the reciprocal of Eh.

P and S V waves

In the transformed domain, the horizontal (ü) and vertical
(W) eomponents of displacement for P and SV waves at
depth z can be written as follows. For P waves,

ü(Z)=8p[A exp(—nz)+Bexp(nz)]

W(Z):i8p 61„[14 €Xp(-HZ)-B ex13072)] (6)

where sp:1/|/2pqp

qp= -[ß5 02 +1--p"‘0<i‘]/[p0(v2 +ß5)]
0=fl/w= ’I-al Hai-4612 ao)1/2]/2a2}1/2
ao=(l #920613) (1 —p2ß3‘)
a1 =o<3+ß3 +102 [(3)2 +ßä)2 —ß3—oc3 a5]
a2 2053 ‚83

Re(0)gO

For S V waves,

ü(Z)=85[C 6Xp (-iZ)-D eXI>(€Z)]
W(Z)=i85qs[C eXp(-€Z)+D€Xp(52)] (7.)

where es: l/I/qs

v={/a)={[—af—4a2 a0)1/2]/2a2}1/2 Re(WäO

and qs is similar to qp exeept that a is replaced by v. To
refer the above parameters to layer m of the stratification,
we shall attach a subscript m to each of them.

The derivation of the algorithm for P and SV waves
is analogous to that for SH waves except that there is now
the need to incorporate the coupling of P and SV waves
When they interaet with the interfaee between two different
materials. For any depth z within the receiver layer, we
have the following results in terms of the reflection and
transmission properties of the stratification below layer r:

B‚ eXP (m2) = {Jim Ar eXp (—m2) + 52;; Cr eXp (— 5,2)
+A;;„‚ W;‘+A:‚„ X: (8)

Dr CXP (432): 97,5, Ar €XP (—17‚Z) + 92; Cr €XP (- 5J)
+A2s‚ W;"+A;‘s‚ X2

where

dpr: [rdppr+Qgpr+l Rr+Qgsr+l Sr+Qgpr+ l 71+Jr+ 1 rgsr]

u u d
°Epr Epr/Ar

d
Qgpr

Z
[rspr +(Qgpr+ l + ggsr+ l) R3: + Qgpr+ 1 71* +Jr+ 1 rgpr]

.Egr Bär/A?

d d
sr:QSPr
(25%: [r‘S’sr+Qf,pr+1 S‚+Q;’sr+ 1 Rr‘l‘Qnl T‚+J‚+ 1 rgpr]

'EäEä/A‘f

E„ CXP [—nm(Z„.—2)] mzr
Pm_

exp(—nmdm) m=l:r

Eu
exp [—äm(Zm—Z)] mzr

Sm— exp(—ä‚„d„‚) m=kr
d u d u d

Ar :1_rppr Qppr+ l —rssr QSSr-l- 1

—rgpr Zsr+1_rgsr Qgpr+l+Kg Jf+1

K:
=

rzpr rgsr
—

rgpr rlI‘JSr
d ___ d d d d

Jr+1 —Qppr+1 sr+ 1 —Qspr+l sr+l.

The physical interpretation of Eq. (8) is identical to that
of Eq. (2). The extra terms in Eq. (8) incorporate additional
source type and the coupling of P and SV waves. The terms
WQ‘ and X‘S‘ represent, respectively, the P and SV source
contribution to the upgoing components of the P and SV
waves. These source terms are absent if the source layer
(layer s) is above the receiver layer (layer r). The coefficients
of WE‘ and X: are defined in the following three sets of
equations. For r:s‚

Aäps = 922,5 exp [175(23 — 2)]
Agps : Qgps CXp [65 (Zs

—
2)]

Agss = QZSS CXp [775(Zs —Z)]

A" Z Qd exP [fs(Zs-Z)]- (9)sss ssS



Forrzs—l,

A1121»: [tzpr—Qgpr+1 Lr+ Qgsr+ 1 Mr] Eur/A‘rl

Agpr
=

[tls‘pr + QZPr+ 1 Lr
—

QZSH 1 Mr] Eur/Ag

Aäsr = [täsr — Qgpr+1 Nr + 95s, +1 0J E'sC/Af
A:s‚= [t:s‚+ am N‚— 9‘1’as‚„0‚]E;‘‚/A‘‚’. (10)
For 1g r gs— 2,

Agpr = [AZpH 1 (tZPr
—

Qgpr-f- 1 Lr + QSSH 1 Mr)

+ Agsw 1 (tlslpr + QZPH 1 Lr
—

QZsr+ 1 Mr)] EZr/Af

Azsr : [‘4p 1 (tgpr ’"
Qgpr+ 1 Nr + Qgsr+ 1 Or)

+Aäs‚.„(t2‘s‚+QZp‚„ Nr-Q‘äs‚„ 091133/115- (11)
When lgrgs—L the recurrence relations for A31, and A's‘s
are similar t0 those for A'I‘n, and A25, respectively, except
that A'I‘H, is replaced by A31, and Ags by A‘s‘s. Here, rxyr and
txyr denote the rth interfacial reflection and transmission
coefficient, respectively. The subscript x y denotes x t0 y
conversion. The superscripts d and u indicate that the wave
approaches the rth interface from above and below the in-
terface, respectively. These coefficients as well as the terms
R, S, T, R*, T*, L, M, N and O are defined in Ha (1986,
Appendix).

The source terms W5“ and X‘S‘ of Eq. (8) are defined by
the following two equations:

Sdp exp[—ns(zS—h)] ifrzs
Ws"= S; eXp [-nsUl—Zs— 1)] +A“ 5d eXp [-ns(Zs-h)]PPs P

+Agps s: exp [—542,40] 11 r<s
S? eXP [—€S(Zs-h)] ifFZS

X2: S: CXp [*isa’l—Zs- 1)] +A;ss S?) CXp [—ns(zs—h)]

+Agss s: exp [— 5428—10] 11 r<s

Here, S; and S: denote the scaled amplitudes of the P and
SV waves that leave the source upward, and Sf, and S: de—
note those that leave the source downward. These scaled
source amplitudes are defined in Ha (1986, Appendix).

The downgoing components of the wavefield of layer
r can be expressed in terms of the upgoing components
using the reflection and transmission properties of the strati-
fication above the rth layer:

Ar eXp (- m2) = Qäm B, eXp (m2) + (223„ Dr eXp (5,2)
+ „3„ w: + A22, x:
S228, B‚ CXP (m2) + 5233, D‚ CXP (6,2)
+A"„s‚ WS"+A‘S’S‚X‘S (12)

Cr exp (— ärz):

where

52‘131,e 1 = [rgpr + Qgpr R, + ggsr S, + 252:” R‚’.“ + J,“ rg‘sr]

.Ed Egr+l/A:+1pr+ 1

Q?» +1 = [räm + ä (52;;„‚ + 93s) Tr + 523„ Tr* + Jr" rä'pr]
d d u

‚Esr+ 1 Epr+ l/Ar+ 1

sr
z

ggpr

u u u u u u d
sr+l :[rssr+Qppr Sr+sr Rr+298pr c+Jr rppr]

.Egr+1Egr+1/A:+1
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E" z exp [—n‚„(z—z‚„)] m=r
pm

CXp(—7]mdm) "1:137’

d _ exp[—€m(Z—Zm)] e
sm—

CXp(—€mdm) m#r

3+ 1 21— rZPr ggpr— rgs" 9:5,.
—

rgpr sr

—
rgsr ggpr + Kg J:

Kg = rgpr rgsr — rgpr rgsr

J3: 9'131» 922,—n 9s

The coefficients of W5" and Xg of Eq. (12) take on similar
definitions as those of W5“ and X's‘ of Eq. (8). They are defined
by the following three sets of equations. For r =s,

A2125 = Q‘I‘Jps exp [77s (Z — Zs- 1)]

Agps Z ggps exp [€42 —
Zs- 1)]

Agss : 92s, CXp [Üs(Z —Zs- 1)]

Agss=ggss CXp [fs(Z_Zs-1)]' (13)

For r=s+1‚

Ad
:

[tgpr- 1
—

Q“ppr spr—l Or- 1 —Q:sr_1Mr- 1] Edr/A:

Agpr: [tgpr—l +Q2pr-10r— 1 +Qgsr-1Mr— 1] Edr/A';

A:s‚:[t:s‚.-1 +Q:p‚._1 M- l +s‘sr_1Lr-1]Eg‚./A;‘

Agsr: [tgsr_1 —Q'I‘)p‚._1 M- 1 —Ql;)s‚_ 1 Lr- 1] Egr/A: (14)

For 5+Zgrgn,

Agpr: [Agpr— 1(tgpr- l —Q:pr-l 0'“. 1
—

ggsr-l Mr— 1)

+Agsr— 1(tgpr— l + Qgpr—l Or— 1 + Q;Sr_l Mr— 1)]

d u
'Epr/Ar

Agsr: [Agpr— 1(tf7pr— 1 + ggpr— 1 M‘ 1 + ggsr— 1 L‚._ 1)
d d u u

+Apsr—1(tssr—1—Qppr—1 Nr- 1
—
sr- 1 Lr- 1)]

-E‘s’r/A'‚‘. (15)

When s+Zgrgn, the recurrence relations for A‘s’p and A35
are identical t0 those for A‘I’”, and A25, respectively, but
for the replacement of A11, by A‘s’p and A25 by ASS. The
source terms W8" and X;1 of Eq. (12) are as follows:

Szexp[—ns(h—zs_1)] ifr=s
I’VSd: S: CXp [—ns(Zs—h)] +A‘111ps S: exp [—ns(h—Zs— 1)]

+Agps S’s‘ exp [—{S(h—zs_1)] ifr>s

S: exp[—äs(h—Zs—1)] I'ZS

X3: Siexp[—€s(zs-h)]+/1?‚ss S; CXP[—’7s(h—Zs— 1)]
+AfssS's‘ exp[—5s(h—zs_1)] ifr>s.

Solving Eqs. (8) and (12) simultaneously, we obtain the fol-
lowing solutions for ü and w from Eqs. (6) and (7):

LT/lj ifr<s

ü: 8P, WeXp [-nrlh-Zl]+8s‚X CXP [—€‚Ih-Zl]
+(ü++ü‘)/D ifrzs

ü+/|:| ifr>s



WF/[j ifr<s
W: isprqpr Wexp [—t-ZÜ +i85rqsrX

oexp[—f‚|h—zl]+(w++W‘)/[j ifr=s
W+/l:| ifr>s

(16)
where

ü’ 2.9„(14— +B’)+e„(C— —D‘)
w- :i[sprqpr(A’ —B—)+ss.qs‚(C‘ +D“)]
A— zaW— +cX’
B‘:aW%+bX%
C’=bW’+dX‘
D’c?+dX%
W-zogprwhggprx';
X‘:Q;‘‚sr W}‘+Q:sr X1;
ü+ :s„‚(A+ +B+)+ssr(C+ —D+)
W+ :i[8pr qpr(A+ —B+)+gsr qsr(C+ +D+)]
A+:aW7‘?+cX‘}
B+ =aW+ +bX+
C+:bw?+dX%
D+ :CW+ +dX+
W+:Qgprw;’+ogprxä„
X+ 2s. Wfl+QZs.X"T
a=1-Q‘s‘p. 5222:9225. 95s.
12:s. s2:..+s2" 9dspr ssr

__ d u u dC —
Qppr Qsm + sr Qspr

_ _ d u _ d u
d —1 Qppr Qppr Qspr Qspr

[j : ad — b C
W74 zAgpr W,"+Ad XgSpr

Xd mit W3+A2.. X:
WT"=A;:„. W:+A:„. X:

"T = A2. W." + A2... X:
{S2

if(h—z)>0
W:

d
cSp 1f(h—z)<0

S: if(h—z)>0
X: d .{S8 1f(h—z)<0.

Equations (16) eonstitutes the algorithm for computing
VSPs of P and SV waves for transversely isotropie media.
In the expressions for 12+ and W, the terms B+ and D+
represent the upgoing waves and the terms A+ and C +
represent the downgoing waves at depth z. For LT and
W7, the terms B‘ and D’ represent the upgoing waves
and the terms A‘ and C ‘ represent the downgoing waves.
The reeiproeal of [j represents the reverberation of the
stratified medium.

Discussion

In the previous section, a set of uneonditionally stable algo-
rithms for computing the VSPs of P, SV and SH waves
are presented. Inverse Hankel and Fourier transforms are
applied to transform the displacement veetors back to the
time—distance domain. The algorithms of the last seetion
are in a form suitable for immediate numerical implementa—

tion. The source terms and the various quantities that are
required to define the recurrenee relations needed by the
algorithms are presented in Ha (1986, Appendix).

The reeurrence relations for Q“ and Qd are similar in
strueture, as are the reeurrence relations for A“ and Ad.
Their computation times through the stratification are thus
similar. The computation time for VSP will depend on the
number of layers and receivers in the depth range spanned
by the seismic sensors. Suppose the number of layers in
the range of receiver depths is n and that the source is
on the free surface, the values of Q“, Q" and Ad are required
for each layer of the stratifieation. In the case of surface
source and surfaee receivers, only the value of Q" at z=0
is required. Although Ad requires less eomputation time
than Q“ (Ha, 1984b), Ad and Q“ are assumed to require
similar eomputation time for the present diseussion. Henee,
the eomputation time for all the quantities required to com—
pose the displaeement veetors for VSPs is roughly three
times that for surfaee receivers at most. It is also relatively
more expensive to compose the displacement vector at a
buried receiver from the overall reflection and transmission
coefficients than its counterpart at a free surface receiver.
Compared with computer programs for surface reeeivers,
eomputer programs for VSPs demand larger amounts of
eomputer memory because of the overhead involved to store
the various quantities required by Eqs. (5) and (16) for all
the layers within the range of the receiver depths. In a sepa—
rate paper, these times and memory requirements in the
numerieal implementation of our algorithms will be dis-
cussed in more detail together with some numerieal exam-
ples. The symmetry between upward and downward propa-
gation reduees the number of parameters required to define
the reeurrence relations. The symmetries of the reflection
and transmission coefficients reduee the number of recur-
renee relations required to define the displacement vector.
These reductions translate to shorter eomputation time for
synthesizing VSPs.
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Abstract. A technique for magnetotellurie (MT) data analy-
sis, known as the canonieal decomposition, is developed
from first principles. This analysis is based on the canonical
decomposition of the impedance tensor Z and explicitly
parametrizes Z in terms of eight physically relevant struc-
tural parameters which specify the transfer eharacteristics
of the earth system (i.e. the maximum and minimum prinei—
pal apparent resistivities and the associated prineipal
phases) as well as the principal or intrinsic coordinate sys-
tem for Z (i.e. the two principal orthogonal electric and
magnetic field polarization states). lt is shown that the for-
mulation of canonical decomposition in which the polariza-
tion descriptors are speeified in terms of elliptie parameters
results in the MT impedanee tensor analysis presented by
LaTorraca et al. The relationships between eanonical de—
eomposition and several other forms of magnetotelluric
data analysis are explored. Specifieally, we compare the ca—
nonieal decomposition with the “conventional ” analysis, the
maximum coherency analysis, the assoeiate and conjugate
direetions analysis developed by Counil et al., Eggers’ eigen-
state analysis and Spitz’s rotation analysis. It is shown that
canonical decomposition is a natural generalization of the
conventional analysis in that both the rotation and ellipti—
City properties of Z are utilized in the definition of a princi—
pal coordinate system. A generalization of the maximum
eohereney analysis is shown to yield the same parameters
as those extraeted in eanonieal decomposition. By imposing
a speeifie restriction on the generalized maximum coherency
analysis, we next ShOW how to extraet the parameters (i.e.
the directions of maximum and minimum current and in-
duction and the eorresponding eleetrie and magnetic sheet
impedanees) that were obtained by Counil et al. in their
associate and conjugate directions analysis. The relationship
between canonical deeomposition and Eggers’ eigenstate
analysis is developed and it is shown that the primary defi-
eiency in the eigenstate formulation resides in the incorpora-
tion of an artificial field eonstraint. Spitz’s rotation analysis
extraets two analytical rotation angles from the matrix fac-
tors in the Cayley factorization of Z. It is shown that the
Cayley factorization of Z is nothing more than the repaek-
aging of the information in canonical deeomposition and,
as a consequenoe‚ Spitz’s rotation analysis is not required
to extract a principal or intrinsic eoordinate system of Z.

OÜ’print requests t0: K.V. Paulson

Key words: Magnetotellurics — lmpedance tensor analysis
— Canonieal decomposition

lntroduction

The magnetotelluric (MT) sounding method involves the
determination of the relationship between the natural hori-
zontal eleetric and magnetic field fluctuations at various
physieal points on the earth’s surface. The primary entity
of interest in the MT method is the impedance tensor Z (w),
the operator that transforms the horizontal magnetic field
fluctuations into the horizontal electrie or telluric field vari—
ations. For a uniform monochromatie, plane-wave souree
excitation, the horizontal components of the complex MT
wave field are related as

IEx'.y’(w)> :Z(w)|Hx‚y(w)>‚ (1 a)

where

Ex’(w)1Ex„y‚(w)>:(E M) (1b)
and

Ht-(w))
(1€)IHx‚y(w>> =(H' (w)

are the tangential electric and magnetic field components
measured relative to the two pairs of Cartesian axes (x’,
y’) and (x, y), respectively. We follow the usual Dirac nota-
tion of representing a vector in a Hilbert space by a ket
|a> and its dual by the associated bra <a|. The inner product
between two veetors |a> and |b> is

<a|b>:alb:Za‚’f< b„‚

where T denotes Hermitian eonjugation, >1< complex eonjuga-
tion, and the sum extends over the components of a and
b. Note that a and b are the eolumn matrix representations
of |a> and |b> in some selected orthonormal basis in the
Hilbert spaee. From this perspective, the ket vectors
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IEx„y‚(w)> and |Hx‚y(w)> are t0 be interpreted as two-dimen-
sional complex veetors whose components constitute the
phasor representation for the corresponding components
of the time-harmonie fields at some fixed spatial position.
Furthermore, for the ehosen measurement directions for the
magnetic and electric field components, the impedance ten-
sor possesses the following matrix representation:

Zx’y(a))

Zy‚y(w))'
Zx’x(w)1“”):(2, (w) <2)

The subscripts on the various elements of the impedance
tensor emphasize the fact that the input magnetic field is
defined in the eoordinate system (x, y), whereas the output
electric field is defined in the coordinate system (x’, y’).
Henee, the (i’, j)th element of Z(w), whieh ean be expressed
as

Ei‚(co

H110)) H
,

i#j(w):0

V

Zi’j(w): (i’zx’,y’;j:x,y)‚

can be interpreted as the j—>i’ input-magnetic t0 output-
eleetric field transformation with the magnetie field linearly
polarized only along the j-axis direction, Viz. Hiij(w):O.
In practically all MT measurements, the electric and mag-
netic fields are measured in the same coordinate system,
Viz. (x, y)E(x’‚ y’). For the plane—wave exeitation source,
the elements of the impedance tensor depend only on the
frequency of the excitation s0uree, the Choiee of the coordi-
nate system for measurement of the magnetic and eleetric
fields, the Observation site at the earth’s surfaee and the
electrieal conductivity distribution reflecting the geoeleetrie
structure of the underlying medium.

It is important t0 note that elements of the impedance
tensor are dependent on the Choiee of the orientation of
the measuring axes for the determination of the eleetrie and
magnetic fields. For the purposes of interpretation, it is nat-
ural t0 seek a principal or intrinsic eoordinate system in
whieh the impedance tensor reduees t0 a particularly simple
form that is more amenable t0 interpretation and insight.
The most widely used technique for obtaining a principal
coordinate system for a given impedance tensor Z(a)) is
the method developed by Sims and Bostick (1969) which
will be referred t0 as the conventional analysis. In the con-
ventional analysis, the principal-axis directions of Z(a)) are
obtained from the rotation properties of the tensor. For
two-dimensional (2-D) eonductivity distributions, the rota-
tion of the impedance tensor results in an anti-diagonal
form when the orientation of the coordinate axes is along
the strike-dip direction of the structure. As a c0nsequence,
in this ease, the rotation of Z(a)) into an anti—diagonal form
provides a natural Choice for the prineipal coordinate axes
of the structure. However, for a general three-dimensional
(3-D) conductivity distribution, the eorresponding imped—
ance tensor eannot be anti-diagonalized for any Choiee of
a real rotation angle w. In this Gase, the conventional analy-
sis involves the Choiee of rotation angle ((121110 such that
the rotated impedance tensor Z’(t//) approximates some
anti—diagonal form in some Optimum fashion. This is aceom-
plished by Choosing 1&2!” either t0 maximize |Z;y(t//)
+Z;‚x(gü)| or t0 minimize |Z;x(t//)—Z;‚.y(tp)l. In point of faet
then, this is actually an attempt t0 approximate the 3-D
structure with some 2-D structure. While this type of analy—
sis is suitable for conductivity distributions that are approxi-

mately 2-D, it is fairly evident that such a procedure does
not produce a natural or intrinsic Choiee of a principal coor—
dinate system for the general 3-D structure. Indeed for such
3-D geometries, rotation of Z merely refleets how a change
of the orientation of the sensor axes affeets the form of
the impedance tensor; it eertainly does not yield an intrinsic
coordinate system. Furthermore, evidence that the conven—
tional analyis is linked t0 2-D structures comes from the
fact that for 3-D geometries two indicators, the skew index
oz and the elliptieity index ß, have been introduced in a
rather ad hoc manner. These indicators are basically semi—
quantitative measures of the departure of a 3-D structure
from some 2-D structure.

A very disturbing aspect of the conventional analysis
is that the prineipal impedances (off-diagonal elements of
the rotated tensor) are independent of the trace of Z. Hence,
the set of parameters extracted by the conventional analysis
for an impedance tensor corresponding t0 some 3—D struc—
ture is incomplete. Eggers (1982) recognized this important
fact and, consequently, proposed the eigenstate formulation
of the impedance tensor as a technique for the extraction
of a eomplete set of physically meaningful sealar parameters
from Z. H0wever, t0 obtain a complete set of parameters
from Z, Eggers imposed a somewhat artificial constraint
and only considered those electrie and magnetie field states,
corresponding t0 some Z, whose scalar product with each
other vanishes. Spitz (1985) proposed the application of the
Cayley factorization t0 the impedance tensor in order t0
construet two analytical procedures for the determination
of two rotation angles which define two eomplete intrinsie
coordinate systems for Z. Although these proeedures gener-
alize the conventional analysis, it is not clear which of the
two rotation angles is better suited for the analysis and
interpretation of MT data. Along the same lines, associate
and conjugate directions concepts have been applied t0 MT
impedance analysis by Counil et al. (1986) who introduced
the restriction of either linearly polarized output electric
or input magnetic fields in order t0 define certain physieally
meaningful electrie or magnetic sheet impedances. However,
it should be noted that linear polarized fields (either electriC
or magnetie) d0 not necessarily determine impedanees that
are any more physieally meaningful than those determined
by elliptically polarized fields. LaTorraca et al. (1986) pre—
sented an analysis of the impedance tensor for 3-D struc-
tures based on parameters which describe elliptically polar—
ized fields. As will be shown, this approach is very similar
t0 the elliptie parameters formulation of canonical decom—
position.

The purpose of this paper is t0 show how a unique
intrinsic or principal coordinate system ean be ehosen for
Z without the introduction of any artifieial constraints and
without regard t0 the dimensionality of the geoelectric
structure from whieh Z is derived. A very general decompo-
sition of the impedance tensor will be used whieh explicitly
displays the structural eomponents of the Operator and.
henee, simplifies its geometric nature. This basic structural
representation for Z will be shown t0 yield naturally eight
readily interpretable scalar parameters that eompletely
eharacterize the impedance tensor at any frequeney. The
subsequent development emphasizes the importance of the
consideration of the complex MT wave field in relation t0
the transfer characteristics of the earth structure as embo-
died in Z. Indeed, the Choice of a proper polarization de-
scription for representing the input—magnetic and output—



electric fields, consistent with some Z, results in a diagonal-
form Characterization of the impedance tensor. After the
formulation of the basic structural representation for Z, the
relationships between canonical deeomposition and those
analyses previously Cited will be developed.

Polarization descriptors

Since the polarization information embodied in the complex
MT wave field is utilized to develop a structural representa-
tion for Z, it is convenient to review briefly descriptors for
the polarization of vector waves. A monoehromatie uniform
plane wave propagating in the z-direetion and possessing
an arbitrary state of elliptical polarization may be repre-
sented mathematically in terms of its complex field vector
as

P(Z‚ t): Ip> CXP [KW-km, (3 a)
where |p> is the complex polarization vector which may
be Characterized in some selected basis in the horizontal
x—y plane as

Ip> =A exp (im) (a2 exp (l. (1,)
a1 ). (3 b)

Here A is the amplitude of the wave, 01 is the common
phase, qb is the relative phase, and al and a2 are relative
amplitudes which verify

a1:A1/Ae[0, 1] (3e)

and

a2:A2/Ae[0, l] (3d)

with A:(A%+Aä)1/2. When the amplitude and common
phase information about the harmonic oscillation of the
vector wave is only of secondary importance, the state of
polarization of a plane wave may be specified completely
through the complex polarization ratio, P, given by

10:23 exmicb) (4)
which relays the information concerning the relative ampli—
tude and the relative phase (phase differenoe) between the
component scalar oscillations of the wave measured in two
orthogonal directions along the wavefront. As a conse-
quence of the constraint expressed in Eq. (3C), it is elear
that a parameter 0 may be introduced to parametrize a1
as

111: eos (0) (5 a)

with 6€[O, 71/2]. With this definition, a2 becomes

172:(1—aä)1/2:sin(6) (5b)

and the polarization ratio P now is characterized as

Pztan(6) exp(iqb). (5C)

Henee, the polarization state of a wave can be completely
specified by providing the angles H with Üe[0‚ 71/2] and
(75 with d)e(—71, 71], where 0 and d) will be referred to as
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Fig. l. The ellipse of polarization Showing the elliptie parameters
that describe the polarization state

the polarization parameters. Since P is a complex number,
it can be plaeed in one-to-one correspondence with a unique
point in the complex plane C which thus provides a direct
association between the points of C and the states of polar-
ization. In this representation, the points of C at the origin
(9:0, (1)20) and at infinity (8271/2, (s) correspond to
waves that are linearly polarized in the x- and y-directions,
respectively. All linearly polarized waves with azimuths
from 0 to 71/2 are represented by taking (75:0 and 8€[O,
71/2] and correspond to points on the positive real axis of
the complex plane; linear polarization with azimuths from
——71/2 to 0 are represented by taking (15:71 and 6€[O, 71/2]
and correspond to points on the negative real axis. The
two points on the imaginary axis, P: 1(9 = 71/4, (j) = 71/2) and
P: —i(6=71/4, (p: —71/2) correspond to right—handed and
left-handed Circular polarizations, respectively. It may be
noted that qö>0 corresponds to right-handed elliptical po—
larizations (upper—half-plane) and d) <0 corresponds to left-
handed elliptical polarizations (lower-half—plane). Note also
that two modes of polarization specified by the polarization
ratios P1 and P2 are orthogonal if and only if l"1 P2 ———Pl* P2
z — 1.

Most MT researehers are probably more familiar with
the representation of the polarization state of a vector wave
in terms of parameters defining its ellipse of polarization.
Two quantities are necessary to uniquely Characterize the
polarization ellipse proper of the wave: the orientation an-
gle l/f (sometimes referred to as the tilt or azimuthal angle)
of the major axis of the ellipse relative to some reference
axis (usually the x—axis of the specified reetangular x-y coor-
dinate frame) and the ellipticity 1-: of the ellipse, defined to
be the ratio of the length of the semi-minor axis to the
length of the semi-major axis. These parameters are shown
in Fig. l in relation to the ellipse of polarization. Observe
that the shape of the polarization ellipse and its orientation
in its plane are determined by giving the ellipticity

8:142/141 (6)

with se[—l, l] and the tilt angle 1,0 with WEÜ), 71). Note
that the sense of rotation of the ellipse is absorbed in the
algebraic sign of g. For a right—handed sense of rotation
(i.e. the field vector rotates Clockwise When looking back
against the direction of propagation of the wave) s is chosen
positive (8>O), while a left—handed polarization implies a
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negative s (8 <0). It is convenient to introduee the elliptieity
angle ‚l which is defined as

tan Ä : 8, ÄE [— n/4, n/4]. (7)

The parameters w and ‚l which characterize the shape and
orientation of the polarization ellipse in its plane will be
referred to as the elliptic parameters. It is straightforward
to show that elliptic parameters n11 and Ä of the veetor wave
can be related to the polarization parameters as

tan2w2tan20'eosd) (8a)

and

sin2/lzsin20°sin d). (8b)

Or, equivalently,

00826=C052Ä-COSZI/1 (8c)

and

tanqöztan2/l-CSC2i/J. (8d)

Generalized apparent resistivity

To motivate the development of a basic structural represen-
tation for the impedance tensor, we begin by generalizing
Cagniard’s definition of the apparent resistivity pa(a)) (Vo-
zoff, 1972). We define the generalized apparent resistivity
as

1 HIE>H5 1 <E|E>p„(w)= H = H H ‚ (9)(UNO llI >ll2 wflo< I >

where l| . H2 denotes the standard Euclidean veetor norm,
and |E> the electric field output from the impedance tensor
Z for a magnetic field input |H>. Note that |E> and |H>
can specify any arbitrary polarization state for the electric
and magnetic field, respeetively, subjeet to the constraint
|E> :Z|H>. For an input magnetic field linearly polarized
along the y—axis with the resulting output electric field lin-
early polarized in an orthogonal direction, viz. along the
x-direction (as in the case of an isotropic, l-D earth), it
is evident that Eq. (9) simplifies to the usual Cagniard defini—
tion of apparent resistivity.

Since |E> is related to |H> via the impedance tensor
as |E> : Z|H>‚ it follows that the dual relation can be writ—
ten as (EI :<H|ZT. Then <E|E>2<H|ZTZ|H> and, hence,

1 <H|ZlZ|H>
p“(‘“:cuuo <H|H> ° (10)
Since ZTZ is a non—negative definite Hermitian Operator,
the spectral theorem assures the existence of an orthonor-
mal basis {Ihi>‚ i:1‚2} in C2 and non-negative numbers
0‘} and 0% such that

2

Ziz: Z oä|hi><hi| (11)
i:1

with ZlZIhi> zaizlhi) (i: 1, 2). Hence, any input magnetie
field vector many be expressed as some linear combination

of the basis vectors {Ihi>, i: l, 2}, viz.

2

IH>= Z Cilhi>> (123)
i:1

where the coordinates of |H> in the orthonormal basis are

Ciz<hi|H>9 i:1,2. (12b)

Hence, from Eqs. (10), (11) and (12), it follows that

2

1 z Gizlcll"
l: 1

a a) = l3p < ) W0 2 2 ( )
Z ICiI

Equation (13) expresses pa(a)) as a convex combination of
the eigenvalues of ZTZ with the weights

{I<h‚-IH>I2/.Z |<h‚-|H>|2, i:1‚2}.

Let the eigenvalues of ZTZ be labelled so that ofäaä. By
observing that

22 2

0% 2|61|25 Z af|ci|zgaä Z Icilza
i:1 izi i:1

1

wflo
Üä(w)äpa(w)äw—M—00i(w)- (14)

In Eq. (14), the dependence of 0% and 0% on the frequency
has been explicitly indicated, viz. for each frequency, a),
af(a)) and 0310)) are the eigenvalues of ZlZ(a)). Equa-
tion (l4) indicates that the generalized apparent resistivity
is bounded above and below by the corresponding maxi-
mum and minimum eigenvalues of ZTZ normalized by the
factor l/wuo. Hence, the generalized apparent resistivity
pa(a)) is a point on the line segment [aä/wum aä/wuo]
formed from all convex combinations of the two elements
aä/wuo and (ff/cum), these two elements being the extreme
points of the segment. In view of this, we define p„(co)
20%(w)/w‚u0 and ga(a))=aä(a))/a)‚u0 as the maximum and
minimum principal apparent resistivities, respectively, asso—
ciated with the impedanee tensor Z(a)). Note that p„(cu)
assumes the value of either the maximum or minimum prin—
cipal apparent resistivity only when the magnetic field input

.Vector |H> coincides with one of the eigenvectors of ZTZ
[i.e. if |H>:|h1> then p„(a)):[)a(w)‚ and if |H>:|h2> then
p„(w>:g„(w>].

To expand further the eoncept of principal apparent
resistivity, consider the norm of the Operator Z. A natural
definition of the Operator norm for Z is given by

IIZII :Sup {|IZIH>II2/|||H>I|2:0#IH>€C2}‚ (15l
where sup denotes supremum. Observe that the operator
norm [(l defined in Eq. (15) depends on the Euelidean
norm ll-H2 used to measure the ‘size’ of |H> and |E>
:Z|H>. Indeed, the ratio ||Z|H>||2/|||H>||2 with |H>#0
can be Viewed as the gain or amplification of the impedance



tensor Z for a given input magnetic field |H>. Consequently,
||Z|| must correspond to the maximum amount that the
operator Z can ‘stretch’ any magnetic input field vector
in the sense of the Euclidean norm. However, it is Clear
that || Z || 2 = 02 where 02 is the maximum eigenvalue of ZT Z.
In light of this, the maximum principal apparent resistivity
can be expressed as

1
pa(w):w—Mo HZHZ- (16)

Equation (16) may be eonsidered to be a generalization to
the impedance tensor of the Cagniard apparent resistivity
pa(w):|Z|2/wu0 valid for a scalar wave impedance. Note
that the absolute value of Z(a)), which measures the ‘size’
of the scalar wave impedance Z (w), essentially has been
replaced by the Operator norm of Z(a)) which measures
the ‘size’ of the tensor Z(a)).

Canonical decomposition for the MT impedance tensor:
polarization parameter formulation

The principal apparent resistivities were shown to be depen-
dent only on the eigenvalues of an auxiliary operator, name-
ly Zl Z. It would be useful to relate these principal apparent
resistivities to parameters that may be extracted directly
from the operator Z. It is to this end that the Singular
value decomposition (SVD) of Z is eonsidered. Recall that
the Singular values of the operator Z (Stewart, 1973) are
defined to be the non-negative square roots of the eigen-
values of ZTZ. Since these were previously labelled as {0,2,
i=1, 2}, it is Clear that the Singular values of Z are {03,
i: 1, 2} with 01 202. The SVD of Z is defined by Z:USVT
where UEC2 X 2 and VeC2 X 2 are unitary matrices and
SeC2X2 is a diagonal matrix with elements ai>0 (izl,
2) along the diagonal. The SVD of Z satisfies the following
properties:

1) The diagonal elements a,- of S are the non-negative
square roots of the eigenvalues of ZlZ or of ZZl.

2) The columns of U denoted by {lei>, i: 1, 2} are the
eigenveetors of ZZT eorresponding to the eigenvalues {0,2,
i=1, 2} with (eiIeJ->=Ö‚- where öij denotes the Kronecker
delta funetion.

3) The columns of V denoted by {Ihi>, i: 1, 2} are the
eigenveetors of ZlZ corresponding to the eigenvalues {0,2,
i: 1, 2} with (hit) zöij.

4) Zlhi>=0i|ei>, i: 1, 2.
5) lei> :ai|hi>, i: 1, 2.
At this point, it may be remarked that the principal

apparent resistivities are determined entirely by the Singular
values of Z. From this Viewpoint, the sets {Ihi>, i:1, 2}
and {lei>, i: l, 2} which form eomplete orthonormal bases
for the input magnetic field space C,2, and the output electric
field space C2, respectively, can be considered as constitut—
ing the principal magnetic and electric field direetions for
Z. Henee, these sets contribute a natura] or intrinsic eoordi-
nate system for describing the impedance tensor. The princi-
pal magnetic and electric field direetions are related through
the Singular values as in relations (4) and (5). In particular,
relation (4) indieates that an input principal magnetic field
direetion is transformed by the Operator Z into the corre-
sponding output principal electric field direetion scaled by
the associated Singular value of Z. Relation (5) is a dual
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result and expresses the fact that a principal eleetrie field
direetion is eaused by Z'r to transform into the correspond—
ing principal magnetic field direetion again scaled by its
assoeiated singular value. Observe that the singular values
of Z, which determine the principal apparent resistivities,
refleet the gain properties of the tensor and, hence, they
effeetively enter as the scaling factors in the determination
of the input-output properties of Z as embodied in the prin-
cipal magnetic and electric field direetions.

From the manner in which the principal apparent resisti-
vities were defined earlier, it is Clear that the Singular values
of Z can be interpreted as the moduli of the principal imped-
anees associated with the tensor. The problem of how to
assign phases to these values to form the principal imped—
anees must now be eonfronted. To achieve this objective,
first observe that since |hi>eCä with the normalization
(hilhi>=l, essentially three real parameters are required
to eompletely specify the ket vector |h,—>. This suggests that
an overall or absolute phase may be extracted from the
input principal magnetic field state Ihi> without altering
its characteristie direetion in the space C21. The same diseus—
sion holds for the output principal eleetric field state lei>;
Viz. an absolute phase can be extracted from lei> without
disturbing its alignment in the space C125. Taken together,
this suggests that phases may be assigned to the principal
impedance moduli {ab i: 1, 2} by extracting the absolute
phases from the corresponding principal input-magnetic
and output—electrie field states and eombining these abso-
lute phases so obtained to generate the phase factors for
the principal impedance moduli. Applying this simple idea
to the SVD of the impedance tensor provides the following
result.

Proposition l. Let Z(a))e C2 X2 be a linear mapping Z: Cf,
—+Cä, parametrized by the frequency a). For each weR,
Z(a)) admits to the decomposition

Z(a))

cos [wenn —exp [— id>E(w)] sin [65mm
zlexp WEM sin [6mm cos [95011)] >

_(01(w)

exp [171(60)] 0

>0 02 (w) eXP [172(60)]

_
(

COS [9H(w)] —€XP [— i</>H(w)] sin [9H(w)] l
CXP [id>H(w)] sin [9H(w)] > ’cos [6„(w)]

where 912(60), 9H(w)€ [0, 76/2]; d>E(w)‚ (19H(w)€(— 7L 7I]; vl (w),
y2(w)e(—7r, 7:] and 01(a)) and 02(a)) are the Singular values
of Z(a)) with O < (5(0)) g 01(w).

A detailed proof of this result can be found in Yee (1985).
Heneeforth, the decomposition given in Proposition 1 shall
be referred to as the canonical decomposition of Z.

Interpretation of parameters in the canonical decomposition

The result embodied in Proposition l Clearly displays the
structure inherent in the impedance tensor Z(a)). Observe
that Z(a)) is eompletely specified by eight independent real—
Valued parameters QE(a)), d>E(co), 6„(w), q5„(w), 01(w), 02(w),
y1(w) and y2(a)). This is not surprising since Z(a)) possesses
four eomplex entries which implies that eight real quantities
are needed for their specification.
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Recall that the squares of the Singular values of Z deter-
mine the principal apparent resistivities associated with the
tensor. With this in mind, let us introduce the following
definition: the maximum principal impedance and the mini-
mum principal impedance of the Operator Z(a)) are defined
as 01(a)) exp [iy1(a))] and 02(a)) exp [iy2(w)]‚ respectively.
Refer to y1(a)) and y2(w) as the principal phases of Z(a))
and to 0 1((1)) and 02(co) as the principal impedance moduli
of Z(a)). Note that the principal impedances assume the
same role with respect to the determination of the principal
apparent resistivities as does the Cagniard scalar impedance
with respect to the determination of the Cagniard apparent
resistivity. Hence, four of the eight quantities emerging in
Proposition 1, namely 01(a)), 02(a)), y1(a)) and 322(00), resolve
the principal impedanees associated with Z(a)) and, in es-
sence, determine the transfer charaeteristics of the earth sys-
tem.

The physical significance of the remaining four parame-
ters 6E(a))‚ q(a)), 6„(co) and (‚bH(a)) extracted in the canoni-
cal decomposition of Z should be elear in view of the discus-
sion on the representation of polarization states contained
in a previous section. The parameters BH and d)„ completely
Characterize the states of polarization of the input principal
magnetic field vectors; indeed, the orthogonal principal
magnetic field states are given by

II? >— C08 (6”) (17 )1 ‘ exp (um sin (BH) a

and

— —exp (—iCbH) Sin (GH)
|h2> :( COS (OH)

> (17b)

Similarly, the parameters 65 and (‚bE determine the states
of polarization of the output principal electric field vectors.
Again there are two principal electric field states, one state
described by

|_ >_
005(65)

l861 ‘ expaqsg) sin<65> ’ ( a)

with the second state occupying an orthogonal mode of
polarization, i.e.

läz>:(—exp(—iq) sinwa) (18b)cos(6E)

_ E E _
HI I _ | E|—o—|+— oi(w)exp{lyl(w)} —;—o-—-

V’tw) : : guu)
| _ l- 5 Z (w) '
l

N
I(51|4a i : —2 (9,54€)

--O-—l-" <72(w)exp iy2(w)} H—O—H

It may be remarked that the input-magnetic and output-
electric polarization parameters BH, (pH, GB and (‚bE can be
thought of as being associated with certain intrinsic direc-
tional properties of the earth structure as characterized by
the impedance tensor.

To reiterate, if Eqs. (17) and (18) are introduced into
the canonical decomposition of Z, the expression

ZzÜSVT
(71 CXP (W1) 0=(|e1>|e-2>)( 0 „2 exp(iy2))(ll71>ll72>)l (19)

is obtained. Observe that the matrices Ü and V of Eq. (l9),
obtained by extracting the absolute phases from the col-
umns of U and V, are unimodular unitary matriees, viz.
ÜlÜzÜÜl :I and VlV ZVVT —-—I With det(Ü)=det(V)= 1.
Geometrically the unitary transformations V and Ü can
be viewed as pure or rigid frame rotations in the complex
two—dimensional input magnetic and output electric field
spaces C}, and C125, respectively; as such, these transforma-
tions preserve the angle t/J between any two vectors in the
unitary spaces C12, and C123. They can be seen to be the
generalization to the complex space of the rotation transfor-
mations employed in conventional magnetotelluric analysis
to determine principal impedances; recall that in the con-
ventional analysis, only rotations in a real (physical) space
are considered. The diagonal matrix S expresses the princi—
pal transfer Characteristics of the earth system and, as such,
links together the input magnetic field principal states con-
tained in the V matrix and the output electric field principal
states contained in the Ü matrix. Hence, the canonical de-
composition of Eq. (19) represents the impedance tensor Z
as the product of a rotation in Cä followed by a ‘stretching’
in the form of the amplitude and phase characteristic modi-
fication required to transfer from Cf“, to Cä— followed in turn
by a rotation in Cä. It is emphasized that the rotation in
C2; need not be the same as the rotation in C21. It should
perhaps be noted that the parameters that emerge in the
canonical decomposition of Z are uniquely determined ex-
cept when (1) Ü possesses zero ofT—diagonal elements in
which case n is undetermined; (2) V possesses zero off-
diagonal elements in which case (‚bH is undetermined; and
(3) 01:02 in which case Ü and V are only determined
up to a unitary unimodular transformation so that the
Choice for 8E, (1)15, BH and dJH is non-unique.

The canonical decomposition of the impedance tensor
given by Eq. (19) can be aptly represented in the form of
a block diagram as shown in Fig. 2. The physical structure

Fig. 2. Block diagram Showing the
components of the impedance tensor obtained
by canonical decomposition



of the impedance tensor decomposes to the cascade of three
basic blocks. The central block consists of two decoupled
scalar subsystems that exhibit the principal impedances of
the structure. These principal impedances provide the am—
plitude and phase relationships that connect the principal
magnetic field vector |H> to the principal electric field vec-
tor |E> as

_ EI alexp(iy1) 0 H1 __IE>:<E2>=< o ><>
Note that since the principal impedance transfer function
matrix S is diagonal, there is no interaction between the
two scalar subsystems. Hence, in the principal coordinate
system, the impedance tensor assumes a simple diagonal
form. The interaction or coupling mechanisms of the system
arise from the input magnetic field transformation V and
the output electric field transformation Ü. These input and
output transformations relate the observed electric and
magnetic field vectors |E> and |H> to the principal electriC
and magnetic field vectors as

IE>=ÜIE>
and

|H>:V|H>.

The preeeding transformations relating |E> and |H> with
|E> and |H> arise from the fact that the input and output
Signals are observed in a basis other than the natural input
basis “712), i=1, 2} and the natural output basis {läi>, i=1‚
2}. These intrinsic bases are determined primarily by the
structural properties of the earth system and its effect on
the polarization characteristies of the complex MT wave
field. Indeed, if the input and output spaces Cf, and C17;
are referred to these bases, the impedance tensor reduces
to the principal diagonal impedance Operator S in which
the tensor is essentially replaced by two independent scalar
impedance systems.

The dynamic structure of Z is ViVidly revealed in Fig. 2
by working through the block diagram from right to left:

1E>ZÜ|E>:.Z Ie—i> E—i: Z Ie—i> GieXP(il’1)Hi
i:1II H

#2 ”ieXP(i%)|€—i><EiIH>=Z|H>‚

Or,

ZZ'Z Üi CXP (iYi)iäi><Ei|° (20)
l:

This result expresses Z in a vector outer product form from
which it is seen that Z is a linear combination of two matri-
3es [äi><E‚-|‚ each of rank one, constructed from the input
inagnetic field and output electric field principal polariza-
gion states each weighted by the respective principal imped—
amces. Observe that if the earth sytem is excited by an input
magnetic field coresponding to one of the principal magnet—
FC field polarization states, Viz. |H> = |1?‚-> (i: 1, 2), then the
i'esulting output electric field will be observed in the corre-
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sponding principal electric field polarization state läi> scaled
by the corresponding principal impedance. Hence,

|E>=ZIH>ZZIE>=016Xp(i%)|äi>-

A reformulation of the canonical decomposition
in terms of elliptic parameters

Since most MT researchers are probably more familiar with
the use of the elliptic parameters in the specification of states
of polarization, it is useful to express the canonical decom—
position for Z contained in Proposition 1 in terms of elliptic
parameters. This leads to the following result.

Proposition 2. Let Z: Ci, —> Cf; be the impedance tensor rep—
resented by the transfer matrix Z(a))€ C 2 X 2 with parametric
dependence on frequency a). Then, for each weR, Z(a)) can
be decomposed as

Z( )_ cos [t/IE(w)] —sin [WEM]w ‘ sin mm cos mm
cos [ÄE(w)] i sin [ÄE(w)]

'(i sin mm] cos wann)

.(01
(w) exp [iy‘1(w)] 0

>0 02(w) eXP [i?2(w)]
cos [ÄH(a))] —i sin [Ä„(w)]

'(—i sin [Ä„(a))] cos [ÄH(a))] )

_
(

cos [lt/„(60H sin
[w„(w)])—sin[w„(w)] cos mm1 ’

where süß-(60), WH(w)€[0‚ 7E); ÄE(w)‚ ÄH(w)€[-7r/4‚ 7r/4];
?1(w)‚ y‘z(w)e( — 7:, 7:]; and O < 02(w) g 01(co) are the Singular
values of Z(a)). Furthermore,

V1 (w):vl (w)- [€E(w)- 61460)]
and

372 (w) = V2 (w) + [515(60) - €H(CU)]‚

where

515(60) z afg {005 [Wflafl] COS [115(60)]
—i Sin [II/5(60)] Sin [/15 (01m,

611(60) = arg {COS [KÜH(CU)] COS [115460)]
—i sin [l/lH(w)] Sin [ÄH (w)]}

and y1(a)) and y2(a)) are the principal phases determined
in Proposition 1.

For a detailed proof of these results, see Yee (1985).
Again, observe that eight real—valued scalar parameters,
namelya l/1E((’U)> ÄE(CU)9 l7//H(a))a ÄH (CO), 0.1“»), 0'2((U), 771(60) and
372(00) emerge from the canonieal decomposition and serve
to completely characterize the impedance tensor. The last
four parameters determine the principal impedances, where-
as the first four parameters describe the polarization states
of the input principal magnetic field vectors and the output
principal electrie field vectors. It is important to note that
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the elliptic parameters formulation of the canonical decom-
position embodied in Proposition 2 is, in essence, the ap-
proach for the analysis of the impedanee tensor presented
by LaTorraea et al. (1986). Furthermore, observe that the
prineipal phases 37, and 372 extraeted in the elliptic parame-
ters formulation are different from the principal phases y,
and y, extracted in the polarization parameters formulation.
This difference arises from the introduction of auxiliary
phase factors 5„ and 5„ whieh are required in order to
rewrite the principal electric and magnetic field states [Cf.
Eqs.(17) and (18)] in the form

CXPÜÖEH51>=TI +115.

and

eXP (iäH)iE1>:r}1 +ir'2'‚

where r‘i (respectively, r',') and rä (respeetively, rä) are or-
thogonal real veetors whieh specify the directions of the
major and minor axes of the principal electric (respeetively,
magnetic) field polarization ellipse in real space.

Although both sets of principal phases (i.e. y„ y, and
37„ i2) can be assigned to the principal impedanee moduli,
it should perhaps be noted that the phases y’,/w and y’z/w
can be interpreted physically in the time domain as the
phase lead or lag of the output electric field with respect
to the corresponding input magnetic field (LaTorraca et al.
1986; Counil et al. 1986). For example, in greater detail,
371/60 corresponds to the phase lead or lag of the output
electric field e 1(t) relative to the eorresponding input mag-
netie field E,(t)‚ where am) and E10) denote the time-har-
monic fields of frequeney a) assoeiated with the complex
vector phasors

|51>:01 exp (i371) exp (iäE)Ie—l>

and

|51>ZexP(iäH)|E1>‚

respectively. Along the same vein, it is of interest to point
out that 37, may be interpreted with reference to the polar-
ization ellipses associated with the time-harmonie fields ö, (t)
and 5,0). Accordingly, for an input magnetic field E,(t)
whose magnetic field veetor at t: 0 is aligned with the major
axis of the assoeiated magnetic field polarization ellipse,
the corresponding output electric field am) has its electric
field veetor at 1:0 inelined at the angle
tan‘ 1 [tan (2,5) tan 071)] with the major axis of the associat-
ed electrie field polarization ellipse. Here, 2„ is the elliptieity
angle corresponding to the polarization state lä,>. In this
sense then, f, may be interpreted as the absolute phase of
the output electric field ö 1(t) whieh determines the position
of its initial field vector along the associated ellipse of polar-
ization. Similar remarks apply to 372.

Observe from Proposition 2 that the impedanee tensor
can be reduced to a diagonal form by pre-multiplying and
post-multiplying Z by an operator with the general form

i sin 2.

COSÄ ’
s cosrßs<w‚l)=R(—w>Pw:(Sin w

— sin

ü) (

cos 2
cos 11/ i sin Ä

(21)

where 11/ and ‚l are the elliptie parameters corresponding
to some polarization state. Indeed with S determined as
in Eq. (21), Z ean be diagonalized as

„ „ 0'1 CXP [151m] 0
ST (WEa AE) ZS(wHa AH) :(

0 0.2 CXp
[i)72((1))]).

(22)

lt is important to note that Süß, Ä) is composed of the
product of two Operators, namely a rotation operator
R(—I‚ü) whieh depends only on the orientation (rotation)
angle w, and an ellipticity operator P(/l) whieh depends
only on the ellipticity angle Et. Observe that Eq. (22) eonsti-
tutes a natura] generalization of the conventional analysis
in whieh only the rotation operator R(—l//) plays a role
in the definition of a principal coordinate system. The rela—
tionship between the canonical decomposition and other
forms of impedanee tensor analysis (including the conven-
tional analysis) will be explored after eonsidering some appli-
eations.

Applications of the canonical decomposition

In this section, a number of applications of the eanonical
decomposition for Z are presented by way of examples.
In what follows, it will be assumed that the impedanee ten-
sor is measured such that the input magnetie and output
electric field frames are referenced to the same coordinate
system (x, y). Hence, (x, y) eonstitutes a pair of orthogonal
linear basis states in whieh the electric and magnetic fields
may be expressed and the impedanee tensor assumes the
usual form, viz.

Z
Zxx n-(z z >-yx J’y

Example] (One-dimensional earth). An isotropie earth in
whieh the eonductivity distribution varies only in the verti—
cal direction, i.e. a 1-D earth, verifies the conditions Zxx
=Zyy:0 and Z”: —Zyx=ZO‚ where ZO is the scalar Cag-
niard impedanee funetion measured at the surface of the
earth. Hence, the impedanee tensor for a 1—D earth reduees
to the form

Z_ 0 zO
I—(_Z0 O).

The Singular values of Z, are 01:02:|ZO|. Since 01:02
for Z„ the canonical decomposition for Z, is not unique.
Physioally, this is a manifestation of the observation that
for 1—D conductivity structures, Z, is independent of the
ehoice of the coordinate system used for its representation
(i.e. the ehoice of the pairs of orthogonal elliptic polariza—
tions to be used as basis states for the input magnetic and
output electric field frames). Indeed, as already mentioned
earlier, for the case where a, 202, the matrices Ü and V
are determined only up to the same unitary unimodular
transformation. Accordingly, for some ehoice of the magnetic
field polarization parameters (9„6 [0, n/2] and (15„e( — 7:, 71]),
the canonical decomposition for Z, can be written as



CXP (iH) sin (911)Z1 : ÜSVT =( C05 (8")
)— cos (BH) exp ( —id)„) sin (OH)

‚(IZOI
expaw 0

>0 IZoI eXp (iv)
C05 (OH) —eXP (—id)H) sin (BH) T

‚(exp(id>„)sin(6„) cos(9„) > ’

(23)
where yEarg(Z0). An interesting observation concerning
the input-output behaviour of the transfer properties of an
isotropic 1-D earth is obtained from the relation Z1|E>
=ZO läi>. From Eq. (23), it is evident that an input magnetic
field polarization state described by the polarization param-
eters (OH, (15H) is transformed by Z, into an output electric
field vector scaled by ZO with the polarization parameters
0E = 7t/2 — BH and (15,3: 7: — (im. In terms of the elliptic param-
eters, an isotropie 1-D earth earries an input magnetic field
specified by (11/ H, ÄH) into an output electric field Character-
ized by (1/1E: wH+7r/2, ÄEzÄH) with the eleetric field vector
scaled by IZOI and phase shifted by y along the polarization
ellipse. In other words, the input magnetie field and the
corresponding output eleetric field for a l—D earth have
polarization ellipses which have the same ellipticity and the
same sense of rotation, but the major axis of the magnetic
field polarization ellipse is perpendicular to the major axis
of the electric field polarization ellipse. Recalling that two
polarization states are orthogonal if and only if their asso—
ciated ellipses of polarization possess equal ellipticities, op—
posite senses of rotation and mutually perpendicular major
axes, it should be noted that the output electric field state
is, in general, not orthogonal to the input magnetic field
state for a 1-D earth. It is only for the special case of a
linearly polarized input magnetie field state that mutual
orthogonality exists between it and the corresponding out-
put electric field state.

Example 2 (Conductivity distributions possessing a vertical
plane of mirror symmetry). This Class of conductivity distri-
butions includes the symmetrio structures and the 2-D struc-
tures (Fischer, 1975). The impedance tensor Z1 1 correspond-
ing to such structures is traceless and can be anti-diagona-
lized into the form

O Zl’„(wo):(zz 0)
by rotating Z„ with some real rotation angle wo. Although
a traceless tensor is parametrized by six parameters, it
should be noted that since Z“ can be anti-diagonalized
by a pure rotation Operation, it must necessarily also be
constrained as arg (n+Zyx):arg (Zxx—Zyy). Hence, Z“
can be parametrized by only five parameters. Aecordingly,
it is straightforward to show that the canonical decomposi-
tion for Z„ is given by

Z _ coszpO sinzßO 1 0
” —(—sin Wo eos Wo) <0 1)

_(lzileXPUl’il
0

>0 lzzl CXPÜl’z)

(24)
0 1 coswo) ——sin(tfl0)

"(1 0)(Sin(l//0) )COS (II/o)
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where yl äarg (Z1) and yz Earg(Z2)+7t. Equation (24)
should be compared with the elliptic parameters formula—
tion of the canonical decomposition for Z embodied in
Proposition 2. This result contains the following informa—
tion: (1) the maximum and minimum principal impedances
are Z1 and Z2, respectively, which coincide with the princi-
pal impedances extracted by the conventional impedance
tensor method; (2) the principal magnetic field and electric
field polarization states are linearly polarized (Ä„:ÄE=O)
along the axes of the conventionally defined principal coor-
dinate system (i.e. along the strike-dip coordinate system
for the earth structure); (3) the input principal magnetie
field states are orthogonal to the corresponding output eleC-
tric field states, Viz. (6,15,) =0 for i: l, 2; (4) the canonical
decomposition implies that Z1 1 can be rotated into the usual
anti-diagonal form for some real rotation angle Wo sinee
Eq. (24) implies

0 z1Rente) Z„ R(wo>=(Zz 0 )=Z'„<wo).
Example 3 (Impedance tensors invariant under a rotation
Operation). These impedence tensors correspond to conduc—
tivity distributions that are completely symmetrie about
some vertieal z-axis (e.g. a sphere or a vertical cylinder em—
bedded in either a homogeneous or horizontally layered
earth) (Spitz, 1985). In this case, the impedance tensor veri-
fies the conditions n: ——Zyx:Z1 and Zxxzzyyr—Z2 and,
hence, assumes the form

Z zZ z 2 1 .s -Z1 Zz

It is clear that ZS commutes with the rotation operator
R(l//) [i.e. R(t//)ZS:ZSR(tp)] and, consequently, the earth
medium corresponding to ZS must be transparent to the
azimuthal or orientation angle of the input magnetic and
output electric fied polarization states. Only the ellipticity
angle of such states should be affected by the conductivity
structure and, with this insight, it is intuitively Clear that
the proper elliptic basis for the representation of the input
magnetic and output electric field vectors are the left- and
right-circularly polarized states. The left— and right-eircular
basis states correspond to the most natural description of
the rotational symmetry of the conductivity distribution
about a vertical z-axis. The canonical deeomposition for
ZS assumes the form

_i/fl)
„(3g im m m

and supports our intuition of choosing the Circular basis
states as the natural mode of description for the eleetric
and magnetic fields. Here Zi :Z2 iiZ1 are the maximum
and minimum principal impedances associated with ZS.

Example 4 (General three-dimensional conductivity struc—
tures). An arbitrary three-dimensional conductivity configu-
ration is Characterized by a full impedance tensor without
any inherent constraints between any of its elements. The
canonical decomposition of an arbitrary Z can be computed
by first determining the SVD using the complex version
of an algorithm due to Golub and Reinsch implemented
in LINPACK (Dongarra et al., 1979). However, since Z is
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a 2x2 matrix, an explicit expression for the parameters
of Z can be obtained. After some lengthy calculations, the
parameters of Z as contained in Proposition 1 are given
as follows [for details of the calculation involved, see Yee
(1985)]. The squared principal impedance moduli are given
by
Ui=äIIZII%+{(%IIZII%)2-Idet(Z)12}1’2 (25a)
and

0%:äIllä-{GIIZII?)2-|det(Z)IZ}1/2‚ (25b)
where

IIZIIF=(IZ„|2+Inl2+IZMIZ+IZyy|2)1’2=[tr(ZTZ)]“2
is the Frobenius norm of Z and

det(Z)———Zxx Zyy—n Zyx.

The polarization parameters 6„ and qöH that specify the
principal magnetic field states are computed from

IZx:y+ZyxZ;kytanQ = 250(H) af—(sy|2+|zyy12) ( )
and

(sarg(Zx;cky+ZyxZ;<y)' (25d)

Finally, the polarization parameters 6E and (15,3 that specify
the principal electric field states and the principal phases
yl and yz are determined from

Zyx cos (9„)+Zyy exp (iq) sin (GH)m“ (9E) z Zxx cos (BH) +n exp (im sin (OH) ’ (25 e)
v1 z arg [Zxx COS (910+n CXP (1115H) sin (911)], (25 0
d’E = arg [Zyx COS (9a) + Zyy exp (i dm) sin (911)] - V1 (25 g)
and

yz : arg [Zyy cos (OH) —Zyx exp (—id)„) sin (OH)]. (25 h)

Note that the principal magnetic and electrie field vectors
are general elliptical states for the arbitrary 3—D structure.
Indeed, unlike the l—D and 2-D structures considered in
the preceding examples, the direction of the major axis of
the principal magnetic field polarization ellipse need no lon-
ger be perpendicular to the direction of the major axis of
the corresponding principal electric field polarization e1-
lipse. It is important to emphasize that the principal imped—
anee moduli 01 and 02 depend only on IIZHF and det (Z),
two quantities which remain invariant under any similarity
tranformation of Z and, in particular, under both rotation
and ellipticity transformations. Consequently, the maximum
and minimum principal apparent resistivities, which are the
two quantities most amenable to physical insight and inter-
pretation, are polarization-invariant and, hence, are more
apt to reflect the properties of the earth’s geoelectric medi—
um since they are independent of the coordinate system
selected to measure Z. Furthermore, note that the principal
impedance moduli coincide if and only if the impedance
tensor verifies the condition

IIZIlfä=4|det(Z)|2.

Relationship t0 conventional analysis

In the eonventional analysis of the MT impedance tensor,
the principal-axis directions of Z are obtained from the rota-
tion properties of the tensor. This approach was first formu-
lated by Sims and Bostick (1969) and later described by
Vozoff (1972). In this approach, the off-diagonal elements
of a suitably rotated impedance tensor are the basie parame-
ters used in the quantitative interpretation while two addi-
tional indicators, namely the skew index o: and the ellipticity
index ‚ß, are introduced to provide semi—quantitative mea-
sures of the three-dimensional nature of Z.

The comparison between the canonical analysis and the
conventional analysis is most easily made with respect to
the elliptic parameters formulation of the canonical decom-
position as embodied in Proposition 2. As already indicated
earlier, the impedance tensor can be diagonalized [cf
Eq. (22)] by pre-multiplying and post-multiplying Z by Süß,
Ä) [cf. Eq. (21)]. Along this vein, it is convenient at this
point to study in more detail the structure of Süß, Ä). Ob—
serve that S(l//, Ä) is the product of two unitary unimodular
matrices, namely R(—1fl) and P(Ä), whose Operation on
some arbitrary polarization state Ix> can be described as
follows. Although in conventional analysis R(—1ß) is inter-
preted as a rotation operator which implements a clockwise
rotation of a coordinate system about some fixed vertical
z-axis through the angle 1/1 (passive rotation), it is more
natural in the present context to interpret R(—gü) as an
operator that rotates the polarization ellipse of the state
|1) counter-clockwise about its eentre through the angle
1/1 without altering the ellipticity angle of the state (active
rotation). In other words, R(—w) changes the orientation
angle for the state Ix> without afTecting the ellipticity angle.
From the same point of view, the ellipticity operator P(‚l)
can be interpreted as that operator whose action on I x)
alters the ellipticity angle of the associated polarization el-
lipse by ‚l without affecting the orientation angle. Hence,
if Ix> is characterized by elliptic parameters {fix and ‚1X, the
action ofS(a‚b‚ Ä) [Cf. Eq. (21)] on |1) [i.e. S(t//, Ä)|X>] results
in a polarization state whose elliptic parameters are de—
scribed by [fix +l/l and ÄX+Ä.

In view of this, the essential diflerenee between the can-
onical and conventional analysis of Z can be olearly seen
from Eq. (22). In the conventional analysis, we consider only
the rotation properties of the tensor and attempt to select
a rotation angle w such that the rotated impedance tensor
approximates an anti-diagonal form in some optimum man-
ner. Indeed, for two-dimensional (2—D) conductivity distri-
butions, there exists a real angle 1/1 such that Z in the rotated
coordinate systems is anti-diagonal, viz.

Rumzn — 0 Zl 26)(M— 22 0). (
However, this procedure breaks down for three-dimensional
(3-D) conductivity distributions and in such eases reduces
to no more than a rather ad hoc approximation procedure.
The reason for this is Clear from Eq. (22) which suggests
that a principal or intrinsic coordinate system in which Z
assumes a simple deeoupled form cannot be obtained by
restricting attention to only pure rotation operations. For
general 3-D conductivity structures, it is necessary to apply
both rotation and ellipticity transformations on Z in order
to secure a pair of principal impedances. We emphasize



that the rotation and ellipticity Operation need not be sym-
metrical from the left and right, viz. SME, 2E) need not
be the same transformation as SWH, ÄH) since the principal
electric and magnetic field elliptic parameters are not identi-
cal in general. After all, in the principal coordinate frame
in which the impedance tensor assumes a simple decoupled
form, the input (magnetic field) and output (electric field)
of the earth system need not be expressed relative to the
same pair of basis states. The conventional analysis is re-
strictive in that it only considers orthogonal linear basis
states for the expression of the magnetic and electric fields
and, moreover, assumes that the input (magnetic field) and
output (electric field) must be observed relative to the same
pair of linear basis states.

We note further that Eq. (22) subsumes Eq. (26) as a
special case and indeed for 2-D conductivity distributions,
it has already been shown (Cf. Example 2) that the principal
impedances and the principal coordinate system obtained
in the canonical analysis are identical to those obtained
from the oonventional analysis. It is interesting to note that
for 2-D conductivity structures which possess well-defined
longitudinal (strike) and transversal (dip) directions (i.e. hor-
izontal directions of symmetry), canonical decomposition
reflects these circumstances by yielding orthogonal linearly
polarized basis states as the principal states. However, ob-
serve that for rotationally invariant conductivity structures
(cf. Example 3) which do not possess well-defined horizontal
directions of symmetry, the canonical decomposition re-
flects this situation in a natural fashion by yielding the or-
thogonal left- and right-circularly polarized states as the
principal states. In this context, it is important to emphasize
that canonical decomposition extends the conventional MT
analysis, so far as it is valid for the special structures, in
a completely natural manner to accommodate the most gen-
eral conductivity structures. Indeed, the principal states that
are selected in the canonical decomposition are the ones
that are most descriptive of the geometrical configuration
of the underlying conductivity distribution. In partieular,
if the electric field is observed relative to two orthogonal
basis states specified by (wE, 2E) and (t//E+7c/2‚ —ÄE) and
if the magnetic field is observed relative to two orthogonal
basis states specified by ((0,1, ÄH) and (l//H+7I/2‚ —ÄH)‚ then
the resulting impedance tensor assumes a simple diagonal
form and, in this sense, constitutes the most natural descrip-
tion for Z.

Relationship t0 maximum coherency analysis

The application of maximum coherency analysis to the de-
termination of a principal coordinate system for Z was pro-
posed by Reddy and Rankin (1974) and involves rotating
the coordinate system of the magnetic field until the coher-
ency between some horizontal component of the magnetic
field and the corresponding orthogonal horizontal compo—
nent of the electric field attains its maximum. For 2-D con-
ductivity structures, it is known that an input magnetic field
of fixed power that is linearly polarized along the strike
of the structure results in a maximum electric field response
äas measured by its power) that is linearly polarized perpen—
dicular to the strike direction. lt is clear that for this case,
maximum coherency analysis can be utilized to ascertain
the principal coordinate system for Z and indeed, in this
coordinate system, there is a complete linear relationship
between components of the electric and magnetic field that
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are respectively linearly polarized along and perpendicular
to the strike of the 2—D structure.

As in the conventional analysis, the maximum coherency
analysis considers only linearly polarized fields when com—
puting the coherency between the electric and magnetic
fields. While this is suflicient for 2-D structures, it is inade-
quate for the analysis of 3-D structures. For such structures,
we consider the generalization of the maximum coherency
analysis to encompass general elliptically polarized electric
and magnetic fields and in so doing we will demonstrate
that such a generalization leads essentially to canonical de-
composition.

Firstly, we note that an input magnetic field polarization
state of amplitude AH and absolute phase Ö„‚ characterized
by the complex polarization ratio PH, may be represented
by

AHC 1
'H>:W(PH)’
where A„C2 AH exp (iöH) is the complex magnetic field am-
plitude. Reoall that the complex polarization ratio of some
polarization state is defined as the ratio of the two orthogo-
nal oscillating components which determine the state rela-
tive to some orthonormal basis. If |H> serves as input to
an earth system characterized by the impedance tensor Z,
the output electric field is given by

AEC 1
'E>=(1+|PEIZ)"2 (P)

_AH CXp(iÖH) Zxx n 1

—(l+|PHIZ)L2(Zyx Z >< >
which implies that

Zyx + Zyy PHE: zxx+zxy PH (27 a)
and

. 1+|PE|2 1/2
AECEAECXP(IÖE)=(W> (Zxx+nP„)AHC. (27b)

From Eqs. (27a) and (27b), it follows that the power or
intensity of the output electric field response for an input
magnetic field of unit amplitude (i.e. AHzl) may be ex-
pressed as

ix+n IJHIZ—l—|Zyx_i_Zyy1)H|2

1+IPHI21E=<E|E>=|AEC|2= . (28)

Now, let us consider the problem of finding the input mag—
netic field polarization states of unit amplitude that result
in the minimum and maximum electric field response as
measured in terms of its power or intensity. To solve this
problem, let us write PH-:x+ i y and express the numerator
and denominator of IE as contained in Eq. (28) in terms
of x and y. This yields

1+|PH|2=l+x2+y2 (29a)
and

IZxx+n PH|2+ |Zyx+zyy PH|2:a(x2 +y2)+2bx+2cy+d,
(29b)
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where

a=|n|2+lZ„|2‚ (29C)
bzRe[Z;"x n+Z;‘x Zyy]‚ (29d)

c:Re[i(Z;*‘xn+f Zyy)] (29c)

and

d=IZxxI2+IZyx|2. (290
If we substitute Eqs. (29 a) and (29b) into Eq. (28), we obtain
a second degree equation in x and y of the form

a(x2+y2)+2bx+2cy+d—IE(1+x2+y2):0. (30)

N0w, if we consider 1E t0 be a fixed constant in Eq. (30),
it follows that the locus of input magnetic field states of
unit amplitude that result in a given constant output electric
field intensity describes a circle in the complex polarization
plane (i.e. the plane obtained by associating the polarization
ratios of the possible states of polarization with the points
of the complex plane). That this is so is easily seen by writing
Eq. (30) in the form

b 2 C 2_ 1 b2+c2
I d 31'[x—IE—a] +[y—IE—a] —1E—a[IE—a —( E— )]( d)

which describes a circle with centre at

_ b C
31b(xca yc) —(IE——a’ F5) ( H

and radius

r: -[b2+c2—(IE—d)(IE—a)]1/2. (31C)IE—a

Now, we observe that Eq. (31 a) describes a real circle pro—
vided r > 0; viz., in order for Eq. (31 a) t0 specify a real circle,
the value of 1E must be restricted t0 a certain range that
is consistent with the positivity eonstraint rgO. The values
of 1E that result in r:0 constitute the extreme points of
this admissible range and, henee, provide the maximum and
minimum electric field power outputs of the earth system
for input unit amplitude magnetic field states. Setting r:0
in Eq. (310) yields

1?“:%[(a+d)+ {(a+d)2 ——4[ad—(b2 +c2)]}1/2] (32a)

and

Ig‘i“:%[(a+d)—{(a+al)2—4[ad—(b2 +c2)]}1/2]. (32b)

Observing that [cf. Eqs. (29 c)-(29 1)]

a+d= n Z Ilä
and

acl—(b2 +C2): Idet (Z)|2‚

it follows that the maximum and minimum output electrie
field intensities are given by

1?“, ’Eni" 2% H Z Häi {(% H Z H102 - Idet (Z)|2}1/2- (33 a)

A comparison of Eq. (14a) with Eqs. (4a) and (4b) ShOWS
that

(12‘1?i“)=(01‚05)‚ (33 b)
s0 that the maximum and minimum output electric field
intensities for input magnetic field states of unit intensity
eoincide, respectively, with the maximum and minimum
principal impedance moduli squared.

For IE equal t0 either the maximum or minimum output
eleetric field intensity, the circle of intensity transmittance
specified by Eq. (31a) has radius zero so that the centre
of the circle must determine the polarization state of the
input magnetic field that provides the corresponding extre-
mum in intensity. Hence, the input magnetic field polariza-
tion states that result in the maximum and minimum output
electric field intensities may be obtained from Eq. (31 b) by
setting IE: 0% and [13:05, respectively. This results in

b+ic
PH

22:?

(34a)

and

. b+ic
2

Now by Virture of Eqs. (29 d) and (29 e),

b+ic:Zxx iy+Zyx Zj‘y,

which on insertion into Eq. (34 a) together with Eq. (29 C)
yields the results of Eqs. (250) and (25 d) since

Pgnax E tan (BH) exp (i n).

Of course‚ PHmax and Pfi‘i“ are the complex polarization ratios
of the principal magnetic field polarization states extracted
in the canonical decomposition and, as such, describe 0r—
thogonal states. This fact may be independently verified by
Observing that by Virtue of Eqs. (32 a), (32 b) and (33 b),

(01—61)(05-a)= —(b2 +62),
which, in conjunction with Eqs. (34a) and (34b) results in

b2+c2
min max*_P” (PH )‘(o%—1)(aä—a> z—l.

The output electric field polarization states corresponding
t0 Pfifm‘ and B?“ are the electric field states possessing mini—
mum and maximum power and may be obtained by substi—
tuting for PH from Eqs. (34a) and (34b) into Eq. (27a). After
some algebra, this yields the results of Eqs. (25e)-(25 h).
Henee, the structure parameters obtained from the canoni—
cal decomposition of Z can also be extracted from a purely
physical point of View by considering the electric field inten—
sity transmittance from the earth system as a function of
the polarization state of a variable input test magnetie field
of unit amplitude. This, in essence, represents the generaliza—
tion of the maximum coherency analysis t0 encompass el—
liptically polarized electric and magnetic field states and
also ShOWS that the generalized maximum coherency analy—
sis is essentially equivalent t0 canonical decomposition.
Note that the generalized maximum coherency analysis re-
duces t0 the usual maximum coherency analysis for 2-D
conductivity structures.



Relationship t0 associate and conjugate directions analysis

The method of associate and conjugate directions developed
by Counil et al. (1986) can be considered to be a partial
generalization of the maximum coherency analysis of Reddy
and Rankin (1974). Whereas the method of maximum co-
herency considers only linearly polarized states in both the
output electric and input magnetic field spaces in the seleC-
tion of principal directions, the method of associate and
eonjugate directions considers linearly polarized states in
either the output electric or input magnetic field spaces in
the determination of principal directions. In this context,
the method of assoeiate and eonjugate directions ocoupies
an intermediate position between the maximum coherency
analysis of Reddy and Rankin and the generalized maxi-
mum coherency analysis which was shown to be equivalent
to eanonical deeomposition. As a consequence, the proce-
dure utilized in the previous section to relate maximum
coherency analysis to canonical deeomposition may be ap-
plied to develop the relationship between the assooiate and
conjugate directions analysis and canonical decomposition.

Towards this objective, we first consider the directions
of maximum and minimum current which are defined to
be the real directions (i.e. Characterized by linear polariza-
tions) in the output electric field space that provide the
maximum and minimum electric field response as gauged
in terms of the intensity of the electric field for an arbitrary
(i.e. elliptically polarized) magnetic field of unit intensity.
Since the output eleotrio field is constrained to be linearly
polarized, its polarization ratio must necessarily assume the
form B; = tan (güc) where Wo is the orientation angle (azimuth)
of the linear polarization. In View of Eq. (27a), the corre-
sponding input magnetic field is characterized by the com—
plex magnetic field polarizaton ratio

_ Zxx tan (l/jc)—Zyx—
—n tan(tßc)+Zyy'PH (35)

Now, insertion of Eq. (35) into Eq. (28) leads to the follow-
ing expression for the intensity of the linearly polarized elec-
tric field response corresponding to an elliptically polarized
magnetic field of unit intensity:

|Zxx Zyy—n Zyzl[1+tan2 0/19]

IE:<EIE>: l1 tan2(t/1C)—l2 tan(t//C)+l3 ’ (363)

where

11=|n|2+|Zxx|2‚ (36b)
[2:2 Re [inx+ZyyZ1‘y], (360)

and

l3=|Zyy|2+|Zyx|2. (36d)

Differentiating 1E with respect to WC [of. Eq. (36 a)] and set—
ting the result to zero gives the condition

l 2 Re ix Z x+Z Z:
tan (21K):

2 Z 2
[

2
y

y;
y]

2
[1—13 Inl +|Zxxi —|Zyx| —|Zyy|

(37)

whose solution defines the directions of maximum and mini—
mum ourrent. It is important to note that Eq. (37) coincides
with Eq. (19) of Counil et al. (1986).

Utilizing the same methodology, let us next consider
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the determination of the directions of maximum and mini-
mum induction which are defined to be the real directions
(i.e. characterized by linear polarizations) in the input mag-
netio field space that result in the maximum and minimum
intensities of the electric field response for a linearly polar-
ized magnetic field of unit intensity. Since the magnetie field
is constrained to be a linear polarization, its polarization
ratio is given by PHztanwi) where l/ll- is the azimuth of
the linear polarization. Insertion of this value of PH into
Eq. (28) yields the intensity of the output eleetric field re—
sponse for a linearly polarized input magnetic field of unit
intensity, i.e.

k1 tan2 (lß,-)+k2 tan (wi)+ k3
IE:<E|E>:

1+tan2(tpi)
, (38a)

where

k1 :|n|2+|Zyy|2‚ (38b)
k2 : 2 Re [Zxx iy+Zyx Z3], (38 C)

and

k3=|Zxx|2+|Zn2- (38d)
The directions of maximum and minimum induetion can
be obtained by differentiating [E [Cf. Eq. (38 a)] with respect
to (0,- and setting the derivative equal to zero to give

tan<2w)_ kz _ 2Re[Zx;"y+ZyxZ;‘y]
i—k3—k1 —IZxx|2+IZyxlz—izxylz—Izyylz.

(39)

We point out that Eq. (39) is identical to Eq. (23) of Counil
et al. (1986).

The technique used to derive Eqs. (37) and (39) can be
exploited further to relate the responses (impedances) corre—
sponding to the directions of maximum and minimum eur—
rent and induction to the principal impedanoes. Along this
vein, first observe that the maximum and minimum princi—
pal apparent resistivities fia and ‚9a can be computed from

1
'a = Imax 40a‚0

(0/10
E ( )

and

a : I‘m", 40bE 60.110
E ( )

where Ig‘“ and I‘g‘i“ are the maximum and minimum electric
field intensities for an arbitrary input magnetic field of unit
intensity [Cf Eqs. (32) and (33)]. In this oontext, the general-
ized apparent resistivity [Cf Eq. (9)] associated with an in-
put magnetic field of unit intensity that is Characterized
by the complex polarization ratio PH can then be expressed
as

1
—a)‚uopa IE9 (40C)

where IE is the electric field intensity transmittance for the
given magnetic field input, determined as per Eq. (28). Now,
in light of Eqs. (28), (32), (33) and (34), the generalized appar—
ent resistivity of Eq. (400) oan be written in terms of the
maximum and minimum prineipal apparent resistivities of
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Eqs. (40 a) and (40 b) as

— m1 m2 - 41
pa—E:m:ga+mpaa ( a)

where

m1=|PHmax|/|ai"| (41b)
and

m2lJ—Pumaxl/IBJ—Pumml- (410)

An immediate physical interpretation of this result is ob—
tained by observing that Eq. (41) expresses the generalized
apparent resistivity in terms of the maximum and minimum
prineipal apparent resistivities. The weights ml/(m1+m2)
and mz/(m1+m2) correspond to the proportions of the in-
tensity of the input magnetic field state with polarization
PH contained in the two orthogonal polarizations PHmin and
19,9“”. In partieular, if we set P" in Eq. (41) equal to the
value given by Eq. (35) with (11,. determined as per Eq. (37),
then the generalized apparent resistivities of Eq. (41a) re—
duee to the maximum and minimum current apparent res-
istivities n and pg'" as defined in Counil et al. (1986).
Hence, we have sueceeded in expressing the extremal eur-
rent apparent resistivities in terms of the maximum and
minimum prineipal apparent resistivities. Similarly, if we
let P„=tan (11/) in Eq. (410) with 1/1, determined aceording
to Eq. (39), then the generalized apparent resistivities of
Eq. (41 a) coincide with the maximum and minimum induc-
tion apparent resistivities pi,“ and pi“. Note that the appar-
ent resistivities of maximum and minimum eurrent and in—
duetion must be bounded above and below by the maxi-
mum and minimum prineipal apparent resistivities, respec-
tively.

Relationship t0 Eggers’ eigenstate analysis

Eggers (1982) proposed an eigenstate formulation for the
extraction of physically meaningful scalar parameters from
the impedanee tensor Z that is similar in philosophy to
canonical decomposition. Eggers’ eigenstate analyis is based
on the concept of the generalized eigenproblem. His prinei-
pal impedances are defined to be the eigenvalues yi of the
matrix pencil (ZwyiJ) where J is the skew-symmetric ma-
trix

J
0 1-(—1 o)-

These eigenvalues are determined from the determinantal
equaüon

det (Z — yiJ) z 0. (42)

Hence, Eggers’ prineipal impedances are given by

yl'2=ZIi[Z%—det(Z)]l/2, (43a)

where

2152(n——Zyx)' (43b)

Eggers’ magnetic field eigenstates |Hi> verify

(Z-ViJ)IHi>:0 021,2)

and are found to be

- yi—n .|H‘>:(Z > (1:1,2).

The corresponding Eggers’ electric field eigenstates IEi> are
determined from

(43 C)

. . . . ZE’ z ’J H' z! ”i ':1,2. 43dI > v I > 42“,) (z ) ( >
Eggers’ prineipal impedances differ from the prineipal im-
pedances extracted by applieation of the canonical decom-
position. This can be seen by eomparing Eq. (43a) with
Eq. (25). lt is only in the speeial eases of l-D and 2-D con-
duetivity structures that the Eggers’ and the canonical prin-
eipal impedances coincide. Also, from Eq. (43 a), it is clear
that since yl and yz depend only on Zl and det (Z), Eggers’
prineipal impedances are invariant under a rotation trans-
formation. However, since Zl is not invariant under an
elliptieity transformation [ef. Eq. (21)], it is evident that Eg-
gers’ prineipal impedances are not truly polarization-invar-
iant quantities. This implies that the corresponding Eggers’
prineipal apparent resistivities determined as päzlyilz/wuo
(parameters which are most amenable to physical insight)
are not polarization-invariant quantities. However, the can-
onically determined prineipal apparent resistivities are in-
variant under both rotation and elliptieity transformations
since they depend only on HZHF and |det(Z)| and hence
are true polarization-invariant parameters. In this aspect
then, the canonical prineipal impedances are more funda-
mentally related to the conducting structure than are Eg-
gers’ prineipal impedances.

We note that for a magnetic field input coinciding with
Eggers’ magnetic field eigenstate [Cf Eq. (43 b)], the general—
ized apparent resistivity simplifies to

) :L1L‚ _SELIQ _„L {FILE}_ pilIi— i (44)“‘wuo <H|H> wuo <H'IH'> wuo pa'
The preceding result ShOWS that the generalized apparent
resistivity reduces to an Eggers’ prineipal apparent resistivi—
ty whenever the magnetic field input to the earth system
eoincides with one of the Eggers’ magnetic field eigenstates
|Hi>. Combining this observation with the fact that the can-
onical prineipal apparent resistivities eonstitute the maxi-
mum and minimum values for the generalized apparent re-
sistivity, it follows that

2oä < ‚._lv"|2 _ 01
zpa:%gpa(w)— wuo ( )‚1_)„(w) 60.110 60110

Hence, Eggers’ prineipal apparent resistivities are bounded
above and below by the canonical maximum and minimum
prineipal apparent resistivities. lt can be shown (Yee, 1985)
that the canonical prineipal impedances coincide with the
Eggers’ prineipal impedanee if and only if

Ü = Jv = R(7c/2) V, (45)
where Ü and V are defined as in Eqs. (l7)-(19). This condi-
tion is fulfilled whenever the prineipal electrie field polariza-
tion states [6,) (i=l, 2) are parallel to the corresponding
prineipal magnetic field polarization states HZ.) (i:1, 2) co-
ordinate-rotated through 71/2. This eondition is verified for



l-D and 2-D conductivity distributions. For 3-D structures,
Eq. (45) is not generally satisfied whieh, of course, leads
to the divergence of the canonical from the Eggers’ principal
impedances.

The condition of Eq. (45) is due primarily to the imposi—
tion of the constraint

|Ei>T-|Hi>=E;H;+E;H;—:O (46)

in the definition of the Eggers’ electric and magnetic field
eigenstates. This constraint necessarily forces the magnetic
field eigenstate polarization ellipses to be perpendicularly
oriented with respect to the corresponding electric field ei—
genstate polarization ellipses. We remark that this condition
does not necessarily hold with regard to the principal elec-
tric and magnetic field polarization states extracted from
the canonical decomposition of Z. Eggers’ motivation for
introducing the constraint of Eq. (46) arises from the obser-
vation that this condition is verified in the case of the trans-
verse electromagnetic (TEM) mode of wave propagation
in a homogeneous medium. It is Eggers’ contention that
a physically more—appealing definition of principal imped—
ances can be attained if one extends the TEM mode rela-
tionship to apply to general conductivity structures. While
this constraint is valid for l-D and 2-D conductivity struc—
tures, it does not necessarily apply to 3—D conductivity
structures. lndeed, the effect of a local electrical conductivity
inhomogeneity in what otherwise would be a 2—D conduc-
tivity distribution, may result in surface charges whose net
effect is to distort the electric field so that it is no longer
orthogonal to the magnetic field.

Hence, there is no physical reason why the constraint
of Eq. (46) should be imposed on the input magnetic and
output electrie field states. To assume a priori that this
constraint is valid for general conductivity structures (as
in Eggers’ eigenstate analysis) when there is no physical
evidence to support such a relationship is tantamount to
ignoring the great majority of possible input magnetic and
output electric field polarization states consistent with the
structure and focusing attention only on some small and
unrepresentative subset of them. For this reason, the Eggers’
principal apparent resistivities lie somewhere in the interval
bounded above and below by the maximum and minimum
canonical principal apparent resistivities, respeetively. These
latter apparent resistivities are the true absolute maximum
and minimum principal resistivities since they are obtained
by considering all possible electric and magnetic field states
consistent with the conductivity structure and not merely
those whieh verify the somewhat artificial TEM relation-
ship. We emphasize that in the canonical decomposition
of Z, no ad hoc constraints are inroduced and only informa-
tion embodied in Z is utilized to extract physically motivat-
ed, highly descriptive structure parameters in a totally natu—
ral manner. For this reason, canonical decomposition pro-
vides a physically more satifactory set of structure parame-
ters than those obtained through Eggers’ eigenstate analysis.

Furthermore, it can be shown (Yee, 1985) that the can-
onical principal impedances and their associated principal
electric and magnetic field polarization states are related
to Eggers’ principal impedances and their associated Eggers’
principal electric and magnetic field eigenstates as follows:

V zUj €XP(W‚-)——J—- (IT-1,2)-_ N. (47a)
(elJ>
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Or, equivalently, _

‚.<e’‚-|HJ'> _ <e-‚-|EJ'>
Ujexp(iyj)=y

<Ej|Hj>—<Ej|Hj>
0:1’2)9 (47b)

where

IÜJ>EJ|H1>=R(7I/2)IHj> 0:1‚2)-

We note in particular that Eq. (47) implies that the canoni—
cal principal impedances coincide with the Eggers’ principal
impedances if and only if the projection of the Eggers’ mag-
netie field eigenstate IHj> along the canonical principal
magnetic field polarization state |5!) is equal to the projec—
tion of the eigenstate |H1>‚ coordinate-rotated by 71/2, along
the canonical principal electric field polarization state le’j>.
From Eq. (45), we see that this occurs when the canonical
principal electrie field polarization states are aligned parallel
to the canonical principal magnetic field polarization states
coordinate-rotated by 71/2. In essence then, Eqs. (47 a) and
(47b) embody the result of Eq. (45) and in addition indicate
how the degree of discrepancy between the canonical and
Eggers’ principal impedances arises from the amount of mis—
alignment of the canonical principal eleetric and magnetic
field states relative to the Eggers’ electric and magnetic field
eigenstates.

Relationship t0 Spitz’s rotation analysis

Spitz’s rotation analysis (Spitz, 1985) is similar in philoso—
phy to the conventional analysis in that it depends primarily
on the rotation properties of the impedance tensor. Spitz
utilizes the Cayley factorization of the impedance tensor
to eonstruct two analytieal rotation angles whose associated
intrinsic coordinate systems are more complete than that
obtained in the conventional analysis. This is so because
each of the rotation angles satisfies the criterion that the
off-diagonal elements of the rotated tensor as well as the
corresponding rotation angle depend on all eight degrees
of freedom in Z. To obtain the two analytieal rotation an-
gles, Spitz applies the Cayley factorization to express the
impedance tensor as ZzQU where Q is a positive definite
Hermitian matrix and U is a unitary matrix; the conven-
tional analysis is then applied to the matrix factors Q and
U to construct the rotation angles 0l and (12, respectively.
ln general, there is no relationship between 01 and 02, al-
though it is Spitz’s contention that each angle determines
an intrinsic coordinate system for Z. We argue that since
it is impossible to decide which of the two coordinate sys-
tems is more appropriate for MT data analysis, these coor-
dinate systems (defined by 01 and 02) cannot truly be termed
intrinsic. After all, an intrinsie coordinate system for Z must
be uniquely determined by the information in the tensor.
As we have already remarked, a principal or intrinsic coor-
dinate system for expression of the impedance tensor re—
quires that we consider both rotation and ellipticity trans-
formations of Z. We will now proceed to Show that the
Cayley factorization of Z is an alternative expression of
canonical decomposition and as such, all the necessary in—
formation for the extraction of a principal coordinate sys—
tem is already explicitly embedded in the matrix factors.
Consequently, there is no need to apply the conventional
analysis to each of these factors in order to extract real
rotation angles for the construction of intrinsic coordinate
systems as in Spitz’s rotation analysis.
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First, observe that in view of Eqs. (17) and (18), the can—
onical decomposition of Z may be expressed as

Z z ÜSVT, (48)

where Ü and V are unitary unimodular matrices defined
in Eq. (19) and

s_(01

CXpUyl) O—
0 (72 CXPÜV21>

is the principal impedance tensor, i.e. the impedance tensor
that would be observed in the principal coordinate system
obtained by changing the input magnetic and the output
electrie field basis states from the orthogonal (x, y) linear
polarizations (sensor or measurement coordinate system)
to the orthogonal elliptic states (”71), [lt—2)) and (|51>‚ |e’2>),
respectively. Now let us note that Eq. (48) may be rearrange—
ment to read

Z z ÜsvT :(ÜSÜ*)(ÜVT)E QU (49 a)
OI'

ZzÜSV'r :(ÜVT)(VSVT)_:_UP, (49b)

where UEÜVT is the relative phase matrix, QEÜSÜT is
the output (electrie field) amplitude matrix and PEVSVT
is the input (magnetic field) amplitude matrix of Z. Note
that Eq. (49) rearranges the information embodied in canon-
ieal decomposition and reassembles this information in the
matrix factors of the Cayley factorization. Since Ü and V
are unitary unimodular matriees, it follows then that the
phase matrix U is also unitary and unimodular. Hence,
we may write U in the following more suggestive form:

2
U z ÜVl zeXp (iTJ = Z exp (i9{)|8j> <Sj|9

1:1
(50a)

where {exp (i691), j: l, 2} (6,1: —6‚2) are the eigenvalues of
U, {Isj>,j: 1, 2} is a complete orthonormal system of eigen-
vectors of U and

2
Tr: Z 65|Sj> <Sj|

j=1
(50b)

is a Hermitian matrix. We refer to 6,1 : — 8,2 : 6, as the rela-
tive eleetric/magnetie field alignment angle. In partieular,
for 2-D structures we find that 0,:7z/2. Furthermore, we
note that the relative phase matrix relates the prineipal mag-
netie and electric field polarization states as

läj>:€Xp(iT‚)|/?j> (PLZ). (51)
In view of Eq. (50a), we may write Eqs. (49a) and (49b)
as

Z 2 Q exp (iT‚) = exp (iTr) P. (52)

Also, sinee

_ _ _ 2

QEUSUT : 2 aj exp (iyj)|e’j> (äjl
j= 1

and

2

PEVSVr z Z aj exp (im-W7) (51|,
j:1

it is clear that Q ineorporates the information concerning
the principal impedances and the principal electrie field po-
larization states and that P ineorporates the information
coneerning the principal impedances and the principal mag-
netic field polarization states. The relative phase matrix U
incorporates the information concerning the relationship
between the prineipal electrie and magnetic field polariza-
tion states and, as a eonsequence, eouples the input magnet—
ic field space to the output electric field spaee according
to the prescription of Eq. (51).

Hence, we have shown that the Cayley factorization of
Z repaekages the information in canonical decomposition
and, consequently, all the information required to construct
a principal coordinate system for Z is already explicitly
embedded in the matrix factors. The Spitz rotation analysis
is not needed to extract an intrinsic coordinate system for
Z once the Cayley factorization is obtained.

Conclusions

The canonical decomposition of Z parametrizes the tensor
in terms of eight physieally relevant real scalar parameters
that are suitable for quantitative interpretation. Four of
these structure parameters (two moduli and two phases)
determine the two principal impedances and, hence, serve
to eharacterize the transfer properties of the earth system.
The remaining four parameters are polarization parameters
which resolve the principal coordinate system for Z; two
of these parameters speeify the prineipal eleetric field polar-
ization states, whereas the remaining two parameters speeify
the prineipal magnetic field polarization states. These states
eonstitute the proper basis for the expression of the coordi—
nate systems for the input magnetie and output eleetric field
spaces. It is important to emphasize that each of the eight
structural parameters that emerge from the eanonical de-
composition of Z ean be assoeiated with particular physieal
Charaeteristies of the earth system and, as such, ean be uti-
lized as physically meaningful diseriminants in the Classifiea-
tion of various features of the eonduetivity structure. How—
ever, before this can be done, it is necessary to perform
numerical and analog modelling of 3-D conductivity struc—
tures with the objective of studying how the canonical pa-
rameters are determined by the nature of the eonductivity
distribution. It should be noted that an initial step in this
direetion has already been taken by LaTorraca et al.
(1986). Certainly, a deeper understanding of how the ca-
nonieal parameters relate to certain 3-D features in the
underlying eonduetivity structure would increase the use-
fulness of eanonieal decomposition in MT interpretation
and analysis.

The eonventional analysis, whieh is based on the rota-
tion properties of the impedanee tensor, is inadequate since
both rotation and elliptieity transformations are required
in general to define a principal coordinate system for Z.
We have shown that canonical decomposition is a natural
extension of the eonventional analysis and indeed, in those
eases where the eonventional analysis is adequate (sueh as
2—D conduetivity structures), canonical decomposition re-
duces to the conventional analysis. Along the same lines„



maximum cohereney analysis is restrietive in that it eonsid—
ers only linearly polarized electric and magnetic field states
in its formulation. While this is adequate for the analysis
of 2-D structures, it is not appropriate for characterizing
structures possessing 3-D distortions. We have shown that
a generalized form of maximum eoherency analysis, which
allows for elliptieally polarized electric and magnetic field
states in its formulation, is essentially identical to canonical
decomposition. Furthermore, we have demonstrated that
the associate and conjugate directions analysis proposed
by Counil et a1. (1986) ean be Viewed as a partial generaliza-
tion of the maximum coherency analysis in the sense that
this form of analysis allows for elliptically polarized fields
in either the input magnetic or output eleetrie field spaces
with the fields in the opposing space eonstrained to be lin—
early polarized.

Eggers’ eigenstate analysis, although similar in philoso-
phy to eanonieal deeomposition is not entirely satisfactory
sinee it incorporates a somewhat artitfical a priori con-
straint in its formulation. In eontrast, eanonieal decomposi-
tion introduces no such eonstraint and utilizes only the
information in Z to extraet a set of structure parameters
in a totally natural manner. The Spitz rotation analysis
utilizes the Cayley factorization of Z to obtain two analyti-
cal rotation angles that define two different intrinsie coordi—
nate systems for Z. We have shown that the Cayley factori-
zation is nothing more than a repackaging of the informa—
tion eontained in the canonieal decomposition of Z. All
the information required for the definition of a prineipal
coordinate system is already explieitly eontained in the Cay—
ley matrix factors and, as a consequenee, there is no need
to apply the conventional analysis to these factors to extract
real rotation angles as in Spitz’s rotation analysis.
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Canonical decomposition of the telluric transfer tensor
E. Yee and K.V. Paulson
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Abstract. This paper presents an analysis of the telluric
transfer tensor T based on canonical decomposition, which
explicitly displays the structural components of the tensor
in the form of eight physically motivated scalar parameters
and, hence, provides a complete specification of the informa-
tion embodied in T. These canonical telluric parameters
provide the proper framework for the interpretation, identi-
fication and discrimination of the geoeleetric contributions
t0 the telluric response from all the various dimensional
conductivity structures. For a strictly two-dimensional (2-D)
geoelectric structure, only five of the canonical parameters
are relevant and this fact provides the motivation for the
development of a procedure for the separation of the 2—D
and 3-D structural contribution t0 T. This separation proce-
dure consists of two steps: firstly, a normal telluric tensor
TN is extraeted from T based on the optimization of an
appropriate cost function; and secondly, the complex input
(or output) principal coordinate frame for TN is computed
by canonical decomposition and a real coordinate frame
consisting of linearly polarized basis states is chosen so as
t0 approximate this principal complex frame in an Optimum
fashion. Finally, the canonical decomposition of the mag-
netic transfer matrix is derived and its utilization for the
identification of the geoelectric strike and dip directions
for near 2-D structures is eonsidered.
Key words: Telluric mapping method — Telluric transfer ten—
sor — Canonical deeomposition — Magnetic transfer matrix
— Induction vector — Structural dimensionality

Introduction

The tellurie mapping method (Yungul, 1966) is based on
the relationship between the tangential components of the
natural electric field measured simultaneously at two sepa-
rated locations on the surface of the earth. Two transverse
(1, 2) and (1’, 2’) Cartesian eoordinate systems are ehosen
at the fixed base station (O) and the roving satellite station
(0’) for the measurement of the electric field. We Will use
the standard Dirac bra-ket notation whereby the vectors
of a Hilbert space over the complex numbers are denoted
by kets, |a>, and the vectors of the dual space by bras,
(bl. T0 make the eonnection with the usual vector notation,
we note that the components of the ket |a> in some chosen
representation can be arranged into some column vector

Oflprint requests t0: K.V. Paulson

a, whereas the components of the corresponding bra <a|
in the same representation can be arranged into a row vec—
tor al, where Tdenotes Hermitian transposition. In this n0-
tation, the bra-ket product <a|b> can be expressed as the
scalar product of the row vector a’r and the column vector
b corresponding t0 <a| and |b>‚ respectively, so <a|b>
=al - b =Z a?“ bi, where ai and b,- denote the (complex) com-

ponents of a and b and * denotes complex conjugation. N0w,
for a vertically ineident monochromatic plane-wave source
field, the coupling between the transverse electric fields ob-
served at O and 0’ can be represented by the following
linear relationship (Cf. Fig. 1):

s _ Esy T14 T112 E’i _ b
IEl’,2’>:(Eä’)—(T2,l T2/2)(Eg>:T|E1’2>’ (1)

where |E'{‚2> and IESI„2‚> are the base and satellite ket vec—
tors, respectively, Whose elements (phasor components) are
the complex electric field amplitudes measured with respect
t0 the sensor coordinate systems (1, 2) and (1’, 2’). Here,
T is the telluric transfer tensor which characterizes the
transfer properties of the earth system coupling the O t0
O’ ehannel. For the assumed source (primary) field, the ele-
ments of the telluric transfer tensor depend upon the electri-
cal conductivity characterizing the internal strueture of the
earth system, the coordinate systems used t0 measure the
electric fields at the base and satellite stations (which need
not be the same), the frequency at which the measurements
were made and the relative positions of the base and satellite
stations on the earth’s surface.

The telluric transfer matrix T can be expressed in terms
of the identity matrix and the three Pauli Spin matrices
as follows:

3
T: 2 TvY„‚ (2)

vIO

where

Y I
1 0

0— _(0 1):



T:t xE?
2

T2':

|

762Eb
2

T2‘2

Input (Base Station) Eorth System

lEi),2> ‚L

and

Y
1 0s-(o — 1)-

Since these basis matrices are trace-orthogonal [i.e.
„(I’M R) = 26W where öuv denotes the Kronecker delta func-
tion], the expansion coefficients of Eq. (2) may be computed
as Tv = tr(T Yv)/2 (v 20, 1, 2, 3); more explicitly, these coeffi—
Cients are given by

TO:(T1'1+T2’2)/23 (3a)
T1:(T1'2+T2'1)/2‚ (3b)

T2:i(T1‚2—T2‚1)/2‚ (3C)

and

T3:(T1'1—T2'2)/2' (3d)

We note that TO and T2 are rotationally invariant parame—
ters, viz. they are invariant under the rotation transforma-
tion of T

Ti’iÜ/J) 71c,T'(‘“E(T2’‚1(m (W)T2„2(w)):R(w)TR(—nm‚ (4a)
where

(4 b)R(w):cosw Yo+i an.) y,:( “05W 3W)—sin 1/1 cos 1/1

is the rotation matrix associated with a counter-Clockwise
rotation through angle 1/1 about the vertical z-axis. Similarly,
T0 and T1 are ellipticity invariant parameters, viz. they are
invariant under the ellipticity transformation of T

— 7111M) T1'201)T/l E — — =P —/l TPÄ, 5() (um am) ( ) () (a)
where

.. cosÄ isin/i
P(Ä):COSÄYO+lSlnÄY1:(iSinÄ 005/1) (5b)

is the ellipticity matrix for angle Ä(Äe[—n/4, n/4]). The
physical significance of rotation and ellipticity transforma-
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Fig. l. The relevant components of the telluric
mapping method. (Eli‚2> and |Ei„2‚> are the
base (input) and satellite (output) electric field
ket vectors (vector phasors) sensed with
reference t0 the transverse Cartesian
coordinate systems (1, 2) and (1’, 2’) at points
O (fixed base station) and O’ (roving satellite
station). These vector phasors are linearly
related through the telluric transfer tensor T
which characterizes the transfer properties ofS

l EI'‚2' > the earth system

tions, particularly as it would relate t0 the polarization char-
acteristics of the base (input) and satellite (output) electric
fields, is discussed in greater detail in Yee and Paulson
(1987)

It is important to be able t0 relate the structure of T
t0 the dimensionality of the associated conductivity distri-
bution. In partieular, we note that for a two—dimensional
(2-D) conductivity structure, there exists a real angle Wo
such that the rotated telluric transfer tensor T’(lß) [cf Eq.
(4 a)] assumes a diagonal form, viz.

{10/10) 0
)>.T'(wo>:( 0 72/2 (1,0 (6)

In writing Eq. (6), we have implicitly assumed the parallel-
ism of the sensor coordinate systems (1, 2) and (1’, 2’) for
the base and satellite stations, respectively. Now, for 2-D
geoelectric structures, the principal frame of reference (s,
d) is defined t0 be that frame whose axes are aligned with
the strike-dip directions for the structure (viz. with the prin—
cipal structural axes). This principal frame can be obtained
from the sensor coordinate frames (1, 2)E(1’, 2’) by a pure
rotation Operation through some azimuthal angle l/lZl/IO.
Furthermore, for a true 2-D structure, the corresponding
telluric transfer tensor is symmetric, so T12 : T21. Continu-
ing along this vein, it is straightforward t0 ShOW from
Eqs. (3) and (4) that for a telluric transfer tensor correspond-
ing t0 some 2-D conductivity structure, the value of l/l 21/10
that results in the diagonal form of Eq. (6) is determined
from

tan 2'700 = Tl/T3 ‚ (7)

where T1 and T3 are defined as per Eq. (3 b) and (3 d). Al—
though Eq. (7) permits the determination of the principal
axes of the 2—D structure, there is still a in/Z ambiguity
in the identification of the strike and dip axes which can
be resolved by a consideration of the magnetic transfer func-
tions as will be shown later.

It should be noted that in the S-frequency interval,
where the telluric fields essentially behave as DC fields, the
elements of the telluric transfer tensor are real and indepen-
dent of the frequency. In this particular frequency range,
it is well known that for 2-D conductivity structure, the
major and minor axes of the ellipse of polarization for the
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output electric field vector phasor at the satellite station
coincide with the principal structural axes (i.e. the strike-dip
direetion). In addition, the azimuth Wo of the major axis
of this polarization ellipse relative to the fixed measurement
axis 1 E 1’ can be computed from the relation (Berdichevsky,
1960; Iliceto et al., 1986)

T11T21+T12T22z T1

T121 + T122 "‘ g T3 + |/ T12 + T32
3

where

g:L2/2—|/L4/4—J2‚ (8b)

(8 a)tan 1/10 :

L2 Z T121 + T122 + T221 + T222 ‚ (8 C)

and

J=det(T):T11T22—T12T21. (8d)

It should perhaps be noted that Eq. (8 a) provides the same
principal frame of reference (s, d) for 2—D conductivity strue-
tures (i.e. the same longitudinal and transversal directions
for the structure) as that determined from Eq. (7). Finally,
we remark that for the telluric mapping method, the Jaco—
bian J [cf Eq. (8 d)] has traditionally been the only parame-
ter to be utilized in the interpretation of telluric anomalies,
usually being displayed in the form of iso-J contour maps
(Yungul, 1968). Recently, however, Ilieeto and Santarato
(1986) have used other parameters such as |T1’1(v,00)|,
arg [Tii 0(10)], etc.

Canonical decomposition of the telluric transfer tensor

The extraction of informative telluric parameters from the
telluric transfer tensor can be solved systematically by the
application of canonieal decomposition to T. This decom-
position, which was originally developed for the analysis
of the magnetotellurie (M T) impedance tensor (Yee, 1985;
LaTorraea et al., 1986; Yee and Paulson, 1987), provides
a structural representation for T in the sense that it explicitly
exhibits the tensor in terms of eight physieally relevant sca—
lar parameters that are useful for the interpretation of tellur—
ic anomalies as well for the assessment of structural dimen-
sionality. Canonical decomposition permits the logical defi-
nition of intrinsic or principal eoordinate systems for both
the input (base) and output (satellite) electric field spaees
in a totally natura] fashion without the need for any a priori
information concerning the dimensionality of the geoelectric
structure from which T was derived.

From a purely mathematieal point of view, the eanonical
decomposition for T possesses exactly the same form as
that for the MT impedance tensor. Indeed, since the transfer
eharacteristics for the earth system coupling the base with
the satellite stations are modelled as a two-input and two—
output linear multichannel system with the transfer matrix
Te C 2 X 2, the telluric transfer tensor thus admits to the de-
composition (Cf. Yee and Paulson, 1987)

Tzuzvt wo
where

01 exPlil’i) 0z _ ‚ 9b
( 0 02 eXP(1V2))

( )

cos (65)_
_

eXp(
—

iqös) Sin (es)U:(Iu1>|u2>):(exp(iq’>s)sin(95) )‚(9c)cos (95)

and

eos (6b) — €XP( * 11151)) Sin (9b)
eXP (i (Ph) Sin (9b) >cos(6b)

(9 d)

VE(Iv1>Iv2>)=(

The parameters in this decomposition are constrained as
fOllOWS: 85, Üben), ‚II/2]; (b5, dE(—TC‚ 7:];y19 y2€(—7I‚ 7E];
and 0<azgal. We emphasize that all these parameters
are to be interpreted as functions of the frequeney a). It
is possible to explicitly express the eight canonieal parame-
ters that emerge from this decomposition in terms of the
elements of T as follows:

1) The singular values or principal telluric gains 01 and
02 of T can be computed from

01=äIITII?+{(ällTHf—V-|d€t(T)|2}1/2 (10a)
and

05=%I|TII%-{(%IITII?)2-Id€t(T)I2}1/2‚ (10b)
where

IITHF=(IT11I2 +IT12I2 +|T21|2 +|T22l2)“2
=[tr(TlT)]1/2 (100)

is the Frobenius norm of T and det(T) is the determinant
of T, represented by J in Eq. (8 d).

2) The polarization parameters 6b and gbb whieh Charac-
terize the principal base (input) electrie field polarization
states are determined from

|T11 T1*2+ T21 Tz’ältan(8 ): (113)b
Üi—(lTizlz‘l‘szlz)

and

(pbzarg(T11 T1*2 + T21 T2*2)- (11b)

3) Finally, the polarization parameters 65 and (1)5 which
specify the principal satellite (output) eleetric field polariza—
tion states and the principal telluric phases 321 and yz are
given by

T21 005(9b)+ T22 eXPÜCbb) 911(91)”
“(98) Z T11 cos(9b) + T12 exp(iqbb) sin(6„) ’ (12a)
ylzüngfflleoflflg+4fl2expfiögsnflßgl (12b)
(p; : arg [T21 cos(9b) + 722 exp(id)b) sin(6b)] —y1, (12c)
am
y; : arg[T22 cos(8b)— T21 exp(—— im) sin(9b)]. (12d)

If the base electric field is measured with reference to
the orthonormal (generally elliptic) basis states lvl> and
|02> [i.e. with reference to the principal base polarization
states determined as per Eq. (9 d)] so

bEU1IE3;‚„2>:E21|v1>+E22|vz>=(Eb ) (13a)
and if the satellite eleetric field is measured with referenee
to the orthonormal (generally elliptic) basis states |u1> and



|u2> [i.e. with reference to the principal satellite polarization
states determined as per Eq. (9 0)] so

E21IEi1,„2>=Eillu1>+Eäzlu2>=(Es )‚ (13b)
then the telluric transfer matrix referred to these input and
output vector frames assumes the simple diagonal form

01 CXPÜW) 0

>
T EX: . ‚ 13CP

< 0 (72 eXP(W2)
( )

viz.

IEISJ1,u2>:TP|EZI,u2>° (13d)

The diagonal elements of TP determine the principal telluric
transfer functions (i.e. principal eomplex transmittances be-
tween the base and satellite stations) for the earth system.
In partieular, the moduli (or principal gains) of these
transfer functions (i.e. 01 and 02) correspond to the maxi-
mum and minimum electric field intensity transmittanees
between the base and satellite stations, where intensity
transmittance is defined as the ratio of the output wave
intensity (or power) to the input wave intensity, viz.

<ES|ES> _<E"|T*T1Eb>
<Eb|Eb> ’ <Eb|Eb>R2 (14)

It is of interest to note that the input polarization states
|v1> and Ivz> (characterized by the polarization parameters
6„ and (bb) which result in the maximum and minimum
intensity (power) transmittances between the base and satel-
lite stations, respectively, are orthogonal; and these input
polarization states produce the output polarization states
|u1> and |u2> (characterized by the polarization parameters
65 and gbs) which are also orthogonal.

We note that if the polarization form of an arbitrary
polarization state

pi cosw)'p> zlpz):(exp(id>> sin<6>>
is characterized by the complex polarization ratio

P:p2/p1:tan(6)exp(iqb)‚ (153)

then it is straightforward to show that the azimuth l/l [WG [0,
71)] and the ellipticity angle Ä [Äe[—7t/4‚ 7t/4]] of the asso-
Ciated ellipse of polarizations is given by (Yee, 1985)

2R P
tan2w2—Egztan2ßcosd) (15b)

1-|1"|
and

2Ä—21m(P) ' 26 ' 15„in
—W:Sm

s1n (j). ( C)

In terms of the elliptic parameters 1/1 and ‚l, the canonical
decomposition for T displayed in Eq. (9 a) may be expressed
alternatively as

T=R(WS)P(ÄS)EP(-Äb)R(*%)‚ (16a)
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where

_ 01 exp(i)71) O
Z: ._ 16b( o 02mm) < >
with

I71 23’1 —(äs—ib)a (160)

372:Yz+(äs—5b)‚ (16d)
65 : arg (cos l/ls cos ‚18 — i sin l/JS sin Äs), (16e)

and

5b = arg(cos l/lb eos ‚1b —i sin (0„ sin Äb). (16f)

In Eq. (16a), R011) and P(‚l) are the rotation and ellipticity
operators defined in Eqs. (4b) and (5 b), respectively, and
(MS, ‚15) and (wb, Äb) are the elliptic parameters corresponding
to the polarization parameters (65, (7)5) and (8b, (bb) computed
in accordance with Eq. (15b) and (15c). Notiee that, in gen-
eral, both rotation and ellipticity transformations on T are
required in order to obtain input and output coordinate
frames in which the telluric transfer tensor assumes a simple
diagonal form. It should be noted that polar diagrams of
the elements of T are frequently constructed as a function
of the azimuth (rotation) angle (ü to aid in the interpretation
and classification of telluric anomalies. However, the canon-
ical decomposition of T expressed in Eq. (16a) implies that
in order to characterize optimally the dependence of the
telluric anomalies on the polarization forms of the base
(input) and satellite (output) electric fields, it is necessary
also to construct polar diagrams for the elements of T as
a function of the ellipticity angle Ä. An examination of the
polar diagrams as a function of both x11 and ‚l would enable
the interpreter to speeify the characteristic (optimal) polar-
izations at which the telluric anomalies are most revealing
and distinctive. It is important to point out that the princi-
pal telluric gains 01 and 02 are independent of the polariza—
tion forms of the input and output electric fields and, conse—
quently, these telluric parameters contain information per—
taining solely to the intrinsic properties of the geoelectric
structure.

For the most general 3-D conductivity structure, the
eight canonical parameters 01, y1‚ 02, yz, 08, o3, 9b and
([5„ provide a complete specification of the telluric transfer
tensor in terms of physically meaningful scalar parameters.
These parameters can be used for the identification, discrim—
ination and classification of the geometry and the nature
of telluric anomalies. In partieular, we note that for 2-D
structures, the principal base and satellite basis states em-
bodied in V and U, respectively, are linearly polarized and
aligned with each other; in particular, these principal basis
states are linearly polarized along the strike and dip direc-
tions of the structure. This implies that 8528„ and d)s=qb„
(i.e. the input and output principal states are aligned or
parallel with each other) with (psnb:0 or 7: (i.e. the input
and output principal states are linearly polarized). Hence,
a 2-D structure is characterized by five canonical parame-
ters, namely 01, y1,02‚ yz and 95: 6b; 60. Note that 1/10 : 60
determines the angle through which the measurement (Car-
tesian) coordinate system (1, 2)E(1’‚ 2’) must be rotated
in order to be aligned with the strike-dip (s, d) coordinate
system. Of course, there still remains the problem of a i 7t/2
ambiguity in the determination or identification of the strike
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and dip axes for the geoelectric structure. However, this
ambiguity can be resolved if we have available additional
information in the form of the magnetic parameters, as
shown in the Appendix. In light of this discussion, it is
important to emphasize that for 2-D conductivity struc-
tures, the canonical decomposition of T yields the same
parameters as those extracted in the conventional analysis
of T (Iliceto et al., 1986) based on the coordinate rotation
properties of the tensor.

Furthermore, it is of interest to note that since the ele-
ments of T in the S-frequency interval associated with a
2-D structure are real with lsl, Eq. (11a) obtained
from the canonical decomposition of T is identical to Eq.
(8 a) which was originally derived by Berdichevsky (1960)
by an alternative method. In partieular, to verify the equiva-
lence between Eqs. (8 a) and (11 a), it is necessary to observe
that [Cf. Eq. (10a)w(10c)]

(|T11|2+|T12l2)—Üä:Üi—(|T21|2+|T22l2)-

Finally, we note that canonical deeomposition of the
telluric transfer tensor for general 3-D conductivity struc-
tures provides eight scalar parameters that embody all the
information contained in T. The parameters are more amen-
able to physical interpretation than any of the individual
elements of T per se and, conceivably, they can be associated
with certain features in the underlying conductivity struc-
ture. Indeed, since these canonical parameters embody in—
formation concerning the polarization transforming proper-
ties of the earth in its base and satellite electric field polariza-
tion states as well as information relating to the input-out-
put behaviour (i.e. transfer characteristics) in its principal
telluric transfer functions, they are diagnostie of the earth’s
subsurface conductivity distribution. Undoubtedly, the sig—
natures provided by the eanonical parameters can conceiva-
bly be employed to Classify and Characterize eertain 3-D
features in the conductivity distribution and, hence, may
improve the interpretation of telluric data in the presence
of 3-D distortions. However, before this can be done, it
is necessary to undertake numerical and analog modelling
as well as empirical studies of 3—D conductivity structures
with the specific objective of studying how the behaviour
of the canonical parameters is determined by the nature
of the conductivity distribution. Hence, although the eanon-
ical decomposition of T provides a rigorous mathematical
construct for studying the telluric tensor, modelling and
empirical studies will be required in order to provide an
understanding of the physical processes involved, particu-
larly as it relates the nature of the conductivity distribution
to their signatures as embodied in the canonieal parameters.
There is little doubt that such studies would significantly
increase the potential of canonical decomposition as it re-
lates to the inversion and interpretation of telluric data.

Separation of 2-D from 3—D structural components in T

Since the telluric mapping method has been primarily ap-
plied to the exploration of dipping sedimentary structures
(i.e. geological structures which for the most part are Charac—
terized by geoelectric inhomogeneities that are elongated
in some direction), the usual practice has been to interpret
the telluric response in terms of 2-D eonductivity models
(Iliceto et al., 1986; Iliceto and Santarato, 1986). Indeed,
the inversion and interpretation of telluric data have almost

invariably been undertaken with reference to 2-D conduc-
tivity models since an extensive 3-D interpretation is usually
deemed too computationally expensive and perhaps too ex—
travagant given the quality and paucity of most data sets.
In View of this, we will restrict our attention to telluric
tensors that arise from comductivity structures that are
dominated by a 2-D component on which is superimposed
distortions or perturbations due to certain smaller 3-D con-
tributions. Conventionally, the principal structural axes for
quasi or near 2—D structures have been determined from
the horizontal rotation properties of T with the assessment
of the degree of influence from 3—D structural components
being Characterized in a somewhat semi-quantitative man-
ner by the skewness parameter defined as

S _ I T12 — 731|
|T1 1 + Tzzl ‚

which provides an immediate assessment of the 3-D distor-
tion of the purely 2-D Situation. Of course, S vanishes for
strictly 2-D structures. Accordingly, for quasi 2-D conduc-
tivity structures with S small (say, S <0.20)‚ we remark that
for the purpose of interpretation with 2-D forward model-
ling studies, it is perhaps more desirable to effect a separa-
tion of the 2—D and 3-D structural components from T
and utilize only the 2—D component of the tensor in the
construction of 2-D models.

Towards this primary objective, we consider the decom—
position

where TA is that part of T due to the contribution from
the strictly 2-D structural component and A is that part
of T arising from the 3-D geoeleetric component. Of eourse,
the latter contribution is Viewed as a perturbation or noise
in the ensuing analysis. If TA is the result of a strictly 2-D
geoelectric eomponent, then, as already indicated in the pre-
Vious section, its canonical parameters verify (1) 6:1: 0,? and
(j);4 : (j);1 and (2) (1)3: (15s or 77:. Perhaps it should be noted
that there exist eertain 3-D conductivity structures (e.g.
those which possess a vertical plane of mirror symmetry)
whose telluric tensors result in canonical parameters that
verify these two conditions‚ but we remark that this Situa—
tion is rather exceptional and, consequently‚ conditions (1)
and (2) can be considered to be necessary and sufficient
conditions for two-dimensionality when taken from a purely
practical or operational point of View. From this practical
vantage point, we note that condition (1) implies that TA
commutes with its adjoint TL so T:1 TAzTA TL, viz. TA
is a normal matrix. This condition ensures that the principal
input (base) and output (satellite) polarization states are
aligned or parallel in the unitary (i.e. complex inner product)
polarization space. We note that parallelism of polarization
states in the unitary space requires the corresponding el—
lipses of polarization to possess identieal azimuths and ellip—
tiCities. Furthermore, condition (2) implies that the input
and output principal states are in fact linearly polarized
so that the alignment (parallelism) between these states is
actually maintained in real space. This development sug—
gests that we can isolate the 2-D structural component from
T (i.e. TA) using the following two-step procedure. Firstly.
the normal matrix TN that best approximates T is extracted
and, secondly, the linear polariztion states that best approxn
imate the input (or, equivalently, output) principal polariza—



tion states of this normal matrix are then obtained and
used to eonstruet TA.

To begin with, let us eonsider the problem of extracting
the best normal matrix approximation for T. To quantify
‘best’, we eonsider the matrix TN that best approximates
T to be the one that minimizes the 2-norm (Golub and
Van Loan, 1983) of the perturbation matrix A, Viz. TN mini-
mizes the cost function

8EHAH2_—"IITl—T‘NHZ———“O-max(A)> (18)

where 0max(A) denotes the maximum Singular value of A
and TN is a member of the set consisting of all normal
2 >< 2 matriees. A cautionary remark is in order here. This
minimization problem does not possess a unique solution,
and in the ensuing development we ShOW how to construct
one possible normal matrix which solves the problem.

The solution to the minimization problem ean be ob-
tained relatively easily from a purely geometric point of
View. To this end, let us define the real and imaginary com-
ponents of T as

TR:(T+Tl)/2 (19a)

and

T,:i(T—TT)/2, (19b)

respectively. Notice that these two eomponent operators
are Hermitian and determine a Cartesian decomposition
for T as T:TR+iTI. Let täZtä and #213 be the eigen-
values of TR and T1, respectively, and observe that the nor-
mal matrix

i
lvR+j(t}+t,2)I (20)

results in an error of approximation 81:(t}—t;°')/2. This
is easily verified by computing the perturbation matrix given
by

i
AlziTI—z (t11 +t%)I

and determining the maximum Singular value. More impor-
tantly, the normal approximation of Eq. (20) ean be en-
dowed with a geometric interpretation as follows. As de—
picted in Fig. 2, the normal matrix given by Eq. (20) can
be assoeiated with a rectangle in the eomplex plane with
corners determined by the points tä+it}, tä+it}, 1f‚2(+it,1
and t122+i1tjZ which inseribe the ellipse N R(T), where

NR(T)E{(x|T|x>EC:|x>eC2,<x|x>=1} (21)

is the numerical range of T (Gantmaeher, 1959; Donoghue,
1957). Observe that the sides of this rectangle are parallel
to the real and imaginary axes, touching the ellipse at four
tangential points of contact, and that the error of approxi-
mation in ehoosing the normal matrix of Eq. (20) is equal
to one—half the length of the side of the rectangle parallel
to the imaginary axis.

lt is clear from Fig. 2 that the smallest error of approxi—
mation of T by a normal matrix is associated with that
rectangle which inseribes N R(T) and whose sides are paral-
lel to the major and minor axes of the ellipse; and the
error associated with this approximation is then equal to

195

/ ‚(Q
\/

- ‘I .—2 ’\\exp(|<IO)(TR+|f| l/Ä}
/ \ q’\/

n'
I

\
\>exp(l<IO)(Tä+iT|2)
/

/
NR(T)

/// ../ / V
/ „

<\
- _ T /

€Xp(ICIO)(TR+IT: )\ 2 /
._ 2 ____________ j /
ITI \ /’

\ /
V I

A -2 ‘2l exp(|OCo)('rR+nf‚)
I

l 1 ä
O T2 f1 [R

Fig. 2. Two reetangles that inseribe the ellipse corresponding to
the numerical range of T. These rectangles are assoeiated with two
possible normal matrix approximations for T

one-half the length of the minor axis of the ellipse. This
rectangle is delineated by dashed lines in Fig. 2. The normal
approximation to T assoeiated with the dashed rectangle
is easily obtained by rotating T by an angle — ocO so that

TzTR+iTIEexp(—ioc0)(TR+iT,), (22a)
where

TR=TR eos oco+T, sin oco (22b)

and

T1: —TR sin ocO+T, cos oco (22c)

are the real and imaginary components of T, respectively.
The normal approximation of Eq. (20) is then applied to
T to form

i
t7 + t7) l, (22 d)

where t—Ilzt—IZ are the eigenvalues of T„ and finally T}v is
rotated baek by the angle a0 with respect to the real axis
in C to form the required optimal normal matrix approxi-
mation as

TN=exp(ioc0)T1{,. (22e)

Here oco denotes the angle that the major axis of the ellipse
N R(T) forms with the real axis. In light of the faet that
eigenvalues t1 and t2 of T lie at the foci of NR(T) (Don-
oghue, 1957), it is straightforward to compute explicitly this
angle as

_ det(T_)
ocozargfll —t2):arg (l W),

where

(23 a)

T‘ET—ätrfl) 1. (23b)
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Having obtained a required normal matrix TN [cf Eq.
(22e)] that approximates T optimally, it remains to deter-
mine the linear polarization states that constitute the best
approximation to the input (or, equivalently, output) princi—
pal polarization states of TN. If the canonical decomposition
of TN is written as

TN=UNZNU‚I„ (24a)

where

(II eXPWl) 0N Zl 0 0’; exp<iyä>> (24b)
and

_ N N _ cos(6N) —exp(id>N) sin(8N)
UN 2m“ > luz >)—(exp(i@‚(‚)sin(9‚v) cos(6N) >’

(24 c)

then we are required to lind

1.002010 |1»):i ä 2:3), (25)
such that the linear polarizations |11> and |12> are most
closely aligned (parallel) to lu’lv> and („12V >‚ respectively, in
the unitary polarization space. To this end, let us first recall
that the degree of alignment (parallelism) between two ket
vectors |x> and |y> can be characterized by the angle X
between these vectors defined as

cos X: I<XIy>I/ <XIx> <yly>.
In View of this, let us introduce the measure of alignment
between the two pairs of polarization states (|11>‚ |uf>) and
(|12>‚ lu’2V>) aS

:1{I<I.Iul>lz2 |<11|uä>|2
|<12|u2>|

}_
(26)I<12|ulv>l2

Now, we need to compute the value of x/nüo that maxi-
mizes K. Insertion from Eqs. (24 c) and (25) of the definitions
for llk> and |u,’.v>(k: 1, 2) into Eq. (26) and evaluation of
dK/dl/I =O leads to the result

tan2w0=tan26N cos dJN. (27)

Comparing Eq. (27) with Eq. (15b), we conclude that the
linear polarization |11> that is maximally aligned with (u?)
in the unitary polarization space is oriented in real space
in a direction parallel to the major axis of the ellipse of
polarization of |u’f). Finally, the 2—D structural component
of T is given by

TA _—_ LÜßo) ZN LT (W0) (28)

with ZN computed according to Eq. (24b) and W0 deter-
mined as per Eq. (27).

Notice that the separation procedure developed above
extracts the 2-D structural contribution from T at a single
frequency. In some applications it may be desirable to gen—
eralize the procedure to extract the 2-D component that
is applicable over a number of frequency points. In other

words, we need to determine one regional principal coordi-
nate system (characterized by the azimuthal elliptic parame-
ter wo) that is valid over some specified frequency range.
It should be remarked that the azimuthal parameter (00
is independent of frequency for true 2-D geoelectric struc-
tures. To develop a multi-frequency generalization of the
separation procedure, we consider the maximization of the
new cost function

K:l{i VVk[I<lllu1(wk)>l
+

2 k=1 |<lllu12l(wk)>l2 I<Izluä(wk)>|2]}I<12I1«4’I(wk)>l2
'

Here, |u’1V(c0k)> and luQ’ (wk)> refer to the principal input and/
or output polarization states extracted from the canonical
decomposition of the normal approximation TN(a)k) [cf
Eq. (27)] of T(c0k) at frequency cuk(k=1, 2, ...‚ N). The sca-
lars M(k= 1, 2, ...‚ N) are positive weights Chosen a priori
to pre—emphasize the telluric response at certain frequencies.
Maximization of K with respect to l/l leads to the following
expression for the orientation of the regional strike-dip
structural axes with reference to the fixed measurement or
sensor axes:

VVk Sin [2 6N (6%)] COS [ÖN (0%)]1
N . (29)
2 Wk COS [2 9N (6%)]

IIMZ
tan 21/102k

Observe that Eq. (29) is the multi-frequency generalization
of Eq. (27).

A numerical example

Consider the ideal telluric transfer tensor

—0.2251/5
—0.71fii>0.775 + 2.75iT _(

0.325+2.25i" —0.2251ß—0.71ßi
referred to Cartesian coordinate systems (1, 2) E (1’, 2’) rotat-
ed 30° (71/6 radians) with respect to the strike-dip coordinate
system of some 2-D geoelectric structure. In partieular, the
principal telluric transfer functions are T1’1(7c/6)
: 2.0025 exp(i87.137°) and T2’2(7r/6) : 3.16228 exp(i71.565°).
Now suppose that the 2-D structure is contaminated and
distorted by certain 3-D structural contributions and that
the measured telluric tensor for the total contribution of
2-D and 3-D geoelectric components is given by

4.02515
—0.51ßi)

_ 0.275 +2.3i
_( 0.805 +2.8i—0.4251ß—0.9|fii

First, we note that the skewness parameter for T has
the value S=O.188. For the purposes of comparison, we
note that the application of a conventional rotation analysis
of T [i.e. the determination of the rotation angle Wzlflo
that minimizes the quantity Q -—- | T1’2(l/l)|2 + | T51 (1M2 in anal—
ogy to the equivalent condition utilized in magnetotelluric
analysis (Vozoff, 1972)] yields a principal axis direction of
W0 27.1560. The principal telluric transfer functions can be
obtained using Eq. (4) with {ßzwo and give Tl’lwo)
22.635exp (i81.72°) and T2’2(t//0)= 2.589 exp (i74.30°).



Computation of the canonical decomposition of T re-
sults in the following values for the canonical parameters
[cf. Eqs. (9)—(12)]: 0123.978, y1282.105°, 0221.323, yz
276.535°‚ 95256152 qbs2163.59°, 6„246838o and gbb
2172.27°. Observe the 3—D structural contribution is ex-
pressed by the fact that the principal base and satellite po—
larization states are neither aligned (i.e. 9829„ and (1)52 qbb)
nor linearly polarized (i.e. qbs, qbb20° or 180°).

Now, we proceed to apply the separation procedure de-
scribed earlier to effect a separation of the 2-D and 3-D
structural components from T. To this end, the real and
imaginary components of T are

T _ 0.275 —0.3897+0.3464i
R—(—0.3897—0.3464i 0.805 >

and

T _ 2.3 —l.212—0.3464i
I—(—l.212+0.3464i 2.8 >

whose eigenvalues are 5221.125, tä2—00449 and t}
23.835, #21.265, respectively. Since the eigenvalues of T
are t1 2 3.8512 exp(i76.65°) and t2 21.3663 exp(i82.0°)‚ the
major axis of the ellipse N R(T) is oriented at 0(0273708o
[cf Eq. (23 a)] with reference to the real axis. Hence, the
real and imaginary components of the rotated telluric tensor
T2exp(—ioc0) T can be computed [cf. Eq. (22 b) and (22 (3)]
as

2.285T —1.273—0.2353iR —(— 1.273 +0.2353i >2.913

and

0.3813_ 0.03394 — 0.4297i
1 _(0.03394+0.4297i >0.0128

with eigenvalues given by t—‚ä 2 3.931, [—1% 2 1.267 and t—I1
20.6658, t—I2 20.2717, respectively.

With this information, the best normal matrix approxi-
mation can be computed and is found to be

(

0.4518 + 2.2483 i
N:

—0.1313—1.2880i
—0.5830—1.1559i )0.6282 + 2.8517i

The canonical decomposition for TN can now be computed
to yield the following parameters [cf Eq. (24)]: cf 23.936,
y’l": 76.58°, 0521.282, yQ’2 82.55°, 8N 2 51.825o and dJN
2 169.53°. The direction of the principal structural axes can
be determined using Eq. (27) and is found to be Wo 238.1°.
Note that this value for Wo is closer to the true value of
30° than the one obtained using the conventional rotation
analysis.

Conclusions

Canonical decomposition can be applied to the telluric
transfer tensor to provide a complete set of eight physically
motivated scalar parameters that can be used for the assess-
ment of struetural dimensionality as well as for the interpre-
tation and Classification of telluric anomalies. Indeed, can-
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onical decomposition provides a rational basis for the inter-
pretation of T by 3-D models since this analysis provides
a eomplete specification of the tensor. Motivated by the
form of the canonical decomposition for T arising from
strictly 2—D geoelectric structures, we have developed a two-
step procedure for the separation of 2—D from 3-D structural
components in T. This is useful since, at present, only 2—D
forward models are utilized in the interpretation of telluric
data so that the separation procedure provides a means
for the removal of distorting 3-D effects from the data prior
to its submission to the interpretative phase.
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Appendix

Determination of strike and dip directions:
a canonical decomposition approach
Canonical decomposition of the telluric transfer tensor per-
mits the definition of a principal coordinate system for arbi-
trary geoelectric structures. However, for near 2-D struc—
tures, it is desirable to be able to identify the strike and
dip directions for the structures. There still exists a +7t/2
ambiguity in the determination of these structural axes from
the principal coordinate system determined through canoni-
cal decomposition. This ambiguity can be resolved by mak-
ing measurements of the three components of the total mag-
netic field at the base station. Choosing a right-handed Car-
tesian sensor coordinate system (x, y, z), the vertical compo-
nent of the magnetic field can be expressed as the linear
combination of the two horizontal components of the mag-
netic field, viz.

Hz2sHx+XzyHyEX|H>, (30)

where Xzx and Xzy are the magnetic parameters. In Eq.
(30), X2(X„ XZy) is the magnetic transfer matrix and |H>
2(Hx, Hy)T is the Cartesian tangential magnetic field vector
phasor. Of course, if we assume that the source or primary
field is a vertically incident plane electromagnetic wave, then
the vertical component of the magnetic field at the surface
of the earth is essentially a secondary or anomalous field
whose magnitude comprises a measure of the degree of
transversal inhomogeneity present in the underlying con-
duetivity structure. lt should perhaps be noted that this
procedure for the identification of the strike direction, when
used in conjunction with the telluric mapping method, in—
volves additional measurements of the horizontal and verti—
cal magnetic fields at the base station and, as sueh, can
form the basis for the application of the more powerful
telluric-magnetotelluric method (Hermanee and Thayer,
1975). It is well known (Vozoff, 1972) that the direction
of the horizontal magnetic field that possesses the largest
correlation with Hz determines the direction of the dip axis
of the geoelectric struoture. This direction can be computed
by application of the usual rotation analysis to X and yields
the result

2Re(X;"xX,_‚y)
tan2wd2———-——IX|2—|X |2,zx zy

(31)
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where 111„ is the angle that the dip axis makes with reference
to the fixed x-measurement axis.

Since the magnetic transfer operator is a l >< 2 complex
matrix, we can compute the canonical decomposition for
X as follows:

XzUXZXVg, (32)

where
X - X01 exPÜl’il 0zX—( 0 0), (33)

U1: 1, (34)
and

cos(6X)_ X x _ —CXP(_i(pX) sin(9x)VX=(|v1>|v2>)—(exp(id)x) sinwx) )cos(0X)

(35)
The canonical parameters 01‘, y’f, 6X and (1)11, may be ex-
pressed explicitly in terms of the matrix elements of X to
give

01:(IX„|2+IX„12)“2‚ (36)
yl‘ =arg(X„)‚ (37)

lxIcos(6X): (38)
I/ IXMI2 + IXzyl2

and

((9x = arg (X„X23) Z arg(X„) — arg(Xzy). (39)
We remark that for an input horizontal magnetic field po-
larized in the v> directionin the unitary polarization Space
(i.e. |H>=

X|v1>),
the output vertical magnetic field Hzi

equal to a1Xexp(iyf). In particular, 0’1‘ is the maximum possi-
ble modulus of the output vertical magnetic field component
for any input horizontal magnetic field |H> of unit wave
intensity or power (i.e. <H|H>:1). It is of interest to note
that 01‘ coincides with the usual tipper magnitude (Vozoff,
1972) which has been utilized conventionally as an indicator
of the significance of lateral conductivity inhomogeneities.
Moreover, for an input horizontal magnetic field polarized
in the Ivz> direction in the unitary polarization Space, the
output vertical magnetic field is completely extinguished;
hence, Ivz> corresponds to an extinction or nulling direction
for X. Note that this directionlS orthogonal to |v1>1n the
unitary Space. The direction of the dip axis can be obtained
from the canonical parameters of X by use of Eqs. (15b),
(38) and (39) to give

tan 21/1d=tan 29x cos (1)11scos q
lxlz—lyl2

2Re(X;"xXzy)zfi. (40)
lxl —lyl

Observe that the dip axis direction derived from the canoni—
cal analysis of X is exactly the same as that obtained from
the conventional rotation analysis [cf. Eqs. (31) and (40)].
Indeed, for a strictly 2-D geoelectric structure, the principal
horizontal magnetic field polarization states are linearly po—
larized (i.e. q5X=0) so that, for this case, Eq. (40) reduces

down correctly to (bdzarctan (Xzy/s). It is of interest
to remark that the canonical decomposition of X has sys-
tematically provided all the information from a purely
mathematical point of View that the conventional examina-
tion (Vozoff, 1972) of X has revealed from a purely physical
point of view.

For a geometric representation of the results embodied
in the canonical decomposition of X, it is convenient to
introduce the induction arrow

N: Re(a1 exp(iyf))r1+iIm(01 exp(i*y1))r2
201cosy1 r1+i01 s1n 321 rz, (41)

where f1 and f2 are unit vectors directed along the directions
of the major and minor axes, respectively, of the ellipse
of polarization associated with the principal input horizon-
tal magnetic field polarization state |v1> [cf. Eq. (35)] It
is of interest to note that the induction vector N is similar
in structure to the Schmucker vector (Schmucker, 1970;
Gregori and Lanzerotti, 1980). The real (in-phase) and im-
aginary (quadrature-phase) components of N, namely.

Re(N)= 0’1‘ cos y’f f1 (42 a)

and

Im(N) : 01‘ Sin yf f2 , (42 b)

are aligned with the direction of the dip and strike axes,
respectively, of the geoelectric structure. As with the
Schmucker vector, the real induction arrow [i.e. Re(N)]
always points away from regions or zones of higher electri-
cal conductivity. Finally, notice that the magnitude of the
induction vector N defined by

HNII:|/N-N*zl/Re(N)-Re(N)+Im(N)-Im(N) (43)
is equal to 0’1‘ , viz. ||N H is simply the tipper magnitude.
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Book reviews

Meissner, R.: The continental crust, a geophysical approach. Inter-
national Geophysics Series, Vol 34, Academic Press, 426 p.‚ 1986

“The past 20 years have yielded a wealth of new data on the conti-
nental crust from all branches of geosciences and from many di-
verse regions of our planet earth. Thus the time appeared right
for an attempt to a comprehensive treatment of the new data and
insights gained so far. ” These are the first sentences in the preface
of this highly welcome book.

For almost two decades the author has played an important
part at the scientific frontier in geophysieal research of the conti-
nental crust. This guarantees a competent treatment of the very
broad and complex subject. The intention of the author is to intro-
duce the reader to the research methods and aspects of the state
and the evolution of the continental crust, and to lead him up
to our present knowledge and scientific concepts on the subject.
So, elements of a basic text book are combined with those of
a scientific monograph in a smooth and didactically elegant way
which makes the book a educative and exciting source of informa-
tion for students as well as for researchers in geosciences.

The content of the book may be indicated by some key words:
the crust as the product of the planetary differentiation processes;
how to collect data on physical properties of the earth’s crust,
with particular emphasis on controlled-source seismology; seismi-
city, thermal state and strength of the curst; combined evaluation
of seismic and gravity data; anelastie absorption, brittle and duetile
regimes. A short account is given on the composition of the conti-
nental crust, roek-forming processes and geochronology. In the
central and most important Chapter, on more than 100 pages, the
many new data on the crustal structure as derived from near-verti-
cal and wide-angle seismic reflections are systematically analysed
and Classified with respect to various geological provinces such
as Precambrian shileds and platforms, Paleozoic and Mesozoic ar-
eas, Cenozoic mountain belts, grabens, rifts, active and passive
margins, special features like low-velocity zones and fault zones.
The book eoncludes with a short Chapter on the evolution of the
continental crust.

Perhaps a geologist would like to see more on the modern
but mostly speculative concepts of crustal interaction. The author,
however, has concentrated on the “hard facts” which geophysics
can provide.

It was a tremendous and meritorious task to evaluate eritically
almost 700 widely scattered publications to arrive at a well-bal-
aneed picture of our present knowledge on the continental crust.
Important contributions and original ideas published by the author
and his co-workers in more than 40 papers are the backbone to
the concept of the book and responsible for its authentic character.

The book can be highly recommended as a modern and reliable
source of information on the nature of the continental crust. It
may also be a very useful guide for higher seminars with students
of geoseiences.

H. Berckhemer

Journal of
Geophysics

Berkhout, A.J.‚ Ridder, J., van der Wal, L.F. (eds.): Acoustical
imaging, Vol. l4. Plenum Press, New York, 801 p.‚ 1985

This volume contains the proceedings of the 14th International
Symposium on Acoustical Imaging which was held in April 1985
in The Hague, Netherlands. A total of 53 normal contributions
(average length 12 p.), 35 poster papers (average length 4 p.) and
6 abstracts is printed, including a subject index. The contributions
are grouped into sections entitled modeling, inversion, instrumenta-
tion and information extraetion; spatial resolution was, aecording
to the prefaee, the key subject of the symposium and hence is
addressed in quite a number of the papers. Nevertheless, acoustical
imaging is a very broad field: besides papers dealing with basic
questions of object reconstruction from transmitted or reflected
wavefields, several more technical presentations of medical applica-
tions of ultrasound, nondestructive testing, transducer theory, tis-
sue characterization etc. are given.

It is probably impossible to write a balanced review of such
a volume. I appreciated the general overview that one obtains by
reading through it, and in particular I found the following papers
so informative that I have to read them again:
— Spatial resolution of migration algorithms (Beylkin, Oristaglio

and Miller)
— Numerically efficient full wavefield approach to synthetic

seismogram calculation (Schmidt and Tango)
— Generalized tomography as an unified approach to linear in-

verse scattering (Langenberg and Schmitz)
— Image reconstruction fidelity using the Born and Rytov approx-

imations (Zapalowski, Leeman and Fiddy)
— Combined shear-compression ultrasound reflection tomogra-

phy (Moshfegi and Hanstead)
—— Phase tomography, velocity and temperature measurement

(Jones, Mieszkowski and Berry)
The volume also has a few Clearly negative aspects. Some of

the review papers are rather narrow, and a few of the other papers
are just computational exercises or premature progress reports.
Much of the material presented would never have passed the nor-
mal reviewing process of a scientific journal; it is just this which
makes symposium proceedings so popular among scientists who
want to add to their publication list. This scientifically unsound
style is supported today by many publishers who prefer to produce
quantity rather than quality.

It is certainly desirable that the publication of symposium pro—
ceedings on acoustical imaging continues, but concentration on
the highlights of the meetings and on completed work would be
a viable alternative to current practice.

G. Müller
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