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Full Wave Theory Applied
to a Discontinuous Velocity Increase:
The Inner Core Boundary“

V.F. Cormier 1’ 2 and P.G. Richards 1

Lamont-Doherty Geological Observatory of Columbia University,
Palisades, N. Y. 10964, USA

Abstract. Recent developments in the computation of theoretical seismo-
grams have shown the advantages of numerical integrations in the complex
ray parameter plane. We here extend the approach, to calculate the ampli-
tude of body waves interacting with a discontinuous velocity increase. The
method incorporates a complex velocity profile to account for attenuation
and the uniformly asymptotic method of Langer to account for frequency—
dependence of reflection-transmission coefficients near grazing incidence. In
the integrand of reflection-transmission coefficients, the Debye ray expansion
is not made where it is poorly convergent near critical incidence. The
method thereby correctly evaluates all the waves in the high velocity medium
that are repeatedly refracted back up to, and reflected from, the low velocity
medium. Calculations are equally efficient both for earth models specified on
discrete radii or as analytic functions of radius.
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critical incidence is smaller than that that would be inferred from frequency
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Consequently the data do not require an anomalous P velocity gradient at
the top of the inner core. A low frequency precursor to the DF branch of
PKP at distances shorter than the B caustic at 146° agrees with Buchbinder’s
(1974) explanation of diffraction from the B caustic.

Key words: Theoretical seismograms — Earth’s core — Interference head
wave.

Introduction

Theoretical seismograms enable the amplitude and waveform of body waves to
be incorporated as constraints in an inversion scheme for an earth model.
Theoretical seismograms can be generated by a variety of methods. Helmberger
(1968) described how calculation of theoretical seismograms directly in the time
domain by the Cagniard-de Hoop method can be applied to multilayered flat
earth models. Gilbert and Helmberger (1972) generalized the Cagniard method
to a layered sphere. Other methods seek to evaluate an integral representation of
the Fourier-transformed seismogram. This integral representation follows from
either the Watson transform or Poisson sum formula for the partial wave series.
Its application to the calculation of the amplitudes of seismic body waves in the
Earth was first described by Scholte (1956).

In seismic, as well as in general problems of wave scattering, this repre—
sentation is usually taken to be an integral over wavenumber. Phinney and
Alexander (1966) discussed the evaluation of the order number integral for a P
wave diffracted by the earth’s core. Fuchs and Muller’s (1971) reflectivity
method converts the integral over horizontal wavenumber to one over real
angles of incidence. Richards (1973) demonstrated the computational advan-
tages of taking the representation to be an integral over ray parameter along a
path in the complex ray parameter plane. For seismic applications, this modifi-
cation simply amounts to factoring out frequency from the order number v (i.e.
horizontal wavenumber, or angular wavenumber) using the relation

v=wp-% (1)
where v is order number, p ray parameter in s/rad and a) radian-frequency. (The
term —% here corrects for a polar phase shift.)

Richards (1973) applied his method in the frequency domain, incorporating
frequency dependence of reflection-transmission coefficients, to calculate the
amplitudes of the multiple PmKP waves that result from a P wave grazing the
discontinuous P velocity decrease at the core-mantle boundary. Choy (1977)
demonstrated that Richards’ method allows an inexpensive calculation of
theoretical seismograms after Fourier inversion in the time domain.

This paper will report on an extension of the method to the problem of a
discontinuous velocity increase, obtaining results which are valid at both
grazing and critical incidence. As an example, the method will be applied to
calculation of theoretical seismograms for PKP interacting with the discon-
tinuous P velocity increase at the inner core-outer core boundary.
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Basic Method

Integral Representation of Displacement

From Richards (1973) the Fourier transformed displacement u at a distance A0
and radian frequency a) is given by

“(A09w)=5w%f(paAO) ei(p’A0)dpa (2)
F

where F is a path in the complex ray parameter (p) plane; f(p, A0) is a product
of reflection—transmission coefficients and the source-receiver directivity func-
tion; and J(p, A0) is the phase delay factor.

The phase delay factor is related to the travel time and distance integrals by

J(p,Ao)=T(p)—pA(p)+pAo. (3)
More specifically the phase delay factor is given by

up, A0) = Ï [lean—12W? dr
ro

+l [1/Œ2(r)_P2/r2]%dr+PAo (4)

where r0 is the radius of the receiver, rs the radius at the source, rp the radius at
which the integrand vanishes, and the integrand is related to the cosine of the
angle of incidence by:

[1/0620‘) -I>2/7‘2]ä =COS l'/06(r)- (5)
Thus the radius rp is the turning point radius, that radius where the ray bottoms
and cos i=0.

Solution in the Time Domain

Taking the inverse Fourier transform of Equation (2) results in

1 °° 1 . .
u(AO,t)=; 5a)f Re {ffe‘a’Jdpe‘W‘} do). (6)

0 F

Some methods obtain a solution in the time domain by directly operating with
Equation (6). The Cagniard method for a sphere (Gilbert and Helmberger, 1972)
achieves this by operating with Equation (6) in terms of Laplace transforms, in
which — ice—>3, and choosing the path in the complex ray parameter plane to be
exactly a path of stationary phase. Chapman (1976) described how the solution
in the time domain can also be obtained by the first motion approximation,
which evaluates the double integral in Equation (6) by the equal phase method.

Richards (1973) enumerated the advantages that accrue to the more general
procedure of solving Equation (2) in the frequency domain by a numerical
integration along a path F in the complex ray parameter plane and then
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obtaining the time domain solution by inverse Fourier transformation. In
review, these advantages are (i) that, unlike the Cagniard method, the path F
may remain fixed for a series of distances, the only constraints being that F be
sufficiently near all ray theory saddles and end in regions in which the integrand
is exponentially small; (ii) that the method can be extended for ray paths having
a turning point; (iii) that the path P automatically includes the non-ray
theoretical effects of diffraction given by the residue contribution of ray parame-
ter poles in the reflection-transmission coefficients; and (iv) that effects of
attenuation are easily incorporated by allowing the velocity profile to be
complex.

‘

Frequency Dependence of Reflection-Transmission Coefficients

Advantages (ii) and (iii) permit a physical description of such phenomena as
caustics and diffraction and the frequency dependence of reflection-transmission
coefficients. For a body wave incident on a first order velocity discontinuity
these coefficients depend significantly on frequency whenever the discontinuity
surface is curved or whenever the medium on one or both sides of the
discontinuity is radially inhomogeneous.

Alternative methods of calculating theoretical seismograms, such as the
Cagniard method or reflectivity method, account for this frequency dependence
by the interference properties of multiple reflections in a stack of homogeneous
planar layers near the discontinuity. All the multiples are retained in the
reflectivity method, whereas the Cagniard method is restricted in practice to
retaining a finite (usually small) subset.

In contrast to methods that model radial inhomogeneity by stacks of
homogeneous layers, the method used in this paper allows that inhomogeneity
to be modeled by functions that are analytic over large ranges of depth. The
method thereby minimizes the number of discontinuities required to describe
the radial inhomogeneity of the Earth.

In this method, the frequency dependence of reflection-transmission coef-
ficients follows from properties of the exact radial eigenfunctions near the
turning point of a ray. WKBJ approximations fail in this region. Consequently
the frequency independent reflection-transmission coefficients, which would be
given by the WKBJ approximation, are inaccurate near grazing incidence. By
applying Langer’s (1949) uniformly asymptotic approximation to the radial
eigenfunctions, Richards (1976) obtained multiplicative correction factors to the
plane wave cosines. Substitution of these Langer corrected cosines makes the
reflection-transmission coefficients uniformly valid for all ray parameters both
near and far from grazing incidence. This powerful property follows from the
ability of the Langer approximation to automatically reproduce the WKBJ and
Airy approximations when appropriate. Thus, the Langer approximation auto—
matically corrects for dependence on frequency, radius of curvature of the
discontinuity, and Earth structure near the discontinuity.

The appendix of this paper illustrates the details of the Langer approxima-
tion applied to the reflection-transmission coefficients for a compressional wave
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incident on the inner core boundary. Figures A1 to A3 in the appendix and the
calculations by Richards (1976) show that frequency dependence becomes more
important over a wider range of angular incidence near grazing as the period of
the wave increases. This effect is therefore especially important to include in the
calculation of long period synthetic seismograms.

Representation for P Waves Radiated by an Explosive Point Source

For this case the Fourier transformed radial displacement is given by Richards
(1973) as

Fem/4 a)
ur(rs, A0, co): (

a a, ‚w eiw[J(p‚AO)]d (7)
27IsinA0) il)

f(p ) p2 247tpsocs rs

where source and receiver radii are equal and the source is a body force given by
the gradient of potential F 6(r—rS)H (t).

ps =density at the source depth;
as =P velocity at source depth;
rs =radius at source depth;
f (p, co) =product of reflection-transmission and phase conversion coef-

ficients.

This integral reduces trivially to ray theory and the geometrical spreading
formula if it is assumed that the only contribution to the integral occurs at
discrete saddle points along the real ray parameter axis and that f(p, w) is given
accurately by the frequency independent plane wave reflection-transmission
coefficients. By abandoning these assumptions and numerically integrating
along a path F, this study will include important non-ray theoretical effects.

Calculations in an Earth Model

The parameter (E needed in the Langer approximation (Appendix) and the
integral quantities in the phase delay factor J can be evaluated by standardray
theory programs that evaluate T and A as a function of ray parameter. See, for
example, Julian and Anderson (1968). For an earth model specified on discrete
radii one can assume the Mohovoriéic interpolation law for velocity, yielding a
velocity profile of the type

a(r)=airbi,ri§r§ri+n, i=1,...,N (8)

where ai and bi are constants calculated from the velocity specified on N radii.
Substitution of Equation (8) in Equations (A5) and (4) makes ë and J equal to
linear combinations of transcendental functions. ë and J, however, can be
computed just as effectively in earth models in which the velocity profile is
specified by functions that are analytic over large ranges of depth. Dziewonski et
a1. (1975) demonstrated how such earth models may be constructed as poly-
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nomials in radius of order three or less. For these earth models the integrals for
ë and J can be found by quadrature after a numerical calculation of the turning
point radius rp appropriate to a given ray parameter (Cormier, 1976).

Application to a Discontinuous Velocity Increase

T—A Curve and Ray Paths

Common to all discontinuous or rapid increases of velocity in the earth is a
triplication in the travel time curve. The velocity increase at the inner core
boundary produces the triplication CDF in the T—A curve for PKP (Fig. 1).

The branch CD represents a phase PKiKP totally reflected from the top of
the inner core. The continuation of this branch to distances shorter than point D
(dashed in Fig. 1) marks the arrival of a partially reflected PKiKP phase. The
phase PKIKP transmitted through the inner core is given by the DF branch.
For a velocity increase the distance range greater than D can also be termed the
lit or total reflection zone and the distance range less than D the shadow or
partial reflection zone (Nussenzveig, 1969; Ludwig, 1970). Point D, the critical
point, corresponds to grazing incidence on the lower side of the boundary in the
higher velocity medium and point C to grazing incidence on the upper side of
the boundary in the lower velocity medium.

At distances greater than D, in addition to the singly transmitted DF branch,
there exist an infinite number of branches representing rays that are multiply
reflected from the underside of the boundary. The dotted line in Figurel
represents the composite branch of the infinite sum of these interfering mul-
tiples. The singly transmitted phase PKIKP shown by the solid line DF cannot
be identified as an arrival separate from the interfering sum until beyond 135°.
The singly reflected multiple PKIIKP does not separate from the interfering
sum until 150°. The composite branch of interfering multiples has been termed
an interference head wave by Cerveny (1971). An interference head wave exists
for a discontinuous velocity increase when the lower (faster) velocity medium
has a positive velocity gradient with depth or when the discontinuity surface is
concave downward. Figurez gives an example of the ray paths of some of the
multiples composing an interference head wave. Because the energy lost upon
each of these internal reflections is small for finite frequencies near critical
incidence, many of these multiples must be summed for the total amplitude near
the PKP—D cusp.

Extension of Method near Critical Incidence

Rather than truncating this sum of multiples after a finite number of terms, it is
possible by proper choice of the function f and the path F in Equation (7) to
include the effect of the infinite sum near critical incidence and to properly
evaluate the interference head wave. Earlier studies in full wave theory near
critical incidence differ primarily in the choices for F and f. Those by
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Fig. 1. Reduced travel time curve for PKP in earth model 1066 B. Weaker arrivals dashed are the
partial reflection PKiKP at distances less than D and PKIIKP once reflected at the underside of the
inner core boundary at distances greater than 150 degrees. Interference head wave along the inner
core boundary is dotted

SOURCE RECEIVER

Fig.2. Examples of multiple internal reflections composing the interference head wave near critical
incidence. Shown are the simple transmitted and the rays reflected one, two, and three times from
the underside of the boundary in the medium of higher velocity

Nussenzveig (1969) and Ludwig (1970) each make different predictions regarding
the diffracted rays and the nature of the transition from the region of partial to
total reflection.

The integrand and path decomposition we chose are similar to those
proposed by Ludwig (1970). For PKP in the distance range HOD—152°, the
product of reflection-transmission coefficients in the integrand of Equation (7) is
taken to be
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where TPiK and TKTP are the transmission coefficients for a P wave incident on the
(1)

core-mantle boundary from the mantle and outer core sides respectively. mm 1wP—î
(1)

and kg;_1 are radial eigenfunctions1n the mantle and outer core respectively,
evaluated at the radius rm of the core-mantle boundary. The superscript (1) refers
to an upgoing wave and (2) to a downgoing wave. The function S1 is determined
from the boundary condition at the inner core-outer core boundary, allowing for
both up and downgoing waves on both sides of the boundary.

Substitution of Equation (9) in Equation (7) requires that the mantle velocity
profile be used for the calculation of the phase factor J. For ray parameters
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In the expressions above R)” and R? are the respective reflection coefficients
for a compressional wave incident on the top and bottom side of the inner core
boundary; TK1, and TITK the respective transmission coefficients from top and

1 (1)
bottom side; and käfgfi and ig;_% the radial eigenfunctions in the outer and
inner core evaluated at the radius ri of the inner core. The coefficients, TKI, etc.
are given in the appendix as functions of ray parameter, velocities and densities
in the core.

The denominator of the S’,’ term can be expanded in an infinite series of
ascending powers of M, representing successively increasing numbers of re-
flections from the underside of the boundary. This series, originally derived by
Debye (1908) for the internal reflections in a cylinder, converges rapidly for
waves incident on a discontinuous velocity decrease. For a wave at or near
critical incidence to a velocity increase, however, it does not converge at infinite
frequency and converges poorly at finite frequency. This is because at finite
frequencies and real ray parameters the magnitude of M nearly equals 1 at
critical incidence. At infinite frequency IM l exactly equals 1. For waves having a
2 s period at the D cusp of PKP several hundred such terms must be summed
before apparent convergence is reached.

Figures 3 to 4 show the paths taken, the location of poles in the factor f, and
the behavior of saddle points in the complex ray parameter plane for PKP in
the distance range (110°—152°). The only constraints on the path at any distance
is that it lie sufficiently near all ray theory saddle points and end in regions of
exponential decay of the integrand. In the region of partial reflection (Fig. 3a)
one saddle point exists at a ray parameter value less than that corresponding to
critical incidence. Evaluation at this saddle point in the limit of geometrical ray
theory gives the amplitude of the single wave partially reflected from the top of
the inner core boundary. In the region of total'reflection there exist a saddle
point for the totally reflected ray at a ray parameter greater than critical and
many saddle points for the multiple internal reflections that compose the
interference head wave‘at ray parameters less than critical. These are the saddles
of the term containing SQ’ after expanding its denominator. At the D cusp all of
these saddles coalesce. Also shown are the ray theory saddles associated with
the AB and BC branches of PKP, representing transmission through only the
outer core. Beyond the caustic B near 146°, these saddles leave the real p axis
(Richards, 1973) and are oriented as shown in Figure 4.

Where the contour of integration encloses poles in SI, S} or S’I’ residue
contributions are picked up, corresponding to rays diffracted along the inner
core boundary. Two types of diffracted waves occur: those given by the residues
of poles lying near the real ray parameter axis, emanating from the critical ray
parameter, and those given by the residues of poles emanating upward in the
first quadrant of the complex p plane from the grazing ray parameter. The
former describe waves diffracted along the underside of the inner core boundary
shedding energy to the exterior at an angle near the critical angle. These waves
correspond to the whispering gallery modes described by Rayleigh (1910) for a
liquid sphere having a rigid boundary. The latter describe waves diffracted along
the top side of the inner core boundary, shedding energy upward at an angle
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Fig.3a and b. Paths in the complex ray parameter plane at a distance near the PK P-D cusp. The
single vertical ticks along the real p axis mark the position of the critical ray parameter p}, which
grazes the underside of the inner core boundary, and the grazing ray parameter pg, which grazes the
top side of the inner core boundary. a The position of poles ( >< ’s) and the position and orientation of
saddles W’s) for the region of partial reflection [A g 120°) in earth model 1066 B. b The poles and
saddles in the region of total reflection (A>120°). The solid line signifies that the product of
reflection-transmission coefficients f contains the factor S}, the dashed line ----- S} and the long
dashed —short dashed line —- — 8}

near the grazing angle. These poles were described by Franz (1957) for a liquid
sphere. The whispering gallery poles are given by the zeros in the denominator
of the S} term. The Franz poles in the first quadrant are common to both 5, and
S}’.

The reason for combining S} and S’; to form S} for the contour beyond the
critical ray parameter follows from a criticism made by Ludwig (1970). Ludwig
noted that a contour for S} continued beyond this point would include the
contribution of additional, unphysical Franz poles in the fourth quadrant of the
p plane (not shown in Figs. 3 and 4). Indeed, numerical experiments in this study
confirmed Ludwig’s prediction that the residue contributions of these poles lead
to an exponentially growing amplitude for the S} term into the region of total
reflection. The presence of these poles, in addition, prohibits a smooth transition
from total to partial reflection in a calculation that treats the S} term with a
separate contour.

Forming the sum S} +S}", however, cancels the unphysical poles in the fourth
quadrant. This can be shown by considering the common denominator of S} and
S}’, the zeros of which give the pole positions of their sum. In terms of the radial
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Fig. 4a—c. Paths incorporating the effect of saddles of the PKP-B caustic: a 128°—14Û°, b 142°—150°,
142°—150°, c paths for PKP at 152°. In the integrand of reflection-transmission coefficients the factor
S} is substituted for the path ——— that includes the effect of the ray theory saddles for the BC and
CD branches of PK P, Sï for the path — - — for the DF and associated multiple internal reflection
branches, and S, for the path for the AB branch. Besides the critical and grazing ray
parameters and poles associated with the inner core boundary, the Franz poles and grazing ray
parameter pm in the mantle are shown for the outer core boundary
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where A, B, C and D are constants given by combinations of the velocities and
densities at the inner core boundary (see appendix); and where the subscript cop
—% and the argument (ri) is understood for the radial eigenfunctions im, i”), and
k”). The common denominator (the denominator of SI) is given by

DSI:{_Ai/(2)
k(1)+Bkl(1)[Ci/(2)+Di(2)]

—Ai’<“k<“+Bk'<1> [Ci"1>+Di<1’]} . (15a)

Combining terms here results in

DSHS}:—Aj’k(1’+Bk"1)[Cj’+Dj], (15b)
where

j=i(1)+i(2). (16)

For a homogeneous medium i”) and im are exactly spherical Hankel functions
and j a spherical Bessel function. The poles of the combined function SI(=S}
+S’I’) now lie near the zeros of the radial eigenfunctions j and k”). Those that lie
near the zeros of j are the whispering gallery poles and those near the zeros of
k”) the Franz poles in the first quadrant. Additional Franz poles in the fourth
quadrant near the zeros of im, which are present in the S} function, are no
longer present in the combined S1 function.

For the contour taken in the distance range 110°—126° (Fig. 3) only the ray
interactions with the inner core boundary are important. From 128°—150° the
additional contour in Figure 4a and the extended contour in Figure 4b include
the contribution of a low frequency phase given by the imaginary saddle points
in the shadow of the PKP-B caustic. Buchbinder (1974) described this phase as
“diffraction from the B caustic” and identified it on seismograms in the distance
range 128°—142°.

Because both the arrival times and saddles of the inner core interactions are
well separated from those of the B caustic diffraction in the distance range 128°—
140°, it is convenient to calculate these phases by two separate paths (Fig. 4a).
The result of each integration can have a different arrival time ramp removed
before the inverse Fourier transform is taken for synthesis in the time domain. A
theoretical seismogram can then be formed by summing the two time signals,
lagging the earlier one by the difference in the arrival time ramps.

From 142°—150° some of the ray theory saddles are well separated, but
the arrival times of all phases are sufficiently close that where S’I and S’I’ are
combined, a single contour (Fig. 4b) may be taken for calculation of all the PKP
branches. At 152° separate contours are taken (Fig. 4c) for (i) the phases
reflected and diffracted along the top of the inner core boundary that produce
point C on the PKP T—A curve, (ii) the combined transmitted and internally
reflected phases in the inner core that produce the DF and associated infinite
series of branches, (iii) and the phase simply transmitted through the outer core
that gives the AB branch.

Alternative to the multiple contours taken in certain distance ranges (Fig. 4b
and 4c), a single countour where S’, and S]; are combined, could always have
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been taken. For the distance ranges in which certain phases are well separated in
arrival time, however, calculations at many more frequencies would have been
required to sample correctly the modulation of the phase and amplitude
spectrum of the Fourier transformed signal.

For integration at ray parameters corresponding to waves bottoming above
the inner core boundary, the factor S1 was retained in the integrand of
reflection-transmission coefficients. This was possible because the Langer ap-
proximation allows SI to go smoothly to 1 in this range of ray parameters.

Incorporation of Attenuation

Since the solution formulae are all analytic in velocity, the solution for an
attenuating earth is given by analytic continuation to a complex velocity profile
defined in terms of a Q and real velocity model (Cormier and Richards, 1976).
For the Q model in this study, a constant Q of 5000 was taken for the mantle,
20,000 for the outer core, and 1000 for the inner core. As Muller (1973) predicted
in his study of the inner core, the Q model chosen did not observably effect the
amplitudes of long period synthetic seismograms. This was true of even the
more highly attenuating Q model of Doornbos (1974) for the top of the inner
core. Only at periods shorter than 2s was the effect of such a low Q zone
manifest. Because in principle attenuation can effect the amplitude of waves
interacting with boundaries (Kennett, 1975) and because its incorporation
involved no additional computational difficulty, the calculations nevertheless
included the simple Q model above.

Earth Models Considered

Theoretical seismograms were calculated for PKP in earth models C2, 1066 B,
and PEM. Figure 5 compares these models in the earth’s core. All of the models
have virtually the same S velocity distribution in the inner core, corresponding
to an average of 3.5 km/s but with a positive gradient with increasing depth. The
density increase (0.2 gm/cm3) at the inner core boundary is smallest for
Anderson and Hart’s (1976) model C2, which followed from their hypothesis
that the inner core boundary simply marks the solid-liquid phase boundary in a
materially homogeneous core. The P velocity distribution in C2, having a jump
of 0.56 km/s at the inner core boundary and pronounced gradient at the top of
the inner core, is essentially that suggested by Müller’s (1973) study. Model
1066B (Gilbert and Dziewonski, 1975) has a P velocity jump of 0.67 km/s and
density jump of 0.56 gm/cm3 at the inner core boundary. The PEM model
resulted from the study of Dziewonski et a1. (1975), who noted that models such
as 1066B, which specify model parameters on discrete radii, generally Show
minor perturbations in gradients that are inconsistent with a hypothesis of
homogeneity in the lower mantle and core. The three PEMs (—0, —C‚ and
—A), differing only in taking an oceanic, continental, or average structure for
the upper mantle, give velocities and densities as simple analytic functions of
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radius over large regions of depth. These functions are low order polynomials.
The velocity and density distribution for the cores is consistent with the
hypothesis of homogeneity. The PEMs have a velocity jump of 0.83 km/s and
density jump of 0.57 gm/cm3 at the inner core boundary.

Results

Synthetics

Theoretical seismograms calculated in PEM—A are shown in Figures 6—9. The
impulse response for PKP, shown in Figure 6, was convolved with the source
pulses given by Müller (1973) for three shallow focus earthquakes (sources 1 to
3). Figure7 compares the resultant synthetics with the WWSSN records of
source 3. An alternate procedure was found to be adequate for two deep focus
earthquakes (sources 4 and 5). The synthetics in these cases were calculated by
convolving the impulse response with a WWSSN response and a boxcar
function to model the earthquake source time function. The two deep focus
earthquakes (Figs. 8 and 9) provide more detail on structural modulation of the
waveform because they do not possess the strong crustal reverberations of the
shallow focus earthquakes that effectively act to lengthen the source pulse. The
complexity of many interfering phases between 142° and 152° is not reflected in
complexity of waveform when the time duration of the source pulse is long
compared to the time separation of the interfering phases.

The diffracted phase from the B caustic produces the low frequency pre-
cursor in the distance range 128°—140°, in agreement with the identification of
Buchbinder (1974). The slowness of this phase for the theoretical seismograms is
3.5 s/deg. This value was inferred from both the arrival time ramps removed
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Fig. Il}. Amplitudes of the Fourier-transformed radial displacement near the D cusp

before Fourier inversion and by direct calculation of phase slowness in the
frequency domain. The slowness has little dispersion up to 20 3 period.

Amplitudes in the Frequency Domain near the D—Cusp

Figure 10 summarizes amplitude calculations in the frequency domain for earth
models C2, 1066B, and PEM-A. In each model the amplitude near critical
incidence is less for lower frequencies. If in fact the Debye ray series converges
at infinite frequency, the assumption of simple geometric ray theory and plane
wave reflection coefficients would predict a curve near the shortest period curves
(2 s) in Figure 10. Thus, the magnitude of a velocity increase inferred from
amplitude measurements at long periods near a cusp at critical incidence will be
erroneously small by neglecting the frequency dependence due to the effects of
boundary curvature and radial inhomogeneity near the boundary. The growth
of low frequency amplitudes for PKP beginning at 130° reflects the growing
contribution of the phase diffracted from the B caustic. Low frequency ampli-
tudes are less in the PEM-A model than in the discrete earth models C2 and
1066B. In the discrete earth models the low frequency amplitudes grow large
again at shorter distances corresponding to partial reflection. These differing
results at low frequencies in the discrete earth models may be an effect of the
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145°

Fig. 12. Amplitude comparison for source no. 2 (April 7, 1970; 15.8o N, 121.7'a E; 30 km)

longer integration paths required for the low frequency calculations. A portion
of these longer paths correspond to rays that bottom near the center of the earth
at which the Mohovoricic velocity interpolation law used in calculating ë and J
for the discrete earth models fails. The failure can be seen in Equation (8). For a
positive velocity gradient with increasing depth (b,<0), Equation (8) has lit—>00
as r—>0.

Amplitudes in the Time Domain

Peak to peak amplitudes of the theoretical seismograms were compared to the
amplitudes of earthquake seismograms by Miiller’s (1973) amplitude method, in
which all amplitudes are normalized to the peak amplitude near the B caustic
between 1460—1480. Figures 11 to 15 illustrate the results of this comparison for
Muller’s earthquake sources. The amplitudes of seismograms were reread, and
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adjusted by corrections indicated by calibration pulse amplitudes. The data
show more scatter than the same data shown by Müller (1973). More data at
110°—120° with lower signal to noise ratio, however, are plotted. Amplitude data
of sources 1, 3 and 4 lie close to those predicted by PEM-A. Those of source 2
lie between the curves of PEM and 1066B and those of source 5 scatter above
C2. Because the main intent of this study was to develop and extend a
technique for calculations near critical incidence, no attempt was made to
explore the bounds on the infinite family of core models that satisfy the data. It
was ascertained, however, that the lower amplitudes of the C2 model near the D
cusp arose from the smaller P velocity jump and not from the smaller density
jump at the inner core boundary. Consequently, from the fit of the PEM
predicted to the observed amplitudes, it can be concluded (i) that the long
period PKP amplitudes do not require an anomalous P velocity gradient at the
top of the inner core, (ii) that a P velocity jump as high as 0.83 km/s is consistent
with the data, and (iii) that Dziewonski et al.’s (1975) hypothesis of homogeneity
and adiabaticity in the earth’s core is not rejected by this data set.

Discussion

Comparison with Previous Studies in Full Wave Theory

This study differs from previous studies in the decision not to make the Debye
ray expansion at and near critical incidence. Nussenzveig (1969) chose to make
the Debye expansion for the case of ray interactions with both a discontinuous
velocity decrease and increase. He treated each term in the Debye expansion
separately, choosing for each an integration path in the complex order plane.
Nussenzveig’s function S for a discontinuous velocity increase is the liquid-
liquid analog of our function S1 for a compressional wave incident on the liquid-
solid boundary of the inner core-outer core boundary of the earth. His decision
to expand the S function in the Debye series was motivated by the slow
convergence of the residue series associated with the whispering gallery poles of
the S function. Ludwig (1970) and Überall (1975), however, noted that the Debye
series itself converges slowly at and near critical incidence to a velocity increase.

This study uses contours in the complex ray parameter plane and a decom-
position of the S function similar to those of Ludwig (1970) in the complex order
plane. Ludwig (1970) and Überall (1975) chose to evaluate the integral repre-
sentation of displacement in terms of separate saddle point and residue contri-
butions. Ludwig noted the difficulty of separating these two types of contri-
butions and suggested that the integration contour be adjusted so that the last
residue included is of the same order as the last saddle. The numerical in-
tegration along the contour of this study, however, properly includes the effects
of poles and saddles without readjusting the contour at each distance and
frequency. The contour taken in the complex ray parameter plane is appropriate
over a wide range of distances and frequencies. The effect of higher order
whispering gallery poles increases with increasing frequency as more poles pack
close to the contOur along the real axis. At a given frequency the magnitude of

24 V. F. Cormier and P. G. Richards

adjusted by corrections indicated by calibration pulse amplitudes. The data
show more scatter than the same data shown by Müller (1973). More data at
110°—120° with lower signal to noise ratio, however, are plotted. Amplitude data
of sources 1, 3 and 4 lie close to those predicted by PEM-A. Those of source 2
lie between the curves of PEM and 1066B and those of source 5 scatter above
C2. Because the main intent of this study was to develop and extend a
technique for calculations near critical incidence, no attempt was made to
explore the bounds on the infinite family of core models that satisfy the data. It
was ascertained, however, that the lower amplitudes of the C2 model near the D
cusp arose from the smaller P velocity jump and not from the smaller density
jump at the inner core boundary. Consequently, from the fit of the PEM
predicted to the observed amplitudes, it can be concluded (i) that the long
period PKP amplitudes do not require an anomalous P velocity gradient at the
top of the inner core, (ii) that a P velocity jump as high as 0.83 km/s is consistent
with the data, and (iii) that Dziewonski et al.’s (1975) hypothesis of homogeneity
and adiabaticity in the earth’s core is not rejected by this data set.

Discussion

Comparison with Previous Studies in Full Wave Theory

This study differs from previous studies in the decision not to make the Debye
ray expansion at and near critical incidence. Nussenzveig (1969) chose to make
the Debye expansion for the case of ray interactions with both a discontinuous
velocity decrease and increase. He treated each term in the Debye expansion
separately, choosing for each an integration path in the complex order plane.
Nussenzveig’s function S for a discontinuous velocity increase is the liquid-
liquid analog of our function S1 for a compressional wave incident on the liquid-
solid boundary of the inner core-outer core boundary of the earth. His decision
to expand the S function in the Debye series was motivated by the slow
convergence of the residue series associated with the whispering gallery poles of
the S function. Ludwig (1970) and Überall (1975), however, noted that the Debye
series itself converges slowly at and near critical incidence to a velocity increase.

This study uses contours in the complex ray parameter plane and a decom-
position of the S function similar to those of Ludwig (1970) in the complex order
plane. Ludwig (1970) and Überall (1975) chose to evaluate the integral repre-
sentation of displacement in terms of separate saddle point and residue contri-
butions. Ludwig noted the difficulty of separating these two types of contri-
butions and suggested that the integration contour be adjusted so that the last
residue included is of the same order as the last saddle. The numerical in-
tegration along the contour of this study, however, properly includes the effects
of poles and saddles without readjusting the contour at each distance and
frequency. The contour taken in the complex ray parameter plane is appropriate
over a wide range of distances and frequencies. The effect of higher order
whispering gallery poles increases with increasing frequency as more poles pack
close to the contOur along the real axis. At a given frequency the magnitude of



|00000039||

Discontinuous Velocity Increase: Inner Core Boundary 25

the residue contribution of each pole is governed by the distance A0 in the phase
factor J, higher order poles becoming more important farther into the zone of
total reflection. .

Because the S velocity in the mantle is less than that of compressional waves
in the outer core, Choy’s (1977) SKS study is also an example of waves incident
on a discontinuous velocity increase. The distance range (100°—120°) in which
Choy chose to synthesize the SKS and SmKS phases was far enough away from
the distance point of critical incidence of SV on the core-mantle boundary (60°)
that only a small number of terms of the Debye ray series needed to be summed
for the total amplitude. Choy reported, however, that the series for SmKS began
to show poor convergence for m>6. Choy’s results suggest the convenience of
making a progressive expansion of the Debye series farther from critical
incidence, treating separately in a ray parameter integrand those terms well
separated in arrival time, but lumping together as an interference head wave
higher order terms that arrive nearly simultaneously and converge slowly. Thus,
far from the PKP-D cusp in the lit zone, the function SI can be expanded as
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Extension t0 Other Problems

The decomposition of the S function and the path F discussed in this paper can
be used as a guideline for application to other problems involving waves at or
near critical incidence. With this method, for example, the amplitude ofPnand
other crustal refractions would remain valid at critical incidence, offering an
important advantage over the method described by Hill (1971).

The results for PKP demonstrated that it is not difficult to apply the Langer
approximation simultaneously to the reflection-transmission coefficients as-
sociated with two or more boundaries. A transition zone may be modeled most
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simply by a sequence of first order discontinuities separating radially in-
homogeneous layers. The number of discontinuities required to describe the
transition zone will be a function of frequency such that in each inhomogeneous
layer wave propagation can be adequately described by simple Helmholtz
equations for SH and decoupled P-SV potentials (Richards, 1974). The results
for PKP indicate that the product of the Langer approximated S functions of
such a transition zone will be a smooth function in the complex ray parameter
plane. If the transition zone were alternatively modeled as a single in-
homogeneous layer sandwiched between two thick layers of less intense velocity
gradient, then a higher order Langer approximation would be required for the
radial eigenfunctions of the complete second order wave equations satisfied by
the SH and coupled P—SV potentials.

Conclusions

The full wave theory described by Richards (1973) for wave interactions with
velocity decrease has been extended to a velocity increase. The method is
modified only by the choice of the integrand of reflection-transmission coef-
ficients and the path in the complex ray parameter plane. By not choosing, in
general, to make the Debye ray expansion the method successfully accounts for
all of the waves in the high velocity medium that are repeatedly refracted back
to, and reflected from, the low velocity medium. Not making the Debye
expansion essentially amounts to calculating a reflection-transmission coefficient
S that allows reflected-transmitted waves to exist in both the same and opposite
radial direction as the incident wave. The method is valid at critical incidence to
a velocity increase and predicts a smooth, uncomplicated transition in ampli-
tude and waveform from the zone of partial to total reflection.

Results of calculating synthetic seismograms for PKP indicate that the
amplitude maximum associated with critical incidence at the D cusp is less at
lower frequencies and displaced farther into the zone of total reflection.
Consequently, erroneously small velocity jumps or anomalous velocity gradients
at the inner core boundary will be inferred from the assumption of the validity
of simple geometric ray theory and plane wave reflection-transmission coef-
ficients near and at critical incidence. Theoretical seismograms calculated in
Dziewonski et al.’s (1975) PEM model for the earth’s core agree in amplitude
and waveform with observed seismograms, suggesting that the hypothesis of
homogeneity and adiabaticity of the earth’s core cannot be rejected at the
wavelengths of long period body waves.

Appendix

Reflection- Transmission Coefficients

In terms of the velocities and densities at the radius r,- of the inner core, the
reflection-transmission coefficients associated with interactions with the inner
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In the equations above p", oc", fin are the density, P velocity and S velocity in
medium n, where n=2 in the upper medium and 1 in the lower medium, and p is
the ray parameter. In Equation(A2)"the upper and lower media are the lower
mantle and outer core respectively and in Equation(A1) the outer and inner
cores respectively. (1)

The generalized cosines CE” and CEEHEZ’ are for upgoing (1) downgoing (2)
1

or both up and downgoing
waves

(1)+ (2). The subscript i for a CE? refers to a
P wave and the subscript j in a C22) to a S wave. In terms of the radial eigenfunc-
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where v" is the velocity at a radius r in medium n of a wave type i. The prime (’)
indicates the radial derivative. In Equations (A1) and (A3) the generalized
cosines are evaluated at the radius of a boundary (ri or rm).

The Langer Approximation

Langer’s (1949) uniformly asymptotic approximation to the radial eigenfunc-
tions are given by Richards (1976) as

g(j)(w r p)=
Ajgä Hgna) ë)

, ’ r[1/v2(r)—p2/r2]%
where Hg) is a Hankel function of the j-th kind and à order; Aj is independent of
r and chosen to make g”) a spherical Hankel function of order (op—â and
argument œr/v(r) in the limit of a homogeneous medium. The argument ë in
terms of velocity profile v(r) is given by

(A4)

r
€=)[1/vz(7‘)—p2/r2]%dn (A5)

"p

where rp is the turning point radius. The resulting corrections in the cosines
within a plane wave reflection-transmission coefficient are of the form

cosO—wos Üe‘WÔ H§1)(w€)/Hg})(w€) (A6)

for the generalized cosine C5,? of an upgoing plane wave

cos 6 —> cos 6 e+”‘/6 H%Z)(co 6)/H‘%2)(co ë)

for the generalized cosine C}? of a downgoing plane wave.
The cosine C524“) is given in the Langer approximation by

e_i1;/3 HÊZKCÙ ë)—8in/3 H(%1)(a) ë)

e+i„/6 H§1)(CO Ô+e—i"/6 Hgnw ë).

When a boundary condition is satisfied in terms of radial eigenfunctions, the
factor f in Equation (7) also includes the ratios of radial eigenfunctions
[km/km] etc. For regions of the complex ray parameter plane in which ray
theory is valid, these ratios can be incorporated into the phase factor J(r, p) in
Equation (7). For the Langer approximated coefficients used in this study J was
calculated by assuming the wave bottoms in the velocity profile of the mantle.
The ratios of the radial eigenfunctions are given accurately everywhere in the
complex ray parameter plane by the Langer approximation and act to correct
the phase factor J.

cos 6 —+cos 6

Frequency Behavior in Coeflicients

Figures A1 to A3 illustrate the frequency dependence of the reflection-
transmission coefficients associated with ray interactions with the inner core.
The range shown contains the ray parameters corresponding to grazing in-
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Fig. A2. Frequency dependence 01R,” in Earth model 1066B

cidence from the underside of the boundary (p=110 rad/s) and the topside (p
= 118 rad/s) in earth model 1066 B. The amplitude of the combined transmission
coefficient through the inner core (Fig. A1) does not vanish at ray parameters
corresponding to rays that bottom above or that are totally reflected from the
boundary. This behavior, however, is not strictly the tunnelling phenomena
described by Richards (1973) for waves interacting with a velocity decrease. It
indicates that an interaction with the underside of the boundary is possible for
rays bottoming at or above the boundary. The behavior of the reflection
coefficient from above the boundary, R)” in Figure A2, is similar to that of the
reflection coefficient from the underside of the boundary Rf‘ in Figure A3. The
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transition from partial to total reflection in both cases is broader and occurs
over a greater ray parameter range at lower frequencies. Amplitude corrections
to the plane wave reflection coefficients are greatest near critical incidence (p
= 110 rad/s), but corrections to phase are important over a broad range of ray
parameters between critical and grazing. A zero in the reflection coefficient R, is
suppressed at finite frequency for real ray parameters.
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P.O. Box 395, Pretoria, South Africa
2 Department of Geophysics and Planetary Sciences, Tel-Aviv University, Tel-Aviv, Israel

Abstract. A finite-difference scheme is proposed for studying the propagation
of waves in vertically inhomogeneous media. The scheme can be applied to
either continuous or discontinuous inhomogeneity of the media. When the
inhomogeneity is continuous, the scheme approximates the elastic wave
equation for vertically inhomogeneous media. The scheme cannot be obtained
directly from the elastic wave equation for vertically inhomogeneous media
since it contains additional terms of second order in the increments which are
deduced from the boundary conditions but not from the wave equation. When
the inhomogeneity is discontinuous, the contribution of these additional
terms becomes significant, thus ensuring that the boundary conditions on
discontinuities are satisfied.

Key words: Elastic wave propagation — Vertically inhomogeneous media.

1. Introduction

The solution, by finite-difference methods, of problems of elastic wave propagation
in horizontally homogeneous layered media has received a great deal of attention
in recent years (Alterman and Kara], 1968), but much less has been devoted to
problems of wave propagation in inhomogeneous media. A finite-difference
scheme which approximates the elastic wave equation for vertically inhomo-
geneous media has been given by Kelly et al. (1976). However, their scheme
cannot be applied to horizontally layered media for which the vertical inhomo-
geneity is discontinuous.

In the present work we propose a finite-difference scheme Equations (2.10),
which approximates simultaneously the elastic wave equation for vertically in-
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homogeneous media and the elastic wave equation with the corresponding
boundary conditions for horizontally layered media. Thus the proposed finite-
difference scheme can be applied to vertically inhomogeneous media with either
continuous or discontinuous inhomogeneity.

The response of a vertically inhomogeneous medium can be simulated by a
model which consists of many thin homogeneous layers. Theoretical seismograms
can then be obtained by the generalized ray theory. Chapman (1974) has reform-
ulated the generalized ray theory to avoid approximating the inhomogeneous
model by homogeneous layers. The generalized ray theory of Chapman for
inhomogeneous media involves letting the thickness of each layer approach zero
and the number of layers approach infinity. Hence in Chapman’s theory the
vertically inhomogeneous medium is not approximated by reflecting interfaces.
However, the theory is still in terms of reflections from the velocity and density
gradients.

The considerable success of this theory in the interpretation of seismograms
justifies the simulation of an inhomogeneous medium by considering it as the
limiting case of a layered medium when the thickness of each layer approaches
zero. This limiting process regards every point of a vertically inhomogeneous
medium as an interface point of two homogeneous layers.

Adopting the layered approximation principle, according to which every
point of a vertically inhomogeneous medium behaves like an interface point
between two homogeneous layers, we construct a finite-difference scheme to
approximate elastic wave propagation in vertically inhomogeneous media. It is
then found that the finite-difference scheme resulting from the layered approxima-
tion principle approximates the elastic wave equation for vertically inhomogeneous
media.

The proposed finite-difference scheme for vertically inhomogeneous media
contains additional terms which can be ignored for continuous vertical in-
homogeneity, but whose contribution is considerable when the vertical inhomo-
geneity is discontinuous. Thus, the additional terms ensure that the boundary
conditions are satisfied at discontinuities in the vertical inhomogeneity.

2. Finite-Difference Scheme for Vertically Inhomogeneous Media
with either Continuous or Discontinuous Homogeneity

In order to construct a finite-difference scheme for the motion of elastic waves in
vertically inhomogeneous media, a grid is imposed on the xz-plane and every
grid point regarded as an interface point between two horizontal layers. Hence
such a finite-difference scheme must approximate, for every grid point, the equation
of motion in homogeneous media and the boundary conditions as well. It will be
shown that the scheme, which approximates the elastic wave equation and the
boundary conditions in horizontally homogeneous layered media, approximates
the elastic wave equation in vertically inhomogeneous media.
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Free surface z = 0
First layer 2 = a2

z = aaz

n-th layer 5,17)!
Z à:. . . = n

Fig. l. Geometry ofthe elastic layered medium. On En:
interfaces. :—derivatives ofthe displacement vector
(U. W) are not continuous and hence a distinction
is made between (U. W) and [Q.LV) Z

Since all the grid points are regarded as interface points, the equations of
motion (2.1) and the boundary conditions (2.2) must be satisfied at each point
of the grid. For the case where the components of the displacement vector referred
to cartesian coordinates (x, z) are (U, W), the equations of motion in homogeneous
and isotropic solids are:

1 À+21 À+t
ÎDTH_U::—

IL
Utx—

l
Vs:Oß p u

1 q (2.1)

—2m/Ii‘—W22_«
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VVxx—
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and the boundary conditions for horizontal interfaces z=const. are:

Hams + —x) = lun+ l (Q: +144)

(ind-2””) MZ+2n Üx:(;"n+l +2Aun+1)—_„_/: +ÄH+1gx
_ (2.2)

U =_(_J

H7: W.

ln Equation (2.1), À and ‚u are the elastic parameters 0:2 =(/".+2u)/p and
fi2=,u/p where p is the mass density. In Equation (2.2), Ü, W and Q,LV are the
displacements corresponding to the two different layers whose common boundary
is :=const.=nA—s and whose elastic parameters are Amp” and Ä„+I.„u„+l, re-
spectively (Fig. l).

The functions U and W are continuous and continuously differentiable with
respect to x and r. The functions U and Wcannot, however. be differentiated with
reSpect to a on the interfaces s=const. Since every grid point is regarded as an
interjfirce point, derivatives with respect to s must be eliminated. The elimination
of the z-derivatives from the equations of motion (21) is achieved by employing
the boundary conditions (2.2).

For the grid imposed on the x s-plane, we let x=mAx, _’ =nAc and t=pA t,
where A x and A z are the mesh sizes. taken to be equal, and Ar is the increment in
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time. The functions U and W and their x-derivatives Ux, Uxx, W, and Wxx are
well defined on the grid points. The derivatives U,, U,,, Um, W,, W,, and Wx, are
well defined in the layers between the interfaces, but they are not defined on the
interfaces or, equivalently, on the grid points.

For the derivative U, of U with respect to z in the interior of a layer, let Üz and
U, be the different limits of U, on an interface, approaching it from above and
from below (Fig. 1). Also, let a similar notation be used for the other z-derivatives
of U and W. Since U',=l=_l_], and W,=l=LV, on the interfaces, U, and W, cannot be
defined on the grid points although (7,, I_J,, W, and LV, are well defined there.

In previous works (e.g. Alterman and Karal, 1968; Kelly et al., 1976), the
derivatives U,,_U,, W, and LV, were approximated by one-sided finite differences
which are of first order in the increments, and hence, plane interfaces introduced
an error into the schemes. Outside the interfaces the scheme was of second order
in the increments since two-sided finite differences were utilized. In the present
work, however, we do not use one-sided differences; the derivatives U,,_I_J,, W,
and _Wz which cannot be approximated by two-sided differences, are eliminated
before the introduction of the finite differences.

From the equations of motion (2.1) and the boundary conditions (2.2) we
shall now derive a system of equations from which the z-derivatives of U and Wcan
be eliminated to obtain a reduced system which can be approximated by two—
sided finite differences.

_ The equations of motion (2.1) must be satisfied on the interfaces for both
U,, W, and U,,LV_,. Hence

_ Â — l Â 2
Uzz+

71+”?!
I/I/c=—ïljttt_

n+ ”n
Uxxun fin un

QZZ+MLWM=7L Dir—Mi Uxx
“n+1 _ n+1 ”n+1

" Ân+zun
Ü __ 1 :un (23)

zz
Ân+2,un xz—aä

tt
Än+2lln

xx

Ân+1 +1un+1
U _ 1 ”n+1

—.zz —————xz——2—
tt—fi—

xx'
lun+1+21un+1 an+l n+1+ ”n+1

The first two boundary conditions in Equations (2.2) yield

:un (Zr—”n+1 g2: —(.un—1un+1)I/V;c
(2.4)

(An'l—Zlun) W7z'—(’1n+1 +2lun+1)—VK5: —(Ân—Ân+1) Ux'

Equations (5.4) can be differentiated with respect to x (but not with respect to z),
to obtain the equations

‚un Üxz Azzun+1 gzxz —(:un—:un+1)I/V;cx— 2.
(AH—2”")mZ_(xn+1+2Hn+1)fl/xz= _(Ân_’1n+1)Uxx‘

( 5)
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Some expansions are now required. Üz can be expanded in the variable 2 in
the n-th layer while Liz can be expanded in the (n+ 1)-th layer, and similarly for
the other z-derivatives. Here (72 is a function of x, z and t and similarly for the
other z-derivatives, whose expansions are given below. For the first and second
derivatives with respect to z we have from Taylor expansions

——AZUZ+%A22U:Z= U(x, z—Az, t)— U(x, z, t)+0(Az3)
Azflz+-§-Azzl_]zz= U(x, 2+AZ, t)—U(x, Z, I)+0(A23)
—AZI/I7z+%AZ2 W”: W(x, z—Az, t)—— W(x, Z, t)+O(Az3)

AZfl/z+%A22fl/”= W(x, 2+Az, t)— W(x, Z, I)+0(Az3)

(2.6)

while for the mixed derivatives with respect to x and z we have

—2AxAzÜxz=U(x+Ax‚ Z—Az, t)—U(x—Ax, Z—Az, t)—U(x+Ax‚ z, t)
+U(x—Ax,z,t)+0(AxAzZ)

(2.7)1
—2AxAsz= W(x+Ax, z—Az, t)—W(x—Ax,z-—Az, t)— W(x+Ax‚ z, t)

+ W(x—Ax, Z, t)+0(AxA22)

and

2AxAz_l_]xz=U(x+Ax‚Z+Az,t)—U(x—Ax‚2+Az‚ t)—U(x+Ax,z, t)

+ U(x—Ax, z, t)+O(AxA22) . (2.7)2
2AxAz_I/1/xz=W(x+Ax‚z+AZ, I)—W(x—Ax‚z+Az‚ t)—W(x+Ax‚z‚ t)

+ W(x—Ax, Z, I)+O(AxA22).

Equations (2.7)1 and (2.7)2 are alternatives and a combination of them will be
taken into account for a reason which will be given later.

The equations (2.3)—(2.6) and either (2.7)l or (2.7)2 provide a system of 14
equations for the 14 unknowns Üz, _l_]z, Wz, LVZ, U”, Q”, V1722, LVN, Üxz, UM,
vfl/xz, U(x,z, t+At) and W(x,z, t+At).

The last two unknowns appear in Equations (2.3) in the centered finite-
difference approximation of U” and W”.

After cumbersome but straightforward manipulation, one arrives at the 2
Equations (2.8) for the 2 unknowns U(x, z, t+ A t) and W(x, z, t+ A t):

AZ(#n+1'_.un) VVx+âAZZ {(pn+pn+1) [jtt—[Ân+1+ln+2(tun+lun+1)] Uxx—Gk}

=tun+1 U(X, Z+AZ, t)+#n U(X, Z—AZ, t)_(.un+/’l'n+1) U(X, Z: t)+0(A Z3)

AZ(Ân+1—Ân) Ux+ÊAZZ {(pn+pn+1) I/Vtt—(.un+'#n+1) VVxx—Hk} (28)

=(Ä„+1+2#„+1)W(x‚Z.+Az‚I)+(/1„+2u„)W(x‚Z—Az‚t)
_[Än+Än+1+2(‚un+:un+1)]W(vat)+O(AZ3)
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Here the index k stands for either 1 or 2. Gk and Hk are the following expressions,
obtained from the system of the 14 Equations (2.3)—(2.6) and (2.7)k:
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Àn+2un
—— W(x—Ax, Z+AZ, t)— W(x+Ax‚ Z, t)+ W(x—Ax‚ Z, t)]

(Än+.un) (Ân+1
_

An)

Ân+2un

1
GEM

[Ân+1+yn+1+ ][W(x+Ax,z+Az,t)

U..+O(Az)
=___._—_ (Ân+1+:un+1)(Ân+2/ln)

ZAXAZ Ân+1+21un+1

—W(X_Ax’ Z’ 0— W(x+Ax‚ Z—AZ, ï)+ W(x—Ax‚ z—AZ, Û]
(Ân+1+.u'n+1)(Ân—Ân+1)

Uxx+0(AZ)
Ân+1+2.un+1

(29)
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Mu]

_—____ ,1 __—
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un
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Än+1+nun+1(

fln+1
+ :un—zun+1)VVxx+0(AZ)

For Gk and Hk in Equations (2.8), the values 1 and 2 of k are alternatives and
actually, any combination

PG1+(1—P)G2‚ 0§P§1

q+(1—q)H2, Oéqél
can replace G, and H, in (2.8).

The scheme (2.8) with either k=1 or k=2, is not consistent with a scheme for
homogeneous media. However, it can be shown that if Gk and Hk in Equations
(2.8) are replaced by (G1+G2)/2 and (H1+H2)/2 respectively, Equations (2.10),
then the finite—difference scheme, (2.10), for vertically inhomogeneous media is
consistent with the scheme for horizontally homogeneous layered media.

Upon approximating the derivatives in Equations (2.8) by centered finite-
differences we obtain the following formulation, (2.10), for grid points (m, n),
which is accurate to the second order in the increments. In the following formu-
lation, U and W at the point x=mAx, z=nAz and t=pAt are denoted by Uni"
and Wnfin and Gk, Hk of Equations (2.8) are replaced by (G1 + G2)/2 and (H1 + H2)/2,
respectively.
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1 Atz
2/3 m [am—A.)<U,5+1,.—U,5_1,.)

_
À +
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Â" + n n+(Ân+un+( +1” ” +1)“ ) (U;+1‚„—U‚5_1‚„—U‚5+1‚„_1+U„I:_1‚„_1)]"
n+1

Where

zn=(Ân+Ân+1)/2

:ün=(:u'n+:u'n+1)/2

and

fin=(pn+pn+1)/2'

When the elastic parameters Â, ,u and p are continuous functions of the depth 2,
i.e. 0(A Â), 0(A u), 0(A p):O(A z) the finite-difference scheme (2.10) approximates
the elastic wave equation for vertically inhomogeneous media. When the elastic
parameters are piecewise constant, than (2.10) approximates the elastic wave equa-
tion for horizontally homogeneous layered media. Actually, the finite-difference
scheme (2.10) approximates the elastic wave equation for vertically inhomogeneous
media in which the inhomogeneity may be either continuous or discontinuous.
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Hence the scheme (2.10) for vertically inhomogeneous elastic media is superior
to the scheme which can be obtained directly from the elastic wave equation
given by Kelly et al. (1976).

The scheme (2.10) cannot be used for the free surface (Fig. 1). A second order
approximation scheme for a free surface point has already been given by Ilan et al.
(1975), and will not be repeated here.

3. Synthetic Seismograms

Synthetic seismograms computed by the finite-difference scheme (2.10) for
horizontally layered media are the same as those given by Ilan et a1. (1975). Their
scheme for layered media and the present one (2.10), when applied to layered
media, differ by terms which are of second order and can be ignored. Thus for
horizontally layered media, the synthetic seismograms which can be obtained
by using the scheme (2.10) are those already reported by Ilan et a1. (1975). The
scheme (2.10) is more accurate than the previously known schemes for vertically
inhomogeneous media since in (2.10) derivatives are approximated by centered
differences, in contrast to what was done in previous works (e.g. Alterman and
Karal, 1968; Kelly et al., 1976) where one-sided differences were also employed.

In a forthcoming work, synthetic seismograms will be presented for vertically
inhomogeneous media with either continuous or discontinuous inhomogeneity,
an investigation which should contribute to the understanding and interpretation
of wave patterns observed on field seismograms.
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Finite—Difference Modelling for P-Pulse Propagation
in Elastic Media with Arbitrary Polygonal Surface

A. Ilan
Department of Geophysics and Planetary Sciences, Tel-Aviv University, Tel Aviv, Israel

Abstract. The applicability of the finite-difference methods has been limited
in most cases to simple geometric shapes. The problem of introducing
boundary conditions into the scheme has usually restricted the models to
structures in which the boundaries are parallel to the coordinates. Recently,
several investigators have studied the effect of prominent topographic fea-
tures on seismic signals. Most deal with SH waves. The behaviour of a P-SV
pulse in media with prominent irregular surfaces is yet almost unknown. The
difficulty of the last problem relative to the SH case lies in the vectorial form
of the equation of motion and the more complicated boundary conditions.

In the present work a technique is proposed for simulating the P-SV
wave propagation in a two-dimensional half-space with an arbitrary poly-
gonlike topography. This technique has been applied to compute seismograms
due to a P-pulse on surfaces of ridges and canyons. The incident pulse is
amplified at the crest of mountains and at the upper corners of canyons. The
magnitude of amplification is a function of the steepness of the topographic
structure and can increase by 50 % compared to a flat surface under the same
conditions. The maximum attenuation computed at the bottom of a canyon
was 25 %. It can be concluded that the influence of prominent topographic
features on the incident P-pulse is similar to that on incident SH waves,which was computed in previous investigations.

Key words: Finite-difference method — Wave propagation — Irregular
surfaces.

l. Introduction

Field observations indicate that topography can have a significant effect on
seismic signals. Boore (1972b) reported on very high accelerations of earth
motions on top of mountains that sometimes exceed even the acceleration of
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gravity, and can throw boulders out of their sockets. The highest ground
acceleration that was so far recorded was 1.25 g. It occurred at Pacoima Dam
site, California, as reported by Trifunac and Hudson (1971). Davis and West
(1973) compared ground motions at the top and base of three different moun-
tains. The peak motion at the crests were always larger than those at the bases,
but the relation between respective amplitudes were different in every case.

This evidence indicates that structures which are prominent and convex
cause amplification of the incident waves, but the ground motion at any
particular site is influenced by numerous parameters and variables. The advan-
tage of mathematical modelling is that the parameters can be changed at will,
and one can therefore consider the effect of any geological and geometrical
factor separately.

Some models were constructed for simulating wave-propagation in pro-
minent topographic features. Boore (1972b, 1973) simulated SH wave-
propagation in models of ridges and canyons. He approximated the topographic
profiles by flat segments and 45 degrees steps. Trifunac (1973) and Wong and
Trifunac (1974) solved analytically the problem of scattering of plane SH-waves
by semi-cylindrical and semi-elliptical canyons. Wong and Jennings (1975)
generalized the model, and included irregular canyons. Bouchon (1973) in-
vestigated the case of incident SH, P and SV waves on several types of
topography, ranging from a ridge to a valley. He used the method of approxima-
tion developed by Aki and Larner (1970). Reimer et a1. (1974) used a finite
elements method to interpret the seismic response of Pacoima Dam in the San
Fernando earthquake.

Most of the existing solutions deal with SH waves, but the main seismic
energy is propagated by P-SV waves. The problem of P-SV wave propagation in
an irregular structure is more difficult, because of the vectorial equation of
motion and complicated boundary conditions.

The purpose of the present work was to develop a finite-difference tech-
nique for calculating the displacements caused by a P or SV pulse on elastic
structures with an arbitrary polygonal surface. The method was applied to
obtain theoretical seismograms on the surface of ridges and canyons. These
seismograms were then used to detect regions of amplification or de-
amplification comparable to a flat medium. Also to estimate the magnitude of
amplification as a function of the slope of topographic features.

2. Model Assumptions

Let us consider a half-space with an arbitrary polygon-like free surface. The
material is assumed to be perfectly elastic, isotropic, and homogeneous. oc is the
compressional, and ß is the shear velocity. It was assumed that oc=1fiß. A line
source within the medium emits a compressional pulse. Let the y axis be along
the line source and parallel to all the boundaries, thus the disturbance is in the
x, z plane only. Let U and W be the horizontal and the vertical components of
displacements, respectively. The wave propagation is governed by the following
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where t denotes the time.
Initially, at time t=0 the line source within the medium starts to emit a

compressional pulse. The displacement due to the source at time t and at a
distance r=]/x2+22 from the line source is given by:

1 . .
SÜ‘,

13:?
[C(t‘, t)—4G(t‘, t—A)+6G(r, t—2A)—4G(t‘, (—311)
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I2—

2—12( Ir: +13—)
2 2 ‚.—s< “r w“2 entire-1)-r" l r r

H is Heviside‘s unit step function and A is the parameter which determines the
width of the pulse, a is constant. S(r, t) satisfies the equations of motion (1). Its
variation with time is illustrated in Figure 1. This source is suitable for finite
difference schemes due to its high order of smoothness. For further details about
the origin of the source functions and its qualities see Han and Loewenthal
(1976}

The boundary conditions state—that all the components of stress are zero on
the surface. The fulfillment of these boundary conditions on irregular surfaces is
apparently the most difficult part of mathematical simulation of P-SV wave
propagation. This difficulty limited the application of finite-difference methods
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usually to simple models, where the surfaces are parallel to the coordinates. In
the present paper the range of topography to which finite-differences can be
applied will be enlarged gradually. The first step will be to develop a finite-
difference scheme for obtuse wedges, because these are the basic elements of a
polygon.

Finite-Difference Schemes for Obtuse Wedges

Alterman and Nathaniel (1975) solved the problem of P-pulse propagation in
elastic wedges, using a special coordinate system parallel to the sides of the
wedges. In this section the same problem is solved using cartesian coordinates,
in order to enlarge the applicable geometry later to an arbitrary polygon.

Let the x axis be parallel to one side of the wedge and 2 pointed vertically
upwards. The angle between the inclined free surface and the x axis is 9. A
rectangular grid is superimposed on the wedge, and the mesh increments are
chosen in such a manner that

43=tan(e). (4)
X

According to this choice the inclined surface passes through the diagonals of the
mesh units, as illustrated in Figure 2. The horizontal and vertical displacements
of the grid point (i, k) at time level p will be denoted UJPk and WPk respectively

By replacing the derivatives1n Equations (1) by central finite differences the
following formulae are obtained:

At 2laïïl=—U,ä’;1+2w:k+a2(A—;) (Um-k 2U-’i’k+U— 1k)
2 At 2

p+ß (Î) (U;:k+1— 2U„+U-‚_k 1)
At2

<12- 2
AxAz( ß)

. p _ p _ p p(Wj+1,k+1 VVj+1,k—1 W)'—1,k+1+Wj_1,k—1)

+21-

Atm;‚:1=—VVJ;,;1+2u/‚;k+ß2(—;2)(VI/j+1k—2VI/‚;k+w._ 1k)
+oc2 (fl—tr (WP —2W{’,c +WP )

AZ
j,k+1 k-1

2Atl 2_ 2
+4AxAz(a ß)

'(l]jp+1‚k+1—(jjp+1‚k—1-(]jp—1,k+1+l]jp—1‚k—1)' (5)
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Fig.2. Grid for wedge model, 9 is the inclination of the wedge side, (21):") are the suitable
coordinates, and (Ax’JA z’) the local grid

On the horizontal free surface of the wedge the boundary conditions are:

ôU tic-,2, x) +aW(x,z, r) :0
02 ôx

A < A (6)z=n z,x:m x.
M—Zfi ôU(x’2t)+oc2

ôW(x,7„J 0:0
öx 62

The following approximations to Equations (6) were developed by Ilan et al.
(1975) and improved by Ilan and Loewenthal (1976):

Ufiï1= _up-1+2[1—ß2 (——) w—3132H;‘7')(3—252/on] UJï’J
BZUJ€J_1+ß2 Ä“ (3— 252mm(UJJ-„J+U_„)”Ëi) (x

I2
*ßzA (WJ-iIJk—“G’il.k)AXAZ Ar 2 Ar 2WIE —Wrrl+2[1—a2 (E) —ß3 (E) ] We

At 2 AI 2
+2196?) u/jfk_1+ß2(a) (WC-inf" VIC-11M)

At2

+05 AxAz (2362—0! )(Ujp,+1 k —Ujp-l,k)

—0-5
AUE

(ß2_'952)(U'p 1k l—U‘p k ) (7)AxAz 1+" J‘l'—1

here (j, k) is a grid point on the horizontal free surface.

z=nAL xgmAx.

mAx denotes the corner of the wedge.
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This scheme is consistent with the boundary conditions (6) up to the second
order of accuracy. It is stable even for very small ,B/oc, and does not need the aid
of fictitious points.

A special technique is needed only for the computation of the displacements
on the inclined free surface. For that goal suitable cartesian coordinates are
used, which are at an angle 0 to the main system. Let (U, W) be the components
of displacements in the rotated cartesian coordinates (x, z). An orthogonal
transformation connects the components in the two different coordinate sys-
tems:

U’= UcosO- WsinB

W’ = Wc039+ U sin 0. (8)

On the inclined free surface the boundary conditions are zero components of
stress in the x’ and z’ direction. The mathematical expression of these conditions
are the same as Equations (6) in the (x’z’) domain. A local grid is superimposed
on the vicinity of the inclined surface. This grid includes a row of fictitious
points, as shown in Figure 2. The dimensions of the intervals of the local grid
are:

_ AZ
_sin6

I

Az’=Az.cos(9.
(9)

The derivatives of the boundary conditions (6) in the rotated system are replaced
by finite differences. Thus, extrapolation formulae are obtained for calculat-
ing the values of the fictitious points:

I I 2A2, I I

Uj,k= Uz—Tx’
(VIC‘J— 1 — W}; 1,k)

I I 2A2, I I

VV},k=W2———A_x/—(1—252/a2)(ljj,k—1—(]j—1,k)‘ (10)

All the displacements involved in Equation (10) are at the same time level. Three
of the four grid-points involved in the computation are common to the main
and the local grid. Only the displacements at point 2 (which is denoted in Fig. 2)
are not known. They are approximated by the following linear interpolation:

/_ 81 I 82 I
U2_Axl Jk—2+Axl UI—lk—l

81 .——=1—2s1n0
Ax’

H=28in2fl
(11)
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Substituting (9) and (11) in (10) the following equations are obtained:

UJQk =2 sin26 U1.’_ 1,k_ 1
+(1—2 sin2 0) Ujf‚k_ 2 -2 sinGcosÜ(Wj’,k_ 1 —— Wj’_ 1’k)

VI/j’,k=2 8113120 l— 1,k—1

+(1—2 sin2 0) I/I/J.’‚k_2 —2sin90039(1—2flz/oc2)(UJ-’,k_ 1 — UJL 1’k). (12)

The displacements of the inner points and the horizontal free surface points
are computed by Equations (5) and (7) as usual. Then, the values on the fictitious
line parallel to the inclined free surface are calculated by formulae (12) in the
(x’, 2’) domain and transformed back to the main system, in every time step.

Let us assume that the corner of the wedge is slightly smoothed, and the
change of inclination occurs between the two grid points (m, n) and (m+ 1, n). No
special formula is needed for the corner, due to the combination of the
composed approximation (7) for the horizontal surface with the extrapolation
formulae (12) for the inclined surface. The grid point (m, n) is located on the
horizontal surface while (m+1,n) is the first point of the fictitious line. The
displacements of the grid points located on the inclined surface are computed by
an approximation to the equations of motion (1). A slight modification of
formulae (5) had to be made, because they contain displacements of point
0+ 1, k+ 1) which is not included in the grid. This grid point is involved in the

. . . . . . . 62U 62Wfinite-difference approx1mation to the cross-derlvatives , of
ôxâz ôxâz

Equation(1). For the grid points on the inclined free surface the following
alternative approximation was used for the cross-derivative:

1
xz=4AxAZ [Uj+1,k_Uj—1,k‘”2Uj—1,k—1_Uj,k—1+Uj,k+1

_Uj+1,k—1"Uj—1,k+1]+O(AZ)° (13)

Formulae (12) are suitable for calculating the boundary values on a surface with
inclination 0 where lgtan(0)>%. When 2>tan(0)g1 some modification of the
technique is needed. This is discussed in the appendix. The increments are
chosen in a manner that Ax=Az/tan(9). For a constant Az, when 6 decreases
Ax increases, and the number of grid units per pulse width decreases. This may
introduce some inaccuracy in the results, as explained by Boore (1972a). In
order to avoid this difficulty, the grid for small slopes, %gtan(6)>0 is chosen
. A . . . . .m such a way that tan(6) =l—AZ—, l lS an 1nteger, l g 2. In this case the 1nclrned free

x
surface passes through the diagonal of l units, as is illustrated in Figure 12. In
this case 1 rows of fictitious points are needed. On the other hand for steep slopes
Ax becomes very small. In this case the time step At must be made very small
also, in order to satisfy the stability condition (16). Therefore the scheme
becomes less efficient. That difficulty can be overcome by appropriate choice of

. . l A . . . . .grld unlts. In that case tan(0)=A—Z, the modification of the mam technlque for
x
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Fig.3. Grid for polygonal model

the cases of very small or very steep slopes are discussed in the appendix. The
next step will be to generalize the method for media with polygonal surfaces.

3. Grid for Polygon Model

Any given topographic profile can be approached by a polygon. Let us construct
a rectangular grid with fixed height A2, and variable width Axi-Ax, is de—
termined by Equation (4), and is different in every region according to the
changing slope 6,- of the surface above. An example for a grid with variable
width is shown in Figure 3.

The displacements of every inner point are determined by scheme (5). It
contains finite-difference approximations for x derivatives such as:

32v{—
—[U(X+Axia Z: t)—2U(-x‚ Z, I)+U(x—AXÎ,Z, {Il/AXE. (14)

8x2

(14] is not completely defined on the boundary between 2 regions with different
grid width, because (x+Ax,., z) is not a grid point. In order to enable us to apply
formulae (5) on the interface between grids with two different intervals, the
displacements at points like (x+Ax‚-‚ z) are evaluated by interpolation.

The values on the fictitious lines parallel to the sides of the polygonal surface
are computed by extrapolation formulae which represent the boundary con-
ditions. These formulae are obtained with suitable coordinates and local grids,
which have been described in the previous section. The computed boundary
values are transformed back to the main coordinate system in every time-step.

The technique which has been developed in this paper requires the use of a
non—uniform grid, and a non-standard scheme. The unavoidable complexity thus
introduced is more than compensated by the ability to simulate the response of
real topographic features to seismic waves.
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Accuracy and Stability

The polygonal approximation used and the non-uniform grid are liable to cause
some problems. The velocity of waves propagating on a grid depends on the grid
intervals. Boore (1972 a) and Browning et al. (1973) showed that waves propagat-
ing on a grid are bound to have a certain phase delay. This delay decreases
when the number of grid units per wave length increases. Therefore, any wave
which is poorly represented in the coarser grid will change phase speed when
passing through an interface into a finer grid. If this wave later passes from the
fine grid back into the coarse grid, a serious interaction can result with that part
of the wave which has remained in the coarser net. The term “well-represented”
wave means: sufficient grid-points per wave length. Browning et al. (1973) also
demonstrated that if a wave is already well represented in the coarse net the
wave should propagate through the interface between the coarse and the fine
grid without difficulty. Taking this consideration into account the parameter of
the pulse width was chosen such that

6maxAxi>A>5maxAxi. (15)

This choice (15) is sufficient for proper results. Using larger A will cause the
pulse to be broad and will result in lack of resolution required for identifying
the different body waves.

In order to check the influence of a non-uniform grid on the results the
following numerical experiment was made: The displacements due to a P-pulse
propagating in a wedge were computed twice, once by a uniform grid, and once
by a grid with 2 different A x such that:

Ax1_5
Ax2_4°
A comparison between the results is shown in Figure 4. The good agreement

between the 2 solutions shows that with careful treatment a non-uniform grid
need not cause serious numerical errors. The extrapolation formulae are
consistent with boundary conditions, to the first order of accuracy. It is difficult
to improve this accuracy, because of the asymmetrical differences to the tangent-
ial direction, and the interpolation involved in the computation. For the special
case of a 45° slope the differences become symmetric, interpolations are not
needed and a second order of accuracy is achieved. If a finite difference scheme
is consistent with the differential equations and stable, Lax’s equivalence theory
states that the numerical results converge to the exact solution as the increments
tend to zero (see Richtmyer and Morton, 1967). Alterman and Loewenthal
(1970) determined the necessary condition of stability of scheme (5). In order to
fulfil this condition locally at any point of the non—uniform grid the following
inequality is required:

minimum (A xi)

I/oc2+‚ß2 (minim:r:(A xi))2'

Ä”; (16)
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(16) applies only to points which are not in the vicinity of the boundaries. This
stability condition does not take into consideration the effects caused by
introducing the boundary conditions to the scheme. Experimentally it has been
found that for the usual relation or=1/§[J’ the method of incorporating the
boundary conditions into the scheme, which has been proposed in this paper,
does not disturb the stability.

In order to estimate the error involved when a smooth curve is approxi-
mated by a polygon, the problem of a pulse propagating in an elastic cylinder
from a line source at its centre was solved. The natural approach is to use
cylindrical coordinates and a cylindrical grid. The results are shown by a dashed
line in Figure 5. The solid line in Figure 5a shows the displacements on the surface
ofan octagon circumscribing the cylinder, at the point Where the octagon touches
the cylinder. There is agreement up to 95 ‘Z, between the solutions until the arrival
time of a phase that propagates with Rayleigh wave velocity from the corners
along the surface of the octagon. This phase decreases rapidly with depth. When
the cylinder is circumscribed by a polygon with 16-sides the amplitude of the
diffracted waves decreases by a factor of 2, as can be seen in Figure 5b.

The conclusion of this experiment is that when approximating a smooth
curved surface by a polygon, one has to take into account a numerical error
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and on a lfi-sided polygon (solid line b). The radius of
the cylinder is 50A z. and A =5.SA:. The observation
point is where the polygon touches the cylinder -o.05
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which propagates from the corners. This error can be decreased by refining the
polygon. When the real topographic profile has such a shape that it contains
real corners, these pulses are not errors. They represent the physical phenome-
non of diffracted waves.

The Response of Prominent Topographic Features to a Compressional Poise

The technique that has been deve10ped in the previous sections enables simu-
lation of P-SV wave propagation in prominent features, i.e. features whose
deviation from a flat model is larger than or of the same order as the pulse-
width. Let us consider two typical topographic profiles, a canyon and a ridge.
Figure 6 shows a vertical cross section of a polygonlike canyon. A compres-
sional impulsive source is embedded 10 grid units A2 below the surface. at a
horizontal distance of 20 A2 from the corner of the canyon. Theoretical seismo—
grams were produced at five sites along the surface of the canyon. Figure Ta, b
depicts the horizontal and vertical diSplacements as functions of the dimension-
less time tar/A2 at these observation points. The dashed line illustrates the
displacements, at the same site of a flat surface. In this case the horizontal
displacement is very much amplified and the vertical displacement is slightly
attenuated at the upper corner of the canyon. The amplitudes computed on the
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flank seem to be unaffected by the topography. The seismograms on the flanks
are more complicated. The phases PP and PS reflected from the horizontal
surface arrive at sites 2 and 3 after the first pulse. Sites 4 and 5 are in a shadow
zone of reflected phases. In these seismograms,’ the diffracted waves can be
clearly distinguished. At the lower corner of the canyon the amplitude is
attenuated slightly. An attenuation of 25 % was computed at the lower corner of
a canyon with vertical borders. This result is in agreement with Bouchon [1973).
Trifunac (1973) and Wong and Trifunac (1974) found a considerable amplifi-
cation of plane SH waves in the upper corner of a cylindrical and an elliptical
canyon. For a vertical slope near the corner they found the magnitude of
amplification to be greatly dependent on the angle of incidence of the waves. It
varied from a few per cent for vertical incidence to nearly 100% for almost
grazing waves. Figure 8 shows a comparison between the displacements at upper
corners of canyons with different slopes. The surface inclination near the corner
varies from 27—51 degrees. The absolute value of the amplitudes increases with
the angle of inclination. The magnitude of the computed amplification varies
between 20 and 50 “Ä. The amplitude of the horizontal displacement depicted in
Figure 8a increases considerably when the slope 9 increases. The vertical compo-
nent behaves differently, as can be seen in Figure 8b. Its amplitude decreases
slightly when the angle of slope 6 increases.

Figure9 shows a vertical cross section of a ridge model, with a steep slope
6: 51°. The line source is at a depth of 20 A2 below the crest.

Figure 10 a, b shows the vertical and the horizontal displacements as a
function of tor/A2 at 5 observation points indicated in Figure 9. The dashed
curve is the diaplacement on the surface of a flat model under the same
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canyon. For a vertical slope near the corner they found the magnitude of
amplification to be greatly dependent on the angle of incidence of the waves. It
varied from a few per cent for vertical incidence to nearly 100% for almost
grazing waves. Figure 8 shows a comparison between the displacements at upper
corners of canyons with different slopes. The surface inclination near the corner
varies from 27—51 degrees. The absolute value of the amplitudes increases with
the angle of inclination. The magnitude of the computed amplification varies
between 20 and 50 “Ä. The amplitude of the horizontal displacement depicted in
Figure 8a increases considerably when the slope 9 increases. The vertical compo-
nent behaves differently, as can be seen in Figure 8b. Its amplitude decreases
slightly when the angle of slope 6 increases.

Figure9 shows a vertical cross section of a ridge model, with a steep slope
6: 51°. The line source is at a depth of 20 A2 below the crest.
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conditions. An obvious amplification is found on the summit. Bouchon (1973)
found that the magnitude of amplification depends on the angle of incidence,
and varied from 50%J for normal incidence to 100 % for oblique angles. Bouchon
(1973) showed, also, that when the ridge model is made steeper the magnitude of
amplification increases. These conclusions are in agreement with our results.
When the slope of the ridge model (9) varied between 27 and 51 degrees, the
amplitude of the signal increases by 14—52 %.

On the flanks Boore (1972 b) found amplification of certain frequencies and
deamplification of others. He assumed that in the time domain the amplitude of
the incident waves would not be changed on the flanks. Bouchon (1973) found
attenuation of the incident waves on the ridge flanks. According to our
computation the amplitude of P-pulse on the flanks seem not to be affected by
topography. Immediately after the first pulse two more pulses were recorded.
These were PP and PS waves reflected from the opposite flank. The horizontal
component of PP is in the opposite direction to the first pulse. Therefore, for
certain sites and relatively long waves the direct and reflected phases may
interfere destructively. This may explain why Bouchon (1973) got attenuation on
mountain flanks. One can try to explain the high amplitudes on ridge crests as a
superposition of the direct and the reflected phases arriving simultaneously at
the top. For steep slopes, multireflections also increase the combined ampli-
tude. This focusing effect may even be amplified in a three dimensions model.

Appendix

The computation of boundary values for stress—free surfaces with slopes larger
than 45° is slightly different from the technique described in Section (2), but
based on the same principle. The difference lies in the fact that a steep surface is
closer to the vertical than to the horizontal.

In this case suitable cartesian coordinates are chosen with an angle y=7z/2
—0 in the .direction counter-clockwise to the main system. In the rotated
coordinate system (x*, 2*) the inclined surface is parallel to the 2* axis. Let
(U*,W*) denote the displacements in the x*, 2* directions respectively. The
following orthogonal transformation connects the displacements in the two
systems:

U* = U_ cosry + Wsiny = U sin6 + WcosO

W*= —Usiny+Wcosy= —UcosB+Wsin6. (17)

The boundary conditions required on the inclined stress-free surface are as
follows:

ôU*
+ôW* _0

62* ôx*
—

ÖU* ÖW*2 2_ 2 =oc
ôx*

+(oc 2ß )
(32*

0.
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Let us superimpose a local grid around the inclined surface, as shown in
Figure 1 1. The units of this grid are:

A x* =A z 0056

A 2* = A z/sin 9. (19)

The derivatives of Equation(18) are replaced by finite differences, and the
displacements of point 2 denoted in Figurell are evaluated by linear in-
terpolation, such that:

Ufk=2 00526 UJ*_1_k_1+(l——2 C0820) UJ*_ 2,1:
—2 cost) sin0(1 —2fl2/Œ2)(W,*_ M— W,’Îk_ 1)

ik=2 cosEGWJ*_Lk_1+(1 ——2 cos2 9) W_,*_ 2.::
— 2 sing cos 6(Uj‘i U,‘ Î}- 1). (20)

Equations(20) are extrapolation formulae to a fictitious grid point at a distance
dx* from the inclined free surface, where 92450. For very small slopes where
§L>tan 9>9 the grid dimensions are chosen in such a manner that the inclined
surface passes through the diagonal of 2 or more grid units. As an example, in
Figure 12 tan 82%, in this case a square grid is chosen in such a manner that
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Figure 12 tan 82%, in this case a square grid is chosen in such a manner that
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Fig. 12. Grid for an obtuse wedge, where %;tan6>0

the surface passes through 2 grid units. Here two fictitious lines are needed. The
first at a distance of Az’=cosHAz and the second at a distance 2.42” from the
surface. (A z’ was defined in Eq. (9).) Extrapolation formulae to the first fictitious
line are obtained by finite-difference approximations of Equations(6).

JîSR-—-(l-—25in'°'0) j‚k_l+sin29(Uj_l‚k+Uj_1‚k_l)
‘5in90036( i+1‚k_1-Wf_1,k)

lk=(1—2sin29)I/ÏÇÆ_1+sin26(Wj_1,k+l/Vj_l,k_1)
‘3in90059Ü-252/Œzx .;+1,k—1—U.;—l,k) [21)

here (J, k) is a grid point on the first fictitious line. Extrapolation formulae for
the second fictitious line are obtained similarly.

.f ' 2, I ' 2 I I
J,k:(1 —4 8111 9) UJ,k— 2 +2 SlI] 6(UJ__

1,16"- 2+ U]- IJC— l)

Wi,r=(1-4 sinzû) MGÆ— 2 +2 sin28(Wj_1’k~ 2 + W3" l.k—- 1)
' .2 2 f f—2sm6c:osB(1—2ß /oc )(Uj‚k_l—UJ_2„C). (22)
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Extension of Matrix Methods to Structures
with Slightly Irregular Stratification*

A. Cisternas and G. Jobert

Laboratoire d’étude géophysique de structures profondes, associé au C.N.R.S.,
Institut de Physique du Globe, Université P. et M. Curie, F-75230 Paris Cedex 05, France

Abstract. A perturbation matrix method is proposed for stratifications differ-
ing but slightly from the classical ones (parallel planes; coaxial circular
cylinders, concentric spheres). It implies the simultaneous evaluation of the
effects of a dislocation field and of a body forces field.

The theory is applied to the case of Love waves travelling in a medium
consisting of a layer over a half space, the layer having a localized per-
turbation. The response to an isolated incident surface wave mode depends
on the shape of the perturbed region, and can be obtained analytically in the
frequency domain to the first order in the perturbation. Inversion to the time
domain is done numerically. The perturbed phase velocity depends on the
shape of the perturbed region, and can be obtained analytically in the
frequency domain to the first order in the perturbation. Inversion to the time
domain is done numerically. The perturbed phase velocity depends on the
position of the observer, and on the sense of the incident field.

Key words: Matrix methods — Irregular stratification.

1. Introduction

Since the early determinations of local phase velocity by the method of tripartite
stations, different authors have found that the measurements over tectonic
regions show anomalous oscillations. In fact, it is reasonable to expect that the
presence of continental margins, ridges, basins, and other geological features
may produce important deviations from the case where the heterogeneity of the
medium is only vertical. Alexander (1963), in a very careful study of the crust in
California showed examples of this effect. Moreover, the development of global
tectonics has reinforced the need to study lateral heterogeneities in order to
understand the physics of plate motion and the changes in the deep structures
due to the convection process.

* Contribution IPGP n° 223

J. Geophys. 43, 59 —74‚ 1977 Journal O_fGeophySIcs

Extension of Matrix Methods to Structures
with Slightly Irregular Stratification*

A. Cisternas and G. Jobert

Laboratoire d’étude géophysique de structures profondes, associé au C.N.R.S.,
Institut de Physique du Globe, Université P. et M. Curie, F-75230 Paris Cedex 05, France

Abstract. A perturbation matrix method is proposed for stratifications differ-
ing but slightly from the classical ones (parallel planes; coaxial circular
cylinders, concentric spheres). It implies the simultaneous evaluation of the
effects of a dislocation field and of a body forces field.

The theory is applied to the case of Love waves travelling in a medium
consisting of a layer over a half space, the layer having a localized per-
turbation. The response to an isolated incident surface wave mode depends
on the shape of the perturbed region, and can be obtained analytically in the
frequency domain to the first order in the perturbation. Inversion to the time
domain is done numerically. The perturbed phase velocity depends on the
shape of the perturbed region, and can be obtained analytically in the
frequency domain to the first order in the perturbation. Inversion to the time
domain is done numerically. The perturbed phase velocity depends on the
position of the observer, and on the sense of the incident field.

Key words: Matrix methods — Irregular stratification.

1. Introduction

Since the early determinations of local phase velocity by the method of tripartite
stations, different authors have found that the measurements over tectonic
regions show anomalous oscillations. In fact, it is reasonable to expect that the
presence of continental margins, ridges, basins, and other geological features
may produce important deviations from the case where the heterogeneity of the
medium is only vertical. Alexander (1963), in a very careful study of the crust in
California showed examples of this effect. Moreover, the development of global
tectonics has reinforced the need to study lateral heterogeneities in order to
understand the physics of plate motion and the changes in the deep structures
due to the convection process.

* Contribution IPGP n° 223



|00000074||

60 A. Cisternas and G. Jobert

Several theoretical works produced lately are reported by Woodhouse (1974).
They consist in the application of either the representation theorems or per-
turbation methods or the variational techniques to specific problems, and they
require the boundary conditions of the perturbed problem to be satisfied
approximately. The work done by Jobert (1975, 1976a, b) on the application
of the Thomson-Hakell (later T.H.) method to a generally stratified medium,
allows us to use the perturbation method in a very general context. Moreover,
the procedure leads to the automatic evaluation of a system of secondary
sources that replaces the geometrical perturbation.

In this paper we present rapidly the fundamentals of the method, and we
illustrate the theory with an application to the case of a Love wave field
travelling against a perturbed region.

2. Notation

Summation over repeated literal indices is used unless they are present in both
sides of an equation. Latin indices run from 1—3, greek indices from 1—2.

5,. = couô} 5,? 5,3)
are the unit vectors,

I = {ôij} = {63.} = {5”} is the unit matrix.
AT is transposed from A.

Öia li, ii

are respectively the partial, covariant, contravariant derivatives with respect to yi

V: 001(6162 a3)
A=VZ' ög+ö3 ' VZT.

G = {GU} is the covariant metric tensor, with contravariant components G”

Fil; =â GKm[ôii+aii
_

ômGij]

are Christoffel’s symbols

u displacement vector with contravariant components u"
T= {TU} stress contravariant tensor
t is the stress vector acting on a y3 =const. surface, ti = T“.
to angular frequency
p density, ,1, ‚u Lamé’s parameters functions of y3 only.
K=Ä/(Ä+2/‚L) K’=u/(Ä+2‚u) e=K+K’
Vp=]/(Â+2u)/p VS=M P, S wave velocities
0(a)) phase velocity
c„(w) phase velocity of the nth mode.
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k = co/c wave number, kp, S = CO/VP,S
vP=]/k2—k12o VS=Vk2—ks2
CP primary source
Cs secondary source

3. Extension of the T.H. Method to Quasi-Plane Stratifications

The method which we shall use here has been already presented in two previous
papers (Jobert, 1975, 1976b). We shall follow the derivation made in the first of
them.

The physical properties of the 'medium are supposed constant on each
member S of a family of surfaces. These surfaces differ but slightly from parallel
planes defining a Cartesian system of coordinates (x‘). The x3 axis is normal to
the stratification. A system of curvilinear coordinates (see Fig. 1) (yi) is chosen
such that y3 is constant on each S and

y1==x1 y2=x2 y3+8z(yi)=x3. (1)

Here 8:0(1), z=0(y3) and is subjected to Other conditions discussed later.
The metric tensor covariant components are deduced from

dsz=dxidxi=dyady“+(dy3+8dz)2.

It is easy to see that we may write then

Gij=5ij+gAij <2)
with

A={Aij}=Vz-6§+53-VZT. (3)

The contravariant components are

Gü=öü—8Aü
where, to terms in 82, we may replace A” by Aij.

From these expressions it is possible to show that the only non zero
Christoffel’s symbols are given by

1:13:88”; (4)

3.1. Equation of Motion

The elastic force e is derived from the stress tensor T by taking its divergence

ej = Tijli = ôiTij +1}; i +113" Tim.

Using (4) we may write

ej = al. TU + e [(Ö3mz) TmJ‘ + 5g(aimz) Tim]. (5)
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Fig. l. Quasi-plane layered structure. The properties of
the medium are constant on each surface S. The
coordinates (x1, x2, x3) refer to the unperturbed, plane
layered, medium, and (y', yz. £3} are the local
coordinates on the surfaces S

We shall sort out the components of the stress vector r from the other elements
T”, we may write (5) as:

61:83? + 8-3 T” +851
(6)e3 =r’i3r3 + öß'cß +8 b3,

with

b"=(ö z)1:°‘+(ô z)T°”3 _33 3:3
(7)b3 = 3(61‘3mz)1t‘I + 2(6332) t3 +(öaßz) T“; .

After a Fourier transformation with respect to time, the equation of motion may
be written (keeping the same notation for the variables and their transform)

ej+fj=—pco2uj (8)

where f are the body force components.

3.2. Hooke’s Law

The other equations are given by Hooke’s law

T” = À div u GU + “(uni +uj1‘).

Using Christoffel’s symbols we obtain

THU—"=1”: GWôkuk+13"u'”)+/.L[Gi'"(ôn,uj+1;,jpup)+Gjm(ômui+1". “PHmp
=Aü+anü [9)

with

A”(u)=}t5”6kuk+ii((3iuj+6ju‘) (10)

new): 2.[5U(u7‘ - 83 I72) — AU Ökuk]
+p[uT(öi .51; +as.5g)—A‘m amuJ—Aim smut] (11)

(not tensorial expressions).
We may write in particular

A33 zäökuk+2uä3u3=(2+2u)ökuk—2pö}‚uy
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so that

A” =1 öa” [A33 + 2p at]/(). +2u) +u(Öauß + ößu")
=KÖaßA33+2uKÖüß öyuy+u(Öauß+Ößu“). (12)

To eliminate Ta” from (6.1) it is possible to apply the differentiation aß since K
and p do not depend on y”. We may also write

Tj=A3j+8H3j. (13)
3.3. Primary and Secondary Fields
We shall decompose the total field into a primary field (valid for 8:0) and a
secondary field due to the perturbation of the stratification:

u =up +8lls
(14)

17=Tp+8 ’L'S.

Equation (13) becomes

T£+8 t§=A3j(up—l—8us)+8fl3j(up)

or f -' "'

rf,=A3j(up) (15)

r£=A3j(us)+H3j(up). (16)

Similarly the system (6) (8) becomes 83(113, +arf)+öß(rf‚+erf)+ebg +f 3 =
—pw2(u;+euf)

63(1‘;+8rÿ)+ôB(A°‘B(up+eus)+8H“B(up))+eb;+f“= —pw2(u;+eu:)

or
8313+Ößrl3, +f3= —pœ2 u:

(17)Ö3I;+ÖßA“ß(up)+f°‘= —pco2 u;

Ô3rs3+ôprf+bî= —‚0a)2 u: 1803r§+5fiA"/3(us)+63H“fi(up)+b‘;=_pw2u: - ( )

The system (15) (17) corresponds to the non-perturbed problem. Introducing the
T.H. vector X: col(u1:) we obtain the first order differential equation

63Xp=MXp—Cp (19)

where

M M2>M3 MÎ
M1: 451554435951—(Özöä+ösög)52
M2=u"1diag (1 1 K) (20)
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so that

A” =1 öa” [A33 + 2p at]/(). +2u) +u(Öauß + ößu")
=KÖaßA33+2uKÖüß öyuy+u(Öauß+Ößu“). (12)
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Equation (13) becomes

T£+8 t§=A3j(up—l—8us)+8fl3j(up)

or f -' "'
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(17)Ö3I;+ÖßA“ß(up)+f°‘= —pco2 u;

Ô3rs3+ôprf+bî= —‚0a)2 u: 1803r§+5fiA"/3(us)+63H“fi(up)+b‘;=_pw2u: - ( )

The system (15) (17) corresponds to the non-perturbed problem. Introducing the
T.H. vector X: col(u1:) we obtain the first order differential equation

63Xp=MXp—Cp (19)

where

M M2>M3 MÎ
M1: 451554435951—(Özöä+ösög)52
M2=u"1diag (1 1 K) (20)



|00000078||

64 A. Cisternas and G. Jobert

M3: —Iu[—ölö{(ksz+4eöll +822)—52 ög(k?+4eö22+611)

+ö3ög‘kg+(2K+1)(ölög+ö2 51001,]
Cp=Col(000f1f2f3). (21)

The system (16) (18) corresponds to the secondary field induced by the in-
teraction of the primary field with the perturbation of the stratification.

We may write it as

63XS=MXS—CS ' (22)

where CS is given by

uCS=CoI(H13(u,,),H23(u.), K’H33(up)‚u(b1 +aaH1“)‚u(b2Mama/1193). (23)
The first 3 components correspond to a dislocation field, the 3 others to a body
force field.

4. The Passage of Love Waves through a Region of Irregular Layering

We are going to show an application of the above theory. For the sake of
simplicity we consider a Love wave travelling against a localized irregularity
(Fig. 2). The unperturbed medium consists of a layer of thickness H over a half
space. The index 1 refers to the layer, the index 2 to the half space. The shape of
the irregularity is given by a function z=z(x1,x3). We select as primary field an
SH field with particle motion along the x2 axis, and propagating along the x1
axis in the positive sense. We have, thus, a plane problem, and we may see that
only the second and fifth terms in (23) are different from zero. We keep these
terms and write (23) in the form:

3s= (5:522), (24)
where

H32: —;tA3mÖmu2 (from (11)),

611712: —uöl(A1mÖmu2) (from (11)),

b2: ô z r2+ Ö z T”
=,u([(33:3.:- 6311: Ïôîlz-ôluz] (from (7)),

A33=ZÖ3z; A31=Ölz. (from (3)).

If, moreover, the perturbation is only a function of x1, we have b2=0, A33=0‚
and then (24) takes the form:

612.6114

))‚
(25)CS: " (81(612- T23
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incident field: Love mode n
L u T
M

Fig. 2. Geometry of the example: Love wave
propagation in a medium consisting of a layer
over a half-space. The perturbation z=z(x‘,x3)
is located near the origin of coordinates. The
figure shows the case of variation with respect
to :1:1 only M3

VS perturbation
Z:Z(x‘}

that represents a continuous distribution of sources, generated by the primary
field if, 7"“, over the region where the values of 612 and 6-112 are different from
zero.

From here on we drop the indices in 112, T”, since they are the only
components that are being used.

4.i. The Primary SH Field

We have chosen as primary field an incident Love wave (mode it) travelling in
the positive sense along the x1 axis. Then the field at the surface, in the
frequency domain, is written as:

X(O):(u)=(5(œ)â‘k"x') ('26)

where She) is the spectrum of the displacement at x1 =0, and k,,=k,,(o)) is the
wave number. A frequency dependence of the form exp(-—icor) is assumed.

At depth x3 the field is given by the well known formulae (see for instance,
Woodhouse (1974), though the notation is somewhat different):

3cosh vs x .In
3)elk"x1§ (3(n}X(x3)= (Î?) eiknx‘ =S(co)(

H
S ' ‚Sp1 vlnsmh vlnx

(27)
=S(w)( s )°°Sh vï‘,.H—e“""x1-"ï"‘x"-H>; Mam

—#2 V2"

where vf„=}/kfi—käi,i=l, 2. _ . _ .
The wave number k,,(co) satisfies the period equation:

uzvén-coshvinH+a1via-sinhvj”H=0. (28]

4.2. The Fourier Transform of the Secondary Field

We Fourier-transform the problem with respect to x1. The transform of the
secondary source (25) is

_ +00
. l ô Z'ô H _ knlnC,=— j e-‘knx (a

i6
Z_1T))dx1=(k—k,)z(k—k,)(Hf) (29)

-—oo 1 1 n
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where we have used the fact that the spectrum of the primary field (27) is
proportional to 6(k—kn). In fact:

61 zdlu=[ik'z“(k)]*[iknfi]

=â [ikz—(k)] * [i kn 27: un ö(k—k„)] = ——(k——k„) 2(k—kn) kn un.

The star indicates convolution.

4.3. The Secondary SH Field

We assume that the field produced by the secondary sources at the surface is:

25(0) = ('78s) (30)
where ù's is to be determined.

We may continue the field at depth x3 by the use of propagators (Gilbert
and Backus, 1966):

is(x3)=P(x3,0)î<S(0)—Î P<x3,c>ës(2;)dc (31)
0

where the propagator for the case of Love waves is (Woodhouse, 1974)

cosh q sinh q/u vs
P(CZ‚C1)= (p vssinhq coshq )‚ q=vS(cz—cl) (32)

and permits the passage from X(C1) to X(C2).
The radiation condition in the half-space implies that the coefficient of

exp(vs2 x3) must vanish. We must then have (Appendix I):

as'AL(k)-(k-kn)Z_(k—kn)5(a))
~[oc1 S‘ +ß1 S+ +u1 vsl(oc1 C" —ß1 C+)/‚u2 v3

+2,BzcoshvslnH-/v§]=0 (33)

where

AL(k) =cosh vs1 H+sinh vi H - (#1 vsl/‚u2 vsz)

is the Love determinant;

a1=k„+k(vä„/vä); ß1=k„-k(vf„/Vä) (i=1‚2>
Si =(sinh vi" H i—sinh vs1 H)/(v51„ -_l- v81)
Ci =(cosh vin H— cosh vi H)/(vsl,, i vsl)
+_ S Sv2 ——v2n+v2.
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We obtain, thus, the displacement at the surface for the secondary field in the
form:

3‘5 =S(w)(k -k„) 5(k - kn) F (k, kn)/A L(k)
where

F(k‚kn)=°‘1 S- +ß1 5+ +P‘1 Vsi(0‘1 C— ’51 C+)/‚u2 V;

+2 ßz cosh vin H/vÿ. (34)

4.4. Evaluation by Residues

Inversion to the spatial coordinates is done by the Fourier integral:

S +00 Fk,k„us(x1‚0;a))=—2%;—)— j (k-—k„)z‘(k—k„) j (k)) eikxl dk. (35)

The integrand has poles at the zeros of A L(k), and branch points at kßl, kßz. If no
additional singularities are introduced by the function 2(k), it is possible to
evaluate us by the residue theorem. If x1 >0, it is necessary to close the contour
on the half-plane Imk>0 to obtain the transmitted field:

ui<x1‚0;w>=i8(w> Z (km—kn>2(km—kn)M
"14:" AL(km)

+ Body waves. (36)

In the case x1 <0, the contour is closed on the lower half k-plane to evaluate the
reflected field:

F— k . 1uS—(xl,O;c0):iS(œ)Z(km+kn)5*(km+kn)_(_l_kï’_L)e—zkmx
m AL(—km)

+Body waves. (37)

4.5. Numerical Results

The first order perturbation may be evaluated exactly in the frequency domain
by means of expressions (36), (37). The part corresponding to body waves is
obtained in the form of branch line integrals. To test the method, we select a
long period incident Love fundamental mode, in such a way that the coupling
with body waves would be negligible.

In Figure 3 we show the amplitude of the incident field: |S(w)|, the funda-
mental mode, and the amplitude of the response function: (km—k„)2(km—k„)
-F(km, kn)/Ai(km), for each higher mode, up to m: 5, for the case of a bell-shaped
perturbation of exponential type. We have chosen a layer thickness H =30 km,
and a perturbation width of the order of 30 km. The velocity of shear waves in
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Fig. 3. Case of an exponential perturbation: z=exp( -—a(x1)3). The dashed line shows the amplitude
spectrum Stm) of the incident fundamental Love mode, peak amplitude is about 105. The solid lines
show the product “km—k0) Ztkm—ko) F(km‚k0)‚w"A’L(k„‚)| for m=1 to 5. The parameters are: H
= 30 km, a=0.003, 1/251: 3.464 km/s, Vä-Êfi/S1 = 1.297, Juz/ii] =2.159, znm =1 km

the layer is V“ =3.4641<m/s; Igz/I/Zgl=1.297; p2/p1:2.159; the maximum de-
viation from plane layer geometry is zmax=1 km. From the figure, it is clear that
the product of the incident field and the response function will be significative
only for the first higher mode. The contribution of the other higher modes (and
of body waves) will become very small due to the weak coupling with the chosen
incident field.

Since the exponential function decays very sharply for large x1, the per-
turbation is very concentrated in space. To see the effect of a larger spreading,
we have chosen an algebraic function z(x‘)=a2/(a2+(x‘)2). The results are
shown in Figure 4 for the higher modes m: 1,2. The elastic properties and the
geometry of the above example are employed. It may be seen that the coupling
becomes stronger, since the response amplitudes are larger than in the previous
case.

Figure 5 shows the inversion of the displacement to time for the incident
field, and for the first higher mode at x1 =0. The inversion has been performed
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Fig. 4. Case of an algebraic perturbation: :=a'-’/(a2+(x‘)3). The parameters are the same as in
Figure 3, except a: 15. A stronger coupling may be observed in relation to Figure 3

numerically by means of the Fast Fourier Transform, for the displacements of
the transmitted field (36). The maximum amplitude ratio is of the order of 5%
for the first mode, and it becomes several orders of magnitude smaller for the
other modes.

The knowledge of the analytic form of the perturbation in the frequency
domain allows us to compute the perturbation to the phase velocity analytically
without going to the time domain. In fact, if we take only one of the terms in
(36), the one which corresponds to mode m, we may write the local displacement
in the form:

ü=Anexpum+knxln+Bmexpuwm+kmxln (38)
where the amplitude Bm is much smaller than A", the amplitude of the incident
field; can and (pm are the phases of the incident and secondary fields at x1=0,
respectively. The perturbed phase velocity may be shown to be equal to
(Appendix II):

C(x1,w)ŒC(w)/[1 wen/cm — 1) cos Aw] (39)
where azBm/An, Aq0=g0m—cp„+(km—k„)xl and c(x1,w) depends upon the po-
sition of the observer.
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A calculation of the perturbation has been made for the case of a basin (Fig.
6), and for a ridge (Fig. 7). In both cases it is possible to observe the phase
velocity oscillation that has been reported by several authors (see for example
S. Alexander). It is clear that the mode interference is the cause for such
oscillations in much the same way that has been indicated by Thatcher and
Brune (1969), and by Boore (1969), for other mode interference phenomena. The
perturbation to the normal phase velocity curves disappears at the cut-off
frequency of the first higher mode, about 11s in this case. When x1 is very large,
that is to say, at great distance from the perturbed region, the wave trains
separate in the seismogram due to the fact that the velocities are different for
different modes, and the phase velocity returns to the normal values.

Another related question refers to the fact that phase velocity measurements
at a point close to an irregularity give different values when we change the sense
of propagation of the incident field. In one case we measure transmitted waves
and we should employ formula (36), in the other case a reflected field is
measured and formula (37) should be taken into account. Since the transmitted
field doesn’t contain a perturbation for the incident mode, m=n, and the
reflected field does contain such a perturbation, different results should be
expected. Our results disagree with those of Herrera (1964) and we believe this
due to his incomplete consideration of the effect of the perturbed boundaries.

5. Conclusions

The Thomson-Haskell matrix method maybe generalized to media with a
stratification that differs slightly from the plane parallel case. The effect of the
slope and curvature of the surfaces on the incident field may be represented as a
continuous distribution of secondary sources located at the region where the
plane. parallel geometry is perturbed. The perturbation field is then obtained by
the application of the same operator that generates the solution of the unper-
turbed problem. In other words, the secondary field is expressed as a super-
position of eigenvectors of the unperturbed problem.

In the case of Love waves (plane problem), the secondary sources excite
transmitted and reflected surface waves and body waves. The transmitted field
doesn’t modify the incident field to the first order, in the case where the latter
consists of a single surface wave mode. The expressions for the first order
perturbation may be calculated analytically in the frequency domain. The
contribution to each mode depends upon three factors: the spectrum of the
incident field, the spectrum of the horizontal variation of the perturbation, and a
vertical interference function.

The perturbation of the phase velocity may be calculated analytically also.
The known oscillations of the phase velocity are found in this way. The
perturbed phase velocity is associated with the interference of the incident field
and the excited secondary modes. The measured phase velocity will be de-
pendent on the position of the observer, and on the sense of propagation of the
incident field.
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Appendix I: Generation of the SH Secondary Field

The Thomson-Haskell vector at the free surface is assumed to be:

Km) = (is).

Thence, the Love wave propagator gives at depth H [see (27) and (29)]:

H

X(H)=P(H,0)X(0)—I P(H‚C)CS(C)dC
0

_[
coshq1

sinhql/uwäHüs)‚u1 vs1 sinhq1 coshq1 O

+KH[
cosh q’f sinhq’f/u1

v51] [
kncosh vSInC

]d{0 ‚u1 vs1 sinh q’f cosh q’f kul vinsinh vslnC

where

After the integration, we obtain:

~ h _ S+X(H)=ûs[ °Î3.q1 ]+K[ ÏIS Îfll +]=(")
.ulvlslnhQI #1V1(°‘1C _fl1C ) S

where:

Si=[sinhvinHisinhv51H]/(v51nj-_vsl), k„=oc1+‚ß1
Ci =[cosh vslnH—cosh vs1 H]/(v31„ivsl), kvsln/vs1 =oc1 —-ß1.

At depth x3 >H we continue the field in the form [see (27) and (29)].
x3

X(>63)=P(>C3‚H)X(H)- 5 P(x3‚C)Ös(C)dC

_[
cosh q2 sint/‚u2

v32] [r]
_

#2 vs2 sinh q2 coshq2 s

+ K cosh vs H evi’fl î [
COSh q’; sinh CIË/flz

VÈ]1" H ‚u2 vs2 sinh q’; cosh q’;

-[_kk" S]exp(—v2nod:
‚“2 v2n

where

q2=v3<x3—H>, q§=v§(x3—C)-
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After performing the integration, the coefficient of exp(vs2 x3) should be null, to
satisfy the radiation condition. Therefore:

S +(1/2) [r+S/”2vs2]+Kcoshvs1nH[ ßf/Vz +]=
5+N‘2V2 Uzvzßz/Vz

where B2 =(1/2)(k„ —- k van/v52), v; =v52n +v32.
The first and second rows are proportional, hence it is enough to write:

r+s/;i2 vs2 +2Kß2 cosh vslnH/v; =0.

Replacing r and s by their expressions we find:

üs [00311511 +l11 V51 sinh ‘11/lv‘2/Vs2]

+K[°‘1 S- +ß1 5+ +N1 Vs1(°‘1 C— ‘Bi c+)/#2 Viz]

+2Kß2 cosh vslnH/v'; =0

which leads to (33).

Appendix II

The perturbation of the phase velocity of mode n, when another mode m is
present, and interferes, making the separation difficult, may be obtained in the
frequency domain, in a way similar to that given by Thatcher and Brune (1969)
and Boore (1969). Let the total field be:

u = An exp[i(g0„ + k, x1)] +Bm exp[i((pm+km x1)]

as in (38). The observer would try to obtain phase velocity by considering the
spectrum of the total field in the form:

u = A exp(i go)

and computing the wave number by means of:

k = d (p/dx1

Assuming that Bm<Am we may write to the first order:

(,0=ç0,,+knx1 +ocsinAcp

where

O<=ß„‚/A„‚ Acp=90„.-<0‚.+(km--k„)x1

Then

k =d(p/dx’ = kn + oc(km — kn) cos A go.
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Hence

c= cn/[1+oc(c„/cm — 1) cos A<p].
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Modal Approach to Wave Propagation
in Layered Media with Lateral Inhomogeneities

P. R. Saastamoinen
Institute of Geophysics, University of Helsinki,
Et. Hesperiankatu 4, SF-OOIOO Helsinki 10, Finland

Abstract. A mathematical treatment of wave propagation in a layered elastic
structure has been presented. Modal methods have been used to solve the
unperturbed (plane layered) problem. Lateral inhomogeneities have been
taken into account using a perturbation scheme around the unperturbed state.

Key words: Wave propagation in layered media — Lateral inhomogeneities

1. Introduction

There has been great interest in geophysics in the problem of wave propagation
in layered media. For the purposes of this paper only works involving modal
techniques are reviewed. The majority of such works are concerned with wave
propagation in plane layered media having isotropic symmetry. Here the reader
isreferred to the paper by Cochran et a1. (1970) which gives a good account of
much of the important research in this field. For wave propagation in isotropically
symmetric and elastic structures with lateral inhomogeneities reference should
be made to Kennett (1972).

The aim of this paper is to study wave propagation in layered and elastic
media. No reference will be made to symmetry properties of materials. Conse-
quently, further considerations are necessary when dealing with specific situations.
Lateral inhomogeneities are treated using a perturbation scheme. In order to
make the notation more compact mathematically, coordinate free methods are
used.

2. Transformation of the Equations of Motion into an Operator Form

pü=divx‚ T+f (l)
and

T= C [gradx, u] (2)
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express the motion of elastic and inhomogeneous media. In (1) and (2)
p is the density field of the material,
u is the displacement vector field,
ü is the acceleration vector field,
x’ is a point in the 3 space,
T is the stress tensor field,
f is the volume density of the source vector field (assumed to be of bounded

support),
C [A] is the fourth order tensor field obtained from the tensor of elasticity C0 [A]

using the equation

C[A] = (30 [SA].
The Operator S in turn extracts the symmetric part from the tensor quantity A.

Prior to the actual decomposition each point x’ will be expressed as

x’ = (n, x). (3)
The first term n is chosen to parametrise the three space in the direction of no
the unit normal to the surface S":

n(x’) = const. (4)

The other member x in turn parametrises the 3 space tangentially to the same
surface.

The differential operators gradx, and divx, decompose under (3) as follows

gradx‚[01=%®n°+gradx[0] (5)
and

divx, [O] = 61—65%— . n0 + div,C [0]. (6)

In (5) and (6):
d . . .

d——
IS the scalar derlvate w1th respect to n, andn

® is the notation used for a tensor product.

In case the field quantity [O] is a tensor (linear transformation) the expression

fig]
. n0 in (6) will be used without dot.

After these preliminary considerations the substitution of (5) into Equation (2)
gives

T: C[S—S®n°] + C[gradx u].

Further, the introduction of the stress vector field

t= Tn0
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(acting on Sn) makes it possible to write the relation

t= C [gggno] n0 + C [gradx u] no. (7)

In order to solve (7) for g:— the auxiliary tensor field Z is introduced by

dn dn

This relation together with the positivity of Z, a consequence of the properties
of the strain energy, are used in (7) to yield the result

§E=—Z"1{C[gradxu] n°}+Z‘1t (8)
n

as the decomposed form of Equation (2).
Preliminary to the decomposition of Equation (1) it is found by (6) that

ZË= C [ÿéÿno] no.

. dT .dlvx, T=— nO + lx T.
dn

. . d 0 . .Under the assumption —n—=O, the surfaces {8,} form a parallel famlly, one fmds
that d"

dT O d t— n = —.
dn dn

Therefore,

. dt .dlvx, T=
Ër—z

+ div,c T. (9)

A manipulatiOn on Equation (1) in connection with Equations (2), (8) and (9)
reveals the result

ä:pü +divx{C [Z‘1(C [gradx u] n°)®n°]}
—divx{C[gradxu]}—divx{C[Z‘1t®n°]}——f (10)

as the form of (1) decomposed under (3).
For further treatment Equations (8) and (11) are presented as the system

du
E=A11u+A12t (11)

and

dt
Æ=A21 “+1422 ‘f (12)

of vector valued, ordinary differential equations acting in certain vector space V.
A11 , A12, A21 and A22 are linear operators in the same space and are defined by
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A11 , A12, A21 and A22 are linear operators in the same space and are defined by
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the relations

A11 u= —Z"1{C[gradxu] no}
A12t=Z‘1t
A21 u=pü+divx{C [Z“1(C [gradx u] n°)®n°]}

— divx{C [gradx u]}
A22 t= —divx{C[Z—1t®n°]}.

For the purposes of this paper it appears useful to study the single equation

iS—=As+g (13)
dn

instead of the system (11)—(12). The notations

S:(u9t)
AS=(A11 “+1412 t>A21 “+1422 t)

are used in (13). The differential Equation (13) is seen to be defined in the product
space V>< V.

Representation (13) appears to have many merits over the Equations (1) and (2)
in studying the wave propagation in layered structures. For a treatment somewhat
similar to the one presented in this paper the reader is referred to Woodhouse
(1974)

The operator A is a field quantity in (n, x). A is represented in the form of the
sum

A(n, x) = A0(n) + A’(n, x)

where A0 is the unperturbed part, takes constant values on each of the surfaces
{Sn}. The other member A’ is called the perturbed part of A. It presents the devia-
tions, lateral perturbations,

A,(n‚ X) = A(n9 X) —
A0(n)

of A from the nicely behaving part A0. In order the perturbed part to be a small
quantity it is important to fit the surfaces {Sn} as closely as possible with the
actual layering of the physical materials.

In connection with Equation (13) the usual boundary conditions:
1. The stress vector t vanishes at the surface n=0‚
2. The displacement vector u vanishes at a certain reference depth n = nœ,

should be presented in a proper form. To achieve this result the projection opera-
tors E and P2 are introduced by

P1 s = u and P2 S = t.

Consequently, the boundary conditions are expressed as follows:

I} 50:0 and P1 Soo =0. (14)

In (14) s0 and 500 are the evaluations of s at the boundaries n=0 and n=noo.
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3. Modal Problem

To obtain the boundary value problem (13) and (14) in a modal form the Laplace
transform

am] (p)= (foe-P10] (odt
and the Fourier transform

9'7[O](k)= j j e"”"’°[0](x)dx

are introduced. Above, the notation [O] means a field quantity.
The reader should notice that the applicability of the Fourier transform

restricts the family of surfaces {Sn} to a system of planes. In consequence, with
O

the condition %=0‚ it is found that the surfaces {8,} should form a parallel

family of planes.
An application of the Laplace and Fourier transforms to the boundary value

problem (13) and (14) results in

dflgs
=5°ZS€(AO s)+9’2(A’s)+97Jg‚

132(9350)=0 and fl(?$sw)=0.

Finally, under the properties:

1. .97.? = .5??? (commutation property)
2. 97(A0 s) = A009: 3) (A is independent from x)
3. 97(A’ s) = ÆA’ a: .97 s (convolution property)

the modal problem

dg A A “A, A A

1550:0 and 3500:0 (16)
is obtained. In (15) and (16) the notations

§=g7$s, §=97$g, ÄO 3:3(A0975)
and

Â' * gzgcgm’ a: 975)
have been used.

4. Solving the Modal Problem

Propagator techniques will be used to solve the modal problem (15)—(16) in terms
of Green’s operator of the unperturbed problem. For a similar treatment see
Saastamoinen (1970).
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The propagator Ü(n‚ t) is defined (cf. the paper by Gilbert and Backus, 1966)
as the solution of either one of the initial value problems

Mn’ I) =Âo<n) Ü(n‚ r), We, r) =1dn

OÏ

wg: T): -— Ü(n‚ r) Äom, Ü(n‚ r0): 1.
With the aid of these definitions it is possible to verify the group properties

Û(n, 'c) Û(r, no): Û(n, no) and Û(n, r)“1 = Û(r, n)

satisfied by the propagator.
The treatment of the modal problem (15)—(16) as an initial value problem

results in

§(n)= Ü(n‚ O) §0 +Î Û(n, 1') {(Ä’ * â) (I)+â(t)} dt. (17)

The boundary conditions (16) reveal that the initial value 50 is only partly known
a priori. To determine the unknown part (17) is evaluated first at n = nœ. This gives

$0 = Ü(noo‚ 0) 50 + l Ü(noo‚ r) {(Â’ * 5) (T)+â(ï)} dt
O

This equation becomes

ËP1 so + J Pl Ü(n‚ r) {(Â' * â) (r)+ an} dr =0, (18)
O

using the properties

P1+P2=1 and 32:13

of the projection operators in connection with the boundary conditions (16). In (18)

D=1~1 Wenona-
With respect to dependence on the complex parameter p, the operator Î) possesses
the unique inverse 15—1 with the exception of the set of singularities, branch points
and poles. Outside this set, (18) is solved for P1 go. The result is inserted into
Equation (17) giving

noo

§(n)=—§(7(nO)D‘11’1U(nw,0)U(O,r){(/1’*§)(r)+§(r)}dr
O

(n91) {(Â’ * S) (T)+g(T)} d'r (19)
Ociîz

Finally, manipulation of (19) gives the integral equation

s(n)= "f G(n, r)A(Â’* §)(r)dt+ "Î G(n,r)§(r)dt (20)
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where C(n, I) defined by

G( )_
—Ü(n‚O)D"1RÜ(noo,0)PzÜ(O,t)‚ rgn"’T” —Ù(n,r)—Û(n,O)Î)“1PlÛ(nœ,O)R2Ù(O,r), rèn

is the Green’s operator of the unperturbed modal problem.
For the purpose of finding a solution it appears convenient to represent (20)

by the equation

§=é2§+§0 (21)
in some normed space "1/. The operator {Ê and the vector go are defined as follows:

"co

(3;? ê) (n) = j Gm, r) (Â' a: 5) (r) dr
o

and
n00

§0(n)= j G(n,r)g(r)dr.
O

When the operator {Ë satisfies the condition

H?” <1
with respect to some norm topology of linear operators in V, the solution of (21)
can be presented by

§=§0+g§0+g72§0+"’- (22)

For a treatment of linear operators in connection with perturbation theory see
the book by Kato (1966). As to an explanation of the terms in series (22) it should
be noted that go represents the solution of the unperturbed problem. The other
terms in turn represent the perturbation effects caused by the lateral inhomo-
geneities.

5. Inversion of the Solution in Time and Space

The inversion of the solution (22) to the modal problem in time and space will be
briefly dealt with. For more complete treatment in specific situations, see the
references in Cochran et al. (1970).

Formally, the inversion in question is presented as

1
s(t, n, x): 97‘1{—2?;1§ e‘” §(p) dp} (x).

The contour F, in the p-plane, surrounds the singularities, branch points and
poles of 15—1. As shown in the references mentioned above the long time response
of the system is mainly due to the residue contribution from the poles and con-
sequently may be expressed by

sa, n, x) ~ 9*‘1{Z 5631,56” 502)» (x).
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It should be noted that because of the branch points the p-plane is divided into
many Riemann sheets and the poles {pj(k)} should be picked up from the separate
sheets.
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On the Propagation of Seismic Pulses
in a Porous Elastic Solid *

F. Mainardi, G. Servizi, and G. Turchetti
Istituto di Fisica, Gruppo Nazionale per la Fisica Matematica CNR, Universita di Bologna,
Via Irnerio 46, I-40126 Bologna, Italy

Abstract. On the basis of Biot’s theory the one dimensional problem of the
propagation of seismic pulses in a porous elastic half space is studied. Using
the Laplace transform, the solution is obtained in the wave front and long
time approximations. The S pulses are shown to be attenuated as in a
particular visco-elastic solid, while the P pulses, in a quasi-compatibility
condition, exhibit a purely elastic propagation.

Key words: Dynamic poroelasticity — Transient waves — Wavefront and
long time approximations.

1. Introduction

The theory of wave propagation in fluid-saturated porous solids has been
developed by Biot (1956a, b, 1962a, b) in a series of papers. Some geodynamic
applications of Biot’s equations have been considered by several authors, e.g.
Geertsma and Smit (1961), Jones (1961), Deresiewicz (1960, 1961, 1962), Deresie-
wicz and Rice (1962,1964), and recently by Paul (1976 a, b) and Burridge and
Vargas (1976).

In most of the works the geometrical effects, taken into account, have
obscured the actual role of poroelasticity on the propagation of seismic pulses.
In order to single out the effect of poroelasticity, we consider the simple
boundary value problem of plane waves propagating in a half space with input
conditions on the free surface.

We work in the most general framework of Biot’s equations (1962b) which
are discussed in Appendix A. The systems for the rotational and dilatational
waves will be written in non-dimensional variables and treated by the Laplace
transform. The analytic solutions cannot be obtained, and interest is focused on
the wave speeds and on short and long time approximations.

*. Work sponsored by the National Research Council (CNR), Geodynamic Project, under
contract N. 760090289. Publication N°6 authorized by the director of the Geodynamic Project
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We show that the S pulses propagate as in a particular visco-elastic solid and
the P pulses as in a perfectly elastic solid with suitable density and modulus.

As a consequence we suggest that the introduction of geometric effects can
be better achieved starting from these simpler equivalent models.

2. Statement of the Problem

The basic equations for S and P waves derived in Appendix A can be put in a
more convenient form by using nondimensional variables. It is natural to
introduce a characteristic time t0 =a2/v where a is the diameter of the pores and
v the kinematic Viscosity of the fluid, and two characteristic velocities for the S
and P waves, vos=(u/p)1’2 and vop=(H/p)1/2‚ where p is the mass density of the
aggregate and ‚u, H are elastic moduli. Finally, the new spacetime variables read

x./(v to) for S waves ‚ .
t’=tt ’.= 1 °5 =1,2,3 2-1/ O x] {xi/(vop to) for P waves 0 ) ( )

p becomes unit density, ‚u and H become unit moduli for S and P waves,
respectively.

With this new set of variables and dropping the superscripts the basic
systems read

1 ô"_w
{1720)

_ p—p, er? (2-2)
0

_
pf _‘JTf—K(S) 52—1

atz . 62 e
2 1 —pf —Î1 —ocM V e _ p at _ (2—3)

ocM —M I72: —
pf ——’:—K(S) 62Cf a?

where

Y(S) pfzfl _2_11(l/;) —1

K(s) S f Ä 1+[1 ßlou/b] } (24)

and s is the nondimensional Laplace parameter.
We consider a half space initially at rest, subjected at the free surface x=0 to

a known displacement condition for t>0, and we look for the transient plane
waves. The field variables a), x, e, C are functions of x and t and the field
equations are supplemented by the following initial and boundary conditions:

Öwbc, t) 510€, t)
= ’0 = :0at {:0 “x ) at t=0 (25)

(0(0, t) =wo(t)

w(x, O) =
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_Öe(x, t) _ ôC(x, t) _e(x‚0) —
ôt t=0

—Ç(x,0):
t=O—O. (2-6)

6(0‚t) =€o(ï) C(OJ)=Co(t)a
The solutions will also be required to be bounded at infinity.

3. Shear Waves

The Laplace transform equation for the shear waves obtained from (2-2) with
the initial conditions from (2-5), reads in obvious notation

A 1 —pf Aa) 2 coxx
=5 A 3"].{ 0 } pf —Bf£—,K(S) {x} ( )

where cô = cô(x, s), )2: fix, s).
Imposing the boundary condition from (2-5), the transformed solution bound-

ed at infinity reads

c?) 1 w s Ai2i=if[1—R(s)iie “am" (3'2)
where accounting for (3-1) and (2-4) we have

_ f -1 2 IM)R(S)—{1——[l+—— Km] }=1/Io(1/) (3-3)
and

u(s)=%{1+(/32—1)R(s)}“2, B=(1—fp,)-”2. (3-4)
Since R(s)—>0 for s—>oo, ß represents the wave front velocity of the pulse. We
shall consider short and long time responses to a step input, cô0(s)=1/s, in order
to avoid inessential complications.

In order to compute the short-time solution we expand R(S) and ‚u(s) in a
Puiseux series at s—> oo:

0° 1
R(S)=k21pk8""2‚ #(5)=E{S+‚ul/251/2+#0+0(5—1/2)} (3-5)

where from (3-3) and (3-4) we have
2ß

91:2: p2=-1, p3=—%... H1/2=ß2—1‚ uo=—7(/32—1)- (3'6)

According to the method proposed by Buchen and Mainardi (1975) for transient
visco-elastic waves, we get

hA —î(s+u1/2s1/2+;uo)00 k2 1 xco(x‚s)=e ß ZS“U +
)hZO

A (3-7)k,h
k=0 h—Î
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_Öe(x, t) _ ôC(x, t) _e(x‚0) —
ôt t=0

—Ç(x,0):
t=O—O. (2-6)

6(0‚t) =€o(ï) C(OJ)=Co(t)a
The solutions will also be required to be bounded at infinity.
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A 1 —pf Aa) 2 coxx
=5 A 3"].{ 0 } pf —Bf£—,K(S) {x} ( )
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c?) 1 w s Ai2i=if[1—R(s)iie “am" (3'2)
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_ f -1 2 IM)R(S)—{1——[l+—— Km] }=1/Io(1/) (3-3)
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where the AM are given by the following recursive relation

Ak‚h = 5k 0

”—1/2 ß
‚ß (u0+%)Ak—1,h—1+EAk—2‚h+1 (3'8)Am: —#1/2 Ak— 1,n+—

1 u
“#0Ak—2,h+fi(flä+%l‘1/2)Ak—2‚h—1— 21Ê__—21=23p—J+2Ak J,h— 1

The solution for fix, s) is given by (3-8) provided that Ak0= —fpk with p0 = — 1.
The inversion of (3-7) reads

_£u_o 0° k/ 2 k
a)(x‚t)=e ß {Fo(z)+ Z Fk(z)2" (t—%)/h

ë
0Akhh—!}H(t—x/fl) (3-9)

k= 1

Where H denotes the Heaviside step-function, and

— 1/2

Z:__“12/;x (hg) ‚ Fk(z)=IkErfc(z) (3—10)
where I" is the k—th repeated integral and can also be obtained by a recursive
method (see e.g. Abramowitz and Stegun, 1968, p. 239).

The initial character of the pulse is described by the leading term of (3-9)
which, accounting for the asymptotic form of Erfc(z) for large z, can be written

l“""’”l~lllix(x‚t)
—

f fi
2/3 (t-X/ß)“2 5032—1) (132-1)2 x2

52—1 x EXp( 2 x— 4,32 (t—x/ß))'
The pulse exhibits no discontinuity on the wave front and evolves as in a
diffusion process. This behaviour is similar to the one found in a visco-elastic
solid with a creep function J(t)=a+bt1/2 by Buchen and Mainardi (1975).

The long time behaviour is determined by the limit of (3-1) as s——>O

CÔ(X,S) 1 1 ß2_1 2
.

{zum} lfs/8is EXplgem—16¢“). (3-12)
The inversion is carried out by the saddle-point method which yields:

(3—11)

a)(x‚ t):%{1+Erf (ï/fi—fî t—IZ;)}
(3-13)

ß 1
W(4B_:2—1(t—X)2)'41/7: 1/,32—:—1 7E x

The pulses are centered at t=x with a spread

At=——————2lêZ—IVË.

X(x‚ t)—N

(3—14)
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Since from the short-time analysis the pulses start at t=x/ß we expect the
long-time approximation to hold when

x At . ß+1
(x—E)>—2—‚ 1.e.,

x>fl—_—_—Î.
(3-15)

The long-time behaviour of the rotational wave a)(x,t) is the same as for a
Maxwell visco-elastic solid with the creep function J(t)=c+d t (see Chu, 1962;
Mainardi, 1971).

4. Dilatational Waves

The transformed equation for the dilatational waves, obtained from (2-3) with
the initial conditions from (2-6), reads in obvious. notation

_
A 1 — pf A1 ocM exx =52 pf

e (44)ocM —M [xx pf
—7—K(s)

f

where ê=ê(x, s), Ë: [(x, s). Imposing the boundary condition from (2-6) the
transformed solutions bounded at infinity read

{?}={?::§:l law m
where ê0=ê0(s) ËO=IÎO(S), and ui(s) are the solutions (positive for 5 positive) of
the biquadratic equation

Au4—sztB+K(s)]„2+s4[C+K(s)]=0 (4-3)
with

_ 2 pf pfA—M—(ocM), B= M—
—2pfocM+—f-—‚

C=
f

—pf (4-4)

and Ti(s) are 2‘>< 2 matrices determined by the boundary conditions. Explicitly
we have

ui(s)=f—[1+wi(s)]m (4-5)
with

i

ai=(5f—r)“‚ F=<B2—4AC>“2 (4-6)

w+(s-—-)
K(s)+r{[1+W(s)]1/2— 1}

W(S)=K2+2K(B—2A) (4—7)BiF ’ F2
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and

Ë 0 1
— F+2K(S) E+ocMK(s)

ms) ={0 %}ÏF[1+ W(s)]“2 _D
V

511592 (4-8)

with
2

D=pf—ocM E=%ocM—p F=Ëf1—M. (4-9)

The fundamental inequalities a2 M < 1, pff< 1, f<oc insure the positivity of A,
C, E. Moreover we notice that

B=A+ C+DZ>0 F2=(A— C)2+2D2+D2(A+ C)+D4>0. (4-10)

We remark that the (+) and (—) solutions correspond to the two independent
dilatational waves with velocities 05+ and oc_ (since WAS) ——>0 for s —> co) and
that they interchange for F replaced by—F. The (—) solutions correspond to the
so called waves of first kind (fast waves), the (+) solutions to the waves of
second kind (slow waves) according to Biot’s notations. Furthermore we remark
that the condition D=0 allows purely elastic wave propagation with unit
velocity e(x, t)=e0(t—x) without relative motion between fluid and solid: C(x, t)
=0 when C0(t)=0. Therefore the condition D=0 corresponds to the dynamic
compatibility relation mentioned by Biot (1956a) for harmonic waves.

In order to simplify the treatment without loosing the effect of coupling
between the solid and fluid we shall work in the condition of quasi-dynamic
compatibility, i.e., we neglect all powers of D higher than one. Such an
approximation is justified in cases of physical interest.

Assuming C >A we obtain from (4-5) to (4-10)

ÎzB—ZAzC—A _ (4—11)

oc_=1 z//_(s).~_«0 (4-12)

oc+2 A/C l//+(S)’_‘:K(S)/C (4-13)

and

lïâ ion _ D ocM OTi(s):{20
Ë'iä

}+m{ 1 -—ocM}' (4-14)

As for the shear waves we restrict our analysis to the short and long time
approximations. For this purpose we make explicit use of the Tauberian
theorems as s —>oo and s —> 0, for the following input conditions: ê0(s)=1/S,Ë0(s)
=0. From (2-4), (4-5), (4-12), (4-13) we get for s —+ oo

K(S)2%[28—1/2+3s‘1 +15/4s‘3/2+ ---]

1
lut—(5)55, #+(5)2;—[5+l11/251/2+Mo+M—1/2“VI/2+"‘J (4'15)

+
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where

u1/2=ß2‚ uo=%ß2-%ß4‚ „_„2=äß2—%ß4+%ß6‚„. (4-16)
with ß defined as for the S waves by ‚ß:

(12
—fpf)‘1/2. Inverting (4-2) with Ti(s)

given by (4-14) and [F +K(s)]‘ 1 2% (12
—f—p

f‘s 1/2)we obtain the short-time
solution:

e_(x, t) _ Ah i BTI _ 1/2
{61xfi}H“ x)[{A51}+1/;{B51}(t x) ] (4-17)

6+(X,t) N _ — A+1B1_{C+(X’t)}_Exp[ xuo/oc+]H(t x/a+)[{A;1}U(ë’ T)+{B;}V(€,r)] (418)

where
_ ocM _ 20cM p

A11=1+D—F— B11=—D
F2 7f

(4-19)

D 2p
1451:}: B2—1=—Dr—7f

+__ ocM _D pf
oc__Mu__1/2xA11— DT Bh— r—2(2°‘Mf+——r au (4.20)

D D 2p 1 ‚u_A+ =___ B+ _ f _1_/2
x)21 F 21—7(1’+1"

01+
ë=x,u1/2/oc+, T=t—X/OC+, ‘ (4-21)

and U(f, I), V(ë, r) are given by

Uœ, r)=.Erfc[ë/(21/Î)] (4 22)
Vœ, r)=21/r/Tr exp [—52/(401—5 man)

The fast waves {e_, Ç _} exhibit a discontinuity at the wave front While the slow
waves {e +‚ C +} show a diffusive-like behaviour as the shear waves.

The long-time solution is easily computed from K (5)288—“53‘1 (s—>0) and
reads

e (x, t) 1
{C (x’t)}N {O}H(t—x) (4-23)

+x( ) ocM ßf î _32 2 2
{54x 0} {1 }D8pfoc+ 1/32“

/ eXPE-2(ß/oc+) x/t]. (4—24)

The fast wave solution corresponds to a perfectly elastic propagation while the
slow wave is affected by the porous-elastic coupling. The pulse of the latter is
centered at tM=4/3(B/oc+)2 x2 and the rise time is At3 tM/4 while the decay
time is A D t: lOtM. Since from the short-time analysis the pulses start at t=x/oc+
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we expect the long-time approximation to hold when x/oc+ <tM/4, i.e.‚
x>3oc+/ß2. We notice also that the amplitude at the maximum decays as x“2
and consequently is strongly damped 1.

5. Discussion and Geophysical Implications

From the previous analysis we see that the effect of poroelasticity on pulse
propagation can be summarized as follows. The relative motion of a viscous
fluid in the pores generally implies an attenuation in the motion of the solid.
The rotational waves exhibit the same dispersion as if the attenuating mech-
anism were a particular type of linear viscoelasticity. The dilatational waves
were investigated in the quasi-dynamical compatibility condition since we expect
that the deviation from the elastic behaviour can be treated as a perturbation for
most physical purposes. The deviation from pure elasticity is measured by the
parameter D which can be considered as a coupling constant, in analogy with
thermoelastic theory. The distortion of the fast wave is relevant only for very
short times and the slow wave decays very rapidly so that even when the dynamic
compatibility condition is not exactly satisfied the medium allows a perfectly
elastic propagation without relative motion between fluid and solid.

We confine our numerical analysis to a particular liquid filled porous solid
of geophysical interest (a kerosene—satured sandstone) whose parameters can be
deduced from experimental data (Fatt, 1959) and are quoted in Appendix B.

For the S wave the nondimensional wave front velocity is ß: 1.05, and the
evolution of the pulse at fixed distances is shown in Figure 1 where the short and
long-time solutions are compared. Since unit distance and time are very small
(see Appendix B) the long-time approximation well describes the propagation of
seismic pulses. As a consequence the (continuous) precursors do not start
effectively at t=x/ß but rather at t=x—At/2, with At given by (3-14) so that the
actual velocity appears to be v:1+[(,B—1)/(2x)]1/2.

In order to have an estimate of the porosity influence on the seismic pulse we
point out that after one second the pulse has travelled 21km and its spread is
z 5 m.

For the P waves the dynamic compatibility condition is fulfilled within the
uncertainty of the experimental values of elastic coefficients and consequently
we have a perfectly elastic propagation of the seismic pulses.

Appendix A. Discussion of Biot’s Equations

The dynamical equations of poroelasticity obtained by Biot (1962b) in the case
of isotropy and uniform rigidity are:

Ö22u V u+V[(Âc+u)e—ocMC] =Öt2——t—2(p u +p,» w)
It can be observed that for the most general input eo(t), COU) the conclusions are essentially the

same. The solution for x» 1 reads {e_ (x, t): [e0(t—x) — pf {0(1: —x)], Ç _(x, 0:0}, i.e., we have elastic
propagation in the solid corresponding to an effective input pulse (e0 — pf Ç O). Any other disturbance
has an amplitude decaying like if2
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Fig.1. The shear response wtx, t) to a step input w0(t)=H(t) is shown at various distances. The wave
front {dotted line) and long time response (continuous line) are plotted versus {fix and compared with
the elastic response H(r—x}
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We recall that: e=l7- u, Ç: —V. w, w=f(U—u), where u, U are the displacement
vectors of the solid and fluid, respectively; u, if, oc, M are elastic coefficients
whose physical meaning is clarified by Biot and Willis (19§7); p, pf are the mass
densities of the aggregate and fluid, respectively; and Y is the viscodynamic
Operator, a function of s=d/dt, which embodies the dynamics of the fluid in
relative motionz. The specific form of Ÿ(s) can be determined, assuming a simple
geometry for the pores, by considering the flow of a viscous fluid under an
oscillatory pressure gradient e‘ù" below the turbulent regime. From Biot (1956b)
we deduce the following result for cylindrical pores of radius a:
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wherefis the porosity, v is the kinematic Viscosity of the fluid and 10, I1 denote
modified Bessel functions. The above-mentioned limit of validity can be ex-
2 The viscodynamic operator 37(5) accounts for the deviation of the microvelocity field from the
Poiseuille flow (3:0) as the frequency increases
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pressed as an upper bound comax=7z vO/a on the frequency co=s/i, where vO is a
characteristic phase velocity. The characteristic frequency of the system is given
by a)0=211:v/a2 and we notice that for our purposes wmax/wozavo/(Zv) is very
large since 00:105 cm/s, 51210—3 cm, v210‘2 cmZ/s. The limits of the operator
Ÿ at low and high frequencies can be easily deduced from (A2); we get

(5—)0) Ÿ(S)_N_d0+mS, dO
=';2— 7, m=-3- 7

(A.3)

A pf i Zips—+oo Y s =—s+doo32, dœ=—v2——. A.4( ) () f a f ( >
At zero frequency (s=0) the operator yields Darcy’s law, i.e. Ÿ=d0=u/K, where
,u=pf v is the dynamic viscosity and K= a2f/8 is the permeability.

For the case of uniform porosity, using the variable U instead of w and
introducing a: —V-U, the dynamical Equations (A.1) can be written in the
alternative form

2ô A ANV2u+V[(A+N)e+Q8]=ô—t—2-(p11 u+p12 U)

62
(A.5)

V(Q9+R8)=à—tï(,ô12u+â22 U)

where

N=y, A=Âc—2focM+f2M, Q=fM(oc—f), R=f2M (A.6)

fin =p-2fpf +f2 Ÿ(S)/S, I312=fpf -f2 Ÿ(S)/S, I322=f2 Ÿ(S)/S- (A-7)
The Equations (A.5) are to be considered the correction of equations derived
formerly by Biot (1956 b) and usually adopted in geophysical applications (e.g.
Deresiewicz and Rice, 1962)

82 A Ö
NV2u+I7(A+N)e+Q8=äF(p11u+p12 U)+bF(S)ä(u‘—U)

62 ô
(A.8)

V(Q9+R3)=ä'tî(p12u+:022 U)—bÊ(S)ä;(u—U),

where

911:.0‘2fpf‘l‘f2ma lp12=fpf_f2ma p22=f2m (A9)
and

b=E85fp=f2410, FA(S)=% a(:/v): :[ao/vfi] . (A.10)
1 —; (—) T[a(s/v)%]

S

Strictly speaking, the Equations (A.8) are correct only when s —>0(E(s) —>1)
as considered by Biot (1956a) in the low frequency range. For higher frequencies
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a correction factor must also apply to the density parameters p11, p12, p22,
namely to the parameter m in (A9). For 5—) 00 we get m=pf/f so that

puzp—fpf, [11220, pzzzfpf (A11)
and

2191%):afpf(v syä- =dœsä. (A.12)

We point out that Equations (A.1) are valid for any frequency range and that all
the parameters are uniquely determined 3.

The equations for shear and dilational waves are obtained as usual by taking
the curl and divergence of Equations (A.1), respectively, and read

2

qw=ä5(pw-pfx)
(A.13)

0— 2< )—Ÿ(s)ô—"_ôt2 pfw at’
where w=V Au, x: —-V AW, and

âz172(He—ocMo =a7(pe—pfo
(A.14)

2Ö A ÖC2 _ =_ _ _l7 (ocMe MC)
8t2(pfe) Y(S)ôt’

whereH=Àc+2y=A+2N+2Q+R

Appendix B. Numerical Values

We quote the numerical values of the physical parameters of a kerosene-satured
sandstone (Fatt, 1959). In cgs units we have:

a=10-3, v=2.44-10-2, p,=0.82, p=2.137, f=0.26
N=0.276-1011‚ H=1.178-10“, M=0.482.1011, oc=0.853.

The characteristic time is to =a2/v=4.1 . 10‘ 5. For S waves the elastic velocity is
vos=(N/p)%=1.14- 105 and the characteristic distance xozvOS t0=4.6. For the P
waves the analogous quantities are vop =(H/p)% = 2.35 - 105, x0 = vop to =9.6.

References

Abramowitz, M., Stegun, I.A.: Handbook of mathematical functions, New York: Dover 1968
Biot, M.A.: Theory of propagation of elastic waves in a fluid-saturated porous solid. I. Low-

frequency range. J. Acoust. Soc. Am. 28, 168—178, 1956a

3 From the above analysis we see that the assumptions made by Deresiewicz and Rice (1962), p12
= —10‘3 p in the whole frequency range, is not strictly correct since p12 varies from —1/3 (pf/f)
atw=0toOatco=oo
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Abstract. Two methods for tracing seismic rays between 2 given end points
through three dimensional, continuously varying velocity structures are
available. This paper describes and compares them for problems of practical
interest and for analytical ray paths through an idealized velocity structure.
One method involves “shooting” the ray from one point with a given
starting direction and then modifying this starting direction until the ray
emerges at the desired target, while the other method involves “bending” an
initial path between the end points until it satisfies the principle of stationary
time. For most of the models investigated, “bending” is computationally
faster than “shooting” by a factor of 10 or more. The “bending” method can
be modified to deal with discontinuities in the velocity model, and can also
be adapted for use in conjunction with a table of distances as a function of
ray parameter when the three dimensional anomaly influences only a small
fraction of the total ray path. The geometrical spreading effect on the
amplitude of the ray may be retrieved easily from the “bending” solution.

Key words: Seismic ray tracing — Geometrical optics.

Introduction

Recent studies of seismic wave propagation in structures such as descending
lithospheric slabs and spreading ocean ridges have required the calculation of
seismic ray paths through three dimensional velocity anomalies. From these
studies we have gained an understanding of such phenomena as travel time
anomalies in subduction zones (Jacob, 1970; Toksöz et al., 1971; Sorrels et al.,
1971; Jacob, 1972; Sleep, 1973), shadow zones and amplitude anomalies (Julian,
1970; Toksöz et al., 1971; Davies and Julian, 1972) and distortion of apparent
focal mechanisms (Toksöz et al., 1971; Solomon and Julian, 1974).
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All of the seismic ray tracing for this work was accomplished by specifying
the starting location and initial direction of the ray and treating it as an initial
value problem. This method is efficient for calculating a family of rays through a
structure, but there is no control over the point of emergence of any particular
ray. In practice it is often necessary to determine a ray path between 2 specified
end points, and in this paper 2 different approaches to the problem are
considered. One approach is to make an estimate of the starting direction of the
ray and then to solve the initial-value problem repeatedly, in a systematic
attempt to refine the estimate of the starting direction. This method, which is
commonly called shooting, has been used by Engdahl (1973) to calculate
earthquake locations in the Aleutians Islands. The other method is to make an
estimate of the ray path connecting the two end points and to modify this path,
while keeping the end points fixed, until the ray becomes a stationary time path.
This method, which we call bending, has been applied by Wesson (1971) to travel
times near the San Andreas fault in central California. A different version of the
bending method has been described by Chander (1975). The bending method
described here differs slightly from both that of Wesson and that of Chander.
Detailed mathematical discussions of numerical treatment of general two-point
boundary value problems may be found in Keller (1968) and Roberts and
Shipman (1972).

The Shooting Method

The shooting method involves integrating the initial value formulation of the
problem, and employing a procedure for finding the starting direction which
yields the desired ray.

The equations for the initial value problem may be cast in a particularly
simple form if the ray path is specified parametrically in terms of position r(t),
the parameter t being cumulative travel time, and a slowness vector 0(t) is
defined as being tangent to the ray and having magnitude equal to the inverse of
the local seismic wave speed, 1). This definition gives us

r =v a, (1)

where the prime indicates differentiation with respect to t. The rate of change of
slowness along the ray may be shown to be (Chernov, 1960)

VU
v.

I
0': (2)

Equations(1) and (2) give a system of six first order differential equations which
. . . . 1

must be integrated numerlcally to find the ray path. However, smce la] =—, one
2)

equation is redundant, and may be eliminated. Appendixl gives com-
putationally convenient forms of the equations in which the redundancy has
been eliminated by expressing a in terms of two angles giving its direction.
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Several numerical methods are available for the purpose of integrating these ray
equations; we have used the step-size extrapolation method of Bulirsch and
Stoer (1966).

It remains to find the starting direction which causes the ray to pass through
the desired end point. This involves finding solutions to two nonlinear simul-
taneous equations specified implicitly in terms of the differential Equations(l)
and (2):

h. . =
09”.") H’ (3)

g(10,]0)=G.

Here h and g are the calculated coordinates (latitude and longitude, say) of the
end of the ray with starting incidence angle i0 and starting azimuth jO. H and G
are the coordinates of the end of the desired ray.

Two methods for solving Equations (3) suggest themselves: Newton’s method
and an extension of the method of False Position. Both methods have to be
applied iteratively, since Equations (3) are generally nonlinear. In order to apply
Newton’s method it is necessary, at each stage of the iteration, to calculate the
partial derivatives

L” 2’: Ö_g and L8öio’ ajo’ at. 610
and then to derive an improved estimate of i0, jO by solving the system of linear
equations

ôh _ô_h_
âio âjo

[:g'+1)—ig')]=[H—h(i8'),j8")]
(4)g, a_g '8‘+1’—j8" G—gag'njg”) ’

al'0. Öjo
where the superscripts indicate successive approximations to the root of
Equations (3). The calculation of the partial derivatives is a laborious task. It
involves solving two additional systems of ordinary differential equations (the
“variational equations”, see Keller, 1968) of the same order as the ray-path
system (see Julian, 1970, for the explicit form of these equations).

The method of False Position involves the calculation of only the ray path at
each iteration, but is expected to converge more slowly. At each stage of the
iteration, an improved estimate of (i0‚j0) is obtained by approximating the
functions h(i0,j0) and g(i0‚j0) by planes passing through the values calculated
from three previous estimates. These planes take on the values H and G
respectively, along two straight lines, whose intersection gives the desired
improved estimate. The requisite equations may be written in the compact form
(Acton, 1970):

io—ig” io—ig” zo—ig3>
h‘1)—H h‘2)—H h‘3)—H =0
g(1)_G g(2)__G g(3)__G
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and similarly for jO

jo _]-(01) jo -J"02) jo —j‘o3)
h‘”—H h‘2)—H h‘3’—H =O
Ën—G ÿn—G Ëæ—G

where the superscripts indicate the three previous estimates. This method has
been adopted in this work.

The Bending Method

An alternative method for finding a seismic ray involves taking some initial
estimate of the ray path and perturbing it, while keeping the ends fixed, until the
true ray is found. This is essentially a variational approach. The differential
equations for the ray are expressed in terms of changes in the ray path and
linearized, and the resulting equations are solved by the finite-difference method.
This involves the solution of a system of linear algebraic equations, where the
matrix of coefficients is banded. As With the shooting method, the procedure
must be applied iteratively, because the ray equations are nonlinear.

To derive the differential equations of the ray, we use Fermat’s principle of
stationarity of travel time with respect to small path variations. Consider a ray
travelling from A to B through an inhomogeneous medium with wave speed 1),

1 . . .and slowness s=—. The travel time, Tf, IS glven by:v

Bdl
B:—TA Âv’

where dl is the arc length along the ray measured from some arbitrary point and
the integral is taken along the true ray path. The ray path is described
parametrically in Cartesian co-ordinates as:

x =X(q)‚
y=ymx
z = 2(61).

A choice for the parameter q will be made below. Let a dot denote differen-
tiation with respect to q. For arc length l we have:

d l 1
2ËL—(pèzfl'zz+z'2)î-—_=F

(5)

and the travel time becomes

QB7f=jsq - (o
(1A

98 B.R. Julian and D. Gubbins

and similarly for jO

jo _]-(01) jo -J"02) jo —j‘o3)
h‘”—H h‘2)—H h‘3’—H =O
Ën—G ÿn—G Ëæ—G

where the superscripts indicate the three previous estimates. This method has
been adopted in this work.

The Bending Method

An alternative method for finding a seismic ray involves taking some initial
estimate of the ray path and perturbing it, while keeping the ends fixed, until the
true ray is found. This is essentially a variational approach. The differential
equations for the ray are expressed in terms of changes in the ray path and
linearized, and the resulting equations are solved by the finite-difference method.
This involves the solution of a system of linear algebraic equations, where the
matrix of coefficients is banded. As With the shooting method, the procedure
must be applied iteratively, because the ray equations are nonlinear.

To derive the differential equations of the ray, we use Fermat’s principle of
stationarity of travel time with respect to small path variations. Consider a ray
travelling from A to B through an inhomogeneous medium with wave speed 1),

1 . . .and slowness s=—. The travel time, Tf, IS glven by:v

Bdl
B:—TA Âv’

where dl is the arc length along the ray measured from some arbitrary point and
the integral is taken along the true ray path. The ray path is described
parametrically in Cartesian co-ordinates as:

x =X(q)‚
y=ymx
z = 2(61).

A choice for the parameter q will be made below. Let a dot denote differen-
tiation with respect to q. For arc length l we have:

d l 1
2ËL—(pèzfl'zz+z'2)î-—_=F

(5)

and the travel time becomes

QB7f=jsq - (o
(1A



|00000113||

Three-Dimensional Seismic Ray Tracing 99

The travel time may be made stationary by standard methods of the calculus of
variations. The Euler equations are:

d
E(SF)x=(SF)x‚

d
@(SF)y=(SF)-ya

and

âîœFh=®FL, (nq
a

where
(SF)x=(—3;(SF)

and (sF)x=§;(sF), etc. These equations hold for any

choice of the parameter q, which has not been specified. One of these equations
is redundant. Multiply the first of Equations'(7) by 5c, the second by ÿ, the third
by à and sum:

â “SE” WsFL-c +ÿ(SF)ÿ + Z'(sF)2]} :0

This is the familiar first integral form of the Euler equation for a variational
problem when the integrand does not contain the independent variable ex-
plicity:

(sF) —X(sF)x —ÿ(sF)ÿ — È(SF)Z- = constant.

Substituting for F reveals that this equation is always satisfied with the constant
equal to zero. This proves that only two of Equations (7) are independent and we
may delete the last one. The equation set must be completed by an expression
defining q.

We are free to choose the parameter q that best suits our needs. We could
take one of the spatial coordinates, q=z say, and obtain only two equations to
solve. However the rays would be defined by the functions x(z) and y(z) which
can unfortunately be multiple-valued and can have infinite derivatives at turning
points, even in very simple cases. Parameterizations of this sort have been used
by Wesson (1971) and Chander (1975). q may be chosen to give a single-valued
representation of the ray by making it a monotonic function of the arc length l.
In this paper we make the simplest choice of:

q=zsuu . (æ
where L is the total length of the ray path from A to B. At the end points of the
ray we have ‚1:0 (at A) and ‚1:1 (at B). From Equation(5) we see that F =L, a
constant. Therefore

dF_
d—Ä—O'
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This choice for q has the advantage that it greatly simplifies the algebraic
expressions for the first two differential Equations (7) (see Appendix 2). The full
problem may be summarized:

da<sFt=<sF>m
da<sF)j.=<sF)y,

dF

with boundary conditions:

x(0)==xA‚ y(0)=yA‚ Z(O)=ZA>
X(1)=XB, y(1)=yB> Z(1)=ZB’

Equations (9) are written out in full in Appendix 2. They are nonlinear and
are solved iteratively. Some initial path is chosen that passes through A and
B, x(°)(Â)=[x(°)(Â), y‘°)(Â), z‘°)(/1)] and an improved estimate to the true ray is
sought in the form:

x‘1)(/l)=x(°)(/i) +§(°>(A).

This is substituted into (9) and the resulting equations for 6(0)E(§(°), 11(0), ((0))
are linearized and solved. The new estimate x”) will not be a true ray because of
the linearization, but is used as the basis of a second improvement. Further
iterations are carried out until the solution converges. Convergence is not
guaranteed, but any converging solution must in the limit be a true ray path.

The first of Equations (9) may be written formally as:

d ' . ..
Ü(SF)x"(SF)x=Q1(X> X, X)=0.

For the (n+1)-th iterate we have x‘"+ 1)=x‘") +5").
Substituting into (9) gives:

Q1(X(”), im), KM) + an) _ Ÿ_Q_1+ë<n> _ ô_Q_1 + an) ÊQHA+ ÛŒW 2)
0

(10)Öx Öx ôx

where each partial derivative is evaluated at x‘"). If Q2=0 and Q3 =0 represent
the last two equations of (9), the linearized equations for 6‘") may be written
formally as:

:W) Qltxmn
BM «3%) =— ea ‚ (11)

6‘”) (Â) Q3 [Km (1)]
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where the elements of the 3 >< 9 matrix B‘”) are the partial derivatives of the Q’s
in Equation(10) and its analogs. The equations are written out in full in
Appendix 2. The initial path, x‘o), is chosen to pass through A and B, so the
boundary conditions on 5‘") are:

6‘")(0)=€‘")(1)=0. (12)
The criterion used for convergence is that the root-mean-square path per-
turbation between successive iterations, given by

_1__
2

9Em = [5 I€("’(Ä)I2 au]
be less than a given value comparable with the round-off error.

The second order differential Equations(11) with boundary conditions (12)
are solved numerically. Second order finite difference techniques are used in
preference to orthogonal function expansions (Galerkin methods) because rays
often bend quite sharply and may not have the smooth properties desirable for,
say, a Fourier representation. With N +1 finite difference points the differential
equations are converted to a set of 3(N — 1) algebraic equations in the unknowns

6(51), 6(25/1), where ôÀ=l/N:

r an) QM)222:; l f Q2222; l
CW am) z‘ Q13(_2ö/1) ‘ (13)

L:([N—'1w)_ —Q3<[N'——1w)-
The matrix C has the banded structure shown by the solid lines in Figure 1.

The m-th row of blocks contains the coefficients of the three equations for the
point m6/l. There are three submatrices on each line because, with second order
finite differences, each equation relates variables at môÀ to their values at (m
—1)ôÂ and (m+1)ôÀ only. All other coefficients in the matrix are zero. The
matrix C‘") is stored as a rectangular matrix of size 11 >< 3(N — 1), including all
the elements within the solid brackets in Figure 1. Some elements of- this matrix
are still zero in the triangular pieces. The dashed parts of Figurel relate to
generalized boundary conditions and internal surfaces of discontinuity, and are
discussed later.

The algebraic Equations (13) are solved using standard techniques for banded
matrices. The matrix is first factorized as:

C=LU

where L has ones along the diagonal and nonzero elements below the diagonal,
and is banded, and U contains nonzero elements on and above the diagonal,
and is also banded. The equations then take the form

LUx=b
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Fig.1. The structure of the matrix C in
Equation (13). Each block represents a 3 x 3
matrix. Elements of C outside these blocks are
zero. The matrix for ordinary ray
determination has Only the solid blocks and is
contained within the solid brackets. Pt
discontinuity at 4(5). will entail the additional
submatrices A, and A3 because the discrete
expression for Snell‘s law involves values at
2(5). and 65}. as well as at 362., 46.5., and 56)..
The lower and upper triangles of AI and A3
respectively must be reduced to zero by
Gaussian elimination to retain the banded
structure. If the generalized boundary condition
(Eq. (16)) is used, the position values at Tri}.
must be determined, which involves
submatrices B. Derivatives at 751, if represented
with second-order differences, entail values at

EU
BDE

l___l LN

DD; —'l
LBJ 55}. and 66.5., the coefficients of which are in

" " _
submatrices D1 and D... Again the lower left

| r—‘I r—n r‘“: - ‘ .I DII I 2I I B I mangle of D1 must be made zero by Gausszan
L '---' L--' '---‘ elimination to retain the banded structure

and are solved in two stages by Gaussian elimination. First we solve

Ly=b

for y, and then solve

Ux=y for x.

The procedure is standard (Wilkinson, 1965). The factorization is the more time-
consuming process and requires 0(N) operations compared with 0(N3) for
solving a full system. It is sometimes advisable, for the sake of stability, to
rearrange matrix elements before solving. This can double the bandwidth of the
matrix and increase computation time fourfold. Rearrangement of the matrix
elements was not necessary for any of the calculations reported in this paper.

Numerical Test Cases

The first test example is taken from Barnes and Solomon (1973), who showed
that the theory of complex variables may be used to derive the explicit
functional forms of ray paths in cases when the logarithm of the wave speed is a
two-dimensional harmonic function of position. The particular example chosen
here is their case 4(c) in which the wave speed is given (in cartesian coordinates)
by

u=[u3+y?—n2+4yfit. 04)
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The ray paths are hyperbolic cotangent spirals, expressed parametrically as

sinh u sin v
x =———————

y=————-———-—cosh u + cos 0 ’ cosh u + cos 1)

where

u=C1 cos C2+2tsin C2,

v=C1 sin C2+2tcos C2.

C1 and C 2 are constants and the parameter t is travel time. A contour plot of
the wave speed in the model is given in Figure 2 and Figure 3 shows a typical
ray path.

1

Two models of upper mantle heterogeneities have also been used as test
cases. These are a model of the subduction zone in the central Aleutian Islands
(Davies and Julian, 1972) and a model of a spreading oceanic ridge (Solomon
and Julian, 1974). The Aleutian model is dominated by a high wave-speed
lithospheric slab 80 km thick dipping northward into the mantle at an angle of
60 degrees and extending to a depth of about 230 km. The contrast in compres-
sional wave speed between the slab and the surrounding mantle has a maxi-
mum value of 0.8 km/s (10 %) at a depth of 100 km. The main feature of the
oceanic ridge model is a region of extremely low wave speed lying beneath the
ridge crest at depths between about 5 and 35 km. The contrast in compressional
wave speed in this case has a maximum value of 1.0 km/s (12 %) at a depth of
10 km. Figures showing these models and typical ray paths calculated for them
may be found in the original references.

Accuracy

The absolute accuracy of the two methods can be assessed only for the
analytical model for which the solution is known exactly. The accuracy of the
ray path in the bending method should vary inversely with the cube of the mesh
size because the finite-difference approximation is of second order and the
truncation error is 0(5/13). In practice this is found to be the case, the'actual
exponent being slightly smaller than three, as would be expected, because of
errors other than truncation.

The accuracy of the shooting method is dependent upon the particular
integration technique used to solve the initial-value problem, which in this paper
is a step-size extrapolation method (Bulirsch and Stoer, 1966). The accuracy of
such methods depends on the number of extrapolation steps used, and should be
superior to that of ordinary finite-difference methods, for the same com-
putational effort. In practice, this does not seem to be true. The accuracy of the
shooting method is more than adequate, being limited by the machine word-
length, but the computation time per iteration is greater than for the bending
method.

Figure 4 compares the convergence of the bending and shooting methods for
a typical example. All the test cases in this study exhibited very similar behavior.
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putational effort. In practice, this does not seem to be true. The accuracy of the
shooting method is more than adequate, being limited by the machine word-
length, but the computation time per iteration is greater than for the bending
method.

Figure 4 compares the convergence of the bending and shooting methods for
a typical example. All the test cases in this study exhibited very similar behavior.
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The shooting method required two to three times as many iterations, and was
subjected to erratic behavior which depended critically upon the initial estimates
of the starting direction. The use of Newton’s method, Equation (4), would no
doubt speed the convergence, but would greatly increase the time required for
each step, and was not tried. The bending method, on the other hand, converged
rapidly if a ray actually existed, and was quite insensitive to the particular
starting estimate for the path used. This behavior, combined with its greater
speed per iteration, made it greatly and clearly superior to the shooting method
in these test examples.

Improvements to the Bending Method

Speeding up Convergence

Convergence for the bending method depends on the initial ray chosen. In all
the numerical examples in this paper a straight line was drawn between the end
points and used as a starting ray. In many realistic situations a better starting
ray would be an arc of a circle or a ray traced through a spherically symmetric
velocity structure. Also, a high degree of accuracy in intermediate iterations is
not required and some economy is possible by performing early iterations with
relatively few grid points and increasing the resolution only when the path has
nearly converged to a ray.

The linear equation set (12) is solved by first factorizing the matrix into the
form LU (see Appendix 2) where L is lower triangular with unit diagonal
elements and U is upper triangular, and then using Gaussian elimination. The
factorization is the most time-consuming step, requiring %m2n operations for a
matrix of order n and band width m, compared with %mn operations for the
Gaussian elimination. Suppose that in Equation (13) instead of calculating and
factorizing the matrix Cl"), we use the matrix from the previous iteration. The
calculation can be speeded up considerably if several successive iterations are
performed in this way before recomputing the correct matrix. If the iteration
procedure does converge, it converges to a true ray (since the vanishing of the
right-hand side of Equation(13) is the condition for a path to be a ray), even
though the matrix is not updated at each step. However, convergence is
expected to require more iterations. .

Tablel gives the results of this approach for a ray through the analytical
velocity field given by Equation(14). The ray was found by both the standard
bending method and the new method. The matrix was recomputed and facto-
rized only after every 2, 5, and 10 iterations in each of three different cases. The
most successful calculation was for factorizing every 5th iteration. The path
converged after 14 iterations, but this represented only three factorizations of
the matrix and required a time equivalent to about five full iterations.

Alternative Choices 0f the Independent Variable

In the formulation of the bending method the parameter q could be chosen
arbitrarily. The calculations in this paper were performed entirely with qz/t.
However, some improvement should be possible by choosing q so that the grid
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Table 1

Number of iterations between
each factorization 1 2 5 10

Total number of iterations Diverged
required for convergence 7 13 l4 after 13

points are more dense in parts of the ray path that are highly curved. One
. . . . d . .pOSSIblllty 18 to make d—î proportlonal to the radlus of curvature, p, of the ray,

which is given by

|p|=lxfiI
where û is the unit vector tangent to the ray:

<ÿ 2')_ F’F’F '

q is defined by

dq=|p|dl
and the third equation of (9) becomes, by Equation (5):

d— F=0.01610))

The first two equations are now considerably more complicated than they were
with q=Â. The resulting equations may be solved with the usual numerical
techniques.

Generalization of the Boundary Conditions

So far, in discussing the bending method, the only boundary conditions at the
ray ends which have been considered are those in which the locations of the end
points are fixed:

6(0)=€(1)=0- (15)
It is straightforward to generalize this to a boundary condition consisting of a
general inhomogeneous linear relation between the location of the end point
and the ray direction there:

8€+Œë=b (16)
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where i} and (ñ are 3 x 3 matrices and I) is a column 3-vector. Particular forms
of this generalization are very useful in problems of great practical importance.

The fixed boundary conditions for the ray tracing (Eq. (15)) are homogeneous
and the equations governing the values of ë at the end points are trivial. The
terms in the equations which multiply €(0) and 5(1) may therefore be omitted
from the matrix Cn (Fig.1). The generalized boundary condition of the form
given by Equation(16) involves derivatives of t: at i=1 say, which are repre-
sented by second order finite differences which involve the values of 4‘ at both (1
—5/1) and (1 —2ô/1). The latter terms introduce nonzero elements into C which
are outside the bandwidth (Fig. 1). These elements may be removed by Gaussian
elimination with one of the three preceding equations to restore the banded
structure, so that matrix factorization can proceed as before.

As an example of the value of this boundary condition, consider the problem
of tracing a ray through a structure that is mainly spherically symmetric, but
contains some significant lateral variations in small regions, e. g. near the source
or the receiver. Such problems are common in travel time studies of interesting
tectonic areas (e. g. Engdahl et al., in press). The travel time through the deep,
spherically symmetric region may be calculated from a predetermined table. The
ray may be traced through the anomalous region, and the travel time through
the deep region is expressed in terms of its ray parameter (or direction of emer-
gence). As the iterative procedure for the bending method proceeds, the travel
time through the symmetric region is re-computed and the total time converges
on a stationary value.

Discontinuites in Wave Speed

An approach very similar to that used above to generalize the boundary
conditions may also be used to treat cases in which the wave speed is discon-
tinuous across a surface. An arbitrarily chosen mesh point is made to lie exactly
on the surface. The wave speed derivatives do not exist here so the differential
equations for the ray are replaced by Snell’s law in the form of a jump condition.
One more condition must be added to ensure that, after the perturbation, the
mesh point .still lies on the surface. The conditions may be linearized and cast in
the form:

3354'6252—(51511‘!) (17)

where 8', 61 ‚ and 62 are matrices and I) a vector, as before, and the subscripts 1
and 2 refer to the two sides of the surface. The jump condition will be satisfied in
the limit as the ray converges, although, because of the linearization, it may not
be satisfied at each step. Also, note that, since an arbitrarily selected mesh point
has been put on the surface, the mesh spacing in the 2 regions will be different,
though within each region it will be constant. When incorporating Equation (17)
into the ray Equations (13), the derivatives of ë are evaluated on each side of the
discontinuity. Retaining second order accuracy involves the point on the bound-
ary, say Â=A, and two additional points on each side of the discontinuity at A
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iô/î and AiZô/î, as shown in Figure 1. This introduces nonzero elements in
the matrix C which are outside of the bandwidth, and they must be made zero
by Gaussian elimination before factorizing.

As an example, we give without proof the explicit form of Ü, Œ, and I) for the
special case of a discontinuity across the surface z=d in cartesian coordinates:

sf) sin im —s§1) sin im 5‘,” sin im —— si” sin im O
33': O 0 O ,

L 0 0 1
s _ _ s ‚ . ‚ s . . .—COSlCOS] —coszsm] ——coszsmz
F F F

(5: ‚
Ttanl —T O

9

x x
_ 0 0 O i

is“) sin im —Sm sin im
I): tan im —tan im

__ d—z

where F is defined in Equation (5) and the quantities S, F, x, i, and j appearing
in the expression for (5 are to be given superscripts (1) or (2), as appropriate.

Calculation of Geometric Spreading

The calculation of the geometric spreading effect on the amplitudes of body
waves turns out to be quite simple when the bending method is used.

Consider a known ray path between point 0, where there is a point source of
intensity (power per unit solid angle) 1, and point P, on the earth’s surface. Let a
tube of rays about this path that subtends a solid angle d Q at 0 emerge at P over
an area dA of the Earth’s surface. Then if losses along the ray path are neglected,
the power per unit area of wavefront at P, E say, is given by

IdQ=EdA cos ip,

where ip is the angle between the ray and the downward-directed vertical at P.
Let i0 be the corresponding angle at 0 and j be the azimuth of the ray at 0. Then

Also, if (r, 6 gbp) are the spherical coordinates of P, thenp9

dA =r2 sin Opdôpdqôp,

so the geometric spreading ratio is

1 ’"r2 sin 0, cos ipdepdqs, 72 sin 9, cosi, ôwp, 4)„)’
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where

m, ajo
Ö(i0‚j0)= 59, a0,
3(9p>¢p)__% .519.

6n (w,
is the Jacobian of the mapping from (i0, jo) to (6p, ([5,) defined by the ray paths.

. . . . ÖThe problem thus reduces to the evaluat1on of the partlal derivatlves ä,
P

Æ, al,îjï, which give the changes in the angles i0 and jO corresponding to66p 849p ôqbp
infinitesimal changes in 0p and (1),. Since the changes are infinitesimal, the
differential equations for the changes in the ray path are linear. In fact, they are
the same as the linearized equations used in computing the ray path,
Equations (11), but with the right-hand side set to zero because, (r, 9, (1)) is a true
ray path. These equations must be solved twice, with boundary conditions ë
=(O,d0p,0) and ë =(O‚O,dd>p). Since the equations are linear, these boundary
conditions may be changed to i=(0, 1, O) and ë=(0, 0, 1) without loss of gene-
rality. Such inhomogeneous boundary conditions are easily cast in the form of
Equation (16) and treated by the methods discussed above under
“Generalization of the boundary conditions.”

Summary

The comparison of methods in this paper shows that the bending method is the
most efficient way to trace a ray between 2 given end points. With the
modification for velocity discontinuities, the bending method can be applied to a
wide range of problems of practical interest. It may be possible to improve
“shooting” by using Newton’s method, but this would involve solving additional
equations at each step and it is unlikely to make the method faster than
“bending.”

Appendix I: Equations for the Initial Value Problem

Cartesian Coordinates. Eliseevnin (1965) has formulated the ray equations in a
form that is convenient for solving the initial-value problem, namely:

x’=vcosa,
y’=vcosß‚
z’=vcosy,
oc’=vx sinoc—vy cotoc cosß—vz cotoc cosy,
ß’= —vx cosoc cot/3+0), sinß—vz cotß cosy, and
32’:—vxcosoccoty—vycos/icoty+vzsiny. (A1.1)
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The ray path is specified parametrically in terms of x(t), y(t) and z(t), the
cartesian coordinates as functions of the accumulated travel time t. oc(t)‚ Mt), and
y(t) are the direction angles of the tangent to the ray. The seismic velocity, v, and
its spatial derivatives vx, vy, and U, are specified functions of position. Prime
represents differentiation with respect to time.

Since coszoc+cos2fi+coszy=1, the Equations (A1.1) are not independent,
and one may be eliminated. A convenient way to do this is to transform to the
angle i which the ray tangent makes with the z axis and the angle j which the
vertical plane tangent to the ray makes with the x axis. If the + z axis is directed
vertically downwards, these angles may be identified as the conventional seis-
mological “angle of incidence” and the azimuth of the ray, and are related to oc,
ß, and y by

VEi,
cosoc=sini cosj,
cosß=sini sinj. (A 1.2)

The system of Equations (A1.1) becomes

x’=vsinicosj,
y’=vsinisinj,
z’=vcosi,
i’= —cosi [vx cosj+vy sinj] +1)Z sini,

and
. 1 .. .
1333i

[vx 5a ——vy cosy]. (A13)

Spherical Coordinates. Equations analogous to (A13) in which the ray path is
defined by its spherical coordinates as functions of time, r(t), 0(t), and çb(t), have
been derived by Julian (1970).

y’=—vcosi,

Ü . . .0’=——s1nlcos1,
V

d)’
v . _. ‚= . Slnzsm}ysmÛ ’

.,__ U . . . vg . 04, - .
l— v,—— Slnl—COSl —cosy— . Sln] ,r r rsmt)

and

" 1
(ne sin °+ 00 cos )

v
sin

°
sin 'cot6 A1 4=—.— -— . —— l . .J smi r J r sm 0 J r J ( )

As before, i(t) is the angle between the ray tangent and the vertical (i=0
indicating a downward directed ray). j(t) is the angle which the vertical plane
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tangent to the ray makes with the meridional plane. j =0 indicates a ray directed
in the —0 direction, and increasing j indicates clockwise rotation, when viewed
from above, in accordance with the conventional definition of azimuth.

Appendix 2: “Bending” Equations for the Boundary Value Problem

Equations (9) may be written out in full in terms of the parametric ray repre-
sentation x01), y(/l), and 2(2) as:

Q1 = —Sx(ÿ2+22)+Sy5cÿ+szfcz'+sié=0,
Q2: —sy(5c2+z'2)+sx5cjz+szy2+sj>=0‚

and
Q3=Xié+ÿÿ+z'ä=0. (A2.1)

. . . . . . . dF .These equations have been Simplified usmg the thlrd equation,
5:0.

To derlve

the iteration procedure, substitute x(”+1)=x(")+ë(") into these equations and
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and linearizing:

fs+f[599+s¢q§]
+f[s,f—(3rs,+r23,,+s)(92+sin20q52)+s,9f9+s,¢f45]
+1";[—2(r25,+rs)9+s,,1‘]+11[—2(rzsr+rs)sin6cosôqË2
+sef+soof9+sg¢f¢—(r25,9+r50)(92+sin2 0452)]
+(:[—2(rzs,+rs)sin29¢5+s¢fl
+£[s¢r’—-(rzsr¢+rs¢)(92+sin2 6(152)+59¢f9+s¢¢f45] = —Q1, (A2.4)

f[—2391‘+p,9]+ë[p,9‘—s,9;‘2—p,6,sin20(152—p,sinc’ÿœsôcfi2

+prrf9+p‚4‚9<ß]+üp+ü[p‚r'+p„‚<ß]
+n[p99—509f2—p99 sin29<fi2—3p0 sicoqS2
—p00829q62+p,9f9+p9¢ 945]

+C[—~2p9 sin29q5—2psin000secfi+p¢9]
+£[q9—swr‘2—p04, sinz(9(152—qsicoqß2
+Prof9+l74>q>ÖqSJ = "Q2-

and
ff+f[i‘+r(92+sin20q52)]

+5[r’dz+2r09+fsin26¢2+2r(sin6 00809¢2+sin20q5q5fl+i1°r29
+f1[2rr'9+r26"+r2 sin6coq52]
+n[2rfsinôcosâq52+r2 c03299¢2+2r2 sinûcosôçbçË]
+Ër2 sin2 0d5+§[2ri~ sin2 6q5+2r2 sin6 cosOq+r2 sin20ç5] = —Q3.
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On Geophysical Inverse Problems and Constraints

P. C. Sabatier
Departement de Physique Mathematique", Université des Sciences et Techniques du Languedoc,
F-34060 Montpellier Cedex, France -

Abstract. Mathematical methods for linearized geophysical inverse problems
are reviewed, in cases with and in cases without constraints. The role of
constraints receives particular attention, both in linear convex problems and
in an exactly solvable non-linear example.

Key words: Geophysical inverse problems — Constraints — Convex prob-
lems.

1. Introduction

Understanding physics proceeds through models in which a mapping, .1], is
defined, from a set of “parameters”, ‘6, to a set of “results”, 6. 6 is supposed to
contain the image of ‘6 and all the possible experimental results. In geophysics ‘6
is the class of “earth models”, fl is the set of “earth functionals” and 6 is the
class of “earth data”. Obtaining the image e=./%(c)e6 of ce‘6 is solving the
direct problem. Obtaining all the elements ce‘6, if any, that correspond to e66 is
solving the inverse problem. Existence, uniqueness, stability, approximation and
the physical description of the set of solutions are all current questions of
interest. The study of geophysical inverse problems is particularly interesting for
several reasons '

a, The earth functional fl is usually well-known. The questions which arise
in connection with fl come from its replacement by approximate forms rather
than from essential ignorance.

b, The practical interest of inverse problems is obvious in geophysics but not
always in other fields, Where the definition of .6 is often questionable.

0, Most of the questions and methods appearing in connection with inverse
problems appear in geophysics; of current interest are: exact methods; Monte-
Carlo methods; linear methods (applied to linearized problems) and ray meth-
ods (applied to short-wave-length propagation).

* Physique Mathématique et Théorique, Equipe de recherche associée au C.N.R.S. Ce travail a été
effectué dans le cadre de la RCP 264: Problèmes Inverses
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The progress in exact methods is very slow. Although their results sometimes
seem very academic, one should not forget that only these methods are able to
encompass global inverse problems. In recent years one notices two very
remarkable analytic solutions of the geomagnetic induction problem (Bailey,
1970; Weidelt, 1972). Other recent exact studies are concerned with more
schematic problems: the exact inverse problem for the phase of waves cor—
responding to an explosion in a spherical earth (Sabatier, 1974a), the discrete
model of the inverse Love problem (Barcilon, 1976). I will not discuss exact
methods further except for a remark on the effect of constraints (§ 2).

Many inverse problems of geophysics are controlled by linear partial differ-
ential equations, but the relations between parameters and data are essentially
non linear. Even the gravity problem becomes linear only if one throws away
constraints. Recent progress in linearized problems can be noted in the following
5 areas.

1. The physical description of the set of equivalent models is studied either
by exhibiting marginal models as in the “edgehog” method (Jackson, 1973) and
studies of extremals (Sabatier, 1976a, b); or by relating the “generalized
solutions” of linear inverse problems to presumed stochastic properties as in
the stochastic point of view in linear problems (Foster, 1961; Franklin, 1970;
Jackson, 1972; Jordan and Minster, 1972).

2. Taking constraints into account, in order
a. to obtain “ideal bodies” (Parker, 1974, 1975; Sabatier, 1976b),
b. to give the general solution of the problem (Sabatier, 1976a),
c. to take into account error free measurements (Burkhard and Jackson,

1976)
3. Checking the value of approximate mappings
a. either by analyzing mathematical examples (Anderssen, 1975; Sabatier,

1974b),
or b. by analyzing global problems (Anderssen, 1975),
or c. by analyzing the convergence of iterations (Jackson, 1973; Jupp and

Vozoff, 1975).
4. Analyzing the effect of errors: “method errors” due to the fact that the

problem is improperly posed, “experimental errors” (i.e. those due to measure-
ments); and obtaining “regularized solutions” in which a mixed contribution of
errors give the “most probable” solution in the set of “equivalent solutions”.
This “regularization” has essentially been used in linear inverse problems. Two
different points of view are

a. the algebraic point of View, (Lanczos, 1961; Backus and Gilbert, 1967,
1968, 1970; Backus, 1970a, b,c; Marquardt, 1963, 1970; Smith and Franklin,
1969),

b. the stochastic point of View (Foster, 1961; Franklin, 1970; Jackson, 1972;
Jordan and Franklin, 1971; Jordan and Minster, 1972; Wiggins; Larner and
Wisecup, 1976).

5. Using inverse methods to continue data (Ducruix et a1., 1974).
Recent progress in Monte-Carlo and hedgehog methods, and in the ray

methods, are to be reviewed in other lectures in this congress, so that I will not
discuss them.

This paper can be considered as a survey of recent linear methods applied to
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linearized inverse problems with a particular emphasis on constraints. I am
convinced that a real physical problem necessarily is a constrained problem, and
I would like to show that dealing with a constrained problem by methods in
which the constraints are built in is not really more difficult than dealing with
an unconstrained problem. Actually, I think that linear inverse problems with
constraints are simpler, more appealing, as well as more physical than are linear
inverse problems without constraints.

'

In §2, we show how one or two positivity constraints completely modify the
nature of an inverse problem which is controlled by a linear differential
equation. This problem appears as an intermediate step in several geophysical
inverse problems.

In §3, we study some general aspects of linearized geophysical inverse
problems and, in particular, the question of “linearizing” an inverse problem.

In §4, we survey the linear methods by which the linearized inverse problems
without constraints or with linear constraints have been studied. The algebraic
point of view and the stochastic point of view are considered.

In §5, we survey the linear convex methods applied to linearized inverse
problems with non-negativity constraints and their fundamental applications
(ideal bodies).

Concluding remarks are given in §6.
Readers who are only interested in linear problems may skip §2.

2. The Role of Constraints in an Exact Non-Linear Problem

In several problems of elastic wave propagation (see e. g. Aki and Ware, 1968;
Sabatier, 1976 a, b) one has to recover a function Z (r) (O<r <b) from a function
of a), MI, w), which is known for all real values of a) in a range of values of r (r
>b), for which Z(r) is known and constant. {fi and Z are everywhere interelated
by the equation

2 d —2 d 2 _[z 2fiz E+w ”(nm—0 (1)
with the boundary condition MG, co)=0. The consistency condition,

we, co)=F(w>eim+F*<w) emf,
holds for I >b and a certain function F(w).

Thus the inverse problem consists of recovering Z(r) (ogrgb) from F(w)
and from Z(b). We assume that Z(r) and Z’(t) are absolutely continuous
functions (so that Z’(b)=0). In addition to these smoothness assumptions two
hard constraints are imposed by the physical conditions: the first one is that the
impedance Z (which is simply related to the density and Lamé parameters) is
real, and thus Z2 is positive. The second one is that Z is constant in the range
(r>b) where the measurements are made. Now, because of the smoothness
assumptions, Equation (1) is equivalent to the following one:

[d—:+w2—V(r)]Z‘1¢(r,w)=0 (2)dz
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2d
where V(‘E)=Z

d—2
(Z‘ 1), so that Z (t) is uniquely obtained from V(r) by solving

r
a linear 2nd order differential equation with the two conditions at 1:17. Thus
the inverse problem F(co)—->Z (”L") is equivalent to the well-known Gelfand-
Levitan-Jost-Kohn inverse problem F (w)—> V(r). If there were no hard constraint
on Z, this problem would be strongly underdetermined. Determining V(‘L') would
then require a knowledge of F(co) for all real to and also the unknown “discrete

2

spectrum” of the differential operator
F—Vfi),

i.e. all the values of (02 for
r

which (2) has a solution satisfying both the boundary condition Z ‘1 x/1(0, co)=0

and the finite norm condition j Z‘2 l//2(’L', co) d t < oo. One could arbitrarily
o

choose a parameter for every value of the discrete spectrum (for complete
discussions of this problem see for example Newton (1967) or Chadan and
Sabatier (1977)). Now, because Z2 is positive, this discrete spectrum does not
exist. [Proof: because of the finite norm condition, l//(‘L') must go to zero as 1
goes to 00. Substituting (1) in the norm integral and integrating by parts yields
the equality

(DZÎZ‘2 l//2(’L', w)dî=îZ—2(l//’(T, co)]2dt,

which proves that cozis positive, and this is impossible because then Mr) would
behave asymptotically like 2Re (F(co) 6“”) and could not go to zero]. So if the
only hard constraint were Z2>O, the problem would be well posed. Because of
the other hard constraint (which implies that V(r)=0 for t>b) the problem is
overdetermined. F(co) must satisfy certain consistency condition (special analytic
properties) that are related to the cut-off at b and, which from the physical point
of view, are due to “causality”.

Although I have not been able to prove it completely as yet, I am convinced
that the two hard constraints above are essential pieces to obtain uniqueness
theorems in the inverse normal modes problem (notice that the partial wave
differential equations are similar to the ones given in Sabatier (1974a) and
therefore can be reduced to the form (1)).

3. General Aspects of Linear Geophysical Inverse Problems

A linear inverse problem is a problem in which,
a. the set ‘6 of earth models and the set (5" of data are linear spaces and
b. fl is a linear mapping.
No geophysical inverse problem is linear. Two steps are generally necessary

for linearizing a geophysical inverse problem
a. The sets ‘6 and Æ must be made into linear spaces by throwing away

constraints. This is enough to linearize some important problems —e. g. the
gravity problem and the geomagnetism problem.
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b. The mapping fl must be replaced by a linear mapping flo. Usually this
can be done as follows. One knows a model mO which gives a (good or bad) fit
flmo of the data, and that fl is differentiable in the neighborhood of mO (i.e.
that

A = ‚/%(m0 + m) _ fl(m0).=/Îl0 (m) + r0 (m) (3)

where JÆO is linear and the norm in â of rO (m) is infinitesimally small compared
to llmllcg when “mug—>0). “Linearizing” means replacing fl by flo, A being the
difference between the data and the “fit” flmo. If the sets <5" and ‘6 are defined
(or redefined) in such a way that a linear operator JV does exist, which solves
equations JVfl0x=x, linearizing is justified whenever an algorithm like

m1:JV(A);...;mi+1=JV(A—r0(mi)) (4)

is well-defined and converges towards a solution of fl0(m)=A —r0(m) which is
close enough to the linear term m1. A sufficient condition for this is that both
rO (m) be lipschitzian with its Lipschitz constant l satisfying the inequality
(Sabatier, 1974a)

lN<1 (5)
where N is the norm of JV. In this case, the exact solution moo which is obtained
from (4) is in one-to-one correspondence with m1, and the “linearized problem”
is a good “image” of the “exact problem”. The value of (lN) is a measure of the
quality of the approximation.

Now we meet 3 cases in geophysical inverse problems:

A. “Problems Using Continuous Data”

We mean problems in which a first step has been to construct a continuous
function interpolating the data. The ambiguities that are associated with this
step are separately studied and we then assume that the interpolating function is
the data. This often has important consequences: fi is in most cases a bijective
mapping, and at least twice differentiable. JV is unique (it is in many cases
obtained from the Green’s function of a simpler problem—see e.g. Knopoff
1961, 1962). Because of the double differentiability, r0(m) is 0(llmll 2). Thus, if A is
small enough, the sequence (m) is contained in a ball in which I itself is 0(llmll).
The convergence factor (5) is itself 0(llmlll) or 0(N ||A H) and the linear approxi-
mation is good whenever ”A Il is small enough—not a surprising result.

B. “Problems Using Finite Sets of Data”

Here, there are many matrices JV solving JVJ! x=x. They are called the
generalized inverses of fl. The radius of the ball in which the algorithm (4)
converges depends on the norm N of JV If N is large only excellent fits m0
enable one to linearize the problem in their neighbourhoods.

There was recently some criticism of linearizing techniques (see e. g. Sabatier,
1974a; Anderssen, 1975), concluding that their validity should be carefully
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checked in every case. This can be done by trying to obtain exact solutions from
the most “marginal” solutions which are still admissible on physical grounds,
those for which N is the largest. One has good justification for studying
marginal solutions (see below in §4 the edgehog method and in §5 the
extremals).

C. Problems in Which There May be Several “Branches” of Solutions

In non linear problem, either “bifurcations” or strong “discontinuities” can lead
to separated branches of solutions. They probably exist in geophysics. Take for
instance the “approximate” inversion techniques obtained by ray methods in
travel time inversions. Well-known results [Gerver and Markushevish, 1966,
1967], clearly show the various contributions of the low velocity lids: X (p) being
the epicentral distance, p the ray parameter, T the travel time, t(p)= T(p) — pX(p)
one obtains:

Ell—t: —X(p)—Zakö(p—pk) (6)
P k

where the jumps 0k correspond to the unknown low-velocity ranges, pk the
velocity lids. Clearly no linear model can represent the whole contribution and
ö(p—— pk) is the Dirac distribution. On the other hand, linearizing is still useful in
the neighborhood of a given model (Kennet, 1976).

4. Linear Inverse Problems

So as to be both simple and sufficiently general, we shall assume in the following
that the space ‘6 of “earth models” is the Hilbert space L2(Q), where Q is a finite
interval in R and that the mapping of ‘6 into 6’ is made of M linear functionals,
the “earth functionals”, whose kernels G,(r) belong to L262). Thus, the equa-
tlons

l-(r)m(r)dr=gi(m) (i=l,...,M) (7)

should be satisfied by the model m(r), with gi(m) equal (or approximately equal)
to the data e, to within an estimated error. If we make a partition of Q into N
subdomains {21, ...,QN such that 29.29 and SUP(mesf2)=h, we can “discre-
tize” the Equation (7) by deciding to only consider models m of a special form.
For instance consider only those models which are constant in each subdomain.
Thus, with obvious notations, (7) is reduced to a vectorial equation:

(GUIDE); Gikmk=gi(m)' (8)

We call this transformation an N-discretization of step-size h. When N ——> oo,
h—>O, the class of solutions thus obtained is large enough for all physicists needs.
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The linear inverse problem consists of obtaining all the information we can
concerning m(r) from a knowledge of the M data e1, ..., eM, and the estimated
errors. This information can be described either by algebraic means (algebraic
point of View, or A. RV.) or by reference to statistics (stochastic point of view, or
S.P.V.).

The information is equivalent, only the point of View is modified, as we shall
easily see in the formulas.

4.1. A.P.V..' Backus-Gilbert Kernels

We sketch the now classical Backus and Gilbert method (Backus and Gilbert,
1967, 1968, 1970; Backus, 1970 a, b, c), which both gives an average solution and
a simple representation of the set of equivalent solutions of (7). Clearly (7) has a
solution if we can construct a kernel A(r0, r) such that:

(i) for any r0 in R and any earth model m(r) in the class ‘6 studied

m(r0)=jA(r0, r) m(r)dr (9)

and (ii)

A(r0, 7') = X aiÜ'o) GiÛ’). (10)
l=1

The solution is then

m(r>=Zeia.-(r). (11)
Unfortunately, (unless we take for (6 M-dimensional sets), the solution of (7) is
not unique, and it is not possible to construct a kernel that satisfies (9) for any
m, r, r0. But it is often possible to construct “approximate” kernels A(r0, r), Viz.
linear combinations of the G,(r)’s which “look” in some sense “like” 6(r0—r).

More precisely, one selects, among the linear combinations of the Gi(r)’s, the
one which has, in the Backus-Gilbert terminology, the best “ö-ness”. Usually,
A(r0, r) appears as a peaked function, whose width is a measure of the “ö-ness”.
Thus (11) gives an average solution of (7), and the Ö-ness gives an, appraisal of
the deviation from each other of equivalent models. This deviation can be
visualized in another way. The non-uniqueness means that there exist functions
m(r) which average to zero over all but small length scales and represent the
deviations between acceptable models. Thus there will be some smallest length
lO such that the acceptable models have approximately the same average over an
interval of length 10 at r. lO is called the “resolving length” at r.

Backus and Gilbert used mainly two ways of constructing averaging kernels.
The first one consists of minimizing j(r—r0)2 [A(r0,r)]2dr over all the com-

Q

binations (10). This has the interest of giving functions with very small tails
outside the “Ö-like” peak. The second one consists of using the orthogonal
projection operator of (6 into the space spanned by the [Gi(r)]. This kernel
often has a smaller width than the former one, but produces large oscillating
tails. The model it yields is the solution of (7) which has the least norm in L2(Q).
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4.2. A.P.V.: The Least-Norm Solution

For the sake of simplicity, let us consider the discretized Equation (8), with
N >M. Let R(G) be the image of G, i.e. the space spanned by its N column
vectors (its dimensionality clearly is the rankn of G). Let G* be the adjoint
matrix of G (its transposed matrix in our case of real matrices). Clearly, the
ortho-projector P on the space spanned by the Gi(r)’s is nothing but the ortho-
projector onto R(G*), say Bzw) (the properties of an ortho-projector are P2 =P
=P*). Now, let n(G) be the null-space of G. Since, for any vector q of IRM, one
obviously has the following equality between scalar products,

<Gm‚q>=<m‚G*q>=<G13uc*)m‚q>‚
it follows that the orthogonal complement in IRN of Bum)!“ to m belongs to
n(G), and, for any m

m=1};(c*)m+mi
(13)

llmll2=IIPR(G*)mll2+llmill2-
Thus using Bum) for jA(r0,r) dr. yields the solution of (7) which has the least
norm: Q

m„(r)=ZB‚-eiGj(r>. (14)

4.3. A.P.V.: Generalized Inverse

Let G be an M x N matrix of arbitrary rank. A generalized inverse of G is an
N >< M matrix G‘ such that x = G‘ y is a solution of Gx = y for any y in the range
of Œ (see f.e. Rao and Mitra, 1971, p.20; Smith and Franklin 1969). For N >M
there is usually an infinity of generalized inverses. A11 them satisfy the necessary
and sufficient condition:

G‘ exists¢>GG‘G=G. (15)

Among these generalized inverses one is particularly interesting, the Moore-
Penrose inverse, GMP which is such that

GGA—Hzßuc)

and

GIÎJPG= Buck)- (16)

One can derive it, for instance, by noticing that it follows from (16) that

A2P=G*(GG*>;„. (17)
If G has rank M, GG* is positive definite and (G G*)A}P=(G G*)‘1. Otherwise
(rank K <M), GG* can be diagonalized by an orthogonal transformation U:

GG*=UAU*. (18)
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Here Anz/1,2 öij (i= 1, 2, ..., M), and we assume in the following that the 11,2 are
ordered by decreasing magnitude, so that 11.:l for igK, and Âi=0 for i>K.
The desired generalized inverse is. then simply obtained by dropping the parts of
A that correspond to the zero eigenvalues (see Penrose, 1955; Lanczos, 1961;
Wiggins, 1972; Jackson, 1972). This is possible because (Lanczos, 1961) the
columns of U (or the rows of U*) beyond the label K have no effect on the
result. What remains is that

GG*=UKAKUK*, (19)
where UK is the semi orthogonal M xK matrix which is formed out of the
column vectors ul, u2,...,uK and AK is the square diagonal KxK matrix
containing only the non-zero eigenvalues. Thus the model given by the Moore
Penrose inverse is simply

mMP=G*UKAI‘;1U}§g. (20)
For a consistent system mm, is the least-norm model ma. For an inconsistent

system, the formula (20) is still defined and it is possible to show that it yields
the so-called “least square solution”.

4.4. A.P.V.: The Errors

For a consistent system (NèM, K=M), (20) gives an exact solution of the
problem. Now, assume that the gi’s are known up to possible errors (lgi—eil
§Aei). Then, since U1"; is an isometric transformation, a small error A e on g
gives an error Af of the same norm on U’}; g, but the component Afi along the
i-th principal axis of GG* is then divided by Äi. If A, is very small, a very large
error can result. The matrix is called “ill-conditionned”. The trouble is that
these large model errors corresponding to small data errors may be irrelevant
if you go back to the unlinearized problem (see §3 above). Thus one is led to
limit the variations of m which are allowed when g is modified. The way this is
done can be understood in two ways.

a. Geometrical. Since the ill-conditionning means that a number of equations are
almost linear combinations of one another, we can try ordering the equations in
such a way that the vector defined on the left hand side makes a smaller and
smaller angle with the space generated by the previous equations and stopping
the system when a certain minimum angle is reached. The remaining equations
can be considered as simple consistency conditions in the range of errors (see
Figs. 1, 2, 3).

b. Algebraic. The Lanczos decomposition of a real matrix G is

G=USVT - (21)

where the M >< M matrix U and the N x N matrix V are orthogonal (UTU=IM,
VTV=IN), the M >< N matrix S is diagonal, with elements

ls1lèlszlê'”è|51(l>0a SK+1="'=SN=0-
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Fig.1. No error (perSpective). The whole plane ABC is
the set of solutions of the problem u - m zu. This set
reduces to the triangle ABC if positivity constraints
are added. The least norm solution is L. The quad-
rangle a, b, c, d gives an example of edgehogged set as
obtained in 555.7.

The set of solutions of u - m=u, v - m=r- is the
straight line DE (unconstrained) or the segment DE
(constrained) and M is the least norm solution

Fig.2. Errors, well conditioned (per-
spective). The set of solutions of u - m
zuia, v - m =1‘--_H: with a large angle
u, v, is a tube [unconstrained] or its re-
striction to the positive cone {con-
strained)

L' f; L
r

,2 . .r? ‘5’ Flg. 3. Errors, “ me” conditioned” (cross section}. The section
is normal to DE of Figure2

(Notice that Git—1P. according to the analysis above, is equal to VKSglU}: or to
VS‘ UT, with 5j— =(:«;j)—1 for Isj|2>0‚ 0 for iii-=0).

Now suppose the model m receives a small perturbation ôm. Vrôm has the
same norm, and is related to the results by the equation

5r;UT5g=SVT5mE(sfs,)5pEk6p (22)
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Fig.4. Errors “ill conditionned” (cross
section). The set of solutions of u - m= u
is, v-m= sis, with small angle 11, v, is
a tube with a very large section. The
Marquardt’s solution at is so that

{mm1l”+(mm2)”+u"zlmmo)2
minimum

where the identities introduce new notation. Clearly the parameters of ôm that
correspond to components of ôp, such that the relevant eigenvalues are re-
latively small, have a relatively small effect the “results” (notice llörll =Hög|l).
They are “unimportant”. If the relevant eigenvalue is zero, they do not perturb
the “result” at all. They are then “irrelevant”. In inversion methods, one
starts with an “initial” model m0 giving a fit go, and ôg is primarily the shift of
g from go, and secondarily can be used to study errors (6e). By truncating at
rank K as above, one suppresses the (infinite) effect of errors on “irrelevant”
parameters. It remains to damp or to drop the effect on “unimportant”
parameters. There are two current methods. In the truncation method (Hanson,
1971; Madden, 1972; Osborne, 1972; Varah, 1973), a “threshold” p is chosen for
the admissible values of k,, and the values below )4. Clearly this approach is
close to the geometrical one quoted above. In the Marquardt (1963) method,
one minimizes

llôg-G5m||2+v2||ôm||2, (23)
where the “Marquardt parameter” v controls the size of ôm. Both methods
belong to a larger class of methods in which the parameters are controlled by
replacing (22) by formulas of the type (0 being the well known Heaviside
function)

5p.=9(K—i)z,5i~,/k,. (24)I

Here t,- is, for instance, equal to 9(k.,.—,u) in the truncation method, and to k? [kf
+v3/s§]‘1 in the Marquardt method (see Fig. 4). Thus the algebraic methods
are able to deal with ill-conditionned problems, but Clearly the “physical”
justification of a precise damping is obscure and it is time to recall Lanczos
remark (1961, p. 132), “a lack of information cannot be remedied by any mathemat-
ical trickery”.

4.5. Stochastic Point of View

The stochastic point of view enables one to put a statistical content into the
methods which deal with the errors. Physically, this means that if one trusts a
certain statistical interpretation of errors, and ergodicity, the solutions can be
classed according to ones degree of confidence. Fundamentally, one replaces the
equation Göm—öe=ög by the equation:

Gris +p„ =pd (25)
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where ps is a stochastic process describing the “signal”, or “earth model”, (and
defined on the earth model space, RN, or L2 in the continuous problem). pn is
the “noise process”, describing errors on the data, pd is the “data process”. Both
are defined on lRM.

This way of looking at linear inverse problems is not very recent. Foster
(1961) used the Wiener-Kolmogorov smoothing theory to determine the “op-
timum estimate” of the “signal” ôm (our notation), and obtained a formula of
the form appearing below. Twomey (1963), Strand and Westwater (1968) mini-
mized (Göm—ög) over a statistical ensemble, with similar results. Marquardt
(1970) took into account the statistical distribution of errors to justify damping
methods and obtained improved methods (e. g. “ridge regression”). Meanwhile,
Backus and Gilbert (1970) took into account error statistics in a careful study of
the various error terms (see the item on trade-off curves below). The same year,
a very complete paper of Franklin on “well posed stochastic extensions of ill
posed linear problems” gave a nice analysis of the question. Both papers were
well adapted to the needs of geophysicists and have had many continuations
(e.g. Jordan and Franklin, 1971; Jordan and Minster, 1972; Wiggins, 1972;
Jackson, 1972, 1973). Stochastic processes appearing in Equation (25) are defined
on real Hilbert spaces. A linear random process px, which is defined on the real
Hilbert space ff, is a linear functional mapping .9? into IR. Thus, it maps each
element h of à? into the random variable px h, whose mean mx (h) is equal to the
expectation E [px h]. We can remove bias by subtracting from the processes their
expectations, which are supposed to be known. Let us assume that this has been
done from the beginning, so that E[pxh]=0. The variance 0: (h) of pxh is the
expectation of (px h)2, and thus is a positive quadratic form, which can be written
as txh, where Cxx is the autocorrelation of the process px. Analogously, for 2
processes, px and py, respectively defined over if and .1”, there exists a linear
mapping n from f to 9?. It is called the cross-correlation operator of px and
py, and is such that for any h of at” any k of 1”, the expectation of (pxh)(pyk) is
tyk (evidently n=n). The process [is is said to be the best linear estimate
of p8 if it minimizes the variance

82(m)=E {[(ps —f)s)m]2} for all me‘ä.

Franklin (1970), assuming that the autocorrelation Cdd of the data is positive
definite, was able to prove that f), is equal to Csd(Cdd)“1pd. Besides, with the
reasonably simple assumption that the signal and noise processes are un-
correlated, he calculated Csd and Cdd in terms of Css and C thus obtaining, as
a best estimation, the inversion formula:

6H1=C,,G*(GC,,G*+C,,)-1 5g. (26)

nn’

4.6. Relations between Stochastic and Algebraic Points of View

a. If Cnn is zero, (26) defines a generalized inverse since it satisfies (15). By
requiring ||C„„|| to be small enough, one obtains a solution which is arbitrarily
close to the one given by the generalized inverse.
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b. The effect of non vanishing noise is to avoid the difficulties due to eigenvalues
which are too small. One sees it easily in the case where Cm, is diagonal (data
errors uncorrelated, with non zero variance). To be still more simple, assume
that pn and ps are white, so that

ölTl=G*(GG*+GZIM)“lög. (27)

Then to the eigenvalues of GG* is added a constant 02 and the problem is
regularized as in Marquardt’s method. Solving Göm—öe=ög in such a way
that ||öe|| 2 +02 llômll 2 be minimum would yield the same result and can be used
by itself to define the regularization (Marquardt, 1963, 1970; Burkhard and
Jackson, 1976). It remains to give an interpretation of Css, which is arbitrary up
to this point. Changing the vector basis so as to diagonalize Css, and ordering
the eigenvectors by decreasing smoothness, one can easily show (Jordan and
Minster, 1972) that the eigenvalues (i.e. the variances), give rise to weight factors
in expansions of 5m in terms of this basis. Css thus appears as a smoothing
operator (Jordan, 1972).
0. Comparing Equations (26) and (9), we see that the rows of Css G*(G CSSG*)‘ 1
in the discrete problem play the same role as the Backus and Gilbert resolving
kernels (Wiggins, 1972; Jackson, 1972). The smoothing or roughing effect of Css
has therein an obvious geometrical interpretation (the ô function is the roughest
of all possible kernels).

4.7. Trade-0)?r Curves

The Backus-Gilbert theory of linear estimation (1970) suggests that when noise
is present, there exists a trade-off between the ability to resolve detail and the
reliability of the estimate. Again we study the equation Gôm—ôe=ôg, where
5e is the noise in experimental results. We look for a best estimate ôm of the
form ÎIE=CËSG* b, where b is to be determined. For any choice of
b, there is an error of estimation:

ei(b)=(5m—C;I; G* b)c,-,1(5m—c;:G* b). (28)
There is a noise error, equal by definition to the variance of the projection of pn
onto b

8% (b) = b Cm, b. (29)

A weighted combination of these two errors is

82(0, b) = si (b) cos 9 + 8% (b) sin 6.

Now, suppose we define b(6) so as to minimize 82(0, b) over all the possible b
and draw the graph of si(6,b(0)) vs ef(0, b(0)). This graph is convex towards the
origin and the point which is the closest to 0 is obtained for 6~71:/4, and
corresponds to an inversion formula of the stochastic form. The two extreme
points of the graph correspond respectively to a generalized inverse and to b=0.
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4.8. Marginal Solutions and the Edgehog Method

Refinements of inversion formulas which yield the “best choice” of a solution
must not make us forget Lanczös remark. It is essential to get an appraisal of
the extent of the set of solutions and to class them according to some criteria,
for instance the rms residual, TEM"1’ [lg—Gm“, and the smoothness criterion
SEN—i Hm“, where the ordinary euclidian norms are meant (These criteria both
appear in Equation (23) and, eventually, in stochastic inverses). Thus marginal
solutions are those for which r and s are large. Extreme admissible solutions, or
edge solutions, are those for which they reach a value (6g. 1) beyond which the
physicist decides to have no confidence at all in the models. Constructing the
edge solutions, and using them to appraise the extent of solutions and to check
linearization validity, is the “edgehog” method (Jackson, 1973). The limitations
of this very interesting approach obviously reside in the arbitrariness of the
constraints which have been imposed.

4.9. Linear Constraints

When direct physical measurements have been made (for example if one digs a
hole), there are linear constraints on the admissible models. Complications
which result from these additional equations can be disentangled by some linear
algebra. (Burkhard and Jackson, 1976).

4.10. Applications

Most of the papers that have been quoted for the theoretical content also
contain application. Among other recent applications are Gilbert et a1. (1974),
Johnson and Gilbert, (1974), Green, (1975), Crosson, (1976), Wiggins et a1.
(1976)

5. Lateral Constraints in Linear Inverse Problems

5.1. Fundamental Equations

We study the linear problem

5Gi(x)f(')(x)dx= mi i=1‚2‚...‚M; r=1,2, ...,R (30)
Q

with the non-negativity constraints

f"’(X)è0 (31)
and, in most cases, the uniform bound f")(x)§C. Actually, as we can see n
examples, linear inverse problems with lateral constraints can always be reduced

128 P. C. Sabatier

4.8. Marginal Solutions and the Edgehog Method

Refinements of inversion formulas which yield the “best choice” of a solution
must not make us forget Lanczös remark. It is essential to get an appraisal of
the extent of the set of solutions and to class them according to some criteria,
for instance the rms residual, TEM"1’ [lg—Gm“, and the smoothness criterion
SEN—i Hm“, where the ordinary euclidian norms are meant (These criteria both
appear in Equation (23) and, eventually, in stochastic inverses). Thus marginal
solutions are those for which r and s are large. Extreme admissible solutions, or
edge solutions, are those for which they reach a value (6g. 1) beyond which the
physicist decides to have no confidence at all in the models. Constructing the
edge solutions, and using them to appraise the extent of solutions and to check
linearization validity, is the “edgehog” method (Jackson, 1973). The limitations
of this very interesting approach obviously reside in the arbitrariness of the
constraints which have been imposed.

4.9. Linear Constraints

When direct physical measurements have been made (for example if one digs a
hole), there are linear constraints on the admissible models. Complications
which result from these additional equations can be disentangled by some linear
algebra. (Burkhard and Jackson, 1976).

4.10. Applications

Most of the papers that have been quoted for the theoretical content also
contain application. Among other recent applications are Gilbert et a1. (1974),
Johnson and Gilbert, (1974), Green, (1975), Crosson, (1976), Wiggins et a1.
(1976)

5. Lateral Constraints in Linear Inverse Problems

5.1. Fundamental Equations

We study the linear problem

5Gi(x)f(')(x)dx= mi i=1‚2‚...‚M; r=1,2, ...,R (30)
Q

with the non-negativity constraints

f"’(X)è0 (31)
and, in most cases, the uniform bound f")(x)§C. Actually, as we can see n
examples, linear inverse problems with lateral constraints can always be reduced



|00000143||

Geophysical Inverse Problems 129

to this canonical form (30, 31). For example, if we study the problem which is
made up of Equation (30) and the constraints 0gf“’(x) g g(x), we can replace it,
using slack parameters, by the following system:

jGi(x)f(’)(x)dx=mi i=1,...,M, r=1,...,R
o .

f"’(X) +f"+R)(X) = g(X) 32
f<'>(x)__>__0 r=1,...,2R ( )

which is obviously in the canonical form. For constraints like g(x)§f(”(x)
§h(x), it suffices to consider the functions (f(’)(X)— g(x)), and to use the
reduction which is given above. Proximity constraints, like |f(')(x) —f0")(x)|
§A(x), can be reduced in the same way.

5.2. Description of the Set of Solutions

Problems like (30) and (31) are not linear problems but convex problems. In the
following, for the sake of simplicity, we assume that R=1 and drop the
superscript. The “convex” property means that if f1(x) and f2(x) are solutions of
(30) and (31), then, for any ogxg 1, Âf1(x)+(1—Â)f2(x) is a solution. A simple
example of a convex set is a triangle. Now it is clear that everybody labels a
triangle by naming its 3 vertices. But what is a vertex? Let us identify a point
with its coordinates. A vertex f clearly is a point of the triangle which cannot be
equal to a convex combination ‚1f1 +(1-—À)f2 of two other points of the triangle
with O</l<1 unless f1 =f2 =f This is called an “extremal point” of a convex
set. One sees that every point f in a triangle is a linear convex combination of its
extremals: if f1, f2, f3 are the 3 vertices,

f=Â1f1+Â2f2+Â3f3
(33)11+12+13=1 11,22,1320.

Remarkably, this property is much more general: any convex compact set can
be completely described as the set of all convex linear combinations of its
extremals (the Krein-Milman theorem). For unbounded sets in lRN there are
analogous results taking into account extremal directions. -

Describing the set of solutions of (30) and (31) thus involves 2 steps, checking
that the above theorems apply, and finding the extremals. Take for instance the
following simple problem:

1

Èf(x)dx=1; jxf(x)dx=v (34)
O

where the non negative function f(x) is sought in the class of integrable func-
tions. The extremals of (34) are the generalized functions:

b—v v—a
5a‚b(x)=5:;5(x‘a)+E——aö(x—b) and ö(x——v). (35)

O§a<v v<b§1
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§h(x), it suffices to consider the functions (f(’)(X)— g(x)), and to use the
reduction which is given above. Proximity constraints, like |f(')(x) —f0")(x)|
§A(x), can be reduced in the same way.
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Problems like (30) and (31) are not linear problems but convex problems. In the
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with its coordinates. A vertex f clearly is a point of the triangle which cannot be
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with O</l<1 unless f1 =f2 =f This is called an “extremal point” of a convex
set. One sees that every point f in a triangle is a linear convex combination of its
extremals: if f1, f2, f3 are the 3 vertices,

f=Â1f1+Â2f2+Â3f3
(33)11+12+13=1 11,22,1320.

Remarkably, this property is much more general: any convex compact set can
be completely described as the set of all convex linear combinations of its
extremals (the Krein-Milman theorem). For unbounded sets in lRN there are
analogous results taking into account extremal directions. -

Describing the set of solutions of (30) and (31) thus involves 2 steps, checking
that the above theorems apply, and finding the extremals. Take for instance the
following simple problem:

1

Èf(x)dx=1; jxf(x)dx=v (34)
O

where the non negative function f(x) is sought in the class of integrable func-
tions. The extremals of (34) are the generalized functions:

b—v v—a
5a‚b(x)=5:;5(x‘a)+E——aö(x—b) and ö(x——v). (35)

O§a<v v<b§1
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It is not difficult (Sabatier, 1976 a) to directly identify the set of solutions of (34)
with the set of linear combinations of Öa„‚(x), so that the general solution is

a: “b: 1 b ——v v —-a
f(x)= H ‚1(a, b) [——ö(x—a)+———ö(x—b)] dadb (36)

a: 0,b=v b —a b —a

where Ma, b) is arbitrarily chosen except for the conditions
a: v,b= 1

Â(a,b);0; H Â(a,b)da db=1. (37)
a= 0,b=v

We notice that the extremals are made up of two ô-functions which are situated
in 2 well-defined simple intervals. In the general case, for M continuous kernels
Gi(x), extremals are combinations of M ö-functions, but these ö-functions are
not any longer situated in M simple intervals. However, if the functions Gi(x) are
nice enough, (e.g. gravity problem), the sets in which the ö functions move are
still made up of a finite number of intervals.

Describing the set of solutions by means of its extremals is a complete
“description” from the mathematical point of view, but, as we have seen in §4,
many physicists first want to get a “best solution”, for whatever meaning the
word “best” has there. Clearly, this leads one to look for the solution for which
a certain functional is minimum. If this functional is linear, one obtains the
following standard form of the problem:

Find f(3020, and Min 2, such that

jGi(x)f(x)dx=mi i=1‚2‚...,M
Q (38)
jC(x)f(x)dx=z.

This form is obviously obtained if one seeks the model f(x) of minimum
norm [w(x) f(x)dx, where w(x) is a (non-negative) weight function. It is also

52
obtained if one wants to minimize the distance

5“}? Iw<x> (f(X) —f‘°’(X)) I,
where f“”(X) is an “initial” model. One has then to find non negative f(x), g(x),
h(x), oc, and one has to find Minz (over all possible functions and parameters)
such that .

w(x)(f(x) —f(0)(X)) +8(X)
=05}w(x)(f(X) “f(w(x)) — M") = 0‘

l—(x)f(x)dx=mi; z=qc.
(39)

Intermediate criteria in which a certain linear convex combination

[ifw(x) f(x)dx+(1 —Â) Sup I I], is minimized, can also be dealt with.
o

Needless to say, one could also decide to minimize a quadratic form, but the
semi linear character of the problem would disappear.
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The absolute effect of experimental errors is studied in equations which can
be reduced to the forms (30—31) or (38). Indeed, one simply has to replace (30) by

liGi(X)f(X)dX—mil<Aia

or equivalently by

iGi(X)f(X)dX_Vi=mi_Ai
Q (30 bis)
jGi(x)f(x)dx+ôi=mi+Ai
o

where the slack variables y, and 6,- have to be non—negative.
In any case, because of the infinity of extremals, it is difficult to study this

problem, and we had better to discretize it.

5.3. Discretization

With a discretization of step-size h, and obvious notations, the Equations (38) are
replaced by

N

k=Z1wk=mi
i=1,...,M (40a)

N

k2
Ckfk=oc. (40b)

=1

The problem itself is unchanged. Simply, you are now looking for its
solutions in a special class (see §4). The extremals of the set of solutions of (40 a)
are vectors {fn} with at most M components different from zero. Clearly, when h
goes to zero, each extremal looks more and more like a set of M ô-functions.
Suppose the functions Gi(x) are such that the ô functions in almost all the limit
extremals can be uniquely identified for all step-sizes smaller than a given h, and
that for all smaller step sizes you can also identify the sets of intervals for which
these Ö functions will have their support. In this case going beyond h only refine
the end points of each interval, and the “ö-ness” of the extremal components. At
this point, nothing but trivial additional information can be obtained by still
reducing h. One can say we have “saturated” our ability to obtain information
from the result —clearly this fact justifies the studies of this kind of problem with
finite discretization steps. Besides, the Krein-Milman theorem fully applies to
the set of solutions obtained in a discretized problem, so that its extremals and
extremal directions again completely characterize it. However in real com-
putations on experimental results this step size is usually too small to have a
direct practical application. In artificial examples the methods works. In other
words, in real examples it is hopeless to try to describe all possible solutions.

For a given discretization, all the extremals of (40 a) can be obtained
through finite algorithms described under the general label “linear pro-
gramming”. There are ways to manage this research and reduce the step size of
discretization, by using the preliminary information of a Backus Gilbert method
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to save time, the approach to saturation being recognized by a characteristic
evolution of most extremals (Sabatier, 1976 a). But obtaining all extremals is in
real problems much too complicated, even with N ~M, because there are just too
many. Fortunately, the geophysicist is already happy if he can recognize his
“best” solution, appraise the errors and the spread of possible solutions. As we
see now, all these “theoretical measurements” are easily done.

5.4. Theoretical Measurements of the Set

We give here severalexamples, some of them are not in Sabatier (1976a, b), and
all of which reduce to the standard forms. Thus they can be solved by “linear
programming”. Let us notice at this point, for the reader who is not familiar
with these techniques, that the solution of (40) is a particular extremal of (40 a). It
is obtained rapidly by well-known algorithms. Experience shows that, with
modern programs, the computation time depends essentially on M. Admittedly,
slack variables increase M, but it usually is possible to “reduce” their number in
the algorithms that are used for computations. For the sake of clarity, we do not
present these algorithms here and keep the standard form (39). We now proceed
with examples:

a. “Best fit”. Determining the solution f1 (x) which is the closest to an initial
function f“”(x) (not necessarily satisfying the constraints), for a certain weighted
absolute norm, means minimizing Sup|w(x)(f(x) —f‘°)(x)|. Discretizing (39)
readily yields equations that are solvable by “linear programming”. That the
solution is an extremal means that, out of the 3N numbers f", g", h", only 2N
+M are 4:0. Thus the best fit {În} reaches one of the values 0 or (f,f°)+oc) or
(12(0) —oc) for N — M values of n. Min oc is the desired smallest distance.
b. Incidence of Absolute Errors. It can be studied by everywhere replacing
Equation (30) by the Equation (30 bis) (in § 5.2) (minimizing, if any, will be done
also over these additional slack variables). The effect of the errors on the set of
extremals (Sabatier, 1976a) is usually small (displacements and progressive
deformation); introducing constraints is usually a regularization factor (see
Fig. 4). In certain cases only, the problems with non vanishing errors lead to sets
of extremals, and thus sets of solutions, that really differ from those without
errors. Because of this there can result instabilities in solutions defined through
certain rules (e.g. a defined weighted average of extremals). Other instabilities
can come from ill-conditioning of the matrix {Gik}, certain equations being
almost linearly dependent on the others. One can regularize the system by
truncation (this is understood and done as in §4.4, geometrical and algebraic
points of view). One can also obtain a regularized solution by minimizing

_ Sup {wilmi— l Gi(x)f(x)dxl, v2W(x)If(x)—f‘°’(x)l}z (41)
l:

ï’e-Ô’M
Q

The weights wi can be chosen as a function of the error margin and the
weight function W(x) as a function of the a priori confidence in the “a priori
model f“”(x). v2 is a convenient control of the regularisation. This corresponds
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in our linear convex problem to the Marquardt method of § 4.4 (L2 norms can be
treated by convex programming but not quite so simply). The discretized
problem reads: find non-negative numbers {fk}, {oci}, {ßi}, {yi}, {ôi}, oc, and Min 2
such that z=oc and

N .
wi [Z Gikfk—mi]—oci= —oc i=1‚ ...‚M

k=1
N

Wi [Z Gikfk—mi] +ßi=a
k=1

v2 W. [fn -f,.‘°)] —vn = —oc
V2 Wu [fn -fn(°’] +5" =06-

Notice finally that when errors are taken into account, one can consider the
analysis as “saturated” as soon as the gain of information when h is decreased
goes neatly under the threshold of errors.

c. Stability is sometimes meant by experimentalists to be the absence of strong
oscillations in the interpolation, due to the model, between experimental points.
Suppose measurements are made at integer points i on a line and Gi(x) is the
value for h=i of a continuous function G(h, x). Then, a measure of this
“statility” is

. Sup HGzi+(1—z)(i+1)(x)f(x) dX—Âmi—(l —Â)mi+ 1|
z, Äe(0‚ 1) Q

where Â. can be separately discretized. This can be taken into account to select a
model. If measurements are on a surface, the same is done with a triangular
covering between measurements.

d. Moments. Linear measurements of the set, 6. g. X(f)=ld(X) f(X)dX, can be
9

called “moments”. All points Z(f) whose coordinates are moments (e. g. X(f)
and Y(f)) belong to a convex set (here in the plane X, Y). The diagrams which
are thus obtained often give a fairly good idea of the uncertainties. Plane
diagrams are the simplest, but vectorial diagrams, or three dimensional dia-
grams, can be obtained in the same way (Sabatier, 1976 b). Diagrams of obvious
physical interest are obtained from the mass 5 f(X)dx and the “first” moments

Q

5xf(x)dx. They show the uncertainty on the center-of—mass of the models.
Q
e. “Edgehog with Hard Constraints”. Since, in real cases, it is hopeless to obtain
all the extremals, we can limit our study to obtaining a set of particular interest
for the problem we consider, and which already gives an idea of the set of
solutions. One can imagine many methods (drawing orthogonal directions
through the “best” solution, etc. ...). Here we only suggest a curious method
which is particularly simple (i) when the Moore Penrose inverse solution fMP
(or the Backus Gilbert solution) has been obtained and turns out to be non
negative; (ii) for a discretization with N not very much larger that M and already
close to saturation. Then the general solution of the unconstrained problem is
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N—M

f=fMP+ Z ujqôj, Where (/21, ..., q'>N_M, are N—M orthonormal vectors span-
1

ning the orthogonal complement in lRN of the image R(G*) of G*. Successively
considering the solutions of the particular form f—f“”zÄiqbi, we can determine
the non negative values if and —i{ such that f is non negative for lia—Æ, if).
The 2(N —M) values of f thus obtained belong to the boundary set of solutions
(although they are not necessarily extremal points—see Fig. 1, the quadrangle
abcd). They define an “edgehogged” subset of the convex set of solutions.

5.5. Ideal Bodies

In convex problems, it is sound to look for all kinds of “extreme” solutions.
Among them, Parker’s ideal body (Parker, 1974) is the one whose supremum is
the smallest of all supremums of all solutions of the problem. Thus we have to
find non negative functions f(x) (or fk) and q5(x)(or (pk), and Minoc such that

N

.5. Gi(X)f(X) dx (ark; a, f.) =m,
f(X)+¢(x)(or f,.+¢,,)=a.

Here the discretized forms are in the parentheses. In the discretized problems
there are (2N +1) unknowns (including oc), and N +M equations. Necessarily
N —M +1 unknowns are zero. oc cannot vanish unless the problem is trivial. Thus
(N ——M + 1) zeros are to be taken among the fk’s or the c/Jk’s. In other words, fk
has to be either 0 or oc except on (M — 1) domains Qk. When the discretization
step goes to zero, one sees that the function f(x) takes only two values, 0 or oc,
except on a set of zero measure. It remains to prove that there exists a limit form
and to study its uniqueness. It has been proved by Sabatier (1976b) that there
exist limit forms, but that the ideal body is unique only with stronger assump-
tions on the Gi’s. These assumptions are verified in the case of gravity
functionals. Hence Parker’s ideal body exists, is unique, and can be constructed
by linear programming for an arbitrary set of gravity measurements.

(4.2)

5.6. The Stochastic Point of View

The statistical distribution of errors induces a statistical distribution of sets of
solutions which is easy to describe as long as deformations are not too strong
(Sabatier, 1976b).

The stochastic point of View may be studied in the presence of lateral
constraints by considering a signal process with values in the positive cone of
RN instead of IRN. If this is not done, one takes into account in ps unphysical
models, and certain correlation matrices in (26) may lead to them. If it was done
the estimation thus obtained, and its dispersion would be more physical, since it
would take a priori information into better account. More refined a priori informa-
tion can also be easily introduced with the help of information theory (E.T. Jaynes,
1957). Arguments saying that best estimations automatically produce formulas
like (26), and thus Marquardt’s regularization, are not quite correct, since they
depend on some arbitrary statistical assumptions. With others, it is probably
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solutions which is easy to describe as long as deformations are not too strong
(Sabatier, 1976b).

The stochastic point of View may be studied in the presence of lateral
constraints by considering a signal process with values in the positive cone of
RN instead of IRN. If this is not done, one takes into account in ps unphysical
models, and certain correlation matrices in (26) may lead to them. If it was done
the estimation thus obtained, and its dispersion would be more physical, since it
would take a priori information into better account. More refined a priori informa-
tion can also be easily introduced with the help of information theory (E.T. Jaynes,
1957). Arguments saying that best estimations automatically produce formulas
like (26), and thus Marquardt’s regularization, are not quite correct, since they
depend on some arbitrary statistical assumptions. With others, it is probably
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possible to justify other kinds of regularizations. In any case, introducing a
priori constraints in an estimation is probably not difficult. During the col-
loquium, Professor Jackson kindly pointed out to us that in the'one-dimensional
case, if we assume that the random variable x is constrained to lie in (O, T), and
a measurement is made, which is contaminated by a random gaussian error of
variance 02, then the probability density function p(x) of x conditional on the
estimate 33 is given by:

g(x—>î,a)/Îg(x—>î,a) for xe(0, T)

1’0“)l for x¢(0, T).
One has made the assumption that the a priori density of x is uniform on (O, T),
and g(r‚ a) is exp [——ä—rZ/az]. Thus, if acceptability conditions are defined by a
lower bound on p, either the hard constraints are weaker than the lower bound
and then the acceptability conditions are “attracted” towards the hard con-
straints, or the hard constraints are much stronger and one can forget about
statistics. The effect is probably qualitatively similar in multidimensional prob-
lems. Taking into account constraints in the statistics obviously is necessary
when there are choices of Css for which the formula (26) yields models violating
the constraints. '

5.7. Applications

Theoretical results in the linear problems with lateral constraints are recent, and
applications are still more recent. We recall papers on ideal bodies by Parker
(1974, 1975), on the method described here and its theoretical applications by
Sabatier (1976) ab. We quote for practical applications Safon Vasseur and Cuer
(1976c)

6. Concluding Remarks

Introducing lateral constraints leads us to problems in which linear com-
binations are replaced by linear convex combinations. From the purely mathe-
matical point of view, the increased complication is balanced by the fact that
most constrained problems are bounded.

From the computational point of View, the algorithms which are used in the
constrained cases (linear programming) are as efficient and well-known as the
others. Regularization is easy in both kinds of problems, and is not so often
necessary in constrained problems. The stochastic point of View has not been
very much studied as yet in the constrained problems but we do not think it is
much more complicated than in the others. Clearly, if the constraints are very
far from the solutions of interest, there is no essential need for the approach of
§5. But if they are close to the solutions, the geophysicist should not be afraid to
use inversion techniques which definitely take the constraints into account, and
which are more general, although not more difficult, than the ones with which
he usually deals.
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On Impulse Response Data and the Uniqueness
of the Inverse Problem

V. Barcilon
Department of the Geophysical Sciences, University of Chicago,
5734 South Ellis Avenue, Chicago, 111. 60637, USA

Abstract. The problem of reconstructing the density and elastic properties of
a slab of infinite horizontal extent and finite thickness set in motion by a
double couple excitation is considered. It is shown that the information
contained in the amplitude and frequency response associated with a single
horizontal wave number is sufficient to insure the uniqueness of the solution
of this inverse problem.

Key words: Inverse problem — Amplitude and frequency response.

1. Introduction

This paper is concerned with the broad question of the uniqueness of the
solution of the inverse problem for the internal structure of the earth.

This question may seem academic in View of the variety of data which are
available for the earth and which have been used over the years to construct and
refine a sequency of earth models. The data arsenal includes travel-time curves,
dispersions of Love and Rayleigh waves, normal modes of vibrations. But what
if we were to tackle the analogous inverse problem for the Sun for which only
normal modes have been measured (Severny et al., 1976; Brookes et al.‚ 1976)?
More mundanely, what kind of data is required to infer the internal structure of
a perfectly elastic, spherically symmetric ball? The truth of the matter is that we
do not know how to answer this question.

Recently, I was able to answer an analogous question for a much simpler
vibrating system, namely for a beam of variable density p and flexural rigidity
EI (Barcilon, 1976 a). Inspite of its glaring deficiencies, the problem which I
considered had a geophysical flavor. The beam was set in motion by means of
an impulsive force concentrated at one of its free ends and applied at time t=0:
this is analogous to the occurrence of a (known) earthquake. The subsequent
motion of this free end together with its slope were recorded: this is analogous
to seismographic records made on the earth surface. From these data, i.e., from
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the impulse response which contains both amplitude and natural frequency
information, I was able to reconstruct p and EI uniquely. The idea of using this
impulse response is of course not new and has been exploited masterfully by
Krein (1952) in his study of the inverse Strum-Liouville problem.

For the beam the method of solution differed from that used by Krein for
the string, in that the dynamical equation was not the equation used to carry out
the inversion. Rather, a different set of differential equations for Wronskian-like
variables analogous to propagators (see e.g., Gilbert and Backus, 1966) played a
key role.

Considered as a mathematical model of the earth problem, one of the most
severe shortcoming of the beam lies in the fact that it is a genuine one-
dimensional problem whereas the earth problem is a three—dimensional problem
with a symmetry group, namely spherical symmetry. The present paper is an
attempt to examine the modifications due to three dimensionality in the context
of the problem for an infinite slab.

2. Slab with Double-Couple Excitation

Let us consider a perfectly elastic slab of infinite horizontal extent and of
thickness a (see Fig. 1). We shall assume that the density p and the Lame
parameters ‚i. and ‚u are solely functions of the depth, i.e. of x. We shall also
assume that the surface x=0 is stress-free, i.e.

pxx=pxq1=pxëz=0 at x=0. (2.1)
where p... stands for a component of the stress tensor. The slab is set in motion
at time i=0 by means of a double—couple applied to the upper surface x=a. For
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the inversion. Rather, a different set of differential equations for Wronskian-like
variables analogous to propagators (see e.g., Gilbert and Backus, 1966) played a
key role.

Considered as a mathematical model of the earth problem, one of the most
severe shortcoming of the beam lies in the fact that it is a genuine one-
dimensional problem whereas the earth problem is a three—dimensional problem
with a symmetry group, namely spherical symmetry. The present paper is an
attempt to examine the modifications due to three dimensionality in the context
of the problem for an infinite slab.

2. Slab with Double-Couple Excitation

Let us consider a perfectly elastic slab of infinite horizontal extent and of
thickness a (see Fig. 1). We shall assume that the density p and the Lame
parameters ‚i. and ‚u are solely functions of the depth, i.e. of x. We shall also
assume that the surface x=0 is stress-free, i.e.

pxx=pxq1=pxëz=0 at x=0. (2.1)
where p... stands for a component of the stress tensor. The slab is set in motion
at time i=0 by means of a double—couple applied to the upper surface x=a. For
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the sake of presentation, we consider the simplest case possible and write

I)... =0
pm: —T6(€1)6’(£2)H(t) at x=a. (2.2)
pxgz = _ Ira/(£1) 5(Ç2) H(t)

In the above formula, ô stands for the Dirac delta function and H for the
Heaviside step-function; a prime denotes differentiation with respect to an
appropriate variable. Tis related to the magnitude of the double-couple.

The slap can be looked upon as the mantle of a flat earth without liquid core
and gravitational force. To pursue the analogy with the geophysical situation,
we shall refer to the vertical and horizontal displacements u(a, ë, t) and va(a, C, t),
(a: 1, 2) at the upper surface as the seismograms.

Given the excitation (2.2), the direct problem consists in finding the displace-
ment fields in the slab for t>0, i.e. in solving the equations

2 2 2

pÿôîzîzäôï[(Â+2”)g%+Â%]+”ô—ËÈ+”5ÊÎ;Ê (2.3)
âzva ô Eu ôva ôzu (3s 62 va

pat—2:23"; l“ (65.3“ ax )l ”axaéfmmacaé. ”may (2'4)
subject to the boundary conditions (2.1) and (2.2), where as usual

pxx EP33=Â (g: â—ËÇ') +2flS—:

ôu av, (25)
pxêaEp3a =‚u (5514—55?)

In (2.3), (2.4), (2.5) the summation convention holds, repeated superscripts taking
the values 1, 2.

If p(x), lux) and ”(x) were known, then the above problem could be solved
(in principle at least) and the seismograms u(a, ë, t) and va(a, (ï, t) be deduced for
all values of 2; and 1:. Conversely, the inverse problem consists in deducing p, Â
and u from a knowledge of the seismograms. Both the direct and the inverse
problem are best tackled by means of Fourier transforms in ê and t. Therefore,
denoting Fourier transforms by carets, e.g.

û(x, k, co) =(2:)3 Ïeiw‘ dt Â) eikœë“ udèf1 dëz (2.6)

we deduce that

—œ2pû =ä’—ulzü—i‚ukßz3;‚ (2.7)

—co2p 1311:13’307illkmû’—(À+p)kœk,,zîlg—ul2 130,. (2.8)

In the above equations

â =(2+2„)ü'—i2k„a„‚ (2 9)
3a=M(—ikaü+ßc;)a

.
"5)

Impulse Response and Uniqueness of Inverse Problem 141

the sake of presentation, we consider the simplest case possible and write

I)... =0
pm: —T6(€1)6’(£2)H(t) at x=a. (2.2)
pxgz = _ Ira/(£1) 5(Ç2) H(t)

In the above formula, ô stands for the Dirac delta function and H for the
Heaviside step-function; a prime denotes differentiation with respect to an
appropriate variable. Tis related to the magnitude of the double-couple.

The slap can be looked upon as the mantle of a flat earth without liquid core
and gravitational force. To pursue the analogy with the geophysical situation,
we shall refer to the vertical and horizontal displacements u(a, ë, t) and va(a, C, t),
(a: 1, 2) at the upper surface as the seismograms.

Given the excitation (2.2), the direct problem consists in finding the displace-
ment fields in the slab for t>0, i.e. in solving the equations

2 2 2

pÿôîzîzäôï[(Â+2”)g%+Â%]+”ô—ËÈ+”5ÊÎ;Ê (2.3)
âzva ô Eu ôva ôzu (3s 62 va

pat—2:23"; l“ (65.3“ ax )l ”axaéfmmacaé. ”may (2'4)
subject to the boundary conditions (2.1) and (2.2), where as usual

pxx EP33=Â (g: â—ËÇ') +2flS—:

ôu av, (25)
pxêaEp3a =‚u (5514—55?)

In (2.3), (2.4), (2.5) the summation convention holds, repeated superscripts taking
the values 1, 2.

If p(x), lux) and ”(x) were known, then the above problem could be solved
(in principle at least) and the seismograms u(a, ë, t) and va(a, (ï, t) be deduced for
all values of 2; and 1:. Conversely, the inverse problem consists in deducing p, Â
and u from a knowledge of the seismograms. Both the direct and the inverse
problem are best tackled by means of Fourier transforms in ê and t. Therefore,
denoting Fourier transforms by carets, e.g.

û(x, k, co) =(2:)3 Ïeiw‘ dt Â) eikœë“ udèf1 dëz (2.6)

we deduce that

—œ2pû =ä’—ulzü—i‚ukßz3;‚ (2.7)

—co2p 1311:13’307illkmû’—(À+p)kœk,,zîlg—ul2 130,. (2.8)

In the above equations

â =(2+2„)ü'—i2k„a„‚ (2 9)
3a=M(—ikaü+ßc;)a

.
"5)



|00000156||

142 V. Barcilon

stand for the Fourier transforms of the stresses pxx and p3a respectively; primes
for derivatives with respect to x and

[2 —_— ka ka (2.10)

for the square of the horizontal wave number. Finally, the boundary conditions
(2.1) and (2.2) become

a=p31=p32=0 at x=0 (2.11)
and

A A T A T

U=p31+mk2=p3z+mk1=0
at x=a (2.12)

3. Compressive (Rayleigh) and Torsional (Love) Modes

Just as for the earth, the response of the slab to an arbitrary excitation can be
synthesized by means of a superposition of 2 kinds of normal modes of oscil-
lations which we shall refer to as the compressive and torsional modes. For a
pure torsional mode, horizontal surfaces x=c0nst. remain horizontal whereas
for a compressive mode they are deformed and/or displaced. ..

In order to separate these two modes, it is convenient to introduce the
following new variables:

lqî = — ik, û“,
l1? = —ika133a,

(3.1)

and

hi: _Îk1'Î2+”ŸZÛî’ (3.2)
[X = ‘lk1 P32 + lk2P31-
These variables are analogous to those introduced by Alterman et a1. (1959)

in their study of the normal modes of the earth. The factor I entering in (3.1) and
(3.2) has been introduced in order to facilitate the study of the degenerate case 1
=0. Note that with these new variables

1231=ik143—ik2 [17,
1132=ik2¢3+ik2 ß.

As anticipated, by substituting (3.1)—(3.2) in (2.7)—(2.12) this boundary value
problem splits into two independent problems. The one associated with the
compressive modes is made up of the following dynamical equations

(3.3)

—w2pa =aI—fllza+uz¢?,
A A 3.4—w2plgb=lf’—Älzü’—(Ä+2‚u)l3qß; ( a)

the stress-strain relations imply that

â =(Â+2u)û+ÀldÊ,
(3.5a)lf=u(—lzû+l@;
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finally, the boundary conditions read:
A0=f=0 for x=0,

'T6:0, lf=47:—3wk1k2 forx=a. (3.6a)
The other problem associated with the torsional modes is simpler, viz.

‚ -w2pll/7=li’-ul3t/7‚ (3.4b)
with

i=uW (3.5b)
and

i=0 for x=0,

lÿî=i
T

(kg—k?) for x=a. (3.6b)
87:30)

Note that except in the boundary conditions (3.6), k1 and k2 enter in the
problem only through the total wave number 12. In View of the linearity of the
problem, we can therefore assert that the solutions will be of the form

û ü’
â iT klkz a
d3 _47t3w l q; ’ (3.7a)
f ï

and

x/Î _ iT kg—kï J}
iii—sum l {ï} (3‘71”

where all the tilde fields are functions ofx, l and a) only. The inverse problem can
now be formulated as follows: given û(a, 1,00), ô(a,l,co) and fla, l,co) find p(x),
Â(x) and ”(x). It should be noted that aside from its role in exciting the
compressive and torsional modes and in determiningthe factors in (3.7), the
double-couple excitation as such does not enter into the inverse problem in a
prominent manner.

Since from now on we shall work solely with the tilde fields we can drop the
diacritical mark without any risk of confusion. These fields satisfy the following
equations:

_ _ 1 _
wÎ O

1 — Â
0 uÎ

Â+2u Â+2p
a’ -—œ2p 0 O —1 a

= 1 38alcp’ 12 0 0 —— lçb ( )
u

Al
I

1+“
1’ 0 — 2 4 P O l_T_ Â+2,u “’e “+2 _T_

Impulse Response and Uniqueness of Inverse Problem 143

finally, the boundary conditions read:
A0=f=0 for x=0,

'T6:0, lf=47:—3wk1k2 forx=a. (3.6a)
The other problem associated with the torsional modes is simpler, viz.

‚ -w2pll/7=li’-ul3t/7‚ (3.4b)
with

i=uW (3.5b)
and

i=0 for x=0,

lÿî=i
T

(kg—k?) for x=a. (3.6b)
87:30)

Note that except in the boundary conditions (3.6), k1 and k2 enter in the
problem only through the total wave number 12. In View of the linearity of the
problem, we can therefore assert that the solutions will be of the form

û ü’
â iT klkz a
d3 _47t3w l q; ’ (3.7a)
f ï

and

x/Î _ iT kg—kï J}
iii—sum l {ï} (3‘71”

where all the tilde fields are functions ofx, l and a) only. The inverse problem can
now be formulated as follows: given û(a, 1,00), ô(a,l,co) and fla, l,co) find p(x),
Â(x) and ”(x). It should be noted that aside from its role in exciting the
compressive and torsional modes and in determiningthe factors in (3.7), the
double-couple excitation as such does not enter into the inverse problem in a
prominent manner.

Since from now on we shall work solely with the tilde fields we can drop the
diacritical mark without any risk of confusion. These fields satisfy the following
equations:

_ _ 1 _
wÎ O

1 — Â
0 uÎ

Â+2u Â+2p
a’ -—œ2p 0 O —1 a

= 1 38alcp’ 12 0 0 —— lçb ( )
u

Al
I

1+“
1’ 0 — 2 4 P O l_T_ Â+2,u “’e “+2 _T_



|00000158||

144 V. Barcilon

with

0(0, 1, co) = 1(0, 1, co) = 0(a, l, w) = r(a, 1, co) — 1 = 0 (3.9 a)

and
1

IV 0 — l/I
_—_ ‚u (3.8b)

x’ — cozp + ul O X '

with

x(0,l,co)=x(a,l,co)—1=0. (3.9b)

4. Information Content of Seismograms

We shall now generalize the result obtained for the beam. Namely, we shall
show that the seismographs (or rather their Fourier transform) u(a,l,a)),q5(a,l,w)
and l//(a, l,co) contains more information that just the dispersion curves for the
Love and Rayleigh waves.

Let us first consider the problem (3.8a) (3.9a) looked upon as a direct
problem. In order to solve it, we introduce two fundamental solutions of (3.8 a)
labelled by a superscript, such that

u”) =1 „(2) =0
(1) = <2) =35028 and 35(2):? for x=0. (4.1)

1(1) =0 1(2) =0

Consequently, the most general solution of (3.8 a) which satisfies the boundary
conditions at x=0 is:

u un) „(2)
(1) (2)0' 0' 0'

4)
=A

(pm
+B

45(2) (4.2)

T In) T(2)

The coefficients A and B are determined by the boundary conditions at x=a,
Viz.

A = —a(2)(a, l,
w),R(a‚l‚w)

4 3-0‘”(a,l,w) ( ‘ )
—

R(a,la)) ’

where

R(x, l, w) = 0(1)(x‚ l, w) r‘2)(x, 1, co) — 0(2)(x, l, w) I‘l)(x‚ l, w) (4.4)
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Note that R(a, l, œ)=0 is the dispersion relation for the Rayleigh waves (com-
pressive modes). Replacing A and B in (4.3), we see that

U(a, 1, c0)
u(a, l, (D) =

—m
(45)

'
l¢(a, l, (0) = +i%l’% . (4.6)

where

U(x, l, (0) = {u(x, l, co), 0(x, l, 60)} (4.7)

and

€D(x, l, (0) = {0(x, 1, c0), ¢(x, l, w)}. (4.8)

In the above expressions the symbol { } is used as a shorthand notation and is
defined thus:

{a, b} =a(1)b‘2)—a(2)b(1’. (4.9)
The numerators of u(a, l, w) and d)(a,l,co), which corresponds to the amplitude of
the response, can be interpreted as two additional dispersion relations for waves
(modes) associated with the following boundary conditions at x=a:

U(a,l,c0)=0 è u=a=0
no vertical displacements
no normal stress;

@(a,l,c0)=0 Ö 0=¢>=0
no horizontally divergent displacements
no normal stress.

Thus, knowing the seismograms u(a, l, w) and çb(a, l, (0) is tantamount to knowing
three sets of dispersion curves.

The same situation exists for the torsional (Love) modes. If
[H(x, l,c0)L(x, l, (0)] is a solution of (3.8a) such that

H(0, 1, c0) = 1
L(O, l, c0)=0

then the solution (3.8b)—(3.9b) is

if] =L(a,11‚co) [Ï] (4.11)
In particular, the third “component” of the seismogram is

H(a, 1, c0)
L(a, 1, co)

'

(4.10)

Ma, Loo): (4.12)

Once again, L(a,l,c0)=0 is the dispersion relation for the Love waves whereas
H(a, l, c0)=0 corresponds to the knowledge of an additional dispersion relation
associated with zero twisting displacement at the surface x=a.

Impulse Response and Uniqueness of Inverse Problem 145

Note that R(a, l, œ)=0 is the dispersion relation for the Rayleigh waves (com-
pressive modes). Replacing A and B in (4.3), we see that

U(a, 1, c0)
u(a, l, (D) =

—m
(45)

'
l¢(a, l, (0) = +i%l’% . (4.6)

where

U(x, l, (0) = {u(x, l, co), 0(x, l, 60)} (4.7)

and

€D(x, l, (0) = {0(x, 1, c0), ¢(x, l, w)}. (4.8)

In the above expressions the symbol { } is used as a shorthand notation and is
defined thus:

{a, b} =a(1)b‘2)—a(2)b(1’. (4.9)
The numerators of u(a, l, w) and d)(a,l,co), which corresponds to the amplitude of
the response, can be interpreted as two additional dispersion relations for waves
(modes) associated with the following boundary conditions at x=a:

U(a,l,c0)=0 è u=a=0
no vertical displacements
no normal stress;

@(a,l,c0)=0 Ö 0=¢>=0
no horizontally divergent displacements
no normal stress.

Thus, knowing the seismograms u(a, l, w) and çb(a, l, (0) is tantamount to knowing
three sets of dispersion curves.

The same situation exists for the torsional (Love) modes. If
[H(x, l,c0)L(x, l, (0)] is a solution of (3.8a) such that

H(0, 1, c0) = 1
L(O, l, c0)=0

then the solution (3.8b)—(3.9b) is

if] =L(a,11‚co) [Ï] (4.11)
In particular, the third “component” of the seismogram is

H(a, 1, c0)
L(a, 1, co)

'

(4.10)

Ma, Loo): (4.12)

Once again, L(a,l,c0)=0 is the dispersion relation for the Love waves whereas
H(a, l, c0)=0 corresponds to the knowledge of an additional dispersion relation
associated with zero twisting displacement at the surface x=a.



|00000160||

146 V. Barcilon

5. A Different Version of the Inversion Problem

Following the procedure adopted for the beam (Barcilon, 1976a), we introduce
additional Wronskians

I ={u,¢},

J ={u,1:}, (5.1)

K={dm},
and derive differential equations for U, (P, R, I, J and K, viz.

Âl
U’= dô—lJ, .

Â+2,u
(5 2a)

1

dî’=—œ2pI+IK—IU+;R,
(5.2b)

R’=——œ2pJ+ [-602 +4 l2 ‚1+‚u ](D (5 2c),0 N Â+2,u ’ °

I’ — (p +1 J 5 2d
R u MU 2 À+,u

'
' = _ _— _ 4 12 ]1 .Â+2u Â+2u +Â+2u+[ a) p+ M Â+2u (526)

Âl
K’=lJ— d). .

Â+2,u (5 20

Because of (4.1), the variables U, (D, R, I, J and K are known at x=0‚ viz.

U=<D=R=I—1=J=K=O‚ at x=0. (5.3)

Now, from (5.2a) and (5.21), we can see that

U’+K’=O

and so

K=—U. 6m

But this is not the only relationship between these variables. Just for as for the
beam we can check the validity of the following algebraic identity: {14,0} {45,1}
+ {u, (1)}1, a} + {u, t} {0, (1)} =0, or better still

U2(x, 1,0)) + I(x‚ 1,0)) R(x‚ l, co) — J(x, l, w) @(x, l, w) = 0. (5.5)

Let us recall at this stage that U(a,l,a)), @(a, Leo) and R(a,l,w) are considered
given.They are also entire functions of a)2 and l.

The remaining half of the problem is

1
H’=—L‚ (5.6a)‚u
E =(—co2p+ulz)H, (5.6b)
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with

H(O, l, w) — 1 = L(O, l, w) = O. (5.7)

Also H(a, l, w) and L(a,l,a)) are considered given.
On the face of it, the system of differential equations for U, CD, R, I, J, K, H

and L seems overdetermined in View of the fact that all of these quantities are
specified at x=0 and most of them are also specified at x=a. However, we
should remember that the coefficients Â, u and p in these equations are unknown.
A similar situation arose in the case of the beam, and I was able to exploit the
apparent overdeterminancy of the problem to infer the density and flexural
rigidity. We shall try to use the same technique here. To that effect, we must first
discretize the problem.

6. Solution of the Discrete Inverse Problem

The three dimensionality of the slab problem, i.e. the presence of the wave
number 1, complicates the discretization considerably.

One of the difficulties is associated with the data. Indeed, whereas the first N
eigenfrequencies of a genuinely one-dimensional problem can be considered as
the eigenfrequencies of a discrete system with N degree of freedom, the counter-
part for branches of dispersion relations is not true. Said differently, if œ=Ân(l)
are the branches of the dispersion relation L(a, l, co) =0, then the first N branches
do not form an algebraic curve and hence they are not bona fide dispersion
branches of a system with N degrees of freedom in the vertical (see e.g. Barcilon,
1976b)

Having recognized this technical difficulty, we shall assume that we know
how to resolve it. For instance, we could envisage approximating the dispersion
relations by algebraic curves.

We now come to the next technical difficulty that of discretizing the equa-
tions (5.2) and (5.6), or rather of deriving an analogous set suitable for a system
with N-degrees of freedom. The difficulty here stems from the wide variety of
seemingly acceptable discrete equations. The guiding principles for selecting an
appropriate set of equations as well as the procedure we have followed is
presented in an appendix. Incorporating the identity (5.4) into (5.2), we shall
adopt the following discretization of these equations:

Àihil
. Q. h.lJ.=U. 6.1al

Âi+2.ui
1+ l l 1—1 ( )

h: 2
i——Ri=q§i—1—w miIi—1_2lhiUi—1 (61b)

2 2 Âi+1ui 2
Ri=Ri—1—w miJi_1+ _CÜ

mi+4fliÂi+2ui

hil ¢i—1 (6.1C)
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h hL—iJ— i Q=L .l
‚ui

l
Âi+2fli

l 1—1 (61d)

h.
J.— l R.l

Âi+2fli
l

‚m. ‚1.+„.=J. 2 H 1U. — 2 . 4 .-—‘——‘—h.12]1. . .l—1+
Âi+2ui

l—1+|: C!) ml+
tulÄi+2ui

l 1——1 (61€)

In the above equations m,- stands for the mass (p h) of the i-th segment which has
been concentrated at xi in order to make the numbers of degree of freedom finite.
hi is the separation between mi +1 and mi and is unknown. Note that as hi —> 0, the
system (6.1) reduces to (5.2) with identity (5.4) included. Note also that (6.1)
provides an explicit means for computing Ui, 45i, Ri, Il. and Ji. Indeed if i_1,
¢i_ 1, Ri_ 1, Ii_ 1 and Ji_ 1 are known then by means of (6.1c), (6.1b), (6.1e), (6.1a)
and (6.1d), in that order, we can derive (1,, (Di, Ri, I,- and Ji. Note also that if

then Ui, ,Ji are polynomials of degree i in (02.
Turning now our attention to the remaining half of the problem, viz. (5.6), we

adopt the following discretization:

h.
Hz

The remarks made previously about (6.1) hold for (6.3).
We are now ready to solve the inverse problem, i.e. to find mi, hi, Âi and l1:-

Recall that UN, (DIV, RN, HN and LN are given. Then using a discrete version of
(5.5), viz.

we deduce IN and JN. Now dividing HN by LN we see from (6.3a) that

H h H_E=_Ä+_h; (6.5)
LN #N LN

in other words we can find hN/‚uN and HN_ 1. We now switch to the compressive
modes and more specifically to (6.1d) which we write thus:

hI—niJN
#N N: hN IN— 1

CDN ÂN +2 ‚uN ÇDN ' mo

As a result hN/ÂN+2uN and IN_1 are determined. Note also that ÂN/uN is now
known.

For the next step we turn to (6.1a) which can also be written

UN
:1“ +

UN — 1

ÂN hN _ hN
N

1N hN hN (6.5)' N ' N — _' —' çp _"‘JN
#N ÄN + ZHN .uN MN ÄN+2flN

N
.uN
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In so doing we have determined ‚1N, ‚uN, hN, and UN_ 1. The last quantity, viz.
mN, can be obtained from (6.1b), viz.

hN
¢N—_ RN+2t UN—l d5“N ‚ = —co2mN+—N"1. (6.6)

IN—l IN—l

Finally, by means of (6.10), (6.1e) and (6.3b) we can deduce RN_1, JN_1 and
LN_ 1 which are needed to start the cycle over.

7. Concluding Remarks

We have solved a discrete version of the inverse problem for a slab. The
excitation was assumed known and for the sake of illustration was taken to be a
point double-couple. The data were extracted from the response to this exci-
tation. More specifically both amplitude and frequency information were ex-
tracted from the seismograms. But after making measurements for all times and
over all points on the upper free surface of the slab, the dependence in the wave
number was not exploited at all. Assuming that this result held for the earth, it
would be equivalent to dealing with a single angular number I. This leads to the
following conjecture. By repeating the inversion procedure for a sequence of l’s,
we should be generating the same solution over and over again. If this were not
the case, then it would signify that the slab/earth has some lateral structure.
Perhaps a measure of this lateral inhomogeneity can be obtained by examining
the scatter of the various solutions.

Eventhough the wave number I is a continuous variable for the slab problem,
we have treated it as if it were a fixed parameter labeling the various modes. If
we were permitted to exploit the dependence of the data on I, i.e. if we were
given R(a, l,a)), L(a, l‚a))‚ etc. as polynomials in 002 and I, then the procedure
could be greatly simplified. In particular, it would be possible to deduce mi, pi
and hi from the Love wave alone. The calculations would be modified as follows.
First we divide Hi by L1, looking upon them as polynomials in (02, viz.

Hi hi Hi—l_=_+___

Li Ni Li
By dividing Li by Hi_ 1, again looked upon as polynomials in a)2 we see that

L. L. . . 2 .l
=—co2mi+

l—1+.ulhll Hl—l.

Hi—l H1_1
At this stage we consider the remainder (L1_ 1 + Mill-12H:— 1) as a polynomial in l
and write it as well as Hi_ 1 in decreasing powers of l. Forming the ratio of these
polynomials, we get:

L,._1 +uihil1_ L1 2 i—1= .h.l +—.
Hi—l

I“! l
Han—1

The missing ll,- can be easily obtained from the compressive modes.

Impulse Response and Uniqueness of Inverse Problem 149

In so doing we have determined ‚1N, ‚uN, hN, and UN_ 1. The last quantity, viz.
mN, can be obtained from (6.1b), viz.

hN
¢N—_ RN+2t UN—l d5“N ‚ = —co2mN+—N"1. (6.6)

IN—l IN—l

Finally, by means of (6.10), (6.1e) and (6.3b) we can deduce RN_1, JN_1 and
LN_ 1 which are needed to start the cycle over.

7. Concluding Remarks

We have solved a discrete version of the inverse problem for a slab. The
excitation was assumed known and for the sake of illustration was taken to be a
point double-couple. The data were extracted from the response to this exci-
tation. More specifically both amplitude and frequency information were ex-
tracted from the seismograms. But after making measurements for all times and
over all points on the upper free surface of the slab, the dependence in the wave
number was not exploited at all. Assuming that this result held for the earth, it
would be equivalent to dealing with a single angular number I. This leads to the
following conjecture. By repeating the inversion procedure for a sequence of l’s,
we should be generating the same solution over and over again. If this were not
the case, then it would signify that the slab/earth has some lateral structure.
Perhaps a measure of this lateral inhomogeneity can be obtained by examining
the scatter of the various solutions.

Eventhough the wave number I is a continuous variable for the slab problem,
we have treated it as if it were a fixed parameter labeling the various modes. If
we were permitted to exploit the dependence of the data on I, i.e. if we were
given R(a, l,a)), L(a, l‚a))‚ etc. as polynomials in 002 and I, then the procedure
could be greatly simplified. In particular, it would be possible to deduce mi, pi
and hi from the Love wave alone. The calculations would be modified as follows.
First we divide Hi by L1, looking upon them as polynomials in (02, viz.

Hi hi Hi—l_=_+___

Li Ni Li
By dividing Li by Hi_ 1, again looked upon as polynomials in a)2 we see that

L. L. . . 2 .l
=—co2mi+

l—1+.ulhll Hl—l.

Hi—l H1_1
At this stage we consider the remainder (L1_ 1 + Mill-12H:— 1) as a polynomial in l
and write it as well as Hi_ 1 in decreasing powers of l. Forming the ratio of these
polynomials, we get:

L,._1 +uihil1_ L1 2 i—1= .h.l +—.
Hi—l

I“! l
Han—1

The missing ll,- can be easily obtained from the compressive modes.



|00000164||

150 V. Barcilon

Acknowledgements. I wish to thank Professor K. Fuchs and L. Knopoff for giving me the opportunity
to present the results of this paper at the 11th Symposium on Mathematical Geophysics.

This research was supported by the Office of Naval Research under Contract N00014-76-C-0034
and by the National Aeronautics and Space Administration under Grant NSG-7247. Reproduction
in whole or in part is permitted for any purpose ofthe United States Government.

Appendix

Remarks on the Discretization Procedure

Let us consider the equations

/ 1
y

—_Z

ï=(—wH%Hd5y
Except for a change in notation, these equations are identical with (3.8b). We
shall revert to Hi and Li after we arrive at a satisfactory discrete version of this
equation.

In order to go from a continuous system to a system with N degrees of
freedom, we consider the case in which

Np=z Mac—xi) ÿ (A2)
l=1

where xi+ 1 —xi=hi. Furthermore, we assume that in the interval (xi,x.+ 1) u is al

constant equal to ,ui. As a result, in (xi,xi + 1) the Equations (A.1) reduce to

‚ 1y=—Z
Ni (A3)

Z’ =m 12y
Therefore, in this same interval

y=Ai cosh l(x —xi) +Bi sinh l(x —xi)
(A.4)

z =l/1iAiSinh l(x — xi) + Lui Bi cosh l(x — xi)

One way of determining Ai and Bi (but by no means the only one) consists in
requiring that

lim y, z = yi, zi. (A.5)
x->x‚-+0

As a result

y=yfimm—&%Ffi£mt—M)' Im (Am
= zi cosh l(x — xi) + lui yi sinh l(x — xi)

We now make a crucial approximation: we neglect terms of order 12 hi2 or higher
and write
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Zi
y=yi+—(x_xi)

“i (A.7)
Z = Zi +.uiyi 12(3C _xi)

If hi is small, this approximation is not very restrictive. Physically, it implies that
waves (or modes) must have large horizontal wave lengths to penetrate the slab.

Returning to (A.1) we integrate these equations from xi—a to xi+e, where 8
is infinitesimally small. We see that y is continuous, viz.

lim y= lim y (A.8)
x—>xi—O x—*xi+0

whereas z is not. In fact the jump in z at xi is

[21”: —w2miyi‘ (A9)
Making use of (A.7) we rewrite these two last equations as follows:

Zi—l
yi—1+ hi—lzyia (A.10)

i—1

Zi_Zi—1—Hi—1hi—1lzyr'—1=‘wzmiYi- (A-ll)

These equations are not completely satisfactory. One of their drawbacks is that
they are not associated with an acceptable energy principle. They can be
corrected by replacing yi_ 1 by y,- in (All), viz.

Zi_Zi—1—:ui—1hi—llzyi=_w2miyi‘ . (A012)

Note that within our approximation scheme, this step is quite legitimate. To be
consistent we should also modify the second equation in (A.7) and write

Z=Zi+HiIZYi+1(x_xi) (A7,)

Now in (A.10) and (A.12) we have an explicit scheme for the computation of y,-
and zi. If z0 =0 and y0 =1, then yi and z, are polynomials in a)2 but not of degree
i. We shall now correct this minor flaw. We reason as follows: When we come to
solve the inverse problem the amplitude and frequency data are translated in a
knowledge of z and y at N+1, i.e. zN+ul hNyN+1 and yN+1 are given. Let us
therefore define the following new variables

Hi=yi+1
A.l3

Li =Zi+liilzhiYi+1
( )

Substituting in (A.10) and (A.12) we get (to the usual degree of approxima-
tion) '

h.
i _—l Li = Hi — 1

lui (A.14)
Li =Li—1+[—œ2mi+:uihilz] Hi—l'

These are the equations (6.3).
The same considerations and manipulations have led us to the set (6.1). Since

the calculations are lengthy we shall not reproduce them.
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H. Moritz
Institut fur Erdmessung und Physikalische Geodäsie,
Technische Universität, Steyrergasse 17, A-8010 Graz, Austria

Abstract. The paper presents a unified least-squares method (collocation)
which encompasses least-squares adjustment and least-squares prediction.
This method is being applied to the determination of the terrestrial gravita-
tional field and of geodetic position by combining data of different kind.
The relationship between this method and geophysical inverse problems is
discussed. '

Key words : Geodesy —- Gravity field -— Inverse problems.

1. Introduction

The determination of the earth’s external gravitational field from geodetic,
gravimetric, and satellite data may be formulated as a linear inverse problem that
is mathematically quite similar to other geophysical inverse problems, for instance
to the determination of the internal structure of the earth from seismic and other
data.

The gravitational inverse problem is likewise underdetermined. The external
gravitational field requires for a complete description an infinite number of
parameters, for instance, the set of all coefficients in the expansion of the external
gravitational potential in spherical harmonics. This infinite number of parameters
is to be determined from a finite number of observations, which is clearly an under-
determined problem.

During the last years, geodesists have worked out a comprehensive technique
for the determination of the gravitational field and of geodetic position, called
least-squares collocation. It has developed from two-sources: least-squares
adjustment, which has been classical in land surveying and geodesy, and least-
squares prediction, which is being used for some years for automatic interpolation
of gravity anomalies and similar quantities. Least-squares collocation may be
considered as a synthesis of adjustment and prediction to provide a unified
method for determining geometrical and physical parameters related to the
figure of the earth and its gravity field.
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parameters, for instance, the set of all coefficients in the expansion of the external
gravitational potential in spherical harmonics. This infinite number of parameters
is to be determined from a finite number of observations, which is clearly an under-
determined problem.

During the last years, geodesists have worked out a comprehensive technique
for the determination of the gravitational field and of geodetic position, called
least-squares collocation. It has developed from two-sources: least-squares
adjustment, which has been classical in land surveying and geodesy, and least-
squares prediction, which is being used for some years for automatic interpolation
of gravity anomalies and similar quantities. Least-squares collocation may be
considered as a synthesis of adjustment and prediction to provide a unified
method for determining geometrical and physical parameters related to the
figure of the earth and its gravity field.
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Least-squares collocation has many features in common with other geophysical
inversion techniques. It may, therefore, be of interest to give a brief review of
collocation, exhibiting cross-connections to geophysical inversion methods. The
reader will find more information and references in (Brosowski and Martensen,
1975; Grafarend, 1975; Moritz, 1973).

2. Determination of Spherical Harmonics

We shall start with an example for which the relation with geophysical inversion
problems is particularly obvious: the determination of the spherical-harmonic
expansion for the gravitational potential from satellite data.

This expansion may be written as

V(r, 9,1):93—4 [1— Î (2).], B,(cos e)
n=2

_ Z Z (Ë) B,,,,(cos 9) (Jnm cos mÂ+Knm sin m10]. (1)
n=2 m=1

Here Vdenotes the external gravitational potential of the earth; r (radius vector),
0 (polar distance=co-latitude) and Â (longitude) are spherical coordinates;
B,(cos 6) and 12",,(cos 6) are Legendre functions —zonal and tesseral, respectively — ;
G denotes the gravitational constant, M the total mass of the earth, a the earth’s
equatorial radius; and J", Jnm and Km are coefficients to be determined empiri-
cally.

An arbitrary measurement to a satellite (a photographically observed direction,
an electronically measured distance or range-rate, etc.) is obviously a function of
these parameters Jn, Jnm and K since the orbit of the satellite is influenced by
the gravitational field:

L =f(Jna Jnm’ Knm)°

To linearize this function f one introduces approximate values for these
parameters as reference values and expands by Taylor’s theorem. This gives an
expression linear in the differences öJ„,ÖJ„‚„‚öK„m (actual minus reference
values), of the form

nmà

(X)

L=L°+Z ls (2)r r9
r=1

where L0 is the function f evaluated in terms of the reference values; the s, are the
differences ÖJ„‚ ÖJ„m‚ öKnm in some linear order, e.g. s1 = ôJ20 , 52 = ôJ21 , s3 = (3K21 ,
s4=ôJ22, 35 =6K22, s6=5J30, etc.; and the l, are coefficients (the partial deriv-
atives of L with respect to s,).

If we have q observations L and denote the differences L—L0 by xi, then we
obtain q equations of type (2):

21

birSr=xi (i=1, 2, ...,q). (3)
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In matrix notation this may be written as
Bs=x. (4)

A general solution of this underdetermined system (assumed full-rank) is

s=KBT(BKBT)‘1 x, (5)

where K is an (infinite) square matrix such that the occurring infinite sums converge
and that BKBT is a regular q >< q matrix; otherwise K is arbitrary.

The matrix

B‘ = KBT(BKBT)‘1 (6)
is a right (generalized) inverse of B; the solution (5) obviously satisfies (4). Less
obvious but also well known from the theory of generalized inverses (cf. Bjer-
hammar, 1973, p. 116) is the fact that the solution (5) satisfies the minimum condi-
tion

ST K‘1 s = minimum, (7)
provided the matrix K‘1 exists in an appropriate sense. (In general, operations
with infinite matrices are formally identical to ordinary matrix operations provided
the infinite sums converge.)

Usually the measurements x,- are affected by unknown observational errors,
denoted by ni; the notation follows the terminology'of time series: “5” stands for
“signal”, and “n” for “noise”. Then (3) is to be replaced by

Ê: birSr+ni=xi9 (8)

or in matrix notation:
Bs + n = x. (9)
An appropriate minimum condition, replacing (7), is now

sTK‘1 s+nTD‘1 n=minimum, (10)
where K and D can be interpreted statistically as covariance matrices: K is the
covariance matrix of the “signal” s, that is, of the spherical-harmonic coefficients,
and D is the covariance matrix of the “noise” n, that is, of the observational errors.

The solution of (9) under the minimum condition4(10) is readily found to be

s=KBT(BKBT+D)‘1 x. (11)
The mathematical model (9) and the solution (11) have also been suggested

for geophysical inverse problems (cf. Wiggins, 1972, pp. 260—1). This solution has
remarkable mathematical and numerical properties, especially stability.

For the determination of the earth’s gravitational field this model has still
other advantageous features. The covariance matrices K and D are not just
auxiliary mathematical quantities introduced in order to obtain a convenient
solution of (9), but they admit of a physical definition in terms of the statistics of
the anomalous gravity field and are, in principle, determinable by observation.
Furthermore, the determination of s by (11) is optimal in the sense that it has the
smallest standard (r.m.s.) error possible on the basis of the given data. It is, more-
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over, perfectly consistent with apparently quite different techniques, for instance,
least-squares interpolation of gravity anomalies. All these techniques fit into the
general framework of least-squares collocation to be considered in Sections4
and 5.

3. Least-Squares Interpolation

Consider the following problem of a quite different nature. Let the gravity anomaly
Ag (measured gravity g minus normal gravity y) be given at q points R ‚ P2, ..., I;
at the earth’s surface, represented e.g. by a sphere; to interpolate Ag at another
point P of the sphere.

If we consider the Ag-field as a stochastic process on the sphere, we may apply
the theory of least-squares interpolation of stochastic processes. The resulting
formula is (cf. Heiskanen and Moritz, 1967, p. 268):

C11 C12 C "1 Ag1lq

AgP=[CP1 CP2 CPq] Ç21 C22... (_32q 482 ‘ (12)

q q q q

Here A gP denotes the gravity anomaly to be interpolated at point P; A g1, A g2,
..., q are the gravity anomalies given at R ‚ 132, ...‚ 12,, and the Cpi and Cik are
covariances which can all be expressed in terms of one covariance function CM),
where w denotes the spherical distance:

Cm: C(Wpi), (13)
Cik= COI/m), (14)

1/i being the spherical distance between P and B, and wik between R- and R (cf.
Runcorn, 1967, pp. 1437—8).

Is there any relation between the ideas of Section 2 and the present case? The
problems are as different as they can be. The only indication for a possible inter-
relation is the minimum standard error property, which holds for (11) as well as
for A gP, minimum standard error being the condition from which (12) derived.

Let us assume that we want to solve our present interpolation problem on the
basis of the ideas of the preceding section. In this case we should have to express
Ag in terms of spherical harmonics:

Ag= Z cn B, (cos 0)+ Z Z (cnm cos m/i+d,,m sin ml) 12,”,(cos 6). (15)
n=2 n=2m=1

This is, in fact, possible, the c", cnm and dm being proportional to 5],, öJnm and
öK„m‚ respectively (Heiskanen and Moritz, 1967, p. 108). There exists, therefore,
a relation

Ag(6, Â): Z B‚(6‚ Â) Sr, (16)
r=1

where B‚(9, Â) are certain functions of (9, À), obviously related to the Legendre
functions.
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It is now possible to write Equation (16) for all given points Pi, obtaining q
Equations (3) with xi=Agi and bi,=B,(6,-,/l,-). The linear equation system so
obtained may be solved by (5); we assume that there are no measuring errors,
whence D=O. The infinitely many quantities s, thus found are substituted into
(16), written for point P, to obtain A gP.

It is clear that this solution is totally impractical, but if we would try it and
succeed in performing correctly all the numerical operations, what would we get?
Precisely the same result as by using (12) (provided we operate with correct
covariances and disregard convergence problems)!

The reason for this equivalence will be made clear in the following section.
Here we remark only that Equation (12) contains only finite matrices and vectors,
whereas (5) deals with infinite matrices and vectors. The reason is that (12) involves
covariance functions. Since a function, as element of a Hilbert space, is in some
sense equivalent to an infinite vector (e.g. composed of Fourier coefficients), the
infinite number of degrees of freedom is, so to speak, built into the covariance
function and does not explicitly appear.

Finally I should like to point out another feature of the interpolation formula
(12), namely locality. Assume that the data points P,- all lie in a certain small region.
Then one cannot hope, from these local data, to obtain meaningful estimates for
the spherical-harmonic coefficients, which form the vector s of Section 2. Never—
theless, the interpolated value A gP according to (12) will be quite reliably deter-
mined provided P is closely surrounded by data points B. Thus Equation (12)
works in a local fashion, in contrast with (5).

In the terminology of Backus and Gilbert (1968), the local interpolation
formula (12) expresses a deltalike functional.

4. The Many Facets of Collocation

The question now arises: What is the common background, if any, for the methods
of Sections 2 and 3? Is there a general mathematical model, ofwhich these methods
are only special cases?

In fact, there is such a general model. If we subtract a suitably defined “normal”
(ellipsoidal) gravitational field from the actual gravitational field of the earth,
then the residual field will be quite small; it is called anomalousfield, or disturbing
field. This holds for all field quantities, not only for the potential: quantities
pertaining to the anomalous field are, for instance, the disturbing potential T,
gravity anomalies Ag, geoidal heights N, or deflections of the verticalfim. All
these quantities are related to each other by linear differential or integral opera-
tions, such as Stokes integral expressing N in terms of Ag. These operations may
be considered as linear operators or linear functionals in a suitable Hilbert space.

The basic idea is now to consider the anomalous potential T, which is small,
fluctuates irregularly and has, in some sense, zero average, as a stationary sto-
chastic process on the sphere, and the other anomalous field quantities as other
stochastic processes derived from the T field by linear operations mentioned.

These stochastic processes possess covariance function which are related by
analogous linear operations (“propagation of covariances”) to a basic function,
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for which we may take the covariance function K(P, Q) of the anomalous potential
T. This function can be developed in spherical harmonics as

T2 n+1° ) excesw, (17)rK(P, Q)= Îonk (
where rP and rQ are the radius vectors of the spatial points P and Q and l// is the
angle between these two radius vectors; B,(cos up) are Legendre polynomials, r0 is
a constant slightly smaller than the mean radius of the earth, and the It” a re non-
negative coefficients. This expression shows that K(P, Q) is harmonic. satisfying
Laplace’s equation at both points P and Q.

Any quantity of the anomalous gravity field may thus be considered as a
random “signal” 5. Assume that a certain number q of such quantities, which
form a vector x, has been measured and that we want to derive from them a set
of p other, unknown, quantities of the anomalous gravity field, which form the
vector s. The solution of this problem is given by the fundamental Wiener-Kolmo—
gorov prediction formula

‘

s=C„C;‚3 x (18)
(cf. Liebelt, 1967, p. 138; he calls it Gauss-Markoff theorem). In statistical terms,
this is the linear minimum variance unbiased estimate for the quantities forming
the vector s. The matrices Csx and Cxx are covariance matrices that are interrelated
by covariance propagation mentioned above.

The formula (18) has very nice mathematical properties which are unique
indeed, being related to geometrical features of Hilbert space:

minimum variance, that is, best possible accuracy available on the basis of
the given data;

invariance with respect to linear operations; this ensures that all quantities s so
obtained are mutually compatible and refer to one and the same gravity field;

both vectors x and s may comprise arbitrary, even heterogeneous, quantities of
the anomalous gravity field;

the measurements x may even be affected by random errors (“noise”); formula
(18) will still hold provided the covariance matrix Cxx is modified by adding the
corresponding covariance matrix of the noise.

Equation (12) is now readily recognized as a special case of (18), if all compo-
nents of the observation vector x are gravity anomalies A g,- and if the vector s
consists only of one component AgP.

But also (11) is derivable from (18). Let s be the infinite vector of the spherical-
harmonic coefficients, as in Section 2, and let the covariance matrix of this vector
be known and denoted by K; this matrix is found to be a diagonal matrix whose
diagonal elements are proportional to kn in (17). Let further the covariance matrix
of the measuring errors n be denoted by D, and let s and n be uncorrelated. Then
the application of covariance propagation to (9) gives easily

Cxx=BKBT+D, (19)
Csx=KBT, (20)

whence (18) in fact becomes (11).
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Thus the theory of stochastic processes provides a very convenient mathemati-
cal formalism and terminology. How seriously the statistical interpretation is to
be taken, is a matter of controversy and also of personal taste. It is possible
largely to play down the statistical aspects, emphasizing Hilbert space geometry
and considering the covariance function as a kernel function in Hilbert space, as
Krarup did in his. fundamental paper (1969). (There are interesting parallels with
Backus’ (1970) Hilbert space treatment of geophysical inversion problems.)

The statistical and the Hilbert space approach are mathematically completely
equivalent (isomorphic). Both approaches provide important insight, and they
complement each other, rather than competing with each other. To avoid the
impression that the present method “messes up every thing statistically”, we
look at it from yet another angle, which shows that we do have an underlying
completely “clean” analytic model.

We represent the anomalous gravity potential T at some point P as a linear
combination of sufficiently many suitable base functions (MP):

T(P): _zbi W). (21)
The base functions (1), are to be harmonic functions of a simple analytic form;
b, are numerical coefficients.

Assume that we have q errorless data, which are linear functionals of 7} such
as gravity anomalies, deflections of the vertical, spherical-harmonic coefficients,
etc. The problem is to fit the expression (21) to the data, so that the q given func-
tionals are exactly reproduced. This is the principle of collocation, which is fre-
quently used in numerical mathematics (cf. Collatz, 1966).

Once the functions d),- are given, the q coefficients bi are completely determined
by the q data, supposed independent. Depending on the choice of the functions 9b,,
the interpolation error using the finite approximation (21) will vary. Now the
functions (I), are determined in such a way that the r.m.s. interpolation error mp
is minimized; this accounts for the name “least-squares collocation” for the
method described in the present paper.

From this principle one obtains the explicit solution

¢.-(P>=C(P.xi),
'

(22)
which is the covariance between T(P) and the measurement xi. It is a function
of point P, for which a suitable analytical expression should be used. The co-
efficients bi, which form the vector b, are determined from the equation

b=c,;,,1 x,
'

(23)
where Cxx is the autocovariance matrix of the observation vector x=(x,-).

Thus, with errorless data, least-squares collocation determines the analytical
form of the functions 45, by the requirement of optimal accuracy, whereas the
data are exactly reproduced.

If the data are affected by measuring errors, then the requirement mp=mini-
mum determines simultaneously

(1) the best analytical expression for the functions 45, and
(2) the best values for the coefficients bi.

Least—Squares Collocation 159

Thus the theory of stochastic processes provides a very convenient mathemati-
cal formalism and terminology. How seriously the statistical interpretation is to
be taken, is a matter of controversy and also of personal taste. It is possible
largely to play down the statistical aspects, emphasizing Hilbert space geometry
and considering the covariance function as a kernel function in Hilbert space, as
Krarup did in his. fundamental paper (1969). (There are interesting parallels with
Backus’ (1970) Hilbert space treatment of geophysical inversion problems.)

The statistical and the Hilbert space approach are mathematically completely
equivalent (isomorphic). Both approaches provide important insight, and they
complement each other, rather than competing with each other. To avoid the
impression that the present method “messes up every thing statistically”, we
look at it from yet another angle, which shows that we do have an underlying
completely “clean” analytic model.

We represent the anomalous gravity potential T at some point P as a linear
combination of sufficiently many suitable base functions (MP):

T(P): _zbi W). (21)
The base functions (1), are to be harmonic functions of a simple analytic form;
b, are numerical coefficients.

Assume that we have q errorless data, which are linear functionals of 7} such
as gravity anomalies, deflections of the vertical, spherical-harmonic coefficients,
etc. The problem is to fit the expression (21) to the data, so that the q given func-
tionals are exactly reproduced. This is the principle of collocation, which is fre-
quently used in numerical mathematics (cf. Collatz, 1966).

Once the functions d),- are given, the q coefficients bi are completely determined
by the q data, supposed independent. Depending on the choice of the functions 9b,,
the interpolation error using the finite approximation (21) will vary. Now the
functions (I), are determined in such a way that the r.m.s. interpolation error mp
is minimized; this accounts for the name “least-squares collocation” for the
method described in the present paper.

From this principle one obtains the explicit solution

¢.-(P>=C(P.xi),
'

(22)
which is the covariance between T(P) and the measurement xi. It is a function
of point P, for which a suitable analytical expression should be used. The co-
efficients bi, which form the vector b, are determined from the equation

b=c,;,,1 x,
'

(23)
where Cxx is the autocovariance matrix of the observation vector x=(x,-).

Thus, with errorless data, least-squares collocation determines the analytical
form of the functions 45, by the requirement of optimal accuracy, whereas the
data are exactly reproduced.

If the data are affected by measuring errors, then the requirement mp=mini-
mum determines simultaneously

(1) the best analytical expression for the functions 45, and
(2) the best values for the coefficients bi.
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In this case, the mathematical expressions are the same as before, (22) and (23).
The measuring errors have no influence on the choice of d), by (22), so that qbi again
represent pure signal covariance functions, that is, analytical and harmonic
functions; again the least-squares principle helps only to single out the most
suitable analytical expression for the base functions çbi among the many possible
choices.

Where statistics enters directly, is the determination of the coefficients [7,, which
is done in such a way that the effect of the measuring errors is minimized; in
statistical terminology, we have a “best linear estimate”: an unbiased linear
estimate of minimum variance, as we have already mentioned.

Expressions analogous to (21) may be given for any other quantity of the
anomalous gravity field, such as geoidal heights, deflections of the vertical,
gravity anomalies, etc. The coefficients bi remain the same since they depend only
on the data x by (23); what changes are the base functions (pi; the new base functions
are derived by simple analytical operations such as differentiation since a linear
operation performed on (21) acts on the base functions (pi. This is, of course,
covariance propagation as mentioned above, which is now seen to carry the
precise mathematical structure of the terrestrial gravitational field.

In fact, (21) together with (23) is the same as the prediction formula (18), so
that we have only been looking at the same mathematical model from different
angles. For lack of time it is impossible here to consider the treatment in terms of
Hilbert space with kernel functions (Krarup, 1969), which provides still another
aspect.

If esthetic appeal in science is characterized by a combination of basic sim-
plicity, richness of mathematical structure, and practical usefulness, then least-
squares collocation might present itself as a candidate for such a qualification.

5. Inclusion of Systematic Parameters

So far we have assumed that we deal only with quantities that have zero average
(zero statistical expectation), such as the elements of the anomalous gravitational
field. This restriction must be removed if the least-squares collocation is to be
applicable to more general geodetic problems.

We shall, therefore, consider the following model:

x=AX+s+n, (24)
where the vector x comprises the measured quantities and s are the signal and
noise parts, as before. The new component is AX, where the vector X comprises
systematic, non-random parameters, and A is a known matrix.

This model is general enough to encompass all Conceivable geodetic mea-
surements. In fact, any geodetic measurement may be split up, according to (24),
into 3 parts:

1. a systematic part AX involving, on the one hand, the ellipsoidal reference
system and, on the other hand, other parameters and systematic errors (original
non-linear functions are thOught to have been linearized by Taylor’s theorem);

2. a random part s expressing the effect of the anomalous gravity field; and
3. random measuring errors n.
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As an example, consider a measurement of gravity, g. Here AX represents
normal gravity y, as well as systematic errors such as gravimeter drift; s is the
gravity anomaly Ag; and n stands for the measuring error.

The formulas for estimating X and s may be derived from either of two different,
but equivalent, minimum principles:

1. From a least-squares principle corresponding to (10);
2. From the condition of minimum variance (least standard errors of estimated

X and s).
The results are

X = (AT C53 A)‘ 1 AT CL} x, (25)
s = CS,C C;x1(x — AX). (26)

The first equation is analogous to classical least—squares adjustment by param—
eters, except that the covariance matrix Cxx includes now the covariances of the
signal as well as those of the measuring errors. The second equation is an obvious
generalization of (18) to the case in which the expectation of X is AX rather than
zero.

These formulas are an extension of the corresponding problem for time series
(Grenander and Rosenblatt, 1957, p. 87).

The present method may be regarded as a combination of least-squares
adjustment and least-squares prediction into a unified scheme, which makes
possible the use of all geodetic data —classical angle and distance measurements,
gravity measurements, satellite data of different kind, etc. —to obtain the geomet-
rical position of points of the earth’s surface as well as the gravitational field.

As an idealization, we might assume that all geodetic data available at the
present time are combined by (25) and (26) into a single solution for the earth’s
gravity field. As a matter of fact, this cannot be directly realized in practice because
it would involve the inversion of an excessively large C,c matrix.

In practice, the number of data to be combined is limited by the size of matrix
that can be inverted by the computer. This presupposes suitable representative
selection of the data and some working “from the large to the small” in several
steps.
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Abstract. This is a review of the statistical description of random potential
fields on spherical surfaces as well as on the plane. On spherical surfaces only
the radial component of the random field is homogeneous and isotropic. But
this is sufficient to estimate the degree variances of the potential and all the
other components. Using the general representation by spherical harmonic
series the collocation is described in the case of the radial component in
much detail. The covariance function of the random potential field in the
plane may be represented by a convolution. The covariance function of the
kernel in the source equation of the random potential field is folded with the
covariance function of the random source field. For two kernels the autoco-
variance functions are given and some statistical source models and the
possibilities for the determination of the depth parameter of the kernel are
mentioned.
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1. Introduction

For a number of years it has been tried to apply mathematical statistics to
geophysical potential fields (a) to increase the knowledge about the spatial
distribution of these fields by interpolation between the available observations
and by combinations with other types of observations, (b) to analyse the
structure of these fields and, if possible, to establish relations between different
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fields, and (c) to obtain informations about the distribution of the sources of
these fields.

The two most important geophysical potential fields are the gravity field of
the Earth and the permanent part of the geomagnetic field. In geodesy and
geophysics methods were developed for the statistical description and in-
terpretation of the gravity field. This was not done with the same intensity for
the geomagnetic field, and, still less, for the other geophysical potential fields.

There it is to take into account that the geomagnetic field shows a very
pronounced secular variation and spatial irregularities much stronger than the
gravity field in the global scale as well as in the regional and local scale.

The treatment of the potential fields by the methods of mathematical
statistics is feasible as they may be understood as a linear superposition of a
determined normal component by a multitude of irregularly distributed anom-
alies. The whole of the anomalies may be treated as a realization of a vectorial
random field that has also a scalar potential. Beyond it the assumption is made
that this field is homogeneous and isotropic on concentric spherical surfaces or
on parallel planes in the case of flat Earth approximation. Then it is sufficient to
study the covariance function of the anomalies of the potential.

2. The Determination of a Normal or Systematical Part

The splitting of the potential field into a systematic part and the overlaying
anomalies is ambiguous. For instance it is possible to represent the potential
field by a series with suitable basic functions and to restrict the systematic part
to a very small number of terms. If global problems are considered this is always
a spherical harmonic series because of the spherical surface of the Earth but also
because of the optimal convergence properties for a statistical analysis of data
distributed over a spherical surface. To estimate the serial coefficients usually
the method of least squares is applied. There it is to take into account that the
differences between the observations and the resulting normal values are cor-
related significantly. As a disadvantage for the interpretation the very irregular
distribution of the observations at the Earth’s surface appears. Some of the
advantages of the spherical harmonics are efficient only for a continuous or a
specialized regular distribution of the observations.

To determine the lower terms of the Earth’s gravity field satellite obser-
vations are very important. Similarly the socalled I.G.R.F. (International
Geomagnetic Reference Field) is based on the analysis of satellite observations
of the total intensity, but it also contains terrestrial measurements. Because of
the existence of large scale anomalies of great intensity, and because of the slow
convergence of the spherical harmonic series the I.G.R.F. seems to be not
suitable as normal field for the geological interpretation of the anomalies of the
permanent magnetic field.

3. Statistical Description of Global Potential Fields

In considering global fields there are some troubles with the spherical surface.
One relates to the definition of the random field on this surface, another to the
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interrelation between the vector components. Lauritzen (1973) has shown that it
is impossible to find a stochastic process which is harmonic outside the sphere
and both ergodic and normally distributed. In the present case the ergodicity is
of great importance because the average taken over a great number of re-
alizations can be replaced by the average of one realization only taken for a
great number of observations distributed over the whole spherical surface.

V(r,9,2) is assumed to be a scalar random function which is harmonic
outside the sphere r=r0 and which is also ergodic. If V is also homogeneous and
isotropic on the spherical surface, then the expectance yields

M[V(r,9,/î)]=0, (1)
and the covariance function

KVV(r, 9, 2; r’, 9’, 2’) = M [V(r, .9, 2)- V(r’, 9’, 2’)] (2)
on every spherical surface depends on the spherical distance between the points
(r, 9, 2) and (r’, 9’, 2’). Here M is the average of the expression in rectangular
brackets, taken over all realizations. Owing to the ergodicity M can be re-
placed by the average over all observations distributed over the whole surface.
Because of the great number of observations it is allowed, and because of the
simpler treatment it is advantageous to approximate the sum over all obser-
vations on the surface by the integral over the whole surface

1 21: 1t 1 21:

M[]=— j f— j []docsin9d.9d2, (3)
o o 27T o

where oc is the azimuth between the two points (r, .9, 2) and (r’, 9’, 2’).
Outside the sphere the potential V is represented in series of spherical

harmonics

V(r, 9, 2.) =rOZ Z (Gm cosm2+Hm sin m2)Pnr7Om(‘9)( )n+1. (4)
0n==1m0

Taking into account that the covariance function for V depends only on the
distance I, for the correlation moments of the series coefficients we get

17!2712+ [KVV(I))sinrdr=K(GO, GS)K(G„’"‚G‚'‚")= K(HZ'‚ H'")= 5m 5n (5)
K(G„”’‚ Hm)O for all combinations of m, m’, and n, n’.

These may be understood as coefficients in a Legendre polynom series of the
covariance function of the potential

2 n+1ro ) - (6)KVV(r,r',r)=rä z K<G3,G,?>12,°(r) (r
rn=1

They result from the equation
n2n+1m;0[(62")2+<H;")2] <7)

with the series coefficients of the known realization Gn'", HZ‘. The parameters (7)
are defined as “degree variances”.

K(G,?, G3)=
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If the covariance function of the potential V is known, in general it is rather
easy to determine the covariance functions for the field quantities which are
related to the potential, for instance the gradient F. Usually the gradient is split
into components related to the directions of the geographical coordinates

_1aV y_ 1 1 âV Z_ôV 8759’
"

rsin9 61’ ‘3? U

Taking into account the criteria for the potential V(r, 9, À) the expectances for all
three components disappear. Instead of the one covariance function of the
potential V the random vector field derived from the potential requires three
autocovariance functions KXX, K”, KZZ and six cross-covariance functions KZX,
KZy, . They are obtained using the relations

52KZZ(r, 9, Ä; r’, 9’, À’)=——l VV(r,r’, I)|‚=„,
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After some steps analytical expressions result which have the following proper-
ties: on the spherical surface r=r’ merely the autocovariance function of the
radial component Z is a function of the distance r only. All remaining autoco-
variance functions explicitly depend on the coordinates of the two reference points
(r, .9, Â) and (r’, 9’, À’). Hence, under the given conditions for the potential only the
radial component is definitely homogeneous and isotropic on the spherical
surface r=r’ and, therefore, suitable for an estimation of the covariance on the
basis of one realization. Since in the expressions for the covariance functions of
the potential and of the remaining components only the correlation moments
K (G2, G3) occur as empirical parameters, it should be noted that the radial
component is sufficient for the determination of all other remaining correlation
functions.

The matrix of the auto- and cross-covariance functions of the components of
the vector field F can substantially be simplified if, instead of a splitting into
geographical coordinates a split of components is used with reference to the
interrelated position of the two reference points on the spherical surface. The
radial component Z remains unchanged; X and Y are substituted by the
components L andT,with L being parallel to the great circle which joins the
two reference points, and T being perpendicular to it. They can be obtained
from the potential function V using the relations

ôV
L(r, 'c, oc)=—191:, T(r,r,oc)= —1 ——1— ——. (10)

For points on the spherical surface r=r0 result the auto- and cross-covariance
functions
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All covariance functions depend only on the spherical distance 1: between the
two reference points (3,2L) and (93%), and they can be estimated using the
observations of one realization. The numerical calculation, however, is rather
laboreous since the horizontal components L and T are to be determined
separately for each combination of reference points (Kautzleben, 1966, 1967;
Harnisch and Kautzleben, 1976).

Figures 1 and 2 contain the auto—covariance functions of the gravity field
and of the geomagnetic main field, for which the empirical values have been
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Fig l. Autocorrelation functions of the anomalies of the Earth5 gravity field
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Fig. 2. Autocorrelation functions of the anomalies of the permanent geomagnetic field
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drawn from studies by Tscherning and Rapp (1974) and Kautzleben (1969). We
can see that the longitudinal covariance function KLL and the covariance
function of the radial component oscillate in a more pronounced way, whereas
the transversal covariance function KTT over a major part rather smoothly
approximates the zero line, however, leaving it again with increasing T. The
largest difference is found between the covariance functions of the potential
function of the two fields.

4. Correlation of Different Fields

The correlation analysis of an individual potential field may also be applied to
the investigation of the stochastic relations between different fields on a spheri-
cal surface. For this end the various fields are taken as components of a
multidimensional random function which is defined on the spherical surface. Of
particular interest in this case are the cross-covariance functions in the meaning
of two-point-Correlations. Using here the spherical harmonic series for two func-
tions F(9, Â) with the coefficients A”, B’: and G(9’, À’) with the coefficients CZ‘, Dn'"n

for the cross-covariance function the expression

KFG<I>= Î K<AEL C3) 12m <12)
n=1

is obtained with the correlation moments

1
n

K A0, C0 =——— A'” Cm BmD’".( n n) 2n+1m;0( n n + n n) (13)

Only the serial coefficients with equal indices and equal angular functions are
different from zero. For equal n the correlation moments are equal to each
other. These formulas have been derived by Kaula (1967) and introduced into
geophysics. Since then they have been used by several authors.

Let us assume that the functions F and G are field quantities, to each of
which a scalar potential can be associated. It is, of course, reasonable to relate
every possible cross-covariance function to the relation of the correlation
between the two potential fields themselves.

5. Prediction and Collocation

In the determination of the Earth’s gravity field statistical methods of in-
terpolation, extrapolation and prediction have been added to the classical least-
squares adjustment. Krarup (1969) showed that the prediction formulas can be
used to calculate arbitrary parameters of the gravity field if arbitrary elements of
this field are measured. Moritz (1973) showed that the prediction methods can be
combined with a determination of parameters which represent systematic parts
by adjustment. This yields a rather generalized method of least squares, which is
called “collocation”. It allows the standardized application of any kind of
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geometrical and physical measurements for an optimal determination of the
shape of the Earth and its gravity field. This method can also be applied to any
other geophysical potential field, and by the optimal processing of any available
observations it provides as much detail as possible about the field variation
which are compatible with the observations.

Collocation‘ may always be used if the problem under study contains, apart
from the measuring errors n, another irregular part s, i.e. if the remaining
residuals after subtraction of a systematic part may be split into two com-
ponents which are different in their statistical behaviour.

We start at the observation equation

x=AX+s+n (14)
X designates discrete observations, A a given matrix of coefficients, X the vector
of the wanted parameter, n the measuring errors, and s the signal as the second
random variable. The vectors n and s are purely random vectors whose
expectances vanish. The correlation matrices of the two vectors are designated
as D and C. It is assumed that the measuring errors and the signal are not
correlated.

We look for a linear estimation of the signal SP at some new points which
may be different from the observation points. In analogy to adjustment col-
location requires the unknown parameters X to be determined in such a way
that the total of deviation squares at the observational points and the new
points is a minimum. Hence, in the present problem occur additional random
parameters which are related to the observations only in an indirect manner via
correlation. Due to the requirement of minimum we obtain the formulas

X=(ATë-1A)-1ATê-1x, (15)
sP=C;C-%x—Axy um

Equation (15) determines the parameter vector X, then follows the signal SP at
the new points from Equation (16). The matrix C is the correlation matrix of the
observation vector x. Provided that n and s are not correlated we have

C=C+D. . un
The matrix C; covers the correlations between the signal SP and the observation
vector x.

The correlation values of the signal occurring in the matrices C and CP are
calculated, from the given covariance function of the anomalies of the potential
and of further field parameters which are related to it. The observed parameters
and those which are to be calculated may be heterogeneous. There is only the
requirement that the mathematical relations between them are known, and all
correlations must strictly be related to the same covariance function of the
potential.

One application of collocation, important for all geophysical potential fields,
concerns the combination of spherical harmonic series of the field with direct
observation on the Earth’s surface for the derivation of an optimum description
of the field concerned, by the improvement of the numerical values for the
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coefficients as well as by prediction of values for the field in areas where direct
observations are absent. The method was in much detail tested when combining
results of satellite geodesy with terrestrial measurements of the gravity field
(Moritz, 1970).

The principle may be demonstrated considering the radial component Z of
the anomalies of the field gradient. From direct terrestrial measurements there
should be available as observations the M parameters Z, and from other
observations, e. g. via satellites, the (N + 1)2 coefficients an“, bn'" in the finite series

N n

Z(9‚ Â) = Z Z (anm cos mÂ +b„"’ sin mÂ) Pn'”(9). (18)
n= O m= 0

We now need the estimates Z of values at some new points and estimates ä for a
number of serial coefficients, each as a linear combination of all available
observations. A systematic part is assumed to be already completely eliminated
in the observations. The solution of the problem is furnished by Equation (15),
where the signal vector in the defined way consists of the wanted estimate.
Following Section 3 the covariance function of Z will be

Kzzm: z enfle). (19)
For the correlation moments between the serial coefficients an“, bn'" we obtain
using Equations (5) and (19)

K(a'" a’")=K(b’" b'”)=c,, (20)nan nßn

or zero for all remaining combinations of the indices m, n. The covariance
functions between the values of Z and the serial coefficients result by using the
series and taking into account the properties of the correlation moments.

K(Z, an'") = c” P„m(9) cos m/i,
(21)K(Z‚ bf) = cn Pn'"(.9) sin m11.

The coordinates are related to the point where Z is considered. Now all
parameters are known from which the matrices C and CP in (15) and (16) have
been set up. The matrix D of the observations must be derived from the
measuring and the observational errors. The prominent problem of the practical
evaluation is the inversion of the matrix Ö in Equation (15).

6. The Statistical Structure of the Potential Field and That of the Sources

In the previous chapters the considerations were focused on the statistical
structure of the potential field only. But from the mathematical and physical
point of view the investigation of the relation between the statistical structure of
the potential field and the structure of the sources is of much more concern.

To avoid difficulties concerning ergodicity we consider in a first step a model
with the following properties: The Earth’s surface within the area of in-
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vestigation is considered as a section of an infinite plane (so-called “flat Earth
approximation”. For global problems see Tscherning, 1976). Observations are
interpreted as a realization of a random function which is defined on this plane.
Therefore the observations within the limited area are a sample of the random
function. To get in the observation plane a random homogeneous potential field
the stochastic'source field must also be defined over an infinite plane, i.e. the
support (the definition region) concerning the two horizontal coordinates x1 and
x2 must be infinite.

Naturally the random source field itself must fulfill the condition of homo—
geneity with respect to the horizontal coordinates. In the vertical direction the
source field may be homogeneous or inhomogeneous. If the source field is
homogeneous in all three coordinates one gets for the first moment (mean value)
the model of a Bouguer plate.

Then the connection between the stochastic source field lI’(x) and the
stochastic potential field @(x) may be written in the form

(15(x) = j k(x — x’) lI’(x’) dx’, (22)

where k is the Green function or the kernel of the integral equation, which is
different for each discrete expression of a potential, T is the support of the
random source field

'

the lower and upper boundaries in the x3-direction.
For the autocovariance function of the potential field we immediately obtain

from (22) the general expression

cd>(x1 9 X2) z! jk(x1 " X'1)k(X2 _ X22) KT‘P(X,1 : X/z) dx,1 dx’2 (23)
T T

where KW, is the autocovariance function of the random source field. For
reasons of simplicity the support of the random source field is suggested to be
reduced to a simple layer in the depth 1x’3 = 2x’3 =t parallel to the Earth’s surface
1x3=2x3=a. Since by the above noted assumptions the source field is a
homogeneous random field and the integration is a linear operator, the both
autocovariance functions KM, and KW, are dependent only on the horizontal
distance

52(51a52)» Sl=2x1—1x1, 32=2x2—1x2

between the two points concerned and on the distance

h: 1x3— 1XS=2X3 ——2x’3=a—t.

Commonly the observation plane is the Earth’s surface. Then h means the depth
of any layer in the Earth’s interior.

We can rewrite Equation (23) into

Kars, a): To To My, h) k<y+z‚ h) Kw(s—z, t)dy dz. (24)
—oo —oo
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Provided that k is absolutely integrable, following the communication theory
the expression

+:c

Kam): I kty.h)k(y+2.h)dy (25)

can be designated as the autocovariance function of the determined Green
function k. We obtain the rather unsophisticated relation

KWIs a) =+I:KM;z li)KW,(s— z,t)dz (26)

between the three covariance functions of the potential field in the measuring
plane a, the distribution of sources on the boundary surface I and the Green
function k. The first is obtained by a convolution of the latter two functions.

There are not much difficulties in setting up analogous formulas of less
simpler models for instance a stack of planes or layers of finite thickness
(Schwahn, 1975a). In such cases the autocovariance function K?W(s,1x’3,2x3)
between the two points x’l and )62 and the integration concerning 1x3 and 2x3
within the vertical boundaries must be taken into consideration. This shows that
the function KM. depends on the properties of the random source field in the
vertical direction also. This fact was neglected up to now.

Let us divide the further discussion of Equation (26) into the determination
of KJuli for distinct Green functions and the consideration of KM, for some
simple stochastic source fields.

One yields (Schwahn, 1975 b) by a twofold Hankel-transform for the Green
function g(y‚ h) of the gravity field the autocovariance function (Fig. 3)

Kgg(s,h=) 27:2l1(|sl2+(f)22h)"3 . [27)

Using the relation between the autocovariance function of a scalar random
potential field and his derivatives the autocovariance function KL, of the kernel
z(y,h) of the vertical intensity of the anomalous magnetic field results in the
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Fig. 3. Autocorrclation function (i—i—I) (normalized autocovariance function) of the kernel of the
random gravity field. For comparison the gravity anomaly due to a point mass in the same depth is
added (0—0—0). Both functions are given for the relation v :sampling interval+point
number-[deplh)“'
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Kgg(s,h=) 27:2l1(|sl2+(f)22h)"3 . [27)

Using the relation between the autocovariance function of a scalar random
potential field and his derivatives the autocovariance function KL, of the kernel
z(y,h) of the vertical intensity of the anomalous magnetic field results in the
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following form (Schwahn, 1976)

K245, h.) = 67: 211((21‘1)2 + ISI 2)“ 7”(132((2’1)2 + SË —4SÎ')
+ 132((2h)2 +sf —4sâ) +f3;’-(2(2h)2 — 3(sï- + 55))

—10f1f23152)a

(28)

whereby f stands for the direction-cosinus of magnetization vector (Fig. 4a, b). If
the vector has not (as it is assumed here) a constant direction, then we must
replace the simple terms of f by the correSponding elements of the covariance
matrix of the magnetization vector.

If the random field of susceptibility is homogeneous and isotropic an
anisotropic autocovariance function of the vertical intensity yields for regions
apart from the geomagnetic pole. That means, that it is impossible to get an
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information on the statistical structure of the susceptibility from very long
profiles crossing different geomagnetic positions if the data of the vertical
intensity are not reduced on the north pole before the further computations.

Let us now consider some random fields of sources. In the rather simple case
the sources in the plane I would have to be packed densely, while the related
parameters of the involved random material 'P(y, 1.) between two areal elements
are—in statistical terms—entirely independent of each other and being N(0,oz)
distributed. From (26) we immediately obtain

KW(s, r,i)=c2 Kkk(s,h). (29)

This model, for example, has been successfully applied by a number of authors
(e.g. Seron and Hannaford, 1957; Mundt, 1969; Schwahn, 19750) to the statisti-
cal interpretation of anomalies of the gravity or the magnetic field of the Earth.

Except for a constant factor we obtain the same results even for a model
with single point sources which are distributed within the plane following a
Poisson distribution and the same material parameters as noted above (Serson
and Hannaford, 1957; Schwahn, 19750).

For the cases of infinitely extended strips in the xl-direction models were
considered by Vasiljev (1965) under the assumption of exponential distributed
widths of the strips and by Schwahn (1976) under those of equal distribution of
the widths.

All the resulting theoretical autocovariance functions have not, with few
exceptions, the shape of those autocovariance functions, obtained on the base of
empirical data. As an example serves there (Fig. 5) the autocovariance function
of gravity Kjgdg on a profile Schonen ——Lappland in Sweden (Schwahn, 1975b).
The long periodicities in the gravity data were removed by filters with different
length. Periodicities of nearly 25 30 km are remarkable.
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Fig. 5. Empirical autocorrelation function of gravity on a profile in Sweden after high-pass filtering
ooo 51 coefficients, --.--- 41 coefficients, on. 3l coefficients, —- — — 21 coefficients. The lag distances
are smaller than profile length/10. The distances between one maximum to the next are given by
numbers above the curve

174 H. Kautzleben et al.

information on the statistical structure of the susceptibility from very long
profiles crossing different geomagnetic positions if the data of the vertical
intensity are not reduced on the north pole before the further computations.

Let us now consider some random fields of sources. In the rather simple case
the sources in the plane I would have to be packed densely, while the related
parameters of the involved random material 'P(y, 1.) between two areal elements
are—in statistical terms—entirely independent of each other and being N(0,oz)
distributed. From (26) we immediately obtain

KW(s, r,i)=c2 Kkk(s,h). (29)

This model, for example, has been successfully applied by a number of authors
(e.g. Seron and Hannaford, 1957; Mundt, 1969; Schwahn, 19750) to the statisti-
cal interpretation of anomalies of the gravity or the magnetic field of the Earth.

Except for a constant factor we obtain the same results even for a model
with single point sources which are distributed within the plane following a
Poisson distribution and the same material parameters as noted above (Serson
and Hannaford, 1957; Schwahn, 19750).

For the cases of infinitely extended strips in the xl-direction models were
considered by Vasiljev (1965) under the assumption of exponential distributed
widths of the strips and by Schwahn (1976) under those of equal distribution of
the widths.

All the resulting theoretical autocovariance functions have not, with few
exceptions, the shape of those autocovariance functions, obtained on the base of
empirical data. As an example serves there (Fig. 5) the autocovariance function
of gravity Kjgdg on a profile Schonen ——Lappland in Sweden (Schwahn, 1975b).
The long periodicities in the gravity data were removed by filters with different
length. Periodicities of nearly 25 30 km are remarkable.

i
1.0 ..

P.
(a

‘i'. 1i
A":

05: "a“? 2? a 2.2 2.4 2.4
_ if:

h
1' 1‘:

o o o g o

. l 0::-..... c.
Û \ "’ {6210 4-0 6.0 J’— - 8104:.

M H fir
HÇESÊÀ 140 .._

. i 23..., [Tn—531,3Nvi‘7 100 120 “\i'setkm]
“.3”

\
f... If 0:0

-01, . “9.113

Fig. 5. Empirical autocorrelation function of gravity on a profile in Sweden after high-pass filtering
ooo 51 coefficients, --.--- 41 coefficients, on. 3l coefficients, —- — — 21 coefficients. The lag distances
are smaller than profile length/10. The distances between one maximum to the next are given by
numbers above the curve



Statistical Description of Potential Fields by Covariance Functions

l

1.0 ;
l'
Î'
‚1
l'
‚f

F

“È
0.5 * L 30 2l» 21+ 2f; 28?

L:
| 1 I I

' l:
t i.'
i’ at

If, riffh b Ë î?
. F ‚In r u

0
l: I: ELL?

{ID/:F‘N‘ ide!
“-‘W‘ 10927:3

h53-5-11219;},‘3'want"

1L0
:—

li:
I

f: l
un a;

I
\o ‘v

__
an

I1 20"10 I.“ I! bu a?
80

\Q°’d' I'Se[km]
i 1° lh/I

d
fl r

l in," o
_

xx.”

OD

-Ü.L -

Fig. 6. Empirical autocorrelation function of density on a profile in Sweden after high-pass filtering
o o o 51 coefficients, ——— 31 coefficients. The lag distances are smaller than profile length/10. The
distances between one maximum to the next are given by numbers above the curve

According to Equations (26) and (27) such periodicities can be explained
only in terms of the autocovariance function KW, of the density. For a
confirmation a density profile for the same location was compiled on the base of
the geotectonic situation and rock density measurements (Schwahn, 1975b).
After corresponding filtering the autocovariance function of the rock density

à? on the earth’s surface was computed (Fig. 6). Indeed, as it was desired, this
function shows very pronounced periodicities in the range of 25 km, i.e. the same
range as in the case of gravity.

Within the framework of the statistical analysis of potential fields the con-
sideration of the autocovariance function KW, from the theoretical as well as
from the empirical point of view is very important because we have now a close
connection to the ideas on the statistical structure of geological features (eg.
Agterberg, 1970; Mundt and Wirth, 1973; Wirth, 1975) and their physical
parameters, for instance the viscosity (Schwahn, 1975d).

But not only the connection with geological models are of interest, when the
stochastic potential field is considered. Often we are interested in the value of
the parameter h, the depth. If we know the random functions both of the
stochastic potential field and of the stochastic field of the sources (as in the case
of Sweden) and if we make the assumptions that the sources may be con-
centrated within a plane and that the stochastic fluctuations on the Earth’s
surface are quite Similar in reasonable depth range (the latter supposition is
fulfilled presumably within the Fennoscandian shield), then we can get

— the autocovariance function Km, of the stochastic potential field
— the autocovariance function KW, of the stochastic source field
— the cross-covariance function Kw.

175Statistical Description of Potential Fields by Covariance Functions

l

1.0 ;
l'
Î'
‚1
l'
‚f

F

“È
0.5 * L 30 2l» 21+ 2f; 28?

L:
| 1 I I

' l:
t i.'
i’ at

If, riffh b Ë î?
. F ‚In r u

0
l: I: ELL?

{ID/:F‘N‘ ide!
“-‘W‘ 10927:3

h53-5-11219;},‘3'want"

1L0
:—

li:
I

f: l
un a;

I
\o ‘v

__
an

I1 20"10 I.“ I! bu a?
80

\Q°’d' I'Se[km]
i 1° lh/I

d
fl r

l in," o
_

xx.”

OD

-Ü.L -

Fig. 6. Empirical autocorrelation function of density on a profile in Sweden after high-pass filtering
o o o 51 coefficients, ——— 31 coefficients. The lag distances are smaller than profile length/10. The
distances between one maximum to the next are given by numbers above the curve

According to Equations (26) and (27) such periodicities can be explained
only in terms of the autocovariance function KW, of the density. For a
confirmation a density profile for the same location was compiled on the base of
the geotectonic situation and rock density measurements (Schwahn, 1975b).
After corresponding filtering the autocovariance function of the rock density

à? on the earth’s surface was computed (Fig. 6). Indeed, as it was desired, this
function shows very pronounced periodicities in the range of 25 km, i.e. the same
range as in the case of gravity.

Within the framework of the statistical analysis of potential fields the con-
sideration of the autocovariance function KW, from the theoretical as well as
from the empirical point of view is very important because we have now a close
connection to the ideas on the statistical structure of geological features (eg.
Agterberg, 1970; Mundt and Wirth, 1973; Wirth, 1975) and their physical
parameters, for instance the viscosity (Schwahn, 1975d).

But not only the connection with geological models are of interest, when the
stochastic potential field is considered. Often we are interested in the value of
the parameter h, the depth. If we know the random functions both of the
stochastic potential field and of the stochastic field of the sources (as in the case
of Sweden) and if we make the assumptions that the sources may be con-
centrated within a plane and that the stochastic fluctuations on the Earth’s
surface are quite Similar in reasonable depth range (the latter supposition is
fulfilled presumably within the Fennoscandian shield), then we can get

— the autocovariance function Km, of the stochastic potential field
— the autocovariance function KW, of the stochastic source field
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The kernel k(y, h) may be obtained using the Wiener-Hopf—equation
+ 00

f k(y‚ h) KW,(s—y)dy—-K.pq,(s)=0 for 520. (30)

We did not solve this equation. Using the known empirical autocovariance
function K?W the expression

f(h)=E{[ I Kgg(y‚h) älw(S-Y)dy-Käg4g(8)] } (31)

was computed for the gravity in Sweden and we looked for the minimum of f(h)
by a stepwise choice of the parameter h. One gets the minimum between 18 and
22km. These values coincide very well with the depth of the seismic Conrad-
discontinuity in Sweden.

The detection of periodicities in a sample of the potential field, if there is a
stochastic periodicity in the source field depends on several factors. Equation
(22) means a smoothing operation (low-pass filter) all the more the greater the
distance h is between the two planes. Therefore the detection of any periodicity
in the source field on the basis of a sample of the potential field is an estimation
problem in dependence on the field under consideration, the wavelength of the
periodicity and their amplitude in the stochastic source field, the parameter h
and the sampling interval. On the basis of a Rice-distribution of the distance
between the two consecutive point-masses we found (Schwahn, 1976), that the
relations sampling interval/depth>0.3 and mean distance/mean square error of
the mean distance for the XZ-direction>2 must be fulfilled for a suitable fixed
sampling interval.

7. Conclusions

In this article the problems have been made evident which arise in the appli-
cation of the general theory of stochastic processes to the potential fields of
stochastic nature in global and local scales.

There are troubles which are caused by the finite integration range of the
sphere in connection with the ergodic hypothesis and in problems on the plane
the assumption of the absolute integrability of the kernels and the demand for
homogeneity.

From the statistical treatment of geophysical potential fields it may be
concluded that it is necessary to study stochastic source models which are
consistent with models of other Earth sciences.
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A Finite Element Program Package
for Electromagnetic Modeling

P. Kaikkonen
University of Oulu, Department of Geophysics, Linnanmaa, SF-90100 Oulu 10, Finland

Abstract. The paper presents principles of the finite element technique for
calculating electromagnetic fields, a computer program written by the author
and results calculated by this program. The electromagnetic boundary-value
problem is formulated by using the variational approach, and the system of
simultaneous linear equations is solved by the Gauss elimination procedure.
The computer program is composed of modules, which are called as sub-
routines by a relatively short main program. The program obtained with this
kind of structure is flexible. It is possible to calculate with this program
theoretical anomaly curves for real geological and physical two-dimensional
models of the earth for various source fields including a magnetic dipole
source. As an example the field of a clipping conductive sheet in a less
conductive environment and covered by a conductive overburden is pre-
sented.

Key words: Finite element technique — Numerical modeling — Electromag-
netic fields.

1. Introduction

For the interpretation of electromagnetic measurements we need anomalies
obtained either by analogue scale model experiments or by theoretical calcu-
lations. Because of limitations in the laboratory scale models and the small
number of analytic solutions for electromagnetic scattering it is necessary to do
research on and to develop numerical modeling for calculating electromagnetic
anomalies.

The advent and development of high-speed digital computers has made it
possible to use various numerical approximation methods for solving such
physical problems which have no analytical solutions. The finite element meth-
od, which was originally developed for structural analysis (Turner et al., 1956),
but has its roots deep in mathematics (Courant, 1943), is one of these methods of
the computer era. The general nature of the theory of the finite element method,
which is based on Rayleigh-Ritz—Galerkin techniques, makes it possible to apply
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that method to a great class of partial differential equations. We can consider
Zienkiewicz to be one of the first and most famous advocates of the basic ideas
of the finite element method (Zienkiewicz and Cheung, 1967; Zienkiewicz, 1971).
As pioneers in geophysics we can mention Geertsma (1971) and Coggon (1971).

2. The Course of Finite Element Analysis

The process of solving an electromagnetic boundary-value problem by the finite
element technique is schematically presented in Figure 1.

A. 771e Finite Element Technique
Applied to Electromagnetic Boundary- Value Problems

The main principles of the finite element concept are as follows:
1. The region of interest is divided into smaller pieces or finite elements,

generally of simple form.
2. The unknown quantity is assumed to vary in a prespecified manner (often

linearly) over the region of each element.

Discretization

Like all approximate numerical methods the finite element method is based on
the concept of discretization. Discretization may be simply described as the
process in which the physically interesting region is subdivided into an equiva-
lent system of finite elements. It is impractical to make the process of sub-

EM BOUNDARY-VALUE PROBLEM

FINITE ELEMENT TECHNIQUE

A SET OF LINEAR EQUATIONS

SOLVE A SET OF EQUATIONS

NECESSARY ADDITIONAL OPERATIONS

RESULTS
Fig. l. Schematic finite element analysis
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division by programming within the computer, at least when we analyze real
complex geologic situations. Thus we have to decide upon the number, shape,
size and configuration of the elements in such a way that the desired structure is
simulated as closely as possible. An obvious choice would be to position the
nodes (the corners of the elements) at places where sudden and high variations
are expected in geometry, material properties etc. In these places it is also
necessary to either make the finite element mesh denser, or to use higher order
elements (elements, in which the unknown quantity varies non-linearly).

A fundamental part of the process of discretization is the numbering of the
nodes and elements, as the numbering system for the nodes has a decisive effect
on the band width of the final system of algebraic equations and so also on the
computer time and the storage requirements of the problem.

Formulation

The vector Helmholtz equation is

V215 + k2 F = S— (1)

Where F is the unknown vector field, in this case either the electric field Ë or the
magnetic field Ë. Ê is a source term, which is possibly multiplied by some scalar
and k=(a)2 ue—iw Ha)”2 is the propagation constant.

As electromagnetic fields behave so that total energy is tending towards a
minimum, it is very natural to use Hamilton’s principle of minimization of an
energy function in order to solve the electromagnetic boundary-value problem,
i.e., to use the variational formulation.

A desired variational integral for the total electromagnetic energy can be
obtained by making use of Poynting’s theorem. By starting with the total
electromagnetic power flux density or the Poynting vector

I5=E><H, (2)

by using the power per unit volume, the energy density, Maxwell’s equations
and the constitutive relations

Ë=,uË

Ü=8Ë (3)

Î =0Ë

and by assuming a harmonic time dependence, eia", variational equations are
obtained (Coggon, 1971) as follows:we w
for the electric field and

UT:£{W [sz—(VXË)2]+/1Ms'ÿ}dv (5)
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. .Ï - Ë . . .
for the magnetic field. The last term I s, dv in Equation (4) IS the current

source energy, where .Ïs is the source current density. Analogously the term
juMS- Hdv in (5) is the magnetic source energy with M being the source
U

S

magnetization. Coggon (1971) has shown the equivalence of the variational
Equation (4) for the electric field and the Helmholtz equation (1). Above, 8 is
electric permittivity, ‚u is magnetic permeability, o is electric conductivity, and a)
is radian frequency.

The Equations (4) and (5) define the electric field Ë and the magnetic field H,
respectively, in the domain, where the relations (3) are valid, when source
distributions and external boundary conditions are known.

By using triangular elements and by assuming a linear variation for the
unknown field quantity F within each element we approximate F by its values at
the nodal points, i.e., at the vertices of each element as follows:

F(L)=N1(L)Fi+N2(L)F:2+N3(L)F_3 (6)

In (6) Ë are the vertex field values, Ni(L) are the so-called shape functions, and L
stands for the normalized or area coordinates of the triangular element. For
linear interpolation

Ni(L)=Li (7)
so that

F(L) =L1 F] +L2 F2 +L3 F3. (8)

The area coordinates are defined by

Li=(ai+bix+ciz)/2A (9)

where

a1 =x2 23—x3 22
b1 =z2 — z3

c1 =x3 —x2

A =the area of a triangular element

and the other constants are obtained by cyclic permutations (Zienkiewicz, 1971).

B. A Set of Linear Equations and its Solution

The process of minimizing the variational integrals (4) and (5) results in a set of
linear algebraic complex equations, which can be written in matrix form:

[K] {F} = {S}. (10)
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symmetric

Fig. 2. Schematic presentation of the coefficient
matrix [K] r «h—E—d»

The coefficient matrix [K], which is symmetric, banded and sparse (Fig.2),
contains information on the geometry, physical properties, etc. Only the shaded
areas of the N >< N-matrix contain nonzero elements.

As mentioned earlier, the numbering system for the nodes has an effect on
the band width of the coefficient matrix [K]. If Q is the largest difference for all
elements between the maximum and minimum nodal number of a single element
then the so-called semiband width W is

W=w@+n un
where w is the number of degrees of freedom at each node (Desai and Abel,
1972). Due to the properties of the finite element method the square matrix [K]
is reduced to a rectangular N >< W-matrix, which needs less computer storage
than the full [K]-matrix. In (10) {F} is a column matrix, whose elements are the
unknown nodal field values, and {S} is a column matrix, which contains the
sources present at the nodes. If the problem has no external sources, the source
term is zero and is excluded from (4) and (5).

We have two basic approaches to solve the set of linear equations (10): direct
methods and iterative methods (Froberg, 1969). Direct methods correspond to
some form of elimination and produce, for computations without round-off
error, the exact solution of the linear algebraic system. In general, direct
methods (eg. the Gauss elimination) are preferred to iterative methods in finite
element solutions. In this work the Gauss elimination with complex arithmetic
has been used. This procedure was recommended by Westlake (1968) for solving
sets of linear complex equations.

C. Necessary Additional Operations

When we solve the matrix Equation (10) we obtain only that field quantity,
which was used during the finite element formulation. Thus, for example, in the
case of a long line current source we obtain from the Equation (4) the electric
field E}. parallel to the strike of a two-dimensional inhomogeneity. However, we
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also need the magnetic field components, and when the electric field is oriented
parallel to the y axis Maxwell’s equations have the form

_ azy=‘i“’“Hx (12)
E

%=—ipz (13)

and

ÖHx öHz_ _
ÖZ

'—
ÖX

—(O'+l8a))Ey. (14)

We obtain the desired magnetic field components Hx and H z by numerical
differentiation, which is carried out in this work by the function subprogram
DERIV1 (in the UNIVAC 1108 program library).

Equations (12)—(14) are valid also for the TE-mode of the plane wave
case, i.e., when the incident electric field is oriented parallel to the y axis. When
the incident magnetic field is oriented parallel to the y axis (the TM-mode),
Maxwell’s equations are

ÖH
"

Özy=(0'+l'860)Ex
(15)

ôôfïy=(O'+ÎECO)EZ (16)

and

6E, 5E, ‚
ôz

_
ôx

=
_lw't' (17)

The electric field components Ex and E 2 can be calculated similarly, using
numerical differentiation.

3. Description of the Mesh and External Boundary Conditions used

Figure 3 gives the main characteristics of the mesh used. The regions are
numbered according to Table 1. The size of the elements decreases from the
region I to the region V.

The boundary conditions implying continuity are automatically valid within
the mesh due to the chosen polynomial approximation. The external boundary
conditions are prescribed according to the notations in Figure3 as given in
Table 2.

The mark (+) in Table2 means that we must carry out numerical in-
tegration described by Frischknecht (1967). The mark (+ +) means that the
boundaries have to be put far enough from the inhomogeneity, e.g., at a distance
about four or five times the skin-depth of region II.
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B
Table 1. The symbols in Figure 3

I alr: so, no, olrU

I _„

II homogeneous earth: :0, ”o’ 32
IVa

l III homogeneous earth: EO, no, U2
A

= X

III 2 b _
II IVb over urden. so, ”0' {34

D V inhomogeneity: so, no, 53

Fig. 3. The main characteristics of the mesh used

Table 2. The mesh and external boundary conditions

PLANE WAVE

Boundary LINE CURRENT SOURCE

TE-mode TM—mode

_ _ _ iwunI cos(Ax)exp(-u 2)AB
Ey—(l.,0.) Hy—{l.‚0.) Ey— n p

u0+u1
O—ndk

o
(+) (Ward, 1967)

CD E = 0.,0. H = Û. 0. E = . O.y( )y(‚)y(0‚)

AC free (++) free (++) free (++)

BD free (++) free (++) free (++)

4. Features of the Program Package

Actually there are two different program packages, one for a magnetic dipole
source and the other for plane wave and linecurrent sources. However, the
former package does not yet yield results, which are accurate enough for a
presentation here. In the dipole source problem the field quantity F remains a
vector quantity, i.e., we need more computer storage. At present. the program
does not use peripheral storage devices, and thus it is impossible to use a large
enough mesh to get adequate results. The necessary improvements of the
program have been started.

The program package, which has been made for calculating responses of two-
dimensional inhomogeneities in the fields of plane wave and line current
sources, is composed of modules, which are called as subprograms by the
relatively short main program. The language and the computer used are
FORTRAN IV and UNIVAC 1108, respectively. The flow chart of the main
program is presented in Figure 4.
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Fig. 4. The flow chart of the
main program

Short Descriptions of the Subprograms in the Program Package

P. Kaikkonen

DATAIN reads all input data except the title and some control parameters which are read by the
main program, and DATAIN also prints them, if desired, and checks rough errors in
data

MBANDF a function subprogram, which calculates the semiband width of the coefficient matrix
[K]

LSBOUN calculates and introduces the external boundary conditions of the line current source
problem

SIMPSI a function subprogram (called by LSBOUN), is needed in numerical integration
PWBOUN introduces the external boundary conditions of the plane wave problem
ASSEMK assembles the coefficient matrix [K] from the information of the individual elements
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ELEMEN a subroutine (called by ASSEMK), creates the coefficient matrix of a single element and
calculates and introduces the source term

MODIFY a subroutine (called by ASSEMK), modifies the final system of equations to correspond
to the external boundary conditions

EQSOLV solves the final set of linear equations
FIELDS calculates the desired fields
DERIVI a function subprogram in the program‘library of UNIVAC 1108 (called by FIELDS),

which approximates the first derivative of the fields
LSANO calculates the required anomalies for the line source problem
PWANO calculates the required anomalies for the plane wave problem
LSRES prints the desired results for the line source problem on the line printer
PWRES same as LSRES, but for the plane wave problem

In its present form the package is able to use a mesh having 650 nodes and
1260 elements. The mesh can cover 10 regions with different physical parameters
8, u and a. In addition, there is a group of subroutines to plot the model used
and the calculated anomaly profiles by the CalComp plotter.

5. Results

The mesh used in order to calculate the results in Figures 5—10 was built from
1254 linear triangular elements and has 646 nodes. The frequency of the
electromagnetic wave is 1000 Hz, and the conductivity of the earth is
10‘1 Q‘ 1 m‘ 1, i.e.‚ the skin-depth in this half-space is about 50 m. The model
and geometry in each case as well as the conductivities are also presented in
these figures. For the line source problem the computing time is about 3.5 min.
For the TE-mode or TM-mode of the plane wave case the time is about 3 min.

In all the presented examples conductivity contrasts G3/G2 and G4/G2 are
200 and 5, respectively. The model used is the same for all source fields, having
two different values of dip angle, namely 90° and 45°.

Figures 5 and 6 present anomaly curves for the line source case. H0 is the
computed vertical primary magnetic field of the source S at the surface of the
earth. We see from these figures that for the values of the parameters used
including an overburden more conductive than the host rock, the amplitudes of
both components of the magnetic field locate the conductor very well. The dip
angle of the sheet is seen from the amplitude curves as shifting to the side of the
upper face of the dipping sheet. The positioning‘of the conductor from the phase
curves is more difficult than from the amplitudes. The dipping of the sheet is
seen also quite well from the phases. It seems to happen some kind of rotation
counterclockwise in the phase curve of Hx and some kind of stretch on the
upper face of the sheet in the phase curve of H z.

In Figures 7—10 there are given results for the plane wave case. From the
apparent resistivities we can see that in the case of the TM-mode the edges of
the top of the sheet are located very well. The same thing is also seen from the
phase curve of the impedance in the TM-mode. The dipping of the sheet can be
seen very well both from the apparent resistivities and from the phases of the
impedance in both modes. We can also see that in the cases, where the
overburden is more conductive than the host rock, the behavior of the presented
anomaly curves is rather similar to the one without the overburden effect.
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6. Concluding Remarks

The finite element method is no doubt one of the best tools, which has been
provided by the computer era to the geophysicist, who wishes to find solutions
to complex forward problems. Consequently it is reasonable to expect that it
can be used as an effective part of the solution process of geophysical inverse
problems. Certainly the use of the possibilities offered by interactive graphics,
particularly in constructing the mesh and the various model geometries, should
not be neglected.
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Linear Inverse Problem
in Gravity Profile Interpretation
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F-35031 Rennes Cedex, France

Abstract. By an appropriate choice of parameters, the inversion of gravity
data can be reduced to a linear system of equations. Generalized inverse
theory can be applied to find an optimum solution to the problem provided
this is not free and complete. To date, several methods have been published,
based either upon least-squares approximations or upon the Backus Gilbert
approach. In the present paper, an attempt is made to use other criteria for
optimization of the solution, such as linear programming, least-squares and
infinite norm approximation. Degeneracy, condition number of the matrix
and rounding errors have been considered. A practical problem which
severly constrains the data is the size of the system, which depends upon the
number of cells used to represent the idealized density model. Several types
of cells (rectangular or square prisms and simple polygons)‘ have been tested.
Corresponding cell sizes and sample intervals have been compared. Though
all the above parameters interact, the norm criterion of the residual is the
major factor. In particular, least-squares minimization can lead to drastic
effects if not carefully managed, while linear programming leads to more
reasonable solutions.
Key words: Gravity — Inverse problem — Norm approximation.

1. Formulation of Problem

The formulaton of what is commonly called the “inverse problem” is very
simple and can be reduced to a linear system of equations if some care is taken
with the choice of parameters and unknowns. Let

b(bi, i=1, m)
be a series of measurements of the gravity field in m points; then we have to
determine the n parameters.

x(xj, j= 1, n)

_ Journal ofJ. Geo h s. 43, 193—213, 1977 -p y Geophysncs

Linear Inverse Problem
in Gravity Profile Interpretation

J.L. Vigneresse
Centre Armoricain d’Etude Structurale des Socles, Université de Rennes I,
F-35031 Rennes Cedex, France

Abstract. By an appropriate choice of parameters, the inversion of gravity
data can be reduced to a linear system of equations. Generalized inverse
theory can be applied to find an optimum solution to the problem provided
this is not free and complete. To date, several methods have been published,
based either upon least-squares approximations or upon the Backus Gilbert
approach. In the present paper, an attempt is made to use other criteria for
optimization of the solution, such as linear programming, least-squares and
infinite norm approximation. Degeneracy, condition number of the matrix
and rounding errors have been considered. A practical problem which
severly constrains the data is the size of the system, which depends upon the
number of cells used to represent the idealized density model. Several types
of cells (rectangular or square prisms and simple polygons)‘ have been tested.
Corresponding cell sizes and sample intervals have been compared. Though
all the above parameters interact, the norm criterion of the residual is the
major factor. In particular, least-squares minimization can lead to drastic
effects if not carefully managed, while linear programming leads to more
reasonable solutions.
Key words: Gravity — Inverse problem — Norm approximation.

1. Formulation of Problem

The formulaton of what is commonly called the “inverse problem” is very
simple and can be reduced to a linear system of equations if some care is taken
with the choice of parameters and unknowns. Let

b(bi, i=1, m)
be a series of measurements of the gravity field in m points; then we have to
determine the n parameters.

x(xj, j= 1, n)



|00000208||

194 J.L. Vigneresse

which characterize the source of the anomaly, provided that they are related to
the data by some kind of relationship A. The formalism of these equations is
supposed to be known in order to determine each coefficient constituting

A, i.e.: ai]. (i=1,m; j=1,n).

The problem is then to solve the system A ' x=b. A solution to the problem can
be written as x’ where

X=x+e

e being an random error. In the case of an approximate solution, the problem is
to determine x’ with a supplementary condition upon the minimization of the
residual e. This last condition generaly depends on a normative definition and
can in most cases be adapted to the desired precision upon the solution,
provided that it is affected by errors in the data.

The problem can then be written:

A~x=b

and the solution:

x’=x+e=H-b.

H is the inverse matrix of A, if it exists, or the generalized inverse in Penrose’s
(1954) sense.

The interpretation of the above solution has been treated by Lanczos (1961)
who defined four types of solution depending upon the relationship between the
number of data points m, the number of unknowns n, and the rank r of the
matrix A, as follows:

— Free and complete (m=n=r). An exact solution is obtained for any
vector b. The inverse H is then the inverse matrix A‘1 as usually defined. A
solution is always obtainable from the computer, though ill-conditioning of the
matrix may give rise to a very unstable solution.

— Constrained and complete (r=n <m). This corresponds to an overde—
termined set of equations in which (ATA) is non-singular. The inverse is equal to
(ATA)‘1AT and it corresponds to the least-squares solution in the case of b
being arbitrary. Unfortunately, as Anderssen (1969) pointed out, the normal
matrix (ATA) has a notorious reputation of being ill conditioned; it leads then to
very spurious results.

— Free and incomplete (r=m<n). There are less equations than unknowns;
the inverse is then AT(AAT)“ 1. The solution is not unique and can be regarded
as a particular solution, the general solution being obtained by adding a vector
deduced from the particular solution, but of rank n—r.

— Constrained and incomplete (r<m‚ n). The solution is not unique: this
comes from A being singular if m=n, or from (ATA) being singular if n<m. A
solution for this case can be found by determining the eigenvectors correspond-
ing to the zero eigenvalues i.e. by solving the system Ax=0.

Several papers have been published which take account of the different cases.
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A complete and free solution is presented by Emilia and Bodvarsson (1969)
through Gauss-Seidel inversion, while discussion has been provided by Bott and
Hutton (1970). An incomplete solution is provided through the ideal model of
Parker (1975). Numerous applications of the overdetermined system resolution
are found in gravity (Braile et al., 1974), resistivity (Inmann et a1., 1973) and
geomagnetism (Horning et al., 1974). Further papers have provided some
sophisticated developments of the above theory (Jackson, 1976; Burkhard and
Jackson, 1976).

The purpose of the present paper is to examine the overdetermined case in
the light of matrix inversion through different criteria of approximation. In
order to compare them, similar data have been tested with each method. Then
the model types have been investigated in order to determine the cause of
troubles inherent to geometrical parameters.

2. Construction of the A Matrix

It seems obvious that the matrix A will depend upon the type of parameters
which are chosen as unknowns. In gravity either geometrical (length and shape)
or physical (density contrast) parameters can be chosen. Unfortunately, the first
choice leads to non-linear equations which can seriously affect the results on
account of instability during inversion; even so, some methods exist which are
more or less satisfactory (Corbato, 1965; Johnson, 1969; Dampney, 1969;
Inman, 1975). In this paper only a physical parameter (density contrast) will be
used, the reason being the reduction of the problems arising ,during com—
putation; this does not mean, however, total avoidance of them.

The method of construction of the matrix is quite simple. After a choice on
how to partition the supposed structure into small cells, the effect of each cell is
calculated at each point where the gravity field has been measured. The formula
is the now classical one taken from Talwani et al. (1959). However, some
modifications are to be taken into account. A simplification can be introduced
in the case of a polygon with rectangular cross section (Talwani, 1973). More
important is the introduction of a correction for the case of exposed structures.
In this case, the formula presents a singularity which arises from numerical
division by a factor which tends to zero. A test has been proposed to avoid this
problem (Burfeind, 1967).

For a two-dimensional body with polygonal cross section (Fig. 1), the
vertical component of gravitational attraction is obtained by calculation of the
integral

g=2kp HS dOdr

where k is the gravitational constant, p the density and S the surface of the
source. Since the principles of the method have been given in detail in many
review papers and books, the final formula is directly given; the reader may refer
for instance to Talwani’s (1973) review paper for further reading.

Carrying out the integration for each face of the polygon (ABC...A) and
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Fig. 1. Gravity effect of the 2-dimensional cell
ABCDEA at the point Û

summing for all faces the gravity effect of the whole body may be expressed as

g(0)=2kp Zfiiixifl _xi)'(0i+1—6‘)+(zi+1—Zi)log EEi]ri

with

f’
xizi+l—xi+lzi

Îü 2 2
(xi+1—xi) +(zi+1_zi)

Z._ —1 z
gi—tg x—i

rfzxf+zf

where xi, 2‘. and xi+1,zi+1 are the respective coordinates of corners with indices i
and i+1.

It seems evident that some simplifications can be introduced for the case of a
polygon with rectangular corners since the values of either the vertical side or
the horizontal one will be equal to zero. The formula reduces then (Talwani,
1973) to

g(0)=2kpzi:(—
l)i [eggs-Hr:- log (1 +:—:)].

1

In the case of regular cells, an appreciable gain in computation time can be
obtained by taking account of the property of symmetry of the attractional field.
As each row of the matrix represents the values of the field at different points, it
is easy to see that in the case of regular cells with symmetry respect to a vertical
axis passing through a point xk, the values at the points xk_1 and k will be
the same. If all cells are of the same size and spacing, then it is more
advantageous to use the flux density summation method proposed by Jackson
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(1975). The time of matrix computation is then reduced by a factor of three, but
a disadvantage arises from the attributation of indices, which can easily become
complicated.

3. Ambiguity and Non-Uniqueness of the Problem

As far as we are concerned with inverse methods in gravity or in magnetics the
major problem remains the non—uniqueness of the results, even in an ideal case
without any errors in the data or in the numerical process. This point has been
stated a long time ago and Nettleton (1940) wrote that “any mass distribution or
geologic condition that is given as a solution for the case of a given gravity
distribution depends upon additional controls other than gravity”. Some other
authors have studied this point. Skeels (1947) has shown that current calcu-
lations using sources of simple shapes as usually done with the aid of templates,
lead to a wide range of possible structures. Further on, he pointed out that
Green’s theorem provides an analytical proof of non-uniqueness. Roy (1962)
expanded this to other geophysical methods and by means of Green’s theorem
of the equivalent layer demonstrated the indeterminacy of the solution.
Nevertheless, he stated some simple cases in which a solution may be found
uniquely. In fact, these cases are the more usual; an example is the density
distribution in a single plane at constant depth, or the case where the density
contrast is constant and the bounding surface of the source has a known shape.
Further, Al-Chalabi (1971) discussed the practical problem and introduced what
he called the objective function which is the sum of the squares of the residuals
between the observed and computed anomalies. By testing some simple po-
lygons he deduced that .a range of values for the density may be obtained for
different values of what could be considered as an equivalent radius of the
source, but the point is that a correlation does exist between the density and the
radius such that all solutions lie within a narrow valley when the objective
function is mapped. Naturally, when the number of the parameters increases, so
does the ambiguity. This occurs when increasing the number of sides of the
polygon. In such a case, several local minima of the objective function develop,
but still cluster within the ambiguity valley.

Independent of all this is the non-uniqueness which arises from the com-
puter. In fact, one always obtains a solution from it and that is the trouble. The
main point during the calculation is to ensure that the result has some
significance. Notwhithstanding which method is used during inversion of the
matrix, some problems are to be expected. Two facts are of major importance:
conditioning of the matrix and degeneracy.

3.1. Conditioning

The term “condition number” seems to be due to Turing (1948) who defines M
and N condition numbers as follows:
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M(A) = n maxi]. laijl maxi]. locijl

MA) = n- 1 Z. (air :wgfi
(ocij) being the inverse A‘ 1 of A =(aij .

Further, Rice defined a theory of conditioning, introducing the condition
number k(A) as depending symmetrically on A and A‘l, specifically as a
product of their norms:

k(A): llAll ' HA~ III.
In the case when the spectral or operator norm is used then the spectral

condition number k(A) is obtained. In the case of the Euclidean norm, then the
so called P-condition number (P=Princeton), is obtained as the ratio of the
maximum to minimum eigenvalues.

Some trouble may arise from a matrix with a bad condition number. For
instance, for the usual Gauss transformation, it can easily be shown that the
condition number is nearly always very large. Let us take the system Ax=b and
using the Gauss method ATAX=ATb, let us look at the spectrum of the
matrices MA), with smallest and largest eigenvalue a and ‚ß, respectively, has the
spectral range 0<oc§l(A)§/3. This leads to k(A)=ß/oc. MATA) has a spectral
range 0<oc2§/i(ATA)§/32 which leads to k(ATA)=‚ß2/oc2. Then if we have a
poor conditioning for the A matrix, i.e. k(A)=ß/oc>l it seems trivial that the
condition number of the ATA matrix will be worse since k(ATA) = ‚32/0:2 > ß/oc > 1.

The result is that any iterative process using this type of solution (Tanner,
1967) will converge very slowly even if effective optimization methods are used.

Some devices can be used for having better condition numbers. This can be
done through the theory of perturbations and permutations. Different processes
may be used in each case by permuting the columns, or by the introduction of a
perturbation upon the matrix coefficients by changing the value of the last bit in
the computer mode of storing. Some improvements are obtained in this way but
they significantly increase the complexity of programming; nevertheless good
precision is obtained, even for very bad test matrices (LaPorte and Vignes,
1974). An efficient empirical method has been proposed by Mandelbaum (1963).
It consists of a reparametrization of the matrix coefficients which has the effect
of reducing the length of the spectrum of the matrix, this is done through a
translation (change of origin) followed by a homotethy (change of scale).

3.2. Degeneracy

This problem is directly linked to the pseudo-rank of the system of equations. It
is evident in the case of overdeterminated systems that there will be some
redundancy in the equations. Such a problem, if treated from a theoretical point
of View, does not offer major difficulties, but during computation, some trouble
may appear mainly because of rounding errors and the incapability of the
computer to find exact zero values. Wiggins (1972) has shown that his leads to
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the introduction of non-zero eigenvalues. He favoured the use of a cutoff value
[tum in order to ignore all eigenvalues less than this level. This value is
determined by examination of the diagram of variances of the resolution vector
and the diagram of the solution vector itself; the threshold value provides the
effective degree of freedom avoiding numerical instabilities during computation
of the pseudo-inverse (Jackson, 1972). The threshold value must be introduced in
the algorithm after the examination of each case. In the eigenvalue analysis for
the least-squares approximation as proposed by Lawson (1971) and Lawson and
Hanson (1974), the eigenvalue spectrum is automatically tapered, avoiding some
of the troubles which occur when selecting the cutoff value for the eigenvalue
spectrum.

In the same way that the condition number can be tested, degeneracy has to
be treated by using perturbations and permutations as far as numerical de-
generacy is concerned (La Porte and Vignes, 1974). Round-off errors have been
extensively studied by Wilkinson (1963); the reader can refer to this paper for
further details.

3.3. Data Accuracy

Random errors due to fluctuations in the data belong to the main difficulties
encountered in the inverse problem, when using real data rather than synthetic
ones. The errors consist of short wavelength fluctuations. The case has been
treated by Bott and Hutton (1970) for the magnetic data inversion. This short
wavelength instability is related to the ratio D/W where D is thedepth of the
source and W the width of the block; this ratio must be choosen as small as
possible but in any case it can not exceed 3, a good value is between 1 and 2.

Long wavelength instability occurs because of the finite extent of the data.
This results in values at the end of the profile which are non zero; then the
inversion tends to place the source at the deepest part of the structure. (This
comes from the equivalent layer theorem). The difficulty can be removed by
specifying the values of the density contrast at the end of the profile or by
extension of the data with some smoothing or apodization. In that sense, a long-
wavelength instability exists. It does not correspond to the definition proposed
by Bott (1973) who considered only the instability due to a uniform horizontal
layer of constant density.

4. Methods of Solution

The use of the least-squares approximation is very common in the case of more
data than unknown. Two major objections may be raised against such a use;
first, the least-squares function is not strictly convex, and some care must be
taken before using it for a large set of data representing more than one anomaly;
second, the least-squares method is sensitive to very out-of—range data. This last
point has been shown by Claerbout and Muir (1973) with emphasis on the
absolute-value norm minimization. In fact, there are other norms existing in the
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specialized literature; but for reasons of clarity and time, only three norms have
been examined in this paper: these are the so-called l1 norm, i.e. the sum of the
absolute values of the residuals, the l2 norm or least-squares norm, i.e. the sum
of the squared residuals, and the loo norm or Chebyshev norm which is defined
as

Lim|Z(Ax—b—r)p|1/p.
P-’°0 m

The definitions represent the median, the mean and the mid range respectively
(Claerbout and Muir, 1973). Their respective advantages will be compared with
synthetic cases. From a computational point of view, these three methods are
tested using different programs offered in the available literature.

4.1. ll Norm Approximation

The concept of what may be called “least first power” approximations is not yet
familiar to the experimental scientist, though there are now several algorithms;
some reasons may be advanced. The approximating functions used by experi-
mentalists are almost never polynomials and they rarely constitute Haar sets1 ; few
statistical tests are available for the absolute value norm. Nevertheless, l1
approximations are often superior to 12 approximations and if the data contain
some inaccurate points, no good representations are to be expected from the 12
norm, but they may be expected from the 11 norm (Barrodale and Young, 1966).

Barrodale and Roberts (1973, 1974) have provided an algorithm for linear
approximation on discrete sets derived from the simplex algorithm. The prob-
lem is to minimize the quantity

e=b—Ax.

One way is to decompose the residual vector into the sum of two vectors, each
one being non-negative.

e=e+—e

In the same way x may be decomposed into two parts, both being non—negative:

X=X+—X

Then the problem is to minimize the sum

2 (ei+ + ei— )

subject to b=A(x+ —x‘)+e+ ——e‘. Since all components of the vectors x+‚ x‘,
e+, e“, are non-negative with this method, a simplex algorithm can be applied.

1 A set of n continuous functions u, is called a Haar system provided the number of zeros of
n

Z alul is at most n—l for every choice of the n coefficients ai
i= 1
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A major problem has been solved with respect to the occasionally time consum-
ing algorithm for the simplex method: it consist of passing through several
neighboring simplex vertices in a single iteration (Barrodale and Roberts, 1973).

Time consumption which was the major drawback of the linear l1 minimi-
zation has since been resolved; it was formerly of the order of n squared (where
n is the greater dimension of the coefficient matrix); it is considerably reduced
and is now quite comparable to that of other methods. In practice, the total
number of iterations is close to the smaller dimension of the coefficient matrix.
This reduction offers some advantage over the method presented by Claerbout
and Muir (1973) which is of the n squared type with regard to time con-
sumption.

4.2. 12 Norm Approximation

A great number of methods are available for the so-called least-squares approxi-
mation. Since some problems arising from ill conditioning have been presented
earlier, the method chosen is adapted from Penrose’s (1954) decomposition.
Given A, an m x n matrix, there exist three other matrices U, S and Vsuch that
A: USVT where U and V are square orthonormal matrices of order m and n
respectively. The S matrix is a diagonal matrix whose elements are the eigen-
values of A; it consists of k numbers different from zero, k being the rank of
matrix A. Thus the linear system Ax=b can be transformed into Sp=g where x
= Pi) and b= Ug. The U matrix can be constructed by taking the eigenvectors
associated with the columns of A, and V by taking the eigenvectors associated
with the rows of A. An important application is the construction of two matrices
associated with U and V, which can be defined as R=VVT and Q=UUT.
Backus and Gilbert (1968) have shown that for an under-determined system, the
R matrix represents a measure of the resolution which can be obtained from the
data. Similarly, for overconstrained systems, Q represents a measure of the
information given by the corresponding observation to the solution. A review of
the eigenvalue decomposition of a matrix is given by Golub and Kahan (1965).
It includes a bibliography dealing with applications and algorithms. More
recently, a detailed book has been issued on the subject (Lawson and Hanson,
1974); it contains nearly everything concerning the theorems and the practical
applications of the algorithms.

Two major points are to be expected from the matrix decomposition. It
allows a certain degree of uncertainty in the data which can be used to modify
the decomposition. Let us take a value e, then each eigenvalue can be modified by
less than this value e so that each modified eigenvalue is either zero or greater
than (2. The condition for that is to take the value e as the upper bound of the
spectral norm of uncertainty dA. This can be used for stabilizing the solution of
the linear system if it is too badly conditioned.

Another main point is the analysis of the eigenvalue decomposition. This has
been examined in detail by Wiggins (1972) and Jackson (1972). It concerns the
relationship existing between the rank of the matrix and the modulus of the
eigenvalues. Jackson (1972) pointed out the systematic trade-off between re-
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solution and variance in the estimation of the successive unknown parameters.
As a rule, he proposed a cut-off value for the eigenvalues below which the
calculated variance of the parameters was too high and then had no significance.
When plotting the successive eigenvalues, one can see from the shape of the
curve where the cut-off value is to be taken. A more precise way to do it is to
plot the respective norm of the residual vector versus the norm of the solution
vector, this norm stabilizes while the norm of the solution vector grows very
drastically. The “true” value for the solution is then the one for which both
norms are minimum (Fig. 2). This can be interpreted as follows. For an m x n
overdetermined system, there exist n solutions. It is trivial that the solution with
the n parameters equal to zero is included. For the same reason, one can easily
find a solution vector where all the components are tending towards infinity
(negative or positive). When plotting the n solutions on the same diagram, one
can see a trend of the respective unknown parameters to tend towards a
stabilized solution, then to diverge rapidly. The “good” solution is situated in
the portion of the diagram where all solutions do not vary too drastically, while
the residual norm tends to zero (Fig. 3).

An improvement to the cut—off value proposed by Wiggins (1972) is feasible
by using some device in order to avoid the eigenvalues becoming very small.
This can be done through tapering the eigenvalue spectrum by means of what
has been called “ damped least-squares”. Classical least-squares are defined as the
minimization of e=(Ax—b)T (Ax—b) for the parameters x. This involves the
computation of the normal equation ATAx=ATb and then the inversion
x=(ATA)‘1ATb. In practice, this is done by the matrix decomposition suggested
by Lanczos (1961)

A=USVT and x=(VS—1UT)b.

The matrix S is a diagonal matrix containing the eigenvalues of the normal
matrix AT A. Then, S‘ 1 will still be a diagonal matrix, but containing the inverse
of the eigenvalues l/Â.

From studies on non-linear least-squares, Marquardt (1963) proposed a
damping for the method. The idea had already been offered by Levenberg
(1944), and a combination of both has led to the socalled “ridge regression” or
Levenberg-Marquardt algorithm, see Marquardt (1970). The technique consists
in minimization of the quantity

elm=(Ax—b)T(Ax—b)+02xTx

with 9 a weighting coefficient which can in a more general way be replaced by a
weighting matrix whose coefficients are the inverse variance and covariance of
the estimated parameters. Computing the normal equations leads to

(ATA+921)X=ATb.

I being the identity matrix; the generalized inverse is then

H=(ATA+621)“ 1AT.
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Fig. 2. Norm of residual vector versus of
solution vector. Successive black dots
represent candidate solution. Line indicates
the corresponding value of the Levenberg-
Marquardt parameter decreasing all along
the curve

Fig. 3. Solution coefficients and residual
norm versus Levenberg—Marquardt (LM)
parameter. System to solve had 11
unknowns. The different values of each of
them have been calculated for different
values of LM parameter. The flat part of all
curves (for LM parameter value between 0.8
and 0.08) is the range of “good” solutions.
The residual is small enough while the
variance of the solution is mini um. Solution
corresponds to all values equal to zero,
except two equal to 0.25
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Change

component

Fig. 4. Representation of the change component in
the eigenvalue spectrum when using classical least
squares (If/Z} and damped least squares (M212 +93».
The cutoff value of Wiggins ([972) is indicated as a
broken line

Practical computation is done through the matrix decomposition

A = US VT

x: V(S2 +921)SUTb

which can be written

x = VM UTb.

M is then a diagonal matrix with the quantities ELK/12+?) as coefficients.
The change component in the eigenvalue spectrum is then tapered. The

difference between classical least—squares and Levenverg-Marquardt is shown in
Figure 4.

The use of this last algorithm is of interest because it avoids examination of
the eigenvalue spectrum and the cut-off value determination as proposed by
Wiggins (1972). Tapering introduced by the 6 coefficient stabilizes the pseudo-
inverse computation as well. For a special analysis, it can be useful to plot the
norm of the residual vector and the norm of the solution vector versus the
Levenberg—Marquardt coefficient. Then one can easily see the effect of its
lowering until the candidate solutions stabilise.

From a computational point of view, several types of algorithms have been
offered in the literature. Most usual is decomposition through the eigenvalues
and eigenvectors (Penrose, 1954). This can be done with usual routines, plotting
the diagram of the resolution and the respective variance and then calculating
the ‘best’ solution. An improved version is given in Lawson and Hanson (1974). It
basically uses the QR decomposition. Another algorithm, a little shorter, is given
by Golub and Businger (1965) using the Householder transformations? Some

2 Householder transformations reduce the matrix to upper right triangular form by means of
successive orthogonal transformations
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further improvements to the methods are of interest; one consists in the
introduction of supplementary constraints on the solutions, a more simple one
being positivity of the solution which can be easily reversed to non-positivity if
necessary. Of greater use is the possibility of deleting some variables; this can be
of great interest in geophysics when other data, of geological type for instance,
are provided.

4.3. 100 Norm Approximation

For some unknown reason the infinite norm criterion, giving Chebyshev or
minimax solutions to an overdetermined system of linear equations, is not
popular within the scientific community. One may argue that the midpoint
solution bisects the distance between the extreme data points and thus leads to
an erroneous solution if some errors are included in the data. It seems, however,
in some cases cases interesting to take account of that property, for example in
the case of a sharp peak in the data caused by a local structure with strong
density contrasts. From a computational point of View, a numerical method for
Chebyshev solutions is directly obtainable from a modified simplex algorithm.
Stiefel (1959) provided the so-called exchange algorithm, using Jordan elim-
ination in a technique derived from the simplex method. This type of solving
linear equations is computationally unstable. It is therefore preferable to use the
more stable LU decomposition as done by Bartels and Golub (1968). In quite a
similar way, Barrodale and Phillips (1974) presented an improved algorithm using
the exchange method, but it differs from the previous one in the‘ sense that no
restrictions are imposed upon the given function minimizing the residual, and
also convergence is accelerated because of the automatic construction of an initial
approximation very close to the final solution.

The method of minimax solutions is based on an iterative process which is
supposed to converge towards the solution. As in all these methods, the
algorithm fails when two or more solutions are close together or when the slope
of the hyperplane is such that convergence is not obtainable through a manage-
able number of iterations. Unfortunately, no solution to these two problems is
available at the moment.

The main principle used in the loo approximation problem is to determine an
approximate value of the function such that the quantity

Max |e| = Max |Ax —b|

will be minimized. If we put

w = Max leil

a set of n non-negative constants oc may be found such that

aA+w> b

and
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—ocA+w> —b

In practice, the problem is treated through the dual problem which is to find
non-negative values x+ and x‘ which maximize

bT(x+ —x‘)

subject to the constraints

A(x+—x‘)<0

and

2(xi+ +xi‘)<1
l

5. Discussion

5.1. Influence of the Cell Cutting

5.1.1. Size of the Cells. A problem of size arises when one wants to determine the
structure producing an anomaly of the gravity field. Two limitations are
provided directly by the data. First there is the extent of the anomaly which
offers an upper bound and second there is the sample interval between data
points which, by way of the Nyquist criterion, imposes the lower bound. This is
quite trivial. The reason is, however, not clear from the theorical View point: the
size of each cell must be related not only to the sample interval, but also to the
ratio between depth and width of the cells. This has been clearly shown by Bott
and Hutton (1970) who favour a ratio of depth/width of 1.5 or 2.0.

Bott (1973) calculated the condition number of the matrix kernel for different
cases and showed that it passes through a maximum when the field point
position is exactly above the centre of the cell. This may cause some problems,
and it has been corrected in the sense that a slight shift has been included during
the sampling.

5.1.2. Depth. Some variation in the accuracy of the method is related to the
estimate of the depth of the real structure. Some tests have been made with a
synthetic case in order to show this problem. The anomaly produced by a
rectangular structure has been calculated and the data were used as input to the
inversion (Fig. 5). In fact, when the cells are exactly at the same depth as the
model, the density contrast is estimated correctly by the method. But when the
top of the cells in the inversion is lower than the top of the original model, the
method of inverting shows, for all norm criteria, a tendency to oscillate around
the real values of the density contrast. On the other hand, when the bottom of
the cells is situated above the bottom of the original model, a smoothing effect
appears in the density contrasts determined by the various methods. This effect
of either smoothing or oscillating is a consequence of the equivalent layer
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theorem. It can be used in its opposite sense in order to correct the estimated
depth of the structure. A supplementary hypothesis can be introduced which
supposes that the structure is nearly homogeneous with respect .to the density
contrasts, i.e. that their variations are smooth. This can be tested with other
geophysical data available, or with the help of geological information. If upon
inverting an anomaly with some arbitrary layer position, oscillations appear in
one layer then the model is probably above this layer; if, in contrast, smoothing
affects the layer then one has to lower it in order to find the model.

5.1.3. Geometrical Parameters. In a more general way, the above properties of
smoothing are still present when an improper shape for the definition of the
structure is used. This can be shown by using the triangular cells for appro-
ximating a rectangular model (Fig. 6). The calculations give a solution for the
density contrast which is quite exact for the central cell; values for cells outside
the model are nearly zero, which is correct. The density contrasts calculated for
cells overlapping the model are half the theorical values, but the cell volume is
doubled; then, by cutting this somewhat arbitrary cell into two pieces one
obtains the correct solution.

5.2. Influence of the Norm Criterion

The main aim of this paper is the comparison of different methods of approxi-
mation commonly used in order to decide whether the least-squares or the least
first power or the minimax solution is the more convenient in geophysical data.
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inversion. For this end, a comparison of the different methods has been made
using the same test cases, but varying the initial conditions. In fact, no
noticeable difference exists when the model is very simple or noise is not
included in the data. It seems evident that this very theoretical case could not
lead to a successful comparison, although some trouble may arise from the size
of the matrix to be inverted. In such cases, it appears that the minimax solution
may quickly become unstable or may Show a very poor convergence. In cases
Where the matrix is very large, the author thinks that no comparison can
effectively be made between norm criteria, and that the only objects which are
compared are the algorithms. Let us take for exemple the usual matrix inversion
either by Jordan elimination or by Gauss-Seidel iterations. In the case of a large
matrix the first algorithm fails while the second may succeed, but this does not
tell anything about the validity of the method for inverting a “small“ ill-
conditioned matrix.

In order then to compare the methods of approximation, stability has been
tested by using noisy data. A synthetic case has been computed, and then
random errors with increasing noise level have been added to the synthetic data
until each of the three methods fails (Fig. 7). Random errors with a definite noise
level have been selected rather than coherent noise. The former can be regarded
as a degree of accuracy in the measurements. Several runs give the different
density contrasts computed by each algorithm of inversion. No precise level can
be determined above which the method fails; it depends on the noise distri-
bution. Anyway, using the same data, methods of inversion can be compared.
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All density contrasts found are plotted on the same diagram (Fig. 8). It has been
quite surprising to observe that no major trouble occured when noise level was
raised to 0.5 mgal, which corresponds to about 50/0 error of the maximum
amplitude. The Chebyshev approximation is the first to fail at this level, then the
least-squares and finally the l1 method begins to oscillate seriously at 1.0 mgal
noise level (maximum 10 % of amplitude). The least-squares method has a
curious behaviour: it may oscillate at quite low noise level and then may show
normal results and once more may oscillate at a higher noise level. This is
interpreted as the effect of conditioning of the matrix. For that reason, it is
argued that the least-squares method must be seriously looked at before using it
in computer programs: no serious troubles are expected from the method itself
but in some particular cases it may become unstable while other runs with very
similar data show almost perfect results. However, the modification of the
classical least-squares method using the Levenberg—Marquardt algorithm seems
to be more efficient that the cut-off process of Wiggins (1972).

Another modification of the basic algorithm is possible by the introduction
of supplementary constraints on the linear system. This can be done either
through inequality conditions or by a non-negativity condition upon the so-
lution. This supplementary condition is in fact of great interest for the gravity
inversion problem since it allows the density contrasts to be restricted to values
which can be estimated form other data, e.g., seismic velocities or other available
geophysical data. In practice, the results are strongly stabilized as shown in the
diagram in which all results are compared (Fig. 8). Non-negativity of the results
has been used, together with least-squares approximation. With this improve-
ment, noise level may be raised as high as 2.0 mgal (20 % of maximum amplitude).
It is thought that this method of solving the inverse problem should be
developed, since it is of great interest and great stability; but theoretical work on
numerical analysis and computer application is still needed. Work would have
to be done by using absolute value minimization with introduction of sup-
plementary constraints upon the solution of the inequality type.

A point important to the method, since it has been the cause of much
trouble, is the size of the matrix which has to be inverted. From the above
definitions, the coefficient matrix depends on m, the number of data points for
the columns, and on n, the number of cells chosen to represent the rows. It
seems evident that the number of data points is directly related to the frequency
content of the anomaly and indirectly related to the shape of the structure. For
that reason a large number of data points is needed to represent the spectrum of
the source with sufficient accuracy; this leads to quite a large number of columns.
If the number of cells remains constant, it leads to more overdetermination, i.e.
to more constraints. In practice, it appears that the system may be very unstable
in the inversion if overdetermined too much. On the other hand, if the number
of rows is increased such that the matrix becomes nearly square, then the size of
the matrix may cause the inversion to fail. This problem appears to be the most
serious one found in the method. One has always to make a judgement as to
how many data must be chosen for the desired precision of the structure and
how many cells can be chosen to secure the inversion stability.
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Conclusions

The major emphasis of this work has been laid on the way of computing the
pseudo—inverse of the coefficient matrix. A general conclusion is that the method
of inversion is far more important than the way the matrix has been built.
Hence, the results will be very sensitive to which optimization criterion has been
chosen. Some care must be taken in the calculation of the coefficient matrix.
This is directly related to the problem of conditioning of the matrix. Some
precautions are to be taken with respect to the size of the problem taken into
account. In fact, this kind of problem is general to all programs of in-
terpretation, it is really a matter of selecting the degree of precision of the
solution with respect to the accuracy of the data.

Several conclusions can be drawn from the comparison of the different
algorithms of approximation. As was anticipated, the infinite norm approxima-
tion is not the best way to approach the problem. It is very sensitive to errors in
the data and seems to be quite unstable if a priori information about the
supposed structure is missing. A more interesting way to solve the inverse
problem seems to be through the least first-power algorithm. It offers the
advantage over the usual least-squares approximation of being less time con-
suming for better precision in the results. This point comes from the stability of
the method with respect to errors in the data. In fact, this can be related to the
way of doing the decomposition in the simplex method of all vectors in two
parts, each one being positive.

An interesting conclusion is related to the introduction of constraints in the
least-squares approximation. Imposing non-negativity on the solution is in fact
the only way to stabilize the solution. This is directly related to the sup-
plementary condition of convexity of the solution. The set of all solutions is now
reduced to the semi-infinite set of solutions positive, and this suffices to greatly
stabilize the solution. A suggestion is then made to build some new kind of
algorithm in order to use the condition of convexity of the solution, by
introducing constraints upon the range of values for the solution. This could be
tested easily with the least-squares approximation and then could be introduced
into the first-power algorithm.

Acknowledgements. The present study has been done while the author received a grant from the
Centre National de la Recherche Scientifique (C.N.R.S.). It is part of a more general study
undertaken in the Centre Armoricain d‘Etude Structurale des Socles ((L.P. 004661) mainly related to
the problem of finding batholithic roots. Computer facilities have been provided through the
computing center of the University of Rennes.

References

Al-Chalabi, M.: Some studies relating to nonuniqueness in gravity and magnetic inverse problems.
Geophysics 36, 835—855, 1971

Anderssen, R.S.: On the solution of certain overdetermined systems of linear equations that arise in
geophysics. J. Geophys. Res. 74, 1045—1051, 1969

Backus, G., Gilbert, F.: The resolving power of gross earth data. Geophys. J. 16, 169—205, 1968

Inverse Problem in Gravity Interpretation 211

Conclusions

The major emphasis of this work has been laid on the way of computing the
pseudo—inverse of the coefficient matrix. A general conclusion is that the method
of inversion is far more important than the way the matrix has been built.
Hence, the results will be very sensitive to which optimization criterion has been
chosen. Some care must be taken in the calculation of the coefficient matrix.
This is directly related to the problem of conditioning of the matrix. Some
precautions are to be taken with respect to the size of the problem taken into
account. In fact, this kind of problem is general to all programs of in-
terpretation, it is really a matter of selecting the degree of precision of the
solution with respect to the accuracy of the data.

Several conclusions can be drawn from the comparison of the different
algorithms of approximation. As was anticipated, the infinite norm approxima-
tion is not the best way to approach the problem. It is very sensitive to errors in
the data and seems to be quite unstable if a priori information about the
supposed structure is missing. A more interesting way to solve the inverse
problem seems to be through the least first-power algorithm. It offers the
advantage over the usual least-squares approximation of being less time con-
suming for better precision in the results. This point comes from the stability of
the method with respect to errors in the data. In fact, this can be related to the
way of doing the decomposition in the simplex method of all vectors in two
parts, each one being positive.

An interesting conclusion is related to the introduction of constraints in the
least-squares approximation. Imposing non-negativity on the solution is in fact
the only way to stabilize the solution. This is directly related to the sup-
plementary condition of convexity of the solution. The set of all solutions is now
reduced to the semi-infinite set of solutions positive, and this suffices to greatly
stabilize the solution. A suggestion is then made to build some new kind of
algorithm in order to use the condition of convexity of the solution, by
introducing constraints upon the range of values for the solution. This could be
tested easily with the least-squares approximation and then could be introduced
into the first-power algorithm.

Acknowledgements. The present study has been done while the author received a grant from the
Centre National de la Recherche Scientifique (C.N.R.S.). It is part of a more general study
undertaken in the Centre Armoricain d‘Etude Structurale des Socles ((L.P. 004661) mainly related to
the problem of finding batholithic roots. Computer facilities have been provided through the
computing center of the University of Rennes.

References

Al-Chalabi, M.: Some studies relating to nonuniqueness in gravity and magnetic inverse problems.
Geophysics 36, 835—855, 1971

Anderssen, R.S.: On the solution of certain overdetermined systems of linear equations that arise in
geophysics. J. Geophys. Res. 74, 1045—1051, 1969

Backus, G., Gilbert, F.: The resolving power of gross earth data. Geophys. J. 16, 169—205, 1968



|00000226||

212 J.L.Vigneresse

Barrodale, 1., Phillips, C.: An improved algorithm for discrete Chebyshev linear approximation.
Proc. Fourth Manitoba Conf. on Num. Math. pp. 177—190, 1974

Barrodale, I., Roberts, F.D.K.: An improved algorithm for discrete l1 linear approximation. SIAM J.
Num. Anal. 10, 839—848, 1973

Barrodale, I., Roberts, F.D.K.: Solution of an overdetermined system of equations in the 11 norm.
Comm. of the A.C.M. 17, 313—320, 1974

Barrodale, 1., Young, A.: Algorithms for best l1 and l00 linear approximations on a discrete set. Num.
Math. 8, 295—306, 1966

Bartels, R.H., Golub, G.H.: Stable numerical methods for obtaining the Chebyshev solution of an
overdetermined system of equations. Comm. of the A.C.M. 11, 401—406, 1968

Bott, M.H.P.: Inverse methods in the interpretation of magnetic and gravity anomalies. In: Methods
in computational physics, B.A.Bolt, B. Alder, S. Fernbach, R. Rotenberg, eds., pp. 133—162.
London-New York: Academic Press 1973

Bott, M.H.P., Hutton, M.A.: Limitations on the resolution possible in the direct interpretation of
marine magnetic anomalies. Earth Planet. Sci. Letr. 8, 317—319, 1970

Braile, L.W., Keller, G.R., Peeples, W.J.: Inversion of gravity data for two dimensional density
distributions. J. Geophys. Res. 79, 2017—2021, 1974

Burfeind, W.: A gravity investigation of the Tobacco root mountains, Jefferson Basin, Boulder
batholith and adjacent areas of southwestern Montana. Indiana Univ. Ph. D. Thesis.‚ 90pp, 1967

Burkhard, N., Jackson, D.D.: Applications of stabilized linear inverse theory to gravity data. J.
Geophys. Res. 81, 1513—1518, 1976

Claerbout, J.F., Muir, F.: Robust modeling with erratic data. Geophysics 38, 826—844, 1973
Corbato, C.E.: A least squares procedure for gravity interpretation. Geophysics 30, 228—233, 1965
Dampney, C.N.G.: The equivalent source technique. Geophysics 34, 39—53, 1969
Emilia, D.A., Bodvarsson, G.: Numerical methods in the direct interpretation of marine magnetic

anomalies. Earth Planet. Sci. Lett. 7, 194—200, 1969
Golub, G.H., Businger, P.A.: Linear least squares solutions by Householder transformations. Num.

Math., H.B. Series, Linear algebra 7, 269—276, 1965
Golub, G.H., Kahan, W.: Calculating the singular values and pseudoinverse of a matrix. SIAM J.

Num. Anal. 2, 205—224, 1965
Horning, B.L., McPherrron, R.L., Jackson, D.D.: Application of linear inverse theory to a line

current model of substorm current systems. J. Geophys. Res. 79, 5202—5210, 1974
Inman, J.R.: Resistivity inversion with ridge regression. Geophysics 40, 798—817, 1975
Inman, J .R., Ryu, J., Ward, S.H.: Resistivity inversion. Geophysics 38, 1088—1108, 1973
Jackson, D.D.: Interpretation of inaccurate, insufficient and inconsistent data. Geophys. J. 28, 97—

109, 1972
Jackson, D.D.: Most squares inversion. J. Geophys. Res. 81, 1027—1030, 1976
Jackson, P.L.: Gravity computations by flux density summations. Geophys. Prospecting 23, 42—49,

1975
Johnson, W.W.: A least squares method of interpreting magnetic anomalies caused by twodimen-

sional structures. Geophysics 34, 65—74, 1969
Lanczos, C.: Linear differential operators, 564 pp. New York: Van Nostrand 1961
LaPorte, M., Vignes, J.: Algorithms numériques, analyse et mise en oeuvre 226 pp, Paris, Technip. t.1.,

1974
Lawson, C.L.: Applications of singular values analysis. In: Mathematical Software (J. Rice ed.)‚

pp. 347—356. London-New York: Academic Press 1971
Lawson, C.L., Hanson, R.J.: Solving least squares problems, 340 pp. Englewood Cliffs: Prentice

Hall 1974
Levenberg, G.: A Method for the solution of certain non linear problems in least squares. Quart.

Appl. Math. 2, 164—168, 1944
Mandelbaum, H.: Statistical and geological implications of trend mapping with non-orthogonal

polynomials. J. Geophys. Res. 68, 505—519, 1963
Marquardt, D.W.: Generalized inverse, ridge regression, biased linear estimation and non linear

estimation. Technometrics 12, 591—612, 1970
Nettleton, L.L.: Geophysical prospecting for oil, 444 pp. New York: McGraw Hill 1940
Parker, R.L.: The theory of ideal bodies for gravity interpretation. Geophys. J. 42, 315—334, 1975

212 J.L.Vigneresse

Barrodale, 1., Phillips, C.: An improved algorithm for discrete Chebyshev linear approximation.
Proc. Fourth Manitoba Conf. on Num. Math. pp. 177—190, 1974

Barrodale, I., Roberts, F.D.K.: An improved algorithm for discrete l1 linear approximation. SIAM J.
Num. Anal. 10, 839—848, 1973

Barrodale, I., Roberts, F.D.K.: Solution of an overdetermined system of equations in the 11 norm.
Comm. of the A.C.M. 17, 313—320, 1974

Barrodale, 1., Young, A.: Algorithms for best l1 and l00 linear approximations on a discrete set. Num.
Math. 8, 295—306, 1966

Bartels, R.H., Golub, G.H.: Stable numerical methods for obtaining the Chebyshev solution of an
overdetermined system of equations. Comm. of the A.C.M. 11, 401—406, 1968

Bott, M.H.P.: Inverse methods in the interpretation of magnetic and gravity anomalies. In: Methods
in computational physics, B.A.Bolt, B. Alder, S. Fernbach, R. Rotenberg, eds., pp. 133—162.
London-New York: Academic Press 1973

Bott, M.H.P., Hutton, M.A.: Limitations on the resolution possible in the direct interpretation of
marine magnetic anomalies. Earth Planet. Sci. Letr. 8, 317—319, 1970

Braile, L.W., Keller, G.R., Peeples, W.J.: Inversion of gravity data for two dimensional density
distributions. J. Geophys. Res. 79, 2017—2021, 1974

Burfeind, W.: A gravity investigation of the Tobacco root mountains, Jefferson Basin, Boulder
batholith and adjacent areas of southwestern Montana. Indiana Univ. Ph. D. Thesis.‚ 90pp, 1967

Burkhard, N., Jackson, D.D.: Applications of stabilized linear inverse theory to gravity data. J.
Geophys. Res. 81, 1513—1518, 1976

Claerbout, J.F., Muir, F.: Robust modeling with erratic data. Geophysics 38, 826—844, 1973
Corbato, C.E.: A least squares procedure for gravity interpretation. Geophysics 30, 228—233, 1965
Dampney, C.N.G.: The equivalent source technique. Geophysics 34, 39—53, 1969
Emilia, D.A., Bodvarsson, G.: Numerical methods in the direct interpretation of marine magnetic

anomalies. Earth Planet. Sci. Lett. 7, 194—200, 1969
Golub, G.H., Businger, P.A.: Linear least squares solutions by Householder transformations. Num.

Math., H.B. Series, Linear algebra 7, 269—276, 1965
Golub, G.H., Kahan, W.: Calculating the singular values and pseudoinverse of a matrix. SIAM J.

Num. Anal. 2, 205—224, 1965
Horning, B.L., McPherrron, R.L., Jackson, D.D.: Application of linear inverse theory to a line

current model of substorm current systems. J. Geophys. Res. 79, 5202—5210, 1974
Inman, J.R.: Resistivity inversion with ridge regression. Geophysics 40, 798—817, 1975
Inman, J .R., Ryu, J., Ward, S.H.: Resistivity inversion. Geophysics 38, 1088—1108, 1973
Jackson, D.D.: Interpretation of inaccurate, insufficient and inconsistent data. Geophys. J. 28, 97—

109, 1972
Jackson, D.D.: Most squares inversion. J. Geophys. Res. 81, 1027—1030, 1976
Jackson, P.L.: Gravity computations by flux density summations. Geophys. Prospecting 23, 42—49,

1975
Johnson, W.W.: A least squares method of interpreting magnetic anomalies caused by twodimen-

sional structures. Geophysics 34, 65—74, 1969
Lanczos, C.: Linear differential operators, 564 pp. New York: Van Nostrand 1961
LaPorte, M., Vignes, J.: Algorithms numériques, analyse et mise en oeuvre 226 pp, Paris, Technip. t.1.,

1974
Lawson, C.L.: Applications of singular values analysis. In: Mathematical Software (J. Rice ed.)‚

pp. 347—356. London-New York: Academic Press 1971
Lawson, C.L., Hanson, R.J.: Solving least squares problems, 340 pp. Englewood Cliffs: Prentice

Hall 1974
Levenberg, G.: A Method for the solution of certain non linear problems in least squares. Quart.

Appl. Math. 2, 164—168, 1944
Mandelbaum, H.: Statistical and geological implications of trend mapping with non-orthogonal

polynomials. J. Geophys. Res. 68, 505—519, 1963
Marquardt, D.W.: Generalized inverse, ridge regression, biased linear estimation and non linear

estimation. Technometrics 12, 591—612, 1970
Nettleton, L.L.: Geophysical prospecting for oil, 444 pp. New York: McGraw Hill 1940
Parker, R.L.: The theory of ideal bodies for gravity interpretation. Geophys. J. 42, 315—334, 1975



|00000227||

Inverse Problem in Gravity Interpretation 213

Penrose, R.: A generalized inverse for matrices. Proc. Cambridge Phil. Soc. 51, 406—413, 1954
Rice, J.R.: A theory of condition. J. SIAM Num. Anal. 3, 287—310, 1966
Roy, A.: Ambiguity in geophysical interpretation. Geophysics 27, 90—99, 1962
Skeels, D.C.: Ambiguity in gravity interpretation. Geophysics 12, 43—56, 1947
Stiefel, E.L.: Über diskrete und lineare Tschebyscheff Approximation. Num. Math. 1, 1—28, 1959
Talwani, M.: Computer usage in the computation of gravity anomalies. In: Methods in com-

putational physics (B.A. Bolt, B. Adler, S. Fernbach, R. Rotenberg, eds.), pp. 343—389. London—
New York: Academic Press 1973

Talwani, M., Worzel, J .L., Landisman, M.: Rapid gravity computations for two-dimensional bodies
with application to the Mendocino fracture Zone. J. Geophys. Res. 64, 49—59, 1959

Tanner, .I.G.: An automated method of gravity interpretation. Geophys. J. l3, 339—347, 1967
Turing, A.M.: Rounding-off errors in matrix process. Quart. J. Mech. Appl. Math. 1, 287—308, 1948
Wiggins, R.A.: The generalized inverse problem: implication of surface waves and free oscillations

for earth structure. Rev. Geophys. Space Phys., 11, 87—114, 1972
Wilkinson, J.H.: Rounding errors in algebraic processes, 161 pp. Englewood Cliffs: Prentice Hall

1963

Received October 21, 1976; Revised Version February 22, 1977

Inverse Problem in Gravity Interpretation 213

Penrose, R.: A generalized inverse for matrices. Proc. Cambridge Phil. Soc. 51, 406—413, 1954
Rice, J.R.: A theory of condition. J. SIAM Num. Anal. 3, 287—310, 1966
Roy, A.: Ambiguity in geophysical interpretation. Geophysics 27, 90—99, 1962
Skeels, D.C.: Ambiguity in gravity interpretation. Geophysics 12, 43—56, 1947
Stiefel, E.L.: Über diskrete und lineare Tschebyscheff Approximation. Num. Math. 1, 1—28, 1959
Talwani, M.: Computer usage in the computation of gravity anomalies. In: Methods in com-

putational physics (B.A. Bolt, B. Adler, S. Fernbach, R. Rotenberg, eds.), pp. 343—389. London—
New York: Academic Press 1973

Talwani, M., Worzel, J .L., Landisman, M.: Rapid gravity computations for two-dimensional bodies
with application to the Mendocino fracture Zone. J. Geophys. Res. 64, 49—59, 1959

Tanner, .I.G.: An automated method of gravity interpretation. Geophys. J. l3, 339—347, 1967
Turing, A.M.: Rounding-off errors in matrix process. Quart. J. Mech. Appl. Math. 1, 287—308, 1948
Wiggins, R.A.: The generalized inverse problem: implication of surface waves and free oscillations

for earth structure. Rev. Geophys. Space Phys., 11, 87—114, 1972
Wilkinson, J.H.: Rounding errors in algebraic processes, 161 pp. Englewood Cliffs: Prentice Hall

1963

Received October 21, 1976; Revised Version February 22, 1977



|00000228||



|00000229||

J. Geophys. 43, 215—225, 1977 Journal O_fGeophysncs

Data Seizing and Information Processing

Application to Recognition of High Seismicity Earthquake Areas
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Abstract. Different methods of information processing for discriminating
types of events, and some results allowing to build a projective repre-
sentation, are presented. The results are applied to the recognition of
possible locations of strong earthquakes in Pamir and Tian Shan.
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Introduction

When we study a phenomenon, we use data resulting from experiments, and
these data contain all the information which can be obtained. We do not choose
the same method for information processing if we want to classify events by data
or to recognize one event. Obviously the choice of the method of information
processing depends on the expected result. We present here three of these
methods which are efficient when we want to recognize a class of events: each of
them supposes a mathematical representation for the type of events and for the
operations or questions separating the events.

In the first two methods, we can assume the possibility of a representation of
events and tests by a probabilistic state, such that we may identify all the events
with more or less accuracy by the subsets of this probabilistic state; in the third
method we show how to build a representation of the events by a set of
subspaces of a Hilbert space. The major part of this note is concerned with this
so-called projective representation method; the others, questionnaires and
pseudoquestionnaires, are briefly given here for a better understanding of the
links between classification methods and information theory.

1. In a number of cases an experiment is made with the idea of repetition in
mind. It is of course a wellknown aspect of computer science to work only with
highly repetitive programs. Then, the experiments have a statistical aspect and it
is often possible to build probabilistic spaces upon events known only by the
frequencies of their realization. A questionnaire is a mathematical object which
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can be used as a model of experiment or as a scheme of a computer program
acting on a lot of data. Without introducing the exact definition of a question-
naire, we will give some of its properties (Picard, 1972, 1974).

Let us suppose we must realize an experiment with a finite number N of
outcomes which are the events of a given space Q, whose set of subsets is M
(finite case). These events are called the answers; if we have at our disposal a
mechanism such that we can identify the N events with only one elementary
experiment or question, we will say that only one question was needed for the
separation of these events. If the mechanism needs more than one question to do
the separation, then we will speak of a questionnaire with several questions. The
set-theoretical aspect of the questionnaire is given by the next remark: in many
cases each questions is acting exactly as a partition operator, and Q is cut into
smaller and smaller subsets until every subset is atomic; the process is then
called an “arborescent” one. But in other cases, a question does not realize a
partition because two outcomes of an elementary question are subsets of Q with
a non empty intersection: there is a covering of preceeding subsets, and the
process can be called a “latticoid” one. A graph obviously associated to a
questionnaire has the property: from the first question called root to every other
vertex (question or answer) there is only one path in the arborescent case, but
not in the latticoid case. In both cases, the questionnaire allows to find the
answer to the problem under study or what item would be selected. The
questions and final answers are weighted by frequency coefficients—or, in the
best case, by probabilities —so that it is possible to speak of weighted paths. The
length of a path is the number of its arcs or of its questions: there is one
incoming are for every question, the root excepted. The routine length is defined
as the mathematical expectation of length of all the paths, linking the root to the
N answers. This routine length is fundamental to classify questionnaires built
over the same set Q.

A given questionnaire, with a unique set of questions, can be used for the
processing of a lot of items coming from a collection of data. One of the main
problems is to build a questionnaire which minimizes the routine length: it is a
global optimization which cannot be done easily when some constraints forbid
the use of certain partitions. In fact, every question is associated to an operator
of interrogation. A simple one is the comparison between two distinct numbers
a and b, the two outcomes being a>b and b>a. But this operator leads to an
arborescence with 4 answers and not only 3, when it is applied to a set of 3
numbers {a, b, c} for finding their maximum.

Firstly, we put “a>b?” and at the second level “a>c?” after a positive
answer, and “c>b?” after a negative answer. Then we get the 4 answers
{a>(b, c), c>a>b, c>b >a, b>(a, 0)}. It is obviously possible to keep only three
answers (a or b or c is the maximum) with a loss of information so that the only
feasible questionnaire with exactly 3 answers and built upon the operator “ . > .?”
is a latticoid, and the so-called processed information (with 4 events) is greater
than the so-called transmitted information (with only 3 events).

The theory of information is a guide for the prediction of a lower bound of
the routine length, and it gives a possibility to evaluate this length with the help
of only the probabilities of answers; the restrictions imposed by the set of
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interrogation operators create a gap between the lower bound and the practical
routine length. Other weights or parameters can be used to take into account
some other economical or practical concepts: cost of every question, power of
the questions, utility of the answers

We must point out the difference between these questionnaires and the
questionnaires as they are known in socio-economics. The information obtained
by such procedures allows one to do exclusively unions or intersections of sets,
but does not allow identification of items of a given class in a probabilistic
environment. The main applications of the questionnaires theory concern
searching and sorting, pattern recognition and the organization of data files in
computers by efficient procedures for classifying or interrogation problems.

2. Let us consider decision processes concerning a random variable T taking
a finite number of values T1, Tj, TN, when having the observations X,- of a
discrete random variable X. We denote by (Q, 4%, P) the probability space over
which the random variable T is defined. Let us suppose that a set Q of finite
random variables on (Q, ‚52/, P) is given. An element q is associated with every
internal vertex of an arborescence whose paths represent the interrogational
procedure. In the case of a questionnaire, Q is the set of authorized operations to
apply to every question, and there is a bijection between T and X. We cannot put
a question on T itself but only on X, and the answer is reliable and sure: the
answer X,- will mean that the real phenomenon occurs with the event TieT. In
the case where p(T,-|Xi)< 1, the process is unreliable and there is a doubt: it is
possible that the real phenomenon corresponding to Xi is the event Tj with a
probability p(Tj|X,.)§1— p(T,.|X,-). There is no bijection from X to T, and we
cannot say it is such or such teT which is actually concerned; Such situations
with indirect interrogation are not modeled by questionnaires with reliable
answers but by so-called pseudoquestionnaires with probabilistic vectorial an-
swers (Terrenoire, 1973).

3. Now we cannot assume the possibility to represent events and tests on a
probabilistic space. It may be possible with the help of correlation on the data
to find a vectorial space H, and to define the interesting events by subspaces of
this space; this is the case if it is impossible to determine the features in the data
that allow to classify the events.

These methods are called projective representations and have been studied
by Watanabe (1969) and Watanabe and Pakvassa (1973). Some actual develop-
ments will be represented in this paper with pattern recognition of earthquakes
areas as example.

Bongard and Gelfand’s problem of pattern recognition is in the third
category because, as we know, there are no discriminant features to distinguish
dangerous areas from others (Gelfand et a1., 1972, 1973). Nevertheless a strong
earthquake as a geomorphological phenomenon has to mark the surface of the
earth; and it is possible to suppose a difference between the geophysical
descriptions of areas where earthquakes happen or not.

The pattern or class of events that we want to recognize is defined by an
issue:

a: epicenters of strong earthquakes may be situated in the area,
b: opposite (may not).
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If the data allow a good representation of the class of events, they do not
allow always an inductive analysis of the phenomenon. For example, it is
possible to describe only the secondary effects of the phenomenon in the code,
and these are enough to obtain a good projective representation of some
patterns.

Now we present some aspects of projective representation (Sallantin, 1976)
which allow a practical approach to this problem. Afterwards we show how
Bongard and Gelfand’s method can be justified by-these results. Then we present
another method and compare the results.

Construction of a Projective Representation

From a mathematical point of view, we have three steps in the study of this
representation :

. To find the conditions of existence.

. To obtain the practical formulation allowing projective information pro-
cessing.

. To practise an algorithm.
1. For the first step, conditions are defined according to a logical algebraic

formulation. It is possible to show that projective representations do not
correspond to Boolean logic but to quantum logic as they are defined by J. von
Neuman and G. Birkhoff to justify the basis of quantum mechanics.

This aspect is studied in von Neuman and G. Birkhoff (1973). We suppose
here that it is possible to have a projective representation.

2. Let Q be a set of objects about which we put a set of questions having a
proposition as a semantic value: the assertion of each proposition his called an
issue, and the non assertion, negation, out of the context, is not considered, g is
the set of issues. Information on the objects is accessible by a code xeX, X cIR".

The quest of the issue a transforms the code xeX, we shall define that
function:

(pa: IR"—>]R".

We have also to consider an application f:

f1 g ><1R"->[0‚ 1],
where f(a, x) is the frequency of verification of the issue a for the class of objects
coded by x.

The analysis describes an interrogational process

{X,$,f,¢ala6$}.
To have a projective representation, it is necessary to suppose on .5! a

monoid structure for an operation of concatenation CI, corresponding to the
succession of 2 assertions, and to have for each code a morphism of .2” on [0, 1].
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This is verified for the next set operation

1) f(0D b, X) =f(a, X) 'f(b, 90.100),
and a pseudo complementation verifying:

2) f(—Ia‚x)=1—f(a‚x).

These operations are proposed by S. Watanabe (1969). Now to obtain a practical
projective representation we have to find

{X,$,fl¢a|a€$}
that verifies properties l and 2. We shall give a procedure to obtain it.

Let us consider IR”, and EUR") the set of vectorial subspaces of JR". The
scalar product is noted (I); gOR”) is a lattice, ortho-complemented with

1) “I - _la=a agi/OR")

2) î a A a={0} with {O} = ‘I I, I=IR"E$(IR")

3) aAb=a=> ‘IbA 7a’=7b

and orthomodular with

aAb=b=b=aA(bv _Ia).

On ‚9€ (H) we have functions verifying

m(0)=0, m(I)=1

a A b=a à m(a):<__m(b), a,be.§f(H)

a A b=0:m(a v b)=m(a)+m(b).

This functions are denoted generally state in literature; we can now use a
Gleason result (Parthassarathy, 1970).

Theorem. Let us have R", ng3, and ZUR”) the lattice of all the subspaces of IR".
We have a one to one mapping on the positive self adjoint operator Tu with a unity
trace to the states of EUR"). If (ai, i=1,n) is a basis of aGR"), then:

‚u(a) = Z <ailT.“ at)-

With the help of this result, it is possible to obtain all the states of EUR"). We
suppose now that f(a, x) =u({X})‚ where {x} is the subspace generated by x, for a
state a of EUR"), and we try to obtain subspaces that optimize the state ‚u. For
this, we need also that they should minimize the entropy function.
Definition. Let (I 1, ..., 1,) be a basis of the subspace l. Define

H1 (1)=Ëm(’i) 1“ (mill)
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suppose now that f(a, x) =u({X})‚ where {x} is the subspace generated by x, for a
state a of EUR"), and we try to obtain subspaces that optimize the state ‚u. For
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H1 (1)=Ëm(’i) 1“ (mill)
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andiffl=k1,,8;0

Hß<l>= [imaau—maaß-U] ~[1—21-1‘1-l.
These functions are known as ‚B type informations:

Now it is possible to show

Proposition 1. Let A be the self adjoint operator associated to the state m. Let
K =(K1, ..., K) be a basis of eigenvectors of A; then any other orthonormal basis
l=(ll, , In) of IR" verifies:

Hß(l)gHß(K).

Now, we define the entropy of a subspace S of IR" by

H"(S)=min Hß(s)
seŒ

where (9 is the set of orthonormal basis of S.

The next result can help us to choose the subspace that maximizes the
state and minimizes the entropy. Let us call Karhunen Loève expansion the
basis of eigenvectors of A ordered by decreasing eigenvalues (S. Watanabe,
1969)

Proposition 2. For a state m, between all the subspaces S ofZUR”) with dim (S) =d,
d>1, there is one Sd, built with the d first vectors of the expansion of Karhunen
Loe‘ve of the autoadjoint unity trace operator associated to m, which verifies

1

H”(Sd>gHß(S)‚ dart—:1.
For experimental results, we look for a state and choose a subspace

corresponding to the solution of Proposition 2. It is possible to know this
subspace; its basis is the eigenvectors basis of A.

3. To obtain the algorithm, we use the classical steps of pattern recognition
1) to describe the feature of the objects (code)
2) to learn the issue of .5? we want to recognize with a set of issues verifying

them (learning)
3) to verify validity of learning on other objects (generalization), and to

apply the program.
For each idempotent issue for D, i.e., aDa=a, we are looking for a

representation. Let {2a be the learning set of a, aeg; Qa has 0 elements; let
l 1, ..., In be the basis of the code, <|> be the scalar product. Every event a), has a
code

C(wa) = (C1 (wet)? ' ' ' 9 671(c)(1))

with a weight p(coa) such that

Z p(wa)=1
a: 1

220

andiffl=k1,,8;0

Hß<l>= [imaau—maaß-U] ~[1—21-1‘1-l.
These functions are known as ‚B type informations:

Now it is possible to show

Proposition 1. Let A be the self adjoint operator associated to the state m. Let
K =(K1, ..., K) be a basis of eigenvectors of A; then any other orthonormal basis
l=(ll, , In) of IR" verifies:

Hß(l)gHß(K).

Now, we define the entropy of a subspace S of IR" by

H"(S)=min Hß(s)
seŒ

where (9 is the set of orthonormal basis of S.

The next result can help us to choose the subspace that maximizes the
state and minimizes the entropy. Let us call Karhunen Loève expansion the
basis of eigenvectors of A ordered by decreasing eigenvalues (S. Watanabe,
1969)

Proposition 2. For a state m, between all the subspaces S ofZUR”) with dim (S) =d,
d>1, there is one Sd, built with the d first vectors of the expansion of Karhunen
Loe‘ve of the autoadjoint unity trace operator associated to m, which verifies

1

H”(Sd>gHß(S)‚ dart—:1.
For experimental results, we look for a state and choose a subspace

corresponding to the solution of Proposition 2. It is possible to know this
subspace; its basis is the eigenvectors basis of A.

3. To obtain the algorithm, we use the classical steps of pattern recognition
1) to describe the feature of the objects (code)
2) to learn the issue of .5? we want to recognize with a set of issues verifying

them (learning)
3) to verify validity of learning on other objects (generalization), and to

apply the program.
For each idempotent issue for D, i.e., aDa=a, we are looking for a

representation. Let {2a be the learning set of a, aeg; Qa has 0 elements; let
l 1, ..., In be the basis of the code, <|> be the scalar product. Every event a), has a
code

C(wa) = (C1 (wet)? ' ' ' 9 671(c)(1))

with a weight p(coa) such that

Z p(wa)=1
a: 1



|00000235||

Data Seizing and Information Processing 221

let k be a symmetrical application of lR2 to IR verifying

k(x, 3020.

A matrix G of self correlation will be:

Gui, 1,.) = [ Z pan.) Magma), c,-(w.»]
a: 1

>< [Ë Ëpwaucxwa, c.-(w.»]~
dz]. i=1

with the associated state for LEÆOR") with a basis 11,...‚lp

p<L>=z î <l.-Il;»>G(I;-,I;)<l;-Ili>.
i= 1 j‚j’= 1

According to the preceding result, if we diagonalize G(li,lj), we find the
subspace that maximizes the state corresponding to the learning set and
minimizes the entropy.

We define:

||c0a(>C)ll2
l|(><)||2f(a‚ x) =

where

Illll=<lll>1’2
and çoa is the projector corresponding to the subspace chosen to represent a. For
this choice we verify:

1) f(aÜa‚X)=f(a‚x)
2) f(_\ a,x)= 1 —f(a, x).

The projective information processing is here defined by

n ||<Pa(>€)||2
{97 IR

939W)
(paIaEÏ

and (pa is the projector associated to a subspace chosen with Proposition2 to
represent a.

3.1. Now we can apply this to the study of earthquakes areas. We have a
1R32 code of events in Pamir, and for an event ci(œ)=0, 1,2 according to the
feature i being false, true, or unknown. Between the functions k that it is possible
to choose, we put

k(ci(wa)a Cj ((0a)) =
acdwa) Cj((0a)
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where
1 O 02 .‘ =O 1 2(aij)=( 0 1 0.2) Î 0’ ’2. 0.2 0.2 0.2 J: ’1’

is generated by two issues:

a: epicenter of strong earthquake may be situated in this area
a’: opposite (may not).

These issues are considered as simple: aDa=a, a’Ela’ =a’.
For the calculus we use the second part of Proposition2 and choose a d—

dimensional representation. To help this choice we use an informational dimen-
sion, for an issue a and its subspace A:

D(a)=eH‘<A>.
This function measures how A represents the events, used to learn A; if the geo—
metrical dimension of A is d:

1§D(a)§_d.

The decision function that we use is the least sophisticated possible.
(pa and (pa, can be chosen so that the geometrical dimension of the subspace

corresponding to (pa+g0a‚ is

dim(g0a + god) = dim çoa + dim god,

and we have also:

(Pa'°90 qa=€0au a’D _l a= "I alja’=a’.

f(a, x) gf(a’, x) + 8 decision = + 1 the area is dangerous

8 +f(a, x) §f(a’, x) decision = —- 1 the area is non dangerous

I f(a, x) —f(a’, x)|< a decision = 0 no decision

3.2. We can describe the Bongard-Gelfand algorithm (Gelfand et al., 1972;
1973) in the same formal way. From the first same code X in IR32 they extract
another one X’ in IR“. We have not to justify this change of code; on this new
code, the next function k has been chosen:

k(ci(wa)a Cj(wa) = ôij

where

”=0 if iäFj, 511:1-

G(li‚ I) is diagonalized for a and a’, and we take the ten largest eigenvalues and
these eigenvectors to represent a, and the 11 eigenvectors, with the lowest
eigenvalues for a but largest for a’, to represent a’.

{9,111233,
Hcpabdll2
W’ŒalaEE}are defined, and there we remark that a’ is‘l a.
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The decision function is here: an area is dangerous if

Now we present the results, with the help of 2 data. On this example we can
see how it is possible to have projective representations: but we do not know
how to find the best one.

The Table 1 is a comparison of results when the learning is on an increasing

Table]

5 8 9 10 11 12 13 14 15 16

1896 1907 1911 1911 1934 1938 1941 1948 1955 1970

l 6 1 1 1 1 1 1 1 1 l l
2 1 l 1 1 l 1 1 l 1 1 1
3 3 1 1 1 1 l 1 1 1 1 1
4 35 1 1 1 l 1 1 1 1 1 1
5 l3 —-+ 1 1 1 1 1 1 1 1 1 1
6 38 —1-* l l l 1 1 l 1 1 1
2 20 —1-* l 1 l 1 l I 1 1 1
8 27 1 —> 1 1 1 1 1 l 1 1 1
9 4 1- 10—) l 1 1 1 1 1 1 1

10 36 l- —l-* 1 —> l 1 1 l 1 1 1
11 25 —1-* 1- 1 l —> l l 1 l 1 1
12 5 1 1 1 1 1 —> 1 I 1 1 1
13 24 —1* —l* 1 1 l l —> l 1 1 1
14 15 1 1- 1 1 1 1 1 -+ 1' 1 1
15 22 1 1 1 l 1 1 l 1 —> 1 1
16 2 (—3‘ 1 1 1 I 1 1. 1 1 1 -—>1
l? 37 1 1 1 1 1 1 1 1 1 1
18 23 ——1 1 1 1 1 0 1 l 1 1
19 31 l 1 1 l 1 1 1 l 1 1
20 26 1 1 1 —1 —1 —1 -—1 —1 —1 —1
21 41 1 —1 1 l 1 1 1 Û 0 Û
22 34 -—1 —1 —1 —1 —1 —1 —1 —1 —1 —1
23 8 H—l —1 —1- —l —l —l -—1 —1 —1 —l-
24 32 —1 1* 1* 1H1c 1* 1* 1* 1* 1* 1*
25 10 -—1- —1- —1- ——1 —1 —1 —1 —1- —1 —1
26 14 —1 —1 —1 —1 —1 —1 —1 -1 —1 —1
2? 39 —1 ——1 —1 —l —1 —l —1 —1 —1 —1
28 40 ——1 —1 —1° —1 —1 —1 ——1 —1 —1 ——1
29 16 —1 l-* 1-* 1* ——1 1* 1-* 1-* 1* 1*
3O 17 —1 —1 —1 —1 —1 ——l —1 -1 —1 —1
31 19 “—1 —l- —1 —1 —1 —1 —1 —-l —I —1
32 21 —1 —1 —1 —l —1 —1 —l —1 —1 —l
33 33 —l —1 —1 —1 —1 —1 ——1 —1 —1 —1
34 9 —1 —1 —1 —l —1 —l —1 —1 —l ——1
35 11 —1 —1 —1 —1 —1 -l —1 —1 —l —1
36 12 —-1 —1- —1 —1 —l —1 —1 —-l —1 —1
37 29 —1 —1- —1 —1 —1 —1 —1 —1 —1 “—1
38 3D ——1 -—1 —1 —1 —l —1 —1 —1 —1 —1
39 2 —-1 —1- —'1 —l —1 —1 —l ——1 —1 —1
40 l8 —1 —l —1 —l —1 —1 —1 ——1 —1 —l
4l 28 —1 —1 —l —1 —1 —1 —1 —1 —1 —1
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Table 2

13
38

2?DO

—1
—1

10 36
2511

12
—1l3 24

14 15
—115 22

16
—117 37

18 23
19 31 —1

—l20 26
41

22 34
21

23
24 32

1025

27 39
28 40

1931
32 21 —1
33 33
34
35 11

12
3? 29
38 30
39
40
41

—l
2

18
28

number of events. The 16 first lines correspond to decision functions about
effective events. These events are in a chronological order and decision function
must be +1. From 17 to 22 we have the analysis of suspect areas. From 23 the
lines correSpond to the decision for areas considered as non dangerous, the
decision must be — l, unless a wrong appreciation of the area. To learn the
dangerous area we take the events that happen before the date, 5, 8 etc. The
second column correSponds to the Gelfand et al. number to determine the area.
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. Decision is wrong in the analysis of Gelfand et al. (1973).
>1< Decision is wrong in our analysis

Dimension of A and A’ is 5.
In the Table 2 we have 16 events to learn A and each line corresponds to the

decision function when dimension of A and A’ vary from 1—17. Evidently the
first 16 lines must have decision +1 and from the line 23 the decision must be
— 1. The dimension choice is empirically made because no relations have to be
taken into account between issues.

Conclusion

We gave 3 methods useful for classification and pattern recognition. With the
projective analysis on geomorphological data, we can give representations of the
issues formulating the risk of strong earthquakes on an area.

In this example we had not enough issues to obtain relations on the set of
the representations of issues. These relations allow a very interesting study of the
part that each feature of the geomorphological data plays to represent the issues.
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Formal Morphostructural Zoning
of Mountain Territories

M. Alekseevskaya, A. Gabrielov, I. Gel’fand, A. Gvishiani* and E. Rantsman
Institute of Physics of the Earth, Academy of Sciences of the USSR,
Bolshaya Gruzinskaya 10, Moscow, USSR

Abstract. Formalization of morphostructural zoning of mountain regions,
with special emphasis on determination of lineaments, is considered in this
paper. The zoning is based on joint analysis of topography, geology, tectonics
and geomorphology, represented on corresponding maps and aerial or space
photos. Our goal is to make the zoning objective and reproducible. The
importance of this goal follows from the fact that morphostructural zoning,
especially the scheme of lineaments, is the starting point of our approach
to prediction of strong earthquakes; it is important also to location of
some mineral deposits. The definition of large elements of relief is formalized
in the first place. On the basis of their characteristics a territory is divided
into three types of areas: blocks, lineaments and knots. A precise and objec-
tive location of knot and lineament positions is the final aim of our formalized
scheme. The application of the suggested algorithm to Eastern Tien Shan
is described in the conclusion of the paper, as an illustration.

Key words: Morphostructure — Formal zoning — Mountain — Block —
Lineament -— Knot — Earthquakes — Relief — Tectonics.

Introduction

The study of many geophysical problems requires a scheme of morphostructural
zoning, as a starting point, based on geological and geomorphological evidence.
By morphostructures we understand the active tectonic structures expressed
in both of the above mentioned kinds of evidence. Among different morphostruc-
tures most often the lineaments (zones of intensive relative movements, partly
expressed by geological faults) are considered — in connection with estimation
of seismic risk, earthquake prediction and with more theoretical problems of
geodynamics. The scheme of morphostructures is accepted usually as a part
of initial, furtherunquestioned, base. That is why it is important to make

* To whom offprint requests should be sent
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Abstract. Formalization of morphostructural zoning of mountain regions,
with special emphasis on determination of lineaments, is considered in this
paper. The zoning is based on joint analysis of topography, geology, tectonics
and geomorphology, represented on corresponding maps and aerial or space
photos. Our goal is to make the zoning objective and reproducible. The
importance of this goal follows from the fact that morphostructural zoning,
especially the scheme of lineaments, is the starting point of our approach
to prediction of strong earthquakes; it is important also to location of
some mineral deposits. The definition of large elements of relief is formalized
in the first place. On the basis of their characteristics a territory is divided
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is described in the conclusion of the paper, as an illustration.
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Introduction

The study of many geophysical problems requires a scheme of morphostructural
zoning, as a starting point, based on geological and geomorphological evidence.
By morphostructures we understand the active tectonic structures expressed
in both of the above mentioned kinds of evidence. Among different morphostruc-
tures most often the lineaments (zones of intensive relative movements, partly
expressed by geological faults) are considered — in connection with estimation
of seismic risk, earthquake prediction and with more theoretical problems of
geodynamics. The scheme of morphostructures is accepted usually as a part
of initial, furtherunquestioned, base. That is why it is important to make
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morphostructural zoning objective and reproducible; to achieve this it is neces-
sary to formalize the method of such zoning. The suggested formalization is
meant to be used by a geomorphologist.

Our approach to the problem was basically the following. Some well known
and usually taken for granted terms and notions were accepted without addi-
tional specifications, as original elements. On the basis of these notions we
made an attempt to define more complicated objects: their quantitative and
qualitative characteristics allow to divide a mountain territory into a hierarchical
set of areas: mountain countries, megablocks and blocks.

The boundary zones between these areas are called lineaments. They are
closely connected with places of strong earthquakes. That is, the epicenters
of strong earthquakes are, as a rule, found in the vicinity of the intersection
of lineaments (Gel’fand et al., 1973, 1974, 1976).

Moreover, the construction of this formalized scheme of zoning is of interest
by itself as a logical problem, since it can be generalized to other problems
of this kind.

Basic Ideas

By morphostructure we mean a set of manifestations of tectonic movements
of the Earth’s crust in the relief (Gerasimov, 1946; Gerasimov and Rantsman,
1973). By morphostructural zoning we mean the division of a territory into
a system of hierarchically ordered areas characterized by a definite degree of
uniformity of the morphostructure. On the basis of morphostructural zoning
we establish three categories of objects: blocks—certain areas, lineaments—linear
zones dividing blocks, and knots—places where lineaments intersect. Blocks
are assigned ranks from first to third. Blocks of higher ranks are included
into blocks of lower ranks as their subareas. Blocks of the first rank—mountain
countries—are divided into blocks of the second rank —megablocks. Megablocks
are further divided into blocks of the third rank—which we call just blocks.
The rank of lineament is equal to the maximum rank of blocks that it divides.
Blocks, lineaments and knots are characterized by a consecutive increase of
tectonic activity.

The basic objects considered in formal zoning of mountain countries are
large elements of relief. These are mountain ridges and mountain massives;
the basins between mountain ridges or on their borders; intermountain basins
and longitudinal valleys, plateaus, highlands and water basins. The definition
of each object in the list of large elements of relief is based on notions, which
are simply interpreted in terms of geomorphology. For example: a mountain
ridge is a large extensive elevation in which the following elements can be
discerned: 1) the highest axis areas; 2) the lowest foot area; 3) inclined planes
connecting the axis with the foot—the so called slopes of the ridge. The ridge
axis area, in turn, is characterized by some specific features (e.g. the watershed
of rivers flowing from the opposite slopes) which are not supposed to be further
formalized.

A deeper penetration into the axiomatics of these notions is possible and
presents interesting and complicated problems (Voronin and Eganov, 1974).

228 M. Alekseevskaya et al.

morphostructural zoning objective and reproducible; to achieve this it is neces-
sary to formalize the method of such zoning. The suggested formalization is
meant to be used by a geomorphologist.

Our approach to the problem was basically the following. Some well known
and usually taken for granted terms and notions were accepted without addi-
tional specifications, as original elements. On the basis of these notions we
made an attempt to define more complicated objects: their quantitative and
qualitative characteristics allow to divide a mountain territory into a hierarchical
set of areas: mountain countries, megablocks and blocks.

The boundary zones between these areas are called lineaments. They are
closely connected with places of strong earthquakes. That is, the epicenters
of strong earthquakes are, as a rule, found in the vicinity of the intersection
of lineaments (Gel’fand et al., 1973, 1974, 1976).

Moreover, the construction of this formalized scheme of zoning is of interest
by itself as a logical problem, since it can be generalized to other problems
of this kind.

Basic Ideas

By morphostructure we mean a set of manifestations of tectonic movements
of the Earth’s crust in the relief (Gerasimov, 1946; Gerasimov and Rantsman,
1973). By morphostructural zoning we mean the division of a territory into
a system of hierarchically ordered areas characterized by a definite degree of
uniformity of the morphostructure. On the basis of morphostructural zoning
we establish three categories of objects: blocks—certain areas, lineaments—linear
zones dividing blocks, and knots—places where lineaments intersect. Blocks
are assigned ranks from first to third. Blocks of higher ranks are included
into blocks of lower ranks as their subareas. Blocks of the first rank—mountain
countries—are divided into blocks of the second rank —megablocks. Megablocks
are further divided into blocks of the third rank—which we call just blocks.
The rank of lineament is equal to the maximum rank of blocks that it divides.
Blocks, lineaments and knots are characterized by a consecutive increase of
tectonic activity.

The basic objects considered in formal zoning of mountain countries are
large elements of relief. These are mountain ridges and mountain massives;
the basins between mountain ridges or on their borders; intermountain basins
and longitudinal valleys, plateaus, highlands and water basins. The definition
of each object in the list of large elements of relief is based on notions, which
are simply interpreted in terms of geomorphology. For example: a mountain
ridge is a large extensive elevation in which the following elements can be
discerned: 1) the highest axis areas; 2) the lowest foot area; 3) inclined planes
connecting the axis with the foot—the so called slopes of the ridge. The ridge
axis area, in turn, is characterized by some specific features (e.g. the watershed
of rivers flowing from the opposite slopes) which are not supposed to be further
formalized.

A deeper penetration into the axiomatics of these notions is possible and
presents interesting and complicated problems (Voronin and Eganov, 1974).



|00000243||

Formal Morphostructural Zoning 229

The limits of formalization of geological notions in this paper follow from
our orientation to the geomorphologist engaged in zoning real territories.

Quantitative indices of large elements of relief are the following: altitude
or depth, Width of basins, thickness of soft sediments, azimuth of elongation
(strike), age of rocks. Considerable alterations of quantitative indices are defined
on the basis of numerical thresholds which are chosen separately for each
terr1tory.

Definitions

It is convenient to begin with the definition of blocks of the third rank, that
is just blocks. A block is a territory within which all quantitative indices of
large elements of relief of the same kind change insignificantly, whereas across
the limits of this territory a considerable alteration of at least one quantitative
index takes place.

Megablock is a territory within which all the quantitative indices of large
elements of relief of the same kind change regularly, whereas the regularity
is broken when crossing the boundaries of this territory.

Basic regular changes of quantitative indices of large elements of relief are
defined in the following list: 1) Monotonous increase of the altitude of ridge
axes across and along their extension; 2) Monotonous decrease of the basin
width in a system of near-parallel basins or along a set of basins forming
a chain; 3) Successive change of strike of ridge axes resulting in specific configu-
rations of axes defined by means of recalculation for the mountain territory
under consideration; 4) Uniform changes of the ridge axis altitude in a system
of approximately parallel ridges. _

It should be emphasized here, that changes introduced by us as considerable
and regular are typical for the territories, on which the scheme of zoning has
been worked out. It is quite probable that in zoning new territories it would
be necessary to regard some other types of changes of quantitative indices
of large elements of relief which would prove considerable or regular.

By mountain country we mean a territory with a common type of orogenesis
and a uniform appearance of relief. Usually, we distinguish four basic types
of orogenic processes: volcanic, epiplatformal, epigeosynclinal, continental-rift
formation. Besides, territories with different types of relief can be found among
the uniform orogeneses.

Characterizing the appearance of a relief we take into account the following
features: general level of altitudes ( 4 types: below 1500 m, below 3500 m,
below 5500 m, and above 5500 m), character of large elements of relief combina-
tions, character of their contours and their predominant directions (4 types:
latitudinal, longitudinal, North-East, North-West).

Lineaments and Knots

A morphostructural lineament is a linear zone 10—40 kilometers wide and
100—1000 kilometers long which separates two blocks. A lineament, thus, is
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analogous to a fault. But not all lineaments are marked by faults, and vice
versa it is not through every fault that a lineament can be drawn. A lineament
can be characterized in two ways. On the one hand it can be defined as a
zone where relative displacements of adjacent blocks take place. At the same
time lineaments are characterized by a number of specific features, which make
it possible to consider them as independent morphostructures and distinguish
them from blocks.

We distinguish three types of lineaments.
Longitudinal lineaments are approximately parallel to the predominant strike

of large elements of relief. They stretch along the boundaries of these elements,
separating the relatively elevated areas from relatively low ones. A longitudinal
lineament is characterized by contrasting types of relief and to considerable
extent is expressed also by large faults, which are seen at the surface or may
be detected by usual tectonic methods.

Transverse lineaments are oriented slantwise or across the predominant strike
of large elements of relief, and their manifestations at the surface are not contin-
uous. These lineaments are, as a rule, traced by sharp specific changes of longitu-
dinal morphostructures. Here is the list of these changes: 1) A turn of the
strike of the axis of the ridge or of its foot, or of the axis of the longitudinal
valley. 2) A change of the dominant altitude. 3) Termination of large elements
of relief. 4) A change in the thickness of soft sediments. Also, the change
in the regular pattern of other indices, as listed above, may be an additional
indication of transverse lineaments.

To trace a transverse lineament is much more difficult than to trace a
longitudinal one. For example, the transverse lineaments in California were
found only after the basic ideas of the present formalization had been applied
(Gel’fand et al., 1976). The existence of these lineaments was confirmed by
photos from space.

Lineaments of the third type are major strike-slip faults with large-scale
horizontal movements. First rank is assigned to lineaments of this type. An
example is the San Andreas fault.

It should be emphasized, that the features of lineaments as independent
morphostructural units, which were enumerated before, are not sufficient for
them to be fully defined and just contribute to specifying their positions as
block boundaries more precisely.

By a morphostructural knot we mean a zone formed by the intersection
of two or more lineaments. Some specific features of relief typical of knots,
which were produced by tectonic movements along lineaments of different
strikes, give us the opportunity to separate the knot from lineament zones
and to consider it as an independent morphostructural object. As compared
to lineament zones, knots reveal an increasing number of types of relief, mosaic
pattern of rocks, and a variety of combinations of linear relief forms of different
strikes. The knot boundary is drawn by means of following each of the crossing
lineaments and marking the place where the mosaic relief and the particular
quality of rocks disappear, the number of linear forms of relief is reduced
and one can see only forms of the predominant strike.

Morphostructural zoning based on our scheme is drawn on a map 1 2,500,000

230 M. Alekseevskaya et al.

analogous to a fault. But not all lineaments are marked by faults, and vice
versa it is not through every fault that a lineament can be drawn. A lineament
can be characterized in two ways. On the one hand it can be defined as a
zone where relative displacements of adjacent blocks take place. At the same
time lineaments are characterized by a number of specific features, which make
it possible to consider them as independent morphostructures and distinguish
them from blocks.

We distinguish three types of lineaments.
Longitudinal lineaments are approximately parallel to the predominant strike

of large elements of relief. They stretch along the boundaries of these elements,
separating the relatively elevated areas from relatively low ones. A longitudinal
lineament is characterized by contrasting types of relief and to considerable
extent is expressed also by large faults, which are seen at the surface or may
be detected by usual tectonic methods.

Transverse lineaments are oriented slantwise or across the predominant strike
of large elements of relief, and their manifestations at the surface are not contin-
uous. These lineaments are, as a rule, traced by sharp specific changes of longitu-
dinal morphostructures. Here is the list of these changes: 1) A turn of the
strike of the axis of the ridge or of its foot, or of the axis of the longitudinal
valley. 2) A change of the dominant altitude. 3) Termination of large elements
of relief. 4) A change in the thickness of soft sediments. Also, the change
in the regular pattern of other indices, as listed above, may be an additional
indication of transverse lineaments.

To trace a transverse lineament is much more difficult than to trace a
longitudinal one. For example, the transverse lineaments in California were
found only after the basic ideas of the present formalization had been applied
(Gel’fand et al., 1976). The existence of these lineaments was confirmed by
photos from space.

Lineaments of the third type are major strike-slip faults with large-scale
horizontal movements. First rank is assigned to lineaments of this type. An
example is the San Andreas fault.

It should be emphasized, that the features of lineaments as independent
morphostructural units, which were enumerated before, are not sufficient for
them to be fully defined and just contribute to specifying their positions as
block boundaries more precisely.

By a morphostructural knot we mean a zone formed by the intersection
of two or more lineaments. Some specific features of relief typical of knots,
which were produced by tectonic movements along lineaments of different
strikes, give us the opportunity to separate the knot from lineament zones
and to consider it as an independent morphostructural object. As compared
to lineament zones, knots reveal an increasing number of types of relief, mosaic
pattern of rocks, and a variety of combinations of linear relief forms of different
strikes. The knot boundary is drawn by means of following each of the crossing
lineaments and marking the place where the mosaic relief and the particular
quality of rocks disappear, the number of linear forms of relief is reduced
and one can see only forms of the predominant strike.

Morphostructural zoning based on our scheme is drawn on a map 1 2,500,000



|00000245||

Formal Morphostructural Zoning 231

by means of joint analysis of tectonic, geological and topographic maps of
the scale 122,500,000 and maps of larger scales, as well as literature material
and photos from space. In the first stage of zoning we divide the territory
into mountain countries and draw lineaments of the first rank. In the second
stage we divide the mountain countries into megablocks and draw lineaments
of the second rank. In the third stage we construct just blocks and lineaments
of the third rank, and in the fourth stage we mark the knots. The knot boundaries
can be established precisely only by means of field observations. In places
where the respective exploration has not been undertaken, one has to consider
some formally defined area of lineament intersection instead of a knot.

Example

In conclusion, we shall give an example of morphostructural zoning of a part
of Tien Shan (Fig. 1). We are considering there a part of one mountain country,
which is separated from adjoining regions by lineaments of the first rank:
by I1 and 12 in the North from Kazah folded region, by 13 in the South
from Tarim stable massive, and by the Talasso-Fergan fault (T— (D) in the
West. The eastern boundary is outside the scheme. Within this territory two
megablocks, North Tien Shan (A) and Central Tien Shan (B) are distinguished.

In the North Tien Shan megablock there are the Kirgiz (l) Trans-11i Alatau
(2) and Kungey Alatau (3) ranges and the basin of Issik-Kul. Quantitative
indices of the ranges in this megablock change in a common way—the altitude
of each range decreases strongly along the axis from the central part. Altitudes
of the peaks are approximately the same. The axis of each range in horizontal
plane is a broken concave line with the concave side turned in the direction
of the basin. These common features support our decision to include these
ranges in one megablock.

There is no considerable change of altitude of the axis within each range
of Central Tien Shan megablock; however, the altitude increases from range
to range in eastern direction. The width of the basins decreases as we proceed
to the East, and the chain of basins terminates by longitudinal valleys. The
distance between the axes of ranges declines, and as a whole they have a fan-like
configuration. These megablocks are divided by a lineament of the second
rank (II).

There are two longitudinal lineaments of third rank within the North Tien
Shan megablock. These are Kemino-Chiliksky (1111) and North Issikkulsky (IIIZ)
faults. Let us show, for example, that Kemino-Chiliksky fault divides the terri-
tory into blocks of third rank. In fact, this fault divides Trans-Ili and Kungey
Alatau. The axes of these ranges have broken configuration, and the difference
in strike of their flank parts is more than 20°; that is why these ranges must
be attributed to different blocks.

There are two longitudinal lineaments of the third rank within the Central
Tien Shan megablockzmain Tien Shan (1113) and Atbashinsky (1H4) faults.

Now we come to transverse lineaments. They all are of third tank. To
establish their position it is necessary to specify places where a sharp alteration
of quantative indices of large elements of relief takes place.
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Fig. l. frange axes; 2—4 longitudinal lineaments of the: 2 first rank, 3 second rank, 4 third rank;
5 transverse lineaments of the third rank; 6 the average altitude of range axes. T—(D Talasso-Fergan
fault (major strike-slip). Ranges: ® Kirgizsky, (2) Trans-Ili Alatau ® Kungey Alatau. A-North
Tien-Shan megablock, B-Central Tien-Shan megablock. (The indices of particular lineaments are
explained in the text)

On our territory there are transverse lineaments of the third rank, which
are characterized by two different types of strikes. Two lineaments are of North-
West strike-Sonkulsky (c) and Akshieraksky (Ak) and three lineaments of meri-
dional strike-Almaatinsky (At), Issiksky (Vic) and Saridjazsky (CA).

The North West striking lineaments cross both megablocks and separate
territories with considerably different levels of range altitude in the Central
Tien Shan megablock.

Basins become considerably narrower to the East of Sonkoolsky lineament
while they are changed by longitudinal valleys to the East of Akshieraksky
lineament.

The transverse lineament zones established by us can be seen on photos
from space and some of them look like continuous lines, going far beyond
the limits of the territory under investigation.
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Method and Summary of Results
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Abstract. This paper discusses cruxes of the method for inverting the P-time
residual data introduced by Aki et al. (1976a) and summarizes the results
obtained by the method on 3-dimensional seismic velocity anomalies in the
lithosphere under several seismic arrays around the world.

The velocity anomalies at shallow depths correlate well with geologic
features in young, active areas such as California, Hawaii and Yellowstone,
but the correlation is not apparent in old, stable areas such as eastern
Montana and Norway. Significant small scale (20~50 km) lateral inhomo-
geneity is observed everywhere to the depth of 100~ 150 km, with the mini-
mum estimate of root mean square fluctuation about 3%. The lithosphere-
asthenosphere boundary seems to manifest itself as change in the roughness
of anomaly pattern'or in the trend of anomaly.

Key words: Lithosphere —- Velocity anomalies — Arrays.

Introduction

Recently, Aki et al. (1976 a) introduced a new inversion method for teleseismic
travel time data obtained at a seismic array with some areal spread. The method
is very simple, never the less it gives a 3-dimensional seismic image of the
earth’s interior. The method has been applied to five major existing arrays;
NORSAR (Aki et al., 1976a), LASA (Aki et al., 1976b), Central California
(Husebye et al., 1976; Zandt and Aki, 1976), Hawaii (Ellsworth and Koyanagi,
1976), and Yellowstone (Iyer, 1976). The purpose of this review paper is to
summarize salient features of 3-D seismic images of the earth under these arrays,
and compare the results with geology and tectonics of the array siting area.

Method and Assumptions

Let us first briefly describe our method for teleseismic data inversion, with
special attention to the assumptions we make in our inversion method. We
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start with an initial model, consisting of a stack of homogeneous layers with
parallel interfaces overlying a “standard” earth. Our data are travel times,
say tl-j, observed at the station of i for the event of j. Our initial model includes
an assumption about the seismic source that the incident waves are plane waves
with known direction of approach determined by the hypocenter locations given
by NOAA.

For the initial model thus defined, we can calculate the ray path and travel
time expected for each station-event pair. We then form the travel time residual,
that is, the observed time minus the calculated time for the initial model. Typi-
cally, we use 2,000~3,000 travel time residuals for each array. The root mean
square of residuals are usually several times larger than the measurement error,
which is roughly 0.1 5. So, we want to reduce the residual variance by perturbing
theinitial model. Ideally, we want to perturb the whole earth and earthquake
locations. But the limited data do not allow this. We perturb the medium
only to a certain depth immediately beneath the array, by dividing each layer
in many blocks and assigning to each block an unknown parameter representing
the perturbation of slowness in the block.

In an addition to the perturbation of slowness inside the block model,
we allow one parameter for each event to be perturbed. That is the arrival
time of the plane wave front at a reference point fixed to the array. This
parameter can absorb the D.C. error common to all the stations, such as errors
in origin time of earthquakes or errors in the standard travel-time table t(A).
We don’t, however, allow the perturbation in dt/dA, or the slope of incident
wave front.

A major restriction of our model is this fixed wavefront, which may be
justified if the earth below our block model is laterally homogeneous. Evidence
in support of this assumption is available from the data obtained in California
as described later.

Another important restriction of our model is that we don’t perturb the
shape of interface between layers. This restriction, however, is not fundamental,
because if we can reduce the size of block, the interface fluctuation can be
simulated by the block model. Typically, we perturbed the velocity in about
300 blocks for each array. A small perturbation in a model parameter may
be linearly related with small observed residuals. We have as many linear equa-
tions as the number of observed residuals, which can be put into the following
form.

d=Gm (1)

where the elements of d, G, and m are respectively

(b91198‘tcfl)_(t°—b—s_tzc?l)(i) gijk fill-)1” and mk-

tij is the travel time for the station of i and the event of j. obs refers to
the observed value and cal refers to the value calculated using the initial
model defined earlier. gijk is the travel time spent by the ray (ij) in the block
of k. We sample only one block from each layer, in which the ray spends
most of its time. The bar suffixed with (i) indicates the average over all stations
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for each event. The subtraction of this average is a consequence of allowing
the D.C. error mentioned earlier. mk is fractional perturbation of slowness
for the block of k. The equation for mk is decoupled from the equation for
the D.C. error.

The usual least squares solution for mk is non-unique, because the matrix
G has zero eigen-values, at least as many as the number of layers in the initial
model. This is because the uniform perturbation of all the blocks in a layer
does not affect observable d, and is, therefore, undetermined by our data.
Additional zero eigen-values are possible if two blocks always share common
rays. To solve this problem, we tried two methods: one is the generalized
inverse or minimum solution, the other is the damped least squares solution
in which the effect of small eigen-values is smoothed out. The generalized
inverse gives a rough picture, which suffers from random error effect on eigen-
vectors with small eigen-values. The damped least squares solution gives a
smooth picture, with a loss of resolution in vertical direction as explained
below. We applied the two methods to data from several arrays, and concluded
that both give essentially the same image and the difference can be explained
by difference in the smoothing kernel, or resolution matrix.

Following Lanczos (1961), we decompose matrix G using eigen-vectors with
non-zero eigen-values.

G = UpAp V; (2)
where Ap is a diagonal matrix, with elements equal to non-zero eigen values.
Up and Vp are matrices whose column vectors are the corresponding eigen-
vectors in data space and model space, respectively. The generalized inverse
solution m6 can be written as

m6: VpA; 1 Ugd (3)
and the damped least squares solution as

Am” = V p UT d (4)P A}, + 02 1’
m” can be obtained by solving the following equation.

(GTG+021)mD=GTd (5)
Equation (4) shows that m” is an approximate generalized inverse, in which
the eigen-vectors with eigen-values less than 6 are suppressed. m-D is also a
special case of stochastic inverse (Franklin, 1970), where 02 is the variance
ratio of noise in the data to fluctuation in the model.

Eigen-Vectors with the Largest and Smallest Eigen—Values

Let us take the case of California data studied by Husebye et al. (1976) and
show the eigen-vectors for large and small eigen-values. Twenty six stations
roughly uniformly distributed in a rectangular area about 100 x200 km are
used in this study. The travel times were read for 66 earthquakes with fair
azimuthal and distance coverage. The total number of time residual used in
the inversion is 1517. The initial model consists of 5 layers with thinkness
25 km, each divided into 9 ><9 square blocks with side length 25 km for the
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top and second layers and 30 km for lower layers. The total number of blocks
penetrated by at least one ray path is 205. The number of zero eigen-values
is 12, of which 5 are due to the indeterminate constant for each layer and
7 due to coupling between two blocks in different layers, both effects mentioned
earlier.

Figure 1 shows the eigen-vector with the largest eigen-value for the case
of California described above. Each sheet represents a layer in the initial model,
placed at its median depth. The number in each square represents component
of eigen-vector for the block in %. They show very small values in the peripheral
blocks. There are a peak and a trough in the middle of the array siting area
which persist continuously from the top to the third layer and gradually die
out. This is the pattern our data can determine most reliably and accurately.

In contrast to this pattern for the largest 'eigen-value, the components of
eigen-vector for the smallest eigen-values are nearly zero everywhere except
at one corner as shown in Figure 2. At that corner, they show large values
with alternating signs between neighboring layers. This is the pattern which
is most difficult to determine from our data. Small random errors can cause
large fluctuation of this pattern.

There are 191 other eigen-vectors with spatial patterns of intermediate nature
between the above two extreme ones. Together, they make up our inverse
solution. The damped least squares method is designed to minimize the contribu-
tion from eigen-vectors with small eigen-values. It will smooth out the fluctuation
due to random error at peripheral blocks, but lose resolution in defining vertical
velocity variation because the eigen-vectors with large eigen-values tend to repeat
a similar pattern for neighboring layers. Typically, we choose the damping
factor 02 such that 2/3 of non-zero eigen—values are greater than 6. The resolution
matrix VTV corresponding to this choiceof 0 shows a diagonal element nearly
uniform (0.5 ~0.7) throughout our model region except in the peripheral blocks
where it drops below 0.5. The standard error of solution is typically 0.3 ~0.5%
so that the resultant slowness anomaly greater than 1% can be considered
significant.

Summary of Results

Central California. A preliminary result based on about 1500 readings of teleseis—
mic P residuals obtained from US. Geological Survey seismograph network
revealed seismic velocity anomalies showing a remarkable correlation with the
San Andreas fault (Husebye et al.‚ 1976). They also showed that the lower
limit of the root mean square of the true velocity perturbation is 3.1% for
the crust-mantle under the array to a depth of 125 km. This estimate of velocity
perturbation under the California array is close to the values for NORSAR
(3.4%) and LASA (3.2%) array estimated by Aki et al. (1976a, b).

To test whether the large scale trend in velocity anomaly (parallel to the
San Andreas fault) is due to the inhomogeneity inside or outside of our block
model, Zandt and Aki (1976), using additional 2000 readings of P-time residuals
compared solutions for two different assumptions on incident waves. The first
solution was obtained using the incidence angle determined by the NOAA

Three Dimensional Seismic Velocity Anomalies 239

top and second layers and 30 km for lower layers. The total number of blocks
penetrated by at least one ray path is 205. The number of zero eigen-values
is 12, of which 5 are due to the indeterminate constant for each layer and
7 due to coupling between two blocks in different layers, both effects mentioned
earlier.

Figure 1 shows the eigen-vector with the largest eigen-value for the case
of California described above. Each sheet represents a layer in the initial model,
placed at its median depth. The number in each square represents component
of eigen-vector for the block in %. They show very small values in the peripheral
blocks. There are a peak and a trough in the middle of the array siting area
which persist continuously from the top to the third layer and gradually die
out. This is the pattern our data can determine most reliably and accurately.

In contrast to this pattern for the largest 'eigen-value, the components of
eigen-vector for the smallest eigen-values are nearly zero everywhere except
at one corner as shown in Figure 2. At that corner, they show large values
with alternating signs between neighboring layers. This is the pattern which
is most difficult to determine from our data. Small random errors can cause
large fluctuation of this pattern.

There are 191 other eigen-vectors with spatial patterns of intermediate nature
between the above two extreme ones. Together, they make up our inverse
solution. The damped least squares method is designed to minimize the contribu-
tion from eigen-vectors with small eigen-values. It will smooth out the fluctuation
due to random error at peripheral blocks, but lose resolution in defining vertical
velocity variation because the eigen-vectors with large eigen-values tend to repeat
a similar pattern for neighboring layers. Typically, we choose the damping
factor 02 such that 2/3 of non-zero eigen—values are greater than 6. The resolution
matrix VTV corresponding to this choiceof 0 shows a diagonal element nearly
uniform (0.5 ~0.7) throughout our model region except in the peripheral blocks
where it drops below 0.5. The standard error of solution is typically 0.3 ~0.5%
so that the resultant slowness anomaly greater than 1% can be considered
significant.

Summary of Results

Central California. A preliminary result based on about 1500 readings of teleseis—
mic P residuals obtained from US. Geological Survey seismograph network
revealed seismic velocity anomalies showing a remarkable correlation with the
San Andreas fault (Husebye et al.‚ 1976). They also showed that the lower
limit of the root mean square of the true velocity perturbation is 3.1% for
the crust-mantle under the array to a depth of 125 km. This estimate of velocity
perturbation under the California array is close to the values for NORSAR
(3.4%) and LASA (3.2%) array estimated by Aki et al. (1976a, b).

To test whether the large scale trend in velocity anomaly (parallel to the
San Andreas fault) is due to the inhomogeneity inside or outside of our block
model, Zandt and Aki (1976), using additional 2000 readings of P-time residuals
compared solutions for two different assumptions on incident waves. The first
solution was obtained using the incidence angle determined by the NOAA



|00000254||

240 K. Aki

epicenter and a standard earth (in this case, the Jefferys-Bullen travel time
table). The second solution was obtained by assuming that the incident wave
is the best-fitting plane wave locally determined from arrival times observed
at the array. The small scale anomalies in two solutions are quite similar to
each other. However, a large scale trend, such as the trend of San Andreas
fault which exists in the first solution is absorbed into the adjusted direction
of incident wave in the second solution and disappears.

Fortunately, we have here an independent set of data which allows us to
choose between the two solutions. They are the P" residuals from nuclear explo-
sions in Nevada Test Site and near-by earthquakes studied by Kind (1972).
His residuals were translated into a slowness anomaly map assuming a constant
crustal thickness [to be compatible with our model] which showed a remarkable
similarity to our first solution, obtained on the basis of a standard earth and
NOAA epicenter.

The map of crustal velocity anomaly thus determined shows an excellent
correlation with the geology map. Outcrops of granitic rocks on the west of
San Andreas fault corresponds to high velocity anomalies. A low velocity wedge
between Calaveras and San Andreas faults corresponds to sediments in the
fault zone, the lowest velocity occurring where outcrops of serpentinite exist.
Another prominent low velocity area near San Jose between the San Andreas
and Calaveras faults also correlates well with an outcrop of serpentinite.
Whatever the process which brought the serpentinite to surface might have
weakened the crust causing the low velocity anomaly. Mt. Diablo, a site of
strong gravity and magnetic anomaly is also marked by a high-velocity anomaly.
The contrast between a peak and a trough of crustal velocity anomaly amounts
to more than 10%.

On the other hand, anomalies in the mantle are weaker than in the crust.
The trend of San Andreas fault appears to persist to a depth of about 55 km
in the southern part of the array siting area and to deeper than 70 km in
the north. At depths around 85 km, the pattern of anomalies become dominated
by a low velocity anomaly with NE—SW trend, cutting across the San Andreas
fault. One might speculate that the change of pattern occurred at the lithosphere-
athenosphere interface. The depth of 55~85 km is not unreasonable for the
bottom of lithosphere in this area.

Yellowstone and Hawaii. Two other young and active areas are covered by
seismic arrays operated by US. Geological Survey. The data from Yellowstone
are analysed by Iyer (1976) and those from Hawaii by Ellsworth and Koyanagi
(1976) using our method. Velocity anomalies in both areas correlate well with
geology. In Yellowstone, a low-velocity column was found directly beneath
the caldera, and it persists from the upper crust to a depth of 100 km. The
diameter of low velocity column appears to increase with depth. The cause
of this anomaly has been discussed by Eaton et a1. (1975), who interprets it
as a combination of a shallow silicic magma chamber underlain by a partially
molten root. More recent data from extended array indicates persistence of
low velocity anomaly to 200—250 km.

Kilauea, Hawaii makes an interesting contrast to Yellowstone. Here, the
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crust immediately below the summit crater and rift zones (the site of fissure
eruptions) is characterized by high velocity anomalies. This is consistent with
previous refraction results as well as gravity anomalies, and may be explained
by high density residuals accumulated along the path of magma ascent and/or
by annealing effect of high temperature on cracks and pores of highly porous
basaltic lava sheets which make up the island. The velocity anomalies in the
mantle are again much weaker than those in the crust. Contrary to the high-
velocity anomalies in the crust associated with eruption sites, an indication
of low velocity anomaly trending NW-SE (parallel to the trend of Hawaiian
Islands) was found in the mantle under volcanoes.

Now, let us leave young active areas where US. Geological Survey is inter-
ested in and go to arrays in old quiet areas chosen for monitoring remote
underground nuclear testing. Interestingly, both in LASA (Montana, USA.)
and NORSAR (Norway), we fail to find a simple correlation between the crustal
velocity anomaly and geology map.

Montana LASA. We used 3026 readings of P-time at 17 inner subarray centers
for 178 teleseismic events tabulated by Chiburis and Ahner (1973). The details
of analysis and result are give in Aki et a1. (1976 b). Within the LASA array,
there are no conspicuous features in the gravity anomaly, sediment thickness
or any other geological parameters. On the other hand, the seismic velocity
anomaly is characterized by a strong trend in the N60°E direction, from the
upper crust to a depth of 100 km. There is no indication of such anomalies
in gravity or geology, except that a fault trace called “Weldon-Brockton fault
zone” and the Bouguer gravity contour line run in the same N60°E direction
in the north, immediately outisde the array area. The vertical cross;section
of velocity anomalies along N30°W near the array center indicates a dipping
low velocity sheet sandwiched between high velocity areas. Our' speculation,
here, is a large scale shear zone associated with building of the Rocky Mountains.

NORSAR. Finally, we come to NORSAR, where we used 2046 readings of
P-times from 93 events recorded at 22 subarray centers. The data were tabulated
by Berteussen (1974), and the result of analysis is described in Aki et al. (1976 a).
The eastern half of the array siting area is on that part of Baltic shield which
was undisturbed either by the Caledonian orogeny or by Permian volcanism.
This fact is reflected in the general pattern of higher velocity to east in the
velocity anomaly map for all the layers. However, the most interesting geologic
feature, Oslo graben (a site of Permian volcanism 200 million years ago) does
not show up clearly in the velocity anomaly map of the crust. The trend of
velocity anomaly in the crust appears to cut obliquely the boundary of Oslo
graben, rather than running parallel to it.

In the mantle, we find a small-scale anomaly underlying the central part
of the array, which becomes increasingly conspicuous with depth. In the bottom
layer (depth range 96—126 km) we find a strong velocity variation amounting
to 6% change in 50 km distance. The shape of this anomaly (low velocity)
suggests a pipelike structure, and our speculation here is to associate this with
the remains of magma ascent path through which the volcanic rocks of Oslo
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graben were transported, somehow displaced from the location immediately
beneath the graben area by lateral forces acting afterwards.

Conclusion

Although the above speculations are premature, some definite conclusions can
be drawn from our results.

(1) Small-scale (20~50 km) strong velocity anomalies (amounting to more
than 5% contrast) exist to a depth of at least 100 km.

(2) Velocity anomalies in the crust and geology map correlate well in young
active areas such as California, Hawaii and Yellowstone. The correlation is
poor in old, stable areas such as Montana and Norway.

(3) Deep-seated small-scale anomalies in the mantle are more conspicuous
in old, stable areas.

Extending the 3-dimensional mapping of seismic velocity anomalies to the
entire lithosphere of the earth may be useful for understanding the present
and past tectonics. In particular, the shape and orientation of a velocity anomaly
may be used to infer the stress history of the lithosphere.
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Abstract. The use of controlled seismic sources has markedly improved our
knowledge of the seismic structure of the lithosphere. In particular the recent
use of relatively closely spaced recording stations has shown the existence of
fine structure in the character of the seismic wave field.

The inversion of this detailed data has involved the use of both travel
times and waveform analysis. Bounds on the velocity depth distribution may
be obtained by extremal travel time inversion and then more detailed models
constructed to fit the observed travel times. These preliminary velocity
models are then refined by matching the character of the waveforms along
the profile by comparison of the observed seismograms with theoretical
seismograms calculated for the proposed models. The velocity structtire thus
obtained is however dependent on the attenuation structure, which creates
an additional problem in the inversion.

Improved knowledge of lithospheric structure in complex areas depends
on making allowances for lateral variation in crustal structure along a
profile. The effect of topography at the crust—mantle interface on the seismic
wave field is considered in detail.

Key words: Long range profiles — Inversion — Travel times — Waveforms
— Theoretical seismograms —— Attenuation -— Lateral variations.

1. Introduction

The study of the uppermost part of the earth’s mantle by seismic observations
was begun by Mohorovicic (1910), with his work on the travel times of the
Kulpatal earthquake of 1909 October 8 which lead to the suggestion of a sharp
increase in velocity at a depth of about 60 km. Many further studies were made
of the travel times from near earthquakes but the use of standard seismographic
station records gave relatively low timing precision and a sparse recording
network. This meant that the data quality was insufficient to resolve any detail
in the velocity distribution. However Jeffreys (1926) was able to show that the
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amplitude behaviour of the 1?, phase, propagating through the upper mantle, was
incompatible with a uniform medium and required the velocity to increase with
depth.

Recently increasing use has been made of “controlled” sources of known
time origin and location, together with a comparatively dense recording net-
work, which has often been deployed specifically for a particular experiment.
From this high quality data it is possible to begin to unveil the details of the
velocity distribution in the mantle.

The first major long range controlled source experiment was the “Early
Rise” experiment in 1966 when a number of five ton explosive charges were
fired in Lake Superior and recorded along nine main profiles radiating from the
lake across most of North America (Iyer et al., 1969). Arrivals were observed out
to 2000km and beyond. Although a very large number of stations were
deployed in the field, the continent —wide scope of the experiment lead to only a
reasonable station spacing on any one profile (about 50—100km apart). The
interpretation of the data has largely been based on travel time analysis (e.g.
Hales, 1971) and has not always taken into account the amplitude distribution
along the profile. There are also significant lateral variations in upper mantle
structure across North America.

To further constrain the mantle velocity distribution Helmberger and
Wiggins (1971) and Wiggins and Helmberger (1973) used recordings of nuclear
tests at the Nevada test site. These records for ranges up to 25° were obtained
from the uniform LRSM network of stations. An attempt was then made to
match the observed seismograms with theoretical seismograms calculated for
proposed velocity models. The data set was further supplemented by using
earthquake sources in Oregon and California. Detailed matching of observed
and theoretical seismograms is only possible if the effects of the source and
recording are both introduced in the calculation of the theoretical waveform.
Helmberger and Wiggins used an effective source time function obtained from
recordings at ranges greater than 35°, where the arrivals are only slightly
affected by the mantle structure. Despite the use of sources to the west and
receivers mostly to the east of the Rocky mountains, which makes it rather
unlikely that a laterally uniform model is appropriate, good fits were found to
the observed seismograms. No allowance was made in this work for the effects
of attenuation which, as pointed out by Kennett (1975 b), has a strong influence
on the final velocity model.

In past few years a number of large scale seismic refraction experiments
along 1000 km lines with a dense system of calibrated receivers have been carried
out in Western Europe. The design of these experiments has been influenced by
the deep seismic sounding technique used in Eastern Europe for the de-
termination of crustal structure. Major profiles have been conducted across
France in 1971 (Hirn et al., 1973), which was reoccupied in 1973 with shifted
shot point (Hirn et al., 1975). These profiles followed the axis of the old
Amorican mountain system and show relatively uniform crustal structure (Sapin
and Prodehl, 1973). However a profile along the length of the British Isles in
1974 (Bamford et al., 1976) crosses tectonic province boundaries and leads to a
more complex pattern of variable crustal structure and depth to Moho.
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The interpretation of these long range profiles has been based on initial
travel time analysis supplemented by the calculation of theoretical seismograms
to select the velocity structures which match the amplitude distribution along
the profiles. Variations in ground coupling and ignorance of the true source time
function preclude detailed matching of observed and theoretical seismograms
along the profiles.

2. Interpretation Techniques

In this article we will discuss the interpretational techniques which can be used
to try to determine the velocity structure from the observed seismograms and
the assumptions which are built into these approaches. Unfortunately the real
earth departs from the rather simple constraints which we would like to place
on our models and we have therefore to examine the consequences of the
deficiencies in our models. We will consider in particular the problems posed by
the attenuation of seismic waves in their passage through the mantle and the
influence of variations in the depth of the crust-mantle interface on the wavefield
recorded at the surface.

The initial interpretation of a long range seismic profile must be based on
the travel times of the seismic phases along the profile. The accuracy of this data
is dependent on the ease of correlating a particular phase across an assemblage
of seismograms. This process is normally not too difficult for clear first arrivals
but can present considerable problems for later arrivals. The common procedure
is then to find a velocity model for which calculated travel times. are in
agreement with the observed. This work is usually done by a process of trial-
and-error fitting, and can be applied even if there are lateral variations in
structure. For a model described by a limited number of parameters the
approach can be systematised via a Monte-Carlo inversion technique. If it is
reasonable to suppose that the structure is horizontally stratified, then the travel
time data may be used in an extremal inversion approach devised by Bessonova
et a1. (1974) to set bounds within which the velocity distribution must lie. The
separation of these bounds is determined by the accuracy of the original data.
This approach has been applied to refracted wave data from long range profiles
by Kennett (1976 a) and Bates and Kanasewich (1976) and has recently been
extended by Kennett (1977) to obtain bounds on the depths of reflectors from
precritical reflections. In the course of this inversion the original travel time data
are converted to an intercept time I(p) relation as a function of ray parameter p.
Jumps in r(p)‘ are diagnostic of velocity inversions, but the nature of this relation
is entirely dependent on the correlations made on the original records. As
pointed out by Him et al. (1975) the values of r(p) just above a jump are based
on the least accurate correlations so that the results have to be treated with
caution.

In order to attempt to refine the initial models obtained from travel time
analysis further use must be made of the information on the original seismo-
grams and both the relative amplitude of arrivals on a single record and the
amplitude distribution across a profile can be used as constraints. It is normally
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caution.

In order to attempt to refine the initial models obtained from travel time
analysis further use must be made of the information on the original seismo-
grams and both the relative amplitude of arrivals on a single record and the
amplitude distribution across a profile can be used as constraints. It is normally



|00000260||

246 B.L.N. Kennett

most convenient to use this information by comparing theoretical seismograms,
calculated for proposed velocity models, with the observations. If there are
strong lateral variations in structure then the only suitable approach at present
is to use asymptotic ray theory (Cerveny et al., 1974) but this is likely to be in
error in the neighbourhood of critical points and caustics.

If the structure can be regarded as horizontally stratified then theoretical
seismograms can be calculated by the reflectivity method introduced by Fuchs
and Miiller (1971) which has the advantage that for much of the structure all
internal multiple reflections and interconversions can be included. The velocity
model is represented as a stack of uniform layers of isotropic material. By
introducing a complex velocity distribution, the effect of attenuation may also
be introduced into the theoretical seismograms (Kennett, 1975b).

At the moment there is no direct method which may be used for the
comparison of observed and theoretical seismograms and therefore visual in-
spection is used. Velocity models based on this approach tend to have rather
smoother properties than those based on simple travel time analysis. However
even the use of theoretical seismograms does not necessarily allow the definition
of the details of the velocity distribution. Fuchs (1970) has demonstrated that a
number of perfectly elastic models remain essentially indistinguishable if only
post-critically reflected and refracted arrivals are considered. It is only if the
precritical behaviour can be clearly distinguished that a further discriminant can
be applied, but these later arrivals are difficult to trace. Attenuation also
increases the potential ambiguity in the velocity structure as will be mentioned
in the next section.

So far anisotropy has not been directly included in the calculation of
theoretical seismograms although there is increasing evidence that it is present
just below Moho on the continents (e.g. Bamford, 1973) and possibly also at
greater depths (Hirn, 1977).

If the true velocity structure has lateral variations then the straightforward
use of amplitude and travel time techniques based on the assumption of
horizontal stratification will lead to bias in the proposed velocity models. We
will consider these effects further in Sections4 and 5 and consider in particular
the effect of topography at the crust-mantle interface.

3. Attenuation versus Structure

The 1971 long range profile across France (Hirn et al., 1973) showed a relatively
low apparent velocity of arrivals (around 8.20 km 3*) from 150 to 1000km
range, but with little decrease in amplitude. Close inspection reveals that this is
acheived by the interaction of a number of phases. The B, arrival propagating
close to the crust-mantle interface is apparent from 150—250 km and is then
superceded by a sequence of en echelon phases: B in the range 300—500 km, and
R, between 450—650 km. A further PIII phase beyond 600 km was correlated by
Kind (1974). On the basis of the amplitude behaviour (Hirn et al.‚ 1973; Kind,
1974) and also systematic travel time inversion (Kennett, 1976a, 1977) the
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retrograde P, and I}, branches are to be associated with transition zones in the
mantle velocity distribution at depths of 50—60 km and 75—85 km. The shallower
transition zone is overlain by a velocity inversion and a smaller second velocity
inversion beneath this transition zone is also compatible with the data (Hirn et
a1., 1973; Kind, 1974).

Despite the strength of the retrograde I}, branch there is no clear indication
of a corresponding prograde, refracted, branch. In consequence Kind (1974),
who did not consider absorption, made the assumption of a further velocity
inversion so that there was only a very weak refracted branch. As noted by
Kennett (1976a), a similar effect may be produced by introducing attenuation
into the velocity structure.

In Figurel we present a comparison of the effects of attenuation and
structure based on the velocity models discussed by Kind (1974, Figs. 9, 10).
Theoretical seismograms have been calculated allowing for attenuation within
the velocity using a modified version of the reflectivity method (Kennett, 1975b).
A phase velocity window from 8.0—10.0kms‘1 has been employed, so that
Moho reflections PMP are not included. The basic source pulse used has a
dominant frequency of 3.3 Hz.

Figure 1a shows a theoretical record section for a structure with well
developed retrograde P, and R, phases but also a clear refracted branch (r)
extending to the end of the calculated profile. The model is assumed to have a
P—wave Q, of 2000 except within the major velocity inversion where Qa is
dropped to 500, this acheives a shift in dominant frequency between the B,
(3.2 Hz) and Pr}: phases (2.8 Hz) comparable to that observed by Hirn et al.
(1973). Figurelb shows the record section correspond to the modified model
proposed by Kind to explain the P, and P„ branches, the same attenuation
structure is assumed as in Figurela. The strong negative velocity gradient
introduced beneath 80 km depth effectively eliminates any refracted arrival but
at the cost of a more complicated velocity structure.

Figure 1c we present the record section corresponding only to a change of
attenuation structure from that in Figure 1a. We have here assumed that in the
lower transition zone and below Qa again drops to the comparatively high value
of 500. This has the result of considerably weakening the refracted arrival
relative to the retrograde branch. Lower Q, values would further reduce the size
of the arrival. If we compare the record sections in Figures 1b and 1c we see that
the general pattern of arrivals is very similar and the amplitudes differ by less
than 20% out to a range of 650 km. Thus both velocity structure and attenua-
tion can be effective in suppressing an unwanted arrival.

The weak refracted arrival in Figure 1c if interpreted in terms of a perfectly
elastic structure would require a weak negative velocity gradient to exist below
80 km (of. Hill, 1971). Thus by varying both the velocity gradient and the
attenuation we can obtain a wide range of models with the same amplitude
characteristics.

The models we have discussed represent extreme hypotheses as to the nature
of the velocity structure along the profile, and it should be borne in mind that
depatures from our assumption of lateral uniformity are likely to be of equal
importance in the real situation.
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The results of Steinmetz et a1. (1974) from recordings of a ten ton shot off
Western Scotland suggest that there is a velocity inversion below around 90 km
depth, though the evidence is not so pronounced on other paths (Hirn, 1977). It
is therefore likely that the failure to observe a refracted arrival at long ranges on
the French profile is due to a combination of attenuation and velocity structure,
which is not necessarily laterally uniform under the Auvergne (Perrier and
Ruegg, 1973).

These results show that the final interpreted velocity distribution is strongly
dependent on the form of the attenuation structure which is assumed. Further
striking examples of this effect are presented in the work of Mellman and
Helmberger (1974) and Fuchs and Schulz (1976) who have shown very close
agreement between wave-leakage through a high speed lamina and an atten-
uative model.

4. Lateral Variation in Structure

In the most recent long range profiles on land (e.g. Bamford et al., 1976) a
combination of short crustal refraction lines and reversed and overlapping long
range lines should provide adequate coverage to examine deep lateral variations.
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These results show that the final interpreted velocity distribution is strongly
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Helmberger (1974) and Fuchs and Schulz (1976) who have shown very close
agreement between wave-leakage through a high speed lamina and an atten-
uative model.

4. Lateral Variation in Structure

In the most recent long range profiles on land (e.g. Bamford et al., 1976) a
combination of short crustal refraction lines and reversed and overlapping long
range lines should provide adequate coverage to examine deep lateral variations.
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However in many earlier experiments and in those areas where such long range
profiles are logistically very difficult, e.g. on the sea floor at continental margins
or in the ocean basins, the level of data coverage available may well be only
sufficient to delineate the variations in crustal structure along the profile.
Particularly when a number of shots from a single shot point are recorded at
large ranges by a mobile array of receivers (or as at sea where many shots are
recorded at a single receiver site), there exists the possibility that there might
well be some unrecognised lateral variation in the deep structure. The degree of
bias introduced into systematic travel time inversions by lateral variations in
mantle structure has been examined by Kennett (1976 b), who used travel times
calculated for a laterally heterogeneous velocity model in travel time inversion
schemes designed to produce an “equivalent” horizontally stratified model
fitting the data. Further numerical experiments of this type for modest levels of
lateral heterogeneity in the mantle (e.g. about 2% variation in velocity at
constant depth), using realistic estimates of the accuracy of observed travel times
have shown that, if crustal effects can be removed, the equivalent horizontally
stratified model lies within the envelope of uncertainty on the velocity distri-
bution derived from extremal inversion.

Some bounds on the effect of lateral variations can be obtained from a
comparison of overlapping profiles, where the same line of recording stations is
occupied but with shifted shot point, unless there is significant change in crustal
structure on the portion between the shot points. Hirn et al. (1975) have
compared the overlapping 1971 and 1973 profiles in France and have shown
that the upper mantle structure in Brittany varies little along the profile. In
addition to determine the variation in structure out of the plane of the main
profile they have also compared the recordings along a number of fan profiles
radiating from a single shot point. For Brittany the uncertainty in: the velocity
distribution in a velocity transition zone oc(z) across the region (A a = j: 0.1 km 3—1,
AZ: i4km) is about half that for an individual profile obtained from travel
times alone (Kennett, 1976a). Despite the difficulty in acheiving true reversal
when energy is returned from a number of different levels, profiles conducted in
opposite directions along the same line also give a very useful control on the degree
of lateral variation at depth along the line.

Since most of the interpretational techniques which are available to us yield
horizontally stratified velocity structures, the common procedure when lateral
variations are known to exist (e.g. in shallow crustal structure) is to correct the
observed data to some laterally uniform reference structure. Such a procedure
may readily be carried out for travel times by employing ray tracing through the
actual and reference structures, but presents much greater difficulties for the
amplitudes of seismic waves.

If the changes in crustal structure are fairly modest and local horizontal
stratification can be assumed, then theoretical seismograms can be calculated by
the modification to the reflectivity method suggested by Kennett (1975a). These
seismograms may then be used in a direct interpretational scheme.

For more complicated structures we have to resort to numerical experiments
to gauge the influence of different types of structure in our inversion schemes.
The results of the LISPB experiment (Bamford et al., 1976) show considerable
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variations in the depth of the crust-mantle interface along the length of the
British Isles and in the next section we therefore look at the effect of variable
topography at the Moho on the seismic wavefield.

5. Topography at the Crust-Mantle Interface

In a previous study (Kennett, 1976 b) we have shown that even relatively mild
variations in the slope of the crust-mantle interface lead to noticeable changes in
the pattern of ray propagation through the mantle, and in consequence to a
change in the wave amplitude observed at the surface.

In the appendix we develop a high frequency approximation which allows us
to consider the effects of a slightly irregular crust-mantle interface and we here
apply this approach to a model derived from that presented by Bamford et al.
(1976) from the LISPB profile. To isolate the effects of topography, we have
adopted a uniform crustal velocity of 6.36 km s"1 and assumed a basically
horizontally stratified mantle structure, which is not proposed as an in-
terpretation of the LISPB long range results but used only for the purpose of the
numerical experiment.

The method we use is a modification of the reflectivity method and we take
the reflection zone to consist of all the structure below Moho. As we mention in
the appendix, we assume that the top of the reflection zone averages to the flat
level assumed in the reference model (32.5 km). This means that there may be
slight inaccuracies in the amplitude and timing of waves reflected at the
underside of the interface. The dominant arrivals corresponding to diving waves
will however be correctly represented.

The amplitude distance behaviour for our model is displayed in Figure 2,
together with the form of the crust-mantle interface, for propagation from north
to south and from south to north. The amplitudes are compared with those
calculated for the laterally uniform reference model, and have been derived from
the theoretical seismogram sections in Figure 3, which have been calculated
using a phase velocity window from 8.1—10.0 km s“ 1 in all cases. This window
corresponds to purely propagating waves in the layer immediately below the
crust-mantle interface and allows direct comparison between flat and perturbed
mohography. The inclusion of evanescent waves by lowering the minimum
phase velocity would enhance the relative amplitude of the B, and PI relative to
Pu.

The results for the reference horizontally stratified velocity structure with a
Moho depth of 32.5 km are represented by the solid circles in Figure 2, whilst
open squares are used for propagation from north to south through the
perturbed structure and open triangles for propagation'from south to north. The
most noticeable feature of the amplitude distance behaviour in Figure2 is that
the fluctuations introduced by mohography are in general fairly small and are
often less than the typical variability in observed amplitudes. The offset distance
from the Moho to the recording point at the surface is about 45 km for the
phase velocities considered so that the relevant topography is offset from the
appropriate amplitude symbol. For the B, (<220 km) and R, (>450 km) phases
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the effects of topography are small, but for R there are much greater differences
between the 3 cases. Over the emergence range of this phase the two topog-
raphic profiles are broadly similar and both show a shift of the amplitude
maximum to shorter ranges and a very pronounced amplitude minimum.

These features are clearly seen in the record sections of theoretical seismo—
grams shown in Figure 3. The effect of topography is to produce a pronounced shift
of energy to around 300 km and to give much reduced amplitudes just beyond
400 km. If we regard the NS and SN sections as being observed sections
corrected for travel times, we see that the horizontally stratified velocity models
which would be proposed to match these sections would differ markedly from the
original reference model. In particular to shift energy to shorter ranges in the R
phase a more pronounced velocity inversion would be required and to maintain
the amplitude characteristics of the R, phase the velocity would have to be
increased between the two transition zones. Thus even for a basically laterally
uniform mantle topography at the crust-mantle interface sufficiently alters the
amplitude distribution along the profile so that, unless amplitude corrections are
made, the interpreted velocity model will be distorted.

In general we have no guarantee that even the mantle structure is horizon-
tally stratified and in this case it is important that as detailed corrections as
possible are made to the amplitude and travel time of the observed phases to
allow for the effects of known crustal variations. In this way we may hope to
minimise the distortions in the final velocity model.

Acknowledgements. I have benefitted from useful discussions with many people during the course of
this work, particularly with A. Hirn, D.H. Matthews, D. Bamford, K. Fuchs and S. Faber.

Appendix: The Effect of an Irregular Interface

We will calculate theoretical seismograms for a basically horizontally stratified
medium containing a single irregular interface by an extension of the Kennett
(1975 a) modification of the reflectivity method (Fuchs and Müller, 1971). As
before we consider the elastic half-space to be divided into 2 parts. In the lower
region, the “reflection zone”, all multiple reflections and interconversions are
included by using efficient matrix techniques in the frequency and wavenumber
domain, whilst above this region generalised ray theory is used. The seismo—
grams are calculated by plane wave superposition.

In the case of a horizontally stratified medium, at a horizontal range X the
vertical displacement at the surface 2:0 is given by

W(X, t): î da) Ë(œ)exp(iwt)(co2/ozîfl)
—oo

Y2

~fdy siny cosyJ0(siny/oc,,t)
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where or,“ is the P wave velocity just above the reflection zone, 5(0)) is the source
spectrum, Rpp(a)‚ y) the reflection coefficient for the reflection zone, and T9(w, y),
To„(co,y) are the overall transmission coefficients, including phase delays, from
the surface to the reflection zone and from the reflection zone to the receiver.
The integration variable is the angle of incidence at the top of reflection zone
and the limits are specified by

V1,2 =Sin_ 1(am/Ci,2)

where c1 is the largest and c2 the smallest phase velocity considered.
We take the irregular interface to lie at or just above the reflection zone and

include its effects by calculating the redistribution of energy, due to the interface,
across the plane waves at the regions where the band of phase velocities we are
considering enter and leave the reflection zone. If the interface is taken to lie at
the top of the reflection zone we assume that its long term average is flat so that
the usual reflection coefficient may be used.

We are restricted in such an approach to considering interfacial topography
of small amplitude whose horizontal scale is very much greater than the seismic
wavelength. We specify the relief on the interface by the function H(X) relative
to a flat datum, with H measured positive upwards; it is convenient to use point
values and then interpolate with a cubic spline. For a ray with ray parameter
p(= sin y/ocM) the offset between the surface and the datum plane will be

AX: Ë hj sin y/[(ocf„/ocf)—sin2y]ä (2)
J—

and for moderate relief the time correction introduced by the interface now
being at H(X) will be '

A YO’) = H(X(DU/05a) {[(ŒÎa/Œâ) — sin2 VF - [1 - sinz VP} (3)

where am is the velocity below the interface and X0 is the point of intersection of
the ray and the datum. Such a time correction will need to be introduced at
both the points of entry and exit of a ray at the reflection zone. In addition the
slope of the interface will lead to a change in the effective angle of incidence of
the ray at the datum plane.

We introduce the slope of the interface

9(X)=tan‘1(H’(X)) (4)
and then the effective angle of incidence in the layer above the top of the
reflection zone 32,, defined as the angle of incidence in the medium a,” for a flat
interface which corresponds to the ray in the medium org, in the case of the
inclined interface, is given by: on entry

re = sin‘ 1 [(Œm/Œe) sin {9 + sin" 1 [(Otæ/M) sin(v - 9)] }] (5)
and on exit

Va = Sin‘ 1 How/age) Sin {9 + Sin” 1 Rage/05m) Sin V] }] — 9 (6)
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in which 8 is a function of 3: through Equations(2) and (4). The angles ye
correspond to the incident angles appropriate to the energy actually propagating
in the reflection zone. Hence in the case of an irregular interface the angular
integration in Equation(1) should be taken over the ye. However we may change
back the variable of integration to the original variable y by the mappings: on
entry to the reflection zone

d; = Aamdr (7)
and on exit

dia, = Aamdr- (8)
These mappings represent the redistribution across the plane wave spectrum due
to the irregular interface. In addition we need to take into account the
differential phase delays between the various plane waves introduced by the
variation in the position of the interface.

We may therefore introduce the effects of topography at the top of the
reflection zone into the scheme for calculating the theoretical seismograms
(Eq. (1)) by modifying the transmission terms Tau), y), Tana), y) to take account of
the redistribution across the plane waves due to the interface and the differential
phase delays. Thus in Equation 1 we substitute B9020, y) and Bad), y) for Tg(w,v)
and Tardy) where

Balm, v) = Tats), r) Am) exp [ —— fwd rah-0]
Be: (in, v) = Mm. v) A W) eXpl - i wA rah-0] (9)

and A fall") and Align-i) are the time corrections on entry to and exit from the
reflection zone.

Although the mappings AÆU) and Agni) could be derived analytically from
Equations (5) and (6) the rather involved functional dependence of 9 on y makes
this procedure unattractive computationally. We therefore use a discrete form of
calculation to determine the weighting functions Ag(}=) and 14%,(7).

To calculate the inner integral in Equation“) we employ a discrete set of N
values of the angle 7), and for each of these we calculate the effective angles for
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both entry and exit, which do not necessarily fall on the preassigned values of y.
In order to avoid the instability associated with simple differentiation by
differences we adopt a stable, N-point smoothing approach. For each of the ye
we assign to each discrete value of y, the (sin x/x) weight appropriate to a band
limited N sample representation of a delta function at ye. We then sum these
weights for each discrete yi to generate the distributions A902,), A0,,(yi) which are
then used in the calculation. For a flat interface this scheme has the required
property of yielding unit distributions.
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An Oceanic Long Range Explosion Experiment
A Preliminary Report

J ‚A. Orcutt and L.M. Dorman
Geological Research Division, Scripps Institution of Oceanography,
University of California, San Diego, La Jolla, CA 92093 USA

Abstract. An oceanic long range explosion experiment has been conducted
on well-dated, 70><106 year old lithosphere to a range of 600 km. The
receiving instruments were an array of digital ocean bottom seismographs
and chemical explosions up to 2 t in weight were used as sources. This
paper reports the results of the travel-time analysis of the data from one
station. The travel-time data were formally inverted using extremal and
linearized inversion methods. The results indicate that considerable “fine
structure ” exists in the upper mantle as has been found in various continental
profiles. The inversions do exclude velocities in excess of 8.4 km-s'1 to
a depth of 60 km. '

Key words: Long line — Lithospheric profile — Explosion seismology —-
Oceanic lithosphere — Ocean bottom seismograph — Travel-time inversion.

Introduction

During recent years there has been considerable activity in the conduct of
long range explosion seismology studies of the upper mantle. Project Early
Rise (Barr, 1967; Green and Hales, 1968; Iyer et al., 1969; Lewis and Meyer,
1968; Masse, 1973; Mereu and Hunter, 1969; Warren et al., 1968) and similar
experiments in the Soviet Union (Ryaboi, 1966) served as models for a subse-
quent series of detailed European experiments in western Europe across France
(Hirn et a1.‚ 1973) and Great Britain (Bamford et al., 1976; Kaminski et al.,
1976). Similar experiments in the oceans include a long line across the Gulf
of Mexico to stations in Florida and Mexico (Hales et al., 1970) and a long
line near the Marianas Trench (Asada and Shimamura, 1976).

Recently modern analysis methods and increasing data density have begun
to reveal considerable “fine structure” in the upper 100 km of the earth’s
mantle. Specifically, evidence for quite high velocity material (8.3—8.8 km-s‘ 1)
has been found in this shallow depth range (Hales et al., 1970; Kosalos and
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Meyer, 1975; Hirn et al., 1973, 1976; Kind, 1974; Ryaboi, 1966; Kennett, 1976;
Sutton and Walker, 1972) and anisotropy has been demonstrated to play a
large role in the detailed velocity structure of the upper mantle (Raitt et al.,
1971; Bamford, 1973).

Several difficulties are evident in the past conduct of oceanic profiles. In
the case of the Gulf of Mexico experiment the sources were at sea over oceanic
lithosphere of questionable origin and the receivers were on continents. The
interpretation of the data is, thus, necessarily clouded by the wave or ray
modification in the ocean-continent transition. At sea, when only a few receivers
(ocean bottom seismographs in the case of the Marianas experiment) are avail-
able it is necessary to expend large quantities of explosive in obtaining a few
seismograms. The parsimonious distribution of data available in such a case
leaves wide latitude in conducting the inverse problem of discovering the velocity
at depth (Kennett and Orcutt, 1976).

In the conduct of this experiment the ocean bottom seismographs were
placed on well-dated oceanic lithosphere and the line was extended parallel
to magnetic anomaly 32 (generated approximately 70 mybp.). Shooting along
an isochron minimizes the effects of heterogeneity due to lithosphere evolution.
The line extended between the Clarion and Molokai Fracture Zones in the
north-eastern Pacific to a range of nearly 600 km so that no major tectonic
features were crossed. We have, thus, sought to minimize the effects of variations
along the profile which have presented difficulties for previous long lines. In
order to boost the data density we have expended nearly 35t of chemical
explosive within 600 km of the ocean bottom seismograph array.

Conduct of the Experiment

During the January, 1976 Scripps Deepsonde Expedition a long, split refraetion
profile was shot to a range of 600 km using charges up to 2t in weight. The
data to be examined were obtained with a closely-spaced (~1 km) linear array
of three digital ocean bottom seismographs near the Clarion Fracture Zone
in 5.5 km of water. The ocean bottom seismographs employed have been de-
scribed in detail by Prothero (1974) and the use of these instruments for refrac-
tion has been discussed by Orcutt, Kennett and Dorman (1976). Figure 1 illus-
trates the data obtained between 100 and 600 km from one ocean bottom seismo.
graph with the ocean bottom topography and free air gravity anomaly underlain.
The arrows indicate the travel-time picks used in the interpretation. The ampli-
tudes have been normalized to a shot size of 100 kg (Orcutt et al., 1976), band-
pass filtered 3—9 Hz with a digital filter and, to amplify distant traces, are
multiplied by a factor proportional to range. The travel times have been reduced
by a velocity of 8 km- s’ 1 and the water delay has been removed. A topographic
correction has been applied assuming that the velocity contours down to a
depth corresponding to the highest apparent velocity mirror the topography
at the sea bed (Kennett and Orcutt, 1976). The analysis of the data to a range
of 100 km has been described elsewhere (Orcutt, et al., 1976) and the velocity
bounds and structure resulting from that analysis are illustrated in Figure 4
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Fig. l. Seismograms between 100 and 600 km for one of three closely-spaced ocean bottom seismo-
graphs. Travel times are reduced by 8 km-s'l and amplitudes are scaled to a single shot size
of 100 kg. The data has been band-pass filtered 3—9 1-12 and a topographic correction was applied.
The free-air gravity anomaly in milligals and ocean bottom t0pography in km (depth) are also
illustrated. The arrows represent the travel time picks used in the interpretation

for depths less than 10 km. One feature of the model which is immediately
apparent is the well-developed Moho. No evidence for homogeneous, thick
layering historically associated with the oceanic crust (Shor et a1.—, 1970) was
evident.

Data Analysis

The travel—time inversion methods employed have been previously described
by Kennett and Orcutt (1976) and are based on the “it-method” of Johnson
and Gilbert (1972) and Bessonova et al. (1974). Figure 2 illustrates the result
of the reparameterization (from T(x) to =r(p)) of the data beyond 100 km. The
lowest velocity for which there is any evidence is 8.02 km - s‘ 1 (ray parameter:
p=0.1246 s-km“) and the highest velocity is 8.4 km-s“). Because the data
at ranges less than 100 km do not permit the bounds to be continued to zero
delay (sea floor) 0.1 km of 1.6 km—s’1 sediment and 0.3 km of 4 km-s‘1 base-
ment were stripped off the data as shown by the nearly horizontal line at
t~0.2 5. Two important features should be noticed in the 1:(p) curve. First
of all, the reparameterization process indicates that the travel-time data between
250 and 410 km lie along a retrograde branch of the travel-time curve (Bessonova
et a1.‚ 1974; Kennett and Orcutt, 1976) so that, in this region (0.1212gpgo. 122)
the =r(p) curve is concave downward. Also reparameterization provides evidence
for a low velocity zone, a discontinuity in delay time of as much as l s, at
a ray parameter of approximately 0.121 sec-km‘ 1. Figure 3 illustrates the rela-
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evident.
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Fig. 2. Delay time (r)—ray parameter ([2) data for seismograms beyond 100 km. The nearly horizontal
line at the bottom represents the delay stripped from the data which is associated with very
shallow (< 0.4 km) structure

Fig. 3. Delay time-ray parameter data from Figure 2 and its relationship to the data from the
crustal structure

Velocity (km/sec)

5 6 7 8 9

Depth

(km)

Fig. 4. Envelope in velocity depth space associated with the
delay time data. The model represents the result ofa
linearized inversion of the delay time data and the associated
travel times are plotted in Figure 5

tionship between the “C(p) curve derived for the distant data (:> 100 km) and
the t:(p) curve for the crustal data (Orcutt et al., 1976).

The results of inverting the 10)) data are shown in Figure 4. The envelope
was derived by an extremal inversion technique due to Bessonova et a1. (1974).
It was assumed that the minimum velocity within the low velocity zone was
3 km-s‘1 and the extremal bounds were adjusted accordingly. Because travel-
time data provide only an integral constraint on the velocity structure within
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Fig. 5. The seismic data from Figurel with the travel time curves from the model in Figure-4
superimposed

the low-velocity zone the low velocity zone can, and does, penetrate the deeper
bound. The dashed line on the shallow bound below 37 km illustrates the modi-
fied bound corresponding to the presumed wave guide minimum velocity (Besso-
nova et al., 1974; Kennett, 1976). Below 37 km the velocity is, thus, allowed
to exceed the solid, shallow bound.

The model lying within the bounds was derived by a linearized inversion
of the 1:09) data (Johnson and Gilbert, 1972; Kennett and Orcutt, 1976). At
a depth of 50 km the “spread” of the resolving kernel (Kennett and Orcutt,
1976) is about 7km and the error in velocity is 0.2 km-s". However, by
a depth of 60 km the spread increases to over 50 km indicating that the data
are providing no control of the structure at or below this depth.

The travel-time curve resulting from the linearized inversion model is super-
imposed upon the data in Figure 5. The travel-time curve does fit the data
extremely well although the position of the caustic around 200 km is somewhat
in doubt in that it should perhaps extend to shorter ranges. Because of the
emergent nature of the arrivals between 100 and 200 km it will be necessary
to employ synthetic seismogram techniques to work out the details of the velocity
increase at a depth of approximately 28 km responsible for the triplication
in the travel-time curve.

Discussion

The preliminary analysis of this profile illustrates the presence of the same
sort of “fine structure” revealed by the various analyses of the recent European
long lines. Formal inversions of the travel-time data alone indicate that the
resolution lengths are an order of magnitude smaller than comparable resolution
lengths obtainable from surface wave studies such as that of Forsyth (1975).

A very important result of the analysis of this data set is that, in this
case under tightly controlled, nearly “ideal” (hOpefully laterally homogeneous)
conditions, velocities in excess of 8.4 km- s"1 are excluded to a depth of 60 km
at this location and azimuth. The hypothesis of unusual mantle petrologies
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to explain high mantle velocities appears to be misplaced in the case of the
oceanic lithosphere although a line perpendicular to this might reveal higher
velocities due to an anisotropic upper mantle (Forsyth, 1975; Raitt et al., 1971).

During the coming year the data density to 600 km will be further increased
and the length of the line will be extended to 1600 km by Scripps Institution
of Oceanography in cooperation with the University of Washington and Hawaii
Institute of Geophysics. Continued oceanic and continental long range profiles
will help to reveal the details of the lithosphere-tectosphere-asthenosphere rela-
tionship.

The analysis thus far completed has been restricted to seismograms from
a single instrument. We plan to use the array to make estimates of the apparent
velocities (or ray parameter) for use in the inversion schemes and to assist
in arrival identification. In addition, the phase and amplitude information will
be used to further constrain the models through the mechanism of seismogram
synthesis (Orcutt et a1., 1976).
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The Upper Mantle under Western Europe
Inferred from the Dispersion of Rayleigh Modes

Guust Nolet
Vening Meinesz Laboratory, Lucas Bolwerk 6, Utrecht, The Netherlands

Great waves looked over others coming in
And thought of doing something to the shore
That water never did to land before.
Robert Frost

Abstract. A stacking technique is applied to measure phase velocities of the
fundamental and several higher Rayleigh modes over an array of long period
stations located in Western Europe. The higher mode dispersion has been
measured for periods between 25 and 1003 and for phase velocities up to
7.5 km/s.

'
.

Using Backus—Gilbert inversion, a detailed model for the shear wave
velocity in the upper mantle under the array is obtained. The low velocity
zone is located between 150 and 230 km depth and is not very pronounced,
but it is preceded by a rise in S velocity around 120km depth. Strong
velocity gradients are found at depths of 360 and 520 km. A good fit to the
data can only be obtained if a zone of low density is assumed at a depth of
220 km or there about. As yet little can be said about depth, shape and
extent of this zone, but the magnitude of the density drop implies a chemical
or mineralogical stratification. A mechanism based on eclogite fractionation
(Press, 1969) appears to be a likely candidate as the cause for such a
gravitationally unstable stratification.

Key words: Europe — Higher modes - Rayleigh waves —— Upper mantle.

1. Introduction

Most of the information that we now have about the shear wave velocity in the
lithosphere and asthenosphere has been derived from surface wave dispersion
measurements. Since the installation of the standard station network
(W.W.S.S.N.) and the development of fast and accurate numerical methods for
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data-processing (see Dziewonski and Hales, 1972, for a review), the number of
regional studies using surface wave dispersion has grown considerably. The
observational material has mainly been limited to the fundamental mode of
Love and Rayleigh waves. These data are very useful for a probing of the depth
of the lithosphere, can be used to establish the existence of a low velocity zône
(LVZ) and make a subdivision of the earth in regions of different character
possible (Knopoff, 1972). However, detail in the asthenosphere is not resolvable
(Seidl, 1971) and the depth to which the LVZ extends is poorly determined.

It has long been argued that the observation of long period higher modes
should add information about the earth’s interior that is distinctly new com—
pared to the knowledge that can be obtained from observation of the fundamen-
tal modes only. Wiggins (1972) and Der and Landisman (1972) substantiate
these claims numerically for the first few higher modes using resolution analysis
of the Backus-Gilbert type.

To illustrate the gain in resolution for the shear velocity that is obtained if a
large number of higher mode phase velocities are measured, I have calculated
the resolving power of 7 different data sets. The first data set consists of the
fundamental Rayleigh mode curve, at periods corresponding to waves with
horizontal wavelengths between 130 and 600 km. The second data set consists of
the same fundamental mode curve plus one for the first higher Rayleigh mode,
in the same wavelength interval. The data set is extended in the same manner
with the second mode, and so on. All these hypothetical phase velocity data are
assumed to have a precision of 0.5 0/0 and for all sets the resolving power was
calculated.

According to Backus and Gilbert (1970), the length scale of the detail which
a given data set can resolve at a particular depth is a function of the error that
we allow in the solution to the linearized inverse problem. The results of the
calculation for 2 different values of this model error 8 are condensed in Figure 1.
The addition of the first higher mode greatly enhances the resolution in the
LVZ, and introduces some resolution at deeper levels where the fundamental
mode does not reach. Addition of the 2nd and 3rd mode emphasizes this effect
but the gain in resolution is by far not so dramatic when the data set is enlarged
with modes 4 and higher.

Although the rather low errors assumed in calculating these resolutions will
not easily be reached for higher modes, we may conclude from Figure 1 that it is
highly desirable to extend local measurements of fundamental mode disperion
with similar data for the higher modes.

In the past 20 years a great number of higher mode group velocity measure—
ments have been made, especially for impulsive waves like Li, Lg and Sa. See
Kovach (1965) and Alterman (1969) for reviews. In general, however, these data
are not usable for inversion because it is impossible to identify the exact mode
number of the dispersed wavetrain, due to the overlap in the higher mode group
velocity curves. Furthermore, any identification is probably dependend on the
theoretical model since group velocities may vary strongly for different models.
Phase velocity measurements might be identified with less uncertainty but are
almost impossible to observe in one record because of the mutual interference of
different modes. However, Crampin (1964) succeeded in obtaining phase velocity
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Fig.1. Reduction of the resolving length for the shear wave velocity with the addition of higher
Rayleigh modes, is shown as a function of depth for two values of the model error e. Numbers
denote the highest mode number present in the data set

curves for the first higher Rayleigh mode at periods below 13 s using the peak
and trough method.

Recently, several attempts to measure clearly identified higher modes have
been successful. Nolet (1975) employs a stacking technique with an array of
standard long period station to obtain the average phase velocities of a number
of Rayleigh modes over Western Europe in the period range 0120—100 3, while
Forsyth (1975) uses several events and several stations to determine those phase
velocities of the fundamental and first higher Love mode that best fit the observed
phases in a least-squares sense over an oceanic path.

Earlier, Mendiguren (1973) and Gilbert and Dziewonski (1975) used the
W.W.S.S.N. stations as a network to identify higher modes in the period range
of the earth’s eigenfrequencies (T> 80 s).

Nolet and Panza (1976) modified the stacking technique to include a
deconvolution algorithm for a better identification of the modes and tested the
method using a synthetic seismogram. This paper is a first attempt to obtain a
precise estimate of higher Rayleigh mode phase velocities using the new method
and interprets these data in terms of a model for the upper mantle.

2. The Stacking Method

In this section I briefly review the principles of the stacking technique. For more
detail the reader is referred to Nolet and Panza (1976).

If w(A,co) denotes the spectrum of the signal u(A,t) in a station at A km from
the source, then an estimate for the wave-number spectrum can be obtained by
means of stacking:
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The spectrum of a component of the signal in station j can be represented by
(Nolet, 1976):

W My CD) = Z Fnj(w) exp {i[kn(œ) Aj + ¢nj(w)]} (2)

where n is the mode number, which is 0 for the fundamental mode, F„j(a)) the
amplitude spectrum in station j and k„(a)) the wave-number of mode n. (1),, j(w) is
the initial phase.

In general, d) is only weakly dependend on azimuth and we may neglect the
variations of qbnj(co) in the different stations. We can usually make an appro-
ximate but fairly good correction for the effects of damping and geometrical
spreading by equalizing the energy of the signals in all the stations. Thus, we can
remove the subscript j from F and d) and find from (1) and (2):

VÎ/(k, C0) = Z F„(w) exp {1' (15,160)} H {kn(w) - k} (3)
where

H(k) =% Z exp’(ikAi). (4)

|H(k)|2 is called the array response, which is 1 in k=0. For an ideal array it
should resemble a ô-function. II/Î/(k,a))|2 will then have sharp maxima in curves
(k, to) that are parametrized by the dispersion relation w=wn(k), which is the
datum that we want to measure. In practice the sidelobes of H(k) disturb this
simple picture. To minimize the influence of sidelobes 2 modifications are made
to the above scheme:

(a) We split each signal into a number of segments around arrival times
determined by a series of group velocities U. This reduces the number of modes
in the stack. The stack now depends on the group velocity U. At a fixed value of
a) we display |I7V(k,a))|2 in a plane of U vs k, which is called a mode-separation
diagram. This approach has also been proposed by Cara (1976).

(b) Since we know the shape of H(k) we could remove the side-lobes if we
knew where its central peak is located. Assuming that the largest maximum of
W2 in each column of the separation diagram coincides exactly with this main
lobe, this is what we in fact try to do in an iterative scheme called “cleaning”.
This process leads to a less ambiguous interpretation of complicated responses
and to better phase velocity determination for modes that are not dominant in
amplitude.

3. Description of the Data-Set

Western Europe is a favourable location for an application of the method
outlined above. It has a quite high density of long period stations (both national
and W.W.S.S.N. stations are used), and the Eurasian continent is so large that
earthquake waves can travel 10,000 km without crossing an ocean/continent
boundary. This optimizes the temporal separation of the higher modes without
introducing strong refraction along the wave paths. In general the preferred
source location was near Japan and the Kurile Islands region since the direction
of arrival of these events enables us to profit most from the full length of the
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Table 1. Listing of events (ISC estimates)

No. Date Origin time Latitude Longitude Region Depth mb N

1 23-06-64 1h26m36.8 43.16N 146.17 E Kurile Isl. 76 6.4 11
2 29-03-65 10h47m38.4 40.73 N 142.85 E Honshu 41 6.1 16
3 25-10-65 22h34m22.4 44.21 N. 145.45 E Hokkaido 159 6.1 12
4 01-07-66 5h50m38.0 24.86 N 122.56 E Taiwan 102 6.1 12
5 05-08-68 16h17m05.5 33.31 N 132.31 E Shikoku 48 6.2 9
6 10-01-69 7"02“‘07.9 _ 44.89N 143.21 E Hokkaido 238 6.3 13
7 17-10-69 1h25m11.5 23.09 N 94.70 E Burma 124 6.1 14

array, as can be seen in Figures 2 and 3. Since the mutual interference of modes
is a strong function of their excitation it was attempted to obtain a large variety
of source depths, even if this meant that events from less suitable locations
(Taiwan, Burma) had to be chosen. The 7 events that were selected for
processing are listed in Table 1, where N denotes the number of recordings used.

The vertical components of the recordings were digitized on a semi-
automatic digitizer with an interval usually less than 1 second. As small timing
errors introduce large errors in the phases a program was written to correct the
digitized records for small irregularities in the drum speed and photographic
distortions of the print. The time accuracy is believed to be better than 2
seconds for recordingings at fast drum speed (30 mm/min) and a little worse for
recordings at a speed of 15 mm/min. Digitization usually started with the onset
of the S-pulse and continued at least to a time corresponding to a group velocity
of 4.0 km/s.

4. Observation of Higher Modes

Each of these 7 events was stacked and analysed for 13 different periods ranging
from 25.6 to 102.4 s, using the stacking method. Figure 4 shows the results for
event nr. 3. For this event the stations are regularly distributed along the A-axis
and the source is in line with the array axis. It is an example of a “good” data
set. Figure 5 shows how the mode-separation may deteriorate if the stations are
less evenly distributed, the station azimuths differ considerably and the great-
circle paths cross slightly different geological provinces (event 4). There is
enough coherence however to resolve the higher modes.

The crosses in Figures 4 and 5 denote the theoretical locations of the modes
calculated for the Gutenberg-Bullen A continental model, and correspond to the
numbers to the right of each figure. These theoretical values are used for
identification only. Numbers in the right hand upper corner denote the period in
seconds. The group velocity is given in km/s. Contours show the dB level down
from the maximum value. The contour interval may be 1 or 2 dB. The number
of contours is limited to 5. Hence, when the energy at a certain group velocity
interval dominates the rest of the signal, the remaining part of the diagram may
lack detail. This short-coming does not exist in the printer versions of the
diagrams.
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Fig.4. Separation diagrams for event 3 (Hokkaido, Oct. 25. 1965, depth 159 km). For details see text
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In the separation diagrams there are often more maxima present than would
be expected if the signal consisted only of a few Rayleigh modes and if the signal
could be perfectly resolved using the cleaning algorithm. This is due to a
number of reasons:

(a) Errors in the digitizations, instrument calibration and source location.
(b) Approximations in the theory like the neglect of initial phase and

damping.
(c) Disturbing effects from core-reflected body waves or from very high

modes, that arrive in the same time-interval.
(d) Refracted or reflected arrivals due to lateral inhomogeneity.

(a) and (b) will not only shift the maximum of a higher mode from its true
value, they will also disturb the cleaning process by broadening of the peaks, so
that sidelobes will not be removed effectively.

(c) and (d) will cause other maxima in the field that do not belong to
sidelobes of the first few higher mode spectral peaks. These are not removed by
the cleaning algorithm.

((1) is probably not important for the higher modes under study, which have
most of their energy below the lithosphere. Since the fundamental mode shows a
high degree of coherency over the array-area at periods larger than about 35 s,
most of the large-scale lateral hetergeneity along the source-station paths should
be confined to the upper 120 km. (0) can be of considerable influence, as it is in
event 1.

The misidentification of false peaks as true modes is a severe source of error
(Nolet and Panza, 1976). The situation is not unlike that of the early normal
mode spectra, and misidentifications are bound to occur. Since the 7 events are
all of a completely different character one may hope that the net effect of errors
and misidentifications is only small in the average values found for the phase
velocities.

Since group velocity measurements with this method may contain large
errors, they are not used for the inversion. The group velocity data are
nevertheless very useful for the identification of the modes: if a group velocity
for one of the events is significantly off compared to the other events the reading
is rejected. Sometimes a rejected reading could be replaced by a second
maximum of comparable magnitude that was in agreement with the other group
velocities.

At the outset, 360 readings of phase and group velocities were made from 91
separation diagrams. With the group velocity criterion 40 of these readings were
rejected without replacement, 33 were replaced by comparable maxima with a
good group velocity fit.

The remaining data were plotted for each period in a phase velocity vs.
group velocity plane (Fig. 6). If a cluster of readings for one mode was not
clearly separated from the next mode all readings for both modes were rejected,
since mode identification may be ambiguous.

Finally, average phase velocities have been calculated for each period.
Assuming that the errors are normally distributed, standard errors have been
calculated and a 99 % confidence interval has been assigned using student’s t-
distribution. 17 readings outside this interval have been rejected.
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Fig. 6. Example of the separation of data in a plane of phase velocity (horizontal axis) vs. group
velocity. For details see text

The phase velocities and their standard error are listed in Table 2. Most of
the fundamental mode data in this table are taken from Nolet (1975). Two
points, at 130 and 1503 have been taken from the path CO P-M AL as measured
by Seidl (1971). The individual higher mode phase velocity measurements and
the average values of the fundamental mode are shown in Figure 7.

5. Inversion

Since the Backus-Gilbert method of inversion (Backus and Gilbert, 1970;
Gilbert, 1971; Wiggins, 1972; Jackson, 1972) searches for the model correction
to a starting model that is smallest in a least-squares sense, the choice of a
starting model may be decisive for the final result, especially at those depth-
ranges where the data only weakly constrain the model. Hence, care has to be
taken in the construction of the starting model. On the other hand, as pointed
out by Anderson and Hart (1976), this enables us to incorporate other types of
data into the inversion scheme.

Some modes that have been measured reach to a depth of about 1500 km.
However, their resolving power at this depth is very limited and the starting
model is not likely to be changed significantly for depths larger than about
800 km. The earth’s deep structure is well defined by the periods of free
oscillations. On that account, model 1066A (Gilbert and Dziewonski, 1975) was
adopted as a starting model for depths greater than 420 km, since this model is
based on a large number of eigenperiods, measured on a worldwide scale. Above
this depth a smooth transition was made to the Gutenberg continental model
Since this had already proved its good fit to the fundamental mode measure-
ments (Nolet, 1975).
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Table 2. Rayleigh mode phase velocity

Period Phase Standard Model Period Phase Standard Model
(s) velocity error 7 (s) velocity error 7

Fundamental mode 46.55 5.53 0.03 5.60
28.44 3.84 0.02 3.83 Êàêg âgä 8'82 2;:
âägg ââï 38% âââ 64.00 6.19 0.04 6.21
39.39 394 0.01 394 73.14 6.48 0.03 6.53

:äg; âg; 88% âgg Third higher mode

51.20 3.99 0.01 3.99 3:38 2%: 3'3? 2%:
56.89 4.01 0.01 4.01

36.57 5.82 0'07 5.76
64.00 4.02 0.02 4.02

39'39 5'98 0'05 5°90
73.14 4.05 0.02 4.04 ' ' ' '

8 5.33 4.08 0.03 4.07 42.67 6.11 0.06 6.07

102.40 4.11 0.03 4.11 46'55 6'34 0'07 6'28
51.20 6.59 0.05 6.52113.77 4.14 0.03 4.15
56 89 6 87 005 6 79130.00 4.17 0.03 4.20 ' ° ' '

150.00 4.29 0.03 4.29 Egg: :2: 8'8: 3(3);
Fzrst higher mode Fourth higher mode
28.44 4.69 0.02 4.70 32.00 5.97 002 6.02
32.00 4.79 0.03 4.76 36.57 6.34 0.07 6.30
36.57 4.86 0.03 4.83 3939 6.47 0.02 6.48
39.39 4.88 0.05 4.88 42.67 6.68 0.01 6.68
42.67 4.94 0.03 4.93 51.20 7.17 0.05 7.18
46.55 5.03 0.02 5.00 56.89 7.44 0.01

‘
7.43

51.20 5.09 0.01 5.08
56.89 5.17 0.03 5.18 Fifth higher mode
64.00 5.31 0.01 5.30 28.44 6.20 0.08 6.17
73.14 5.51 0.01 5.45 32.00 6.45 0.03 6.46
85.33 5.73 0.07 5.66 36.57 6.81 0.04 6.84

102.40 6.02 0.13 5.97 39.39 7.06 0.02 7.05

Second higher mode
42.67 7.29 0.03 7.25

25.60 4.92 0.02 4.96 Sixth higher mode
28.44 5.03 0.04 5.04 25.60 6.40 0.07 6.30
32.00 5.17 0.01 5.15 28.44 6.57 0.04 6.57
36.57 5.26 0.02 5.29 32.00 6.92 0.05 6.89
39.39 5.31 0.04 5.37 36.57 7.30 0.06 7.25
42.67 5.40 0.05 5.47 39.39 7.43 0.08 7.43

For the upper 100 km the model gradually looses its significance since the
lateral heterogeneity may become strong, especially in the crust. The Moho was
fixed at 33 km depth on the basis of studies by Bäth (1971), Payo (1965), Sapin
and Prodehl (1973) and Seidl (1971). Only near the Alps is the Moho significant-
ly deeper, but this region does not affect the data very much. Rather arbitrarily,
the Conrad discontinuity in the starting model is placed at a depth of 20 km; the
seismic velocities in the granitic (6.00, 3.46) and in the basaltic layer (6.70, 3.82)
represent rough averages from the values found by the authors quoted.

The shear wave velocity directly under the Moho is 4.49 km/s in the starting
model, on the basis of Sn velocities measured by Bâth (1971), Fagerness and
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for 6 higher modes followr in order of increasing phase velocity

Kanestrom (1973) and Payo (1964). Their S" values are somewhat lower than the
4.67 kin/s reported by Lehmann (1961) and are not consistent with lid velocities
of 46—4.? km/s found by several surface wave studies (Payo, 1965; Seidl, 1971;
Mayer Rosa and Mueller, 1973). The inversion performed in this paper shows,
however, that a low lid-velocity can agree with the phase velocities of the
fundamental Rayleigh mode.

The phase velocity data have first been inverted for the shear wave velocity
only. This resulted in a rise in velocity near 120 km depth (4.52 km/s) and a not
very pronounced LVZ (4.33 kin/s at 180 km depth). A second LVZ was located
directly beneath the Moho, till a depth of 90km. Since a negative velocity
gradient in the lid is not consistent with the observation of Sn-phases in Western
Europe up to at least 10 degrees, V, was averaged down to a depth of 90 km
(4.43 km/s). The rise at 120 km could not be drawn into the averaging without
seriously affecting the fit to the data.

One of the easiest ways to quantify the fit of a model to the data is by means
of the relative residuals, Le. the difference between the observed and the
calculated values for the data divided by the standard error. I will denote the
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Fig.83—c. Histograms showing the distribution of relative residuals of the data computed for 3 dif-
ferent models. A positive residual means that the measured value of the phase velocity is higher than
the value that is computed for the model. The solid line is the error curve for the normal distribution

root mean square value of these relative residuals by a quantity i. The value ofé
for the starting model is 2.3, which is already considerably better than some of
the existing models: for KA-IOO (Seidl, 1971) 6:3.0, and the model SW-Europe,
based on data obtained near the Alps, has 5:4.7.

For normally distributed data with uncorrelated errors, one should aim at a
model with ë: 1. If a lower ë is obtained it may be that one is adjusting the
details of the model to the errors rather than to the trend of the data, or that
standard errors have been overestimated. If ë cannot be brought down to 1 the
model assumptions may be inadequate or the standard errors have been
underrated.

By changing the shear velocity the fit to the data was improved considerably,
as can be seen by comparing Figure 8a and b. This way ë was lowered to a
value of 1.7. Some experimenting showed that it can be brought down to 1.6 by
introducing more detail but it is impossible to bring ë close to 1. Inspection of
Figure 8b shows that the calculated values for the fundamental and the second
higher mode are for almost all periods too high, while those for mode 1 and 3
are in general too low. This bias cannot be removed by changing only the shear
velocity, since these variational parameters are everywhere positive (Fig. .9). This
means that if we raise the low values for mode 1 and 3 the residuals for mode 0
and 2 will become larger.

Since the compressional velocity has a negligible influence upon the higher
modes, the density model has to be responsible for this bias. Therefore, the
inversion program was modified to include density perturbations. Unfortunately
the limited computer memory did not allow for a joint inversion of density and
shear velocity within the framework of the present program.
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Fig.9. Variational parameters for the phase velocity of Rayleigh wave modes with respect to
perturbations in the shear wave velocity (solid line), compressional wave velocity (dotted line} and
density (dashed line) as a function of depth, beneath the crust. The curves for each mode are
normalized to an arbitrary scale for units kin/sec resp. g/ccrn

It is a common misunderstanding to think that phase velocities of surface
waves are very insensitive to density perturbations. The cause of this is probably
the fact that these phase velocities are indeed unchanged by constant relative
density perturbations (Sp/p, because the variational parameters for ,0 (keeping
the velocities constant) are proportional to the product of ,o—1 and the
Lagrangian density (Gilbert, personal communication; Nolet, 1976). The va-
riational parameters for the density oscillate, and when multiplied with the
density they will give 0 on integration over depth (Fig. 9). But the parameters
themselves are in magnitude only slightly smaller than those for the shear
velocity, and the phase velocities are in fact rather sensitive to the detail. in the
density model.
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Fig.10. A set of possible density models obtained from 2 different starting models. The various
models were obtained by varying the number of eigenvectors with which the p(r)-correction is built
up in the Backus-Gilbert inversion (models 1, 2, 5 and 6) or by weighting the contribution of each
eigenvector in such a way that the largest correction did not exceed a certain bound (models 3. 4, T
and 8}

To get an impression of the kind of density model that is needed to fit the
data I have tried two different starting models (one with constant density and
one with p varying according to Birch’s law in the upper part of the mantle) and
several different cut-off criteria for the eigenvectors that participate in the
Backus-Gilbert inversion. The results are shown in Figure 10.

Some of these models have a density drop as large as 0.30 g/ccm. Since it was
first tried to fit the data with a perturbation in the shear velocity, the density
perturbations shown are limited to the perturbations that cannot be traded off
against a correction of the shear velocity curve. Model 7 in Figure 10 has a
reasonably small density drap (from an average of 3.40 in the lid to 3.29 g/ccm in
the zone between 190 and 270km depth). With this density model <5 can be
brought down to 1.2. There does not seem a need to bring ë further down since
we would probably rely too much on the error estimates of the data: if a
minimum of 0.02 km/s is imposed on the standard errors in the data, ä will be
exactly 1.0 for model 7. The choice of model 7 among the suite of models shown
in Figure 10 is a conservative one in the sense that it is the model with the
smallest density drop-that still fits the data.

The final result of the inversion procedure is shown in Figure 11. A listing of
the model can be found in Table 3. The model seems to be mainly determined
by the more precise data among the fundamental and the first and second higher
modes.
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Table 3. Model 7'"

Depth VP Vs Density Depth VP Vs Density

{km} [km/S) (km/s) (g/ccm) (km1 (km/s) (km/S) 1147€c
0—20 6.000 3.470 2.751 260 8.286 4.585 3.336

20—33 6.700 3.790 3.064 270 8.352 4.593 3.360
33 8.150 4.430 3.555 280 8.418 4.601 3.376
40 8.150 4.430 3.482 290 8.484 4.595 3.387
50 8.150 4.430 3.392 300 8.550 4.592 3.403
60 8.150 4,430 3.363 320 8.673 4.621 3.453
70 8.105 4,430 3_ 382 340 8.796 4.685 3.510
80 8.060 4430 3417 360 8.919 4.798 3.578
90 8.030 4430 3_439 380 9.031 4.910 3.622

100 8.000 4,454 343 5 400 9.130 4.982 3.682
110 7.965 4.502 3.410 420 9.217 4.994 3.754
120 7.930 4.522 3.381 440 9.303 4.998 3.320
130 7395 4515 3.362 460 9.372 5.008 3.844
140 7.860 4.479 3.360 480 9.440 5.039 3.837
150 7.880 4,432 3,371 500 9.516 5.112 3.833
160 7,900 4,390 3.387 540 9.686 5.293 3.937
170 7.930 4_ 3 53 3395 580 9.886 5.458 4.082
180 7.960 4,329 3.382 620 10.123 5.599 4.114
190 8.000 4333 3_3 52 660 10.420 5.771 4.128
200 8.040 4.347 3.310 700 10.735 5.970 4.223
210 8.076 4.388 3.238 740 10.989 6.143 4.358
220 8.112 4.430 3.231 780 11.166 6.267 4.471
230 8.148 4.478 3.243 820 11.271 6.343 4.540
240 8.184 4.521 3.270 860 11.306 6.367 4.563
250 8.235 4.555 3.306 900 11.299 6.356 4.561

Linear interpolation has been applied between specified points
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Fig.12. The shear wave velocity model resulting from this study (model 7) compared with other
models proposed for Western Europe

6. Discussion

The resulting model for the shear velocity shows that a value of 4.4—4.5km/s in
the lid is compatible with the fundamental mode phase velocities; so it has been
shown that there need not be a discrepancy between Sn-values measured from
body—waves and lid velocities inferred from surface wave studies. As most of the
details in the shear velocity curve have wavelengths longer than the resolving
length (length of the boxes in Fig. 11) and amplitudes larger than the un-
certainties (height of the boxes) they should be considered real. There is a rise in
V3 before the start of the LVZ. The LVZ is rather shallow and starts at a depth
of about 150 km, in accordance with findings by Lehmann (1961), who argues
that the LVZ should be located deeper than the depth of some Rumanian
earthquakes at 130 km. There is disagreement with the depth of 76 km reported
by Seidl (1971) for the model KA-IOO. The reason is probably that this model
was sorted out from a set of Hedgehog models after constraining the thickness
of the lithosphere to 70i20 km.

It is interesting to compare the model with the model SW-Europe found by
Mayer-Rosa and Mueller (1973) from body and surface wave data (Fig. 12). The
rise in model 7 between 100 and 150 km coincides with a zone of high velocity
between 120 and 160 km for the model SW-Europe. A low velocity zone
between 70 and 120 km as in this mode] is not excluded by the data set although
it is probably possible to fit body wave arrivals with a simple rise near 100 km
depth. The third LVZ in the model SW-EurOpe coincides with a zone of
stationary velocity at 300km in model 7. A full comparison between the models
cannot be made as the model SW—Europe is representative for the region near
the Alps, and hence based on a different curve for the fundamental Rayleigh
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mode. But the bad fit against the higher modes indicates that the velocity
contrasts in this model are too large.

On the other hand, from the nature of the inversion problem studied here,
sharp discontinuities in the Earth are smoothed out in model 7. The “400 km
discontinuity”, however, which is only a smooth rise in the starting model, is
seen by the higher modes, which have introduced a stronger velocity gradient
near 360km. A second large velocity gradient at a depth of 520km is less
pronounced but coincides with a jump at 540 km that was introduced in the
model SW-Europe on the basis of S-arrivals at distances between 20 and 25
degrees, and is probably real.

A comparison with recent long-range profile experiments in Western-Europe
shows that strong P—wave gradients near 90 km (Hirn et al.‚ 1973) and 220 km
(Steinmetz et al.‚ 1974) coincide roughly with the S-velocity gradients in model 7.

In summary we can say that the upper mantle under Western Europe
consists of a shallow LVZ with a minimum VS of 4.33 km/s between 150 and
230 km depth, preceded by a rise in velocity around 120 km. The strong velocity
gradient known as the “400 km discontinuity” and possibly related to the
olivine-spine] phase transition is found at a depth of 360i20 km and preceded
by a plateau of constant or even decreasing Vs.

Although small-scale details in the density curve are probably not real
(Fig. 11), and the height of the curve may be changed by constant amounts öp/p,
in broad outline we can say that the density drops with at least 0.1 g/ccm when
we go from 80 to 220 km depth.

It should be noted here that the possible existence of a layer of anisotropy
has been neglected. Calculations for an isotropic Earth show that the ellipticities
of the first and second higher mode are of the same order, indicating a similar
movement near the surface where most of the anisotropy is supposed to be
located (Crampin, 1967). The effects of anisotropy are closely linked to the
particle movements, and if the movements calculated for an isotropic Earth are
indicative for the movements in a slightly anisotropic one, the effects of
anisotropy on the phase velocity could not be of opposite sign for the first and
second mode. Moreover, the movement of the third higher mode changes from
retrograde to prograde at a period of 43 s, but the experimental phase velocity
remains high at this point, as for higher and lower periods. Although we cannot
rule out a systematic influence of anisotropy, it is improbable that the low
density layer can be traded off against a layer of anisotropic rocks.

Very recently it was pointed out by Randall (1976), Hsi-Ping-Liu et a1. (1976)
and Anderson and Hart (1976) that the effects of absorption on the normal
mode frequencies may not be negligible. An investigation of the effects of
anelasticity on the dispersion of the data set used in this study has been started.

But even if anelasticity can result in large phase velocity corrections of
different sign for different modes this does not rule out the possible existence of
a LDZ. On the basis of quite different data sets both Press (1968, 1970, 1972)
and Anderson and Hart (1976) conclude that a LDZ with a drop of 0.1 g/ccm or
more is present at depths around 220 km.

This raises some difficult questions as to the cause of a LDZ. It is not the
object of this paper to deal with this problem at length. It should be pointed out,
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object of this paper to deal with this problem at length. It should be pointed out,
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however, that a density drop of this order can never be the result of the
temperature rise with depth only. For, according to the Adams-Williamson
equation:

dp
Fi: -pg<15‘1 (5)

where (15 = 1); ——§— vs2 z 3.7 x 107m2/s2, gz 10 m/s2 and p z 3.4 g/ccm, the density
should rise 0.001 g/ccm for each km depth or 0.14 g/ccm from 80 to 220 km
depth. Thus the superadiabatic temperature gradient should explain a density
drop of 0.25 g/ccm.

Taking the volume expansion coefficient av equal to 4 x 10‘5/°C this implies
a superadiabatic temperature rise of

A T =A—p=184O°C. (6)S

v

The adiabatic temperature curve increases with only 40°C over this distance. If
the temperature at 80 km is estimated rather low at 620°C this means a
temperature of 2500 °C at 220 km, which by far exceeds the melting point of
pyrolite (1700 °C) and other minerals at that depth.

We are therefore forced to conclude that a chemical or mineralogical
stratification exists in the upper 300 km of the mantle. If the choice of mantle
material is limited to eclogite and peridotite and their mixtures (Clark and
Ringwood, 1964) there is no solid-solid phase transition that could be crossed by
the geotherm from the heavy to the light phase with increasing depth. Phase
transition curves for peridotite are given by Green and Ringwood (1970) and for
eclogite by Ito and Kennedy (1971).

One way out of this contradiction would be to suppose that the partial
melting in the LVZ leads to a chemical differentation by means of the fractio-
nation of eclogite. This fractionation mechanism was originally proposed by
Press (1969) as a possible cause of a LDZ below ocean ridges and makes use of
the solid-liquid phase transition of eclogite: the eclogite that is present in the
asthenosphere is the source of basaltic melt. This melt, which is lighter and more
mobile than the solid material (presumably olivine) migrates upward, where it
cools and solidifies into eclogite which has a high density of 3.55 g/ccm. In
course of time the cap becomes more and more eclogiti‘c, leaving a peridotite or
dunite residue at depth.

Acceptance of this fractionation as a worldwide phenomenon would have
consequences for current theories about the mechanism of continental drift (e.g.
Jacoby, 1970; Elzasser, 1971; Vlaar, 1975) in the sense that the phase transfor-
mation (1iquid)basalt/(solid)eclogite cannot be handled as a mere sideshow in
the earth’s efforts to get rid of its surplus calories.

The energy which is stored as potential energy in the high-density cap is
once more released as heat by friction when the lithosphere becomes too heavy
and sinks. That the sinking of the lithosphere can be explained purely by gravi-
tational instability was recently demonstrated by Vlaar and Wortel (1976). If the
fractionation of eclogite continues far from the ridges, as proposed here, we
expect that the thickness of the high-density cap will increase with distance to

The Upper Mantle under Western Europe 283

however, that a density drop of this order can never be the result of the
temperature rise with depth only. For, according to the Adams-Williamson
equation:

dp
Fi: -pg<15‘1 (5)

where (15 = 1); ——§— vs2 z 3.7 x 107m2/s2, gz 10 m/s2 and p z 3.4 g/ccm, the density
should rise 0.001 g/ccm for each km depth or 0.14 g/ccm from 80 to 220 km
depth. Thus the superadiabatic temperature gradient should explain a density
drop of 0.25 g/ccm.

Taking the volume expansion coefficient av equal to 4 x 10‘5/°C this implies
a superadiabatic temperature rise of

A T =A—p=184O°C. (6)S

v

The adiabatic temperature curve increases with only 40°C over this distance. If
the temperature at 80 km is estimated rather low at 620°C this means a
temperature of 2500 °C at 220 km, which by far exceeds the melting point of
pyrolite (1700 °C) and other minerals at that depth.

We are therefore forced to conclude that a chemical or mineralogical
stratification exists in the upper 300 km of the mantle. If the choice of mantle
material is limited to eclogite and peridotite and their mixtures (Clark and
Ringwood, 1964) there is no solid-solid phase transition that could be crossed by
the geotherm from the heavy to the light phase with increasing depth. Phase
transition curves for peridotite are given by Green and Ringwood (1970) and for
eclogite by Ito and Kennedy (1971).

One way out of this contradiction would be to suppose that the partial
melting in the LVZ leads to a chemical differentation by means of the fractio-
nation of eclogite. This fractionation mechanism was originally proposed by
Press (1969) as a possible cause of a LDZ below ocean ridges and makes use of
the solid-liquid phase transition of eclogite: the eclogite that is present in the
asthenosphere is the source of basaltic melt. This melt, which is lighter and more
mobile than the solid material (presumably olivine) migrates upward, where it
cools and solidifies into eclogite which has a high density of 3.55 g/ccm. In
course of time the cap becomes more and more eclogiti‘c, leaving a peridotite or
dunite residue at depth.

Acceptance of this fractionation as a worldwide phenomenon would have
consequences for current theories about the mechanism of continental drift (e.g.
Jacoby, 1970; Elzasser, 1971; Vlaar, 1975) in the sense that the phase transfor-
mation (1iquid)basalt/(solid)eclogite cannot be handled as a mere sideshow in
the earth’s efforts to get rid of its surplus calories.

The energy which is stored as potential energy in the high-density cap is
once more released as heat by friction when the lithosphere becomes too heavy
and sinks. That the sinking of the lithosphere can be explained purely by gravi-
tational instability was recently demonstrated by Vlaar and Wortel (1976). If the
fractionation of eclogite continues far from the ridges, as proposed here, we
expect that the thickness of the high-density cap will increase with distance to



|00000298||

284 G. Nolet

the ridge. As the LVZ gets depleted the velocity contrast will diminish. Thus, the
differences found for LVZ’s under continents and oceans may partly be of
chemical origin. At the same depths the pressure will be higher in the older parts
of the asthenosphere, causing a flow of material towards younger parts. Hence.
the counterflow of material at depth that is necessary for any convective
mechanism may very well be located in the asthenosphere. This conclusion
differs from that reached by Schubert and Turcotte (1972).
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Abstract. New data for the fundamental mode Rayleigh waves from 16
earthquakes recorded on special instruments are used here to determine
phase velocities on regional and global basis in the period range of 15 3—350 s.
Two types of special instruments are used here: (1) broad-band long-period
system, and (2) ultra long period system. Data from the first type are used
to determine phase velocities by the two-station method in the period range
of 15 3—260 3 on a regional basis between Madeira Island (Funchal-FUN)
and southern Portugal (Faro-FAR) and between Faro and Zurich (ZUR).
The distances between the stations are 950 km and 1750 km, respectively.
Based on seven events for each station pair, the determined phase velocities
have an average standard error of the mean of 0.01 km/s. Data from both
types of instruments are used in the one-station method to determine phase
velocities in the period range of 100 3—350 3 on a global basis using earth
circling paths through ZUR from four earthquakes. The velocities, based
on three determinations from each earthquake using various combination
of R1 through R6, have an average standard error of about 0.005 km/s.
Surface waves circling the earth in different places show clear differences
in phase velocity up to 0.02 km/s, even at periods of 300 3.

Key words: Special LP instruments — Long-period Rayleigh waves -— Re-
gional phase velocities.

1. Introduction

To date systematic determination of surface wave velocities of the fundamental
mode at very long periods (T> 150 s) has been possible only on a global scale.
Such inforamtion on a regional basis would be very useful in outlining structural
differences between (and within) continents and oceans to greater depths which
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in turn would be helpful in understanding the dynamics of the earth. The
lack of proper instruments made such studies until recently very difficult.

The study of higher mode surface waves provides a way to reach greater
depths using shorter periods. But the data analysis is, by comparison to the
fundamental mode, considerably more complicated and is still being developed
and improved. In any case, the study of higher modes should be used, if possible,
not as an alternative but as a complimentary tool to the fundamental mode.

Recent developments in long-period (LP) seismometry, meanwhile are mak-
ing it easier to determine surface wave velocities of the fundamental mode
on a regional scale to a higher precision and at longer periods. In this study,
first data from two types of new LP instruments are used to determine accurately
phase velocities of the fundamental mode Rayleigh waves in the period range
of 15 3—350 3 on a regional as well as global scale. Before presenting and discuss-
ing the results, a brief description of the instruments will be given. For the
purpose of discussion, the new instruments will be referred to as (1) broad-band
long-period and (2) ultra long period seismographs.

2. Instrumentation

A. Broad-Band LP Seismograph

The conventional long-period (LP) instruments of the type used in the WWSSN
stations have been successfully used for many years to study surface wave
dispersion on regional basis for periods up to 150 s (Knopoff, 1972). Only
rarely was it possible to measure velocities at periods greater than 2003
(Biswas and Knopoff, 1974). When very low noise, large dynamic range DC
amplifiers became available, it became possible to develop a new LP instru-
ment that has several important advantages over the conventional type in its
application to the study of surface wave propagation on a regional basis. This
was done by replacing the LP galvanometer, photographic recording part of
the conventional system by an electronic amplifier-filter, ink recording system.
The low noise, large dynamic range are crucial requirements in an amplifier
for such LP application. This seismograph has the following important advan-
tages over the conventional system: (1) the transfer function is more stable
with time and environmental conditions and can be determined more easily
and accurately; (2) the amplitude response as a function of period is so flexible
that it can be shaped to almost any desired form; (3) installation and operating
costs are considerably lower because the photographic recording and its dark
room are replaced by ink recording on cheap paper. In fact, such a system
has been demonstrated to operate quite satisfactorily in any building with a
basement where a person can be persuaded to change records regularly. This
makes it possible to locate a recording station almost anywhere.

The first type of instrument from which data will be presented was designed
especially to study surface wave dispersion on a regional basis in a broad
period range (5 3—250 s). This was accomplished by combining a highly damped
moving coil type seismometer with a natural period near 15 s with an electronic
filter with a corner period near 200 s (equivalent to a galvanometer with a
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period of 200 s). In addition, the magnification ofthe system was kept sufficiently
low so that signals from larger earthquakes, with relatively more energy at
long periods, would not be off scale. This system has been described in detail
by Wielandt and Mitronovas (1976). A typical amplitude response of such
a system is compared in Figure l to the response of a standard system (WWSSN)
and to the second type (ultra long period) to be described below.

B. Ultra Long Period Seismograph

The maximum magnification of the broad-band LP system described above
is limited in practice primarily by the long period noise due not to ground
motion but to environmental conditions at the seismometer. To substantially
increase the gain at very long periods, it is necessary first to increase the output
signal from the seismometer by replacing the velocity transducer by a displace-
ment transducer, then to protect the seismometer from any magnetic, pressure,
temperature and other fluctuations in the environment, and finally to reduce
the signal at short periods (low-pass filter) if a high dynamic range recording
(digital) is not available. It has been found in practice that the temperature
variation is the most difficult to eliminate because the effect is normally not
only very large but difficult to reduce at very long periods.

There have been many different approaches to solve the above problem.
The approach in designing this seismometer has been to start with small dimen-
sions using a flat spring suspension instead of the more conventional helical
spring of the LaCoste type. The design of the flat spring suspension is described
by Wielandt (1975). The temperature effect of the flat spring is adjusted to
produce as small temperature effect as possible for the overall seismometer
in the required period range. The small size of the instrument makes it easier
and cheaper to reduce the magnetic, pressure and temperature effects of the
environment to acceptable levels. Details for the overall system will be published
in the near future.
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It has been demonstrated in practice that an ultra long period system with
the amplitude response and gain as shown in Figure 1 can be successfully oper-
ated in an office building with a normal basement, as is the case at our institute
in Zurich where the data were obtained. The noise and dynamic range require-
ments of the electronic amplifier filters system depend on the shape of the
transfer function. For that shown in Figure 1 the requirements are less stringent
than for the broad-band seismograph. Recent improvements in the system made
it possible to increase the gain about five times over that shown in Figure 1.
So far there are only few data from the improved system.

3. Data and Method of Analysis

A. Two-Station Method

Data from the broad-band long period system were digitized by hand at two
seconds per sample from seismograms recorded at 60 mm/min. Time variable,
band-pass filtering (Landisman et al., 1969) was used as an aid to separate
the fundamental from the higher modes and to reduce the interference effects
of the multipath propagation of surface waves. The filters were based upon
a preliminary determination of dispersion (group) velocities inferred from a
moving window analysis.

When more than one recording station is available, surface wave phase
velocities have normally been determined either by a two-station method (Brune
and Dorman, 1963) or by a tripartite (multipartite) array (Press, 1956). Knopoff
et a1. (1967) have demonstrated that in the presence of lateral heterogeneities
the determined velocities, based on a tripartite net where the surface waves
do not propagate parallel to one of the legs, may be significantly in error;
but when the propagating vector is nearly parallel to the two stations of a
tripartite net which are also used in the two-station method the results for
the two methods are always similar. The only advantage of the tripartite over
the two-station method would be in cases where the propagating vector deviates
systematically from the great circle path. However, the examples of Knopoff
et a1. (1967) suggest that, in many cases, the deviation from the great circle
path is not large. The results of Gjevik (1974) show more directly that, even
for short periods (T= 20 s), only for extreme cases is the propagation direction
significantly different from the great circle path.

In this study a preliminary comparison between the two-station and the
tripartite method indicated that the assumption of great circle propagation
was satisfactory. This assumption was further substantiated by the observation
that the results for the two-station method from opposite directions of wave
propagation were in every case the same within expected errors (see Table 2).
For these reasons the two station method was used throughout. To date sufficient
data are available from two two-station pairs: (1) Funchal (FUN) and Faro
(FAR), a distance of about 950 km; (2) Faro and Zurich (ZUR), a distance
of about 1750 km (Fig. 2). The first line represents an oceanic path, the second
line a continental path.
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Fig. 2. The location of recording stations (dots) used in the regional phase velocity studyr (two-station
method) and of earthquakes (stars with numbers) used in the one-station method for the globe
circling paths (dashed lines) thrOugh Zurich (ZUR)

Table l

Event Date Origin Time Location Magnitude Stations
Number used

(D) (M) (Y) (H) (M) (S) (LAT) (LONG) (Mb)

A. Events used in the two-station method

l 2 1 74 10 42 29.9 22.58 68.4W 6.4 FUN-FAR
2 9 5 74 23 33 25.2 34.5N 133713 6.0 FUN—FAR
3 23 10 74 6 14 54.8 8.48 154013 6.1 FAR-ZUR
4 9 11 74 12 59 49.8 12.58 77,8w 6.0 FUN-FAR
5 19 1 75 8 00 24.3 32.4N 78.6E 5.3 FUN-FAR

FAR-EUR
6 7 2 75 4 51 44.0 7.38 149.5E 6.3 FAR-ZUR
7 13 3 75 15 26 42.5 29.98 71_3w 6.2 FUN-FAR

FAR-ZUR
8 27 3 75 5 15 06.2 40.4N 26. IE 5,7 FUN-FAR
9 10 5 75 l4 27 40.5 38.18 73,]w 6.4 FAR-ZUR

It} 16 6 75 22 35 23.2 3.08 147,313 6.1 FAR—ZUR
11 10 7 75 18 29 16.0 6.5N 126.613 6.2 FAR-ZUR
12 28 10 75 6 54 22.4 22.98 70.5w 5.9 FUN-FAR

B. Events used in the one-station method“

l3 26 5 75 9 11 49.8 35.9N 17.6W 8.0 ZUR
14 25 12 75 23 22 21.7 4.13 142.0E 6.6 ZUR
15 21 1 76 10 05 l4 43 N 149 E 6.4 ZUR
16 4 2 76 9 01 52 16 N 90 W 7.5 ZUR

il These events are located in Figure 2
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Table 2
A. Results for the FUN-FAR path

Period Phase velocitya (km/s)
(S)

(#1) (#2) (#4) (#5) (#7) (#8) (#12) Average

15 3.88 3.83 ‘ 3.855 10.025b
20 3.93 3.90 3.90 3.91010010
25 3.97 3.94 3.93 394710012
30 3.99 4.01 3.97 4.02 3.98 3.97 3.96 3.986 1 0.008
40 4.00 4.02 4.01 4.03 4.00 3.98 3.99 4.0041 0.007
50 4.01 4.03 4.02 4.04 4.02 3.99 4.00 4.016 10.007
60 4.02 4.05 4.04 4.06 4.03 4.00 4.01 4.030 1 0.008
80 4.04 4.08 4.06 4.09 4.06 4.04 4.05 4.0601 0.007

100 4.09 4.15 4.11 4.14 4.10 4.09 4.10 4.1111 0.009
120 4.17 4.22 4.18 4.20 4.15 4.14 4.17710012
140 4.26 4.31 4.29 4.29 4.23 4.23 4.268 1 0.014
160 4.35 4.42 4.38 4.34 4.33 4.3641 0.016
180 4.46 4.57 4.49 4.46 4.495 1 0.026
200 4.58 4.61 4.60 4.597 1 0.009
220 4.71 4.74 4.725 10.015

B. Results for the FAR-ZUR path

(S) (#3) (#5) (#6) (#7) (#9) (#10) (#1 1) Average

20 3.60 3.70 3.650 :0.028
25 3.73 3.79 3.75 3757:0018
30 3.88 3.81 3.86 3.87 3.79 3.842 :0017
40 3.90 3.92 3.90 3.93 3.86 3902:0012
50 3.94 3.97 3.94 3.95 3.91 3942:0010
60 3.98 3.98 4.01 3.96 3.96 3.97 3.977 :0.007
80 4.05 4.03 4.06 4.03 4.00 4.05 4 4.037 : 0.009

100 4.11 4.10 4.11 4.08 4.06 4.12 4.05 4.090 :0.010
120 4.17 4.15 4.17 4.15 4.13 4.19 4.14 4157:0008
140 4.26 4.24 4.25 4.22 4.25 4.27 4.23 4.246 :0006
160 4.36 4.32 4.35 4.30 4.37 4.35 4.33 4.340 : 0.009
180 4.42 4.49 4.40 4.47 4.45 4.42 4.442 : 0.014
200 4.53 4.53 4.57 4.58 4.53 4.548 :0011
220 4.67 4.67 4.67 4.64 4.663 : 0.008
240 4.85 4.85 4.78 4.74 4.805 : 0.027
260 4.88 4.85 4.865 :0011

The results are listed by event numbers. See Table 1 for identification
b Standard error of the mean

Because of lateral inhomogeneities of the earth and the resulting interference
of spreading surface waves, a single determination of phase velocity from one
earthquake is usually not very reliable for such small distances between recording
stations. Seven events were found for each station pair where the signal was
satisfactory on both stations and where the direction of surface wave propagation
was in line with the stations to within 110°. In addition, events were chosen
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Fig. 3. Average phase velocities (C) as a function of period (T) for the FUN-FAR path (top
solid line) and for FAR-ZUR path (bottom solid line); results for Western Europe (X‘s) from
Nolet (19%) and Seidl (1971); average values for globe circling paths using the one-station method
(dashed line)

so that the wave prOpagation would be available from both directions. Table
1A presents the selected events and indicates which station pair was used.

The determined phase velocities were plotted as a function of period and
then smoothed by fitting a curve through the data for each event. The smoothing
was done by “eye”. The results are presented at selected periods for each
event in Table 2. The average values with their statistics for the two profiles
are presented in Table 2 and Figure 3.

B. One- Sration Method

Data from the vertical component of the ultra long period and the broad-band
seismographs at Zurich (ZUR) were used to determine phase velocities of the
fundamental mode Rayleigh waves for the globe circling paths using the well
known one-station method (Nafe and Brune, 1960; Brune et al., 1961). Data
from the ultra long period system were digitized by hand at 10 3 per sample
from seismograms recorded at 6 mm/min. Similar filtering as used on the broad-
band data was applied to these data, although it was found that, because
of the nature of the data, filtering was not essential (see Fig. 5A). Table 1B
presents the four earthquakes used in this study and Figure 2 shows the location
of the events and the great circle paths through Zurich. The large earthquake
(#13) was recorded on the low gain broad-band LP system, while the other
three smaller events were recorded on the ultra long period system. Aside from
a good signal, the only requirement for an event in such a study is that its
location not be too close to the recording station or its antipode, in which
cases waves travelling in opposite directions will arrive at the station about
the same time and interfere.
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Fig.4. Tracings of data from the ultra long period seismogram (vertical component) for Event
#16. Pass R, was clipped

Table 3. Results for the one-station method

ü Results only for event #13 given here.
Results for the other three events can be
reconstructed by using these results in
conjunction with Figure 5
b Standard error based on
3 determinations: R4-R2. Rs-R3. Rfi-R4
“ Standard error based on all data from
four events (12 determinations)

Period Phase velocity;l (km/s)
(S)

(#13) Average

101.05 4.0583 10007] b 40753100369c
111.63 41211100151 41277100321
120.00 41546100224 41670100180
129.73 4.2078 10.0066 4.2100100145
141.18 4.2648 10.0009 42627100147
150.00 43072100026 4.3041 10.0154
160.00 4.3479 1 0.0003 4.3503 1 0.0125
171.43 4.4050 10.0041 4.4106100092
181.13 4.4585 10.0066 44639100089
192.00 4.5222 10.0006 4.5251 10.0111
200.00 4.5716 10.0024 45736100103
208.70 4.6282 10.0012 46289100097
218.18 4.6912 10.0023 4.6916100088
228.57 4.7602 10.0027 4.7606 10.0088
240.00 4.8422 10.0009 4.8433 10.0088
252.63 49351100016 4.9368100102
266.67 5.0383 10.0027 5.0397100113
282.35 5.1506100019 5.1535100] 14
290.91 5.2108100066 5.2160100132
300.00 5.2770100104 5.2841100147
309.68 5.3513 10.0132 5.3591100147
32000 5.4385100] 13 5.4423100147
331.03 5.5420100049 5.5357100232
342.86 5.6626100015 5.6443100433
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Fig.5A—E. Differences in phase velocities (km/s) as a function of period (T) for the following cases:
A Typical errors resulting from data analysis: R2 and 1'?4 passes from Event #16 were digitized
twice (10 5 intervals) and also filtered and unfiltered. B Event #14—Event #13. C Event #16—Event
#13. D Event #IS—Event #13. E Average for this study (interpolated)— free oscillation data (Gilbert
and Dziewonski (1975) for T> 140 s; Derr (1969) for T< 140 3). Bars in cases B. C and D indicate
the sum of standard errors; in case E the sum of standard errors of the mean. The period and
order number scales apply to all cases

In this study either R1 to R5 (events #14, #15) or R2 to R6 (events #13,
#16) pases were used, depending on whether R1 was on scale or not, to form
three independent determinations(R3—R1, R4-R2, R5—R3 or R4-R2, RS-R3, Rfi-R4)
of phase velocity for each great circle path. Figure 4 shows how the typical
data look on the ultra long period seismogram. Table 3 presents the average
phase velocities at selected periods based on Event #13 (3 determinations) as
well as the average values based on all four events (12 determinations). Most
of the data in the last column are also plotted in Figure 3 for comparison
with the regional results. Figure 5 presents the differences between Event #13
and the other events in a graphical form on an expandes scale (B, C. D).
Using Table 3 in conjunction with this figure, it is possible to reconstruct the
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phase velocity values for all four great circle paths. Finally, a comparison
is made between the present results and the best free oscillation results (E).

4. Discussion

Lateral heterogeneities within the earth lead to interference patterns in the
amplitude and phase of surface waves as they spread from a source. This
underlines the need to determine velocities on regional basis but at the same
time makes it more difficult to do so. The interference patterns in phase lead
to errors (“oscillations”) in the determined surface wave velocity as a function
of period (Pilant and Knopoff, 1964). Such “oscillations” in general tend to
increase with decreasing distance between recording stations.

In the course of this study it was found that, for a given station pair, the
oscillations can vary considerably from one event to the next, even when the
two events are from the same general (but not identical) region. (So far there
have been no cases with more than one event from the same region and same
focal mechanism to check if the patterns are repducible). In the best examples
the maximum oscillations about the average are of the order of i003 km/s
for the FAR-ZUR line and about i 0.05 km/s for the FUN—FAR line. In
this study results for events with oscillations up to $0.15 km/s were accepted,
provided the patterns were sufficiently regular so that a reliable smooth curve
could be drawn through the data. Such smoothing was done by eye because
it was found difficult to pr0pose a good objective procedure to fit all cases.
As the amount of data increases, however, the exact smoothing procedure for
each event becomes less important to the final estimate. Seven such independent
determinations for each line is probably a minimum number when the exact
nature of the smoothing procedure starts to become unimportant. In this case,
I feel that it is better to have sufficient data, even though not all of it of
the highest precision, than to rely on a single precise determination of unknown
accuracy. In other words, it is safer to have large random errors than to have
small errors with an unknown systematic bias. It is in order to guard against
systematic bias that effort was made to use events from opposite sides of each
station pair and to determine accurately the phase respsonse of the instruments
(Mitronovas and Wielandt, 1975).

Assuming no systematic errors in the data, the occuracy in the average
values can be represented realistically by the standard error of the mean. The
results summarized in Table 2 indicate that the standard error of the mean
is on the average about 0.010 km/s in the period range from 30 3—200 3 fOr
the FAR-ZUR path and in the period range from 30 s—l60 s for the FUN-FAR
path. The results outside these ranges are less reliable either because of larger
scatter in the data or because of insufficient data.

Comparing the phase velocities from the two regions (Fig. 3), it can be
seen that for periods up to 80 3 there exist large and well determined differences
corresponding to the well known differences between the oceanic and continental
crust and upper mantle. Systematic and significance differences in phase velocity
persist up to the longest periods (210 3), although the slight increase in the
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difference beyond 160 s is probably not significant because the data is less
reliable here as pointed out above. The x’s are the composite results of Nolet
(1976) and Seidl (1971) and reflect the average values for Western Europe.
Nolet’s results extend from 28 s—about 110 s, Seidl’s from 60 s—about 150 s.
The differences between their results from 60 s—110 s are negligible. The
systematic differences in the period range from 40 s—lOO s between their results
and the results for the FAR-ZUR line probably reflect regional differences
within "Western Europe. The nature of the earth structure reflecting the observed
differences in the phase velocities will not be discussed in this paper.

The precision in the determined phase velocities, based on one event, is
at least one order of magnitude higher for the one-station method using the
globe circling paths than for the regional results. This is mainly due to the
much larger distances involved in the one-station method (~40,000 km). The
combined effects of the instrumental response, selective attenuation of energy
at short periods, and the nature of the minimum in the group velocity for
Rayleigh waves between 200 s and 300 s limited the useful period band between
100 s and 350 s in this study. This happens to be the period range where the
observations from free oscillations are more difficult because of problems in
separating and identifying various modes. Compared to the free oscillation
results, the one—station method results are more sensitive to earth properties
close to the great circle path of wave propagation, so that regional nature
of the earth can be better studied. Finally, the data analysis in theone-station
method is relatively easy.

The precision in the results from Event #13 (Table 3), based on 3 determina-
tions, is typical for the other three events (not presented). Typical standard
errors for the average values from all four events, based on 12 determinations,
are considerably larger, however, suggesting significant differences in phase
velocity for different great circle paths. It can be inferred from Figures 2 and
5 that the difference in velocities increases as the distance between the great
circle paths increases. Such data can be used to study the earth on a smaller
scale regional basis. The results from the one-station method using the globe
circling paths are even better suited to study the earth structure on a global
scale by averaging many observations. In this way the results from the free
oscillations can be improved at shorter periods. A comparison is made (Fig. 5 E)
between the present results and the best free oscillation results. The comprehen-
sive results of Gilbert and Dziewonski (1975) extend only down to a period
of 141 s. The results of Derr (1969) are used for comparison at shorter periods.
Such a comparison will be more meaningful when more data become available
from the one-station method. It is already clear that eventually the one-station
observations will not only help define the average standard earth mode, but
will at the same time indicate the extend of regional variations within the
real earth.
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I am grateful to Dr. E. Wielandt for the data from the ultra long period system and for helpful
discussions and to station operators at Funchal, Faro and Zurich. This work was supported by
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The Inversion of Surface Wave Dispersion Data
with Random Errors*
L. Knopoff and F.-S. Chang
Institute of Geophysics and Planetary Physics,
University of California, Los Angeles, Calif. 90024, USA

Abstract. The ability to use a given set of dispersion data to resolve certain
upper mantle model parameters is investigated through the expedient of
computing dispersion for a known structure, adding random phases to the
result, and then performing an inversion; we use the known structure as the
starting model in the inversion. If the phase errors are random and un-
correlated, then the variances in the group velocities are much larger than
those for phase velocities. For fundamental mode Love and Rayleigh
wave phase and group velocities determined over the range 20—250 s, phase
velocity data are considerably more potent resolvents of upper mantle
structure than group velocity data. For a continental structure, Love and
Rayleigh wave phase velocity data over the same period band have com—
parable ability to resolve structure, except for low-velocity channel thickness,
for which Rayleigh wave data have superior resolution; for an oceanic
structure, the two types of dispersion data also give comparable resolution
except for lid thickness, for which Rayleigh waves have superior resolution.

Key words: Inverse Problem—Rayleigh waves—Love waves—Phase velo-
cities — Group velocities —— Resolution.

Introduction

A belief widely accepted by many practitioners of inversion of surface wave
dispersion data is that the inversion of phase velocity dispersion data yields a
more tightly knit set of models than does the inversion of group velocity data,
for the two sets of data taken over the same span of periods. A “proof” of this
statement has been given by Pilant and Knopoff (1970) for the case of noise-free
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data. Because of the usual derivative relationship between group velocities U
and phase velocities c,

1 =d(w/c)
U da) (1)

where to is the frequency, it is claimed that different values of the constant of
integration arising from the integration of this expression will generate a large
family of possible models. The demonstration fails to show with certainty that
the function {w/c(co)+constant} is derivable from a possible real model for the
earth, if the function co/c(co) itself is derived from a real model for the earth. The
proposal may be true, but in any event the proof applies only to noise-free data.
In the presence of experimental uncertainties among the measurements of phase
and group velocities, the span of acceptable models in either case is broadened.
In this paper we report on a numerical investigation of the above proposition
for the case of dispersion data in the presence of random influences on the
measurements.

To study this problem in isolation from other possible influences on the
inversion, we have started with a known geophysical structural cross-section for
which the dispersion relations U(T) and c(T) are computed with ease by
standard methods; T is the period, T=27t/a). To simulate standard inversion
procedures, we have digitized the dispersion values into discrete phase and
group velocity samples at selected periods, Ti. We assume the velocity samples
U(Ti) and C(Ti) have standard deviations o-U(Ti) and ac(Ti) respectively. We
assume the errors in the “data“ are random and uncorrelated at each of the
sample periods. These “noisy data“ are then inverted by a linear inversion
procedure using as a starting model, the “exact” solution, namely the starting
model.

One aspect of the procedure is inconsistent with customary dispersion
analysis. We assume the data errors are uncorrelated from sample to sample. In
actual practice, a single seismogram is often used to generate an entire disper-
sion curve or a major segment of it; the seismogram is usually so heavily processed
by the numerical filtering and windowing techniques that are applied to remove
extraneous signals, that adjacent sample estimates at nearby periods are likely to
be correlated, especially if the periods of the samples are sufficiently close. It is
not our purpose to investigate the simulation of a realistic process of data
analysis in this paper; as we have indicated we wish to study the problem
outlined above, in isolation from other influences. With regard to phase velo-
cities, the problem proposed is therefore similar to the obtaining of each sample
estimate perhaps by the processing of an independent earthquake event, and
perhaps by some other means not specified. In any case we can imagine that, to
the theoretical phase diffeferences for the continuum before digitization, we add
a random, uncorrelated phase.

The variances in the group velocities are derived by some process of
differentiation of the phases, since the group velocities themselves are the result
of a differentiation process. However the method of differentiation deserves
some careful attention. Let us assume that the group velocity samples are
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obtained by taking differences of phase estimates at pairs of relatively closely
spaced frequencies with frequency difference Aw. We write (1) as a difference

1 ~A(a)/c)
U~ Au)

If phase is a random variable, then wave number is also a random variable.
Hence, by differentiation we find

T —U2 w 21/2 T 200( )—C—2 Z6; 0c( ) ( )

where we have assumed 06(7") varies slowly with period. The factor 21/2 arises
from the assumption that the phases at the two sampling periods are inde-
pendent. The ratio aU(T)/aC(T) is evidently of the order of co/Aw since the ratio
of group and phase velocities is about unity, for fundamental mode surface
waves in the period range we shall consider below. If the values of group
velocity are derived from numerical differentiation of the phase velocity curve,
then Aw is evidently the frequency interval between the samples in the differen-
tiation. If group velocities are obtained by reading the times of peak amplitudes
from direct inspection of a seismogram, then the differentiation has been
performed by the band-pass properties of the signal-group transmitted by the
earth and the ability to determine the time of occurence of the peak in the
amplitudes depends on the bandwidth, i.e. the ability to resolve independent
phases. Numerical bandpass filtering applied to the seismogram merely reduces
the effective bandwidth of the signal for analysis and causes the determination of
time of the peak amplitude to have greater variance in the presence of noise with
random phase properties. From formula (2), if we wish to minimize the effects of
noise, we wish to make the frequency sampling interval Aw as large as possible,
but this has the undesirable effect of reducing resolution, i.e. suppressing the
details of the group velocity curve itself. In the example given below the ratio
co/Aa) is about 7 as a rough average over the sample frequencies, which is
probably much larger than can be obtained in practice.

Continental Structure

The calculations have been performed for both continental and oceanic models.
Our starting reference model for the continental case is one appropriate for a
young stable continental region (Knopoff, 1972); this structure is one of those
proposed for the South Central United States (Biswas and Knopoff, 1974), and is
appropriate for other regions as well. The cross-section is listed in Table 1; it has
a 50 km thick crust, a high—velocity lid to a low-velocity channel of moderate
contrast to the lid, and a deeper structure which is more—or-less “standard“,
including rather large step discontinuities in physical properties at 450 and
650 km depth. The starting/standard/reference structure is also shown in
Figure 1. We have restricted the problem for the purpose of the analysis to a
horizontally layered structure; corrections for sphericity are modifications that
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are tangential to the main purpose of this study, which is not concerned with a
more realistic problem.

The phase and group velocities derived for both Rayleigh and Love Waves
in the fundamental mode are shown in Figure 2. All four of these curves have
been digitized at the 17 periods

20(5) 40(10) 100(25) 250s.
The values in parantheses represent the period interval between adjacent “digi-
tized” values. The inversion has been restricted to six parameters in the crust
and upper mantle normally deemed capable (or almost so) of being determined
from dispersion data over this period range. These six parameters are the lid,
channel and sub-channel S-wave velocities ,BLID, ,BCH, ßSUB and the crustal, lid
and channel thicknesses hCR, hm), hm. These six adjustable model parameters
are indicated in Figurel as parameters (P-numbers) P1—P3 for the S-wave
velocities in the order listed above and P4—P6 for the layer thicknesses. For the
case of P4=hCR, it was assumed that the three infrastructural layers of the crust
are always found in the ratio of the thicknesses as they appear in the original
model 1:2:2.

A description of model variances corresponding to the data variances in six-
dimensional parameter space requires the specification of a large number of
numbers which is difficult for the casual reader to assess. We have chosen to
simplify this task by listing merely the six quantities (Berry and Knopoff, 1967)

1 N
60(2)

2 —1/2
{N Z (61%)} ac, N—l7 (3)

i=1

where the Ti are the periods of the digitized dispersion curves. Evidently, if five
of the six parameters are held fixed at the starting value and the sixth parameter
is allowed to vary by an amount ôPj from its starting value, then the rms
difference between the exact result and the model result is

N_ 2 1/2

P Z (66%)} 6P, N=17N ôPj J
i=1

Table l. Crust-upper mantle structure for continent

Depth (km) Thickness (km) ß(km/s) «(km/s) p(g/cm3)

13 10 3.49 6.05 2.75
20 3.67 6.35 2.85

Ê?) 20 3.85 7.05 3.08
115 65 4.65 8.17 3.45
365 250 4.30 8.35 3.54
450 85 4.75 8.80 3.65
650 200 5.30 9.80 3.98

1050 400 6.20 11.15 4.43
1290 240 6.48 11.78 4.63

oo 6.62 12.02 4.71
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Fig. l. S-wave velocity cross-section for crust and
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which we set equal to the preassigned value 0,. The symbol U can be substituted
for c as appropriate without change in the reasoning. We have assumed that the
assigned “errors” 0C(Ti) are uniform over the entire period range; if they are not
uniform, the modification of (3) is not difficult.

Thus according to some criterion for linearized inversion, the quantities in
the expression (3) are the intersections of the model variance ellipsoid with the
model coordinate axes. These values are therefore the standard deviations in
these parameters for the cases in which all the other five parameters are kept
fixed at their starting values. What is lost in this description is the information
about the inclination of the model ellipsoid to the coordinate axes, i.e. infor-
mation about the eigenvectors. The tabulation of the items (3) does give some
rough information regarding resolution of the parameters Pj by the data set.
Whether this is an optimum estimate of the resolution is in part dependent on
the criterion used in the inversion. In this paper, we call the quantities (3) the
resolution, despite the fact that this definition is inconsistent with other usages
in the literature.

In order to preserve the linearity of the inverse process, we have performed
the computation (3) with ac=aU=0.03 km/s. Although we have indicated at the
outset that 0,, is expected to be considerably larger than 0,, we have taken these
two quantities to be equal for the purposes of preserving the linearity of the
calculation. A detailed calculation of the quantity aU/ac given by (2), for the 17
periods, gives an rms value of 7.7 for Rayleigh waves and 8.0 for Love waves, if
we assume that the quantity Au) is the difference between frequencies of nearest
neighbors of digitized samples. To use a more realistic value of aU=(aU/ac) - 0.03
would take Us out of the range of linearity of the inversion. Thus we have
preferred, for purposes of the mechanics of the inversion to keep the values of a,
and Cu equal and to assess the case for the larger au by a simple multiplication
on the results for 0U=0.03 km/s.

The results of the four sets of inversions are given in Table 2. The values listed
in the table reveal some valuable insights into the relative resolution of different

Table 2. Results of inversion for continental structure

Rayleigh waves Love waves

Phase Group Phase Group
velocities velocities velocities velocities

rms error in data (km/s) 0.03 0.03a 0.03 0.03a
ÖßLID(km/s) 0.144 0.086 0.116 0.101
ößCH (km/s) 0.070 0.062 0.067 0.077
ößSUB(km/s) 0.373 0.435 0.541 1.34
ö hCR (km) 4.55 2.46 4.90 3.47
öhLID(km) 30.9 16.5 39.9 27.8
öhCH(km) 49.2 52.6 75.2 142.2
a For comparison with results of inversion of phase velocity data, multiply values in this column by
the ratio cru/o-C
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kinds of dispersion data with the same period range. First, we find that, at the
same level of error in the data, the inversion of Rayleigh Wave group velocities
leads to a better resolution of the lid thickness and S-wave velocity and the
crustal thickness, by about a factor of 2, than does the inversion of Rayleigh
wave phase velocities. However, since we believe that the intrinsic level of error
in group velocity measurements is much more than twice that of phase velo-
cities, for no model parameter does a realistic inversion of group velocity give
better resolution than the inversion of phase velocity data; in the worst cases,
Rayleigh wave group velocities give no geophysically usable information about
channel thickness or sub-channel-S-wave velocities. Similar comments can be
made regarding the inversion of Love wave phase and group velocities at the
same level of error in the data (crustal and lid thicknesses can be better resolved
in the latter case), and similar comments can also be made regarding the relative
merits of inversion at more realistic levels of group velocity data errors.

We conclude that, unless methods of obtaining accurate group velocity
measurements can be derived, there are no advantages to gathering group
velocity data, if phase velocity data for the same path are already available.
Thus we support the conclusion of Pilant and Knopoff (1970) regarding the
relative merits of the inversion of group and phase velocity data; in this case our
conclusion rests on our assumption that the errors in the gathering of group
velocity data will be intrinsically greater than for phase velocity data because of
the error arising from the differentiation of phase velocities. having random
phase errors. In this paper we have not assessed the effect of reducing the
number of degrees of freedom in the group velocity curve by enlarging the
frequency interval Aw. Questions of differentiation of phase velocity data with
correlated phase errors to yield group velocity information is outside the scope
of this paper.

A further result indicated in Table 2 is that Love wave phase velocity data
and Rayleigh wave phase velocity data give about the same resolution for
crustal thickness, channel velocity and lid thickness. Love wave phase velocity
data give a poorer resolution of sub-channel S-wave velocity than do Rayleigh
wave phase velocities but both values of (3,83UB are so large (0.373 km/s and
0.541 km/s) that we conclude that the data set extending over the period range
25~250s gives very little information regarding sub-channel velocities. Love
wave phase velocity data give slightly better resolution regarding ßLID and
Rayleigh wave phase velocity data give better resolution of channel thickness.

Thus a casual inspection of Table2 indicates that a Rayleigh wave phase
velocity data set extending from 25—250 s will give model information to within
roughly

i 0.15 km/s for lid S-wave velocity
i 0.07 km/s channel S—wave velocity
i 5 km crustal thickness
i 30 km lid thickness
1- 50 km channel thickness

for an rms error in the data of 0.03 km/s. The inability to resolve lid velocities to
better than i015 km/s indicates that we need not strive for too great an
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accuracy in the specification of the initial model. The most satisfying result is
the apparent high resolution of the data for the channel S-wave velocity; this
means that it is indeed possible to use these Rayleigh wave data to determine
the presence of lateral inhomogeneities in the properties of the channel.

We have not attempted to determine the effect of using both Love and
Rayleigh wave data sets in combination, nor have we attempted to determine
the effect of changing the span of the periods of the samples. With regard to the
latter item, we are well aware that measurement of fundamental mode surface
wave dispersion to periods as great as 250 s is quite rare from WWSSN records;
it is not appropriate in this preliminary discussion to explore the resolution from
data with more practical spans of sample periods; reduced period spans can
only reduce the quality of the resolution we have reported here, i.e. increase the
sizes of the numbers presented in Table 2.

Oceanic Structure

A similar calculation can be performed for an oceanic structure and the
interpretation is similar in most respects. The standard/reference/starting struc-
ture we use in the oceanic case is appropriate for the Pacific Basin at 50 my
spreading age (Leeds et a1., 1974). The structure is listed in Table 3 and
illustrated in Figure 3. It has a Moho at 10 km depth below sea level, a high
velocity lid to a channel, a channel velocity which has an S-wave velocity that is
much lower than in the continental case, and again a “standard” deeper
structure with step discontinities at 450 and 650 km as before. The structure is
assumed to be flat, as before, for the purpose of illustration.

The fundamental mode phase and group velocities for Rayleigh and Love
waves are shown in Figure 4. The dispersion curves are once again digitized at
the same seventeen periods as before. The inversion in this case is restricted to
the five upper mantle parameters indicated in Figure 3, namely

P1=ßLIDa P2=ßcna P3=ßSUBa P4=hLIDa P5=hCH'

The rms ratio aU/ac for the 17 periods in the oceanic case is 8.0 for Rayleigh

Table 3. Crust-upper mantle structure for ocean

Depth (km) Thickness (km) ß(km/s) «(km/s) p(g/cm3)

0
4 4 0.00 1.52 1.03

1 1.00 2.10 2.10
1(5) 5 3.70 6.41 3.07
60 50 4.65 8.10 3.40

150 4.15 7.60 3.40210 240 4.75 8.80 3.65
4:3 200 5.30 9.80 3.98
(6)50 400 6.20 11.15 4.431 240 6.48 11.78 4.631290 oo 6.62 12.02 4.71
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Table 4. Results of inversion for oceanic structure

Rayleigh waves Love waves

Phase velocities Group velocities Phase velocities Group velocities

rms error in data (km/s) 0.03 0.03a 0.03 0.03a
ôflLID(km/s) 0.127 0.063 0.144 0.130
ößCH(km/s) 0.068 0.055 0.046 0.035
ößSUB(km/s) 0.113 0.092 0.116 0.194
ôhL,D(km) 11.9 6.4 37.0 24.6
6hCH(km) 25.0 17.2 21.3 23.1

a For comparison with results of inversion of phase velocity data, multiply values in this column by
the ratio aU/ac

waves and 8.25 for Love waves according to (2), and the assumption that the
nearest neighbor periods are those involved in the calculation of Am.

The results of the four inversions are given in Table 4. In the oceanic case,
the group velocity data uniformly provide greater resolution for upper mantle
structure than the phase velocity data at the same level of error in the data.
At an elevated ratio of O'U/O'c, which we think is more appropriate (we suggest
the value 8), the phase velocities provide the better discrimination. In the case
of Love waves, the phase and group velocity data are about equal in
resolving power at the same level of error in the data; the phase velocity data
provide greater resolution for subchannel velocities. The resolving power of the
two data sets are roughly comparable, except for the greater resolving power of the
Rayleigh wave data for the lid thickness. In this case the oceanic data provide
reasonable estimates of the sub-channel velocity (in comparison with the con-
tinental case) and indeed all five parameters can be resolved to reasonable
geophysical levels. The Rayleigh wave data set provides model information to
within

-l_- 0.13 km/s for S-wave lid velocity
i 0.07 km/s S-wave channel velocity
i 0.11 km/s S-wave sub—channel velocity
-1_- 12 km lid thickness
i 25 km channel thickness

It is our belief that these estimates are applicable as rough resolution criteria to
the models that have been constructed for the continents (Knopoff, 1972; Biswas
and Knopoff, 1974) and for the oceans (Leeds et al., 1974; Schlue and Knopoff,
1976). These are rough estimates because of the limitations on the calculation
reported here:

1. Phase velocity data assumed to be gathered over the period range 25—250 s.
2. The assumptions of uncorrelated phases in the errors.
3. The assumption that resolution can be determined through the variation of
one parameter at a time, with the others kept fixed.
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of Stress Relaxation Earthquake Models*
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Hertzstr. 16, D-7500 Karlsruhe, Federal Republic of Germany

Abstract. Two types of earthquake sources corresponding to the longitudinal
and the transverse shear crack are considered. First, 2 standard models are
treated which are characterized by homogeneous prestress, plane or anti-
plane strain, symmetrical crack propagation at a constant fracture velocity
up to a given final crack length, and 100 % stress drop. The displacement
time functions can be interpreted in terms of various types of waves
originating both from the initiation and the termination of the fracture.
Next, fracture experiments with nonhomogeneous prestress are simulated.
Finally it is shown for the longitudinal shear crack how the fracture velocity
U, can be calculated if the fracture energy is specified. The crack starts to
grow from a critical initial length at v‚z0. Crack growth accelerates rapidly,
and when the length has doubled, 0, reaches 54 % of the shear wave velocity,
which turns out to be the terminal velocity in this case. The elastodynamic
problems are solved with a modification of a finite difference method
published by Alterman and Rotenberg.

'

Key words: Earthquake models — Stress relaxation source — Finite differ-
ence method.

1. Introduction

Until recently, earthquake sources were mainly modelled as dislocations or
equivalent forces (Burridge and Knopoff, 1964). In the dislocation models the
displacement time function is assumed on a fault plane and is calculated in the
surrounding elastic medium with a representation theorem (Haskell, 1969). The
motion in the earthquake focus, however, results from a relaxation of an initial
stress state: In a certain region, usually visualized as a plane, the physical
conditions determining the stress change, and the prestress is no'longer in
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equilibrium. According to the elastodynamic equation of motion, the material
around the fault plane will move and radiate seismic waves. The stress in the
“fractured” region, in turn, may depend on the particle velocity, the tempera-
ture, and various rock properties. The fault plane will grow according to some
“fracture” criterion until an arrest criterion is met. Finally a new equilibrium is
established.

Earthquake source models constructed according to these ideas will have
some obvious advantages (see Archambeau, 1968): Energy, linear and angular
momentum are conserved as required for a spontaneous source. The motion in
the focal region is calculated and has not to be assumed beforehand. If prestress
and material behaviour are given, the model predicts the complete time history
of the focal event. At present, detailed and reliable laboratory or field data
about material behaviour in the focal region are not available. Despite this, it
seems more plausible to assume physically reasonable conditions concerning the
stress on the fault plane than to guess the time function of the displacement.

Further references concerning the work done on stress relaxation models
both analytically and numerically can be found in Richards (1976), Madariaga
(1976), Andrews (1976) and Stock] (1976). In the present paper, the elastody-
namic problems are solved with a modification of a finite difference method due
to Alterman and Rotenberg (1969). This powerful tool solves many problems
too difficult for an analytic treatment. The method is applied to some simple
stress relaxation earthquake sources, to fracture propagation with specified
fracture energy, and to the simulation of fracture experiments.

2. Standard Models of Stress Relaxation Earthquake Sources

Since the focal process is related to fracture, the concepts of fracture mechanics
should be useful in the discussion of earthquake sources. There are three basic
types of cracks, the so-called fracture modes (Fig. 1). The arrows at the outer
boundaries represent the applied stress, the arrows at the crack surfaces repre-
sent the resulting displacement.

In analogy to these fracture modes we define three standard models SI, SII,
SIII as follows. Consider a block of homogeneous, isotropic, brittle, elastic
material. Let x, y, 2 be Cartesian coordinates, t the time, and s(x, y, z, t) the
displacement vector with the components u, v, w. The initial conditions are

ôs(x, y, z, O)/Öt=0, (1)

and for the standard model

SI: 0),},(x, y, z, O) = 03,, = const (2 a)
$11: rxy(x, y, z, 0) = 12,. = const (2 b)
SIII: 1,,(x, y, z,0)=t§,’z=const, (20)
where aw, ‘n and Tyz are stress components.

A state of plane strain is assumed for SI and SH:

w=0, ôu/ôz=ôv/ôz=0, (3)
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Fig. l. Schematic representation of the applied stress and the crack wall displacement for three basic
types of fractures. Mode 1: tensile crack, Mode II: transverse shear crack, Mode III: longitudal shear
crack

while for SIII we have a state of antiplane strain (or out-of—plane shear):

u=v=0, ant/82:0. (4)
We assume then that a crack is initiated at x=y=0, {=0 and propagates

along the x-axis in both directions at a constant speed 1), up to its final length
21.}, where it stops suddenly. The crack walls are free surfaces, that is

cr}.}.=rxy=r}.z=0 for y=0, nU), - (5)

where

L(t)=u,r for t; LI/vr,

L(t)=Lf for tgLf/vr.

These standard models are the simplest conceivable stress relaxation models.
They are not supposed to be realistic models of the focal process, they may,
however, serve as a standard for comparison with more realistic models. Despite
this, some essential features of earthquakes are correctly modelled, as we shall
see later. Model SI, which has been studied by Stöckl and Auer (1976) and
Stock] (1976b), will not be treated here. It is more important in engineering
rather than in focal mechanism studies.

3. Method of Computation

3.1. Discretization of the Equation of Motion

The computational method was adopted from the publications of Alterman and
her co-workers. There are some deviations from their procedure, which will be
indicated.

The equation of motion is

p(825/6r2)=(/l+2n) grad div emu curl curls, (6)

where fun are Lame‘s constants and p is the density. In two dimensions under
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plane strain or antiplane strain conditions, Equation (6) can be written in the
following form:

Özu/Öt2 = oc2(â2 u/ôxz) + (oc2 —— ß2)(Özv/Öx ôy) + 62(ôzu/ây2)
62 v/â t2 = 0:2(02 v/Öyz) + (oc2 — ‚82)(ÖZu/Öx ôy) + 52(ôzv/ôx2) (7a)

Özw/Ötz = ß2(Özw/Öx2 +ôzw/ôy2), (7b)
with a2=(/l+2u)/p, ß2=u/p. oc and ß are the compressional and shear wave
velocity, respectively.

In the finite difference approximation the partial derivatives of
Equations (7a, b) at t=n-At, x=ivs, y=j-s are replaced by centred differences
in the following way (see Fig. 2a):

(62 u/ô t2 ï]. = (ufi‘; 1 —2u;’‚j+ 14;".1)/At2‚J

(6214/d ?‚j=(u?+1,j—2u?‚j+u?— 1,j)/52

(ôZu/ôx ÛY)?,j=(u?+1,j+ 1_u?— 1‚j— 1—112; 1‚j— 1 +14!— 1‚j— 0/452 etc.‚ (8)

where we write, for example, u(x, y, t)=u}'‚j as a short hand notation.
We now choose Â=/,L, which implies oc2=3ß2 and At=s/2ß in the plane

strain case, Equation (7 a), and A t=s/1/5ß in the antiplane strain case, Equation
(7b). Solving for ug‘jl, vîÿl, wg’jl we obtain from Equations (7 a, b) and (8) the
following explicit recursive formulas:

“€151 = —u?‚} 1 +%[3(u?+1‚j+u?—1‚j)+u?‚j+1 +“il,j— 1

+%(Ü?+1‚j+1 —v?_ 1‚j+1 _Ü?+1,j— 1 ““9?— 1,j— 1)]

02151 = “vii;
1
+Ë[3(v?,j+1+v?,j— 1)+Ü?+1,j+Ü?—1,j

+%(“?+1‚j+1 —uÇ'_ 1‚j+1 "u?+1‚j— 1 +u;.'_ 1,j-— 1)] (9a)

W51 = ‘WÜ
1

+%(W?+ 1‚j+W?— 1,j+w?,j+1 +Wil,j-— 1). (9b)

The chosen time steps are critical values; larger time steps would lead to an
unstable scheme (Alterman and Loewenthal, 1970). The critical values are
preferred in this work, because they give the most satisfactory result and because
they lead to simpler recursive formulas. Alterman and her co—workers used
slightly subcritical time steps.

3.2. Discretization 0f the Boundary Conditions

Since the problems are symmetric with respect to the x- and y-axis, one only
needs to calculate the quarter plane x20, yèO. Figure 2 shows 3 possibilities of
arranging the grid with respect to the crack. The boundary- and symmetry
conditions are satisfied with fictitious grid points (symbols x in Fig. 2). We shall
discuss here only the arrangement of Figure 2b. For convenience we define here
y=j - 5—5/2 instead of y=j - 5. Along the y-axis and along the x-axis beyond the
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crack tip the displacement of the fictitious grid points follow from symmetry (the
superscript n is dropped):

SII
{ii—Li:

“w ”tuf—”1,; (10a)
“5,1 =““i,09 ”5,1 = ”1,0 for i>if+l' (10b)

SIII{w—l‚j=

W1“;- (10€)

Wi‚1 =—Wi,0 for i>if+1. (10d)

Along the crack surfaces, the boundary conditions, Equation (5), can be
written for Â=,u as follows:

öu/Öx+3öv/öy=0 (0”:O) (11a)

ôu/ôy + ôU/ôx = 0 (In. = 0) (11b)

div/63y = 0 (1:3.: = 0). (110)

The derivatives with respect to y may be approximated by centred differences
with respect to the free surface y=0, such as

(aw/aYJr,g=(Wr,1‘Wt,o)/5- (12)
Equations (110) and (12) lead to

1«v1._„[3‚=wi_1 for Riff. (13)

If the fracturing grid point is released suddenly at the moment when the
crack passes, the energy stored at the crack tip is converted into large oscil-
lations with a period of a few time steps. In the physical analogue the individual
atoms oscillate when the bonds between them are broken. These oscillations
may be regarded as heat. In the numerical simulation the oscillations disturb the
results. They can be reduced very much, if, for example, the grid point i_‚.+l is
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released gradually while the crack runs from x=ij~s to x=(if+2)s (Fig. 2). In
the transition zone work is done against the forces exerted by the fictitious grid
points, which simulates the fracture energy, because both the stress and the
displacement at y=0 are nonzero (r,.:(x,0) and w(x,0)z%(w,’0+wi‘ l) in SIII).

We obtain a reasonable transition, if we take a weighted mean of
Equation(10d), which holds for the infractured state, and Equation(13), which
holds for the stress free state, in the following way:

Wif‚Ü

wif+1‚ü=wif+1‚1‘(a_1)a (14)

where a=L(t)/s—if (see Fig. 2).
In the case of the models SI and 811 two possibilities of representing the

boundary conditions (Eq. (11a, b)) were examined:
i) The derivatives with respect to y are treated in the same fashion as

Equation (12), whereas for the derivatives with respect to x the mean of the
centred differences at the grid lines j=0 and j=1 is taken, for example

:wif.1'a

fau/axirgl'wmu"um-1+“0,i+1—“0,a_1)/45~ (15)

This leads to a system of equations for the unknown um, at“. The transition
zone can be handled in a similar fashion as in Equation(14). This possibility is
described in more detail in Stöckl and Auer (1976) and Stöckl (1976).

ii) The derivatives are calculated at the centre of the mesh x=(i+%)s, y=0.
They are approximated by the following average differences:

(flu/axhfi-g-qu-iu ‘um +ui+l‚O—ui‚O)/2S

(au/öy)f+%,%=(vi‚l —vi‚0+ Us+1,1"vi+1‚o)/2S. (16)
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Fig. 3. Standard model 3111 (longitudinal shear fracture). Displacement of the crack walls w(x,0,t)
{unit fini/p}. Fracture velocity: vr—roo. Parameter: time step n
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This approach leads again to a system of equations for the unknowns um, “:30
with a tridiagonal matrix. Assuming that the stress at x =(i+%)s is (1 —a) times
the stress which would arise there if a=0, one obtains a suitable transition zone.
More details about this procedure are found in Stöckl (1976).

Both approaches i) and ii) are equivalent in accuracy to centred differences,
therefore the solution has a truncation error of the second order in s/L in the
static and low frequency part of the solution.

Alterman and her co-workers put a grid line in the free surface (Fig. 2a). One
might try to approximate the normal derivatives by centred differences, writing,
for example, (öw/Öy)i‚0=(wi‚1——-wi‚_1)/2s instead of Equation(12), which is a
centred difference for the arrangement of Figure 2b. However, the resulting
scheme is unstable, and this is also true for the plane strain case (Alterman et al.,
1971). They obtained a stable scheme with one-sided differences, but the solution
had a truncation error of first order in s/L only. Recently, however, Ilan et al.
(1975) developed an improved representation with a truncation error of second
order.

4. Near Field Displacement for the Standard Models

4.1. Standard Model SIII

In the first example the crack appears instantaneously, that is, v‚—>oo. For some
reasons discussed later the grid was arranged as in Figure 2c.

Figure3 shows the displacement of the crack surfaces. The results are
interpreted as follows: The stress drop from 1;), to zero propagates in the y-
direction at the shear wave velocity ß. Behind the wave front, which is parallel to
the x-axis, the material moves at the velocity öw/Öt=ßrgz/‚u. The crack ends
radiate cylindrical wave fronts, the stopping signals, which lower the constant
particle velocity just mentioned. They appear as slight kinks in the curves of
Figure 3. Arrows drawn at the theoretically expected places indicate their
propagation direction.

At the time t=Lf/ß (nz33) the signal reaches the middle of the crack. The
displacement at this point is w(0, O, Lf/ß)=Lf 132m, which happens to be equal to
the static value. Since the crack walls still move, they overshoot the equilibrium.
After this time the stopping signal of the other crack tip enters the figure and
reaches the drawn tip at t=2Lf/ß (nz66). In this moment, as it turns out, the
crack walls attain a maximum displacement, which exceeds the static value by
27 %. w(x‚0‚2Lf/ß) is elliptical as a function of x. Since equilibrium is not yet
established, the crack walls, although momentarily at rest, begin to move
backwards and fall 3 % below the static value. The stopping signals running
parallel to the crack are partly diffracted backwards, but most of the energy is
radiated away. While the diffraction repeats again and again, the motion
becomes damped oscillatory and the displacement around the crack approaches
the static solution. The dashed curve (n=340) differs from the final value by
about 1/1000. It agrees with the analytic solution

w(x‚ 0, oo) = L,(r;?z/u)(1—x2/Lÿ)”2
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Fig.4. Standard model 8111 {the same example as in Fig. 3). Displacement of the crack walls w[x,0, t]
and velocity öw[x,0‚r)/öt (unit [hi/p). Parameter: x_‚"1/23. 81,82: Stopping signals from the near
and far crack end. S’1 , S’2 , S’l', S’z’: Stopping signals diffracted once and twice
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Fig. 5. Standard model 8111. Displacement of the crack walls (unit: L1. ISL/p). Fracture velocity v,
=Ü.5 ß, Parameter: time step n

within drawing accuracy. Assuming that the finite difference solution is equal to
the analytic solution for MO, 0, œ) one obtains an effective crack length, which is
14,2166 fit; in this example.

Figure 4 shows the displacement of the crack walls as a function of time. The
theoretical arrival times of the different direct and diffracted stopping signals are
marked. On the displacement curves the signals are hardly seen. Therefore, the
particle velocity öw/öt of two of the curves is drawn above them. The direct
stopping signals and the stOpping signals diffracted once appear as clear kinks.
Magnified fivefold, the stopping signals diffracted twice are also evident.
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Fig. 6. Standard model SIII (the same example as in Fig. 5). Displacement of the crack walls
wtx, Ü, t). Parameter: x/Lf

In the next example the fracture velocity is v,=0.5 ß. The grid was arranged
as in Figure 2b. Figure 5 shows the displacement of the crack walls in a similar
fashion as Figure 3. The crack length is Lf=20-s. Up to n=86 the left half of
the crack is plotted, after this the right half. Erdogan (1968) gives an analytic
solution valid for the time before the crack stops. For or; ß the displacement of
the crack walls is elliptical as a function of x. The finite difference solution
agrees well with this result except at the crack tips, where the curves are
smoothed due to the transition zone. When the crack stops, stopping signals are
produced which behave similarly to the example described before.

In Figure 6 the displacement of the crack walls is plotted as a function of
time. Before the first stopping signal arrives, the crack centre moves at a
constant velocity, which agrees completely with the analytic value

aw(0,0,n/aizaui/m/Eai—u3/132)%) for urge, (17)
1:,“2

where E(x')= I (1 —x2 sin” 11/)ä du]; is the complete elliptical integral of the sec-
o

0nd kind. For x/Lf>0 we obtain hyperbolas approaching asymptotically the
straight line, which holds for x/so. This follows from the fact that the crack
wall displacements are elliptical as a function of x. At the apex of the hyperbolas
the velocity and the acceleration are singular. In the difference solution the
discretization and the transition zone remove the singularity, whereas in nature
this is done by the atomic structure and by plastic deformation. The stopping
signals are more distinct in this example than in Figure 3, since they are
associated with a jump in the particle velocity. The curves have their maximum
when the stopping signal arrives from the remote crack end.

4.2. Standard Model S 11

Alterman et al. (1971) have already calculated the instantaneously appearing
transverse shear crack, that is $11 with vr—ioo. The results presented here agree
with their findings, but are interpreted somewhat differently.
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Fig. ’F. Standard model 811 (transverse shear crack). Displacement of the crack walls utx,0,r},
u{x,0‚r) [see sketch on the right side). Unit: “Ex/u. Above: velocity ôu(x,0,t)/ôr (unit: (him).
Fracture velocity: vr—voo. Parameter: it"s. Not all of the stopping signals are identified

Figure 7 shows the time functions of the displacement components u and v at
the crack surface, as indicated by the sketch to the right. Similarly as in Figure 4
the stopping signals show up clearly only in the time derivatives. In the
continuous curves, which represent 14(0, 0, t) and âu(0,0,t)/ôr the first stopping
signal travelling at the velocity or arrives at as: 18. It is labelled P1, P2 (1 and 2
refers to the near and far crack end, respectively). No arrival is seen at n=31,
where a signal travelling at the velocity ß is expected (SI, S2). According to the
travel time, the kink at n=34, labelled R1, R2 appears to be a Rayleigh wave,
travelling at UR =0.92 ß. The stopping signals P and R are diffracted backwards
at the other crack end as waves of the same type and as converted waves. These
signals are seen after 5 fold magnification. The labels P1 P, PI R, mean signals
travelling from the near crack end to the far end at the velocity or and from there
to the observation point at the velocity at and UK respectively.

In the next example the fracture velocity v,=0.3azO.52[5 was chosen. The
component u(x,0,t) has the shape of an ellipse up to n=60, when the crack
stops (Fig. 8). On this representation the stopping signals are hardly seen. The
component v(x,0, r) shows that the crack rotates counterclockwise, whereas the
relative displacement of the crack walls is right-handed. As long as the crack
runs it remains straight. During the presence of the stopping signals it is
distorted, but straightens again in the static case, which is approximately
reached at 112200.

Figure 9 shows the time function of the displacement. The signals labelled P
and S on the component a(x,0,r) are radiated when the crack starts. They
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Fig. 8. Standard model 811
(transverse shear crack).
Displacement of the crack walls
ab; Û, I}, v(x, Ü, t) (unit: “fly/p).
Fracture velocity 12,20,301.
Parameter: time step n
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Fig. 9. Standard model SII (the same example as in Fig. 8). Displacement of the crack walls a(x,0, t),
u{x, Û, t}. Parameter: x/s

travel at the body wave velocities oc and ß. In agreement with theory (Haskell,
1969; Richards, 1976) the starting signal P, which is found in the arc-direction
only in the near field, has the opposite sign as the final static displacement. On
the component 12 the S-type stopping signals seem to be more prominent. On the
curve v(16-s, 0,t) a clear kink appears at the expected travel time of S2 rather
than of P2 and R2, whereas on the other curve v(8-s,0, t) the situation is not so
clear because the expected arrival times are not well separated.
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travel at the body wave velocities oc and ß. In agreement with theory (Haskell,
1969; Richards, 1976) the starting signal P, which is found in the arc-direction
only in the near field, has the opposite sign as the final static displacement. On
the component 12 the S-type stopping signals seem to be more prominent. On the
curve v(16-s, 0,t) a clear kink appears at the expected travel time of S2 rather
than of P2 and R2, whereas on the other curve v(8-s,0, t) the situation is not so
clear because the expected arrival times are not well separated.
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5. Simulation of Fracture Experiments

The prescribed constant fracture velocity of the standard models is, of course,
not very realistic. Furthermore, in a homogeneous material a crack will stop
only if the prestress is nonhomogeneous. The following experiments and their
finite difference simulation were described by Auer and Berckhemer (1972), Auer
(1974), and Stockl and Auer (1976). Some of their ideas should be useful for
realistic earthquake models, although the results are not directly applicable,
since they correspond to mode I cracks. Plates of Araldite B, a homogeneous,
isotrOpic, photoelastically sensitive material with the dimensions 16 X 15 >< 0.3 cm3
were stretched in the y-direction (Fig. 10). Heating relieved the stress on the left
and the right side. After cooling the plates were removed from the apparatus. The
photoelastic pattern revealed remaining internal stresses, which were more or
less symmetrical t0 the x- and y-axis.

Then a laser pulse was focussed into the centre of the plates. This triggered a
crack, which propagated symmetrically in both directions along the x-axis, until
the available elastic energy became too small. The crack interrupted thin strips
of vapor sublimated aluminum, allowing the measurement of fracture velocity.
At two points indicated in Figure 10 piezoelastic transducers recorded the
acceleration. After fracture the separation of the crack surfaces, 20(3):,0, co) was
measured under a microscope.

Since some of the results were difficult to interpret, the experiments were
Simulated with the finite difference method. Suppose the crack is closed again.
This requires an additional normal stress cri'.‘,.(x,0) on the x-axis, which is equal
to the prestress Unix, 0, 0) on the crack surface. In the finite difference simulation
the measured final crack surface displacement v(x,0, co) is applied in—
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stantaneously with a negative Sign. A damping term is added to the left side of
Equation (7), for example (swan/T, where T is a time constant. Physically, this
term simulates a thin layer of a viscous fluid, which separates the elastic plates
from a rigid block. It clamps the vibrations until the static solution remains,
from which the stress aff,.(x,0) is calculated (Fig. 10). An appropriate value of T
is chosen which minimiaes the computing time.

After this calculation the closed crack was released again at the measured
fracture velocity and the associated dynamic displacement was calculated with
the method of Section 3. The model satisfactority simulated the wave form and
the amplitudes of the accelerogrammes, which exceeded 107 cm/s2 in some
experiments.

Figure 11 shows the simulated displacement of the crack surfaces. The point
x=y=0 reached a maximum velocity of 4.8 m/s. The crack exceeds the range
where the prestress is tensile (of, positive in Fig. 11). At the instantaneous crack
tip o,.,.(x,0,t) is, however, always tensile.

The simulation of the experiments yielded the following approximate re-
lation between a, and the stress intensity factor KI, which determines the
strength of the stress singularity at the crack tip (the definition of K I is

K1:linä a,,,(x, 0) [2 ”tux—LEA): v, becomes greater 0 at a critical value KI

=30Nmm‘3’2, reaches 250—300 m/s at K,=50Nmm‘3’f2 and increases then
linearly to SOO—SSOm/s at K‚=200—250Nmm‘3’2. Crack branching inhibits
larger values of u, and K1.
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6. Crack Propagation at Constant Fracture Energy

Crack propagation is governed by the energy balance equation

dA/d t=dEel/d t+dEk,n/d t+dEd/d t. (18)

A is the work done by the applied forces, Eel is the elastic energy, Ekin is the
kinetic energy. The dissipated energy E, is proportional to the specific fracture
energy yF.

Let us consider a static mode III-crack. Following Griffith, one finds that the
crack will grow, if

kzé4m/nL0r33g1, (19)
where 2LO is the initial length of a crack parallel to the x-axis, 132 is the
homogeneous prestress. Assuming that the dynamic displacement field is similar
to the static field with the same length, one can estimate Ekin and obtains from
Equation (18) (Erdogan, 1968):

vf=v12~(1—L°/L)(1—(2-k2—1)L°/L). . '(20)

This quasistatic approach, which is originally due to Mott, is elastodynamically
not quite correct. It does not predict the correct terminal fracture velocity vT for
L-—>oo, which is equal to ß according to analysis. This problem of an accele-
rating crack is probably too difficult for an exact analytic solution. Therefore, a
finite difference solution, the details of which are found in Stöckl (1976), is
outlined here.

The fracture energy is dissipated in a thin strip ahead of the crack tip, which
deforms plastically. In this strip the stress increases linearly with strain up to an
elastic limit, then remains constant up to a plastic limit and finally decreases and
becomes zero at a third limit where new free surface is generated. This stress—
strain relationship can be simulated in the boundary conditions. The grid is
arranged as shown in Figure 20. L0, 132 and yF are chosen such that the crack is
just on the threshold of stability according to Equation(19). First, the static
solution is found with a similar method as described in Section 5. Then yF is
slightly lowered. Figure 12 shows how the crack becomes unstable, accelerates
and finally attains the constant terminal velocity vT=ß. The three crack lengths
Le], Lpl, Lfr refer to the places where the three limits of elasticity, plasticity and
generation of free surface are exceeded. L is an equivalent crack length cor-
responding to the case of negligible plastic zone size and is approximately equal
to the average of Lel, Lpl, Lfr'. w(x, O, t) is still almost exactly elliptical, but the
aspect ratio w(x,0, t)/L(t) decreases with time.

Figure 13 shows the fracture velocity as a function of the crack length. The
continuous lines represent the finite difference solution, which is supposed to be
correct within the accuracy of the method. The dashed lines are calculated from
Equation (20), where UT: ß was taken. The deviation is significant, but Equation
(20) may be regarded as a fair approximation.
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7. Discussion and Conclusions

Despite the obvious advantages of stress relaxation models, dislocation models
are still very useful. Having looked at the results of stress relaxation models, one
may be able to construct more realistic dislocation models. The farfield displace-
ment cannot be calculated with the finite difference method, since this would
require too much storage and computing time. Therefore, I used the solution on
the fault plane to obtain the farfield solution with a dislocation model.

For the standard models, some essential features of the near field were also
found in a modified form in the far field. The stopping signals appear as clear
kinks. Corresponding to the overshoot over the static value the time function
falls below the zero line in the far field. This causes a small maximum in the
spectral amplitude curve near the corner frequency. At high frequencies the
amplitude spectra decrease as (0‘7", since there are discontinuities in the first time
derivative. The dynamic overshoot could occur in deep focus earthquakes, if a
low viscosity melt lubricates the fault planes. In shallow earthquakes friction will
probably prevent an overshoot. If the fracture decelerates before stopping or if
the prestress decreases towards the crack end, the stopping signals are smeared
out and no longer recognizeable.

Although it takes more sophisticated models to explain measured near field
accelerogrammes, the standard models allow the estimation of maximum ve-
locity and acceleration. For example, model SIII scaled to a fault length of 2L
= 10km, a stress drop of 30 bars, v,=/3=3km/s yields an acceleration of about
5 m/s2 and a velocity of 0.3 m/s in a distance of 7 km from the hypocentre in the
frequency range 5—10Hz, which seems quite realistic. To obtain this result with
a dislocation model, one must assume an additional quantity, for instance the
rise time of a ramp function.

In order to understand why an earthquake rupture arrests, one must
probably consider nonhomogeneous prestress fields. Section 5 gives an idea how
such problems can be treated with "a finite difference method. Once the relation
between 1), and the stress intensity factor K is found experimentally, the
computer programme can calculate v, from the instantaneous value of K. With
respect to earthquakes, we are far from this goal. In the meantime, one may
theoretically postulate some fracture criteria as demonstrated in Section 6. The
fracture energy yF may depend on v, or on the size of the crack. If v, is to reach a
terminal velocity vT<ß in a mode III crack, yF must increase strongly as v,
approaches UT, or it must increase linearly with L. For mode I and mode II
cracks ‚ß must be replaced by UK, as it turns out.

Although some stress relaxation problems have been solved analytically,
realistic earthquake sources are probably too difficult for analysis. The finite
difference method of Alterman and co-workers proved very successful in the
numerical solution. It is straight forward, easy to use and to program. The
standard model SII takes only about 60 FORTRAN statements, and 250 time
steps for an array of 110x110 grid points are calculated in 3.5 min on an
UNIVAC1108 computer.

Whenever the results of the finite difference method of analytic calculations
could be compared, they agreed satisfactorily. For instance, the maximum error,
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which occurs near the crack tip, is about 1 % of the displacement at the middle
of the crack for L: 15 -s. Equation (17) could be verified with an accuracy better
than 0.1 %.

Of course, the method has also some limitations. For instance, suppose that
the propagation of a step function is simulated with Equation (9). One observes
that the time function increases gradually before the theoretical arrival of the
step and oscillates afterwards. These oscillations can be filtered out, but some
loss of high frequency resolution cannot be avoided. This effect depends on the
direction of propagation: For instance, Equation (9 b) simulates waves propagat-
ing in the direction of the mesh diagonal without any distortion. In some
applications it is therefore advantageous to choose the arrangement of Figure
2c, which was done in Section 4.1 and 6. This results in very sharp stopping
signals. With the appropriate caution these limitations are not very serious.
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Abstract. The Green matrices for a general excitation (dislocation or body
force) of an elastic layered medium are expressed by means of 3 matrices
corresponding respectively to P, SV and SH waves. Two methods are used
to derive the solution corresponding to a point stress glut. It is shown that a
continuous medium cannot sustain the action of a dipole source without
faulting and the expression of the stress glut equivalent to this source is given.
Itis shown that a dislocation is equivalent to an infinity of systems of 3 dipoles.

Key words: Green matrices — Seismic dipole — Seismic dislocation —— Stress
glut.

1. Introduction

The difficult problem of the representation of seismic sources has been the subject
of many research papers. The classical method of Volterra for the study of dis-
locations has been applied to prove the equivalence of the fields of displacements
due to rupture in an elastic medium or to a system of body forces (Burridge and
Knopoff, 1964; Kostrov, 1970). The use of the propagator matrix in the Thomson-
Haskell method also allows to derive the displacement field produced by a point
dislocation (Jobert, 1975 noted below Paper I). A new approach, which may
provide a decisive progress in this domain, has been recently proposed by Backus
and Mulcahy (1976).

In the present work we try to show how the idea of stress glut introduced
in the last mentioned paper may be used in the Thomson-Haskell method to
clarify the equivalence of dislocation and system of dipoles.

2. Notation

References to the formula (10) of Paper I or of the Appendix will be noted re-
spectively (1,10) or (A.10). The matrix transposed of a matrix A is noted AT.
I is the unit matrix.
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We introduce a fixed orthonormed basis (ho, 60 , k) and cylindrical coordinates
(n, go, Ç) with respect to the k-axis. We shall attach a mobile orthonormed basis
(h, 6, k) to the (real) wave vector p such that

p=nh+ëk

The Fourier-Laplace transform (F.L.T.) of a function f will be defined by the
following expressions

(1)

complete F.L.T. Î(p, v)=j m dtdx exp [w(pTx+ivt)] f(x, t)
O

partial F.L.T. fla, n, (p, v): j H dt dîc exp [07(11 t+ ivt)]f
O—oo

L.T. fix, v): îdt exp(wivt)f

where x is the location vector, dx the volume element, 3,:k the vertical com-
ponent, 5c the horizontal projection of x, dîc the horizontal area element, w=2im
6(3) is the Dirac distribution, H the Heaviside function, e=sign3=2H — 1.
p is the density, Â, /‚t the Lamé’s parameters.

W=MM+2M‚ KEHMÄ+ZM‚ a=K+#‚ nf=pfiflmÄ>0
sz=m2+1, r2=m2K’+1 (r,S>O), b=sz+1.

ôu represents a derivation with respect to the variable u.
The Thomson-Haskell (T.H.) vector is defined by
V=col(u, r).

where u is the displacement, I the stress vector acting on a 3: C‘ plane.
We shall use in fact the modified F.L.T.

X = col(fi, î/uwn)

3. Structure of the Green Matrices

We shall first recall some results concerning the solution of the differential system

QX=MX+E (n
where 63M =0. Let P(5) be the propagator of M, i.e. the matrix such that

63P=MP, P(0)=I.
For an excitation

Ë = Ô ö (3) (2)
the solution is

X=P(ÖH(5)+Ö1)‚ (3)
with ôäÔ1 =0. This solution presents for 3:0 a discontinuity equal to Ô.
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If

Ë = Ô 5(3) (4)
the solution becomes

X1 = 63X =PG 5(3) +(ôôP)(ÔH + GI)
= Öö(5)+MP(ÖH+ G1) (5)

as

P5(3)=P(0)5(3)=16(5)-
As shown in Paper I the eigenvalues of the matrix M corresponding to the

T.H. system may be noted iwnir, iwnis so that its spectral representation
is given by

M=w„[ir(H;—H;)+is(ng —HS‘)]‚ (6)
where the H are orthogonal eigenprojectors, the indices P and S corresponding
respectively to P and S waves, the signs i to down and up-going waves. The
unity matrix I may be decomposed in their sum

1:17; +17; +178+ +17; (7)
The propagator P is then given by

P=H; e; +17; e; +17; e; +17; e;
where ej =exp(iwnir3), e} =exp(-_l;wnis3).

In terms of converging (C) or diverging (D) waves we may write

__ C C C C D D D DP—Hpep+Hses+Hp ep+Hs es

where

HD 17+ ‚ _1 H 1—H(HC)—J(H_) w1th J—J _(1_H H) (8)

are also orthogonal projectors. The wave functions are given by

e?=eXP(-wnir3)=€Xp(27Inr|3|)
813=6Xp(+w71ir3)=€Xp(-Znnrlal)

with similar expressions for S waves. These projectors HC'D may be considered
as composed eigenprojectors of M as they change discontinuously across the
plane z=O. Using (8) we have for example

MH}?=M(HH; +(1—H)H;)=wnir(HH; —(1—H)HP‘)
=8wnirH113. (9)

One obtains the result for the converging wave by changing a into —8, for the S
waves by changing r into s.

In order to destroy the converging waves in the solution (3) we have to take

Öl: —(H„‘ +17;)Ô.
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Using (7) we have indeed

(H+ +H")H—H‘ =8(Ü+H+(1—H)H_)=8HD.

The solution of (1) (2) diverging from the source is then given by

XD=e(H£e?+H§)e§))G. (10)
Using (9) and similar formulae in (5) we find the diverging solution for the excita-
tion (4)

Ïf=Ôô(5)+wn(irH}3e?+iSHËeËKÎ, (11)

but this solution is ô-singular at the origin.
The discontinuity for 5:0 of the diverging wave in (11) is according (8) and (6)

wnfirur;—H;)+is(H;—HS-)]G=MG. (12)

We shall need later the expressions of the products [ID (g), HD (2) A very

simple result is obtained: As shown in the Appendix (A.4, 5) these 6 quantities
may be expressed by means of 3 matrices R, S, T only corresponding respectively
to P, S V and SH waves.

eh—irk 8k+ish 2 8
R_(sbk+2irh)’ S—(—-8bh+2isk)’ T—m (is)9' (13)

4. Thomson-Haskell Equations and Stress Glut

Let us now examine how the concept of stress glut introduced by Backus and
Mulcahy (1976) may be applied in the T.H. treatment of point sources. Let 00
be the tensor of the stresses really present in the medium and a a model of 00, for
example the tensor derived from the displacement using everywhere Hooke’s law.

In the region of the source—at the origin for a concentrated source—these
two tensors differ. Their difference has been called stress glut by Backus and
Mulcahy.

F = 00 — a. (14)
The equation of motion is always given by

diV00+F=pÖttu (15)

where F is the extraneous body force. The T.H. equations may be derived by
2 methods.

(a) If the source conditions contain some information about the real stress
field, for example if they imply the continuity of the stress vector To = 00k acting
on the fault plane 5:0, we may use X =col(ü‚%O/uwn) as the modified T.H.
vector. f0 has to be evaluated from the stress model vector î, the expression of
which may be deduced from (1.9)

%=A03fi—wnBL~l (16)
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where

A=(/1+2u)kkT+u(hhT+69T), B=ÀkhT+uhkT

we therefore have

%0=öok=(ö+f)k=%+fk.
The first T.H. equation becomes

Ööü=A‘1’f0+wnA’1Bü—A‘1f k.

The second equation is derived from (15) as had been (1.8) for r. The excitation
due to the stress glut is thus

N 1 ~
E=— A‘IFk.(o)
As the stress glut must be concentrated at the origin, it may be expressed as a

sum of Dirac and Dirac derivatives distributions. We shall limit ourselves to the
case of a Dirac

F=Fo5(3)-
The corresponding diverging solution is then given by (3)

.‚ 1Xi): —8(ef+HSDef)( _1 ~0)A M.

It corresponds to a classical dislocation depending only on the stress glut vector
F0k=y=y1h+y20+y3k. The discontinuity ofü for 3:0 is

d=d1h+d29+d3k= —A—1f0k= “(71h+Y29+K/73k)/fl
as A—1 =(hhT+ÜÜT+K'kkT)/,u. (17)

Using (A.4) we obtain for the solution the following expressions

5(1): [(2)21 +8b1c’y3/ir)Rel’‚)+(2K’y3 —eby1/is)Sef -—y2 Tef]/2‚um2 (18)

in terms of the stress glut vector components, or

Xi): — [(2d1 +8bd3/z'r)Re‚’,)+(2d3 —3bd1/ir)Sef —d2 Tef]/2m2 (18 bis)

in terms of the dislocation d components.
b) We may also use the model stress a as unknown. The first T.H. equation

is then simply (16). The equation of motion (15) becomes

diV(0+F )+F=pö„u‚

so that an apparent body force divF is introduced. As

divF=—wÎp=—wÎ(nh+Çk)
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the stress glut excitation is given by

Ë: — ((1)) diVI/"Mwn= —— ((1)) [Ööfk—wnfhy/‚twn

O N N= — (1) [Fokö’—wnF0hÖ]/uw77.

In absence of extraneous body force the corresponding diverging solution is
then deduced from (10) (11)

N 0 N 0 N
uwnXg=e[ef+ef] (1) wnFOh— (1) Fokö

0 N—wn[irflfe?+isflfef] (1)F0k. (19)

The real stress T.H. vector contains only diverging waves as it is given by

N N 0 N 0 NXg=xg+(1)rk/„w„=s[ngeg+n;>eg> (Om/u
0 N—[ieef+isef (1)FOk/u. (19 bis)

To compare to the solution X? obtained in (a) we must take into account the
continuity of To. From (12) and (A.1) we obtain the condition

t—(01)M((1))fok/wn=0, or
Î0h=(xhkT+khT)Î0k. (20)
The solution depends then only on y=Î0k.
It is easy to prove the identity of the expressions of Xf and Xà) using (A.4).
Let us now compare these results with those obtained for classical body

force sources. For a force f(t) ö(x)l we deduce from (10)

N O __
XË= —8(e?+ef) (Jfl/uwn. (21)

The L.T. of XF is
co 21:

21,2: Mdn y dço exp(—wnt)X;?(x). (22)
O O

A momentless couple or dipole, of unit vector 1, may be considered as the limit
for d—>O of two forces ifl/2d acting at x0=ld and —x0. To obtain the cor-
responding solution XC” we must replace in (22) x by xi l d. The limit is then

21:

ÎË= —Öd5ndn l dm eXp(-wn hT(x—ld) X?(x-ld)|d=o-
O O

We obtain finally

‚uwnX'g:[lö—8wn[(hT—airkT)lH{‚’ef+(hT—eiskT)lef]] ((3)171 (23)
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This solution has a 5-singular stress vector. This is impossible in a continuous
medium, as the displacement must be continuous and therefore the stress vector
is at most discontinuous. A continuous medium cannot sustain a dipole action.

We note the similarity between (19) and (23). A dipole is equivalent to a
stress glut defined by

Ï0k= ——llTkj—Ç Î0h= —llThÎ
or _

ÎO= —(llT+n6T)f.
As f0 is symmetric and fixed in space we must take n=0 so that the stress glut
equivalent to the dipole f(t) ö(x)l is

F = -—f(t)ô(x)llT. (24)
This stress glut cannot satisfy the condition (20) and the real stress vector cannot

be continuous. We have indeed if
l=ah+ß9+yk

The condition (20) becomes
ocl=(tT+khT)yl=Ky2h+ocyk

or
OCZ—K’ÿ2=0

ocß=0 (25)
but oc and ß are either both zero, or functions of (p whereas y is constant.

5. Equivalence of a Dislocation and of a System of Dipoles

The dislocation d = d1 h0 + d2 00 + d3 k is from (17) produced by the stress glut vector

fok= —‚u(d1 ho+dz 90)—(Â+2H)d3k-
Let us introduce three dipoles defined by their intensities and directions
lj=ocjh+ßj0+yjk=ocjo h0+ßjo 00+yjk (i=1, 3).

Using (24) we have the conditions of equivalence

f—jll-Tk=,u(d1h0+d200)—(Â+2y)d3k,
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—j°‘jol’j=#d1

fjßjoyj=fld2

f—jyÿ =(Â+2u)d3. (26)
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3092. = KÎJ-yÿ. =xid3

30951:0. (27)
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We thus obtain

Edie =fjfi§0 =Âd3

fÎŒjoBJ-o =0- - (27 bis)
(a) Unit Dislocation Normal to the Fault Plane (c11=d2 =0, d3=1). We introduce
the vectors A: col_(oclooc2ooc30), B= col(ß10ß20ß30), C= col(y1y2y3), the matrix
F: d1ag( f1 f2 f3) (f are supposed here positive) and the vectors

X=F1/2A Y=F1/2B Z=F1/2 C.

The system (26) (27 bis) may then be written

XTY=YTZ=ZTX=0
XTX= YTY=/l, ZTZ=(/l+2u).

Its solution is therefore _

X=1/11RhO Y=1/11Rt90 2:1/mlkk,
where IR is an arbitrary orthogonal matrix, and so

A=flF-1/21Rho BzflF-l/Zmeo sflF-I/k. (28)
The values of the intensities may be deduced from the condition of unitarity
of the vectors lj. As

(ABC)=(I11213)T

We must have

diag [(ABC)(ABC)T] =1 or
diag(/lF‘1 +2‚uF‘1/2 IRkkTIRTF‘l’2)=I
F=diag(/lI+2ullRT). (29)

In particular for lR=I we find the classical representation deduced from Betti’s
formula

fl =Îz =Â fi=a+2m
[2:110 l2=90 l3=k.

(b) Unit Shear Dislocation along hO (d1 =1, d2 =0, d3 =0). The system (26) (27 bis)
becomes

—j0‘jo)’j=/vl

fjfljoyj=fjajofljo=0
iJZ' = 1‘090:*fßjo=0°

As Il |=l the three last relations imply that Ef0. It is always possible to
choose f1 <0,f2 >0 f,3_>0. We take nowF= diag(—f1, f2, f3). Using the same other
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notations as before we obtain now

ZTZ=Îjvÿ —2Â vi = -2Î1 vi.
Similarly

‘XTX=—2ÎlOCÎ0 YTY: —2JÎ1BÎ0

XTZ=H—2Î1°‘10Ÿ1 YTZ=—2J71ß10)’1 YTX=—2J?1°‘10ß1

We see that

(YTZ)2 =(YTY)(ZTZ)
(YTX)2 =(YTY)(XTX)

which proves that Y= aX = cZ. Either Y=O or the three vectors are proportional.
The last case corresponds in fact to a simple couple and gives no solution (from
(25)). To find the solution corresponding to Y: O we introduce the angles coj = (h0 , lj)

The system reduces then to

fjsmcoswj=u
- ‘ 2 _- 2 _fjsm coj—fjcos coi—0.

This system gives f} for any orientation of the three coplanar dipoles. It is
however possible to obtain a solution with only two couples by taking

173:0 w1+w2=n fz=-—fl=l/Sin2w1.

In particular for (02:75/4 we find the classical representation by means of two
orthogonal dipoles of intensity ‚u inclined at 7r/4 to the normal to the fault plane
and to the displacement.

(c) Dislocation 0f Arbitrary Direction. A similar method could be developed for
the case of an arbitrary direction. A given dislocation is therefore equivalent
to a continuous infinity of systems of three dipoles.

6. Conclusion

The main results of this paper are the following:
The diverging waves produced by an arbitrary point source may be described

by only three simples matrices corresponding to P, SV, SH waves.
The introduction of the stress glut tensor in the Thomson-Haskell method

clarifies the notion of equivalence between dislocation and system of dipoles.
A continuous elastic medium cannot sustain without faulting the action of

a dipole. This last appears as an apparent force system derived from a stress
glut tensor. ‘
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A given dislocation is equivalent to a continuous infinity of systems of three
dipoles. Orthogonal dipoles are therefore a particular case without special
physical meaning.

Acknowledgement. We wish to thank F.A. Dahlen and P. Richards for their critical comments.

Appendix

We shall use notations analogous to, but slightly different from, those used in
Paper I. The matrix M of (1) is simply proportional to the matrix M of (1.12)

KkhT-l-hkT I—akkT
M—wn (—m21—4ahhT—90T tT+khT)' (A'l)

From this expression we deduce
D aQ

M2: 2
2( )

0711 —2abQ D ’
with

D=—(sz+2a)hhT—(r2—2a)kkT—5299T
Q=hkT+khT (Q2=I—00T).

It is easy to see that we may write

K Q L -Q2 = = 2E E, .m I (—2bQ K)+(2bQ L) m( p+ 5) (A2)

m2M2 = —w2 172(r2Ep+szEs)
EpES=EsEp=O, Ef, =Ep, Ef =ES

if
K: -—2hhT+b kkT
L = —2kkT+bhhT+m299T.

The orthogonal projectors Ep and ES are therefore the eigenprojectors of M2.
The eigenprojectors of M are deduced from them

1l;i =[iw71irEp+MEp]/(i2wnir)
Us“:=[i—wnisEs+MEs]/(i2wnis) (A.3)

After some algebra we obtain

+bhkT+2r2khT hhT—rzkkT
—4r2hhT+b2kkT bkhT+2r2hkT)

bkhT+2szhkT s2hhT—kkT+m290T
4szkkT—b2hhT—5206T bhkT+232khT )

sEp= —wn(

m2MES = —wn(

According to (8) the diverging projectors are given by

2171):]?+ +17" +8(H+—H”)=E+8ME/wni|Ä|
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where IÀI is r or s. We thus obtain

2m2irHD=(
irK—e(bhkT+2r2khT) irQ+e(r2kkT-hhT)

)p _‘2ie+g(4r2hhT—b2kkT) irK—e(bkhT+2r2hkT)
- L+e(bkhT+282hkT)

2 2
P:(

18m ”H” 2is+8(4szkkT—b2hhT-8299T)
— isQ +8(SzhhT—kkT+m2

90T))isL+e(bhkT +2s2 khT)
expressions which correspond to (1.29, 30).

We remark that the products HD (g) , HD (Z) may be easily deduced from
hO
Oh

We thus obtain

HD( )=HDh...

21712:n (g 2): (zziîîiyhkîz4gerrkh 2ffh:::l:k)=(2”8'1)R

ma; 2>— <_;:::‚::::„ >
2mzirn‚1‚>(g g)=0

mm?) Ï)= (ZÊËËËZÎ‘ZËÏ gääiä‘ii’l)=<bI-ise>s
wt; :>- 55:53:55 _;:::;:::.>=-
2m2is (g 3:) (1822266 1:222200): (ise|1)T (A.4)

where the matrices R, S, T correspond respectively to P, S V and SH waves;
8h — irk 8k + ish 8= = T= 2 ( ) 9. _

(ebk+2irh)
S (—Sbh+2isk) m

is (A5)
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of Local Earthquakes

R.B. Herrmann

Department of Earth and Atmospheric Sciences, Saint Louis University
P.O. Box 8099 Laclede Station, St. Louis, Missouri 63156, USA

Abstract. The coda of the seismic signal due to local earthquakes is composed
of scattered body and surface waves. An exact description of the coda in
the time domain is very difficult. However, some general properties of the
coda can be obtained from a study of real seismograms. The application
of narrow band pass filtering to some central United States earthquakes
showed that the coda envelope a(t) of the filtered signal can be adequately
described by

a(t)= {gt/tire
t=>__tj
t<tj,,

where qj and tj are constants depending upon the filter center frequency
and where t is the time after the P arrival. For the central United States
q_ z 1.5 is a reasonable value in the 1—10 Hz frequency range.

This empirical description of the coda can be used for a realistic synthesis
of the coda in the time domain. The steps used are the following: for
each frequency range, a suitably random sequence is modulated by the
envelope function for that frequency; the resultant time series is narrow
band pass filtered; after the filtered time series are formed, they are added.
By construction the coda so modeled has a frequency dependent envelope.
A comparison between an observed seismogram and one predicted using
this method shows good agreement.

Key words: Synthetic seismograms — Seismic coda — Local earthquake.

Introduction

The problem of generating realistic ground motion time histories at distances
greater than a few tens of kilometers from a local earthquake source is hampered
by the complexity of the earth as a transmission medium at frequencies
greater than a few tenths of a Hertz. The seismic signal of a local earthquake

J. Geophys. 43, 341—350, 1977 Journal qf
Geophysucs

A Method for Synthesis of the Seismic Coda
of Local Earthquakes

R.B. Herrmann

Department of Earth and Atmospheric Sciences, Saint Louis University
P.O. Box 8099 Laclede Station, St. Louis, Missouri 63156, USA

Abstract. The coda of the seismic signal due to local earthquakes is composed
of scattered body and surface waves. An exact description of the coda in
the time domain is very difficult. However, some general properties of the
coda can be obtained from a study of real seismograms. The application
of narrow band pass filtering to some central United States earthquakes
showed that the coda envelope a(t) of the filtered signal can be adequately
described by

a(t)= {gt/tire
t=>__tj
t<tj,,

where qj and tj are constants depending upon the filter center frequency
and where t is the time after the P arrival. For the central United States
q_ z 1.5 is a reasonable value in the 1—10 Hz frequency range.

This empirical description of the coda can be used for a realistic synthesis
of the coda in the time domain. The steps used are the following: for
each frequency range, a suitably random sequence is modulated by the
envelope function for that frequency; the resultant time series is narrow
band pass filtered; after the filtered time series are formed, they are added.
By construction the coda so modeled has a frequency dependent envelope.
A comparison between an observed seismogram and one predicted using
this method shows good agreement.

Key words: Synthetic seismograms — Seismic coda — Local earthquake.

Introduction

The problem of generating realistic ground motion time histories at distances
greater than a few tens of kilometers from a local earthquake source is hampered
by the complexity of the earth as a transmission medium at frequencies
greater than a few tenths of a Hertz. The seismic signal of a local earthquake



|00000356||

342 R.B. Herrmann

is characterized by delineable P and S wave arrivals followed by a tail, or
coda, of randomlike arrivals of decreasing amplitude with time. Because of
the relatively large contribution of the coda to the total ground motion time
history, an adequate description of this sequence of arrivals is required for
a proper estimate of earthquake ground motion for the aseismic design of
structures.

'

Aki (1969) and Aki and Chouet (1975) studied the coda of local earthquake
signals from several source regions. These authors modeled the coda in terms
of backscattered body and surface waves. The applicability of their models
was demonstrated by their success in extracting source parameter information
from observed coda. However, these models have not been extended to the
problem of realistic time domain synthesis of the coda, given source parameters.

As another approach, Herrmann (1975) presented a time domain coda model
based on empirical observations of the shape of the coda envelope with time.
His technique consisted of specifying the shape of the coda envelope as a
function of time, filling the envelope with a sequence of random amplitudes
as a function of time, and then passing this time series through a series of
filters to account for instrument response and the spectral characteristics of
the seismic source. This model gave good agreement between observed and
predicted coda duration as a function of seismic moment.

The model of Herrmann (1975) did not take into account the variation
of the coda envelope with frequency and epicentral distance. Aki and Chouet
(1975) showed that the shape of the coda is a function of the frequency band
through which it is observed. This is expected since the earth should appear
more coherent at low frequencies than at high frequencies for a propagating
seismic signal if the transmission medium contains scatterers. The object of
the present paper is to present a simple technique for incorporating this frequency
dependence into the coda model.

Observations

During the period from 1970 to 1972, Saint Louis University operated a seismo-
graph system in a lead mine at Flat River, Missouri (FRM). One of the systems
consisted of an overdamped long period Sprengnether-Columbia vertical seis-
mometer (T0230 s, §=4), whose output throngh a velocity transducer was
recorded on analog magnetic tape. The relative response of this system to
ground displacement is plotted as a function of frequency by the dashed
curve in Figure 1. A search of earthquakes occurring during the 3 year
period of operation was made to find suitable events for a study of coda prop-
erties. The event selected for presentation here is one which occurred in northeas-
tern Arkansas on November 17, 1970. This event was 220 km distant from
FRM and had a seismic moment of 1.1><1022 dyne-cm, an mb=4.4, and a
corner frequendy of 1.4 Hz between the f0 and f‘2 asymptotes of the far-field
Lg spectra (Street et al., 1975).

To study the frequency dependence of the coda shape, the recorded event
was played back through a Krohn-Hite analog filter. The responses of some
of the filters used, together with their center frequencies, are given by the
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solid curves of Figure 1. The filters were chosen such that their relative responses
were the same when plotted as a function of the logarithm of frequency. Figure 2
shows some of the playbacks. Each playback is identified by the filter center
frequency used. For four of the playbacks, the response of the analog filter
to a" step in voltage input is given by the inset to the upper right of each
playback. Note the time scale in minutes. A cursory glance shows that there
are distinct differences in the coda shape as a function of frequency. At first
it seems that a distinct coda is associtated with the frequencies of 0.05 and
0.08 Hz. However, note how similar these playbacks are to the filter step re-
sponses. This implies that the signal duration is in fact less than the step response
of the filter and that little can be said about the coda shape at these low
frequencies other than that the coda is of short duration. A conclusion from
this set of filtered signals is that at high frequencies the transition from the
S arrival to the coda is quite gradual, while at low frequencies the coda, if
it exists, is very low in amplitude compared to a distinct S arrival.

To obtain an idea of the empirical shape of the coda envelope at various
filter frequencies, the coda amplitude was plotted as a function of time after
the P wave arrival. The results of these measurements are shown in Figure 3,
where filter center frequencies of 0.5, 0.8, 1.25, 2, 3, 5, 8 and «12.5 Hz were
used. When the data are plotted on log-log paper, it is found that the envelope
can be described by a simple power law relationship, such that the amplitude
is proportional to t‘q, where q is a constant and t is the time after the P
wave arrival. These exponents are also presented in Figure 3. On the average
q= 1.5 for the frequency range of 05—125 Hz. These results differ from those
of Aki and Chouet (1975) who found a strong dependence of coda shape on
frequency in this frequency range. This difference may be due to the fact that
they measured coda amplitude with respect to origin time rather than the P
arrival time or possibly that the nature of scattering in the central United
States differs from that in the more tectonic regions of central California and
western Japan, the sources of their data. It must be stated that the empirical
fit to a 1‘” relationship is based on data at a distance of 220 km from the
source. However, data from four other central United States earthquakes
studied, observed at distances of 150—450 km, show similar coda characteristics.

Model

The process of incorporating frequency dependence of the coda envelope into
a realistic ground motion time history is just the reverse of the process used
in obtaining the filtered seismograms of Figure 2. A slight modification of
the procedure introduced by Herrmann (1975) is all that is required to accom-
plish this task.

The first step is to form a time series aj(t) having the desired envelope
shape in the frequency band fj gf<fj+ 1 as follows:

0 t<t1j

r(t)(t/t2j)‘ ‘1: t> t2],
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Fig. 3. Amplitude of filtered coda as a function of time after the P wave arrival for various
filter center frequencies. The negative numbers are the SIOpes of the best visual fit to the data
when plotted on a log-log scale. The error bars indicate the effect of a l mm error in reading
the coda amplitudes

where r(t) is a random number sequence uniformly distributed between —1
and +1, I. is time after the P wave arrival, and I”, t2; and qj are constants.
This form of the coda was chosen to account for the shape of the Lg higher
mode surface arrivals between ZU and 12j and for the decay of the coda for
big}.

The (Il-(r) time series is next filtered by convolving it with a filter function
n) whose Fourier Transform GJ-(f) is given by

1 JG Êf<fj + 1
Gj (f) :{ 0 elsewhere. (2)

The desired time series for the coda which has the prOper frequency characteris-
tics is given by a linear combination of the filtered functions a_‚-(r)*gj(:) as
follows:

9(0):: Cjaj(t)*gj(t)a (3)

where * denotes convolution, the summation runs over frequency bands, and
‘31 are constants chosen such that the amplitude spectrum of x(t), |X[f)[, is
suitably flat. Note that this procedure is in fact the inverse of the process
used in obtaining Figure 2.

Because of the flatness of the amplitude spectrum of x0), the time series
can thus be said to be representative of the response of the medium in which
scattering takes place to a step dislocation. By convolving x(t) with 5(15), the
inverse Fourier Transform of the normalized source spectrum model

sm= 1 fg/L 4WW fen ( )
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the variation of the coda envelope with source corner frequency fl, can be
studied.

'

In the examples to follow, a time series of 4096 points was formed with
a sample interval of DT=400/4096 3. All filtering was done in the frequency
domain using a Fast Fourier Transform to go from the time domain to the
frequency domain and back. For simplicity of presentation, the coda is
assumed to have only two shapes, at frequencies above and below 0.5 I-Iz.
The examples are constructed to be representative of a seismic signal at an
epicentral distance of about 200 km, with a P wave travel time of about 30 s
and an S wave travel time of about 60 s.

For frequencies less than 0.5 Hz, it is assumed that there is little scattering.
The input time series and its corresponding amplitude spectrum are shown
in Figure 4. In this figure a1(t) is plotted as a function of time after the origin
time. The coda envelope is assumed flat for times between 60 and 65 s, and
falls off as tC_P“°, for times greater than 65 s, where tC_P is the time of
the coda arrival after the P wave arrival. The exponent was chosen to provide
a short coda at low frequencies.

For the example here, it is assumed that scattering is important at frequencies
greater than 0.5 Hz. To model this, a2(t) was formed such that the coda enveIOpe
is flat at times between 60 and 65 s after the origin time and that the coda
enveIOpe falls off as £5432 for times greater than 65 s. This time series and
its corresponding amplitude spectrum are shown in Figure 5.

The two spectra of Figures4 and 5 were suitably band pass filtered by
application of the filter of Equation (2) and weighted by the c,- coefficients
of Equation (3). Using a simple averaging algorithm built into the computer
program, the values used were cl = 1.47 and c2: 1.00. The composite amplitude
spectrum X(/) of the desired time series x(r) is given in Figure 6. The vertical
bar indicates the frequency of 0.5 Hz.
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To see if the time series x(t) has the desired coda properties, x(t) was
convolved with s(t) for different choices of the corner frequency fc. Figure 7
shows the synthesized ground displacement for a source spectrum with a corner
frequency of 2 Hz. Two displacement time histories are given. The second is
the quadrature component (phase spectrum differs by 90°) of the first record.
Since the technique proposed here is based on initial random number sequences,
a uniform phase shift of 90° still leaves a random number sequence. This example
shows that the quadrature component also has the desired envelope properties.
Thus two realistic ground motion time histories can be obtained for the price
of a single Fast Fourier Transform. The noise arriVing before the S wave
arrival at 60 s is due to the fact that a non-causal source spectrum model,
Equation (4), was used.

Figure 8 shows the effect of a source spectrum with a corner frequency
of 0.2 Hz. Since this source is not as rich in high frequencies as the previous
one and because of the 0.5 Hz frequency limit used in synthesizing x(t), it
is seen that the ground motion signal is one of relatively short duration. This
figure demonstrates that the technique presented above succeeds in building
frequency dependence into the coda. Figure 9 shows the groundvelocity asso-
ciated with the respective traces of Figure 8. Note how different these figures
appear. This is due to the fact that time domain differentiation is equivalent
to multiplication by (2 7tjf) in the frequency domain, where j is the imaginary
number. Thus the ground velocity emphasizes the higher frequency signal content
and has a different coda shape.

Finally Figure 10 (a) shows the observed playback at FRM of the November
17, 1970 and the synthesized recording through the same instrument system
in Figure 10 (b). To do this, the formula relating the Lg amplitude spectrum
to seismic moment and distance for the central United States was used (Street
et al., 1975). The seismogram of Figure 10 (b) is one to be expected for an
event with a seismic moment of 1.0 E+22 dyne-cm, a corner frequency of
1.4 Hz at a station 220 km from the source having a flat velocity response
of 4 K in the frequency range of 0.5—8 Hz. It is seen that the observed and
predicted seismograms are within a factor of 2.5, which is quite acceptable
considering the fact that the empirical formula of Street et al. (1975) predicts
average spectral levels since it does not take into account radiation pattern,
station corrections or other features which can affect the observed spectral
amplitude at a recording site.

Discussion

In hindsight the method proposed here is both quite simple and obvious. The
important result is that a technique is available for building the frequency
dependence of the coda envelope into a realistic model of the ground motion.
Even though this technical step has been made, theoretical and observational
studies must yet be made in order to find a coda model which takes into
account proper scaling of the coda with distance from the source.

The desire to build a frequency dependence into the coda model arose
from practical difficulties in applying normal mode surface wave theory for
earthquake sources in the crust to frequencies greater than 0.5 Hz (Herrmann
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and Nuttli, 1975). The technique proposed here will permit the development
of a hybrid technique for predicting accurate ground motion time histories
valid over a wide frequency range—the combination of an empirical coda model
for frequencies greater than 0.5 Hz with normal mode surface wave theory
for frequencies less than 0.5 Hz to construct a composite ground motion time
history which exhibits signal coherence at low frequencies and scattering effects
at high frequencies. This intriguing extension must await the resolution of the
distance scaling problem of the coda.
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for frequencies less than 0.5 Hz to construct a composite ground motion time
history which exhibits signal coherence at low frequencies and scattering effects
at high frequencies. This intriguing extension must await the resolution of the
distance scaling problem of the coda.
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Application of Two-Timing Methods
in Statistical Geophysics

K. Hasselmann

Max—Planck—Institut fiir Meteorologie, Bundesstr. 55, Hamburg, Federal Republic of Germany

Abstract. Two- timing techniques have found wide application in geophysical
problems involving resonant interactions between fields or the propagation
of particles in random media. It is shown that a rather general class of these
applications can be reduced to a simple prototype problem, the diffusion of
particles in a statistically homogeneous, stationary turbulence field first
considered by Taylor (1921). The similarity of Taylor’s diffusion analysis and
the more recent resonant-coupling treatment of interacting fields or particles
becomes apparent if Taylor’s covariance integral expression for the diffusion
coefficient is rewritten in terms of the Lagrangian velocity spectrum. Particle
diffusion can then be interpreted as a resonant excitation of the particles at
their (zero) eigenfrequency. The concepts are illustrated for a number of
applications, including climate variability, which is interpreted as a low-
frequency random walk problem.

Key words: Two-timing methods - Interacting fields — Climate variability.

1. Basic Equations

In a fundamental paper in 1921 Taylor treated the problem of the diffusion of
fluid particles in a statistically homogeneous, stationary turbulent fluid. Taylor
showed that for times large compared with the integral correlation scale of the
velocity field, the dispersion of the particles is governed by the same laws as
molecular diffusion, the effective diffusion coefficient being given by the integral
over the covariance function of the random particle velocities. This simple result
has found wide application in geophysical turbulence. However, it appears to
have been less widely recognised that Taylor’s investigation provides the common
basis for the analysis of a number of other geophysical problems involving sta-
tistical fields, including nonlinear wave-wave scattering, wave-current interactions,
particle-field coupling, and, more recently, climate variability. In this note the
common mathematical structure of these problems is demonstrated, without
going into the algebraic details of particular applications.
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Consider generally a system characterised by a state vector ÿ =(ÿ1 , ÿz , ...) and
governed by a set of first-order equations

dÿ. Al= ‚‘‚t 1d: My ) ( )

The restriction to first-order implies no loss of generality. The dimension of ÿ may
be infinite, the system state being represented by a vector rather than an element
of an abstract space in order to use more familiar matrix rather than operator
notation.

The application of two-timing expansion techniques in our examples assumes
that the system has the following property: if the dominant time scale of the
problem (to be defined later) is scaled to be of order unity, Equation (l) can be
expanded in the form

dÿi A *(1) . 2 *(2) A
E=Mij+3Wi (yat)+8 Wt (y,t)+--- (2)

where the matrix Mi]. is constant (in many applications, zero) 1/7E"’=0(1) and the
expansion parameter 8< 1.

The linear term can be removed by transforming to “interaction” variables
y=e“M‘ÿ where M denotes the matrix Mi]. in usual matrix notation, and the

M2 - t2 M3 - t3
2

_
3.2matrix e"Mt is defined by the infinite series e"M‘=1-Mt+

Equation (2) then becomes

d .

Zia; w21><y‚t)+82 My, t>+ (3)
where

wry, t): e--M' $§">(eM‘ y, r). (4)
The general solution to Equation (3) under the initial condition

Yi(t=0)=J’i0) (5)

can be constructed by a perturbation expansion

y=y‘°)+ey‘“+82 y(2)+... (6)
where

ly‘O’l >8 ly‘l’l >> 82 ly‘2>| >> (7)
The zero’th order term y‘0’=const is determined by the initial condition (5). The
equation for the first-order solution is given by

dy”)l
=

dt
with the initial condition y§1’=0 for t=0.

In general, the solutions y‘”) contain secular contributions which grow inde—
finitely with time. Thus the condition (7) implies an integration time limit for the
validity of the perturbation expansion (6). This can be removed formally by using

l/IÉI’W‘O’, t) (8)
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a multi-time representation of the solutions in terms of a series of time variables
t‘")=8"t (cf. Benney and Saffman, 1966). However, we shall be interested here only
in the lowest order secular terms, which can be interpreted rather simply following
Taylor’s original approach. In this case the method of deriving secular equations
from the perturbation solutions can be immediately seen without recourse to the
more general multi-time formalism.

2. Statistical Fields

Assume now that the functions 111$"), initial values yEO) and solutions y,(t) represent
elements of a statistical ensemble. In particular, let w§1)(y0,t) be a statistically
stationary function of t with zero expectation value, <¢§“>=0, (this can always
be achieved by suitable redefinition of variables) and covariance function

Ralf): <l//§1’(t+ I)¢§1’(t)>- (9)
It was shown by Taylor (1921) by straightforward integration of (8) that in this
case the function y?) is nonstationary, its variance increasing linearly with time t
for large t, '

<y§1>y§=1>> 2D,]. for 1<t<<8"‘2 ' (1o)
where

Dij=% —joo Rij(î)dï. (11)

The time scale is normalised here such that the integral correlation time is of order

unity, max l j Rijdr|(R,-i(0) Rjj(0))"1/2‘= 0(1). The upper limit on t in (10) follows
LJ oc,

from the inequality (7). The equation is identical to the expression for the increase
in the variance of an ensemble of particles with prescribed initial positions yi=0
through molecular diffusion, characterised by a diffusion tensor DU

For the following it will be useful to interpret equation (10) also1n the frequency
domain In terms of the variance spectrum

1
.

Ej(w)= 27: j; R(“r)e“(it (12)

of the forcing function $0), the response y‘.“ can be represented in the time interval
1<<t<8‘ 2 by a variance spectrum

F1160)W: 2.2 <13)
27tFl-j(0)5(a))t for w<w‘S (14)

where the frequency (1), satisfies the two—scale inequality

82 <<w8< 1. (15)
Equation (13) follows immediately from the Fourier transform of Equation (8).
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The non-stationary Ö-function contribution (14) at zero frequency is determined
by computing the variance of the response within a small but finite frequency
band around zero frequency in the appropriate two-scale limit 1<<t<e"2. For
a)8 satisfying (15) the spectrum FÜ- in (14) is constant (white) in the frequency band
co<<co£, so that the response can be expressed in terms of Fij(0). The equation
should be read as an integral relation defining the total covariance in the given
narrow frequency band around zero frequency.

Equation (14) can be seen to be identical with Equation (10) by writing the
diffusion coefficient, using (12), as

Dij=7tFij(O). (16)

Equations (13) and (14) show that the non-stationary response y?) to the stationary
forcing 1/121) is concentrated asymptotically entirely in a narrow “resonance” band
at zero frequency, the rest ofthe spectrum representing a stationary process with
finite variance. The non-stationary growth of the covariance is accordingly
proportional to the spectral density of the forcing at zero frequency (Eqs. (10), (16)).

It should be noted that the location of the dominant forcing and response at
zero frequency applies to the “interaction ” variables. If the matrix M,-j in Equation
(2) is non-zero, the transformation back to the original coordinates )7,- will generally
introduce a frequency shift. In many applications the variables )7,- represent
normal-mode variables, i.e. the time-dependent coefficients of an eigenfunction
expansion. The matrix then has the diagonal form Mjk=ôjki wj (no summation
convention), where œj is the eigenfrequency of the j’th mode. The “interaction”
variables yjzÿj exp(—ia)jt) then correspond to the normal-mode amplitudes.
In this case, a resonance in the spectrum of the amplitude variables yj at zero
frequency corresponds to a resonance in the spectrum of the normal-mode
variables ÿj at the mode resonance frequency wj.

In the following examples, the limitation t< a“ 2 will be removed by interpreting
the linear increase (10) or (14) as the differential rate of change of a slowly varying
distribution on a time scale of order a" 2.

3. Applications

3.1. Diffusion ofParticles in a Turbulent Fluid

As a generalisation of the dispersion of an ensemble of particles starting from the
same initial position, one can consider the evolution of a particle density function
p(y, t) with arbitrary given initial distribution. The characteristic space scale L
of p is assumed to satisfy the inequality L>>1/Î where 1/13(=0(1/D—U)) represents
a characteristic “free path” length (assuming again an integral correlation time
of Ri]. of order unity). For particles satisfying the diffusion relation (10), the distribu—
tion p then satisfies the heat conduction equation (cf. Wang and Uhlenbek, 1945)

ap a
5( 6p)

_ ___ ‚ —_—__ .._ l7ôt+âyi(v,p) 6y.- ”0y. < )
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where the advection velocity (including now a non-zero term ((115.1)) in the general
case) is given by

Ö
Ui=<Wi1)>—‘a—y—_Dij- (18)

J

Equation (17) may be interpreted as the differential form of (10) with respect to
time and the integral form with respect to space. By rewriting equation (10) in
time—differential form, _the upper time limit t<8“2 is removed, provided the two—
scale inequality L>]/D remains satisfied. The dependence of DU on y‘o’ (through
(8), (9) and (11)) is replaced in (17), (18) simply by a dependence on the variable y.
(Note that in (17) y represents a space coordinate in the Eulerian Sense, rather than
a time-dependent Lagrangian particle position.)

Equations (17) and (18) remain valid if the turbulence field is not strictly
homogeneous and stationary, provided DU and v,- vary slowly in space and time
in accordance with the two-scale inequality relations.

The equations have been extensively applied in problems of turbulent diffusion.
However, in geophysical turbulence problems the turbulence field may encompass
a broad range of natural scales, in which case the two—scale inequality is not always
satisfied. In this case a modified form of (17) is often used in which a heuristic
dependence of DU- on the scale L is assumed.

3.2. Diffusion of Charged Particles in Random Electra-Magnetic Fields

This problem has received considerable attention in connection with the propaga-
tion of particles in the solar wind and the magnetosphere. The problem is basically
similar to the diffusion of particles in a turbulent fluid except that the particles
experience random accelerations through their interaction with the electro-
magnetic fields. Thus the perturbation Equations (8) refer here to both momentum
and position variables. The heat conduction Equation (17) (or Fokker-Planck
equation, as it should now be termed when applied’to a generalised phase space)
is six dimensional. However, the effective number of degrees of freedom is consid-
erably reduced if the particles are constrained to propagate along a mean magnet
field, as in the solar wind and the magnetosphere, and the superimposed weaker
field fluctuations are primarily magnetic. In this case the particle distributions
are axisymmetric, particle energy is conserved, and the diffusion is limited to the
pitch—angles of the helical particle motion and the guiding-center motions per—
pendicular to the mean field (Jokipii, 1966; Hasselmann and Wibberenz, 1968;
Kennel and Petschek, 1966).

Algebraicly, diffusion in the presence of a mean magnetic field is more complex
than the classical turbulent diffusion problem or the diffusion of charged particles
in a random electromagnetic field with zero mean component, as the lowest order
helical particle motion contains both zero eigenfrequencies (for the velocity
component parallel to the field) and non-zero eigenfrequencies (for the circular
motion perpendicular to the field). The interaction of these motions with the
fluctuating field yields an infinite series of resonant perturbations. However, all
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resonant contributions to DÜ- can be determined by application of the basic
relations (10) and (16).

3.3. Climate Variability

To a good approximation the global climatic system may be described as an
interaction between two subsystems with widely separated characteristic time
scales, a rapidly varying subsystem x=(x1,x2‚ ...) representing the atmosphere,
and a slowly varying subsystem y=(y1, y2, ...) containing the remaining com-
ponents of the climate system, namely the oceans, cryosphere, land vegetation, etc.
The governing equations of the complete system are thus of the form

dx
71f:§0i(xa Y) (19)

d .7}; =2 wax. y) (20)

with

8 < 1,

where the time scale and all variables x,, y, and functions gai, W: are assumed to
be normalised to be of order unity.

If the properties of the atmospheric circulation system are known, so that
x(t) may be regarded as a stochastic function with known statistics, Equation (20)
has the basic form (3), and the results of Section2 can immediately be applied
(Hasselmann, 1976). In particular, it follows that for times t in the two—timing
range 1<<t<8"2 the covariance tensor of the climate variability increases linearly
with time t, and the covariance spectrum has a red distribution in accordance with
(13). Observed climate variance spectra agree quite well with these qualitative
predictions (Frankignoul and Hasselmann, 1977; Lemke, 1977). If a statistically
stationary climate probability distribution is postulated, the results of Section 2
have to be extended to include stabilising feedback terms—for example by
inclusion of a non—constant mean excitation (#1)“) which is linearly dependent
on y“).

The evolution of the probability distribution of climate states is governed by
the Fokker-Planck Equation (17). Because of the diffusion terms in the equation,
which tend to broaden sharply peaked distributions representing well defined
climatic states, climate evolution has only a finite degree of predictability. The
predictive skill depends on the relative magnitude of the advective terms, which
represent a deterministic evolution of climate states along characteristics in
climate phase space (without broadening of the distribution), and the stochastic
diffusion terms. In most climate models, both terms are approximately of the
same order of magnitude, and the maximal predictive skill is of the order of 50 %.
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3.4. Wave—Wave Scattering

One of the earliest and most extensive applications of two-timing techniques was
in the problem of the energy exchange between nonlinearly interacting random
wave fields (e.g. Peierls, 1929; Kadomtsev, 1965; Litvak, 1960; Hasselmann,
1966, 1968). The components yi represent in this case mode amplitudes, and the
functions l/xE") describe the nonlinear coupling between the modes. Normally the
perturbation parameter a represents a scaling parameter proportional to the
magnitude of the wave amplitudes, and the functions w are homogeneous
polynomials of degree (n+1) in the wave amplitudes. For non-degenerate modes,
the covariance matrix (y, yj> is diagonal, and the rate of growth of the diagonal
term, the wave spectrum, is proportional to the variance spectrum of the nonlinear
forcing at zero frequency—which corresponds in the original y—representation
to resonant forcing of the modes at their resonance frequencies.

The main algebraic difficulty in wave-wave scattering analysis is the evaluation
of the variance spectrum of the forcing functions at the resonant frequency. It is a
basic result of irreversible statistical thermodynamics (cf. Prigogine, 1962) that in
the limit of infinitely weak nonlinear coupling the variance spectrum of the forcing
can be determined under the assumption that all mode amplitudes are statistically
independent (Gaussian). (In this respect wave-wave interaction theory stands on
basically firm ground, as opposed to interaction theories for strongly nonlinear
systems, such as turbulence, where no rigorous closure schemes are known.)
Applying the Gaussian relations, the general structure of the resonant forcing
term (10), (16) can be summarized in a few universal rules in terms of interaction
or Feynman diagrams (Hasselmann, 1966, 1968)

The complete analysis of wave-wave scattering actually involves an extension
of the first-order perturbation theory presented1n Section 2 to second order, since
the lowest—order secular contributions of the mode spectra arise both in the term
<yE1)E1)> (no summation convention) given in (10) and the term <yE°)yEn) involv-
ing the second-order response yEZ). However, if the system is conservative, the
second term can be deduced from the first by consideration of the energy and
momentum balance.

4. Conclusions

Recognition of the common mathematical structure of various interaction and
diffusion problems involving random fields in apparently unrelated areas of
geophysics can be very useful. The principal bridge connecting Taylor’s classical
turbulent diffusion theory to resonant—interaction theories involving wave-wave,
wave-field or particle-field interactions is the reformulation of Taylor’s expression
for the diffusion tensor in terms of the variance spectrum. The diffusion process
may then be interpreted as the resonant excitation of the system (the particles) at
its eigenfrequency (in this case zero). By transforming to “interaction” variables
in which the zero’th order linear response of the system is removed, all weak
interaction problems amenable to a statistical two-timing analysis can be cast in
the form of the turbulent diffusion problem. Examples include the scattering of
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charged particles in random electromagnetic fields, wave-wave scattering prob-
lems and the analysis of climate variability.
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Scattered Waves in the Coda of P

J.A. Hudson
Department of Applied Mathematics and Theoretical Physics, Silver Street, Cambridge, England

Abstract. This paper presents a survey of the development and use of first
order elastic scattering theory in seismology. The various methods used to
provide expressions for scattered waves from variations in structure are
shown to lead to a single scattering formula.

A ray theory approximation for the incident and scattered waves pro-
vides a simple formula from which the radiation patterns of different types of
scatterer can be derived. As an illustration, the solution for a homogeneous
‘average’ structure is given in detail.

The statistical properties of the signal in time are clearly related to those
of the scatterers in space and, in particular, the correlation time of the signal
is related to the correlation distance of the scatterers.

The paper ends with a discussion of the possible use of first order (weak
scattering) theory in cases when the scattered signals are large.

Key words: Elastic scattering theory— Scattering in the earth.

1. Introduction

The idea of scattering from slight inhomogeneities in the Earth’s structure, as an
explanation of particular phases of a seismogram, has become widespread in
recent years.

In 1965 Wesley applied theoretical calculations of scattered waves from
inhomogeneities in lithospheric structure to account for the coda of P in records
of nearby explosions. This was followed by similar studies of small earthquakes
by Aki (1969), Takano (1971) and Aki and Chouet (1975). Greenfield (1971)
brought in the rough topography of the surface near the source to explain the
coda of teleseismic P from Novaya Zemlya explosions. More recently, King et
a1. (1975) and Cleary et a1. (1976) applied scattering theory to account for the
coda of P, including precursors to PP, at epicentral distances of around 100°, in
terms of surface reflections of P which have deviated from their usual ray paths
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as a result of crustal and upper mantle heterogeneity. A similar mechanism has
been proposed, to account for precursors to PKPPKP, by King and Cleary
(1974) and Haddon et a1. (1976).

In 1972, Haddon suggested that scattering from inhomogeneities in the lower
mantle might be the explanation of precursors to PKIKP. Comparisons of the
data with theoretical calculations appeared in papers by Cleary and Haddon
(1972), Doornbos and Vlaar (1973), King et al. (1973), Vinnik (1974), Doornbos
(1974), King et a1. (1974), Haddon and Cleary (1974), Wright (1975), Doornbos
(1976) and Husebye et al. (1976).

In addition to the generation of wave trains by scattering, small irregularities
in Earth structure will cause variatiOns in amplitudes, arrival times and phase
velocities of commonly observed seismic phases. While such fluctuations must of
course be accounted for in any comprehensive theory, this paper is concerned
only with the scattered waves which can be measured separately from the main
phase, as in the codas and precursors mentioned above.

On the assumption that the incident rays are scattered once only before
arriving at an observation point, simple kinematic theory has been used in many
cases to predict the onset times of scattered waves, as well as the variation of
phase velocity along the wave train. Multiple scattering needs to be taken into
account if the scattering is strong, but the complexity of the calculations would,
almost inevitably, be very much increased.

In order to estimate the amplitude of the scattered waves in terms of the
properties of the solid medium, full elastodynamic theory must be used. The
theory underlying almost all calculated expressions is a first order perturbation
approximation; that is, the scattered wave field is assumed to be a small
perturbation on the primary waves.

Expressions for first order scattering in an elastic medium were first obtained
by Miles (1960), who treated the time-harmonic problem of weak scattering
from a small heterogeneous region. At the same time Gilbert and Knopoff
(1960) presented a method of dealing with small variations in surface topog-
raphy. Expressions for the scattered field were also derived by Herrera and Mal
(1965) for a volume distribution of weak scatterers, and by Herrera (1965) for
thin scatterers.

When the size of individual scatterers within a heterogeneous region is small
compared with the size of the region, the details of the structure are of little
importance and one may expect only to infer the statistical properties of the
elastic parameters. Theoretical results have been obtained (Knopoff and
Hudson, 1964; Hudson and Knopoff, 1967) for the mean square amplitudes of
scattered waves where the incident wave is time harmonic and the mean is
calculated for a statistical ensemble of scattering regions. In a similar calcu-
lation, Dunkin (1969) derived expressions for the correlation function of the
signals received by 2 observers from an incident spherical P wave.

Some of the theoretical results used to compare with seismic observations
have been derived from acoustical theory. Vinnik (1974), for instance, made his
calculations on this basis. However, the acoustical model is unsatisfactory for
several reasons. Most of the calculations made by Haddon and his co-workers
are based on the elastodynamic equations and first-order perturbation theory,
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rederived by Haddon but unpublished. The published results (see, for instance,
Haddon and Cleary, 1974) correspond to mean square amplitudes of waves
scattered from an incident wave whose time variation is either simple harmonic
or a random time series, modified by a slowly varying envelope. Doornbos
(1976) too has provided a theoretical basis for his expressions, derived once
again from the elastodynamic equations with harmonic variation in time.

In order to cope with scattered signals which are clearly not weak and to
which first-order theory is unlikely to apply, Wesley (1965) and Aki and Chouet
(1975) set up a diffusion equation for the scattered elastic energy. King et al.
(1975) also found that precursors to PP require strong scattering. They, however,
made the assumptions that only single scattering occurs and that the radiation
pattern of the scattered energy is the same as for weak scattering. In other
words, they assumed that the formulae derived from weak scattering theory still
apply. Both of these approaches are empirical and both give a reasonable fit
between theory and experiment. Unfortunately, it is not possible in either case
to interpret the parameters of the model in terms of the physical properties of
the medium. Nor is it known whether either is an accurate model of the elastic
behaviour of a real material.

In the following sections, the various aspects of the first order theory will be
drawn together into a single formula, valid for an incident wave with arbitrary
variation in time. Specialisation to a harmonic input and to a statistical model is
deferred, since the calculation of mean square amplitudes in the frequency
domain destroys all phase (and time) information.

2. The Integral Equation

Consider an elastic material in a domain Q with boundary Æ Its elastic
parameters ,1, u (or CUM) and density p are functions of position. The reference
medium is defined as a similar material within a domain 90 with boundary .960,
and elastic parameters ‚10, #0 (or 03m) and density p0 such that V0 differs from
‚S? within a bounded region only. Differences between the structural parameters,
11:11—10, „lau—„0 (c1=c—c0) and p1=p—,p0 are also assumed to be zero
outside a bounded region. It is assumed, finally, that Green’s function is known
for the reference medium.

Given a specific problem of wave propagation, let us suppose that the
solution for the displacements in the reference medium is known and is given by
uO. The displacements in the original structure may be written as u=u°+u1,
where u is understood to have an analytic continuation into any region of 90
exterior to .9. In general, in order to use perturbation theory, it must be
assumed that lull is everywhere small compared with the mean magnitude, or
scale of no.

The equation of motion in Q is

Ö Öu—-—— .. ——£ — ".20
Öxj

(Cum axq) put 9 (1)

where
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__ ôzui
X=(X,y,Z)=(X1,X2,X3); ui=ô—Î't

Since u= uO is a solution of Equation (1) with ciq replaced by cg.” and p
replaced by p0, Equation (1) may be written as

6 6u1 .. 6 6up5x: (Cßm'aäzf) fi”? = ‘a—x. (Cima—Z)” u (2)
Let G{(x‚ ë, t) be Green’s function for the reference structure. Then Equation

(2) may be inverted to give

ull(x,t)==

-—j::t Elf/{PI

ü(ë,r)—
Îôj
6(0ÿqËË—Î)] G,(X, ë t 1)}

1 u. a 1 6up 6 l=—_;d[—ggldVi[pr 6t “I'ma—5:ÜÎM]G(XU)}
+ i (iii-124:7:Gi(x ë tml” dS]’ (3)

where 91 is the part of 9° within which cfq is non-zero and 9° is the reference
surface, where the traction due to GlS zero.

The effect of the heterogeneity may therefore be regarded as equivalent to that
of a volume and surface distribution of forces and dipoles. The strengths of these
sources depend on u itself, and in the following sections we consider methods by
which we may represent them by approximations.

It may be noted that Equation (3) remains valid if the elastic parameters c
and density p are discontinuous across given surfaces (Hudson, 1968), so long as
they are piecewise continuous.

3. Slight Heterogeneity

If the deviations of the elastic properties of the material from the local average
properties are small so that uozu within 91, we may use the Born approxima-
tion (Miles, 1960) and substitute u0 for u in the volume integral in Equation (3).

> The scattered field is given by the approximation

l.
°° 6u0(§,I) 6 1 ô_uÂ_Ô_ l. _u,(x‚t)= — I dr;{[p1

6r 6—t
+6,q

6ft, 55j]
Gl(x, 1:,t r)}dV (4)

——oo

together with a term corresponding to scattering from perturbations from the
reference surface.

Equation (4) is the basis for the majority of theoretical papers on scattering
within the body of the Earth and it will be shown that all formulae for first
order scattering can be put into this form.
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4. Thin Scatterers

If the deviations of Â, u and p from their average values are not small, the
scattered field will be small only if the region in which these deviations occur is
small. Thus we are led to consider small intrusions in matrix (or average)
material (Herrera, 1965).

While the displacements are continuous across an interface where the
material properties change, their derivatives are not. Let the normal n at a

givenpoint of an interface, where the material parameters change from ckq, p’”
ckq, p, be in the direction of the O3 axis. The displacements and three
components of strain are continuous; so that

[uk]=0, k=1,2,3
and (5)

[e11] = [e12] = [€22] :0;

that is

eäl=eTp 9122:8312» ei12=e’f2,

where superscripts i and m refer to the intrusion and matrix respectively. Also,
the tractions are continuous across the interface;
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All other components of c are zero.
If the intrusion is thin compared with the length scale of variation of the

displacement, the displacement field in the matrix may be approximated by the
incident field no;

“i=um___u0’ (9a)

and similarly, for the strain field,

1 1 _ 2 m _ 2 . 0
ciq epq

—
ciq epq

_'
ciq epq' (9b)

where c2 is a tensor which reduces to ë when referred to axes with O3 along the
local normal to the interface. Thus we obtain for the scattered field

___
°° lôu?_ô_' 2 duo au}(x,t)_ jdtgjÿdV{[p a: at+cima_5: ô—Îjgn]c(xcz— )}. (10)

Integration over the thickness h(§) of the intrusion gives

Öu?â 2 ôuo ô lu1‚)=(xt —1drjd5{h(€) [p a: 0t+cimaC——: Wmxnät a}, (11)

where S is the median surface of the intrusion.
Equation (10) has the same form as Equation (4). The equation may of

course be applied to the problem of scattering from a distribution of inclusions,
provided that the concentration of the inclusions is sufficiently dilute. It is also
applicable to the problem of a slightly rough interface between two materials, in
which case the roughness may be regarded as a distribution of inclusions on the
interface where the two materials penetrate into each other.

It will be clear however that the parameters c2 cannot be calculated from
Equation (8) if the inclusion is rigid (Â.=,u= 00) or empty (Â: ,u=0). In the first
case the strain within the inclusion is everywhere zero; in the second case it does
not exist. The formulae derived here, based on the assumption that the strain
field in the matrix is altered only slightly by the presence of the inclusion, is
applicable only if the contrast between the two materials is not too large.

5. Slightly Rough Surface

The previous sections were concerned with variations in elastic properties within
the material. There is now the effect of roughness at a free surface to be
considered. If the reference surface 9° is the plane x3 =0, the surface integral in
equation (3) may be written as
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where u is analytically continued, where necessary, up to the reference surface.
This integral may be developed by a method due to Gilbert and Knopoff (1960).
If If I is small,

at,
tpq|x3= O‘qln: f —fôxp:

x3=0

and in the second term on the right ‘L'pqmay be replaced by roq to obtain a first
order approximation. The free surfacep condition on x3 —fpropvides a first order
estimate of the first term on the right;

r33 —2fx1r31 —2fx2t32=0

and

li(fx1'c11 +fx2T12—T13)+mi(fx27522+f tlz—r23)—nir33=0, i=1,2.

approximately where (li,mmi, ni) are two vectors in the tangent plane of the surface

x3 =f(x 1‚x2)‚ while the normal is (fx1,fx2, — 1) approximately when fxl (26—65;)

and fx2 (:52?) are small.

Thus, to first order

I33Ix3=f=(2fx1 Igl +2fx2 t32)|x3=0=0

I13IX3=f=(fxl Igl+fX2I(1)2)|x3=0 (12)

r23|x3=f=(fx1 I22 +fX2 r32)|X3=0

and the contribution to the scattered field becomes

°° ÖIO_ O O _ 1
IdTJOdS{<fx1T11+fx2T12 f

063
311)G

Ö 0 Ö

+(:xlr(1)2+fx2t(2)2_f

7:32)G12_f r33Gl}ôës 5553
=_ Îœdr5oô—ê—dS{ô manG}+r?2G‚2)+ä%f(r?zG%+r3263)

J’ŒJG”(22%”?n)_f(115%i31'267:)l
zidz y551% (pouo Ohé?”

=_drJ0dS{f(€) (pou‘"O ôô +c,Z——:—: 6—:—)G5‚(x ë t— a} (13)
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which has the same form as Equation (11) for scattering from a thin inclusion.
However, as was pointed out in the last section, Equation (13) cannot be derived
from Equation (11), even though if h(x)=f(X), p1 = —p°, c1 = —c° in Equation
(10), the two equations are identical.

6. The General Scattering Formula

The formulae (4), for scattering from a volume distribution of slight hetero-
geneity, (9), for variations in c and p within thin regions, and (13) for a rough
surface or interface, all have the form

°° (3149 ô duo ô .
1 —— _ T_'_ _ T __p_ __ l _ul (X3 0— _500dr ; dV{ (p

ÖT
(ë I)ât +Ciq

ôëq
65j) Gl(x9 êat 1.)}: (14)

where ,0T and cT are appropriate values of density and elastic parameters.
The scattered radiation in any of these cases will be the same if the volume

densities of pT and cl are the same. Thus, scattering from small variations in c,
with mean amplitude a, will be of the same order of magnitude as scattering
from thin intrusions with mean discontinuity Z if the volume concentration of
intrusions is approximately 0/2. Alternatively, thin intrusions lying on a surface
layer of mean thickness h are equivalent to small variations in a layer whose

thickness is of the order of g.

In order to obtain more information about the nature of the scattered waves,
it is helpful to make some simplifying assumptions about the incident waves.
This is done in the next section.

7. Ray Theory Approximation

Let us now assume that the time variation of the incident wave u0 is the
same at each point of 91;

“0(6, T)=A(§)f(r -S°(€))- (15)
Let us also assume that A varies slowly compared with f. This is equivalent
to a representation of u0 as the first term of the ray expansion; t=s°(§) is the
wavefront, and the ray direction is along I750.

If u0 represents a P wave, then

o
0_E‘_‘78—“, A(§)=n°A(€), |n°|=1;

and if an S wave,

n0

Î,

where oc and ‚ß are the local wave speeds.

VS°= A(ë)=m°A(ê), lm°I=ln°l= 1, mO-n°=0,
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Now Gf(x, ë, t—t) represents the displacement at time t in the l direction at X
due to a point force in the i direction at ê acting at t=t; alternatively it may be
regarded as the displacement in the i direction at 1,‘ due to a point force in the l
direction at x. For large distances,

GÉ(X> ë: t—T) =pi(ëa X)Bl(ë9 X) ôU—T _SP(€9 X»

+qi(€‚ X) CI(C‚X)Ö(t—T—SS(€‚X)) (16)
approximately, where

|p|=19 VSP=p/a

|Q|=L lßVSS|=L q-VSS=0.

7.1. Scattered P from an Incident P Wave

Under the above approximation, the scattered P wave is

uP(x,)t= — ÎœdrjdVflpn0pi+c-T nonopipj/a2]AB’f’(t—s°)6’(t—t—SP)}111’a q

=f”(t) * EP(X‚ t), (17)
where

EP(x>t)=—j{[a?pi+C:qnOnpnqOpipj/aZJABl 50—50 _Sp)}
9

2 T O T
Bl(oC ,Û nipi+ciq npnqpipj) dS, '

0(a +pl (18)——5ASP

where SP is the surface t=s°+sP.
The smallest value of t to give a real surface SP is t= TP, the travel time from

source to receiver of a P wave. At t= TP, the surface SP reduces to the
curvilinear ray path with n°+p=0 at each point.

As t increases, SP moves out, sampling the heterogeneous medium as it goes.
The speed of its advance is given by

_ 1 oc
19U IV<s° +sPII= In° +p| ( )

Thus v is infinite at the wavefront of the scattered waves, and decreases as
scattered waves arrive at the point of observation more and more from the side.
For side scattering v=oc/]Æ and the minimum value of v is oc/2 for back-
scattering.

If the correlation distance of the heterogeneities (that is, roughly, the spatial
wavelength of the variations in c and p) is a, the correlation time of the scattered
signal is approximately a/v.
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Thus, the scattered wave begins with short correlation times (high frequen-
cies) corresponding to in-line or forward scattering, and later settles down to
Vibrations centred on frequencies directly proportional to the size of the
scatterers (side and back scattering). This is in accord with earlier findings
(Knopoff and Hudson, 1964) that scattering at high frequencies is confined to
ray paths close to the incident path, while low frequency scattering should be
observed arriving from all possible directions.

The main difference between the formula (18) and the corresponding ex-
pression for acoustic scattering lies in the radiation pattern for each element of
the variable

medium
regarded as a radiating source, given by the expression

2 1’ O T
a p nipi+ciq npnqpipj

Scattering from variations in density is governed by the angular variation of
nO - p (=cos x, say). Also, if the elastic properties are isotropic

cq n2 n°p‚-p‚= 1* +2u (n0 p)2 =16 +if—P (cosx) (20)
where KŸ is the corresponding bulk modulus.

Thus, variations in the bulk modulus give rise to an isotropic radiation
pattern while variations in rigidity give rise to a radiation governed by P2 (cos x)
the Legendre polynomial of order 2. Variations in density, as shown above, give
rise to a radiation pattern according to P1(cos x). The angle (7t — x) is the angle of
scattering.

These radiation patterns were first noted by Miles (1960).

7.2. Scattered S from an Incident P Wave

Substitution of the S wave component of Green’s function, gives the scattered S
wave:

u‘?(x t)=— MINI/{00 n061,-“iq nÏÏl-q pj/ocBMC’

xf’(r——s°)6’(t—r—ss)},

where, here, p= ß I755.
So

u?(x‚ t) =f”(t) * E5(x‚ t), (21)
where

(OC :BpT n? qi +Ocliq npO"? qi pj)

Iß n° + oc pl
and SS is the surface t=s°+ss.

This surface starts at the point of observation, at t= TP again. However, ß nO
+ocp is not zero there, and so scattered wave amplitudes from the surface
integral will be small to begin with.

E5(x, t): — 5 ACl dS (22)
SS
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As t increases SS moves out with s eed9

1 _ ocß

lV(s0+sS)l—lfin°+ocpl'
v = (23)

) but it does not vary nearly asß
l—ß/oc

This is largest for forward scattering (0:

much as the corresponding quantity for scattered P, and in-line scattering will
have slightly higher frequencies than side or back scattering. Again, the cor-
relation time is approximately a/v when the correlation distance of the scatterers
1s a.

There is no very high frequency scattered signal in this case; that is, at high
frequencies the conversion from P to S is small (Knopoff and Hudson, 1967).

The radiation pattern for isotropic heterogeneity is given by

oCßpT10°'<l+2uT(n°'P)(n°'11); (24)

that is, a cosine pattern for pT and a double cosine pattern for M.
If the scattering region is far from the receiver point, there will be a time

delay from t=TP until the surface SS grows large enough to intersect the
scattering region. This time will correspond to a minimum time path for an
incident ray to get to a scattering point (at speed oc)

and
then travel by a shear

ray path to the receiver (at speed ß).
It has sometimes been stated that, if the wavelength of the incident wave is

sufficiently short, conversion from one wave-type to the other ceases and that
the acoustic equations may be used. However the acoustic equations do not give
the correct radiation patterns.

8. Results for a Homogeneous Reference Medium

In order to illustrate these results more clearly, the expressions will be evaluated
for the case when the reference medium is homogeneous and isotropic. Green’s
function is now

j __ pl p1 __ (ôil _pip1) _Gi(x ë t)—
—————OR

2ô(t R/oc
)+4npORfiz

5(t R/ß)
(25)

+lower order terms

where

=|X-<Î| and P=(€-X)/R-
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sufficiently short, conversion from one wave-type to the other ceases and that
the acoustic equations may be used. However the acoustic equations do not give
the correct radiation patterns.

8. Results for a Homogeneous Reference Medium

In order to illustrate these results more clearly, the expressions will be evaluated
for the case when the reference medium is homogeneous and isotropic. Green’s
function is now

j __ pl p1 __ (ôil _pip1) _Gi(x ë t)—
—————OR

2ô(t R/oc
)+4npORfiz

5(t R/ß)
(25)

+lower order terms

where

=|X-<Î| and P=(€-X)/R-
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Thus

Izmgl—RBc—Z’
sP=R/oc

and

z
i=4ö—7iz%—%%’

S=R/ß.

If the incident wave is a uniform plane wave;

u°(€‚ I) = A no f(I - no ' ë/a) (26)
with A and nO constant. The scattered P-wave is given by Equation (17) with

—A fl (azpîngpi—Fcïq npon? pi pj)FP x‚t =l( )
47'CPOOC3 SPR InO +p|

dS. (27)

The surface SP is given by

t=s°+sP

i.e.

t=n°o€/oc+R/oc.

Let us take the origin of Cartesian axes at the point of observation with the
O3 axis along no; the equation for SP becomes

oct=§3+R. (28)

This is a paraboloid of revolution with focus at the origin (the point of
observation) and directrix at £3 =oc t.

oc

fla +ës/Rfi'
With cylindrical polar coordinates (r, 6, C) having origin at Ç =O and ë3 ==Ç,

we obtain

The surface moves out with speed 1):

— A
EP(X‚

t)=m SLp‚(oc2
pl n? p,- +6131,qOp nq pi pj)d§ d0. (29)

The scattered S waves are given by

—A (aßpT ni +ciq npnq)(öil —pipl) d_SF (X’ t): MW; Ißn" +o<p| R'
(30)

The surface S5 is

t=s°+sS
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i.e.

[=53/OH'R/fl (31)
Or

Rim—53).
a

which is an ellipse with the origin as focus, £3=oct as directrix, and with
ellipticity ß/oc. Finally, in terms of cylindrical coordinates,

—A
FzS(X,t)=4—m “aß/9T ”9+0:q n? nf,’ Pj)(ôiz—Pipz)d9 d6. (32)

SS

The amplitudes of the scattered waves depend on the shape of the scattering
region and on the radiation pattern of each elementary scatterer. As time increases
the surface SP or SS moves outward through the medium; in-line scattering gives
way to side and back-scattering and the envelope of the scattered signal changes
accordingly. However, it is noticeable that there is no obvious decay due to
geometrical spreading in the formulae (28) and (31). This is because the
geometrical spreading of individual ray tubes is balanced by the steadily
increasing size of the surface SP or SS.

In a model in which the scattering region is contained within an infinite
plane-sided layer, the theoretical scattered signal will have infinite duration. This
shows that scattered signals may well be very extended in time.

9. Statistical Properties of Scattered Signals

According to Equations (17) and (21), the scattered waves are given by the
convolution of the time function of the incident acceleration with either FP or
F5. Expressions (29) and (32) for FP and FS’show that both are linearly related to
,0T and cl, and therefore their statistical properties are easily obtained from the
statistical properties of pl and CT.

Rather than regard the scattering region as a single sample of an infinite
ensemble, it is better for many purposes to derive correlations of the signal in
time from correlations of the material properties in space. This approach has
already been introduced in the connection of the correlation length a of the
material variations with the correlation time a/v of the signal, where v is the
speed of advance of the surface SP or SS.

Similarly mean square amplitudes and correlations of amplitudes at two
different points can be calculated. The advantage of this method over earlier
investigations is that it operates in the time domain, in which the observations
are made, and the statistical interpretation has more direct application to the
data. A mean value, in this case, is an average over a restricted length of signal,
or region of space.
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10. Applications of the First-Order Theory

If the above formulae are to be used, the energy converted by scattering must be
small compared with energy in the incident wave. However, if this is so, it might
be expected that the scattering will be seen as low amplitude noise on a seismic
trace, and ignored. Important applications of the hypothesis of scattering from
heterogeneity in the Earth, however, occur only when the supposed scattering is
comparable with the known standard phases on a seismogram. In this case, first-
order theory may not in general be applied with any confidence.

There are situations, however, where weak amplitude scattering theory may
be applicable; these include cases where the primary signal has been obscured
and the scattered signal, by travelling by a separate path, is at full strength (see,
for example, Douglas, 1973). Three examples may be noted.

Firstly, precursors to PKIKP are observed in the shadow region of PKP, the
primary signal from which the precursors are assumed to have been scattered.
The precursors arrive at a time when the record is quiet and can be clearly seen
for this reason. Thus, in the first instance, one may have good reason to hope
that first-order theory will explain the phenomenon. Recent studies (see, for
instance, Doornbos, 1976) have suggested that, in fact, the heterogeneity produc-
ing the precursors is not small. If this is so, a new theory for multiple scattering
needs to be set up.

A second example is the study of precursors to PP at epicentral distances
greater than about 100°. The primary wave in this case is P, which is obscured
at these distances by the core. Scattered signals would travel by paths entirely in
the crust and mantle and would be expected to be relatively large in amplitude,
as seen on the seismogram.

Finally S to P scattering travels ahead of the primary S wave and appears in
the coda of P. If the direction of radiation is near a node of P and an antinode
of S, the first arrival will be relatively small and will be followed by scattering
from a relatively large S wave. In this way an extended and large amplitude
coda might be produced. Such a mechanism may well be the explanation of the
occurrence of both simple and complex signals derived from similar (simple)
earthquake sources and travelling along nearly the same source-receiver path.
The clue lies in the orientation of the source.

Other mechanisms have been explored by which the primary wave may be
obscured, such as by attenuation of the primary wave by regions of high
damping (Douglas, 1973), or by anomalous geometrical dispersion (Davies and
Julian, 1972).

The above argument does not imply that scattering is small in these
examples, but rather that these are situations where one may reasonably begin
the investigation with a theory based on a first-order perturbation.

The difficulty with the hypothesis of strong scattering is that, in the absence
of a satisfactory theory, it is difficult to check. However, if extended regions of
strong scattering exist in the Earth, the problem would be to explain the
existence of simple signals —signals which have not apparently been degraded by
a scattering process.
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Elastic Wave Propagation in a Highly Scattering Medium
—A Diffusion Approach

A.M. Dainty* and M.N. Toksöz
Department of Earth and Planetary Sciences, Massachusetts Institute of Technology 24-414,
77 Massachusetts Ave., Cambridge, MA 02139, USA

Abstract. The principle of conservation of energy, in the form of the equation
of radiative transfer, is used to treat the case of strong scattering of elastic
waves. If the medium is isotropic, if all the energy present has been scattered
many times, and if the time and distance scales of the problem are long
compared to the time and distance scales of the scattering process, then the
average flow of energy is described by the diffusion equation with an
additional term representing linear dissipation to heat. Model seismic experi-
ments using holes drilled in aluminum plates as scatterers confirm the applica-
bility of the formalism. The diffusion formalism has been successfully applied
to’ lunar seismograms and to some earth data. The results of studies of lunar
seismograms show that the zone of strong scattering on the moon is confined
to a near surface zone.

Key words: Elastic waves —— Scattering — Diffusion — Ultrasonic models —
Lunar seismology.

Introduction

In an elastic medium with a simple, deterministic structure, the transmission of
energy within the medium may be described by the propagation of various types
of elastic waves. The classical theory of seismology as applied to the earth uses
this description. However, any real medium, such as the earth, contains many
heterogeneities that can only be described in a statistical way. The effect of these
heterogeneities is to produce a random, scattered wave field which must be
included with the deterministic field in a complete description of the elastic
energy distribution.

If the effect of the heterogeneities is small, the scattered field may be treated
as a perturbation of the deterministic field (Chernov, 1960; Knopoff and
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Hudson, 1964). In the earth, such is frequently the case (Aki, 1973; Cleary and
Haddon, 1972; Aki and Chouet, 1975). The first seismograms returned from the
moon, however, showed that conditions there were somewhat different from
earth. Extremely small first arrivals were followed by a long, complex train of
waves whose amplitude slowly increased to a maximum after several minutes
and then gradually decayed over a period of an hour or more (Latham et al.,
1970). The clear body phases and dispersed surface waves so characteristic of
earth seismograms are not present, indicating that this coda consists of scattered
waves. The extremely strong scattering this implies is due to the absence of
water on the moon, which prevents cracks from annealing under moderate
pressures. The long duration of the coda is due to low attenuation, again a result
of the absence of water (Tittman et al., 1975).

To understand and model the lunar case of extremely strong scattering, some
other formalism than the perturbation method is needed. A fruitful approach
has been the use of the diffusion equation with linear dissipation (Nakamura et
al., 1970; Berckhemer, 1970; Latham et al., 1970, 1972; Dainty et al., 1974;
Toksöz et al., 1974; Nakamura, 1976; Wesley, 1965). In this paper we will first
discuss the theoretical basis for the use of the diffusion equation, then the result
of ultrasonic experiments designed to test the theory will be presented, and
finally some mention will be made of the applications, both lunar and terrestrial,
of the theory.

Theory

A situation is envisaged in which the effect of scattering is so strong that all
energy is scattered energy. The acoustic case will be presented, and then the
extension to the elastic case will be discussed. In our derivation the principle of
conservation of energy is applied to the wave field, together with physical ideas
about waves. The force equation usually used in elastic problems has not been
solved for this case of strong scattering. .

We regard the acoustic wave field as being made up of plane monochromatic
waves of frequency f, travelling in all directions with random phases—thus,
energies are additive, not amplitudes. If we define direction by polar angles 6, (,15,
and e(1Î, t, 6, 4)) as the energy density at {it of waves propagating in direction
6, ([5, then

Eaä, t)=5e(1ä‚ t, e, c/>)dco
S

where da) is an element of solid angle and the integration is over all solid angles.
E(Ë, t) is the total energy density. We consider the medium through which the
waves are propagating as having a wave velocity c, and p scatterers/unit volume.
The scatterers each have a total scattering cross-section of a and a differential
scattering cross section [2(0), taken to be a function of scattering angle Q only.
Then

a=jQ(Q)dco.
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Note that a and S2 are generally strong functions of frequency. We consider
an elemental volume ö V, and waves travelling in direction 6, d). Then the
conservation of energy states:

2—:5": _5fi.üdz + 5V[ypce(9',¢')o(o)dw'
2 S

_Ip ce(6‚q5)Q(Q)da)’—ae] (1)

The first term on the right in (1) is the net flux across the surface Z of ô V, with
normal ñ, the second term represents energy scattered into direction 6’, (‚b from
all other directions 0', d)’, the third term represents energy scattered out of 9, qä
into all other directions, and the fourth term represents energy dissipated into
heat. The dissipation constant a=2nf/Q‚ where Q is the seismic quality factor.
For the flux Ë we use the expression for a travelling wave,

Ë=cEe

where I; is a unit vector'in the direction of propagation of the wave.
Applying Gauss’s theorem to the second term in (1), we obtain

Êî
at

+ V clËe+ae=lc(@) [€(Ü’, d>’)—e(0‚ (15)] da)’. (2)

This is the time-dependent equation of radiative transfer (Chandrasekhar, 1960).
In deriving (1) and (2) we have assumed it is possible to define a volume ôV
sufficiently small that multiple scattering may be ignored within ô V.

We next wish to parameterize the scattering medium in terms of a scale
length. To do this, we conSider a wave field consisting of a plane wave travelling
in some particular direction 60, çbo at t=0

€03,t,0,¢)=5(9—60)6(¢—¢0)e(lé,t)’ at t=0.

As time increases, energy will be scattered into other directions, and eventually,
via multiple scattering, back into direction 60,4)0. We shall, however, tem-
porarily ignore this latter effect in deriving (4) below, i.e., we will ignore the first
term in square brackets on the right hand side of (2). We will also ignore
anelastic attenuation, and choose the x-axis of rectangular coordinates to lie
along the direction 90, 450. (We will not ignore these two effects subsequent to
Equation (4).) Then (2) becomes

ôe ôe
——+c———= —pace.
ôt ôx

. . . ô ô d . . .Usmg the Lagranglan relation
57+ c ä;=c à; where s 1s dlstance travelled w1th
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a particular wavefront, we have

de
E:

—pae

e=e0-exp(—pas)=e0-exp(—s//l) (3)

where

Â=1/pa=mean free path. (4)

The mean free path defined above is the average distance energy travels
before it is scattered, and is the characteristic scale length of the scattering
process. In the formalism we will develop, all the complexities of the scattering
medium are described by the parameter ‚1. This will only be possible if the time
and distance scales over which the average energy density changes are long
compared to À/c and ‚1 respectively. Since a is a function of frequency, so is Â; Â
may be greatly different for waves of different frequencies.

We return now to the case of a random wave field with energy travelling in
all directions. The terms on the right hand side of Equation (2) represent the
exchange of energy through the scattering process between waves travelling in
various directions. If the scattering is strong, however, and a time long com-
pared with Â/c has passed, a radiation balance will be set up such that

jQ(@)[e(1ë, t, 6’, c/>’)-—e(R’‚ t, 6, c/J)]dco’—> o. (5)

Relation (5) demands that all of the energy be scattered energy. Equation (2)
may be further modified by noting that it is written in terms of e(1Î, t, 6, ([5),
which is not a measurable quantity if waves travelling in different directions
cannot be separated. Integrating over all angles will yield E(Ë, t), which is
measurable. Performing the integration

E . . .967+V-cjke(R,t,9,¢)dco+aE=0. (6)
To evaluate the second integral in (6), additional assumptions must be made. We
will assume that at any point in the medium, under the influence of strong
scattering, radiation is isotropic to zeroth order. This is reasonable if all the
energy is scattered energy, and if in addition the medium has no “grain”, or
preferred direction. Then

E(R, t)=5e(1ä‚ z, 0, ¢)dw=4ne(1€, t). (7)
S

However, since energy travels a finite distance À before being scattered, the
energy field cannot be completely isotropic unless the energy field is also
homogeneous. If a gradient of energy is present, slightly more energy will come
from the up gradient direction than from the down gradient direction, because
there is more energy present at a distance Â in the up gradient direction. Using
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(7), then, we write

s 1 s s a
e(R‚t‚9‚<b)=Z;(E(R‚t)+/1F'VE(R‚t)) (8)

(8) states that the energy seen at Ë has come from the surface of a sphere of
radius À centered about Ë. r in (8) is a unit vector from Ê pointing in the
direction 180— 9, 180+¢. Thus k=—r. The remaining integral in (6) now
becomes two integrals, the first of which18

1 a Egan———— ‘Et =— ‘d =0.„um 4„ 1w <9>
The second integral is

À ‚ ‚ a 1 A» a
—Â;jr[r-VE(R,

t)]
dw=—ä VE(R, t). (10)

S

(10) is most easily derived by setting up a rectangular coordinate system with
one axis, x, say, along the direction of ŸEUÏ, t). Contributions along the y and z
axes then cancel by symmetry in the integration over the sphere. Substituting (9)
and (10) in (6) we obtain

0E cÂ
â—-t=Tl72

E— aE. (11)

Â . . . . . .The parameter 93— w1ll be wrltten as cf, and IS known as the d1ffus1v1ty. The

parameter a=21rf/Q‚ as previously stated; note that Q is in general a function of
frequency. If different regions through which the energy travels have different
Q’s, the average of l/Q weighted by the residence times in the various regions
must be used (Wesley, 1965, Eq. (4)).

This derivation is similar to that used in the kinetic theory of gases (Jeans,
1925, p. 307—310). We have discussed the three-dimensional case. For the two-
dimensional case, a similar discussion leads to

cÂ
6—2. um

The discussion above was for the acoustic case. In a homogeneous elastic
medium, two types of waves, compressional and shear, exist. If there is strong
scattering, however, the two types will be coupled, and if the coupling is strong
enough they will be locked into a radiation balance which depends only on the
properties of the scattering medium, provided that the time and distance scales
of the problem are much longer than the corresponding scales for the scattering
process. Thus the diffusion equation should still apply, provided the correct
value of the diffusivity is used. Since the diffusivity is the coefficient of the flux
term in (11), and since fluxes are additive and proportional to the energy, the
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appropriate diffusivity to use is

i=R§p+(1-R)Cs (13)

Ywhere R is the proportion of the energy in compressional waves, Q, is the
diffusivity calculated for compressional waves and ès is the diffusivity calculated
for S waves. It should be noted that, whilst the value of R depends on the nature
of the scattering medium, it is expected to be typically 10% (Knopoff and
Hudson, 1964), Le, most of the scattered energy is in the form of S waves.

To solve Equation (1 1), note that writing 15:15,D exp ( —ar) yields the classical
equation of heat transfer; a wide literature of solutions exists for this equation
(see, for example, Carslaw and Jaeger, 1959). Since seismic pulses are very short
relative to the time scale of the problems we shall consider, the Green‘s function
for the appropriate boundary conditions is required. We emphasize again that
(11} can only be applied to narrow band signals, since the scale parameter 2. is in
general a strong function of frequency.

The solutions of (l l) as applied to special problems are given in the
following sections.

Ultrasonic Model Experiments

To test the applicability of the diffusion formulation to seismic energy propaga-
tion in a highly scattering medium a set of ultrasonic model experiments were
carried out in the laboratory (Dainty et al., 1974; Pines, 1973; Toksoz et al.,
1974). These experiments used the propagation of ultrasonic pulses in plates
with various densities of scatterers. The plates were 1/16” aluminum and the
scatterers consisted of either randomly distributed circular holes (with diameters
smaller than the dominant wavelength) or grooves of random orientation.
Scatterer densities, sizes and the width of the scattering region were varied in
these experiments.

A schematic diagram of the experimental set-up is shown in Figure l. A
pulse of approximately zus duration is generated by the pulse generator and
applied to the plate by the source transducer. The receiver transducer is
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Fig. Za—d. Ultrasonic model seismograms illustrating different amounts of scattering. The plates used
are indicated schematically at the left of each seismogram. See text for discussion. Total length of each
trace is l ms

mounted at the opposite end. The plate is approximately 25 x 80 cm. The
scatterers may cover the whole or part of the plate. The edges of the plate are
serrated and covered by absorbing modelling clay to minimize side reflections
and surface waves.

Figure2 shows seismograms generated by different scatterers at a fixed
frequency of 330 khz. Without scatterers (Fig. 2a) the transmitted wave is pulse
like. A few side reflections are visible since no clay or serrations were used in
this case. In Figure2b,c,d the successively increased effects of scattering are
demonstrated. In Figure 2b, 243 scatterers (holes, 0.3 cm diameter) are distribut-
ed in the middle section of the plate over a 22 cm wide band, as illustrated on
the right hand side. In Figure 2c, 243, 0.6 cm diameter scatterers are distributed
over a 34-cm Wide band. In Figure 2d, the same number of scatterers covers a
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Fig. 3. Ultrasonic model seismograms illustrating the effects of different frequencies. The plate used
to produce both seismograms is shown on the right. The seismograrn at the top left was produced by
using a band pass filter of center frequency 70 khz. The seismogram at bottom left was produced
using a 330 khz center frequency filter

65 cm wide region. These examples in Figure 2 illustrate progressively the effects
of increasing scattering on the envelopes of the seismograms. The variables in
these cases are the density of the scatterers, the width of the scattering zone, and
the size of the scatterers.

Another experiment examined the wavelength dependence of scattering. This
is illustrated in Figure 3, where the photograph of the plate used is shown on the
right. Seismograms, narrow band-pass filtered at center frequencies f0=70 khz
and fü=330 khz. are shown on the right. Note that high frequency waves are
scattered more extensively because of the greater scattering efficiency of the
holes for the shorter wavelength, and the resulting shorter mean free path.

To quantitatively compare the experimental results with the theoretical
predictions, described in the previous section, a set of measurements were made
varying only one parameter. Four plates, each 24cm wide and with 0.6 cm
diameter holes were used. The density of scatterers was 0.56 holes/cm? This
corresponds to a diffusivity i=4 x 105 cmZ/s. The plate velocity of shear waves
is c=3.2 min/us. The width of the scattering band in the four experiments was a
=45, 9, 18 and 36 cm. The seismograms are shown in Figure 4.

A theoretical solution for the diffusion of energy from a point impulse
applied to the edge of a two dimensional rectangular plate, under the boundary
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l msec
Fig. 4. Comparison of ultrasonic model seismograms and diffusion theory. The seismograms are
similar to those shown previously but have been cut in half along the line of zero displacement. The
smooth curves are theoretical fits. See text for discussion. From Toksöz et a]. (1974)

condition that no energy may escape from the plate is given by (Carslaw and
Jaeger, 1959, p. 360);

13:: [1 +2 2 cos (rm) cos (”fix )exp(-€H27I2f/H2)]
i

H=l

1x,- H r
- [1 +2 2 cos (ES—y) cos (Ly) exp(—c‘jn2n2t/v2)]. (14)

n: 1 ’
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The theoretical curves in Figure4 were calculated using Equation (15) (tak-
ing the square root of energy for amplitude) with parameters v=24 cm,
{=4 >< 105 cmz/s, a Q value of 70 and the apprOpriate a values (4.5, 9, 18 and
36 cm). The agreement between the theory and the laboratory results is good. A
question might arise regarding the relatively low Q value (70) that was used in
the theoretical fit; Q in aluminum is much higher (QM; 1000). The lowering of
the Q value is due primarily to absorption in the clay around the edges of plate.

These laboratory experiments and the comparison shown in Figure 4a, b, c, (1
demonstrate the applicability of the diffusion equation to seismic energy propa-
gation in a highly scattering medium.

Seismological Applications of the Theory

The major application of diffusion theory in seismology has been the lunar case,
with occasional use in terrestrial seismology. As mentioned previously, the
importance of scattered energy on the moon relative to the earth is due in large
part to the total absence of water in the lunar near-surface environment. This
absence means that cracks and fractures in the near surface zone will not anneal
as they do on earth—a situation that is reinforced by the low lunar pressure
gradient with depth and cooler temperature in the lunar interior relative to
earth. Since the lunar surface has been bombarded with meteorites throughout
its history, cracks and fractures are expected. Another important effect of the
lack of water and other volatiles is the extremely high values of the seismic
quality factor Q (Tittman et al., 1975) in the lunar environment. This means that
energy scattered many times and travelling long paths to the seismometer may
be detected.

In the application of diffusion theory to the moon, an early result was the
finding that strong scattering is limited to the near-surface region (Latham et al.,
1971). This leads to three different types of scattered coda: for close surface
events, where the source receiver distance is not too large, the dominant
transmission of seismic energy is by horizontal diffusion through the scattering
zone. For far surface events, energy diffuses through the near-surface scattering
zone into the deeper regions of the moon where it propagates without scattering
and then diffuses back up to the receiver. For events occurring deep within the
moon, the scattering layer is traversed once by energy en route to the surface.
These relations are illustrated in Figure 5.
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Since the scattering zone is confined near the surface, it is modelled by a
diffusing layer over a half space within which seismic energy propagates as
waves without scattering.

The solution of (11) for an anisotropically diffusing layer over a half-space
has been given by Dainty et al. (1974). In their treatment, the diffusivities in the
vertical direction (6U) and the horizontal direction (5H) are different, to model the
vertical heteorgeneity commonly found in nature. The solution for a point
impulse at the origin of cylindrical coordinates r, z, is

1 r2 °° bncos(b„z/h) —t8§vb§
E_4nëceXp[—4t—at]n;1 2b„+sin2b„eXp[ n2 l (16)

where the b" are the positive roots of

b-tanb=hV (17)
U

starting with the numerically smallest. h is the thickness of the layer, and V is
the velocity of propagation of waves in the half-space. Note in (17) that if the
right hand side is large, then the low order bn are not a strong function of V; the

"low order terms are the ones which will dominate in (16) for large t. From (16)
and the principle of reciprocity we may also derive the case of a plane impulsive
source on either surface of the layer as observed at the other surface by
integrating over all r:

°° b b t b2"cos n
[_

ëv
n]. (18)E= 4h _„‚E / Je ‚EI 2b„+sinzb„ex h2

To compare the diffusion formalism, which refers to seismic energy in a
narrow frequency band, with lunar seismograms, we form the energy envelope of
the seismograms by Fourier transforming a moving window 51.2 3 long over the
seismogram to obtain the power spectrum and plotting the power in a narrow
band as a function of time. This envelope may be compared directly with
Equations (16) and (18). An example of this comparison is shown in Figure 6,
which uses data from two close-in artificial impacts on the moon (Toksöz et al.‚
1974). The fits shown from Equation (16) use EH =2 kmz/s, implying a mean free
path of between 1 and 10km, depending on the wave velocity used. The
thickness of the surface scattering zone is between 1 and 20 km (Toksôz et al.,
1974). Q is 5000.

The example in Figure 6 is for a close surface event. If we assume that the
effect of scattering near the source is the same as scattering near the receiver,
and if the time spent in the non-scattering interior of the moon is short
compared with the time spent in the scattering zone, then there is a con-
volutional relationship (Dainty et al., 1974) between the energy envelope f(t) of
the far surface events and the energy envelope m(t) of deep focus events, namely:

f(t)=A - m(t)*m(t) (19)
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from this line using [19). The light curve in the bottom half of the figure is the energy envelope for an
Al moonquake, and the dashed curve is a theoretical fit. From Dainty et a1. (1974]
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where A is a multiplicative constant which depends on range and * indicates
convolution: (19) is illustrated in Figure 7, which shows envelopes for a far
impact and a deep focus moonquake. Two theoretical fits to the deep focus
energy envelope are shown—one derived from the far impact envelope using
(19), one a theoretical fit using (18) and the same model as for Figure 6.

Diffusion theory has also been applied to the coda of local earthquakes (Aki
and Chouet, 1975, with references to earlier work). These authors find that at
frequencies around l most of the coda is scattered surface waves, whilst at
frequencies of about 10 Hz and higher scattered body waves predominate. The
mean free path for 1 Hz energy (surface waves) was comparable to that found on
the moon but the mean free path at 10 Hz (body waves) was at least an order of
magnitude larger. Q was much lower (100—1000) than the lunar case, reflecting
the presence of water.

Conclusions

In the case of strong scattering of seismic waves, the average energy density as a
function of time and space may be described by the diffusion equation with
linear dissipation, provided that all the energy present has been scattered many
times, and the time and distance scale of the problem are long compared to the
scales that correspond to the scattering process. Ultrasonic experiments in the
laboratory confirm the applicability of the formalism. The theory may be used
to explain the characteristics of seismograms returned from the moon. In certain
cases the theory may also be used to explain seismic observations on the earth,
particularly the high frequency coda of local earthquakes.
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with KeiitiAki, Hans Berckhemer, Bernard Chouet, Peter Malin, Yosio Nakamura and Robert
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Seismic Energy Transmission
in an Intensively Scattering Environment*

Yosio Nakamura
Geophysics Laboratory, Marine Science Institute, University of Texas,
700 The Strand, Galveston, Texas 77550, USA

Abstract. For describing transmission of seismic energy through a medium in
which seismic waves are intensively scattered, a statistical approach provides
an attractive alternative to the conventional, deterministic approach. The
energy transmission in such a medium with a given size distribution of scat-
terers is generally governed by a diffusion equation with a frequency-dependent
diffusivity, rather than wave equations as in the conventional approach. By
applying this theory, we can explain many unusual characteristics of lunar
seismic signals, including those generated by surface impacts at near and far
ranges and by continuous movement of the Lunar Rovers. The size distribution
of scatterers can be estimated from the frequency dependence of diffusivity.
Predominantly rectilinear particle motions observed indicate that the scattered
energy is transmitted as body waves. When intensive scattering is limited to
only a part of the transmitting medium, as in the case of far impacts on the
moon, a more general theory combining the two approaches is required. The
theory is also useful for interpreting certain characteristics of terrestrial
seismic signals because, while frequently ignored, appreciable scattering exists
even for terrestrial cases.

Key words: Seismic scattering — Lunar seismic signals.

1. Introduction

Scattering of seismic waves in a medium of randomly distributed heterogeneity
may be described using the conventional seismic wave theory. When the scattering
is intense, however, this deterministic approach becomes increasingly difficult,
and some alternative may be more convenient. In this paper, therefore, I will
present such an alternative approach, namely, the seismic diffusion theory.

The data taken by the Apollo lunar seismometers compelled one to look for
such alternatives. An example of a lunar seismogram is shown in Figure 1. The
* Marine Science Institute, Geophysics Laboratory, Contribution No. 195
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Fig. 1. An example of lunar seismograms, showing the entire wave train in a compressed time scale
(upper left) and selected portions in an expanded time scale. LPX, LPY and LPZ designate two hor-
izontal and a vertical component, respectively, of the long-period instrument. DU stands for digital
unit, the smallest digitization step, and corresponds to the ground displacement of about 80 pm at
the peak of the instrument response (0.45 Hz). The seismogram shown is for the Apollo 15 S—IVB
impact observed at the Apollo 12 station

most striking features of the seismogram are (1) the gradual build-up of the signal
at the beginning, (2) extremely prolonged coda, and (3) lack of apparent coherence
among 3 orthogonal components of ground motion. It is believed that these
unusual characteristics of lunar seismograms are caused primarily by (1) intensive
scattering of seismic waves, (2) trapping of seismic energy in the surface zone of
the moon by a strong velocity gradient, and (3) very low attenuation of waves in
the surface zone. Synthesizing a seismogram such as this through the conventional
wave—theoretical approach seems hopeless; thus, there exists a strong need for
alternative approaches.

In this paper, first I will briefly review the development of the seismic diffusion
theory for a medium with randomly distributed scatterers of a given size distribu-
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impact observed at the Apollo 12 station

most striking features of the seismogram are (1) the gradual build-up of the signal
at the beginning, (2) extremely prolonged coda, and (3) lack of apparent coherence
among 3 orthogonal components of ground motion. It is believed that these
unusual characteristics of lunar seismograms are caused primarily by (1) intensive
scattering of seismic waves, (2) trapping of seismic energy in the surface zone of
the moon by a strong velocity gradient, and (3) very low attenuation of waves in
the surface zone. Synthesizing a seismogram such as this through the conventional
wave—theoretical approach seems hopeless; thus, there exists a strong need for
alternative approaches.

In this paper, first I will briefly review the development of the seismic diffusion
theory for a medium with randomly distributed scatterers of a given size distribu-
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tion; then give some examples of how this theory is applied to real situations; and
finally, discuss some further properties of scattered seismic signals and outstanding
problems.

A precautionary statement before we continue: In adopting this new approach,
we are not denying the wave nature of seismic waves. We are simply looking at the
same phenomenon from a different point of view. The approach we are taking
is statistical in contrast to the deterministic approach for the conventional wave
theory. The two approaches might be considered to be similar to the wave/particle
duality of electromagnetic radiation.

2. Seismic Diffusion Theory

2.1. Dijfitsion in a Distributed Scatterer Field

Let us consider a space filled with a large number of scatterers of various sizes.
The situation is similar to scattering of ultrasonic waves by grains in polycrystalline
materials, where it is generally found that (l) at low frequencies where wavelength,
À, is long compared with the average grain size, D, the phenomenon is essentially
Rayleigh scattering, and the square root of the scattered power is proportional
to D3f4, where fis the frequency; (2) at intermediate frequencies where the wave-
length is of the same order as the average grain size, the scattering is proportional
to Df2; and (3) at high frequencies where the wavelength is much shorter than
the average grain size, the scattering is due purely to reflections and refractions,
and is proportional to D‘l (Papadakis, 1968). This frequency dependence of
intensity of scattering is schematically shown in Figure 2. Most theoretical works
on scattering to date have been limited to the low-frequency region (l) for weak
scattering. In reality, however, many seismic scattering problems cover the whole
range of the D/JL relationship. For these cases, the detailed behavior of the transition

A >> D A u D A << D

Rayleigh Reflections and
h Scattering Refractions

ŒDBfHamount

of

Scattering

Frequency ———-.1-—
+— Wavelength

Fig. 2. Schematic diagram of the intensity of scattering as a function of the wavelengthjscatter-size
raltion. Though the diagram is drawn to show only the effect of varying f (or Â.) for a fixed D, it may
be interpreted to represent the effect of varying D for a fixed f or, more generally, the effect of varying
both fand D
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from the low-frequency region to the high-frequency region of the scattering
response becomes of less importance, and the curve of Figure 2 may be approx-
imated by a step function; i.e., significant scattering occurs only when the scatterer
size is greater than or equal to a certain fraction, k, of the wavelength:

nA (1)
With this approximation, we may treat seismic waves of a given wavelength as
particles traveling through a space filled with scatterers, with more effective
scatterers for shorter wavelength because we count only those scatterers that
satisfy Equation (1).

Now let us further define the cumulative size distribution of hypothetical,
circular (in a two-dimensional space) or spherical (in a three-dimensional space),
non-overlapping scatterers to be given by a linear relation in log-log scales:

logN=a——blogD, D§Dm (2)

where N is the number per unit space of scatterers of diameter greater than or
equal to D, a and b are constants, and Dm is the diameter of the largest scatterer
in the field.

Retaining the particle-like treatment of seismic waves, the probability that a
seismic wave of wavelength À is scattered within a distance of travel x can be
obtained as the probability of encounter of the wave with any of the scatterers
that satisfy the relation (1) and distributed according to the relation (2), and is
given by (Nakamura, 1976):

1’06) = 1 - eXp { - Xf(1)} (3)
where

f(/l)=10“b(1—b)‘1{Dfn‘b—(k/lf‘b}, b+1
= 10“ log (Dm/k Â), b =1 (4)

The mean free path, ‚u, of the seismic wave in such a field, therefore is given by

u= Î {1—P(x>} dx=far1 (5)
When the fractional changes in the seismic energy density, E, and the seismic
energy flow, J, per mean free path are small, an approximate relation

J = — (v u/n) grad E (6)

holds for an n-dimensional space, where v is the seismic wave velocity (cf. Morse
and Feshback, 1953, p. 178). On the other hand, the requirement for the conserva-
tion of energy leads to the equation of continuity

ôE/ôt= —div J — wE/Q
‘

(7)
where t is the time, a) is the angular frequency and Q‘1 is the dissipation function
for the seismic energy. We thus obtain from Equations (6) and (7),

6E/6t=(vu/n) VzE—wE/Q (8)

This, except for the dissipation term, is the diffusion equation with a diffusivity
d = vu/n, which is frequency dependent through Equations (4) and (5).
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Fig. 3. Schematic diagrams showing the general shapes ofthe square root ofthe energy density resulting
from an impulsive point source. The upper diagram shows the variation with time at a given distance,
and should approximate the observed signal envelope. The lower diagram shows the variation with
distance at a given time, and displays the concentration of energy near the source

2.2. Impulsive Point Source

A solution of Equation (8) that satisfies the conditions for an impulsive energy
source at a point in a two-dimensional space is

E=Eo(fl'ëï)_l eXP(—?’2/<Îï—00ï/Q) (9)
while for a three dimensional space, it is

E=Eotnét)‘3’2expt—rz/ét—wt/Q) (10)
where Eü is the seismic energy released at the point source, ris the radial distance
from the source, and

C=4d=4vn/n. (11)

At a given distance, the square root of the energy density, Equation (9) or {10),
varies with time as depicted in the upper diagram of Figure 3. Good agreement.
of this shape with that of the envelope of the lunar impact seismogram in Figure 1
suggests that the intensive scattering in the moon is indeed responsible for the
unusual characteristics of the lunar seismic signals.

The lower diagram of Figure 3 shows how the square root of energy density
varies with respect to the distance from the source at a given time. It is seen that
the largest amount of energy is always found near the source. In the near-source
region, the scattered energy density is nearly independent of distance. This is in
agreement with the observations by Aki and Chouet (1975) of the coda waves
from local earthquakes, which are interpreted as scattered waves.

3. Applications

3.1. Lunar Impact Signals

The unusual characteristics of lunar seismic signals as described earlier can
readily be explained by the diffusion approach (Latham et al., 1970; Dainty et al.,
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1974). The observed envelopes agree well with theoretical expectations except
for the first few seconds, when non-scattered, radially transmitting waves are still
dominant. For the major part of the signal, one can determine the apparent
diffusivity and the dissipation factor by fitting a set of theoretical curves with
observed signal envelopes; “apparent” because the theory, as described in the
preceding section, assumes a constant diffusivity, while in the real moon it is more
likely to be depth-dependent as will be discussed later. The apparent diffusivity
thus determined is strongly frequency dependent, decreasing rapidly with increas-
ing frequency, as expected from the theory. On the other hand, the dissipation
factor is nearly independent of frequency for most impact signals, giving a Q of
the order of 6000.

3.2. Signals from Lunar Rovers

Seismic signals generated by the movement of the lunar roving vehicles (Rovers:
vehicles used for lunar surface transportation during the Apollo 15 and 16 mis-
sions) possessed some unusual properties. The variation of the observed signal
amplitude was relatively smooth despite the irregular movement of the Rovers.
The starting and stopping of a Rover produced only very gradual build-up and
decay of observed signal intensity, taking several minutes, rather than abrupt
changes. The observed amplitude at a given distance was smaller, by a factor of
up to three, when a Rover was coming back towards the seismic station than when
it was moving away from the station. These unusual characteristics can also be
explained readily by the seismic diffusion theory (Nakamura, 1976).

A moving source such as a Rover may be considered as a succession of in-
finitesimal, impulsive, point sources, each ofwhich has a seismic effect at the station
represented by a formula of the type (9) or (10). We will here consider a two-
dimensional case, represented by Equation (9), because the extremely high velocity
gradient in the near-surface zone of the moon efficiently traps most of the seismic
energy in a shallow zone, and the energy transmission, therefore, is essentially
two dimensional for the short distances being considered. Thus, integrating
Equation (9) rewritten for infinitesimal sources with respect to time, we obtain

. _ "C 8 _ (Ct)2 _w(t—t)E(r)—rol/c———n€(t_r)exp{
50-?) Q }dr (12)

for the energy density at the coordinate origin due to a moving source which has
started from distance r0 and is moving at a radial velocity of c at a distance of r.

The variation of seismic signal intensity obtained by evaluating Equation (12)
indeed shows all the characteristics of the Rover signals described above. The
diffusivity, ë, is determined as a function of frequency, decreasing from about
0.03 k/s at 4 Hz to about 0.02 k/s at 8 Hz. The mean free path of seismic
waves can be estimated from the observed diffusivity if a value for the seismic
velocity, v, is assumed in Equation (11). Here, we must consider some sort of
statistical average of velocities appropriate for the distance ranges being consid-
ered. If we use a velocity of 100 m/s, which is within a factor of 3 of velocities of
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various possible modes of propagation in the lunar surface zone, the. mean free
path is estimated to be of the order of 100 m.

The theory as developed in the preceding section allows the size distribution
of the scatterers to be determined from the observed frequency dependence of
diffusivity, by working backward through Equations (11), (5), (4), and (2). The
scatterer size distribution thus determined is found to be very close to the steady-
state size distribution of craters on the lunar surface as corrected for overlapping
craters. Thus, it is possible that the topographic and structural disturbances
caused by cratering is responsible for the observed scattering of seismic waves.

3.3. Terrestrial Applications

The diffusion approach to the seismic scattering problem is not limited to the
lunar applications. Terrestrial seismic signals in the near-source regions can often
be interpreted in terms of diffusion-type scattering. Wesley (1965) interpreted
seismic signals generated by an underground nuclear explosion in terms of diffu—
sion. Aki (1969) and Aki and Chouet (1975) described the coda of small, local
earthquakes in terms of scattered seismic waves nearly trapped in the source
region, a phenomenon essentially equivalent to diffusion. Herrmann (1976,
presented at this Symposium) attempted to synthesize the seismic coda of local
earthquakes in terms of random-phased waves modulated by an empirically
determined envelope function.

Wesley’s values of diffusivity found for the terrestrial case were of the same
order as those for lunar impact signals at comparable distances. The apparent
difference in wave characteristics between the terrestrial and lunar seismograms,
therefore, seems to be primarily a difference in the dissipation characteristics of
the transmitting media rather than a difference in degree of scattering.

4. Further Properties of Scattered Seismic Waves and Problems

4.1 . Coherence and Phase Spectra .

I have stated earlier that lunar seismograms show no “apparent” coherence
among three orthogonal components of ground motion. However, this does not
mean that the ground motion is completely random and that there is no coherent
phase relation at all frequencies. Figures4 and 5 show an example of coherence
and phase spectra of lunar impact seismograms, calculated following Kanasevich
(1973, pp. 115—116):

Coherence between x and y

_(cospectrum of x, y)2 +(quadrature spectrum of x, y)2
(power spectrum of x) - (power spectrum of y) (13)

and
Phase spectrum between x and y

=tan‘1
(quadrature

spectrum of x,
y).

(14)cospectrum of x, y
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Fig. 5. A phase spectrogram of a lunar impact signal. The phase relation is converted to the variation
of density as indicated by the scale on the right. qöü represents the phase between i and j components
of ground motion. The example shown is for the same seismogram as that of Figure 4, and covers the
same time interval
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The coherence is generally high at the very beginning of the signal, corresponding
to the initial P-wave arrival. It is relatively low for the rest of the signal, but is not
as low as expected for a completely random signal.

The observed coherence exceeds the square root of the variance of coherence
for a completely random signal (about 6°/o for this example) more often than
expected, particularly at certain frequencies.

The non-randomness of the lunar seismograms is more clearly demonstrated
in the phase spectra, Figure 5. The phase relationship among components is
predominantly in phase or 180° out of phase, indicating that the particle motion
is predominantly rectilinear rather than elliptical, which would show 90° phase
relations. The coherent phase relationship is particularly pronounced at certain
frequency bands. At a given seismic station, the phase spectra of various seismic
events exhibit essentially the same phase relations among components regardless
of the azimuthal direction of the source.

These observations imply the following: (1) The predominantly rectilinear
polarization suggests that the most scattered energy is in the form of body waves.
(2) Polarization of seismic signals which is independent of the source azimuth
suggests one or more predominant scatterers that happen to be l'ocated near the
seismometer. The scatterers in the near-range thus determine the polarization and
the coherence of the observed seismic signal, while those in the far range determine
the overall envelope of the signal.

4.2. Long-Range Transmission

The scattering described in the preceding sections assumes a constant diffusivity
throughout the medium. For many real cases, however, this simplistic model is
not sufficient, and further refinements of the theory are required.

An immediate problem is the vertical heterogeneity. The apparent diffusivity
measured from the envelope of lunar impact signals increases with distance, with
the signal rise time approaching a constant value at far ranges. This suggests that
the diffusivity increases with increasing depth, approaching infinity at a certain
depth. At this depth, therefore, the diffusion equation no longer applies, and we
must use the more conventional method of wave equations.

Long-range transmission of seismic energy thus requires a combination of
diffusion near the surface zone and wave propagation at depths. For a surface
source, such as a meteoroid impact on the moon, seismic waves are (1) first scat-
tered in the surface zone, (2) leak gradually into the interior, (3) travel through
the interior as ordinary seismic waves, (4) are absorbed in the surface scattering
zone near the seismic station, and (5) are scattered again before final observation.
The observed seismic wave train at far distances has a characteristic envelope
consisting of two clearly identifiable scattered envelopes, one for P-waves and
the other for S-waves, as seen for example in Figure 4 of Nakamura et a1. (1976).
This is because step (3) above separates these two wave trains. Theoretical formula-
tions of steps (2) and (4) have not yet been worked out, and require further study.
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5. Conclusions

The diffusion approach offers a very attractive alternative to the more conventional
wave propagation approach for describing intensive scattering of seismic waves.
Even a simple, constant-diffusivity model can explain many of the properties of
scattered seismic wave trains. For applications to far ranges, a more sophisticated
formulation combining the effects of diffusion and wave propagation is needed.
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Scattering of Rayleigh Waves by a Ridge
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Abstract. The scattering of Rayleigh waves by a localised irregularity on the
surface of a half-space is studied by the method of matched asymptotic
expansions. The method applies only in the limit of long waves but no
restriction is placed upon the slope of the irregularity. Solutions can be
found for any cross-section that can be mapped conformally by a rational
function onto a half-plane, and explicit results are given for a particular one-
parameter family of irregularities. Expressions both for the scattered far field
and for the ground motion at the irregularity are obtained. The latter
confirms that the disturbance produced by an incident Rayleigh wave is
amplified at the top of a mountain and reduced at the bottom of a valley.

Key words: Scattering of Rayleigh waves — Topographic irregularities.

1. Introduction

The effect of topography on the propagation of seismic waves is of interest both
theoretically and practically, through the need to interpret data from sites near
irregularities. Recent experimental studies have been made by Davis and West
(1973) and a related model study has been carried out by Rogers et al. (1974). In
a previous paper, which will be referred to as I in the sequel, Sabina and Willis
(1975) studied the effect upon the pr0pagation of SH waves of an irregularity of
finite extent on the surface of a half-space. Even this restricted problem is a complex
one, for which complete solutions could be obtained only numerically (Boore,
1972, 1973; Bouchon, 1973). Asymptotic solutions were given in I which were
valid for long waves, by employing the method of matched expansions. The
information that is obtained in this way is naturally limited in its range of
validity but it does have the virtue of being contained in relatively simple
formulae whose physical origins are easy to understand. In contrast to the
regular perturbation method of Gilbert and Knopoff (1960), the method of
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matched expansions places no limitation upon the slope of the irregularity and
it is possible to obtain expressions for the ground motion at the irregularity, as
well as for the far scattered field.

The contribution of the present work is to extend the approach developed in
I to the study of the interactions of P and S V motions with a finite irregularity,
the scattering of Rayleigh waves being dealt with explicitly. The results have
relevance both in seismology and for certain signal-processing devices whose
operation is based upon the propagation of Rayleigh waves. In this latter
context, Steg and Klemens (1970) studied the scattering of Rayleigh waves by
irregularities, considering particularly waves at microwave frequencies propagat-
ing over polished surfaces. They modelled their irregularities only approximate-
ly, however, as point masses. More recently, with a similar motivation, Tuan and
Li (1974) have studied Rayleigh wave reflection from a groove, using a variant of
the regular perturbation method of Gilbert and Knopoff (1960). As an example
of the use of the present method, simple expressions are derived, for a one-
parameter family of irregularities, for the ground motion both near to and far
from the irregularity. The expression for the near field confirms the observation
of Davis and West (1973), that the disturbance is amplified at the top of a
mountain and reduced at the bottom of a valley. The motion of any particle of
course is elliptical and the asymptotic expansion of the far field shows that the
scattered S-wave always imparts ground motions whose orbits have principal
axes parallel to and normal to the free surface. The scattered P-wave, on the
other hand, induces ground motions whose orbits are linear and inclined
obliquely to the free surface. The angle of inclination is independent of the detail
of the topography, however, while amplitudes vary roughly in proportion to the
cross-sectional area of the irregularity.

2. Formulation of the Problem

Let the displacement field u’(x, y, t) correspond to a wave motion in an isotropic
half-space y>0, with traction-free surface y=0. Thus, u’ satisfies the equation of
motion

2Ö(Ä+u)l7divu+ul72u—p—Ö—tg—=O‚ (2.1)

where Â, u are the Lame moduli of the half-space and p is its density, while on y
=0, the stress components If”, ’L'I ’L'I corresponding to 11’ vanish. Suppose,y)” zy
now, that the surface of the half-space is irregular, the free surface having the
equation

y=f(x)‚ (2.2)

with f(x) significantly different from zero only on some finite interval (— l, l). The
irregularity will perturb the field u’, to induce the total displacement

u=uI+uS,
I

(2.3)
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where the scattered field us also satisfies (2.1) and is such that the total traction
on the free surface (2.2) is zero; thus, on y=f(x),

I“? n +15 -—IÏ n —I{yny (2.4)1x x iy y— 1x x

where n=(nx, ny) is the outward normal to the boundary (2.2) and i denotes x, y
or z.

Waves that are harmonic in time will be discussed in the sequel, so that it is
convenient to replace u(x, y, t) by Re {u(x, y) eiw‘}, with superscripts as appro-
priate, and also to measure lengths in units of l, so that x, y and u become
dimensionless and the irregularity is significant over the interval (— 1, 1). For such
time-harmonic displacements, Equation (2.1) may then be given in the form

(dz/fiz—l) Vdivu+l72u+82u=0, - (2.5)

where oc, ß denote respectively the speeds of P and S waves and

e = a) l/ß. (2-6)
It is convenient also to measure the stress ti]. in units of the shear modulus ‚u, so
that the stress—strain relations become

xx—ßz Öx ‚32 ôy’

_ô_u+âv
1:"y—ôy ôx’

_

(OC—2_2)Êï+_oîëî
Tyy—

ß2 ôx ßz ôy

ôw
s_ä—; (2'7)

and so on, where u has components (u, v, w).
The scattering of SH waves (for which u=v=0) was considered in I and so

attention in the present work is directed towards P and SV motion, for which w
=0. In particular, results will be given for the scattering of a Rayleigh wave, for
which A

uI=iA{—exp[—(vay+ix)8fi/y]+2vavg
1 + vfl

eXp[-(VBY+iX)8ß/v]}‚

v’=Ava{-6Xp[—(vay+maß/v]+ eXp[-(V„y+iX)8ß/v]}‚ (2.8)1 + vf,
where

î=1—72/d2, VË=1-v2/l32 (2.9)
and y denotes the speed of Rayleigh waves, so that

(1+v§)2—4va vß=0. (2.10)
As in I, a general solution could only be obtained numerically and an asymp-
totic solution will be sought, when the wavelengths in the incident wave are
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(dz/fiz—l) Vdivu+l72u+82u=0, - (2.5)
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e = a) l/ß. (2-6)
It is convenient also to measure the stress ti]. in units of the shear modulus ‚u, so
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xx—ßz Öx ‚32 ôy’

_ô_u+âv
1:"y—ôy ôx’

_

(OC—2_2)Êï+_oîëî
Tyy—

ß2 ôx ßz ôy

ôw
s_ä—; (2'7)

and so on, where u has components (u, v, w).
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uI=iA{—exp[—(vay+ix)8fi/y]+2vavg
1 + vfl

eXp[-(VBY+iX)8ß/v]}‚

v’=Ava{-6Xp[—(vay+maß/v]+ eXp[-(V„y+iX)8ß/v]}‚ (2.8)1 + vf,
where

î=1—72/d2, VË=1-v2/l32 (2.9)
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(1+v§)2—4va vß=0. (2.10)
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much greater than the characteristic dimension l of the irregularity; thus, e<< 1.
The stress components If]. can now be evaluated from (2.7), and a formal
expansion in powers of 8 yields

rix=Areex+sZ(Q..y+R..x)] +0033).
T£y=A82 ny+0(83),
riy=A82 Qxyy+0(83), (2.11)

where

11x= -2ß(Vi -VË)/v,
Qxx= —(B/v)2[va(vê—2vâ—1)+vp(1+vâ)],
n= -(fl/V)2(1+VË)(Va-Vp),
Qxy= "2i(fl/Y)2 lam-VB),
R... = 2 i(ß/v)2(vä — vê). (2.12)

It is plain that the stresses corresponding to any field u’ would display the form
(2.11), since 1n and 13;), must vanish when y=0; Equations (2.12), however, apply
only to the Rayleigh wave.

The boundary conditions (2.4) now give, on y=f(X),

Ti, nx+tiSy ny=8Tim+82 Tim+0(83)‚ (2.13)
where

Tac“): —Acnx9 Tym=0>
73525 -—A[(Q„y+R„x)nx+Qxyyny]‚
Ty”): —A[Qxyÿ"x+nyny]- (2-14)

The scattered field us must satisfy the equation of motion (2.5), the boundary
conditions (2.13) and a radiation condition to ensure that it consists only of
outgoing waves; its construction, correct to order 82, will be outlined in the
following sections.

3. The Field Near the Irregularity

Equations (2.5) and (2.13) define a singular perturbation problem that can be
solved by the method of matched expansions (Van Dyke, 1964; Fraenkel, 1969).
A rather detailed study was made of the corresponding problem for SH waves in
I, so here the solution will be developed as quickly as possible.

First, when x and y are of order 1, Equations (2.5) and (2.13) can be solved by
straightforward perturbation theory, by setting

uS=8u(1)+82 “(2)+0(83). (3.1)
Then, u”) satisfies the equation

(aZ/flZ—l) Vdivum+ l72 u(1)=0, y>f(x), (3.2)
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with the boundary conditions

Tli’nfirli’nfi Ti”), y=f(X)- (3.3)
The elastostatic problem defined by (3.2) and (3.3) can be solved by the method
of Muskhelishvili (1953), so long as the domain y>f(x) can be mapped
conformally onto the upper half of the complex C-plane by

Z =g(C)=C +T(C)‚ . (3-4)
where r(Ç) is a rational function. In (3.4), we have taken z=x+i y; z will retain
this meaning throughout the remainder of this work. The function r(§) should
tend to zero as Ç tends to infinity and, although a more general development
could be given, we shall consider explicitly mappings of the form

z=g<¢>=c+ Ërmœwrm. (3.5)
The constants rm must, of course, be restricted so that g’(Ç) has no zeros in the
upper half-plane.

As shown by Muskhelishvili (1953), the displacements and stresses can be
represented in terms of complex potentials ¢(z), x//(z) as follows

2 2 12(u+ iv)= (3%;1) ¢<z)—z(¢'<z»* —(w(z»*, (3.6)
In + Tyy =2[¢'(Z) +(¢'(Z))*], (3.7)
ryy—txx+2itxy=2[z* ¢”(z)+¢’(z)],

.
(3.8)

where * denotes the complex conjugate. It follows that the total resultant force
across a curve starting at A and ending at B is given by

Fx + iFy = - i[</>(Z) + Z(¢’(Z))* +(t/I(Z))*]Î
'

(3.9)
and hence that, on the boundary y=f(x),

<15”) (Z) + Z(¢“”(Z))* + (W1) (Z))*'= H(”(X), (3.10)
where the superscripts (1) denote the potentials associated with “(1) and

H‘1)(x)=i f (T;“+iTy‘1’)ds, (3.11)

the integral being taken along y=f(x).
It must be noted, however, that Muskhelishvili’s method assumes that the

stresses and displacements are real so that, for example, u really is the real part
of u+iv. The simplest way to accomodate this is to take the amplitude A to be
real, and to redefine the constants 13m etc. listed in Equations (2.12) as the real
parts of (c da"), etc. This convention will be adopted without further comment
throughout this section. Explicit allowance for it will be made in Section 5. Now
from the first of Equations (2.14), we have

Hm(x)= —iAI;x j nxds=iA13cxf(x) (3.12)
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since nxds= —dy= —f’(x)dx (n being the outward normal). Equation (3.10)
may then be expressed in terms of C =ë +in, to give

5+ WI)
(1 +(r’(C))*

where C takes the value 6+0i, ¢(1)(C), 1/1‘1’(C) are written in place of ¢‘“(g(éj)),
W(1)(8(C)) and

¢”’(C)+ (¢‘1"(C))*+(l/I‘1’(C))*=H‘“(€), (3-13)

H<1>(ë)=—A%î[r(ë)—(r(ë»*1 (3.14)
The problem defined by (3.13) and (3.14) could be solved at sight but, because a
general procedure is needed subsequently, we set

Q”’(C)=¢‘1’(C) 1m(C)=n>0
Ç+Ï(C) 1 */ 1 al: __

1+——’*(C)¢( ’ (0- Ifi‘ ’ (C), Im(C)—n<0 (3.15)

where f*(Ç)=(f(Ç*))*. Equation (3.13) now yields the Hilbert problem

Q”)(€+0i)-Q”’(€-0i)=H“’(€),
'

(3.16)
whose general solution is

1 _ 1 H‘1’(ë)dë Pm(”O—i595 5—: +(c+i)"i’
where P(C) is an entire function since, from its definition (3.15), Q‘”(Ç) can have
a pole of order n at C = —i. Thus, evaluating the integral, with H‘1)(€) given by
(3.14),

m
if?)Q (C): {512x r(c>+(——C+.)„‚ n>0

A ,.. (C)
={2xxr (C)+(—P—.C+)„}‚ n<0. (3.18)

(3.17)

From (3.15), therefore,

1 __ 51_ P(C)¢‘ ’(C)—{2 Exr(C)+(c+i)„} (3.19)
and

1 ___z_4_ _P*(C)Mo- zaxrm (H).
_

C+I‘*(C)){2Pxx’(C)+P’(C) _ nP(C)
}. (31.20)1+r’(C) (C+i)" (C+i)”+1

As in the problem for SH waves considered in I, it emerges that matching with
the outer expansion (considered later) allows Q‘1)(C)=O(C’1) as C—mo and so
P(C) can be taken as a polynomial of degree (n—l), whose coefficients are
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determined uniquely by the requirement that t/I‘1)(C) should be analytic in the
upper half-plane.

The solution for “(2) proceeds similarly. We define

H‘2)(x)=i j (Tx‘2)+iTy(2))ds (3.21)

and write H‘2’(€) for H‘2)(g(€)). An equation exactly like (3.13) is then obtained
for complex potentials ¢(2)(C), 111mm but its solution is complicated by the fact
that H(2’ (ä) tends to a constant value as ë tends to + 00. This corresponds to the
incident field exerting a finite resultant force

F=Fx+iFy= j (Txm+iTy(2))ds (3.22)

on the boundary y=f(x), and is best handled by subtracting from ¢(2’(C), WM),
simple potentials that are associated with the resultant force (3.22). Motivated
by knowledge of the potentials associated with a concentrated force F applied to
a half-plane, we define -

4,32m: -—1:[1n(C+i)—27ri], (3.23)27:
F* F ' F* Fn)(o=-2—;1n(:+i)+2—n-—C—;; (Î+E), (3.24)

the singularity having been moved to I; = —i. Then, çb‘02)((:) and {Mm satisfy an
equation of the form (3.13), but with right side

F §+i . 2i F* (é—i)r*’(§)—r(§)

so that H‘02’(€)=0(€‘2) as fa—oo and H‘Oz)(ë)=iF+O(ë‘2) as ë—++oo. We
now set

¢(12’(€) = 45%) - (P‘OZ’Œ), WW) = WM) - W‘oz’Œ) (3.26)
and

HW6) = H(”(6) -HÈZ’Œ). (3.27)

The potentials WEM), 1/1‘12)(C) are related to H‘PŒ) by an equation like (3.13) and
now, because H‘12)(ë) tends to zero as 8: tends to infinity, its solution follows the
pattern established for ¢(1’(C), WWO. It should be remarked, however, that
matching will later require çb‘f’Œ), t/1‘12)(C)=O(1) as C—mo, so that the entire
function P(C) should this time be taken as a polynomial of degree n, in which the
coefficient of C" is for the moment arbitrary, and the coefficients of the lower
order terms related to it by requiring t/I‘f’Œ) to be analytic in the upper half-
plane. Fortunately, knowledge of the general structure of ¢(12)(C), WWI) is all
that will be required in the sequel.
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4. The Far Field

The expansion (3.1) is invalid far from the irregularity because, for example, its
terms fail to satisfy the radiation condition. An “outer” expansion may be
developed by setting

x=x’/e, y=y’/8 (4.1)

and allowing x’, y’ to remain finite as e—>O. In terms of x’, y’, the equation of
motion (2.5) becomes

(az/flz—IW’ div’ uS+V’2uS+uS=O, (4.2)
the differentiations now being with respect to x’, y’ and, since the irregularity is
now significant only on an interval (— a, a), the domain may be approximated by
the half-space y’,>0 and the boundary conditions (2.13) simulated by a point
source. A suitable form1s

r? n +13 n -8S(1)5(x’)+828§2) ö’(x’)+ ---, (4.3)ixx iyy

on y’—=0, where S”), SE2) may depend upon e but are 0(1) as e——>O. It is
convenient here to revert to the convention of writing us as the real part of
uS(x, y) em", so that Equation (4.3) implies source amplitudes eRe{S§1’ei‘°‘},
82Re{S§2’ei°"}. The solution of Equations (4.2), (4.3) follows immediately from
that of Lamb’s problem. If U}j(x’, y’) represents the i-component of displacement
produced at (x’, y’) by a unit (time-harmonic) point load applied at the origin in
the j-direction, we have

Ö
uS(X’, y/)~

[gs-(x1)

+82
S-(xZ)

F]
Uxx(x,9 yr)

x

Ô
+[8

S(1)
+82

S(2) ax,__]
n(x„y,)‚ (4.4)

Ö
vS(x/, yl)~

[8S;1)+82
Sc)

ax___]
n(xl, yr)

ôx

and the radiation condition is satisfied automatically. The fields Uij(x’‚ y’) are
complicated but can be represented in terms of integrals. We have, from
Achenbach (1973),

a+[85‘21’+823‘y’" ,] Uyy(x’‚ y’) (4.4)

n= uL+IuT> Uyy= vL+IvT> (45)

where

i °° k(2k2-1)e , 2 2 2 ‚
I =_ _______ —ikx —(k —ß /a )fy dk .“L .27: i, F(k) ’ (4 6)

- oo 2_ g 2 2 22}
I _ _L

j.
k(k 1) (k —ß /CX )

e—ikx' —(k2— “by dk (47)“T“ 2 -2, F(k)
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1 “3 (k2 -Bz/Œ2)è(2k2 - 1)IvL =
g F(k)

e—ikx' —(k2 —B2/a2)h=’
dk, (4.8}

1 co
k2(k

2
0:2

à
2=__ l :(f/ ) e-Ikx-"c “*3”,dk (4.9)

F(k)=(2k2—1)2—4k2(k2—Bz/oc2)i(k2—1)“? (4.10)
The path of integration in the complex k-plane is shown in Figure 1. It differs

from the path given by Achenbach but is consistent with that chosen by Ewing,
Jardetsky and Press (1957) and is needed to ensure that the waves travel away
from the source. The equation F(k)=0‘defines the (dimensionless) wavenumber
for Rayleigh waves; thus, F(k)=0 when k: iß/y and the integrands have poles
at these points.

The analysis of Achenbach (1973) is also readily adapted to yield

Uxx': uL+JuT= n=JuL+JuTa (4.11)

where
l w k2(k—1)% ., 2 2 2 ‚«hf-E l ———F(k) e“""“" ‘”’“’*”dk‚ (4.12)

l °° (kg—lfiœkz—l) _!.x,_ 2_ „
JuT=fi

j
F(k)

e k “‘ 1”” dk, (4.13)

I.
æ

k(k2—1)%(k2—‘ß2/OC2)— —ikx —(k2— 52/ 2H" .JUL: Ï m) e °‘ ’0'”, (4.14)
—i °° k(2k2—l) _,x,_ 2_ „am? I We “ ”‘ ”’d" (4-15)

The I- and J—integrals cannot be evaluated explicitly for arbitrary x’, y“ but
can be estimated asymptotically for both small and large values of x’, y’. In
particular, when x’, y' are small, the equations governing UU reduce asymptoti-
cally to those of elastostatics, so that it is plain that U”- should reduce to the
corresponding static Green’s function. The static Green’s function is defined

a1a
e —1-a, -94,

Fig. 1. The complex k~plane and the path of
integration employed for the representation
of U“.
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only up to an arbitrary constant for which the expansion of Uij yields a definite
value. To find the constant, it suffices to evaluate Uij asymptotically for y'=0,
with x’ small; this simplifies the exponential factors and allows the two integrals
for each of the Uij to be grouped together. For example,

i 0° k[(2k2—1)—2(k2—ß2/a2)%(k2—1m e_„„‚n(x’, (”=5 dk (4.16)
-00 F(k)

in which the integrand has the asymptotic form

1 e—ikx_ 4.172(a2/ß2—1) k ( )
when lkl is large. Now as x’—>0,

oo e—ikx' iTC
j dk~ ——ln(k1|x’|)+y0—Îsgn(x’) (4.18)
R1

and
—k1 —ikx'

iTCl k dk~1n<k1 IX’I)-vo—7Sgn(x’), (4.19)
where yo is Euler’s constant. It is now easy to deduce that, as x’—+O,

1I N _ I
U0 .n(x 9 0)

4(062/B2 _1)
Sgn(x)+ xy’ (4 20)

where
' k1 2_ _ 2_ 2 2 â— 2_ à—

Uf=—l— 5
k[(2k 1) 2(k ß/a) (k 1)]dk

y 27: -k1 F(k)
' “"1 °° k 2k2—1—2k2— 2 2äkz—lâ4; (y ”ll“ ) < ß/oc)( )]

27E —œ k1 F(k)

1—————— dk . .+2(oc2/ß2—1)k] l (421)
The integrands in (4.21) have poles at k= iß/y and care is required in their
evaluation. The paths of integration remain segments of the path shown in
Figure 1.

It can be shown similarly that

Uyy(x,’ O) N {_ 1n (k1 ll) + Yo} + Uyg, (4.22)27t(1—/32/0€2)

Uxx(X’‚ 0)~ {—1n(k1IX'l)+vo}+ Uxox, (423)27I(1-ß2/d2)
the constants UO Uxox being given by expressions of the same type as Uxoy. We

Y)”
also have

n(x’, O) = — n(x’, O), (4.24)

exactly.
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Of course, even when x’, y’ are of order 1, the field point (x, y) is far from the
irregularity but still, the asymptotic forms of the displacements for large x’, y’
are of interest. In particular, at the surface y’=O, Achenbach (1973) quotes the
results obtained by Lamb (1904)

~_ —ißx’/ à _ 2 2% r—% —i(x’ n/4)n He y+(2/7r) (1 ‚B /oc) x e +

.L 1_ 2 2 12.
3 3 _ ‚ 4—(2/7z)2 ——————((1—ZB,Bz/Îoc2)3 (‚B/007 x"7 e"(ß" ’“""’ ), (4.25)

. _i x, 42. 2 2 I—% —i(x’—n/4)Un—zKe ß ”+2(2/n) (1—5/06)x e
_1 .1.

(27:) ”NB/06):
/_%e_i(px'/a_n/4)’ 4.2+(1—2ß2/oc2)2 ( 6’

where

_ __(.B/V) [2 [32/72 --1-2(/32/v2 -ß‘"‘/0c2)%(ß2/v2 -1)%]H —
F’ (ß/y)

(4.27)

and
_ _(ßZ/vz ——ß2/oc2)%K —

F’ (‚B/y)
. (4.28)

Similar analysis yields, for large x’,

UxxNiLe‘ißx'”+(27z)“3x"%e‘i(""“’4)

2(ß/0t)%(1-ß2/062) ,_% _i ‚g „M 4‘ (1_2B2/a2). en)” e (ß ’ / ’ (4-29)
where

L =(l32/v2 - DEL/1*” (ß/v). (4.30)
The reciprocal relation (4.24) gives the asymptotic form of U}, from (4.25).x9

5. Matching

The near field described in Section 3 contains, so far, an undetermined constant,
which we have asserted is of order 32 and the far field of Section 4 is expressed in
terms of the unknown source amplitudes SE“, SE”. These constants will be fixed
now by employing the asymptotic matching principle of Van Dyke (1964), which
implies in the present context that the 2-term outer expansion of the near field
should be identical with the two-term inner expansion of the far field. The outer
expansion of the near field is obtained by expressing it in terms of the variables
x’, y’ and expanding to order 82. Dually, the inner expansion of the far field is
obtained by expressing it in terms of x, y and expanding to order 82. In
performing these expansions, terms like 3 1118 are grouped with terms containing
8 alone; the desirability of this has been discussed by Crighton and Leppington
(1973)
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Proceeding first with the near field, we set z=z’/8, where z’ =x’ + i y’, so that,
from (3.5),

(~8‘1(z’—82r1/z’+0(83)). (5.1)

Hence, C—mo as 8—>0 and, from (3.19) and (3.20),

¢(1)(€)~ (311;e +pn—1)/C+O(C—2)a (5.2)

W‘I’UDN —(p„_1 +p:."_1)/C +0(C‘2)‚ (5.3)
where p„_ 1 represents the coefficient of ("‘1 in P(Ç).

Also, from (3.23) and (3.24),

<z>t2’(c>~ {7; [Inc—2m mag-1). (5.4)
F* Fwtfi’awfilnmfiwc-l), (5.5)

while, from the equations analogous to (3.15) and (3.17),

(19‘12’(C)N61n+0(ë“1), ‚ (5.6)
MON —q:r +‘0(c- 1) (5.7)

where q" represents the coefficient of C" in the n-th degree polynomial that
corresponds to P((:).

Hence, writing ¢=8¢(1)+82 43(2) and so on, we have, in terms of z’,

A F¢~82 [(313,e+pn_1)/z’—2—(lnz’—lns—27ri)+q,,] +0(e3), (5.8)
7:

2 I F* r F 3am [—(p._.+p:r-1)/z +—(1nz —1ne)+———q:r]+0(e )‚ (5.9)27: 27:

there being no term of order .9. Finally, the outer expansion of the near field
approximation to us is obtained by substituting (5.8) and (5.9) into (3.6). Thus,
including the superscript N to emphasise that this is an expansion of the near
field,

_ 82 ocz/ß2+1 A ,
uSN+lN~§ { (m) [(3 cr1+Pn_1)/Z

F
————(lnz’——1n8——27:i)+q„]

27:

I A 12 F
*

+Z[(§B‘xr1+p"'1) Z —27:z’]
F* F *+[(p„_1+p‚’{‘_1)/z’——(lnz’—ln8)+——q‚’f] +0(e3) (5.10)~ 27: 27:
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which reduces, as y’—+0‚ to the form

1 FuSN+ivSN~82{—( )— 1n(|x’|/8)
1——)92/oc2 27:

1 A ocz/ß2+1_p __
+2xl [(2 xxr1+pn—1)(a2/ß2_l)

A
* *

'

+3 xxrl +pn—1+2pn—l]

+257; (EFL—1) (1—27E sgn(x’)+q„)

iF 3iF ocz/ß2 +1
+Î+T («Z/1324)} (5.11)

Correspondingly, the inner expansion of the far field is obtained by setting x’
=8x, y’ =8 y and expanding to order 82. As mentioned in Section 4, this
expansion is bound to have the same form as (5.10) and therefore, for matching,
it suffices to obtain the inner limit of the surface displacements, for comparison
with (5.11). We have, from (4.20), with x’=8x,

n(x’, O) ~ sgn (x) + Uxoy + 0(8) (5.12)1

Wow-1)
and, from (4.22),

1
W{—1n(k,|x|)—1ne+y0}+U,‘§.+0(e), (5—13)Uyy(X'‚ O) ~

with a similar expression for Uxx(x’‚ 0). It can be shown, too, that

a n(x'‚ 0) 1 ‚
Öx’ n+ 0(8), (5.14)

a U (x’, 0) 1——”— + Uyly + 0(8), (5.15)ôx’
N

_27z(1—[32/oc2)8x

with a similar expression for auxx/ax', where

1 "1 k2 [(2 k2 — 1) — 2(k2 — ß2/0c2)%‘(k2 —1)’2“]Ux1y=f7g
_kl F(k) dk

1 —k1 œ
k2[(2k2__1)_2(k2_ß2/a2)%(k2—1)%]+5; (MM F(k)

1

+m]
dk, (5.16)

with similar expressions for U 1
xx?

1Uyy.
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Therefore, as e—>O, using the superscript F to denote the far field,

USF(X„ O)~8S§C1){W [—ln(k1|x|)—ln8+y0] + Ux0x+8 lxX}

l
25(2) _ U1+8 x { 2n(1—ß2/oc2)8x+ xx}

1
+8S;1){—4(7/"82——*1—)8gn(X)+ Uxoy +8 ly X}

+ .92 5;?) my, (5.17)

I 1vSF(x , O)NSS;1){W sgn (x) — Uxoy —8 lyx}

—828;2>Ux1y+88;“{ [—ln(k1|xl)-1n8+vo]2n(1-B2/oc2)
1 1

—27t(1-ß2/O(2)8x + Un}.+ Uyoy + 8 Uyly x} + 82 S§,2){ (5.18)

With x’=ex, the asymptotic matching principle asserts that Equation (5.11)
should agree with Equations (5.17) and (5.18). It should be noted, however, that
(5.11) contains the time t explicitly through the definition of c etc. that was
adopted in Section 3. Therefore, to be precise, Re (uSF em") should agree with us”
and Re(vSF 6““) should agree with vs”. First, by comparing coefficients of lnlxl,
we see that SS) and S‘y” are in fact of order a:

Re {S§c1)e“‘”} =8Fx,
Re {S;I)ei“"}=3Fy. (5.19)

These relations also balance the coefficients of sgn (x). The constant terms in u”
and v” are therefore of order 82 while the terms linear in x are of order 83 and
hence are to be neglected; these observations show that it is indeed possible to
match (5.11) with (5.17) and (5.18) and justify the degree of indeterminancy
admitted in the construction of q5(2’(Ç), l//(2)(Ç) in Section 3. Balancing the terms
in l/x gives

. ARe {553w}: —n [511x01+rr)+(p„_1+p:_1)(2—ß2/a2)]
Re {Sßz’eim}=in(ß2/a2) [$11.01 —rr)+<p.-1—p:r_1>]. (5.20)

Finally, balancing the constant terms fixes qn; the expression for qn is long and
will not be displayed.

Before proceeding to an example, it may be noted that the resultant force
components Fx, Fy can be evaluated quite simply. We have

F..= I 7::2’ds=—A I [(Q..y+R..x)n.+Q..yn.s (5.21)
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Re {S§c1)e“‘”} =8Fx,
Re {S;I)ei“"}=3Fy. (5.19)

These relations also balance the coefficients of sgn (x). The constant terms in u”
and v” are therefore of order 82 while the terms linear in x are of order 83 and
hence are to be neglected; these observations show that it is indeed possible to
match (5.11) with (5.17) and (5.18) and justify the degree of indeterminancy
admitted in the construction of q5(2’(Ç), l//(2)(Ç) in Section 3. Balancing the terms
in l/x gives

. ARe {553w}: —n [511x01+rr)+(p„_1+p:_1)(2—ß2/a2)]
Re {Sßz’eim}=in(ß2/a2) [$11.01 —rr)+<p.-1—p:r_1>]. (5.20)

Finally, balancing the constant terms fixes qn; the expression for qn is long and
will not be displayed.

Before proceeding to an example, it may be noted that the resultant force
components Fx, Fy can be evaluated quite simply. We have

F..= I 7::2’ds=—A I [(Q..y+R..x)n.+Q..yn.s (5.21)
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so that, using the relations nxds= —dy, nyds= —dx and evaluating the in—
tegrals,

Fx= -A(Qx,,-*Rxx) S, (5.22)

where S denotes the area between the irregularity and the y-axis:

S= — j ydx. (5.23)

Similarly,

1*; = ——AQ„‚S. (5.24)

Equations (2.12) show that (Qxy—Rxx) is imaginary and hence, in the sense used
in Section 3 and above, contains sin cut as a factor, while Q” is given as real and
hence contains the factor cos out. Thus, from (5.19), Si,” is imaginary while Si,” is
real.

6. Example

In this section, we consider the mapping

b ib
z=g(ë)=C+Ç—+I:+(-—Ç+Ü2 _ (6.1)

with b real; this is capable of yielding either a ridge or a valley. The restriction
that g’Œ) should have no zeros in the upper half-plane implies

b > fi. (6.2)
This restricts the depth of the valley that can be modelled by (6.1) but allows a
ridge of any height. The boundary y=f(x) is obtained by setting (=6, real, in
(6.1), and equating real and imaginary parts. Plots of this boundary for parti-
cular cases of a ridge (b=0.4) and a valley (b: —0.3) are shown in Figure 2.

\Æ

3.0

v

Fig.2. The surface y=f(x) generated by the mapping (6.1), for the two cases b=Û.4, b: —0.3
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For the mapping (6.1), Equations (3.19) and (3.20) may be given in the form

b ib P1 iPo]
(

(6.3)c+i «+02 c+i)+(c+i)2’
1 =__ b ib _ PÎ ipäWC) zgelw(curl (c—i)+(c—i)2

_{
C+b/(C-i)—ib/(C—i)2

Mil-P [_
b _ 2ib

]1—b/(C+i)2—2ib/(C+i)3 2 xx ((+02 ((+03
P1 2iPo‘(c+i)2‘<z;+i)3l’ (6'4)

<l>‘“(ë)=-P„——[

by setting

P(C)=P1(C+i)+ipo‚ (6.5)

which retains the meaning of p1 that was used in Section 5. The conditions for
1//(l)((:) to be analytic in the upper half-plane can be satisfied by taking p1 and pO
real. They reduce to

bI1 4P + + — 6.6p0 4 (1
I
b/2)[ xxb p]. p0] O7 ( )

1‘pl 16(1+b/2

+i( b
32 1+b/2

) [9Axxb+8p1+10po]

2

) [Aaxb+p1+po]=o. (6.7)
Before substituting into the results of Section 5, it remains to evaluate the
constant S, that is, the area under the ridge. The integral is elementary and gives

S=b[1+%b] n. (6.8)

From (5.19), therefore,

52:1)=2i8A(ß/y)2(2va+vß)(va—vß)S, (6.9)
S§1)=8A(fi/y)2(1 +v§)(va—vB)S, (6.10)

while from (5.20),

S;2>= —n[Aaxb+2p1(2—ß2/a2)]‚ (6.11)
59:0, (6.12)

where p1 is obtained by solving (6.6) and (6.7)P
Equations (2.12).

The asymptotic form of the surface displacement very far from the irregu-
larity can now be obtained by substituting the source amplitudes (6.9H6.12)

being given by the first of’ xx
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into (4.4) and using (4.24), (4.25), (4.26) and (4.29). This show that the per-
turbation of u’ produced by us is, asymptotically,

us(x’, 0)Na2 {A1 e‘iflx'” +B1 x' “à“ e‘ix’ + C1 x’ “’3' e'ifix'm} (6.13)

vS(x’, 0)~:32 {A2 643",” +B2x"% e‘ix' + C2 x’ _% e‘iflx7a}, (6.14)

where

82A1 = [ieS§1)+82S§c2)(/3/y)] L—sSgl)H,
82/12 = [8 S9) —— i132 S;Z)(ß/y)] H — ieS;1)K, (6.15)

.92B1 =(27r)“}r e‘in/4[i8S§c1)+82S§2)+28S§,1)(1—,62/oc2)*],

3232 =(2/n)% ein/4a —ß2/a2)%[ies;1)+825;2>+2as<y1>(1—ß2/oc2)%]‚ (6.16)
(2/7t)%(:8/a)%(1

_
‚82/052?

ein/4
(1 -2ßz/062)3

- [(859)—1'825‘2’w/a»
warm/oer en”(1 —2/32/a2)2
. [(8 5;” — i82 8903/00)

2(5/°‘)(1—l32/Œ2)% 1
(1—2ß2/oc2)

+85; )]‚

82C2=

2(ß/oc)(1-ß2/oc2)%
+SS;I)]°

(6,17)
(1 -2ß2/ü2)

The perturbation of u’ is small, being of order 32, but us contains P-waves and S-
waves that are absent from 11’. Inspection of (6.16) shows that the u and 1)
components of the S-wave are out of phase by n/2, so that the S-wave induces an
elliptical displacement of the point (x’, 0), the axes of the ellipse being re-
spectively parallel and normal to the surface y’==.0 With regard to the P-wave,
we have

C2_ (d/ß)(1-2ß2/062)
C1“ 2(1-32/a2fi ’

which implies that the associated ground motion is linear and inclined at an
angle tan—1(C2/C1) to the surface y’=O, independently of the detail of the
topography. The amplitudes of the motions vary, however, roughly in cor-
respondence with the area S.

Finally, the effect of us at the surface of the irregularity can be found from
the results of Section 3. To order a, it can be shown that, at the point (0,2b),
corresponding to the top of the ridge or the bottom of the valley,

uS~O, (6.18)

Nam/[328— 11:)[Axb+(oc2/ß2)(po+p1)]‚ (6.19)
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which perturbs

uI~iA{(::‘:§ —1>+2gbv„(ß/y) (13%)}, . (6.20)

vINAva{(1_ÎVÊ ——1)+28b(ß/y) [Va—12:53]}. (6.21)
Thus, to first order in e, u’ is unperturbed while vs is in phase with 0’ and so
produces a first order change in amplitude. This contrasts with the SH case
considered in I, in which there was a phase change of order a but only a second
order change in amplitude. When a2 =3ß2, we have, for the ridge (b=0.4),

v1 ~ 0.620 + 0.122 a, US ~ 0.096 8 (6.22)

so that

U=UI+US~0.620+0.2188. (6.23)

For the valley (b = — 0.3),

v] ~ 0.620 — 0.092 8, Us ~ — 0.424 e (6.24)

so that

v=UI+US~0.620—O.5168. (6.25)
The results (6.23) and (6.25) show that the displacement at the top of the ridge is
amplified, While that at the bottom of a valley is reduced, in agreement with the
observations of Davis and West (1973). It may be noted, too, that the amplifi-
cation or reduction of v is enhanced by vs, beyond the effect that would be found
by evaluating v], by itself, off the plane y=0.
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Mean-Field Electrodynamics and Dynamo Theory
of the Earth’s Magnetic Field

F. Krause

Zentralinstitut für Astrophysik der Akademie der Wissenschaften der DDR,
Telegrafenberg, DDR-15 Potsdam, German Democratic Republic

Abstract. Mean-field electrodynamics as a branch of magnetohydrodynamics
of turbulently moving electrically conducting media has been proved to be
useful for investigations of problems of dynamo theory. Considering the
conducting media in the Earth’s liquid core carrying out convective—i.e.
stochastic—motions, we derive Ohms law for the mean electromagnetic
fields by the methods of mean-field electrodynamics. In addition to the
induction action of the mean velocity' field there are essential effects due to
the convective motion: (1) The oc-effect, i.e. the occurrence of a mean
electromotive force (emf) parallel to the mean magnetic field, (2) the dimi-
nution of the conductivity with respect to the mean fields, (3) the diamag-
netic behavior with respect to the mean fields, and (4) the turbulent emf
parallel to the direction of the crossproduct of angular velocity and current
density. Spherical models can excite magnetic fields of different symmetry
types. In connection with the Earth’s magnetic field new numerical results
due to Rädler are presented, which are especially of interest with respect to
the observed westward drift of the dipole field.

Key words: Mean-field electrodynamics — Dynamo theory— Westward drift.

1. Basic Ideas and Results of the Investigations
of the Turbulent Dynamo

The idea of the Earth’s magnetic field being excited by a dynamo is old, due to
Larmor (1919). However, the construction of proper models meets with en-
ormous mathematical difficulties. The situation was characterized by Cowlings
theorem (Cowling, 1934): Dynamo excitation does not exist for axisymmetric
configurations. Therefore, any attempt of solving a problem of this kind is con-
fronted with three-dimensional complexity.

Frenkel (1945) and Gurewitch and Lebedinskii (1945) argued that the small
scale convective motions as observed at the solar surface and expected in the
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Earth’s liquid core may have the complicated pattern required, and thus the
ability of self-excitation. This becomes more obvious with the papers of Parker
(1955, 1957). Parker was able to show that convective motions undergoing the
influence of Coriolis forces (cyclonic turbulence) provide for a large-scale
induction action which can maintain or excite a magnetic field if combined with
differential rotation.

1.1. Mean-Field Electrodynamics and the a-Effect

A useful tool for describing phenomena of this kind has proved to be mean-field
electrodynamics founded in 1966 by papers of Steenbeck et a1. (Steenbeck et al.,
1966; Steenbeck and Krause, 1966; R'adler, 1968a, b)1. The idea is that we
consider an electrically conducting medium carrying out turbulent (i.e. random)
motions u and that there is a magnetic field B. We split both in the mean part,
designated by a bar, and a fluctuating part, designated by a dash:

u=ü+u’, B=Ë+B’. (1)
From the interaction of the velocity field and the magnetic field results the
Lorentz electrical field strength u x B. Taking the average we find

uxB=üXË+g, (D
with

(3” = u’ x B’. (3)

Consequently an additional emf, the turbulent emfé’, appears in the equations
decribing the behaviour of the mean fields. This emf (3) is the counterpart of the
Reynolds stresses in hydrodynamic turbulence. Since B’ is caused by u’ both are
correlated, and therefore generally é” =|=0 has to be expected.

The situation shall be illustrated by a simple example which leads us, in spite
of its simplicity, directly in the heart of the theory of the turbulent dynamo. We
introduce (Fig. 1) a cartesian coordinate system where the x-axis and the z-axis
are lying in the plane of the drawing, and the y-direction perpendicular to it. A
mean magnetic field Ë may be parallel to the y-direction and, in addition, a left-
handed helical motion u’ shall be given. We represent u’ by the sum u’=u1 +u2,
where u1 is a rotational motion about the z-axis and u2 is the motion parallel to
the z-direction. The interaction of the rotational motion u1 with the mean
magnetic field provides for an electrical field .E’= u1 x Ë, which is directed
parallel to the z-direction, downwards before the plane of the drawing and
upwards behind it. E’ drives a current j’, in the same manner directed downwards
before the plane of the drawing and upwards behind it. This current is combined
with a magnetic field B’ in the positive x-direction. The crossproduct of u2 with

1 A parallel development was elaborated by Braginskij (1964a, b, c) for the field quantities
averaged over the azimuth, using an approximation from high magnetic Reynolds numbers (nearly-
symmetric dynamos). The resulting equations are identical with those derived on the basis of mean-
field magnetohydrodynamics
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Fig. l. Schematic drawing which shows that a helicalfi
motion u=ttl +142, in a homogeneous magnetic field B, 1/
provides in second order for an emf, ä, parallel to the b“

z[ :}’magnetic field (or-effect) X

this magnetic field B’ is directed in the positive y-direction. Consequently, we
find an electromotive force 8 parallel to the mean magnetic field,

ä=u’xB’=aË. . (4)

As can be taken from our example a is positive for left-handed helical motions
and negative for right-handed ones. If we now consider a random motion with
the property of one kind of helical motions being more probable than the other
one we will find in the average an electromotive force parallel, or antiparallel, to
the mean magnetic field. This is the tat-effect wellknown in the theory of the
turbulent dynamo.

1.2. Experimental Verification of the tit-Effect

We now consider (Fig. 2) a box in which we assume an electrically conducting
fluid carrying out turbulent motions. The turbulence may be homogeneous and
isotropic but has helicity, i.e. one kind of helical motions shall be more probable
than the other one. Let us assume we have a higher probability of left-handed
helical motions. A magnetic field B may be directed from the left to the right.
On this conditions the tat-effect must be expected and, consequently, an electrical
field parallel to the magnetic field. It provides for positive electrical charges at
the right wall of the box and for negative at the left. From the outside we can
measure a voltage parallel to the applied magnetic field.

Evidence for the existence of the tat-effect was given by an experiment carried
out in the Institute of Physics of the Latvian Academy of Science in Riga
(Steenbeck et al., 1967, 1968). Figure 3 shows the “or—yashchik” (tr-box), in which
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Fig. 2. Small-scale left-handed helical motions in a box will provide for the building-up of a voltage
along a magnetic field

a motion of liquid sodium according to a right-handed screw was created. A
section of the outer wall being removed enables us to see the copper walls inside
the box which force the motion to take the helical structure. In Figure 4 the
measured voltage parallel to the applied magnetic field is represented in
dependence on the Stuart-number. For vanishing Stuart-number the measured
voltage was 20%J of the theoretically predicted value which was derived from a
model of infinite extension in the directions perpendicular to the magnetic field.

1.3. Dynamo Excitation Provided by the cit-Effect

The close connection of the oc-effect with dynamo excitation is obvious already
from simple models (Fig. 5): The two rings shall contain an electrically conduct-
ing medium with tar-effect. Let us assume a magnetic field B0 being in ring (I). It
drives a current j1 because of the cit-effect. This current j 1 is combined with a
magnetic field B1 in ring (II). B1 drives a current j2 which is combined with a
magnetic field B2 in ring (1). Obviously B2 supports BO. Consequently we can
expect the fields being maintained inspite of Ohmic losses. The energy of the
Joule heat produced by the currents comes from the kinetic energy of the
turbulent motion having helicity.

We arrive at a homogeneous model (Fig. 6) by supposing the infinite space
filled with an electrically conducting medium with cit-effect and by considering a
field configuration derived from that of Figure 5 by rotating the fields about the
axis designated by the dashed line. BWl designates the poloidal field part, the
field lines of which lie in the planes containing the axis of symmetry; BM
designates the ring field around this axis. An argumentation analogous to that
for Figure 5 clearly shows that such a field configuration is able to maintain
itself for sufficient strong rat-effect.

1.4. Simple Dynamo Models

The simplest dynamo model which can be treated mathematically is given by a
sphere containing an electrically conducting medium with cx-effect imbedded in
the non-conducting space (Krause and Steenbeck, 1967). There exists a certain
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Fig. 3. The “a-yashchik” (or-box). Experimental device according to the scheme given in Figure 2. A
section of the outer wall being removed enables us to see the copper walls inside the box which force
the motion of liquid sodium to take the helical structure
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Fig. 5. Model illustrating the self-excited building-up
‚_— --' Bpo: of a magnetic field in a medium with Ohms law

a!" '—

--"' "'" _— Fig. 6. A possible self-maintaining field configuration
+’ in an infinite extended, conducting medium with GE-

effect. The field is axisymmetric. It is composed of a
/ / \ poloidal part, Bpol, with the field lines in the me-

. 3t
ridional planes with regard to the axis of symmetry,

// i m and a toroidal part, Bm, with the field lines encircling
- I the axis of symmetry _

value of at, upon which self-excitation occurs. This value, dem, is derived from an
eigenvalue problem to be the smallest positive root of the equation

J3,2(C)=0, (5)

where C is the dimensionless number

C = ,u o oc R. (6)

it designates the permeability, a the conductivity and R the radius of the sphere
in consideration. Self-excitation of magnetic fields exists if

C:__>_C =4.49.... (”r“)cri!

The configuration of the excited field is represented in Figure 7 for the limit
C—> C (C > Cm).cril

1.5. Helicity ofo Convection on a Rotating Body

It is quite natural for convective (turbulent, small—scale) motions on a rotating
body to have helicity because of the action of Coriolis forces and, consequently,
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the a-effect will be present if the convective medium is electrically conducting.
Figure 8 illustrates the situation in a compressible medium; it reflects the
conditions in the convection zone of the Sun in the northern hemisphere. Rising
matter will expand and rotate because of the action of Coriolis forces, thus
providing for a left-handed helical motion. Sinking matter is compressed and is
forced by the Coriolis forces to rotate in the opposite direction, again a left-
handed helical motion. We realize that the convection in the northern hemi-
sphere shows a higher probality of left-handed helical motions than of right-
handed ones. Obviously, in the southern hemisphere the right-handed helical
motions will prevail.

Figure 9 illustrates the conditions for an incompressible, fluid. A balance of
left-handed and right-handed helical motions will exist in the medium layer (the
intersection of a and b) only if there is no gradient in the turbulence intensity,
since one kind of helical motion comes from below (layer a) and the other from
above (layer b). Consequently, a gradient in the turbulence intensity in a
turbulent medium on a rotating body will also provide for helicity under the
conditions of a flat geometry as considered in Figure 9. For a spherical
geometry this balance will occur for a special dependence of the turbulence
intensity on the distance from the centre, generally a non-vanishing helicity has
to be expected.

At the end of this introductory chapter we present a dynamo model for the
earth’s magnetic field which is calculated on the basis of the conceptions above
(Steenbeck and Krause, 1969). Figure 10 shows the model of the Earth with a
certain turbulence profile in the outer core. Figure 11 is a representation of the
derived field structure. The eigenvalue C has nearly the same value as that of the
oc=const.—dynamo given in (7).

One should also mention that on the same conceptions a construction of
dynamo models for the Sun’s alternating magnetic field was possible. In this way
basic mechanisms of the solar activity had been clarified (Steenbeck and Krause,
1969a).

2. Theoretical Foundation of Mean-Field Electrodynamics

In the first and introductory part of this paper we presented the main ideas
leading to a solution of the dynamo problem. We will now direct our attention
to the theoretical and mathematical side of this problem.

2.1. Averaging Operations

We are concerned with the theory of the mean quantities in a system where
random processes play an important role. The question arises how to define the
means. We can take averages over the space coordinates, or the time coordinate,
or, and this is most convenient, take statistical averages. In the latter case we
assume a great number of systems and take the average over this ensemble of
systems. It is in our considerations not important what kind of average we use.
The only thing of importance is that the Reynolds rules are fulfilled.
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Fig.7. Field lines of the poloidal part (solid
lines), and lines of constant field strength of
the toroidal part (dashed lines) of the magnetic
field excited by the (a=constr.)-dynamo in the
limit C —> Cc‚„(C> Cm}
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Fig. 8. Schematic drawing which explains that left-handed helical motions have a higher probability
to appear in the northern hemisphere of the Sun than right-handed ones
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Fig. 9. In an incompressible medium the imbalance of right-handed and left-handed helical motions
can be due to a vertical gradient of the turbulence intensity u”-
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Fig. 10. Model of the earth used for the
calculations. The hatched outer region
represents the mantle with zero con-
ductivity, the crosshatched inner region the
rigid inner core assumed being electrically
conducting. In the medium region turbul-
ence is assumed to exist as indicated by the
curve below

If F and G are random quantities some of these rules are

F=F+F’ (g)
13:0, 15:15, (9)

m=F+Q (10)
FŸË=F-G+FGK un

Exchange with differentiation and integration operation is possible. That is a
consequence of (10). For statistical averages the Reynolds rules are valid. For
space averages, however, relations (9) will hold only approximately if the
characteristic length scale of the random process is small compared with the
characteristic length scale of the mean quantity. Similar requirement is made for
the characteristic time scales in case we take the average over the time
coordinate.

For a turbulent medium we take the correlation length, Item, and the
correlation time, rm, as characteristic scales of the fluctuations. Î and f shall be
the scales of the mean fields. An application of a theory which is based on the
Reynolds rules is indicated if 21cm <1: in case the averages are taken over space
coordinates, or if ewe f, in case the averages are taken over the time coor-
dinate. Consequently, it will not be a loss of generality if we make use of a 2-
scale property of the turbulence.
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Fig. 11. Magnetic field excited by the dynamo model given in Figure 10. At the left the lines of
constant field strength of the toroidal field are represented, at the right the field lines of the poloidai
field. (After Steenbeck and Krause, 1969b)

2.2. Expressions of theTurbulent emf u’ x B’

It has become obvious in the foregoing chapter that the determination of the
turbulent emf é” defined by (3) is the crucial point of the theory. Here we can
only give a short draft of the main lines of ideas, the interested reader may be
referred to the literature (Moffatt, 1970a, b; Roberts, 1971; Krause and Rädler;
1971; Roberts and Stix, 1971; Vainshtein and Zeldovich, 1972; Kippenhahn and
Mollendorf, 1975; Roberts and Soward, 1975).

We start from the induction equation

Ê—Î—curl(u><B)—nAB=0, (12]

u denotes the velocity field and 11:1/uo the magnetic diffusivity. Taking the
average we arive at the equation

1,—
2.

—curl(û><Ê)—curl (u’xB’)—nAË=0; (13]ö
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referred to the literature (Moffatt, 1970a, b; Roberts, 1971; Krause and Rädler;
1971; Roberts and Stix, 1971; Vainshtein and Zeldovich, 1972; Kippenhahn and
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We start from the induction equation

Ê—Î—curl(u><B)—nAB=0, (12]

u denotes the velocity field and 11:1/uo the magnetic diffusivity. Taking the
average we arive at the equation

1,—
2.

—curl(û><Ê)—curl (u’xB’)—nAË=0; (13]ö
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in the third term one notices the turbulent emf é”. Subtracting (13) from (12) we
arrive at an equation for the fluctuating magnetic field

IÖB — '
Î—curl (û xB’) ——;7A B’—curl (u’x B’ — u’x B’)=curl(u’ x B). (14)

Obviously, there is no hope to find a sufficiently general solution of Equation (14).
It is possible,_however, to derive as a general statement that B’ is a linear
functional of B. The same is valid for the turbulent emf (5”. Thus we have

g: u’x B’ =$(§), (15)
where the functional is denoted by ‚2”. In case Equation (14) has decaying
solutions only if B=0, the functional is homogeneous. Then we can give the
alternative representation

gi=i l Kid-75,13,557) Ëk(x+ëa__t+'5) df dT,
t

(16)

where Kik is a certain kernel function (or functional) depending on the mean and
the fluctuating velocity field. Kik is, however, a mean quantity.
2.2.1. Further progress is possible if additional simplifications are taken into
account. Firstly, there is the two-scale property, which not necessarily means a
loss of generality, as pointed out before. We assume the mean magnetic field
being so weakly dependent on time and space coordinates over distances of length
ÂCO, and rm that (16) reduces to the relation

(17)
2 .

An error of the order 0 (Tiff, (11%) ) must be expected. It is important to

mention that the tensors aik, bik, are skew quantities, since é” is a polar vector
and Ë an axial one. ‚

Additional assumptions will provide for further simplifications:
—If the turbulence is steady the tensors aik and bl.“ do not depend on the

time coordinate t. -
—If the turbulence is homogeneous the tensors aik and bikl do nOt depend on

the space coordinates.
—If the turbulence is isotropic the tensors aik and bik, must be isotropic

tensors, i.e.

aik=a5ik9 bikz=ß3iku (18)

where oc is a pseudo-scalar since aik is skew. oc and ß do not depend on the space
coordinates, since an isotropic turbulence is necessarily homogeneous.

—If, in addition, the turbulence is assumed to be mirror symmetric, oc as a
pseudo scalar must be zero.

2.2.2. As an illustration we will write down Ohms law for the mean fields for the
case of a vanishing mean velocity and a steady homogeneous isotropic turbul-
ence. From the usual Ohms law,

j=a(E+u><B)‚ (19)
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we find with (2), (3), (17) and (18)

—. E g aj=aT(E+ocB),
0T=l+uaß' (20)

As an important result we note the oc-effect derived here by general theoretical
arguments. The previous derivation of this effect (p.423) was based on a
consideration of helical motions. Obviously, a turbulence where one kind of
helical motions is more probable than the other is a non-mirrorsymmetric
turbulence.

In the mirror-symmetric case the effect of the turbulence is a change of the
conductivity only. In the cases of main interest ß is positive (Krause and
Roberts, 1973a, b) hence the conductivity with respect to the mean fields is
smaller than the molecular conductivity.

2.3. Ohms Law for the Mean Electrodynamic Fields
in a Rotating Turbulent Fluid

Homogeneity, isotropy and mirror symmetry are properties of a turbulence
which has grown old without any influence. On a rotating gravitating body,
however, a turbulence is influenced by the gravity field, g, and the rotational
motion, the latter may be represented by the vector of angular velocity, (0.
Under these conditions the tensors aik, bik 1 must be the most general expressions
which can be constructed from the quantities g, (9 and the isotropic tensors öik,
si“. Restricting ourselves to linear expressions in g and w and taking into
account that both tensors are skew we find

aik=a0(g'w) 6ik+a1 8i C01c+°‘2 8k œi+Y8iklgla (21)
1

bikl=ß8ikl+ß1wiökl+ß2wköil+ß3wlöik° (22)

oco, a1, a2, a3, 3), ‚ß, ß 1, ßz, ß3 are scalars which can be functions of the time and
the space coordinates. In a convective layer of a cosmic body we expect a
dependence on the distance from the centre only. We again notice the appear-
ance of the oc-effect given by the first summand in (21). In agreement with our
argumentation on page 427 we see in (21) that oc changes the sign from one
hemisphere to the other, because the scalar product at - g does so.

With (2), (3), (17), (21), (22) we easily find Ohms law for the mean elec-
tromagnetic fields in a rotating convective layer:

j=aT{E_+fiX§+oc0(g-w)§+oc1((g-§)w+(w-§)g)

+Ë><(yg+oc2w><g)
+(ß2+ß3)grad(w-Ü)—uß3w >< curlI-Î}. (23)

The second term in the brackets on the right-hand side describes the induction
action of the mean velocity field. This field is assumed to be the superposition of a
differential rotation and a meridional circulation. The third term describes the oc—
effect. We will speak of the “ideal oc-effect” if the fourth term is not taken into
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account, if both are considered we speak of the “real-oc-effect”. There are
theoretical arguments that the ratio ocl/ocO is about — 1/4. The following term, Ë
><(yg+oc2w XË), describes a diamagnetic behaviour of the turbulent medium
(R'adler, 1968), sometimes also called a “pumping effect” (Drobishefskij and
Yuferev, 1975). The term (ß2+ß3)grad (w-Ë) is of no importance, since it is
compensated by space charges. The last term describes the “w xj-effect”, it can
provide for dynamo excitation if combined with differential rotation (Rädler,
1969a, b, 1970).

2.4. Theoretical Derivation of the Characteristic Parameters

Inspecting Ohms law for the mean fields as given in (23) we see that by our
deductions for a two-scale turbulence the problem is reduced to the de-
termination of the scalar quantities a0, a1, a2, y, [32, [33, GT. For practical
purposes like model calculations, estimates are used according to reasonable
argumentations. Attempts of theoretical determinations of these quantities have
been undertaken. They are, however, in every case confronted with the closure
problem of the theory of turbulence, which is not sufficiently solved. Here we
want to give only a short survey of this kind of problems:

We have to start from the induction Equation (12), where we take the
average thus arriving at (13). There the turbulent emfé”=u’ ><B’ appears as a
new quantity which is a statistical moment of second order. We find an equation
for this quantity by the following procedure: Substracting Equation (13) from
(12) we find Equation (14). Now we substitute in Equation (14) the arguments x
+6 and t+r,' and understand all differentiations as differentiations with respect
to the variables ë and r. This equation is now multiplied by u’(x, t), and we find
by averaging it

Ö’—’ _ __ _ _ —
ï—curlë(ûx u’B’) —11A¢ u’B’ =cur1§(Q(2) >< B) —curl§(u’u’x B’). (24)

Equation (24) is one for the second order statistical moment 1420:, t) B}(x+ C, t+r)
wherefrom é” can be derived. For brevity a rather unprecise denotation is used,
it makes possible however, an explanation of the main features. On the right-
hand side we see the second order correlation tensor of the velocity field
140:, t) u;(x+§, t+t), here denoted by Q”) which is known according to our
assumptions. However, a further unknown quantity appears in this equation, the
third order statistical moment u’u’x B’. We find an equation for the third order
statistical moment by substituting in (14) the arguments x'+§ +§’. t+t+r’ and
understanding all differentiations with respect to ë’ and 1’. If this equation is
multiplied with u’(x, t) u’(x+ g, t+‘L') and averaged we arrive at

ôu’u’B’
ôr

—curlë,(ü>< u’u’B’)—nAë, u’u’B’ =CUI1§I(Q(3)X Ë)

— curlë,(u’ u’ u’ >< B’). (25)
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(25) represents an equation for the third order statistical moment

u§(x, t) u}(x +€, t+’L') c(x+€ +5, t+1: +r’).

On the right we have the third order correlation tensor of the velocity field Q“),
but also the fourth order statistical moment u’u’u’x B’, which is an additional
unknown quantity. If we proceed in this way we obtain an infinite set of
equations. Attempts of solving it meet with the closure problem, i.e. with the
problem to derive in a proper way a closed system, e.g. a finite one.

2.4.1. For illustration we present here the expressions for oc and ß derived for a
homogeneous isotropic turbulence in case there is no mean motion. The closure
is arrived at by ommitting the third order statistical moment in Equation (24). It
has been obtained

oc: —-% f j G(€,t)u’(x, t)-curlu’(x+§,t+t)d§ (11', (26)
(Krause, 1967, c.f. Roberts and Stix, 1971) and

ÖG 6,1ß=—%H€ (g, Memo (27)
(Rädler, 1966, 1968 b). G(6,r) denotes the Greens function

3/2 2_ EL _Wi )G(ê,r)— (47”) exp ( 41.- , (28)

and f the longitudinal correlation function defined by

1
f(ë, IF? (ë ‘u’(x., t))(€ - u’(x +5, t +1». (29)

The expression for 0: contains the quantity u’(x,t)-curlu’(x+§,t+r) indicating
that one kind of helical motion is more probable than the other one.

3. Dynamo Models for the Earth

Investigation of dynamo models for the Earth and the Sun have been carried out
on the basis of Ohms law for the mean fields (23). In Figure 11 we represented the
field configuration of a dynamo model for the Earth where the ideal oc-effect is
only taken into account. Further investigations'have been carried out by Rädler
(1969, 1973, 1975), Stix (1971), Roberts (1972), Roberts and Stix (1972), Deinzer
and Stix (1971), Krause (1971), Deinzer, Kusserow and Stix (1974), Levy (1972).
We take here the opportunity to present some new results concerning the Earth’s
magnetic field which are due to Rädler (1977).

3.1. Spherical Dynamo Models and Symmetry Properties of the Excited Fields

A conducting sphere embedded in the non-conducting space is considered. A
mean velocity field composed of a differential rotation and a meridional motion,
and a turbulence are assumed to be given. The motions show axisymmetry with
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respect to the axis of rotation and symmetry with respect to the equatorial
plane, the turbulence shall have these properties on the average. The elec-
tromagnetic behaviour of this system is described by the Maxwell equations, by
Ohms law for the mean fields (23) and by appropriate boundary conditions.

We call this system a self-excited dynamo, if the equations which are
homogeneous in the mean magnetic field possess solutions Ë which do not
decay with time. Whether the system is a self-excited dynamo depends on the
parameter C, defined by (6), and others to be derived from the quantities a1 , a2,
y, In case the induction effects are too small the solutions decay. If some of
the effects are sufficiently strong, e.g. the oc—effect, dynamo excitation will occur
and the magnetic field will grow. Steady or oscillatory solutions exist in the
limiting cases which are characterized by certain values to be derived from an
eigenvalue problem.

The system under consideration is assumed to be axisymmetric with respect
to the axis of rotation, and symmetric with respect to the equatorial plane. In
addition, we assume the velocity being steady, the turbulence on the average.
Thus all eigen solutions are of the type ei<9t+m"”F(r,9), where Q is a certain
frequency, (p the azimuth and 9 the polar distance of a polar coordinate system
with the axis of rotation as the polar axis. In this connection F denotes an
arbitrary quantity, e.g. a component of the vector field Ë. m is an integer.

We consider the general case where the eigenvalues of our problem are
single. As there is symmetry with respect to the equatorial plane of the system
the eigen solutions of our problem are either symmetric or antisymmetric with
respect to the equatorial plane. Therefore, the function F introduced before is
either even with respect to 9=§, i.e.

F(r, 9) =F(r, 7r —— .9), (30)

or odd, i.e.

F(r,9)=—F(r,77:—9). (31)

For instance, if the eigen solution Ë is symmetric with respect to the equatorial
plane (30) is valid for the r-component and the go-component, but (31) for the 9-
component. If Ë is antisymmetric, (30) holds for the 9-component but (31) for
the r-component and the qo-component. We will denote the type of symmetry by S
for the symmetric and by A for the antisymmetric case. In addition, we write
down the integer m in order to characterize the dependence on the azimuth (p.

The fields represented in Figures 7 and 11 are of type A0, i.e. antisymmetric
with respect to the equatorial plane and axissymmetric with respect to the
rotational axis. A field having the appearance of a dipole with its moment in the
centre of the sphere and parallel to the equatorial plane is of type 81. A
quadrupole of this kind is of type S2 (Fig. 12).

The magnetic field of the Earth is mainly a field of type A0, the inclination
of it, however, indicates an additional dipole in the equatorial plane, i.e. an
additional field of type Sl. The Sun’s magnetic field is also of type A0 but
alternating with a period of 22 years. According to the observations the mag-
netic fields of magnetic stars, however, are expected to be of type 81 (Krause,
1972; Krause and Oetken, 1976; Oetken, 1977). !
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Fig. 12. Symmetry types of magnetic fields
excited by a spherical dynamo which itself
shows axisymmetry with regard to the axis of
rotation and mirror symmetry with regard to
the equatorial plane. The non-axisymmetrie
fields (type S 1, A1,...) generally migrate with
longitude, i.e. they show an eastward or west-
ward drift
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“o Fig. 13. Profiles of the turbulence intensity and the
quantity 2x0 for the first group of models

Finally, it is to be noted that the eigen solutions generally migrate with
longitude if m=f:0, due to their special dependence on t and go. This remark is
important in connection with the observed westward drift of the dipol com-
ponent of the Earth’s magnetic field.

3.2. An rig-Dynamo Model for the Earth’s Magnetic Field

For the models presented in the following, we assume the cit-effect to be due to
the gradient of the turbulence intensity. In Figure 13 the turbulence intensity is
drawn for a first group of models and the quantity a0 derived. This model shows
correspondence to a completely fluid core. In Table 1 the eigenvalues derived by
Radler are listedz. C is the parameter defined by (6) where the maximum value
of a0 is taken for cx. Cg is a dimensionless frequency defined by

C9=qR2. (32)

2 The results listed for the A0 and 80 fields confirm those by Steenbeok and Krause {1969b}
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Fig. 12. Symmetry types of magnetic fields
excited by a spherical dynamo which itself
shows axisymmetry with regard to the axis of
rotation and mirror symmetry with regard to
the equatorial plane. The non-axisymmetrie
fields (type S 1, A1,...) generally migrate with
longitude, i.e. they show an eastward or west-
ward drift

I.

N"k‘

\\\
_—

\\
“l?
\
\
\ \\

\
\

\‘x

Liza R

“o Fig. 13. Profiles of the turbulence intensity and the
quantity 2x0 for the first group of models

Finally, it is to be noted that the eigen solutions generally migrate with
longitude if m=f:0, due to their special dependence on t and go. This remark is
important in connection with the observed westward drift of the dipol com-
ponent of the Earth’s magnetic field.

3.2. An rig-Dynamo Model for the Earth’s Magnetic Field

For the models presented in the following, we assume the cit-effect to be due to
the gradient of the turbulence intensity. In Figure 13 the turbulence intensity is
drawn for a first group of models and the quantity a0 derived. This model shows
correspondence to a completely fluid core. In Table 1 the eigenvalues derived by
Radler are listedz. C is the parameter defined by (6) where the maximum value
of a0 is taken for cx. Cg is a dimensionless frequency defined by

C9=qR2. (32)

2 The results listed for the A0 and 80 fields confirm those by Steenbeok and Krause {1969b}



Mean-Field Electrodynamics and Dynamo Theory 43?
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Table 2. Eigenvalues C and frequency parameters C9 of fields of C f"different types excited by a dynamo of the second group. The "3
negative sign of Cn indicates a westward drift of the magnetic A0 2.68 0
field so 2.70 0

A1 2.78 — 1.39
Sl 2.2? —.265
A2 3.12 —0.24
S2 3.12 —0.85

Positive values of Cl0 indicate an eastward and negative ones a westward drift of
the fields.

In Table 1 we can see that the eigenvalue of the A0 type field is the smallest,
which indicates that this field can be excited most easily. The eigenvalues of the
other field types are not much larger, especially those of the SO and the 81 types.
The positive sign of Cg, however, indicates an eastward-drift. Consequently, an
application to the Earth’s magnetic field is not possible.

Figure 14 shows the drawing of the qualitative profile of the turbulence
intensity assumed for another group of models which have a closer cor-
respondence to the situation in the Earth with its rigid inner core. Table 2 is a
list of the eigenvalues.
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We find again the smallest eigenvalue for the A0 type field in agreement with
the observations. Furthermore, we find a negative sign of C,2 which corresponds
to a westward drift. This is again in agreement with the observed magnetic field
when we consider the 81 type field added to the A0 field.

C,2 is the frequency of encircling the Earth once measured in units given by
the decay time aaRz. From the value of the Sl field (Table 2) we get a migration
period of about 10,000 years, since the decay time is generally believed to be of
the order of 50,000 years. The former value is in good agreement with the
observed westward drift of the dipol component. We should like to underline
that we do not consider the weastward drift of the non-dipol component which
is faster by a factor 10 or more.

This is not the place to give an exhaustive survey on the variation of the
eigenvalues in dependence on the other parameters appearing in Ohms law for
the mean fields (23). One point of interest is the influence of the differential
rotation, since it leads us in the neighbourhood of the first ever constructed
spherical dynamo model by Braginskij (1964). There, the generation of the
toroidal from the poloidal field was assumed to be only due to the induction
action of the differential rotation (aw-dynamos). Steady solutions could only be
found by adding a meridional motion.

In the meantime, however, Levy (1972) and Deinzer, v. Kusserow and Stix
(1974) were able to construct special models of steady ace-dynamos without
meridional motions. Rädler (1977) found steady dynamos by taking into account
the full oc—effect according to Ohms Law (23) (i.e. for the production of the
toroidal from the poloidal field also) and differential rotation. His results suggest
the Earth being more an ocZ-dynamo than an own-dynamo, if a differential
rotation of 02° per year is taken into account as derived from the westward drift
of the geomagnetic field.

3.3. Estimation for the Characteristic Parameters of the Earth’s Core

We will, finally, derive an estimation of the parameters involved in our problem.
Self excitation will appear if a condition of the form

C=uaToc0Rè5 (33)

is fulfilled. The number 5 gives roughly the correct value as can be taken from
(7) and Tables 1 and 2. We consider the high conductivity limit, i.e.

Icor<<rw 115m ‚ ' (34)
where a and ß are given by

oc= —%rcorm‚ ß=%u'2rc„ (35)
(c.f., e.g., Steenbeck and Krause, 1969 a) and, generally,

Maß > 1. (36)
From (20) and (35) we find

‚ua 1 3

MT=1+uafiz§=rcorF (37)
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The helicity in the Earth’s core is due to the Coriolis forces and, therefore, a
proportionality of u’-curlu' to (100,60) has to be expected, if 0) denotes the
angular velocity. For a single motion u’- curl u’ is of the order u’Z/Âcor. In the
average, however, the imbalance of right-handed and left-handed helical motions
is due to the gradient of the turbulence intensity. Consequently, an additional
factor Âcor/R will appear. In this way we find the estimation

I2

u'. curl u’ z ((1) cm) “Î, (38)
and with (35) and (36)

C =MO-TaOR %(O) Tcor)' (39)

According to (33) self excitation will appear for a sufficiently large correlation
time. Of importance is to note that the amount of the turbulent velocity does not
seem not to be the crucial quantity.

A paper of Pekeris, Äccad and Shkoller (1973) is worth to mention in this
connection. These authors proved a steady (i.e. Tom: oo) cellular motion in a
conducting sphere to show dynamo excitation. The motions are of Beltrami
type, i.e. curlu=Äu‚ thus having obviously helicity. Self excitation is found to
exist, if a certain parameter exceeds a value of about30.
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Abstract. The earlier magnetohydrodynamic model of a convection driven
geodynamo (Busse, 1975) is extended to include Lorentz force effects of
higher order than those included before. It is shown that the action of the
Lorentz force is such that the magnetic field enhances its own generation
when the magnetic field strength is below a certain critical strength. Above
that value the magnetic field tends to stabilize the dynamo process and the
magnetic energy attains a stable equilibrium value.
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1. Introduction

During the past decades it has become generally accepted that the earth’s
magnetic field is generated by motions in the liquid outer core of the earth. The
nature of these motions and their energy source, however, is still poorly
understood. A large amount of potential information about the dynamic state of
the earth’s core is contained in the observed form of the magnetic field and its
secular variations. The development of mathematical models which are suf-
ficiently accurate to permit comparisons with observational data is therefore a
foremost challenge of dynamo theory.

Most of the work in dynamo theory has been concerned with the kinematic
dynamo problem which determines the critical amplitude of an arbitrary so-
lenoidal velocity field at which generation of magnetic fields becomes possible.
Since it has become evident in the past decade that nearly all velocity fields lead
to generation of magnetic field if the amplitude is sufficiently high, the kinematic
dynamo problem has lost some of its attraction for solving the problem of the
geodynamo. It appears to be necessary to consider the magnetohydrodynamic
dynamo problem described by the equations of motion together with the
dynamo equation in order to restrict the manifold of solutions which reproduce
the main features of the geomagnetic field.

The parameter of primary interest in any nonlinear magnetohydrodynamic
dynamo model is the strength of the magnetic field. It is not known what
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determines the equilibration value of the magnetic energy in planetary and
stellar dynamos although it is widely believed that the release of the dynamic
constraint of the Coriolis force by the Lorentz force is a determining factor
(Malkus, 1959; Chandrasekhar, 1961; Eltayeb, 1972; Roberts and Stewartson,
1975; Busse, 1976). Unfortunately it is not possible to test the various hy-
potheses on this subject by rigorous nonlinear theories. The perturbation
approach used in most nonlinear dynamo models does not permit a quantitative
application to situations of geophysical and astrophysical interest. However, a
qualitative understanding of the various possibilities for the equilibration of
magnetic energy may be gained from analytical models. It is the purpose of this
paper to contribute towards this more modest goal.

The simplest case of equilibration of magnetic energy corresponds to Lenz’
rule: The Lorentz force exerted by the growing magnetic field acts in the
direction opposite to the velocity field and reduces the amplitude of the latter.
The corresponding decrease of the magnetic Reynolds number leads to a
decrease of the growth rate of the magnetic field. This process leads to an
asymptotically vanishing growth rate and a corresponding equilibrium value for
the magnetic energy. The generation of magnetic fields by convection considered
in an earlier paper (Busse, 1973) describes a typical example of this process.

However, Lenz’ rule is not a general law in magnetohydrodynamic dynamo
theory. In a rotating system the Coriolis force may prevent the Lorentz force
from reducing the amplitude of the velocity field. Soward’s (1974) analysis of
generation of magnetic fields by convection in a rotating system indicates that
once the Lorentz force exceeds a threshold value the magnetic field tends to
grow out of the range of validity of the expansion indicating a highly nonlinear
process of equilibration which has not yet been investigated. In this paper we
shall study a more simple case in which a particular component of the velocity
field is increased such that the growth rate of the magnetic field initially
increases with the Lorentz force and decreases only after a certain value of the
magnetic energy has been exceeded.

The analysis of this paper is an extension of the theoretical model of the
geodynamo considered in an earlier paper (Busse, 1975), which will be referred
to as I. In that work the effect of the Lorentz force was taken into account only
as far as it affected the amplitude of the convection motions. The resulting
balance for the magnetic energy is not entirely satisfactory since in cases of
geophysical interest the heat transport, and thus the amplitude of convection,
rather than the temperature difference driving the motion must be regarded as
the given parameter. It will be shown in this paper that a different balance,
based on a higher-order effect of the Lorentz force, can be obtained without
changing the model in any significant way.

2. Mathematical Formulation

As in I we consider a rotating cylindrical annulus, as shown in Figure 1. Because
of the symmetry of the problem with respect to the equatorial plane z=0 we
have omitted the lower part of the annulus shown in Figure 3 of 1. Instead of

442 F.H. Busse

determines the equilibration value of the magnetic energy in planetary and
stellar dynamos although it is widely believed that the release of the dynamic
constraint of the Coriolis force by the Lorentz force is a determining factor
(Malkus, 1959; Chandrasekhar, 1961; Eltayeb, 1972; Roberts and Stewartson,
1975; Busse, 1976). Unfortunately it is not possible to test the various hy-
potheses on this subject by rigorous nonlinear theories. The perturbation
approach used in most nonlinear dynamo models does not permit a quantitative
application to situations of geophysical and astrophysical interest. However, a
qualitative understanding of the various possibilities for the equilibration of
magnetic energy may be gained from analytical models. It is the purpose of this
paper to contribute towards this more modest goal.

The simplest case of equilibration of magnetic energy corresponds to Lenz’
rule: The Lorentz force exerted by the growing magnetic field acts in the
direction opposite to the velocity field and reduces the amplitude of the latter.
The corresponding decrease of the magnetic Reynolds number leads to a
decrease of the growth rate of the magnetic field. This process leads to an
asymptotically vanishing growth rate and a corresponding equilibrium value for
the magnetic energy. The generation of magnetic fields by convection considered
in an earlier paper (Busse, 1973) describes a typical example of this process.

However, Lenz’ rule is not a general law in magnetohydrodynamic dynamo
theory. In a rotating system the Coriolis force may prevent the Lorentz force
from reducing the amplitude of the velocity field. Soward’s (1974) analysis of
generation of magnetic fields by convection in a rotating system indicates that
once the Lorentz force exceeds a threshold value the magnetic field tends to
grow out of the range of validity of the expansion indicating a highly nonlinear
process of equilibration which has not yet been investigated. In this paper we
shall study a more simple case in which a particular component of the velocity
field is increased such that the growth rate of the magnetic field initially
increases with the Lorentz force and decreases only after a certain value of the
magnetic energy has been exceeded.

The analysis of this paper is an extension of the theoretical model of the
geodynamo considered in an earlier paper (Busse, 1975), which will be referred
to as I. In that work the effect of the Lorentz force was taken into account only
as far as it affected the amplitude of the convection motions. The resulting
balance for the magnetic energy is not entirely satisfactory since in cases of
geophysical interest the heat transport, and thus the amplitude of convection,
rather than the temperature difference driving the motion must be regarded as
the given parameter. It will be shown in this paper that a different balance,
based on a higher-order effect of the Lorentz force, can be obtained without
changing the model in any significant way.

2. Mathematical Formulation

As in I we consider a rotating cylindrical annulus, as shown in Figure 1. Because
of the symmetry of the problem with respect to the equatorial plane z=0 we
have omitted the lower part of the annulus shown in Figure 3 of 1. Instead of



An Example of Nonlinear Dynamo Action 443

Fig. l. Sketch of the annulus configuration
used in the theoretical analysis

using L=2l as the basic length scale, we use 1 in this paper. This has the result
that the width-to-height ratio D of the annulus corresponds to 2D in I. In all
other respects we shall use the same notation as in I. The assumption of the
small gap approximation allows us to introduce a Cartesian system of coor-
dinates (x, y, z) with the corresponding unit vectors i, j, k pointing in the radial,
azimuthal, and axial directions, respectively. As in I it is assumed that the
temperatures T1 and T2 (T2> T1) are prescribed on the outer and inner cylindri-
cal walls, respectively, and that the gravity vector points in the direction of—i.

We shall use the inverse of the angular velocity Q as the time scale; (T2 — T1)/D
as the temperature scale; and (p0 pfi LQ as the scale for the magnetic field,
where Po is the mean density of the fluid contained by the annulus and ‚u is its
permeability. After subtracting the equations for the static solution of the
problem from the basic equations we obtain as equations for the velocity field v
and the deviation 9 of the temperature from the static temperature distribution

(ä+v.V)V+2kxv=—I7n+B9i+EVZV+(V><H)><H‚ (la)
V-v=0 (lb)

a . _1 2(ä+v.v)e=l.v+p E176 (1c)
where the three non-dimensional parameters B, E, and P are defined by

_ß(T2-T1)g zL 13:1
$2l ’ [212 i K

ß, v, and if represent the coefficient of thermal expansion, kinematic viscosity,
and thermal diffusivity, respectively. g is the acceleration of gravity. The dynamo
equation for the non-dimensional magnetic field H is given by

(ä—IV2)H=I7><(V><H) (2)
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where t represents the non-dimensional equivalent of the magnetic diffusivity Â,

t = Â/Q 12.

In order to eliminate the need for equation (1b) we shall use the general
representation

v=l7xktfi+V><(l7xkq5)

for the solenoidal vector field v. The solutions for W, (‚15, 6 are obtained by
perturbation methods based on the expansion

t/I={t//o+nw1+n2t//2+w+Mn/I‘”+m}exp{iwt+iocy}

¢={n¢1+n2¢2+-~+M¢”’+-~-E%Zl/Io/2+-~}exp{iwt+iocy} (3)
6 ={60+n61+n202+m+M9(l)+m}exp{icot+iocy}

in terms of 3 small parameters of the problem. 11 is the mean angle of inclination of
the top surface of the annulus, as shown in Figure 1. M represents the square of
the amplitude HA of the magnetic field H. The third small parameter, Eä,
represents the effect of the viscous Ekman layer at the rigid top boundary of the
annulus, z=exp{-nx}. In order to obtain a solution of the form (3) we must
neglect the terms v- Vv and v- V0 in equations (1). These terms determine the
amplitude A of convection and will not be discussed in this paper. Expansions
analogous to (3) must be assumed for B and a),

B=BO+nB,+---+MB(“+-~
co=coo+11w1+-~+Mco(1)+~-. (4)

The analysis in I considered the case

“M”<“n2” (5a)

while in this paper we shall consider the case

“172”<“E%”z“M”<“n”. (5b)

By “M” we mean “terms of the order M” in the above expansions, since the
correct order of magnitude depends on other factors in the solutions. For
example, it was found in I that n2 (152 is actually of the order n8/3E1/3. This
suggests a rescaling of the problem. However, in order to keep the changes of
notation to a minimum and because the assumptions of the perturbation
analysis can be easily checked by inspection of the results, we have omitted the
complicated process of rescaling. We note that the basic assumption of the
analysis in I, n>EË is compatible with relationship (5b).

It should be emphasized that the limit (5b) does not represent the case of
direct geophysical interest since Eä is rather small in the earth’s core. Terms of

1”the order “n2” serve a similar function, however, as those of the order “E7 as is
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se 2”shown in I. Because the analysis in the case “E%”< n is much more
cumbersome we have chosen the limit (5b) in order to illuminate the basic
process of nonlinear dynamo action.

3. Previous Results

In lowest order Equations (1) yield the solution (see I)

ioc=A ' D2, 6 =[p0 smy(x+ /) O
EP_1a2+i

We (6)

where a2 is defined by

a2 =y2 +oc2

and y is determined by

in order that the boundary condition

¢=6=0 at x= ièD

is satisfied. As in I we shall use the property that for the physically relevant
solution

1<<y2$oc2 (7)
can be assumed. For the following discussion it is not necessary to consider the
results of the equations of higher order explicitly. It is sufficient to note that the
solution for ([5 satisfies the relationship

A2¢=-az¢ (8)
As was shown in I the task of solving the dynamo equation (2) can be

simplified by assuming a ‘flat’ annulus,

D>1. (9)
In this case an average over the x- and y-dependences can be defined (indicated
by a bar) and a representation of the form

H=HA{—jG(z)+iF(z)+l7x(l7><kh)+l7><kg} (10)

can be assumed, where HAEM% and where h and g are functions of space and
time with vanishing average,

h=g=0.
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The boundary conditions for G and F are given by

G(0)=F(0)=G(1)=0‚ (11)
as discussed in I. Using property (7) and the fact that çb is small in comparison
with w the solutions for g and h can be written in the form

6 6 _ 2 _ 1g—(Fäïclp—Gäÿlp) (lCO‘i‘Ta) ,

6
h= (F—(‚b—G i (‚15) (iw+ra2)‘1.

6x 6y

The equations for the mean magnetic field are given by

d2 d azlll 6 a2 6———F=— lG[—A +—— — +————— ]”sz dx{4 2d) iw+ra2+6y iw0+ra2 6y¢+CC } (12a)

ico+ta2 6x ico+ra2
dz d 1 + Vz‘p ô + a2 ô

ÏEÏG—Æ{1F[A2çb
—————l,ü —-—a¢+C.C.] (12b)

where (15+ indicates the complex conjugate (cc) of 4) and where A2 is defined by
6 . . .

AZEô—x—Î—az.
Again, terms of higher order have been neglected 1n Equatlons

(12).
It was shown in I that the lowest-order term proportional to n 451 1/10 vanishes

on the right hand side of (12ab). Thus the dynamo action depends on terms of
the order 172 A2, E%A2 or MAZ. While in I the first two possibilities were
considered we shall concentrate in the following on the third possibility.
Although it will turn out that the term of the order MA2 cannot provide
dynamo action by itself, in conjunction with other terms, in particular with the
Ekman layer-induced term, it leads to an interesting nonlinear form of dynamo
action.

4. Action of the Lorentz Force

It was shown in I that the Lorentz force arising from the vector product of the
mean current and the mean magnetic field is balanced by the pressure. For this
reason only the Lorentz force arising from the fluctuating current and the mean
magnetic field is of interest in lowest order. By taking the z—components of the
curl and the curl of Equation (2a) we obtain 2 equations for 1/1”) and çb‘” which
were previously derived in I,

ô(EV2’iwo)A2¢(l)+Bo$9m+2k.174126)”)
6

=B‘1’5;00+iw(1)A21/10+L1,
(13a)

2k. VA,¢<1>=L, (13b)
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where L1 and L2 are given by

Ö Ö
L1- (Gàç— Fax)A2g’ (14a)

L -—(F—ô——G—ô—)V2A h 14b2—
Ôx ôy

2 '
. ( )

In I the solvability condition for the system (13) of equations was derived and
expressions for B”) and co”) were determined. In this section we shall proceed
beyond that stage and actually solve Equations (13). The solution becomes
simple if we use the fact that L2 is of the order 17 smaller than L1 and thus can
be neglected. Using in addition the solvability condition derived in I we find

Whig, (15a)

A2q5(1)=%(ËL1dz—zâlz). (15b)

The evaluation of expression (15b) yields

A2¢(1)='__—zw0+:a {Î G2a2+F2y2dz— 25G2062+F2 yzdz}-tß0

—l—w—‘ï+-È;ï—ax wOjGFdz
'

(16)

5. The Nonlinear Dynamo Problem

When expressions (6) and

c/>=(11q51+Mq5‘1)—E‘2Lzz//)exp{iocy+iwt} (17)

are inserted on the right hand side of equations (12) the contribution of nqö1
vanishes, as shown in I. For the same reason the second term on the right hand
side of (16) does not yield a finite contribution. Thus we obtain after integrating
equations (12) once

1F: —5‘5Kf(G‚F‚z)G, (18a)
dz y

d v———G=—Kf(G,F,z)F+c (18b)
dz oc

where f(G, F, z) and K are defined by

rEà
Z9Mocy

z 1

f5] (EG2+ZF2> dz—zj (EG2+ZF2) dz—
o ”Y 0‘ o V 0‘

a2 3,2 a2 AZM
K -—————.4r(co2 + T2 a4)
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beyond that stage and actually solve Equations (13). The solution becomes
simple if we use the fact that L2 is of the order 17 smaller than L1 and thus can
be neglected. Using in addition the solvability condition derived in I we find

Whig, (15a)

A2q5(1)=%(ËL1dz—zâlz). (15b)

The evaluation of expression (15b) yields
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5. The Nonlinear Dynamo Problem
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The constant of integration c denotes the electrical field in the radial
direction. Because the problem is periodic in the azimuthal direction a mean
electrical field in the y-direction cannot exist, with the consequence that the
constant of integration in Equation (18a) must vanish.

Equations (18) can be simplified by the transformation

FE (ZKÎ F, (is (5K): G, (19a)
0€ V

IE3f oc‘ïr=K d= K—6
May ( y)

c (19b)

with the result
(20a)

d A A z A A 1 A A

_F=G{5(G2+F2)dz—z(Ö+I(G2+F2)dz)}‚d2 0 0

d A A z A A 1 A A
ä26.—._1«“{j(G2+F2)dz—z(ô+j(G2+F2)dz)}+d.

(20b)
0 O

An explicit solution of these equations subject to the boundary condition (11)
was derived in I in the limit where the amplitudes of G and F tend to zero. The
lowest eigenvalue u for which a solution exists is given by

Ö=äu1 =4.60. (21)
At finite amplitudes of the magnetic field numerical methods are required for
the solution of the nonlinear boundary value problem.

6. Numerical Results

Starting at z=0 Equations (20) can be integrated by the Runge-Kutta method
for any prescribed value of d if the expression

1

r26+j(GZ+F2)dz (22)
O

is regarded as an adjustable parameter of the problem. A subsequent Newton-
Raphson iteration on the boundary value (7(1) as a function of F allows us to
determine the value F for which 6(1) vanishes. In this fashion the lowest values
of löl for which solutions of the boundary value problem exist have been
determined as a function of d. The results are shown in Figure 2.

The most interesting result is that solutions are possible for values of ö less
than a quarter of the value of (21). Initially it was thought that solutions with ô
=0 were possible. This would have been remarkable in that dynamo action
would have occured at a finite strength of the magnetic field in a case when the
purely hydrodynamic solution corresponds to a toroidal velocity field. However
solutions with ö =O do not appear to be possible.
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The form of solutions Ô and Ê is plotted for some characteristic values of d
in Figures 3—5. As d increases the number of zeros of F and (Î increases. For
large values of d, (Î and Ê assume a boundary layer character near 2:0 and for
larger 2, F becomes a constant Ë. while Ö nearly vanishes. An approximate
expression for Ê is

aged/a (23)
which follows from the fact that dÖ/dz tends to vanish at z = 1. It is evident from
Figure 5 that relationship (23) is nearly satisfied. The asymptotic properties of
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the functions Ö and F suggest the application of boundary layer methods. This
has not yet been attempted.

Without an analytical theory for guidance in the interpretation of the
numerical results it is not easy to understand the reason for the minimum of ö

(31.51.08 at d=11.13.
I1: appears that this minimum represents the optimal balance between the
influence of the term F —ô which tends to decrease ô and the effect of the first
term in the wavy brackets of (20), which tends to increase it.

There are other branches of solutions to equations (20), all of which appear
to correspond to values of |ö| of the order 10 or larger. Since solutions
corresponding to higher values of |ô| are of lesser physical interest we shall not
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discuss them at this point. We simply mention that the next higher branch
corresponds to negative value of ô and is characterized by a zero of F in the
interval O<z< 1.

7. Discussion

It is apparent when the foregoing analysis is compared with the analysis in I
that the first relationship in (5b) is not essential. The term proportional to ö in
Equation (20ab) which originated from the Ekman layer suction could be
replaced by the term arising from 1120/10 q52 +l/11 451), the dynamo effect of which
was considered in I. Since the latter term possesses a more complicated z-
dependence we have chosen the case of (5b) in order to isolate the nonlinear
dynamo effect in its simplest form.

One of the most interesting aspects of the nonlinear dynamo action is the
tendency towards boundary layer formation. Boundary layer formation was
observed in an earlier magnetohydrodynamic dynamo model (Busse, 1973) when
it was caused by the expulsion of magnetic flux from the convection eddies. In
the present case the boundary layer formation is an intrinsic part of the dynamo
process, which reduces its characteristic length scale in order to keep the
magnetic Reynolds number close to its optimal value. Whether the property
that the azimuthal or toroidal component G becomes reduced relative to the
radial or poloidal component F applies to the geodynamo is a matter of
speculation. At least it demonstrates that a large toroidal field is not a necessary
feature of the earth’s dynamo.

As was emphasized in the introduction the objective of this paper is to
illuminate a basic nonlinear aspect of dynamo action rather than to explain
features of the geodynamo. In an earlier paper (Busse, 1976) it was pointed out
that it is likely that the release of the Coriolis constraint by the magnetic field in
the earth’s core will lead to much larger scales of motion than those for which
the analysis of I and this paper is directly applicable. However, since there does
not seem to be any reason to change the basic geostrophic balance of the
convective motion, it is possible that a process similar to the one analyzed in
this paper is occurring in the earth’s core. Hopefully, more detailed numerical
investigations of the dynamo process in a sphere will provide realistic models for
the geodynamo in the future. The simple analysis of the present paper may then
be useful to interpret features of the numerical results.

Acknowledgements. The author is grateful to Ms. Wei-Lee Chen for her assistance in the numerical
calculations. The research was supported by the Earth Sciences Section of the US. National Science
Foundation under NSF grant DES 74-01487 A01.
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Energetics of the Earth’s Core

D. Gubbins
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Madingley Rise, Madingley Road, Cambridge CB3 OEZ, England

Abstract. The energy supplied. to generate the earth’s magnetic field must
ultimately result in heat flowing across the core-mantle boundary and
through the earth’s surface. If the liquid core is stirred by thermal convection
then only a small fraction of the total heat is dissipated in the electric
currents, and in order to explain the observed field at least 1011 watt and
probably 1013 watt of the earth’s surface heat flux must originate deep inside
the core. If the core is cooling and there is concomitant chemical differen-
tiation, a large amount of gravitational energy is released. This energy,
unlike the heat released, is completely dissipated in the electric currents and
enables the same magnetic field to be generated with a much lower heat flux.
Chemical differentiation is therefore favoured as the energy source for the
dynamo. The importance of gravitational settling depends on the density
jump at the inner core boundary and on the stratification parameter in the
outer core, both of which can, in principle, be determined seismologically.

Key words: Earth’s core — Dynamo — Energetics.

Introduction

Gubbins (1976, paper I) has investigated the energetics of generating the earth’s
magnetic field by a dynamo process driven by thermal convection, and found
that a lower bound of 1011 watt of heat is required. This heat flows across the
core mantle boundary and is either carried away by deep mantle convection,
thermal conduction being too slow, or else accumulates at the bottom of the
mantle. The magnetic field has persisted for 3Gy and in the latter case the
mantle would become very hot. It is therefore assumed that convection carries
this heat to the surface where it forms part of the observed surface heat flux. The
lower bound of 1011 watt is found by choosing the poorly known parameters so
as to minimise the heat flux, and the true value would undoubtedly have to be
much larger. For example at least 500 times as much heat is needed to sustain a
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toroidal field of 100 Gauss inside the core. The radial distribution of heat
sources is also important because the dynamo is most efficient when they are
located in the inner core. In all, one might expect 1013 watt or more to reach the
earth’s surface from the core, but this is almost all of the observed heat flux.
Recent estimates of heat flow are higher than earlier values (Williams and von
Herzen, 1974), mainly because of the effects of hydrothermal circulation, but
even so the radiogenic materials are concentrated in the crust and 1013 watt
seems a reasonable upper limit for the internally generated heat. Evidence from
minerals such as Harzburgite and Kimberlite suggests that the mantle has an
appreciable radioactive content, and there does not seem to be enough heat left
to drive the dynamo by thermal convection. Before looking for alternative
mechanisms for the dynamo, consider the question: are there any signs in the
observations that the heat has come from the core? Rotation exerts a strong
influence on core convection and there will be a characteristic lattitude de-
pendence (Busse, 1970). This lattitude dependence will have persisted for the last
3Gy and will influence mantle convection and possibly the tectonics at the
surface. Therefore in searching for this lattitude dependence of the heat flux,
only the radioactive heating should be subtracted from the observations.
Chapman and Pollack (1975) have produced global heat flow maps derived from
observations and from observations supplemented by predictions based on the
major tectonic provinces. There is some suggestion, in these maps, of low heat
flow near the poles but the shortage of any data in the polar regions and the
southern hemisphere makes speculation risky. In any case the anomalies are
small. This is further evidence that the core contribution to the heat flux is well
below that required for the thermally convecting dynamo, and in the rest of this
paper an alternative driving mechanism is sought, namely release of gravi-
tational energy.

The Energy Source

Verhoogen (1961) has shown that energy for the magnetic field can come from
cooling of the Earth and gradual crystallization of the inner core. Some seismic
models feature a density jump at the inner core boundary, for example 0.8 or
0.6 Mg rn‘3 in the models 1066A and 1066B of Gilbert and Dziewonski (1975).
As the inner core grows by accreting denser material gravitational energy is lost,
some of which is available to do work in generating magnetic field. Metals do
not change volume much on melting, so the density jump, if one exists at all,
must be due to a compositional change. Furthermore, Hugoniot data suggests
that the density of the outer core is too small for pure iron or iron-nickel alloy,
and lighter elements, notably silicon or sulphur, are believed to be present. On
freezing, a heavier component with more iron can separate out, enriching the
liquid in the lighter component until a eutectic is reached, details of the process
depending on the phase diagram. The problem was formulated by Braginsky
(1964) for an Fe-Si core, but he did not consider the gross thermodynamics of
the problem which leads to an instructive estimate of dynamo “efficiency”.
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The local expression of the first law of thermodynamics can be written as:

ô(
1 2 B2 _ p EXB—— pe+—pv +—)=—d1v[ v(lv2+e+—)+ôt 2 2/10 p 2 p Ho

+H+pv-Vl// ' (1)

——v-17’-—kVT]

where p is density, v the velocity, B and E the magnetic and electric fields, e the
internal energy, p the pressure, r’ the deviatoric stress, k the thermal con-
ductivity, T the temperature, H the local heat generation by radioactive
sources, and w the gravitational potential such that g=V1fi where g is accele-
ration due to gravity. This expression agrees with the integral form in Backus
(1975), but the equation in Hewitt et a1. (1975) applies only when the gravi-
tational potential is independent of time and generated from external sources,

and it differs from (1) by the term 10%. We allow the core to evolve with time

and consider the gross energy balance by integrating (1) over V, the volume
x occupied by the core. The core can contract, so at the boundary v - n=V where
n is the outward pointing unit normal and “1/ is constant. The deviatoric stress
integral is zero for both stress-free and no-slip boundary conditions, thereby
excluding the driving force for the precessional dynamo. The space outside V is
an electrical insulator and contains no mass generating gravitational forces
inside V. Using the equation of conservation of mass and Reynolds transport
theorem, equation (1) gives

Q=—§kVT-dS+R+Z+G+P (2)
S

where

R=dV,
V

d
=———- = VZ

dtlj’pedV Ij/ad
,

G=jpv-l7t//dV,
V

P: —§pv-dS,
s

a—
De_
Dt'

. . dTerms in the rate of change of kinetic energy 1ns1de V, d?
j âpv2 dV, and
I,

. d B2 . .
magnetlc energy

at—
j

Î;—
dV have been omltted from (2). Rough estimates of the

O
kinetic and magnetic energies are 1016 and 1021 joules, respectively, so that very
rapid changes would have to occur for these terms to be significant in (2). In
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ductivity, T the temperature, H the local heat generation by radioactive
sources, and w the gravitational potential such that g=V1fi where g is accele-
ration due to gravity. This expression agrees with the integral form in Backus
(1975), but the equation in Hewitt et a1. (1975) applies only when the gravi-
tational potential is independent of time and generated from external sources,

and it differs from (1) by the term 10%. We allow the core to evolve with time

and consider the gross energy balance by integrating (1) over V, the volume
x occupied by the core. The core can contract, so at the boundary v - n=V where
n is the outward pointing unit normal and “1/ is constant. The deviatoric stress
integral is zero for both stress-free and no-slip boundary conditions, thereby
excluding the driving force for the precessional dynamo. The space outside V is
an electrical insulator and contains no mass generating gravitational forces
inside V. Using the equation of conservation of mass and Reynolds transport
theorem, equation (1) gives

Q=—§kVT-dS+R+Z+G+P (2)
S

where

R=dV,
V

d
=———- = VZ

dtlj’pedV Ij/ad
,

G=jpv-l7t//dV,
V

P: —§pv-dS,
s

a—
De_
Dt'

. . dTerms in the rate of change of kinetic energy 1ns1de V, d?
j âpv2 dV, and
I,

. d B2 . .
magnetlc energy

at—
j

Î;—
dV have been omltted from (2). Rough estimates of the

O
kinetic and magnetic energies are 1016 and 1021 joules, respectively, so that very
rapid changes would have to occur for these terms to be significant in (2). In
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particular, the energy change due to a gradual decay of the magnetic field by a
factor of ten or so since the Precambrian is not significant.

(2) expresses the statement that heat flowing out of the core is equal to the
sum of radioactive heating, the rate of loss of internal energy, the rate of loss of
gravitational energy and the work done by pressure on the surface. This last
term must come from a change in the gravitational energy of the mantle.

All the terms on the right hand side of (2) can be estimated for the core. The
radioactive contribution, R, lies between zero and 1013 watt depending on
whether one believes that the isotope K40 is present. Taking Verhoogen’s (1961)
calculation as a basis, the energy released by cooling is about 1011 watt,
assuming that the core cools by 10—45 °K over 3Gy. The heat seen at the surface
would also contain that lost by a cooling mantle. Taking the specific heat of
mantle material as 103 joules (kg)‘1 (K°)‘1 and a mean density of 5 Mg m‘3
then the heat released is 5-1028 joules or 5-1011 watt for 3 Gy. This agravates
the heat flux problem at the surface. The gravitational energy may be estimated
roughly as follows. Using the equation of continuity we have:

aipv-Vl/IdV=<§>t/I'dS+Ij/l//a—l:dV. (3)

Consider a simple rearrangement of material which entails no changes in
volume, so that v . n=0 on S. The total mass remains constant so that:

ôp
I[EM—0

ô
and an estimate of W ô—Î dV is unaffected by the choice of reference for 1//.

V
Take 1p to be zero at the core mantle boundary. Using the parameters from
Verhoogen’s calculation, 1011 watt is released by freezing with a latent heat of
4><105 joule kg‘l, and therefore 25 m3 of material is frozen in one second.
Suppose that the extra light component released is distributed uniformly throug-

. . . 25A _hout the outer core, lowering 1ts denSIty by p where VC lS the volume of the

outer core and A p the density jump at the inner core boundary in Mg m‘3.
Taking parameters from the seismic model 1066A (Gilbert and Dziewonski,

1975) we can calculate l/l throughout the outer core by integrating g numerically,
and find that: .

j¢:_’:dV_—_Apx2x10“watt=j
pV'VWdV

V V

where A p is positive for a higher density in the inner core. For model 1066A we
have Ap=0.87 Mg m‘3, and so the contribution to G is 1.7 ><1011 watt. Extra
energy is released by thermal contraction but it will be shown later that this
does not play a direct part in generating magnetic field. A similar calculation,
including the surface integral, gives the energy released assuming the density
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jump is due to melting. More energy is released, ' the estimate being over
1012 watt as reported in I.

The work done by pressure forces on the surface is:

P=—§pv~dS.
S

If the core cools at 10°C per Gy then with a thermal expansion coefficient of
4 x 10‘6 (K°)‘1 the rate of reduction of the core radius is about 10‘15 ms‘1 (The
cooling does not lead to an observable change in earth radius or moment of
inertia). Taking this value for—“V and a pressure of 1 Mb or 1011 Nm’Z, P can
be estimated as — p "V x 4n r3, where rc is the core radius, or about 2 x 1010 watt.
All the terms in equation (2) could be of comparable magnitude and must be
retained in the energy budget. However, the magnetic field does not enter into
the energy balance, and to obtain information about the dynamo the entropy
must be considered.

“Efficiency”

Hewitt et al. (1975) and Backus (1975) showed that magnetic dissipation, <15,
could be calculated from the entropy equation and they placed upper bounds on
the “efficiency” of a dynamo in steady state:

È< max— Tmin
(4)

Q
—

Tmin

where Tmax, Tmin are the maximum and minimum temperatures w1tnm the
volume. Their argument is not quite right for radioactive heating because the
system is not in steady state. The number of radioactive atoms and therefore the
entropy changes with time. This entropy change is presumed small. The present
calculation is not steady state because the Earth gradually cools, and we must
estimate the changing entropy.

The entropy equation in Hewitt et al. is valid for any gravitational potential:

_13s_=V.(kVT)+(H+¢)p Dt T T (5)

where p s, cf) are the entropy and dissipation per unit volume. Viscous dissipation
is negligible in the core so that

J24’ a
where Â is the electrical conductivity and J the electric current vector. To
calculate the entropy change we use:

pdp
pz'

Tds=de—
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After some algebra and using the continuity equation, (5) becomes

——a+pV-v_V-(kVT) (H+¢)
T _ T + T ‘ (6)

Note that by multiplying (6) by T and integrating over the whole core, and
using (2) we get:

¢=j¢dV=—j(v-Vp+v-pV¢)dV. (7)

This result is obtained more easily by forming the scalar product of the equation
of motion with v and integrating. It represents the statement that the dissipation
equals the work done by the pressure gradient plus the work done by gravi-
tational forces. In an incompressible fluid with no thermal expansion, V ~v=0
and v - n=0 on the bounding surface. Then

jv-VpdV=§>pv-dS—i-vdV=0
V S V

and (7) gives:

(P = G .

Thus if we have no compression or thermal convection, all the gravitational
energy released is converted into heat by magnetic dissipation. This is the
essential difference between gravitationally and thermally driven dynamos.

To deal with the general problem we return to (6) and integrate over the
whole core. Rearranging gives:

a — p V . v k V T
TdS (V_T_T)2dV

H + (15————dV+ — ——————„ —T— +5, T «w i 5k <8>
The term in a- p V -v is the rate of change of entropy and is zero in steady state.
It can therefore be estimated from the gradual cooling and contraction of the
Earth as described in the last section. The problem is idealised to a steady state
system superimposed on a gradually cooling earth. This implies a time averag-
ing of the real situation to eliminate fluctuating effects. Let u denote the velocity
of slow contraction, and p’, T’ the averaged pressure and temperature. Then:

a—pV-v n1+n2
——-———dV= dV

‚J, T If, T’

where

ôe
V=— ———— u- en1 pôt p 9

=p’ V -u.

The distinction between the 11’s and a—pV -v is very important because the
17- .individual integrals j%dV and jgîïdV are not zero in steady state,

V V
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although their contributions exactly cancel. Also if we could estimate 5 p V - VdV
V

just from the gradual contraction then (7) would give the dissipation directly,
but this calculation would be grossly wrong.

112 is everywhere positive, and suppose for the moment that n1is also positive
everywhere. Setting T’ = T we have:

H11 +11 )dV
lflgflkds

1 2
=Z+P1

V T
_— T Tmax max

where P1: —i-udV.
V

If the core surface is held at the tmperature Tmin, then (8) gives, using (2)
again:

Z+H+R+Ö<Z+R+P+G
Tmax

=
Tmin

OI'I

(15— G+P—P T —T.( 1)< max
mm. (9)

Q
=

Tmin

(9) expresses the statement that the magnetic dissipation is equal to the gravi-
tational energy plus the work done by pressure forces on the surface minus the
work done in contraction, plus a fraction of the heat flux, Q, which cannot

T — T . . .exceed M. Neglecting compressional terms and setting G=0 glves the

result obtained by Hewitt et a1. (1975) and Backus (1975), so that the dynamo
driven by cooling has the same efficiency as that driven by radioactive heating.

The compressional term P1 —P is:

Pl—P=j [—V-(p’u)+p’V-u]dV=—j u-Vp’dV.
V V

This is the work done against the pressure forces in the slow contraction. The
problem of a cooling, self gravitating body was studied by Lapwood (1952), who
considered a “quasi-hydrostatic” contraction. With this assumption

Vfi=pV¢
and

Pl—P= —§pu-Vl/1dV.
V

This is the work done by gravitational forces in the slow contraction and leads
to a contribution to the changing gravitational energy. (9) shows that this part of
the gravitational energy is not dissipated in the electric currents, but instead part
appears directly as heat (P) and part goes into work done during contraction
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(PI). The remaining gravitational energy release comes from rearrangement of
matter. The estimate of 1.7 x 1011 watt for gravitational energy calculated in the
previous section was an estimate of (G+P—Pl) because it was derived from
rearrangement of matter. All of this energy is dissipated in the magnetic field. In
the estimate based on freezing in paper I, the contribution P1 —P must be
subtracted to give the energy directly available.

Lastly, consider the case when 111 , the local rate of change of internal energy,
is negative. This would be the case if gravitational rearrangement were taking
place without cooling or change in volume, because:

"1— at pe_ are

and à? would be pos1t1ve 1n lower regions but negative 1n upper reglons. Let V1

be the region in which n1 is positive and V2 be where 111 is negative. Then:

’7
j 111 dV

[JdnmfiV+E———.
V T V1 min

(9) becomes:

(P— G+P—P T — T .(
,

1)
g

max mm
(10)

Q Tmin

where

Q’=R+G+P+fn1dV.
V1

Q’ is greater than Q and the “efficiency” in this case is potentially greater than in
(9).

Diffusion of Matter and the Heat of Reaction

Braginsky (1964) has treated the general problem of two-component diffusion in
the core, with reference to an iron-silicon mixture, including the effects of a heat
of reaction between the components. In this case there are extra contributions to
the entropy balance. Following Landau and Lifshitz (1959, sections 57—58),
define the concentration, c, to be the ratio of the mass of one component to the
mass of the whole fluid, and i, the mass flux of one component transported by
diffusion through unit area in unit time. Then the continuity equation for one
component is:

p%§=—dwi an
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The energy equation is unchanged except that the heat flux vector, q, now
depends on the concentration gradient as well as the temperature gradient. The
internal energy now contains effects of the two component mixture. Introduce
the chemical potential u:

de= Tds—pdV+,udc.

Integrating the energy equation over V gives, as before

§q-dS=R+Z+G+P. (12)
S

The entropy equation is (Landau and Lifshitz, 1959):

Ds _ _
pT—ñï=—Voq+H+qb+ud1V1. (13)

The heat flux, q, depends on the concentration gradient as well as the tempera-
ture gradients, and in general the flux i will depend on temperature, con-
centration and pressure gradients. Using the Onsager reciprocal relations
(Landau and Lifshitz, 1959; Malvern, 1969) gives the phenomenological re-
lations:

Tq—ui=—kVT+Ëd—i, (14)

i= —oc V u— ß V T

where increase of entropy ensures that k, oc >0 but ‚B can take either sign. Divide
(13) by T and integrate over V. The integral in q is expanded as follows.

V-(q—ui)Vq V'Uli)___ = V dV
‚I, T dV

‘j’ T d
+1! T

§(q—,u1)dS _ .. . .
=5 +5——————(q”2 VTdV+jV (”Ù dV.

Tmin V V T

Using (14), (13) becomes:

Ds Q
my

i2 H+¢—— =— — —— v —————dV.I[1)d T +j[k(T +aT]d +£ Tmin V

The argument of the previous section is used to replace the left hand side by
terms depending only on the slow evolution of the Earth. Then:

Ds —a+ I7-v+ul7-ilp——-=l p dvV Dt V T

giving:
__ . _ .' 2 ‘2

ya
v

“V1+H+¢dV=Q—j[k(V—Z)+l ]dV.V T Tmin V
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If the integrand on the left hand side is always positive then there is the simple
inequality:

ÇD—(G+P—P1—C) T —T
S

max min

Q
—

Tmin

i2
where C: j ‚uV ~idV. The term

oc—T
is the entropy of diffusion of material,

V
analogous to the entropy of conduction of heat. The integral C may be written
as —j i-V ,udV and gives the energy lost by a flux of material along a gradient in

V
chemical potential.

Assigning numerical values to the chemical constants is very difficult because
of the high pressure and uncertainty in composition. Braginsky (1964) has given
some values for iron and silicon and in this paper estimates for sulphur are
given. Write the internal energy change as:

DsDe , .
gpfidV=£ pTDt dV—Ij/p V-udV+If/1-l7udV.

The entropy integral is:

Ds ôs DT asT— dV= T —) —— T <—) d' ]dV.
lip Dt ‚[[p (ÖT P‚C Dt p ÖC P,T

1V1

An extra term in the internal energy is therefore the heat of reaction:

ôs an
T

(ôC)P,T—
T

(ÖT)P‚C

by the Maxwell relation. Braginsky (1964) takes a large value for FeSi of 30 kcal
mole"1 and for Fe+S —> FeS it is 20 kcal mole”. The pressure dependence is
unknown. For FeS this heat of reaction amounts to 1.6 >< 107 joules kg‘l. If the
outer core contains 4% by weight of sulphur, then in freezing 1kg at the inner
core boundary, 4x106 joules of latent heat are liberated. Of this heat, about
2 >< 106 joules could be absorbed in dissociation of FeS.

The integral C is evaluated from Vu:

a“ a”) (5”)V = — VT+ —— V + — V .,U.
(ÖT)C‚P (ac P,T

C
Öp C,T

p
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and:

‚7 ___1_ (53.9.)['1‘—
p ÔC P’Tg.

The constant can be estimated roughly by an additive law, taking densities at
standard temperature and pressure. It is about 0.75, similar to Braginsky’s
estimate for silicon. To estimate i, the mass flux carried by diffusion only, we
have:

iæ—pDVc

where D is the diffusion coefficient. This has been measured for silicon and
sulphur in liquid iron just above the melting point and for both it is about
10‘8 m2 s“ 1. The value 2000 degrees higher could be one hundred times as big.
The pressure effect is not known. Taking ,0=2Mgm‘3 and estimating Vc by
assuming a change in concentration from 4% to 2% across the core gives
imlO‘13 kg In“2 5-1. The integral C is then about 108 watt. This energy is the
heat released by the diffusing material. Its physical interpretation in Equation
(15) is that the part of the gravitational energy released by the diffusion of light
material is not available to generate magnetic field. Alternatively one may View
the diffusion process as an extra means of dissipating heat, which competes with
Ohmic diffusion for the available energy. The numerical estimate of 108 watt is
not very large. Braginsky (1964) claims this effect to be important but it is not
clear why, because his lower diffusion coefficient should give a smaller value.

Summary

The principal result of this paper is Equation (9), which shows that the
gravitational energy released by rearrangement of matter in the core is com-
pletely converted to magnetic dissipation enabling a large magnetic field to be
generated with a low heat flow from the core. A rough estimate of the
gravitational energy available, based on seismic models, suggests that a modest
magnetic field of about 50 Gauss could be maintained. Thermal convection is an
inefficient way to generate magnetic field and involves too high a heat. The
added complication of chemically reactive components may actually lower the
total heat available and significantly reduce the efficiency of the dynamo
because of heat dissipated in diffusion of material. The density jump at the inner
core boundary determines the magnitude of the chemical separation effect, and
efforts are being made to improve seismological estimates of it. Another
seismologically observable parameter is the Brunt-Vaisäla frequency N, where

dp
N2__ _ d7'_pg2

p A

and A is the Lame parameter. This is not only a measure of the difference
between the temperature gradient and the adiabatic value, but also of the
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concentration gradient of light component in the mixture in the outer core.
Better determinations of this parameter will give constraints on core com-
positions.
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Equation of State of Liquid Iron
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E. Boschi1 * and F. Mulargia2**
1 Istituto di Fisica, Via Irnerio 46, Universita di Bologna, I-40126 Bologna, Italy
2 Dipartimento di Scienze della Terra, Università di Ancona, Italy

Abstract. The Earth’s outer core is generally believed to be a mixture of
iron and one or more lighter constituents. This assumption is based on
shock-compression data. Here it is shown that at high pressures the current
interpretation of these data is highly questionable. An equation of state,
derived following selfconsistent quantum mechanics, is proposed. This equa-
tion is of general validity and can be applied to any state of matter in
any thermodynamical condition. However the lack of precision in the para-
meters involved in this equation, when applied to iron makes still impossible
a rigorous solution of the problem of the Earth’s core composition.

Key words: Earth’s core —— Shock waves — Grüneisen’s parameter —— Liquid
iron — Equation of state.

Introduction

The purpose of this paper is to derive and discuss an equation of state for
liquid iron at conditions of the Earth’s outer core, based on a self-consistent
quantum—mechanical approach. The Earth’s outer core is defined, from
seismological data, as a region with very small rigidity and a density ranging
from 9.91 to 12.14 g/cm3 (Dziewonski etal., 1975), and calculations under the
assumption of hydrostatic equilibrium give corresponding pressures ranging
from 1.37 to 3.14 Mbars (Bullen, 1975). The shear wave opacity suggests imme-
diately the presence of a liquid phase, while the pressure-density curve and
considerations about the distribution of elements in meteorites give iron as
the most probable component. A more detailed analysis is necessary to reach
a precise conclusion about the chemical composition. The generally accepted
method in solving this problem mainly consists in 3 steps:
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(i) determination of an equation of state for the Earth’s core;
(ii) determination of equations of state of materials at conditions of the

Earth’s core;
(iii) comparison between the 2 sets of Equations (i) and (ii) in order to

find an identity. The material satisfying such an identity may be present in
the Earth’s core.

Concerning (i), recent seismic data inversion models give reliable density-
radius relations, and the assumption of hydrostatic equilibrium leads to the
dependence of pressure on radius. In this way it is possible to obtain an accurate
equation of state for the Earth’s core. By contrast, the currently accepted solution
to the problem (ii) is highly questionable. The thermodynamical conditions
of the Earth’s core can be reproduced only by shock-wave experiments. Unfortu-
nately, the data obtained in this way, in spite of the large number of studies
about their interpretation, are not reliable just in the pressure range we are
interested in, as will shown below.

The Inversion of Shock-Wave Data

The fundamental assumption behind any reduction of shock--waves data is the
validity of the Hugoniot equations

Vo/ V1 = D/(D'A1) (1)

P1 =A1D/ V0 (2)

E(P1‚V1) =%P1(V0' V1) (3)

where V0 is the initial specific volume, V1 the specific volume behind the shock
front, D the shock-wave velocity, A1 the particle velocity of the material, P1
the shock-wave pressure, and E the internal energy. These equations are valid
if the shock front is thin, i.e. if immediately behind the shock front the sample
is in thermodynamic equilibrium (Courant and Friedrichs, 1948).' In fact shock-
wave experiments for pressures larger than 3 Mbars involve so high temperatures
that melting occurs in all substances and therefore this condition is surely
violated for the whole pressure range (see e.g., Benedek, 1959). These basic
considerations reduce the range of rigorous applicability of shock experiments
to rather low pressures, comparable with those achieved by modern static anvil
devices, and make very doubtful the results relative to core pressures, because
it is not possible to evaluate the phenomena related to shock melting. Apart
from this fundamental point, which implies a source of systematic errors practi-
cally impossible to correct, the equation of state uSed by the totality of the
authors (Walsh et al., 1957; Altshuler et al., 1958; Takeuchi and Kanamori,
1966) is greatly questionable for many reasons. In fact, all the above authors
use the classical Mie-Grfineisen equation

P: —dU/dV+ y(EVIB/V) (4)
where P is the total pressure, V is the volume, U the static lattice potential,
y the Griineisen’s parameter, and Em the vibrational part of the internal energy.
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Em is given by

EVIB=E_ U(V) (5)

Equation (4) is generally solved simultaneously for dU/dV, y, and Em under
the following two assumptions:

(a) Em is harmonic, i..e the anharmonic terms of the free energy, which
are of main importance at the high temperatures of shock experiments, are
systematically disregarded;

(b) y is assumed constant (Altshuler et a1., 1958), or as a Dugdale-MacDonald
function of the volume (Dugdale and MacDonald, 1953).

Regarding assumption (a), the account of anharmonic terms at the tempera-
tures involved in shock experiments is vital (Leibfried and Ludwig, 1961). Fur-
thermore, iron is a metal and therefore, at shock-wave temperatures, also electro-
nic contributions become relevant (Kittel, 1963; Mulargia and Boschi, 1976).
With respect to assumption (b), we must remember that the original definition
of y

â 1n v,-
ô 1n V (6)

where vi is the normal mode of i, is valid only in the case of a harmonic
solid with a flat frequency spectrum. This model is a poor approximation of
a perfect solid at 0° K, and it loses any meaning with increasing temperatures.
Nevertheless, Altshuler et al. (1958) use it for inverting shock data for tempera-
tures of the order of 20,000° K. Takeuchi and Kanamori (1966) use a Dugdale-
MacDonald expression for y. It is well-known (see e.g.‚ Irvine and Stacey,
1976) that this formulation is wrong, but we wish also to point out that a
quantity defined by (6), as the Dugdale-MacDonald y, has sense in an equation
of state such as (4) only in the harmonic case, as we will show in the next
section.

7:76:

The Equation of State

From the above discussion it emerges that at present we still have too poor
a knowledge of the mechanical properties of materials at core conditions to
risk any assertion. To say something certain, we need mainly two things:

(1) a reliable theoretical equation of state;
(2) a rigorous check of the equation of state by high precision high pressure

data.
The equation of state we propose is valid irrespectively of thermodynamical

conditions and for any kind of matter in any kind of state. Practically it is
a generalization of the Mie-Grfineisen equation. By writing the Helmoltz free
energy F as

F= E— TS (7)

and

F: U(V)+FVIB (8)
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where S-is the entropy, T the temperature, and FVIB the vibrational free energy.
A differentiation of (8) gives

Pz—(ÔF/ÔV)T=—dU/dV—(ÔFVIB/ÔV)T (9)

which can always be written as

where (p, according to Equations (5) and (9), is a function of T and V defined
by

(P = " VKÖFVIB/Ö V) T/EVIB] (11)

Equation (10) represents a form of equation of state of general validity since
it has been derived without any restrictive assumption. The function (,0 coincides
with the original definition of Grflneisen’s parameter (6) and therefore with
the Dugdale-MacDonald one, which in turn is based on (6), if Fm and Em
are considered in the harmonic approximation. In this case Equation (11) goes
back to the classical Mie-Griineisen equation.

In general the function (p has nothing to do with the thermodynamical
Grfineisen’s gamma, yth, defined by

Yth= VocK/CV (12)

where oc is the thermal expansion coefficient, K the bulk-modulus CV is the
specific heat at constant V. oc K stands for (GS/6 V) T. However it can be shown
(Mulargia and Boschi, 1976) that in the harmonic approximation definitions
(6), (l l), and (12) coincide, while it is well-known that the harmonic approxima-
tion is valid for temperatures in the range of a few times the Debye temperature.

Evaluation of the Quantities in the Equation of State

In order to show the applicability of our equation of state, we consider in
detail the problem of liquid iron at conditions of the Earth’s outer core. The
evaluation of the quantities in Equation (11) is performed starting from the
identity

FVIB= EVIB— TS (13)

which gives

(P = “ V[(ôEVIB/ô V)T — T05 K] E17113 (14)
Instead of extrapolating, with dubious rigour, values relative to solid crystals,

we apply our theory to the liquid state. By liquid state we intend a lattice
with a simple cubic structure in which transverse waves have a trasmission
coefficient irrelevant in comparison with the longitudinal transmission coeffi-
cient. This liquid model arises from experimental diffraction data on liquid
metals (see e.g., Maddin et al., 1957), which show a nearest-neighbour pattern
similar to that for solids and the next-nearest neighbour pattern much more
randomly located than for solids. This gives the reasons to support, for liquids,
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similar to that for solids and the next-nearest neighbour pattern much more
randomly located than for solids. This gives the reasons to support, for liquids,
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Table l. The harmonic Grüneisen’s function
325,, the anharmonic leading term coefficient A 2 A V/Vo ylh A2 erg

)
_fl_U.. (Mbars)

and the 0° K static pressure as functions of the 0K2 d V
compression A V/ V0

0.00 1.90 1.8 >< 103 0.0
0.02 1.85 1.7 x 103 0.004
0.10 1.68 1.7 ><103 0.13
0.20 1.50 1.6 x 103 0.41
0.30 1.36 1.4 x 103 1.0
0.40 1.22 1.1 x 103 2.0
0.50 1.10 l x 103 4.3

a lower coordination number than for solids, and a very low transverse force
constant in order to allow nearly free shear movements in the lattice. On this
basis, we can, under hydrostatic pressure conditions, write VocK as (Wallace,
1972)

VocK=3Nky5‚+[Vd(F—2A2)/dV] T (15)
where k is the Boltzmann constant, N is the Avogadro number, A2 is the
anharmonic leading term of the free energy (Leibfried and Ludwig, 1961), F
is the electronic specific heat coefficient (Kittel, 1963), and yff, is the thermody-
namical gamma. yä, according to definition (12), can be easily written as (Born
and Huang, 1954)

ÖEH > Vvä= ( VB) H (16)ôV aEVIB H
T (

ÖT
)V —EVIB

while the harmonic internal vibrational energy E313 is defined by (see e.g.,
Wallace, 1972)

EVIB=EgIB—(A2’%F) T2 (17)

We have now all the quantities of (11) written as functions of EVIB, F,
A2, T, V. E15113 can be evaluated without finding the explicit eigenvalues of
the dynamical matrices by using a Thirring’s series expansion (Thirring, 1913),
namely

EH "‘5NkT 1 Î( 1)" B2" (h )2„ (18)VIB_
1

n
(2n)!

#2"
kT

where h is the Planck constant, B2„ are Bernouilli numbers, and ‚42„ are the
statistical moments of the frequency distribution function of the eigenvibr'ations
of the medium. In our case, Equation (17) is evaluated using the values of
Hz" computed on the basis of a Rydberg type intermolecular potential given
by

U: —D[1+b(rij-re)]eXp[—b(r.-j.-re)] (19)
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Equation of State of Liquid Iron 471

where re is- the distance of approach of the molecules, rij is the instantaneous
distance, and D, b are constants. This potential leads to the best agreement
in the description of the thermodynamical properties of iron (Varshni and
Bloore, 1963). A2 is computed according to Wallace (1965) while F is taken
from extrapolated experimental values (Shimizu and Terao, 1967; Wood, 1962).
F is assumed constant in T because we are far- from the Fermi temperature,
and in V because extremely high pressure computations (Henry, 1962) show
a very low pressure gradient. The quantities of Equation (11) are computed
for the density range up to V/V0=2.O and for temperatures up to 6,500o K.
The results are shown in Tables 1, 2, 3.

Discussion

As it appears from the tables the uncertainty in F alone is capable of a noticeable
shift in the results. Furthermore, also A2 and mainly the intermolecular potential
parameters are not completely sure because the Varshni-Bloore potential was
derived from shock compression data of Walsh et a1. (1957), data which can
be criticized as already pointed out above.

In conclusion the problem of the composition of the Earth’s core is still
open. We have pointed out that current theories based on shock-wave inversion
are misleading. We derived a general equation of state and checked its parame-
ters with the most reliable data available for iron. Unfortunately the precision
of these experimental quantities is up to now insufficient to give an answer
to our problem. However we think that the development of static high precision
high pressure equipment will make possible the solution of this question in
the next future.
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Lithospheric Slab Penetration into the Lower Mantle
beneath the Sea of Okhotsk

T.H. Jordan
Geological Research Division, Scripps Institution of Oceanography, La Jolla, CA 92093, USA

Abstract. A set of 1428 and ScS absolute travel times and 62 ScS—S differen-
tial travel times from short-period recordings of the January 29, 1971, Sea of
Okhotsk deep-focus earthquake has been analyzed to obtain estimates of the
source anomaly as a function of position on the residual sphere. In the
processing algorithm the station anomalies and travel times are treated as
gaussian random variables with known variance matrices. A system of
normal equations is found by minimizing a quadratic form that is the sum of
three terms: a measure of the misfit to the absolute travel times, a measure of
the misfit to the differential travel times, and a measure of the misfit to the
estimated station anomalies. An approximate solution to the system of
normal equations is derived by requiring that the source anomaly be a
smooth function of position on the residual sphere. This fitting procedure
yields a saddle-shaped source anomaly pattern. The pattern is compatible
with the presence of a planar high-velocity zone beneath the source with a
nearly vertical dip and a strike parallel to the Kuril-Kamchatka Arc. Ray
tracing calculations have been used to model the anomaly. A high-velocity
slab extending to a depth of 1000 km along the extrapolation of the Benioff
Zone, with a velocity contrast of 5%, is consistent with the data. The
anomaly is interpreted to be the expression of lithospheric material that has
penetrated the lower mantle. This study and data from other subduction
zones suggest that lithospheric slap penetration below the 650 km discon—
tinuity is a general feature of mantle structure in regions of rapid plate
convergence. It is concluded that the lower mantle participates in the
thermal convection responsible for plate motions.

Key words: Subduction zones — Lower mantle heterogeneity — S-wave travel
times.

1. Introduction

The fate of lithospheric material descending along subducting margins is a
significant geophysical problem with important implications for mantle dy-
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namics. Some authors have associated the termination of earthquake activity
above 700 km depth with the equilibration of the lithospheric slab (thermal
boundary layer) to ambient mantle temperatures (e.g. Toksöz et al., 1971).
Others have interpreted the existence of a seismic discontinuity near 700 km and
the predominance of down-dip deviatoric compressional stresses in deep-focus
earthquakes to indicate the presence of a relatively high-strength mesosphere
below the seismic discontinuity which is not penetrated by this thermal bound-
ary layer (e.g. Isacks and Molnar, 1969; McKenzie et al., 1974).

Realistic thermal calculations have shown that large temperature contrasts
between the slab and the surrounding mantle are likely to exist at 700 km depth
for motions occurring at typical plate velocities (McKenzie, 1969; Griggs, 1972;
Schubert et al., 1975), so the conclusions of Toksöz et a1. (1971) are probably not
well founded. But, since the thermodynamical nature of the 650—km seismic
discontinuity (phase change) remains in doubt (Jackson et al., 1974; Anderson,
1976), the question of whether or not the thermal boundary layer penetrates the
lower mantle cannot be categorically answered on the basis of thermal calcu-
lations alone.

However, the existence or non-existence of lower temperature lithospheric
material below the seismic discontinuity can be detected by seismic methods,
since this material should be characterized by higher velocities than the sur-
rounding mantle (Davies and McKenzie, 1969; Mitronovas and Isacks, 1971;
Toksöz et al., 1971; Sleep, 1973). In their study of seismic velocity anomalies
beneath the Tonga-Kermadec Arc, Mitronovas and Isacks (1971, p.7177) re-
ported negative results: “Residuals at teleseismic distances from the deepest
earthquakes show no significant azimuthal anomalies, which implies that little
or no high velocity material extends beneath the deepest earthquake.” Since the
publication of their study, other results have become available which may
reverse this conclusion. Weichert (1972), Davies and Sheppard (1972), and
Powell (1976) have attributed P wave slowness anomalies observed by seismic
arrays to lateral velocity gradients below the earthquake zone in the Vicinity of
several island arcs. Engdahl (1975) has observed travel time differences at
Alaskan stations from deep-focus events in the Tonga-Fiji region which are
anomalously large and which seem to require some form of velocity hetero-
geneity below 650 km. Jordan and Lynn (1974) have detected an anomaly in the
lower mantle beneath the Middle America Trench which is characterized by
high compressional and shear velocities. They suggested that this anomaly could
result from low temperatures associated with down-welling material.

This evidence is compatible with the hypothesis that lithospheric material
does indeed penetrate the lower mantle beneath the Benioff Zones, at least in
regions where the rate of lithospheric consumption is large (Jordan, 1975). An
analysis of shear wave travel times from a deep-focus earthquake in the Kuril
Arc, presented here, supports this hypothesis.

2. Data

The primary observations used in this study are the distributions of S and 808
travel time residuals as functions of position on the focal sphere of a deep-focus
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Fig. l. Vertical cross—section perpendicular to the Kuril-Kamchatka Arc with seismicity for the
period February, 1963, through April, 1974. NOAA PDE locations for events with mhgfi and more
than 10 stations reporting are plotted. Inset map shows region of projection [solid lines) and
projection plane (dotted line). Hypocenter and epicenter of the January 29. 197l, deep-focus
earthquake are indicated by H and E, respectively

event. Shear waves have been used rather than compressional waves for several
reasons: (1) At a given period their wavelength is shorter by about a factor of
two. Their use therefore permits a greater resolution of near-source structure. (2)
The signal-to-noise ratio for $08 phases is generally much higher than for PcP
phases, and, correspondingly, the travel times of 803 are more accurately
determined. By employing core-reflected phases our coverage of the residual
sphere is greatly increased. (3) Lower mantle heterogeneities induce variations in
shear wave travel times that are generally three to four times the variations in
compressional wave travel times (Jordan and Lynn, 1974).

To facilitate the accurate determination of shear-wave times on short-period
recordings, an event with a simple, impulsive far-field displacement function is
desired. To simplify the interpretation of the data, an accurate hypocentral
location is required. The intermediate magnitude (171,26) deep-focus Sea of
Okhotsk earthquake of January 29, 1971, satisfies these criteria. Estimates of the
source parameters for this event are given in Table 1. The parameter with the
largest variation among the solutions listed is the focal depth: the ISC and
NOAA determinations of depth differ by nearly 30 km. Fortunately, this earth-
quake has been relocated by Veith (1974), whose procedure incorporates station
corrections and reduces network bias. He obtains a depth of 540i 5.7 km, which
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Table l. Estimates of Source Parameters for the January 29, 1971 Sea of Okhotsk Deep-Focus Event

Origin time Latitude (“N] Longitude (°E) Depth (km) Reference

21:58:06.7 517210.032 151.04i0.024 54015.7 Veith (1974)“
21:58:05.4 51.7 150.9 544 PDEh
21:58:03.2i021 51.69i0.014 150971—0022 515i2.7 ISC“

534i 1.3 pP-P times, ISCc

a Source parameters used in this paper for computing travel time residuals
b Preliminary Determination of Epicenters, National Oceans and Atmospheric Administration
{1971)
° Bulletin of the International Seismological Center (197l)

Fig. 2. Azimuthal equidistant projection centered on epicenter of January 29, 1971, deep-focus
earthquake. Triangles are locations of WWSSN and Canadian Network stations used in this study.
Circle is 80° from the earthquake

is consistent with the observed pP-P times (Tablel), whereas the ISC and
NOAA locations are not. Veith’s solution was employed in calculating travel
time residuals. The location of this hypocenter is shown in the context of Benioff
Zone seismicity for the Kurd-Kamchatka Arc in Figure 1.

S and $08 absolute travel times and ScS-S differential travel times were
independently read from seismograms recorded at World-Wide-Standardized
Seismographic Network (WWSSN) and Canadian Network stations for epi-
central distances less than 80°. The station distribution is shown in Figure 2. The
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Fig. 3. Examples of short-period seismograms of S and ScS phases from the January 29, 197L deep-
focus earthquake

excellent azimuthal coverage was a primary factor in choosing this area for
study. From the 80 stations where one or more measurements could be made, a
total of 778 times, 65 ScS times and 62 ScS-S times were obtained. The travel
times were read from short-period seismograms for all but 4 stations, where
long-period recordings were used. The arrivals were usually impulsive, and the
times could generally be determined with a precision of less than one second.
Examples of seismograms are shown in Figure 3. Whenever possible the times
were read from the horizontal component most nearly SH-polarized. However,
in some cases of poor polarization, Sp energy corrupted the S wave arrival, and
identification of the first shear motion had to be made on the basis of the
particle displacement.

A check on the consistency of the readings is obtained by comparing the
difference between the absolute $08 and absolute S time with the independently
measured ScS-S differential time. The RMS difference between these values is
only 0.3 s, and the maximum difference is 0.8 s.

Residuals were formed from the raw times by subtracting the values pre-
dicted by the Seismological Tables of Jeffreys and Bullen (1940), corrected for
station elevation and ellipticity. The absolute travel time residuals obtained in
this manner are plotted on a stereographic projection of the focal sphere in
Figure 4.

3. Residual Sphere Analysis

In seeking to explain the large variation of residuals seen in Figure 4, we will
consider four factors: (1) reading errors, (2) mislocation errors, (3) failure of the
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Fig. 4. Stereographic projection of lower focal hemiSphere for the January 29, 19?1, deep-focus
earthquake showing S and ScS residuals with respect to the Jeffreys—Bullen Tables, corrected for
eliipticity and station elevation. Intervals corresponding to differential symbol sizes are expressed in
seconds

Jeffreys-Bullen model to adequately represent the spherically averaged earth,
and (4) travel time variations due to lateral heterogeneity, The total variation
exceeds 10 s, so it is unlikely that reading errors are a significant factor.
Epicentral mislocation contributes to the residuals a term that varies like the
cosine of the azimuth. No such systematic variation in the residuals is evident.
This is not surprising since, for an epicentral uncertainty of less than 10 km,
which is probably appropriate for this event, the magnitude of this term will be
less than I s in the region sampled. Both the mislocation of focal depth and the
inadequacy of the Jeffreys—Bullen model will contribute terms that are inde-
pendent of azimuth. From Figure4 it appears that variations of this type can do
little to mitigate the anomalous times. For example, the average S residual and
SCS residual are almost identical,—0.55 and—0.6 s, respectively. Consequently,
the bulk of the travel time variation Observed in Figure 4 must be due to lateral
heterogeneities in shear velocity.

Where along the ray paths do these variations occur? Inspection of Figure-4
reveals that some of the residual behavior can certainly be ascribed to anomalies
in the crust and upper mantle beneath the receivers, where significant velocity
heterogeneity is known to reside. For example, the largest positive residual
(+6.4 s) is observed for the S time at Akureyri, Iceland (station AKU, azimuth d)
= —5°). The 808 time is also strongly positive (+4.5 3), and these observations
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are consistent with previous inferences that the mantle beneath Iceland is
characterized by low velocities (Long and Mitchell, 1970; Sipkin and Jordan,
1975). The largest negative residuals are for the S and 808 times observed at
Guam (GUA, çb= —170°),—10.8s and—7.5 s, respectively. The ray paths
through the upper mantle for these phases lie mostly within the lithospheric slab
descending beneath the Marianas, and this geometry suggests that the large
negative residuals are caused by the high velocities within the slab. Another
dramatic example of near-surface anomalies can be seen in the northeastern
quadrant of Figure 4: the residuals for stations in the tectonically stable regions
of North America (qb<50°) are generally negative, whereas the stations in the
Basin and Range Province and in western Canada (¢>50°) are invariably
positive.

Since this study is primarily concerned with near-source structure, it is
advantageous to eliminate these near-receiver effects as much as possible. This
can be done approximately by subtracting from each residual a scalar—valued
“station anomaly,” determined from previous seismological experience. In a
recent study by Sengupta (1975) station anomalies for most of the WWSSN
stations have been derived using travel times from a global distribution of deep-
focus events. Since Sengupta did not estimate anomalies for the Canadian
Network, corrections for these stations were constructed on the basis of their
tectonic setting, as determined from a map adapted from Douglas (1970)
published by Hashizume (1976, p. 335). Stations were assigned anomalies of —2 s
(shield provinces), Os (platforms) or+2s (Phanerozoic orogens). These values
are consistent with Sengupta’s anomalies for other continents and with the
experience of Sipkin and Jordan (1975, 1976). Based on the station’s tectonic
setting, anomalies were also assigned to the four WWSSN sites missing from
Sengupta’s catalogue: AKU,+5.0s; MAT,—2.0 s; SNG,+2.03; STU, 0.0 s.
Sengupta computed an anomaly of— l.6i4.4 s for station GUA; to account for
the observed large negative residual at this station, probably due to the slab
effect mentioned above, a value of — 8.0 s was substituted.

The residual sphere plot with the station anomalies removed is shown in
Figure 5. Evidently, the station correction procedure has merit; the consistency
of neighboring residuals is obviously improved, although the total variation in
the residual magnitude is only slightly decreased. In the NW and SE quadrants
the residuals are generally positive, whereas in the NE and SW quadrants the
residuals are generally negative. The broad spatial coherence of this pattern
suggests the existence of velocity heterogeneity in the vicinity of the source. The
principal feature of this pattern is a well-defined NE-SW trending trough—like
feature characterized by large negative travel time anomalies. A cross—section
through the central portion of the residual distribution perpendicular to the axis
of the trough is given in Figure 6. A constant baseline shift of—3s has been
added to all the residuals in Figure6 to adjust the average anomaly for the
European stations to near zero, which is consistent with the interpretation of the
anomaly described below. For the portion of the residual sphere depicted in
Figure 6, the amplitude of the feature is about 53. The magnitudes of the
negative residuals increase with increasing angle from the plane of this pro-
jection. A pattern such as this can qualitatively be explained by postulating the
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Fig. 5. Same as Figure 4, except residuals have been corrected for station anomalies discussed in the
text. Dashed lines bound region of residual sphere projected in Figure 6

existence of a nearly vertically dipping high-velocity zone below the event
striking parallel to the line of deep-focus earthquakes beneath the Sea of
Okhotsk.

To obtain a more quantitative estimate of this near-source anomaly one can
smooth the residual distribution on the focal sphere. Presumably, much of the
scatter between nearby points in FigureS is due to reading errors or the
inaccuracy of the station corrections in representing the path anomalies at large
distances from the source. If nearly random as a function of position on the
focal sphere, this noise can be reduced by averaging.

The procedure used in this experiment for smoothing and interpolating the
residual pattern will now be outlined. To state this method most simply we must
develop a compact notation. Let t3 be a vector of length Na containing the
observed absolute travel time residuals (including both the S and the ScS
residuals), let t3 be a vector of length Nd containing the observed ScS-S
differential travel time residuals, and let t9 be a vector of length N, containing
the observed station anomalies, taken in this instance to be Sengupta‘s (1975)
values supplemented with the estimates of the station corrections described
above. These three vectors are the experimental data at our disposal, and as
such represent samples of stochastic processes. The processes will be denoted by
ta, t.d and t,, respectively. We suppose that the quantity r3(9,¢) represents the
source anomaly for the ray leaving the hypocenter with take—off angle 9 and
azimuth çà. Let i=(0,q§). We shall not attempt to estimate rsfi) directly but
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Fig. 6. Projection of the residuals bounded by dashed lines in Figure 5 onto a vertical plane through
center of residual sphere oriented N60°W. Units of the radial coordinate are seconds. Circles are S
times and the triangles are ScS times; size of the symbol is proportional to the subjective quality
assigned to each reading. A 3 s baseline correction has been subtracted from all of the times

instead shall seek a local average of IA?) given by

am: l g(?,?')Ts(?') dQÜ") (1)
5"”(1)

A A!where 3’ (1) is the unit focal sphere and g(r, r) is an averaging kernel that will be
specified below. Let tS be the vector of length N“ whose i‘h component is {SEE},
where f,=(9,-,q5,-) is the position vector on 9’ (1) of the ray corresponding to the
i‘h component of ta.

A very simple time-term model is assumed to be valid in the fitting
procedure. For the absolute travel times we require

ta = t, + t, (2)
where the overbar indicates ensemble average, and the path anomaly vector tp is
related to the station anomaly vector by

tp=P . t, (3)
The operator P is an Na >< N, matrix whose elements are

1, if the it“ path anomaly is for a ray
P.= arriving at the j‘h station (4)

0, otherwise

Thus, the path anomalies for the 808 and the S phases received at a given
station are taken to be identical and equal to the station anomaly, an assump-
tion necessitated by the lack of better data. The ensemble average of the
differential time variable at a given station is assumed to equal the difference
between the ensemble averages of the $08 variable and the S variable at that
station; Le.

Ë=DÎH (5)
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instead shall seek a local average of IA?) given by

am: l g(?,?')Ts(?') dQÜ") (1)
5"”(1)

A A!where 3’ (1) is the unit focal sphere and g(r, r) is an averaging kernel that will be
specified below. Let tS be the vector of length N“ whose i‘h component is {SEE},
where f,=(9,-,q5,-) is the position vector on 9’ (1) of the ray corresponding to the
i‘h component of ta.

A very simple time-term model is assumed to be valid in the fitting
procedure. For the absolute travel times we require

ta = t, + t, (2)
where the overbar indicates ensemble average, and the path anomaly vector tp is
related to the station anomaly vector by

tp=P . t, (3)
The operator P is an Na >< N, matrix whose elements are

1, if the it“ path anomaly is for a ray
P.= arriving at the j‘h station (4)

0, otherwise

Thus, the path anomalies for the 808 and the S phases received at a given
station are taken to be identical and equal to the station anomaly, an assump-
tion necessitated by the lack of better data. The ensemble average of the
differential time variable at a given station is assumed to equal the difference
between the ensemble averages of the $08 variable and the S variable at that
station; Le.

Ë=DÎH (5)
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where D is a N, x Na matrix whose elements are

1, if ta]. is the ScS residual corresponding to tdl.
Dij= — 1, if ta]. is the S residual corresponding to tdi (6)

O, otherwise

It follows that

D - P = 0 (7)
t—d = D Ä (8)
The stochastic nature of the vectors ta, td and t, results from experimental

errors which corrupt the estimates t2, tf,’ and tf’. The error processes are assumed
to possess gaussian statistics, and the autocovariance matrices corresponding to
these processes are assumed to be known. These are

Vaa=(ta-?a)(ta-E.)* (9a)
Vdd = (ta _ t—d)(td ‘dk (9 b)

V;‘r =(tr_t—r)(tr'_ïr)* (9C)

where ( )* denotes transpose. It is convenient to assume that the errors for the
components of these processes are uncorrelated; i.e. the variance matrices are
taken to be diagonal. The square-roots of the diagonal elements of Vaa and Vdd
measure the precision of the travel time observations. For each datum a specific
value was assigned in the interval 0.5 s—2.0S based on a subjective estimate of
the datum quality. The square-root of the ith diagonal element of V,r was taken
to be

ni—l ‚ ni—l
(Vn)i1i/2= ——ni_3

ai, lf ni>3 and
I/ Vii—3

4s, otherwise

O'i<4S
(10)

where ai is Sengupta’s standard error of one observation at the ith station and ni
is the number of observations used in his estimate. The factor 1/(ni—1)/(ni—3)
corrects the standard error for the increase in the uncertainty due to a finite
number of observationsl. The station corrections estimated on the basis of
tectonic setting were assigned an uncertainty of 4 s.

Quantities which measure the fit of the model to the data are the quadratic
forms

x§=At2"Va;1-Ata (113)

Xâ=AtÏ' dËl‘Atd (11b)

Xr2=At>rk'Vrr—1‘Atr (11°)

1 Formally, this factor adjust the estimated variance to be an unbiased estimator of the second
moment of the student’s t distribution associated with the ith datum
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where

Ata=t2-—ta=t2—tS—P-t, (12a)
Atd=t§—td=t3—D-ts (12b)
At,=t9—t, (12c)

Estimates of ts and t, which “best fit” the data are defined as those which
minimize the sum of these quadratic forms

xê=xä+xâ+xî (13)
Minimizing xâ— with respect to arbitrary variations in t8 and t, is accomplished
with equations (11) and (12) and standard variational techniques. It can be
shown that a minimum is attained when the estimates t; and f, satisfy the
following system:

[K;1+D*-V.1;1~D]'fs+ K;1-P'fi=K;1-t2+D*~Iézl-t2
(14a)

P*- Vazl -f.+[P*- V..:1'P+V.:1]'?,=P*-Izzl-t2+Vr:1-tf.’ (14b)
Since V" is nonsingular, the matrix

RsP*-Va;1-P+V.:1 (15)
will also be nonsingular and thus possess an inverse. Equation (14b) can
therefore be solved for t, in terms of ts:

t1=R-1-[P*-mzl-t2+V;:1~t9—P*-Va;1'f.] (16)
Substituting (16) into (14a) we find

S-fs=d° (17)
where

55mm».14,;1.D_z,;1.p.R—1.p*.Va; (18a)
dOEEIazl—mW-R-l-PrIan-t2

+D*-Vd;1-t3—V.;1-P-R—1-14:14? (18b)
Thus, minimizing (13) can be reduced to the problem of solving an NaxNa
system of linear equations. Because the matricies P and D are simple and
because the variance matricies (9) are taken to be diagonal, the matrix multipli-
cations in (16), (18a) and (18b) can be done analytically, and Equations (16) and
(17) are easily set up for numerical computations.

For the problem at hand, the euclidean norm of the last term in expression
(18a) exceeds the euclidean norm of the sum of the first two terms, and the
matrix S may be singular. Furthermore, the ratio of largest eigenvalue to the
smallest nonzero eigenvalue of the matrix S2 =S* . S is very large, and hence the
computation of the generalized inverse of S is an ill-posed problem.

Fortunately, the manifold of exact solutions to the normal equations (17) is
of little interest. Our concern is the construction of the smoothest approximate
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solution which satisfies the observational constraints to our satisfaction. To do
this let us return to Equation (1), where the elements of t were defined to be the
convolution of the source anomaly rs(r’) with a smoothing kernel g(f, î"). We
now specify this kernel to be

A A, _exp[___K:__r-rr’]
19gm” 4am ( )

where q0(K)ESinh(K)/K. These kernels are simply unimodular versions of
Fisher’s fundamental distribution on 9(1), and with this specification, Equation
(1) represents the convolution of rs with the spherical equivalent of a gaussian
filter function. The filter is low-pass, and the parameter K controls the filter
width. Define G(î’) to be the vector of length Na whose ith element is g(i“i,f’),
where fl. is the position on 9(1) of the ray corresponding to the ith element of ta.
Define Css to be the Na x Na matrix

C“: j G(î) G*(î) dm?) (20)
9(1)

The elements of Css are easily shown to be
i

2 27-“. 1/2
Css(Îi,Îj)=q0(K[

+
2rl

r1] )

47: 610(16)
for i, j = 1, 2, ...‚ Na. Let Wm) be the eigenvector of S . Cs, - S* corresponding to the
eigenvalue Â‘m’:

(S- Cs, . S*)-./z<'">=/1<mnp<"‘>, m: 1, ...,N (22)
Since C85 is a positive semi-definite symmetric matrix, the eigenvalues 1"") are
positive or zero, and the eigenvectors can be constructed to be orthonormal. We
suppose that the eigenvalues are arranged in decreasing order of magnitude:

(21)

Ä<1>2Äm2m 2,1002... 21““20

For M §Na, define the dyad

T(M)= ï um)? l/‚(m)'/‚=|<(m) (23)
m=1

where ( )1 denotes the generalized inverse;

M)- 1 if 2"") > 0
'

(m) T: ( ’

As approximate solutions to (17) consider the sequence

igM>=C„.S*.T<M>.d°; M=1‚...‚N„ (25)
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For each MgNa, [XÊTML the value of the fitting parameter (13), can be
computed. Several prOperties of these sequences are noted:

(i) Tm") is simply the generalized inverse of S - Css-S“, and if“
= Css—S*-(S- CssoS’td0 is the solution to (17) which minimizes the
Riemannian norm [tf- C511 -ts]”2 (assuming CS“,l exists).

(ii) With C5S specified by a smoothing operator, the sequence of solutions is
ordered such that i1“) is “smoother” than 1'5”” if M <M’ and if the eigenvalues
EM] and À‘M" are distinct. (See Jordan and Minster (1971, p. 7—42) for the precise
definition of smoothness used here.)

(iii) [firm is a monotonically decreasing function of M.

Thus, as M increases, more character (roughness) is added to the solution
and the fit to the data is improved. As M approaches N0, the solution
approaches a generalized inverse solution.

Our procedure is to find the smallest value of M such that increasing M does
not significantly reduce xi.

In the calculations, the value K=2.8 has been chosen. The associated filter
half—width is given by

A(K)=cos‘1(1—K"1)20.873 radians (26)

or about 50°. Numerical experiments demonstrate that the solution yielded by
the algorithm is not very sensitive to the value of K. The solution sequence (25)
has been computed for 1 gM g9, and the corresponding values offi are plotted
as a function of M in Figure 7. The value of the fitting function decreases
markedly out to M =5. For M >5, the decrease in 95% upon adding additional
eigenvectors is very small. This behavior was checked by computing the solution
for M =30; the concomitant value of Xi still exceeded 500. Therefore, no
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significant improvement in the fit to the data is achieved by increasing M
beyond 5, and the structure introduced by adding more eigenvectors is not
required by the data.

The smoothed source anomaly computed for M = 5 is shown in Figure 8. The
solution vector has been interpolated by the formula

TLM’G): I g(f,î’)G*(i")-S*- T‘M’-d0 dQŒ’); feE/(l) (27)
am

The fact that the solution vector is easily interpolated in a manner consistent
with the smoothing, without the need for imposing further structure, is an
advantage of the method. Figure 8, the principal product of the data analysis, is
discussed at length below.

The fit of the model to the data is shown in Figure 9, which displays the
distribution histograms of the residuals defined by Equations (12) normalized by
their assigned standard deviations for each of the three data types. The fit to the
absolute travel times and the station anomalies is good, with respectively 70%,
and 81% of the data lying within one standard deviation of the computed
values, compared with an expected 67 %. The fit to the differential travel times is
less good: only 44%J of the data lie within one standard deviation of the
computed values. The poorness of this fit has a simple explanation. In the
analysis we have taken the errors in the differential travel times and the errors in
the absolute travel times to be equal (if the subjective qualities assigned to the
picks were the same) and uncorrelated. Although that part of the uncertainty in
the ScS—S times caused by reading errors may approximate this behavior (the
readings were made independently), any errors arising from incorrect assump-
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tions in the formulation of the model surely do not. For example, repre-
sentation of the path anomalies in terms of a station correction that is identical
for both S and ScS is probably a crude approximation. The errors in the ScS-S
times due to the incorrectness of this assumption can be expected to equal
nearly the sum of the associated errors in the S and SCS times and are thus
correlated with the errors in the absolute times. If this is the dominant source of
error and if these errors in the absolute times are themselves uncorrelated, then
the variance of the differential time residuals should be approximately twice the
variance of the absolute time residuals. The observation that the differential and
absolute travel times are internally consistent, discussed in the previous section,
suggests that correlated errors of this sort do dominate, and the standard
deviations of the ScS-S times should therefore be increased by a factor of 1/5. If
this is done, 62% of the observed differential travel times fall within one
standard deviation of the computed values, which is an adequate fit to the data.

The fact that the noise in the differential travel times is correlated with the
noise in the absolute times explains why the model value of fi is large (545). If
the data processes were uncorrelated (e.g. K =0), then x9, would be chi-squarerd
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distributed with v=199 degrees of freedom (284 data constraining 80 station
corrections and 5 source anomaly parameters), and a model with x§>v
+1.651/Ê2232 could be rejected with only a 5% chance of making a type I
error. However, since these statistical assumptions are incorrect, the model
cannot be rejected on this basis.
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A more detailed comparison of the station corrections 5,. (path anomalies)
computed from equation (16) using if) and the estimated station corrections t?
is made in Figure 10, which plots these quantities as a function of azimuth from
the source. As was stated above, the fit is good, considering the large un-
certainties associated with t‚°‚ and there is no bias evident in the distribution
shown at the bottom of Figure 9. However, when viewed as a function of
azimuth, the variations in At,=t,°——t~, are systematic. For stations in the Basin
and Range Province, the Pacific Ocean and western Europe, At, is generally
positive, whereas, for stations in Canada, India and Asia, this difference is
generally negative. A comparison of Figures 8 and 10 shows that the systematic
variation in the fit to the station correction data mimics the computed source
anomaly. The effect of decreasing this bias as a function of azimuth would be to
increase the magnitude of the source anomaly in Figure 8 without changing its
basic pattern. This is an artifact of the method, which finds the shortest solution
(in the sense of the Riemannian norm discussed under point (i) above) that
minimizes xi. It is a desirable feature of the solution in the sense that the
amplitude of the source anomaly is probably underestimated, rather than
overestimated.

4. Interpretation

A convincing way to verify the smoothing and interpolation algorithm is simply
to compare Figures 5 and 8: processing the data by eye agrees well with
processing the data by computer. In making this comparison, one should note
that a baseline shift of—3 s has been applied to the source anomaly in Figure 8.
The “real” source anomaly baseline is not usefully constrained by this experi-
ment, because the baseline for the station corrections is essentially. arbitrary and
because there exists a trade-off between the average source anomaly and the
origin time of the source. Of course, in discussions of velocity contrasts, the
particular choice of the baseline is unimportant It is significant only when we
attempt to relate the source anomaly to absolute velocities,

say,
those of the

spherically averaged earth.
I interpret the source anomaly derived from this earthquake to be the

expression of a high-velocity zone beneath the source which is extended parallel
to the Benioff Zone. Accordingly, the baseline in Figure8 has been chosen to
yield a nearly zero anomaly for S rays which leave the source at shallow angles
in the NW direction (to European stations), the same baseline used in Figure 6.

The topographic form of the anomaly is consistent with this interpretation. It
is saddle-shaped with nearly perpendicular axes centered roughly in the middle
of the focal sphere. The axis of the “valleys” is oriented approximately parallel
to the strike of the Benioff Zone. With the chosen baseline, the anomaly at the
center of the saddle is about— 3.5 s. If the material beneath the source has shear
velocities higher than the surrounding mantle by 5 %, say, then this material has
to extend to a depth of nearly 1000 km to produce the stated decrease in travel
time. To reduce the depth extent of this material, the velocity contrast must be
increased correspondingly.
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Fig. ll. Vertical cross-sections along azimuth N60°W through preliminary models of the lower
mantle anomaly beneath the Sea of Okhotsk used in computing the diagrams in Figure 12. Structure
is uniform in direction perpendicular to section and is imbedded in a spherically symmetric earth
model. H represents hypocenter location relative to structure

In an attempt to obtain a more detailed picture of the anomalous mantle
below this earthquake, a number of parameterized models have been for—
mulated, and their theoretical anomaly patterns have been generated by a
simple ray tracing algorithm. In the algorithm the velocities of the Jeffreys-
Bullen model are approximated by a circular ray distribution (Bullen, 1963,
p. 122), and the source anomaly is computed by integrating the slowness
contrasts along the ray paths. As a consequence of Fermat’s Principle, this
procedure yields travel time anomalies correct to first order in the contrasts, but
no accounting for ray path distortion is made. Hence, the theoretical anomalies
are mapped onto the focal sphere incorrectly, and the computed anomaly
pattern is distorted. For typical slab structures the distortion can be quite severe
(of. Toksöz et 211., 1971, p. 1129). However, the “observed“ anomaly pattern in
FigureS was generated from travel times mapped onto the focal sphere also
using a spherically symmetric model. Thus, the approximations are self-
consistent and are hopefully valid for the purposes of a qualitative comparison.
But, certainly, any results based on them must be considered tentative until they
are verified by more exact three-dimensional calculations.

Two models of the anomalous mantle are shown in Figure 11. Both are slab-
like structures 100 km thick of uniform lateral extent striking N30°E with a dip
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Fig. 12. Stereographic projections of a portion of the lower focal hemisphere with source anomaly
contours computed from models A and B (Fig. 11). Contour interval is l s. Method of computation
is approximate and does not include the effects of perturbations to the ray paths caused by the
anomalous structure

of 85° in the N60°W direction. In model A the velocity contrast is a constant
5% and the slab continues below the hypocenter to a depth of 1000km. In
model B the velocity contrast varies discontinuously down the slab to a depth of
900 km. The region of high velocity contrast (+15 0/0_) in model B is designed to
represent a 30-km elevation of the mantle discontinuity (phase change) near
650 km, a possibility which is discussed further below. The source anomaly
patterns calculated for these models are shown in Figure 12.

These patterns are quite similar, indicating that the data are not very
sensitive to the trade-off between slab length and average velocity contrast. For
both models the variation qualitatively matches the saddle-shaped source an-
omaly derived from the data. The calculations were made with the hypocenter
located 25 km from the NW boundary of the slab. This location should be near
the coolest part of the slab (Schubert et al., 1975) where, at shallower depths,
most of the seismicity is concentrated (Engdahl, 1973; Veith, 1974). Choosing
the location of the source to be nearer the NW side of the slab introduces an
asymmetry about one axis of the saddle, increasing the gradient along northwest—
erly azimuths and decreasing the gradient along southeasterly azimuths.
Interestingly, such an asymmetry in these gradients is evident in Figures 6 and 8.

An asymmetry about the other axis of the saddle-shaped source is also
present: the SW valley is deeper and more pronounced than the NE valley.
Limiting the slab’s lateral dimension from the source to several hundred
kilometers in the NE direction can quantitatively explain the asymmetry. This
explanation is plausible, because the deep-focus seismicity terminates about
400 km northeast of the source beneath the Kamchatka Peninsula, near its
intersection with the Aleutian Arc transform fault. (To the southwest the
geometry of the Benioff Zone is essentially unchanged to the Hokkaido Corner,
over 1000 km distant from the source.)

Slab Penetration into the Lower Mantle 49l

Fig. 12. Stereographic projections of a portion of the lower focal hemisphere with source anomaly
contours computed from models A and B (Fig. 11). Contour interval is l s. Method of computation
is approximate and does not include the effects of perturbations to the ray paths caused by the
anomalous structure

of 85° in the N60°W direction. In model A the velocity contrast is a constant
5% and the slab continues below the hypocenter to a depth of 1000km. In
model B the velocity contrast varies discontinuously down the slab to a depth of
900 km. The region of high velocity contrast (+15 0/0_) in model B is designed to
represent a 30-km elevation of the mantle discontinuity (phase change) near
650 km, a possibility which is discussed further below. The source anomaly
patterns calculated for these models are shown in Figure 12.

These patterns are quite similar, indicating that the data are not very
sensitive to the trade-off between slab length and average velocity contrast. For
both models the variation qualitatively matches the saddle-shaped source an-
omaly derived from the data. The calculations were made with the hypocenter
located 25 km from the NW boundary of the slab. This location should be near
the coolest part of the slab (Schubert et al., 1975) where, at shallower depths,
most of the seismicity is concentrated (Engdahl, 1973; Veith, 1974). Choosing
the location of the source to be nearer the NW side of the slab introduces an
asymmetry about one axis of the saddle, increasing the gradient along northwest—
erly azimuths and decreasing the gradient along southeasterly azimuths.
Interestingly, such an asymmetry in these gradients is evident in Figures 6 and 8.

An asymmetry about the other axis of the saddle-shaped source is also
present: the SW valley is deeper and more pronounced than the NE valley.
Limiting the slab’s lateral dimension from the source to several hundred
kilometers in the NE direction can quantitatively explain the asymmetry. This
explanation is plausible, because the deep-focus seismicity terminates about
400 km northeast of the source beneath the Kamchatka Peninsula, near its
intersection with the Aleutian Arc transform fault. (To the southwest the
geometry of the Benioff Zone is essentially unchanged to the Hokkaido Corner,
over 1000 km distant from the source.)



492 T.I-1. Jordan

Distance from trench [kml
300 600 400 200 0 200

0 l I I

200 — _

Ë
3‘.
.E

Ë. 400 P --
(D O
EI „Ä

__ Hypocenter i / _.

\
l

f
l

600 — ç
I!

_.

+ l
l l

H i l __
I l
l l

300 i i I l l l I i l

Fig. 13. Vertical cross-section perpendicular to the Kurd-Kamchatka Arc showing inferred location
of descending lithospheric material above the seismic discontinuity (after Veith, 1974, pp. 31—32,
sections 9 and 10). Black dots are relocated hypocenters and short line segments represent
orientation of compressional axes for events with down-dip compression. Note the inferred change
in the dip of the Beniofl Zone near 550 km depth. The hypocenter of the January 29, 19?],
earthquake is indicated by the arrow

These explanations for the source anomaly asymmetry in terms of the slab
geometry are appealing, but, despite their plausibility, neither is really de-
manded by the data. For the existence of the asymmetries to be required, the
extrapolation of the source anomaly to regions of the focal sphere outside the
data range (9>52°) and its interpolation in regions where the data are sparse
[e.g. the SE quadrant) must be trusted. Any such trust is misplaced, since the
anomaly values within these regions are very uncertain. Furthermore, the
asymmetry in Figure 8 can largely be removed by postulating that the source is
mislocated 0.15OENE of the actual epicenter. Although an epicentral mis-
location of this magnitude is considered unlikely, it cannot be discounted as an
alternate hypothesis.

A notable discrepancy between the estimated anomaly pattern and the
theoretical calculations is the broadness of the negative valleys in Figure8
compared with those in Figure 12. This could be evidence that the effective slab
width exceeds the model value of 100 km, but, again, explanations independent
of the slab structure are possible. Perhaps the data have been smoothed too
much; a narrower negative trough is certainly not excluded by the data in
Figure 5. Also, the effects of residual sphere distortion by the three—dimensional
structure, which could contribute to the broadening, remain to be evaluated.

492 T.I-1. Jordan

Distance from trench [kml
300 600 400 200 0 200

0 l I I

200 — _

Ë
3‘.
.E

Ë. 400 P --
(D O
EI „Ä

__ Hypocenter i / _.

\
l

f
l

600 — ç
I!

_.

+ l
l l

H i l __
I l
l l

300 i i I l l l I i l

Fig. 13. Vertical cross-section perpendicular to the Kurd-Kamchatka Arc showing inferred location
of descending lithospheric material above the seismic discontinuity (after Veith, 1974, pp. 31—32,
sections 9 and 10). Black dots are relocated hypocenters and short line segments represent
orientation of compressional axes for events with down-dip compression. Note the inferred change
in the dip of the Beniofl Zone near 550 km depth. The hypocenter of the January 29, 19?],
earthquake is indicated by the arrow

These explanations for the source anomaly asymmetry in terms of the slab
geometry are appealing, but, despite their plausibility, neither is really de-
manded by the data. For the existence of the asymmetries to be required, the
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location of this magnitude is considered unlikely, it cannot be discounted as an
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A notable discrepancy between the estimated anomaly pattern and the
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compared with those in Figure 12. This could be evidence that the effective slab
width exceeds the model value of 100 km, but, again, explanations independent
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One feature of the model which does appear to be required by the data is the
near vertical dip of the high-velocity zone beneath the source. Decreasing the
dip to much less than 80° distorts the anomaly pattern severely and predicts
larger negative residuals for the ScS-S times at stations in western Europe than
are observed. This nearly vertical dip was at first surprising to the author, since
the dip of the Benioff Zone above the event is close to 45° (Fig. 1). Figure 1 does
indicate, however, that the dip of the seismic zone may change at a depth of
about 550 km. Evidence supporting this hypothesis was obtained independently
and prior to this study by Veith (1974), whose results are summarized in
Figure 13. Not only do his relocated hypocenters indicate this change in dip, but
there is a distinct, similar change in the orientation of compressional axes at
about 550 km depth. This independent evidence for the nearly vertical dip of the
slab below the hypocenter adds weight to our results.

5. Discussion

The data base and modelling procedures used here are too crude to place
bounds on the depth extent of the high-velocity material without the in-
corporation of further constraints, such as a bound on the maximum velocity
contrasts. Mitronovas and Isacks (1971) have estimated the average shear
velocity contrasts within the slab above the deep-focus zone to be 7°/Oi1%, a
value compatible with the observed compressional velocity contrasts. Higher
lateral velocity contrasts, perhaps as great as 15 % , could exist in a limited depth
range if the 650-km mantle discontinuity were elevated because of reduced
temperatures within the descending lithospheric slab. If the temperature con-
trasts are as great as 700°C, as in the model of Schubert et al. (1975), and the
Clapeyron slope for the 650-km phase transition is as great as 2 >< 10‘2 Kb/°C,
then this discontinuity could be elevated as much as 30 km. These assumptions
are incorporated into model B and imply a minimum depth extent for the high
velocity material of 900 km. However, best estimates of the entropy change
across the 650-km transition are near zero (Jackson et al., 1974; Anderson,
1976), so little or no change in the depth of this discontinuity is expected,
regardless of the temperatures. Furthermore, the predicted temperature con-
trasts below 400 km are lower by several hundred degrees than at shallower
depths, due to conductive heating and some warming by exothermic reactions
(Schubert et al., 1975); thus, the velocity contrasts beneath the source are likely
to be less than 7 %. If so, the depth extent of the high-velocity material probably
exceeds 900 km, as in model A.

It should be noted that these depth estimates are lower bounds, since small
scale lateral heterogeneity below 900 km depth subtends only small solid angles
from a deep-focus source, and its expression in the focal sphere anomaly pattern
will not be observable. Also, more realistic three-dimensional ray tracing
calculations may reduce somewhat the large negative anomalies shown in
Figure 12.

Thus, a zone of high-velocity material extends well into the lower mantle
beneath the Kuril-Kamchatka subduction zone. Similar anomalies apparently
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exist beneath other regions of plate convergence, and I interpret these features to
be the expressions of colder lithospheric material that has penetrated the lower
mantle (Jordan, 1975). This evidence strongly supports the old hypothesis that
the lower mantle participates in thermal convection,(Jordan, 1975; O’Connell,
1976; Davies, 1976), at least the large—scale flow responsible for plate motions
(Richter and Parsons, 1975).

6. Conclusions

(a) An algorithm has been formulated for recovering the source anomaly by
smoothing and interpolating travel time data which densely populate a region of
the focal sphere. The algorithm is based on standard least-squares analysis, but
some of the specific methods discussed here may be usefully applied elsewhere.
(b) Application of the algorithm to shear-wave travel time data from the January
29, 1971, Sea of Okhotsk deep-focus earthquake yields a saddle-shaped source
anomaly pattern (Fig. 8). This pattern is compatible with the presence of
a planar high-velocity zone beneath the source with a nearly vertical dip and a
strike parallel to the Kuril-Kamchatka Are. The high-velocity zone is in-
terpreted to be the expression of colder lithospheric material that has penetrated
the mantle below the seismic discontinuity near 650 km.
(c) The configuration of the high-velocity zone has been explored by a simple
ray-tracing method which predicts, to first order, the magnitude of the travel
time anomalies associated with lateral structure but does not account for ray
path distortion. These calculations indicate that the dip of the high-velocity zone
is greater than 80°. This agrees with the geometry of the slab at depths greater
than 550 km deduced by Veith (1974) from a study of seismicity and fault plane
solutions. Asymmetries in the derived anomaly pattern can be explained by
locating the source near the northwestern boundary of the slab and by limiting
the slab’s northeastern extent, hypotheses which are also compatible with the
geometry of the seismic zone. However, these asymmetries are only marginal
features of the solution and, even if significant, may be caused by source
mislocation. The broadness of the negative valleys in Figure 8 may indicate that
the effective width of the slab is greater than the model value of 100 km, but,
again, explanations independent of mantle structure are tenable. A bound on the
depth extent of the high-velocity zone is possible only if additional constraints
are imposed. If the 650—km discontinuity is unperturbed by the presence of the
anomalous temperatures and if the average shear velocity contrast is 5 % or less,
then the high-velocity material must extend to at least 1000 km depth to account
for the anomalous times. High velocities may exist at greater depths, but the
data do not resolve this deeper structure. The conclusions concerning the
configuration of the anomalous zone are tentative until more realistic three—
dimensional ray tracing calculations are applied to this data set. The modelling
attempted here should be considered as only the first step of an iterative
procedure aimed at explaining the data.
((1) This study and other work on mantle heterogeneity strongly suggest that
material is being exchanged between the upper mantle and the lower mantle
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mislocation. The broadness of the negative valleys in Figure 8 may indicate that
the effective width of the slab is greater than the model value of 100 km, but,
again, explanations independent of mantle structure are tenable. A bound on the
depth extent of the high-velocity zone is possible only if additional constraints
are imposed. If the 650—km discontinuity is unperturbed by the presence of the
anomalous temperatures and if the average shear velocity contrast is 5 % or less,
then the high-velocity material must extend to at least 1000 km depth to account
for the anomalous times. High velocities may exist at greater depths, but the
data do not resolve this deeper structure. The conclusions concerning the
configuration of the anomalous zone are tentative until more realistic three—
dimensional ray tracing calculations are applied to this data set. The modelling
attempted here should be considered as only the first step of an iterative
procedure aimed at explaining the data.
((1) This study and other work on mantle heterogeneity strongly suggest that
material is being exchanged between the upper mantle and the lower mantle
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and, thus, that the convection implied by plate motions is not confined to the
upper mantle.
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Phenomenological Representation of Seismic Sources

G. Backus1 and M. Mulcahy”
1 Institute of Geophysics and Planetary Physics, University of California,
San Diego, A-025, La Jolla, CA 92093, USA
2 Department of Geological Sciences, Princeton University, Princeton, NJ 08540, USA

All the usual phenomenological representations of earthquake sources can be obtained from the
stress glut, the difference between the elastic model stress tensor field and the true physical stress
tensor field. For thermoelastic sources the stress glut is an ordinary function; for faults it is
a singular distribution whose support is the fault surface. The equivalent force distribution is
the negative divergence of the stress glut. The polynomial moments of the equivalent force and
the stress glut are the two types of seismic moment tensors. The force moments are completely
determined by the motion and the glut moments are not. If all the force moments are known,
the motion is completely determined, and if all the glut moments are known the source is completely
determined, along with the force moments and the motion. Contrary to some published work,
the seismic moment tensor is not the integral of the stress drop, and the equivalent force is
not the negative divergence of the stress drop. The most general point source has as stress glut
a finite linear combination of derivatives of delta functions. It can be used to approximate real
localized sources. There are point sources which produce no motion. Mechanisms exist by which
a real fault may produce a seismic moment tensor with nonzero trace. Real faults probably can
be represented as simple surface sources, a generalization of dislocation sources, but less inclusive
than De Hoop sources.
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The Influence of the Core and the Oceans
on the Chandler Wobble

F.A. Dahlen1 and M.L. Smith2
1 Department of Geological and Geophysical Sciences, Princeton University,
Princeton, NJ 08540, USA
2 Cooperative Institute for Research in Environmental Sciences, University of Colorado/NOAA,
Boulder, CO 80302, USA

Elastic-gravitational normal mode theory is used to investigate the dynamical influence of the
fluid outer core on the free wobble of a rotating, ellipsoidal Earth model which does not have
surficial oceans. A self-consistent equilibrium tidal theory is then employed to determine the passive
influence of the associated pole tide on this mode. These calculations yield the observed Chandler
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wobble period to within its observational uncertainty; models of the Earth having elastic material
properties inferred from high frequency seismological observations appear therefore to predict
with good accuracy the response of the real Earth at a period of fourteen months. We find
also that more precise measurement of the Chandler wobble period is not likely to constrain
strongly the structure of the Earth’s fluid core, that estimates of wobble excitation by earthquakes
based on a quasi-static calculation of the Earth’s response are correctly computed, and that the
coupling between wobble and spin induced by the geographically irregular distribution of the
oceans is sufficiently slight that it is unlikely ever to be observed.

References

Dahlen, F.A.: The passive influence of the oceans upon the rotation of the Earth. Geophys.
J. 46, 363—406, 1976

Smith, M.L.: Wobble and nutation of the Earth. Geophys. J ., 1977 (in press)

The Earth’s Core-Mantle Interface Revisited

R. Hide
Geophysical Fluid Dynamics Laboratory, Meteorological Office, Bracknell, Berkshire, England

Determinations of fluctuations in the length of the day have revealed changes due to the transfer
of angular momentum between the Earth’s “solid” mantle and the overlying atmosphere on time
scales upwards of a few weeks, as Well as the slower but more pronounced “decade variations”
due largely (according to current ideas) to angular momentum transfer between the mantle and
the Earth’s liquid core. Improvements in techniques for monitoring the Earth’s rotation (such
as those afforded by recent advances in methods of ranging to artificial satellites and the Moon
and of very-long baseline interferometry) should therefore lead to results of interest to meteorologists
concerned with planetary-scale motions in the atmosphere and to geophysicists concerned with
the magnetohydrodynamics of the core and the origin of the main geomagnetic field. The considera-
tion of the stresses at the Earth’s surface and at the core-mantle interface that bring about angular
momentum exchange between the solid and fluid parts of the Earth raises a number of basic
hydrodynamical questions requiring further experimental and theoretical research. In the case of
the core, quantitative difficulties encountered by the suggestion that the stresses are electromagnetic
in origin led to the idea of topographic coupling associated with hypothetical undulations of
the core-mantle interface.

At a few kilometres in vertical amplitude, such “bumps” would not significantly influence
seismic data but they would measurably distort the Earth’s gravitational and magnetic fields and
might account for a certain correlation between these fields. Indeed, it was as a direct outcome
of a test of the “bumps” hypothesis that the correlation between the gravitational and magnetic
fields was discovered. Having been introduced originally by the author in an attempt to account
for the high variability of the frequency of geomagnetic polarity reversals and certain properties
of the geomagnetic secular variation (for references, see Hide, 1977), the hypothesis is now sup-
ported by sufficient evidence to justify further work on its various implications for the Earth’s
internal structure and evolution. It will be particularly important in future work on the inter-
pretation of long wavelength features of the geoid to take into account one direct implication of
the aforementioned correlation between the Earth’s gravitational and magnetic fields, namely
that the broad features of the horizontal pattern of density variations in the mantle are probably
characterized by a high degree of vertical coherence—much higher in fact than many workers
have evidently been prepared to accept hitherto.
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Seismic Observations of Structure and Physical Properties
of the Subcrustal Lithosphere as Evidence
for Dynamical Processes in the Upper Mantle

K. Fuchs

Geophysical Institute, University of Karlsruhe, Hertzstr. 16,
D-7500 Karlsruhe, Federal Republic of Germany

Observations of body waves from explosions and earthquakes have revealed recently some un-
expected properties of the lower lithosphere: P-wave velocities definitely larger than 8.2 km/s and
anisotropy with velocities dependent on the azimuth of propagation both under oceans and conti-
nents. A model of the subcrustal lithosphere with pieces of laminas of high velocities is proposed
to explain the transmission of high-frequency PI, and Sn to teleseismic distances and the tunneling
of low-frequency body waves through the subcrustal lithosphere. The preferred orientation of
these laminas is probably achieved by the same mechanism which produces the anisotropy.

The observations of high velocities in the lower lithosphere is evidence in itself that anisotropy
is present there. Since the direction of maximum velocity correlates in the ocean and on the
continent with a number of tectonic features, a causal connection between anisotropy and dynamical
processes related to plate motion must be suspected.
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Seismic Anisotropy — a Summary

Stuart Crampin
Institute of Geological Sciences, Murchison House, Edinburgh EH9 3LA, Scotland

The matrix formulation of Crampin (1970), and the decomposition of the elastic tensor into three-by-
three sub-matrices (Taylor and Crampin, 1977; Crampin, 1977), permit numerical calculation of
both body and surface wave propagation in simple layered anisotropic structures (Keith and Cram-
pin, 1977a, 1977b, 1977c; Crampin and Taylor, 1971; Crampin and King, 1977). The general
principles of propagation in anisotropic structures are well understood from these studies, but
the effects of the anisotropy on the behaviour of the waves are often subtly different from the
corresponding isotropic propagation.

The best known of these differences is that, in the presence of anisotropy, there are azimuthal
variations in the velocity of body waves and the dispersion of surface waves. These are difficult
to observe in the earth except in particular uniform structures. Such velocity anisotropy in the upper
mantle has now been observed many times in refraction experiments at sea, in West Germany
(Bamford, 1977), and velocity anisotropy of the dispersion of the Fundamental Rayleigh mode has
been observed in the NAZCA plate in the Pacific Ocean (Forsyth, 1975).
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Refraction experiments are, perhaps, the most direct way of measuring the variation of velocity
within the earth, but they can only give reliable measurements in relatively homogenous areas, and
are expensive to perform. It can be shown (Crampin, 1977) that observations of P-wave velocity in
a single plane of weakly anisotropic (less than 7% velocity anisotropy) have a relatively simple form:

pc2=A+B cos 20+Ccos 46,

where c is the phase velocity, 6 is the azimuth measured from a direction of sagittal symmetry,
and A, B, and C are simple linear combinations of the elastic constants. Even when A, B, and
C are well determined by the observations, they contain very little information about the elastic
constants, or the constituent anisotropic structure (Crampin and Bamford, 1977), but do, of course,
identify the symmetry direction.

The most distinctive characteristics, which distinguish propagation in anisotropic material from
the corresponding isotropic propagation, are polarization anomalies, where the Rayleigh motion
is coupled to the Love, and the P and SV motion is coupled to the SH. The coupling of Rayleigh
and Love motion by anisotropy in the upper mantle is most clearly displayed by the Third Gener-
alized mode; the equivalent of the Second Rayleigh mode in an isotropic earth (Crampin, 1975).
Such polarizations have been observed along a network of paths covering a large part of Eurasia
(Crampin and King, 1977), bounded by the Alpine and Himalayan mountains on land, and the
1000 m depth contour at sea. Such studies are limited by the homogenity of the structure necessary
for higher mode propagation, and the difficulty of observing higher modes on conventional photo-
graphic seismograms.

Body wave polarization anomalies caused by anisotropy have only recently been recognised
and synthesized (Keith and Crampin, 1977c), and have not yet been sought on seismic records.
The P, SV, and SH coupling arises because there are 3 body waves propagating in any direction
in anisotropic material (a quasi-P wave, and two quasi-shear waves) with orthogonal polarization.
The polarizations are fixed by the alignment of the direction of propagation to the symmetry planes
of the anisotropic structure, and not by the interface reactions, or the polarization of the incident
wave. Synthetic seismograms show that the coupling produces small but significant P—>SH and
SH-—>P, and large SV—rSH and SH—>SV conversions at each isotropic/anisotropic interface, for
all directions of propagation except those with sagittal symmetry. Along directions of sagittal
symmetry the P and SV waves are decoupled from the SH waves as in isotropic material, although
the individual equations of motion may be very much more complicated (Crampin, 1976). The
polarization anomalies are very sensitive to the presence of even very weak anisotropy (Crampin,
1977), and it is suggested that analysis of polarization anomalies may be a powerful technique
for examining earth structure.

Although the principles of propagation in anisotropic material are understood, the effects of
anisotropy are varied and difficult to predict, and numerical calculation is necessary for the descrip-
tion of the behaviour of almost every anomaly. The solution of many problems, that can be
solved in isotropic structures, can now be formulated in anisotropic structures, and solved, subject
to the need for numerical calculation at an earlier stage in the manipulation. It is unfortunate
that the seismologist’s usual response is that the earth is largely isotropic, and that anisotropic
studies are an unnecessary complication. Many anisotropic problems can now be solved exactly;
it is only the effects that are complicated. P-wave arrival times are rather insensitive (except in
refraction and reflection experiments) to the velocity variation within the earth, and the presence
of an anisotrOpic layer in the lithosphere (a very plausible concept) may provide a simpler explanation
of many arrival time anomalies than previous descriptions requiring scattering, heterogeneous,
and discontinuous phenomena.

Acknowledgements. This work was undertaken as part of the research programme of the Institute
of Geological Sciences, and is published with the approval of the Director, IGS.

References

Bamford, D.: Pn velocity anisotropy in a continental upper mantle. Geophys. J., in press, 1977
Crampin, S.: The dispersion of surface waves in multilayered anisotropic media. Geophys. J.

21, 387—402, 1970

500 Abstracts and Short Communications

Refraction experiments are, perhaps, the most direct way of measuring the variation of velocity
within the earth, but they can only give reliable measurements in relatively homogenous areas, and
are expensive to perform. It can be shown (Crampin, 1977) that observations of P-wave velocity in
a single plane of weakly anisotropic (less than 7% velocity anisotropy) have a relatively simple form:

pc2=A+B cos 20+Ccos 46,

where c is the phase velocity, 6 is the azimuth measured from a direction of sagittal symmetry,
and A, B, and C are simple linear combinations of the elastic constants. Even when A, B, and
C are well determined by the observations, they contain very little information about the elastic
constants, or the constituent anisotropic structure (Crampin and Bamford, 1977), but do, of course,
identify the symmetry direction.

The most distinctive characteristics, which distinguish propagation in anisotropic material from
the corresponding isotropic propagation, are polarization anomalies, where the Rayleigh motion
is coupled to the Love, and the P and SV motion is coupled to the SH. The coupling of Rayleigh
and Love motion by anisotropy in the upper mantle is most clearly displayed by the Third Gener-
alized mode; the equivalent of the Second Rayleigh mode in an isotropic earth (Crampin, 1975).
Such polarizations have been observed along a network of paths covering a large part of Eurasia
(Crampin and King, 1977), bounded by the Alpine and Himalayan mountains on land, and the
1000 m depth contour at sea. Such studies are limited by the homogenity of the structure necessary
for higher mode propagation, and the difficulty of observing higher modes on conventional photo-
graphic seismograms.

Body wave polarization anomalies caused by anisotropy have only recently been recognised
and synthesized (Keith and Crampin, 1977c), and have not yet been sought on seismic records.
The P, SV, and SH coupling arises because there are 3 body waves propagating in any direction
in anisotropic material (a quasi-P wave, and two quasi-shear waves) with orthogonal polarization.
The polarizations are fixed by the alignment of the direction of propagation to the symmetry planes
of the anisotropic structure, and not by the interface reactions, or the polarization of the incident
wave. Synthetic seismograms show that the coupling produces small but significant P—>SH and
SH-—>P, and large SV—rSH and SH—>SV conversions at each isotropic/anisotropic interface, for
all directions of propagation except those with sagittal symmetry. Along directions of sagittal
symmetry the P and SV waves are decoupled from the SH waves as in isotropic material, although
the individual equations of motion may be very much more complicated (Crampin, 1976). The
polarization anomalies are very sensitive to the presence of even very weak anisotropy (Crampin,
1977), and it is suggested that analysis of polarization anomalies may be a powerful technique
for examining earth structure.

Although the principles of propagation in anisotropic material are understood, the effects of
anisotropy are varied and difficult to predict, and numerical calculation is necessary for the descrip-
tion of the behaviour of almost every anomaly. The solution of many problems, that can be
solved in isotropic structures, can now be formulated in anisotropic structures, and solved, subject
to the need for numerical calculation at an earlier stage in the manipulation. It is unfortunate
that the seismologist’s usual response is that the earth is largely isotropic, and that anisotropic
studies are an unnecessary complication. Many anisotropic problems can now be solved exactly;
it is only the effects that are complicated. P-wave arrival times are rather insensitive (except in
refraction and reflection experiments) to the velocity variation within the earth, and the presence
of an anisotrOpic layer in the lithosphere (a very plausible concept) may provide a simpler explanation
of many arrival time anomalies than previous descriptions requiring scattering, heterogeneous,
and discontinuous phenomena.

Acknowledgements. This work was undertaken as part of the research programme of the Institute
of Geological Sciences, and is published with the approval of the Director, IGS.

References

Bamford, D.: Pn velocity anisotropy in a continental upper mantle. Geophys. J., in press, 1977
Crampin, S.: The dispersion of surface waves in multilayered anisotropic media. Geophys. J.

21, 387—402, 1970



|00000515||

Abstracts and Short Communications 501

Crampin, S.: Distinctive particle motion of surface waves as a diagnostic of anisotropic layering.
Geophys. J. 40, 177—186, 1975

Crampin, S.: A comment on “The early structural evolution and anisotropy of the oceanic upper
mantle”. Geophys. J. 46, 193—197, 1976

Crampin, S.: A review of the effects of anisotropic layering on the propagation of seismic waves.
Geophys. J ., in press, 1977

Crampin, S., Bamford, D.: Inversion of P-wave velocity anisotropy. Geophys. J ., in press, 1977
Crampin, S.‚ King, D.W.: Evidence for anisotropy in the upper mantle beneath Eurasia from

the polarization of higher mode seismic surface waves. Geophys. J ., in press, 1977
Crampin, S.‚ Taylor, D.B.: The propagation of surface waves in anisotropic media. Geophys.

J. 25, 71—87, 1971
'

Forsyth, D.W. : The early structural evolution and anisotropy of the oceanic upper mantle. Geophys.
J. 43, 103—162, 1975

Keith, C.M., Crampin, S.: Seismic body waves in anisotropic media: reflection and refraction
at a plane interface. Geophys. J ., in press, 1977a

Keith, C.M., Crampin, 8.: Seismic body waves in anisotropic media: propagation through an
anisotropic layer. Geophys. J ., in press, 1977b

Keith, C.M., Crampin, 8.: Seismic body waves in anisotropic media: synthetic seismograms.
Geophys. J., in press, 1977c

Taylor, D.B., Crampin, 8.: Surface waves in anisotropic media: propagation in a homogeneous
halfspace. Phil. Trans. Roy. 800., submitted 1977

Precise Continuous Monitoring
of Seismic Velocity Variations

H. Bunguml, T. Risboz, and E. Hjortenberg3
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2 University of Copenhagen, Department of Geophysics,
Haraldsgade 6, DK-2200 Copenhagen, Denmark
3 Geodetic Institute, Department of Seismology,
Gamlehave Allé 22, DK-2920 Charlottenlund, Denmark

Seismic velocities in the siting area of the Norwegian Seismic Array (NORSAR) have been monitored
over a time period of one week using a hydroelectric power plant as a continuous wave generator.
Propagational phase angle differences have been measured over travel distances ranging from
4.7—13.7 km, and group velocities of_ the order of 3.5 km/s are derived. This is close to the expected
(phase) velocity for S-waves, and the particle motions derived at a distance of 4.7 km correspond
also well with those for S-waves. The obtained precisions are 10’3 for a time period of about
2h and 10‘4 when one week of data are used. The phase difference data contain a semidiurnal
spectral component with a peak-to-trough amplitude of around 10’3.
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On the Computation of Theoretical Seismograms
for Multimode Surface Waves

G. Calcagnilel, G.F. Panzalz, F. Schwab3, and E. Kausel4
1 Istituto di Geodesia e Geofisica, I—70100 Bari, Italy
2 Istituto di Geodesia e Geofisica, Bari, and Dipartimento di Scienze della Terra,
1-87030 Castiglione Scalo, Italy
3 Box 131, 308 Westwood Plaza, Los Angeles, CA 90024, USA
4 Department de Geofisica y Geodesia, Santiago, Chile

It is needlessly expensive to use standard computational techniques, when applying inverse Fourier
transformation to construct theoretical seismograms from frequency-domain data for multimode
surface waves. Such techniques require the evaluation of dispersion and attenuation information
for each mode, at each of a dense set of points which are equally spaced in frequency. These
evaluations are by far the most expensive part of the computation of theoretical seismograms
for surface waves. By further development of a method proposed by Aki, and departing from
the standard, equal-frequency-interva] computational techniques, it is possible to decrease the re-
quired number of dispersion and attenuation evaluations. With our new method we obtain an
increase in computational efficiency of 200% for the fundamental mode and 500% for the higher
modes. With the proposed techniques: (a) a quadratic fit to the amplitude spectrum is applied
in each frequency interval, (b) a linear or quadratic fit to the phase spectrum is used in each
interval, (0) automatic control over the accuracy of the theoretical seismograms is maintained,
and (d) with this control feature we can apply the method over as extensive a period range as
one desires, irrespective of how rapidly the group velocity varies.
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On the Excitation of the Earth’s Seismic Normal Modes

N.J .. Vlaar
Vening Meinesz Laboratory, Lucas Bolwerk 7, Utrecht, Netherlands

The excitation of the earth’s normal modes is formulated as an initial value problem. The static
state of the earth, stressed from its hydrostatic reference situation, is considered as the initial state. .
The initial state is relaxed, at the time of the earthquake, by the removal of the forces maintaining
the departure from hydrostatic equilibrium. Expressions are derived for the coefficients giving the
relative excitation of the individual modes for the cases where these forces are compensating volume
forces or compensating tractions on the faces of a dislocation. It is demonstrated that a point slip dis-
location has a body force equivalent in the form of a double couple with a deviatoric moment
tensor. However, for a source with volume change no moment tensor equivalent can be found. The
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volume change, apart from an elastic effect which can be represented by an isotropic moment
tensor, has a direct gravitational effect on the excitation. This effect is due to a balanced force field
consisting of a point force at the source and a continuous distribution of volume forces throughout
the earth. The latter distribution, if not taken into account, may give rise to artificial phases in the
frequency spectrum of the normal modes.
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Seismic Velocities and Density of an Attenuating Earth

R.S. Hart and D.L. Anderson
Seismological Laboratory, California Institute of Technology, Pasadena, CA 91125, USA

The dispersion that accompanies attenuation has been taken into account in many recent body
wave studies. In free oscillation and surface wave investigations, however, the effect has been
assumed to be of second order and, hence, has been ignored. Liu, Anderson, and Kanamori
(1976) have recently re-examined this effect and have shown it to be first order across the seismic
band. In order to compare data from different frequency bands, then, a frequency-dependent
correction must be applied to the observed phase velocities. The corrected data will then be represen-
tative of the elastic properties of the earth at the selected reference frequency. In the case of
the free oscillations and long-period surface waves corrected to body wave frequencies (about
one cycle/s), this correction factor is of the order of 1%, many times larger than the uncertainty
of the raw data.

As a first step in determining the appropriate attenuation corrections, a satisfactory Q model
must be developed. We have used free oscillation, surface wave, and body wave observations
to obtain a new average Q structure for the earth, designated model SL1. This model includes
a low Q zone at both the top and the bottom of the mantle. In these regions, seismic velocities
will be frequency dependent. This Q model has been used to correct the observed eigenperiods
of the spheroidal and toroidal modes to a reference period of 1 s. The corrected data set was
then inverted to obtain the radial variation of density and seismic velocities within the earth.
The largest changes from previous gross earth models, obtained through inversion of uncorrected
data, occur in the upper mantle and at the very base of the lower mantle. In the upper 700 km
of the earth, the inferred compressional and shear velocities increase by about 2% over previous
results. The resulting body wave travel-times no longer show the large discrepancies with times
predicted by body wave studies. In particular, the shear wave travel-times show only a 1.0 s baseline
shift relative to the Jeffreys-Bullen values as compared to the 6—10 s shift of past models. Deep
continental-oceanic mantle differences are no longer required to explain this feature.

The fact that seismic velocities depend significantly on frequency considerably complicates
efforts to determine the structure and composition of the mantle. A detailed knowledge of the
frequency dependence of Q from ultrasonic frequencies to normal mode frequencies as well as
the distribution of attenuation with depth is necessary before seismic data can be interpreted
with confidence. The development of a Standard Earth is substantially hindered as well. If the
Standard Earth is a valid concept, then a standard Q model and reference frequency must also
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be developed. Work in this area is only just barely beginning. Further, elastic properties at tidal
and Chandler periods differ from those at seismic periods and this also restricts the application
of a Standard Earth Model.
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A First-Motion Alternative to Geometrical Ray Theory

C.H. Chapman and S.K. Dey Sarkar
Department of Physics, University of Toronto, Toronto, Ontario MSS 1A7, Canada

In recent years, the direct measurements of the seismic ray parameter and comparisons with synthetic
seismograms have improved the interpretations of seismic data. This is particularly true of structure
near interfaces in both the crust and deep interior of the earth. Until very recently, however,
the computation of synthetic seismograms was too expensive and complicated for routine use.
In addition several approximations were necessary in the theory. In this paper the approximations
used in generalized ray theory are investigated in more detail and a new approximation is derived.

The generalized ray method is extended to vertically inhomogeneous media without approxima-
tion by homogeneous layers (Chapman, 1976a). The response is obtained as an infinite series
of depth integrals rather than a summation of many rays. It is shown that this series converges
rapidly to geometrical ray theory when the latter is valid. However, it is still expensive to compute
the multiple integrals and a simple approximation exists for the infinite series. This we call the
first-motion approximation.

The first—motion approximation is equivalent to geometrical ray theory but remains valid
at caustics and shadows. The same approximation can be derived from generalized ray theory,
the WKBJ approximation (Chapman, 1976 b) or an intuitive physical argument (disk ray theory).
The approximation is sufficiently simple that computations can be performed on a routine basis
from the travel-time curve. Comparisons of synthetic seismograms using the first-motion approxima-
tion and other methods have been made. The method is sufficiently simple that it can be extended
to cases where the WKBJ approximation is invalid, to laterally inhomogeneous and attenuating
models and to the inverse problem.
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Heterogeneous Velocity Structure at the Base of the Mantle
l. Model ~

J .A. Snoke and LS. Sacks
Carnegie Institution of Washington, Department of Terrestrial Magnetism,
5241 Broad Branch Road, N.W., Washington, DC 20015, USA

Using a ray-theory approach, we have modeled regions at the base of the mantle to determine
the characteristics of the velocity structure which give rise to observed amplitude variations in PKP
arrivals at epicentral distances greater than 158°. Consistent results for the amplitude anomalies
over the period range 0.5—10 s were obtained by modeling the lowermost 150 km of the mantle at
either the core-entry or core-departure point of the ray as consisting of cells which are 150 km high
and 150 km in lateral extent with lateral velocity variations of up to 1.5%. The PKPAB is near-
grazing at the mantle-core interface so that a ray traverses a number of cells. Our deterministic model
contrasts with Chernov random scattering in allowing for more than a single scattering in the
heterogeneous region. Also, the observed frequency dependence of the amplitude anomaly is
inconsistent with that predicted by Chernov scattering.
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Heterogeneous Velocity Structure at the Base of the Mantle

2. Observations and Interpretations

I.S. Sacks and J.A. Snoke
Carnegie Institution of Washington, Department of Terrestrial Magnetism,
5241 Broad Branch Road, N.W., Washington, DC 20015, USA

For epicentral distances greater than 158° the core phase PKPAB has near-grazing incidence at the
mantle-core boundary and hence is highly sensitive to velocity structure at the base of the mantle,
while PKPDF has near-normal incidence and is less sensitive. The amplitude ratio, PKPAB/PKPDF
for given earthquake-seismograph pairs is insensitive to source or near station effects. The
interpretation ambiguity caused by the two core boundary crossings for each arrival was removed
by studying numerous earthquake-seismograph groups which had only one coincident core-mantle
crossing region in their paths. Amplitude ratios for regions beneath the East Pacific and West Atlantic,
where abundant data are available, show good coherence and indicate large well defined contiguous
zones with different local structures. A model (see accompanying paper) which is consistent with
the data suggests that in some regions there are small-scale (~ 150 km) convection cells while other
regions may be involved in whole-mantle processes (convection, plumes). Correlations with isostatic
anomalies of the gravity field are consistent with this suggestion.
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Theoretical Seismograms of Core Phases Calculated
by a Frequency-Dependent Full Wave Theory,
and Their Interpretation

G.L. Choy*

Lamont-Doherty Geological Observatory of Columbia University, Palisades, New York 10964, USA

A frequency-dependent full wave theory is successfully employed to synthesize long period
seismograms of the core phases SmKS (m=1,2, ...) in the distance range 100° to 125°. Body
wave displacements are calculated by numerically integrating in the complex ray parameter plane.
Langer’s method is employed to obtain a uniformly asymptotic approximation to the vertical wave
functions. Plane wave reflection and transmission coefficients are adequately corrected for the effect
of the curvature at the core-mantle discontinuity by the use of generalized cosines. Results are
presented in the time domain, after a numerical Fourier (inverse) transform.

The computed seismograms exhibit many non-ray effects that the SmKS incur upon interacting
with the core-mantle boundary. For SKS, the amplitude, group delay and phase delay are very strong
functions of frequency at less than 0.5 Hz, both because of the frequency dependence of the reflection/
transmission coefficients at the core-mantle boundary, and because of the presence of diffracted
energy, called SP(diff)KS, perturbing the waveform. The diffracted energy of the type that perturbs
SKS may also interact with shear waves to give rise to a precursor to the body wave ScS, called
SP(diff)S. The major complication in synthesizing the portion of the seismogram containing SmKS
for m;2 is that the arrival time of each successively higher order reflection is within the waveform
of previous lower order reflections. It is found that a summation of body wave displacements from
SZKS through SlSKS gives an adequate seismogram. Each individual reflection has an amplitude
spectrum, group delay and phase delay which are strongly frequency-dependent at less than 0.2 Hz.
It is shown that picking conventional arrival times for SmKS, m g 2, is nearly impossible. Furthermore,
neglecting the frequency dependence of reflection/transmission coefficients can significantly distort
the interpretation of amplitude and phase data.

The seismograms generated by this method agree so remarkably well with observed records that
the synthetic waveforms provide a powerful test of the validity of particular earth models. In
particular, we find that the waveforms of SmKS are exceedingly sensitive to velocity gradients of
the upper 200 km of the outer core, and indications are that the velocities in the outer 200 km of
the core are higher than that predicted by Hales and Roberts (1971) or earth model 1066B. The
pulse widths of SmKS are also used to determine some fault parameters.

Reference

Choy, G.L.: Theoretical seismograms of core phases calculated by a frequency-dependent full wave
theory, and their interpretation. Submitted to Geophys. J .R.A.S., 1976

* Now with the U. S. Geological Survey, Office of Earthquake Studies, Denver, Colorado 80225,
USA

506 Abstracts and Short Communications

Theoretical Seismograms of Core Phases Calculated
by a Frequency-Dependent Full Wave Theory,
and Their Interpretation

G.L. Choy*

Lamont-Doherty Geological Observatory of Columbia University, Palisades, New York 10964, USA

A frequency-dependent full wave theory is successfully employed to synthesize long period
seismograms of the core phases SmKS (m=1,2, ...) in the distance range 100° to 125°. Body
wave displacements are calculated by numerically integrating in the complex ray parameter plane.
Langer’s method is employed to obtain a uniformly asymptotic approximation to the vertical wave
functions. Plane wave reflection and transmission coefficients are adequately corrected for the effect
of the curvature at the core-mantle discontinuity by the use of generalized cosines. Results are
presented in the time domain, after a numerical Fourier (inverse) transform.

The computed seismograms exhibit many non-ray effects that the SmKS incur upon interacting
with the core-mantle boundary. For SKS, the amplitude, group delay and phase delay are very strong
functions of frequency at less than 0.5 Hz, both because of the frequency dependence of the reflection/
transmission coefficients at the core-mantle boundary, and because of the presence of diffracted
energy, called SP(diff)KS, perturbing the waveform. The diffracted energy of the type that perturbs
SKS may also interact with shear waves to give rise to a precursor to the body wave ScS, called
SP(diff)S. The major complication in synthesizing the portion of the seismogram containing SmKS
for m;2 is that the arrival time of each successively higher order reflection is within the waveform
of previous lower order reflections. It is found that a summation of body wave displacements from
SZKS through SlSKS gives an adequate seismogram. Each individual reflection has an amplitude
spectrum, group delay and phase delay which are strongly frequency-dependent at less than 0.2 Hz.
It is shown that picking conventional arrival times for SmKS, m g 2, is nearly impossible. Furthermore,
neglecting the frequency dependence of reflection/transmission coefficients can significantly distort
the interpretation of amplitude and phase data.

The seismograms generated by this method agree so remarkably well with observed records that
the synthetic waveforms provide a powerful test of the validity of particular earth models. In
particular, we find that the waveforms of SmKS are exceedingly sensitive to velocity gradients of
the upper 200 km of the outer core, and indications are that the velocities in the outer 200 km of
the core are higher than that predicted by Hales and Roberts (1971) or earth model 1066B. The
pulse widths of SmKS are also used to determine some fault parameters.

Reference

Choy, G.L.: Theoretical seismograms of core phases calculated by a frequency-dependent full wave
theory, and their interpretation. Submitted to Geophys. J .R.A.S., 1976

* Now with the U. S. Geological Survey, Office of Earthquake Studies, Denver, Colorado 80225,
USA



|00000521||

Abstracts and Short Communications 507

Amplitudes of Long—Period PCP, SKS and SKKS
and the Structure at the Base of the Mantle
and in the Outer Core

G. Müllerl, R. Kindl, A. Mulal, and S. Gregersen2
1 Geophysical Institute, University of Karlsruhe,
Hertzstr. 16, D-7500 Karlsruhe, Federal Republic of Germany
2 Geodetic Institute, DK—2920 Charlottenlund, Denmark

We have studied the amplitude ratios PcP/P and SKS/SKKS in long-period WWNSS and CSN
records of 2 South American and 5 Tonga-Fiji deep—focus earthquakes. These data are compared
with theoretical ratios PcP/P and SKS/SKKS, derived from theoretical seismograms for a variety of
models of the lowermost mantle, the core-mantle boundary (CMB) and the outer core. The PCP/P
data discriminate against models with discrete layers above the CMB and against nonzero S velocities
below the CMB. They are reasonably well explained by simple first-order discontinuity models of
the CMB. The data may indicate a negative P-velocity gradient above the CMB, but it was not
possible to find a satisfactory fit for both PcP/P and the travel times of P0P. The SKS/SKKS ratio
is most sensitive with respect to the P-velocity distribution in the outer core down to depths of about
4200 km. Traditional distributions produce ratios which are significantly larger than the observed
ratios between 100° and 110°. Agreement of observation and theory is found for a model with
increased velocities around 3750 km depth. This model also satisfies the differential travel times of
SKS and SKKS, and its SKKKS phase is weak enough to be compatible with the observations.
Other models explaining the SKS/SKKS data have not been found. Our model implies pronounced
chemical zoning in the outer core.
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Relative Errors in Group Velocity Measurements"

L. Knopoff**
Department of Applied Mathematics and Theoretical Physics, University of Cambridge

Abstract. The estimates of error in measurement of group velocities for a
dispersed surface wave train are shown to be a strong function of the nature of
the dispersion curve. At periods near a group velocity extremum, group velocity
measurements give greater resolution of earth structure than do phase velocity
measurements; for periods removed from such extrema, group velocity
measurements give unacceptably large errors, at ordinary distances from an
earthquake focus.

Key words: Error-estimation — Group velocities — Surface waves.

The postulate that a dispersed wave train has superimposed noise with random
phase gives rise to the conclusion that the ratio of standard errors in the estimates of
phase and group velocities is strongly dependent on the frequency interval used in
the process of differentiation to derive group velocities from phase velocities
(Knopoff and Chang, 1977). The expression obtained is

aU/a.=2%<w/A coxUZ/cZ) (1)
where Cu and ac are the standard errors in the group and phase velocities, a) is the
frequency of the seismic signal and A a) is the frequency difference between sample
values. If the group velocities are derived from numerical differentiation of the
phase velocity curve, the value of Au) is obtained directly. The factor 2% arises
because of the assumption that the phases are assumed to be uncorrelated at the
two frequencies. If the group velocities are obtained from a single seismogram by
measuring the time of arrival of waves of a given period, the definition of the value
of A a) is not immediately obvious. In this case the factor 2à in (1) may be replaced by
1, since the origin time of the earthquake is assumed to be known and the apparent
group origin time can be determined directly for a postulated earth structure and
focal mechanism (Knopoff and Schwab, 1968).

Let it be supposed that we wish to determine the value of the ratio aU/ac for the
case of the direct reading of group velocities from a recording of a dispersed wave
train. In the visual processing of a dispersed record, we note the time of arrival t of
waves of a given period; the period is often determined by noting the time interval
* Publication Number 1684, Institute of Geophysics and Planetary Physics, University of
California, Los Angeles, USA
** Permanent Address: Institute of Geophysics and Planetary Physics, University of California, Los
Angeles, USA
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between successive crests of a more-or-less sinuous, frequency-modulated wave-
train. A signal of instantaneous period T will appear on the seismogram at the time
t= x/ U(T) where x is the epicentral distance. The difference in period A T between
two neighbouring parts of a well-dispersed wave train is

AT
dT

AUN

dU

o

The time interval between two successive maxima is

A z- fix; A U
Hence

dT U 2
A T: — —— A t.

dU

Since the time interval between two maxima is about equal to the period of the
oscillation, we have for the period difference corresponding to two successive
maxima,

dT U 2

dU x

The frequency difference is A co/a) = —— A T/T if A T is small enough. Whence formula
(1) becomes

A T= (2)

X
(3)ÛU/Uc =

Î

Thus aU/oc is small where dU/dT is small, i.e. near a group velocity extremum, and
aU/ac increases with increasing distance, i.e. as the wave train becomes more and
more dispersed. Evidently, since dU/dT is a strong function of period, Cu is a strong
function of T even if ac were independent of T.

For the case of Rayleigh waves on a continental structure (Fig. 2, Knopoff and
Chang, 1977), the value ofdU/dT is largest near a period ofabout 34 s; at this period
aU/ac=x (km)/370. At the group velocity maximum near 75 s, OH =0. Thus at the
usual distances for determination of group velocities, phase velocity information
provides significantly greater resolution than group velocity data. This is not true at
periods near group velocity extrema; here the advantage lies with group velocity
dispersion data.

C2 dU'
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The Propagation of Plasma Waves
in the Jovian Magnetosphere

K.U. Denskat and F. M. Neubauer

Institut fur Geophysik und Meteorologie der Technischen Universität,
Mendelssohnstr. 1A, D-33OO Braunschweig, Federal Republic of Germany

Abstract. Plasma waves may conveniently be classified by constructing so
called CMA diagrams. This approach was used to study broad band
characteristics of plasma waves propagating in the Jovian magnetosphere.
Spatial analogs of the well-known CMA diagrams show a large variety of
different propagation conditions in the magnetospheric plasma in Jupiter’s
vicinity between 3 and 25 RJ. Among others the propagation regions of
magneto hydrodynamic waves at low frequencies, “whistler” waves and
regions with approximately vacuum propagation conditions can be de-
lineated. In addition, the computations yield areas characterized by a total
lack of wave activity.

As a possible source of wave generation and absorption cyclotron
resonance interactions are of interest. The comparison of computed resonant
particle energies necessary for cyclotron resonance with Pioneer observations
of energetic particle fluxes illustrates the relevance of this mechanism as a
source of wave generation and amplification in Jupiter’s magnetosphere.

Key words: Jovian magnetosphere — Plasma wave propagation — CMA
diagram.

Introduction

The Jupiter encounters by Pioneer 10 and 11 gave the first opportunity for in
situ measurements of magnetic fields and particle populations in the Jovian
magnetosphere. Our knowledge about Jupiter’s magnetospheric conditions will
be further improved and completed by future planetary missions like the
Mariner-Jupiter-Saturn 77 mission to be launched this year and the Jupiter
Orbiter Probe (JOP) to be launched in 1981/82.

An important diagnostic tool for probing the Jovian magnetosphere will be
a plasma wave experiment. In the terrestrial magnetosphere the observation of
the so-called ULF, ELF and VLF-emissions has yielded significant information

J. Geophys. 43, 511—519, 1977 Journal O_fGeophysncs

The Propagation of Plasma Waves
in the Jovian Magnetosphere

K.U. Denskat and F. M. Neubauer

Institut fur Geophysik und Meteorologie der Technischen Universität,
Mendelssohnstr. 1A, D-33OO Braunschweig, Federal Republic of Germany

Abstract. Plasma waves may conveniently be classified by constructing so
called CMA diagrams. This approach was used to study broad band
characteristics of plasma waves propagating in the Jovian magnetosphere.
Spatial analogs of the well-known CMA diagrams show a large variety of
different propagation conditions in the magnetospheric plasma in Jupiter’s
vicinity between 3 and 25 RJ. Among others the propagation regions of
magneto hydrodynamic waves at low frequencies, “whistler” waves and
regions with approximately vacuum propagation conditions can be de-
lineated. In addition, the computations yield areas characterized by a total
lack of wave activity.

As a possible source of wave generation and absorption cyclotron
resonance interactions are of interest. The comparison of computed resonant
particle energies necessary for cyclotron resonance with Pioneer observations
of energetic particle fluxes illustrates the relevance of this mechanism as a
source of wave generation and amplification in Jupiter’s magnetosphere.

Key words: Jovian magnetosphere — Plasma wave propagation — CMA
diagram.

Introduction

The Jupiter encounters by Pioneer 10 and 11 gave the first opportunity for in
situ measurements of magnetic fields and particle populations in the Jovian
magnetosphere. Our knowledge about Jupiter’s magnetospheric conditions will
be further improved and completed by future planetary missions like the
Mariner-Jupiter-Saturn 77 mission to be launched this year and the Jupiter
Orbiter Probe (JOP) to be launched in 1981/82.

An important diagnostic tool for probing the Jovian magnetosphere will be
a plasma wave experiment. In the terrestrial magnetosphere the observation of
the so-called ULF, ELF and VLF-emissions has yielded significant information



|00000526||

512 K. U. Denskat and F. M. Neubauer

on the processes determining the plasma physics of the magnetosphere. Waves
observed by a suitable plasma wave experiment will have characteristics de-
termined by the wave source and the propagation properties of the magneto-
sphere. It is the purpose of this paper to investigate the propagation characteris-
tics of waves in the Jovian magnetosphere using the published Pioneer results
on the magnetic field and the plasma distribution in the distance range from 3 to
25 Jovian radii (RJ). Since the above mentioned future missions do not penetrate
to a distance closer than ~ 6 RJ (except for the atmospheric probe) we choose an
upper limit of 100 kHz for the frequency range investigated. At several 100 kHz
vacuum propagation conditions are essentially encountered outside 6 RJ.
Propagation conditions above 100 kHz and below a radial distance of 6 RJ have
extensively been treated in theories of Jovian decametric emissions (e. g. Smith,
1975)

In the next section we describe the model for the magnetic field and plasma
distribution which we have employed1n our calculations.

Different wave propagation characteristics may be classified conveniently by
constructing so-called CMA diagrams (e. g. Stix, 1962, Chap. 1 and 2). A spatial
analog of this classification scheme may be used for waves propagating in the
Jovian magnetosphere. Following this approach we computed configuration
space CMA diagrams for specified frequencies. The results are shown in
Section 3 and the implications for possible in situ observations are discussed.

Since cyclotron resonance interactions are expected to play an important
role in the Jovian magnetosphere in the last section we present calculations on
resonant energies for protons and electrons.

Magnetoplasma Models

According to the Pioneer vector magnetometer observations (Smith et al., 1974;
Acuña and Ness, 1976) in the Jovian magnetosphere we can express the
planetary magnetic field between 3 and 25 RJ by a dipole model with a moment
M=4.0 Gauss. RÉ. We neglect the higher multipole moments which become
progressively more important as the planet is approached. For simplicity we
assume a centered dipole:

M
B=;—3-]/1+3cos29. (1)

Here we have used the magnetic colatitude 9 and radial distance r. This model
may be oversimplified (e. g. No centrifugal drift currents which become notice-
able outside about 15 RJ have been taken into account); however, the essential
features of configuration space CMA diagrams are not expected to be affected
by this simplification.

At present no reliable model of the density distribution of plasmas in the
Jovian magnetosphere is available. We constructed an approximate in-
terpolation formula for the magnetospheric plasma density from the Pioneer 10
low energy proton observations by Frank et al. (1976). However, this particle
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detector was designed to observe interplanetary plasmas. In addition. spacecraft
charging may have been important (Scarf, 1975). Therefore, the observed plasma
densities in Jupiter’s magnetosphere are subject to some uncertainties and
deviations from the density distributions reported are still possible.

The interpolation formula describes an electron-proton plasma with the
density given by:

P—9.515 3 2'3 —P_62 —(——-—)2 —3N=0.1+F+50(F) +88‘ )+76 1.3 cm . (2)

P is defined as follows:

r
=—. f 3SP<10RJsinzfal or _

b b2
[3)

cP=———+ —2—— for 10<Pg25a a a

with rizsin2 9 + 3(sin M800
b = 5 sin2 9 —— 15 (sin {70800 —2r/RJ
CzZOr/RJ

i.e. between the LJ-shells (Mellwain’s L-parameter) L,=3 and L]: 10 we consid-
er the density to be constant along a field line to r=3 R]. Outside LJ= 10 the
contours N=const deviate from the field lines near the equator to form the
“plasma sheet”.

This formula takes into account the density enhancements around the L]—
shells of lo and Europa and fits reasonably well the in situ observations by
Frank et al. Figure 1 shows proton isodensity contours in the vicinity of Jupiter.
The density gradient limiting the flux tube of Europa on the outside is
somewhat steep. However, this gradient influences the configuration-space
CMA diagrams only insignificantly.

:
l I I I I I I I

Ü 2 4 5 a lo |2 14 15 13 20 22 24
LJ(JÜV|AN RAD“)

Fig. l. Proton isodensity contours (in cm”) for the Jovian magnetosphere from 3 to 25 RJ computed
from [2)
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Wave Propagation and Configuration—Space CMA Diagrams
in the Jovian Magnetosphere

The propagation properties of waves in a plasma depend on frequency, pro-
pagation direction and plasma properties. They are described by the refractive
index n=n(_f, Q, N, B) in the case of a two—component cold plasma (f, 6), N, B
denote wave frequency, propagation angle relative to the magnetic field, electron
and ion density of the plasma and magnetic field intensity, reSpectively). The
dependence of n on these parameters is conveniently studied by investigating the
form of n(@) at points in a appropriate space having scale lengths proportional
to dimensionless quantities 523/012 and (HÊ+HÎ)/w2 where (1):a and Q,., 11’.-
and H? are the angular electron cyclotron, ion plasma and electron plasma
frequencies, respectively. Such a plot is called a CMA diagram (e.g. Stix, 1962).
An example of a CMA diagram for an electron-ion plasma is shown in Figure 2.
The parameter space is divided by lines called “bounding surfaces“ which have
special significance in determining the t0pological genera of the wave-normal
surfaces 1/n(@). Wave-normal surfaces are sketched inside each bounded vo-
lume, throughout which their topological genus remains unchanged.

The wave-normal surfaces for the two branches of n?" are labeled right (R) or
left (L) according to the sense of polarization at (9:0, or ordinary (O) and
extraordinary (X) according to the refractive index at @=a/2. The topological
genus to which a given branch of „2 belongs depends on the coordinates in
parameter space.

The bounding surfaces are constructed from the conditions for cutoff(n2 =0)
and resonance (112200). These surfaces divide the parameter space into 13 vo-
lumes, each of which is characterized by its wave-normal surfaces. These
volumes are sometimes referred to as plasma wave propagation ponds. For
instance the propagation pond I contains vacuum propagation conditions in the
lower left. The frequencies of waves in pond I are higher than any characteristic
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R L III Ox ion-electron mass ratio was chosen to be 4. The

©t W V bounding surfaces are given by the conditions for

I Ii cutoff (R =0, L20, and P=0) and the principal
R=0 resonances (R: co, L= co, and 5:0). Cross-

sections of wave normal surfaces are sketched and

2 2 2
labeled for each region. For these sketches the

mi + me Hi» —-- magnetic field is directed along the ordinate

514 K. U. Denskat and F. M. Neubauer

Wave Propagation and Configuration—Space CMA Diagrams
in the Jovian Magnetosphere

The propagation properties of waves in a plasma depend on frequency, pro-
pagation direction and plasma properties. They are described by the refractive
index n=n(_f, Q, N, B) in the case of a two—component cold plasma (f, 6), N, B
denote wave frequency, propagation angle relative to the magnetic field, electron
and ion density of the plasma and magnetic field intensity, reSpectively). The
dependence of n on these parameters is conveniently studied by investigating the
form of n(@) at points in a appropriate space having scale lengths proportional
to dimensionless quantities 523/012 and (HÊ+HÎ)/w2 where (1):a and Q,., 11’.-
and H? are the angular electron cyclotron, ion plasma and electron plasma
frequencies, respectively. Such a plot is called a CMA diagram (e.g. Stix, 1962).
An example of a CMA diagram for an electron-ion plasma is shown in Figure 2.
The parameter space is divided by lines called “bounding surfaces“ which have
special significance in determining the t0pological genera of the wave-normal
surfaces 1/n(@). Wave-normal surfaces are sketched inside each bounded vo-
lume, throughout which their topological genus remains unchanged.

The wave-normal surfaces for the two branches of n?" are labeled right (R) or
left (L) according to the sense of polarization at (9:0, or ordinary (O) and
extraordinary (X) according to the refractive index at @=a/2. The topological
genus to which a given branch of „2 belongs depends on the coordinates in
parameter space.

The bounding surfaces are constructed from the conditions for cutoff(n2 =0)
and resonance (112200). These surfaces divide the parameter space into 13 vo-
lumes, each of which is characterized by its wave-normal surfaces. These
volumes are sometimes referred to as plasma wave propagation ponds. For
instance the propagation pond I contains vacuum propagation conditions in the
lower left. The frequencies of waves in pond I are higher than any characteristic

R
“a Û2 UQE/Luz

x“ ÊXÜ

IX

L

(San
, v1 . . .

92- 2,)“ 5:0 L R=m Fig. 2. CMA diagram for an electron—ion plasma
'11.} . . .ï“ L L=0 (Stix, 1962). For convenience of presentation the

R L III Ox ion-electron mass ratio was chosen to be 4. The

©t W V bounding surfaces are given by the conditions for

I Ii cutoff (R =0, L20, and P=0) and the principal
R=0 resonances (R: co, L= co, and 5:0). Cross-

sections of wave normal surfaces are sketched and

2 2 2
labeled for each region. For these sketches the

mi + me Hi» —-- magnetic field is directed along the ordinate



|00000529||

Jovian Magnetospheric Plasma Waves 515

frequency of the magnetoplasma. The opposite region XIII contains magneto-
hydrodynamic waves which have frequencies below any characteristic frequency.
Waves well known as electron whistlers propagating between conjugate points
in the earth’s magnetosphere are found in region VIII.

To systematically classify wave propagation in planetary magnetospheres it
proves convenient to construct spatial analogs to the parameter space CMA
diagrams. Such configuration-space CMA diagrams for planetary magneto—
spheres allow an excellent overview over the spatial occurrence of different wave
modes at specified frequencies. The boundaries in parameter space of Figure2
now become spatial boundaries. Their significance also lies in the fact, that
waves are reflected by cutoff surfaces and reflected or absorbed by resonance
surfaces (Stix, 1962).

Using different plasma and magnetic field models Liemohn (1973) and
Melander and Liemohn (1976) constructed configuration-space CMA diagrams
for Jupiter’s magnetosphere. In these papers theoretical plasma models of the
Jovian magnetosphere were used which have not been confirmed by the
Pioneer 10 observations by Frank et al. (1976) even under consideration of the
measurement uncertainties mentioned above.

For specified frequencies ranging from 10 Hz to 105 Hz we computed the
locations of bounding surfaces for cutoffs and the principal resonances in the
Jovian magnetosphere using conventional cold plasma theory. Here we have
neglected hot plasma effects which have to be taken into account if the
perpendicular wavelength is not much greater than the particle gyroradii and if
Landau and cyclotron resonance energies are not much greater than the average
particle energy. This occurs e. g. near the resonance conditions L = ~I_— 00 and R=
ioo (notation after Stix, 1962) and will not further be discussed here. By
Landau and cyclotron resonance energy we mean the kinetic energy of ions or
electrons which are in Landau and cyclotron resonance, respectively, with the
wave under consideration. For the simple cyclotron resonances some results are
shown in the next section. In addition, in a hot plasma several new modes may
appear like for example ion-acoustic waves, the significance of which depends on
their instability and damping characteristics. Also we have neglected the pos-
sible role of heavy ions which may lead to extremely interesting propagation
properties at very low frequencies.

Two configuration-space CMA diagrams are shown in Figures 3 and 4 for
propagation frequencies of 100 Hz and 10 kHz. The labeling of bounding
surfaces and the numbering of regions is retained from the parameter-space
CMA diagrams. One can think of this diagram as having almost rotational
symmetry with respect to the rotational axis of Jupiter in this part of the
magnetosphere. In part this configuration-space CMA diagrams are completely
different from the ones shown by Liemohn (1973) and Melander and Liemohn
(1976) due to the different plasma distributions used. This concerns the locations
of the bounding surfaces R=O, L=O and S=O. Of course, the locations of the
bounding surfaces R = oo and L = oo are not affected by the choice of the plasma
distribution.

At low frequencies (up to lkHz) there exist only a few large plasma wave
propagation ponds each containing one wave genus in the Jovian magneto-
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Fig. 3. Configuration-space
CMA diagram in the Jovian
magnetosphere for a wave
propagati0n frequency of
100 Hz. The numbering of
regions is the same as in
Figure 2
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Fig. 4. Configuration-space
CMA diagram in the Jovian
magnetosphere for a wave
propagation frequency of
10 kHz. The numbering of
regions is the same as in
Figure 2
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sphere from 3 to 25 R]. For a wave frequency f=100 Hz MHD wave pro-
pagation is possible in the innermost part of the magnetosphere (limited by the
surface L: cc). Region VIII denotes “whistler” wave prOpagation ponds.

A whistler wave propagating down the field line from the equatorial plane at
L_.=15, say, will enter region XI by passing through the local lower hybrid
resonance frequency mum (8:0) and enter the magnetohydrodynamic range
XIII by passing through the proton gyro frequency (Lzœ). Also note, that
propagation perpendicular to the magnetic field is not possible in region VIII.

We may consider waves propagating perpendicularly to the magnetic field in
the equatorial plane from low altitudes. At s14 in the equatorial plane the
lower hybrid frequency is reached where the wave is absorbed.

A large variety of plasma wave propagation ponds occurs at a frequency of
10 kHz. Particularly near the zenomagnetic equator regions of different to-
pological wave genera are densely packed. For example, a spacecraft moving
from intermediate magnetic latitude in the northern hemisphere through the
zenomagnetic equator towards the southern hemisphere at L_,=14 will traverse
five different propagation regions. Starting at almost vacuum propagation
conditions, one wave mode (X or R) will disappear in region 11, there are two
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modes again in region III. After passing through region IV with one wave mode
the spacecraft will find itself in regionV with no waves propagating at all
followed by the reverse sequence. A region where no wave propagation is
possible will be detected easily with broad band plasma wave receivers. At wave
frequencies below 10 kHz even larger regions without any wave activity emerge
remote from Jupiter (e. g. outside 22 RJ for a wave frequency of 1 kHz).

Because of the dipole tilt of l degrees the Galilean satellites will move
between zenomagnetic latitudes i10 degrees. At 10 kHz Ganymede will per-
iodically pass through regions I, II, III, IV, V. If it generates waves at 10 kHz
they will be trapped in region V near Ganymede. It is only near the extreme
latitude i 10 degrees that 10 kHz waves can fill the outer magnetosphere.

Region II of the CMA diagram is the “stop-band” in models of Jovian
decametric emissions. Its general significance lies in the fact that no extraor-
dinary waves can propagate in this region. This is important because many
mechanisms of wave generation produce exclusively extraordinary waves e. g. in
region III. Since such waves have to reach regionI and therefore have to pass
through region II to be observed at the earth, region II acts as a “stop-band”
(Smith, 1975) for extraordinary waves. Possibilities to overcome this problem
have been discussed by Smith (1975) in terms of mode conversion, tunneling etc.

Cyclotron Resonance Interactions

Wave particle interactions are expected to be a major source of waves in the
Jovian magnetosphere. Among the best known mechanisms are the cyclotron
resonance interactions between electrons and ions and plasma waves.

Cyclotron resonance between a charged particle and a wave of frequency co
and wave vector (k II , kl) occurs when the particle with a velocity component v”
parallel to the steady background magnetic field B0 fulfills the condition

where Qj=|eB0/mjc| is the cyclotron frequency of the j-th species of charged
particles.

To get an impression of the spatial energy distributions of particles needed
for cyclotron resonance interactions in the Jovian magnetosphere we computed
the necessary particle velocities parallel to the steady magnetic field from (4). We
restricted the calculations to waves propagating parallel to the steady magnetic
field for which only the simple cyclotron resonances m: il in Equation (4)
occur in the dispersion relations. To take relativistic particle velocities into
account we replaced mj by mJ.0/]/1—v|2|/c2 in (4) assuming particles with zero
pitch-angle. The corresponding particle energies for 10 Hz and 10 kHz are
shown in Figures 5 and 6 for electrons and protons in cyclotron resonance with
the modes n2 =L and n2 = R, respectively. Particle interactions with the L-mode
are possible in region XIII of the CMA-diagram in Figure 5, interactions with
the R-mode in regions VI to VIII of Figure 6 both under the assumption of zero
pitch-angle.
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Fig.5. lso-energy contours in the Jovian magnetosphere for protons and electrons in cyclotron
resonance with the L-mode for a wave propagation frequency of 10 Hz

Fig.6. Iso-energy contours in the Jovian magnetosphere for protons and electrons in cyclotron
resonance with the R-mode for a wave propagation frequency of 10 kHz

Pioneer 10 observations of energetic electrons and protons in the Jovian
magnetosphere (Fillius and Mcllwain, 1974; Trainor et al., 1974; Simpson et 211.,
1974) show significant particle fluxes in most of the magnetospheric regions and
energy ranges considered in this study. These energetic particles may give rise to
the generation and amplification of waves by cyclotron resonances (Scarf and
Sanders, 1976; Barbosa and Coroniti, 1976).

Summary

Possible wave mode characteristics for Jovian magnetospheric waves have been
evaluated at frequencies from 10 to 105 Hz. This frequency domain has been
shown to contain a large variety of propagation conditions in Jupiter‘s magneto-
sphere from 3 to 25 Ri.

A classification of the different wave modes was done by using
configuration-Space CMA diagrams at specified frequencies (examples are
shown for 102 Hz and 104 Hz).

The regions have been delineated in the Jovian magnetoSphere, where
plasma waves prOpagate as MHD-modes, “whistler” modes and where approxi-
mately “vacuum” propagation conditions with næl for both possible modes
characterize the propagation conditions. Also regions are defined in which no
cold plasma propagation occurs.

Also we have studied the cyclotron resonance energies of protons and
electrons at selected frequencies as a function of location. Particles at these
resonance energies determine the absorption and instability characteristics of
plasma waves in the Jovian magnetosphere for parallel propagation.

This study shows that the complex arrangement of the prOpagation regions
in certain frequency ranges together with the resonant particle distributions will
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yield complex spatial patterns of magnetospheric waves. Vice versa these waves
can be used by a wave experiment on a future mission to Jupiter to contribute
to the understanding of the dynamical processes determining the particle
population in the Jovian magnetosphere and the magnetoplasma distribution.
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yield complex spatial patterns of magnetospheric waves. Vice versa these waves
can be used by a wave experiment on a future mission to Jupiter to contribute
to the understanding of the dynamical processes determining the particle
population in the Jovian magnetosphere and the magnetoplasma distribution.
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Abstract. The statistical approach to electromagnetic induction in inhomoge-
neous media, developed in an earlier paper for the case of an infinite medium,
is extended to include the induction in very thin plane sheets where a simple
boundary condition can be used to match the fields at the sheet. This condition
is reformulated for the case of a stochastic conductivity distribution 0:00
+ 01(x, z). The solution of the linearized problem of the stochastic fields (index
1) is given. Then, the surface field correlation tensor Kij=BiBj is formed.
Because of the two-dimensionality of the problem, its components are linearly
dependent. Use of one to them, Kxx, provides an equation for the mean square
(ms) amplitude of the integrated stochastic conductivity r1(x), which can be
solved uniquely. The result is a representation of the rms conductivity (1%)1’2
through the spatial magnetic power spectrum Kxx, the global field B0, and the
mean sheet conductivity ’L'O. Since these are assumed to be known, and Kxx is a
measurable quantity, the rms deviation of the sheet conductivity from To,
constant over the corresponding correlation length L, can be determined from
the solution. Thus the method provides a solution of the stochastic inverse
induction problem in thin sheets. A short discussion is added. In the Appendix a
formula for the case of a Gaussian power spectrum Kxx is given.

Key words: Geomagnetic deep soundings — Magnetotellurics —- Electromag-
netic induction — Thin sheets — Inverse problem — Inhomogeneous media

1. Introduction

Changes in the earth’s conductivity distribution with depth and in the horizontal
space directions often produce very complicated spatial variations of the
geomagnetic induction field at the earth’s surface (cf. e.g. Schmucker, 1970). In
general, the conductivity in the earth’s mantle and crust does by no means
reflect a smooth and everywhere slowly variable dependence on space but can
be considered to be distributed by chance. In the case when this distribution is
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homogeneous, a mean global conductivity model of the kind used in MTS
(magnetotelluric sounding) is appropriate. On the other hand, if the distribution
is inhomogeneous, the treatment of the induction problem becomes extremely
difficult. To overcome the difficulty, several theoretical methods have been
proposed in the past, partly based on calculations of more or less refined
conductivity models of the earth (cf. e.g. Hobbs, 1975), partly triggered by the
idea of a so-called inverse method. The to our feeling most successful method of
the latter kind has been proposed by Weidelt (1972).

All these methods are based on a deterministic view of the whole induction
problem and are therefore restricted in two directions: (i) They depend very
strongly on the exact knowledge of the field distribution at the earth’s surface
resp. within the space volume under consideration; this knowledge can be
achieved only approximately, for at least the finite spacing of the measuring
points along a profile sets a natural limit. (ii) The stochastic distribution of the
conductivity is not taken into account; thus only a distinct mean or global
conductivity structure can be determined without any hint concerning its real
validity or estimate of its accuracy. As for an example we refer to the excellent
paper of Weidelt (1972) where his inversion method is applied to an impedance
curve previously explained by Fournier. Both interpretations coincide in the
mean course of the dependence of the conductivity on depth. There are however
significant differences in Fournier’s model of a stratified earth and in Weidelt’s
smooth conductivity curve, and there is no possibility to decide whether the
direct inversion method or the stratified model gives the correct conductivity
trend. Intuitively one would feel that the correctness depends on the depth itself.
One would hence be interested in a measure as e.g. a rms deviation of the
conductivity value that has been determined by any conventional method at
every space point. Another example is the so-called Northern German con-
ductivity anomaly which in the past has been explained satisfactorily as a deep
anomaly and/or a surface anomaly, missing to our knowledge any measure of
the accuracy of one or the other model.

We believe that such a measure can be found if the electromagnetic in-
duction problem is reconsidered to include the real stochastic distribution of the
conductivity within the earth. Actually, any such conductivity distribution
contributes a stochastic part to the electromagnetic induction field measured at
the earth’s surface via the induction process. Making use of this contribution, a
statistical method has been proposed recently (Treumann, 1973; Schäfer and
Treumann, 1975; Treumann and Schäfer, 1975) applicable to an infinite medium
with the field source embedded in it, showing the possibility of a determination
of the ms deviation of the conductivity from its global value at any measuring
point by use of a measurable quantity, the magnetic field correlation tensor.
Such a structure is, however, far from application to the earth’s interior and has
been selected primarily because of its mathematical simplicity, and to demon-
strate the method (application to ionospheric or magnetospheric conditions
seems to be more natural and will be considered in future).

The present paper extends these calculations to another model: that of a thin
nonuniformly conducting plane sheet. Since its treatment is relatively simple,
electromagnetic induction in thin sheets has experienced wide application in

522 R. Treumann and K. Schäfer

homogeneous, a mean global conductivity model of the kind used in MTS
(magnetotelluric sounding) is appropriate. On the other hand, if the distribution
is inhomogeneous, the treatment of the induction problem becomes extremely
difficult. To overcome the difficulty, several theoretical methods have been
proposed in the past, partly based on calculations of more or less refined
conductivity models of the earth (cf. e.g. Hobbs, 1975), partly triggered by the
idea of a so-called inverse method. The to our feeling most successful method of
the latter kind has been proposed by Weidelt (1972).

All these methods are based on a deterministic view of the whole induction
problem and are therefore restricted in two directions: (i) They depend very
strongly on the exact knowledge of the field distribution at the earth’s surface
resp. within the space volume under consideration; this knowledge can be
achieved only approximately, for at least the finite spacing of the measuring
points along a profile sets a natural limit. (ii) The stochastic distribution of the
conductivity is not taken into account; thus only a distinct mean or global
conductivity structure can be determined without any hint concerning its real
validity or estimate of its accuracy. As for an example we refer to the excellent
paper of Weidelt (1972) where his inversion method is applied to an impedance
curve previously explained by Fournier. Both interpretations coincide in the
mean course of the dependence of the conductivity on depth. There are however
significant differences in Fournier’s model of a stratified earth and in Weidelt’s
smooth conductivity curve, and there is no possibility to decide whether the
direct inversion method or the stratified model gives the correct conductivity
trend. Intuitively one would feel that the correctness depends on the depth itself.
One would hence be interested in a measure as e.g. a rms deviation of the
conductivity value that has been determined by any conventional method at
every space point. Another example is the so-called Northern German con-
ductivity anomaly which in the past has been explained satisfactorily as a deep
anomaly and/or a surface anomaly, missing to our knowledge any measure of
the accuracy of one or the other model.

We believe that such a measure can be found if the electromagnetic in-
duction problem is reconsidered to include the real stochastic distribution of the
conductivity within the earth. Actually, any such conductivity distribution
contributes a stochastic part to the electromagnetic induction field measured at
the earth’s surface via the induction process. Making use of this contribution, a
statistical method has been proposed recently (Treumann, 1973; Schäfer and
Treumann, 1975; Treumann and Schäfer, 1975) applicable to an infinite medium
with the field source embedded in it, showing the possibility of a determination
of the ms deviation of the conductivity from its global value at any measuring
point by use of a measurable quantity, the magnetic field correlation tensor.
Such a structure is, however, far from application to the earth’s interior and has
been selected primarily because of its mathematical simplicity, and to demon-
strate the method (application to ionospheric or magnetospheric conditions
seems to be more natural and will be considered in future).

The present paper extends these calculations to another model: that of a thin
nonuniformly conducting plane sheet. Since its treatment is relatively simple,
electromagnetic induction in thin sheets has experienced wide application in



|00000537||

Electromagnetic Induction in Thin Sheets 523

geomagnetic induction theory (cf. e.g. Ashour, 1971; Weidelt, 1971). Here, the
model of a thin sheet will be considered for the case, when the stochastic
distribution of the conductivity comes into account. In that case, as will be
shown below, by use of an appropriate averaging procedure with respect to the
scale length L of the conductivity fluctuation, a boundary condition for the
secondary stochastic fields is obtained. Subsequently, the stochastic field is
calculated up to a first-order approximation, and the second-order field-
correlation tensor is constructed. In the fourth section of the present paper, this
tensor will be used to obtain a representation of the spatial power spectrum or
auto-correlation function of the stochastic part of the sheet conductivity, from
which it is possible to determine the mean squared (ms) deviation of the
conductivity resp. its rms amplitude from the mean value To. In Section 5, using
the representation of the ms conductivity amplitude, the nonlinear contribution
of the fluctuating conductivity to the thin sheet boundary condition will be
calculated. This leads to the definition of an effective sheet conductivity which is
a very complicated function of space and nonlinear in the components of the
average field. This suggests that in the presence of a stochastic conductivity
distribution in the sheet the surface distribution of the global field becomes
extremely complicated, and use of a simple sheet conductivity model is for-
bidden. Section 6 presents a short discussion of the theoretical results. An
application of the derived formulae to a Gaussian power spectrum of the
horizontal induction field is given in the Appendix.

2. Formulation of the Problem

Following the program outlined in the Introduction we assume that the con-
ductivity 0(x, z) of the sheet is the sum of a mean conductivity 00(x, z) and a
stochastic conductivity 01(x, z) (Fig. 1) according to

0(x, z) = 00(x, z) + 01(x, z),

and 01(x, z) is assumed to vary on a much shorter horizontal scale than 00(x, 2)
so that 00(x,z) can be considered laterally constant when compared with the
variation of 01(x,z). According to the 2 parts of the conductivity any outer
inducing primary field leads to the appearance of two parts of the induced
secondary field,—mean and stochastic part, respectively—, so that all the field
components can be split into mean and stochastic parts distinguished by the
indices 0, 1. Further, for simplicity, the sheet is assumed as plane, thin, and two-
dimensional (— oo g x, y g 00).

After integrating with respect to the vertical coordinate z the whole in-
duction process is contained in the equations

Bx: —öAy/Öz=(icz))’1 ôEy/ôz, (2.1)

Bz=ôAy/âx= —(iw)-1 ôEy/ôx, (2.2)
jy = ‚”5 1 [Bx(x9 0) — 3x06: “ 0)] = TOC) Ey(X‚ 0)» (2-3)

where Bx, B2 and Ey are the magnetic and electric field components, respectively,
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l7/ M! / Fig. 1. The model of the thin sheet under consideration

and j}. is the sheet current density. From Equation (2.3) a simple boundary
condition for the only component A,=—(in))‘1 E}, of the magnetic vector
potential at z: i0 can be derived (eg. Price, 1949; Weidelt, 1971):

imam/44x,0)=(êA./ôz)1:2:8. (2.4)
Further we have

FBI/Ez- = EB:/E‘x (2.5)
m

everywhere outside of the sheet, and the): I a(x,z)dz, the integrated sheet
—d‚."2

conductivity.
From Equations (2.1), (2.2) and (2.5) the two-dimensional Laplace-equation

is derived for A}, outside the sheet:

12/], 52A.f .1 J___0a ZËÛ. (2.6)
3x2 822

Together with Equation (2.4) it forms the basis of the calculation. Introducing

A‘,(x,2)=Aü(x,z)+A1(x,z), r(x)=r0(x)+r1(x), where Bo‘lx A01 1, r051. we .
= l 50,1 dz, into Equations (2.4) and (2.6) and averaging with respect to the

~dr’2

scale length of the sheet conductivity fluctuation r,(x), L, all terms linear in 11(x)
and Alfie) average out because of the assumption f1=A1=0, and we get the
boundary condition

. ‚ — 75A ‚z ==Ü
IUJHÜTÜ(X)AÜ(JÇ,Û)+1wuoîl(x)A1(x,Û)=(—O(—x—) (2.7)‘1

OZ E=—Ü

for the mean vector potential A023,” The bar indicates averaging in the above
sense.
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Subtracting Equation (2.7) from (2.4) we receive the boundary condition for
the vector potential of the stochastic fields, A1(x, z):

ia)‚u010(x)A1(x‚ 0)+ia)/10[1:1(x) A1(x, O)—T1(x) A105: 0)]
_ÖA1(x‚ z) Z: +0
—

52

Finally, Equation (2.6) is transformed by the same procedure into

62A 62Aa)?” 62320, (2+0). (2.9)
Equation (2.9) has to be solved for both the mean and stochastic fields, and the
conditions (2.7), (2.8) have to be imposed subsequently to match the fields above
and below the sheet at z=0. These conditions are, however, essentially nonlinear
in the fluctuating fields. To proceed further, we therefore introduce the lineariz-
ing assumption max lrl(x)/ro(x)l < 1. Since A1(x, z) is of first order in this
parameter, 131/11 becomes small of second order and will be neglected in a first-
order calculation of A1(x,z). Moreover, though r0(x), A0(x,z) are in general
(smooth) functions of position, they will be considered constant in the calculation
of A1(x, z) because of their much weaker dependence on space over the charac-
teristic length L of the variation of 11(x,z) when compared with the latter.
Hence, ”CO in our model is any given constant mean sheet conductivity, and
A0(x,z) is the vector potential of the mean field which is slowly variable in
comparison with A1(x,z) and which is induced by an arbitrary outer source
field, situated in the half-space above the sheet. But A1(x, z) depends strongly on
space, firstly through the space dependence of 1,00, but secondly through that
of A0(x, z) (and in general for other average sheet conductivity models also Io(x)).
Taking the average of any second order quantity, as for instance 11(x) A1(x, z) or
A1(x, z)A1(x, z), rl(x)r1(x), over the “fast” horizontal scale-length L, the short—
scale variation of the quantity under consideration is eliminated. What remains
is a “slowly” variable quantity (variable on a scale larger than L and compara-
ble with that of 1:0(x), A0(x, z)), in the expression of which the space dependence
of A0(x, z) (and eventually 10(x)) has to be taken into account.

After these introductory remarks we are in the position to select our model
(Fig. 1). For simplicity we let To =const but include an infinitely conducting half-
space at depth z=h below the sheet. Further, in accordance with the above
assumptions we drop the term 11(x) A1(x, 0) in Equation (2.7). Then the solution
for the mean field over a homogeneous sheet becomes the familiar expression

—ia)uotl(x) A0(x, O).
i

(2.8)
z=—O

e‘lslz+e's'z{1——(1+2i|sl/a)uoro)
00 _ -ex —2sh m S) for z§0A0(x,z)= j (156)615d m I I W °( (2.10)

‘°O 2e‘|s‘h(2i|s|w‚uoro)
-sinh{|s|(h—z)}/m0(s) for h;z_>__0

where ¢(s) is the Fourier-transform of the vector potential of the source field
above the sheet, and m0(s)=1—2i|s|/co,uoro—exp(—2|s|h). Below, the vector
potential A0 is to be considered constant. The discussion presented above
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for the mean field over a homogeneous sheet becomes the familiar expression

—ia)uotl(x) A0(x, O).
i

(2.8)
z=—O

e‘lslz+e's'z{1——(1+2i|sl/a)uoro)
00 _ -ex —2sh m S) for z§0A0(x,z)= j (156)615d m I I W °( (2.10)

‘°O 2e‘|s‘h(2i|s|w‚uoro)
-sinh{|s|(h—z)}/m0(s) for h;z_>__0

where ¢(s) is the Fourier-transform of the vector potential of the source field
above the sheet, and m0(s)=1—2i|s|/co,uoro—exp(—2|s|h). Below, the vector
potential A0 is to be considered constant. The discussion presented above
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enables us, however, to include the slow spatial variation of A0, given e.g. by
Equation (2.10) for the simple model of constant to, in the final result. The case
of a homogeneous inducing primary field is included in Equation (2.10) with 45(3)
=B0 ô(s)/|s|, where B0 is the constant field amplitude.

3. The Stochastic Field

Since there is neither a mean conductivity outside of the sheet, nor are there any
fluctuations of the conductivity, the spatially fluctuating first-order part of the
induction field possesses no sources above and below the thin sheet.
Consequently, the solution of Equation (2.9) for A1(x‚ 2) outside the sheet can be
written as

+°° . ' h(|s|h)exp|s|z for z§0
A = ‚ lsx—Islh d'

Sln
. .10“) Lage 5{sinh|s|(h—z) for hgzgo (31)

As has been supposed, this field is of first—order in the parameter Ir1/rol, so that
Equation (2.8) in a first-order approximation can be linearized, neglecting the
second term on the LHS to produce the linear but inhomogeneous boundary
condition

iwfloT0A1(xa 0)—(ôA1(x, Z)/ôZ)ÎË: (:0 = _i0T1(x) Ao- (3-2)

Here to and A0 are constants with respect to the lateral variation of A1(x, O) and
r1(x). It is thus a simple matter to solve Equation (3.2) with the vector potential
field of Equation (3.1) by applying the Fourier transform with respect to x,
assuming the existence of

n(s)=% î rl(x)e‘is" dx. (3.3)

Now, the solution of Equation (3.2) for the so far unknown function C(s) can be
given as

11(5) :41
m1(s) To

,c(s) = — (3.4)

where m1(s)=1—exp(—2|s|h)[1+i|s|/wporo].
The vector potential of the first order stochastic field produced by the

spatially fluctuating sheet conductivity reads
°° ds eisx"'s'h 11(3) sinh(|s| h) exp(|s| z) for ZSO,

= —A __ _ 3.5A1(x, Z) 0i, m1(s) To sinh |s|(h—z) for hêzèO, ( )

and the magnetic field components in the region z§0 resulting from it are
°° |S| 11(8) - _

B =A 1sx+|s|(z h)d ,, SO,1x(x9 Z) 0—500
m1(S) To

6 ‘5 Z _

B..(x, 2): —Aoi l ——£S"(S)“““W-“ds- (3.6)
—oo m1(s) TO
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Similarly the fluctuating electric field E1y(x, 2) can be found from Equation (3.5),
multiplying A1(x, z) by —ia). These field components will be used in the next
section for the construction of the field correlation tensor. On the other hand,
using E1y(x, z) and B1x(x‚ 2), one could construct an appropriate surface imped-
ance fluctuation resulting from the statistical conductivity distribution within
the sheet.

We will only use the field components above the sheet in the nonconducting
air space for in practice there are no measurements available from the re-
sistosphere below the conducting sheet at the earth’s surface but above the con-
ductosphere at z=h. On the other hand, if the thin sheet represents the
conducting flat ionosphere, and the conductosphere is the conducting earth,
both the fields above and below the sheet can be used for probing the
ionospheric conductivity by means of satellite and ground based measurements
of the magnetic variation field. In that case, however, it would be more
appropriate to take into account the anisotropic conductivity tensor of the
ionospheric plasma. An extension of the present theory to that case seems to be
straightforward.

4. The Correlation Tensor

As in our previous paper (Schäfer and Treumann, 1975) we now come to
construct the second-order magnetic field correlation tensor

Kij(ë,z=zo)=Bi(x, z=zO)Bj(x+ê,z=zO) =BOiBoj+B1iB1j, (4.1)

i, j=x, z. Here B0 =V >< A0 is the mean magnetic variation field, the components
of B1 are given in Equation (3.6), and the averaging proceeds along any profile 2
=z0 parallel to the sheet surface. This profile is for instance given by the plane z
= —0 itself. From the above definition of the correlation tensor it is clear that
Kij(€, 0) represents a measurable quantity. In practice one has to take the full
field components of the magnetic variation field B(w) at fixed frequency 0) along
any given measuring profile on the earth’s surface, where ë is the (possibly
constant) distance between the magnetograph stations, and to perform the cross-
and autocorrelation functions between all the field components of neighbouring
stations spaced by 5, to sum up all the contributions along a part of the profile
and to divide by the length L of that part. The full set of the correlations
calculated in this way provides the value of Ki]. at ë. Next this procedure has to
be repeated with spacings 2€, 3è, to get the functional dependence of K,-1(5).
The so far unspecified correlation length L is once restricted by the length of the
profile, on the other hand it is required to be comparable with the characteristic
variation length of the mean conductivity resp. the mean variation field. Hence, L
can be determined from a consideration of the variation field behaviour along
the measuring profile by attributing the mean behaviour of the field to the
mean conductivity structure.

Despite the practical problem of the determination of the variation field
correlation tensor, we are now able to calculate its components theoretically.
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First we observe the following symmetries

m1(8)=m1(-S)‚ n(-S)=n*(8). (4-2)
The second symmetry follows from the requirement of reality of the stochastic
conductivity.

At the sheet surface 2: —O the magnetic field components are given by

31
(x,0)}_ 5%

ISI
}__

77(8)x A sinh |s|h e‘sx‘ls'h. 4.3
Blz(x:0) 0—};CLS ‘15 "1811010

( ) ( )

Inserting these expressions into Equation (4.1) and carrying out the average with
respect to x, one finds for instance

27rA2 ”2 |s>'|2|v1(s)|2B xB_:5 _ lim ° ds ——-———1 10q Lrâ _LJ/z mÎ(S) sinh2(ls| h) e“isë‘2's’h. (4.4)

Similarly the remaining components B 12.3 12 (if), B1 B1, (5), B 1, Bx(ë) are easily
calculated. Additionally, taking into account that

B .B . ”2 .B0iB0j=lim M j dsô(s)e-lsë, (4.5)
L->oo L —L/2

one gets for the Fourier-transform of the full correlation tensor
1 ”2 ... -= ' ___ .. 15¢K„(s) L113; 21c L _{/2K„(5)e d5 (4.6)

the following representation

‚_ ‚ AÊI’KSN2 .2 _2|s„‚. 2 „ .Kij(s)—BOiB0jö(s)+27r
—m2(s)

Isl e s1nh (|s|h)Tij(s), (4.7)
1

where
1 is ns

Ti1(8)=(—isgns g1 > (4'8)

From this expression it is easily observed that det Tj =.O Thus T]. has no
inverse, and Equation (47) cannot be solved for |11(s)|2. ThislS however simply a
consequence of the supposed two-dimensionality of the problem. In that case the
vanishing determinant of Ti]. reflects the fact that there exists a linear re-
lationship between the transformed field components Equation (4.3) at the sheet
surface. Indeed, from Equation (4.3) we have the relationship

Blz(s)=a(s)B„(s)‚ a<s>= —isgns. (4.9)
This suggests that B1,,(x, O) can be represented as the Faltung integral of the 2
functions a(x) and B1x(x, O) according to

(X)

Blz(x‚ 0)= l a(x—C)B1x(€‚ 0)dC‚ (4.10)
—00

where a(x—Ç) is the inverse Fourier-transform of a(s). Taking advantage of the
Dirac identity öi(x)=(1/2){ö(x)-|_-(i/n) P(l/x)}‚ where P indicates the principal-
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value, a(x—Ç) can be found to be given by a(x—Ç)=(1/7r)P[l/(x—Ç)]. The
vertical field component B1z(x‚0) is therefore the Hilbert-transform of the
horizontal field B1x(x,0), and Vice versa. Thus we have recovered the well-
known relationships (Weaver, 1964)

Blzoc, 0)=(—1/n)P Î 31.12;. 0) deg/(c—x).

B..<x.0)=<1/n) P Î 812(6,0)dC/(C-X). (4.11)
Because of these relations between the field components Blz(x,0), B1x(x,0), it
suffices to restrict oneself on one of the four components of Kij(s) for a unique
determination of |n(s)|2. Without violating generality we choose the (xx)—
component

1 1 A2 |17(s)|2— K =—— B2 ö ——°- 2. .

Taking the real part of the LHS and rearranging this expression, the spatial
power spectrum

|11(S)|2 =(To 130x/27IISII‘10)2 I R69"? (S) [5(8) -Kxx(S)/(Bâx)]}l (4.13)
of the fluctuating conductivity 11(x) is obtained.

Equation (4.13) represents the main result of the present paper. It connects
the spatial power spectrum of the stochastic conductivity distribution with the
auto—correlation function Kxx(s) of the horizontal induction field at the surface
of the sheet. The latter, however, is a measurable quantity. Thus, |17(s)|2 can be
determined uniquely from suitable measurements along the sheet surface, if only
a mean conductivity of the sheet 1'0 has been determined previously, for which
the appropriate global field BOx, needed in Equation (4.13), can be calculated for
any primary inducing field from Equation (2.10), and A0 is given by (2.10) itself.
It has been mentioned previously that at this stage the dependence of A0, 80,,
(and eventually 1:0) on space becomes appreciable, so that |11(s)|2 becomes space-
dependent on a scale larger than L both via Kxx(s) and A0, B0,, (and eventually
7:0).

The remaining last step is from the spectrum |11(s)|2 to the ms conductivity
r—Î. This can easily be done through integrating

rÎ(x) = f n(s) 11(s’) 6“”8’” ds ds’ (4.14)

with respect to x over the appropriate scale length L of the conductivity
fluctuation:

3:27: Î |11(s)|2ds. (4.15)
——oo

Inserting I11(s)|2 from Equation (4.13) into this expression, we get finally
— 1 °° d 'ri =; «GEM/AD)?" (s) S—î |Re{mä(s)[ö(s)—K„(s)/(Bäx>]}|. (4.16)
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Equation (4.16) represents a measure of the validity of the mean conductivity
model at any measuring point along the profile. It depends firstly on 1’0, but
secondly on the auto-correlation function of the horizontal field Kxx, and can
therefore be calculated if only a mean model of the sheet conductivity can be
extracted and the auto-correlation function Kxx can be determined from the
measured field components.

5. Influence on the Boundary Condition

The presence of a fluctuating part of the conductivity within the sheet changes
the boundary condition in second order due to the second term on the LHS of
Equation (2.7),. Knowing as the solution for A1(x‚0) (Equation (3.5)) as |77(s)|2
(Equation (4.13)) this term can be expressed explicitly through the average fields
and the auto—correlation function Kxx:

—-————— —2 A0 °° 2
r1(x)A (x, 0): -——’ï— 5 ds W5”

—oo m1(S)

T Bzx °° ds= - O 0 5 7—— lRe{MÎ(S)[5(S)— Kxx(S)/(Bo ]}|. (5-1)Ao _oo ISIm (S)
On the other hand, introducing this into Equation (2.7) we get

. °° ds |17(s)|2 ÖA0(x‚ z)
1—2 O =——lOTO(X){ ”—500

m1(S) Ïâ(X)
0(x9 )

ôZ

as the new boundary condition for the average field. Here the slow space
dependence of r0(x) has been indicated explicitly. Comparison with Equation
(2.4) shows that the presence of the stochastic part of the conductivity changes
the sheet conductivity 10(x) to the effective onductivity

oo 2

reff(x)=ro(x){l—27r j dS M}
—oo m1(s)’râ(x)

Bâx(x)
00

d8 2 Kxx(s9 X)-T0(X){1
Aâ(x) in |s|2m1(s‚x)

Re m1(s,x)[5(s)
33x06)

]}. (5.3)

From this expression it becomes obvious that when |T1/’60|<<1 the correction
term becomes of second order in this parameter, a posteriori justifying our
initial assumption of neglecting this term in a first-order calculation of the
fluctuating fields. Equation (5.3) suggests a decrease of the effective conductivity
when compared with To due to the stochastic part. Thus, neglecting the latter, an
effective conductivity is obtained from a matching procedure of theoretical and
measured field values which is lower than the real conductivity of the sheet.

In the case of a non-homogeneous conductivity spectrum |n(s)|2, the effective
conductivity appearing in Equation (5.2) becomes a very complicated function of
space which is moreover nonlinear in A0(x). Hence, the boundary condition for
the average vector potential is in general nonlinear up to second order in II1 /’L‘OI.
Its solution seems to be impossible though a suitable perturbation technique can

Z=0

(5.2)
z=—O
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be applied. In a first-order calculation the solution is, however, not required
since Equation (4.16) opens the possibility to determine a first order rms—
correction to the initially assumed conductivity 130 of the sheet.

6. Conclusions and Summary

In the present paper we have formulated and solved the statistical induction
problem for a thin sheet having a stochastic conductivity distribution 11(x)
superposed over an average sheet conductivity ’60. We have used the boundary
condition for a thin sheet initially derived by Price (1949) and reformulated by
Weidelt (1971). Our solution of the problem, assuming the mean field distri-
bution to be known, enabled us to construct the magnetic field correlation
tensor at the surface of the sheet. We believe the latter to be a measurable
quantity appropriate for measuring conditions of the geomagnetic variation field
on long profiles at the earth’s surface. In our two-dimensional case there exists a
unique relationship between the 2 components B1x(x‚0), Blz(x‚0) at the sheet
surface whose representation could be written in the form of a Hilbert-
transform. Because of this relationship we were led to the restriction on only one
arbitrary component of the correlation tensor, from which the horizontal power
spectrum |n(s)|2 of the conductivity fluctuation could be derived. Subsequently
|r7(_s)|2 has been used to express the ms conductivity If, averaged over the
horizontal scale length L of the fluctuation, through the parameters of the
average model of the sheet conductivity and the auto-correlation function of the
horizontal magnetic variation field. We believe that our method provides an
effective statistical inverse mechanism to determine the rms conductivity de-
viation of the sheet.

Two points, however, deserve further discussion. The first is concerned with
the correlation length L; the second belongs to the informational content of the
final result, 1—12"

The correlation length or characteristic scale length of the conductivity
fluctuation, a terminus which has been used throughout the present paper, can
be defined as the shortest length, over which the conductivity fluctuation
averages out along the profile. It is hence the solution of the equation for Lmin:

Lrnin/ 2
j 11(x)dx=0.

—Lmin/2

Since 11(x) is a priori unknown, this equation is of little use for the de-
termination of L=Lmin. Instead one has to look for practical possibilities of its
determination. Two of its practical limitations are the limited length of the
measuring profile and the finite distance between the measuring points along the
profile. Especially the latter is of crucial importance because it would be of
worth to have many near-neighboured stations to receive high precision in the
lateral distribution of the fields. L has then to be chosen as small as possible to
get some intervals of length L along the profile and hence several values of if:
but simultaneously so large that a mean field can be extracted from the
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observations that can be brought into connection with the plate of constant
conductivity To.

Concerning the informational content of 1—21— we remark that it gives a
measure of the rms conductivity fluctuation, (EV/2, constant over the length L.
Since (1%)1/2 has both positive and negative sign, no conclusion can be drawn
concerning the direction of the deviation of the conductivity from its mean value
1’0. This, however, would be a deterministic result which has been excluded at
the beginning by our stochastic assumption. Instead the rms conductivity
fluctuation represents a measure of the scattering width of the real sheet
conductivity around 130. High values of hi)“ within some of the intervals of
length L signalize that here the real conductivity does appreciately deviate from
To. Such a situation can be taken to stimulate further considerations about the
reasons for this deviation and, perhaps, to proceed up to a more realistic model
and description of the conductivity distribution. For a more extended appli-
cation of the statistical method proposed in the present paper it would be of
great use to transform the theory to the model of a flat infinite half-space or a
spherical Earth. As to the former we refer to our paper presented at Sopron,
1976 (Treumann, 1976).

Finally we conclude that the use of the concept of field correlations in
electromagnetic induction theory seems to be not only new but also effective in
obtaining an additional information about the conductivity of the Earth from
measuring data of the geomagnetic variation field components. In the literature
there exist some other quantities called geomagnetic transfer functions or
induction tensors. We believe that there exists some close connection between
these quantities and the correlation tensor introduced above. We were however
unable to work this connection out. This will be left as a problem open for
future investigations.
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paper.

A. Appendix: The ms Conductivity for a Gaussian Spectrum

Since practical measurements are not available we chose for illustration a
theoretical dependence of Kxx(s) according to a Gaussian distribution

K..(s>/2nBé. = 6(s) + ß(s/A S)?" exp [ —<s — saß/(A sf], (A1)
where ß=(b1x/B0x)2, with blx the fluctuating field amplitude, sO <a)‚u01:0 a fixed
parameter, and A s a fixed spread of the spectrum. Inserting this into Equation
(4.16), using the expression for m1(s) and carrying out the various integrations
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with respect to s we obtain for the ms conductivity

T—2_[n’_
(521.73)2{1+n—1/2(__A_S_)2

lim1_ 4A5 A0 wfloTo zb~+zo
ô °° 2

53.1
j dze‘z lntanhv(Z+Zo)

_zô

+ Îodze—22 1n tanh y(z—zo)]}. (A.2)
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Here y = hA s, z’0 >z0 250/11 S. In every practical problem however no such simple
form is available in general, and the calculation must be carried out numerically
with Kxx(s) a (complex) measuring function which in general cannot be repre-
sented in closed form.
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Abstract. In this paper the origin of precursors to P’ P’ with lead times
greater than 50 s is investigated. Good NORSAR records of P’650P’ and
P’4OOP’ for these arrivals as well as corresponding slowness estimates are
presented. These phases are interpreted as done by others in terms of
underside reflections from discontinuities or sharp transition zones in the
upper mantle. An extensive search of 5 years of NORSAR records did
not produce any significant evidence on P’ P’ precursor arrivals with lead
times greater than 50 5 other than those mentioned above.

Key words: Precursor waves to P’ P’ — Upper mantle structure — Array
data.

Introduction

In a recent paper (Haddon et al., 1977) referred to subsequently as Paper 1,
the consequences of postulating irregularities in layers at the top and bottom
of the mantle were examined in respect of scattering associated with the usual
P’P’ phases. Theoretical results were derived and compared with detailed obser-
vational evidence on P’P’ precursor wavetrains with lead times up to 50 3 prior
to the main P’P’ phases recorded at the NORSAR array. It was demonstrated
that scattering in the crust and upper mantle and in the lowest mantle (region D”)
could account adequately for all of the NORSAR data and, moreover, that
these observations are generally inconsistent with the conventional P’dP’ inter-
pretation i.e., the hypothesis of undersite reflections from upper mantle discon-
tinuities at depths d in the 50 s lead time interval.

In the following we report results of an extension of our Paper 1 investigation,
namely, to precursor wavetrains in the interval 150—50 s prior to P’ P’. The
question of their origin is also discussed, i.e., whether they arise from underside
reflections from horizons in the upper mantle or have a scattering origin as
inferred for P’ P’-precursors having lead times less than 50 s.
* NTNF/NORSAR Contribution no. 214
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Table l. Events studied

LatDate Origin time
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Event
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Long Depth Mb Distance Azimuth Region Depth corrected
(NOAA) (NOAA) (deg) (deg) distance (deg)

143.5 E 51 6.6 71.1 ï 35.8 Hokkaido, Japan 71.2
147.0 E 578 5.9 64.5 30.0 Sea of Okhotsk 66.0
130.0 E 560 6.2 69.1 47.0 Sea of Japan 70.6

Data

The flexibility of the NORSAR data library system (for details see Bungum
et al., 1971) greatly facilitated an extensive search for P’ P’ precursor arrivals
in the distance range 40—75 deg with lead times greater than 50 s in the interval
May l97l—December 1975. Out of many thousands of earthquake records avail-
able about fifty corresponding to the largest events in the appropriate distance
range were inspected. Of these several exhibited clear arrivals at times corre-
sponding to P’650P’, while only one reasonably clear P’ 400P’ phase was found.
The conventional P’dP’ notation for P’P’ precursor arrivals is used to indicate
lead times without regard to the question of the origin of the waves. Moreover,
the associated d—values are given only to the nearest 50 km.

Full-array and sub-array beam seismograms for the best examples found
(Table 1) are displayed in Figures 1, 2, and 3. Slowness and azimuth estimates
for the corresponding observed maximum power arrivals obtained from BEA-
MAN analysis (King et a1., 1976) are shown in Figures4 and 5 for Event 3,
the best event found. We note that in Figure 3 a weak arrival corresponding
to P’550P’ may be seen on the full-array beam trace, but no reliable slowness
and azimuth estimates could be obtained for this phase so its origin is uncertain.

Most of the NORSAR recordings bearing on P’dP’-phases are presented
in Paperl and this study. It is here notable that this material is the result
of an extensive search over 5 years of high quality array data, so good P’ dP’-
recordings are indeed scarce. In this respect we have found it necessary to
supplement our own observations with results presented by other seismologists,
notably Adams (1968, 1971), Engdahl and Flinn (1969), Whitcomb and Ander-
son (1970), Whitcomb (1973a, b). A summary of available evidence on prepre-
cursors to P’ P’ with lead times exceeding 50 s, in particular P’650P’ and P’400P’,
is as follows:

a) The relatively few unambiguous reported P’650P’ and P’400P’ observa-
tions come mostly from the large arrays NORSAR (Paper 1, this study), Tonto
Forest (Engdahl and Flinn, 1969) and LASA (Whitcomb, 1973).

b) These phases are most frequently observed for deep focus earthquakes
or large nuclear explosions near the P’ P’ caustic distance, i.e., in the approximate
distance interval 69—73 deg. Reported slownesses are in the interval 2.7—3.1 s/deg,
which is representative of the P’P’ (BC)-branch.

c) The main P’650P’ and P’ 400P’ arrivals exhibit features like sharp onsets,
short duration and high spatial coherency which are characteristic of ‘true’

Precursors to P’ P’ and Upper Mantle Discontinuities 537

Long Depth Mb Distance Azimuth Region Depth corrected
(NOAA) (NOAA) (deg) (deg) distance (deg)

143.5 E 51 6.6 71.1 ï 35.8 Hokkaido, Japan 71.2
147.0 E 578 5.9 64.5 30.0 Sea of Okhotsk 66.0
130.0 E 560 6.2 69.1 47.0 Sea of Japan 70.6

Data

The flexibility of the NORSAR data library system (for details see Bungum
et al., 1971) greatly facilitated an extensive search for P’ P’ precursor arrivals
in the distance range 40—75 deg with lead times greater than 50 s in the interval
May l97l—December 1975. Out of many thousands of earthquake records avail-
able about fifty corresponding to the largest events in the appropriate distance
range were inspected. Of these several exhibited clear arrivals at times corre-
sponding to P’650P’, while only one reasonably clear P’ 400P’ phase was found.
The conventional P’dP’ notation for P’P’ precursor arrivals is used to indicate
lead times without regard to the question of the origin of the waves. Moreover,
the associated d—values are given only to the nearest 50 km.

Full-array and sub-array beam seismograms for the best examples found
(Table 1) are displayed in Figures 1, 2, and 3. Slowness and azimuth estimates
for the corresponding observed maximum power arrivals obtained from BEA-
MAN analysis (King et a1., 1976) are shown in Figures4 and 5 for Event 3,
the best event found. We note that in Figure 3 a weak arrival corresponding
to P’550P’ may be seen on the full-array beam trace, but no reliable slowness
and azimuth estimates could be obtained for this phase so its origin is uncertain.

Most of the NORSAR recordings bearing on P’dP’-phases are presented
in Paperl and this study. It is here notable that this material is the result
of an extensive search over 5 years of high quality array data, so good P’ dP’-
recordings are indeed scarce. In this respect we have found it necessary to
supplement our own observations with results presented by other seismologists,
notably Adams (1968, 1971), Engdahl and Flinn (1969), Whitcomb and Ander-
son (1970), Whitcomb (1973a, b). A summary of available evidence on prepre-
cursors to P’ P’ with lead times exceeding 50 s, in particular P’650P’ and P’400P’,
is as follows:

a) The relatively few unambiguous reported P’650P’ and P’400P’ observa-
tions come mostly from the large arrays NORSAR (Paper 1, this study), Tonto
Forest (Engdahl and Flinn, 1969) and LASA (Whitcomb, 1973).

b) These phases are most frequently observed for deep focus earthquakes
or large nuclear explosions near the P’ P’ caustic distance, i.e., in the approximate
distance interval 69—73 deg. Reported slownesses are in the interval 2.7—3.1 s/deg,
which is representative of the P’P’ (BC)-branch.

c) The main P’650P’ and P’ 400P’ arrivals exhibit features like sharp onsets,
short duration and high spatial coherency which are characteristic of ‘true’
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P—waves as compared to precursor waves having a scattering origin (Paper 1;
Husebye et al., 1976; King et al., 1975). Relatively weak precursors to the main
P’ 650P’ phase have also been reported and are consistent with having a scattering
origin (for details, see Paper 1).

d) The lead times of P’4OOP’ and P’650P’ are around 100 and 140 s,
and these precursors to P’ P’ are the only ones with lead times greater than
50 s which have been reliably detected in the NORSAR records and we have
identified these as phases of the P’ dP’ type. The example of P’ 400P’ presented
in Figures 3 and 5 is the only one observed at NORSAR. To our knowledge,
no other array identification of this phase has been reported. Weak arrivals
at lead times different from these of P’650P’ and P’4OOP’ have sometimes
been reported by other authors.

Discussion

The topic of this paper is the origin or generating mechanism of observed
precursors to P’P’ with lead times greater than 50 s. This problem will be
discussed in the context of the results presented and quoted in the foregoing
section. First of all, the observational evidence bearing on P’650P’ clearly indi-
cates that this phase has been correctly attributed to underside reflections from
the so-called 650 km discontinuity and does not have a scattering origin.
Concerning available evidence on P’400P’, the amount of observational data
is meager but the results presented in Figures 3 and 5 give significantly added
weight to the corresponding interpretation of single station observations. In
other words, these observations indicate that the 400 km discontinuity can be
‘sharp’ enough to give detectable reflections of short period waves.

As mentioned previously, weak onsets having P’ P’-lead times different from
those of P’650P’ and P’ 400P’ have been occasionally observed and subsequently
ascribed to upper mantle reflection horizons. We consider, however, that good
array recordings of such arrivals are a prerequisite for a reliable interpretation
of these phases as single station observations in themselves cannot discriminate
between a reflection or scattering origin.

Finally, we would like to comment on the general lack of P’650P’ and
P’400P’ observations. We have found that there is often no trace of P’dP’
phases 50—150 3 prior to P’ P’ even for large magnitude earthquakes even though
such phases are observed for other earthquakes of similar magnitude having
epicenters just a few degrees away. Engdahl (personal communication) has also
experienced a similar elusiveness of P’dP’ phases in an extensive search of
WWSSN-records. In this regard, several factors may be important including,
for example, wave energy dissipation, focusing-defocusing effects and the relative
sharpness of the reflection horizons. In particular, if the reflection horizons
should actually be narrow transition zones, the reflection coefficients would
be critically dependent on the thickness of these zones relative to the wavelength
of the incoming waves (Richards, 1972). The above-mentioned elusiveness of
P’dP’ precursors may thus result from local variations in the sharpness of
the 400 and 650 km discontinuities. We note in passing that the majority of
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25 frame in s recorded from the start of the window, and the second the signal power in dB
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Fig. 5. Slowness-azimuth estimates based on peak signal power locations average over 2 5 intervals
for the P’400P’ phase shown in Figure 3. Other details as in Figure 4 caption
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Mantle Heterogeneity and Mislocation Patterns
for Seismic Networks

J .M. Vermeulen" and D.J. Doornbos
Vening Meinesz Laboratory, University of Utrecht, Lucas Bolwerk 7, Utrecht, The Netherlands

Abstract. Arrival time data from seismic networks in Fennoscandia and
in Montana have been used to compute mislocations for events in three
seismic source regions (China-Russia border, Central America, the island
arcs around the Philippine Sea) where pronounced and rapidly varying slow-
ness anomalies at the two large arrays NORSAR and LASA have been
observed. Mislocations are related to, but for larger networks are more
generally valid than, slowness anomalies. A comparison of array and network
data does not confirm the array slowness anomalies. Network data from
events in Central America (to Fennoscandia) and in the Northern part of
the Bonin Arc (to Montana) do reveal dT/dA anomalies, but their source
is unrelated to the slowness anomalies observed at NORSAR and LASA. The
data suggest that most of the array anomalies are due to structure near
the receivers, in particular NORSAR anomalies from the China-Russia bor-
der region, although some small scale features near the source region may
not be resolved by the networks. The network anomalies point to lateral
inhomogeneity in the deep mantle (from Central American events) and near
the source region of the Northern Bonin Arc.

Key words: Mantle heterogeneity —- Mislocations — Seismic networks —
Arrays — Slowness anomalies.

1. Indroduction

Lateral variations of the seismic wave velocities in the deep mantle have been
associated with observed travel time anomalies and with anomalies in the slow-
ness vector at seismic arrays. Selected travel time data have been combined
to infer inhomogeneities at great depths (e. g. Jordan and Lynn, 1974; Engdahl,
1975) and global data sets have been inverted to obtain a gross outline of
the distribution of large scale inhomogeneities in the mantle (Sengupta, 1975;
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Dziewonski, 1975). While it is generally recognized that the slowness vector
is sensitive to heterogeneity along the ray path, the interpretation of slowness
anomalies has been the subject of some debate during the last few years. Hetero-
geneity in the upper mantle near an array tends to mask the effect of deeper
structure; nevertheless, evidence has been presented to support the suggestion
of structural anomalies in the lower mantle and near the source, region. Davies
and Sheppard (1972) and Sheppard (1973) pointed to rapidly changing features
in the pattern of slowness vectors (the array diagram) at LASA and NORSAR,
which in some cases appeared to correlate with surface tectonics in the source
region, Kanasewich et al. (1973) and Powell (1975) observed consistency of
certain slowness anomalies at several arrays in Western North America. On
the other hand, conflicting observational evidence was presented by Okal and
Kuster (1975), Wright (1975) and Berteussen (1975a). These authors, as well
as Green (1975), argue that possibly small scale inhomogeneities in the upper
mantle near the array could explain the observations.

Since the effect of small scale upper mantle inhomogeneities diminishes
with increasing array aperture, it makes sense to compare conventional array
data with data from an extended network of stations in the same region. Travel
time and slowness anomalies are measured relative to theoretical data in a
standard earth, with the assumption that the event location is unbiased. In
the following the NOAA locations, using a global network of stations, are
used as a reference. Using only a local network of station will result in a
mislocation which, besides measurement errors, is due to earth heterogeneity.
Mislocations may also be obtained from the slowness vectors at an array.
Thus we will compare mislocations for NORSAR with those for the Fennoscan-
dian network, and mislocations for LASA with those for a network centred
in Montana. The geographical locations of the arrays and stations are shown
in Figures 1 and 2.

In the next section we briefly review methods for obtaining mislocations
and slowness vectors. These techniques have been applied to arrival time data
reported to ISC from events in a number of source regions (China-Russia
border, Central America, the island arcs around the Philippine Sea) where
pronounced and rapidly varying slowness anomalies at LASA and NORSAR
have been reported (Davies and Sheppard, 1972; Sheppard, 1973). The aim
is to see whether the anomalies still persist at the “continental” networks
(in Fennoscandia and Montana); we shall be concerned with the source of
the anomalies. The increased network aperture of course diminishes the resolu-
tion in terms of earth structure, but this effect is most severe for structure
near the receivers, and least near the source region, e.g. beneath subduction
zones where significant lateral variations have been reported (Davies and Shep-
pard, 1972; Jordan, 1975; Engdahl, 1975).

It is realised that the ISC bulletins, while providing an easily accessible
data base, suffer to some extent from the nonuniformity in interpretation and
detection criteria. Suitable time corrections are also lacking for most stations.
Another test for the presence of small scale inhomogeneities would involve
the use of long period data from the LASA and NORSAR arrays. Our results
with LASA LP data from one particular region (Bonin Arc) were inconclusive,
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Thus we will compare mislocations for NORSAR with those for the Fennoscan-
dian network, and mislocations for LASA with those for a network centred
in Montana. The geographical locations of the arrays and stations are shown
in Figures 1 and 2.
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data base, suffer to some extent from the nonuniformity in interpretation and
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since slowness estimates were obtainable only for a few large events in this
region. In this paper we will not further explore this line of evidence.

2. Methods for Obtaining Mislocations

At seismic arrays like LASA and NORSAR the standard practice of locating
events is to fit the best plane wave to the arrival times at the individual sensors
(or subarrays). That is, given the arrival times tj and coordinates rj of stations j
= 1, ..., K, the system of first order equations

tj=<z-rj+c (c a constant)

is solved for the slowness vector ac. In the standard earth the apparent event
location is determined by the phase velocity v=1/|a| (ray parameter dT/dA
= l/v, in s/deg) and azimuth of wave propagation </)=tg‘1(oc1/oc2).

With increasing aperture of the array or network, sphericity of the Earth’s
surface and curvature of the wave front may become important and the first
order approximation should be modified. Assuming that the time-distance curve
across the Earth’s surface is smooth, Husebye et al. (1971) used a pseudo first
order polynomial in spherical coordinates (0, çb) to model the arrival times:

_ a ßtj—a0j+b¢j+c

where the constants oc and ß are iteratively adjusted. Compared to the more
conventional second order approximation this procedure includes a gain in the
degrees of freedom in the solution for a, b and c. Since deviations from the great
circle plane are small we modify the procedure slightly by using epicentral
coordinates (A,qb), the source at the pole and the array centre at çb=0, and
modeling

j=aAjf+b¢jsinAj+c

where oc is iteratively adjusted. The apparent event location is again determined
by the ray parameter

dT/dA =(a2 a2 Aä‘“ 2 + b2)”2

and the azimuth deviation from the great circle

3’ = tg” 1(b/a a A?)— 1)
These two parameters are assumed to represent the wave at the centre of the
network.

Parameterizing the travel time curve as above, then obtaining dT/dA to
compare with values in the standard earth is a procedure that works well if the
actual travel time varies smoothly across the network. In some distance ranges,
in particular at short epicentral distances, this may not be the case and the
results are in error. An alternative is to utilize directly the standard travel time
curve in the location procedure. This is exactly the procedure of locating events
by a global network: Using a local network we start from the reference location
and relocate the event iteratively. Keeping the event depth fixed in accordance
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with the previous methods, the coordinate adjustments dû and dqb are solved
from the first order system

öt.t -'c
+—-9d6+% dçb+c

where I]. is the standard travel time at station j.
The last two methods cannot be compared directly on the basis of confidence

limits, since these are in ray parameter space and in geographic space, respec—
tively. For the events and station configurations used in this paper it was
found that, whereas stable solutions with the direct slowness method usually
have somewhat smaller RMS time residue, the direct location procedure more
often converged to a stable solution, provided a suitably damped iteration
scheme is used. In one experiment both methods were applied to events in
Central America and it was found that succesful solutions for the same event
were not much different; if mislocations were transformed to slowness anomalies
associated with the network centre, the relative difference was always within
0.05 s/deg. Of course, this comparison is restricted to events in the lit zone,
events in the shadow zone can be characterized only by slowness (in the shadow
zone the model dT/dA=constant, hence there is no unique solution in the
direct location procedure). With the exception of a few events with anomalous
dT/dA near or below the core shadow boundary value, the data in this paper
did not suffer from this restriction. A further remark in this context is that,
whereas mislocation patterns are useful in revealing possible correlations with
surface tectonics, in the interpretation one must take into account the flattening
of the travel time curve near the shadow boundary. At the appropriate epicentral
distances, this feature magnifies the mislocations due to inhomogeneities which
are not related to the source region.

The criteria we have used in accepting solutions were: RMS time residual
g 1.4 s, number of stations _z_ 5, deleting stations reporting emergent onsets.
Typically, the effective number of stations was 10 in Scandinavia, 7 in Montana.
In the following, results from the direct location procedure will be presented
and discussed.

3. Mislocations in Anomalous Regions

In this section we compare, in three seismic regions, mislocations for the NOR-
SAR and LASA arrays with those using stations in Fennoscandia and Montana,
respectively. One or more of these stations usually had to be excluded from
the individual solutions, presumably due to gross errors in the bulletin data.
The afore mentioned criteria serve to reduce the effect of arrival errors and
retain solutions representing systematic changes in arrival time across the net-
work. In our procedure station corrections have not been included. Station
residuals have been published by various authors (e. g. Cleary and Hales, 1966;
Enayatollah, 1972), but the possibly large variation with direction of approach
of the waves (Lillwall and Douglas, 1970) degrades the practical use of the
data. Using the Fennoscandian network, Husebye et a1. (1971) obtained no
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significant change in dT/dA solutions by introducing constant correction terms.
The relatively small impact of structure near individual receivers is suggested
by the fact that azimuth deviations from the great circle plane are generally
found to be small, the anomaly being mainly in dT/dA. The anomalies are
obtained relative to the mantle model of Herrin et al. (1968). In some publica-
tions the Jeffreys-Bullen tables have been used in the data reduction process,
but the resulting differences are unimportant for the present purpose.

A. China—Russia Border Region

Mislocations with the NORSAR array have been studied by Sheppard (1973).
In most seismic regions of the world these data give a large mislocation which
is generally attributed to near array structure. Noponen (1974) showed that
part of the anomalies is also observable at the nearby Hagfors array in Sweden,
which he interpreted as lateral velocity variation in the upper mantle beneath
the Western part of Scandinavia. More difficult to explain are the rapid changes
of mislocations in some regions. Sheppard gives two examples of these. One
is the region in Central Asia near the borders of China, Russia and Afghanistan.
From the Hindu Kush to the explosion site in Eastern Kazakh, about 1700 km
to the North-East and corresponding to only a few degrees in azimuth from
NORSAR, there is an almost complete reversal of the large NORSAR misloca-
tions; the dT/dA anomaly changes from about+0.3 to —0.4 s/deg. The dotted
arrows in Figure 3 illustrate the situation.

In this and the following figures the head and tail‘aof the arrows represent
the true (NOAA) locations and the observed, or network location, respectively.
The anomalies in the Hindu Kush follow the trend of NORSAR mislocations
throughout South-East Asia, but the difference between the explosion data
and this trend is too large to be explained by inhomogeneity in the upper
mantle under the source, or a system of dipping plane layers in the upper
mantle under the receiver. Davies and Sheppard (.1972) discuss these possibilities
and place (roughly) an upper bound of 3% on the associated dT/dA anomalies.
This is in accordance with some results from Berteussen (1975 b), who concluded
that relatively simple crust-upper mantle models under NORSAR can explain
no more than about 20% of the variation in the observed anomalies.

Mislocations by the Fennoscandian network are displayed in Figure 3 and
show no significant anomalies throughout the entire region considered. This
remained true when we divided the network in a S.W. and a N.E. part and
measured mislocations on both parts separately, although the scatter in the
data was somewhat increased. The fact that the inhomogeneity responsible
for the NORSAR pattern has not been sampled on the entire S.W. part of
the Fennoscandian network, constrains its dimensions; these would be progres-
sively less restricted with increasing distance from the source. A small inhomo-
geneity near the source may satisfy these restrictions, however the NORSAR
dT/dA anomalies require one which should be quite large near the source region,
but may be small under the array. Moreover an extensive inhomogeneity near
the explosion site would produce observable travel time anomalies; there are,
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however, no significant time differences at NORSAR between both regions.
Similar arguments apply to a hypothetical deep mantle anomaly. Although
in the latter case the arguments are less restrictive, an additional constraint
is supplied by the fact that in this part of the deep mantle two “normally
behaving” ray tubes intersect: one connecting a source in E. Kazakh with
SW. Scandinavia, the other connecting a source in Hindu Kush with N.E.
Fennoscandia. On the basis of these considerations near array structure would
be the most likely source of the NORSAR slowness anomalies, although recent
models of the structure under NORSAR, deterministic (Aki et al., 1976) or
stochastic (Dahle, 1975), may need some modification to explain the type of
anomaly mentioned here.

B. Central America

The second example given by Sheppard concerns the Central America region;
throughout this region NORSAR mislocations vary significantly with geographic
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however, no significant time differences at NORSAR between both regions.
Similar arguments apply to a hypothetical deep mantle anomaly. Although
in the latter case the arguments are less restrictive, an additional constraint
is supplied by the fact that in this part of the deep mantle two “normally
behaving” ray tubes intersect: one connecting a source in E. Kazakh with
SW. Scandinavia, the other connecting a source in Hindu Kush with N.E.
Fennoscandia. On the basis of these considerations near array structure would
be the most likely source of the NORSAR slowness anomalies, although recent
models of the structure under NORSAR, deterministic (Aki et al., 1976) or
stochastic (Dahle, 1975), may need some modification to explain the type of
anomaly mentioned here.

B. Central America

The second example given by Sheppard concerns the Central America region;
throughout this region NORSAR mislocations vary significantly with geographic
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location; in particular, a pronounced splitting in location occurs for events
from Oaxaca t0 Guatamala (around 15° N, 95° W): a number of events with
NOAA locations within 100 km from each other, are located by NORSAR
as much as 700 km apart. This feature has also been cited by Jordan (1975)
as corroborating evidence for the existence of a deep seated anomaly under
the Caribbean.

We have processed an independent sample of NORSAR data and the results
in Figure4 show this splitting phenomenon, though slightly less pronounced
than in the data from Sheppard. In Figure 5 we show mislocations in the
same region obtained with the Fennoscandian network. This figure shows signifi-
cant anomalies, but the pattern is clearly different from the NORSAR data,
for example the splitting phenomenon is not reproduced. We may relate misloca-
tions to slowness anomalies (referred to the network centre) and Figures 6 a
and b give the dT/dA anomalies in the Central America region, (between 105°
and 90° W), for the NORSAR and Fennoscandian data, respectively.

Plotting the data versus event depth again brings out the splitting of events
observed at NORSAR. The most conspicious feature in the Fennoscandian
data is the avaraged large negative dT/dA anomaly (about ——0.2 s/deg). Besides,
the scatter in these solutions is larger than expected from computed confidence
limits, and is also larger than the scatter in some other regions like Central
Asia; this may be caused by relatively fine structure near the source region.
Any way of plotting dT/dA anomalies will bring out these points. We have
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plotted the data versus depth; in this way the splitting phenomenon in Figure 4
seems to be partly reflected in Figure 6a, as an averaged dT/dA difference
(20.06 s/deg) between relatively deep and shallow events. It may be caused
by the fact that these two groups are also geographically separated due to
the dip of the Benioff zone. Finally, for the Fennoscandian data we note a
lateral variation in dT/dA anomalies from Mexico (—0.2 s/deg) to South Amer-
ica (—0.1 s/deg), although it may be somewhat difficult to observe this feature
in a plot like Figure 5, due to the afore mentioned magnification of mislocations
for events near the shadow boundary.

Seismic waves from Central America to Scandinavia pass through several
regions in the Earth which have been suggested to be anomalous: the mantle
under the Caribbean (Jordan and Lynn, 1974), the lower mantle under the
North Atlantic (Phinney and Alexander, 1966), the upper mantle under Scandi-
navia (NOponen, 1974) and its ocean-continent boundary (Sipkin and Jordan,
1975). One or more of these regions may contribute to the broad-scale negative
dT/dA anomaly, while the lateral variation in dT/dA requires the inhomogeneity
to be laterally bounded.

From P, PCP, S, 808 arrival times from 2 South American events with
practically identical location, measured at standard stations in the United States
and Canada, Jordan and Lynn (1974) reported anomalously early P and S
at 3 of 4 stations lying near to each other. This configuration of sources and
receivers defines a narrow section through the Earth which is intersected at
approximately right angles by the great circle plane through a hypothetic source
in Mexico and receiver in Scandinavia.

Figure 7 schematically illustrates the situation. The apparent ray tube in
this figure connects the network with a mislocated source. The inhomogeneity
which causes the mislocation must bend the rays in such a way that they
connect the network with the real source. The figure shows that this inhomogen-
eity cannot be related to the “Caribbean anomaly”: the apparent ray tube
passes underneath the anomalous section in Figure 7, and is in or below the
depth range sampled by the PCP and ScS data from Jordan and Lynn, which
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were shown to behave normally. The source of the negative dT/dA anomaly
is probably located deeper in the mantle, or in the mantle under Scandinavia.
Dividing the network in a N.E. and a SW. part as before, the negative CIT/(1A
anomaly appeared to persist at both subnetworks separately. It is to be expected
that the NORSAR data also suffer from this anomaly. It must then be compen-
sated locally, since the averaged NORSAR dT/dA anomaly in this region is
near zero (Fig. 6a). Finally, although we have not confirmed the splitting of
NORSAR mislocations, we cannot exclude from the foregoing that the Carib-
bean anomaly is responsible for it. Of course, the fact that it is not resolved
by the network further constrains its location and linear dimensions. Through
ray tracing we are now modeling the various possibilities.

C. Benin, Ryukyu, Mariana Islands

In a study of mislocations with the LASA array, Davies and Sheppard (1972)
point to a rapidly varying feature in the source regions surrounding the Philip-
pine Sea. We have reprocessed the LASA slowness data with the Herrin Mantle
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model, and the resulting mislocations in Figure 8 are very similar to the original
figure of Davies and Sheppard (using the J.B. model).

The figure suggests that Bonin events are anomalous in the sense that,
relative to events in Ryukyu and Mariana Islands (south of 20° N), CIT/(1A
in the bonin Arc is relatively low, the azimuth term remaining approximately
constant. It is difficult to place the source of the relative dT/dA anomaly (about
0.1 s/deg) in the upper mantle, the descending slab beneath the event, but the
apparent correlation with surface tectonics has led to prOpose a lateral heteroge-
neity in the deeper mantle beneath the source. In view of the fact that the
anomaly is maintained across a major part of the arc, a source related inhomo-
geneity might be sufficiently extensive to be detectable in a larger part of the
United States, including Montana.

Mislocations by the Montana network (Fig. 9) do not reflect the proposed
Bonin anomaly in the form of Figure 8, although there is evidence of an anomaly
for events in the Northern part of the Bonin Arc (30°—35° N). A plot of dT/dA
versus geographic latitude (Fig. 10a, b) brings out the anomalies in LASA
and Montana more clearly. We may note several trends in the LASA dT/dA
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v = deep events (> 300 km)

values in Figure 10a: anomalies in the Honshu region (35°-42° N) are intermedi-
ate between those in Ryukyu and in the Northern part of the Bonin Are.
In the latter part the anomalies for deep and shallower events are clearly sepa-
rated; anomalies for the deep events trend to the data in Ryukyu and in Honshu.
Note that the deep events here are also geographically on the Ryukyu side,
even more after correction for focal depth. The Montana data (Fig. 10b) do
not reproduce the trends in the LASA data. However, in this case deep and
shallow events also separate in 30°~35° N. The dT/dA anomaly, to be associated
with the shallow events, is here about 0.1 s/deg positive, contrary to the trend
in the LASA data. If more data and improved measurement precision prove
this feature to be real, it is indicative of a source related inhomogeneity near
the triple junction off the coast of Honshu. As in Central America, we cannot
completely exclude the possiblity that the negative Bonin anomaly in the LASA
data is related to structure near the source region, but the trends noted in
Figure 10 suggest that near array structure may also be responsible for it.
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Note that the deep events here are also geographically on the Ryukyu side,
even more after correction for focal depth. The Montana data (Fig. 10b) do
not reproduce the trends in the LASA data. However, in this case deep and
shallow events also separate in 30°~35° N. The dT/dA anomaly, to be associated
with the shallow events, is here about 0.1 s/deg positive, contrary to the trend
in the LASA data. If more data and improved measurement precision prove
this feature to be real, it is indicative of a source related inhomogeneity near
the triple junction off the coast of Honshu. As in Central America, we cannot
completely exclude the possiblity that the negative Bonin anomaly in the LASA
data is related to structure near the source region, but the trends noted in
Figure 10 suggest that near array structure may also be responsible for it.
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4. Concluding Remarks

Systematic changes in the travel time anomaly across a seismic network can
be parameterized by an event mislocation. This representation is related to,
but for larger networks is more generally valid than, the representation as
a slowness vector anomaly. A comparison of array and network data confirms
that near array structure may cause a significant bias in the measured slowness
vector that is not always smoothly varying, even at large arrays like LASA
and NORSAR. Specifically, the NORSAR anomalies from the China-Russia
border region have been argued to be due to near array structure. The array
evidence for lateral inhomogeneity near the source regions of both Central
America (observed at NORSAR) and the Bonin Arc (observed at LASA) has
not been confirmed by the network data, although dT/dA anomalies were mea-
sured in both cases. The source of the network anomalies is here, however,
unrelated to the anomalies in the array data. In one case considered, the northern
part of the Bonin arc, the dT/dA anomalies at the Montana network are indica-
tive of a lateral inhomogeneity near the source region. Improvements in this
experiment are possible by obtaining better control on the following factors:
scatter in the bulletin data, variability in effective number of stations and lack
of suitable station corrections. It is to be expected that more interesting features
emerge from other suitably selected source-receiver combinations.
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Abstract. The Schlegeis-reservoir in the Austrian Alps is a recently built
man-made lake at the western margin of the granitic window “Tauernfen-
ster”. During the last five years the reservoir has been under continuous
seismic surveillance by a one-component station. Only low magnitude events
with ML__<:O could be observed in the seismic quiet region. However, these
events correlated clearly with the variations of the water level in the reservoir.
The main activity coincides always with the minimum of the water level
and also with the most rapid lowering of this level. Thus the time of maximum
activity was predictable. During the 1973 and 1974 minima of the water
level a small array of stations with magnetic tape recording was installed.
The time and space distribution of the recorded events is presented. Possible
mechanisms for thelcausal connection between the observed phenomena
include a postulated thrust-type faulting, compatible with regional tectonics
and the increase in activity during unloading.

Key words: Induced seismicity -— Micro-earthquakes -— Failure mechanism

Introduction

More than 20 cases are known where changes in seismic activity have been
related to the filling of large reservoirs. A number of reviews have already
been made of previous work on induced seismicity associated with dams (e.g.
Bozovic, 1974; Simpson, 1975; Gupta and Rastogi, 1976). Simpson (1975) has
grouped the reported cases of induced seismic activity into four categories:
a) major induced earthquakes, b) minor induced earthquakes, 0) changes in
micro-earthquake activity, and d) transient changes in seismicity. The seismic
activity at Schlegeis, which is the subject of this paper, belongs to group c)
of this classification.
* Contribution No. 138, Geophysical Institute University Karlsruhe. Paper presented at the
1. International Symposium on Induced Seismicity at Banff/Alberta, Canada, 15.9—19.9.1975
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The Schlegeis—reservoir in the Austrian Alps has been under continuous
seismic surveillance since May, 1971 by a one—component vertical seismic station.
Its detection level is ML; -2 up to 2 km and ML1;0 up to 30 km. The pre-
impounding, natural seismicity of the region is very weak. Blum and Fuchs
(1974) report first results of the observation till 1973, showing the occurrence
of local tremors with magnitudes MLg0. Now data on four complete filling
cycles are available. The characteristic time and Spatial distribution of the events
are presented together with possible causes. For a detailed discussion see Blum
(1975) of which this paper is an extended summary.

Time Distribution

During 4years a total number of 550 events has been observed. Their time
distribution (Fig. 1) shows a conspicious correlation with the variations of water
level. The seasonal variation of water level amounts to 100 m. The first complete
filling was accomplished in September 1971. At this time the first events started
to appear, just after the first. maximum of water level. With the lowering of
the water level the number of events increased. The period of raising water
level is characterized by the absence of tremors. During the next filling cycles
this distribution of tremors becomes more pronounced: “ silence” during raising
water level, increasing activity with growing velocity of the subsiding water
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Fig. 1. Water level and seismic events at Schlegeisareservoir from 1971 1975. Upper part: Lake
level elevation h above sea level. the level of 100 m depth is marked and change of water level
Ah/S days. Lower part: Number of observed shocks/5 days, recorded at the permanent station.
S-P times are less than 0.2 s
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level. The maximum number of events occurs at the lowest water level, where
the velocity of subsidence has also a maximum.

Correlation coefficients have been computed between the number of shocks
per five days, n(t)‚ and the height of lake level h(t), as well as the rate of
subsidence of the lake level Mt). The correlation coefficient between 11(1) and
Mr) reaches its largest value of 0.2 with a time lag of three months. However,
the correlation between n(t) and h(t) reaches with its largest value of 0.2
the 99% significance level with a time lag of three months. However, the correla-
tion is more likely and instantaneously linked to the subsidence velocity of
the water level. This is a rather surprising observation: usually the maximum
of activity coincides with the period of rapid filling or of maximum load (see
for example: Boiovié, 1974).

Spatial Distribution

As soon as this correlation between the time distribution of the events and
of the water level had been recognized, it was possible to predict the maximum
of activity for the coming cycle. So a temporary local network could be installed
in time for the observation of the expected tremors during the minimum of
the water level. The configuration of the small array (Fig. 2) was constrained
by technical problems, such as data transmission and power supply. The signals
of stations 1—4 are amplified at the seismometer. All signals are transmitted
to the dam by cable, and from there, using frequency-multiplexing to the power
station down-hillwhich was always accessible. There signals of the six stations
have been recorded on magnetic tape together with a radio time signal. The
array was kept in operation in the period from March 25 till the end of April
1974 and removed thereafter while the one-component station (no. 1) continued
recording.

The localization capacity of the array has been tested by a small shot in
the lake. The horizontal coordinates of the shotpoint could be calculated with
an error of :20 m from four P-wave arrivals, read as accurate as 5 ms. To
derive a reasonably accurate estimate of the depth, at least one S-wave reading
of a station close to the shotpoint was required additionally. Since the activity
started at the expected time, its main part was recorded. An example of a
play-back is given in Figure 3 for a well-recorded event. From the records
it may be seen, that it is rather difficult to identify the phases of these weak
tremors. So localization was successful only for 30 events, while more than
60 have been recorded altogether in April 1974.

Figure 4 contains the results of the localization work. A calculation of epicen-
ter errors, corresponding to a reading accuracy of i 5 ms showed that localiza-
tions inside the network are rather stable. All events are shallow and not deeper
than 300 m. They are concentrated on the waterside of the dam extending
beyond the lake proper. Only a few events appeared in the region of greatest
water depth.
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Fig. 2. Configuration of seismic array at
Schlegeis reservoir in 1974. Seismometer sites
are marked by triangles. Origin of x, y-system at
47°02’ N, 11°41’E
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Fig. 3. Play—back of a local event, recorded as vertical components at four stations on April 18th,
1974. P and S readings indicated
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1km

Fig. 4. Localizations of events, recorded in April 1974. Within the dashed line the water depth
of the completely filled lake exceeds 100 m

Possible Mechanisms

The observed characteristic temporal and spatial distribution of the micro—
activity and its correlation with the lake level variation require an explanation
and suggest possible mechanisms for the presence of induced shocks. Especially _
the occurrence of seismic activity near the dam and during the lowering of
the water level must be explained.

One plausible idea is that the “dam itself might cause indirectly the seismic
activity. It generates stresses in the underground which are dependent on the
water load. Loading the dam will result in tensile stresses in the rock at the
water side. That means, the pore volume in the rock and thus the content
of pore-fluid increases. Taking off the load results in a reduction of the pore
volume. At a fast subsidence of the water level the additional pore-fluid cannot
escape fast enough. The porepressure will increase and facilitate fracture.

The increasing pore pressure will reduce the effective normal stresses whereas
the shear stresses remain constant (Hubbert and Rubey, 1959). Thus, the fric-
tional resistance is reduced and fracture is facilitated. This mechanism has
been proposed to explain earthquakes triggered by fluid injections into deep
wells (e.g. Healy et al., 1968).

This mechanism requires, however, that the epicenters of the observed shocks
should be concentrated more in the immediate neighbourhood of the dam itself.
There the tensile stresses are reaching their maximum, as Widmann (1973)
derived from extensometer measurements.

For this reason a mechanism has been pr0posed by Fuchs et al. (1975)
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Fig. 5. Mohr's diagram for the model of
storing tectonic stress during loading.
Greatest principal stress or, is horizontal,
least principal stress J3 is vertical. Circle 1
marks the initial conditions, circle 2 the
strengthening caused by the increased load
Arr and circle 3 the new equilibrium after
storing of additional horizontal tectonic
stressx
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63 o3+arr a, 61+.16/3

by which the lake induces tremors directly and which considers local geological
characteristics as well as the regional stress field which is required to have
a horizontal axis of maximum compression. In such a field an active thrust
fault is stabilized during increasing vertical compression caused by the load
of a reservoir (Snow, 1972), even ifthe effective principal stresses are diminished
by increasing pore pressure, there remains a stabilizing effect on the thrust
fault from the filling of a reservoir. It is not sure, however, whether pore
pressure plays an important part in the failure mechanism of the Schlegeis—
reservoir as only a few events are located in the region of greatest water depth.
After removing the load it could be expected that stress conditions return to
the starting point. However, failures could occur if meanwhile additional stresses
have been stored in the rock. This is feasible if there is a sort of dynamic
equilibrium, i.e. that the stress condition is always close to the Mohr enveIOpe
and a surplus ofstress is always removed immediately by creep and microfractures
below the seismic detection threshold. This initial condition before loading
is marked by circle 1 in Figure 5. Here, the greatest principal stress CI, is
horizontal the smallest one, 03, is vertical. a1 might be connected with the
folding of the Alps corresponding to a NNW-SSE-direction. The increasing
load produces a smaller increase in horizontal than in vertical main stress.
The result is marked by circle 2 in Figure 5. After this consolidation additional
horizontal stress from the regional stress field, caused by the present folding
ofthe Alps, may now be stored in the rock without fracture till a new equilibrium
is reached (circle 3 in Fig. 5). The hypothesis of predominant horizontal stresses
is supported by post-crystalline developed shear-cracks (Mignon, 1972) and
great deformations in newly built tunnels (Mignon, personal communica-
tion). Although a composite fault-plane solution proved to be insufficient to
determine the fault plane and the dip direction the observed first motions do
not contradict the assumption that the greatest principal stress is horizontal.

The rapid reduction of the water load drives the shear stress beyond the
Mohr envelope causing failure. The most favourable orientation for a failure
surface is striking in WSW-ENE-direction with a small dipping angle. A system
of joints near the surface, which proved to be rather mobile during in-situ
deformation tests (internal report of Tauernkraftwerke AG, 1969) fulfills these
requirements. Therefore, the described model could explain the observed weak
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and shallow tremors and their triggering during lowering of the water level.
Additional, morphologically caused instabilities may be connected with the
concentration of epicenters below the slopes.

Conclusions

The micro-activity at the Schlegeis-reservoir correlates significantly with the
negative or subsiding velocity of the water level. This seems to be especially
clear due to the low natural seismicity in this region. The tremors could be
localized in the neighbourhood of the arch-dam on the water side. For these
reasons the triggering of the event is attributed to the influence of the reservoir.
The most favourable model for their occurrence is the assumption of a predomi-
nant horizontal stress field. The small shocks may also indicate, that the rock
reacts promptly to small changes in the stress conditions.
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Attenuation Coefficients of Acoustic Normal Modes
in Shallow Water

H.-H. Essen
Institut für Geophysik der Universität Hamburg, Bundesstr. 55, D-2000 Hamburg 13,
Federal Republic of Germany

Abstract. Transmission loss of acoustic energy in shallow water is mostly
affected by the sea floor. Normal-mode attenuation is computed as based on
the absorption and generation of low-velocity shear waves within the ocean
sediments. Results from a summer and winter sound-velocity profile and
from a homogeneous and a layered sedimentary halfspace are compared.
Two conclusions may be drawn: a) Shear-wave absorption effects nor-
mal-mode attenuation remarkably; b) the layering in shear-wave velocities
disturbs the frequency dependance of mode-attenuation coefficients.
Frequency bands of low and high attenuation are found.

Key words: Acoustic normal modes — Transmission loss — Ocean sediments:
absorption and low-velocity shear waves.

l. Introduction

In the last 30 years acoustic normal-mode propagation was investigated in a
number of papers. The first theoretical and experimental results from mode
theory in shallow water were published by Pekeris (1948). He succeeded in
explaining the main features of observed seismograms. Kind (1970) as well
compared observed and synthetic seismograms and stated the absence of shear
waves in ocean sediments. Beside these experiments with explosives continuous
wave (=CW) sources were used e.g. by Tolstoy (1958) and Ferris (1972) in
shallow-water areas, and by Guthrie et a1. (1960) in the deep ocean. Normal-
mode theory was applied to sound propagation in the SOFAR-channel by
Tolstoy and May (1960).

Theoretically predicted normal-mode properties such as group velocity,
horizontal, and vertical wavenumbers are experimentally verified. On the other
hand little is known about mode attenuation. Apart from geometrical (cylindri-
cal) spreading other mechanisms must be considered in order to explain
experimental results, e.g. reflection and scattering losses, cf. Weston (1963).
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In the present paper only mode attenuation due to reflection losses at an
sedimentary bottom are investigated. Transmission loss is caused by transform-
ing acoustic energy into low-velocity shear waves and absorption of compres-
sional and shear waves in the sediment. Absorption of compressional waves
was first considered by Kornhauser and Raney (1955). Ingenito (1973) applied
similar computations to measured mode attenuation in a shallow-water area of
the Gulf of Mexico.

It is shown that compressional wave absorption and generation of shear
waves in a homogeneous sedimentary sea floor yield comparable mode attenua-
tion. The sound velocity profile of the shallow-water area is of importance,
attenuation in summer is greater than in winter.

With regard to undisturbed mode propagation the layering of the sea floor is
of small influence. This is found from theory and is in agreement with measure-
ments. But as a result of this paper it is shown that due to mode attenuation the
layering of the sedimentary sea floor can not be neglected.

2. Lossless Normal-Mode Propagation

In shallow-water areas of approximately constant depth sound propagation is
best presented by a superposition of normal modes. The two-fluid model, first
treated by Pekeris (1948), turned out to yield good agreement between com-
puted and measured mode characteristics, propagation velocity and vertical
amplitude distributions (Ferris, 1972; Essen et a1., 1975). In this model a water
layer of constant depth is overlying a sedimentary halfspace of constant density
and sound velocity. The density of the water layer is constant as well, but the
sound velocity may depend on depth. The geometry is shown in Figure 1.

Normal-mode theory assumes total reflection at the sea surface and floor.
Due to the non-rigid sea bottom only a finite number of modes is trapped
within the wave guide.

Considering a point source of circular frequency a) the acoustic pressure at
long distance r is found to be,

p,(r x3,t) ra:12,qo%x3)exp(i(knr—wt)) (1)

x3 =depth of receiver,
kn =horizontal wavenumber,
n=1 N(co) number of mode.

The complex amplitudes R, depend on source characteristics and wave-guide
model. The mode functions (p„(x3) oscillate within the ‘water layer and decrease
exponentially within the sedimental halfspace,

qo‚‘‚"(x3) for Oèx3g—h
(pfi(x3) for —h;x3.(pn(x3) ={

Due to the x3-dependend sound velocity in the water layer go‚‘‚“(x3) must be
computed numerically, while cpfi(x3) is given explicitely,
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part: typical summer profile; dimenswnless frequency: —=35; h=water depth, c0: 1.5 km - 3”;

Co
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water)

22"n + (gm—k3) rpr'(x3)=0“" (2)
cU2.

(Pie-C3) = Œnexp ( k13—7 ' x3)
“b

cw‚cb=compressional-wave velocities of water (w) and sediment (b),
an=arbitrary amplitudes.

The pressure free surface and continuity of pressure and vertical particle velocity
at the sea floor yield the boundary conditions,

w.“(0)=0 (3)
and,

æf(—h)=coË(—h)
1 1

-—æ:" (—h)=—cpfl' (—h).
pw ph

With help of (_ 2) one obtains,

99:2" (—h)—B.<p:’t—h)=0 (4)
with,
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The horizontal wavenumbers kn are eigenvalues of the equations (2) with the
boundary conditions (3) and (4). For arbitrary sound-velocity profiles this
problem has to be solved numerically.

In Figure 2 normal-mode functions are presented for a fixed dimensionless
h . .frequency (0—. The sedlment parameters are chosen from typ1ca1 North-Sea

Co
conditions (Essen et a1., 1973). The upper part refers to constant sound velocity
within the water layer. Due to mixing by surface waves this may be assumed for
water depths less than 20 m. During winter, when there is no temperature
gradient, constant sound velocity is a good approximation for deeper areas as
well. The lower part refers to an idealized summer profile of a 60 m-deep area of
the North Sea (Wille et a1., 1973). Here, the energy of the first modes is
concentrated on the lower part of the ocean.

3. Reflection Losses at a Homogeneous (Non-Layered) Sea Floor
Though totally reflected the acoustic waves penetrate into the sea floor. This
implies that the upper section of the sedimentary halfspace with the thickness of
a few acoustic wavelengths has an important influence on normal-mode pro-
pagation. Two physical properties of sediments are responsible for reflection
losses, absorption and low shear-wave velocity. Due to normal-mode theory
small attenuation factors for each mode are introduced, which do not ap-
preciably perturb the eigenvalue problem of the lossless theory.

Absorption can be introduced by assuming a complex compressional-wave
velocity (Kornhauser and Raney, 1955),

Instead of (5) absorption is usually described by a coefficient ab,

(0 a) _—=—+lO(b (6)
Cb c

with,
a) c

OC N—'Ä.

c CbR

Direct measurement of bottom absorption show an almost linear increase of
the coefficient ocb with frequency (Schirmer, 1971; Hamilton, 1972). Thus, it may
be assumed,

Cb1(a)) = const. (7)

Sea-floor rigidity is another cause of loss, since it allows the propagation of
shear waves. The shear—wave velocity of oceanic sediments can be considered
small compared with sound velocity in water. From different experimental
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1 were found in water-saturatedmethods shear-wave velocities of 50—500 ms‘
sediments (Hamilton, 1975).

Now, a sedimentary halfspace is considered with constant shear-wave ve-
locity smaller and compressional-wave velocity higher than the sound velocity
of water. In fact, these conditions allow no trapped modes within the water layer
as there is no total reflection at the bottom. But normal modes are obtained in
the limiting case of zero shear-wave velocity, where the solid halfspace becomes
a fluid one. Thus, one expects that for low shear—wave velocities the

reflectionlosses become small.
By allowing for sea—floor rigidity the sedimental halfspace has to be treated as

a solid. In this case particle displacements Ci (i = 1, 2, 3) and vertical components
of stress 1,3 are of interest. In agreement with the normal-mode solution (1) and
the elastic equations of motion one obtains,

n

N(a))
Ca=r‘7

21
ikn

:P{U„+k1—l//‚'‚}exp(i(knr—wt))

(oc=1‚2)—
(8)

‘tÎZIB, d—knwmxpwnr—wt»

and

N(a>) œ2
I013 =r—%pbcf Z iknaRz{20-r|1 + (21921—7) Wu}

n=1

. exp (i(k„ r — w t))
mm) (9)

C02„frühe; Z 13,,{(2k2—wC—)a,, +2k"ll/J }
n=1 s

-exp(i(knr -— co t))

with

(02
0'‚|‚|(x3)+ (ET—[(5) 0‚1053):0b

2 (10)
w/1,L'(x3)+ (6:7- k3) Wn(xs)=0

cs = shear-wave velocity.

The compressional waves in the sedimentary halfSpace are assumed to
decrease exponentially while the low velocity shear waves travel to infinity,

2

0n(x3)=AneXP( kî “SOC—2“ ' x3)” (11)
2w.(x3>='B.exp (—i|/ 562——123 x)
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The continuity of normal displacements and normal stresses at the fluid-
sediment interface yields the boundary condition (4) with,

2

p a)“ k’Î—Î—z
ßnzp—:C:

C02
2

b

(02 (02 12(2193—7) +4ik;’;‘/k§——2—1/——2—k§ ( )
Cs Cb Cs

where

cs<cw.
A more detailed derivation of (12) is given b Williams and Eby (1962) for a
liquid layer of constant sound velocity. They compared computed mode attenu-
ation with measured data from a tank experiment (water layer on rubber).

Beside shear-wave generation shear-wave absorption may be a cause of
mode attenuation. In analogy to compressional waves it is assumed,

’

cs=csR——ics,. (13)

From the assumption of absorption or generation of low-velocity shear waves
within the sedimental halfspace a complex fin in the boundary condition (4) is
obtained. In order to solve the differential equation (2) and boundary conditions
(3) and (4) complex functions gon(x3) and wavenumbers kn have to be considered,

90,1063): (a(x3) + l.Cl’nr(x3)

kn=knR+ik„I‚ with k >0.nI=

(14)

The imaginary part of the wavenumber yields an attenuation of the horizontally
propagating normal-mode solution (1). For computing attenuation the per-
turbation of the normal-mode solution is considered to be small,

§0n1(x3)z8 ° (a (X3) s < 1
azg ‘ knR

< (15)

where 8 depends on the ratios of shear to compressional-wave velocity and
imaginary to real part of the bottom-wave velocities.

An equation for kn, is obtained by the following procedure: Equations (14)
are inserted into the differential Equation (2) and boundary conditions (3, 4).
The real and the imaginary part are separated. The “real” differential equation
is multiplied by (pnI, the “imaginary” by qonR, and both equations are subtracted.
The result is integrated with respect to x3 from—h to 0. With help of the
boundary conditions and neglecting terms of higher than first order in a, one
obtains,

0

ßnI (pîR(-—h)+2knl knR y ÇDËR(x3) dx3 :0
—h

With, (16)

ßnl:lm(ßn)'
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This is an implicit equation for kn, as B", is depending on k", in a complicated
way. The equation will be solved numerically.

Neglecting terms of order s the function <a and wavenumber knJR are
solutions of the lossless eigenvalue problem. Figures 3—5 show computed
attenuation coefficients of the acoustic intensity,

yn=2knP (17)

The dashed lines refer to the constant sound-velocity profile of Figure 2, the
dotted lines to the summer profile of Figure 2. In Figure 3 only compressional-
wave absorption is considered. The imaginary part of the wave velocity is
chosen by,

(‚‘M=0.005w:’0 (18)

with

c0 = 1500 ms—l

correSponding to a bottom absorption coefficient,

ab=0.14 gf[dB/km]

with, fzacoustic frequency measured in Hz.
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Fig. 6. Mode attenuation y" for a 6-layer model ( ) in comparison with the 2-layer values of
Figure 5 [-------); upper part: summer profile of Figure 2, lower part: winter profile of Figure 2;
sediment parameters of the 6-layer model

m ’1t Pin/Pu. Cris/co Girl/Co dann/Co Gigi/Co

1 0.02 1.8 1.133 0.004 0.133 0.008
2 0.02 1.6 1.0 0.002 0.08 0.004
3 0.02 1.9 1.167 0.005 0.167 0.01
4 0.02 1.7 1.067 0.003 0.1 0.006
5 00 1.9 1.167 0.005 0.167 0.01

hm = thickness
pf = densityof layer m co = 1.5 km s
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This value was found by Schirmer (1971) in sea-floor mud. Measurements in
saturated sediments at low frequencies (less than lkHz) yield values between
0.08 -f and 0.30 -f[dB/km] (Hamilton, 1972).

The mode cutoffs are chosen at,

1:2:c (for cutoff). (19)
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This agrees with the undisturbed mode solutions and is consistent with the
assumption (15). The exact cutoff is obtained from (12) by setting [5:0,

2

{0—2 CbR (1+5?)"R bR (for cutoff). (20)
&_SIL
knR CbR

Thus, at cutoff frequencies the mode attenuation becomes equal to the attenua-
tion of compressional waves in the sea floor.

Figure 4 shows the mode attenuation caused by excitation of low—velocity
shear waves. The uppper panel refers to lossless shear waves with,

csR=O.167 - CO =250 ms“1
21

csI=0. ( )

Measured shear-wave velocities in water-saturated sediments vary from 50 to
over 500 ms‘1 (Hamilton, 1975). With an indirect method Janle et al. (1975)
found a near-surface velocity of 200 ms‘1 in the North Sea. In the cited paper
observed elastic bottom motions are assumed to be forced by surface gravity
waves.

Shear-wave absorption is even less known than shear-wave velocity. In order
to show the influence on mode propagation the attenuation coefficients are
computed in Figure 4, lower panel, with,

es, =0.01 - c0. (22)
In agreement with observations the shear-wave attenuation is assumed pro-
portional to the first power of frequency (Hamilton, 1975). In the same paper it
is pointed out that shear-wave attenuation may be of the order of 10 to 20 times
larger than compressional wave attenuation, which means even higher than
those in (22).

The comparison of Figures 3 and 4 indicates that compressional-wave
absorption and shear-wave excitation yield comparable contributions to mode
attenuation. The lower part of Figure 4 shows that shear-wave absorption is not
neglible. This is of importance because shear-wave absorption of ocean sedi-
ments is the most unknown quantity within this investigation.

In Figure 5 the resulting mode attenuation from compressional-wave absorp-
tion, shear-wave excitation and absorption is shown. The resulting attenuation
coefficients are little smaller than the sum of the contributions from Figures 3
and 4.

The summer profile mainly effects the attenuation of the first two modes n
=1, 2. This results from the concentration of mode energy within the lower part
of the ocean (cf. Fig. 2).

4. Reflection Losses at a Layered Sea Floor

In this section a (M +1)-layer model is regarded. The uppermost layer is the
water layer, and the sedimentary halfspace consists of M homogeneous layers of
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thickness hm, density p3,", compressional-wave velocity cg", and shear-wave ve—
locity c’s”. The shear-wave velocities of all layers are assumed to be small
compared with the sound velocity of the ocean,

cg"<c for m=1,2,...,M. (23)W

In order to obtain normal-mode solutions the compressional-wave velocity of
the lowest layer (a halfspace) has to exceed the sound velocity of water. The
acoustic wave field of the layered elastic halfspace can be described by the
particle displacements (8). Within each layer the differential Equations (10) have
to be fulfiled, and at the layer boundaries continuity of displacements and
normal stresses are required. For the lowest layer the radiation conditions
(exponentially decreasing compressional and outgoing shear waves) yield the
solutions (11). Assuming arbitrary amplitudes An, Bn the vertical amplitude
functions on, 1/1,, can be continued from the lowest layer up to the upper
boundary of the uppermost sedimentary layer. This is done by a matrix
formalism similar to that of Haskell (1953). With help of the boundary con-
ditions at the water-sediment interface the amplitudes An and B" are eliminated
and [En [Eq. (4)] is obtained, depending on the transfer matrix only,

_Pw ‘02 (Tzz'H‘n Tsz)S1—(Tz1+kn T31)Sz
[if—F;— C12 a)2 (02S (2k„ 7111+ (Zkâ—EÈ) T11) 52— (a T42+ (ZkË—zñ) T12) S1

(24)
with

C02
S1 =2kn T21 + (Zkÿ _ËÏÎ) T31

(02
Sz=2kn T22+ (2161—7?) T32

CS

where T is the 2 x 4-transfer matrix,

M—l

T: H (Lm.B„‚).7;„. (25)
m=1

In this equation TM is the 2 >< 4 matrix, including the boundary conditions at the
lowest interface and the radiation conditions,

1 O. M, _ —s O7M— O 1 (26)
O —'K§"

with
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2l to a)
2

o

Km_‘ b CbR
b— 2CO' 2l

kn—Cm—2
else

L b 27l 602 w
( )

——k2 if ——>km2 n m nR
C CR

Km=<
S S

s 2CO2z kn—s else
L s

Bm and Lm are 4x4 matrices which describe the boundary conditions at the
layer interfaces and the continuation of the function 0,,(x3) and w„(x3) through
the layers,

dm — qm O O -— qm/kn

B’" — O -— qm/kn dm — qm 0 (28)
k„(1+qm——d‚„) O 0 1+qm

with
k2dm=pr+1/pz‘, qm=2 w". (dmcr+12—c;"2)

and
cos (KZ‘ hm) sin (Kg? hm)/K;,” 0 O

_ — Kg“ sin (KZ' hm) cos(1c§," hm) O O
Lm ‘ 0 0 cos (K': hm) sin (w: hm)/K;" ' (29)

0 O — Kg" sin (K? hm) cos (K? hm)

The dashed lines in Figure 6 show computed attenuation coefficients for a 6-
layer model. The dotted lines refer to a 2-layer model with sediment parameters
of the lowest layer of the 6-layer model. Computations are carried out for a
constant profile of sound velocity in the ocean and for the summer profile of
Figure 2.

.It is remarkable that the attenuation coefficients of the layered sea floor no
longer decrease monotonously with frequency. As further computations show
this is mainly a result of layering in shear-wave velocities. Especially channels of
low shear-wave velocity, such as m=2 and 4 in Figure 6, effect the frequency
dependence of the mode-attenuation coefficients. In agreement with the assump-
tion (15) the layering of the sea floor has no remarkable influence on the mode
dispersion.

5. Conclusions

A 2-layer fluid model is a good approximation for lossless mode theory. Even
for order-of-magnitude estimations of attenuation the 2-layer model yields
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useful results (Ingenito, 1973). But, as shown in Figure 6, the sea-floor layering
must be regarded for more accurate investigations. Schirmer (1971) observed a
layering of compressional-wave velocities in the upper few meters of ocean
sediments. On the other hand nothing is known about shear-wave layering,
which mainly effects the frequency dependence of mode attenuation. Therefore
the computation of exact mode-attenuation coefficients is not possible. But the
theoretical results may help to understand observed transmission loss in
shallow-water acoustics.
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Relation of Gravity to Elevation in Zambia

K.D. Töpfer"
University of Zambia, School of Natural Sciences, PO. Box 2379, Lusaka, Republic of Zambia

Abstract. Relations of gravity anomalies to elevation are derived for Zambia
using different correlation methods with increasing mode of smoothing. Re-
gression parameters derived are not consistent and thus cannot be compared
to each other. Results are discussed and a preliminary interpretation is
proposed.

Key words: Free-air anomaly — Bouguer anomaly — Elevation.

1. Introduction

Linear relations of free-air anomalies to elevation (FA-H relations) are some-
times used for the interpolation and/or extrapolation of gravity data (Heiskanen
and Moritz, 1967; Groten and Reinhart, 1968) whereas linear relations of Bou-
guer anomalies to elevation (BA-H relations) are proposed to investigate isostatic
compensation of the crust on a regional scale (Woollard, 1969; Qureshy, 1971).

The aim of this present study is to investigate whether relations of gravity
anomalies to elevation in Zambia are suitable as gravity “predictors” and/0r
whether Woollard’s model of a “normal”, compensated crust does also hold
for Zambia.

2. Data Collection and Processing of Data

The area of Zambia is 752600 km2 (i.e. three time the size of FRG) and was
covered by 1698 gravity stations (Strojexport, 1973; Mazac, 1974; Cowan, 1976).
This amounts to a mean station density of 0.0023 field stations per km2 or
one station per 443 km2. Moreover the station density is rather inhomogeneous,

* Address for offprint requests: Lehrkanzel für Geophysik der Universität, Hohe Warte 38,
A-1190 Wien, Austria
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Fig. l. Spacial distribution of gravity stations in Zambia

ranging from 3 station per 1°>< 1° unit area (1 station per 4107 km2) to ”1'3
stations per 1° x 1° unit area (1 station per 169 km2), see Figure 1.

Zambia is part of the Central African Plateau at an average altitude of
about 1200 m above sea-level. In general the plateau is gently undulating al-
though topographic highs (1600 m and even over 1900 m in the N and NE)
and topographic lows (500—600 m in the Luangwa and mid-Zambezi Valleys
and as low as about 300 m in the Feira District) do exist. The distribution
of available gravity data (n) as function of elevation (H) is inhomogeneous
too and clearly reflects the topography in Zambia, see Figure 2.

Free-air anomalies are correlated to elevation by least squares linear regres-
sion to result in a relation of the form

FA :r.2+bH. (1)
The BA-H relation is of the form

BA =a +cH. (2)
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Fig. l. Spacial distribution of gravity stations in Zambia

ranging from 3 station per 1°>< 1° unit area (1 station per 4107 km2) to ”1'3
stations per 1° x 1° unit area (1 station per 169 km2), see Figure 1.

Zambia is part of the Central African Plateau at an average altitude of
about 1200 m above sea-level. In general the plateau is gently undulating al-
though topographic highs (1600 m and even over 1900 m in the N and NE)
and topographic lows (500—600 m in the Luangwa and mid-Zambezi Valleys
and as low as about 300 m in the Feira District) do exist. The distribution
of available gravity data (n) as function of elevation (H) is inhomogeneous
too and clearly reflects the topography in Zambia, see Figure 2.

Free-air anomalies are correlated to elevation by least squares linear regres-
sion to result in a relation of the form

FA :r.2+bH. (1)
The BA-H relation is of the form

BA =a +cH. (2)
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Fig. 2. Available gravity data in relation to elevation in Zambia

Strojexport (1973) estimates that topographic corrections for Zambia do not
exceed 2 mgals and therefore no topographic corrections were applied to gravity
data. Thus

(FA-BA)=(b-c')= +0.1119 (mgals/m) (3)

since a constant density of 027.67 gcm‘3 was used to calculate Bouguer ano-
malies.

It follows from Equations (l), (2) and (3) that FA-H relations can be derived
from BA-H relations and vice versa. The author of this paper nevertheless
calculated individual FA-H and BA-H relations and used Equation (3) to test
the reliability of gravity data input to the computer. All computations were
done on a Compucorp desk computer, model 425/44.

3. Results

Four different correlation techniques are undertaken and are listed below in
order of increasing mode of smoothing:

a) correlation ofindividual pairs of FA-H and BA-H data within areas of 1° >< 1°;
b) correlation of pairs of FA-H and BA-H data averaged over elevation intervals
of 50 m;
c) correlation of 1° x 1° mean values:
(1) correlation of 3° >< 3° mean values.

Linear regression results are summarized in Table 1.
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Fig.3. Simplified free-air anomaly map and intercepts as derived from FA-H relations within
1° x 1° unit areas of Zambia

3.1. Correlation of lmlirr'dua/ Pairs of'FA-H and BA —H
Values within Uni! Areas of 1° x 1°

Figure 3 shows intercepts as derived from the correlation of free—air anomalies
to elevation for unit areas of l°>< l°. Because of Equations (l) and (2} theses
intercepts are also representative for BA—H relations. Intercepts vary over a
wide range from +911 mgals to ——908 mgals. the average being —108mgals.

Superimposed on Figure 3 is a simplified version of the provisional Free-Air
anomaly map of Zambia (Töpfer, in prep.). Narrow. elongated negative FA-
anomalies are apparent along the Luangwa- and mid-Zambezi Valleys. the Luap-
ula Province. part of the Copperbelt and the Northwestern Province. Positive
FA-anomalies are aligned mainly to the “ Luangwa and Zambezi Lows". There
is no correlation apparent between free-air anomalies and intercepts.

Figure 4 depicts slopes as derived from linear regression analysis of Bouguer
anomalies versus elevation for unit areas 01‘ 1° x 1°. Slopes for FA-H relations
may be ‘alculated from Equation (3). Slopes for BA-H relations vary consider-
ably. from —0.996 mgals/m to +0820 mgals/m. the average being
—0.022 mgals/m. It is interesting to note that small slopes seem to occur in
areas with relatively large topographic variations (Luangwa- and mid-Zambezi
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intercepts are also representative for BA—H relations. Intercepts vary over a
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anomalies are apparent along the Luangwa- and mid-Zambezi Valleys. the Luap-
ula Province. part of the Copperbelt and the Northwestern Province. Positive
FA-anomalies are aligned mainly to the “ Luangwa and Zambezi Lows". There
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Figure 4 depicts slopes as derived from linear regression analysis of Bouguer
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may be ‘alculated from Equation (3). Slopes for BA-H relations vary consider-
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Fig. 5. BA-H relations from gravity data averaged over elevation intervals of 50 m
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Fig. 6. BA-H relations from 1° x 1° mean values

Valleys, Lake Tanganyika) whereas large slopes occur in areas of extremely
smooth topography (Western Province). Superimposed on Figure 4 is a
simplified version of the provisional Bouguer anomaly map of Zambia (Mazac
and Töpfer, 1974). Large anomaly “lows“ are observed towards the northern
border of Zambia and part of the Luangwa Valley, and gravity “highs” occur
at the southern and eastern borders of Zambia. In general, Bouguer anomalies
seem to increase from NE to SE. There is no correlation apparent between
Bouguer anomalies and slopes as derived from BA-H regression analysis.

3.2. Correlation of Mean Pairs QfFA-H and BA—H Values Using
Different Average-2g Techniques

Correlation of mean gravity anomalies to elevation, as averaged over elevation
intervals of 50 m, apparently result in two regression lines, see Figure 5. Rela-
tions between the elevation interval of 300 to 800 m indicate. relatively small
gradients of +0.019 mgals/m for the FA-H correlation and relatively large gra-
dients of —0.092 mgals/m for the BA—H correlation, see Table 1. This elevation
interval correSponds with the Luangwa- and mid-Zambezi Valleys and the ex-
treme north of Zambia (Lake Tanganyika). Intermediate gradients of
+0062 mgals/m and +0049 mgals/m are observed for the elevation interval
of 800—1700 m, see Table 1.

The linear regression analysis of 1° >< 1° mean gravity anomalies versus 1° >< 1°
mean elevation results in two, approximately parallel lines, with gradients of
+0034 mgals/m for FA-H relations and —0.078 mgals/m, for BA-H relations,
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see Table l and Figure 6. Both lines are offset by about 40 mgals. The lower
intercept of —79 mgls corresponds with l°>< 1° unit areas which include the
Luangwa- and mid-Zambezi Valleys and Lake Tanganyika. It is also worth
nothing the relatively high correlation coefficient of +0.97 and —0.98 for this
latter regressions. respectively. see Table 1.

Correlation analysis between 3°><3° mean gravity anomalies and 3°><3°
mean elevation results in two lines. repectively, which apparently intersect. see
Figure 7. Points of intersection are 1450 m and — l2 mgals for the FA-I—I rela-
tions. and 1525m and — 182 mgals for the BA-H relations. The positive inter—
cepts of +25 mgals and the negative slope of —0.027 mgals/m for the FA-H
relation is of interest. see Table l. The negative intercept of —44rngals is
observed for 3° >< 3° unit areas which include the Luangwa- and mid-Zambezi
Valleys and the extreme north of Zambia.

4. Discussion of Results

Individual data deviate considerably in part from the evaluated linear regression
fits. see Figures 5-7. although correlation coefficients may be as high as 0.98.
see Table 1. It is suggested that local near-surface geological effects are the
main cause ofthis observed scatter ofdata. This interpretation may be supported
by the complex geology of Zambia, which dates from quaternary and tertiary
sediments and sediments of the Karroo System (250 my.) to metasediments
of the Katanga System (600— 1300 my) and basements rocks of the Bangweulu
Block {1100 2.500 my) (Drysdall et al.. 1972). In fact. mean gravity anomalies
averaged over 1° >< 1° unit areas show standard deviations between i5 mgals
and :30 mgals. a range which may well be explained by near~surface geological
effects. It is therefore concluded that neither FA-H nor BA-H relations can
be used as gravity predictors in Zambia.

Regression parameters for BA—H relations whereby gravity anomalies are
averaged over 50 m elevation intervals, indicate a gradient of —0.092 mgals/m
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effects. It is therefore concluded that neither FA-H nor BA-H relations can
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Table 2. Relations of Bouguer anomalies to elevation in Africa (Woollard, 1969)

Region or 1° >< l° mean values 3° >< 3° mean values
country

‘

Elevation (m) Intercept Slope Elevation (m) Intercept Slope
from — to (mgals) (mgals/m) from — to (mgals) (mgals/m)

Central and 0—3 50 + 20 — 0.172 0—200 + 24 — 0.184
North Africa 350 + — 20 — 0.050 200 + + 4 — 0.072

Equatorial 350 + — 57 — 0.063 350 + — 57 — 0.063

Zambiaa 400—1500 — 73 —0.055 800—1400 —42 — 0.083
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a Average regression parameters from present study

for lowlands of Zambia, whereas highlands are characterized by a gradient
of —0.049 mgals/m, the transition being at an elevation of about 800 m. The
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is a world-wide phenomena, although magnitudes of slope and intercept as
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In Central and North Africa, the 1° x 1° mean correlations show a transitional
elevation of 350 m, whereas 3° >< 3° mean correlations indicate transitional eleva-
tions between 200 m and 700 m above sea-level, see Table 2 (Woollard, 1969).
1° >< 1° and 3° x 3° mean regression analysis for Zambian data do not indicate
a transitional elevation but rather show two separate regression lines which
are representative for the whole range of elevations, see Table 1.

It is also apparent from Table] that regression parameters are not the
same for different correlation techniques applied to Zambian data. In general
it appears that absolute intercepts decrease and absolute slopes for BA-H rela-
tions increase (slopes for FA-H relations consequently decrease) with increasing
mode of smoothing, see Table 1. It is suggested that smoothed gravity anomalies
(i.e. 1° >< 1° and/or 3° x3° mean values) represent mainly the regional gravity
field since short wavelength gravity effects are filtered out during the averaging
process. It becomes therefore obvious that regression parameters as derived
from data of different mode of smoothing are of different geophysical signifi-
cance and must thus be interpreted separately.

Wollard (1969) derived a theoretical BA-H relation (from 3°><3° mean
values) based on the hypothetical model of isostatic equilibrium as proposed
by Airy (1855): BA=FZ—0.1119 H, where F74 is the mean free-air anomaly
of the region. Garland (1971) interpretes Woollard’s results and states that
“different values of intercept indicate abnormal crustal density and different
gradients are thought to show departure from perfect compensation of the
topography”. The average intercept for the 3°><3° mean regression analysis
is —42 mgals, see Table 1, whereas the mean free-air anomaly for the whole
of Zambia is found to be —9mgals. Also, the gradient of —0.083 mgals/m
for the 3° >< 3° BA-H relation differs significantly from Woollard’s theoretical
gradient, see Table 1. According to Garland (1971) this would infer that the
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crust in Zambia is not in isostatic equilibrium. However, this interpretation
of regression results for Zambia seems to be unlikely, since the last orogenic
episode, the Lufilian Arc (Damara-Katanga Belt), occurred in late Precambrian
times (Drysdall, Johnson, Moore and Thieme, 1972). An alternative model
may be “thinning of the lithosphere” with associated rifting in Zambia (Searle,
1970; Fairhead and Girdler, 1972; Chapman and Pollack, 1975; Girdler, 1975).

5. Conclusions

Relations of FA- and BA-anomalies to elevation, as derived for Zambia, cannot
be used for the interpolation and/or extrapolation of gravity data. Large scatter
of individual data is thought to reflect the gravity effect of the near-surface
geology. The “ US standard relation” which is based on the “ US normal crust”
(Woollard, 1969), apparently does not hold for Zambia. All discussed relations
of gravity to elevation indicate different regression parameters for areas including
the Luangwa- and mid-Zambezi Valleys and the extreme north of Zambia (Lake
Tanganyika) as compared to the rest of the country.
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Albert Defant (1884— 1974)

Am 26. Dezember 1974 verstarb Albert Defant. Er war neben den Skandinaviern
V. Bjerknes, V.W. Ekman und H.U. Sverdrup einer der großen Wegbereiter
der modernen Ozeanographie, indem er sie als Teil der Hydrodnamik betrachtete
und sie damit aus der rein geographisch-beschreibenden Arbeitsweise heraus-
führte. Er hinterläßt 12 Bücher und Handbuchbeiträge sowie 222 Veröffentli-
chungen.

Nach dem Schulbesuch in Trient und Innsbruck studierte er Mathematik,
Physik und Geophysik. 1906 promovierte er in Innsbruck und übernahm an-
schließend eine Assistentenstelle an der k.u.k. Zentralanstalt für Meteorologie
und Geodynamik in Wien. Dort habilitierte er sich 1909.

Seine frühen Arbeiten sind der Meteorologie gewidmet. Sie enthalten bereits
jenes Charakteristikum, das seinen Arbeitsstil zeit seines Lebens kennzeichnete:
die enge Verbindung von Theorie und Beobachtung.

Im Jahre 1908 erschien seine erste Arbeit über Seiches des Gardasees, 1911
über die Eigenschwingungen der Adria und 1914 über die Gezeiten — die
Fülle der Abhandlungen in jener Zeit ist jedoch noch immer der Meteorologie
gewidmet. Dies ändert sich erst nach seiner Berufung auf den Lehrstuhl für
kosmische Physik an der Universität Innsbruck im Jahre 1919. Die Interpretation
der Gezeiten der Rand- und Nebenmeere trat nunmehr etwa gleichgewichtig
neben meteorologische Probleme, bei denen sich eine Verlagerung von den loka-
len Verhältnissen des Alpenraumes zur großräumigen atmosphärischen Zirkula-
tion abzeichnete.

Die endgültige Wende zur Ozeanographie erfolgte 1929 mit der Berufung
auf den Lehrstuhl in Berlin. Sein Vorgänger, A. Merz, hatte die große „Deutsche
Atlantische Expedition“ des Forschungsschiffes „Meteor“ geplant, die erstmals
eine systematische Aufnahme des südlichen Atlantischen Ozeans bringen sollte.
Neben der räumlichen Verteilung der ozeanographisch relevanten Parameter
sollten gleichzeitig auf Ankerstationen die zeitlichen Schwankungen dieser Grö-
ßen gemessen werden.

Merz verstarb zu Beginn der Expedition 1925 und Defant übernahm die
Herausgabe des „Meteor-Werkes“. Es trägt im wesentlichen seinen Stempel.
Zwei Jahrzehnte meteorologischer Forschungstätigkeit hatten ihm eine breite
Basis zur Behandlung analoger Probleme der großräumigen ozeanischen Zirkula—
tion gegeben. Seinem Stil entsprechend,Theorie und Beobachtung zu verbinden,
nahm er selbst an einem Fahrtabschnitt der „Meteor—Expedition“ teil. Auch
in folgenden Jahrzehnten führte es ihn noch mehrmals in den Atlantik, letztmals
1938 mit dem Forschungsschiff „Altair“.
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592 W. Krauß: Albert Defant (1884—1974)

Im Jahrzehnt zwischen 1930 und 1940 finden sich zwei zentrale Themen
in fast allen seiner Arbeiten: die großräumige Zirkulation des Atlantischen
Ozeans und das Problem der Stromschwankungen, insbesondere der internen
Gezeiten.

1929 war seine „Dynamische Ozeanographie“ erschienen; bereits vor Beginn
des 2. Weltkrieges begann er ein umfassendes „Handbuch der Physikalischen
Ozeanographie“ zu schreiben. Es konnte erst 1961 unter dem Titel „Physical
Ocenanography“ erscheinen.

Das Berliner Institut für Meereskunde wurde während des Krieges zerstört.
1945 übernahme Defant, inzwischen 60 Jahre geworden, wieder seinen alten
Lehrstuhl in Innsbruck. 31 Veröffentlichungen verfaßte er noch bis 1966.

A. Defant war Mitglied der Preußischen Akademie der Wissenschaften Ber-
lin, der Deutschen Akademie der Naturforscher Leopoldina Halle, der Akade-
mien Göttingen, Wien, Helsinki, Göteborg, Stockholm, New York, München,
Mainz und Oslo. Im Amtsjahr 1950/51 war er Rektor der Universität Innsbruck,
1957 wurde er Ehrendoktor der Universität Berlin, 1962 wurde er zum Ritter
der Friedensklasse des Ordens „Pour 1e Mérite“ ernannt. Österreich verlieh
ihm 1974 das Ehrenzeichen für Wissenschaft und Kunst. .

Albert Defant hat — wie wohl kein anderer Wissenschaftler in Deutschland
— das Gesamtgebiet der physikalischen Ozeanographie und Meteorologie über-
blickt und der Forschung in beiden Gebieten entscheidende Impulse gegeben.

W. Krauß
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Study of the Structure of the Lower Lithosphere
by Explosion Seismology in the USSR

V.Z. Ryaboy
All-Union Research Institute of Geophysical Exploration, Ministry of Geology,
Chernyshevskaya 22/101808 Moscow, USSR

Abstract. Deep seismic sounding (DSS) conducted along long range profiles
in various regions of the USSR yielded good seismic records of deep waves
in a distance range of 400—600 km (on some profiles to 1000—1500 km).
These experimental DSS data permitted to construct detailed velocity models
of the upper mantle to a depth of 100—120 km or more. The analysis of
kinematic and dynamic characteristics of the mantle waves PM (Pu), which
are everywhere recorded as first arrivals beginning from distance at
130—200 km on land and at 30—40 km at sea, shows that this group of
waves has a complex structure and consists of several refracted and reflected
waves. Travel times and other characteristics of PM(P,,) waves are greatly
variable from area to area. Velocity sections of the upper mantle were
constructed by comparison of the experimental PM(P„) travel-time curves
referred to the flattened base of the earth’s crust with the theoretical travel-
time curves computed for vertically and horizontally inhomogeneous velocity
models. The principal results of the study are as follows:

1) Lateral velocity inhomogeneities have been established in the upper
mantle, the linear dimensions of which vary from tens to hundreds of kilome-
ters or more:

2) The uppermost mantle has been found to incorporate layers, 10—20 km
thick of lower (7.7—7.9 km/s) and higher (8.4—8.6 km/s) compressional velo-
cities;

3) A change in the structure of the lower lithosphere has been recorded
in the transition from one large geological province to another. This change
is marked by variation of velocities and velocity distribution with depth.
The results demonstrate the effect of the upper mantle processes on the
formation and evolution of the crustal structure.

Key words: Structure of the upper mantle — Deep seismic sounding —
Long range seismic lithospheric profiles.
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Introduction

According to the present day knowledge, many geological phenomena observed
at the surface and in the upper layers of the earth’s crust, the study of which
is of great importance for scientific and practical applications, are in many
respects caused by the processes operating in the upper mantle. In this connec-
tion, the solution of many urgent problems of geodynamic requires quantitative
results on the distribution of lateral and vertical inhomogeneities in the upper
mantle because these inhomogeneities are indicators of the mechanism and
energetics of abyssal processes. Most of the information available to date about
the upper mantle structure was obtained by seismic recording of earthquakes.
The intensive development of explosion seismology for the last 10—15 years
is of great importance. This method allowed investigations to be made not
only in regions of seismicity but also in aseismic platform regions. The accuracy
and resolution of investigations were increased by using higher frequencies and
by determining the time and place of shots more precisely than origin and
coordinates of earthquakes. Another advantage was the fact that in explosion
seismological investigations, shot and detector arrangements could be varied
depending on the aim and object of investigation. As a result, the reliability
of field measurements and hence the accuracy of geological interpretation could
be greatly improved.

In the early sixties crustal studies by deep seismic sounding (DSS) were
made in some areas of central Asia (Ryaboy, 1966, 1969). These experiments
proved that the DSS method could be effectively applied to not only crustal
studies but also to investigations of the upper mantle to a depth of 100—120 km.
Later this conclusion was proved in other areas on land (Alekseev et al., 1973;
Kosminskaya et al.‚ 1972) and also in the Pacific Ocean (Zverev, 1970) and
in the Black Sea (Neprochnov and Rykunov, 1970).

At present there are two trends in the study of the upper mantle by explosion
seismology. One of them is based on a technique developed in seismology
(Lewis and Meyer, 1968; Archambeau et al., 1968; and others).

This method is characterized by large separations between recording stations
(up to 100 km). Reversed and overlapping systems are commonly not employed.
The accuracy of the results in this case is comparable to that of earthquake
studies. The other trend derived its ideas and techniques from exploration
geophysics and from the experience in deep seismic sounding. It employed
a technique of correlating deeply travelling waves using reversed and overlapping
shot and detector arrangements, and of detailed analysing kinematic and dy-
namic characteristics of waves in the distance range from 500—1000 km or more
from an explosion (Ryaboy, 1966; Burmakov et al., 1975; Hirn et al., 1973;
Bamford et al., 1976, etc). The second trend appears to yield more accurate
and more detailed results. In the USSR the development of seismic study of
the upper mantle followed the second trend.

To date more than 200 profiles have been observed in the USSR by the
DSS nethod. About 10% of them are long-range profiles to a distance range
of 400—600 km (in some regions up to 1000—1500 km). This paper is an account
of the main results of the DSS study of the upper mantle structure obtained
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Fig. 1. Schematic map of boundary velocities of compressional waves measured along the Mohorov-
icic discontinuity (VIT) for the territory of the USSR and adjacent countries, compiled by NA.
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4: DSS profiles used in the construction of the lower lithosphere velocity sections in this paper

along the long-range profiles. The location map of the profiles is given in
Figure 1.

Observational Technique

Field observations were made on DSS lines by a method of continuous longitudi-
nal profiling with a correlation of reversed and overlapping travel-time curves
of deep waves. A distinctive feature of the field procedure was that, apart
from studying the crustal structure, it provided the possibility of investigating
the upper mantle using the same types of reflected waves at less than and
beyond the critical distance, refracted and converted waves. This was achieved
by making measurements at distances greatly exceeding those of the conventional
DSS systems, which on land commonly cover 200—250 km. Distances of
400—600 km were used to record the mantle phases. On some profiles, as for
instance from Kineshma to Vorkuta (Profile 4 in Fig. l), the distances reached
1000—1500 km (Burmakov et al., 1975).

Spacings between shotpoints varied from 50—80 km to 150—200 km or more.
The measurements were made with field equipment of oscillographic and

magnetic recording in a frequency range of 5—8 to 15—20 cps. The stations
were spaced 100—200 m apart. On those profiles where travel-time curves reached
distances up to 1000—1500 km, recording was made with the equipment having
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by making measurements at distances greatly exceeding those of the conventional
DSS systems, which on land commonly cover 200—250 km. Distances of
400—600 km were used to record the mantle phases. On some profiles, as for
instance from Kineshma to Vorkuta (Profile 4 in Fig. l), the distances reached
1000—1500 km (Burmakov et al., 1975).

Spacings between shotpoints varied from 50—80 km to 150—200 km or more.
The measurements were made with field equipment of oscillographic and

magnetic recording in a frequency range of 5—8 to 15—20 cps. The stations
were spaced 100—200 m apart. On those profiles where travel-time curves reached
distances up to 1000—1500 km, recording was made with the equipment having
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a frequency band from 1—2 to 10—15 cps and with separations between recording
stations of 5—15 km.

As a rule, field measurements were made with calibrated equipment, which
made it possible to use not only kinematic but also dynamic characteristics
of the recorded waves in the interpretation. It should be noted that the employed
DSS systems of crustal profiles were sufficient to overcome the effect of lateral
inhomogeneities within the crust on the kinematic and dynamic characteristics
of mantle waves.

P- Waves from the Lower Lithosphere

It is the purpose of this section to present the P-wave travel-time and amplitude
data observed at a distance (R) exceeding 130—150 km from the shotpoint.

Group of P93“ Waves

A group of waves reflected from the Moho discontinuity here termed P564“
(in other publications termed PMP) yields the most energetic arrivals in a range
of distances from 60—80 km to 250—300 km from the shotpoint. In some areas
this group of reflections can be followed directly from the shotpoint to a distance
of more than 300 km. Apparent velocities of these reflections regularly decrease
with distance from about 9—10 km/s at R=60—80 km to 6.5—7.0 km/s at R:
250—300 km. The overlapping travel-time curves are not parallel but tend to
diverge.

In most cases PM reflections are most intensive in a distance range of
80—100 km to 180—200 km. Figures2 and 3 show the examples of averaged
travel-time curves, the graphs of amplitude vs. distance variation, A(R), and
the photographs of seismic records showing PM reflections obtained on a profile
from Kopet Dagh to the Areal Sea (Profile 7 in Fig. 1) (Ryaboy, 1966, 1969).

The times of early PM reflections on the DSS profiles measured on land
and shown in Figure l differ by about 2.5—3.0 s for the same distances from
the shotpoint. The standard deviation of travel-time curves from the mean
curve, which was smoothed with the help of a rectangular function, was i 0.88 s
(Fig. 4). The travel-time curves earlier of PM refl. arrivals that have been used
in the statistical analysis were obtained in areas of essentially differing crustal
structure such as Baltic Shield, Russian plate, Turanian plate, North Tien-Shan,
Fore-Caucasus, Central Kazakhstan, Ural folded area and others. Therefore,
the above mentioned time differences of PM reflections and standard deviations
may be regarded as indications of heterogeneity of the continental crustal struc-
ture.

Group of PM (Pu) Waves

These waves, designated in seismology as P", are everywhere recorded as first
arrivals beginning from a distance of 130—200 km. The transition from the
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Fig. ZA—C. Schematic travel-time curves (A, B for distances of 0-200 and 200—615 km, respectively)
and amplitude vs. distance graphs (C) for deep waves recorded along the profile Kopet Dagh-Aral
Sea [Profile 7 in Fig. l). Dotted lines designate low intensity and poorly correlatable waves

respective crustal waves to a group of PM waves is commonly marked by a
pronounced bend of the travel-time curve in first arrivals and by an increase
of apparent velocities from 6.5—7.0 km/s to 7.7—8.2 km/s. The PM travel-time
curves are not strictly linear in the region of first arrivals. Apparent velocities
tend to increase with distance from 7.7—8.2 km/s to 8.8—9.5 km/s at R:
500—1500 km. The PM-travel—time curves display rapid increases or decreases
of apparent velocities against the background of their normal gradual increase.
This is well illustrated by Figure 5A which shows first arrivals of PM(P,,) waves
recorded on some of the reported long-ranges DSS profiles.

As a result of the detailed study of kinematic and dynamic characteristics
of a PM wave group, it has been found that the group has a complex structure
consisting of several waves. This was particularly well seen in detailed observa-
tions. The most common case is a gradual change of waves, when waves of
higher velocities enter the region of first arrivals as the distance from the shot-
point increases. In some cases this phenomenon is accompanied by an attenua-
tion of the early waves, a break in a travel-time curve and a displacement
of its retrograde branch by 0.5—1.5 s.

In some areas some of the PM waves were reliably identified and traced
in the reversed and overlapping systems in the regions of later arrivals. These
waves are commonly most intensive. As compared to those recorded as first
arrivals, they have higher and nearly identical apparent velocities which slightly
decrease with greater distance from the shotpoint. Figures 2, 6, 7 and 8 show
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Fig. 3. Seismic records showing variation in intensity of PM (P,,) and Px“ with distance (R) from
the shotpoint (profile KOpet Dagh-Aral Sea)

examples of travel-time curves, amplitude vs. distance graphs and photographs
of seismic records showing some PM waves recorded along the DSS profile
from Kopet Dagh to the Aral Sea (Ryaboy, 1966, 1969). This profile was
the first to yield experimental data revealing a complex structure of P“ waves.
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This paper describes the results of reinterpretation of these data, which was
made using the latest techniques of constructing two-dimensional velocity sec-
tions of the upper mantle.

In the region of first arrivals, PM(P,,) waves are usually less intensive than
later PM refl. waves reflected from the base of the crust. With increasing distance,
however, the picture reverses, and from 250—300 km PM(P,,) waves become
more intensive (Fig. 2C; Fig. 3). The amplitudes of PM(P,,) first arrivals rather
rapidly decay with distance to 250—300 km, the attenuation being weaker at
greater distances, where abnormal build-ups and decays of amplitudes are fre-
quently observed.

The visible frequencies of PM(P,,) waves recorded in a frequency band of
5—8 to 15—20 CpS vary from 6-—8 to 10—12 cps, whereas those recorded at fre-
quencies of 1—2 to 10—15 cps vary from 2-—3 to 5—6 cps. The regions of abnormally
increasing and decreasing visible frequencies of PM(P„) waves are usually found
to correspond to complications in the travel-time curves and to extremes in
amplitude vs. distance graphs A(R). As compared to the more intensive later
events, the waves recorded as first arrivals are commonly 1—3 cps higher in
frequency.
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Fig. 5. The observed (A) and recomputed (B) travel-time curves of PM(P,,) first arrivals from
DSS results obtained in: 1: East European platform (Moscow syneclise) (4); 2: East European
platform (Pechora syneclise) (4); 3: central region of Turanian platform (7); 4: Baltic shield (l);
5: North Tien-Shan and Balkhash depression (11); 6: Scythian platform (Fore-Caucasus) (5);
î": Central Kazakhstan folded area (10); 8: East Ural and western areas of West Siberian platform
(9}; 9: Jeffreys~Bullen reference Pn travel-time curve. Numbers in parentheses are numbers of profiles
in Figure l

The analysis of the experimental data obtained from the reversed and overlap-
ping systems of observations has shown that the above mentioned features
of kinematic and dynamic characteristics of PM waves are, to a great extent,
cuased by heterogeneities in the velocity structure of the upper mantle. However,
in many cases it was found that kinematic and dynamic characteristics of P”
waves were also greatly affected by variations in the structure of the crust,
particularly of its upper part. The number of waves in a PM group, the intervals
of their recognition and the main parameters were found to vary when we
passed from one region to another, and in some cases even within one and
the same profile. Similar conclusions on the structure of PM (P,,) waves were
made as a result of long-range profiles observed in France (Hirn et a1., 1973).

A general idea of the distinctive features of a velocity model of the upper
mantle can be obtained from comparison of the travel times of PM first arrivals
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recorded on various DSS profiles (Figs. 4 and 5). A standard deviation of
PM travel times from the average travel-time (t—t) curve derived by a least-squares
fit is i 1.65 s, the maximum time differences being 6—8 c for stations on land
and 12—13 s for combined offshore and land data. Variations in PM travel times
proved to be poorly correlated with the crustal parameters such as crustal
thickness, average velocity and thickness of sediments determined from other
data irrespective of PM. Besides they vary greatly. The computed correlation
coefficients do not exceed 0.35—0.45. This means that the differences in PM
travel times observed in the transition from one region to another cannot be
explained only by variationIn the crustal structure. The same is demonstrated
by the comparison of PM and PM, travel times.

In region of the critical point of PM phases (at 100—200 km) the rays of
Pfiff waves intersect the crust at about the same angle as those of PM waves.
It is remarkable that on the same DSS profiles the differences in travel times
of PM reflections are much smaller than in the case of PM waves, as mentioned
above. So, variations in travel times of PM first arrivals observed in passing
from one region to another can be only partially explained by variations in
the crustal structure, and seem to be indicative of the presence of large lateral
velocity heterogeneities in the upper mantle. This conclusion is corroborated
by the results presented below on the computation of the observed PM travel-time
curves with reference to the flattened base of the crust.
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recorded on various DSS profiles (Figs. 4 and 5). A standard deviation of
PM travel times from the average travel-time (t—t) curve derived by a least-squares
fit is i 1.65 s, the maximum time differences being 6—8 c for stations on land
and 12—13 s for combined offshore and land data. Variations in PM travel times
proved to be poorly correlated with the crustal parameters such as crustal
thickness, average velocity and thickness of sediments determined from other
data irrespective of PM. Besides they vary greatly. The computed correlation
coefficients do not exceed 0.35—0.45. This means that the differences in PM
travel times observed in the transition from one region to another cannot be
explained only by variationIn the crustal structure. The same is demonstrated
by the comparison of PM and PM, travel times.

In region of the critical point of PM phases (at 100—200 km) the rays of
Pfiff waves intersect the crust at about the same angle as those of PM waves.
It is remarkable that on the same DSS profiles the differences in travel times
of PM reflections are much smaller than in the case of PM waves, as mentioned
above. So, variations in travel times of PM first arrivals observed in passing
from one region to another can be only partially explained by variations in
the crustal structure, and seem to be indicative of the presence of large lateral
velocity heterogeneities in the upper mantle. This conclusion is corroborated
by the results presented below on the computation of the observed PM travel-time
curves with reference to the flattened base of the crust.
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Interpretation Procedure

To eliminate the misleading effects of the crust, the PM travel-time curves were
recomputed with reference to a flattened crustal base (Ryaboy and Egorova,
1973). The procedure consisted in the computation of the angles between seismic
rays and the ground surface. The computation was based on the Benndorf
law using the original travel-time curve and seismic velocities in the ,upper
layer as the initial data. Then, the paths of seismic rays were reconstructed
to the intersection with the chosen reference level at a depth of 35—45 km
near the Moho using the principles of geometrical optics and the crustal velocity
data available.

Corrections were applied to the observed travel times to bring the source
and the receiver to the obtained intersection points of the rays with the reference
level. Theoretical modelling and analytical estimation of possible computational
errors showed that the accuracy of PM travel-time curves referred to the base
of the crust varied from i0.3 s—i0.5 3 depending upon the chosen station
separation and system of observation.

Examination of PM first arrivals in the travel-time curves (Figs. 4, 5) shows
that the differences between them are larger than the computational error,
reaching 4—6 s (the standard deviation from the average travel-time curve is
i 1.46 s). This confirms the above conclusion of a horizontally inhomogeneous
lower lithosphere. Velocity sections of the lower lithosphere were constructed
as a result of comparison of the observed PM travel time curves referred to
the flattened base of the crust with the theoretical ones computed for vertically
and horizontally heterogeneous velocity models (Alekseev et al., 1973; Burmakov
and Ryaboy, 1973); A theoretical computation of travel-time curves, ray paths
and isochrones was made using the Runge-Kutta method. Differential equations
of seismic rays were solved by numerical methods. The procedure of computing
rays and travel-time curves in horizontally heterogeneous media using computer
was discussed in detail by Burmakov and Oblogina (1971).

The purpose of computation was to find a set of velocity sections in which
the difference between theoretical and observed travel times did not exceed
the accuracy of the latter (i0.3—0.5 s) for a given region of seismic parameters
with a minimum computer time. A detailed analysis of all possible solutions
for two-dimensional models of interpretation is virtually impossible because
it requires great computer time consumption. For this reason, a representative
sample of all possible solutions was used to estimate the accuracy and stability
of two-dimensional velocity sections of the upper mantle thus obtained with
respect to probable errors of the observed travel-time curves.

Thus, the chosen procedure of inversion included a computerized comparison
of theoretical and observed travel-time curves, estimation of the difference be-
tween them using the criteria of standard and maximum deviation, and correc-
tion of a theoretical model to minimize the discrepancy between experimental
and theoretical data. A velocity section was constructed by an iteration method.
At first, the velocity distribution in the upper layer was determined. The parame-
ters thus found were then fixed, and the velocity distribution was calculated
at greater depth. Possible solution of the problem were looked for among
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Fig. 9A—C. Horizontally inhomogeneous
velocity section of the uppermost mantle
from DSS results obtained in the central
part of the Black Sea (Neprochnov,
Rykunov, 1970) (Profile 2 in Fig. l)
A Comparison of reversed travel-time
curves (1 and If) (recomputed with
reference to the base of the crust) of P33“,
first arrivals with theoretical travel-time
curves of waves refracted in the upper
mantle, calculated for velocity model V(X,
Z) of Figure 9C
B Amplitude vs. distance graph for P
C Horizontally inhomogeneous velocity
model of the uppermost mantle (from data
of V.Z. Ryaboy and Y.A. Burmakov). The
depths are given from the M-discontinuity.

. 1 : observed travel-time curves; 2:
- _ I5 theoretical travel-time curves; 3, 4: velocity

M
n: fr.

v 5*!" ll contour lines from reliable (3) and
3 Km _‚ unreliable (4) data (velocities are given ini 1E] 2. 3. 5. km/s); 5: paths of seismic rays

the simplest models of the medium structure. Dynamical characteristics were
used for qualitative comparison of the observed amplitude vs. distance graphs,
A(R), of P“ waves with geometrical spreading of seismic rays whose paths
were calculated at regularly spaced interval in the angle of radiation from
the source.

When the computed reversed and overlapping travel-time curves of P” waves
differed by less than i 0.3—0.5 s, or when single travel-time curves were obtained
from field measurements, the interpretation was made for horizontally homogen-
eous models by a technique similar to the above mentioned one (Alekseev
et al., 1973; Matveeva, Ryaboy, 1975).

Figure 9 shows an example of a two-dimensional velocity structure of the
uppermost mantle for the central region of the Black Sea depression (Profile
2 in Fig. l). The deviation of the theoretical travel-time curves of the waves
refracted in the upper mantle, calculated for the model V{X, Z), from the
observed PM first arrivals does not exceed :0.3 s (Fig. 9C). All velocity models,
V(X, ZJ, in which the theoretical travel-time curves are consistent with the
observed ones, are qualitatively similar in vertical and lateral velocity variation.
They differ in velocities by :0.1—0.3 km/s at the same depth. Figure 9C shows
the velocity distribution in the upper mantle obtained by averaging all velocity
sections consistent with the observed data.
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Fig. 10 A—C. The effect ofhorizontal inhomogeneities on the resulting upper mantle velocity sections.
The depths measured with reference to the M discontinuity (M20 km). A Theoretical travel-time
curves of refracted waves for the horizontally inhomogeneous velocity model of the upper mantle
given below in the same figure, B (I, Ilashotpoints and respective reversed travel-time curves,
reduced with a velocity of 8 km/s). B Horizontally inhomogeneous velocity model V (X, Z), of
the upper mantle. C Velocity vs. depth variation, V(Z), obtained by iteratic from the I and H
travel-time curves in A

Variation in the density of seismic rays with distance (Fig. 9C) agrees with
the extreme values of the amplitude vs. distance graph A(R). It should be
noted that the velocity model of the upper mantle shown in Figure 9C was
constructed by starting at the Mohorovicic discontinuity, whose depth varies
only slightly and averages 18 km. As a result, the extremes of the A(R) graph
are at a greater distance from the source than the respective regions of a larger
and smaller density of seismic rays, the difference in the distance being equal
to a horizontal projection of the waves refracted in the upper mantle to the
crust obtained in migration. A horizontally homogeneous velocity section of
the uppermost mantle previously constructed by Neprochnov and Rykunov
(1970) is shown in Figure 11.

Thus, theoretical models helped to evaluate the accuracy of the observed
data and to investigate the effect of horizontal velocity inhomogeneities unac-
countable in interpretation. The computation has shown that the error of the
determination of the upper mantle velocities from DSS results is about
:01—02 km/s. The average velocity is determined with a higher accuracy
(1005—01 kin/s). The parameters of layers of higher velocities are determined
more accurately than those of lower velocities.

In the case of large horizontal velocity inhomogeneities an interpretation
based on horizontally homogeneous models may result not only in substantial
averaging ofthe results (lower resolution) but also in an erroneous understanding
of the velocity structure (identification of non-existing interfaces, lowuvelocity
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layers, etc.). This is well seen in Figure 10, which shows horizontally homogen-
eous velocity models of the upper mantle constructed from the travel-time curves
(Fig. 10A) calculated for a two-dimensional model (Fig. 10B). Velocity sections
constructed from reversed travel-time curves (I and II in Fig. 10A) without
allowance for horizontal inhomogeneities are seen to be substantially different
both in velocity values and in velocity variation with depth (Fig. 10C) giving
an erroneous idea of the real velocity distribution.

To conclude, the technique used by the author to interpret the PM (Pu)
data observed on DSS profiles allows the identification and determination of
the parameters of large scale velocity inhomogeneities in the upper mantle
extending for radii not less than several dozens of kilometers and amounting
to 5—10 km or more in layer thickness.

i

The Results

In the seismic study of the upper mantle, the most reliable and accurate informa-
tion is the determination of the boundary velocity of compressional waves
along the Mohorovicic discontinuity (Vfi’). As a result of the analysis and system-
atization of the DSS and seismological data available, a schematic map of
V113" values was compiled for the territory of the USSR and adjacent countries
using about 400 determinations (Belyaevsky and Ryaboy, 1969). New results
have been obtained since then for the same regions, which allowed the map
to be improved and refined (Fig. l).

The Vfi‘ values are known to vary greatly from 7.6—7.8 to 8.4—8.6 km/s
or more, the most common values being 8.1—8.2 km/s. The lower values of
7.6—8.0 km/s are found in tectonically active regions, such as the neotectonic
areas of the Tien-Shan and south. Siberia, the Baikal rift zone, the transition
zone from the continent to the Pacific Ocean, ets. The highest Vâ‘ values reaching
8.4—8.6 km/s or more have been determined in the Paleozoic folded areas of
Central and North Kazakhstan and in the western Pacific. The zones classified
as anomalous by their VÊ‘ values are confined to structural features distinguished
in the crust by geological and geophysical data.

For some regions of the USSR indicated in Figure 1, horizontally homogen-
eous and two-dimensional velocity sections of the lower lithosphere were
constructed from DSS results, shown in Figures 10 and 9, 12, respectively.

Before discussing the results, it should be noted that by using only first
arrivals it is not possible to determine with certainty the number of layers
in the really existing medium and to distinguish the velocity-depth function
at the various interfaces (of first or second order). The information provided
by first arrivals is capable only of providing velocity variations with depth
and velocities in the separate layers. Intensive waves recorded as reflections
from upper mantle interfaces, as, for instance, Pig], and Pfâÿ-L recorded on
the profile Kopet Dagh-Aral Sea, indicate an abrupt change of velocities at
these interfaces (first-order boundaries).

The investigations reported here revealed the presence of large horiyzontal
velocity inhomogeneities in the upper mantle found not only in tectonically
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by first arrivals is capable only of providing velocity variations with depth
and velocities in the separate layers. Intensive waves recorded as reflections
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The investigations reported here revealed the presence of large horiyzontal
velocity inhomogeneities in the upper mantle found not only in tectonically
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Fig. 11. Horizontally homogeneous velocity sections of the upper mantle from DSS data for different
geologic structures of the USSR: 1 (l): Baltic shield; 2 (3): Voronezh massif; 3 (9): Russian
platform (eastern areas) and Uralian folding (western areas); 4 (6), 5 (7), 6 (8): Turanian platform
(western, central and eastern areas, respectively); 7 (5): Scythian platform (Pre-Caucasus); 8 (10):
Central Kazakhstan folded area; 9 (11): North Tien-Shan and Balkhash depression; 10 (12): western
part of the Pacific Ocean; 11 (2): central region of the Black Sea depression; 12: Shaded region
indicates DSS velocity data for the upper-most part of the mantle; (1—10): from data of Ryaboy
and Matveeva; 11: from data of Neprochnov and Rykunov. In parentheses are given the numbers
of profiles given in Figure 1. The depth are measured with reference to the M discontinuity

active folded areas, as shown by seismologic studies (Alekseev et al., 1973;
Nersesov et al.‚ 1972; Vinnik, 1976, etc), but also in ancient platforms. The
horizontal inhomogeneities in the upper mantle which would be found to extend
from tens to hundreds of kilometers or more. The velocities in these depth
ranges appear to be different from the average upper mantle velocities by 5—6%.

In the investigated depth intervals of up to 100—150 km compressional velo-
cities in the upper mantle vary from 7.7—8.0 to 8.6—8.8 km/s or more. A remark-
able feature of the upper mantle velocity structure in platform areas is the
presence of low- and high-velocity layers about 10—20 km thick at a depth
of 80—100 km. In the last years similar and even thinner layers were identified
by explosion seismology in Western Europe (Hirn et al., 1973; Ansorge, Mueller,
1973; etc.) The upper mantle in platform areas, as compared to active regions,
is characterized by a rather smooth and gradual lateral variation of velocities,
the presence of layers with higher velocities and the absence of thick astheno-
spheric layers of lowered velocities, at least in the case of compressional waves.

It has been found that the transition from one large geological structure
to another is marked by a change in the velocity structure of the upper mantle
manifested by velocity variation and a different vertical and horizontal velocity
distribution. For instance, velocities in the uppermost mantle were found to
decrease at the transitions from the Moscow to the Pechora syneclise, from
the eastern margin of the Russian platform-to the Urals and to the western
parts of the West Siberian platform, and from the Kopet Dagh fore-deep to
the central areas of the Turanian platform (Fig. 12). Also, a strong decrease
in velocities of the uppermost mantle was recorded at the transition to the
tectonically active regions of North Tien-Shan (Fig. 11C). Thus, differences
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Fig. lZA—C. Velocity sections of the crust and upper mantle along DSS profiles: A (4) Moscow
depression-Pechora depression (by Y.A. Burmakov, A.V. Egorkin, E.A. Pepov and VIZ. Ryaboy);
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2: Moho discontinuity; 3: average velocity in the sediments; 4: boundary velocity at the top
of the consolidated crust; 5: average velocity in the consolidated crust; 6: contour lines of compres-
sional velocities in the upper mantle from reliable data; 7: same from unreliable data; 8: low-velocity
layer in the upper-most mantle. Velocities are given in km/s '

between structural features can be traced not only in the crust but also in
the upper mantle, which strongly indicates the influence of upper mantle
processes upon the evolution of crustal structure.

It may be supposed that the velocity inhomogeneities revealed in the upper
mantle of platform areas at depths of less than 80—100 km are caused by composi-
tional inhomogeneities, i.e. for example, by an alternation of peridotites and
eclogites, rather than by variations in thermodynamic conditions (Belyaevsky
et a1., 1975).

This seems to be likely because a temperature of 1000—1200Ü C, required
for partial melting of the upper mantle material, may be found beneath the
platforms at depths exceeding 100 km as evidenced by thermal and petrologic
studies.
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In conclusion it should be stated that the idea, which has been popular
until recently, of a world-wide three-layer structure of the upper mantle consist-
ing of approximately homogeneous layers-namely supraasthenosphere (lower
lithosphere), asthenosphere and sub-asthenosphere,—is giving way to new
concepts of a more complex three-dimensional distribution of upper mantle
velocities, with the low-velocity asthenosphereic layer being found at depths
less than 150—200 km and probably not everywhere.

A horizontally inhomogeneous model of the structure of the upper mantle
opens the way for solving many urgent problems of geodynamics.

Acknowledgements. The author wishes to express his gratitude to Prof. A.S. Alekseev and Prof.
N.A. Belyaevsky for their attention and interest regarding this research and for valuable and
stimulating discussions of the results presented.
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P—Wave Amplitudes and Sources
of Scattering in mb-Observations*

F. Ringdal
NTNF/NORSAR, Post Box 51, N-2007 Kjeller, Norway

Abstract. Regional comparisons of NORSAR and LASA reported mb show
significant variations between the two arrays even for small source regions.
Dividing the observed variance equally between the two stations, we obtain
standard deviation of each array’s mb estimates ranging from a =O.21 (Central
America) to a =O.4O (Kurile Islands) and averaging 0.30 for 6 regions studied.
These values are significantly higher than those generally inferred using PDE
observations for large events. A possible explanation is that the low dominant
frequency of signals from large events generally is subject to less amplitude
scatter, and this is further supported by results presented on the frequency
dependency of amplitude patterns across NORSAR.

Key words: Seismology — Earthquake magnitude — P-wave amplitudes —
Scattering — Signal frequency content.

1. Introduction

The large scatter between individual station mb determinations for a given seismic
event is a problem of considerable importance in earthquake-explosion discrimi-
nation as well as other aspects of seismology. Attempts to correlate anomalous
station amplitudes with regional geology or earthquake radiation patterns have
generally had little success, so the tendency of recent works is to attack this problem
by statistical means. For example, it is common practice to estimate “network” mb
by averaging over the individual station mb values, and this method works quite
satisfactorily for large earthquakes, as the mb-observations have an approximate
Gaussian distribution. This approach, however, would in many cases create a
positive bias if only a few stations within the network detect the event.

The maximum-likelihood estimation method described by Ringdal (1976)
partly alleviates this bias problem. However, a successful application of this
technique requires that the standard deviation a of the world-wide magnitude
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distribution is known, or at least can be assumed to lie within fairly narrow limits.
In recent years, several studies have been performed to estimate a based on world-
wide mb-observations of large events, most of them using WWSSN data. Veith and
Clawson (1972) found a =0.35 using a smoothed distance-amplitude relationship.
Evernden and Kohler (1976), also using large events, have studied the effects on a
when compensating for regional crustal structure and station site geology. Their
conclusion is that values of a = 0.21 and 0.15 can adequately represent mb standard
deviations on a world-wide basis for single stations and small arrays, respectively.
These authors also argue on the basis of the low a values that network magnitude
bias is unimportant for the Ms—mb discriminant for networks as described by
Evernden (1971).

An important question is to what extent world-wide mb scattering observed for
large earthquakes (say mbèôfl) is representative for small events (say mb§5.0),
which are the ones of most interest both in seismic discrimination and when
considering network bias problems. The procedure of looking at world-wide
magnitudes of a given event is not suitable to study this problem. Instead, we
choose the indirect approach of comparing mb values of the sensitive arrays LASA
and NORSAR for events from selected regions, assuming independence of their
respective mb estimates. Also, we will investigate the effects of signal frequency
contents on the amount of amplitude variation by observing the amount of scatter
in various frequency bands across the NORSAR array.

2. Basic Assumptions

When establishing a statistical model for station magnitude distribution, a major
point is how to deal with station corrections. In general, signal amplification factors
and thereby station mb values are lowest for sites situated on hard rock and highest
on soft sediments. The actual mb bias in each case relative to some reference system
can in principle be evaluated by comparing a large number of mb values from widely
distributed earthquakes. A different type of station correction is the regional mb
bias. This is defined as the average bias, again relative to a reference system, for
events from one particular region. It is by definition tied to ray path and “ average”
source mechanisms, and may often vary quite strongly even for small changes in
azimuth and distance (Berteussen, 1975).

A model to describe the station-region bias problem in statistical terms can be
established as follows. Assume that magnitudes of a set of seismic events from
various regions are measured at each station in a seismic network. Let mi]. denote
the “true” magnitude of the i-th event within thej-th region, and let Ml.jk denote the
measured magnitude of this event at the k-th station. (Capital letters denote
random variables.) We set:

l=1,2, ...,pj
Mijk=mij+8k+rjk+zijk j=l,2,...,q (1)

k=1,2, ‚r

l
where sk is the site dependent station bias, rjk is the regional bias and Z .jk is a
residual term which is assumed to be N (O, aÿk). There is clearly no a priori reason to
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assume all variances afk to be equal, and, as we shall see, there appears to be
significant regional variations of this parameter. In the following, however, we
mostly choose to operate with an “average” variance 02 for of,“ for reasons of
simplicity.

Three different models for seismic magnitude distribution may now be
established, each corresponding to a different level of a priori knowledge.

Model 1: Station and Regional Bias Terms Known

This model is in effect Equation (1) above, and we have:

E(Mijk)=mij+sk+rjk
Var(M-.k)=a2 (i’j’ MED (2)

where D denotes the set of indices from Equation (1).

Model 2: Only Station Bias Term Known

In this model, we randomize the regional correction by assuming that rjk represents
a realization of Rjk which is N (0, 012;). Thus

Mijk=mij+sk+Rjk+Zijk

E(Mijk)=mij+5k (ÄLMED (3)
Var(Mijk) =y2 :02 +aâ

Model 3: Complete Randomization

In a way similar to Model 2, we substitute sk by Sk which is assumed to be N (O, aâ):

Mijk=mij+Sk+Rjk+Zijk

E(Mijk)=mij (ioja [05D (4)
Var(M,.jk) =12 =02 +0122 +a§

A comment on the normality assumptions made above is in order. The tendency of
magnitude values measured at different stations within a homogeneous network for
any given event to follow a normal distribution has been established in different
contexts by several authors (for references, see Freedman 1967; von Seggern, 1973;
and Ringdal et al.‚ 1972).

The statistical models established above assume that the networks considered
are homogeneous, and can be related to either a number of arrays or a network of
single stations. It is reasonable to assume that the variances 02, 01%, and aâ will in
general be larger in a network of the latter type, and we will look at such examples
later. In the following, we shall mostly be concerned with Model 1, which in a sense
represents the idealized condition ofminimum variance in station mb estimates. We
will also consider the incremental variance of Model 2, while Model 3 will not be
discussed in detail further.
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where D denotes the set of indices from Equation (1).
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single stations. It is reasonable to assume that the variances 02, 01%, and aâ will in
general be larger in a network of the latter type, and we will look at such examples
later. In the following, we shall mostly be concerned with Model 1, which in a sense
represents the idealized condition ofminimum variance in station mb estimates. We
will also consider the incremental variance of Model 2, while Model 3 will not be
discussed in detail further.
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3. Variance in mb Estimates for Large Arrays

In this section we compare mb observations from LASA and NORSAR. We assume
that the respective mb measurements are statistically independent, and, as before,
that the respective variances relative to the “true” mb are equally large in the two
cases. We will mainly consider limited source regions which in effect means that the
analysis is restricted to Model 1 above. Now, considering Equation (1) and setting k
=1 for LASA, k=2 for NORSAR, we obtain for the i-th event of region j:

Mij1_Mij2=(Sl_SZ+rj1_rj2)+(Zijl—Zij2) (5)

Consequently, the variance in mb differences between LASA and NORSAR equals
202.

We first consider the case of two earthquake sequences, from South of Honshu,
Japan, December 3—20, 1972, and Kurile Islands, June 17—30, 1973, respectively.
Figures 1 and 2 show plots of NORSAR mb vs LASA mb for 50 randomly selected
events from each sequence. A striking observation from the two figures is the much
larger variance for the Kurile Islands earthquakes. The orthogonal standard
deviations, which from our assumptions represent the a value of either station in
Model 1, is 0.28 for this sequence as compared to 0.18 for the Honshu one. It is
instructive to perform a similar experiment over larger source regions. Figures 3
and 4 give plots of NORSAR vs LASA ml, for 50 randomly selected events during
1974 and 1975. Figure 3 covers Honshu and South of Honshu (regions 226—233 in
Flinn et a1., 1974) while Figure 4 represents the Kurile Islands regions 220—222.
Again, the a values are substantially higher for the general Kurile Islands area; 0.40
versus 0.22 for Honshu. Table 1 gives a summary of similar statistics computed for
6 different source regions at teleseismic distances from both LASA and NORSAR.
The value of a shows significant regional variation, and averages about 0.30 mb
units. We also note that the relative bias in mb between LASA and NORSAR on the
average is modest.

A physical explanation of the large spread in a, e.g., between Kuriles and
Honshu, is not easy to establish, since several mechanisms may have contributed. A
possible suggestion is that source mechanisms and radiation patterns may be more
stable for Honshu earthquakes. Another reasonable hypothesis would be that the
crust and upper mantle in the Kuriles are of a more complex nature than at
Honshu, thus possibly enhancing focusing/defocusing and selective absorption
effects.

The technique described above does not allow us to evaluate directly the
parameters of Model 2, since the overlapping zone of the detection windows of
LASA and NORSAR is too limited. However, data from Bungum and Husebye
(1974) give an indication on the variation of rjk within large-scale seismic regions.
Their Table 4 lists average PDE-NORSAR mb differences, which range from 0.07
to 0.46 for 10 regions at teleseismic distances from NORSAR. Considered as a set of
random numbers, the standard deviation of these values is 0.11 mb units, iwhich then
could be used as an estimate of OR for the NORSAR array, assuming large-scale
regionalization. This value of GR is small relative to the value of 0:030 found
previously, and the parameter )2 of Equation (3) will therefore be only slightly
greater than o- for a large array.
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Fig. 2. Same as Figure l, but with events selected from Kurile Islands sequence, June 17—30, 1973

Fig. 3. Same as Figure l, but with events selected from the general Honshu region during 1974 and 19?5

Fig. 4. Same as Figure 1, but with events selected from the general Kurile Islands region during 1914
and 197'5
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Table 1. Regional statistics of LASA-NORSAR magnitude differences

General region Corresponding Number Average St. dev. of St. dev.
Flinn-Engdahl of m (LASA)-m,, mb (LASA)-mb of each
regions events (NORSAR) (NORSAR) array mb

S. Honshu 226—233 50 0.03 i 0.04 0.31 i 0.03 0.22 -_1- 0.02
Kurile Islands 220—222 50 0.14 i 0.08 0.56 j; 0.06 0.40 i 0.04
Kamchatka 217—219 50 — 0.04 i 0.06 ' 0.39 -_l- 0.04 0.27 i 0.03
Aleutian Islands 4—10 50 0.05 i 0.07 0.46 i 0.05 0.33 i 0.03
North Atlantic Ridge 402, 403, 406 50 — 0.08 i 0.07 0.46 i 0.05 0.32 i 0.03
Central America 54—82 50 — 0.09 i 0.04 0.30 i 0.03 0.21 i- 0.02
All above regions 300 0.00 -+_- 0.03 0.42 i 0.02 0.30 i 0.01

combined

4. Variance in mb Estimates for Small Arrays and Single Stations

Berteussen and Husebye (1974) have demonstrated that NORSAR amplitude
patterns are very consistent for events within small source regions, although quite
rapid changes may take place with larger shifts in epicenter. There is no reason to
believe that this observation is not valid at other sites as well and the data presented
by Pirhonen et al. (1976) are also indicative in this respect. This leads us to the very
important conclusion that in Model l, assuming small source regions, there is only
negligible increase in a from large arrays (aperture about 100 km) to small arrays
(aperture about 10 km). We notice here that the relatively modest amplitude
variations observed on the average within a NORSAR subarray (cf. Section 5),
makes it reasonable to extend the preceding observation to assert that a ofModel 1
is essentially the same for large arrays, small arrays and single sensor stations.

The main benefit of arrays with respect to reducing the mb scattering parameter
appears in the context of Model 2, where regional corrections are randomized.
Although so far we have not directly computed OR for small arrays or single
stations, it is possible to get an indication of their incremental variance relative to a
large array, again by looking at NORSAR data. In fact, selecting 32 random, widely
spread array beam locations from Berteussen and Husebye (1974), extracting the
bias values (on a logarithmic scale) of a given subarray (14C) relative to the array
beam for each of these locations, and computing the standard deviation within this
set of numbers, we found a value of 4.0 dB or 0.20 mb units. This number is,
incidentally, quite close to the average logamplitude standard deviation across
NORSAR (4.4 dB) found by the above authors. Assuming that these NORSAR
values are representative for other sites as well, we conclude that there is a
significant difference between large arrays and small arrays (comparable to
NORSAR subarrays) in mb variance if regional corrections are unknown. A similar
conclusion is obviously valid for single stations relative to large arrays. On the basis
of the previous estimate of y in Equation (3) for large arrays and the above
observations, we infer that a value of y for small arrays and single stations in the
range 0.35—0.40 is indicated.

616 F. Ringdal

Table 1. Regional statistics of LASA-NORSAR magnitude differences

General region Corresponding Number Average St. dev. of St. dev.
Flinn-Engdahl of m (LASA)-m,, mb (LASA)-mb of each
regions events (NORSAR) (NORSAR) array mb

S. Honshu 226—233 50 0.03 i 0.04 0.31 i 0.03 0.22 -_1- 0.02
Kurile Islands 220—222 50 0.14 i 0.08 0.56 j; 0.06 0.40 i 0.04
Kamchatka 217—219 50 — 0.04 i 0.06 ' 0.39 -_l- 0.04 0.27 i 0.03
Aleutian Islands 4—10 50 0.05 i 0.07 0.46 i 0.05 0.33 i 0.03
North Atlantic Ridge 402, 403, 406 50 — 0.08 i 0.07 0.46 i 0.05 0.32 i 0.03
Central America 54—82 50 — 0.09 i 0.04 0.30 i 0.03 0.21 i- 0.02
All above regions 300 0.00 -+_- 0.03 0.42 i 0.02 0.30 i 0.01

combined

4. Variance in mb Estimates for Small Arrays and Single Stations

Berteussen and Husebye (1974) have demonstrated that NORSAR amplitude
patterns are very consistent for events within small source regions, although quite
rapid changes may take place with larger shifts in epicenter. There is no reason to
believe that this observation is not valid at other sites as well and the data presented
by Pirhonen et al. (1976) are also indicative in this respect. This leads us to the very
important conclusion that in Model l, assuming small source regions, there is only
negligible increase in a from large arrays (aperture about 100 km) to small arrays
(aperture about 10 km). We notice here that the relatively modest amplitude
variations observed on the average within a NORSAR subarray (cf. Section 5),
makes it reasonable to extend the preceding observation to assert that a ofModel 1
is essentially the same for large arrays, small arrays and single sensor stations.

The main benefit of arrays with respect to reducing the mb scattering parameter
appears in the context of Model 2, where regional corrections are randomized.
Although so far we have not directly computed OR for small arrays or single
stations, it is possible to get an indication of their incremental variance relative to a
large array, again by looking at NORSAR data. In fact, selecting 32 random, widely
spread array beam locations from Berteussen and Husebye (1974), extracting the
bias values (on a logarithmic scale) of a given subarray (14C) relative to the array
beam for each of these locations, and computing the standard deviation within this
set of numbers, we found a value of 4.0 dB or 0.20 mb units. This number is,
incidentally, quite close to the average logamplitude standard deviation across
NORSAR (4.4 dB) found by the above authors. Assuming that these NORSAR
values are representative for other sites as well, we conclude that there is a
significant difference between large arrays and small arrays (comparable to
NORSAR subarrays) in mb variance if regional corrections are unknown. A similar
conclusion is obviously valid for single stations relative to large arrays. On the basis
of the previous estimate of y in Equation (3) for large arrays and the above
observations, we infer that a value of y for small arrays and single stations in the
range 0.35—0.40 is indicated.



|00000631||

Sources of Scattering in mb-Observations 617

5. Frequency Dependency of Amplitude Variations Across NORSAR

A topic not treated in detail in the studies cited in the previous section is the
potential dependency of the P-wave amplitude scatter on signal frequency. We now
address this problem in terms of narrow band filtering of NORSAR records. We
also describe the scatttering across various subsets of the array, in order to
investigate variance reductions in mb estimates achievable by using arrays relative
to single sensor stations. We note in passing that analyzing relative logamplitude
data across NORSAR is close to analyzing relative mb values at single sensors, due
to the particular form of the instrument response curve at NORSAR (Bungum et
al., 1971). In fact, a similar statement holds true more generally for stations
equipped with velocity-type sensors, as the response of these instruments is roughly
proportional to the term A/T (amplitude divided by period) that enters the
definition of magnitude. Consequently, a good estimate of magnitude at such
stations may be obtained without even measuring the dominant period T of the
signal. The 10 events selected for analysis are listed in Table 2 and are all
characterized by high signal—to-noise ratio (SNR) and impulsive signal waveforms.
The following analysis was performed:

1. All sensor traces were filtered with six different 3rd order recursive
Butterworth bandpass filters (for details see Fig. 7). For each filter, the maximum
amplitude of each trace over a 20 s window was determined.

2. Three ways of grouping instruments were considered,
a) Full NORSAR array
b) Subarray
c) Partial arrays (see Fig. 5).

Table 2. Events used for studying NORSAR amplitude variations

Event Region Reported by PDE Reported by
no. NORSAR

Date Qrigin Lati- Ln '- depth mb ‚ _tlme tude tu e mb T Dist A21
(S) (deg) (deg)

1 Afghanistan-USSR 06/26/71 22.23.29 36.3N 71.4E 127 5.0 5.3 0.5 45 95
border

2 Eastern Kazakh 06/30/71 03.56.57 50.0N 79.1E 0 5.4 5.2 1.0 40 77
SSRa

3 Szechwan, China 08/16/71 04.58.00 28.9N 103.7E N 5.5 5.6 1.0 64 75
4 Honshu Japan 04/26/75 03.14.37 39.6N 141.1E 100 5.3 5.3 0.8 72 45
5 South of Honshu, 05/06/75 10.18.20 31.0N 141.7E N 5.7 5.6 0.7 81 49

Japan
6 Southern Nevadaa 06/03/75 14.40.00 37.3N 116.5W 0 5.7 5.6 1.2 72 323
7 Kirgiz-Sinkiang 03/16/76 06.19.02 40.4N 77.8E N 5.2 5.2 0.7 44 88

Border
8 Kurile Islands 04/03/76 19.14.11 44.3N 149.7E N 5.0 4.9 0.8 69 35
9 Uzbek, SSR 04/08/76 12.03.41 40.2N 64.1E N 5.1 5.2 0.9 36 98

10 Off coast Hokkaido, 04/11/76 02.53.02 43.9N 146.3E 97 5.1 5.4 0.7 71 38
Japan

Presumed explosion
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Fig.5. NORSAR array configuration with outline ofgeology. Subdivision into partial arrays as used in
the analysis are indicated by stippled boundaries

3. Within each type of grouping, the standard deviation of the logamplitudes
was computed for each event in each filter band. Because of low signal energy at
some frequencies, standard deviations for a and each group under c were estimated
from the upper half ofthe amplitude distribution (using a Gaussian model), while
the standard deviation for b was estimated as the median of the 22 individual
subarray values.

The results for each individual event are listed in Table 3, while the average values
for the narrow-band filters are shown in Figure 6. It is clear from these data that a
very strong frequency dependency exists. The standard deviation oflogamplitudes
across the full NORSAR array increases from 2.8 dB at 0.6 Hz to 5.4 dB at 2.2 1-12.
In the filter band 1.2—3.2 Hz used for event detection we find a value of4.7 dB, which
could be compared to the average value of 4.4 dB reported by Berteussen and
l-Iusebye (1974) using subarray beams. A noteworthy feature of Figure 6 is the
significant difference in scatter across the full array, the partial arrays and the
subarrays. In particular, the low variance across the average subarray indicates that
there is little to be gained in terms of variance reduction in Model 2 by employing
small arrays (comparable to NORSAR subarrays) rather than single instrument
stations. The tapering offat high frequencies noticeable in Figure 6 is likely due to
back—scattering and multipathing effects. Figure 7 illustrates this point for one of
the events, an earthquake from Szechwan Province, China.
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3. Within each type of grouping, the standard deviation of the logamplitudes
was computed for each event in each filter band. Because of low signal energy at
some frequencies, standard deviations for a and each group under c were estimated
from the upper half ofthe amplitude distribution (using a Gaussian model), while
the standard deviation for b was estimated as the median of the 22 individual
subarray values.
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for the narrow-band filters are shown in Figure 6. It is clear from these data that a
very strong frequency dependency exists. The standard deviation oflogamplitudes
across the full NORSAR array increases from 2.8 dB at 0.6 Hz to 5.4 dB at 2.2 1-12.
In the filter band 1.2—3.2 Hz used for event detection we find a value of4.7 dB, which
could be compared to the average value of 4.4 dB reported by Berteussen and
l-Iusebye (1974) using subarray beams. A noteworthy feature of Figure 6 is the
significant difference in scatter across the full array, the partial arrays and the
subarrays. In particular, the low variance across the average subarray indicates that
there is little to be gained in terms of variance reduction in Model 2 by employing
small arrays (comparable to NORSAR subarrays) rather than single instrument
stations. The tapering offat high frequencies noticeable in Figure 6 is likely due to
back—scattering and multipathing effects. Figure 7 illustrates this point for one of
the events, an earthquake from Szechwan Province, China.
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Table 3. Standard deviations (dB) of logamplitudes for individual events and filter bands within the
NORSAR full array, partial arrays and subarrays (see also Fig. 5)

Event Filter band (Hz)

1.2—3.2 0.4—0.8 0.8—1.2 1.2—1.6 1.6—2.0 2.0—2.4

Standard deviations within full array

1 5.12 2.81 4.24 3.92 4.88 5.50
2 5.14 3.34 4.43 5.46 4.31 5.01
3 4.24 2.43 3.05 4.61 4.99 5.23
4 3.81 2.69 3.03 4.25 5.16 4.28
5 5.34 3.97 4.66 5.26 5.35 5.71
6 5.39 2.42 3.65 5.40 5.58 4.67
7 4.10 2.73 3.50 3.76 4.25 5.74
8 5.48 2.69 3.92 5.48 7.30 6.99
9 3.73 2.45 3.78 4.01 5.01 4.70

10 4.85 2.49 2.96 4.96 5.88 6.60
Average 4.72 2.80 3.72 4.71 5.27 5.44

Standard deviations within partial array

1 2.95 2.23 2.66 2.72 3.36 3.39
2 2.01 2.37 2.39 2.85 2.54 3.27
3 2.43 1.98 1.68 2.84 3.44 3.77
4 3.80 2.47 3.55 4.22 4.89 4.26
5 4.67 2.43 3.24 4.69 4.62 4.01
6 3.48 1.66 2.21 3.42 4.63 2.94
7 2.52 2.02 2.65 2.67 2.98 3.44
8 2.94 2.23 2.23 3.37 3.70 3.40
9 2.71 2.11 2.40 3.13 3.20 2.70

10 3.21 1.92 2.67 3.22 4.34 3.90

Average 3.07 2.14 2.57 3.31 3.77 3.51

Standard deviations within subarray
1 2.34 1.78 1.73 2.14 2.43 3.04
2 2.04 1.87 1.51 2.55 2.65 2.52
3 2.21 1.68 1.76 2.68 2.92 3.55
4 2.11 1.75 1.77 2.41 2.52 3.22
5 2.10 1.23 1.73 1.97 2.51 2.74
6 1.95 1.42 1.47 2.11 2.97 2.30
7 1.89 1.75 1.88 2.21 2.60 3.09
8 1.70 1.98 2.11 2.24 2.84 2.15
9 1.64 1.99 1.81 2.04 2.21 2.59

10 1.98 1.83 1.69 2.60 2.67 3.14

Average 2.00 1.73 1.75 2.29 2.63 2.83

6. Conclusions

Using a statistical model (Model 1) in which regional station corrections are
assumed known, we have found a significant and possibly regionally dependent
scatter between mb values reported at the large arrays LASA and NORSAR.
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Sources of Scattering in mb-Observations 621

Analyzing 6 different geographic regions, we have estimated an average a = 0.30 mb
units for the standard deviation around the “true” magnitude of each array m. At
individual regions, a ranges from 0.21 (Central America) to 0.40 (Kurile Islands).
Little difference is found using this model in the value of a for large arrays, small
arrays and single sensor stations.

When assuming a model for which regional mb corrections are unknown
(Model 2), a marked increase in the variance takes place as the receiver aperture
decreases. Based on the somewhat incomplete data available for analysis, it appears
that a value of the standard deviation y in the range of 0.30—0.35 mb units would be
adequate for large arrays, while a range of035—04 is indicated fOr small arrays and
single sensor stations. We emphasize that all of these values are based on
observations of intermediate size earthquakes, mostly in the mb range of 4.0—5.5.

Our results are incompatible with the assertions of Evernden and Kohler (1976)
that y=0.15 and 0.21 can adequately represent the world-wide mb scatter using
small arrays and single stations, respectively. In fact, their values are even below the
standard deviation of 0.22 mb units observed for subarray beams across the limited
aperture of the NORSAR array (Berteussen, 1975). We also note that our estimates
appear high relative to those obtained by Veith and Clawson (1972). A possible
explanation is the difference between world-wide mb scattering of large events
(studied by the above authors) and the smaller events studied here. That such a
difference is very likely to exist can be inferred from the demonstrated frequency
dependent increase in amplitude scatter across NORSAR, and noting that the
earthquake source spectrum corner frequency generally increases with decreasing
event magnitude (Aki, 1967; 1972; see also Husebye et al., 1974). Since the smaller
earthquakes are of most interest for mb bias considerations, we conclude that the
standard deviations suggested in this paper are those most adequate to use both for
network magnitude bias studies and to indicate the range of standard deviations to
be considered in estimating mb by maximum-likelihood techniques.

From a physical point of View, it is noteworthy that a significant residual scatter
in mb values exists even when local geology and near-receiver effects as well as
average regional bias are eliminated (Model 1). The origin of this scatter must be
found at or near the source. It is worth noting that radiation patterns in general do
not correlate well with global P-wave amplitude data (e.g., Davies and Julian, 1972).
Therefore, the dominant factor causing mb variance appears to be selective
absorption and fucusing/defocusing effects in the crust and upper mantle in the
source region. Evidence in support of this statement comes from recent work by
Haddon and Husebye (1977) who show that a significant part of the large
NORSAR amplitude scatter originates in the lithosphere beneath the array.
According to the reciprocity theorem of wave theory, a similar scattering would
take place in a source region as seen by a global network. In fact, the source
scattering is likely to be even stronger, as the NORSAR array is located in a stable
tectonic area (the western extension of the Baltic Shield) while most earthquakes
take place in structurally complicated plate boundary regions.
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Department of Defense and was monitored by AFTAC, Patrick AFB FL 32925, under Contract No.
F08606—77-C—0001.

Sources of Scattering in mb-Observations 621

Analyzing 6 different geographic regions, we have estimated an average a = 0.30 mb
units for the standard deviation around the “true” magnitude of each array m. At
individual regions, a ranges from 0.21 (Central America) to 0.40 (Kurile Islands).
Little difference is found using this model in the value of a for large arrays, small
arrays and single sensor stations.

When assuming a model for which regional mb corrections are unknown
(Model 2), a marked increase in the variance takes place as the receiver aperture
decreases. Based on the somewhat incomplete data available for analysis, it appears
that a value of the standard deviation y in the range of 0.30—0.35 mb units would be
adequate for large arrays, while a range of035—04 is indicated fOr small arrays and
single sensor stations. We emphasize that all of these values are based on
observations of intermediate size earthquakes, mostly in the mb range of 4.0—5.5.

Our results are incompatible with the assertions of Evernden and Kohler (1976)
that y=0.15 and 0.21 can adequately represent the world-wide mb scatter using
small arrays and single stations, respectively. In fact, their values are even below the
standard deviation of 0.22 mb units observed for subarray beams across the limited
aperture of the NORSAR array (Berteussen, 1975). We also note that our estimates
appear high relative to those obtained by Veith and Clawson (1972). A possible
explanation is the difference between world-wide mb scattering of large events
(studied by the above authors) and the smaller events studied here. That such a
difference is very likely to exist can be inferred from the demonstrated frequency
dependent increase in amplitude scatter across NORSAR, and noting that the
earthquake source spectrum corner frequency generally increases with decreasing
event magnitude (Aki, 1967; 1972; see also Husebye et al., 1974). Since the smaller
earthquakes are of most interest for mb bias considerations, we conclude that the
standard deviations suggested in this paper are those most adequate to use both for
network magnitude bias studies and to indicate the range of standard deviations to
be considered in estimating mb by maximum-likelihood techniques.

From a physical point of View, it is noteworthy that a significant residual scatter
in mb values exists even when local geology and near-receiver effects as well as
average regional bias are eliminated (Model 1). The origin of this scatter must be
found at or near the source. It is worth noting that radiation patterns in general do
not correlate well with global P-wave amplitude data (e.g., Davies and Julian, 1972).
Therefore, the dominant factor causing mb variance appears to be selective
absorption and fucusing/defocusing effects in the crust and upper mantle in the
source region. Evidence in support of this statement comes from recent work by
Haddon and Husebye (1977) who show that a significant part of the large
NORSAR amplitude scatter originates in the lithosphere beneath the array.
According to the reciprocity theorem of wave theory, a similar scattering would
take place in a source region as seen by a global network. In fact, the source
scattering is likely to be even stronger, as the NORSAR array is located in a stable
tectonic area (the western extension of the Baltic Shield) while most earthquakes
take place in structurally complicated plate boundary regions.
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Analyse von Mikroseismikmessungen auf Sylt
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Bundesstraße 55/XIV, D-2000 Hamburg 13, Federal Republic of Germany

Analysis of Microseisms Measured on the Isle of Sylt

Abstract. Microseisms in the frequency band f z0.05—O.5 Hz, obtained from
measurements with 2 three-component seismometer stations on the isle of
Sylt, may well be interpreted by propagating modes of Rayleigh waves in a
simple layered model of the crust. The “ellipticity”, i.e. the ratio of horizon—
tal to vertical velocity component, is an important indicator that the wave
propagation is strongly dependent upon the near-surface sedimentary layers.
Microseisms in the frequency domain f $0.25 Hz generally comes in from
the western semicircle (North Sea, Atlantic) and in the band f zO.25—O.4O Hz
from the Baltic Sea.

The microseismic spectral density peaks compared to those of seawave
amplitudes, which were measured simultaneously near the coast, give no
conclusive evidence for local microseisms generation. There is a correspon-
dence in that the microseismic peaks generally fall into the frequency range
of the “windwave” peaks, but individual peaks with corresponding time
variations of frequency or spectral density are hardly identifiable.

For lower frequencies (“swell” domain, f $0.12 Hz), even if seawave
spectral peaks appear, the microseismic spectral density is relatively small.
This may be attributed to a property of the elastic substratum, for the model
transfer functions show a rapid decrease towards lower frequencies. Here
(most likely locally generated) disturbances with relatively high wavenum-
bers and low coherence between stations dominate over propagating modes.

Key words: Microseisms — Rayleigh-waves — Cross-spectra — Spectral
transfer functions.

l. Einleitung

Die Untersuchung von Mikroseismik in der Vergangenheit 1äßt, grob gesagt,
drei wesentliche Gesichtspunkte erkennen: (1) Studium des Anfachungsmecha-
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nismus, (2) Untersuchung der Ausbreitungseigenschaften, (3) Elimination aus
Registrierungen deterministischer seismischer Vorgänge. Zu den letzten beiden
Punkten wurden verhältnismäßig detaillierte Kenntnisse gesammelt, dagegen ist
die Frage nach den Quellen der Mikroseismik bis heute nicht schlüssig beant-
wortet.

In zahlreichen Untersuchungen dienten dieser Frage im wesentlichen Rich-
tungsbestimmungen, aus denen Zusammenhänge zwischen Mikroseismik und
atmosphärischen Drucksystemen über Meeresgebieten deutlich wurden. Simul-
tane Mikroseismik- und Seegangsregistrierungen ließen Korrespondenzen in der
zeitlichen Entwicklung der Spektraldichte-Maxima von Mikroseismik und See-
gang erkennen und führten zur Unterscheidung „Primärer Mikroseismik“ (pri-
mary frequency microseisms) von „Sekundärer Mikroseismik“ (secondary fre-
quency microseisms).

Die Sekundäre Mikroseismik wurde durch Miche (1944) und Longuet-
Higgins (1950) theoretisch erklärt, die Primäre Mikroseismik durch Hasselmann
(1963). In jedem Fall wird die Mikroseismik-Entstehung auf nichtlineare Wech-
selwirkungen des Seegangs zurückgeführt.

Eine experimentelle Verifikation der theoretischen Vorstellungen ist außeror-
dentlich aufwendig, weil sie die Kenntnis des Seegangs im gesamten Anfa-
chungsgebiet erfordert. Die Möglichkeit dazu bietet sich dem „Teilprojekt
Mikroseismik“ im Rahmen des Sonderforschungsbereiches Meeresforschung
(SFB 94) durch Zusammenarbeit mit der Seegangsforschung des SFB 94 im
Untersuchungsgebiet Nordsee.

Als Teil eines im Bau befindlichen Drei-Punkt-Array aus Dreikomponenten-
Seismometern auf der Insel Sylt waren im Winter 1974 zwei Stationen einsatzbe-
reit. Sie bestehen aus je drei senkrecht zueinander angeordneten Seismometern
vom Typ Sl3-Geotech, deren untere Grenzfrequenz, modifiziert durch Entzer-
rer-Vorverstärker, bei ca. 0,05 Hz liegt. Mit diesem Stationspaar wurden über
einen Zeitraum von 14 Tagen, jeweils im Abstand von 6 h, halbstündige Messun-
gen der Geschwindigkeit der elastischen Verschiebungen an der Erdoberfläche
durchgeführt. Der Abstand der Stationen („Steinhaus“ und „Schöpfwerk“) be-
trug 6,3 km, das Azimut ihrer Verbindungslinie N 33,2°W. Gleichzeitig wurden
an zwei Orten, die 6km („SG4“) bzw. 27 km („SG8“) westlich der Insel lagen,
die Seegangsamplituden registriert (vgl. Fig. 1). (Die „Waverider-Bojen“ stellten
uns das „Teilprojekt Seegangsenergie-Bilanz“ des SFB 94 und das Deutsche
Hydrographische Institut zur Verfügung.)

Aus den Meßreihen wurden die (Kreuz-)Spektren für den Frequenzbereich
0—0‚5 Hz mit einer statistischen Stabilität bestimmt, die durchschnittlich 50—60
Freiheitsgraden entspricht.

2. Spektren der Mikroseismik

Typische gemessene Mikroseismik-Spektren sind in den Figuren 2, 3 gegeben:
Figur 2 zeigt Varianz-(Power-)Spektren der drei Komponenten der Bodenteil-
eben-Geschwindigkeit, Figur 3 zeigt Phasen— und Kohärenzspektren zwischen
einer horizontalen und der vertikalen Komponente einer Station sowie zwischen
zwei gleichen Komponenten der beiden Stationen.
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Fig. 1. Lage der seismischen Stationen ST und SCH sowie der Bojen SG4 und 568. Die Zahlen bei
den Nordsee—Tiefenlinien bezeichnen die Tiefe in m

Die Spektraldichte weist ein charakteristisches Minimum in einem Intervall
auf, das etwas unterhalb der Frequenz fÆOJO Hz liegt. Zu höheren Frequenzen
erfolgt ein rascher Anstieg. Während die Spektraldichte der Horizontalkompo-
nenten unmittelbar auf ein Maximum um fxO_,15*0‚20 Hz anwächst und im
höherfrequenten Bereich wieder abnimmt, wächst die Spektraldichte der Verti-
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kalkomponente langsamer mit der Frequenz auf ein breites Maximum oberhalb
f 2:0,35 Hz.

Unterhalb f2:0,10 Hz sind die Spektraldichten von Horizontal- und Verti-
kalkomponenten annähernd gleich groß; im Bereich fæO,lO—0,25 Hz dominiert
die Spektraldichte der horizontalen, oberhalb f-‚teO,25 Hz die der vertikalen
Komponente.

Später wird gezeigt, daß wesentliche Merkmale durch freie Rayleighwellen
eines geschichteten elastischen Halbraums erklärt werden können.

Betrachtet man die Phasen- und Kohärenzspektren der Mikroseismik
(Fig. 3), so kann man auch hier, insbesondere aufgrund der Kohärenz, ganz grob
drei Frequenzbereiche unterscheiden: Im Bereich fæ0,10—0,25 Hz ist die Kohä-
renz zwischen gleichen Komponenten beider Stationen größer als die zwischen
verschiedenen Komponenten (hier zwischen der vertikalen und einer horizonta-
len) einer Station; im unteren Frequenzbereich (fSOJO Hz) ist es umgekehrt,
im oberen (f'E’ZOQS Hz) sind die Kohärenzwerte vergleichbar groß.

Aus Frequenz-Wellenzahl-Analysen der Mikroseismik mit Hilfe von Groß-
Arrays (vgl. Haubrich et al., 1969; Lacoss et al., 1969) folgt, daß die Mikro-
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Fig. 3. Phasen- und Kohärenzspektren der
Mikroseismik zwischen verschiedenen
Komponenten (NS-V) einer Station sowie
zwischen gleichen Komponenten (NS—NS)
der beiden Stationen. Das 95 %-Signi[’1kanz-
niveau der (quadratischen) Kohärenz liegt
bei 0,2

seismik des betrachteten Frequenzbereichs großenteils aus freien Oberflächen-
wellen besteht, unter denen die Rayleighwellen dominieren. Wieweit die eigenen
Ergebnisse damit vereinbar sind, soll anhand der Theorie unimodaler Rayleigh—
wellen für die hypothetischen Grenzfälle enger Richtungsbündelung und iso-
tropen Einfalls überprüft werden (vgl. Anhang II):

Im unteren Frequenzbereich (_fSOJO Hz) ist die praktisch insignifikante
Kohärenz zwischen den NS-Komponenten nicht mit der Vorstellung freier
Rayleighwellen vereinbar; sie müßte hier (unabhängig von der Richtungsbünde-
lung) nahe bei 1 liegen. Die verhältnismäßig hohe Kohärenz zwischen Vertikal-
und Horizontalkomponente läßt auf vertikal-elliptische Polarisation schließen;
die (dem Betrag nach) großen Werte der Phase zwischen den NS-Komponenten
auf sehr kleine Phasengeschwindigkeiten ((7531 km/s) — sofern hier von einem
Wellenfeld gesprochen werden kann.

Im mittleren Frequenzbereich (fœO,10—0,25 Hz) paßt sich die Kohärenz
zwischen den NS-Komponenten ebenso wie die (hier nicht abgebildete) Kohä-

. . 2 .renz zwischen den Vertikalkomponenten gut der Funktion Jä (gf) mit r-
6

Stationsabstand, 66:6 km/s (vgl. A 15) an. Für Wellen mit kleineren Phasenge-
schwindigkeiten (CE 6km/s) ist die gemessene Kohärenz im Fall enger Rich-
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tungsbündelung erklärbar, im Fall von Isotropie wäre sie zu hoch (vgl. A11,
A 15). Die Phasenspektren verlaufen hier nahezu monoton; ihre Frequenzabhän-
gigkeit deutet ebenfalls auf Richtungsbündelung des Wellenfeldes (vgl. A12,
A14). Phase wie Kohärenz sind hier also konsistent mit einem großenteils
vertikal-elliptisch polarisierten und richtungsgebündelten Wellenfeld.

Oberhalb fæ0.25 Hz nimmt die Kohärenz auf Werte ab, die dem 95 %-
Signifikanzniveau entsprechen. Die teilweise signifikanten Trends der Phasen
deuten hier auf stärkere Richtungsbündelung.

Die Frage, ob es sich um Oberflächenwellen handelt, wird erst mit Hilfe der
Wellenzahlen bzw. Phasengeschwindigkeiten sowie der „Elliptizität“ schlüssig zu
beantworten sein.

3. Einfallsrichtung, Richtungsstreubreite

Die Einfallsrichtung von Rayleighwellen läßt sich eindeutig mit Hilfe einer
Dreikomponenten-Station bestimmen, wenn außer der Horizontalkomponente
der Teilchenschwingungs-Ellipse noch deren Umlaufsinn berücksichtigt wird. Im
allgemeinen ist der Umlaufsinn modeabhängig, in der Grundmode ist er
praktisch stets retrograd. Für die Berechnung der Einfallsrichtung wird im
Folgenden retrograde Elliptizität vorausgesetzt.

Neben der Einfallrichtung (Ö) läßt sich ein Maß für den mittleren Winkelbe-
reich gewinnen, aus dem die Rayleighwellen am Meßort eintreffen: die „Rich-
tungsstreubreite“ (68). Die beiden Größen haben die Bedeutung des ersten bzw.
_zweiten Moments der als normal—symmetrisch aufgefaßten Richtungsverteilung
der gemessenen Spektraldichte bei jeder Frequenz f (vgl. Anhang II).

Zwei Darstellungen Ö(f), 68(f) mit einem zeitlichen Abstand von 11/2 Tagen
sind in den Figuren 4a, b gegeben. Die Einfallsrichtungen stimmen für beide
Stationen gut überein und verteilen sich auf, grob gesagt, vier Frequenz-Rich—
tungsbänder, die im betrachteten Zeitraum nahezu stabil bleiben.

Zum Vergleich ist in Figur 5 die Bodenwetterkarte gegeben: Zwischen einem
Tief im nördlichen und einem Hoch im mittleren Atlantik gibt es ein ausgedehn-
tes Druckfeld von Südgrönland bis zur Ostsee mit etwa Breitenkreis-parallelen
Isobaren und Windgeschwindigkeiten zwischen 15—20 m/s (6—8 BFT). Dieses
langsam ostwärts wandernde Drucksystem bewirkt im betrachteten Zeitraum
praktisch gleichbleibende Seegangs-Anfachungsbedingungen über einem ausge—
dehnten ozeanischen Bereich. Damit könnten weitgehend stabile mikroseismi-
sche Quellgebiete entstehen, die sich in den stabilen Richtungsbändern äußern.

In Figur6 sind zehn Spektraldarstellungen der mittleren Einfallsrichtung
Ö(f), die im betrachteten Zeitraum in 6h-Abständen ermittelt wurden, zusam-
mengestellt. In der Darstellung sind solche Frequenzbereiche schraffiert gekenn-
zeichnet, wo Ö(f) in mindestens zwei aufeinanderfolgenden Registrierungen
erhalten bleibt und wo die Streubreite Os(f) einen festgewählten Maximalwert
98‚max=0,95 nicht überschreitet. (Die Schraffur verläuft zur besseren Übersicht
auch über die Intervalle zwischen den Registrierzeiten). Wie bereits aus
Figur 4a, b ersichtlich, herrschen im niederfrequenzen Bereich (fa: 0,08 — 0,14 Hz)
Einfallsrichtungen aus dem nordwestlichen Quadranten vor; um fz 0,20 Hz
sind zunächst Quellen im Süden, später im (Süd—)Osten dominant.
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Analyse Von Mikroseismikmessungen auf Sylt 631;

Im Bereich fz0,25—0,38 Hz fällt die Mikroseismik vorwiegend aus Nord-
osten ein. Die Richtungsstreubreite ist hier relativ klein (nFig. 4b), d.h. die
einfallenden Wellen sind auf einen relativ engen Winkelbereich konzentriert. Ihr
Anfachungsgebiet ist sicherlich die Ostsee, die von einem atmosphärischen
Frontsystem passiert wird (vgl. Fig. 5). In vergleichbaren Frequenzbändem wird
auch im NORSAR-Array Mikroseismik aus der Ostsee registriert (Bungum et
al., 1971).

Oberhalb f z0,4 Hz dominiert ein westlich einfallender Anteil mit ebenfalls
enger Richtungsbündelung. Als Entstehungsgebiet dieser westlich, ebenso wie
der (im Intervall f z0,08 —0,14 Hz) nordwestlich einfallenden Energie, kommt
aufgrund der Wetterlage neben der Nordsee auch der atlantische Bereich
westlich Großbritanniens in Frage. Eine genauere Lokalisierung wäre durch
Triangulation mit Hilfe zusätzlicher (Array-)Registrierstationen im Abstand von
einigen hundert Kilometern möglich, ein Verfahren, das derzeit jedoch nicht
angewandt wurde.

Im Folgenden wird untersucht, welche Spektralanteile auf Anfachung durch
den lokalen Seegang zurückzuführen sind.

4. Mikroseismik-‚ Seegangsvarianzspektren

Dazu wird die zeitliche Entwicklung der Varianzspektren von Mikroseismik
und küstennah gemessenen Seegangsamplituden für zwei wesentlich verschiede-
ne Wetterlagen über der Nordsee miteinander verglichen. Ein Kriterium für
Mikroseismik-Anfachung durch lokalen Seegang wären Mikroseismik-Maxima,
deren Frequenzen entweder mit den einfachen (Primäre Mikroseismik) oder den
doppelten (Sekundäre Mikroseismik) Frequenzen von Seegangs-Maxima über-
einstimmen.

Die Figuren 7a, 8a enthalten die Spektren einer Komponente der Bodenteil-
chen-Geschwindigkeit, Figuren 7b, 8b die zu gleichen Zeiten gemessenen See-
gangsspektren (zu den 3 ersten Mikroseismikspektren in Figur 7 fehlen parallele
Seegangsmessungen).

Im Figur 7 betreffenden Zeitraum herrschen über der Nordsee schwache
Winde mit Geschwindigkeiten um 7 m/s (3 BFT); erst gegen Ende des
1.12.74 erreichen Tiefausläufer mit starken Westwinden die Nordsee. Die See-
gangsspektren zeigen eine charakteristische Trennung von Dünungs- (fz 0,08 Hz)
und Windsee-Maxima (fz0,13 —O,23 Hz). In den Mikroseismikspektren ist eine
Folge ausgeprägter Maxima (f= 0,18 Hz) zu erkennen, die sich mit der Zeit
nahezu linear zu höheren Frequenzen verschieben (durch offene Kreise mar-
kiert). Die Einfallsrichtungen in diesem Spektralbereich sind westlich; die Fre—
quenzen fallen in den Bereich der Windsee-Maxima, ‘dort zum Teil ebenfalls
mit ausgeprägten Spitzen zusammen.

Im.Gegensatz dazu fallen die Frequenzen der Dünungs-Maxima mit verhält-
nismäßig geringer Mikroseismik-Spektraldichte zusammen (durch Kreuze mar-
kiert), und die hier überwiegend nordöstlichen Einfallsrichtungen der Mikroseis-
mik — Gültigkeit der Rayleighwellen—Hypothese vorausgesetzt — widerspre-
chen einer Beziehung zwischen gemessenem Seegang und

Mikroseismik
in

diesem Spektralbereich (vgl. auch F1g 1).
Die Spektren1n Figur 8a, b (für den gleichen Zeitraum wie Fig. 6 gültig),

lassen sich mit der Wetterkarte in Figur 5 interpretieren. Die großen
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Analyse von Mikroseismikmessungen auf Sylt 633

Windgeschwindigkeiten (bis zu 8 BFT) über der gesamten Nordsee sind die
Ursache für den breiten „Maximumbereich” der Seegangsspektren, der bis ca.
fz0,08 Hz hinabreicht. Aufgrund des (dimensionslosen) Parameters fm =fm U/g
(fm-Frequenz des Spektraldichte-Maximums, U=Windgeschwindigkeit, g
=Schwerebeschleunigung), der ein Kriterium für den Seegangszustand ‚darstellt
(vgl. Hasselmann et al.‚ 1973) folgt, daß es sich hier um „Windsee“ handelt, die
also ihren Ursprung überall in der Nordsee haben kann.

In den Mikroseismikspektren ist ein ähnlicher Maximumbereich vorhanden,
der aber nur bis ca. fz 0,12 Hz hinabreicht. Wie in Figur 7a zeigt sich unmittel-‘
bar im Anschluß an das Spektraldichte-Minimum (fæ 0,10 Hz) eine Folge aus-
geprägter Maxima (fz 0,15 Hz), deren Frequenzen in den Maximumbereich der
Seegangsspektren fallen (durch offene Kreise markiert). In Figur 6 ist der
Frequenzverlaufdurch die gepunktete Gerade markiert, die überwiegend im nicht-
schraffierten Bereich liegt, wo die dominanten Einfallsrichtungen verhältnismäßig
rasch von nördlich (Norwegische Küste?) bis westlich schwanken (vgl. auch
Figur 4a, b).

Die Folge der niederfrequenten Windsee-Maxima (fz 0.10 Hz) besitzt kein
Pendant in den Mikroseismikspektren (durch Kreuze markiert), dennoch kommt
wegen der hier vorherrschend nordwestlichen Einfallsrichtungen (vgl. Fig. 6) die
Nordsee als Anfachungsgebiet in Frage.

Ihre doppelten Frequenzen liegen bei der Folge der durch ausgefüllte Kreise
markierten Mikroseismik-Maxima. Handelt es sich hier (f z0‚21 Hz) um Sekun-
däre Mikroseismik? Nach den Figuren 4a, 4b, 6 dominieren anfangs südwestli-
che Einfallsrichtungen; damit können im Bereich der Deutschen Bucht gegen-
läufige Komponenten von einlaufendem und küstenreflektiertem Seegang einen
„Longuet-Higgins-Effekt“ bewirkt haben. Andererseits widersprechen die später
dominierenden südöstlichen Einfallsrichtungen einer solchen Interpretation, die
sich letzlich nur bei Kenntnis des Seegangsrichtungsspektrums rechtfertigen
ließe.

In Figur 9 sind die Spektraldichten bei den in Figuren 8a, b durch Kreissym-
bole markierten Frequenzen in Abhängigkeit von der Zeit aufgetragen. Die
Darstellung liefert keine weitergehenden Aussagen über den Zusammenhang der
betrachteten Spektralbereiche, da die geringen Spektraldichteänderungen keine
statistisch relevanten Aussagen zulassen.

5. Wellenzahl, Eliptizität

Ähnlich wie der Frequenzgehalt eines Wellenfeldes durch zeitliches Abtasten
ermittelt wird, ergibt sich dessen Wellenzahlstruktur durch räumliches Abtasten.
Für die Analyse seismischer Oberflächenwellen genügt ein zweidimensionales
Seismometer-Array. Bei bekannten Untergrundverhältnissen ist aus den Kreuz-
spektren des Array die Energieverteilung im zweidimensionalen Wellenzahlraum
zu gewinnen.

Ist die Untergrundstruktur nur unzureichend bekannt, wie etwa im Bereich
der Nordsee (nahe Sylt), so kann man unter vereinfachenden Annahmen über
das Mikroseismik-Richtungsspektrum Informationen über die Wellenzahlstruk-
tur erhalten, um damit Rückschlüsse auf die Schichtung der Kruste im Meßge-
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biet zu ziehen. Beispielsweise setzt das klassische Verfahren, mit dem gleichzeitig
Laufrichtung und Phasengeschwindigkeit ebener Wellen aus 3 Stationen eines
nichtlinearen Array (tripartite array) ermittelt werden, enge Richtungsbünde-
lung der Wellen voraus.

Betrachtet man die Mikroseismik hypothetisch als Rayleighwellen—Feld,
dann genügt eine Dreikomponenten-Station zur Bestimmung der Einfallsrich-
tung und zusätzlich eine abgesetzte Vertikalkomponente zur Bestimmung der
Wellenzahl.

Im Grenzfall isotrOp einfallender Rayleighwellen genügen 2 Vertikalstatio-
nen, um die Wellenzahl zu bestimmen.

Im folgenden sollen beide Grenzfalle betrachtet werden. Die auf dieser
Grundlage bestimmten Wellenzahlen können dementsprechend als Grenzen für
den Bereich der wahren Wellenzahlen angesehen werden.

Das Stationspaar, aus dem die vorliegenden Messungen stammen, besitzt
naturgemäß ein äußerst geringes Wellenzahl-Auflösungsvermögen. Die Nyquist-
Wellenzahl kN/(2 n):K„:l/(2 r), die durch den Stationsabstand r definiert ist,
beschränkt den Bereich des Betrags der Wellenzahlen auf Werte
K {KHz-10,08 krn—l (wegen rm6,3 km), d.h. die kleinste auflösbare Wellenlänge
beträgt ‚imin x 12,6 km.

Die unabhängig voneinander (gem. A 13a, b und A 16a, b) aus den Vertikal-
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Fig. 10. Oben: Elliptizität, gem. A8 unabhängig aus beiden Stationen bestimmt. Unten: Wellenzah-
len K1“, Km, gem. A1321, b sowie K“, K“, gern. Aléa, b unabhängig aus den Vertikal- und Horizon-
talkomponenten der beiden Stationen bestimmt (Km Ek‘“/(2n), i: l, 2, 3, 4). Die Kurven entsprechen
den theoretischen Werten für Rayleighwellen des Drei-Schichten—Modells (Fig. l3)

und Horizontalkomponenten ermittelten Wellenzahlen sind im unteren Teil von
den Figuren 10, 11, 12 aufgetragen. Die Ordinate gilt für k/(21t)=K(km_1).

Zur Diskussion der Ergebnisse im Vergleich mit den Modellvorstellungen
wird eine weitere Größe, der Betrag des Quotienten aus horizontaler und
vertikaler Bewegungskomponente (Elliptizität) herangezogen. Der Quotient
stellt ein Maß für die Exzentrizität der Schwingungsellipse dar, enthält aber, da
er gern. A8 aus den Varianzspektren der drei Komponenten bestimmt wird und
somit stets positiv ist, keine Information über deren Umlaufsinn. Nach Boore/
Toksöz (1969) beinhaltet die Elliptizität der Rayleighwellen von den KŒ-Werten
unabhängige, d.h. zusätzliche Information. Die Meßgrößen der Elliptizität sind
im oberen Teil von den Figuren 10. ll. 12 gegeben.

Die Meßgrößen von Wellenzahl und Elliptizität werden verglichen mit den
theoretischen Werten für Rayleighwellen eines einfachen Dreischichten-Modells
(vgl. Fig. 13).
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Das Modell wurde aus bekannten Daten der Literatur extrapoliert. Nach
Hinz (1964) l'aßt sich die Geologie der oberen Kruste im Nordseebereich
westlich Sylt wie folgt skizzieren: Die Tertiärbasis fallt von knapp 1 km Tiefe bei
Sylt bis in eine Entfernung von 300 km auf eine Tiefe von ca. 2km ab; die
Zechsteinbasis variiert dort zwischen 2,5 —3,0 km Tiefe. Nach Essen et al. (1973)
kann man im Sedimentbereich bis in knapp 1km Tiefe mit Kompressionswel-
len—Geschwindigkeiten um 61.252 km/s rechnen, anschließend mit a æ 3 km/s. Dar-
aus folgt ein erheblicher Geschwindigkeitsgradient bis zur Zechsteinbasis/Kri-
stallinoberkante.

Der Sedimentbereich ist im Modell durch eine Schicht dargestellt; der übrige
Krustenbereich ebenso wie das Substratum unterhalb der Moho-Diskontinuität
wird als homogen vorausgesetzt.

Variationen der Modellparameter beeinflussen die modeabhängigen Disper—
sionskurven K=K„(f) im betrachteten Wertebereich kaum, dagegen erweist
sich die Elliptizitat |y|=|y„(f)| als sehr empfindlich, vor allem gegenüber dem
oberflächennahen Geschwindigkeitskontrast. Wenn die Meßwerte von l'yl mit
der Modellkurve für die Rayleigh-Grundmode unterhalb f w0‚3 Hz annähernd
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übereinstimmen, so zeigt das die Bedeutung oberflächennaher Schichten gerin-
ger Geschwindigkeit bei der Ausbreitung der Mikroseismik, eine Tatsache, auf
die schon Oliver/Ewing (1958) hinwiesen.

In den Wellenzahl-Frequenz(_K7f)-Diagrammen fällt auf, daß die unter An-
nahme von Richtungsbündelung bestimmten Werte K‘“, Km allgemein stark
streuen, während die Werte Km, KM) oberhalb fæ-OJO Hz im Bereich der Dis—
persionskurven der beiden untersten modes liegen. Die Zuordnung der Meß-
werte zu einzelnen modes erscheint angesichts des schematischen Modells aller-
dings unrealistisch.

Unterhalb fæOJO Hz zeigen beide Größen, Wellenzahl wie Elliptizität, die
erstere i.allg. stärker als die zweite, große Abweichungen vom Modell. Wie
schon die Kohärenzen, so deuten die verhältnismäßig großen Wellenzahlen auf
Störungen, die nicht als Eigenschwingungen der Kruste aufgefaßt werden kön-
nen. Sie dürften ihren UrSprung in der näheren Umgebung des Meßortes haben,
so daß ihre Frequenz-Wellenzahl-Struktur stark durch die der Quelle bestimmt
ist (Seegangsdispersionsrelation ?). Ein ähnliches Ergebnis erhielten Bradner et al.
(1964) mit einem Dreipunkt-Array auf Hawaii.
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Im übrigen Frequenzbereich (f ‚20,10 Hz) rechtfertigen die Ergebnisse über-
wiegend die Annahme freier Rayleighwellen.

Lovewellen würden verhältnismäßig große IyI-Werte (verschwindende Verti-
kalkomponente) sowie signifikante Abweichungen der „horizontalen“ von den
„vertikalen“ (durch Lovewellen unbeeinflußten) Wellenzahlwerten bewirken.
Dafür gibt es kaum Anzeichen. Zwar treten beispielsweise in den Figuren 10,
ll systematische Abweichungen zwischen den Wellenzahlen im Bereich
fz 0,10—O,18 Hz auf, aber diese sind, wie die Elliptizität zeigt, sicherlich nicht
auf Lovewellen zurückzuführen. (Die teilweise zu geringen Horizontalkompo-
nenten an der Station SCH sind wohl eine Folge ihrer besonderen Lage: ein
Schleusenhaus über einem Wasserdurchlaß. Die Einfallsrichtungen — vgl. die
Figuren 4a, b — werden hierdurch jedoch nicht entscheidend verfälscht.) Auch
die Ergebnisse von Strobach (1962) aus Mikroseismikregistrierungen im Obser-
vatorium Harburg sprechen gegen eine nennenswerte Komponente von Love-
wellen.

Das Problem der Trennung einzelner Rayleigh-modes führt auf die Frage
nach dem Anteil der in den modes transportierten Energie. Er läßt sich abschätzen,
wenn die Übertragungsfunktionen des elastischen Mediums bekannt sind.

6. Mode]l-Übertragungsfunktionen

Die spektralen Übertragungsfunktionen eines horizontal geschichteten elasti-
schen Mediums ergeben sich als Antwort auf ein äußeres Druckfeld der Spektra-
lamplitude Eins. In den Resonanzstellen, d.h. auf den Dispersionskurven a)
=a)„(k) des Mediums bleibt die Antwort endlich, wenn das Druckfeld ein
stationäres Zufallsfeld ist (Hasselmann, 1963). Unter dieser Voraussetzung wur-
den die Übertragungsfunktionen von Horizontal- und Vertikalkomponente der
Verschiebungsgeschwindigkeit an der Oberfläche gem. A2 auf den Dispersions-
kurven co=co„(k) des betrachteten Modells (Fig. 13) berechnet. Sie sind in
Figur 14 zusammen mit den Dispersionskurven der Phasen- und Gruppenge-
schwindigkeit für die ersten zwei modes aufgetragen.

Jede Übertragungsfunktion kann gem. A3 bis auf einen konstanten Faktor
als modales Varianzspektrum der betreffenden Komponente der Verschiebungs-
geschwindigkeit aufgefaßt werden, vorausgesetzt, das äußere „weiße“ Druck-
spektrum ist nur innerhalb eines begrenzten, hinreichend weit vom Meßort
entfernten Gebiets ungleich Null. Zum Vergleich seien die gemessenen Varianz-
spektren (Fig. 2) betrachtet:

Prinzipiell zeigt sich Übereinstimmung im Verhältnis der Spektraldichten
von Vertikal- und Horizontalkomponenten: Unterhalb f z0,10 Hz sind sie
jeweils vergleichbar groß, anschließend dominieren zunächst die Horizontal-
komponenten, oberhalb f z0,25 Hz die Vertikalkomponenten.

Im Unterschied zu den Übertragungsfunktionen fallen die gemessenen Spek-
traldichten erst bei f z0‚10 Hz zu niedrigen Frequenzen hin stark ab. Demnach
müßte um f zO,10-—0‚25 Hz in erheblich größerem Maße Mikroseismik ange-
facht werden als im höherfrequenten Bereich. Wie aus den Figuren 7b, 8b
ersichtlich, ist dies gerade der Bereich maximaler Seegangs-Spektraldichte.
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Fig. 14. Für Rayleighwellen des Krustenmodells von Fig. 13: Oben: Dispersionskurven der Phasen-
(c: durchgezogen) und Gruppengeschwindigkeit (1::gestrichelt), nach einem Rechenprngramm von
H.-H. Essen. Unten: Modeabhängige Übertragungsfunktionen für Horizontal- [lTH|2=gestrichelt)
und Vertikalkomponente (ITVIZ =durchgezogen) der Verschiebungsgeschwindigkeit (vgl. A2, A5)

Den niederfrequenten Maxima der Seegangs-Spektren um f9: 0,10 Hz ent-
spricht, in Übereinstimmung mit den Übertragungsfunktionen, nur noch ver—
hältnismäßig geringe Mikroseismik-Spektraldichte.

Unterhalb mJOHz wären aufgrund der Übertragungsfunktionen freie
Rayleighwellen mit meßbaren Amplituden nur aus starken Spannungsfeldern
(z.B. Erdbeben) zu erwarten. Wie die Ergebnisse zeigen, ist die Mikroseismik
in diesem Frequenzbereich tatsächlich nicht durch freie Oberflächenwellen
(„prOpagating müdes“) zu erklären, vielmehr durch lokal erzeugte Störungen.
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7. Schluß

Die vorliegenden Mikroseismikmessungen geben einen ersten Einblick in die
spektrale Struktur der Bodenunruhe im Meßgebiet. Sie lassen sich weitgehend
durch freie Rayleighwellen eines einfachen Schichtenmodells, in dem die oberflä-
chennahen Sedimente berücksichtigt sind, begründen, ohne daß Lovewellen zu
postulieren wären.

Über die Anfachungsgebiete kann nur wenig gesagt werden, da dazu keine
längerdauernden systematischen Untersuchungen angestellt wurden. Es ist beab-
sichtigt, diese Frage durch gleichzeitige Messungen an mehreren (Array)-
Stationen besser zu beantworten. Quantitative Aussagen sollen auf der Grund-
lage eines detaillierteren Krustenmodells erfolgen, welches nach der Erweiterung
des Stationspaares zu einem Drei-Punkt—Array erstellt werden kann.

Danksagung. Die technische Konzeption und Durchführung der Messungen lag in den Händen der
Mitarbeiter des „Teilprojekts Mikroseismik“ Dipl.-Geophys. R. Rudloff und Dipl.-Phys.
B. Schmalfeldt.

Die zentrale Meßstation konnte auf dem Gelände der Forschungsstation Westerland der
Universität Kiel errichtet werden. Dafür danken wir Herrn Prof. Dr. U. Jessel.

Diese Arbeit wurde mit Hilfe der Deutschen Forschungsgemeinschaft über den SFB 94 ermög-
licht.

Anhang

1. Spektrale Übertragungsfunktionen
eines geschichteten elastischen Halbraums

An der Oberfläche eines horizontal geschichteten elastischen Halbraums möge
das stationäre und homogene Druckfeld

p(x, t): Z P(co, k) exp[i(kx—cot)],
l

(A1)
co,k

x=(x1,x2) — horizontaler Ortsvektor, k=(k1,k2) — horizontaler Wellenzahl-
vektor, angreifen. Das zugrundeliegende, rechtwinklig-kartesische Koordinaten-
system ist so orientiert, daß die xl-Achse nach E, die xz-Achse nach N und die
x3-Achse nach unten zeigt.

Die Spektralamplitude Ui(x3; a), k) der im Schichtverband erzwungenen Ge-
schwindigkeit der Teilchenverschiebung ist als Lösung der Randwertaufgabe
z.B. mit Hilfe elastischer Potentiale von der Form ¢~exp(iik3x3) exp [i(kx
—cot)] zu erhalten (vgl. Ewing et al., 1957). Dann ergibt sich

Zi x ;a), kUi(x3;w, k)=-—l—§(—;T)) P(w, k)
mit D=charakteristische Determinante des Systems. Nach der Auffassung von
Hasselmann (1963) wird Mikroseismik resonant (D=O) angefacht, d.h. auf den
Dispersionsflächen w=w„(k), (n=Modeindex) des geschichteten Systems. Die
„Resonanzbedingung“ läßt sich (für große Zeitwerte) als Beziehung zwischen
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den Spektren der Verschiebungsgeschwindigkeit und des äußeren Druckfeldes
schreiben (sog. Energiebilanzgleichung), in der noch die spektralen Übertra-
gungsfunktionen des Systems auftreten. Diese sind mit den oben gegebenen
Bezeichnungen von der Form

Z‘f') öDT‘") k = ———‘ D’ =—— ‘ .l U fla)a " 6602 (own (A2)

Für den Fall, daß das Druckspektrum innerhalb eines begrenzten Gebietes
(Fläche A) die Spektralamplitude Eins besitzt und außerhalb verschwindet,
lautet das Varianzspektrum der Verschiebungsgeschwindigkeit für große Entfer-
nungen R (unter Vernachlässigung von Refraktion):

A k
SË")(CÛ)=’Ë 52— |7i(")(60)|2‚ (A 3)

vn=Gruppengeschwindigkeit (vgl. Hasselmann, 1963).

2. Kreuzspektren-Analyse

Die Kreuzspektren zwischen zwei Komponenten ui und uj eines stationären,
homogenen seismischen Feldes lassen sich wie folgt darstellen:

Sij(r)ECij—iQijE|Sij| eXP(i9ij)

:2 Î 15?} F‘")(9)exp [iknr cos(0—cx)], (A4)
”—1!

Ci]. = Cospektrum, Qij = Quadspektrum, 9U. = Phasenspektrum, r = (r, oc)
=horizontaler Verbindungsvektor zwischen den Meßorten, k =(k, 6)
=horizontaler Wellenzahlvektor, n = Modeindex, F(0) = Richtungsspektrum, LU.
= 7}* 7} (vgl. A2).

Für Rayleighwellen gilt

T1 = TH cosÛ
T2=THsin0 (A5)

T3=TV

(TH, TV=Übertragungsfunktionen der horizontalen bzw. vertikalen Bewegungs-
komponente), so daß (bei Beschränkung auf eine mode):

S33(r=0)= j |T3|2F(9)d95 5 V(6)d0 (A6a)

gilt und damit

511(r=0) __
n

2 00329 A6b{S22(r=0)}— 5 v {sinzâ} V(0)d0 ( )
—1t
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S13(r=0) n 0036= V d .
{823(r=0) j“ y sin6 (9) 6 (A7)

Hier ist y=y(œ) der (modeabhängige) Quotient von Horizontal— zu Vertikal-
komponente; für ideale Rayleighwellen ist er rein imaginär.

Aus A6a, b folgt

S Sy2=—1;—2, SiESü(r=0), i=1,2,3. (A8)
3

Verhältnismäßig große Meßwerte von lyl sind ein Indiz für Lovew_ellen (S3 =O).
a. Im Grenzfall enger Richtungsbündelung (F(6)zE - 5(0 —0), E =const.)

folgt aus A7:

Ö z arctan (9—23) = arctan (n
Q13

Berücksichtigt man, daß Si]. (f) den mittleren Phasenvorsprung von ui gegenüber
uj bei der Frequenz f angibt, und daß bei retrograd umlaufenden Ellipsen die
Horizontalkomponente der Vertikalkomponente um 71/2 vorauseilt, dann wird
durch

Ö=arg(Q)‚ Q=Q13+iQ23
im Bereich —n<§§n eindeutig die Einfallsrichtung derart polarisierter Wellen
bestimmt.

Ein Maß für die Richtungsstreubreite bzw. Strahlbreite (beam width parame-
ter) ist

sin .932

2 2 â

13+Q23)
’ 0§98§L (A10)05(1—

53(S1+Sz)
Die quadratische Kohärenz wird im betrachteten Grenzfall

2ISiji
S.S.

l J
[Jg-(r) E z 1. (A 11)

Die Phasenspektren zwischen gleichen Komponenten lauten

9ii(r)zkrcos(Ö—oc)‚ i=1,2‚3. (A12)

Hieraus ergeben sich (bei bekanntem Ö) zwei unabhängige Bestimmungsglei—
chungen für die Wellenzahlen:

tan[k‘1’rcos(Ö—oc)]+%3’—3—z0 (A13a)
33

Q11+Q22
zO.tan [km r cos(Ö — oc)] +

C11 + C22

(A13b)

b. Im Grenzfall isotropen Welleneinfalls (F(6)æE =const.) folgt aus A4:

Qij(r)zO—>9ij(r)z0 (bzw. in). (A 14)
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Anders als die Phasenspektren eignen sich hier die Kohärenzspektren zur
Abschätzung der Wellenzahlen. Es gilt:

p33(r)zJ0(kr) (A 15)
p11(r)+p22(r)æ2J0(kr)

(J O =Besselfunktion nullter Ordnung), und damit hat man 1n

CJo(k<3>r)—læ0, (A16a)
53

C + C
J km) _ 11 22 æ0o( r) _Sl+3, (A16b)

zwei unabhängige Bestimmungsgleichungen.
Die Beziehungen A 13a, A 16a sind im Gegensatz zu A 13b, A16b unabhän-

gig von evtl. vorhandenen Lovewellenanteilen. Daher können signifikante Ab-
weichungen zwischen k”) und k‘z) bzw. km und k“) als Indiz für Lovewellen
gewertet werden.

Literatur

Boore, D.M.‚ Toksöz, M.N.: Rayleigh wave particle motion and crustal structure. Bull. Seism. Soc.
Am. 59, 331 —346, 1969

Bradner, H., Haubrich, R.A., Munk, W.H.: Study of earth noise on land and sea bottom. Report.
Univ. Calif., San Diego, Institute of Geophysics and Planetary Physics, 180 pp, 1964

Bungum, H., Rygg, E., Bruland, L.: Short period seismic noise structure at the Norwegian Seismic
Array. Bull. Seism. Soc. Am. 61, 357—373, 1971

Essen, H.-H., Hirschleber, H.B., Siebert, J .: Geschwindigkeits- und Dämpfungsmessungen an Sedi-
menten der Nordsee. Z. Geophys. 39, 833 —854‚ 1973

Ewing, W.M., Jardetzky, W.S., Press, F.: Elastic waves in layered media. New York: McGraw-Hill
1957

Hasselmann, K.: A statistical analysis of the generation of microseisms. Rev. Geophys. 1, 177—210,
1963

Hasselmann, K., Barnett, T.P.‚ Bouws, E., Carlson, H., Cartwright, D.E.‚ Enke, K., Ewing, J.A.,
Gienapp, H., Hasselmann, D.E., Krusemann, P., Meerburg, A., Müller, P., Olbers, D.J., Richter,
K., Sell, W., Walden, H.: Measurements of Wind-wave growth and swell decay during the Joint
North Sea Wave Project (Jonswap). Deut. Hydrograph. Z. (Ergänzungsheft), Reihe A, Nr. 12,
1973

Haubrich, R.A., McCamy, K.: Microseisms: crustal and pelagic sources. Rev. Geophys. 7, 539—571,
1969 -

Hinz, K.: Zur Geologie der südlichen Nordsee nach reflexionsseismischen Untersuchungen. Diss.
Bergakademie Clausthal, 1964

Lacoss, R.T., Kelly, E.J.‚ Toksöz, M.N.: Estimation of seismic noise structure using arrays.
Geophysics 34, 21 —38, 1969

Longuet-Higgins, M.S.: A theory of the origin of microseisms. Phil. Trans. Roy. Soc. London, Ser. A
243, 1—35, 1950

Miche, M.: Mouvements ondulatoires de la mer en profondeur constante ou décroissante. Ann.
Ponts Chaussées 114, 25—87, 131 —— 164, 270—292, 396—406, 1944

Oliver, J ., Ewing, M.: The effect of surfical sedimentary layers on continental surface waves. Bull.
Seism. Soc. Am. 48, 339—354, 1958

Strobach, K.: Ein Beitrag zum Problem der Entstehung und der Wellennatur der mikroseismischen
Bodenunruhe. Hamburger Geophysikal. Einzelschriften 5, 125 pp, 1962

Received April 2, 1976; Revised Version February 15, 1977

Analyse von Mikroseismikmessungen auf Sylt 643

Anders als die Phasenspektren eignen sich hier die Kohärenzspektren zur
Abschätzung der Wellenzahlen. Es gilt:

p33(r)zJ0(kr) (A 15)
p11(r)+p22(r)æ2J0(kr)

(J O =Besselfunktion nullter Ordnung), und damit hat man 1n

CJo(k<3>r)—læ0, (A16a)
53

C + C
J km) _ 11 22 æ0o( r) _Sl+3, (A16b)

zwei unabhängige Bestimmungsgleichungen.
Die Beziehungen A 13a, A 16a sind im Gegensatz zu A 13b, A16b unabhän-

gig von evtl. vorhandenen Lovewellenanteilen. Daher können signifikante Ab-
weichungen zwischen k”) und k‘z) bzw. km und k“) als Indiz für Lovewellen
gewertet werden.

Literatur

Boore, D.M.‚ Toksöz, M.N.: Rayleigh wave particle motion and crustal structure. Bull. Seism. Soc.
Am. 59, 331 —346, 1969

Bradner, H., Haubrich, R.A., Munk, W.H.: Study of earth noise on land and sea bottom. Report.
Univ. Calif., San Diego, Institute of Geophysics and Planetary Physics, 180 pp, 1964

Bungum, H., Rygg, E., Bruland, L.: Short period seismic noise structure at the Norwegian Seismic
Array. Bull. Seism. Soc. Am. 61, 357—373, 1971

Essen, H.-H., Hirschleber, H.B., Siebert, J .: Geschwindigkeits- und Dämpfungsmessungen an Sedi-
menten der Nordsee. Z. Geophys. 39, 833 —854‚ 1973

Ewing, W.M., Jardetzky, W.S., Press, F.: Elastic waves in layered media. New York: McGraw-Hill
1957

Hasselmann, K.: A statistical analysis of the generation of microseisms. Rev. Geophys. 1, 177—210,
1963

Hasselmann, K., Barnett, T.P.‚ Bouws, E., Carlson, H., Cartwright, D.E.‚ Enke, K., Ewing, J.A.,
Gienapp, H., Hasselmann, D.E., Krusemann, P., Meerburg, A., Müller, P., Olbers, D.J., Richter,
K., Sell, W., Walden, H.: Measurements of Wind-wave growth and swell decay during the Joint
North Sea Wave Project (Jonswap). Deut. Hydrograph. Z. (Ergänzungsheft), Reihe A, Nr. 12,
1973

Haubrich, R.A., McCamy, K.: Microseisms: crustal and pelagic sources. Rev. Geophys. 7, 539—571,
1969 -

Hinz, K.: Zur Geologie der südlichen Nordsee nach reflexionsseismischen Untersuchungen. Diss.
Bergakademie Clausthal, 1964

Lacoss, R.T., Kelly, E.J.‚ Toksöz, M.N.: Estimation of seismic noise structure using arrays.
Geophysics 34, 21 —38, 1969

Longuet-Higgins, M.S.: A theory of the origin of microseisms. Phil. Trans. Roy. Soc. London, Ser. A
243, 1—35, 1950

Miche, M.: Mouvements ondulatoires de la mer en profondeur constante ou décroissante. Ann.
Ponts Chaussées 114, 25—87, 131 —— 164, 270—292, 396—406, 1944

Oliver, J ., Ewing, M.: The effect of surfical sedimentary layers on continental surface waves. Bull.
Seism. Soc. Am. 48, 339—354, 1958

Strobach, K.: Ein Beitrag zum Problem der Entstehung und der Wellennatur der mikroseismischen
Bodenunruhe. Hamburger Geophysikal. Einzelschriften 5, 125 pp, 1962

Received April 2, 1976; Revised Version February 15, 1977



|00000658||



|00000659||

J. Geophys. 43, 645—654, 1977 Journal qf
Geophysncs

Improved Technique for Rapid Interpretation
of Gravity Anomalies Caused
by Two-Dimensional Sedimentary Basins

K.D. Töpfer *

University of Zambia, School of Natural Sciences, P.O.B. 2379, Lusaka, Republic of Zambia

Abstract. An empirical interpretation technique is discussed which allows
to compute the cross-section of a two-dimensional sedimentary basin from
the measured residual Bouguer anomaly profile, if the density contrast is
known. Initial depths to basement thus obtained may be taken to be the
input for a further iterative interpretation programme. The proposed interpre-
tatiOn technique is tested on some few hypothetical models and results are
compared to those obtained from other interpretation techniques.
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1. Introduction

The calculation of gravity anomalies for any geological body of arbitrary shape
results in a unique solution (Grant and West, 1965). A rapid computer method
is based on the line-integral method and is described by Talwani et al. (1959).

The inverse problem has no unique solution (Grant and West, 1965). However
empirical and/or automatic iterative interpretation methods may result in satisfac-
tory solution(s) if the density contrast is sufficiently well known and if further
data from other geophysical exploration methods or drillings become available.

Empirical interpretation methods relate certain characteristics of the gravity
anomaly (such as “ half-width ”, maximum ofanomaly, derivatives, etc.) to charac-
teristic geometrical features of the geological body (such as maximum depth,
body-width etc.) (Skeels, 1963; Jacoby, 1970).

Fournier and Krupicka (1975) propose an approximate method for direct
interpretation of gravity profiles. They derive empirical relations of anomaly-
shape to body-shape for hypthetical “bell-shaped” sedimentary basins.
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Bott (1960) describes an iterative computing method whereby the initial-depths
as well as the iterative depth adjustments are calculated from the “flat-plate”
formula and depth adjustments are applied after each cycle of computations.

Qureshi and Mula (1971) studied single and double iterative adjustment and
come to the conclusion that the number of iterations can be cut by half if double
adjustment is applied.

In a later paper, Qureshi and Idries (1972) conclude that the iteration process
converges most rapidly if double adjustment is applied after each computation
rather than after each cycle of computations.

Fournier and Krupicka (1973) modified Bott’s interpretation technique empir-
ically after ten iterations have proceeded and thus speed the convergence of
the iterative modeling process. However computer time is saved only apparently.

The present paper describes an interpretation technique which is partly based
on empirically derived anomaly-depth relations and partly on automatic iterative
data processing.

2. Basic Principle

The “flat-plate” formula is given as
4:23.866 Agi/a (m) (1)

where a is the assumed or known density contrast in gcm‘ 3, z; is the depth
to basement in meters and Agi is the residual Bouguer anomaly in mgals, as
,measured at the i—th field station, respectively. The above formula is a rather
unfavorable approach to estimate initial depths to basement. It overestimates
depths towards the margins of a sedimentary basin and underestimates depths
towards its center.

A triangular model is selected to derive empirical relations between body-shape
and gravity anomaly. Although the triangular model represents a rather unrealistic
sedimentary basin, it was selected for two reasons: firstly, it’s gravity effect
is rapidly computed applying the technique proposed by Talwani et al. (1959),
and secondly, the triangular body represents a model, where present iterative
interpretation techniques are unsatisfactory because of slow convergence towards
the center of the basin.

The geometry of a symmetrical triangular body may be defined by its width
W,, and its maximum depth 20 (see Fig. 1). Accordingly, the gravity anomaly
caused by a triangular body may be characterized by its “half—width” W; and
its maximum amplitude Ago (see Fig. 1). Body-width Wb and anomaly half-width
W, are measured in kilometers and depths z}, zi and 20 are measured in meters
throughout this paper.

The ratio (Wb/ Wa) can be related empirically to the ratio

A =AgO/0W; (mgals/km gem" 3) (2)
and this relation appears to be linear in the range O§A§13 (see Fig. 2). A
least squares regression fit results in

Wb/Waz —0.056A+ 1.827. (3)
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Thus Wb may be estimated from formula (3) in cases where the body width
cannot be inferred from surface geology.

The maximum depth of the basin may be extimated from the relations shown
in Figure 3. This curve cannot be approximated reasonably by one single analytical
function. Therefore two linear relations are derived:

„ZU/2;}, = 0.27A +1.00 (for 0 g A g 9)

and

20/2}, =0. 12A +0.57 (for 95A 513)

The normalized residual Bouguer anomaly

Gr=Ag;/Ago
may be related to the normalized depth to basement

ZrZZi/Zo

(4)

(5)

(6)

(7)
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being curve parameters. These relations appear to be approximately linear in
the range lgAgB. However no single analytical function could be derived
to represent Zi as function of G. The best approximations is found to be
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Table 1. Interpretation results for two-dimensional sedimentary basins with triangular cross-sections.
(Deviations between calculated and true maximum depths in %. Number of iterations is given
in brackets)

A 0 Direct and empirical methods Automatic iterative methods
(iteration limit: 2% from Ago)

“ Flat-Plate” Foumier and Bott (1960) Qureshi and
Approach Krupicka (1975) Mula (1971)

1.30 2.3° — 14% —11% - 8 (2) — 3% (4)
2.88 5.7 — 20% —11% — 7% (3) —— 3% (4)
4.86 11.3 — 32% -—14% — 8% (4) —— 3% (4)
6.37 16.3 — 42% —15% — 1% (7) + 1% (4)
9.48 31.0 — 69% —15% —17% (7) —16% (4)

10.98 38.7 — 85% —11% —24% (8) —23% (5)
12.27 45.0 —100% —— 5% —22% (8) —21% (6)

Z,-=0.081 Gi[A (G?——l)+l2.27] (8)

where

2 for 026,206a: (9)(5G,-—1) for 0.6§G,-_§1)

Although Equations (3), (4), (5), (8) and (9) are valid strictly only for two-
dimensional basins of triangular cross-sections, they may also approximately
hold in general (see chapter 3).

Thus the general procedure to estimate initial depths to basement from a
residual Bouguer anomaly profile as measured over a two-dimensional sedimen-
tary basin of arbitrary shape can be summarized as follows:

a) determine the parameter A using formula (2),
b) estimate Wb from formula (3) or Figure 2 (if PK, cannot be inferred from

surface geology),
0) determine Z0 from formula (4) or formula (5) or Figure 3,
d) compute G,- and determine Z,- from formula (8) or Figure 4.
Computations are easily done by hand or may be programmed for a pocket

calculator. Initial depths to basement, as estimated from the above procedure,
may be sufficiently accurate for many reconnaissence surveys. Depths to basement
may be improved if these initial depth estimates are taken to

be
the input for

a further iterative interpretation programme

3. Tests on Hypothetical Two—dimensional Models

The proposed method has been tested on some one hundred hypothetical models
and has been proved to be superior to empirical or iterative interpretation tech-
niques presently in use. All computations were done on a Compucorp deskcom-
puter, model 425/44.
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Interpretative results of a set of hypothetical triangular models, as shown
in Table 1, may illustrate the weakness of most present methods. The body
width was assumed to be known for the iterative interpretation programs.

The “flat-plate” approach undoubtfully gives very unsatisfactory results
which in turn leads to a relatively large number of iterations.

The number of iterations needed to meet the specified iteration limit (2%
from Ago) is generally smaller for the method proposed by Qureshi and Mula
(1971) than for the method proposed by Bott (1960).

The empirical interpretation technique, as proposed by Fournier and Krupicka
(1975), results in deviations of about — 13%.

The present method naturally results in extremely small deviations since it
was derived from hypothetical triangular models.

Interpretative results for the hypothetical symmetrical and asymmetrical step
model are shown in Figures 5 and 6, respectively. These models are taken from
the paper presented by Fournier and Krupicka (1975) for reason of comparison.
The steep part of the assymmetrical step model (shaded in Fig. 6) is not resolved
by any of the tested interpretation techniques. However this is not surprising
since the maximum contribution from the shaded section to the total anomaly
only amounts to —3.38 mgals or 6.5%.

Figures 7 and 8 show interpretative results for hypothetical symmetrical and
asymmetrical bell-shaped models, respectively.

4. Discussion of Results

Table 2 summarizes results obtained from six different interpretation techniques.
The “flat-plate” approximation results in large deviations, between ——75%

and —156%.
The empirical method proposed by Fournier and Krupicka (1975) indicates

deviations between +14% and —79%, whereas the present method shows devia-
tions between +6% and —69%. If the asymmetrical step model is excluded
from this discussion, because of its extremely unrealistic shape to represent sedi-
mentary basins, then it may be concluded that the present method is superior
to the method proposed by Fournier and Krupicka (1975) by a factor of about
two.

The automatic iterative interpretation method proposed by Bott (1960) results
in deviations between —5% and —l4% after 11 to 14 iter’ations, whereas the
technique proposed by Qureshi and Mula (1971) requires 5 to 8 iterations to
result in deviations between -—2% and ——15%. In general, maximum depths
as obtained from both iterative interpretation techniques indicate larger deviations
from the true maximum depths of the investigated two-dimensional models than
those initial depth estimates as derived form the proposed empirical method.

The number of iterations is substantially decreased if initial depths, as esti-
mated from the present method, are taken to be the input for automatic data
processing (see column 6 of Table 2). However it is interesting to note that
maximum depths of the investigated models were not further improved during
the iteration process.
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Table 2. Interpretative results for two-dimensional sedimentary basins of various cross-sections.
(Deviations between calculated and true maximum depths in %. Number of iterations is given
in brackets)

Model sec Direct and empirical methods Automatic iterative methods
Figure (iteration limit: 2% from Ago)

“ Flat- Foumier Present Bott Qureshi Present
Plate” and method (1960) and Mula method
appro- Krupicka (1971)
ximation (1975)

sym. step 5 —100% —ll% — 5% —l4% (l4) —15% (8) — 5% (2)
asym. step 6 —156% —79% —69% —32% (23) —37% (10) —24% (14)
sym. 7 — 75% — 7% + 6% — 9% (11) —14% (5) + 6% (2)
bell-shape

asym. 8 — 82% +14% i 0% — 5% (l3) —- 2% (8) + 3% (2)
bell-shape

The presented interpretative results as obtained for the asymmetrical step-
and bell-shape models may indicate a criterion whereby interpretation becomes
non-unique (see Figures 6 and 8, respectively). It is observed that the anomaly
maximum does not coincide with the depth maximum of the hypothetical model.
Accordingly, the interpretative cross-sections of the asymmetrical models show
maximum depths which are shifted from the true maximum depths of the original
models. This phase-shift amounts to about 0.5 km for the asymmetric step body
and 1.0 km for the asymmetric bell-shaped model (see Figs. 6 and 8, respectively).

One may thus postulate that any of the tested interpretation methods will
result in an interpretative model which is different in shape but is equivalent
in its gravity effect to the true structure, if the anomaly maximum does not
coincide with the depth maximum of the structure. Only additional data from
either drillings or seismic exploration techniques may solve this ambiguity.

5. Conclusions

The proposed empirical method gives better results than other tested empirical
methods and than those iterative automatic interpretation techniques which apply
the “flat-plate” formula to approximate initial depths to basement. The derived
relations of residual Bouguer anomaly profiles to geometrical cross-sections of
two-dimensional sedimentary basins are expressed analytically and may therefore
be programmed to compute initial depth estimates within an automatic iterative
interpretation process. Equivalent solutions seem to result if the anomaly maxi-
mum does not coincide with the maximum depth of the two-dimensional structure.
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Abstract. A method for the investigation of isostasy by computing the correla-
tion coefficients between elevations and Bouguer anomalies is presented.
A tendency to an isostatic behaviour of the crust can be concluded from
negative coefficients. Positive coefficients combined with a topographic high
indicate mass surpluses; positive coefficients combined with a topographic
low indicate mass deficiencies.

Applications of the computation of isostatic gravity anomalies and the
correlation method to the Alps, Northern Italy, and Southern Scandinavia
give in general similar results. Since the correlation method cannot resolve
slight deviations from isostasy, it should be prefered in regions with little
information concerning crustal density distribution and crustal thickness.
In these regions it is difficult to derive a reasonable model for the computa-
tion of isostatic gravity anomalies. Therefore, the correlation method may
be useful to investigate the isostatic state of the crusts of the terrestrial
planets if Doppler gravity and elevation data are available.

Key words: Isostasy — Bouguer anomalies — Isostatic gravity anomalies
— Correlation coefficients.

1. Introduction

Many methods have been developed to investigate the isostatic state of the
Earth’s crust. Considering the hypotheses of Pratt, Airy, and Vening Meinesz
(Heiskanen and Vening Meinesz, 1958), the mean free-air anomalies (Ag’) should
approach zero in areas of low reliefs and the Bouguer anomalies (Ag”) should
decrease with increasing elevations in the isostatic case. Therefore, it is possible to
get a general view of the isostatic behaviour of an area by free-air or Bouguer
anomalies maps. To make the relations more evident, diagrams between eleva-
tions and gravity anomalies have been plotted (Woollard, 1959, 1969; Coron,
1969; Fig. 1).
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The free-air anomalies used in Figure 1a are from Hilger (1968); the Bouguer
anomalies used in Figure lb and in the further investigations of the Alps and
Northern Italy are from Makris (1971) and Bouvet (1971).

The free-air anomalies are influenced by two effects: (1) a scatter of j; 50 mgal
caused mostly by variations in surface and near-surface geology, (Woollard,
1959) and (2) a dependence on relief for which Woollard (1969) derived emperical
world wide relations for different elevation ranges. These relations are rather
general; there may be deviations for different areas depending on the kind
of isostatic compensation.

The most successful method for the investigation of isostasy is the computa-
tion of isostatic gravity anomalies. The computations are based on the model
of compensation according to the hypotheses of Pratt, Airy, and Vening Meinesz.
Regional computations of isostatic gravity anomalies using Vening Meinesz’
hypothesis have seldom been carried out, because of the high uncertainty of
the crustal elastic properties which are needed for the calculations.

Meissner and Vetter (1977) derived density-depth profiles from seismic velo-
city—depth profiles. Comparing density-depth curves of different areas permits
conclusions in regard of the isostatic balance.

If the density distribution of the crust and the crust-mantle boundary are
well known (e.g. on seismic profiles), the method of mass summations yields
mass surpluses and deficiencies of an area (Janle, 1973; Goldflam et al., 1977).

In areas with little information on the crustal density distribution and crustal
thickness it may be difficult to evaluate a reasonable density model for isostatic
calculations. In addition to this the definition of a depth of compensation
or the normal thickness of the crust according to the hypotheses of Pratt and
Airy is often speculative.

All three hypotheses of isostasy mentioned above demand high Bouguer
gravity above low relief (e.g. oceans) and low Bouguer gravity above high
relief (e.g. mountainous regions). Proceeding from this anticorrelation between
elevations and Bouguer anomalies in the isostatic case, a method for investigating
isostasy will be presented in this paper.

2. Description of the Method

Diagrams between elevations and Bouguer anomalies constitute a first step
for investigating the correlations between these two parameters. The correlation
coefficients in Figure 1b are —0.8 for the Alps indicating a strong tendency
for isostatic compensation, —O.6 for the Po Basin, and +0.6 for the Appennines
and their northern foreland, indicating an anisostatic behaviour.

This method has two disadvantages: (1) one cannot see the geographical
localization in the diagram; (2) it is difficult to choose from the Bouguer map
samples of elevations and gravity which belong to the same relation. The ratio
of mean elevations to mean Bouguer anomalies introduced by Makris (1971)
may be of help to separate areas of equal relations. The correlation method,
which will be described now, can be regarded as an advancement of the diagram
method. This new method overcomes the disadvantages mentioned above.
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For preparation a grid system has to be chosen for the area to be investigated.
Then the mean elevations and mean Bouguer anomalies of the areas of the
grid elements must be estimated. After this the width of the sample area for
the correlation must be determined, which depends on the assumption of local
or regional compensation. The elevation and gravity values of the grid elements
in the sample areas are used for the calculation of the correlation coefficient
according to the following formulas:
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(xfzmean elevations, yizmean Bouger anomalies, n=number of the grid ele-
ments for the correlation).
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““— c” the c0rrelation coefficients (idealized cases):
-1E e <0 45 c < 0 a, c topographic high (e.g. mountain range];

b, d topographic low (cg. basin);

c d a, b significant anticorrelation between
h topography and Bouguer anomaly (cw-:0)

implies a tendency to isostasy; the dashed Ag“
1A I V curves represent over- und undercompensation
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——_—__ the correlation coefficients; c positive
coefficients combined with a topographic high

‘ I V indicate mass surpluses; d positive coefficients
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Figure 2 should be of assistance in interpreting the correlation coefficients.
In the case of a significant anticorrelation (c<0) a strong tendency to isostasy
can be concluded. Unfortunately, slight over- or undercompensation gives nega-
tive coefficients also (Fig. 2a, b). Positive coefficients combined with a to-
pographic high indicate mass surpluses, and positive coefficients combined with
a topographic low indicate mass deficiencies (Fig. 2c, d).

3. Applications of the Correlation Method

The diagram method, the computation of isostatic gravity anomalies, and
the correlation method have been applied to data measured in the Alps and
Northern Italy. A grid system with a width of Acp: 12" and iii/".220" was chosen
for all three methods (except for the diagram of free-air anomaly values to
mean elevations in Fig. la).

The isostatic gravity anomalies were computed assuming Airy compensation.
The mean crustal density distribution used for the calculations was derived
from crustal models of Makris (197l) and Snoek (1973; for the sea areas).
The density model is included in Figure 3. The t0pographic — isostatic corrections
for the Hayford zones 18-1 are from maps of Kärki et al. (1961).

For the calculation of the correlation coefficients a sample area was chosen
with an extent of qzôO’ and A}.=80’ which is about 110 km >< 110 km. This
area contains 20 grid elements, i.e. 20 pairs of elevations and Bouguer anomalies
are available for the correlation. The lower significant lines of /0.2/ and /0.4/
have been left out in the figures of the correlation coefficients in order to simplify
the maps. A 99.6 percent confidence results from 20 data pairs for a coefficient
of /0.6/.
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mean elevations in Fig. la).

The isostatic gravity anomalies were computed assuming Airy compensation.
The mean crustal density distribution used for the calculations was derived
from crustal models of Makris (197l) and Snoek (1973; for the sea areas).
The density model is included in Figure 3. The t0pographic — isostatic corrections
for the Hayford zones 18-1 are from maps of Kärki et al. (1961).
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area contains 20 grid elements, i.e. 20 pairs of elevations and Bouguer anomalies
are available for the correlation. The lower significant lines of /0.2/ and /0.4/
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the maps. A 99.6 percent confidence results from 20 data pairs for a coefficient
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Fig. 3. Isostatic gravity anomalies of the Alps and Northern Italy. Reference plane: sea level;
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Figure la shows the diagram of the elevation and the free-air anomaly
values. The relations of Woollard for relief are also included. The dashed lines
mark the iSO mgal scatter. Most of the points of the Alps and the points
of the Appenines with high elevations lie within the i 50 mgal scatter indicating
an isostatic behaviour. Most of the points of the P0 Basin and the points
of the northern foreland of the Appenines are shifted strongly to negative
values, indicating mass deficiencies for these regions. Some points of the Po
Basin lie still within the i50 mgal scatter; Le. some parts of the Basin show
a tendency to an isostatic behaviour.

The diagram between elevations and Bouguer anomalies (Fig. lb) has been
discussed above. Note that the points of the Appenines with high elevations
could belong to the group of the Alpine points. This indicates again a tendency
to isostasy for the central Appennines. From very low gravity for many points
of the P0 Basin and for the foreland of the Apennines mass deficiencies can
be concluded for these regions from this diagram also.

The isostatic gravity anomalies and the correlation coefficients will now
be described together (Figs. 3, 4). The Alps and the Bavarian molasse show
in general isostatic gravity anomalies below /40/ mgal, and the correlation coeffi-
cients are less than —0.6. Thus, both methodes show a tendency to an isostatic
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Fig. 4. Correlation coefficients between elevations and Bouguer anomalies of the Alps and Northern
Italy. Intervals of isolines: 0.2: the lower significant lines of /0.2/ and [0.4/ have been left out
in order to simplify the map

behaviour of these regions. In a more detailed view, the southern Alps show
in contrast to the northern Alps positive isostatic gravity anomalies up to 40 mgal
and relative low negative coefficients (c> —0.6). This may indicate slight mass
surpluses. This result can be compared with modern concepts of orogenies.
For instance the mass surpluses can be interpreted by the concept of Wunderlich
(1966) which suggests intrusional formations and crustal thinning in the region
of the backside of an orogene.

The southern Rhine Valley and its bordering mountains have positive iso-
static gravity anomalies reaching more than 40 mgal. The correlation coefficients
show positive values for the positive reliefs of the Black Forest and the Vosges
Mountains. Thus, both methods indicate mass surpluses. This is in agreement
with an updoming of the crust-mantle boundary in the southern Rhinegraben
region (Edel et 3.1., 1975).

The high isostatic gravity anomaly of the lvrea zone (more than 80 mgal)
finds no expression in the correlation method. The effects of this anomaly
may be averaged out by the calculation of the correlation coefficients, because
the lvrea zone has a relative local extent. In this region high density, possibly
mantle material intruded the crust causing a mass surplus (Berckhemer, 1968;
Kaminski and Menzel, 1968; Makris, 1971).
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Fig.5. Isostatic gravity anomalies of Southern Scandinavia. Reference plane: sea level; intervals
of isolines: 20 mgal (from Janle~ 1973)

The P0 Basin and the foreland of the Apennines are characterized by strong
negative isostatic gravity anomalies and positive or slightly negative correlation
coefficients. Therefore, both methods show, in general, mass deficiencies of
this region. The center of the isostatic gravity anomalies (— 120 mgal) lies in
the foreland of the Apennines. Mass deficiencies in the front of an orogene
are in agreement with the conception of a still active orogeny of Wunderlich
(1966)

The Dinarids, in the southeast of the area investigated, have low isostatic
gravity anomalies and high negative correlation coefficients. Both methods show
an isostatic state of this region.
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Fig. 6. Correlation coefficients between elevations and Bouguer anomalies of Southern Scandinavia.
Intervals of isolines: 0.2; the lower significant lines of /0.2/ and /0.4/ have been left out in order
to simplify the map

Comparing the results of the isostatic gravity anomalies and the correlation
coefficients in the area of the Alps and Northern Italy, one can conclude a
general agreement.

The correlation method has been also tested for Southern Scandinavia. The
isostatic gravity anomalies and the gravity data are from Janie (1973). The
computations ofthe isostatic gravity anomalies and ofthe correlation coefficients
base both on a grid width of 30’ >< 30’.

For the calculation of the correlation coefficients a sample area was chosen
with an extent of Acp=l° and Air—2° which is about 110 km>< 110km. This
area contains 8 grid elements. In this case the small number of 8 data pairs
for the correlations results in an 88 percent confidence for a coefficient of
/0.6/.
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The Caledonian mountain range and Southern Sweden have low isostatic
gravity anomalies and high negative coefficients indicating an isostatic behaviour
of the crust (Figs. 5, 6).

The Gulf of Bothnia, parts of the Baltic Sea, and the eastern coast of Sweden
show negative isostatic anomalies and high positive coefficients. Thus, both
methods lead to mass deficiencies. This result is in agreement with the. observa-
tion of the recent uplift of this area (Model, 1950).

The positive coefficients of Jutland combined with a slight positive relief
indicate a mass surplus. Crustal models of Janle (1973) and Hirschleber (1975)
confirm this result by upwellings of relative high density material in the region
of Silkeborg and Ringkobing—Fyn in central and southern Jutland.. The isostatic
gravity anomalies are only slightly positive. The Oslofjord region is marked
by high isostatic gravity anomalies. This can be explained by an upwelling
of the mantle and intrusions of high density material into the crust (Ramberg
and Smithson, 1971). The correlation coefficients show only a weak relative
plus.

Summarizing the results for Southern Scandinavia, there is again a general
agreement of both methods.

3. Conclusions

The isostatic gravity anomalies and the correlation coefficients show, in general,
similar results. In the case of local anomalies, e.g. the Ivrea zone in the Alps
and the Oslofjord region in Norway, the isostatic gravity anomalies have a
greater resolving power. A further limitation of the correlation method is that
a tendency to an isostatic behaviour can be concluded from negative coefficients,
but slight deviations from isostasy cannot be resolved; on the other hand,
high mass surpluses and deficiencies can clearly be interpreted from positive
coefficients.

From these results it can be concluded that in areas with sufficient knowledge
about the crustal density distribution and crustal thickness the computation
of isostatic gravity anomalies gives more information than the correlation
method. However, in regions with only sparse crustal data it is problematic
to derive a reasonable model for the computations of isostatic gravity anomalies.
In these cases the correlation coefficients method may be prefered.

It is technically relatively easy to get Doppler gravity data of the terrestrial
planets aquired by means of orbiter missions. On the other hand, it is very
difficult tolgain sufficient seismic data for detailed crustal density models of
planetary bodies. Therefore, the correlation method may be useful to give a
general view of the isostatic state of the crusts of the terrestrial planets, if
Doppler gravity and elevation data are available.

Acknowledgements. Dr. J. Klussman kindly read the manuscript. I thank Mrs. M. Eilers for preparing
the drawings of this publication.
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Geoelectrical Deep Soundings in Southem Africa
Using the Cabora Bassa Power Line*
Preliminary Results
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Abstract. Geoelectrical deep soundings with electrode spacings between 30
and 1250 km have been carried out from 1973 to 1975 in southern Africa
using the Cabora Bassa power line.

At several sounding stations (Schlumberger and bipole-dipole arrays)
the electric potential differences have been recorded in different directions.
For short current-electrode spacings (< 200 km) the direction of the electric
field is nearly perpendicular to the direction between the current electrodes
whereas it becomes more or less parallel for large electrode spacings
(>400 km). A possible cause for this rotation of the field may be a dyke
system observed in the granitic crust.

The resistivity curve has been interpreted on the basis of a horizontally
stratified medium. As a minimum, four layers are necessary for the interpreta-
tion of the sounding curve:

Resistivity 50000 50 8000 g 50 Qm,
Depth 0 12 30 . 150 km
Taking into account an intermediate layer in the crust recently proposed
by Van Zijl (1976) the following 5-layer model has been derived:

Resistivity 100 000 10000 50 8000 g 50 cm,
Depth 0 4 24 42 162 km
Key words: Deep Schlumberger Soundings — Southern Africa — Cabora
Bassa power line.

1. Introduction

In recent years many investigations using the magnetotelluric method have
been carried out in order to study the electrical resistivity distribution in the
crust and the upper mantle. On the other hand, it is very desirable to determine
* Contribution No. 144, Institute of Geophysics, ETH Ziirich
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Taking into account an intermediate layer in the crust recently proposed
by Van Zijl (1976) the following 5-layer model has been derived:

Resistivity 100 000 10000 50 8000 g 50 cm,
Depth 0 4 24 42 162 km
Key words: Deep Schlumberger Soundings — Southern Africa — Cabora
Bassa power line.

1. Introduction

In recent years many investigations using the magnetotelluric method have
been carried out in order to study the electrical resistivity distribution in the
crust and the upper mantle. On the other hand, it is very desirable to determine
* Contribution No. 144, Institute of Geophysics, ETH Ziirich
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the resistivity by independent methods, e.g. by DC resistivity profiling using
artificial current sources.

The electrode configuration most commonly used in this wellknown and
highly developed method is the Schlumberger quadripole array AMNB (current
electrodes A and B, sounding electrodes M and N). The depth of penetration
of electric soundings is limited by the maximum AB spacing. Normally this
does not exceed a few tens of kilometers (equivalent to a depth of penetration
of up to 10 km) because otherwise the logistic effort becomes enormous. Thus
ultra-deep electric soundings can only be carried out if already existing transmis-
sion lines are available such as overhead telephone lines or electric power lines
which are not yet commercially used.

An early investigation of this kind has been carried out by one of the
present authors in the Rhine Graben area (West Germany) in 1967 with a
maximum AB spacing of 150 km (Blohm and Flathe, 1970; see also Blohm,
1972; Homilius and Blohm, 1973).

Other ultra deep geoelectrical soundings have been done within different
tectonic provinces in southern Africa (Van Zijl, 1969; Van Zijl et al., 1970;
Van Zijl and Joubert, 1975). The results show that the upper part of the stable
granitic crust generally has high resistivities of up to lO5 Qm and a depth
of about 10 km. The resistivity of the lower crustal layer decreases progressively
to a value of about 1000 Qm at a depth of 16 to 20 km. However, the maximum
electrode spacing achieved so far (600 km) did not allow any precise statements
about the conductivity within the upper mantle.

For the first time the great length of the Cabora Bassa power line offered
the possibility to use electrode spacings of up to 1250 km (Fig. 1), together
with an extremely large current of nearly 3000 amp, at least for the maximum
AB spacing. Fortunately, this unique opportunity could be seized by a coopera-
tive effort of different scientific institutions. The geoelectrical measurements
were organized and carried out from 1973 to 1975 by the following groups:
— Council of Scientific and Industrial Research (CSIR), Pretoria, South Africa;
—- University of Rhodesia, Salisbury, Rhodesia;
— Niedersächsisches Landesamt für Bodenforschung (NLfB), Hannover, Fed-

eral Republic of Germany;
—— Institute of Geophysics, Swiss Federal Institute of Technology Zürich

(ETHZ), Switzerland.

The activities of the groups which have carried out the field measurements
are summarized in Table 1.

Van Zijl and Joubert (1975) have reported on results which the CSIR ob-
tained in 1973 using the northern part (Mavonde sounding, maximum AB
spacing=450 km) and in 1974 using the southern part (Pietersburg sounding,
maximum AB spacing=400 km) of the Cabora Bassa power line. Though the
centres of the soundings have a distance of 800 km, the resistivity curves show
the same general characteristics: At first the apparent resistivity increases with
increasing electrode spacing and reaches a maximum value for AB spacings
between 30 and 50 km. For larger electrode spacings the apparent resistivity
continuously decreases. '
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Fig. l. General map showing the path of the DC
high-voltage power line in Mocambique and South
Africa. The areas where our sounding stations
were situated in 1973 and 1974/75, respectively are
marked by oblique hatching

Table 1. Summary of activities of the participating groups

Year Electrode Groups Number of
spacings MN stations

1973 30 --450 km CSIR South Africa 5
NLfB Germany (FRG) 5

1974 420—960 km CSIR South Africa 5
Univ. of Rhodesia l
NLfB Germany (FRG) 4

1975 1250 km CSIR South Africa 4
Univ. of Rhodesia l
NLfB Germany (FRG)

1ETHZ Switzerland

Very recently, Van Zijl (1976) has presented results of 30 deep electrical
soundings (maximum AB spacing=40 km) which the CSIR team has carried
out along the line Umtali-Pietersburg (see Fig.2). According to Van Zijl the
resistivities characterizing the old cratons and the mobile belts are different.
He assumes that the resistivity of the material underlying the highly resistant
upper layer of the cratons is of the same lower order of magnitude as has
been found for the upper layer of the mobile belts.

The present paper reports on the Cabora Bassa measurements of the German
group (1973, 1974) and of the German-Swiss group (1975), respectively, and
on the preliminary results derived from these measurements.
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Fig. 2. Simplified geological map of southeastern Africa (after Geological Map of Africa, ] :SÛÛÛÛÛÛ
Association of African Geological Surveys, 1963, Paris). The path of the power line is indicated
by a dashed line. The locations of the sounding stations are shown as in Figure l

2. Geological Setting

The principal structural units of southeastern Africa are the Rhodesian and
the Cape—V2131 cratons, both of Precambrian age. They are surrounded by mobile
zones (Limpopo, Mocambique, Zambezi belts). FigureZ shows a simplified
geological map of this area.

The Rhodesian craton consists of rocks with different grades of metamor-
phism and deformation. In the centre the cristalline basement is nonmetamorphic
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and either is exposed by erosion or is covered by a thin layer of sediments.
The Rhodesian craton is divided into two parts by the Great Dyke consisting
of basic and ultrabasic rocks. Furthermore, the northeastern part of the craton
is split up by numerous dykes. The craton is surrounded by highly foliated
gneisses belonging to the orogenic belts. These gneiss belts are followed by
postmetamorphic sediments and lavas of the Karroo formation. On the Moçam-
bique side the Karroo strata are covered by marine sediments of Cretaceous
and Tertiary age.

Unfortunately the Cabora Bassa power line does not connect Cabora Bassa
and Pretoria in a straight line but follows the Rhodesian-Mocambiquan border
a few tens of kilometers east of it (Fig. 2). Thus the line partly touches the
sediments of the Mocambique basin which have a higher conductivity than
the crystalline basement.

3. Measurements

In 1973 the first geoelectrical soundings were carried cut using the northern
part of the power line with the centre at Mavonde in Mocambique. A maximum
electrode spacing of 450 km was reached. The measurements were continued
in 1974 with the centre near the Lundi River and a maximum spacing of
960 km. Finally, in 1975, the soundings were completed using the whole length
of the power line (Æ: 1250 km). ‚

For the 1973 measurements the nothern part of the power line had been
chosen because it was finished at that time and it directly crosses the basement
in a straight line from North to South (Fig. 2). The current-electrode (A and
B) localities were chosen such that the resistivity in the surroundings was as
low as possible. At each locality an array of up to 120 single electrodes with
a distance of about 4 m between them was used in order to achieve a very
low contact resistance. The current for the electrodes was supplied by the CSIR
group and was fed to the power line near Pietersburg in South Africa. A
square wave current was used with a period of 4 min. The mean value of
the current was 80 Amperes. The inverting of the current was automatically
controlled by a quartz clock.

Five sounding stations were set up by the German group north of Umtali
in Rhodesia near the border of Mocambique (Fig. 9). Several sounding stations
were used in order to get information on lateral inhomogeneities of the crust.
The sounding dipoles MN were situated on a straight line intersecting the
AB line at a right angle in the centre between A and B (equatorial bipole-dipole
configuration). In the case of a horizontal bedding with homogeneous layers
the Schlumberger sounding curve is identical with the equatorial bipole-dipole
sounding curve, provided that the apparent resistivity is plotted as a function
of the effective spacing (see below).

The locations for the MN stations were chosen such that the sedimentary
cover over the basement was as thin as possible and the immediate surroundings
did not show any marked lateral changes in resistivity. Non polarizable Cu/
CuSO4 electrodes were used to measure the potential differences. The distance

Geoelectrical Deep Soundings in Southern Africa 669

and either is exposed by erosion or is covered by a thin layer of sediments.
The Rhodesian craton is divided into two parts by the Great Dyke consisting
of basic and ultrabasic rocks. Furthermore, the northeastern part of the craton
is split up by numerous dykes. The craton is surrounded by highly foliated
gneisses belonging to the orogenic belts. These gneiss belts are followed by
postmetamorphic sediments and lavas of the Karroo formation. On the Moçam-
bique side the Karroo strata are covered by marine sediments of Cretaceous
and Tertiary age.

Unfortunately the Cabora Bassa power line does not connect Cabora Bassa
and Pretoria in a straight line but follows the Rhodesian-Mocambiquan border
a few tens of kilometers east of it (Fig. 2). Thus the line partly touches the
sediments of the Mocambique basin which have a higher conductivity than
the crystalline basement.

3. Measurements

In 1973 the first geoelectrical soundings were carried cut using the northern
part of the power line with the centre at Mavonde in Mocambique. A maximum
electrode spacing of 450 km was reached. The measurements were continued
in 1974 with the centre near the Lundi River and a maximum spacing of
960 km. Finally, in 1975, the soundings were completed using the whole length
of the power line (Æ: 1250 km). ‚

For the 1973 measurements the nothern part of the power line had been
chosen because it was finished at that time and it directly crosses the basement
in a straight line from North to South (Fig. 2). The current-electrode (A and
B) localities were chosen such that the resistivity in the surroundings was as
low as possible. At each locality an array of up to 120 single electrodes with
a distance of about 4 m between them was used in order to achieve a very
low contact resistance. The current for the electrodes was supplied by the CSIR
group and was fed to the power line near Pietersburg in South Africa. A
square wave current was used with a period of 4 min. The mean value of
the current was 80 Amperes. The inverting of the current was automatically
controlled by a quartz clock.

Five sounding stations were set up by the German group north of Umtali
in Rhodesia near the border of Mocambique (Fig. 9). Several sounding stations
were used in order to get information on lateral inhomogeneities of the crust.
The sounding dipoles MN were situated on a straight line intersecting the
AB line at a right angle in the centre between A and B (equatorial bipole-dipole
configuration). In the case of a horizontal bedding with homogeneous layers
the Schlumberger sounding curve is identical with the equatorial bipole-dipole
sounding curve, provided that the apparent resistivity is plotted as a function
of the effective spacing (see below).

The locations for the MN stations were chosen such that the sedimentary
cover over the basement was as thin as possible and the immediate surroundings
did not show any marked lateral changes in resistivity. Non polarizable Cu/
CuSO4 electrodes were used to measure the potential differences. The distance



670 E.K. Blohm et al.

llhfir
local
time

. 0.5 mV
llhl-li'

lIhÜÖ'

11h0?’ Fig. 3. Reproduction ofa typical record Of the
potential difference AV as a function of time for
a current-electrode Spacing m21“) km and a

"boa. sounding-electrode Spacing MN: 100 m. The
direction of the sounding dipole MN is N 60° E,
applied current $60 amp. station Umtali farm

"bog" (FARM) (cf. Fig. 9'). Local time=GMT +2 h

between the MN electrodes was 100 m. At each station up to 15 MN lines
were set up at different angles in order to measure the directional dependence
of the electrical potential difference AV, i.e. to determine the field vector Ê.
This was done because Ë is parallel to the AB direction only as long as there
are no lateral variations in resistivity (cf. Blohm, 1972).

The total measuring time per AB position ranged between 6 and 7 h. During
this period at the different sounding stations 10 to 20 current inversions were
recorded for each MN direction. The measured potential difference was
amplified by a DC amplifier with high input resistance and recorded on a
paper chart recorder. As examples, two recordings are reproduced for AB:
30 km and AB=300 km in Figures3 and 4, respectively. The first recording
(Fig. 3) shows a nearly undistorted square wave. The small delay to be seen
during the inversion phase is caused by a complete swith-off of the current
for 2 s. The second curve (Fig. 4, upper part), however, shows two large induc—
tion peaks. The first peak results from the swith-off of the current, the second
one is caused by the switch-0n of the reversed current 2 5 later. These inductive
effects become more and more important with increasing AB spacing. In addi-
tion, the DC offset AV we are interested in, is disturbed by telluric noise.
Of course, the accuracy of AV may be improved by stacking (Fig. 4, lower
part).

The 1974 program consisted of 4 AB spacings varying between 420 and
960 km. The centre of the AB line had to be shifted southwards compared
to the 1973 measurements.

The four German MN stations were situated southeast of Fort Victoria
(see Fig. 2). The primary current was generated in the same way as 1973. Again,
the mean value of the current was 80 Amperes. The length of the switching
period was increased to 15 min to make sure that the field had enough time
to settle to the stationary level. Because of the short measuring period—the
power line could be used for a period of only 3 weeks—measurements with
the smaller AB spacings up to 400 km could not be repeated. However, another
sounding using the southern part of the Cabora Bassa power line with the
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Fig. 4. Same as Figure 3. but m=300 km, MN direction N 150°E. currentiSS amp. In addition,
the stacked signal is shown for time 0—13 s after reversal of current

centre near Pietersburg had been completed in the meantime. It gave a similar
sounding curve as the northern sounding carried out in 1973 (Van Zijl and
Joubert, 1975). Nevertheless, measurements with the shorter AB spacings within
the Limpopo belt would have been desirable because they would have given
some information on the resistivity structure of this mobile zone. The Limpopo
belt is thought to consist of material coming from the lower part of the crust
and which shows a positive Bouguer anomaly (Reeves and Hutchins, 1975).

In 1975 the power line had been completed and was available for final
measurements with an AB spacing of 1250 km. They were carried out during
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Fig. 5. Similar to Figure 3,
but Ä—B = 1250 km, MN
direction parallel to AB
direction. A current of
2950 amp was switched off
within 20 ms. Station south

23h00‘ 23h05' '0' local time of Fort Victoria

local time 16h“? 16h45' léhSO'

0.105mV

Fig. 6. Same as Figure 5, but swith-off within 10 s and current of 1550 amp. The peaks marked
by the numbers 1' and 2 are probably caused by atmospherics

the test phase after start of operation of the Cabora Bassa power plant. The
two earth electrodes of the terminal stations Estima (Cabora Bassa) and Apollo
(Pretoria) were used as grounding points. These two earth electrodes have
been provided for the case that one pole of the power line fails during
operation and the earth has to be used as one conductor. Thus the total DC
current from the Cabora Bassa power plant was available for the measurements
and a maximum value of 2950 Amperes was reached.

The sounding station of the German-Swiss group was located south of Fort
Victoria, which is approximately at the centre between the current electrodes.
Three MN lines of 100 m length were set up in different directions. The homoge-
neity of the electric field was examined by an additional MN line of 600 m
parallel to the AB direction. Contrary to 1973 and 1974, the four MN lines
had to be run simultaneously because the times of the current switch-offs
depended on the progress of the test program at Cabora Bassa and could
not be predicted. A radio link was installed between the power station at Cabora
Bassa and the sounding stations of all participating groups in order to transmit
the information on the switching times without delay.
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Generally, after switching on, the current increased continuously over some
minutes and then remained constant over several hours. Later, the current
was switched off again suddenly. Because of the telluric noise the rather slow
increase of the current could not be observed. Thus only the switch-off phase
could be used for the determination of the potential difference. Figure 5 shows
such a switch-off with a switching time of a few milliseconds. Unfortunately
a long-period telluric noise is superposed, but the strong induction peak can
clearly be seen. In this case it is very difficult to determine a useful value
of the potential difference. On the other hand, Figure 6 shows a switch-off
with a switching time of 10 s. This time no inductive peak at all is visible.
The peaks marked by the numbers 1 and 2 probably caused by atmospherics.
Altogether 47 switch—offs have been recorded in 1975.

4. Results

As described in the preceding section nearly all the soundings (Æg960 km)
were carried out using the equatorial bipole-dipole configuration. Only the
last measurement with m: 1250 km was a true Schlumberger sounding. How-
ever, in case of horizontal stratification the apparent resistivities obtained by
the two methods are identical if [VB/2 is substituted by the effective spacing

R=[(KB/2)2+R2]1/2
where R is the distance between the sounding dipol MN and the centre of
the current-electrode bipole AB (Zohdy, 1970). Accordingly, in Figure 10 the
apparent resistivities Qa have been plotted as a function of A—B/Z (Schlumberger
configuration) and of Ë (equatorial bipole-dipole configuration), respectively.

The directional dependence of the potential difference AV measured at all
the sounding stations has been found to be sinusoidal within error bounds.
Two examples for an AB spacing of 30 and 300 km, respectively, are shown
in Figure 7. The resistivity values used for the sounding curve were computed
by selecting the maximum absolute values of the potential difference AV at
the corresponding sounding stations. However, the directions of the electric
field vector deviate considerably from the direction between A and B for small
AB spacings. Figure 8 shows the directions of the electric field vector for different
AB spacings at the MN station Inyazura II (see Fig.9). For small spacings
(AT3/2g60 km) the direction of the field is nearly perpendicular to the direction
between A and B, whereas it becomes more or less parallel for large electrode
spacings (‚m/2 g 125 km).

Of course, the observed rotation of the electric field vector cannot be ex-
plained in terms of a model with horizontal homogeneous layers, because in
such a case the field should always be parallel to the direction between A
and B. Figure 9 shows the direction of the electric field for all our stations
during the investigation in 1973 for AB less than 100 km (solid arrows) and
for AB greater than 300 km (dashed arrows). The direction of the field for
the smaller AB values is more or less parallel to the strike of most of the
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Fig. 9. Geological sketch of the intrusive dykes around the sounding stations near Umtali (after
Geological Map of Rhodesia l :1000000, Rhodesia Geological Survey, 1971, Salisbury. and Carla
Geologica de Mocambique 1:2000000. Direccao Provincial dos Services de Geologia e Minas,
1968.. Lisboa). Solid arrows show the direction of the electric field for AB spacings<100 km.
dashed arrows show the direction of the field for AB spacings>300 km

basic and ultrabasic intrusions which are very numerous in this region. These
dykes appear to have intruded into a preexisting fracture system possessing
the same direction. Evidently, the direction of the field and the strike of the
dykes must have some connection. The resistivity of the intrusive material has
not been measured but is probably different from the surrounding granite.
In such a case the current would be channeled in a direction parallel to the
dykes. In addition, this fracture system might explain more directly the observed
anomalous field distribution if the fractures have a higher water content than
the surrounding rock.

The deviation of the direction of the field for larger electrode spacings
is relatively small (N 300W, AB direction NS), but nevertheless significant.
This direction is parallel to a possible second fracture system suggested by
the strike of some of the intrusions (Fig. 9). This might again provide an explana-
tion for the deviation of the field. These features still are under investigation.
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and of the effective spacing R (bipole-dipole configuration), together with a best fit curve. The
pH values marked by + have been computed from AV values measured by Van Zijl and his
group at the centre position. Dashed portion: Extrapolation from subsidiary measurements carried
out by Van Zijl in 1973 (personal communication). Note: The abszissa is the vertical depth scale
for the models of four (dashed fine) and five (solid line) layers

On the other hand, the measurements of 1974 and 1975 with AB Spacings
greater than 420 km showed no anomalous field distribution and the resistivity
values agree very well with those from 1973 (see Fig. 10).

Moreover, even for the 1973 measurements which showed the rotation of
Ë the scatter of the resistivity values between the different stations is very
small (of. Fig. 10).

Furthermore, Van Zijl (1976) gives a resistivity profile along the line Umtali-
Pietersburg showing a nearly horizontal stratification below a depth of 10 km.
Considering all these observations an interpretation of the resistivity curve on
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the basis of a horizontally stratified model appears to be justified although,
of course, the geological fine structure of the upper crust might have some
influence on the form of the resistivity curve.

The sounding curve derived from all measurements is shown in Figure 10.
The resistivity values for [VB/2: 15, 20, 30, and 40 km measured at the Schlum-
berger centre have been supplied by the CSIR group (Courtesy Dr. Van Zijl)
and have been included in order to complete the curve. The smallest effective
spacing R realized with our own sounding stations was 44.6 km (station FARM,
cf. Fig. 9). For 1973, the resistivity values for the different sounding stations
have been plotted seperately for each AB spacing because the effective spacing
Ë varied considerably from station to station. The error bars show confidence
limits derived from the single AV measurements. In 1974, the effective spacings
Ë for the individual sounding stations were nearly equal. Therefore only one
resistivity value per AB spacing is given. In this case the error bars include
both the statistical error of the different AV values and the scatter between
the results from the individual stations. For 1973 and 1974 the relative error
of the apparent resistivity is about 20%, where as for 1975 it amounts to
only 7%, mainly due to the high electrode current.

Two best-fit models derived on the basis of a horizontally stratified medium
are shown in Figure 10. Of course, due to the principle of equivalence and
to error bounds, other interpretations are possible, too. The models have been
computed by the NLfB at Hannover (Dennert, 1977).

The first interpretation is a 4-layer case, neglecting a conductive overburden
of a few tens of meters:

Resistivity 50 000 50 8000 g 50 Qm,
Depth 0 12 30 150 km.

In 1975 subsidiary soundings were carried out by Van Zijl along the path
Umtali-Pietersburg using AB spacings of up to 40 km (Van Zijl, 1976). He
proposes an intermediate layer between the highly resistive layer of the craton
and the conductive layer in the lower crust. Because of the strong resistivity
contrast of the neighbouring layers such an intermediate layer is not visible
in our sounding curve. Taking into account the results of Van Zijl a second
model has been derived:

Resistivity 100 000 10 000 50 8000 g 50 Qm,
Depth 0 4 24 42 162 km.

The two models given above have the following general characteristics:
A resistive zone with a maximal thickness of 24 km is followed by an intermediate
conductive layer having a thickness of about 18 km. The next layer has a
high resistivity again and a thickness of 120 km. The resistivity of the last
layer is not defined very well, but is definitely lower.

The resistivity of the upper crustal layer seems to be rather high
(250000 Qm), but the resistivity near the surface is high too. For instance,
the resistivity of the nonmetamorphic granite at the MN station near Zimbabwe
(south of Fort Victoria) was 20000 Qm. This _high-resistivity layer probably
consists of unfractured granites with a very low porosity. Possibly, this first
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layer must be subdivided into two layers with 100 000 Qm and 10000 Qm, respec-
tively (model 2).

These zones of high resistivity are followed by an intermediate conductive
layer. The extremely low resistivity of 50 Qm might be caused by hydrated
rocks in the lower part of the crust. Although this resistivity corresponds to
the best-fit curve shown in Figure 10, it has to be kept in mind that other
models leading to the same longitudinal conductance are possible within error
bounds

A conductive layer within the lower crust has also been found by many
investigators using the magnetotelluric method. These studies have been sum-
marized by Keller (1971). Further material can be found in chapter 5 of the
comprehensive monograph edited by Adam (1976).

Moreover, this zone might be correlated with low-velocity zones observed
by Bloch et a1. (1969). These authors suggest a model with two low—velocity
layers with a thickness of 2 km at a depth of 12 and 24 km which is consistent
with dispersion studies of surface waves along the line Pretoria-Bulawayo.

The resistivity of the upper mantle (8000 Qm) is in reasonable correspondence
with results from laboratory models (Brace, 1971). The depth of about 160 km
can be associated with the thickness of the lithosphere. It agrees surprisingly
well with the values of 150—175 km derived by Fairhead & Reeves (1976) from
teleseismic delay times.

The last two values of the apparent resistivity curve indicate that the final
layer has a low resistivity. Of course, even the great AB spacing of 1250 km
has not been large enough for a precise evaluation of the resistivity of this
layer. In accordance with results from magnetic deep soundings its resistivity
has been assumed to be _S_50 Qm (Schmucker, 1974).

5. Discussion

The interpretation given above is based on the assumption that lateral variations
of the resistivity are negligible. However, such variations do exist and are clearly
demonstrated by the observed rotation of the electric field vector. Apparently
the direction of the field vector can be correlated with the geological fine struc-
ture observed in the northeastern part of the Rhodesian craton. Moreover,
other geological features resulting in a lateral variation of resistivity have to
be considered, e.g. the sediments of the Mocambique basin and the Indian
Ocean. Although detailed computations taking these effects into account have
not yet been finished, the small scatter of the resistivity between the different
stations indicates that lateral effects are small and can be neglected. This is
further confirmed by the good agreement between the 1973 and 1974 sounding
data (ABæ400 km) where the centre between A and B was shifted southwards
by about 400 km and the direction between A and B changed by about 40°.

Unfortunately no magnetotelluric data are available for this part of Africa,
with the exception of a study on the conductivity anomaly in South-West Africa
(De Beer et al., 1975). Thus one has to look at far-away data for comparison.
Therefore, a magnotelluric survey within Rhodesia would be very desirable.
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Abstract. Rocket borne probe studies of plasma instabilities carried out over
Thumba (magnetic dip=0.8° s) in E region heights have shown that:

i) Crossfield instability can produce scale sizes ranging from hundred
meter to a few meter while two stream instability produces only meter scale
size irregularities.

ii) The spectral index of cross-field produced irregularities is —3 while
the irregularities produced by two stream instability have flat spectrum.
Both of these features are discussed in detail in this paper. In addition de-
pendence of scale size on density gradient and drift velocity is also discussed.
Results of rocket induced irregularities are also presented.
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Spectral index — Crossfield instability -— Two stream instability.

Introduction

The properties of equatorial E region irregularities have been extensively studied
by rocket borne probes as well as by ground based backscatter radar (e.g. Prakash
et al., 1970, 1971 a, b; Balsley and Farley, 1971). It was established that crossfield
and two stream instabilities are the main mechanisms responsible for producing
irregularities in the equatorial E region. In this paper we shall discuss some spectral
properties of E region irregularities with scale sizes between 1 and 15 m as revealed
by rocket borne Langmuir probes at Thumba (India). In addition we shall also
discuss the spectral properties of such irregularities as are induced by the rocket
itself. These latter were observed between 160 to 200 km height, the apogee
height range of Nike-Apache rockets.
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Experimental Technique and Procedure
for Data Analysis

A Langmuir probe system was designed for studying electron density, electron
density fluctuations and power spectrum of density irregularities. The Langmuir
probe system consists of an ogive shape electrode made of stainless steel. The area
of the sensor is about 20 cm2 and is fitted at the front portion of the rocket nose
cone forming the tip of the rocket nose cone. The sensor is connected by a cable
to an electrometer amplifier. A sweep voltage is applied to the sensor with respect
to rocket body. The sweep voltage varies from —2V to +4V in ls, and for
1 s the sensor is kept at +4.0 V. The total time of one sweep is 2 s. The electrometer
amplifier converts input current into voltage. This voltage is telemetered on
I.R.I.G. channel no. 14 by FM/FM telemetry system. In order to study probe
current fluctuations i.e. density irregularities the electrometer amplifier output
is fed to an audio amplifier which has a frequency band width of 70 Hz to 1000 Hz.
The audio amplifier gain is automatically controlled depending on the electro-
meter amplifier output voltage. The probe current fluctuations are telemetered
on I.R.I.G. channel no. 18, which has a frequency response of 1.0 KHz.

The probe current was converted into electron density by using a calibration
factor of 1 microamp equal to 104 elec/c.c. (Prakash et al.‚ 1970). The percentage
density fluctuations amplitude is given by AN/N >< 100, where AN is the absolute
value of density fluctuations and N is ambient the density. In terms of electrometer

. AN AV . .
amphfier output

N :7,
where AV lS the ac. component m the frequency

band 70 Hz to 1000 Hz, and V is the D.C. voltage at the output of the electrometer
amplifier.

In order to calculate the scale sizes of density fluctuations along the direction
of rocket motion the relation VR/f was used, where VR is the rocket velocity and
f the filter frequency. The frequency range 70 Hz to 1000 Hz corresponds to
scale sizes of 1 to 15 m. The composite amplitude of density fluctuations in the
frequency range 70 to 1000 Hz were subject to spectrum analysis using a spectrum
analyzer consisting of six filters. The square of amplitude in each frequency band
versus central frequency was plotted on a log-log graph and fitted on a power
equation. The power equation used in this analysis is given by E (K)ocK" where
E (K) is energy in wave number K and n is spectral index. The spectral index is
an important parameter and gives information about a particular type ofmechanism
responsible for producing density fluctuations. For example the spectral index
of the cross field instability mechanism is —3.00 while the spectral index of two
stream generated irregularities lies between 0 to +1.00. It should be explained
here that the spectral index zero does not mean that irregularities are produced
due to noise but it means that the mechanism is such that it produces irregularities
of equal amplitude in scale sizes 1 to 15 m.

Experimental Results

Three Nike-Apache rockets were launched from Thumba with a Langmuir probe
payload. The electron density profiles obtained from these flights have been
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published in our earlier publications. The composite amplitude of electron density
irregularities is about 1 to 2% (Prakash et al., 1970, 1971a, b). In this paper we
shall present results of spectral indices only. As already discussed the measure-
ments were carried out along the direction of rocket motion. The fluctuations were
Studies when the sensor was kept at +4 V with reSpect to the rocket body. Figure l
shows the spectral index values ofa midnight flight, and Figure 2 shows the results
of an evening flight. The spectral index values are negative in the height region
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shows the spectral index values ofa midnight flight, and Figure 2 shows the results
of an evening flight. The spectral index values are negative in the height region
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85 to 155 km but positive at the rocket apogee heights. Figure 3 shows the results
of a noon time flight. On this flight the spectral index is negative between 90 to
100 km. However, near rocket apogee the spectral index is positive on this flight
also.

Discussion

We shall now discuss the occurrence of certain ranges of spectral index values as
function of the altitude, and compare the results with theory.

A) Altitude Region 85 t0 155 km

1. Spectral Index (—4.5i0.5). Irregularities with spectral indices in this range
were observed in the height region 85 to 95 km in all three flights (see Figs. 1—3).
The spectrum of these irregularities is steeper than those due to crossfield in-
stabilities, these latter having a spectral index of about —— 3.0 (Sato, 1971; Prakash
et al., 1971b). We conclude from the greater absolute value of the spectral index
that the observed irregularities are produced in a secondary process from cross-
field generated irregularities. In the height region from 85 to 95 km the vertical
Hall field is about 2 mV/m to 4 mV/m while at the 105 km region it is higher by a
factor of about ten (Subbaraya et al., 1972). The scale size of irregularities generated
by crossfield instability is given by A/(EL)1/2 where A is a constant, E is the vertical
Hall field and L is the logarithmic density gradient (Reid, 1968). The electric
field is small at heights below 95 km. Therefore only larger scale size irregularities
should primarily appear in this height range. The occurrence of meter scale size
irregularities (1 to 15 m) is explained as being due to a decay into irregularities
of smaller scale size. Because of this secondary process the spectrum of the 1 to
15 m scale irregularities in the 85 to 95 km range is steeper than found from theory.

2. Spectral Index (—3.0i—0.5). Values of the spectral index in this range were
observed in the height region 95 to 120 km at night but from 95 to 105 km and
from 145 to 155 km in the evening flight. At noon such values occured only from
95 to 98 km. These irregularities must be generated by cross field instabilities for
which the spectral index is — 3.0 (Sato, 1971; Prakash et a1., 1971 b), in agreement
with theory. We discussed this in detail in our earlier publications.

3. Spectral Index (—1.5i0.5). Values in this range were observed only in our
noon flight in the height range 98 to 100 km. Irregularities with this flatter spectrum
would be generated by a combination of cross field and two stream instability.
As will be discussed later, the two stream instability occurs only when the electron
drift velocity is greater than 360 m/s. However Prakash et a1. (1976), found around
99 km this value to be only 200 m/s, exceeding ion acoustic velocity only at
107 km height. Thus the two stream instability can produce irregularities only
near 107 km. But since two stream instability generated irregularities are able
to move vertically upward as well as downward (Balsley and Farley, 1971), the
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irregularities observed near 99 km may be a combination of locally generated
cross field instabilities with those produced near the 107 km level by two stream
instability. These latter irregularities have a flat spectrum such that the mixture
must Show a spectral index shifted towards the positive side, though less positive
than pure two stream irregularities.

4. Spectral Index (+0.5 1:05). Irregularities with such large positive spectral
index were observed in the height range from 100 to 110 km. The amplitude of
these irregularities is a maximum at 107 km where the electron drift velocity
was also found to be a maximum. These irregularities are certainly generated by
the two—stream instability mechanism, the electron drift velocity exceeding
360 m/s, i.e. the ion acoustic velocity in the medium (Farley, 1963; Prakash et al.,
1971b, 1976). The positive spectral index shows that the two-stream instability
can generate scale sizes less than 1 meter.

B) Altitude Region 160 to 200 km

Rocket induced irregularities were observed during the noon, evening andnight
time flights in the 160 to 200 km altitude range. These irregularities are produced in
the wake region of the rocket. They were only detected when the rocket was
subsonic (Prakash et al., 1969, 1970; Gurvich et al., 1969). It was shown by Liu
(1969) that in the vicinity of spacecraft a potential well exists. In the present case
the rocket potential was found to be negative with respect to plasma i.e. about
—1.0 Volt (Gupta, 1970). In this potential well ions will get trapped and will
oscillate as suggested by Liu (1969). It is likely that we have observed this ionic
mode of oscillations. The frequency range of these oscillations was about 1 KHZ,
which lies in the vicinity of the ambient ion plasma frequency of about 5 KHz
at 180 km during night. The spectral index of these irregularities lies between
zero and +3.0. There was however a difference between the evening flight with
spectral index values varying from +1.5 to +3.0 and the night flight for which
it varried from zero to +1.5. Since the frequency of rocket induced oscillations
should be proportional to the ion plasma frequency which is greater during
evening hours than during midnight. It is therefore in agreement with theory
that more positive spectral indices occur during evening hours than at night.

Conclusion

We have found five classes of irregularities which were observed in the equatorial
E region. The classification was made after the main mechanisms producing
irregularities are either the crossfield instability or the two-stream instability.
However, in certain height ranges irregularities generated due to crossfield and
due to two-stream instability are present simultaneously. In the wake region of the
rocket irregularities are also produced by some kind of plasma instability. More
theoretical work is to be done to understand rocket induced irregularities.
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Introduction

Fuchs (1975) has described the theory and computation of synthetic seismograms
for PS reflections from first order discontinuities and transition zones with
various properties. A number of record sections were shown in which PS reflec-
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tions were not discernable. In the course of a programme of explosion work
which has been carried out around Scotland (SOSP, outlined by Jacob, 1974)
a line of shots fired in the North Minch was observed by a station, WR,
situated at Cape Wrath (Fig. 1). Though sub-critical PmP Moho reflections
were seen, which indicated that PS reflections from the Moho might be expected,
a section of vertical component seismograms (Fig. 2) gave only a weak indication
of the phase. However, further processing of the data has shown a clear PS
Moho reflection to be present.

Data and Analysis

The sources were a line of 0.2 tonne shots fired at optimum depth and recorded
in the distance range 36—80 km. They were fired along the trend of the axis
of the Minch basin and to the east of the Minch fault. There are approximately
3 km of Mesozoic (Permo—Triassic and Jurassic) sediments under the shot line
but the station WR is directly on Pre-Cambrian basement. The locus of the
centre points between WR and the shots producing sub-critical PmP reflections
is shown (Fig. 1). Using this data a T2/X2 analysis gives a crust of thickness
28.9i0.3 km and average velocity V: 6.64i0.03 km/s after applying a correc-
tion for sediments under the shot points. This is consistent with observed Pn
time terms for these sites and compares well with results obtained by Smith
and Bott (1975) for the Caledonian Foreland and with preliminary data from
the LISPB profile ALPHA (Bamford etal., 1976). It should be noted that
the errors quoted above reflect only the scatter of the data and the real error
is probably greater due to systematic effects not identified by scatter.

As PmP reflections were observed at a distance as low as 55 km, at an
apparent velocity of about 10 km/s, it seemed that PmS reflections ought to
be present. Inspection of S wave data available in Scotland indicates that Pois-
sons ratio a is about 0.25 in the crust (see, for instance, Kaminski et al., 1976)
though there is no good measurement of Sn and S wave velocities below the
Moho. The locus of reflection points for PmS from the southern shots is shown
in Figurel and these were calculated on the assumption that 0:025 and
that the Moho is horizontal in that neighbourhood.

The first step was to take the data from WR, recorded as vertical, North-
South, and East-West components and re-orientate the axes so as to give Z
(vertical), R (radial) and T (transverse) components for each shot. The product
of R and Z (R * Z) was plotted (Fig. 3). This plotting of R*Z is useful in
that normally it both indicates whether the arrival is P (R*Z positive) or
SV (R*Z negative) and tends to enhance signals which are coherent on the
two axes. The section shows clear phases corresponding well to PmP and PmS
reflections in their arrival times and having the correct polarities.

Knowing the apparent velocities of the PmP and PmS phases and the approxi-
mate velocities of P and S in the rock immediately under the station (about
5.8 and 3.3 km/s respectively) we can calculate their angles of incidence in
the distance range observed. For PmS they vary between 20° and 27° while
for PmP they lie in the range 35°—46°. As sin 25°=O.42 and cos 40°=0.77
it will be seen that a much smaller proportion of the PmS amplitude will
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appear on a section of vertical component records than will be observed for
the PmP. In fact as cos 25°=0.91 the best single component display of PmS
is likely to be a section of the R components. Using the calculated angle of
incidence for the PmS phase at the station for each of the shots, further computa-
tions resolved the R and Z signals into components along and perpendicular
to the direction of propagation of the PmS ray in the vertical plane. The
latter component should show the maximum PmS amplitude. It has been plotted
for each shot on the seismic section shown in Figure 4, and illustrates the
PmS phase more clearly than the section formed from vertical component traces
in Figure 2.

It should be noted that separation and multiplication of components is
only effective for S arrivals below a critical angle of incidence, sin‘1 (li/oc)
(Nuttli, 1961). In this case, as in most cases where PmS may be detected,
this condition is satisfied and for crustal values of a in the range of O.25—0.3,
neglect of free surface effects still allows good approximations when estimating
the horizontal and vertical amplitude ratios and the direction of maximum
PmS amplitude (Meissner, 1965).

PmS arrival times calculated with V=6.64 and crustal thickness (h)=29 km
are up to 0.3 3 too early,but arrival times calculated with h=30 km give good
agreement with observation, as illustrated in Figure 4. The discrepancy may
indicate the Moho is dipping in the vicinity of the PmP and PmS reflection
points, but it is more probable that the statistical errors in h are optimistic
and the values of 29 km for PmP and 30 km for PmS can be taken as being
in good agreement.

The calculations of Fuchs (1975) have indicated that the absence of PmS
may be caused by the Moho being a transiton zone. Its presence here indicates
that the crust/mantle boundary in this area is a sharp one. This conclusion
is supported by observations at 11.4 Hz (see Fig. 5). PmS was not seen at
the higher frequency. A clear PmS phase is also reported (M. Assumpcao,
private communication) for the LISPB line ALPHA going South from N1
but the phase does not appear on line C or D of NASP (Smith and Bott,
1975) though a short lived phase may not be well illustrated because of the
wide spacing of shotpoints in the case of NASP.

Conclusion

Fuchs (1975) has recommended that a search for PS reflections on record sections
should be carried out as the results should give us more information about
the crust/mantle boundary than is available from P wave data only. This research
note reports the finding of a PmS phase on a section in NW Scotland. The
authors recommend that the search should be conducted with radial component
sections as the amplitude is likely to be greater. It is also likely that a plot
of R*Z may improve the visibility of the phase.

Acknowledgement. This work was part of the research programme of the Institute of Geological
Sciences and is published with the approval of the Director, IGS.
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Book Reviews

Geodäsie, by Wolfgang Torge, 268 pages, ISBN 311-0043947, Sammlung Göschen de Gruyter,
1975

This new volume on Geodesy by Torge filled in a long existing gap in the German written
text-books for the advanced students and non-specialists. It is updated to the newest developments
in the field, giving a comprehensive and complete account in the representation of time dependant
coordinate systems, the earth’s surface. and the gravity field.

It consists of 268 pages and is divided into six main parts. After a short introduction defining
the scope of geodesy, its historical development and its national and international organisation,
the gravity field is discussed in. 30 pages. The third part consists of another 30 pages in which
the geodetic coordinate systems are exposed. Part 4, consisting of 70 pages, considers the measuring
techniques and instruments used in astronomic, gravimetric, terrestrial and sattelite geodesy. In
part 5 (70 pages) the methods and computational procedures used in the astrogeodetic, gravimetric
and sattelite geodesy and their relationship to the dynamic processes in the earth are comprehensively
exposed. The last part (20 pages) is mainly concerned with the practical problems and procedures
in establishing geodetic nets for triangulation, levelling and gravity points on the earth’s surface.

The 372 literature quotations permit further reading and represent a good average from the
vast literature existing. The volume is well printed with clear drawings and photographs, so that
reading is pleasant.

J. Makris, Hamburg

Glacial Isostasy, by John T. Andrews (Ed.), 491 pages, Benchmark Papers in Geology, ISBN 0-87933-
051-1, Dowden, Hutchinson and Ross, Inc. 1974

This book contains twenty-eight original papers treating the subject of glacial isostasy from
mainly two scopes. The first is concerned with the findings and interpretation of geological evidence
for postglacial rebound and deformation of the crust due to ice loading and unloading. The second
scope is the geophysical treatment of the geological and geodetic results in deducing models of
the elastic and viscous behavior of earth’s crust and the upper mantle.

The papers reprinted are divided into three groups. The first gives an introduction to the
subject and a synthesis of existing data. It consists mainly of 7 older papers which occupy 121
pages from a total of 475. .

The second group of papers is mainly concerned with the geological evidence of postglacial
uplift and crustal deformation from data obtained in North America, Great Britain and Fennoscan-
dia. It consists of 17 papers which occupy 300 pages of the volume and extensively discusses
problems of postglacial uplift and their modern representation, the methods used and their results.
Since this part is by far the largest of the volume, it is obvious that the editor wishes to emphasize
the modern observational data and their representation.

The third group consists of 4 papers, pages 418—475, and treats the geophysical interpretation
of the geological evidence. Problems of elastic deformation of the crust in North America and
Fennoscandia and viscous flow of the upper mantle as deduced by McConnell (1968), Broecker
(1966), Brotchis and Silvester (1969), and Walcott (1970) are presented and discussed.

The task of the editor, in choosing a representative sample from numerous publications in
this field, is not an easy one. It is well solved in this book, providing the student and the interested
non-specialist quick access to the insights of the field. Particularly, the editor’s comments on
each paper help the reader in selectively reading the book according to his needs. That, which
I feel, is rather underrepresented, is the geophysical interpretation.

J. Makris, Hamburg
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Book Reviews

Geodäsie, by Wolfgang Torge, 268 pages, ISBN 311-0043947, Sammlung Göschen de Gruyter,
1975
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Der Meeresboden, Ergebnisse und Probleme der Meeresgeologie. E. Seibold. 183 Seiten mit 86 Abbil—
dungen und 8 Tabellen. Hochschultext. Berlin-Heidelberg-New York: Springer 1974.

Hier liegt ein Buch aus der Feder eines bekannten Meeresgeologen vor. Zu Beginn wird ein
Überblick gegeben über die Formen des Meeresbodens im Bereich des Schelfs, des Kontinentalhanges
und der Tiefsee. Dann folgen mehrere Kapitel, die einen Einblick in die Herkunft und dem Aufbau
mariner, organischer und anorganischer Sedimente und deren Entstehung vermitteln. Ein besonderer
Abschnitt ist den wichtigsten Rohstoffen — deren Eigenschaften, Vorkommen und Entstehung
— gewidmet. Am Schluß wird eingegangen auf die Entwicklung der Ozeane nach den Hypothesen
des Sea-Floor-Spreading und der Plattentektonik mit einer anschließenden Diskussion damit zusam-
menhängender Probleme. Im Anhang ist eine Auswahl weiterführender Literatur zu dem Thema
des Buches zusammengestellt worden, sowie ein Quellenverzeichnis zu den Abbildungen.

Der Autor hat hier ein Buch geschrieben, das dem Studierenden einen Überblick über den
vielfältigen geologischen Aufbau des Meeresbodens vermittelt, aber auch für den Geologen und
Geophysiker wertvolle Informationen für seine Arbeit gibt. W. Weigel, Buchholz/Nordh.
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Review Article

Planetarische Dynamos

M. Stix*
Universitäts-Sternwarte, Geismarlandstr. 11, D-3400 Göttingen, Bundesrepublik Deutschland

Planetary Dynamos

Abstract. A minimum magnetic Reynolds number of 10—100, deviation of the
magnetic field from axial symmetry, and the presence of poloidal com—
ponents of the material flow are the most important conditions for a self-
excited spherical dynamo. The constraints which these conditions pose for
the generation of the observed fields of Mercury, Earth and Jupiter are
discussed. Theories of planetary dynamo action are reviewed, with particular
emphasis on the model of Busse (1975b, 1976a), which incorporates the
essential hydrodynamic properties of a rapidly rotating spherical system. The
fact that a dynamo of this type tends to generate a steady magnetic field, and
that its toroidal field components and therefore its energy requirements are
moderate lends support to the geophysical application. In contrast, a dy-
namo with substantial non-uniform rotation as a basic ingredient may
produce oscillatory fields and, due to large toroidal field components, may
need more power than is available in the Earth’s core. ——Jupiters luminosity
of 5 - 1017 W is transferred by convection in the planet’s interior and provides
an ample energy source for its dynamo, but little can be said about Mercury,
mainly because the very existence of a liquid core is presently not known.

Key words: Dynamo theory — Planetary magnetism — Planetary interiors.

l. Einleitung

Carl Friedrich Gauß zeigte in seiner 1839 erschienenen Allgemeinen Theorie des
Erdmagnetismus, daß das Magnetfeld der Erde seine Quellen im Erdinneren
haben müsse. Den Beweis führte er mit Hilfe der Potentialtheorie und der
Zerlegung des Feldes nach Kugelflächenfunktionen, Y„'"‚ wobei die damaligen
Messungen eine Entwicklung bis zum Grad n=4 zuließen. Heute wird das
„International Geophysical Reference Field“ bis zum Grad n=8 entwickelt
(Zmuda, 1971, p. 186; IAGA, 1976), und sogar Entwicklungen bis n= 12 liegen
vor (Barraclough et al., 1975).
* Jetzt: Fraunhofer-lnstitut, Schöneckstr. 6, D-7800 Freiburg
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Seit der Merkur-Mission von Mariner 10, insbesondere seit dem 3. Vorbei-
flug am 16.3.1975, wissen wir, daß auch dieser Planet ein Magnetfeld besitzt.
Wie bei der Erde wurde die Zerlegung in inneren und äußeren Anteil durchge-
führt (Ness et al., 1976), wenn auch nur das jeweils erste Glied der Entwicklung
bestimmt werden konnte: ein (innerer) Dipol mit einer äquatorialen Feldstärke
von 330)) und ein (äußeres) homogenes Feld von 18 y (1 y=10‘5 Gauß=10‘9
Tesla). Ebenso besitzt Jupiter ein Magnetfeld. Dieses war schon seit der Entdek-
kung der nicht—thermischen Komponente seiner Radioemission bekannt (Burke
und Franklin, 1955; siehe auch Carr und Gulkis, 1969); es wurde durch die
Vorbeiflüge von Pionier 10 und 11 am 3.12.1973 bzw. 3.12.1974 bestätigt.
Smith et al. (1975) sowie Acuna und Ness (1976) entwickelten Jupiters Feld bis
zum Oktupol (n=3); die äquatoriale Feldstärke des Dipolanteils beträgt
4 Gauß, die äußeren Anteile sind um mehrere Größenordnungen kleiner.

In den folgenden Abschnitten wird davon ausgegangen, daß die Magnetfel-
der von Merkur, Erde und Jupiter ihren Ursprung im Inneren dieser Planeten
haben. Dabei soll insbesondere die Dynamo-Hypothese diskutiert werden. Als
Alternative käme günstigstenfalls für Merkur noch permanente Magnetisierung
in Frage. Für die Erde scheidet diese Möglichkeit aus, da schon in ~50km
unter der Erdoberfläche die Curie-Temperatur von Magnetit (575° C) überschrit-
ten wird, andererseits aus dem Spektrum der regionalen erdmagnetischen Ano-
malien geschlossen werden kann, daß sich die Quellen des Hauptfeldes in
größerer Tiefe befinden. Außerdem läßt die Säkular-Variation des Erdmagnet-
feldes die plausible Deutung zu, daß im flüssigen äußeren Kern Strömungen
stattfinden, und daß wegen der elektrischen Leitfähigkeit das Magnetfeld an
diesen Strömungen teilnimmt.

Jupiter besitzt nach neueren Modellrechnungen (Podolak und Cameron,
1974) nur in seinem Zentrum einen festen Kern von 13000 km Durchmesser. Die
Temperatur liegt dort über 15000 K, also sicher über der Curie-Temperatur.
Auch für Merkur ist permanenter Magnetismus eine wenig attraktive Hypothe-
se; denn schon 100—200 km unter seiner Oberfläche beträgt die Temperatur
nach Modellrechnungen von Siegfried und Solomon (1974) ~500° C. Wegen der
Unsicherheit der Existenz eines flüssigen Kerns (vergl. die Diskussion im
nächsten Abschnitt) bleibt jedoch die Anwendbarkeit der Dynamotheorie auf
Merkur fraglich. Möglicherweise ist das gegenwärtige Feld von Merkur auf
permanente Magnetisierung in oberflächennahen Schichten zurückzuführen, die
ihrerseits durch ein in früheren Entwicklungsstadien stärkeres interplanetares
Feld erzeugt worden sein könnte.

Qualitativ kann man sich den Dynamovorgang in folgender Weise vorstel-
len: In einem elektrisch leitfähigen Medium treten materielle Strömungen auf,
die Komponenten quer zu einem Magnetfeld besitzen. Dadurch wird ein elektri-
sches Feld induziert, was wiederum einen elektrischen Strom nach sich zieht.
Verstärkt das diesen Strom begleitende Magnetfeld das ursprüngliche Feld, so
haben wir einen selbsterregten Dynamo vor uns. Das Magnetfeld kann dann
ohne äußere Quellen (d.h. Ströme) aufrechterhalten bleiben. Dieser Vorgang, der
sowohl stationär als auch periodisch ablaufen kann, findet in jeder Dynamoma-
schine Anwendung. Trotzdem ist nicht von vornherein klar, ob und wie Dyna-
mos in Planeten wirksam sind. Denn der elektrische Strom fließt in der
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Dynamomaschine durch ein kompliziertes, mehrfach zusammenhängendes Win-
dungssystem, während ihm in Planeten eine einfach zusammenhängende Kugel
oder Kugelschale zur Verfügung steht, die einen beliebigen Kurzschluß zuläßt.
Herzenberg (1958) und Backus (1958) zeigten als erste die Möglichkeit eines
solchen „homogenen“ Dynamos; seitdem sind eine ganze Reihe von Lösungen
des Problems gefunden worden, die z.B. in den Übersichtsartikeln von Roberts
(1971), Gubbins (1974) und Moffatt (1976) beschrieben werden.

'

Obwohl in der Vergangenheit eine große Anzahl von Umpolungen des
irdischen Feldes stattgefunden hat (z.B. Bullard, 1968), sind wir im Falle der
Erde zunächst an einer stationären Lösung des Dynamoproblems interessiert:
die natürliche Abklingzeit eines elektrischen Stromes im Erdkern beträgt nur 104
bis 105 Jahre, während das Intervall zwischen zwei Umpolungen oft 10° und
mehr Jahre dauerte.

2. Notwendige Bedingungen

Wir verzichten zunächst auf dynamische Betrachtungen und behandeln die
Geschwindigkeit, u, als vorgegebene Größe. Zur Beschreibung des so definierten
kinematischen Dynamoproblems verwenden wir die Maxwellschen Gleichungen

rotE=—ÊE (1)at ’

_ 1
J=—r0tB, (2)‚u

und das Ohmsche Gesetz für bewegte Leiter

i=0(E+u><B)‚ (3)
wobei E die elektrische Feldstärke, B die magnetische Flußdichte, j die Dichte
des elektrischen Stromes, a die elektrische Leitfähigkeit und u die Permeabilität
bedeutet. Gleichung (2) wird in der magnetohydrodynamischen Näherung, d.h.
ohne Verschiebungsstrom, verwendet; damit verzichten wir auf die Beschreibung
von elektromagnetischen Wellen. Elimination von E und j aus den Gleichungen
(1)—(3) ergibt die bekannte Induktionsgleichung,

8B
rot( ><B) rot

1
rotB 4____= u _ _

ôt ,ua ( )

Gleichung (4) wird ergänzt durch die Randbedingungen

B —> 0, r—> oo (5)

und

B+—>O, t—> oo (6)
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d.h. B muß im Unendlichen verschwinden (da kein magnetischer Monopol
existiert, muß dies mindestens wie r‘3 geschehen), soll aber im Laufe der Zeit
nicht auf O abfallen.

Das durch (4)—(6) definierte Teilproblem verlangt zu seiner Lösung die
Befriedigung einiger notwendiger Bedingungen, die als solche natürlich auch für
das Gesamtproblem gültig bleiben:

a) Die magnetische Reynolds-Zahl, Rm=u0ul, wobei u eine charakteristische
Geschwindigkeit und l eine charakteristische Länge des Systems ist, darf einen
kritischen Wert von der Größenordnung 1 nicht unterschreiten. Anschaulich
bedeutet dies, daß der durch den ersten Summand auf der rechten Seite von (4)
beschriebene Feldaufbau die durch den zweiten Summand beschriebene Dissipa-
tion überwiegen muß. Für eine Kugel vom Radius l fand Childress (1969)

paulgn, (7)

wobei u die maximale Relativgeschwindigkeit“in der Kugel ist, während Backus
(1958) die Bedingung

ôu
,uamax (—Öx) _TC (8)

ableitete, in der zum Ausdruck kommt, daß Scherung (ôu/ôx) für den Induktions-
prozeß wesentlich ist.

Der kritische Wert von Rm hängt im Einzelfall von der speziellen Wahl des
Geschwindigkeitsfeldes, u, ab. Die von Pekeris et al. (1973) angegebenen Lösun-
gen erfordern magnetische Reynoldszahlen zwischen 15 und 100; Kumar und
Roberts (1975) finden sogar noch höhere kritische Reynoldszahlen.

Für die Erde ist l=3,48 - 106 m, der Radius des äußeren Kerns (z.B. Jacobs,
1975, p.35f.). Deutet man die West-Trift des geomagnetischen Feldes von ca.
0,2° pro Jahr als Strömung flüssiger Materie im äußeren Kern, an welcher das
Feld teilnimmt, so ergibt sich eine Relativgeschwindigkeit u~4~10‘4m/s. Wir
können annehmen, daß dies ein typischer Wert für die im Erdkern auftretenden
Strömungen ist. Benutzen wir noch die Leitfähigkeit von geschmolzenem Eisen,
extrapoliert auf Druck und Temperatur des äußeren Kerns (Gardiner und
Stacey, 1971), so ist (7:5-105 S/m; mit u=47r-10‘7H/m erhalten wir dann
Rm~800. Trotz der Unsicherheit in der Bestimmung von Geschwindigkeit und
elektrischer Leitfähigkeit scheint also die Größe der magnetischen Reynoldszahl
kein Hindernis für den Geodynamo darzustellen.

Bei Jupiter ist dies noch unwahrscheinlicher: Nach Modellrechnungen von
Podolak und Cameron (1974) hat dieser Planet eine Zone von atomarem,
metallischem Wasserstoff (vgl. Abb. 1) mit einem Radius von l=4,95- 107 m. In
dieser Zone befinden sich die Elektronen im entarteten Zustand, und die
elektrische und thermische Leitfähigkeit hängen über das Wiedemann-Franz-
sche Gesetz zusammen. Nach Hubbard (1968) ist 0:3 - 1020 p4/3/T e.s.u. Typi-
sche Dichte- und Temperaturwerte in der metallischen Zone sind 2g cm"3 bzw.
15000K (Podolak und Cameron, 1974). Damit wäre O'N5' 106 S/m; Hubbard
und Smoluchowski (1973) benutzen jedoch einen um einen Faktor 10 kleineren
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paulgn, (7)
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ôu
,uamax (—Öx) _TC (8)
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Abb. la—d. Querschnitte von Planeten.
a Erde: M Mantel, 0C äußerer Kern,
1C innerer Kern; C d
b Merkur: M Mantel, C Kern (nach
Siegfried und Solomon, 1974);
c Jupiter: I-I2 Molekularer Wasserstoff
und Übergangszone, H atomarer,
metallischer Wasserstoff, C Kern (nach
Podolak und Cameron, 1974);
d Mond: M Mantel, C Kern. (Nach
Runcorn, 1975)

Wert, da der metallische Wasserstoff erstens mit Helium vermischt ist und
zweitens diese Legierung nicht fest, sondern flüssig vorliegt. Jupiter besitzt eine
Leuchtkraft von ~5-1017W(L0w, 1966; Aumann et a1., 1969; Ingersoll et al.,
1975). Der damit verbundene Energiestrom im Innern des Planeten führt zu
thermischer Konvektion. Mit Hilfe der Mischungsweg-Theorie (Vitense, 1953)
berechnen Hubbard und Smoluchowski (1973) Konvektionsgeschwindigkeiten
u„>_„0,1m/s. Damit ergibt sich eine magnetische Reynoldszahl R„‚>3- 10". Selbst
wenn man statt I die Dichte- oder Druck-Skalenhöhe verwendet, und die
Unsicherheiten der Bestimmung von a und u in Betracht zieht, liegt Rm noch
reichlich über dem kritischen Wert.

Für Merkur reduziert sich die Frage nach der magnetischen Reynoldszahl
auf das Problem der Existenz eines flüssigen Kerns. Nach Modellrechnungen
von Siegfried und Solomon (1974) hängt diese vor allem von der Häufigkeit der
radioaktiven Elemente Uran und Thorium sowie von der Anfangstemperatur
bei der Bildung des Planeten ab. Existiert der Kern, so ist sein Radius nach
Siegfried und Solomon (1974) 1838 km. Nach Überlegungen von Cassen et al.
(1976) und Solomon (1976) könnte sich der Kern nach Abschluß der Differentia-
tion gegenwärtig im Stadium der Abkühlung und Verfestigung befinden, wobei
dieser Prozeß u.a. den Energiebedarf des Dynamos decken könnte (vgl. Ab-
schnitt 5). Nehmen wir einmal an, der Kern sei geschmolzen, und verwenden für
u und o dieselben Werte wie bei der Erde, so ergibt sich eine magnetische
Reynoldszahl, die etwa in der Größenordnung der für den Dynamo notwendi-
gen Werte liegt.

Venus sollte wegen ihrer großen Erdähnlichkeit einen flüssigen Kern ähnlich
dem Erdkern besitzen. Es könnte jedoch sein, daß infolge der relativ langsamen
Rotation zu geringe Geschwindigkeiten im Kern auftreten, so daß Rm für den
Dynamo zu klein ist. Ein aussichtsreicherer Kandidat ist Saturn, welcher wie
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Jupiter eine Zone metallischen Wasserstoffs besitzt; dagegen fehlt eine solche
Zone bei Uranus und Neptun (Podolak und Cameron, 1974).

Bei Mars ergeben Rechnungen von Binder und Davis (1973) einen Kern von
1250km Radius. Nach Young und Schubert ist dieser jedoch durch Kriech-
Konvektion im Mantel („solid state convection“) so stark gekühlt, daß die
Temperatur unter dem Schmelzpunkt liegt (s.a. Jacobs, 1975, p. 220f.). Schließ-
lich sei noch der Mond erwähnt: Zur Erklärung der Magnetisierung von
Mondgestein hat Runcorn (1975) einen Kern mit einem in der ersten Entwick-
lungsphase des Mondes aktiven Dynamo vorgeschlagen (Abb.1d); bei der
Verfestigung des Kerns oder infolge des Unterschreitens der kritischen magneti-
schen Reynoldszahl konnte aber das Hauptfeld nicht länger aufrechterhalten
werden. Allerdings gibt es bisher keinen direkten Nachweis für einen schweren
Mondkern; ebensowenig deuten Modellrechnungen zur thermischen Entwick-
lung des Mondes auf die frühe Bildung eines Kerns durch Differentation hin
(Jacobs, 1975, p. 213f.; Lange, 1977).

b) Das durch den Dynamo produzierte Magnetfeld darf nicht axialsymmetrisch
sein. Dieses in seiner ursprünglichen Form — für rein poloidale Felder und
Strömungen — zuerst von Cowling (1933) bewiesene Theorem wurde in einer
Reihe von Arbeiten verallgemeinert (Backus und Chandrasekhar, 1956; Cow-
ling, 1957; Braginskii, 1964a; Lortz, 1968), welche insbesondere zeigten, daß
nicht die Symmetrie der Geschwindigkeit, sondern die Symmetrie des Magnet-
feldes den Dynamo verbietet. Z.B. fand Gubbins (1973) Lösungen des kinemati-
schen Dynamoproblems für axialsymmetrische Strömungen.

Cowling (1933, p. 47) schloß aus seinem Theorem, daß die Magnetfelder von
Sonnenflecken, sowie die allgemeinen Felder von Sonne und Erde, wegen ihrer
nahezu axialsymmetrischen Form ihren Ursprung nicht selbstinduzierten Strö-
men verdanken könnten. Trotzdem hat Elsasser (1946) die Dynamotheorie des
Erdmagnetfeldes wieder aufgegriffen, und heute ist bekannt, daß schon sehr
geringe Abweichungen von der Axialsymmetrie einen Dynamo erlauben (Bra-
ginskii, 1964a, b, 1974). Solche Abweichungen sind allerdings eine wesentliche
Voraussetzung.

Das Magnetfeld der Erde ist im Kern weit weniger axialsymmetrisch als an
der Erdoberfläche. Dies zeigt anschaulich Abbildung 2, eine magnetische Karte
für die Vertikalkomponente an der Oberfläche des äußeren Kerns. Unter der
Annahme, daß die elektrischen Ströme im Mantel im Vergleich zu den Strömen
im Kern vernachlässigt werden können, wurde das Feld bis zur Kern-Mantel—
Grenze als Potentialfeld extrapoliert (Benton und Stix, 1976). Dabei wurde die
Entwicklung des geomagnetischen Feldes für die Epoche 1975.0 von Barrac-
lough et a1. (1975) bis zum Grad n=8 (Abb. 2a) bzw. n= 12 (Abb. 2b) verwendet.
Ein Vergleich der beiden Karten zeigt, daß die Konvergenz der Entwicklung
schlecht ist; die Entwicklung muß sogar divergieren, falls Ströme in den Mantel
übertreten. Jedoch kommt es hier nur darauf an, die starke Abweichung des
Feldes von der Axialsymmetrie zu zeigen; eine vergleichbare Karte an der
Erdoberfläche (Leaton, 1971, Fig. 5) zeigt im wesentlichen horizontale Kurven
gleicher vertikaler Magnetfeldstärke.

Auch das Feld von Jupiter ist keineswegs axialsymmetrisch, auch nicht an
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Abb.23 und b. Kurven
konstanter
Vertikalkomponcnte Z
(einwärts positiv) des bis
zur Kern-Mantel-Grenze
extrapolierten
Erdmagnetfeldes l975,0. Die
Entwicklungskoeffizienten
von Barraclough et al. (1975)
wurden bis zum Grad n=8
(a) bzw. n: 12 (b) benutzt
{siehe auch Benton und Stix,
1976). Die neutrale Linie
Z =Û ist dick gezeichnet, die
Linien Z= -1_-2, i4, i6,

Gauß sind dünn,
durchgezogen für positive
und unterbrochen für
negative Werte
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der Oberfläche des Planeten (Smith et al., 1975; Acuna und Ness, 1976).
Dagegen ist für Merkur, wie schon erwähnt, bisher nur der Dipolanteil bestimm-
bar (Ness et al., 1976). Sollte sich Merkurs Feld eines Tages mit hoher Genauig-
keit als axialsymmetrisch erweisen, so spräche dies in der Tat gegen den
Dynamo.

c) Die für den Dynamo nermzrwortliche Strömung darf nicht rein toroidal sein,
{1.11. die Stromlinie}? dürfen nicht ganz auf Kugel/Tücher: liegen. Dieses von
Elsasser (1946) entdeckte, und von Bullard und Gellman (1954) bewiesene
Theorem verbietet zum Beispiel einen Dynamo, der nur aufgrund differentieller
Rotation arbeitet, so wirksam diese in der Produktion toroidalen magnetischen
Flusses auch sein mag.

Das Theorem gilt für eine Kugel oder Kugelschale, in der die elektrische
Leitfähigkeit o konstant ist oder nur vom Zentrumsabstand r abhängt. Ein
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differentiell rotierender Zylinder ist dadurch nicht als Dynamo ausgeschlossen
und wurde tatsächlich von Vainshtein (1975) als solcher vorgeschlagen; dieser
Dynamo konnte jedoch von Roberts und Stix (1976) nicht bestätigt werden.
Auch der von Vainshtein (1976, private Mitteilung) vorgeschlagene sphärische
Dynamo mit differentieller Rotation und breitenabhängiger elektrischer Leitfä-
higkeit ist bisher nicht realisiert. Falls er funktioniert, könnte man versuchen,
ihn auf die Sonne und auf Planeten mit Konvektionszonen, z.B. Jupiter, anzu-
wenden. Denn turbulente Konvektion reduziert die effektive elektrische Leitfä-
higkeit (Steenbeck, 1963; Rädler, 1968a und b; Parker, 1971a) durch Reduktion
der räumlichen Skala des Magnetfeldes; da der Einfluß der Rotation auf die
Konvektion mit der Breite variiert, sollte dies auch die effektive Leitfähigkeit
tun.

Elsasser’s Theorem, auch „Toroidal—Theorem“ genannt (Busse, 1976b) ver-
langt, daß die Strömung eine radiale Komponente u, besitzt. Für diese leitete
Busse (1975 a) die Minimalbedingung

uamaxm—nzcEP/EMWZ <9)
ab, in der EM die gesamte Energie des Magnetfeldes und EP die Energie des
poloidalen Anteils bedeuten. In einem Dynamo, bei welchem poloidale und
toroidale Felder von gleicher Größenordnung erzeugt werden, ist die rechte
Seite der Bedingung (9) ~ 1, d.h. die mit der radialen Komponente u, gebildete
magnetische Reynoldszahl muß >1 sein. Legt man die oben (unter a)) im
Zusammenhang mit der Säkularvariation diskutierten Zahlenwerte zugrunde, ist
dies für die Erde sicher der Fall. Noch leichter läßt sich das Kriterium (9) mit
einem Dynamo erfüllen, für den aufgrund eines großen toroidalen Feldes
EP<<EM gilt. Jedoch führt dies zu anderen Schwierigkeiten, die weiter unten
besprochen werden sollen (Abschnitte 4, 5).

Ein naheliegender Grund für die Strömung u, eine radiale Komponente zu
besitzen, ist thermische Konvektion. Es wurde schon erwähnt, daß Jupiter
aufgrund seiner Leuchtkraft konvektiv sein muß, und auch für Saturn wurden
Modelle mit Konvektion berechnet (Hubbard, 1969; Podolak und Cameron,
1974)

Für die Erde ist thermische Konvektion auszuschließen, falls der Tempera-
turgradient im äußeren Kern kleiner als der adiabatische Gradient ist (Higgins
und Kennedy, 1971). Dieses „Kern-Paradoxon“ beruht auf der Annahme, daß
die Temperatur im äußeren Kern der Schmelztemperatur von flüssigem Eisen
folgt, sowie auf einer extrapolierten Schmelzpunktkurve, welche mit wachsen-
dem Druck langsamer ansteigt als die Adiabate. Andererseits erlauben Kennedy
und Higgins (1973) thermische Konvektionen in einer 800 km tiefen Zone des
äußeren Kerns, und Birch (1972) und Jacobs (1973) kommen ebenfalls zu dem
Schluß, daß die Adiabate flacher als die Schmelzpunktkurve verläuft. Für den
Fall der stabilen Schichtung des äußeren Kerns wurden von Bullard und
Gubbins (1971) interne Wellen als Ursache des Geodynamos diskutiert. Aller-
dings unterliegt die mit solchen Wellen verbundene Radialkomponente u, der
Geschwindigkeit einer zu (9) analogen Minimalbedingung. Gubbins (1975b)
leitet diese ab für den Fall, daß neben den Wellen noch eine stationäre toroidale
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Strömung im Kern existiert, und kommt zu dem Schluß, daß in den Kern
eindringende Erdbebenwellen für den Dynamoprozeß nicht in Frage kommen:
die Bedingung an u, würde Amplituden erfordern, die mit an der Erdoberfläche
meßbaren Schwerkraftanomalien von ~2. 10‘8ms‘2 verbunden wären. Lang-
periodische hydromagnetische Wellen (Braginskii, 1967) können allerdings mit
diesem Argument nicht als Ursache des Dynamos ausgeschlossen werden.
Weitere Alternativen zur thermischen Konvektion sollen im Abschnitt5 im
Zusammenhang mit der Energiebilanz des Dynamos diskutiert werden.

Neben den drei eben besprochenen notwendigen Kriterien für planetarische
Dynamos existieren weitere Bedingungen. Hier sei nur noch auf die „Sinus-
Kosinus-Regel“ von Braginskii (1964a) hingewiesen, die für den nicht—axialsym-
metrischen Anteil u; des Geschwindigkeitsfeldes verlangt, daß die Symmetrie

u;((/>)= -u;‚(-</>) (10)
für keine Wahl des Nullpunkts der Länge qö erfüllt sein darf (siehe etwa Gubbins,
1973), d.h. daß in der Fourier-Entwicklung von u; sowohl Sinus- als auch
Kosinus-Glieder enthalten sein müssen. Schließlich seien noch die in der Liste
der Anti-Dynamo-Theoreme von Jacobs (1975, p. 129) aufgeführten Dynamos
mit rein poloidalem bzw. rein toroidalem Magnetfeld erwähnt, deren Unmög-
lichkeit bisher nicht bewiesen ist, worauf auch Busse (1977a) hingewiesen hat.

3. Geostrophisches Gleichgewicht

Im vorangegangenen Abschnitt wurden Bedingungen diskutiert, die allein aus
der (linearen) Induktionsgleichung und den Randbedingungen folgten, während
die Dynamik des Geschwindigkeitsfeldes u außer Betracht blieb. Im Inneren des
Planeten stellt sich dieses nach Maßgabe der wirksamen Kräfte ein, d.h. man
muß die Bewegungsgleichung

a—ll+u'l7u=—ll7p+2u><co+g+vAu+irotB><B (11)
0t p up

lösen. In Gleichung (11) ist u die Geschwindigkeit relativ zu einem mit der
Winkelgeschwindigkeit w rotierenden Koordinatensystem, g ist die Schwerebe-
schleunigung, p die Dichte, p der Druck, welcher die Zentrifugalkraft mit
enthält, und v ist die kinematische Viskosität. Jedoch auch ohne die Gleichung
zu lösen kann man für schnell rotierende Systeme wichtige Aussagen aus ihr
gewinnen. Dabei handelt es sich insbesondere um das Proudman—Taylor-
Theorem (Proudman, 1916; Taylor, 1921), dessen Bedeutung für die Bewegun-
gen im Kern der Erde und der Planeten vor allem von Busse (1970, 197l, 1975 b,
1976a) hervorgehoben wurde. Es besagt, daß unter Bedingungen, die im folgen-
den diskutiert werden sollen, die Geschwindigkeit u nicht von der Koordinate z
in Richtung der Rotationsachse abhängt:

Öu_
5—2—0' (12)
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Das Proudman-Taylor-Theorem folgt aus (11), falls das Gleichgewicht im
wesentlichen geostrophisch ist, d.h. alle Kräfte außer Druckgradient und Corio-
liskraft entweder nur eine untergeordnete Rolle spielen oder aber ein Potential
haben. Zum ersten müssen also in (11) die Trägheits- und Reibungskräfte klein
gegen die Corioliskraft sein, d.h. für die Rossby- und Ekman-Zahl muß gelten:

R _ u

und
v

EEw12<L
(14)

Weiterhin muß die Strömung langsam veränderlich sein (bezüglich der Rota—
tionsrate), so daß das Glied ôu/ôt vernachlässigt werden kann, und sie muß
barotrop sein, d.h. p‘1 V p muß sich als Gradient schreiben lassen. Letzteres ist
für konstante Dichte trivialerweise der Fall; im äußeren Kern der Erde variiert
die Dichte nur um ca. 20 %, so daß wir p=const näherungsweise annehmen
dürfen.

Mit den schon im vorigen Abschnitt verwendeten Werten u=2-10’4m/s
und l=3,48-106m, sowie (0:7,3-10‘5 s‘1 ergibt sich R0 ~4-10'7, so daß (13)
für den Erdkern gut erfüllt ist. Auch für Jupiter ist dies der Fall: mit a)
=1‚8-10‘4s‘1, u=10“1 m/s, 1:5. 107m erhält man R0 ~5-10‘6, und R0<<1
gilt auch noch, wenn statt des Durchmessers der Dynamo-Zone die (kleinere)
Skalenhöhe verwendet wird. Wegen der Unsicherheit der kinematischen Viskosi-
tät v im Erdkern läßt sich dessen Ekman-Zahl weniger leicht berechnen. Werte
zwischen 10‘7m2/s und 107 mZ/s werden angegeben (siehe z.B. Jacobs, 1975,
p. 44). Abschätzungen von Gans (1972) für flüssiges Eisen in der Nähe der
Schmelztemperatur ergeben v~10‘“6 mZ/s. Mit diesem Wert ergibt sich
EN10‘15, d.h. die Bedingung (14) ist sehr gut erfüllt. Für Jupiter gilt nach
Hubbard und Smoluchowski (1973) v=2-10‘7m2/s, was zu einer Ekmanzahl
E ~4- 10’19 führt. Selbst wenn man aus Skalenhöhe und Konvektionsgeschwin-
digkeit für Jupiter eine turbulente Viskosität von 105 bis 106 mZ/s ableitet, bleibt
die Ekmanzahl wegen der schnellen Rotation und der Größe dieses Planeten
noch sehr klein.

Da wir noch nicht wissen, ob Merkur überhaupt einen flüssigen Kern besitzt,
können wir natürlich auch keine Aussagen bezüglich der Dynamik machen.
Jedoch sei darauf hingewiesen, daß selbst Venus in dem durch die Bedingungen
(13) und (14) definierten Sinne ein schneller Rotator ist, falls ein Kern mit
erdähnlichen Eigenschaften existiert.

Die entscheidende Frage für die Gültigkeit des Proudman-Taylor-Theorems
betrifft die Größe der Lorentz-Kraft. Diese ist klein im Vergleich zur Coriolis-
kraft, falls man, wie Busse (1975b, 1976a), annimmt, daß der Dynamo im Kern
ein toroidales Feld von der selben Größenordnung wie das von der Oberfläche
in den Kern extrapolierte poloidale Feld induziert. Für die Erde wären das ~4
Gauß, d.h. typische Lorentz-Beschleunigungen sind 10‘“ m/sz, während die
Coriolis-Beschleunigung bei Geschwindigkeiten von 10‘4m/s größenordnungs-
mäßig 10‘7m/s2 beträgt. Diese Annahme steht in Konkurrenz zu der mehr
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Abb. 3. Illustration des Proudman-Taylor-
Theorems für thermische Konvektion in einer
schnell rotierenden Flüssigkeitskugel. \
(Nach Busse, 1970]

klassischen Annahme eines toroidalen Feldes von einigen hundert Gauß im
Kern (Braginskii, 1964b; Roberts und Soward, 1972), auf welches man mit Hilfe
des poloidalen Feldes und der schon im vorigen Abschnitt diskutierten magneti-
schen Reynoldszahl m102 schließt. Bei einem so starken Feld wären Lorentz-
und Corioliskräfte von vergleichbarer Größe, und das geostronhische Gleichge-
wicht würde durch das „magnetostrophische“ ersetzt (siehe z.B. Acheson und
I-Iide, 1973).

Das toroidale Feld ist auf die Dynamo-Zone beschränkt und kann daher an
der Planetenoberfläche nicht direkt nachgewiesen werden. Jedoch sprechen
indirekte Argumente, wie die Stationarität des Geodynamos und die Energiebi-
lanz des Erdkerns, zumindest im Falle der Erde für einen Dynamo ohne starkes
toroidales Feld. Diese Punkte werden in den folgenden beiden Abschnitten
diskutiert werden.

Zur Illustration des Proudman-Taylor—Theorems dient Abbildung3 (Busse,
1970), welche schematisch das Einsetzen thermischer Konvektion in einem
rotationsdominierten System zeigt. In einer Kugel vorn Radius r treten die zur
Rotationsachse parallelen Konvektionsrollen zuerst im Abstand 13.52 von der
Achse auf, wo das Verhältnis von stabilisierender Corioliskraft und destabilisie-
render Auftriebskraft ein Minimum hat (Busse, 1976b). Die in Abbildung3
dargestellte säulenartige Struktur des Strömungsfeldes tritt unabhängig davon
auf, ob es sich um thermische Konvektion handelt oder um eine anders
verursachte Strömung. Sie ist insbesondere auch in Laborexperimenten verifi-
ziert worden (Busse und Carrigan, 1974, 1976).

4. Helizität und Dynamowirkung

Wir gehen zunächst von der Gültigkeit des Proudman-Taylor-Theorems aus
und fragen, inwieweit die etwa in Abbildung3 skizzierte Strömung für den
Dynamoprozeß dienstbar gemacht werden kann. Dabei ist wichtig, daß das
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Abb. 4. Qualitative Darstellung der helikalen Strömung fiir Konvektionsrollen zwischen parallelen
Platten, die senkrecht zur Rotationsachse liegen. Die Ekman-Spirale ist durch horizontale Pfeile in
den Grenzschichten, das Ekman-Pumpen durch die vertikalen Pfeile in den Konvektionsrollen
angedeutet

geostrophische Gleichgewicht nur außerhalb der Ekman-Grenzschicht der Dicke
(v/cu)“2 in guter Näherung gilt. In der Grenzschicht selbst treten infolge der
Viskosität zusätzliche Strömungskomponenten auf, insbesondere die Ekman-
Spirale, die im Zusammenhang mit den Strömungen im Erdkern von Busse
(1971) ausführlich beschrieben wurde. Busse (1975b, 1976a) gibt auch eine
mathematische Beschreibung der für den Dynamo der Erde und der Planeten
wichtigen Aspekte. Hier seien deshalb nur einige Punkte qualitativ besprochen.

Zur Vereinfachung stellen wir uns Konvektionsrollen in einem durch zwei
parallele, senkrecht zur Rotationsachse liegende Ebenen begrenzten rotierenden
System vor (Abb.4). Der Drehsinn der Konvektionsrollen alterniert von einer
Rolle zur nächsten. Zwischen den Rollen zeigt daher der Geschwindigkeitsvek-
tor abwechselnd in die Zeichenebene bzw. aus ihr heraus. Dies ist jedoch nicht
so innerhalb der Grenzschicht: hier verdreht sich der Geschwindigkeitsvektor in
der Ekman-Spirale so, daß Materie seitlich in die Konvektionsrollen einströmt
bzw. aus ihnen austritt. Die Massenbilanz (Kontinuitäts-Gleichung) verlangt
dann eine sekundäre Strömung innerhalb der Rollen, die sich auf den ganzen
Bereich, auch außerhalb der Grenzschicht, ausdehnt. Dieses als Ekman-Pumpen
oder Ekman-suction bekannte Phänomen spielt beispielsweise beim Drehimpuls-
austausch zwischen der Grenzschicht und dem übrigen System eine wichtige
Rolle und ist dafur verantwortlich, daß rotierende Flüssigkeiten nicht in der
Diffusionszeit 12/12, sondern in der i.a. viel kürzeren Spin-down-Zeit .l/(v»t:u)U2
gebremst werden. Hier interessiert jedoch nicht dieser Effekt, sondern die
Tatsache, daß die durch Konvektionsrollen und sekundäre Strömung beschrien
bene Schraubenbewegung für benachbarte Rollen gleichsinnig verläuft. Sie ist in
dem in Abbildung4 dargestellten Beispiel in der ganzen oberen Hälfte linkshän-
dig, und in der ganzen unteren Hälfte rechtshändig. Die Helizität, d.h. der
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Mittelwert

u-rotu, (15)

wobei die Mittelung über die horizontalen Koordinaten ausgeführt wird, ist
daher von Null verschieden, was wegen der elektrischen Leitfähigkeit der
betrachteten Materie wichtige Konsequenzen für Magnetfelder hat.

Stellen wir uns beispielsweise vor, die die Grenzschicht markierenden unter—
brochenen Linien in Abbildung4 seien Magnetfeldlinien. Die Schraubenbewe-
gung verformt die Feldlinien in jeder Konvektionsrolle zu einer Schleife von der
Form eines aus der Bildebene herausgedrehten Q. Da jeder verdrehten Magnet-
feldschleife ein durch sie fließender elektrischer Strom entspricht und wegen der
links— bzw. rechtshändigen Helizität alle Schleifen im selben Sinne verdreht sind,
haben wir es also im Mittel mit einem Strom zu tun, der eine Komponente in
Richtung des mittleren Magnetfeldes besitzt. Diese Komponente ist positiv,
wenn linkshändige Schrauben vorliegen, d.h. wenn der Ausdruck (15) negativ ist,
und negativ im umgekehrten Fall.

Neben dem durch Ekman-Pumpen verursachten Beitrag wird Helizität noch
durch weitere Effekte hervorgerufen. Die Schrägstellung der Deck- und Boden-
flächen der Konvektionsrollen (Busse, 1975b) und sogar die magnetischen
Kräfte selbst (Busse, 1976a, 1977b) führen zu Helizität. Die Helizität spielt eine
wichtige Rolle in fast allen neueren Versuchen zur Lösung des Dynamopro-
blems, auch in Fällen, in denen die Dynamik nicht rotationsdominiert ist wie in
dem hier diskutierten geostrophischen Fall: Nachdem Parker (1955) schon früh
die Bedeutung von „zyklonischer“ Konvektion erkannt hatte, entwickelten
Steenbeck et al. (1966), Krause (1968) und Rädler (1968 a, b) die Elektrodynamik
der mittleren Felder (siehe auch Krause und Rädler, 1971; Roberts und Stix,
1971). Ausgehend vom Zustand isotroper Turbulenz fanden sie den „oc-Effekt“,
einen mittleren Strom

ja=aocB (16)

in Richtung des mittleren Feldes B, der fließt, wenn in der Turbulenz die
Spiegelsymmetrie verletzt ist. Der durch die lineare Beziehung (16) definierte
Proportionalitätsfaktor oc ist ein Pseudoskalar und vom bevorzugten Schrauben-
sinn abhängig. Moffatt (1970a, b), der die Dynamowirkung von Wellen in
rotierenden, leitfähigen Medien untersuchte, gelangte zu einem analogen Ergeb-
nis; und auch die Theorie von Braginskii (1964a, b, 1974; s. auch Soward, 1972),
in der einem axialsymmetrischen Grundzustand asymmetrische Störungen der
Ordnung R;1/2 überlagert sind (Rm>1), führt im wesentlichen auf einen mittle-
ren Strom in Richtung von Ë.

Einen Dynamo, in dem der oc-Strom allein für die Felderzeugung verantwort-
lich ist, nennen wir ”dz-Dynamo“ (Roberts, 1972). Im Ohmschen Gesetz (3) wird
dann der Strom au ><B durch den Ausdruck (16) ersetzt und wir erhalten die
Induktionsgleichung

ôB — 1 _

Ö—t=rot(ocB)—rot;7—rotB
(17)
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Mittelwert

u-rotu, (15)
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Abb. Sa—d. Schema eines 9:3 -Dynamos. mit 1mm>045üdä02 Ein toroidales Magnetfeld (a) führt zu
toroidalem zir--Strom (b), mit dem dazugehörigen poloidalen Feld. Dieses verursacht einen poloidalen
rar-Strom (c), der das toroidalc Feld aufrecht erhält (d). Ein Kreis mit Kreuz bezeichnet einen Vektor
in die Bildebene hinein. ein Kreis mit Punkt einen Vektor aus ihr heraus

für das mittlere Feld Ë. Zerlegt man die Gleichung (17) in die poloidalen und
toroidalen Komponenten, so sieht man, daß diese sich gegenseitig durch je einen
zu er proportionalen Quell-Term regenerieren. Auch der oben beschriebene
Dynamo im schnell rotierenden System folgt im wesentlichen diesem Schema
(Busse, 1975b, Gl.(4.9)), obwohl das geostrophische Gleichgewicht natürlich eine
völlig andere Ausgangssituation darstellt als die isotrope Turbulenz, für welche
der oc-Effekt ursprünglich konzipiert wurde. Die Wirkungsweise eines 9:2-
Dynamos ist in AbbildungS veranschaulicht: Wir beginnen mit einem toroida-
len, zur Äquatorebene antisymmetrischen Magnetfeld (a). Liegt die in Abbil-
dung4 gezeigte Situation vor, so ist nördlich des Äquators or>0, südlich des
Äquators or<0, so daß ein symmetrischer toroidaler rar-Strom fließt, mit dem
dazugehörigen poloidalen Feld (b). Dieses führt gemäß (16) zu poloidalen or-
Strömen (c), deren Magnetfeld (d) das ursprüngliche Feld verstärkt. Dabei ist zu
beachten, daß AbbildungS keine zeitliche, sondern eine kausale Sequenz dar-
stellt. Wir haben es mit einem stationärer-i Dynamo zu tun, in dem alle vier
Phasen der AbbildungS stets gleichzeitig ablaufen. Der hier geschilderte Vor-
gang wurde durch exakte numerische Lösungen der Induktionsgleichung (17) in
sphärischer Geometrie bestätigt (Steenbeck und Krause, 1969b; Roberts, 1972).
Auch diese Lösungen zeigen, daß geil-Dynamos im allgemeinen stationär arbei-
ten. Für die Erde suchen wir nach solch einem stationären Dynamovorgang; die
Annahme eines Geodynamos vom hier geschilderten Typ ist also zumindest
konsistent.

In Konkurrenz zum arg-Dynamo steht der Typ des sogenannten „stru-
Dynamos“. Bei diesem wird zwar ebenfalls poloidales Magnetfeld aus toroida-
lem mit Hilfe des sei—Effektes produziert, jedoch regeneriert sich das toroidale
Feld aus dem poloidalen auch durch differentielle Rotation, und letztere kann
so stark sein, daß die daneben stattfindende Produktion toroidalen Feldes durch
rar-Ströme vernachlässigt werden kann. Obwohl unter Speziellen Bedingungen
auch arm-Dynamos stationär sein können (Parker, 1971b; Deinzer et al., 1974),
zeigen die meisten numerischen Lösungen (Steenbeck und Krause, l969a;
Deinzer und Stix, 197l; Roberts, 1972; Roberts und Stix, 1972; Köhler, 1973)
sowie die in vereinfachter Geometrie mögliche analytische Behandlung von
Parker (1955) oszillatorischen Charakter. Sie werden gewöhnlich zur Erklärung
des 22jährigen magnetischen Sonnenzyklus herangezogen. Ein zu AbbildungS
analoges Schema eines orte-Dynamos findet sich in dem Übersichtsartikel von
Stix (1976).
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Die Periode des oszillierenden Feldes des accu-Dynamos ist von der Größen-
ordnung der elektromagnetischen Diffusionszeit ualz. Mit den oben benutzten
Werten erhält man fur Jupiter 5.107 Jahre. Verwenden wir statt (u a)"1 eine
durch Turbulenz erhöhte Diffusionskonstante u - H, wobei u~0,1 m/s die Kon-
vektionsgeschwindigkeit und H~107m die Skalenhöhe in Jupiters Dynamo-
Zone sind, so reduziert sich die Diffusionszeit für das mittlere Feld auf 102
Jahre. Auch dies erscheint noch zu lang, um einen periodischen accu-Dynamo für
Jupiter mit Sicherheit auszuschließen.

5. Energiebilanz

Die fur den Betrieb des Dynamos notwendige Leistung ist im stationären Fall
gleich der durch die Dissipation des elektrischen Stromes j erzeugten
Joule’schen Wärmeleistung

Q=5’;dV (18)
Die Leistung Q hängt von der Amplitude des vom Dynamo produzierten Feldes
ab und kann daher nur durch vollständige Lösung des hydromagnetischen
Problems bestimmt werden. Realistische, auf Planeten anwendbare Lösungen
dieser Art existieren bisher nicht. Jedoch kann man fur eine erste Abschätzung
Lösungen des linearen kinematischen Dynamoproblems verwenden, indem man
den bei ihnen freien Amplitudenfaktor so festlegt, daß der Dipolanteil des berech-
neten Feldes gerade dem an der Planetenoberfläche beobachteten Dipol ent-
spricht. Auf diese Weise haben Braginskii (1964b, 1974), Pekeris et al. (1973)
sowie Kumar und Roberts (1975) die für den Dynamo notwendige Leistung
berechnet. Die Ergebnisse sind in Tabellel zusammengefaßt, wobei für die Erde
die Werte der verschiedenen Autoren auf die einheitliche Leitfähigkeit a: 5 -105
S/m umgerechnet wurden.

In der letzten Zeile von Tabellel steht die Leistung

47:5 D2
.QD—3u2015’ (19)

Tabelle l. Radius l der Dynamozone, Dipolmoment D, Leitfähigkeit a und
Energiedissipation Q für Merkur, Erde und Jupiter. QB nach Braginskii
(1964b, 1974), QPAS nach Pekeris et al. (1973), QKR nach Kumar und Roberts
(1975). QD bezeichnet die von einem reinen Dipolfeld dissipierte Leistung

Merkur Erde Jupiter

l[m] 1,8- 106 3,48 - 106 5- 107
D[Tm3] 5-1012 8- 1015 1,3-1020
a[S/m] 8- 105 5- 105 6,7« 105

QB[W] 107—4-107 2-1012—6-1012 6.1014—2-1015
QPAS[W] 6-103—2-105 109—34010 3-10“——10l3
QKR[W] 4-105—107 7-1010—2-1012 2—1013—6'1014

QD[W] 4.102 7-107 2-1010
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die von einem frei zerfallenden Dipolfeld mit dem beobachteten Moment D
dissipiert würde. Sie ist noch 15mal kleiner als die dissipierte Leistung der
sparsamsten berechneten kinematischen Dynamos von Pekeris et al. (1973). Dies
zeigt deutlich, wie stark die Felder im Innern der Planeten vom reinen Dipolfeld
abweichen müssen und erklärt auch die etwa 20 Jahre andauernden Schwierig-
keiten, konvergente Multipolentwicklungen als Lösungen des kinematischen
Dynamoproblems zu finden. Die zitierten Ergebnisse von Pekeris et al. und
Kumar und Roberts, die beide nach der Methode von Bullard und Gellman
(1954) gewonnen wurden, beruhen auf Entwicklungen bis zu Multipolen der
Ordnung n= 13 bzw. n=8. Für die Erde bedeuten diese Ergebnisse anschaulich,
daß die Leistung des Geodynamos zwischen der Leistung eines modernen
Kernkraftwerkes (109 W) und dem gesamten gegenwärtigen Energieverbrauch
der Menschheit von etwa 1013 W liegt.

Der wichtigste Unterschied zwischen den sparsamen Dynamos von Pekeris
et al. und denen mit höherer Dissipation von Braginskii sowie Kumar und
Roberts besteht darin, daß letztere mit einem relativ zum poloidalen Feld
großen toroidalen Magnetfeld arbeiten, während für erstere beide Feldkompo-
nenten vergleichbare Größe haben. Ein Vergleich mit den verfügbaren Energie-
quellen sollte daher über das toroidale Feld indirekten Aufschluß geben.

Zunächst sei thermische Konvektion als Ursache des Dynamos erwähnt.
Diese kann durch den Zerfall der langlebigen radioaktiven Isotope 238U, 235U,
232Th und 40K in Gang gesetzt werden. Legt man für die Häufigkeit von Uran
und Thorium Werte zugrunde, die in Eisenmeteoriten gemessen werden, so
kommt man auf eine Wärmeproduktion von ~3 ‘ 1012 W im Erdkern (vgl. z.B.
die Übersicht von Gutenberg, 1959, p. 131f. Nach Clark et al., 1966, Tabelle 24-1,
ist allerdings nur der Urangehalt eines Teiles der Eisenmeteorite hoch genug für
eine solche Wärmeproduktion. Thorium, und für einige Meteorite auch Uran, ist
bis zu 103mal seltener, oder sogar gar nicht nachgewiesen). Der 40K-Gehalt von
Eisenmeteoriten ergäbe im Erdkern eine viel geringere Wärmeproduktion; ande-
rerseits argumentiert Goettel (1976), daß das K/Si-Verhältnis der Erde dem
solaren Wert von 0,0035 entsprechen sollte, was zu einem beträchtlichen 40K—
Gehalt im Erdkern — mit einer Wärmeproduktion der Größenordnung 1013 W
— führen würde. Einen vergleichbaren Wert ergibt eine alternative Wärmequel-
le, nämlich Abkühlung des Kerns und Kristallisation von flüssigem Material an
der Grenze zwischen innerem und äußerem Kern, wobei latente Wärme frei
wird. Kühlung und latente Wärme tragen je etwa 1027 - dT/dt Watt bei (Verhoo-
gen, 1961), so daß beispielsweise 100°/109 Jahre eine Leistung von 6- 1012W
ergeben. Allerdings treten für thermische Konvektion zwei Schwierigkeiten auf:
Erstens muß der Kern instabil, d.h. mit einem überadiabatischen Temperaturgra-
dienten, geschichtet sein, was nach dem schon erwähnten Kern-Paradoxon von
Higgins und Kennedy in Frage gestellt ist; und zweitens hat ein thermisch
getriebener Dynamo als Wärmekraftmaschine einen schlechten Wirkungsgrad,
so daß nur ein Teil — nach Braginskii (19640) nur einige Prozent — in
elektrische Energie umgesetzt werden kann. Damit hat es diese Energiequelle,
falls sie überhaupt für den Dynamo verantwortlich ist, jedenfalls schwer, ein
Magnetfeld mit großen toroidalen Komponenten im Kern zu erzeugen.

Weniger kritisch ist die Energiesituation bei Merkur. Gubbins (1977) hat z.B.
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abgeschätzt, daß eine Kühlung von 10°/109 Jahre 1011 W liefern würde, was um
mehr als einen Faktor 103 größer ist als der größte in Tabellel angegebene
Wert für Q. Ein innerer Kern von Merkur würde dabei seinen Radius von
1000 km um 30 km vergrößern.

An der Erdoberfläche wird ein Wärmestrom von 3 ' 1013 W gemessen (Chap-
man und Pollack, 1975). Da davon der größte Teil aus der Erdkruste stammt,
und der Rest wegen des geringen Wirkungsgrades der thermischen Konvektion
wiederum nur zum Teil aus der Dissipation des Dynamos stammen kann, erhält
man —- stationäre Verhältnisse vorausgesetzt — eine weitere obere Schranke für
Q. Dieser Schluß ist allerdings nicht möglich, falls Konvektion nur in den
oberen Schichten des Erdmantels bis N400 km Tiefe auftritt (z.B. Bott, 1971,
p. 273 f.); denn die Zeitskala der Wärmeleitung im Mantel übersteigt mit N 1012
Jahren das Erdalter (p.185, l.c.). Nur Konvektion im ganzen Mantel mit der
kürzeren Zeitskala von N108 Jahren (z.B. McKenzie und Weiss, 1975) ließe
Rückschlüsse aus dem beobachteten Wärmestrom auf den Dynamo zu. Benton
(1975) schlägt sogar vor, die Breitenabhängigkeit des irdischen Wärmestromes
zu Aussagen über den Geodynamo zu verwenden.

Jupiters Leuchtkraft von 5-1017W ist dagegen mit Sicherheit eine obere
Schranke für die Energiebilanz seines Dynamos, da die Zeitskala des konvekti-
ven Energietransports N 102 Jahre beträgt. Allerdings ist auch die Leistung des
unwirtschaftlichsten Dynamomodells von Tabellel noch um einen Faktor 250
kleiner, so daß wir Dynamos mit starken toroidalen Feldkomponenten nicht
ausschließen können. Die Energiequelle für Jupiters Leuchtkraft, und damit
auch für den Dynamo, ist Abkühlung, d.h. in einem frühen Entwicklungssta-
dium aus der Gravitationsenergie erworbene innere Energie, und — zu einem
geringeren Anteil — noch gegenwärtig freigesetzte Gravitationsenergie (Hub-
bard and Smoluchowski, 1973; Bodenheimer, 1976).

Die Möglichkeit eines stabil geschichteten äußeren Erdkerns und der
schlechte Wirkungsgrad thermischer Konvektion haben zu alternativen Hypo—
thesen für den Geodynamo geführt. Die Präzession der Erdachse wurde von
Malkus (1963, 1968) als Ursache von Strömungen im Erdkern vorgeschlagen.
Die Energiequelle wäre in diesem Falle die Rotationsenergie der Erde. Jedoch
ist die auf den Dynamo übertragbare Leistung nach Rochester et al. (1975) nur
108 W; und auch Loper (1975) wies darauf hin, daß die Kern-Mantel-Kopplung
von Malkus um mehrere Zehnerpotenzen überschätzt wurde: Für den „Spin—
over“ ist das Drehmoment NBI‘Z‘01 und nicht NBpol-Bm, wie für den „Spin-up“,
und selbst wenn die toroidale Komponente Btor dabei eine Rolle spielt, so ist sie
an der Kern-Mantel-Grenze auf einen Bruchteil aM/ac N 10‘3 ihres Wertes im
Kern abgefallen (0M und 0C sind die Leitfähigkeiten im Mantel bzw. Kern).
Loper erhält so für die übertragene Leistung 3,5 - 107 W, und auch dieser Betrag
kann nicht nutzbar gemacht werden, da er völlig in der Grenzschicht dissipiert
wird. — Diese Einwände gegen einen präzessionsgetriebenen Geodynamo bezie-
hen sich auf laminare Strömungen im Kern. Daß präzessionsbedingte Turbulenz
als Energiequelle ebenfalls unzureichend ist, wurde bisher nicht bewiesen.

Eine weitere Energiequelle für Strömungen im Erdkern ist chemische Diffe-
rentiation an der Grenze zwischen innerem und äußeren Kern. Nach Braginskii
(1964b, c) könnten leichte Bestandteile des äußeren Kerns, z.B. Silizium, bei der
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Kristallisation freigesetzt werden und durch ihren Auftrieb eine Zirkulation in
Gang setzen. Für einen Dichteunterschied von Ap/p=0,25 und eine Wachs-
tumsrate des inneren Kerns von 3,4- 106 kg/s (d.h. einmal die Masse des inneren
Kerns in 109 Jahren) erhält Braginskii eine Leistung von 7- 1012 W; diese
Leistung steht voll fiir den Betrieb des Dynamos zur Verfügung, da es sich um
freigesetzte Gravitationsenergie handelt. Der relative Dichteunterschied A p/p an
der Oberfläche des inneren Kerns ist allerdings sicher niedriger als 0,25. Seismo-
logische Modelle (z.B. Gilbert und Dziewonski, 1975) ergeben Werte um 0,07 für
A p/p; damit erhält man bei gleichem Wachstum des inneren Kerns eine
Leistung von w2o1012W (vgl. auch Gubbins, 1976). Dies ist wiederum etwas
knapp für Dynamos mit großem toroidalen Feld, während sparsamere Modelle
damit ohne Schwierigkeiten betrieben werden können.

Mullan (1973) hat die von Erdbeben im Mittel freigesetzte Leistung von
~1012 W als Ursache des Geodynamos vorgeschlagen. Doch kommt diese
Quelle kaum in Frage: Nur ein kleiner Teil der Erdbebenenergie gelangt in den
Kern; und selbst wenn dieser Anteil — etwa für die niedrigsten Frequenzen —
beträchtlich sein sollte, ergeben sich die im Abschnitt2 diskutierten Probleme
der zu großen radialen Komponente u, der Wellen.

6. Schlußbemerkungen

Bisher lassen sich keine gesicherten Aussagen bezüglich der Feldstärke der von
hydromagnetischen Dynamos erzeugten planetarischen Magnetfelder machen.
Die grundlegende Idee, nämlich daß die wachsende Lorentzkraft schließlich das
Geschwindigkeitsfeld, und insbesondere seine durch die Corioliskräfte bestimm-
ten dynamospezifischen Eigenschaften, so verändert, daß ein weiteres Anwach-
sen der Feldstärke nicht mehr möglich ist, wurde jedoch in einer Reihe von
Arbeiten untersucht. So findet Vainshtein (1971), daß das Magnetfeld die
Helizität reduziert, und Moffatt (1972) berechnet den Einfluß der Lorentzkraft
auf ein Feld zufällig verteilter Wellen, deren Dynamo-Effizienz eingeschränkt
wird. Childress und Soward (1972) und Soward (1974) beschreiben die Dynamo-
wirkung von Konvektion zwischen zwei parallelen, rotierenden Platten, wäh-
rend Busse (1972) eine Schicht verwendet, in der Konvektionsrollen zusammen
mit einer Scherströmung ein Magnetfeld erzeugen. Rechnungen, bei denen die
Induktionsgleichung zusammen mit den hydrodynamischen Gleichungen nume-
risch integriert werden, um die Entwicklung eines vorgegebenen Anfangszustan-
des zu untersuchen (Gubbins, 1975a) zeigen, daß ein Gleichgewichtszustand
zwischen Magnetfeld und Strömung sich im wesentlichen in der Diffusionszeit
‚ual2 einstellt. Ein ähnliches Ergebnis findet Hellmich (1977) für einen a2—
Dynamo, bei dem bei vorgegebenem oc mittlere Lorentzkräfte Strömungen in
Gang setzen, die den Dynamo zu einem stationären Gleichgewicht zwingen.

Die Feldstärken der drei bis jetzt beobachteten planetarischen Magnetfelder
zeigen die bemerkenswerte Eigenschaft, daß die dimensionslose Zahl

A=Bc/lw(up)1’2‚ (20)
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Tabelle 2. Mittlere Dichte p und Radius l der Dynamozone, Feldstärke BC an ihrer Oberfläche,
Rotationsrate a) der Planeten, sowie das Verhältnis A von Alfvén- zu Umlaufgeschwindigkeit
(unsichere bzw. extrapolierte Werte in Klammern)

ptkgm-61 1t c cots-1] A
Merkur 9- 103 1,8-106 8,3~10‘7 1,24.10-6 3,5.10-6
Venus 10-103 (3 . 106) (6,4.10‘7) 3,0.10-7 (6,4.10‘6)
Erde 11 . 103 3,48 - 106 1,9.10-4 7,27-10-5 6,4-10‘6
Jupiter 1,5.103 5.107 1,2-10-3 1,76-10‘4 3,1 . 10-6
Saturn 1,5. 103 2,3 - 107 (5,8010‘4) 1,7.10-4 (3,1 . 10-6)

in der BC das Magnetfeld an der Oberfläche der Dynamozone bedeutet, etwa
gleich groß ist (Tabelle 2). Die Zahl A ist das Verhältnis von Alfven—Geschwin-
digkeit zu Rotationsgeschwindigkeit, oder die Wurzel aus dem Verhältnis von
Lorentzkraft zu Zentrifugalkraft. Falls ihre Konstanz nicht zufällig ist, sollte sie
mit der Dynamik des Systems in Zusammenhang stehen. Busse (1976a, 1977b)
hat hierauf 1vingewiesen und vorgeschlagen, daß die Feldstärke sich so einstellt,
daß die Dynamowirkung des Geschwindigkeitsfeldes, die sich in seiner Theorie
bei wachsendem Magnetfeld zunächst noch verstärkt, bei zu großer Feldstärke
jedoch wieder abnimmt, gerade optimal wird. Dabei ergibt sich ein fester Wert
für die Größe a4A2(ua)‘1/k, wobei das Verhältnis der elektromagnetischen
Diffusionskonstanten (u a)‘ 1 zur Temperaturleitfähigkeit k für alle drei betrach-
teten Planeten von der Größenordnung 105 ist. Das Ergebnis hängt jedoch auch
von der Zahl a, d.h. im wesentlichen von der Zahl der in Abbildung 3 skizzierten
Konvektionsrollen ab, deren Bestimmung unsicher ist. Eine quantitative Angabe
über den von der Theorie erwarteten Wert von A erscheint daher noch verfrüht.
Immerhin braucht bei dieser Art der Amplitudenbegrenzung das interne toroi-
dale Feld nicht auf Werte ansteigen, die das geostrophische Gleichgewicht
wesentlich verändern oder die Energiebilanz des Dynamos in Frage stellen.

Tabelle2 enthält auch Angaben über Venus und Saturn. Für Venus wurden
dabei bis auf die Rotationsrate erd'ähnliche Werte verwendet; das sich daraus
ergebende Feld BC entspräche einer Feldstärke an der Oberfläche des Planeten
von ~80 y. Zwei verschiedene Interpretationen der Magnetfeldmessungen von
Venera4 führen andererseits zu einer oberen Schranke von 4y (Dolginov et al.,
1969) bzw. zu einem Wert von ~ 3032 (Russel, 1976) für die äquatoriale Feldst'är-
ke. In Anbetracht der Unsicherheiten von Theorie und Beobachtung könnte der
letztere Wert eben noch als Bestätigung der Regel A Nconst. angesehen werden.
— Saturn hat nach Tabelle 2 ein Magnetfeld von 0,3 Gauß äquatorialer
Feldstärke. Dieser Wert paßt größenordnungsmäßig zu der von Kaiser und
Stone (1975) aus Radiomessungen deduzierten Feldstärke von lGauß; aller-
dings sind genauere Messungen erst von Pionier 11 während seines Vorbeifluges
an Saturn am 5.9.1979 zu erwarten.

Danksagung. Für Diskussionen und Anregungen, sowie für die Überlassung von noch nicht publi-
ziertem Material danke ich den Herren E.R. Benton, F.H. Busse, R. Meißner und U. Schmucker.

Planetarische Dynamos 713

Tabelle 2. Mittlere Dichte p und Radius l der Dynamozone, Feldstärke BC an ihrer Oberfläche,
Rotationsrate a) der Planeten, sowie das Verhältnis A von Alfvén- zu Umlaufgeschwindigkeit
(unsichere bzw. extrapolierte Werte in Klammern)

ptkgm-61 1t c cots-1] A
Merkur 9- 103 1,8-106 8,3~10‘7 1,24.10-6 3,5.10-6
Venus 10-103 (3 . 106) (6,4.10‘7) 3,0.10-7 (6,4.10‘6)
Erde 11 . 103 3,48 - 106 1,9.10-4 7,27-10-5 6,4-10‘6
Jupiter 1,5.103 5.107 1,2-10-3 1,76-10‘4 3,1 . 10-6
Saturn 1,5. 103 2,3 - 107 (5,8010‘4) 1,7.10-4 (3,1 . 10-6)

in der BC das Magnetfeld an der Oberfläche der Dynamozone bedeutet, etwa
gleich groß ist (Tabelle 2). Die Zahl A ist das Verhältnis von Alfven—Geschwin-
digkeit zu Rotationsgeschwindigkeit, oder die Wurzel aus dem Verhältnis von
Lorentzkraft zu Zentrifugalkraft. Falls ihre Konstanz nicht zufällig ist, sollte sie
mit der Dynamik des Systems in Zusammenhang stehen. Busse (1976a, 1977b)
hat hierauf 1vingewiesen und vorgeschlagen, daß die Feldstärke sich so einstellt,
daß die Dynamowirkung des Geschwindigkeitsfeldes, die sich in seiner Theorie
bei wachsendem Magnetfeld zunächst noch verstärkt, bei zu großer Feldstärke
jedoch wieder abnimmt, gerade optimal wird. Dabei ergibt sich ein fester Wert
für die Größe a4A2(ua)‘1/k, wobei das Verhältnis der elektromagnetischen
Diffusionskonstanten (u a)‘ 1 zur Temperaturleitfähigkeit k für alle drei betrach-
teten Planeten von der Größenordnung 105 ist. Das Ergebnis hängt jedoch auch
von der Zahl a, d.h. im wesentlichen von der Zahl der in Abbildung 3 skizzierten
Konvektionsrollen ab, deren Bestimmung unsicher ist. Eine quantitative Angabe
über den von der Theorie erwarteten Wert von A erscheint daher noch verfrüht.
Immerhin braucht bei dieser Art der Amplitudenbegrenzung das interne toroi-
dale Feld nicht auf Werte ansteigen, die das geostrophische Gleichgewicht
wesentlich verändern oder die Energiebilanz des Dynamos in Frage stellen.

Tabelle2 enthält auch Angaben über Venus und Saturn. Für Venus wurden
dabei bis auf die Rotationsrate erd'ähnliche Werte verwendet; das sich daraus
ergebende Feld BC entspräche einer Feldstärke an der Oberfläche des Planeten
von ~80 y. Zwei verschiedene Interpretationen der Magnetfeldmessungen von
Venera4 führen andererseits zu einer oberen Schranke von 4y (Dolginov et al.,
1969) bzw. zu einem Wert von ~ 3032 (Russel, 1976) für die äquatoriale Feldst'är-
ke. In Anbetracht der Unsicherheiten von Theorie und Beobachtung könnte der
letztere Wert eben noch als Bestätigung der Regel A Nconst. angesehen werden.
— Saturn hat nach Tabelle 2 ein Magnetfeld von 0,3 Gauß äquatorialer
Feldstärke. Dieser Wert paßt größenordnungsmäßig zu der von Kaiser und
Stone (1975) aus Radiomessungen deduzierten Feldstärke von lGauß; aller-
dings sind genauere Messungen erst von Pionier 11 während seines Vorbeifluges
an Saturn am 5.9.1979 zu erwarten.

Danksagung. Für Diskussionen und Anregungen, sowie für die Überlassung von noch nicht publi-
ziertem Material danke ich den Herren E.R. Benton, F.H. Busse, R. Meißner und U. Schmucker.



|00000728||

714 M. Stix

Literatur

Acheson, D.J., Hide, R.: Hydromagnetics of rotating fluids. Rep. Prog. Phys. 36, 159—221, 1973
Acuna, M.H., Ness, N.F.: The main magnetic field of Jupiter. J. Geophys. Res. 81, 2917—2922, 1976
Aumann, H.H., Gillespie, C.M., Jr., Low, F.J.: The internal powers and effective temperatures of

Jupiter and Saturn. Astrophys. J. 157, L69 —72‚ 1969
Backus, G.E.: A class of self-sustaining dissipative spherical dynamos. Ann. Physics 4, 372—447,

1958
Backus, G.E., Chandrasekhar, S.: On Cowling’s theorem on the impossibility of self-maintained

axisymmetric homogeneous dynamos. Proc. Nat. Acad. Sci. 42, 105— 109, 1956
Barraclough, D.R., Harwood, J.M., Leaton, B.R., Malin, S.R.C.: A model of the geomagnetic field at

epoch 1975. Geophys. J. 43, 645—659, 1975
Benton, E.R.: On the helical dynamo of Lortz as a model for the steady main geomagnetic field. Geo-

phys. J. 42, 385—401, 1975
Benton, E.R., Stix, M.: Updated extrapolation of the main geomagnetic field to the core-mantle

boundary. AGU-Meeting, San Francisco, EEBS Trans. Am. Geophys. Union 57, 907, 1976
Binder, A.B., Davis, D.R.: Internal Structure of Mars. Phys.Earth Planet. Inter. 7, 477——485, 1973
Birch, F.: The melting relations of iron and temperatures in the Earth’s core. Geophys. J. 29,

373 —387, 1972
Bodenheimer, P.: Contraction models for the evolution of Jupiter. Icarus 29, 165— 171, 1976
Bott, M.H.P.: The interior of the Earth. London: Edward Arnold, 1971
Braginskii, S.I.: Self-excitation of a magnetic field during the motion of a highly conducting fluid.

Zh. Eksp. teor. Fiz. 47, 1084— 1098, 1964a. Engl.: Soviet Phys. JETP 20, 726—735, 1965
Braginskii,S.I.: Kinematic models of the Earth’s hydromagnetic dynamo. Geomagn. Aeron. 4,

732-747, 1964b. Engl. p. 572—583
Braginskii, S.I.: Magnetohydrodynamics of the Earth’s core. Geomagn. Aeron. 4, 898—916, 19640.

Engl. p. 698 — 712
Braginskii, S.I.: Magnetic waves in the Earth’s core. Geomagn. Aeron. 7, 1050—1060, 1967. Engl.

pp. 851 —859
Braginskii,S.I.: Nearly axially symmetrical model of the hydromagnetic Dynamo of the Earth I.

Geomagn. Aeron. 15, 149— 156, 1974. Engl. pp. 122— 128, 1975
Bullard, E.C.: Reversals of the Earth’s magnetic field. Phil. Trans. Roy. Soc., London A263,

481— 524, 1968
Bullard, E.C., Gellman, H.: Homogeneous dynamos and terrestrial magnetism. Phil. Trans. Roy.

Soc., London A247, 213 —278, 1954
Bullard, E.C., Gubbins, D.: Geomagnetic dynamos in a stable core. Nature 232, 548 —549, 1971
Burke, B.F., Franklin, K.L.: Observations of a variable radio source associated with the planet

Jupiter. J. Geophys. Res. 60, 213 —217, 1955
Busse, F.H.: Thermal instabilities in rapidly rotating systems. J. Fluid Mech. 44, 441 —460, 1970
Busse, F.H.: Bewegungen im Kern der Erde. Z. Geophys. 37, 153— 177, 1971
Busse, F.H.: Generation of magnetic fields by convection. J. Fluid Mech. 57, 529 —544, 1973
Busse, F.H.: A necessary condition for the geodynamo. J. Geophys. Res. 80, 278—280, 1975a
Busse, F.H.: A model of the geodynamo. Geophys. J. 42, 437 —459, 1975b
Busse, F.H.: Generation of planetary magnetism by convection. Phys. Earth Planet. Inter. 12,

350—358, 1976a
Busse, F.H.: Die Erzeugung des Erdmagnetfeldes. Phys. Blätter 32, 436—444 u. 489—498, 1976b
Busse, F.H.: Mathematical problems of dynamo theory. In: Applications of Bifurcation Theory, P.

Rabinowitz, ed., Academic Press, 1977a
Busse, F.H.: An example of non-linear dynamo action. Z. Geophys., im Druck, 1977b
Busse, F.H., Carrigan, C.R.: Convection induced by centrifugal buoyancy. J. Fluid Mech. 62,

579—592, 1974
Busse, F.H., Carrigan, C.R.: Laboratory simulation of thermal convection in rotating planets and

stars. Science 191, 81 —83, 1976
Carr, T.D., Gulkis, S.: The magnetosphere of Jupiter. Ann. Rev. Astron. Astrophys. 7, 577—618,

1969

714 M. Stix

Literatur

Acheson, D.J., Hide, R.: Hydromagnetics of rotating fluids. Rep. Prog. Phys. 36, 159—221, 1973
Acuna, M.H., Ness, N.F.: The main magnetic field of Jupiter. J. Geophys. Res. 81, 2917—2922, 1976
Aumann, H.H., Gillespie, C.M., Jr., Low, F.J.: The internal powers and effective temperatures of

Jupiter and Saturn. Astrophys. J. 157, L69 —72‚ 1969
Backus, G.E.: A class of self-sustaining dissipative spherical dynamos. Ann. Physics 4, 372—447,

1958
Backus, G.E., Chandrasekhar, S.: On Cowling’s theorem on the impossibility of self-maintained

axisymmetric homogeneous dynamos. Proc. Nat. Acad. Sci. 42, 105— 109, 1956
Barraclough, D.R., Harwood, J.M., Leaton, B.R., Malin, S.R.C.: A model of the geomagnetic field at

epoch 1975. Geophys. J. 43, 645—659, 1975
Benton, E.R.: On the helical dynamo of Lortz as a model for the steady main geomagnetic field. Geo-

phys. J. 42, 385—401, 1975
Benton, E.R., Stix, M.: Updated extrapolation of the main geomagnetic field to the core-mantle

boundary. AGU-Meeting, San Francisco, EEBS Trans. Am. Geophys. Union 57, 907, 1976
Binder, A.B., Davis, D.R.: Internal Structure of Mars. Phys.Earth Planet. Inter. 7, 477——485, 1973
Birch, F.: The melting relations of iron and temperatures in the Earth’s core. Geophys. J. 29,

373 —387, 1972
Bodenheimer, P.: Contraction models for the evolution of Jupiter. Icarus 29, 165— 171, 1976
Bott, M.H.P.: The interior of the Earth. London: Edward Arnold, 1971
Braginskii, S.I.: Self-excitation of a magnetic field during the motion of a highly conducting fluid.

Zh. Eksp. teor. Fiz. 47, 1084— 1098, 1964a. Engl.: Soviet Phys. JETP 20, 726—735, 1965
Braginskii,S.I.: Kinematic models of the Earth’s hydromagnetic dynamo. Geomagn. Aeron. 4,

732-747, 1964b. Engl. p. 572—583
Braginskii, S.I.: Magnetohydrodynamics of the Earth’s core. Geomagn. Aeron. 4, 898—916, 19640.

Engl. p. 698 — 712
Braginskii, S.I.: Magnetic waves in the Earth’s core. Geomagn. Aeron. 7, 1050—1060, 1967. Engl.

pp. 851 —859
Braginskii,S.I.: Nearly axially symmetrical model of the hydromagnetic Dynamo of the Earth I.

Geomagn. Aeron. 15, 149— 156, 1974. Engl. pp. 122— 128, 1975
Bullard, E.C.: Reversals of the Earth’s magnetic field. Phil. Trans. Roy. Soc., London A263,

481— 524, 1968
Bullard, E.C., Gellman, H.: Homogeneous dynamos and terrestrial magnetism. Phil. Trans. Roy.

Soc., London A247, 213 —278, 1954
Bullard, E.C., Gubbins, D.: Geomagnetic dynamos in a stable core. Nature 232, 548 —549, 1971
Burke, B.F., Franklin, K.L.: Observations of a variable radio source associated with the planet

Jupiter. J. Geophys. Res. 60, 213 —217, 1955
Busse, F.H.: Thermal instabilities in rapidly rotating systems. J. Fluid Mech. 44, 441 —460, 1970
Busse, F.H.: Bewegungen im Kern der Erde. Z. Geophys. 37, 153— 177, 1971
Busse, F.H.: Generation of magnetic fields by convection. J. Fluid Mech. 57, 529 —544, 1973
Busse, F.H.: A necessary condition for the geodynamo. J. Geophys. Res. 80, 278—280, 1975a
Busse, F.H.: A model of the geodynamo. Geophys. J. 42, 437 —459, 1975b
Busse, F.H.: Generation of planetary magnetism by convection. Phys. Earth Planet. Inter. 12,

350—358, 1976a
Busse, F.H.: Die Erzeugung des Erdmagnetfeldes. Phys. Blätter 32, 436—444 u. 489—498, 1976b
Busse, F.H.: Mathematical problems of dynamo theory. In: Applications of Bifurcation Theory, P.

Rabinowitz, ed., Academic Press, 1977a
Busse, F.H.: An example of non-linear dynamo action. Z. Geophys., im Druck, 1977b
Busse, F.H., Carrigan, C.R.: Convection induced by centrifugal buoyancy. J. Fluid Mech. 62,

579—592, 1974
Busse, F.H., Carrigan, C.R.: Laboratory simulation of thermal convection in rotating planets and

stars. Science 191, 81 —83, 1976
Carr, T.D., Gulkis, S.: The magnetosphere of Jupiter. Ann. Rev. Astron. Astrophys. 7, 577—618,

1969



|00000729||

Planetarische Dynamos 715

Cassen, P., Young, R.E., Schubert, G., Reynolds, R.T.: Implications of an Internal Dynamo for the
thermal history of Mercury. Icarus 28, 501 —508, 1976

Chapman, D.S., Pollack, H.N.: Global heat flow: A new look. Earth Planet. Sci. Lett. 28, 23—32,
1975

Childress, S.: Théorie magnétohydrodynamique de l’effet dynamo. Rep. Dép. Méch. Fac. Sciences,
Paris, 1969

Childress, S., Soward, A.M.: Convection-driven hydromagnetic dynamo. Phys. Rev. Letters 29,
837- 839, 1972

Clark, S.P., Jr., Peterman, Z.E., Heier, K.S.: Abundances of uranium, thorium, and potassium. In:
Handbook of Physical Constants, S.P. Clark, Jr., ed., pp.521—541, The Geological Soc. of
America, New York, 1966

Cowling, T.G.: The magnetic field of sunspots. Monthly Notices Roy. Astron. Soc. 94, 39 —48, 1933
Cowling, T.G.: The dynamo maintenance of steady magnetic fields. Quart. J. Mech. Appl. Math. 10,

129— 136, 1957
Deinzer, W., Stix, M.: On the eigenvalues of Krause-Steenbeck’s solar dynamo. Astron. Astrophys.

12, 111—119, 1971
Deinzer, W., v. Kusserow, H.-U., Stix, M.: Steady and oscillatory accu-dynamos. Astron. Astrophys.

36, 69—78, 1974
Dolginov, Sh. Sh., Yeroshenko, Y.G., Davis, L.: On the nature of the magnetic field near Venus.

Kosmich. Issled 7, 747, 1969
Elsasser, W.M.: Induction effects in terrestrial magnetism, 1. Theory. Phys. Rev. 69, 106— 116, 1946
Gans, R.F.: Viscosity of the Earth’s core. J. Geophys. Res. 77, 360—366, 1972
Gardiner, R.B., Stacey, F.D.: Electrical resistivity of the core. Phys. Earth Planet. Inter. 4,

406 —410, 1971
Gauß, C.F.: Allgemeine Theorie des Erdmagnetismus. Resultate aus den Beobachtungen des

magnetischen Vereins im Jahre 1838. Leipzig, 1839
Gilbert, F., Dziewonski, A.M.: An application of normal mode theory of the retrieval of structural

parameters and source mechanisms from seismic spectra. Phil. Trans. Roy. Soc., London A278,
187—260, 1975

Goettel, K.A.: Models for the origin and composition of the Earth, and the hypothesis of potassium
in the Earth’s core. Geophys. Surveys 2, 369-397, 1976

Gubbins, D.: Numerical solutions of the kinematic dynamo problem. Phil. Trans. Roy. Soc., London
A274, 493 —— 521, 1973

Gubbins,D.: Theories of the geomagnetic and solar dynamos. Rev. Geophys. Space Phys. 12,
137 —154‚ 1974

Gubbins, D.: Numerical solutions of the hydromagnetic dynamo problem. Geophys. J. 42, 295—305,
1975a

Gubbins, D.: Can the Earth’s magnetic field be sustained by core oscillations? Geophys. Res. Lett.
2, 409—412, 1975b

Gubbins,D.: Observational constraints on the generation process of the Earth’s magnetic field.
Geophys. J. 47, 19 — 39, 1976

Gubbins, D.: Speculations on the origin of the magnetic field of Mercury. Icarus 30, 186— 191, 1977
Gutenberg, B.: Physics of the Earth’s Interior. Internat. Geophys. Ser. 1: New York and London:

Academic Press, 1959
Hellmich, R.: Finite amplitude aZ-dynamos with large-scale incompressible circulation. Geophys.

Astrophys. Fluid Dynamics, im Druck, 1977
Herzenberg, A.: Geomagnetic dynamos. Phil. Trans. Roy. Soc., London A250, 543—583, 1958
Higgins, G., Kennedy, G.C.: The adiabatic gradient and the melting point gradient in the core of the

Earth. J. Geophys. Res. 76, 1870— 1878, 1971
Hubbard, W.B.: Thermal structure of Jupiter. Astrophys. J. 152, 745 —754‚ 1968
Hubbard, W.B.: Thermal models of Jupiter and Saturn. Astrophys. J. 155, 333—344, 1969
Hubbard, W.B., Smoluchowski, R.: Structure of Jupiter and Saturn. Space Sci. Rev. 14, 599——662,

1973
IAGA, Division I Study Group: International geomagnetic reference field 1975. Geophys. J. 44,

733 —734, 1976

Planetarische Dynamos 715

Cassen, P., Young, R.E., Schubert, G., Reynolds, R.T.: Implications of an Internal Dynamo for the
thermal history of Mercury. Icarus 28, 501 —508, 1976

Chapman, D.S., Pollack, H.N.: Global heat flow: A new look. Earth Planet. Sci. Lett. 28, 23—32,
1975

Childress, S.: Théorie magnétohydrodynamique de l’effet dynamo. Rep. Dép. Méch. Fac. Sciences,
Paris, 1969

Childress, S., Soward, A.M.: Convection-driven hydromagnetic dynamo. Phys. Rev. Letters 29,
837- 839, 1972

Clark, S.P., Jr., Peterman, Z.E., Heier, K.S.: Abundances of uranium, thorium, and potassium. In:
Handbook of Physical Constants, S.P. Clark, Jr., ed., pp.521—541, The Geological Soc. of
America, New York, 1966

Cowling, T.G.: The magnetic field of sunspots. Monthly Notices Roy. Astron. Soc. 94, 39 —48, 1933
Cowling, T.G.: The dynamo maintenance of steady magnetic fields. Quart. J. Mech. Appl. Math. 10,

129— 136, 1957
Deinzer, W., Stix, M.: On the eigenvalues of Krause-Steenbeck’s solar dynamo. Astron. Astrophys.

12, 111—119, 1971
Deinzer, W., v. Kusserow, H.-U., Stix, M.: Steady and oscillatory accu-dynamos. Astron. Astrophys.

36, 69—78, 1974
Dolginov, Sh. Sh., Yeroshenko, Y.G., Davis, L.: On the nature of the magnetic field near Venus.

Kosmich. Issled 7, 747, 1969
Elsasser, W.M.: Induction effects in terrestrial magnetism, 1. Theory. Phys. Rev. 69, 106— 116, 1946
Gans, R.F.: Viscosity of the Earth’s core. J. Geophys. Res. 77, 360—366, 1972
Gardiner, R.B., Stacey, F.D.: Electrical resistivity of the core. Phys. Earth Planet. Inter. 4,

406 —410, 1971
Gauß, C.F.: Allgemeine Theorie des Erdmagnetismus. Resultate aus den Beobachtungen des

magnetischen Vereins im Jahre 1838. Leipzig, 1839
Gilbert, F., Dziewonski, A.M.: An application of normal mode theory of the retrieval of structural

parameters and source mechanisms from seismic spectra. Phil. Trans. Roy. Soc., London A278,
187—260, 1975

Goettel, K.A.: Models for the origin and composition of the Earth, and the hypothesis of potassium
in the Earth’s core. Geophys. Surveys 2, 369-397, 1976

Gubbins, D.: Numerical solutions of the kinematic dynamo problem. Phil. Trans. Roy. Soc., London
A274, 493 —— 521, 1973

Gubbins,D.: Theories of the geomagnetic and solar dynamos. Rev. Geophys. Space Phys. 12,
137 —154‚ 1974

Gubbins, D.: Numerical solutions of the hydromagnetic dynamo problem. Geophys. J. 42, 295—305,
1975a

Gubbins, D.: Can the Earth’s magnetic field be sustained by core oscillations? Geophys. Res. Lett.
2, 409—412, 1975b

Gubbins,D.: Observational constraints on the generation process of the Earth’s magnetic field.
Geophys. J. 47, 19 — 39, 1976

Gubbins, D.: Speculations on the origin of the magnetic field of Mercury. Icarus 30, 186— 191, 1977
Gutenberg, B.: Physics of the Earth’s Interior. Internat. Geophys. Ser. 1: New York and London:

Academic Press, 1959
Hellmich, R.: Finite amplitude aZ-dynamos with large-scale incompressible circulation. Geophys.

Astrophys. Fluid Dynamics, im Druck, 1977
Herzenberg, A.: Geomagnetic dynamos. Phil. Trans. Roy. Soc., London A250, 543—583, 1958
Higgins, G., Kennedy, G.C.: The adiabatic gradient and the melting point gradient in the core of the

Earth. J. Geophys. Res. 76, 1870— 1878, 1971
Hubbard, W.B.: Thermal structure of Jupiter. Astrophys. J. 152, 745 —754‚ 1968
Hubbard, W.B.: Thermal models of Jupiter and Saturn. Astrophys. J. 155, 333—344, 1969
Hubbard, W.B., Smoluchowski, R.: Structure of Jupiter and Saturn. Space Sci. Rev. 14, 599——662,

1973
IAGA, Division I Study Group: International geomagnetic reference field 1975. Geophys. J. 44,

733 —734, 1976



|00000730||

716 M. Stix

Ingersoll, A.P., Münch, G., Neugebauer, G., Diner, D.J., Orton, G.S., Schupler, B., Schroeder, M.,
Chase, S.C., Ruiz, R.D., Trafton, L.M.: Pionier 11 infrared radiometer experiment: The global
heat balance of Jupiter. Science 188, 472—473, 1975

Jacobs, J.A.: Physical state of the Earth’s core. Nature Phys. Sci. 243, 113 —114, 1973
Jacobs, J.A.: The Earth’s core. Internat. Geophys. Ser. 20: London, New York, San Francisco:

Academic Press, 1975
Kaiser, M.L., Stone, R.G.: Earth as an intense planetary radio source: Similarities to Jupiter and

Saturn. Science 189, 285—287, 1975
Kennedy, G.C., Higgins, G.: The core paradox. J. Geophys. Res. 78, 900—904, 1973
Köhler, H.: The solar dynamo and estimates of the magnetic diffusivity and the oc-effect. Astron.

Astrophys. 25, 467—476, 1973
Krause, F.: Eine Lösung des Dynamoproblems auf der Grundlage einer linearen Theorie der

magnetohydrodynamischen Turbulenz. Habilitationsschrift, Univ. Jena, 1968
Krause, F., Rädler, K.-H.: Elektrodynamik der mittleren Felder in turbulenten leitenden Medien

und Dynamotheorie. In: Ergebnisse der Plasmaphysik und der Gaselektronik, Bd. II, R. Rompe
und M. Steenbeck, Hsgb.‚ pp. 3— 154. Berlin: Akademie-Verlag 1971

Kumar, S., Roberts, P.H.: A three-dimensional kinematic dynamo. Proc. Roy. Soc., London A344,
235 —258, 1975

Lange, M.: Modellrechnungen zur thermischen Entwicklung des Mondes. Tagung d. Dt. Geophys.
Ges., Braunschweig, 1977

Leaton, B.R.: IGRF Charts. In: World magnetic survey, A.J. Zmuda, ed., IAGA Bulletin No. 28,
Paris, 1971

Loper, D.E.: Torque balance and energy budget for the precessionally driven dynamo. Phys. Earth
Planet. Inter. 11, 43 —60, 1975

Lortz, D.: Impossibility of steady dynamos with certain symmetries. Phys. Fluids 11, 913 —915, 1968
Low, F.J.: Observations of Venus, Jupiter, and Saturn at Â 20 fl- Astron. J. 71, 391, 1966
Malkus, W.V.R.: Precessional torques as the cause of geomagnetism. J. Geophys. Res. 68,

2871 —2886, 1963
Malkus, W.V.R.: Precession of the Earth as the cause of geomagnetism. Science 160, 259—264, 1968
McKenzie, D., Weiss, N.: Speculations on the thermal and tectonic history of the Earth. Geophys. J.

42, 131—174, 1975 .
Moffatt,H.K.: Turbulent dynamo action at low magnetic Reynolds number. J. Fluid Mech. 41,

435 —452, 1970a
Moffatt, H.K.: Dynamo action associated with random inertial waves in a rotating conducting fluid.

J. Fluid Mech. 44, 705—719, 1970b
Moffatt, H.K.: An approach to a dynamic theory of dynamo action in a rotating conducting fluid. J.

Fluid Mech. 53, 385—399, 1972
Moffatt, H.K.: Generation of magnetic fields by fluid motion. Advances Appl. Mech. 16, 119— 181,

1976
Mullan, D.J.: Earth quake waves and the geomagnetic dynamo. Science 181, 553 — 554, 1973
Ness, N.F.‚ Behannon, K.W.‚ Lepping, R.P., Whang, ~Y.C.: Observations of Mercury’s magnetic field.

Icarus 28, 479—488, 1976
Parker, E.N.: Hydromagnetic dynamo models. Astrophys. J. 122, 293 —314, 1955
Parker, E.N.: The generation of magnetic fields in astrophysical bodies III. Turbulent diffusion of

fields and efficient dynamos. Astrophys. J. 163, 279 —285, 1971a
Parker, E.N.: The generation of magnetic fields in astrophysical bodies IV. The solar and terrestrial

dynamos. Astrophys. J. 164, 491 —509, 1971b
Pekeris, C.L., Accad, Y., Shkoller, B.: Kinematic dynamos and the Earth’s magnetic field. Phil.

Trans. Roy. Soc., London A275, 425—461, 1973
Podolak, M., Cameron, A.G.W.: Models of the giant planets. Icarus 22, 123 —148, 1974
Proudman, J .: On the motion of solids in a liquid possessing vorticity. Proc. Roy. Soc., London A92,

408—424, 1916
Rädler, K.-H.: Zur Elektrodynamik turbulent bewegter leitender Medien I. Grundzüge der Elektro—

dynamik der mittleren Felder. Z. Naturforschung 23a, 1841—1851, 1968a
R'adler, K.-H.: Zur Elektrodynamik turbulent bewegter leitender Medien II. Turbulenzbedingte

Leitfahigkeits- und Permeabilitätsänderungen. Z. Naturforschung 23a, 1851—1860, 1968b

716 M. Stix

Ingersoll, A.P., Münch, G., Neugebauer, G., Diner, D.J., Orton, G.S., Schupler, B., Schroeder, M.,
Chase, S.C., Ruiz, R.D., Trafton, L.M.: Pionier 11 infrared radiometer experiment: The global
heat balance of Jupiter. Science 188, 472—473, 1975

Jacobs, J.A.: Physical state of the Earth’s core. Nature Phys. Sci. 243, 113 —114, 1973
Jacobs, J.A.: The Earth’s core. Internat. Geophys. Ser. 20: London, New York, San Francisco:

Academic Press, 1975
Kaiser, M.L., Stone, R.G.: Earth as an intense planetary radio source: Similarities to Jupiter and

Saturn. Science 189, 285—287, 1975
Kennedy, G.C., Higgins, G.: The core paradox. J. Geophys. Res. 78, 900—904, 1973
Köhler, H.: The solar dynamo and estimates of the magnetic diffusivity and the oc-effect. Astron.

Astrophys. 25, 467—476, 1973
Krause, F.: Eine Lösung des Dynamoproblems auf der Grundlage einer linearen Theorie der

magnetohydrodynamischen Turbulenz. Habilitationsschrift, Univ. Jena, 1968
Krause, F., Rädler, K.-H.: Elektrodynamik der mittleren Felder in turbulenten leitenden Medien

und Dynamotheorie. In: Ergebnisse der Plasmaphysik und der Gaselektronik, Bd. II, R. Rompe
und M. Steenbeck, Hsgb.‚ pp. 3— 154. Berlin: Akademie-Verlag 1971

Kumar, S., Roberts, P.H.: A three-dimensional kinematic dynamo. Proc. Roy. Soc., London A344,
235 —258, 1975

Lange, M.: Modellrechnungen zur thermischen Entwicklung des Mondes. Tagung d. Dt. Geophys.
Ges., Braunschweig, 1977

Leaton, B.R.: IGRF Charts. In: World magnetic survey, A.J. Zmuda, ed., IAGA Bulletin No. 28,
Paris, 1971

Loper, D.E.: Torque balance and energy budget for the precessionally driven dynamo. Phys. Earth
Planet. Inter. 11, 43 —60, 1975

Lortz, D.: Impossibility of steady dynamos with certain symmetries. Phys. Fluids 11, 913 —915, 1968
Low, F.J.: Observations of Venus, Jupiter, and Saturn at Â 20 fl- Astron. J. 71, 391, 1966
Malkus, W.V.R.: Precessional torques as the cause of geomagnetism. J. Geophys. Res. 68,

2871 —2886, 1963
Malkus, W.V.R.: Precession of the Earth as the cause of geomagnetism. Science 160, 259—264, 1968
McKenzie, D., Weiss, N.: Speculations on the thermal and tectonic history of the Earth. Geophys. J.

42, 131—174, 1975 .
Moffatt,H.K.: Turbulent dynamo action at low magnetic Reynolds number. J. Fluid Mech. 41,

435 —452, 1970a
Moffatt, H.K.: Dynamo action associated with random inertial waves in a rotating conducting fluid.

J. Fluid Mech. 44, 705—719, 1970b
Moffatt, H.K.: An approach to a dynamic theory of dynamo action in a rotating conducting fluid. J.

Fluid Mech. 53, 385—399, 1972
Moffatt, H.K.: Generation of magnetic fields by fluid motion. Advances Appl. Mech. 16, 119— 181,

1976
Mullan, D.J.: Earth quake waves and the geomagnetic dynamo. Science 181, 553 — 554, 1973
Ness, N.F.‚ Behannon, K.W.‚ Lepping, R.P., Whang, ~Y.C.: Observations of Mercury’s magnetic field.

Icarus 28, 479—488, 1976
Parker, E.N.: Hydromagnetic dynamo models. Astrophys. J. 122, 293 —314, 1955
Parker, E.N.: The generation of magnetic fields in astrophysical bodies III. Turbulent diffusion of

fields and efficient dynamos. Astrophys. J. 163, 279 —285, 1971a
Parker, E.N.: The generation of magnetic fields in astrophysical bodies IV. The solar and terrestrial

dynamos. Astrophys. J. 164, 491 —509, 1971b
Pekeris, C.L., Accad, Y., Shkoller, B.: Kinematic dynamos and the Earth’s magnetic field. Phil.

Trans. Roy. Soc., London A275, 425—461, 1973
Podolak, M., Cameron, A.G.W.: Models of the giant planets. Icarus 22, 123 —148, 1974
Proudman, J .: On the motion of solids in a liquid possessing vorticity. Proc. Roy. Soc., London A92,

408—424, 1916
Rädler, K.-H.: Zur Elektrodynamik turbulent bewegter leitender Medien I. Grundzüge der Elektro—

dynamik der mittleren Felder. Z. Naturforschung 23a, 1841—1851, 1968a
R'adler, K.-H.: Zur Elektrodynamik turbulent bewegter leitender Medien II. Turbulenzbedingte

Leitfahigkeits- und Permeabilitätsänderungen. Z. Naturforschung 23a, 1851—1860, 1968b



|00000731||

Planetarische Dynamos 717

Roberts, P.H.: Dynamo theory. In: Mathematical problems in the geophysical sciences, W.H. Reid,
ed., Lectures in Appl. Math. 14, 129—206, Providence R.I., 1971

Roberts, P.H.: Kinematic dynamo models. Phil. Trans. Roy. Soc.‚ London A272, 663—703, 1972
Roberts, P.H., Soward, A.M.: Magnetohydrodynamics of the Earth’s core. Ann. Rev. Fluid Mech. 4,

117 —154, 1972
Roberts, P.H.‚ Stix, M.: The turbulent dynamo. A translation of a series of papers by F. Krause, K.-

H. Rädler, and M. Steenbeck. NCAR-TN/IA-60, 1971
Roberts, P.H., Stix, M.: oc-effect dynamos, by the Bullard—Gellman formalism. Astron. Astrophys. 18,

453 —466, 1972
Roberts, P.H.‚ Stix, M.: On Vainshtein’s simplest dynamo instability. Phys. Earth Planet. Inter.

12, P19—21, 1976
Rochester, M.G., Jacobs, J.A., Smylie, D.E.‚ Chong, K.F.: Can Precession power the geomagnetic

dynamo? Geophys. J. 43, 661 —678, 1975
Runcorn, S.K.: An ancient lunar magnetic dipole field. Nature 253, 701 —703, 1975
Russell, C.T.: The magnetic moment of Venus: Venera-4 measurements reinterpreted. Geophys. Res.

Lett. 3, 125— 128, 1976
Siegfried, II, R.W., Solomon, S.C.: Mercury: Internal structure and thermal evolution. Icarus 23,

192—205, 1974
Smith, E.J., Davis, L., Jr., Jones, D.E., Coleman, P.J., Jr., Colburn, D.S., Dyal, P., Sonett, C.P.:

Jupiter’s magnetic field, magnetosphere, and interaction with the solar wind: Pionier 11. Science
188, 451 —455, 1975

'

Solomon, S.C.: Some aspects of core formation in Mercury. Icarus 28, 509—521, 1976
Soward, A.M.: A kinematic theory of large magnetic Reynolds number dynamos. Phil. Trans. Roy.

Soc.‚ London A272, 431 —462, 1972
Soward, A.M.: A convection-driven dynamo. I. The weak field case. Phil. Trans. Roy. Soc.‚ London

A275, 611—651, 1974
Steenbeck, M.: Elementare magnetohydrodynamische Behandlung chaotisch turbulenter Medien.

Monatsber. Deut. Akad. Wiss. Berlin 5, 625—629, 1963
Steenbeck, M., Krause, F.: Zur Dynamotheorie stellarer und planetarer Magnetfelder I. Berechnung

sonnenahnlicher Wechselfeldgeneratoren. Astron. Nachr. 291, 49—84, 1969a
Steenbeck, M., Krause, F.: Zur Dynamotheorie stellarer und planetarer Magnetfelder II. Berechnung

planetenähnlicher Gleichfeldgeneratoren. Astron. Nachr. 291, 271 —286, 1969b
Steenbeck, M., Krause, F., Rädler, K.-H.: Berechnung der mittleren Lorentz-Feldstärke v >< B fur ein

elektrisch leitendes Medium in turbulenter, durch Coriolis-Kräfte beeinflußter Bewegung. Z.
Naturforschung 21 a, 369 — 376, 1966

Stix, M.: Dynamo theory and the solar cycle. In: Basic mechanisms of solar activity, V. Bumba and
J. Kleczek, eds., IAU Symp. 71, pp. 367—388, 1976

Taylor, G.I.: Experiments with rotating fluids. Proc. Roy. Soc.‚ London A100, 114— 121, 1921
Vainshtein, S.I.: Non-linear problem of the turbulent dynamo. Zh. Eksp. Teor. Fiz. 61, 612—620,

1971. Engl.: Soviet Phys. JETP 34, 327—331, 1972
Vainshtein, S.I.: Simplest dynamo instability. Zh. Eksp. Teor. Fiz. 68, 997 — 1004, 1975. Engl.: Soviet

Phys. JETP 41, 494—497, 1976
Verhoogen, J .: Heat balance of the Earth’s core. Geophys. J. 4, 276—281, 1961
Vitense, E.: Die Wasserstofflœnvektionszone der Sonne. Z. Astrophys. 32, 135— 164, 1953
Young, R.E., Schubert, G.: Temperatures inside Mars: Is the core liquid or solid? Geophys. Res.

Lett. l, 157— 160, 1974
Zmuda, A.J.: World magnetic survey, IAGA Bulletin No.28, Paris, pp. 147—205, 1971

Eingegangen am 7. Juni 1977; in revidierter Fassung am 8. August 1977

Planetarische Dynamos 717

Roberts, P.H.: Dynamo theory. In: Mathematical problems in the geophysical sciences, W.H. Reid,
ed., Lectures in Appl. Math. 14, 129—206, Providence R.I., 1971

Roberts, P.H.: Kinematic dynamo models. Phil. Trans. Roy. Soc.‚ London A272, 663—703, 1972
Roberts, P.H., Soward, A.M.: Magnetohydrodynamics of the Earth’s core. Ann. Rev. Fluid Mech. 4,

117 —154, 1972
Roberts, P.H.‚ Stix, M.: The turbulent dynamo. A translation of a series of papers by F. Krause, K.-

H. Rädler, and M. Steenbeck. NCAR-TN/IA-60, 1971
Roberts, P.H., Stix, M.: oc-effect dynamos, by the Bullard—Gellman formalism. Astron. Astrophys. 18,

453 —466, 1972
Roberts, P.H.‚ Stix, M.: On Vainshtein’s simplest dynamo instability. Phys. Earth Planet. Inter.

12, P19—21, 1976
Rochester, M.G., Jacobs, J.A., Smylie, D.E.‚ Chong, K.F.: Can Precession power the geomagnetic

dynamo? Geophys. J. 43, 661 —678, 1975
Runcorn, S.K.: An ancient lunar magnetic dipole field. Nature 253, 701 —703, 1975
Russell, C.T.: The magnetic moment of Venus: Venera-4 measurements reinterpreted. Geophys. Res.

Lett. 3, 125— 128, 1976
Siegfried, II, R.W., Solomon, S.C.: Mercury: Internal structure and thermal evolution. Icarus 23,

192—205, 1974
Smith, E.J., Davis, L., Jr., Jones, D.E., Coleman, P.J., Jr., Colburn, D.S., Dyal, P., Sonett, C.P.:

Jupiter’s magnetic field, magnetosphere, and interaction with the solar wind: Pionier 11. Science
188, 451 —455, 1975

'

Solomon, S.C.: Some aspects of core formation in Mercury. Icarus 28, 509—521, 1976
Soward, A.M.: A kinematic theory of large magnetic Reynolds number dynamos. Phil. Trans. Roy.

Soc.‚ London A272, 431 —462, 1972
Soward, A.M.: A convection-driven dynamo. I. The weak field case. Phil. Trans. Roy. Soc.‚ London

A275, 611—651, 1974
Steenbeck, M.: Elementare magnetohydrodynamische Behandlung chaotisch turbulenter Medien.

Monatsber. Deut. Akad. Wiss. Berlin 5, 625—629, 1963
Steenbeck, M., Krause, F.: Zur Dynamotheorie stellarer und planetarer Magnetfelder I. Berechnung

sonnenahnlicher Wechselfeldgeneratoren. Astron. Nachr. 291, 49—84, 1969a
Steenbeck, M., Krause, F.: Zur Dynamotheorie stellarer und planetarer Magnetfelder II. Berechnung

planetenähnlicher Gleichfeldgeneratoren. Astron. Nachr. 291, 271 —286, 1969b
Steenbeck, M., Krause, F., Rädler, K.-H.: Berechnung der mittleren Lorentz-Feldstärke v >< B fur ein

elektrisch leitendes Medium in turbulenter, durch Coriolis-Kräfte beeinflußter Bewegung. Z.
Naturforschung 21 a, 369 — 376, 1966

Stix, M.: Dynamo theory and the solar cycle. In: Basic mechanisms of solar activity, V. Bumba and
J. Kleczek, eds., IAU Symp. 71, pp. 367—388, 1976

Taylor, G.I.: Experiments with rotating fluids. Proc. Roy. Soc.‚ London A100, 114— 121, 1921
Vainshtein, S.I.: Non-linear problem of the turbulent dynamo. Zh. Eksp. Teor. Fiz. 61, 612—620,

1971. Engl.: Soviet Phys. JETP 34, 327—331, 1972
Vainshtein, S.I.: Simplest dynamo instability. Zh. Eksp. Teor. Fiz. 68, 997 — 1004, 1975. Engl.: Soviet

Phys. JETP 41, 494—497, 1976
Verhoogen, J .: Heat balance of the Earth’s core. Geophys. J. 4, 276—281, 1961
Vitense, E.: Die Wasserstofflœnvektionszone der Sonne. Z. Astrophys. 32, 135— 164, 1953
Young, R.E., Schubert, G.: Temperatures inside Mars: Is the core liquid or solid? Geophys. Res.

Lett. l, 157— 160, 1974
Zmuda, A.J.: World magnetic survey, IAGA Bulletin No.28, Paris, pp. 147—205, 1971

Eingegangen am 7. Juni 1977; in revidierter Fassung am 8. August 1977



|00000732||



|00000733||

J. Geophys. 43, 719—729, 1977 Journal O]Geophysncs

Original Investigations

A Note on the Post-Rosenbluth Quasilinear
Diffusion Coefficient in the Ring Current Region

R. Treumann, A. Grafe, and H.-R. Lehmann

Central Institute of Solar-Terrestrial Physics, Academy of Sciences of the Division of Solar
and Magnetospheric Physics, Telegrafenberg A50, GDR-lS Potsdam, German Democratic Republic

Abstract. The Post-Rosenbluth diffusion coefficient in the equatorial magneto-
sphere is estimated using Explorer 45 satellite measurements of electrostatic
wave intensity levels with frequencies well above the proton cyclotron
frequency in the vicinity of the plasmapause in the ring current region during
the magnetically disturbed period of December 17, 1971 by Anderson and
Gurnett (1973). It has been found that the combined electrostatic pitch angle
and energy diffusion coefficient in the region of the plasma density gradient is of
the order of 10' 5 s“ 1 for 10 keV ring current protons. The diffusion coefficient
is a function of pitch angle and particle energy. It is minimum for oc=7r/2
protons and maximises near the loss cone boundary. A comparison with
measurements of proton precipitation near the loss cone by Amundsen (1973)
shows that it is of the correct order expected under moderately disturbed
magnetospheric conditions for electrostatic waves in the ring current region to
be an important turbulent particle loss mechanism. Inside the plasmasphere the
diffusion coefficient decreases by several orders of magnitude on a distance
much shorter than the observed ring current decay. Ion-loss cone waves are
hence ofno importance for ring current dynamics here. It is concluded that they
as well as ion-cyclotron waves play a significant rôle in ring current proton
interactions inside the plasma density gradient region. This is in agreement with
the picture of Williams (1976) for the ring current dynamics during storm
recovery and completes it with respect to electrostatic waves.

Key words: Ring current — Electrostatic wave-particle interactions — Post-
Rosenbluth instability —- Phase-space diffusion coefficient.

Loss of ring current protons from the outer magnetosphere in the region outside
and near to the plasmapause is often prescribed to the turbulent interaction
between ion-cyclotron and/or electrostatic ion-loss cone waves and ring current
protons (Cornwall et al., 1970, 1971; Coroniti and Fredricks, 1972; and others).
Such an interaction, as is well known, leads to velocity-space diffusion of the
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particles and their subsequent precipitation into the atmosphere due to scattering
in the dense region at ionospheric heights, if they reach the loss cone. This
mechanism has been extensively studied over the past decade by Cornwall et al.
(1970, 1971), Eather and Carovillano (1971) and others, where ion-cyclotron
turbulence has been favored as the basic interaction mechanism. On the other hand,
it has been demonstrated by Mizera (1974) that only a small fraction of ring current
energy is lost by precipitation, giving a reason for a search for different loss
mechanisms of ring current particles. Such additional mechanisms can be found in
the convection process itself (Coroniti, 1973), and in the charge exchange process
both outside and inside the plasmasphere (Swisher and Frank, 1968; Fritz and
Williams, 1975) though strong arguments against the efficiency of the latter have
been presented recently by Lyons and Evans (1976), Tinsley (1976) and Lyons
(1976). So considerable interest remains in the question as to whether turbulent
interaction between waves and particles would affect the ring current or not.

In a series of papers Williams and Lyons (1974 a, b) demonstrated that the ion-
cyclotron interaction can indeed produce the transition of the proton pitch angle
distribution from isotropic distributions having nearly empty loss cones to well-
rounded distributions measured in the vicinity of the plasmasphere during the large
geomagnetic storm of December 17, 1971. Joselyn and Lyons (1976) recently very
elegantly showed that the calculation of the linear wave growth rate of ion-
cyclotron waves, propagating parallel to the magnetic field lines and resonating
with ring current protons off the equator in higher latitudes, leads to reasonable
values of the net wave energy gain. Using these calculations, based on measured
proton flux and anisotropy values they were able to estimate the L-profile of the
cold plasma density and recovered the density drop at the plasmapause. These are
strong arguments for the significance of the ion-cyclotron interaction in ring
current dynamics near the plasmapause as has been proposed in the model of
Cornwall et al. (1970). Moreover, Wandzura and Coroniti (1975) pointed out the
possibility that ion-cyclotron waves could become nonconvective well outside the
plasmasphere thereby leading to largely enhanced phase-space diffusion. This type
of interaction thus seems to be a fundamental one all over the region of the
magnetosphere near and not too far outside the plasmapause (cf. also the reviews of
Williams, 1975, 1976; Lyons, 1976). The theoretical calculations (Gendrin, 1975;
Perraut and Roux, 1975) of the ion-cyclotron growth rates and resonant energies in
this region are also in good agreement with this picture.

In the present note we investigate the importance of another likely candidate of
ring current wave particle interaction, the electrostatic Post-Rosenbluth in—
stability. This instability develops when a proton loss cone distribution is present.
The unstable waves have frequencies well above the ion-cyclotron frequency and
comparable with the ion plasma frequency; they propagate approximately
perpendicular to the ambient magnetic field direction. It is interesting to remember
that all particles of sufficiently high energy contribute to the development of the
instability so that it can be expected that the instability is always present in the ring
current region if only a loss cone distribution exists in one of the energy channels.
Similarly as described above for the ion-cyclotron instability, the Post-Rosenbluth
instability drives the particle distribution to isotropy by quasilinear phase-space
diffusion, as has been demonstrated by Galeev (Sagdeev and Galeev, 1969). A
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discrimination between the two instabilities on the basis of particle measurements
only seems difficult. The basic difference in the action of the two instabilities on the
particles consists in the level of the energy diffusion. Ion-cyclotron turbulence
results merely in pitch angle diffusion, whereas the pitch angle and energy diffusions
caused by Post-Rosenbluth turbulence are of the same order of magnitude. In the
latter case appreciable ring current cooling should be observed therefore simul-
taneously with the flux isotropisation.

On the other hand, wave intensity measurements in the turbulent region are a
suitable instrument for calculating the relevant phase-space diffusion coefficients.
Unfortunately, measurements of ion-cyclotron waves in space are rather rare. Only
very low electromagnetic noise levels have been observed in the vicinity of the
plasmasphere (Anderson and Gurnett, 1973; Parady and Cahill, 1973 ; Taylor et al.,
1975). Instead in the region outside the plasmasphere intense electrostatic noise has
been detected by Anderson and Gurnett (1973). So the possibility arises that
electrostatic turbulence well above the proton cyclotron frequency is also effective
in diffusing ring current protons into the loss cone at least throughout the region of
the bulk plasma density drop farther away from the earth. In the plasmaspheric
region itself one can expect that ion-cyclotron turbulence will dominate because'of
the lower threshold of the electromagnetic instability.

We have already mentioned that as to the kind of the relevant electrostatic
instability one can refer to the proton distributions observed by Williams and
Lyons (1974 a, b) which in the region of interest are of loss-cone type. Thus the loss-
cone or Post-Rosenbluth instability seems to be a serious candidate. In a recent
investigation (Grafe and Treumann, 1976) these distributions have been used to
determine the L-dependence of a proton pitch angle diffusion coefficient within the
ring current region for different proton energies. There the interaction process has
not been specified. The interesting result of that investigation was the detection of a
double-structure in the energy dependence of the diffusion coefficient, suggesting 2
different, simultaneously acting turbulence mechanisms. The relevance of elec-
trostatic interactions for the more distant ring current region and plasma sheet has
been previously advocated by Coroniti et al. (1972) and Hultqvist (1975). The
arguments of Hultqvist are based on the observation of proton precipitation in
lower altitudes and for the region attached to the plasmapause agree very well with
the equatorial picture drawn by Williams and Lyons (1974a, b).

The present study is a first attempt into the direction of calculating the phase
space diffusion coefficient from wave turbulence measurements in space. In this
sense it is to a certain degree complementary to our previous study (Grafe and
Treumann, 1976) and to the investigation of Joselyn and Lyons (1976) where
particle measurements have been used to obtain information about the pitch angle
diffusion coefficient and the wave growth rate, respectively. Since electrostatic ion
wave intensity measurements are rather sparse in the earth’s environment, we use
the only available to us published values of Anderson and Gurnett (1973). These
authors measured appreciable electrostatic wave levels in the ring current region
during the December 16/17, 1971 storm period. Unfortunately, from a more general
point of view this storm must be considered with caution; it seems that it aborted
itself and did not develop a symmetric phase where the ring current encircles the
earth. Since however no wave intensity measurements have been published for the
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main storm of that time period, beginning on December 17, 1971 (Explorer 45 orbit
101) and investigated by Williams and Lyons (1974a, b), we are forced to restrict
our calculation on the above mentioned period.

The electrostatic spectral densities at three L-values taken from Anderson and
Gurnett (1973) are shown in Figure 1, where the obvious contributions of ELF
electromagnetic hiss and banded chorus have been eliminated from the curves. In
the following these spectra will be normalised with respect to the maximum of the
observed intensity. Knowledge of these spectra at the three spatial points L = 3.3, L
=3.44, and L=3.87 in the equatorial plane enables us to estimate the radial
equatorial profile of the Post-Rosenbluth diffusion coefficient for the December 17,
1971 storm period under consideration. For comparison, the plasmapause had
been found on the basis of do electric field measurements near L: 3.4 during the
observation time (Anderson and Gurnett, 1973). All three spectra lie in the
interesting plasma density gradient region in the vicinity of the plasmapause; the
point L = 3.3 can be interpreted as near its inner edge, L = 3.87 is near its outer edge.
L = 3.44 is probably well within the steepest gradient. It should however be pointed
out that no definite decision can be given with respect to the positions relative to the
plasmapause, because the gradient region is rather broad when it is determined
from particle measurements (Williams, 1976), and the position of the plasmapause
has been taken from dc convection potential measurements which give no clear
indication of the situation of the plasmapause in relation to the density gradient.
We therefore restrict ourselves to the above somewhat imprecise localisation of the
measurements.

A crude estimate of the Post—Rosenbluth diffusion coefficient D is obtained
from the following expression:

(1)2 E2 IE '2
D J : —”2 —k_

k
(“i w ë kî m2 u?“ (1)
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given in Sagdeev and Galeev (1969). Here w = vÎ/u2 is the perpendicular energy of
the ring current protons normalised to the ion temperature, u the thermal proton
velocity, m their mass, e the electronic charge, k and wk wave number and frequency
of the ion-loss cone waves, respectively, and |Ek|2 is the spectral density of the wave
intensity. It has been further assumed that w>wË/kî u2 since particles from this
region of the velocity space contribute maximally to the quasilinear diffusion
process (Sagdeev and Galeev, 1969).

Replacing the sum in (1) by an integral and stepping from IEkI2 to |E(,,|2 by use of
the identity

1 1
(2703 ld3k milk; jdw IEwIZ (2)I wavel2 =

where the bar indicates averaging, and the average in the k-integral has been taken
with respect to the unit volume, whereas in the w-integral it has been taken with
respect to the time unit, and it has been assumed for simplicity that both procedures
lead to the same value of IEWMI2 (for a more rigorous procedure see Lyons (1974)
and Grafe and Treumann (1976)).
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the maximum spectral density, W;,, the thermal energy of the particles, and cop, the
plasma frequency at the outer edge of the density gradient region. With these
abbreviations the diffusion coefficient, normalised to DO can be written

D N 3/2 1
DnE—zZ (—3) j xdxlExlf

D0 NL xmin

”(No/NLP/2 lExli (1 ‘ffim/Jffiil (8)

In the last expression IExlf denotes an average value of the energy density of the
wave taken over the frequency band of the electrostatic emission. NL and N0 are the
densities at the distance L and the outer edge of the density gradient region,
respectively. Since, from Figure 1, xmin =fmin/fmax ‚S 0.1, the last term in the bracket
can be neglected in comparison with 1.

Equation (8) indicates a decrease of D„ with increasing plasma density. So we
expect D„ to be lower in a region of high than in the region of low density.

Table 1 gives the values of Dn calculated from Figure 1 and Equation (8). Of
course the values given there are only crude estimates of the diffusion coefficient.
On the other hand the approximations introduced in the previous discussion justify
the roughness of our estimate.

The D„ values of Table 1 are used for depicting the approximate spatial
variation of the Post-Rosenbluth instability quasilinear diffusion coefficient in the
region adjacent to the plasmasphere in the magnetospheric equatorial plane in
Figure 2, where the position of the plasmapause, as given by Anderson and Gurnett
(1973), has been indicated by an arrow. From this picture it can be seen that the
Post-Rosenbluth diffusion coefficient is approximately constant throughout the
density gradient region at the plasmapause. Entering the plasmasphere from
outside, the diffusion coefficient falls by about seven orders of magnitude on a
distance of only one fifth earth radius thus pointing out that Post-Rosenbluth
instability is of no importance for the behavior of the ring current protons within
the plasmasphere. Since IEkI2 ~ N “ 1 from Equation (5), the electric power density
drops rapidly here, because the cold plasma density is too high so that the growth
rates of the instability become low (y~N‘1/2). The rapid ring current decay
observed in this region cannot therefore be attributed to the electrostatic loss-cone
instability of the protons, if only our estimates are correct. One expects that other
process should be responsible for the observed ring current proton decay inside the
plasmasphere. The remaining relevant processes are the ion-cyclotron mode
turbulence, and charge exchange between hot ring current particles and cold
plasmaspheric hydrogen. In low density regions however one can expect that
phase-space diffusion driven by the electrostatic ion-loss cone instability does
contribute to the ring current proton losses and cooling.

To obtain an estimate of the value of the diffusion coefficient, we return to
Equation (7) for Do. First we observe that this formula can be written

27r2 e2 '1’— 3/2 a)2
'Êax iExlrznax‘ (9)D , W = ,0(a )

mVVih (W/I/Vih)1/2 Slnü mp0

It can be seen that the phase space diffusion coefficient depends strongly on the
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Fig. 2. The L-dependence of the estimated normalised diffusion coefficient DH given in Table 1. High and
nearly constant D" values appear near the outer edge of the plasma density gradient region. Near the dc
plasmapause indicated by an error, D„ decreases by several orders of magnitude. For comparison the L-
profile ofthe ring current decay has been redrawn for the same orbit from Williams et al. ( 197'3}. The ring
current proton distribution extends farther into the plasmasphere than the D„ profile. Hence inside the
plasmasphere ion-loss cone modes become unimportant for ring current dynamics

pitch angle a and is a weak function of the particle energy W. For particles having
pitch angles near the loss cone angle, DO becomes very large. Such particles
experience strong diffusion both in pitch angle and in energy. Particles of large
pitch angle near or=7r/2 diffuse the least. Writing

Doha, wizoom/z, W)/sin or, (10)
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we can estimate D0(7t/2, W) that is the minimum diffusion coefficient. Since
particles having energies above W;,, contribute most to the wave growth, DO
maximises for w~1 when the particle energy is of the order of the thermal energy.
Arbitrarily choosing WttOkeV for ring current protons, fmax/ „2510—2,
lExlfnaxz 10‘8 s/mz, and '1’ is of order 1, we get

D0(n/2)z2 >< 10-5(10/W„‚ [keV])s-1. (11)
Of course this value decreases for increasing thermal energy of the ring current
protons. At the edge of the loss cone (approximately 6° near L z 3.5) this value has
to be multiplied by (sin 6°)“ 1 = 9.57 so that D0 is here of the order 2 x 10‘4 s“ 1. One
can compare this value with estimations of the proton diffusion coefficient based on
low altitude proton intensity measurements near the loss cone by Amundsen (1973)
who used energies between 125 g W§190keV at 4_S_L g6 and obtained values
between 8 >< 10“5 s‘1 and 30 x 10‘5 s“1 at L=4. Taking into account that his
energies are by a factor 20 higher than ours, we find from Equations (11) and (9) at oc
=6° for D0(6°, 200 keV)z4.3 x 10‘5 (10/W„‚)s‘ 1, a value smaller only by a factor
between 2 and 7 than that found by Amundsen (1973). This difference can be
attributed to the unknown thermal energy of the ring current protons which can be
easily higher than 10 keV by a factor 2 or 3; it can also be attributed to the cold
plasma density or different magnetospheric situation. We can therefore conclude
that our value is not unreasonable when compared with the diffusion coefficients of
Amundsen (1973). We note, however, that our estimate in (1 1) is by approximately 2
orders of magnitude lower than the estimated proton pitch angle diffusion
coefficients for the main storm period following the disturbance considered in the
present note. Indeed, Grafe and Treumann (1 76) obtained proton diffusion
coefficients for the December 17/18, 1971 magnetic storm of the order of 10‘ 3 5—1.
Their calculations were based on the proton pitch angle distributions of Williams
and Lyons (1974 a, b). We dont know whether this discrepancy is a fundamental one
or not. Since the measurements of Amundsen (1973) proceeded during quiet and
moderately disturbed times, one could argue that our estimate during the not fully
developed storm of December 17, 1971 belongs to similar magnetospheric
conditions as those of Amundsen (1973). On the other hand, taking into account the
rather sensitive dependence of D0 on the cold plasma density, a further decrease of
the latter by one order of magnitude only increases D by approximately 2 orders up
to the value obtained by Grafe and Treumann (1976). Therefore no definite answer
can be given concerning the reason of the discrepancy.

Summarising we conclude that the estimate of the Post-Rosenbluth diffusion
coefficient based on electrostatic wave power measurements well above the ion-
cyclotron frequency during a magnetically disturbed period led us to reasonably
high diffusion coefficients in the region of the steep plasma density gradient at the
plasmapause. We argue that the Post-Rosenbluth instability is likely to exist here
simultaneously with the ion-cyclotron instability. In such a case both electrostatic
and electromagnetic turbulence are responsible for particle precipitation from the
ring current, but the electrostatic ion-loss cone instability is mainly responsible for
ring current cooling.

The strong radial dependence of the Post-Rosenbluth diffusion coefficient
shown in Figure 2 indicates the existence of a limited range of L-values where the
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Post-Rosenbluth instability can be excited in the magnetosphere. In fact, to gen-
erate ion loss-cone waves a loss cone distribution of ring current protons is required.
In the near earth plasma sheet region mainly isotropic ring current proton distri-
butions have been found (Williams and Lyons, 1974a, b) at least during storm
recovery phase. Since it is not clear if this isotropy is a consequence of the presence
of an instability, the existence of ion-loss cone waves in this region cannot be
excluded a priori, though no empty loss cones have been observed. The possibility
remains that the particle distribution is held isotropic in the regime of strong
diffusion (Kennel, 1969) due to the presence of ion-loss cone turbulence. In such a
case one assumes high wave turbulence levels and substantial particle cooling here.
To our knowledge none of these effects has been observed yet in the plasma sheet
region. Nearer to the earth but outside the plasma density gradient the plasma
density is low but approximately independent on L, whereas high ring current
proton fluxes having nearly empty loss cones are present. One could await that ion-
loss cone waves would be excited here, and the low plasma density predicts high
diffusion coefficients here. On the other hand the diffusion coefficient depends
parametrically on the thermal energy Wm of the protons which increases
exponentially with increasing distance L (Frank, 1971; Williams, 1976) and causes
an exponential decrease of D according to W",— 1/2. Moreover the smallness of the
loss cone in this region and the fact that the distributions are isotropic suggest that
the excited wave intensities will be low outside the density gradient. Hence
protons might be stable against loss cone instability here, as they are with
respect to the ion-cyclotron instability.

In the plasmaspheric boundary region we observe firstly a steep plasma density
drop (Rycroft, 1975; Corcuff, 1975) of at least 2 orders of magnitude on a scale of
0.4L, corresponding to a dependence ofN(L) proportional to N(L) ~ exp( — 5 L). At
the same time the thermal energy increases as Wth(L)~exp(2.5 L) for L < 3.5, and
W;,,(L) ~exp(0.5—1.0)L for larger L. Since from Equations (7) and (8)
D ~ N ‘ 3/2 Wm“ 1/ 2, this gives (under the supposition of a constant wave intensity) an
increase of D in the plasmapause density gradient region according to D ~ exp(5—
7)L from the low values of D which we expect for the interior of the plasmasphere.
So high diffusion coefficients can be expected only in the density gradient region.
This confirms the results of our estimations.

We are now in the position to complete the picture drawn by Williams and
Lyons (1974a, b) for the ring current behaviour in the Vicinity of the plasmapause
with respect to the electrostatic ion-loss cone instability. On the basis of our
discussion we conclude that along with the ion-cyclotron instability electrostatic
ion-loss cone turbulence can develop in the region of the steep plasmapause density
gradient. The estimated diffusion coefficients for this kind of unstable wave-particle
interaction are reasonably high here to be comparable with estimates obtained for
the pitch angle diffusion coefficient from proton precipitation measurements
during moderately disturbed times. If Post-Rosenbluth turbulence develops here,
it will affect the ring current particle distribution and contribute as to proton pre-
cipitation as particle cooling. Inside the plasmasphere the diffusion coefficient is
very low. It decreases in a distance of only 0,2 earth radii, whereas the ring current
has been observed to penetrate the plasmasphere up to one earth radius (Fig. 2).
Hence we conclude that the unstable ion-loss cone waves do not play any rôle in
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ring current dynamics inside the plasmasphere. Outside the density gradient we
again expect low diffusion coefficients and minor losses of ring current protons due
to Post-Rosenbluth turbulence. This would confirm the observation on stable
distributions in this region (Williams, 1976).
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ring current dynamics inside the plasmasphere. Outside the density gradient we
again expect low diffusion coefficients and minor losses of ring current protons due
to Post-Rosenbluth turbulence. This would confirm the observation on stable
distributions in this region (Williams, 1976).
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Remote Sensing Experiment for Magnetospheric
Electric Fields Parallel to the Magnetic Field

K. Wilhelm

Max-Planck-Institut für Aeronomie, D-3411 Katlenburg-Lindau 3, Federal Republic of Germany

Abstract. Taking the indications of field-aligned electric fields occurring in
the magnetosphere as point of departure and considering the consequences
of these fields for magnetospheric dynamics, this paper discusses a remote
sensing experiment for magnetospheric electric fields parallel to the magnetic
field. The concept of the experiment requires that test particles are artificially
injected into the magnetosphere from some appropriate spacecraft. Under
suitable conditions the particles will be reflected and be observable as fast
echoes. Means of observing these echoes are discussed with particular em-
phasis on the observation of the transit times as functions of the magnetic
moment and of the energy. The transit time function is also theoretically
obtained by integrating the equation of motion of the guiding centre of
a test particle. It is shown that this function distinctly differs for different
electric field configurations. By solving Abel’s integral equation, the electric
field along the magnetic field line can approximately be reconstructed from
the transit time observations for certain configurations. It is concluded that
this method is capable of providing structural information on E ”B-regions
in the magnetosphere using rather general model assumptions.

Key words: Magnetospheric electric fields — Field—aligned electric fields
— Fast electron echoes.

1. Introduction

The Earth’s magnetic field provides a framework for the structure of the various
ionized particle populations forming the magnetosphere. The lack of adequate
experimental techniques for static electric field observations in this region led
to an underestimate of the importance of electric fields for magnetospheric
dynamical processes. Although theoretical considerations suggested the decisive
röle of the electric field perpendicular to the magnetic field, the understanding
was hampered by the ignorance on the distribution of these fields and their
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projection along the magnetic field lines. One school of thought claimed that
magnetic field lines should be equipotentials and therefore only the electric
field component perpendicular to the magnetic field should be of any signifi-
cance. Alfvén (1958), however, had pointed out that electric fields parallel to
the magnetic field should exist in the magnetosphere. It is clear that these
electric fields would have a major impact on energetic particle acceleration
and precipitation.

There also is experimental evidence now available that field—aligned electric
fields are present in and above the ionosphere at least occasionally. A detailed
review on parallel electric fields has recently been given by Mozer (1976). Double-
probe observations on sounding rockets have indicated that parallel electric
fields of the order of 10 to 20 mV/m are present in the lower magnetosphere
(Mozer and Bruston, 1967; Kelley etal., 1971). Energetic particle precipitation
with nearly monoenergetic fluxes has been observed on many occasions and
has often been interpreted as being caused by parallel electric field acceleration
(Albert, 1967; Evans, 1968; Westerlund, 1969; Choy et al., 1971; Reasoner
and Chappell, 1973; Arnoldy et al., 1974). These measurement have furthermore
shown that the maximum potential drop along a field line is of the order
of 10 to 15 kV, as the energy at which these monoenergetic peaks occur consis-
tently lies below this value. With the assumption that electrons moving up
the field line are reflected by the parallel electric field region and thus added
to the original monoenergetic spectrum Evans (1974) has reached a good agree-
ment between the spectral observations and his model. These interpretations
are also consistent with the observations of inverted-V structures in the auroral
energetic particle spectrogrammes (Frank and Ackerson, 1971). Field-aligned
electron and proton fluxes have also been observed and interpreted as a conse-
quence of parallel electric field acceleration near the ionosphere, although other
processes cannot completely be ruled out (Hoffman and Evans, 1968; Hultqvist,
1971; Choy et al., 1971; Whalen and McDiarmid, 1972; Evans etal., 1972;
Bosqued et al., 1974; Arnoldy et al., 1974). The observation that artificially
injected Barium ions experienced an electrostatic acceleration at several 1000 km
altitude has provided strong support for the existence of field-aligned electric
fields (Haerendel et al., 1976).

Similar conclusions have been reached by analysing high-time resolution
studies of energy dispersion events occurring in energetic particle fluxes (Lamp-
ton, 1967; Johnstone and Davis, 1974). Finally the recent observation of the
Earth kilometric electromagnetic radiation during substorm events (Gurnett,
1974, 1975) and observations of currents and plasma waves in the disturbed
polar cusp (Fredricks et al., 1973) might be indications of turbulent interaction
in the lower magnetosphere giving rise to anomalous resistivity and consequently
to parallel electric fields.

If only Coulomb collisions are acting, the resistivity of the magnetospheric
plasma along the magnetic lines of force should be very small and potential
drops can only be maintained by a differential anisotropy of different particle
species in a magnetic mirror configuration or by a thermoelectric effect
(Hultqvist, 1971; Block and Falthammar, 1976).

Theoretical arguments (Holzer and Sato, 1973; Falthammar, 1969; Kindel
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and Kennel, 1971; Block, 1972) and laboratory observations (Hamberger and
Friedman, 1968), however, suggest that the resistivity of a plasma along the
magnetic field increases by orders of magnitude if the current along the line
of force reaches a certain threshold. The turbulent region and consequently
the electric field would be distributed along the magnetic field line. Another
theoretical prediction is that very localized electric double layers form within
a distance of 10 to 100 Debye lengths and give rise to steep potential drops.
The distinction may be less pronounced as the possibility of many double
layers existing simultaneously cannot be ruled out a priori.

In the light of these considerations, the first objective of this experiment
would thus be to demonstrate conclusively the existence of parallel electric
fields. In order to distinguish between the theoretical interpretations mentioned
above, or possibly still another hypothesis, it is essential to determine the struc-
ture of the electric field region along the magnetic field line with good spatial
resolution. This implies, in particular, the location of the electric field above
the ionosphere and the total potential drop. It is also required to study the
latitudinal and longitudinal extent of the electric field regions and the time
and conditions of their occurrences.

2. Experiment Concept

The experimental difficulties in measuring magnetospheric electric fields parallel
to the magnetic field primarily stem from the following facts:

— The electric fields are very small and thus require for their direct detection
very sensitive and accurate measurements.

— Direct measurements can significantly disturb the environment in the
rarefied plasma.

— The height region in which parallel electric fields seem to play a rôle
can only be investigated by satellites in high—inclination orbits during very short
passes and is very difficult or not at all amenable to sounding rocket investiga-
tions.

— The satellite observations can in any case not provide height profiles,
whereas the sounding rocket investigations can at best only be done sporadically.

— The spacecraft motion introduces v-contributions into the electric
field measurements that can only be taken into account with difficulty.

A considerate look at these experimental difficulties suggests employing a
remote sensing technique for the investigation of the parallel electric fields.
Such a technique could consist of artificially injected energetic particles of differ-
ent species, e. g. electrons or protons. They subsequently move along the magnetic
field line until they are reflected by potential barriers. It will thus be possible
to detect the particles near their point of injection as fast echoes and determine
their transit time. It will be demonstrated that the method is able to provide
profiles of the electric field distribution along the magnetic field line and in
addition a value of the total potential drop that is nearly model-independent.

The concept of the experiment is sketched in Figure 1. It has been assumed
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Fig. l. Conceptual view of the remote
sensing experiment for electric fields
parallel to the magnetic field. The particles
will be injected from a spacecraft at a
location 50 and reflected at 3," within an
electric field region extending from 31 to Hz.
The top of the dense atmosphere is denoted
by SA

that the particle injection device is mounted on a Shuttle/Spacelab system.
Particles of initial kinetic energy W are being injected at 50 under a pitch
angle of 0:0. The parameter s is measured along the magnetic field line with
3:0 at the Earth‘s surface. As a first approximation it will be assumed that
the particles behave adiabatically. which means that the particle magnetic mo—
ment

#=[W—Q¢’(8)l 3‘ 1(5‘)Sin3-1(S) (1)
with

W initial kinetic energy of particle
q charge of test particle
(f) electric potential with q5(so)=0
B magnetic field strength
a: pitch angle

is an invariant of the particle motion. If only static magnetic fields are acting
on a particle, the energy of the particle also is constant. In the presence of
parallel electric fields this does not hold any longer and the particle energy
in the non-relativistic approximation changes as given by

m (vi +vfi)/2: W— qdfls) (2)

with

at mass of test particle
vl transverse velocity with respect to B
a” parallel velocity with respect to B
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Equations (l) and (2) can be combined to give the parallel velocity of the
particle guiding centre along the magnetic field

v” = {2[W— mus—u Ben/m} ”2 <3)
For a magnetic dipole configuration the inequality

u dB/ds < O (4)
holds everywhere below the peak altitude of a given field line. Without electric
field it is thus obvious that only bounce motions of the particles between conju-
gate points can be performed as the parallel velocity is always increasing while
the particles are moving up the field lines. Observations of bounce echoes
have been made by Winckler (1976) on several occasions and have provided
information on the gross magnetic field configuration. The discussion in this
paper will be limited to cases where there is an electric field above the ionosphere
satisfying the condition

sign [61 ¢ (8)] > 0 .(5)
which is a necessary but not a sufficient condition for the occurrence of fast
echoes. Field reversals as a function of s will not be considered. After injection
from either a Shuttle/Spacelab or a rocket system, the particles spiral around
the magnetic field line until they are reflected by a potential barrier. Although
the particle injection is a rather straightforward procedure, the subsequent detec-
tion is much more involved and requires elaborate considerations and possibly
rather complex experimental procedures.

The simplest way of finding the reflected particles would be to observe
their interaction with the atmosphere. Optical observations should be capable
of detecting electron beams with a power of more than 1 kW (Winckler, 1976).
These observations could either be done from Spacelab, from the ground or
from aircraft. Due to the large observing screen, it would be possible to determine
the transit time as a funCtion of the injection parameters. Using this method
one would not expect great difficulties from drift displacements of the particles
caused by perpendicular electric fields.

The disadvantages of the optical method are first that protons cannot effec-
tively be detected, second that the beam current required is rather high and
will probably not fulfill a non-perturbation criterion, and lastly that the optical
observations are too indirect to determine energy and pitch angle modifications
of the particles that might give a clue to the understanding of the turbulent
interaction processes in the lower magnetosphere. In an attempt to avoid high
beam currents for optical detection, one might modify the optical method by
releasing gas from the space vehicle itself. Successful detection of the injected
beam by this method has been reported by Winckler (1976). With releases
controlled in time and direction it should thus be possible also to detect the
echo beam.

Detailed information on the returning beam can only be obtained by direct
observation of the reflected particles. This method suffers from the high orbital
velocity of Spacelab. For instance, in a circular orbit passing through So = 500 km
at a geomagnetic latitutde of 67 deg the orbital velocity is v30=7.64 km/s and
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Equations (l) and (2) can be combined to give the parallel velocity of the
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v” = {2[W— mus—u Ben/m} ”2 <3)
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u dB/ds < O (4)
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the orbital period is Torbit=5.65 >< lO3 s. In the guiding centre approximation
the injected particle will stay on the field line of injection and consequently
the detection device has to be mounted on a spacecraft that will trail Spacelab
in such a manner as to be on this field line after the transit time of the test
particle. It will be shown later that transit times for electrons vary from O
to about 1 s consequently requiring separation distances of the subsatellite from
the Shuttle/Spacelab system between 0 and 10 km. Moreover, the perpendicular
electric field introduces a E x B-drift that leads to displacements either parallel
or perpendicular to the orbital velocity. If the particles are injected from a
sounding rocket, the experiment does not have to cope with a high orbital
velocity, however, the unknown E >< B-drift is still of major concern.

Despite these difficulties the direct detection method is of potential useful-
ness, in particular, when combined with other methods. This is mainly so because
of the fact that by varying the injection parameters energy and pitch angle
the return beam can be swept over the particle detector position. Direct measure-
ments have the additional advantage that the required beam intensities are
expected to be low and, therefore, should satisfy the non-perturbation criterion.

It must be mentioned at this juncture that the direct detection of reflected
particles is even more involved than discussed so far. This derives from the
fact that the artificial beam is highly anisotropic as it is laterally confined
within one Larmor radius from the injection field line. Contrary to the situation
for natural particle flux observations, the azimuth of the detector viewing direc-
tion therefore becomes of great importance. Even if the detector is placed
at the correct location and is looking under the right pitch angle, it will not
be able to see the beam particles unless the detector also looks into the right
azimuth. These rather stringent requirements may be relaxed in the case of
nonadiabatic motion of the particles. Provided that the particles do not
completely forget their history, non-adiabatic processes will thus be very helpful
in increasing the detection probability by decreasing the anisotropy and at
the same time increasing the beam width. In order to investigate the possible effects
in some more detail, variations of the magnetic moment and the energy have
been considered during the propagation of the particles.

One result obtained was that energy variations did not play a major rôle.
If magnetic moment variations occur coherently, which seems to be a reasonable
assumption under anomalous resistivity conditions (Mozer, 1976), it could be
shown that this effect has to be taken into account. Out of the many computer
test runs that have been performed for arbitrarily chosen pairs of effective
collision times and variations of the magnetic moment, three are plotted in
Figure 2. They represent typical examples and clearly demonstrate that there
is a pronounced focusing effect acting in this configuration, for which a very
simple physical explanation can be given: With decreasing magnetic moment
u the reflection point sm increases and at the same time the parallel velocity
12” increases as well and vice versa. The longer (shorter) trajectory as compared
to the undisturbed case is therefore compensated to some extent by the higher
(lower) velocity. The particle guiding centre will at the same time experience
a random walk around the field line of injection.

Finally, the expectation is that particle beams in a plasma should develop
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Fig. 2. Modifications of the particle guiding
centre trajectory by nonadiabatic effects.
The paths of three test particles are plotted. _ . . . Ë 1500 _
over the tune elapsed since injection. An L.
electric field region is assumed to be a.
present above s, = IÜÛO km with a field 33
strength of 5 mV/m. For two different pairs E
of the effective collision time and relative DC: 1000 ‘

variation of the magnetic moment the paths
of two particles were evaluated and
compared with the particle experiencing no
change of the magnetic moment. The 500
effective collision time is defined by the
interval in which any interaction of the test
particle with its environment leads to a
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instabilities that give rise to electrostatic and electromagnetic radiation. Electro—
magnetic radiation of electron beams injected from sounding rocket payloads
have been detected near the plasma frequency (Winckler, 1974). The investigation
of the waves emitted by artificially injected particle beams are not only of
importance as diagnostic tool but also as a means to study the beam instabilities.
Sounding rocket experiments (Hendrickson et al.. 197l : Hess et al.. 197l ; McEn-
tire et al., 1974) have shown that there is no catastrOphic instability acting in an
artificially injected particle beam so as to prevent subsequent detection, but many
plasma waves have been observed at various frequencies.

3. Measurements Required

As has been discussed in Section 2. there are quite a few techniques under
study that might eventually be useful for observing the return beam. Any such
device or a combination of them must ultimately be capable of performing
the following measurements:

— The most important observation of the experiment is the particle transit
time as a function of the injection parameters. In this paper we will consider
the transit time as a function of the initial energy W and the magnetic moment
it or the initial pitch angle 9:0:

T: T( W41); 03113110); W. (Ô)

In particular, the dependence on W will be studied while maintaining a constant
‚u at injection. As the calculated transit times for electrons amount to less
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than a second under the assumption of realistic E H B-regions, very high-time
resolution observations are required. All candidate methods for obtaining the
transit time function have to cope with background problems. As most of
the electric field regions can be expected above auroral displays, the optical
methods have to eliminate a high natural auroral light background. The wave
observations, on the other hand, will have to be carried out with a high back-
ground noise resulting from wave-particle interactions of the natural particle
fluxes with the ambient wave field. The direct detection method, although hand-
icapped by the orbit and attitude requirements, has the least severe background
problem. This is a consequence of the fact that the direct measurements can
be done differentially in angle and energy thus reducing substantially the natural
flux contributions. If conspicuous reflections of adiabatically behaving particles
occur, it can be shown that the ratio of artificially injected to natural electron
counts is of the order of 104 for an electron beam with currents of approximately
1 mA.

— Also of great importance is the measurement of the total potential drop
in the parallel electric field region. This quantity can be observed by determining
the energy and magnetic moment thresholds at which the reflection geometry
turns over into a transmission configuration. It should be noted that these
thresholds are only weakly dependent on the magnetic and electric field model
and thus give unambigious information on the electric field properties.

— The measurements of the variations of the initial energy and the modifica-
tion of the magnetic moment will be of value in studying and understanding
the beam-plasma interactions. For the experiment concept developed in this
paper these observations are not of primary interest, although a detailed knowl-
edge of the beam-plasma interactions is essential before successful attempts
to perform echo identifications can be undertaken.

— The displacement of the beam can be used as a measure of the E x B-drift.
The particles also experience magnetic gradient and curvature drifts. It can
be shown that under auroral conditions the E >< B-drift is by far the most impor-
tant drift effect. For the direct detection method it will be helpful to measure
the perpendicular electric field by other means and take this information into
account when positioning the measuring device, although one has to remember
that the field lines will not be equipotentials in the presence of EM fields.

It was already mentioned that this experiment is meant to be a probe experi-
ment. Initially the experiment parameters should therefore be adjusted in such
a way as not to disturb or modify the natural conditions leading to the parallel
electric field. For an understanding of the physical processes operating above
the aurora, it is~ however also of importance to study the modification of these
conditions at a later stage. The essential parameters for these studies obviously
are the beam current and power. Under the assumption that the injected beam
is confined to a flux tube with a radius of not more than a Larmor radius, the
injected energy is comparable to the thermal energy of the natural electrons
when the beam current exceeds approximately 10 mA. Hence it is conceivable
that modification experiments can be done quite easily.
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4. Deductions

A successful preparation of the experiment can only be initiated if the conditions
of particle reflection and the expected transit times are well understood. With
a view to achieving this goal the following computer simulations of particle
motions were performed. In these studies models of the magnetic and electric
fields had to be assumed. The magnetic field was approximated by

B(s) ~ (3 + RE)‘ 3 (7)
with RE being the Earth’s radius.

The electric field was assumed to be either constant over a path length
of several 1000 km or following a Gaussian distribution along the field line
of the form

E“ (S) = — U(27IO'2)— 1/2 exp[—— (s—§)2/202] (8)

with
E mean value of s

(representative for the location of electric field maximum)
02 variance of s

(representative for width of E-field region)
U potential difference for s: i oo.

The equation of the electric field can be integrated to give the potential
function

¢(s)= — ÎE”(s)ds (9)
satisfying the condition ¢(so)=0. It is of great importance to note that particles
with ‚u>0 will not have lost all their kinetic energy at the reflection point.
This is a straightforward consequence of the constancy of the magnetic moment
in Equation (1) and the Equation (2). As the scattering decreases with increasing
particle energy, particles with high transverse energy have a good change to
remember their injection and propagation history and will thus be useful for
subsequent detection. For a specific electric field configuration the situation
is presented in Figure 3. It can be seen that the electric potential at reflection
has a minimum for pitch angles of 90° and that after Equation (2) the correspond-
ing kinetic energy has a maximum there. This points to the potential usefulness
of particles near 90° pitch angles. There might be a conflict with spacecraft
safety requirements as it is clear that these particles will return close to the
spacecraft after one Larmor period. In this context one should, however, notice
that the required current intensities for this experiment are so low that there
is no risk involved, provided the gun can be safeguarded against accidental
high-current operation in the 90°-pitch angle direction. Figure 3 also shows
that the experiment can utilize pitch angles below 90°, i.e. particles injected
downwards, as long as they do not reach the dense atmosphere before being
reflected in the magnetic mirror configuration.
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Taking .into account the potential drops so far observed in the magneto-
sphere, one can conclude from Figure 3 that particles of more than 15 keV
initial energy will not be very attractive for this experiment as they probably
will not be reflected under natural conditions. In the upper part of Figure 3
the reflection point 5m is plotted as a function of the injection pitch angle
and with initial energy as parameter. If we restrict the initial energies to values
smaller than 15 keV, a path length up to approximately 4000 km can be studied
by the experiment in this particular example. It can, however, be said that
this range amenable to investigations by this method is typical for most of
the configurations considered in this paper.

Using Equation (3) the transit time of the particles can be obtained by inte-
grating the differential times along a given path increment ds according to

T=2jflvfilds (10)
SO

with

3m mirror point defined by v“ : 0.

Numerical integrations of Equation (10) were performed for many different
examples. Two of these are shown in Figure 4 in the form

T: Nota); W=Const. (ll)

In the upper part of the figure an extended constant electric field has been
assumed to exist above the injection point. Particles with high initial energy
penetrate deep into this region and consequently have long transit times as
compared to low energy particles. If, on the other hand, a double layer configura-
tion with a very localized potential barrier is assumed above the injection point
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Fig. 4. Transit times of electrons as a function of
the initial pitch angle. Calculations were performed
for two different models. In the upper part of this
figure an extended electric field of 5 mV/m was
assumed above 3] = 1000 km. In the lower part an
electric double layer configuration at 3‘: 3000 km
was assumed
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as has been done in the lower part of Figure 4, the length of the trajectory
of the guiding centre does not depend critically on the particle energy and
therefore particles with high energy need a smaller transit time. This leads
to the important conclusion that a distinction between extended and localized
electric field regions can unambigiously be made by simply comparing transit
times of particles with different injection energies.

In Figure 5 transit time calculations are presented for a Gaussian distribution
of the electric field along the magnetic field line. Also given in Figure 5 are
the reflection points Sm and SE).

The plot of the lower reflection point 55 emphasizes the role of the local
particle loss cone geometry. For particles outside the loss cone a magnetic
and electric confinement'situation is present resulting in the possibility of multi-
ple reflections. In the lower part of Figure 5. the transit times for multiple
reflections are calculated and presented with the notation T1 for the first, T2
for the second, T3 for the third reflection. The first reflection of particles injected
downwards is not useful for our purposes. The remaining transit time curves
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as has been done in the lower part of Figure 4, the length of the trajectory
of the guiding centre does not depend critically on the particle energy and
therefore particles with high energy need a smaller transit time. This leads
to the important conclusion that a distinction between extended and localized
electric field regions can unambigiously be made by simply comparing transit
times of particles with different injection energies.

In Figure 5 transit time calculations are presented for a Gaussian distribution
of the electric field along the magnetic field line. Also given in Figure 5 are
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particle loss cone geometry. For particles outside the loss cone a magnetic
and electric confinement'situation is present resulting in the possibility of multi-
ple reflections. In the lower part of Figure 5. the transit times for multiple
reflections are calculated and presented with the notation T1 for the first, T2
for the second, T3 for the third reflection. The first reflection of particles injected
downwards is not useful for our purposes. The remaining transit time curves
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show. however. that electron echoes can be detected in an interval from 0.2 s
upwards reaching approximately 1 s for the transit time T3. This result proves
the important fact that direct particle detection is in principle possible by sweep-
ing the return beam over the subsatellite positioned at a Specific location with
respect to the injection spacecraft by varying the injection parameters. In this
case only the pitch angle was modified. Taking into account that in addition
the energy can be varied. one clearly sees that the location of the subsatellite
is not as a critical requirement as was to be expected.

The interpretation of the observed transit times in terms of a magnetospheric
electric field can be carried out by comparing the observed transit time functions
with specific model calculations. This method does normally not lead to an
unambigious interpretation and it therefore seems to be advantageous to study
the possibility of an inversion of the observed transit time functions in analogy
to the ionospheric sounding technique and the relevant inversion formalism
(cf. Thomas. 1959; Rishbeth and Garriott. 1969). For this purpose it has been
assumed for the remaining part of this paper that the initial energy of the
test particles is varying and the magnetic moment is constant at injection.
It should be mentioned that a similar but more complex inversion procedure
could also be formulated for constant energy and variable magnetic moment.

The task at hand thus is finding a solution (35(5) under the assumption
of a magnetic field model 8(5). By substituting the potential energy function

to( .s)=qq5(.s) +,ttB(.‘s) (12)

in Equation (3) one obtains

Un =[2( W— tin/m]l 2. (l3)

Even with the simplifying assumptions made in Equations (7) and (8) the poten-
tial energy function has a rather complicated form as can be seen from Figure 6.
where o) is plotted versus s. The initial decrease of the function a) reflects
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the decrease of the magnetic field with increasing s. After passing a minimum
at 5* the function to increases due to the presence of the electric field until
a maximum of wmax is reached. If the electric field is present for very small
s the minimum at s* might disappear in special cases. In order to cope with
a more general situation one has to consider that there is no unique solution
of a)(s) in terms of s. Hence it is necessary to define two branches of the
solution s. To achieve this, the value of 5* has to be determined by differentiating
Equation (12)

dco/ds= —qE„ +udB/ds (14)

and considering that a) has to have a minimum at 5*.
Consequently the equation

(dw/ds)s* = O (l 5)

has to be solved. It is then possible to write the two solutions of s as follows

S_{g1(w);
sogsgfi . 16

g2(w); s*<s§sm. ( )

The solutions have been restricted to the interval (so, Sm) as only there they
are of interest for a given energy W at this stage. By differentiating Equation
(16) one obtains

ds={ga(w)dw;
s0§s§s* (17)g’2(w)dco; s*<s§sm.

In evaluating the importance of Figure 6 one has to remember that the injection
point is fixed at so. Satisfying uzconst, only energies W; uB(so) can be injected
there. The necessity to define two solutions 3 in Equation (16), however, also
requires to consider energies below this value. This constitutes the need to
distinguish between two regimes defined as follows

Regime I: u B(s0) gm, Wgcomax
Regime II: cumin gm, W< y B(so). (18)

2

With this definition, the Equation (10) can be rewritten and complemented
to give

.jvfilds+£vfi1ds if W in regimeI
T(W)/2= :2: 5,. (19)

jvil‘ 1 ds+ I Un 1 ds if W in regime II.

Depending on whether

(dw/ds)s0 < O (20)

01'

(dm/6198020 (21)
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where the electric field region is far
above the ionsophere. The
right-hand portion of this curve in
regime l is observable from a space
vehicle located at s0. The part in
regime It is not measurable from
that location and will be discussed
in the text in some detail. The lower
curve represents a typical example
of a transit time function if an
electric field is present in the
ionosphere
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is valid, the transit time functions show a characteristic difference at ,uBLsO)
that can be formulated by

TLLt 8(50)] > 0 (22)

Thu 13(30)l (23)
and is also indicated in Figure 7. The physical interpretation of this difference
is that in the case of a finite transit time for an energy W: p. 8(30) the electric
field is located far above the injection point, whereas in the other case the
electric field is extending down to the injection point. If the electric field near
the injection point is very strong corresponding to the case (dw/ds)30>>0 even
particles with energies Wztt B(so) will be driven down into the atmosphere
and be lost for our purpose. The distinct difference between those two cases
should substantially facilitate the observational determination of whether the
electric field region is far above or very near the ionosphere.

Equations (13). (17) and (19) can be combined to give

Ti W) = QM)“2 l [sited - g'i (00)] (W _ w)’ ”2 du) (24)
(9min

if we define g; (ru)EO for all w in regime I. This definition is appropriate
as it means that the transit time is reckoned from and to the injection point.
There are several interesting features to note about Equation (24):

— It directly follows from physical arguments that T(romin)=0 as at this
location the particle is situated at the bottom of the potential well.

— At ‚u 8(50) the function T is not differentiable because of the sudden
disappearance of the branch glue). The physical interpretation is that in regime
I only the upper mirror process is contributing to the transit time. The discontin-
uity is of course not present if the potential function has no minimum for
specific electric field configurations.
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— It is known as Abel’s integral equation. Solutions exist under the condi-
tion that T(W) is continuously differentiable.

Hence it can be concluded that exact inversions of the measured transit
time function can be carried out if an sizable electric field reaches down to
the ionosphere. In those cases where the electric field region is high above
the ionosphere, there are two problems to be considered before a suitable1nver-
sion procedure can be performed.

The first problem was already mentioned and is related to the fact that
the transit time function can only be observed for initial energies greater than
uB(so), i.e. in regime I. The transit time function in regime II can in principle
be measured by raising the injection point starting from so to 5*. There is
of course no possibility to do so on an orbiting spacecraft because of the
gravitational law, but a high-altitude sounding rocket could eventually be a
suitable carrier for such an experiment. Considering that with the assumptions
made in Equations (7) and (8) the transit time can only monotonously decrease
while s is increasing from so to 5* and that T(comin)=0, one is even able to
produce a good interpolation without measurements, for instance, by assuming
a linear relationship. The second problem is that the condition of T(W) being
a continuously differentiable function is not always fulfilled. As we are discussing
physical processes rather than mathematical concepts, it seems feasible to intro-
duce suitable smoothing functions so as to ensure the required continuity without
significantly influencing the physical consequences. A detailed discussion is how-
ever beyond the sc0pe of this study. It was thought that the easiest way to
demonstrate the range of application was to numerically analyse three examples
and see whether the results are acceptable approximations of the original electric
field configuration.

The solution of Abel’s integral equation can be found in textbooks (e.g.
Schlogl, 1956) and can be written in the form

g’2(a))da)—g’1(a))dw=(2m7t2)‘“2d foT(W)(w—W)‘1/2dW. (25)

Taking into account Equation (17), the integration of Equation (25) yields

for a) in regimeI S-
so}: (2mn2)_1/2 Ï T(W)(w— W)—1/2 dW (26)so wminand in regime II 3—

giving the path s as a function of co. Using Equation (12) and inserting the
magnetic field at 5, one can obtain the potential d) (s). Differentiation then
leads to the electric field as a function of s. It should be noted that Equation
(26) is only useful if a) lies in regime I as in regime II the contribution of
S and so cannot easily be distinguished. Fortunately, it is regime I that is of
interest, because there the electric field influence becomes of significance. One
should also remember that in general no observations will be available in regime
II.

Magnetospheric Electric Field Experiment 745

— It is known as Abel’s integral equation. Solutions exist under the condi-
tion that T(W) is continuously differentiable.

Hence it can be concluded that exact inversions of the measured transit
time function can be carried out if an sizable electric field reaches down to
the ionosphere. In those cases where the electric field region is high above
the ionosphere, there are two problems to be considered before a suitable1nver-
sion procedure can be performed.

The first problem was already mentioned and is related to the fact that
the transit time function can only be observed for initial energies greater than
uB(so), i.e. in regime I. The transit time function in regime II can in principle
be measured by raising the injection point starting from so to 5*. There is
of course no possibility to do so on an orbiting spacecraft because of the
gravitational law, but a high-altitude sounding rocket could eventually be a
suitable carrier for such an experiment. Considering that with the assumptions
made in Equations (7) and (8) the transit time can only monotonously decrease
while s is increasing from so to 5* and that T(comin)=0, one is even able to
produce a good interpolation without measurements, for instance, by assuming
a linear relationship. The second problem is that the condition of T(W) being
a continuously differentiable function is not always fulfilled. As we are discussing
physical processes rather than mathematical concepts, it seems feasible to intro-
duce suitable smoothing functions so as to ensure the required continuity without
significantly influencing the physical consequences. A detailed discussion is how-
ever beyond the sc0pe of this study. It was thought that the easiest way to
demonstrate the range of application was to numerically analyse three examples
and see whether the results are acceptable approximations of the original electric
field configuration.

The solution of Abel’s integral equation can be found in textbooks (e.g.
Schlogl, 1956) and can be written in the form

g’2(a))da)—g’1(a))dw=(2m7t2)‘“2d foT(W)(w—W)‘1/2dW. (25)

Taking into account Equation (17), the integration of Equation (25) yields

for a) in regimeI S-
so}: (2mn2)_1/2 Ï T(W)(w— W)—1/2 dW (26)so wminand in regime II 3—

giving the path s as a function of co. Using Equation (12) and inserting the
magnetic field at 5, one can obtain the potential d) (s). Differentiation then
leads to the electric field as a function of s. It should be noted that Equation
(26) is only useful if a) lies in regime I as in regime II the contribution of
S and so cannot easily be distinguished. Fortunately, it is regime I that is of
interest, because there the electric field influence becomes of significance. One
should also remember that in general no observations will be available in regime
II.



746 K. Wilhelm

l I I I l T I l l l

5x103-

121103-- _

E
3; 3:103- (3}
E
cr:-
C
E
~55
U

Ü- 21103- -

(1}
1D3— d

Fig. 8. Potential energy function versus 3 for
0 i 4 t 1 r r ‚ ++„L. three examples ofelectric field distributions
0123:.5678910

Potential energy function w. keV

Incidentically it should be mentioned that Equation (24) can be extended
by a suitable continuation of g"1 (w)+0 in regime I:

T*(W)=(2m)”2 l [g’2(w)—g’1(co)](W——w)‘”2da); wmrn§W<wA (27)
with

wmin

60,4 = MM)
and

T*(wmi„) = 0.

It can be seen from Figure 6 that the interval defined by coming wgwA
corresponds to the region where multiple echoes between the magnetic and
the electric mirror configuration are possible. The transit time T” thus corre-
sponds to one total bounce path and is the increment of the multiple-echo
transit time.

In the first example to be presented an electric field of 5 mV/m has been
assumed to extend from the ionosphere upwards. The potential energy function
is given as curve 1 in Figure 8. It can be seen that in this case there is no
minimum of o) (3). One can thus expect that an exact solution of Abel’s integral
equation will be possible. The corresponding transit time function is plotted
in the lower part of Figure 9 as curve l. The reflection point as a function
of energy is shown in the upper part of Figure9 again labelled with l for
this particular case. The next example is representative for an extended electric
field region far above the ionOSphere. A Gaussian distribution of the field
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Fig. 9. Electron transit time
curves are plotted as a function
of the initial electron energy for
the three examples along with
the corresponding reflection
points. Note that the transit
times for example i are
multiplied by a factor of 10 in
order to adjust the scale. Also
given is the initial pitch angle
that is identical for all three
examples

Fig. l0. Comparison of the
theoretical electric field strengths as
a function of geocentric distance
with the calculated electric fields for
three different model assumptions
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has been assumed with the location of the maximum value at 3:3000 km
and a width of j; l000 km. Again the potential energy function is given in
Figure 8 (curve 2). Results of the transit time and the reflection point calculations
are depicted in Figure 9 and labelled appropriately. The last model has been
adjusted to fit a double layer configuration. The assumptions of a Gaussian
distribution of the electric field and the location of the maximum value are
identical to those in example 2, but the width of the electric field region is
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decreased to $10 km. The potential energy function a) is plotted as graph
3 in Figure 8 and the reflection point and transit time curves can be found
in Figure 9.

A comparison between the model assumptions and the results of the inversion
process can best be made by comparing the calculated field with the theoretical
input field. This is done for all three examples in Figure 10. As was to be
expected, the input and the calculated fields agree reasonably well for example
1, where the transit time function is continuously differentiable and thus fulfills
the requirement for an exact inversion. The discrepancy revealed at low altitudes
results from calculation inaccuracies due to the finite integration intervals near
the reflection point. The other two cases, where the inversion conditions are
not fulfilled, clearly show that there are differences between the input and the
output electric fields. However, the differences are small and moreover the
values and the locations of the maximum fields are so similar in both cases
that one has to conclude that this method is adequate for approximating the
inversion problem for a variety of electric field configurations with sufficient
accuracy. When calculating the electric field, the exact transit time functions
T(W) in both regimes have been employed here. The use of interpolations
in regime II will result in additional complications as discussed earlier. The
discussion have been restricted to relatively simple electric field configurations.
More complicated situations, e.g. with more than one significant electric field
region, will normally lead to discontinuous transit time functions that cannot
unambiguously be inverted.

5. Conclusions

In View of the importance of the electric field parallel to the magnetic field
for an understanding of the magnetospheric dynamics, a major effort is justified
to investigate this phenomenon. At the same time, the plasma physical processes
can be studied that are responsible for maintaining a substantial parallel electric
field. Compared to other methods such as Barium shaped-charge injections
and double-probe measurements that both have provided evidence on the exis-
tence of parallel electric fields, the use of electron and proton beams as tracers
of the electric field configuration seems to offer several advantages. At this
stage it is not possible to clearly demonstrate the feasibility of the tracer experi-
ment. However, there is such a variety of possibilities inherent in this experiment
that there is little doubt that a careful approach will lead to a successful investiga-
tion of parallel electric fields by this method. Early investigations can be
performed on sounding rocket payloads. The small velocity of a rocket perpen-
dicular to the magnetic field is a significant advantage over any orbiting system.
Sounding rocket studies in this field suffer, however, from the constraint that
no comprehensive study in time and geographic location can be conducted
and that the measuring modes normally have to be preprogrammed thus render-
ing the instrument rather inflexible during flight.

The Shuttle/Spacelab System will offer many improvements over conven-
tional spacecraft in this context. First of all a systematic study on a worldwide
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scale can be carried out with a View to determining the magnetosphere-iono-
sphere coupling. The high payload carrying capability of the system will also
make possible integrated studies of all the relevant parameters. In particular
the perpendicular electric field at the location of the Shuttle/Spacelab System
can be determined and will be of use in positioning manoeuvrable subsatellites
if those are available for this type of study. The combination of optical and
direct detection methods hopefully supported by wave experiments will even-
tually yield complete information on the transit time functions and thus gives
the necessary input parameters for the inversion problem.
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A Study of the Echzell/Wetterau Earthquake
of November 4, 1975

H. J. Neugebauer and E. Tobias
Institut für Meteorologie und Geophysik, Johann Wolfgang Goethe Universität,
Feldbergstraße 47, D-6000 Frankfurt/Main, Federal Republic of Germany

Abstract. The earthquake of November 4, 1975 at the Wetterau, South-West
of the Vogelsberg volcano provides a first opportunity to infer the actual
tectonic motion in that region. Beside the isoseismal map of the felt area
with a rated maximum intensity of IV—V (MSK) a determination of the focal
mechanism is presented.

The focal depth has been found to be 10—12 km by both instrumental and
macroseismic determinations, providing an absorption coefficient oc =0.025 in
the latter case.

The source mechanism has been inferred from seismic observations and
the fault pattern of the region. It represents a predominantly left lateral
strike—slip faulting on a fault plane with the characteristics: strike N 18° W,
dip 50° NE, slip vector 154°, dip 10°.

The relation of the Wetterau earthquake to the tectonics of te epicentral
region implies that the NNW striking direction which is predominant at the
Taunus mountains is to be found in the Wetterau through beneath the small
“rheinisch”, NNE-striking Horloff Graben at the southwestern Vogelsberg.

Key words: Faultplane solution — Seismotectonics upper rhine graben —
Rhinish shield.

Introduction

The present seismic activity at the northern part of the Upper Rhine Graben is
mainly confined to the graben proper. While seismicity is observed along the
Middle Rhine Valley down to the Lower Rhine Graben, the so-called Hessian
graben zone, north of Frankfurt is known to be seismically inactive (Ahorner
1975; Bonjer and Gelbke, 1976).

Data on historical earthquakes in the period between 1500—1960 (Sponheuer,
1962) indicate only one event of apparently low intensity near Giessen.

So the earthquake of November 4, 1975, 8°30m GMT, with its epicenter
nearby Echzell in the Wetterau, therefore was the first known stronger event in
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that region and provides the opportunity to derive the present local tectonic
movements. It has been felt over an area of about 4200 km2. Furthermore this
earthquake at the southern border of the Vogelsberg volcano has been recorded
for the first time by a sufficient number of seismic stations to permit in-
vestigation of the focal mechanism of the event.

The epicentral zone is characterized by a structural pattern of two significant
directions. There is strong evidence that the Upper Rhine Graben continues
north of Frankfurt, represented by a system of NNE striking faults. On the other
side NNW to NW striking faults will be observed in the inner, northern part of
the Upper Rhine Graben and at the southern and eastern Taunus mountains
(Anderle, 1974). This tectonic situation might be related to focal mechanism of
the seismic event.

This paper is concerned with three topics of the Echzell/Wetterau earth-
quake. First the macroseismic information is compiled in a intensity map of the
felt area. Furthermore the source mechanism is examined and the fault plane
will be determined by means of the shape of the isoseismals. Finally the
relationship of the tectonic structure of the epicentral region with the focal
mechanism is discussed. The macroseismic and the microseismic observations
appear to be in good agreement with the current structural concept of the
epicentral region.

Macroseismic Observations

The Echzell/Wetterau earthquake of 4 November 1975 was felt over an area
which is confined by the Taunus mountains in the west and the Spessart in the
east. The felt area extended from Marburg in the north to beyond the Main
river in the south. In order to determine the intensities in the epicentral region
about 250 original reports have been examined and rated after MSK-intensities
(Sponheuer, 1965). The results are shown in Figure 1.

The maximum intensity of IV—V has been assigned to the localities of
Inheiden, Wolfersheim, Echzell, Effolderbach and Ortenburg. The assignment is
based on the reports that most of the people have felt the earthquake within
houses. Sleeping people woke up, houses vibrated. From Inheiden a broken
window glass was reported. Nearly all observers in this region remarked on a
rolling sound of the earthquake. Thus the maximum intensity can be restricted
to an area of about 200 km2. The intensity IV zone is well established. The
location of the outer isoseismal II is less certain in the western and north-eastern
parts as indicated by dashed lines. Especially in the north-western Vogelsberg all
reports were negative. Thus from the extension of the intensity II zone, the
maximum felt area can be derived to be about 4200 km2.
All isoseismals indicate the trend of a N—S to NW—SE striking elongation.
According to the inner isoseismals, IV and IV—V, a SSE strike with an average
azimuth of 165° has been inferred. This feature will give the most consistent
relationship to the strike of the probable fault plane. However the higher
intensity isoseismals will certainly be influenced to a certain extent by the
sediments of the Wetterau trough.
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Table l. Intensities and their
relation to spatial parameters Intensity Mean isoseismal Isoseismal

(MSK) radii (km) area (km2)

IV—V 8.3 216
IV 13.0 531
III 22.3 1562
II 36.4 4160

The macroseismic center of the earthquake differs from the instrumentally
determined one by about 5 km, taken along a NW—SE striking line. An attempt
has been made to find the hypocentral depth of the seismic event by means of
macroseismic intensity data. According to Sponheuer (1960) the attenuation of
the observed intensities is to be represented as a function of the mean isoseismal
radii. The best fit of this function to calculated curves allows the determination
of the ‘macroseismic’ hypocentral depth for an assumed absorption coefficient.
The required data of the Echzell/Wetterau event are listed in Table 1. Here the
mean radii have been derived from the equal area circles of the isoseismals
shown in Figure 1.

Providing an epicentral intensity IO=IV—V (MSK), the best fit of the data
suggest a focal depth of h= 12km for an absorption coefficient oc=0.025.

The coincidence of the ‘macroseismic’ depth with that instrumentally de-
termined is not necessarily significant, as for an assumed epicentral intensity I0
= V (MSK) a focal depth of about 9 km, oc=0.025 will result from the discussed
procedure.

According to Karnik (1969) a macroseismic magnitude can be calculated
from the empirical expression:

Mm=0.510+10gh0+0.35

where the depth is taken in kilometer. Therefore the intensity I0 =IV—V and the
hypocentral depth h0 = 12 km yield a macroseismic magnitude Mm: 3.7.

This value is very similar to the local magnitude based on recorded
ground motions.

Focal Mechanism

The records of 26 Middle European seismic stations have been examined in
order to study the focal mechanism of the Echzell earthquake. The P-wave
arrival times are listed in Table 2. The calculated focal data are based on the
assumption of an average crustal velocity depth function which is in reasonable
agreement with the travel time date. The calculations have been carried out by
use of the computer program HYPO 71 (Lee and Lahr, 1971) which has been
modified by K.-P. Bonjer and C. Gelbke of the Geophysical Institute Karlsruhe.
The used procedure basically minimises the residuals of the observed and
calculated travel times.
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Table 2. Microseismic data

Station Epicentral Azimuth Arrival time
Distance (km) (deg.)

Pn Pg

TNS 36.7 236 08: 30: 19.85
TRO 89.7 183 08: 30: 28.05
HEI 113.0 185 08:30: 32.60
KLT 133.9 205 08: 30: 34.30
BNS 134.8 297 08: 30: 34.40 08: 30: 35.20
GTT 147.8 31 08: 30: 35.60
BUG 161.5 315 08:30:39.80
STU 183.8 173 08: 30: 41.20 08: 30: 43.80
GRF 186.1 115 08:30:41.50
CLZ 190.9 33 08: 30: 40.20
MOX 196.4 82 08: 30: 42.40 08: 30: 44.20
BUH 198.6 194 08:30:43.0
WLF 212.0 247 08: 30: 43.95
SCH 234.6 190 08: 30: 47.50
WLS 248.0 206 08: 30: 48.0 08: 30: 54.30
CDF 250.5 208 08: 30: 48.20
FEL 288.8 193 08: 30: 53.35
BUB 296.7 184 08: 30: 54.80
CLL 307.3 71 08: 30: 55.40
HBG 313.1 192 08: 30: 55.90
BAF 317.6 206 08: 30: 57.0
WET 321.0 116 08:30:58.90
BSF 324.4 208 08: 30: 57.80
HAU 324.6 215 08:30:57.60
ZUL 327.7 186 08:30:58.40
LOR 508.4 227 08:31: 19.50

Finally the resulting h-ypocentral parameters of the Echzell/Wetterau earth-
quake of the 4 November 1975 are:

Ho(GMT) = 8:30:13.37
Latitude = 50° 24.63’ N
Longitude = 8° 52.41’ E
Depth h — = 11.4 km
Magnitude M1 = 3.6

The epicenter is thus located between Echzell and Berstadt. The most significant
tectonic feature in this area is the small NNE-striking Horloff Graben.

Based on the calculated radiation angles together with the observed polar-
ities two alternative fault plane solutions A and B can be constructed, Figure 2.
The data are represented by an stereographic projection on the lower focal
hemisphere. P represents the axis of maximum compression and T that of least
compression or tension while B indicates the intermediate stress component.

Both solutions clearly determine a strike-slip solution with left-lateral mo-
tion on the nodal planes striking towards the NNW. While solution A indicates
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0 0 Compression o 162° SSE SO°NEE o 0 Compression o SPE ?B°N

O (D Dilototion b 63° NE BO°NW ou) Dilatation b 172°S 80°W
u uncertain P 300°NW 20°NW x uncertain P 128° SE 2L°SEE

T 195°SSW 3L°SSW T 220°SW B°SW

Fig. 2. Fault plane solutions of the Echzell/Wetterau earthquake. Alternative mehanisms A and B
are based on the same compilation of data. Symbols indicate the quality of the data to. 0 good. (J (D
less good]. Our favorite choice is solution A: for explanation see text

an additional reverse component of motion, solution B shows a normal com-
ponent beside the dominant strike slip.

The solution presented in Figure 2A differs from the one in Figure 2B in that
the dilatational first motion at the station Stuttgart has been related to the
south-western quadrant rather than the south-eastern quadrant. As the seismo-
grams of the station Stuttgart showed only small dilatation, A will represent the
most consistent solution. Although the case B might be a possible choice, it will
be unlikely on account of the examined set of data. Beside the better consistence
of polarity date solution A will even provide a more convincing explanation of
tectonical features which will be discussed later. Hence, the expected motion is
either related to the NNW~SSE striking nodal plane (a) dipping 50° NEE, which
is a left lateral strike slip, with the slip vector: 154° azimuth, 10° dip or to the
NE—SW striking plane (b) dipping 80°NW with right lateral strike slip, with the
slip vector: 2520 azimuth, 40° dip. According to the indicated P and T axis there
is a component of reverse vertical displacement in addition to the dominant
horizontal slip.

The southern border fault of the Taunus mountains is assumed to be a series
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of SW striking step faults (Anderle, 1974). Along the south-western continuation
of this fault system Ahorner and Schneider (1974), Ahorner and Murawski
(1975) found normal faulting focal mechanism at the southern Hunsriick moun-
tains. Some evidence has been found indicating a continuation of this SW—NE
striking structure into the southern Wetterau (Priifert, 1975). However, the zone
in question is located about 30—60 km south of the discussed epicenter. On the
other hand, we have inferred a dominant strike slip motion in contrast to the dip
slip along the step fault system. So the SW—NE striking nodal plaine (b) is not
likely to be the fault plane of our solution.

Considering the prevalence of the NNW striking elongation of the high
intensity isoseismals, it can be concluded that a close correlation between the
orientation of the isoseismals and the NNW strike of the fault plane (a) exists.
Thus the fault plane (a) of the mechanism A appears to be of major tectonic
significance.

Based on the Magnitude M1 of the examined earthquake, the seismic focal
dislocation is found to be about 2 cm for an extension of the fault plane of about
1.2 km, from the relations given by Schick (1970). These numbers are of course
rather rough estimates. As the determined strike of the fault plane is strongly
related to a major regional fault system the tectonic implications of the event will
be discussed in more detail.

Tectonic Implications

Small grabenlike structures as the Horloff Graben and the Nidda Graben reflect
the NNE-strike of the Upper Rhine Graben in the Wetterau trough, Figure 3.
These structures are regarded to be an extension of the Upper Rhine Graben
north of the Main river although a continuous central graben does not exist.
Schenk (1974) has shown by means of statistical analysis of the strike of
magnetic anomalies, that the ‘rheinisch’, NNE striking direction is even evident
beneath the Vogelsberg volcano. While the rhinisch direction is retained at the
Wetterau and further north, NNE striking structures are nowhere found to
extend to the Taunus mountains, as emphasized by Anderle (1974).

On the contrary, however, at the northern end of the Upper Rhine Graben a
pronounced NNW to NW structural trend is superimposed on the rhinish
direction. So a fault pattern at the inner graben, which extends from Darmstadt
into the Idstein Depression in the Taunus mountains exhibits a turn from the
NNE graben trend to the predominant NNW—NW striking structures of the
Taunus. These structural features appear to be closely related to the subsidence
of the graben fill, as the synclinal axis of the Quaternary and Tertiary sediments
coincide with the above mentioned structural trend (Doebel, 1967; Bartz, 1974;
Doebel and Olbrecht, 1974).
There is some evidence that these phenomena follow the trend of crust-mantle
boundary elevation (Giese and Stein, 1971) and thus probably reflect an uplift of
the crust.

The idea that the overall turn is controlled by deep reaching causes is
supported by the great number of basaltic dikes of mainly Eocene age in the
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Fig. 3. Tectonic structure of te epicentral region after Anderle (1974). Fault plane solution A, 19375,
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vicinity of the Upper Rhine Graben and the Taunus mountains (Horn et al.
1972; Lippolt et a1. 1974; Anderle 1974).

Finally the observed spacial distribution of earthquake hypocenters of the
Rhine rift region additionally reflect the discussed structural trend (Bonjer and
Gelbke, 1976).

Focusing upon the epicentral region in question, the boundary between the
eastern Taunus mountains and the Wetterau through indicate NNW striking
block faulting, while south of the Vogelsberg NNE striking faults are pre-
dominant as pointed out.
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From our determination of a NNW—SSE striking fault plane beneath the
NNE striking Horloff Graben it can be concluded that the structural NNW
striking trend of the eastern Taunus mountains extends into the Wetterau
trough at the derived hypocentral depth of about 10—12 km, Figure 3. This
appears to be of major tectonic significance indicating deep causes of the
rotation of the NNE- to the NNW direction.

Both the strike and the position of the inferred fault plane of the Wetterau
earthquake imply that the orientation of the plane might be affected by vertical
crustal movements. This is supported by the number of focal mechanisms at the
flanks of the Upper Rhine Graben and at the Rhinish Massif. They are
predominantly of the strike-slip type while the corresponding fault planes are
strongly grouped along the common line of evident crustal uplift (Ahorner,
1975; Bonjer, 1977). Thus the examined earthquake fits in the general seismotec-
tonic pattern of the Rhine rift region although it is located at a somewhat
isolated position with respect to the well-known active seismic regions. The
observed stress field inferred from both fault plane solutions as well as in situ
measurements is generally assumed to be related to the Alps. We think that the
position of the hypocenters and their probable fault planes give some evidence
that the influence of the Alps is superimposed on the tectonics of the crustal
uplift of the region. This idea is supported by numerical investigations on the
crustal uplift of the Rhine rift region (Neugebauer and Braner, 1977).

We can conclude from this study that in the Wetterau trough the tectonic
motions take place seismically to some extent, with displacements of some
centimeters or so. This does, however, not exclude nonseismic movements along
the existing faults. In view of the lack of a pronounced seismicity in the
Wetterau region, one might suggest that most of tectonic displacements are
likely to occur aseismically there.
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Thermoelastic Deformations of a Half-Space—
A Green’s Function Approach *

G. Müller
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Federal Republic of Germany

Abstract. Thermoelastic displacements of a homogeneous half-space are
calculated for a point source of harmonic temperature variations at the
surface. For distances from the source which are much larger than the skin
depth of the temperature wave simple far-field approximations are derived.
From these, Green’s functions for the strains and tilts are calculated, and the
generaliZation for arbitrary temperature variation at the surface is performed
by superposition. The results are given in the form of integrals over the
temperature variation in which the Green’s functions are influence functions.
They strongly decay with distance from the vertical axis through the point of
observation, thus showing that thermoelastic strains and tilts normally are
due to very localized temperature anomalies. Numerical calculations for a
simple example indicate that thermoelastic effects can seriously disturb
measurements of earth tides with strainmeters and tiltmeters.

Key words: Thermoelasticity — Green’s functions — Earth tides.

Introduction

Strains and tilts in the earth’s crust due to earth tides are intensively studied
since many years, and the number of extensometers and horizontal or vertical
pendulums installed for that purpose in tunnels, mines and boreholes is still
increasing. Only in recent years scientists working in this field became fully
aware of the many disturbing effects that are seen in the measurements in
addition to earth tides, such as strains and tilts due to air pressure variations
and rain fall, or modifications of strain and tilt due to the topography of the
earth’s surface and the form of the underground cavity in which the measure-
ment is made (see, e.g., Harrison (1976)). Thermal and thermoelastic strains and
tilts are another disturbing effect. Of major interest are strains and tilts due to
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the diurnal temperature variation because its dominant period is close to the
tidal periods in the diurnal period range. Both theoretical and experimental
studies are necessary for a better understanding of the magnitude and spatial
distribution of these disturbances.

This paper treats theoretically a simple case, namely a homogeneous half-
space with a surface temperature distribution T(x, y) exp(ia)t), where T(x, y) is the
(real) temperature amplitude depending on the horizontal coordinates x and y,
a) is the circular frequency of the temperature variation, and t is time. This
model is an idealized approximation of reality where the diurnal temperature
variation varies over the earth’s surface, depending on local soil properties,
vegetation cover and ground slopes. The approach used in this paper is to
calculate at first Green’s functions for the displacements in the half-space due to
a point source of temperature variations, i.e., it is assumed that T(x, y):
T05(x)ö(y) where 5(x) and 5(y) are delta functions. For distances from the
point source which are much larger than the w-dependent skin depth of the
temperature wave, d, simple far-field expressions are derived and from these the
strains and tilts. Then, the strains and tilts at depths much larger than d,
corresponding to an arbitrary T(x, y), are given as superposition integrals. In
these, the Green’s functions for strains and tilts represent influence functions
which give an instructive picture of how the different parts of the surface
contribute to the deformations at depth. Earlier investigations of the same
model (Matuzawa, 1942; Jobert, 1960; Popov, 1960; Berger, 1975; Shirokov and
Anokhina, 1976) did not include this aspect, but treated mostly the case of
temperature variations which are harmonic in one of the horizontal coordinates
and independent of the other.

Thermoelastic Green’s Functions of a Half-Space

We consider a homogeneous isotropic half-space which occupies the region
2 go; the z axis is pointing downwards. The thermoelastic point-source problem
is solved in cylindrical coordinates r, go‚z; (p does not appear in the equations
because of cylindrical symmetry. The generalization to arbitrary temperature
distribution over the surface of the half-space is made in Cartesian coordinates
x, y, z.

We first solve the heat-conduction equation
2 2

V2T=â_;1_1+_1_â_T ïzlâz,
ôr r ôr dz K ôt

where K is the thermal diffusivity, and the temperature T(r, z, t) is measured from
a constant average temperature. The solution which satisfies the boundary
condition at 2:0,

TU, 0, t) = 7250‘) em",

(1)

where 5(r) is the two-dimensional delta function ö(x)ö(y) and TO has the
dimension of the product temperature times area, is

iwt 00TT(r‚z‚ t): "2:
£e‘”J0(kr)kdk. (2)
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Here, J0(kr) is the Bessel function of first kind and order zero, and the radical

ia) 1/2= ———+k2)y (K
has a positive real part. Equation (2) is an integral representation of a spherical
temperature wave in terms of plane waves, similar to the Sommerfeld integral for
a spherical elastic wave.

For later use we introduce at this point as a reference length of the
thermoelastic half-space problem the skin depth of a vertically traveling plane
temperature wave of circular frequency a),

=<——>CO

which is defined as the depth at which the temperature amplitude is reduced to
l/e of its surface value.

The thermoelastic stress—strain relations of an isotropic medium are (Love,
1944,p.108)

where Â and u are Lamé’s constants, oc is the volume coefficient of thermal
expansion, pij the stress tensor, si]. the strain tensor and 9 its trace, and öij the
unit tensor. Inserting (4) into the equation of static equilibrium of a deformed
homogeneous medium gives the following equation for the displacement vector
u:

(1+2n)graddivu—,urotrotu=(/l+%,u)ocgrad T (5)

For the special case under study T follows from (2). Equation (5) has to be
solved for the boundary conditions of (a) vanishing normal and tangential
stresses at the surface z=0 of the half-space and (b) vanishing displacements for
z——> oo. After writing (5) in components, one obtains two coupled inhomogeneous
partial differential equations for the displacement components u in r direction
and w in z direction. Inserting into these equations the integral representations

u=ei°°t 5 A(z, k) J1(kr)kdk, w=eiwt j B(z‚ k) J0(kr)kdk,
O O

which are similar to (2) (J1 is the Bessel function of order one), one obtains two
coupled inhomogeneous ordinary differential equations for A and B which are
solved with the boundary conditions for z=0 and z—> oo. The final results for u
and w are (Green’s functions):

_(1+a)oucTOiei‘°‘—
(1 —a)67w)

eo (6)
J{[(1—2a)k—2(1—a)y—k(k—y)z]e-kz+ke-W}11(kr)kdk

Thermoelastic Deformations of a Half-Space 763

Here, J0(kr) is the Bessel function of first kind and order zero, and the radical

ia) 1/2= ———+k2)y (K
has a positive real part. Equation (2) is an integral representation of a spherical
temperature wave in terms of plane waves, similar to the Sommerfeld integral for
a spherical elastic wave.

For later use we introduce at this point as a reference length of the
thermoelastic half-space problem the skin depth of a vertically traveling plane
temperature wave of circular frequency a),

=<——>CO

which is defined as the depth at which the temperature amplitude is reduced to
l/e of its surface value.

The thermoelastic stress—strain relations of an isotropic medium are (Love,
1944,p.108)

where Â and u are Lamé’s constants, oc is the volume coefficient of thermal
expansion, pij the stress tensor, si]. the strain tensor and 9 its trace, and öij the
unit tensor. Inserting (4) into the equation of static equilibrium of a deformed
homogeneous medium gives the following equation for the displacement vector
u:

(1+2n)graddivu—,urotrotu=(/l+%,u)ocgrad T (5)

For the special case under study T follows from (2). Equation (5) has to be
solved for the boundary conditions of (a) vanishing normal and tangential
stresses at the surface z=0 of the half-space and (b) vanishing displacements for
z——> oo. After writing (5) in components, one obtains two coupled inhomogeneous
partial differential equations for the displacement components u in r direction
and w in z direction. Inserting into these equations the integral representations

u=ei°°t 5 A(z, k) J1(kr)kdk, w=eiwt j B(z‚ k) J0(kr)kdk,
O O

which are similar to (2) (J1 is the Bessel function of order one), one obtains two
coupled inhomogeneous ordinary differential equations for A and B which are
solved with the boundary conditions for z=0 and z—> oo. The final results for u
and w are (Green’s functions):

_(1+a)oucTOiei‘°‘—
(1 —a)67w)

eo (6)
J{[(1—2a)k—2(1—a)y—k(k—y)z]e-kz+ke-W}11(kr)kdk



|00000778||

764
i

G. Müller

_(1+0)ocKT0iei‘”’—
(1—a)67w)

œ (7)
-j{[—-2(1—a)k+(1—2a)y—k(k—y)z]e-kz+ye-v2}JO(kr)kdk_

O

Here, a is Poisson’s ratio. In principle these expressions (and likewise the
corresponding Green’s functions for the strains and tilts) can be calculated
numerically. In the following section, however, only an approximate calculation
of these quantities is given, corresponding to a far-field approximation. This
treatment is sufficient for the calculation of thermoelastic strains and tilts at
larger depths.

Far-Field Approximations

For z >0 the curly brackets in (6) and (7) are exponentially decaying functions of
k, and only small values of k contribute essentiallyto the integrals for suf-
ficiently large 2. In the following we assume at first z>d with d according to (3),
i.e., the point of observation is at a depth sufficiently large compared with the
skin-depth of the temperature wave. Then at k=0 lyz|> 1, and the e‘” terms in
(6) and (7) are small compared with the e‘kz terms and hence can be dropped.
The factors of e‘kz are expanded into Taylor series around k=0 and only terms
up to first order are considered:

(1 ——20)k—2(l ——a)y——k(k—y)z

= —2(1—a) (1%)”: [1—20+ (%)1/2z]k+0(k2)

—2(1———0)k+(1—20)y——k(k—y)z (8)

1(1)=(1—20)(7)1/2+[-2(1—0)+(3:1)1/22]k+0(k2)

Because of the decay of e‘kz essential contributions to the integrals (6) and (7)
come only from k values with kz<5. In this range the linearization in (8) is
permitted if z>50d. As another simplification the first term in the square
brackets can also be dropped. With these approximations closed-form in—
tegration of (6) and (7) is possible:

u _(1+a)ocT0d 64m"? r[2(l—a)r2—(l+20)22]

_(1—a)6n1/Ï(72+22)5/2 Z[2ar2—(3—2a)22] (9)

For z=0 the integrands in (6) and (7) simplify. Linear approximation of the
curly brackets and closed-form integration as before show that (9) applies also
for 2:0. Thus, (9) is valid as soon as the distance R=(r2 +22)”2 from the point
source is larger than about 50d, irrespective of z.
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Fig. l. Thermoelastic far-field displacements in a half-space for a
point source at r=:= Ü {a=0.25]

In spherical coordinates R, Q, (p the displacements are:
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These formulas apply in the special case 0:0.25 which we consider in the
remainder of this paper. The R dependence is as expected for point sources in
elastostatics. The diagram of the displacement vector in Figure l shows the
dependence on the polar distance Q. For O <52° the particles of the half-space
are pulled towards the point source for half a period, whereas for Q>52° they
are pushed away. In the following half period the signs are Opposite to those in
Figure 1. Compared with the temperature variation in the point source the far-
field displacements have a constant delay of 7I/4, corresponding to one eighth of
a period.

For the diurnal temperature variation d is of the order of 10cm. Hence (9]
and (10) are valid approximations of the thermoelastic displacements at depths
greater than a few meters.

Strains and Tilts for Arbitrary Temperature Variation

We are interested in the horizontal strain an, the vertical strain 8:: and the tilt
Bx in x direction for a point at depth 3>50d on the : axis of a Cartesian
coordinate system (Kath-2’), caused by an arbitrary temperature variation
T(x,y)e“'” at the surface. Decomposing the horizontal radial displacement u in
(9) into its x and y components, at and My, the strains and the tilt for the point
source are

A. Fa a
(f “a: (7' W ( ' W

8x5:_—— 8"": a a fix:.
—

3 ..._ “t ‘

fix (I: ('x

From these the strains and the tilt for arbitrary temperature variation follow by
superposition (020.25):
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Bx in x direction for a point at depth 3>50d on the : axis of a Cartesian
coordinate system (Kath-2’), caused by an arbitrary temperature variation
T(x,y)e“'” at the surface. Decomposing the horizontal radial displacement u in
(9) into its x and y components, at and My, the strains and the tilt for the point
source are

A. Fa a
(f “a: (7' W ( ' W

8x5:_—— 8"": a a fix:.
—

3 ..._ “t ‘

fix (I: ('x

From these the strains and the tilt for arbitrary temperature variation follow by
superposition (020.25):
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2 is the depth of the point of observation; its x and y coor-

The influence or weight functions E1, E2 and E3 are given in Figures 2—4. They
Show that thermoelastic strains and tilts depend strongest on variations in
temperature amplitude T(x‚ y) directly above the point of observation in an area
with linear dimensions approximately twice the depth. Figures 2—4 can easily be
used for estimates of strains and tilts at strainmeters or tiltmeters at a given
depth, provided that some knowledge of T(x,y) is available.
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Example

In order to obtain an idea of the magnitude of thermoelastic strains, we
investigate the case of a circular temperature anomaly of radius p with its center
at x = y =0:

T( )
T1: const for (x2 +yz)“2 ép

x, = _y O otherw1se.

In this case (11) can be integrated analytically:

exx}_

f6) Wedeln—ä)
822 p 12 2Zgt)

_a2(a2—1) _2a2(5—a2)
f(a)-W g(a)—W.

Because of the symmetry properties of E3(x‚ y) (see Fig. 4), the tilt ‚ßx vanishes
everywhere on the z-axis.

For a numerical estimate we assume z=10m, p=5m, T1=1°C, d=10 cm
(diurnal temperature wave), oc=10‘5 per °C. Then the strain amplitudes are
3.15-10‘9 for en and 1.34-10‘8 for an. These values are of the order of tidal
strains. At a depth of 50m the strain amplitudes are reduced by factors of 56
and 70, respectively.

Discussion

The numerical results given show that thermoelastic deformations at depth due
to temperature anomalies at the earth’s surface can be quite large. However, this
can only be taken as a general warning, since the underground normally is much
more complicated than the model of this paper. For instance, the wheathered
layer has a strongly insulating effect, and at the same time it supports stresses
only to a little extent. One can use in this case the above model, but only for the
hard rock below the weathered layer. The temperature variation at the surface
of the hard rock is considerably reduced compared with that at the earth’s
surface. As a consequence, thermoelastic strains and tilts at depth will be
reduced. Another important difference between model and reality exists if there
is topography. on the surface of the hard rock. Even in absence of lateral
temperature variations thermoelastic deformations develop in this case.

Due to their complicated nature thermoelastic strains and tilts will not only
contain a diurnal but probably also a semidiurnal period. Therefore, they may
not only disturb the diurnal but also the semidiurnal tides. Thermoelastic
strains and tilts may also have a continuous spectrum due to temperature
changes by wind, rain, cloud coverage etc., which contributes to the noise level
of strainmeters and tiltmeters at periods of interest other than tidal periods.
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Thermoelastic Deformations of a Half~Space 769

Thermoelastic deformations will contribute much less to the noise level of
gravimeters, as follows from estimates by formula (10).

The influence functions for strains and tilts in Figures 2——4 show that
thermoelastic deformations reflect strongest very local temperature anomalies.
In the interpretation of observed thermoelastic strains and tilts, one therefore
should look at first for quite local causes. Berger (1975) has explained observed
anomalous horizontal strains of diurnal period and magnitude 2.10‘9 by a
spatially harmonic temperature anomaly with a horizontal wavelength of about
50km. This paper shows that such strains can also be caused by temperature
anomalies of much lesser extent. In these cases, installing instruments at greater
depths reduces thermoelastic disturbances significantly.
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Gravity Variations with Time
in Northern Iceland 1965—1975

W. Torge and H. Drewes
Institut für Theoretische Geodäsie, Technische Universität Hannover,
Nienburger Straße 6, D-3000 Hannover 1, Federal Republic of Germany

Abstract. Since 1938 repeated gravity measurements along a west-east profile
in northern Iceland (¢=65°40’) have been carried out in order to. detect
eventual changes of gravity in the young volcanic zone. The latest survey
took place in 1975, when 176 stations of the main profile with more than
150 km length have been occupied. Four gravity meters of type LaCoste
and Romberg have been used, measuring 1169 gravity differences at the
main profile, yielding root mean square errors of the gravity values from
i3 to :11 ugal, the average being i7 ugal.

The comparison of the 1975 survey with the results of 1970/71 and
1965 indicates a lasting increase of gravity in the young volcanic zone relative
to the adjacent tertiary basalt zones. Different mathematical methods are
applied to represent the behaviour of gravity variations with time along
the profile. The maximum gradient of gravity changes occurs in the Myvatn-
Namatjall region with a total difference of nearly 0.01 mgal/year between
the adjacent parts of the profile.

Key words: Icelandic rift zone — Secular changes of gravity — precise
gravity measurements.

1. Introduction

The Icelandic rift system as a part of the Mid—Atlantic-Ridge is an object
of manifold geological, geophysical and geodetic research. The German geodetic
and geophysical activities started in 1938, when a triangulation network and
a gravity profile were established in northeastern Iceland in the area between
Akureyri and Grimsstadir (Niemczyk, 1943). The first repetitions of the geodetic
measurements took place in 1965 (Gerke and Pelzer, 1972). The gravity survey
along the profile was firstly repeated in 1965 and later in 1970 (Schleusener
and Torge, 1971).

The area of the gravity profile is also crossed by a seismic refraction profile
(Palmason, 1967). In addition to the high precision gravity measurements along
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the profile, a regional gravimetric survey has been carried out in northern
Iceland (Schleusener et a1., 1976).

2. Description of the Gravity Main Profile

A detailed description of the profile is given by Schleusener and Torge (1971)
and Schleusener et a1. (1974), the situation is shown in Figure 1. The profile
has been established as an east-west-profile with 30 stations in 1938 by Schleu-
sener (1943), between the stations Akureyri and Grimsstadir. In 1964 the points
were reconstructed and completed by about 45 additional stations. Further
supplements in 1970 resulted in a number of more than 90 stations.

The comparison of the period 1970—1965 showed an increase of gravity
in the young volcanic zone relative to the western tertiary basalt zone. This
increase did not disappear at the eastern end of the profile at Grimsstadir
(Schleusener and Torge, 1971). So it was decided to extend the profile to the
east, as far as the basalt zone at Vopnafjordur. This extension was performed
in 1971, by about 60 additional stations between Grimsstadir and Hof/VOp-
nafjordur, the total profile length now amounting to about 150 km.

In 1975, 12 destroyed or not clearly identifiable stations have been restored
and supplemented by 27 new stations. Including 4 stations of the Icelandic
Gravity Base Network (Palmason et al., 1973) (Akureyri Airport, Reykjahlid,
Grimsstadir, Vopnafjordur), the total station number is now 176. All the stations
are monumented by iron tubes or graved crosses in rocks, by surface concrete
discs of 30 cm diameter with iron bars of 0.5. . .l m length in the ground,
or situated at building foundations. Therefore a definite identification in height
and position is guaranteed.

3. Gravity Survey 1975

The measurements were carried out during the time from 28th of June to
30th of August 1975. Besides the authors the following persons participated
in the project: Dipl.-Ing. H.-G. Wenzel (tidal observations), Ing. (grad.) H.
Lehrke, cand. geod. H.-W. Schenke and C. Schreiber (all gravity measurements),
Dipl.-Ing. G. Terwey, stud. J. Kozak and H. Suntrup (all levelling).

3.]. Planning of the Gravity Survey

In order to obtain an optimum accuracy of the gravity values, a network optim-
ization was carried out, starting from the conditions:
—use of 4 gravity meters, 2 being transported together,
—drift control by reobservation of at least one point, in the morning and
in the evening,
—number of gravity differences to be observed with each instrument less than

250 (one month field work).
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The target functions of the optimization were:
—optimum accuracy of the gravity values.
—homogeneous accuracy along the profile.
—minimum transportation distance.
—avoid additional measurements at stations of difficult accessibility.

The optimum design of the network was determined by a free net adjustment,
introducing gravity differences as independent observations. The main results
are:
—observation of each station at least once with each instrument.
—establishment of a base net with high precision for network stability
—start and end of daily profile measurements on a base network station repeat-
ing each third of the profile stations (Fig. 2).

3 4 5 5 7 8 9-Àa—o-—>----—>——+—+-—+——a-- —+eq—-q—-<—-<——-4— “1......— "1- -

station H ‚O buse
stutiOn

15! day 2ndday

Fig.2. Observational scheme for the gravity observations at a number of adjacent stations

By this schedule. a drift control is obtained during all the day, and gross
errors can be detected rapidly.

3.2. Calibration of the Gravity Meters

Following the Iceland campaign 1975. the gravity meters (LaCoste-Romberg
G no. 79. 85. 87 and D no. 14) have been calibrated at the European Calibration
Line. For the determination of the scale factors in the Europe-Iceland range
(g:9.812—9.824 ms‘z), 4 gravity stations of the IGSN71 ('Morelli et al. 1974):
Hannover. Copenhagen. Oslo. Bodö, have been OCCUpied with the model G
gravity meters (model D has a range of only 200 mgal). Readings and corrected
mgal-values are given in annex l. The adjustment was performed introducing
the gravity values of the IGSN71 stations from Torge, Boedecker and Doerge
(1976, adjustment ll. 4) with their r.m.s. errors. The resulting linear scale
factors Y. valid for the gravity range Hannover—Bodo. are given in Table l.

Table l. Scale factors in the gravity range
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The target functions of the optimization were:
—optimum accuracy of the gravity values.
—homogeneous accuracy along the profile.
—minimum transportation distance.
—avoid additional measurements at stations of difficult accessibility.

The optimum design of the network was determined by a free net adjustment,
introducing gravity differences as independent observations. The main results
are:
—observation of each station at least once with each instrument.
—establishment of a base net with high precision for network stability
—start and end of daily profile measurements on a base network station repeat-
ing each third of the profile stations (Fig. 2).
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The scale factors are significantly different from the results, found for the
range 9806—9824 1115‘2 (Torge, Boedecker and Doergé, 1976, II. 2, p. 51).
For a comparison of the scale factors (Table 1) with those used at earlier
gravity surveys on Iceland, the 72 gravity differences observed with LCR N0.
79 and N0. 85 in 1964—1971 (Torge, 1971, annex 1, Schleusener et a1., 1974,
annex 1) between 9 IGSN71 stations in northern Europe (98118—982265 ms‘z)
have been adjusted, introducing the IGSN71 values with their r.m.s.e. The
results are given in Table 2.

Table 2. Scale factors of LCR
No. 79 and No. 85, Instr. N0. Year Y my
1964—1971, IGSN 71

G 79 1964/65 1.00037 i000006
G 79 1967 1.00057 i000004
G 79 1970/71 1.00050 i000004
G 85 1964/65 1.00004 i0.00006
G 85 1967 0.99998 i0.00004
G 85 1970/71 0.99992 i 0.00003

These IGSN 71 scale factors do not significantly differ from the pendulum
derived values (Torge, 1971, p. 17) used in the earlier calculations.

For the calibration of gravity meters in the gravity range of the Iceland
main profile (g=9.822—9.824 ms‘z), a special calibration line has been estab-
lished in 1972 between the polar circle and Bodö (9.8215—98237 ms”) as part
of the European Calibration Line (Torge, Boedecker and Doergé, 1976). 17
stations of this line have been occupied in 1975 with the 4 instruments. The
104 gravity differences observed have been adjusted, introducing scale factors
and linear drift coefficients as unknowns, and the gravity values with their
r. m. s. e. from Torge, Boedecker and Doergé (1976, II. 4). The instrument weights
resulting from separate adjustments, have been varied in the final adjustment
in such a way, that each instrument contributes the same weighted square
residual sum. The final weights p are

P79 :p85 31787 3P14=4.3: 1.0204: 1.4.

The scale factors are given in Table 3.

Table 3. Scale factors in the gravity
range 9.82175—9.82370 ms”, IGSN 71 Instr. No. Scale factor r.m.s.e.

G 79 1.00055 i 0.00007
G 85 0.99988 i 0.00010
G 87 1.00020 i 0.00013
D 14 1.00031 $000009
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The scale factors differ from the results of Table 1, which might be due to
calibration nonlinearities or to inhomogeneities of the IGSN71. The drift factors
obtained from the adjustment do not differ significantly from zero.

3.3. Gravity Connection Hannover—Northern Iceland
The gravimetric connection from Hannover to Akureyri, being the base station
of the main profile, has been measured via Keflavik-Reykjavik with the model-G
gravity meters no. 79, 85, 87 and with LCR—G no. 298, which was later used
for earth tide registrations (see 3.4), the readings are given in annex 2. From
a common adjustment, introducing the IGSN71 scale factors for LCR 79, 85,
87 (Table 1), and the scale factor of LCR G—298 as an unknown quantity,
we find the gravity values (referring to the Potsdam gravity system, Bad Harz-
burg 21510A, g=981180.4 mgal):

Hannover 21629A 981,277.30 mgal (1 mgal=10_ 5ms‘ 2)
Reykjavik 21941 K 982,274.42 i 0.02 mgal

(Keflavik)
Reykjavik 21941 L 982,278.31 i 0.02 mgal

(Airport)
Akureyri 982,352.46 i 0.02 mgal

(Airport)
Akureyri 60932 982,348.41 i 0.02 mgal

(Menntaskoli)

The LCR 298 scale factor is

Y298 = 1.00098 i 0.00002.

A linear drift could not be evaluated significantly. The r.m.s.errors of the
gravity values given above refer to the station Hannover, they do not include
the errors of the calibration. According to Table 1, calibration errors will contrib-
ute i004 mgal/1000 mgal. Taking this effect into account, and considering
the gravity difference Reykjavik K—+A (Ag:5.56 mgal) resp. A——>L (Ag:
1.63 mgal) (Torge, 1971), we find

gHannoverA—gReykjavik A = —1900265 i004 mgal,

gReykjavikA—gAkureyri60932 = —68.46i0.01 mgal.
These values are in very good agreement with the determinations in 1970/71
(— 1002.63, —68.46) (Schleusener et al., 1974).

3.4. Gravimetric Earth Tide Observations

For the tidal correction of the high precision gravity measurements, tidal correc-
tions should be available with a precision of i1...2 ugal. As global tidal
parameters cannot guarantee this, a temporary earth tide station has been
installed at Laugaskoli in the western part of the main profile (near Station
no. 093). The gravity meters LaCoste-Romberg no. G-298 and Askania Gs
12 no. 130BN recorded here for“ 47 resp. 28 days. A detailed description of
the observations and analysis is given by Torge and Wenzel (1976). The derived
amplitude factors and phase lags of the main waves are given in Table 4.
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Table 4. Amplitude factors and
phase lags of main tidal waves Wave Amp]. fac. Phase lag Amp]. {pg-ran

01 1.125i0.017 0?67i0?85 26.2
P1$1K1 1.137i0.012 2914i0960 37.3
MZ 1269450013 2?]8i0?58 16.1

3.5. Gravity Measurements and Evaluation

Gravity measurements along the main profile have been carried out according
to the schedule (see 3.1). with two groups of two instruments (LCR 79/85 and
LCR 87/14), transportation was done by Landrovers. After levelling and un—
clamping of the gravity meter, 5 minutes have been waited before the first
reading, altogether three subsequent readings always have been made. The obser-
vations of each day started and ended at a station of the base net.

The base net consists of 12 stations (points 600/609 being considered as
one station). Neighbouring stations have been connected three times with each
instrument, while additional overlapping connections give a better network
stability. Altogether 182 gravity differences have been observed (Fig. 3). The
base network has not been adjusted separately, but together with the profile
measurements. Due to the strong connections, the base station values have
a very high accuracy (123—4 ugal).

00032 m 99010

0

1.50 ”0’ 509

‚ _ (12) = number _of measwed
Fig. 3. Gravity base network 1975 connections

The adjustment follows the least squares method by elements with gravity
differences Ag as independent ”observations”. The neglected correlation be-
tween adjacent Ag is small, and should only influence the r.m.s.error of the
gravity values but not the values themselves. The error equation reads for
the residuals 1}

191:1n —gk +61; ' Ara; — Agik Âpikb

where gi, gk are the unknown gravity values at stations i and k, dl the unknown
drift coefficient of the instrument I. At the time lag between measurements
at stations i and k, Agik the “observed“ gravity difference and pm the weight.
The Ag have been calculated from the readings after transformation with the
manufacturer‘s calibration tables and the scale factors (Table 3). Tidal correction
was performed with a modified Cartwright-Edden procedure with 505 partial
tides and the regional tidal parameters (Table 4).
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The adjustment was performed as a “free net adjustment” (Mittermayer
1971), i.e. besides the least squares condition

zum ' Uikl'Pz—’m1n

also holds

Emgi-mgiamin and Zgi-égiamin.
(mgzr.m. s.error of the gravity value g,
5g=g—g°, g°=approximation for g).

By this method, the r.m.s. errors are homogeneous, and all gravity values
are considered to be variable and receive corrections from the adjustment.

From separate adjustments of the different instruments, we obtain the
r.m. s.error m0 (p: 1) for one “observed” gravity difference:

mo (79) = -1_-0.011 mgal (n=298,f=121)
m0 (85): :1_-0.019 mgal (n=298,f= 121)
mo (87): i0.016 mgal (n=287,f=110)
mo (14): _+_0.017 mgal (n=286,f= 109).

Into the common adjustment, (n=ll69 Ag-values, 180 unknowns) the weights
corresponding to the m0 were introduced at first and later were changed in
such a way that Zvvp/nzconst. for each instrument. The resulting weights
do not differ much from the values given in 3.2:

p792p85:p872p14=4.4:0.7:0.6:1.1.

From the final adjustment the following r.m.s.errors of unit weight resulted:

m0 (79) = :0010 mgal,
mo (85): :0025 mgal,
mo (87) = j_-0.027 mgal,
m0 (14): i0.020 mgal.

Comparing with the results of the separate adjustments (above), we find a
change for all instruments excepted no. 79. This is due to irregularities of
the scale functions, which seems to occur especially at no. 87.

The gravity values resulting from the final adjustment and their r.m. s. errors
(referring to a mean level) are listed in annex 3, and referred to the gravity
level g60932=98234839 mgal for Akureyri 60932, which was used also in the
earlier surveys. The r. m. s. errors of the gravity values — except the base stations —
vary between :6 and 11 ugal.

The linear drift coefficients are

d79= — 1.0i0.5 ugal/h
d85= 1.6:1.1ugal/h
d87= — 1.1 i 1.2 ugal/h
d14= —2.2i0.9 ugal/h.

These values are due to the drift during transportation, only.
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3.6. Height Determination

Height determination has been carried out in order to detect local changes
of the monumented stations, but not in order to investigate regional height
variations. For the technical levelling between Akureyri and Hof (Vopnafjordur),
a Wild-Na2 instrument was used, being rather insensitive against wind. The
method of double turning points has been applied, the mean of these two
levellings giving the final heights. The accuracy between adjacent gravity stations
(distance ~1 km) is estimated to be about il cm, but along the total profile
(150 km) errors of the order of 0.1 m between the outmost stations cannot
be excluded.

The height of station no. 150, which is situated on a peninsula of lake
Myvatn and not accessible from land side, was determined by hydrostatic levell—
ing via the lake level. The heights of four gauges around the lake (Fig. 4)
have been determined during the levelling, and gauge readings have been made
continuously during 4 weeks at different wind directions. The single readings
did not vary more than il cm from the mean value. For the sea level of
lake Myvatn we find from the four gauges

h(l40)=278.52m
h(142)=278.51m
h(143)=278.62m
h(160)=278.53 m.

Fig. 4. Positions of gauges around lake Myvatn for determination of the height of station 150
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The deviation of the lake level at Skutustadir (143) is obvious and might
km dueto Haasnuafionin a aha“ bay (Thß phenonmnon waseflyjiound
in 1976. the corresponding heights being h(140)-—-278.45m and h(143)=
278.53 to). After settling the mean lake level at 278.52 at, the height of the
gravity station 150 has been connected to this level.

The heights of all gravity stations determined in 1975 are listed in annex
3. The values for the stations 99010 and 99011 (Hof) differ strongly from
the results given in Schleusener et a1. (1974), derived from the Icelandic triangula—
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Fig.5.l. Measured gravity variations with time: Original data (corrected for the effect of local
height changes, where necessary)
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4. Comparison of the Gravity Values 1965, 1970/71, 1975

The gravity and height values obtained in 1975 are listed in annex 3. column
(2) and (3). In columns (4)—(6) the gravity differences for the epochs:
1970/71—1965. 19754970/71 and 1975—1965 are given. The gravity values for
1965 can be taken from Schleusener and Torge (1971). and for 1970/71 from
Schleusener et a1. (1974). At a few stations, the gravity changes have been
corrected for the effect of local height changes (61720.05 In), applying the trans-
formation ög: —O.2-ôh. which corresponds to the effect of a Bouguer-plate
with the thickness (5/7 and the density 2.6 g/cm3. In Figure 5.1 the gravity varia-
tions with time along the profile are shown separately for each station. Figure
5.2 gives a smoothed curve, Obtained by averages Of the point values over
10’-intervals.
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A more sophisticated method for reducing the rather high noise (observation
errors and local effects) of the variations has been applied by prediction filtering.
During this procedure (Drewes, 1976, p. 58), the gravity variations are assumed
to be a stochastic process. the theoretical covariance function being of type
A —exp( flB-dz). The coefficients A, B are determined by a least squares adjust-
ment from the empirical covariances, which are calculated as a function of
the station distance d. The difference between the empirical variance (dzÛ)
of the gravity variations Agzgn—gl (I, Il=measuring periods) and the coeffi-
cient A is the error variance mzlg (noise). An independent estimation of mdg
is available from the r.m.s. errors of the gravity values at the correSponding
periods. by the relation n-rfig=m§l +1775". The values of m,JAE obtained from filtering
and from the adjustments of the single periods. are given in Table 5, columns
(2) and (3). There is good agreement between the different noise calculations.
The values obtained from filtering are slightly higher, as they include also
local gravity variations.

Table 5. Root mean square errors
of the gravity variations and Epoch mflg from "Un from Prediction

. . filtering measuring error (mean)predlcuon errors [ugal] errors
(I) (3) (3) I4)

1970—1965 :18 i16 i5
1975—1970 114 i144 :5
1975-1965 :18 —I_-l4 i6

By the method of prediction filtering, a discrete function (l’-steps) along
the profile has been calculated and mapped in Figure 5.3. The r.m.s.errors
of the predicted gravity variations vary from i4 to 3:8 ugal, the mean values
are given in Table 5, column (4).
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The predicted functions of the gravity variations are rather smooth. and
show a similar behaviour as the curves in Figure 5.2.

Finally a mathematical representation of the gravity variations has been
performed by best fitting polynomials, calculated from least squares adjustment.
The polynomial degree was raised until the minimum value of the r.m.s.error
of unit weight (mg) was obtained. The resulting values are given in Table 6.
The r. m. serrors of the gravity values generally vary between i 5 and i l2 ugal,
but increase in regions with less gravity stations, especially at the profil ends,
which is a well known behaviour of the polynomial functions.

The polynomials are shown in Figure 5.4. Due to the polynomial
characteristics, the curves are more disturbed by local extrema.

From the different evaluations, especially from the linear prediction filtering
(Fig. 5.3), we find a significant increase of gravity with time in the young
volcanic zone with respect to the adjacent tertiary basalt. zones, for the epochs
1970/71—1965 and 1975—1970/71. The maximum gradient (0.07 mgal/lOa) occurs
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in the area of Namafjall (17°—16°45’W), being the central part of the young
volcanic zone. Further relative maxima of the gravity increase (0.04—0.05 mGal/
5a) are found for 1975—1970 east of Bardardalur (l7°30’—17°20’W) and at Dim-
mifjallgardur (16°—-15°55’W), i.e. in the transition zones between the young
volcanic zone and the tertiary basalt regions.

5. Gravity Profile “Klaustur”

Parallel to the main profile at 16?6 longitude, a short profile (2.5 km) for
detection of local gravity changes has been installed across the Klaustur fissure
system (Fig. 1) in 1965. The height variations of this profile are controlled
at certain periods by the Geodetic Institute, Technical University Braunschweig.
The measurements in 1975 have been carried out with two gravity meters,
no. 79 and no. 85, the results for 1965, 1970 and 1975 are given in annex
4. We find that the gravity decrease indicated in 1970 is compensated in 1975.
A secular gravity variation seems not to occur in this region.

6. Conclusion

The gravity increase with time in the young volcanic zone of Northeastern
Iceland relative to the tertiary basalts, which for the first time was supposed
from the measurements 1970—1965 (Schleusener and Torge, 1971) has been
confirmed by the 1975 remeasurement. The maximum time rate of gravity varia-
tion is about i 7 to i 8 ugal/a. In addition, the comparison 1975—1970 indicates
some smaller structures of gravity variations, correlated with the transition
zones west and east of the young volcanic zone.

The $0.0] mgal accuracy of the gravity stations represents a level which
can hardly be improved by existing field methods. Systematic effects, from
calibration, earth tides and drift have been corrected with at least the same
accuracy level, while nonlinearities of the calibration functions could be reduced
only by eventual future absolute gravity measurements.

Acknowledgements. The authors are thankful to the National Research Council of Iceland for
the permission to carry out the gravity survey in Iceland. Especially they have to thank Dr.
Gudmundur Palmason for valuable assistance. Thanks for lending the gravity meters no. 85 resp.
no. 87 are due to the Geodetic Institute, Technical University Berlin (Profs. Dr.-Ing. S. Heitz,
Dr.-Ing. K. Marzahn) and the German Geodetic Research Institute (DGFI), Munich (Dr.-Ing.
E. Reinhart). The calculations have been carried out with the CDC 73/76 of the Regional Computing
Centre of Lower Saxony at Hannover.

The authors are very grateful to the German Research Society (DFG), which generously spon-
sored the investigations.
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Annex l. Measurements for calibration of the gravity meters at the European Calibration Line
1975

Instr. no. IGSN 71 station Date Time Reading Manufac. Tidal Corrected
observer no. 1975 (U. T.) scale correction mgal-value

79 Hannover 21629 A 8. 9. 10.37 4554.458 4721.930 —0.047 4721.883
Lehrke
,, Copenhagen 21552 N 8.9. 14.06 4823.940 5001.662 —0.046 5001.616
,, Oslo 21590 O 8.9. 17.23 5184.886 5376.346 —0.097 5376.249
,, Bodö 25174 J 8.9. 20.18 5623.775 5831.884 —0.079 5831.805
,, Bodö 25174 J 13.9 3.56 5623.709 5831.815 —0.005 5831.810
,, Oslo 21590 O 13.9 7.28 5184.772 5376.228 +0018 5376.246
„ Copenhagen 21552 N 13.9 9.57 4823.908 5001.629 —0.013 5001.616
„ Hannover 21629 A 13. 9 12.17 4554.463 4721.935 —0.052 4721.883

85 Hannover 21629 A 8. 9. 10.44 4666.458 4832.194 —0.045 4832.149
Lehrke
,, Copenhagen 21552 N 8.9. 14.12 4936.340 5112.134 —0.047 5112.087
,, Oslo 21590 O 8.9. 17.28 5297.791 5487.039 —-0.098 5486.941
„ Bodö 25174 J 8.9. 20.22 5737.323 5942.823 —0.077 5942.746
,, Bodô 25174 J 13. 9. 4.01 5737.295 5942.794 —0.004 5942.790
„ Oslo 21590 O 13.9. 7.33 5297.666 5486.909 +0.017 5486.926
„ Copenhagen 21552 N 13.9. 10.03 4936.302 5112.094 —0.016 5112.078
„ Hannover 21629 A 13.9. 12.21 4666.464 4832.200 —0.052 4832.148

87 Hannover 21629 A 8.9. 10.56 4662.608 4812.501 —0.041 4812.460
Drewes
,, Copenhagen 21552 N 8.9. 14.17 4933.335 5092.343 —0.049 5092.294
„ Oslo 21590 O 8.9. 17.36 5295.965 5467.081 —0.098 5466.983
,, Bodö 25174 J 8.9. 20.36 5736.971 5922.727 —0.074 5922.653
,, Bodö 25174 J 13.9. 4.15 5736.906 5922.660 —0.002 5922.658
„ Oslo 21590 O 13.9. 7.28 5295.827 5466.938 +0,018 5466.956
„ Copenhagen 21552 N 13.9. 10.04 4933.248 5092.253 -—0.016 5092.237
,, Hannover 21629 A 13.9. 12.17 4662.602 4812.495 —0.052 4812.443

Annex 2. Gravity connection Hannover-Reykjavik-Akureyri 1975

Instr. no. Station Date Time Reading Manufac. Tidal Corrected
observer no. 1975 (U. T.) scale correction mgal-value

79 Hannover 21629 A 28.6. 4.43 4558.122 4725.734 —0.047 4725.687
Schenke
„ Keflavik 21941 K 28.6. 17.28 5518.112 5722.228 —0.011 5722.217
„ Reykjavik 21941 L 28.6. 19.16 5521.883 5726.141 —0.038 5726.103
„ Reykjavik 21941 L 1.7. 6.40 5521.873 5726.131 —0.034 5726.097
„ Akureyri 5218 (Airp.) 1.7. 9.10 5593.241 5800.200 —0.029 5800.171
„ Akureyri 60932 1.7. 10.45 5589.370 5796.183 —0.029 5796.154
„ Akureyri 60932 25. 8. 13.49 5585.618 5792.289 —0.047 5792.242
„ Akureyri 5218 25.8. 14.37 5589.559 5796.379 —0.048 5796.331
„ Reykjavik 21941 L 25. 8. 16.52 5518.180 5722.298 —0.053 5722.245
„ Reykjavik 21941 L 30.8. 5.30 5518.122 5722.238 —0.004 5722.234
„ Keflavik 21941 K 30.8. 7.40 5514.357 5718.330 +0.013 5718.343
„ Hannover 21629 A 30. 8. 19.10 4554.409 4721.879 —0.083 4721.796

85 Hannover 21629 A 28.6. 4.37 4669.173 4835.010 —0.048 4834.962
Lehrke
,, Keflavik 21941 K 28.6 17.28 5630.570 5832.146 —0.011 5832.135
,, Reykjavik 21941 L 28.6. 19.15 5634.347 5836.063 —0.038 5836.025
,, Reykjavik 21941 L 1.7. 6.38 5634.376 5836.093 —0.034 5836.059
,, Akureyri 5218 (Airp.) 1.7. 9.08 5705.864 5910.209 —0.029 5910.180
,, Akureyri 60932 1.7. 10.34 5701.965 5906.167 —0.029 5906.138
„ Akureyri 60932 25. 8. 13.37 5699.195 5903.300 —0.047 5903.253
„ Akureyri 5218 25.8. 14.29 5703.086 5907.329 —0.047 5907.282
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„ Akureyri 60932 1.7. 10.45 5589.370 5796.183 —0.029 5796.154
„ Akureyri 60932 25. 8. 13.49 5585.618 5792.289 —0.047 5792.242
„ Akureyri 5218 25.8. 14.37 5589.559 5796.379 —0.048 5796.331
„ Reykjavik 21941 L 25. 8. 16.52 5518.180 5722.298 —0.053 5722.245
„ Reykjavik 21941 L 30.8. 5.30 5518.122 5722.238 —0.004 5722.234
„ Keflavik 21941 K 30.8. 7.40 5514.357 5718.330 +0.013 5718.343
„ Hannover 21629 A 30. 8. 19.10 4554.409 4721.879 —0.083 4721.796

85 Hannover 21629 A 28.6. 4.37 4669.173 4835.010 —0.048 4834.962
Lehrke
,, Keflavik 21941 K 28.6 17.28 5630.570 5832.146 —0.011 5832.135
,, Reykjavik 21941 L 28.6. 19.15 5634.347 5836.063 —0.038 5836.025
,, Reykjavik 21941 L 1.7. 6.38 5634.376 5836.093 —0.034 5836.059
,, Akureyri 5218 (Airp.) 1.7. 9.08 5705.864 5910.209 —0.029 5910.180
,, Akureyri 60932 1.7. 10.34 5701.965 5906.167 —0.029 5906.138
„ Akureyri 60932 25. 8. 13.37 5699.195 5903.300 —0.047 5903.253
„ Akureyri 5218 25.8. 14.29 5703.086 5907.329 —0.047 5907.282
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Annex 2.(continued)

Instr. no. Station Date Time Reading Manufac. Tidal Corrected
observer no. 1975 (U.T.) scale correction mgaluvalue

.. Reykjavik 21941 L 25.8. 17.03 5631.581 5833.195 —0.055 5833.140
,, Reykjavik 21941 L 30.8. 5.31 5631.530 5833.142 —0.003 5833.139
„ Keflavik 21941 K 30.8. 7.39 5627.774 5829.247 +0013 5829.260
„ Hannover 21629 ‚A 30. 8. 19.12 4666.480 4832.216 —0.083 4832.133
87 Hannover 21629 A 28.6. 4.40 4662.159 4812.037 ——0.047 4811.990
Schreiber
.. Kcflavik 21941 K 28.6. 17.39 5626.505 5808.611 -—0.013 5808.598
,, Reykjavik 21941 L 28.6. 19.23 5630.318 5812.550 —0.039 5812.511
,, Reykjavik 21941 L 1.7. 6.20 5630.331 5812.563 —0.037 5812.526
„ Akureyri 5218 (Airp.) 1.7. 9.20 5702.056 5886.664 —0.029 5886.635
„ Akureyri 60932 1. 7. 10.43 5698.151 5882.625 —0.029 5882.596
,, Akureyri 60932 25.8. 13.02 5698.571 5883.059 —0.049 5883.010
,, Akureyri 5218 25.8. 14.12 5702.475 5887.096 —0.046 5887.050
,, Reykjavik 21941 L 25.8. 16.29 5630.746 5812.992 —0.048 5812.944
„ Reykjavik 21941 L 30.8. 5.12 5630.735 5812.981 —0.007 5812.974
„ Keflavik 21941 K 30.8. 7.18 5626.943 5809.063 +0.012 5809.075
„ Hannover 21629 A 30. 8. 18.53 4662.620 4812.513 —0.083 4812.430

298 Hannover 21629 A 28. 6. 4.54 4715.878 4989.554 —0.050 4989.504
Torge
„ Keflavik 21941 K 28.6. 17.40 5656.748 5985.683 —0.013 5985.670
„ Reykjavik 21941 L 28.6. 19.24 5660.461 5989.613 ——0.040 5989.573
,, Reykjavik 21941 L 1.7. 6.25 5660.437 5989.587 —0.036 5989.551
„ Akureyri 5218 (Airp.) 1.7. 9.26 5730.474 6063.711 —0.028 6063.683
„ Akureyri 60932 1.7. 11.08 5726.669 6059.684 ——0.031 6059.653

298 Akureyri 60932 24. 8. 14.08 5727.736 6060.818 ——0.040 6060.778
Wenzel
„ Husavik 5224 (Airp.) 24. 8. 16.25 5763.239 6098.391 —0.056 6098.335
„ Husavik 5224 (Airp.) 25.8. 11.10 5763.252 6098.405 —0.061 6098.344
„ Reykjavik 21941 L 25.8. 12.59 5661.589 5990.809 —0.048 5990.761
„ Reykjavik 21941 L 30.8. 5.17 5661.493 5990.708 -0.006 5990.702
.. Kcflavik 21941 K 30.8. 7.14 5657.807 5986.807 +0.011 5986.818
.. 4990.726Hannover 21629 A .30. 8. 18.55 4716.988

Annex 3. Gravity and height values 1975, gravity variations 1965—1975

—0.083 4990.643

goo—gooStation g (1975) m1g H(1975) g(70/71)—g(65) g(75)—g(70/71)
no. mgal mgal m mgal mgal mgal

60932 982,348.390 0.004 49.11 0.000 0.000 0.000
60936 353.254 0.007 24.05 —0.040

5218 352.417 0.008 2.09
1 296.768 0.006 350.39 —0.022
9 296.831 0.008 350.15
2 247,614 0.007 594.30 —0.037 0.007 —0.030
3 263.889 0.006 520.05 —0.004 —0.021 —0.025

10 290.180 0.008 382.36 0.003 —0.046 —0.043
18 “289.884 0.008 384.50 —0.013* —0.025 ——0.040*
11 316.687 0.007 247.23 0.014 —0.021 ——0.007
12 341.497 0.007 121.48 0.012 —0.035 ——0.023
13 332.768 0.004 161.92
20 332.866 0.008 168.84 —0.012 —0.008 —0.020
29 325.805 0.008 198.23 ——0.033
21 329.124 0.006 173.21 —0.005 —0.006 —0.011
22 330.644 0.007 141.43
23 332.582 0.006 126.12 —0.035 —0.008 ——0.043

Annex 2.(continued)

Instr. no. Station Date Time Reading Manufac. Tidal Corrected
observer no. 1975 (U.T.) scale correction mgaluvalue

.. Reykjavik 21941 L 25.8. 17.03 5631.581 5833.195 —0.055 5833.140
,, Reykjavik 21941 L 30.8. 5.31 5631.530 5833.142 —0.003 5833.139
„ Keflavik 21941 K 30.8. 7.39 5627.774 5829.247 +0013 5829.260
„ Hannover 21629 ‚A 30. 8. 19.12 4666.480 4832.216 —0.083 4832.133
87 Hannover 21629 A 28.6. 4.40 4662.159 4812.037 ——0.047 4811.990
Schreiber
.. Kcflavik 21941 K 28.6. 17.39 5626.505 5808.611 -—0.013 5808.598
,, Reykjavik 21941 L 28.6. 19.23 5630.318 5812.550 —0.039 5812.511
,, Reykjavik 21941 L 1.7. 6.20 5630.331 5812.563 —0.037 5812.526
„ Akureyri 5218 (Airp.) 1.7. 9.20 5702.056 5886.664 —0.029 5886.635
„ Akureyri 60932 1. 7. 10.43 5698.151 5882.625 —0.029 5882.596
,, Akureyri 60932 25.8. 13.02 5698.571 5883.059 —0.049 5883.010
,, Akureyri 5218 25.8. 14.12 5702.475 5887.096 —0.046 5887.050
,, Reykjavik 21941 L 25.8. 16.29 5630.746 5812.992 —0.048 5812.944
„ Reykjavik 21941 L 30.8. 5.12 5630.735 5812.981 —0.007 5812.974
„ Keflavik 21941 K 30.8. 7.18 5626.943 5809.063 +0.012 5809.075
„ Hannover 21629 A 30. 8. 18.53 4662.620 4812.513 —0.083 4812.430

298 Hannover 21629 A 28. 6. 4.54 4715.878 4989.554 —0.050 4989.504
Torge
„ Keflavik 21941 K 28.6. 17.40 5656.748 5985.683 —0.013 5985.670
„ Reykjavik 21941 L 28.6. 19.24 5660.461 5989.613 ——0.040 5989.573
,, Reykjavik 21941 L 1.7. 6.25 5660.437 5989.587 —0.036 5989.551
„ Akureyri 5218 (Airp.) 1.7. 9.26 5730.474 6063.711 —0.028 6063.683
„ Akureyri 60932 1.7. 11.08 5726.669 6059.684 ——0.031 6059.653

298 Akureyri 60932 24. 8. 14.08 5727.736 6060.818 ——0.040 6060.778
Wenzel
„ Husavik 5224 (Airp.) 24. 8. 16.25 5763.239 6098.391 —0.056 6098.335
„ Husavik 5224 (Airp.) 25.8. 11.10 5763.252 6098.405 —0.061 6098.344
„ Reykjavik 21941 L 25.8. 12.59 5661.589 5990.809 —0.048 5990.761
„ Reykjavik 21941 L 30.8. 5.17 5661.493 5990.708 -0.006 5990.702
.. Kcflavik 21941 K 30.8. 7.14 5657.807 5986.807 +0.011 5986.818
.. 4990.726Hannover 21629 A .30. 8. 18.55 4716.988

Annex 3. Gravity and height values 1975, gravity variations 1965—1975

—0.083 4990.643

goo—gooStation g (1975) m1g H(1975) g(70/71)—g(65) g(75)—g(70/71)
no. mgal mgal m mgal mgal mgal

60932 982,348.390 0.004 49.11 0.000 0.000 0.000
60936 353.254 0.007 24.05 —0.040

5218 352.417 0.008 2.09
1 296.768 0.006 350.39 —0.022
9 296.831 0.008 350.15
2 247,614 0.007 594.30 —0.037 0.007 —0.030
3 263.889 0.006 520.05 —0.004 —0.021 —0.025

10 290.180 0.008 382.36 0.003 —0.046 —0.043
18 “289.884 0.008 384.50 —0.013* —0.025 ——0.040*
11 316.687 0.007 247.23 0.014 —0.021 ——0.007
12 341.497 0.007 121.48 0.012 —0.035 ——0.023
13 332.768 0.004 161.92
20 332.866 0.008 168.84 —0.012 —0.008 —0.020
29 325.805 0.008 198.23 ——0.033
21 329.124 0.006 173.21 —0.005 —0.006 —0.011
22 330.644 0.007 141.43
23 332.582 0.006 126.12 —0.035 —0.008 ——0.043
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Annex 3 (continued)

Station g(l975) mg H(1975) g(70/71)—g(65) g(75)—g(70/71) g(75)—g (65)
no. mgal mgal m mgal mgal mgal

24 330.355 0.008 138.26
30 332.932 0.007 119.26 —0.038 0.002 — 0.036
39 330.647 0.008 130.27 0.002*
31 331.264 0.006 128.30 —0.025 —0.016* —0.019
32 332.224 0.007 126.59 —0.017 —0.012* —0.031 *
33 326.102 0.008 154.22
34 325.370 0.009 159.07
35 331.435 0.007 130.87
36 329.684 0.006 139.21
40 —0.015
48 329.248 0.003 137.64
41 329.466 0.008 132.42 —0.026 —0.026 —0.052
42 333.135 0.008 113.85 —0.036* —0.030* —0.068
43 332.645 0.007 117.66
50 331.588 0.008 120.87 0.000 —0.021 —0.021
59 331.206 0.007 121.73 —0.030
51 329.459 0.008 121.23 ——0.018* —0.009 ——0.033*
52 331.403 0.008 112.36 —0.01 8 —0.017 —0.035
68 331.518 0.007 112.88 0.020* —0.016 * 0.006
69 332.274 0.008 110.53 —0.004
61 331.910 0.007 116.01 ——0.028 ——0.020 —0.048'
62 331.414 0.008 117.13
70 335.171 0.007 109.67 ——0.036 —0.009 —0.045
78 336.008 0.009 105.97
79 335.177 0.008 109.57 0.005
71 335.850 0.007 110.70 —0.022 —0.016 —0.038
72 335.108 0.007 116.80 — 0.027 0.007 — 0.020
80 —0.025
88 336.830 0.006 111.87
89 336.238 0.004 114.32
81 319.931 0.007 205.07 —0.040 0.015 —0.025
82 310.531 0.009 253.36 —0.034 0.019* —0.001
83 356.920 0.007 49.35
90 306.528 0.009 280.05 —0.039 0.023 —0.016
91 —0.040
92 982,306.690 0.009 269.17 —0.032 0.022 —0.010
93 353.550 0.003 55.21 0.012 —0.017 —0.005

100 297.677 0.009 312.66 ——0.009 * 0.010 0.009
109 297.244 0.007 314.33
101 306.827 0.006 259.93 0.013
102 317.954 0.008 206.82 —0.006 * 0.014 0.016
110 308.810 0.008 252.99 ——0.009 0.009 0.000
119 301.305 0.009 291.81 —0.007 —0.005 —0.012
111 302.493 0.007 280.91 —0.034 —0.017 —0.051
112 0.011 *
113 298.328 0.007 292.58
120 290.206 0.009 333.83 0.027 * —0.036 —0.007 *
129 289.673 0.009 337.05 —0.01 5
121 312.662 0.007 215.90 —0.013
122 —0.020
123 295.050 0.006 284.06
124 294.352 0.006 280.68
130 —0.018
131 297.024 0.008 279.83 —0.044 0.007 —0.037
132 294.078 0.007 281.38
133 295.005 0.005 282.32

Annex 3 (continued)

Station g(l975) mg H(1975) g(70/71)—g(65) g(75)—g(70/71) g(75)—g (65)
no. mgal mgal m mgal mgal mgal

24 330.355 0.008 138.26
30 332.932 0.007 119.26 —0.038 0.002 — 0.036
39 330.647 0.008 130.27 0.002*
31 331.264 0.006 128.30 —0.025 —0.016* —0.019
32 332.224 0.007 126.59 —0.017 —0.012* —0.031 *
33 326.102 0.008 154.22
34 325.370 0.009 159.07
35 331.435 0.007 130.87
36 329.684 0.006 139.21
40 —0.015
48 329.248 0.003 137.64
41 329.466 0.008 132.42 —0.026 —0.026 —0.052
42 333.135 0.008 113.85 —0.036* —0.030* —0.068
43 332.645 0.007 117.66
50 331.588 0.008 120.87 0.000 —0.021 —0.021
59 331.206 0.007 121.73 —0.030
51 329.459 0.008 121.23 ——0.018* —0.009 ——0.033*
52 331.403 0.008 112.36 —0.01 8 —0.017 —0.035
68 331.518 0.007 112.88 0.020* —0.016 * 0.006
69 332.274 0.008 110.53 —0.004
61 331.910 0.007 116.01 ——0.028 ——0.020 —0.048'
62 331.414 0.008 117.13
70 335.171 0.007 109.67 ——0.036 —0.009 —0.045
78 336.008 0.009 105.97
79 335.177 0.008 109.57 0.005
71 335.850 0.007 110.70 —0.022 —0.016 —0.038
72 335.108 0.007 116.80 — 0.027 0.007 — 0.020
80 —0.025
88 336.830 0.006 111.87
89 336.238 0.004 114.32
81 319.931 0.007 205.07 —0.040 0.015 —0.025
82 310.531 0.009 253.36 —0.034 0.019* —0.001
83 356.920 0.007 49.35
90 306.528 0.009 280.05 —0.039 0.023 —0.016
91 —0.040
92 982,306.690 0.009 269.17 —0.032 0.022 —0.010
93 353.550 0.003 55.21 0.012 —0.017 —0.005

100 297.677 0.009 312.66 ——0.009 * 0.010 0.009
109 297.244 0.007 314.33
101 306.827 0.006 259.93 0.013
102 317.954 0.008 206.82 —0.006 * 0.014 0.016
110 308.810 0.008 252.99 ——0.009 0.009 0.000
119 301.305 0.009 291.81 —0.007 —0.005 —0.012
111 302.493 0.007 280.91 —0.034 —0.017 —0.051
112 0.011 *
113 298.328 0.007 292.58
120 290.206 0.009 333.83 0.027 * —0.036 —0.007 *
129 289.673 0.009 337.05 —0.01 5
121 312.662 0.007 215.90 —0.013
122 —0.020
123 295.050 0.006 284.06
124 294.352 0.006 280.68
130 —0.018
131 297.024 0.008 279.83 —0.044 0.007 —0.037
132 294.078 0.007 281.38
133 295.005 0.005 282.32
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788 W. Torge and H. Drewes

Annex 3 (continued)

Station g(1975) mg H(l975) g(70/71)—g(65) g(75)—g(70/71) g(75)—g (65)
no. mgal mgal m mgal mgal mgal

140 295.717 0.008 280.09 —0.044 —0.045 * —0.091 *
148 295.149 0.009 281.12
149 295.089 0.009 281.38 —0.031 *
141 295.701 0.007 279.23 —0.020 —0.026 —0.045
142 296.618 0.008 278.80 0.008
143 285.578 0.004 287.50 —0.009 —-0.014 —0.023
150 295.906 0.007 280.88 —0.019 —0.025 —0.045
160 292.746 0.008 281.11 —0.028 * 0.000 * —0.030
170 292.451 0.006 295.66 —0.006 ——0.021 —0.027

5276 297.119 0.006 284.17
171 289.249 0.006 321.14 —0.007 0.013 0.006
180 279.932 0.008 364.25 ——0.014 0.028 0.014
188 282.537 0.008 349.64
181 282.087 0.006 359.18 0.011 —0.005 0.006
190 281.699 0.007 359.12 0.009 0.021 0.030
199 281.444 0.007 359.38 0.016
191 280.029 0.006 364.98 —0.011 —0.001 ——0.012
193 282.301 0.003 358.68
200 271.658 0.008 403.53 0.031 0.010 0.041
209 272.586 0.008 397.40 0.041
202 272.574 0.006 391.52 0.007 0.005 0.012
203 274.938 0.006 374.52 0.023 0.028 0.051
210 274.123 0.007 377.15 0.022 0.019 0.041
211 273.430 0.007 387.62 —0.008 * 0.002 0.002
220 273.578 0.008 383.91 0.014 0.012 0.026
229 272.992 0.007— 386.70
221 276.203 0.008 370.99 —0.015 * 0.007 0.008
222 277.278 0.006 369.05 0.004 0.002 0.006
230 279.198 0.006 354.56 —0.003 0.029 0.026
239 277.943 0.007 360.26
231 276.721 0.008 363.49 —0.016 0.025 0.009
232 982,277.483 0.007 365.21
233 275.329 0.006 366.58 0.048 —0.002 0.046
234 276.850 0.004 360.27 0.007 0.014 0.021
240 274.767 0.008 375.78 —0.001 —0.001 —0.002
248 274.297 0.007 377.65 —0.023 0.007 —0.016
249 274.969 0.006 375.06 —0.026
241 277.146 0.008 362.53 0.030* —0.022 0.018
242 274.821 0.006 368.18 0.023* —0.015 0.018
250 275.242 0.007 366.42 0.026 —0.002 0.024
258 275.108 0.008 366.42
251 274.042 0.006 371.06
252 277.295 0.007 376.74 0.021 —0.019 0.002
260 0.003
268 276.042 0.007 384.69 —0.01 5
263 276.124 0.003 384.28

5277 275.848 0.006 385.33
270 274.450 0.006 427.12 0.004
280 268.139 0.008 415.64 —0.025
290 256.484 0.008 449.28 0.009
300 274.885 0.007 392.74 —0.003
310 271.392 0.008 412.59 0.005
320 268.403 0.007 429.63 —0.003

788 W. Torge and H. Drewes

Annex 3 (continued)

Station g(1975) mg H(l975) g(70/71)—g(65) g(75)—g(70/71) g(75)—g (65)
no. mgal mgal m mgal mgal mgal

140 295.717 0.008 280.09 —0.044 —0.045 * —0.091 *
148 295.149 0.009 281.12
149 295.089 0.009 281.38 —0.031 *
141 295.701 0.007 279.23 —0.020 —0.026 —0.045
142 296.618 0.008 278.80 0.008
143 285.578 0.004 287.50 —0.009 —-0.014 —0.023
150 295.906 0.007 280.88 —0.019 —0.025 —0.045
160 292.746 0.008 281.11 —0.028 * 0.000 * —0.030
170 292.451 0.006 295.66 —0.006 ——0.021 —0.027

5276 297.119 0.006 284.17
171 289.249 0.006 321.14 —0.007 0.013 0.006
180 279.932 0.008 364.25 ——0.014 0.028 0.014
188 282.537 0.008 349.64
181 282.087 0.006 359.18 0.011 —0.005 0.006
190 281.699 0.007 359.12 0.009 0.021 0.030
199 281.444 0.007 359.38 0.016
191 280.029 0.006 364.98 —0.011 —0.001 ——0.012
193 282.301 0.003 358.68
200 271.658 0.008 403.53 0.031 0.010 0.041
209 272.586 0.008 397.40 0.041
202 272.574 0.006 391.52 0.007 0.005 0.012
203 274.938 0.006 374.52 0.023 0.028 0.051
210 274.123 0.007 377.15 0.022 0.019 0.041
211 273.430 0.007 387.62 —0.008 * 0.002 0.002
220 273.578 0.008 383.91 0.014 0.012 0.026
229 272.992 0.007— 386.70
221 276.203 0.008 370.99 —0.015 * 0.007 0.008
222 277.278 0.006 369.05 0.004 0.002 0.006
230 279.198 0.006 354.56 —0.003 0.029 0.026
239 277.943 0.007 360.26
231 276.721 0.008 363.49 —0.016 0.025 0.009
232 982,277.483 0.007 365.21
233 275.329 0.006 366.58 0.048 —0.002 0.046
234 276.850 0.004 360.27 0.007 0.014 0.021
240 274.767 0.008 375.78 —0.001 —0.001 —0.002
248 274.297 0.007 377.65 —0.023 0.007 —0.016
249 274.969 0.006 375.06 —0.026
241 277.146 0.008 362.53 0.030* —0.022 0.018
242 274.821 0.006 368.18 0.023* —0.015 0.018
250 275.242 0.007 366.42 0.026 —0.002 0.024
258 275.108 0.008 366.42
251 274.042 0.006 371.06
252 277.295 0.007 376.74 0.021 —0.019 0.002
260 0.003
268 276.042 0.007 384.69 —0.01 5
263 276.124 0.003 384.28

5277 275.848 0.006 385.33
270 274.450 0.006 427.12 0.004
280 268.139 0.008 415.64 —0.025
290 256.484 0.008 449.28 0.009
300 274.885 0.007 392.74 —0.003
310 271.392 0.008 412.59 0.005
320 268.403 0.007 429.63 —0.003
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Annex 3 (continued)

Station g(l975) mg H(1975) g(70/71)—g(65) g(75)—g(70/71) g(75)—g(65)
no. mgal mgal m mgal mgal mgal

330 268.214 0.008 428.96 0.006
340 266.105 0.009 440.91 0.011
350 260.780 0.008 470.38 0.008
360 255.876 0.009 496.41 0.046
370 254.195 0.010 507.79 0.049
380 247.701 0.008 536.75 0.035
390 250.408 0.009 525.10 0.070
400 248.406 0.010 534.31 0.049
410 241.599 0.008 567.42 0.047
420 227.046 0.008 630.53 0.017
430 220.773 0.008 658.45 ——0.006
440 217.546 0.006 680.75 —0.009
450 219.305 0.003 669.31 0.014
458 218.815 0.006 672.85 0.013
459 218.636 0.007 671.81 0.000
460 201.354 0.007 756.79 ——0.005
470 201.264 0.009 758.78 —0.005
480 193.444 0.008 799.26 0.033
490 212.861 0.009 720.01 0.010
500 221.263 0.009 682. 50 0.000
510 220.674 0.007 686.46 —0.005
520 220.893 0.009 680.84 —0.006
530 242.585 0.009 579.82 0.031
540 250.046 0.008 542.09 0.009
550 248.254 0.009 551.46 0.007
560 251.926 0.008 534.79 0.013
570 244.680 0.009 567.34 0.023
580 251.203 0.008 532.50 0.010
590 253.151 0.007 528.48 0.008
600 254.046 0.004 530.83 0.017
608 982,253.964 0.006 531.14 0.000
609 253.873 0.004 531.62 0.013
610 252.592 0.007 538.41 0.004
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a: gravity variation corrected for the effect of a local height change (see section 4)

Annex 3 (continued)
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330 268.214 0.008 428.96 0.006
340 266.105 0.009 440.91 0.011
350 260.780 0.008 470.38 0.008
360 255.876 0.009 496.41 0.046
370 254.195 0.010 507.79 0.049
380 247.701 0.008 536.75 0.035
390 250.408 0.009 525.10 0.070
400 248.406 0.010 534.31 0.049
410 241.599 0.008 567.42 0.047
420 227.046 0.008 630.53 0.017
430 220.773 0.008 658.45 ——0.006
440 217.546 0.006 680.75 —0.009
450 219.305 0.003 669.31 0.014
458 218.815 0.006 672.85 0.013
459 218.636 0.007 671.81 0.000
460 201.354 0.007 756.79 ——0.005
470 201.264 0.009 758.78 —0.005
480 193.444 0.008 799.26 0.033
490 212.861 0.009 720.01 0.010
500 221.263 0.009 682. 50 0.000
510 220.674 0.007 686.46 —0.005
520 220.893 0.009 680.84 —0.006
530 242.585 0.009 579.82 0.031
540 250.046 0.008 542.09 0.009
550 248.254 0.009 551.46 0.007
560 251.926 0.008 534.79 0.013
570 244.680 0.009 567.34 0.023
580 251.203 0.008 532.50 0.010
590 253.151 0.007 528.48 0.008
600 254.046 0.004 530.83 0.017
608 982,253.964 0.006 531.14 0.000
609 253.873 0.004 531.62 0.013
610 252.592 0.007 538.41 0.004
620 254.679 0.008 529.47 0.017
630 258.684 0.007 509.72 0.000
640 257.875 0.009 511.59 —0.004
650 260.763 0.008 495.87 0.007
660 267.717 0.009 455.49 —0.001
670 275.932 0.010 415.07 —0.002
680 277.232 0.009 408.24 —0.014
690 279.137 0.010 402.12 —0.015
700 280.076 0.010 395.20 —0.004
710 284.312 0.009 371.50 —0.014
720 279.847 0.011 394.60 0.010
730 277.568 0.010 406.94 0.020
740 278.683 0.009 401.62 0.001
750 285.550 0.010 361.64 —0.001
760 301.473 0.009 280.56 0.017
770 316.692 0.008 207.23 0.000
780 319.904 0.008 193.60 0.028
790 312.741 0.007 184.31 —0.031
798 319.209 0.008 198.84 0.019
799 310.969 0.008 233.79 0.012

99010 354.491 0.004 54.22 —0.007
99011 354.034 0.008 53.84 ——0.008

5227 383.882 0.008

a: gravity variation corrected for the effect of a local height change (see section 4)



|00000804||

790 W. Torge and H. Drewes

Annex. Gravity profile
Klaustur: Gravity values 1965, Station g (1965) g (1970) g (1975)
1970 and 1975 no. mgal mgal mgal

83400 982,272.55 982,272.50 982,272.53
83401 273.78 273.76 273.78
83402 273.96 273.92 273.96
83403 274.72 274.61 274.66
83404 274.53 274.52 274.56
83405 274.94 274.92 274.94
83406 268.68 268.65 268.67
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High Resolution Near Surface Reflection Measurements
Using a Vertical Array Technique

R. Schepers
Institut für Geophysik der Ruhr-Universität Bochum, Postfach 102148, D-4630 Bochum 1, Federal
Republic of Germany

Abstract. A seismic reflection method is described which can be applied
within the scope of engineering geophysics. Emphasis is laid on the presenta-
tion of the field technique. Four case histories are given to demonstrate
the benefits of the field technique. The attainable resolution is about 1ms.

The seismic wave is generated at the surface, whereas the receiver is
attached to the wall of a small borehole, thus separating source and receiver
vertically, resulting in an attenuation of surface waves and S-waves. If the
receiver is attached at different depths, downgoing and upgoing waves can
be separated. A borehole probe was developed for the use in dry holes.
In the borehole probe an accelerometer acts as a seismic receiver. The process-
ing of the digital data is straightforward. Essentially, homomorphic deconvo-
lution and stacking of the seismogram traces were applied.

Key word: Engineering seismics — Reflection method —— Seismic field tech-
nique — Vertical accelerometer array.

1. Introduction

The seismic reflection method has not yet prevailed within the scope of engineer—
ing activities. Certainly, economical considerations are the main reason why
the seismic reflection method does not play an important role in engineering
geophysics. Especially this is true, if the depth of investigation does not exceed,
let us say, 50 m. When applying the seismic reflection method to solve engineer-
ing problems we can first try to make use of the reflection method in the
same way, as it is used for the prospecting for hydrocarbons. But due to the
necessarily higher resolution of near surface measurements the data processing
has to be more sophisticated. Thus the total expenditure will be of the same order
as for the prospecting for hydrocarbons. In this case the application of the seismic
reflection method will be restricted to the solution of special problems.

Therefore, it seems worthwhile to investigate, if a simple survey method
can be developed based on the principle of reflection seismic. Describing the
theoretical aspects of the problem and the application of a new reflection tech-
nique to a field case a paper on this subject has been published by the author
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(Schepers, 1975). The improvement of the reflection method is demonstrated
by means of some case histories in the present paper. The increasing quality
of the obtained results is mainly due to the development of a suitable field
technique. The development of data processing programs, described in this
paper, is closely connected to the development of the improved field technique.
Though it was not the aim to develop a survey method, which can be applied
routinely and economically, it was always kept in mind that such a development
should be possible on the basis of the investigations described in this paper.

2. Accelerometers in Boreholes

Provided the seismic source and the receiver are separated in the vertical direc-
tion, and if we assume horizontal or slowly dipping interfaces, then only verti-
cally travelling P-waves will reach the receiver. Such a vertical separation of
source and receiver has the advantage that the coherent noise, namely S-waves
and surface waves, can be attenuated to a great extent. Furthermore homomor-
phic filtering of seismograms being composed of P—waves only can yield an
effective deconvoluting and suppression of multiples (Schepers, 1975)

A seismic method capable of resolving thin near surface layers must have
a high resolution. Therefore a broadbanded signal is required. If the source
and the receiver—or at least one of them—are coupled to the ground beneath
the weathering layer, the amplitude spectra of the seismic signal will show
a better high frequency content.

Employing a seismic source in a vertical borehole, and installing the receiver
on the surface is one possibility to separate source and receiver in the vertical
direction (Schepers, 1975). Another possibility is to use a surface source, and
to attach the receiver to the wall of a borehole (Schepers, 1976). The last
mentioned arrangement is used for all measurements described in this paper.
Using a borehole probe has the advantage that the receiver can be easily attached
at any depth within the borehole. Figure l depicts the principle of the borehole
probe (Hardy, 1974). As we wanted to record seismic signals up to frequencies
of l kHz, we used an accelerometer as a seismic receiver. The employed accele-
rometer Endevco 2219 E—has a linear frequency response up to 3 kHz. The
accelerometer is mounted within an expandable rubber jacket. A contact plate
firmly connected with the accelerometer is attached to the outside of the rubber
jacket. When air is injected into the probe, it expands the rubber jacket, pressing
the contact plate tightly against the wall of the borehole.

3. Near Surface Seismic Reflection Measurements
Using Two Accelerometers at Equal Depth

3.1 The Test Site I

Seismic reflection measurements have been carried out in the vicinity of a
waterworks. The waterworks is situated in the valley plain of the river Ruhr,
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the water being extracted out of the river gravel. The aquifer is confined below
by impermeable bedrock. The bedrock is not deeply weathered. The depth
to the bedrock is about 10 m in that area of the waterworks, where the water
is extracted. In the same area the depth to the ground water surface is about
4 m. Being about 1 m thick there is a thin surface layer of fluviatile loam.
Three seismic refraction profiles have been measured yielding the following
P-wave velocities:

sandy loam 350 m/s 400 m/s
coarse gravel (dry) 680 m/s- 790 m/s
coarse gravel (wet) 1450 m/s- 1620 m/s
bedrock 3000 m/s- 3500 m/s

Since the individual layers are only a few meters thick, the two-way traveltime
of each layer is less than 5 ms in many cases. When surveying such shallow
interfaces the expenditures for field work and for data processing must not
be too high. If the costs are of the same order as for drilling. then the latter
will be preferred, because results obtained from drilling are always thought
to be more realiable.

3.2 Field Technique and Result m Test Site I

Figure 2 depicts the principle of the field technique. There are 2 boreholes close
together. A seismic receiver is attached at the bottom of each borehole. A
seismic disturbance is generated at the surface in the middle betwen the 2
boreholes.

For our measurements we used a weight drop as seismic source (Schepers,
19?:3). On test site I the 2 holes were drilled through the loam down to the
top of the gravel. The distance between the two boreholes was 1m in all
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Fig. 2. Principles of the field technique using 2 accelerometers
at equal depth

cases. Along the survey line the depth to the bottom of the borehole varied
between 0.6m and 1.4 m. The seismic signals. picked up by an accelerometer
in each borehole, were recorded by a digital recording system (Schepers, 1975).
This recording system improves the signal-to—noise ratio by means of an on—line
averaging process. Using a band pass filter with a low-frequency cutoff at
3H: and a high-frequency cutoff at 1250 Hz the sample interval was taken
to be 0.2 ms corresponding to a Nyquist frequency of 2.5 kHz.

Averaging 16 impacts of the weight drop a two channel seismogram was
gained at each observation point. The final data were punched on a paper
tape and the data processing was carried out in the computer center of the
Ruhr-Universitat Bochum. The main segments of the data processing program
are the following ones: (i) Homomorphic deconvolution of the two traces of
the seismogram (Schepers. 1975). In the deconvolution process values of the
complex spectrum were used up to a frequency of 1250 Hz corresponding
to a resolution of0.4 ms in the time domain. (ii) Stacking of the two deconvolved
traces. (iii) Suppression of the ghost reflections from the surface by inverse
filtering. Knowing the travel time of the wave in the uppermost layer the ap—
proach to the filter design was a deterministic one. (iv) Reduction to a datum
elevation.

The result of the data processing of one line of 36 observation points is
plotted in the upper part of Figure 3 as a time section. The distance between
2 observation points was 50 m. Each trace of the time section is the filtered
stack ofthe two deconvolved traces gained at each observation point. Deflections
of the traces to the left are blacked-in indicating an increase of acoustic imped-
ance.

Correlating well on all traces the first event is the reflection from the water
surface. After this a second event can be recognized on all traces: it is the
reflection from the bedrock. This reflection is quite poor on some traces. Some
of the noise disturbing the reflection events is due to imperfect performance
of the inverse filter. Yet the resolution of the reflection is satisfactory on all
traces. One should be aware that the time difference between the 2 reflections
is not more than 2 ms on some traces.

The geological section derived from the time section is shown in the lower
part of Figure 3. The ground water surface is not flat. because the waterworks
has produced water during the survey. But the depth to the water surface
was known precisely. since the water level could be controlled at 10 observation
pipes along the survey line. Therefore only the time difference between the
two reflections and the P—wave velocity of the wet gravel enters into the computa-
tion of the depth to the bedrock. Considering the actual error of both values
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Fig. 3. Time section and the corresponding geologic section gained at test site I

a precision of $0.5 m can be assigned to the depth of the interface between
gravel and bedrock. This is confirmed by three boreholes drilled along the
line. In all three cases the depth predicted by the reflection measurements differs
not more than 0.4 m from the depth supplied by drilling.

3.3 The Test Site [I

The waterworks of Mussum and Liedern near the town of Bocholt extract
their water out of the uppermost layer consisting of Pleistocene sand and gravel.
This permeable stratum is limited below by a thick silty clay layer. It was
the aim of a seismic reflection survey to give the thickness of the permeable
stratum along a line, which connects the waterwoks 0f Mussum to the water-
works of Liedern. The total lenght of the line was 6.5 km. From previous
investigations the depth to the top of the clay could be expected to vary between
10 m and 40 m in this area. According to some observation pipes the depth
of the ground water surface is about 2 m. After seismic refraction measurements
at both ends of the reflection line the following P-wave velocities could be
determined:

sand with fine gravel (dry) 400 m/s—-450 m/s
sand with fine gravel (wet) 1350 m/s—l450 m/s
clay (silty) 1850 m/s

Since the length of the refraction profiles was 80 m, only one profile yielded
the P-wave velocity of the clay. In this case the depth to the top of the clay
layer was about 12 m. The wave velocity of the clay is however of minor
importance for the evaluation of the reflection data.

3.4. Field Technique and Results at Test Site II

The distance between 2 observation points was normally 100 m. At each observa-
tion point the seismic reflection measurement was carried out in the same
way as described for test site I. The 2 boreholes were sunk to the depth of
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not more than 0.4 m from the depth supplied by drilling.
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Since the length of the refraction profiles was 80 m, only one profile yielded
the P-wave velocity of the clay. In this case the depth to the top of the clay
layer was about 12 m. The wave velocity of the clay is however of minor
importance for the evaluation of the reflection data.

3.4. Field Technique and Results at Test Site II

The distance between 2 observation points was normally 100 m. At each observa-
tion point the seismic reflection measurement was carried out in the same
way as described for test site I. The 2 boreholes were sunk to the depth of
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the ground water surface. The accelerometers were placed in the boreholes
at the water level. The depth to the water surface varied between 1.7 m and
3.2 m along the survey line.

The field data were processed in the same manner. as already explained
in chapter 3.2. The only differences was that in the deconvolution process,
values of the complex spectrum were used up to a frequency of 625 Hz corre-
sponding to a resolution of 0.8 ms in the time domain. The final result is
plotted as a time section in Figure 4. Evaluated reflections are marked by
a dashed line. Besides the continuous reflection from the t0p of the clay. there
are some reflection events at shorter traveltimes, which can be correlated on
several traces. E.g. on the traces 43 to 50 a reflection is visible at a traveltime
of about 12 ms. A shallow test boring revealed that this reflection is due to
an interface seperating pure sand from sand with gravel. The P-wave velocity
of pure sand is about 1300 m/s whereas the P-wave of sand with gravel is
about 1450 m/s.

The traveltime of the seismic wave between the reflecting horizons is greater
in the case of test site II as compared to test site I, thus facilitating near
surface reflection measurements. On the other hand the involved reflection
coefficients are much smaller.

4. The Vertical Array Technique

4.]. The Princr‘ple

Promising results have been obtained by attaching an accelerometer within
a borehole and employing a surface source at the location of the borehole.
Yet, to drill a hole is much more troublesome, than just to place a geOphone
on the earth’s surface. Consequently, if one has decided to use such a field
technique, several receivers should be attached at different depths within the
borehole. Thus. a vertical geophone array is established. which has the advantage
that primary reflections can easily be separated from ghost reflections. To explain
this a very simple case is depicted in Figure 5. A borehole is sunk into a
layer of constant wave velocity. There are 4 geophones at different depths
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the ground water surface. The accelerometers were placed in the boreholes
at the water level. The depth to the water surface varied between 1.7 m and
3.2 m along the survey line.

The field data were processed in the same manner. as already explained
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values of the complex spectrum were used up to a frequency of 625 Hz corre-
sponding to a resolution of 0.8 ms in the time domain. The final result is
plotted as a time section in Figure 4. Evaluated reflections are marked by
a dashed line. Besides the continuous reflection from the t0p of the clay. there
are some reflection events at shorter traveltimes, which can be correlated on
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of about 12 ms. A shallow test boring revealed that this reflection is due to
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coefficients are much smaller.
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Yet, to drill a hole is much more troublesome, than just to place a geOphone
on the earth’s surface. Consequently, if one has decided to use such a field
technique, several receivers should be attached at different depths within the
borehole. Thus. a vertical geophone array is established. which has the advantage
that primary reflections can easily be separated from ghost reflections. To explain
this a very simple case is depicted in Figure 5. A borehole is sunk into a
layer of constant wave velocity. There are 4 geophones at different depths
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within the borehole. The line A—A shall indicate a reflecting interface some
distance beneath the bottom of the borehole.

If a seismic wave is generated at the surface close to the borehole, the
direct wave is the first event which arrives at the geophone array. Displaying
the arrival times of the direct wave as a function of the depth of the correspond-
ing geophone a straight line is yielded. The slope of it is l/V, where V is
the wave velocity of the material adjacent to the borehole. More generally,
if the wavefront stikes the array obliquely, V is the apparent velocity Vu. But
in the following considerations we shall assume V=V„. The second event reach-
ing the array is the reflection from the interface A—A. This event passes the
array in the opposite direction, and its apparent velocity is -V. The next event
will be the ghost reflection from the surface. As the ghost reflection is a downgo-
ing wave just as the direct wave. the apparent velocity of this event will be
V.

In the right part of Figure 5 synthetic seismograms for the four different
geophone positions are plotted. The zero time of each seismogram is defined
by the arrival time of the direct wave at the corresponding geophone. The
primary reflection from the interface A-A is marked by the dashed line P-P.
The ghost reflection if marked by the dashed line G-G. Concerning the suppres-
sion of ghost reflections we can summarize: (i) If V is the velocity of the
downgoing waves, the velocity of the upgoing waves is -V. (ii) The time difference
between the direct wave and the ghost reflection is constant for all traces.
(iii) The moveout of the ghost reflection with respect to the primary reflection
is different for different traces.

It is an important advantage of the vertical array technique that downgoing
waves and upgoing waves can be discriminated definitely. Downgoing waves
are the ghost reflections and those multiples, whose last reflection occurs at
interfaces above the array. Disturbing considerably the primary reflections from
interfaces below the array the suppression of the downgoing waves is essential.
This suppression is simply achieved by applying static correction to each trace
according to the position of the corresponding receiver, and then stacking the
traces. The proper static corrections can be derived from the arrival of the
direct wave.

Furthermore we can state that by this stacking process all events are
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(iii) The moveout of the ghost reflection with respect to the primary reflection
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It is an important advantage of the vertical array technique that downgoing
waves and upgoing waves can be discriminated definitely. Downgoing waves
are the ghost reflections and those multiples, whose last reflection occurs at
interfaces above the array. Disturbing considerably the primary reflections from
interfaces below the array the suppression of the downgoing waves is essential.
This suppression is simply achieved by applying static correction to each trace
according to the position of the corresponding receiver, and then stacking the
traces. The proper static corrections can be derived from the arrival of the
direct wave.

Furthermore we can state that by this stacking process all events are



|00000812||

798 R. Schepers

suppressed displaying an apparent velocity other than that of the reflections
from below the array provided the dips of the reflecting interfaces are not
too large.

4.2. Automatic Processing of Vertical Array Data

A computer program was developed for the automatic processing of data gained
by the vertical array technique. The main segments of this program are described
in the following:

1. Picking of the first onsets on each trace and computation of the apparent
velocity of the direct wave along the vertical array.

2. Deconvolution of the individual traces recorded at different receiver posi-
tions in the borehole. The deconvolution is achieved by homomorphic filtering
(Schepers, 1975).

3. Application of static corrections. As reference datum the depth of one
receiver within the array is used. The static corrections are computed according
to the velocity determined in segment l.

4. Assuming a specific subsurface model those time windows are computed,
in which primary reflections may occur. The model is defined by the thickness
of the layers, the P-wave velocities in the layers, and the expected errors of these
values. These parameters are computed according to the results obtained at
previous observation points (refer to segment 9). Otherwise the model has to be
defined by input parameters.

5. Automatic determination of residual statics.
6. Stackings of the traces of the array.
7. Application of a reflection picking process to the stacked trace. Essentially,

the trace is normalized, and then all amplitudes are suppressed, which do not
exceed a predefined value.

8. Application of a static correction to reduce the trace to a common reference
datum.

9. Prediction of a subsurface model for the next observation point by means
of the arrival time of the reflections picked in segment 7 and by means of
the velocities defined in segment 4. The subsurface parameters derived in this
segment are used in segment 4, when the data of the next observation point is
processed.

To elucidate some features of the data processing program, and to illustrate
its efficiency the application of the described processing technique to synthetic
seismograms will be presented in the next chapter.

4.3. Automatic Processing of Synthetic Seismograms

Assuming the density of all layers to be equal the parameters of a subsurface
model are given in the left part of Table 1. The model was constructed according
to a field case, which will be presented in the next chapter. A vertical array
of four geophones was assumed. The depths of the geophones of traces l
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Table 1. Model parameters for the
computation of the synthetic seismogram Depth 0f the upper P-‘wavc VEIOCIW

and lower boundary of the layer
of the layer

0- 2 m 400 this
2 —25 m 1450 mils

25- 31 m 1300 m/s
31 m 1850 mfs

Synthetic Seismogroms Processed Seismogroms
without with noise without with noise
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Fig. 6. Synthetic seismograms without and with noise computed for the subsurface model, which
is defined by the parameters given in Table l. The 4 traces of each seismogram correspond to
the depths from left to right 05 m, 1.0 m, 1.5 m, and 2.0 m. Applying the processing program
with the parameters given in Table 2 the 4 processed seismograms are obtained. In each of those
4 cases the 3 different output traces correspond to the deconvolution parameters b from left
to right 0.99, 0.98, and 0.97 (Ulrych, 1971)

to 4 are 0.5 m, l m, 1.5 m and 2 m. Computing a synthetic seismogram trace
for each of the geophone positions a four channel seimogram is yielded. The
results of the computation are shown in the left part of Figure 6. The trace
most to the left is trace l according to Table 1. To estimate the influence
of noise on the processing, broad-banded noise of different signal-to-noise ratio
SNR has been added to the synthetic seismogram. The signal—to-noise ratio
SNR is defined by

SNR = Z x2(n)/Z “2(a),

where x(n) is the signal trace and u(n) is the noise. The synthetic seismogram
with additive noise of SNR=2 is also plotted in Figure 6. In both synthetic
seismograms of Figure 6 the arrival time of the reflection from the third interface
(see Table 1) is marked by a dashed line. At least in the case of additive
noise, this reflection cannot reliably be identified referring to the unprocessed
array data. In both cases the reflection from the second interface is not visible.
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Table 2. Model parameters for the processing of the synthetic seismogram

Number of Depth to the lower Assumed P-wave Assumed
the layer boundary of the layer depth error velocity velocity error

l 2 m i 0.2 m 400 m/s 50 m/s
2 31 m i9 m 1400 m/s 100 m/s

The processing described in the previous chapter was applied to the synthetic
seismogram without noise and to three synthetic seismograms with additive
noise of different signal-to-noise ratios. The results are shown in the right
part of Figure 6. For three different choices of the deconvolution parameter
b, three output traces are plotted in each case. The parameter b specifies the
exponential weighting of the time series (Ulrych, 1971), which is applied before
the homomorphic filtering (segment 2 of the data processing program). Exponen-
tial weighting involves the multiplication of a time series x(n) by a time series
of the form V(n)=b“. For the three different output traces—in Figure 6 from
left to right—the parameter b is 0.99, 0.98, and 0.97.

According to segment 4 of the data processing program a rough model
of the subsurface has to be specified. For a two-layer-model the parameters
and their corresponding errors are given in Table 2. A reflection from the
second interface of the model specified by Table 2 can be expected within
a fixed time window. The boundaries of this time window are marked by
dashed lines in the right part of Figure 6. Deflections of the output traces
to the left—the blacked-in area—indicate a negative reflection coefficient corre-
sponding to an increase of wave velocity. In case of the processed seismogram
without noise the positive reflection from the second interface at about 30 ms
and the negative reflection from the third interface at about 40 ms can clearly be
identified. Using a parameter b = 0.99 the performance of the processing program
is bad in all cases. Obviously the best performance is yielded with a deconvolu-
tion parameter b=0.98, which refers to the middle trace of the three output
traces.

At least the reflection from the third interface is visible in all processed
seismograms with noise even in the case of a signal-to-noise ratio SNR=2.
The positive reflection from the second interface cannot be detected with the
same certainty as in the noisefree case. The identification of such a small event
will be easier, if it can be correlated on several traces within a seismic section.
The example in Figure 6 demonstrates that the data processing program is
very efficient even in the case of SNR=2. The achieved signal enhancement
enables us to pick the main reflection automatically.

Varying the input parameters of the program the processing of synthetic
seismograms can help to estimate the influence of the input parameters on
the resultant output trace. In the next chapter two case histories are given.
Before evaluating the field data, synthetic seismograms of many models matched
to the expected subsurface geologic condition have been processed with different
input parameters to yield an optimum parameter estimation.
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5. Case Histories

5.1. Determination of the Thickness of an Aquifer

Near the waterworks of Liedern seismic reflection measurements have been
carried out within the scope of hydrogeological investigations to supply the
thickness of the water bearing stratum. The subsurface geologic conditions
are the same as described for test site II. The profile, which will now be presented,
intersects the profile shown in Figure 4 of this paper.

Measurements have been carried out at 20 locations. Since from previous
investigations one could expect the top of the clay layer to vary slowly with
depth, the distance between the observation points was chosen to be about
500 m. Consequently this great distance between the observation points requires
reliable results at each point. This is a challenge, which is more stringent than
the requirements of normal reflection surveys where the method of continuous
profiling is applied.

At each observation point one borehole was drilled and the accelerometer
was attached within the borehole at four different positions. The deepest receiver
position was always at the water level. The depth of the water surface varied
between 2 m and 3.5 m. Depending on the depth of the deepest receiver the
distance between the receiver positions was 0.4 m or 0.5 m. The sampling interval
of the recording system was set to be 0.2 ms according to a Nyquist frequency
of 2.5 kHz. The frequency band of 0 Hz to 830 Hz was used for the deconvolution
process.

As the depth of the water could be derived from the borehole data, the
only interface of interest was the top of the clay layer. Predicting the rough
subsurface model of the next observation point by means of two different
versions of segment 4, the data processing program described in the previous
chapter was applied to the field data twice. Using a constant error of i9 m
for the prediction of the depth to the clay layer the time section plotted in
the upper part of Figure 7 was obtained. Yielding the seismic section in the
lower part of Figure 7 a very rough model of the subsurface at the observation
point 1 was given as starting point: The top of the clay layer was expected
at a depth of 25 mi20 m. If the depth of the interface changes less than
the preset error, the value of the error was automatically stepwise reduced.

Both program versions deliever nearly equal results thus demonstrating that
the model parameter prediction is not critical at all. In both that the model
parameter prediction is not critical at all. In both sections of Figure 7 those
amplitudes are suppressed, whose absolute value is less than 15% of the maxi-
mum absolute value of the trace.

On trace 10 a prominent event exhibits about 10 ms before the small event
which we may expect to be the reflection from the top of the clay. The latter
event correlates with the adjacent traces. A borehole was drilled at the observa—
tion point 10 and a clay layer—about l m thick—was found 7.5 m above the
actual clay layer. The prominent event on trace 10, therefore, is the reflection
from this thin clay layer.

In both sections of Figure 7 a positive reflection (deflection of the trace
to the right) can be correlated at about 25 ms at least on the 2 to 5. A positive
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reflection means a decrease in velocity. T0 prove this interpretation a borehole
was drilled at the observation point 3. Indeed, a transition from sand with
gravel to fine sand was found at a depth of 22.8 m. According to the seismic data
a velocity decrease was predicted for a depth of 23.2 m.

5.2. The Determination of Static Corrections
for Vi'broseis Reflection Surveys

If the near surface layers exhibit low velocities, and if the thickness of these
layers changes rapidly along the seismic line static corrections may be trouble-
some. Sometimes bad quality seismic sections are due to inadequate static correc-
tions. If after basic static corrections no reflection event of sufficient quality
can be correlated along the seismic section, then additional information has
to be provided for better static corrections. We wanted to investigate if in
those cases the seismic reflection method can yield the additional information.
For this first investigation our results should be compared with the results
obtained from seismic refraction measurements and with the static corrections
derived from reflection events in the vibroseis section.

Using the vertical array method near surface reflection measurements have
been carried out in the Bavarian molasse region in southern Germany. By
means of these measurements static corrections should be determined with an
accuracy of i4 ms. At 124 locations distributed on four lines measurements
have been carried out in a similar way, as described in the previous chapter.
The total length of the four lines was 37 km. Along the same lines Short-
Refraction profiles have been measured. On line V-33l near surface reflection
measurements have been carried out at 70 locations. For this line the average
distance between the observation points was 200 m and it was about 450 m
for the three other lines.

Previously, we had little information about the subsurface geologic condi-
tions. The depth of the borehole at each location was planned to be 3m.
In most cases the uppermost layer in that region consisted of loam. Since
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Fig. 8. Field seismogram obtained at observation point l86. the amplitude spectra of the traces
recorded at the depths of 0.9 m and 1.8 m. and the resultant output trace after application of
the data processing program

the drill operated with water as circulating fluid, the hole often was in bad
condition due to collapse of the borehole wall. Therefore. the depth of the
deepest receiver and the distance between the four receiver positions within
the hole were not constant along the lines. The maximum attainable depth
was 2.4 m. whereas the minimum depth was 0.7 m. Additional difficulties arose
from the fact that due to the low permeability of the loam. the borehole often
remained filled with water. The borehole probe which was constructed for
dry holes did not work satisfactorily in some of those cases.

The four seismogram traces gained at one specific location of line V-331
are plotted in the left part of Figure 8. The depth of the receiver is written
on top of each trace.

The amplitude spectra of the two traces recorded at a depth of 1.8 m and
0.9m are shown in the right part of Figure 8. Both spectra have a fairly
flat envelop. and they reveal a good high frequency content of the signals.
Applying the data processing the resutant—mutput trace is plotted in the middle
of Figure 8. If a reflection event is very clear. the output trace can reach
the maximum value of +1 or —1. Since we are only interested in interfaces,
where the wave velocity increases—that means negative reflection coefficientsw
all amplitudes greater than—0.3 have been suppressed. The output trace shows
three clear reflection events. Comparing the output trace with the seismogram
traces on the left of Figure 8 the benefits of the vertical array technique combined
with an adequate data processing is evident. Dashed lines in the seismogram
indicate the arrival times of waves according to the interpretation of the output
trace.
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Fig. 9. The time section and the corresponding depth section of one half of line V-331. The
traces in the time section are shifted according to the elevation of the observation point
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Using the velocities derived from the Short-Refraction profiles the depths
to the reflecting interfaces can be computed. The subsurface model derived
from the output trace in Figure 8 is in good agreement with the subsurface
model derived from the Short-Refraction profile. Furthermore, the difference
between the static correction computed from the output trace in Figure 8 and
the static correction derived from clearly correlating reflection events in the
Vibroseis section is only 1 ms at this location.

The resultant output traces for all other observation points were plotted
in the same way as depicted in Figure 8. In the upper part of Figure 9 the
time section and in the lower part the corresponding subsurface model are
shown for one half of line V-331. The uppermost continous line of the time
section gives the surface elevation along the section. The zero time of the
output trace of each observation point corresponds to this surface line. Thus,
the correlation of reflection events from the same interface is easier. The altitude
scale is given at the left end of the section, whereas the time scale is given
at the right end. The dashed lines in the time section indicate how the reflection
events have been correlated. In the case of greater gaps between successive
observation points the reflections cannot be correlated with certainty. Desiring
a continuous profiling of the subsurface boundaries the distance between the
observation points is too great.

'

The uppermost dashed line in the time section connects reflections from
the ground water surface. The ground water surface is not depicted in the
subsurface model below, because the depth to the water surface varies only
between 1.5 m and 5 m. The P-wave velocity above the water surface is about
350 m/s.

Supposing the static corrections derived from the Vibroseis reflection data
are correct the error of the static corrections derived from the near surface
reflection survey is less than 4 ms for 60 per cent of the observation points
of line V-331. If the data had to be qualified as bad, or if the distance
to the adjacent observed points was too large, greater errors occurred (Schepers
1977). The static corrections based on the reflection measurements are compar-
ably good as the static corrections derived from the Short-Refraction profiles.
Adaptation of the field technique and carrying out measurements at more
closely separated points can improve the results.

Besides the problem of getting information for better static corrections the
described reflection method has proved to be a quick survey method within
the scope of engineering investigations.
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Ausbreitung von Rayleigh-Kanalwellen in Steinkohleflözen —
Modellseismische Untersuchungen

S. Freystätter und L. Dresen
Institut für Geophysik der Ruhr-Universität Bochum, Postfach 102148, D-4630 Bochum 1,
Federal Republic of Germany

Propagation of Rayleigh Channel-Waves in Coal Seams—
Modelseismic Investigations

Abstract. Antisymmetrical and symmetrical Rayleigh channel-waves have
been investigated to explain their separation into wavegroups. The experi-
ments imply that this separation is a property of point-source generated
Rayleigh channel-waves. E.g. the beginning of the antisymmetrical Rayleigh
channel-wave is strongly influenced by the leaking interface-wave. Further-
more the resonance of vertically travelling body—waves in the vicinity of the
point-source is perceived to explain other significant parts of the Rayleigh
channel-wave. Thus models with different body-wave velocity relations re-
veal a systematic coincidence between the maximum of the amplitude
spectrum (being approximately represented by the minimum of the energy-
flux) and the resonance of vertically travelling body-waves. In case of the
symmetrical Rayleigh channel-wave this coincidence results in a predominant
wavegroup. According to a relatively low amplitude decay caused by absorp-
tion along the path of propagation this wavegroup is considered to be used
for the in-seam seismic detection of discontinuities.

Key words: Detection of discontinuities in deep coal mines — Rayleigh
channel—waves — Resonance of vertically travelling body—waves in seismic
channels —— Model seismic experiments.

1. Einführung

1.1. Vorfelderkundung

Zu den geophysikalischen Methoden der untertägigen Vorfelderkundung von
Steinkohleflözen zählen der Nachweis und die Ortung von Störungen mit Hilfe
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seismischer Kanalwellen. Kanalwellen — im bergmännischen Sprachgebrauch
auch Flözwellen genannt — sind die Informationsträger beim Durchschallungs-
und Reflexionsverfahren (Krey, 1962, 1963, 1969). Auswertungen von serien—
mäßig durchgeführten Untertagemessungen ergaben beim Durchschallungsver-
fahren Reichweiten bis zu 1600 m. Beim Reflexionsverfahren konnten Störungen
bis zu 250m Entfernung vom Kohlestoß erkannt und lokalisiert werden (Bren—
trup, 1970, 1971; Arnetzl, 1971). Die Auswertungen ließen erkennen, daß eine
Verbesserung der Aussagesicherheit des Flözwellenverfahrens notwendig ist.
Dies ist jedoch allein mit Hilfe von Untertagemessungen aus geologischen,
meßtechnischen, betriebstechnischen und wirtschaftlichen Gründen kaum mög-
lich. Um das Flözwellenverfahren in der Durchschallungs— und Reflexionstech-
nik verbessern und zukünftig effektiver einsetzen zu können, bieten sich ergän-
zende und weiterführende modellseismische oder theoretische Untersuchungen
über die prinzipiellen physikalischen Möglichkeiten und Grenzen des Flözwel-
lenverfahrens an.

Ziel der im folgenden beschriebenen modellseismischen Untersuchungen ist
es daher, die für die untertägige Anwendung wichtigen Eigenschaften der
Kanalwelle zu erkennen und im Hinblick auf eine Erhöhung der Aussagesicher—
heit der bisherigen Flözwellentechnik zu diskutieren.

1.2. Rayleigh-Kanalwellen

Da die Geschwindigkeiten der elastischen Wellen (P- und S-Wellen) in der
Kohle etwa halb so groß sind wie im Nebengestein, ist ein Kohleflöz aus
geophysikalischer Sicht ein Kanal niedriger seismischer Geschwindigkeiten.
Kanalwellen entstehen durch Raumwellen, die zwischen dem Hangenden und
dem Liegenden vielfach reflektiert werden. Aufgrund der Kopplung von P—
Wellen und solchen S-Wellen, die in der Reflexionsebene polarisiert sind (SV-
Wellen), bilden diese beiden elastischen Wellen gemeinsam einen Kanalwellen—
typ, nämlich die Rayleigh-Kanalwelle. Ein zweiter Kanalwellentyp, die Love-
Kanalwelle, wird von solchen S-Wellen gebildet, die senkrecht zur Reflexions-
ebene polarisiert sind (SH-Wellen). Beide Kanalwellentypen sind dispergierende
Wellen und breiten sich in isotropen und in transversalisotropen Medien
unabhängig voneinander aus (Anderson, 1961). Wegen der verwendeten zweidi-
mensionalen Modelle beschränken wir uns in dieser Arbeit auf die Rayleigh-
Kanalwelle.

Jede Mode der Rayleigh-Kanalwelle kann in einen verlustbehafteten und
einen verlustfreien Teil aufgetrennt werden. Der verlustbehaftete Teil (auch
Leaky-Mode bzw. Leaking-Mode oder PL-Mode genannt) ist dadurch gekenn—
zeichnet, daß unterkritische Reflexionen im Kanal existieren und somit seismi-
sche Energie in das Nebengestein in Form von Raumwellen abgestrahlt wird.
Der verlustfreie Teil der Rayleigh-Kanalwelle (auch Normalmode genannt)
enthält Geschwindigkeiten zwischen denen der SV-Wellengeschwindigkeit im
Nebengestein ,81 und der SV-Wellengeschwindigkeit im Flöz ‚32. Sowohl die PL-
Moden als auch die Normalmoden erleiden einen Energieverlust bedingt durch
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die Absorption seismischer Energie im Flöz und im Nebengestein. Da Modelle
von symmetrischen Kanälen niedriger seismischer Geschwindigkeiten verwendet
wurden, hat die Rayleigh-Kanalwelle zwei unterschiedliche Amplituden-Tiefen-
verteilungen, die Grundlagen zweier Definitionen sind: Bei den als „symme-
trisch“ definierten Moden verhalten sich die Komponenten der Verschiebung in
Ausbreitungsrichtung ux (Abb. 1, Spur 3 der Seismogrammontage) symmetrisch
zur Flözmittenebene. Die Komponente der Verschiebung senkrecht zur Aus-
breitungsrichtung uz ist antisymmetrisch zur Flözmittenebene, d.h. uz=0 in der
Flözmittenebene (Abb. 1, Spur 4). Bei den als „antisymmetrisch“ definierten
Moden der Rayleigh-Kanalwelle sind die Verschiebungen in Ausbreitungsrich-
tung ux antisymmetrisch (Abb. 1, Spur 8) und die Verschiebungen senkrecht zur
Ausbreitungsrichtung uz symmetrisch zur Flözmittenebene, d.h. uz=|=0 in der
Flözmittenebene (Abb. 1, Spur 7) (Krey, 1963; Klußmann, 1964; Freystätter,
1974)

Aufgrund von in-situ Messungen (Krey, 1963, 1976a, b) und modellseismisch
gewonnenen Kanalwellen-Seismogrammen (Klußmann, 1964; Freystätter, 1974)
ist bekannt, daß zur Interpretation von Meßergebnissen die Theorie der freien
Moden genügt. Weiterhin genügt es, bei den in Westeuropa gegebenen mittleren
Mächtigkeiten der abbauwürdigen Flöze (ca. 1 m bis 3 m) allein die Grundmoden
zu betrachten (Freystätter und Dresen, 1977)

1.3. Problemstellung

Sowohl Untertagemessungen (Rüter und Schluckebier, 1973a und b) als auch
modellseismische Messungen (Klußmann, 1964; Freystätter, 1974; Dresen und
Freystätter, 1976) zeigten, daß das registrierte Kanalwellensignal in Wellengrup-
pen eingeteilt werden kann. Die Bildung dieser Wellengruppen führt zu folgen-
den Fragen, deren Beantwortung für die Praxis von Bedeutung ist, um Kanal-
wellen optimal erzeugen, registrieren und bearbeiten zu können:

1. Ist die Auftrennung des Signals in Wellengruppen meßtechnisch bedingt,
oder ist sie eine physikalische Eigenschaft der von einer Punktquelle erzeugten
Kanalwelle?

2. Welche Parameter, deren numerische Werte sich aus den elastischen
Eigenschaften der Schichtenfolge Nebengestein — Flöz — Nebengestein errech—
nen, erlauben eine Vorhersage der Frequenz-, Phasengeschwindigkeits- und
Gruppengeschwindigkeitsbereiche, denen die für die praktische Anwendung
geeigneten Wellengruppen entsprechen?

Um diese Fragen zu beantworten, werden wir zunächst in Abschnitt 2 die
Bildung von antisymmetrischen und symmetrischen Kanalwellen und deren
Untergliederung in Wellengruppen mit Hilfe von Seismogrammen qualitativ er-
läutern. Überlegungen zur quantitativen Auswertung in Abschnitt 3 leiten über
zur Interpretation der Meßergebnisse in Abschnitt 4. Eine zusammenfassende
Wertung der modellseismisch gewonnenen Kenntnisse hinsichtlich der Anwen-
dung der Rayleigh-Kanalwellen für Untertagemessungen findet sich in Ab-
schnitt 5.

Ausbreitung von Rayleigh-Kanalwellen in Steinkohleflözen 809

die Absorption seismischer Energie im Flöz und im Nebengestein. Da Modelle
von symmetrischen Kanälen niedriger seismischer Geschwindigkeiten verwendet
wurden, hat die Rayleigh-Kanalwelle zwei unterschiedliche Amplituden-Tiefen-
verteilungen, die Grundlagen zweier Definitionen sind: Bei den als „symme-
trisch“ definierten Moden verhalten sich die Komponenten der Verschiebung in
Ausbreitungsrichtung ux (Abb. 1, Spur 3 der Seismogrammontage) symmetrisch
zur Flözmittenebene. Die Komponente der Verschiebung senkrecht zur Aus-
breitungsrichtung uz ist antisymmetrisch zur Flözmittenebene, d.h. uz=0 in der
Flözmittenebene (Abb. 1, Spur 4). Bei den als „antisymmetrisch“ definierten
Moden der Rayleigh-Kanalwelle sind die Verschiebungen in Ausbreitungsrich-
tung ux antisymmetrisch (Abb. 1, Spur 8) und die Verschiebungen senkrecht zur
Ausbreitungsrichtung uz symmetrisch zur Flözmittenebene, d.h. uz=|=0 in der
Flözmittenebene (Abb. 1, Spur 7) (Krey, 1963; Klußmann, 1964; Freystätter,
1974)

Aufgrund von in-situ Messungen (Krey, 1963, 1976a, b) und modellseismisch
gewonnenen Kanalwellen-Seismogrammen (Klußmann, 1964; Freystätter, 1974)
ist bekannt, daß zur Interpretation von Meßergebnissen die Theorie der freien
Moden genügt. Weiterhin genügt es, bei den in Westeuropa gegebenen mittleren
Mächtigkeiten der abbauwürdigen Flöze (ca. 1 m bis 3 m) allein die Grundmoden
zu betrachten (Freystätter und Dresen, 1977)

1.3. Problemstellung

Sowohl Untertagemessungen (Rüter und Schluckebier, 1973a und b) als auch
modellseismische Messungen (Klußmann, 1964; Freystätter, 1974; Dresen und
Freystätter, 1976) zeigten, daß das registrierte Kanalwellensignal in Wellengrup-
pen eingeteilt werden kann. Die Bildung dieser Wellengruppen führt zu folgen-
den Fragen, deren Beantwortung für die Praxis von Bedeutung ist, um Kanal-
wellen optimal erzeugen, registrieren und bearbeiten zu können:

1. Ist die Auftrennung des Signals in Wellengruppen meßtechnisch bedingt,
oder ist sie eine physikalische Eigenschaft der von einer Punktquelle erzeugten
Kanalwelle?

2. Welche Parameter, deren numerische Werte sich aus den elastischen
Eigenschaften der Schichtenfolge Nebengestein — Flöz — Nebengestein errech—
nen, erlauben eine Vorhersage der Frequenz-, Phasengeschwindigkeits- und
Gruppengeschwindigkeitsbereiche, denen die für die praktische Anwendung
geeigneten Wellengruppen entsprechen?

Um diese Fragen zu beantworten, werden wir zunächst in Abschnitt 2 die
Bildung von antisymmetrischen und symmetrischen Kanalwellen und deren
Untergliederung in Wellengruppen mit Hilfe von Seismogrammen qualitativ er-
läutern. Überlegungen zur quantitativen Auswertung in Abschnitt 3 leiten über
zur Interpretation der Meßergebnisse in Abschnitt 4. Eine zusammenfassende
Wertung der modellseismisch gewonnenen Kenntnisse hinsichtlich der Anwen-
dung der Rayleigh-Kanalwellen für Untertagemessungen findet sich in Ab-
schnitt 5.



810 S. Freystätter und L. Dresen

Ausschnitt A :

Nebengestein l’Il

Flöz (2) —\
55/ RC l

Nebengestein lll

Referenz-

1
Signal R

_Wv _—
Ux i 51 i

2
—/\/—’\/V\/\/\M—. Ux ( 52)

W.—Ux (51*52’
r. ___ __ __ Abb. l. Zweidimensionales
—/\/‘—‘——F\fi

'— Uz {51+52) . . .

W Modell sowie Beispiel der
W— Uz l S1 l Überlagerung zweier
5 n _ 7 __ U2 (-52)

Quellsrgnale zur getrennten
Anregung von

MW
uZ (51—52) antisymmetrischen und

e symmetrischen Rayleigh-
V "' "" ' " "' — "" ' " "' UXIS‘I'SÊJ Kanalwellen. 51,52 Geber; R1.' 50p5—-| ._.'L i:— L k k L. Empfänger; U Verschiebung

2. Seismogrammontagen

2.1. Meßtechnik

Zweidimensionale Modelle repräsentieren einen bankrechten Schnitt durch die
zu untersuchende Schichtenfolge Nebengestein — Flöz — Nebengestein. Der
Vorteil zweidimensionaler Modelle besteht darin, daß sie die Beobachtung der
seismischen Wellen an jedem beliebigen Punkt des Wellenfeldes zulassen. In
Abbildung 1 (Oberer Teil) ist ein zweidimensionales Modell dargestellt; an
diesem Modell kann die Kanalwelle von der Quelle ab entlang ihres Laufweges
innerhalb und außerhalb des Flözes gemessen werden.

Zur Modellierung verschiedener Geschwindigkeitsverhältnisse wurden die in
Tabelle 1 aufgeführten Materialien verwendet. Aluminium, Epoxidharz und
Araldit sind Materialien mit isotr0pen elastischen Eigenschaften, wohingegen
Novotex und Pertinax eine transversalisotrope Geschwindigkeitsverteilung auf-
weisen.

An die Kante des Modellflözes, die dem Kohlestoß bei Untertagemessungen
entspricht, wurden jeweils zwei Geber S1 und S2 im Winkel von 45° zur
Flözmittenebene befestigt (Abb. 1, Ausschnitt A). Werden diese Geber gleich-
phasig angeregt, dann wird bevorzugt die symmetrische Rayleigh-Kanalwelle
erzeugt (Spuren 3 und 4 der Seismogrammontage in Abb. 1). Bei gegenphasiger
Anregung der Geber wird vorzugsweise die antisymmetrische Kanalwelle er-
zeugt (Spuren 7 und 8). Sämtliche in Abbildung l dargestellten seismischen
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Tabelle 1. Eigenschaften der Modellmaterialien; cl3 nach Anderson (1961)

Material- P-Wellen- P-Wellen- SV-Wellen- Elastizitäts- Dichte
bezeichnung geschwindigkeit geschwindigkeit geschwindigkeit modul

parallel zur senkrecht zur
Schichtung Schichtung
a ä ß (13/!) p
[km/S] [km/S] [km/S] [(km/Sfl [g/Cma]

Aluminium 5,44 5,44 3,13 10,00 2,70
Pertinax 4,01 3,53 2,22 4,20 1,55
Novotex 2,96 2,81 1,58 2,40 1,43
Epoxidharz 2,02 2,02 1,17 1,34 1,17
Araldit 2,02 2,02 1,13 1,53 1,15

Signale wurden in der Flözmittenebene beobachtet. Die modellseismisch be-
obachteten Signale können dann auf Untertage-Verhältnisse übertragen werden,
wenn unter Annahme gleicher elastischer Eigenschaften für Modell und Natur
die Gleichung

fModell ' HModell = fNatur ' HNatur

verwendet wird (f =Frequenz, H = Flözmächtigkeit).
Der von uns untersuchte f . H-Bereich bis zu oberen Werten von ca.

2300 kHz . mm (gleichbedeutend mit Hz~m) umfaßt den für die Praxis wichtigen
Teil der symmetrischen bzw. antisymmetrischen Grundmode.

Die modelltechnischen Möglichkeiten erlauben es nicht, an einem einzigen
Modell ein solches Kanalwellensignal zu erzeugen, das dem gesamten Wertebe-
reich von f-H entspricht. Es wurde daher für drei charakteristische Geschwin—
digkeitsverteilungen jeweils eine Serie von Modellen untersucht. Die Gesamtheit
der an allen Modellen für eine bestimmte Registrierentfernung gemessenen
Signale repräsentiert das bei Untertagemessungen von einer Punktquelle (ô-
Impuls) erzeugte Kanalwellensignal. Die einzelnen Modelle unterscheiden sich
voneinander in der vorherrschenden Frequenz des anregenden Signals und/
oder der Mächtigkeit des Modellflözes und/oder der Durchlaßbreite des Band-
paßfilters. Die drei von uns untersuchten Geschwindigkeitsverteilungen sind:

oc1>oc2>ßl>ß2 (Modelle 1.1 bis 1.6)
oc1 >ß1 >oc2>ß2 (Modelle 2.1 bis 2.5)
oc1 >ß1>>oc2>ß2 (Modelle 3.1 bis 3.6)

In Tabelle2 sind dieDaten für alle untersuchtenModelle angegeben.Eswurden
P-Wellengeschwindigkeitskontraste 051/052: 1,5, 2,0 und 2,7 modelliert. Entspre-
chend den Untersuchungen von Schwaetzer und Desbrandes (1965) umfaßt der
Bereich von 1,55a1/a2gz7 die in der Natur am häufigsten vorkommenden
Geschwindigkeitskontraste. Die Kanalwelle wurde entlang eines Profiles be-
obachtet, das in der Natur der Flözmittenebene entspricht. Die Seismogramme
(Abb. 2 und 3) wurden nach der Methode der reduzierten Laufzeiten montiert.
Die Reduktionsgeschwindigkeit v, wurde für jede Meßreihe so gewählt, daß die
Verbindungslinien der jeweils interessierenden Phasen nahezu senkrecht zur
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Tabelle 2. Angaben zu den Modellen, a = P-Wellengeschwindigkeit, vG =Geschwindigkeit der Grenz—
flächenwelle

Modell- Materialkombination Mächtig- Länge des —6 dB Hauptfrequenz des
kennung keit des Modell- Bereich seismischen Quell-

Modell- flözes des signals [kHz]
flözes H [mm] Bandpaß-
[mm] filters antisym. sym.

[kHz] Anregung Anregung

1.1 Novotex 11 555 2 —— 30 24 24
1.2 (Nebengestein) und ll 555 20 — 120 34 44
1.3 Epoxidharz (Flöz) 11 555 20 — 120 68 63
1.4 (cal/a2 = 1,5 25,5 560 2 — 120 44 29
1.5 v6 = 1,52 km/s) 25,5 560 2 — 120 49 59
1.6 25,5 560 20 — 200 44 59

2.1 Pertinax 8,3 605 2 — 120 34 54
2.2 (Nebengestein) und 8,3 605 2 — 120 54 54
2.3 Epoxidharz (Flöz) 16,3 600 2 — 120 34 44
2.4 (ocl/oc2 = 2,0 24,5 600 2 — 120 49 44
2.5 vG = 2,06 km/s) 24,5 600 30 — 120 54 78

3.1 Aluminium 3,45 900 2 — 120 30 30
3.2 (Nebengestein) und 10,7 780 2 — 120 34 44
3.3 Araldit (Flöz) 10,7 640 2 — 120 83 54
3.4 (ocl/oc2 =2,7 10,7 640 2— 130 93 59
3.5 vG = 2,84 km/s) 24,6 645 2 — 60 39 29
3.6 24,6 645 40 — 120 59 68

Zeitmarkenlinie stehen. In jedes Seismogramm ist als Abriß ein Referenzsignal
R eingeblendet. Alle Referenzsignale besitzen denselben Wert der elektrischen
Geberspannung. Da die Seismogramme mit gleich großer maximaler Amplitude
registriert wurden, vermittelt die Zunahme der Amplitude des Referenzsignals
einen Eindruck von der Abnahme der wahren Amplitude des seismischen
Signals.

Zur Registrierung ist eine der üblichen modellseismischen Anlagen verwen-
det worden (O’Brien und Symes, 1971; Behrens und Waniek, 1972). Spezielle
Details der verwendeten Anlage finden sich bei Dresen und Freystätter (1976).

2.2. Modellserie mit einem Verhältnis der P- Wellengeschwindigkeiten
in Nebengestein und Flöz von 2:1

2.2.1. Antisymmetrische Rayleigh-Kanalwelle. Mit Hilfe der im folgenden be-
schriebenen Modellserie wird die Ausbildung des Kanalwellensignals im Be-
reich der Grundmode exemplarisch dargestellt. Wir haben als Beispiel den P-
Wellengeschwindigkeitskontrast 2:1, also eine Geschwindigkeitsverteilung
oc1 > ‚81 >oc2 > ‚82 gewählt, weil dieser Fall in der Natur der wahrscheinlichste ist.

Zur Demonstration der Signalform der antisymmetrischen Rayleigh-Kama]-
welle in der Grundmode sind die Seismogrammontagen für die Modelle 2.1 bis
2.5 in Abbildung 2 dargestellt. Die am Modell 2.1 gewonnenen Seismogramme
wurden mit einer Geschwindigkeit v‚=2‚22 km/s laufzeitreduziert aufgetragen.
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Tabelle 2. Angaben zu den Modellen, a = P-Wellengeschwindigkeit, vG =Geschwindigkeit der Grenz—
flächenwelle

Modell- Materialkombination Mächtig- Länge des —6 dB Hauptfrequenz des
kennung keit des Modell- Bereich seismischen Quell-

Modell- flözes des signals [kHz]
flözes H [mm] Bandpaß-
[mm] filters antisym. sym.

[kHz] Anregung Anregung

1.1 Novotex 11 555 2 —— 30 24 24
1.2 (Nebengestein) und ll 555 20 — 120 34 44
1.3 Epoxidharz (Flöz) 11 555 20 — 120 68 63
1.4 (cal/a2 = 1,5 25,5 560 2 — 120 44 29
1.5 v6 = 1,52 km/s) 25,5 560 2 — 120 49 59
1.6 25,5 560 20 — 200 44 59

2.1 Pertinax 8,3 605 2 — 120 34 54
2.2 (Nebengestein) und 8,3 605 2 — 120 54 54
2.3 Epoxidharz (Flöz) 16,3 600 2 — 120 34 44
2.4 (ocl/oc2 = 2,0 24,5 600 2 — 120 49 44
2.5 vG = 2,06 km/s) 24,5 600 30 — 120 54 78

3.1 Aluminium 3,45 900 2 — 120 30 30
3.2 (Nebengestein) und 10,7 780 2 — 120 34 44
3.3 Araldit (Flöz) 10,7 640 2 — 120 83 54
3.4 (ocl/oc2 =2,7 10,7 640 2— 130 93 59
3.5 vG = 2,84 km/s) 24,6 645 2 — 60 39 29
3.6 24,6 645 40 — 120 59 68

Zeitmarkenlinie stehen. In jedes Seismogramm ist als Abriß ein Referenzsignal
R eingeblendet. Alle Referenzsignale besitzen denselben Wert der elektrischen
Geberspannung. Da die Seismogramme mit gleich großer maximaler Amplitude
registriert wurden, vermittelt die Zunahme der Amplitude des Referenzsignals
einen Eindruck von der Abnahme der wahren Amplitude des seismischen
Signals.

Zur Registrierung ist eine der üblichen modellseismischen Anlagen verwen-
det worden (O’Brien und Symes, 1971; Behrens und Waniek, 1972). Spezielle
Details der verwendeten Anlage finden sich bei Dresen und Freystätter (1976).

2.2. Modellserie mit einem Verhältnis der P- Wellengeschwindigkeiten
in Nebengestein und Flöz von 2:1
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Abb. 2. Seismogrammontagen antisymmetrischer Rayleigh-Kanalwellen gemessen an Modellen mit
einem P-Wellengeschwindigkeitskontrast al/a2=2; R Referenzsignal

Der Ersteinsatz der antisymmetrischen Kanalwelle wird durch eine senkrechte
Verbindungslinie (l)l markiert. Der Ersteinsatz hat eine Phasengeschwindigkeit
CR=2,22 km/s, während die Phasengeschwindigkeit des ersten Extremums (2)
kleiner als fil ist. Das gesamte Kanalwellensignal gehört somit zum Normalmo-
denbereich. Den niederfrequenten Schwingungen mit großen Amplituden
schließen sich hochfrequente Schwingungen mit sehr kleinen Amplituden an.

Bei der amModellZ.2 gewonnenen Seismogrammontage wurde 11,22„05kn'1/s
gewählt. Es zeigt sich, daß die Phasengeschwindigkeit der Phasen mit den
größten Amplituden (3, 4) ca. 2,05 km/s beträgt. Eine deutliche Trennung
der niederfrequenten (3, 4) von den hochfrequenten Schwingungen (5) — wie
am Modell 2.1 möglich — ist hier nicht gegeben.

Die Seismogrammontage für Modell 2.3 mit v,=1,95km/s zeigt wiederum
einen deutlichen Unterschied zwischen den Schwingungen am Signalbeginn (6)
und den daran anschließenden Schwingungen (7, 8). Die untere Grenze der
Phasengeschwindigkeit der relativ niederfrequenten Schwingungen (6) am Si-
gnalbeginn liegt bei Cgseu,= 1,95 km/s.

Die Seismogramme für Modell 2.4 wurden mit u,=1,5km/s montiert.
Wiederum lassen sich die niederfrequenten Schwingungen am Signalbeginn (9)

1 Die eingeklammerten Zahlen beziehen sich auf die in Abbildung 2 bzw. Abbildung 3 numerier-
ten Verbindungslinien einzelner Phasen
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einem P-Wellengeschwindigkeitskontrast al/a2=2; R Referenzsignal

Der Ersteinsatz der antisymmetrischen Kanalwelle wird durch eine senkrechte
Verbindungslinie (l)l markiert. Der Ersteinsatz hat eine Phasengeschwindigkeit
CR=2,22 km/s, während die Phasengeschwindigkeit des ersten Extremums (2)
kleiner als fil ist. Das gesamte Kanalwellensignal gehört somit zum Normalmo-
denbereich. Den niederfrequenten Schwingungen mit großen Amplituden
schließen sich hochfrequente Schwingungen mit sehr kleinen Amplituden an.

Bei der amModellZ.2 gewonnenen Seismogrammontage wurde 11,22„05kn'1/s
gewählt. Es zeigt sich, daß die Phasengeschwindigkeit der Phasen mit den
größten Amplituden (3, 4) ca. 2,05 km/s beträgt. Eine deutliche Trennung
der niederfrequenten (3, 4) von den hochfrequenten Schwingungen (5) — wie
am Modell 2.1 möglich — ist hier nicht gegeben.

Die Seismogrammontage für Modell 2.3 mit v,=1,95km/s zeigt wiederum
einen deutlichen Unterschied zwischen den Schwingungen am Signalbeginn (6)
und den daran anschließenden Schwingungen (7, 8). Die untere Grenze der
Phasengeschwindigkeit der relativ niederfrequenten Schwingungen (6) am Si-
gnalbeginn liegt bei Cgseu,= 1,95 km/s.

Die Seismogramme für Modell 2.4 wurden mit u,=1,5km/s montiert.
Wiederum lassen sich die niederfrequenten Schwingungen am Signalbeginn (9)

1 Die eingeklammerten Zahlen beziehen sich auf die in Abbildung 2 bzw. Abbildung 3 numerier-
ten Verbindungslinien einzelner Phasen
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von den daran anschließenden Schwingungen unterscheiden. Hinzu kommt eine
hochfrequente Wellengruppe, deren abschätzbare Gruppengeschwindigkeit (11)
sehr viel kleiner ist als ihre Phasengeschwindigkeiten (12, 13, 14).

Bislang gehörte das gesamte beschriebene Kanalwellensignal zum Normal-
modenbereich. Bei Modell 2.4 erscheint nun vor der bislang schnellen Wellen-
gruppe (9) eine weitere Wellengruppe mit deutlich höherer Phasen- und Grup-
pengeschwindigkeit (15). Für diese Wellengruppe wurde eine Phasengeschwindig-
keit größer als ß1 ermittelt. In Anlehnung an die Literatur (Phinney, 1961) werden
wir diese Wellengruppe als PL-Welle bezeichnen.

In Modell 2.5, dessen Seismogramme ebenfalls mit vr= 1,5 km/s zusammen-
gestellt wurden, ist diese PL-Welle deutlich erkennbar (16). Der Beginn der
ersten zum Normalmodenbereich gehörenden Wellengruppe — z.B. (9) bei
Modell 2.4 —— verschwindet nun aufgrund der großen f-H-Werte des Quellsi-
gnals. Stattdessen werden Schwingungen beobachtet, die zur ersten höheren
Mode gehören (17). Daran schließen sich die bereits am Modell 2.4 diskutierten
Schwingungen der ersten Wellengruppe in der Grundmode an (18). Die Phasen
der Wellengruppe mit sehr niedriger Gruppengeschwindigkeit (19) sind hier
deutlich zu erkennen (20, 21, 22).

2.2.2. Symmetrische Rayleigh-Kanalwelle. Zur Darstellung der Grundmode der
symmetrischen Rayleigh-Kanalwelle sind die Seismogrammontagen für die Mo-
delle 2.1 bis 2.5 in Abbildung 3 gezeigt. Die Seismogramme von Modell 2.1
wurden wiederum mit v‚=2,22 km/s laufzeitreduziert aufgetragen. Die schnellste
Wellengruppe hat Phasengeschwindigkeiten deutlich größer als v, und ist daher
eine PL-Welle (1). Das erste Extremum (2) der darauf folgenden Wellengruppe
ergibt eine Phasengeschwindigkeit CR zvr= fil und gehört folglich zum Normal-
modenbereich.

In Modell 2.2 (v‚=2,05 km/s) ist lediglich eine Zunahme von Schwingungen
mit höheren Frequenzen zu beobachten (3, 4). Auch im Modell 2.3 (v‚=1,95
km/s) ergibt sich für die beiden Wellengruppen (5, 6) keine prinzipielle
Änderung. Auffällig ist, daß das Referenzsignal R in den Modellen 2.2 und 2.3
sehr unterschiedlich mit zunehmender Registrierentfernung zunimmt. Somit ist
die Abnahme der Amplituden des zum Normalmodenbereich gehörenden Si-
gnals für Phasen mit Phasengeschwindigkeiten von ca. 2,05 km/s (Modell 2.2 (4))
deutlich größer als für Phasen mit Phasengeschwindigkeiten von ca. 1,95 km/s
(Modell 2.3 (6)). Dies gilt auch für Modell 2.4 (v‚= 1,7 km/s).

Am Modell 2.4 zeigt sich neben der PL-Welle (7) und der bereits beobachte-
ten zum Normalmodenbereich gehörenden Wellengruppe (8) eine weitere sehr
hochfrequente Wellengruppe (9). Die Phasengeschwindigkeiten der niederfre-
quenten Wellengruppe (8) sind deutlich größer als v‚= 1,7 km/s; die der hochfre-
quenten Wellengruppe (9) annähernd v‚=1,7km/s. Modell 2.5 (v‚=1,5km/s)
zeigt andeutungsweise eine höhere PL-Mode (10) sowie Phasen, die zum Beginn
der 1. höheren Mode des Normalmodenbereiches gehören (11). Die bereits
genannte niederfrequente Wellengruppe (12) hat hier klar erkennbar eine Grup-
pengeschwindigkeit UR=vr=1,5 km/s. Die daran anschließende hochfrequente
Wellengruppe hat im Bereich maximaler Amplituden (13) Phasengeschwindig-
keiten oberhalb von 12,. Erst das Ende dieser Wellengruppe (14) hat Phasenge-
schwindigkeiten CR z v, = 1,5 km/s.
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Abb. 3. Seismogrammontagen symmetrischer Rayleigh-Kanalwellen gemessen an Modellen mit
einem P-Wellengeschwindigkeitskontrast ocl/œ2=2; R Referenzsignal

2.2.3. Aussage der qualitativen Darstellung. Bei den oben beschriebenen Versu-
chen war gewährleistet, daß der in jedem Modell vom Quellsignal erzeugte f— H-
Bereich sich mit dem f-H—Bereich des vorhergehenden und des folgenden
Modells überlappte. Dennoch lassen die durch die gewählten Bandpaßfilter
nicht beeinfiußten Seismogramme der antisymmetrischen und der symmetri-
schen Grundmode der Rayleigh-Kanalwelle erkennen, daß Lücken im Phasen-
gesehwindigkeits- bzw. f—H-Bereich des Kanalwellensignals existieren. Somit
muß für die Bildung von Wellengruppen eine physikalische und nicht eine
meßtechnische Begründung gefunden werden.

Ziel der nun folgenden quantitativen Darstellung der Meßergebnisse ist es,
Parameter der Rayleigh-Kanalwelle zu finden, die für eine Vorhersage von
Wellengruppen geeignet sind.

3. Überlegungen zur quantitativen Interpretation der Messungen

3.1. Vorbemerkungen

Bei der Erzeugung von dispergierenden Wellen durch Punktquellen entstehen
gleichzeitig auch nichtdispergierende Wellen, nämlich Raumwellen und verlust-
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Bei der Erzeugung von dispergierenden Wellen durch Punktquellen entstehen
gleichzeitig auch nichtdispergierende Wellen, nämlich Raumwellen und verlust-
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behaftete Grenzflächenwellen (Gilbert, Laster, Backus und Schell, 1962; Gupta
und Martel, 1971). Es ist bekannt, daß Raumwellen die Signalform der disper-
gierenden Wellen beeinflussen (Phinney, 1961). Es wird vermutet, daß in relativ
dünnen Kanälen die nichtdispergierende verlustbehaftete Grenzflächenwelle
ebenfalls die Signalform der Kanalwelle beeinflußt (Klußmann, 1964). Wir
haben daher die Geschwindigkeit dieser Grenzflächenwelle vG experimentell
ermittelt (Tabelle 2), um ihren Einfluß auf die Bildung von Wellengruppen
abschätzen zu können.

Hudson und Douglas (1975) erläutern empirisch einen Zusammenhang zwi-
schen dem Minimum der Gruppengeschwindigkeit, dem Maximum des Ampli-
tudenspektrums einer von einer Punktquelle erzeugten dispergierenden Welle
sowie Raumwellenresonanzerscheinungen am Quellort in geschichteten Medien.
Wir wollen diese Überlegung auf den Fall eines Kanals niedriger seismischer
Geschwindigkeiten übertragen, um festzustellen, inwieweit dieser empirisch ge-
fundene Zusammenhang auch für die Flözwellenseismik gilt und eine Vorhersa-
ge von Wellengruppen gestattet. Zur Erläuterung dieses empirischen Zusam-
menhangs soll kurz auf die Berechnung von Raumwellenresonanzstellen am
Quellort —— also im Flöz — sowie auf die Abschätzung des Amplitudenspek—
trums einer dispergierenden Welle vom Rayleigh-Typ mit Hilfe der Energiefluß-
Frequenzkurve eingegangen werden.

3.2. Resonanzerscheinungen in Quellnähe in einem Kanal
niedriger seismischer Geschwindigkeiten

Nach Hudson und Douglas (1975) hat man sich eine Raumwellenresonanz
folgendermaßen vorzustellen: Die von der seismischen Punktquelle in der
Schicht (Flöz) auf die nächstgelegenen Schichtgrenzen (Hangendes und Liegen—
des) senkrecht einfallende P-Welle wird mehrfach zwischen diesen Schichtgren-
zen hin und her reflektiert. Dadurch erfährt das ursprüngliche Amplitudenspek-
trum des Quellsignals bei bestimmten Frequenzen eine Amplitudenüberhöhung.
Der Quellbereich selbst wird gewissermaßen als Ort einer Quelle mit ausgepräg-
ten Maxima im Amplitudenspektrum angesehen.

Überträgt man diese Vorstellung auf das Problem der Erzeugung von Kanal-
wellen unter Tage, dann ist zusätzlich zu beachten, daß die Punktquelle an eine
freie Oberfläche — den Kohlestoß -— gekoppelt ist. Die Abstrahlcharakteristik
der Punktquelle gleicht deshalb dem Schlag auf den Halbraum. Die experimen-
tell gewonnene Abstrahlcharakteristik eines Schlages auf den Halbraum (Dre-
sen, 1969) zeigt, daß Resonanzerscheinungen sowohl bedingt durch vielfach
reflektierte P-Wellen als auch durch vielfach reflektierte SV-Wellen zu beachten
sind. Da sowohl die antisymmetrische als auch die symmetrische Rayleigh-
Kanalwelle Verschiebungen parallel und senkrecht zur Ausbreitungsrichtung
aufweisen, wird sich im Amplitudenspektrum beider Kanalwellentypen auch der
Einfluß der Resonanz von P- und SV-Wellen bemerkbar machen.

In Abbildung 4 (links) sind die Verschiebungen ux und uz der antisymmetri-
schen Rayleigh-Kanalwelle in den Grenzflächen Flöz (2) zu Nebengestein (1)
dargestellt. Durch die SV-Welle können Resonanzüberhöhungen der Verschie-
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behaftete Grenzflächenwellen (Gilbert, Laster, Backus und Schell, 1962; Gupta
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Überträgt man diese Vorstellung auf das Problem der Erzeugung von Kanal-
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FlÖZ CI) Antisymmetrische R.—Kanolwelle b) Symmetrische R.-Konolwelle

Bedingungen für Ruumwellenresononz:

bungen parallel zur Ausbreitungsrichtung ux auftreten. Für Wellenlängen
‚15n gilt:

ßz'T°nß=H d.h. ÄsvzH/nß mit nß=1‚2,3...

Für Wellenlängen ÄSV>H gilt:

ßo=Ho(2nß+1) d.h. ÄSV=H'(2nß+1) mit n„=1‚2‚3

Da uns der f — H-Bereich interessiert, stellen wir die Formeln für die SV-
Wellenresonanzstellen unter Benutzung von ‚18V: ßZ/f um:

f°H=ß2'nß fur Âsv<2H

_1 .. nß=1‚2‚3...

Durch die von der Punktquelle abgestrahlte P-Welle können Resonanzüberhö-
hungen der Verschiebungen senkrecht zur Ausbreitungsrichtung uz auftreten.
Für Wellenlängen ÂPÊZH gilt:

ocz-T/Z-(Zna+1)=H d.h. ÄP=2H/(2na+1) mit na=0, 1,2

Für Wellenlängen ÂP>2H gilt:

ocZ-T/2=H~(2na+1) d.h. AP=2H.(2na+1) mit na=1,2, 3

Daraus folgt für die P-Wellenresonanzstellen wegen ÂP=oc2/f :

foH=oc2/2-(2na+1) für ÂP__<__2H =01,2...f-H=oc2/2-(2na+1)‘1 füripgmina ’

In Abbildung 4 (rechts) sind die Verschiebungen ux, uz der symmetrischen
Rayleigh-Kanalwelle in den Grenzflächen Flöz zu Nebengestein dargestellt.
Analog der vorhergehenden Ableitung folgen aus Abbildung 4 (rechts) für die
Komponente parallel zur Ausbreitungsrichtung ux die Bedingungen für SV-
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Wellenresonanzstellen:

f.H=ß2/2-(2nß+l) für Asvgzy n _012
foH=ß2/2.(2nß+1)—1 für ÂsvêZH

ß— , ,

Und für die Komponente senkrecht zur Ausbreitungsrichtung u, existieren
folgende P-Wellenresonanzstellen:

f-H=oc2-na für ÂP<2H
=12 3

f‘H=a2’(2na+1)—1 für ÂP>2H}
na ’ ,

Damit sind sämtliche Bedingungen für solche f - H—Werte gegeben, bei denen das
Amplitudenspektrum des Quellsignals aufgrund der Ankopplung der Quelle an
einen Kohlestoß eine Resonanzüberhöhung aufweisen kann. Wir werden unter-
suchen, inwieweit derartige Resonanzstellen innerhalb von Bereichen liegen, in
denen das Kanalwellensignal relativ große Amplituden hat, d.h. für die Anwendung
von Interesse ist.

3.3. Das Amplitudenspektrum der Rayleigh-Kanalwelle

Hudson und Douglas (1975) haben gezeigt, daß das Amplitudenspektrum er-
zwungener Moden der dispergierenden Wellen vom Rayleigh—Typ relativ große
Amplituden in dem Frequenzbereich aufweist, in welchem der Energiefluß in
Ausbreitungsrichtung der Welle (EFx als Funktion der Frequenz) minimale
Werte aufweist. Umgekehrt treten im Amplitudenspektrum dort minimale spek-
trale Amplituden auf, wo die entsprechenden EFx-Werte relativ groß sind.

Wie Hudson und Douglas ebenfalls gezeigt haben, ist auch für freie Moden
die Berechnung der Energiefluß-Frequenzkurve möglich. Dabei ist zur Festle-
gung der freien Lösung eine weitere Bedingung zu stellen: Analog zu Hudson
und Douglas haben wir die Verschiebungen ux, u2 in der Flözmittenebene
(Abb. 1) konstant gesetzt.

Für die antisymmetrische Kanalwelle gilt:

ux(0)=0 (nach Definition) sowie uz(0)=1 (Bedingung).

Für die symmetrische Kanalwelle gilt:

uz(0)=0 (nach Definition) sowie ux(0)=1 (Bedingung).

Da bei zwei Modellserien das Nebengestein transversalisotrope Eigenschaften
hat, wurde für den Energiefluß EFx gemittelt über eine Periode die Formel:

T +00

EFx= _g/TJ ‚l(pxx'vx+pzx'vz)°dz°dt
O—oo

verwendet (Cete, 1968).
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Abb. Sa und b. Meßergebnisse für die antisymmetrische (a) und die symmetrische (b) Rayleigh-
Kanalwelle gewonnen an den Modellen 1.2 bis 1.6. Erläuterungen im Text

Dabei lauten die Ausdrücke für die Spannungen folgendermaßen:

pxxzcll ' aux/ôx'l'cla ' ôuz/ôz

pzx :644 ' (aux/62 +ôuz/ôx)_

Die Größen vx, vz sind die Teilchengeschwindigkeiten. Die Elastizitätsmoduln
€11, €13, C44 sind entsprechend der Loveschen Nomenklatur gewählt worden
(Anderson, 1961), g ist eine Konstante.

Um die Abhängigkeit des Energieflusses von der Phasengeschwindigkeit
zeigen zu können, wurden die EFx-Werte mit dem für die Grenzfrequenz in der
Dispersionskurve gefundenen EFx—Wert normiert.

Nach Berechnung der Gruppengeschwindigkeitsdispersionskurve, der nor-
mierten Energiefluß-Frequenzkurve und der Raumwellenresonanzstellen können
wir nun untersuchen, ob der in Abschnitt 3.1 dargestellte Zusammenhang auch
für Rayleigh-Kanalwellen gilt (Abb. 5—7).

4. Meßergebnisse

4.1. DarsreHmgs/‘orn-zm

In den Abbildungen 5a u. b bis 7a u. b sind berechnete Kurven und Meßergeb-
nisse eingetragen. Im oberen Teil jeder Abbildung ist für jedes Modell derjenige
f— H-Bereich eingezeichnet, in welchem die spektrale Amplitude des Quellsignals
um nicht mehr als 3 dB abnimmt. Die Summe der für die einzelnen Quellsignale
geltenden f- H-Werte überdeckt im antisymmetrischen Fall bei der l. Modellse-
rie den Bereich 260 I-lz-m bis 1450 Hz-m, bei der 2. Modellserie den Bereich
200 Hz-m bis 1660 Hz- m und bei der 3. Modellserie den Bereich von 140 Hz- m
bis 2040 Hz-m. Im symmetrischen Fall wird bei der l. Modellserie der f—H-
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Wertebereich von 310 Hz-m bis 1810 Hzcm, bei der 2. Modellserie der Bereich
von 270 Hz-m bis 2180 Hz-m und bei der 3. Modellserie der Bereich von
160 Hz — m bis 2260 Hz - m überdeckt.

In die Dispersionskurve der Phasengeschwindigkeit CR sind die Meßergeb-
nisse eingetragen und durch unterschiedliche Symbole für jedes Modell kennt-
lich gemacht. Die Phasengeschwindigkeiten wurden mit Hilfe der „peak und
trough“ Methode bestimmt; die zugehörigen Frequenzen wurden aus dem
dispergierten Wellenzug ermittelt. Es sei an dieser Stelle nochmals darauf
hingewiesen, daß für jede Registrierentfernung die Gesamtheit aller an den
einzelnen Modellen gemessenen Signale ein von einer Explosionspunktquelle
erzeugtes Kanalwellensignal repräsentiert; somit entspricht das Signal an dem
die größten Phasengeschwindigkeiten gemessen wurden dem Beginn eines unter-
tägig registrierten Kanalwellensignals. Die Dispersionskurve der Gruppenge-
schwindigkeit UR ist ebenfalls eingetragen.

Die f . H-Werte der P- und SV-Wellenresonanzstellen sind mit Pfeilen unter-
halb der Dispersionskurven eingetragen. Die eingeklammerten Zahlen geben
den Wert für na bzw. nß an. Dabei wurden eckige Klammern für den Fall ‚IP bzw.
ÄSV>2H verwendet und runde Klammern für den Fall ‚1P bzw. isvn.

Die nach der in Abschnitt 3.3 angegebenen Formel berechnete Energiefluß-
Frequenzkurve (EFx(f ~ H)) ist im unteren Teil jeder Abbildung in normierten
Einheiten eingetragen. Zusätzlich zur f - H-Abszisse wurde eine weitere Abszisse
mit dem Verhältnis Wellenlänge der Kanalwelle Â zu Flözmächtigkeit H einge-
tragen.

4.2. Antisymmetrische Grundmode

Die Ergebnisse für die antisymmetrische Grundmode sind in Abbildung 5a
(1. Modellserie), 6a (2. Modellserie) und 7a (3. Modellserie) dargestellt. Deut-
lich zeigt sich, daß die theoretischen Phasengeschwindigkeitsdispersionskurven
durch die Meßpunkte nicht völlig überdeckt werden und daß in der 2. und
3. Modellserie von 1,7 km/s bis 1,5 km/s bzw. 2,4 km/s bis 1,9 km/s keine Phasen-
geschwindigkeiten gemessen werden konnten.

Beginn der Dispersionskurve. Für den als Wellengruppe IIIa bezeichneten Signal-
anteil sind die kleinsten aus dem Kanalwellensignal bestimmten f-H-Werte
(vgl. Abb. 2, Verbindungslinien 1, 2, 3, 4 und 6) größer als die kleinsten aus dem
Quellsignal bestimmten f-H-Werte. So beginnt z.B. für die 2. Modellserie der
f - H-Wertebereich des Quellsignals bei 200 Hz-m während der f -H-
Wertebereich der Wellengruppe IIIa bei 290 Hz . m liegt (Abb. 6). Im Falle der 1.
und 3. Modellserie sind diese Unterschiede noch größer (Abb.5 und 7). Aus
dieser Beobachtung folgt, daß die Kenntnis vom Beginn des f — H-Wertebereichs
des Quellsignals nicht ausreicht, um die erste deutlich meßbare Schwingung des
Kanalwellensignals bestimmen zu können. Es muß folglich eine Ursache gefun-
den werden, die den Beginn der Wellengruppe III, bestimmt und somit seine
Vorhersage zuläßt. Gleichzeitig muß die Frage geklärt werden, warum das
Kanalwellensignal —- wie in Abschnitt 2.2.1 beschrieben — für die genannten
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f-H-Werte derart große Amplituden hat. Wir untersuchen daher, welche der
drei in Abschnitt 3 dargestellten Beziehungen — Einfluß nichtdispergierender
Wellen, Einfluß von Raumwellenresonanzen oder Einfluß des Energieflußmini-
mums — den beobachteten Verlauf der Wellengruppe III, erklären könnte. Die
jeweils für die 1. Schwingung mit großer Amplitude gemessene Phasengeschwin-
digkeit beträgt für Kanalwellensignale der 1. Modellserie 1,53 km/s, für die 2.
Modellserie 2,15 km/s und für die 3. Modellserie 2,83 km/s. Diese Werte liegen
deutlich unter der jeweils gültigen Geschwindigkeit der SV—Welle im Nebenge-
stein (Tabelle 1), stimmen aber mit der Geschwindigkeit der verlustbehafteten
Grenzflächenwelle vG von 1,52 km/s für die 1. Modellserie, 2,06 km/s für die 2.
Modellserie und 2,84 km/s für die 3. Modellserie (s.a. Tabelle 2) überein.

Wir finden weiterhin, daß die f -H-Werte der Resonanzstellen P[1] und
SV[1] nahezu mit dem Beginn des gemessenen f ' H-Wertebereichs übereinstim-
men. P[n,] und SV [nß] für n, bzw. nß gleich oder größer 2 haben noch
niedrigere f-H-Werte und können somit nicht zur Deutung des gemessenen
Kanalwellensignals beitragen. Der Verlauf der Energiefluß-Frequenzkurve zeigt
in allen drei Fällen ein Maximum in dem betrachteten f -H-Wertebereich, d.h.
der Einfluß des Verlaufs des die Wellengruppe III, bestimmenden Amplituden-
spektrums der Kanalwelle kann nicht diese relativ großen Amplituden erklären.

Das bedeutet aber, daß die relativ großen Amplituden am Beginn der
Wellengruppe III, bedingt sind durch einen dominierenden Anteil der verlustbe—
hafteten Grenzflächenwelle. Qualitativ wird dies auch durch die Form des
Signalbeginns (Abb. 2, Verbindungslinien 1, 2, 3 und 4) bestätigt, die auf eine
sehr geringe Dispersion schließen läßt. Zusätzlich können auch die Resonanz-
stellen P[1] und SV[1] zu einer Erklärung der relativ großen Amplitude
beitragen.

Bereich um das Gruppengeschwindigkeitsminimum. In allen drei Modellserien
finden wir Phasengeschwindigkeitswerte, die dem Bereich des Gruppenge-
schwindigkeitsminimums zugeordnet werden können. Nur für die 1. Modellserie,
die den geringsten Raumwellengeschwindigkeitskontrast (al/a2=1,5) aufweist,
geht die zuvor diskutierte und mit der verlustbehafteten Grenzflächenwelle
gekoppelte Wellengruppe III, kontinuierlich in die jetzt diskutierte Wellengrup—
pe V, über.

Die mit Hilfe der 2. und 3. Modellserie gewonnenen Meßwerte zeigen
dagegen eine Lücke im Phasengeschwindigkeitsbereich am Ende der Wellen-
gruppe III,. Da die im Anschluß an diese Lücke folgende Wellengruppe Va
relativ große Amplituden hat (Abb. 2, Verbindungslinien 12,’ 13 und 14 sowie 20,
21 und 22) sollen zu deren Erklärung erneut die in Abschnitt 3 genannten
Beziehungen erörtert werden:

Die für die Wellengruppe V, gemessenen Phasengeschwindigkeiten überdek-
ken den Bereich von 1,35 km/s bis 1,25 km/s (1. Modellserie), von 1,45 km/s bis
1,35 km/s (2. Modellserie) und von 1,9 km/s bis 1,65 km/s (3. Modellserie). Da
innerhalb dieser Geschwindigkeitsbereiche keine Geschwindigkeiten der nicht-
dispergierenden Wellen liegen (s. Tabelle 1 und Tabelle 2) beeinflussen weder
eine Raumwelle noch die verlustbehafteten Grenzflächenwellen die Wellengrup-
pe V,.
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Die f - H-Werte der Resonanzstellen P(0) und SV(1) korrelieren in allen drei
Modellserien mit dem foH-Wertebereich der Wellengruppe Va. Weiterhin ist
eine Korrelation der Wellengruppe Va mit dem Bereich um das Minimum der
Energiefluß-Frequenzkurve — d.h. Maximum im Amplitudenspektrum — vor-
handen. Wir können folglich diese Wellengruppe mit relativ großen Amplituden
sowohl mit Raumwellenresonanzstellen als auch mit dem Verlauf des Amplitu-
denspektrums der Kanalwelle deuten.

Da die Wellengruppe Va weiterhin dem Bereich um das Minimum der
Gruppengeschwindigkeit zugeordnet ist, liegt hier für alle drei Modellserien der
Fall der Koinzidenz von Resonanzstellen, Energieflußminimum und Gruppen-
geschwindigkeitsminimum vor, den Hudson und Douglas (1975) aufgrund ihrer
empirisch gefundenen Ergebnisse als generell gültig für eine dispergierende
Welle vom Rayleigh-Typ vermuten.

Neben den bislang besprochenen Wellengruppen IIIa und Va haben wir am
Modell 3.6 einen invers dispergierenden Signalanteil beobachtet (Wellengruppe
VIa). Da diese Wellengruppe für die untertägige Praxis ohne jede Bedeutung ist,
wird auf ihre Diskussion verzichtet.

4.3. Symmetrische Grundmode

Die Ergebnisse für die symmetrische Grundmode sind in Abbildung 5b (1.
Modellserie), 6b (2. Modellserie) und 7b (3. Modellserie) dargestellt. Wie im Fall
der antisymmetrischen Grundmode zeigt sich auch hier, daß die theoretischen
Phasengeschwindigkeitsdispersionskurven durch die Meßpunkte nicht völlig
überdeckt werden; in der 2. und 3. Modellserie wurden Lücken im f-H-
Wertebereich von 1000 Hz-m bis 1450 Hz-m bzw. 900 Hz-m bis 1950 Hz-m
festgestellt.

Das Signal der symmetrischen Grundmode zeichnet sich bei allen drei
Modellserien durch eine Besonderheit aus, die an der antisymmetrischen Grund-
mode nicht zu beobachten ist: Es enthält einen Signalanteil IVS, der trotz eines
deutlich dispersiven Charakters eine waveletähnliche Form besitzt (Abb. 3,
Verbindungslinien 6, 8 und 12) (vgl. auch Klußmann, 1964; Freystätter, 1974).
Dieser Signalanteil IVS wird am Modell 2.3 als einziger zum Normalmodenbe-
reich gehörender Signalanteil gemessen. Wie aus der Änderung des Referenzsi-
gnals für Modell 2.3 mit zunehmender Registrierentfernung hervorgeht, hat
dieser Signalanteil im Vergleich zum übrigen zum Normalmodenbereich ge-
hörenden Signal die geringste Amplitudenabnahme (Abb. 3).

Wir wollen zunächst das Verhalten dieses Signalanteils IVS erörtern, um die
Systematik der Wellengruppeneinteilung der symmetrischen Grundmode ver-
ständlich zu machen.

Waveletförmiger Signalanteil. Um die Ursache für die relativ große Amplitude des
waveletförmigen Signalanteils erklären zu können, wollen wir — wie im Fall
der antisymmetrischen Grundmode —— die in Abschnitt 3 dargestellten Bezie-
hungen anwenden.
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Einer Kopplung der Wellengruppe IVS mit nichtdispergierenden Wellen wi-
dersprechen die an der 1. und 3. Modellserie gemessenen Phasengeschwindigkei-
ten (vgl. Abb. 5b und 7b). Diese Wellengruppe kann also nicht mit einer direkt
im Flöz gelaufenen P-Welle bzw. einer kritisch reflektierten P-Welle (SV-P
Wechselwelle) erklärt werden. An allen drei Modellserien können wir aber eine
Korrelation der Wellengruppe IVS mit zwei Resonanzstellen, SV(O) und P[1],
sowie mit dem Energieflußminimum feststellen. Wie die Abbildungen 5b, 6b
und 7b zeigen, bestimmt die Wellengruppe IVS bei geringen Geschwindigkeits-
kontrasten (z.B. 1. Modellserie) praktisch den Beginn des gemessenen zum
Normalmodenbereich gehörenden Kanalwellensignals. Jedoch rückt mit zu-
nehmendem Geschwindigkeitskontrast der Beginn des Kanalwellensignals zu
kleineren f-H—Werten.

Da die Wellengruppe IVS nicht dem Bereich um das Gruppengeschwindig-
keitsminimum zugeordnet werden kann, ist die von Hudson und Douglas (1975)
als generell gültig vermutete Koinzidenz von Raumwellenresonanzstellen, Ener-
gieflußminimum und Gruppengeschwindigkeitsminimum für die symmetrische
Grundmode nicht erfüllt.

Beginn der Dispersionskurve. Wie im Fall der antisymmetrischen Grundmode
sind auch hier die kleinsten aus dem Kanalwellensignal bestimmten f ' H-Werte
(vgl. Abb. 3, Verbindungslinie 2) größer als die kleinsten aus dem Quellsignal
bestimmten f-H—Werte. Entsprechend den vorhergehenden Aussagen bestimmt
bei der 1. Modellserie die Wellengruppe IVS den Signalbeginn. Bei der 2. Modell-
serie stimmt die höchste Phasengeschwindigkeit überein mit der Geschwindig-
keit der refraktierten SV-Welle ß1 =2,22 km/s; dagegen liegt bei der 3. Modellse-
rie die höchste Phasengeschwindigkeit CR =2,87 km/s nahe der Geschwindigkeit
der verlustbehafteten Grenzflächenwelle vG=2,84 km/s. Im Gegensatz zur anti-
symmetrischen Mode ist nach diesen Meßergebnissen eine eindeutige Zuweisung
zwischen einer nichtdispergierenden Welle und der schnellsten zum Normalmo—
denbereich gehörenden Wellengruppe IIIS nicht möglich. Allerdings kann man
für die 2. und 3. Modellserie den Beginn der Wellengruppe IIIS stets einer
Raumwellenresonanzstelle P[2] zuordnen.

Bereich um das Gruppengeschwindigkeitsminimum. Neben den bisher erwähnten
Wellengruppen IIIs und IVS wird die relativ hochfrequente Wellengruppe VS
beobachtet. Allerdings kann die Wellengruppe VS nur annähernd mit dem
Bereich um das Gruppengeschwindigkeitsminimum in Beziehung gebracht wer-
den. Eine bessere Korrelation besteht dagegen mit zwei Resonanzstellen SV(1)
und P(1).

Wie in Abbildung 3 (Verbindungslinien 8 und 9, 12, 13 und 14) erkennbar, ist
für die Wellengruppe VS die Amplitudenabnahme mit zunehmender Registrier-
entfernung sehr viel größer als für die Wellengruppe IVS.

Wie bereits erwähnt, existiert im Fall der 2. und 3. Modellserie eine Lücke in
den gemessenen f - H-Werten zwischen den Wellengruppen IVS und VS' (Abb. 6b
und 7b). Diese Lücke ist bei der 1. Modellserie nicht feststellbar (Abb.5b).
Stattdessen werden Phasengeschwindigkeiten zwischen 1,53 km/s und 1,49 km/s
gemessen. Möglicherweise handelt es sich hierbei um die verlustbehaftete Grenz-
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Tabelle 3. Meßergebnisse für die antisymmetrischen und symmetrischen PL-Wellen sowie korres-
pondierende Resonanzstellen

Modell CR [km/s] f . H [Hz - m] Resonanzstellen (berechnet)
(gemessen) (gemessen)

Typ f'H [HZ-m]

Antisymmetrische PL- Wellen

1.5 2,76—2,55 2360—2550
1.6 2,88 - 2,64 2090 — 2300} SV(2) 2340

2.5 niederfreq. 4,12 —— 4,03 1200 — 1370 SV(1) 1170

2.5 hochfreq. 4,04 — 3,78 1860 — 2350 SV(2) 2340
3.4 5,41—5,23 1180—1210
3.5 5,25—4,95 1110—1160 SV(I) 1130
3.6 5,32—5,13 1230— 1300

Symmetrische PL— Wellen

1.2 2,90 — 2,82 495 — 525
1.3 2,87 — 2,69 z 605} SV(0) 585

2.1 3,79 — 3,70 415 — 525
2.2 3,83 — 3,65 475 — 575 £6?» :22
2.3 3,85—3,48 555— 610 _
3.2 5,37 — 4,77 415 — 545
3.3 5,32 — 4,62 490 — 535 SPE/(0) 22(5)
3.4 5,22 — 4,67 505 — 590

flächenwelle deren Geschwindigkeit 1,52 km/s beträgt. In der Abbildung 5b
wurden die entsprechenden Meßwerte mit „G“ gekennzeichnet.

4.4. PL- Wellen

Da bei der Beschreibung des zum Normalmodenbereich gehörenden Signals
eine Beziehung der .Mehrzahl der Signalanteile zu Raumwellenresonanzstellen
beobachtet wurde und — wie im folgenden Abschnitt erläutert wird — dieser
Beziehung hinsichtlich der Anwendung eine wesentliche Bedeutung zukommt,
soll nun untersucht werden, inwieweit auch der f-H-Wertebereich der PL-
Wellen Raumwellenresonanzstellen entspricht. Wie Tabelle 3 zeigt ist dies
sowohl für die antisymmetrischen Moden als auch für die symmetrischen
Moden der Fall.

Den bei Untertagemessungen stets beobachteten symmetrischen niederfre-
quenten PL-Wellen mit relativ großen Amplituden (Arnetzl, 1971; Rüter und
Schluckebier, 1973a, b) entsprechen nach unseren Modellmessungen die Reso-
nanzstellen P[2] und SV(O) (Abb. 3, Verbindungslinien 1, 3, 5, 7 und 10).

Bei Anwendung dieses Ergebnisses auf Untertagemessungen ist es möglich,
mit Hilfe der an die refraktierte P-Welle gekoppelten PL-Welle nicht nur die P-
Wellengeschwindigkeit im Nebengestein parallel zur Ausbreitungsrichtung, son-
dern auch Raumwellengeschwindigkeiten im Flöz abzuschätzen.
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5. Zusammenfassung und Wertung der Ergebnisse

Die hier beschriebenen Untersuchungen sollten die aufgrund von Untertage-
und Modellmessungen entstandene Frage beantworten, inwieweit die Aufteilung
des Kanalwellensignals in Wellengruppen meßtechnisch oder physikalisch be-
dingt ist. Meßtechnische Gründe für eine Gruppenbildung wurden bei den hier
diskutierten Modellmessungen dadurch vermieden, daß eine Reihe von Quellsi-
gnalen mit verschiedenartigen Amplitudenspektren den für die Praxis interessan-
ten f - H-Bereich von ca. 200 Hz-m bis ca. 2300 Hz-m kontinuierlich überdeck-
ten und das Kanalwellensignal praktisch ungefiltert registriert wurde.

Dennoch zeigte sich eine deutliche Aufteilung sowohl des antisymmetrischen
als auch des symmetrischen Kanalwellensignals in Wellengruppen. Bei der
Diskussion der möglichen physikalischen Ursachen für die Gruppenbildung
konnte gleichzeitig die zweite Frage geklärt werden, nämlich in welcher Weise
diese Wellengruppen bzw. ihre Schwingungsanteile mit relativ großen Amplitu-
den vorhergesagt werden können. Sowohl die das Kanalwellensignal überla-
gernden nichtdispergierenden Wellen (Raumwellen und verlustbehaftete Grenz-
flächenwellen) als auch die dispersiven Eigenschaften der Rayleigh-Kanalwelle
(d.h. der Verlauf der Gruppengeschwindigkeitsdispersionskurve) konnte die
Gruppenbildung nur teilweise erklären. Vor allem zeigte sich, daß im Fall der
symmetrischen Grundmode ein Signalanteil mit relativ großen Amplituden
(Wellengruppe IVS) nicht den Bereich um das Gruppengeschwindigkeitsmini-
mum repräsentiert, d.h. keine Airy-Phase enthält. Vielmehr korreliert diese
Wellengruppe mit dem Energieflußminimum bzw. dem Maximum im Amplitu-
denspektrum der von einem ö-Impuls erzeugten Rayleigh-Kanalwelle. Zusätz-
lich wurde in Anlehnung an Hudson und Douglas (1975) eine Beziehung
zwischen der Bildung von Wellengruppen und der Existenz von Raumwellenre—
sonanzstellen in seismischen Kanälen untersucht. Dabei zeigt sich, daß den
verschiedenen Wellengruppen unabhängig von der untersuchten Modellserie
bzw. dem untersuchten Geschwindigkeitskontrast jeweils gleiche Raumwellenre-
sonanzstellen zugeordnet werden können. Dem relativ schmalen foH-Bereich
der für die Anwendung wichtigen Wellengruppe IVS können in allen drei
Modellserien die „symmetrischen“ Raumwellenresonanzstellen SV(0) und P[1]
nahezu exakt zugeordnet werden.

Nun sind für die untertägige Anwendung von Kanalwellen zwei Ergebnisse
von wesentlicher Bedeutung:

1. Mit Hilfe von drei Modellserien bzw. drei verschiedenen Geschwindig-
keitskontrasten wurde festgestellt, daß die Einteilung der Kanalwelle in Wellen-
gruppen unabhängig vom jeweiligen Geschwindigkeitskontrast ist.

2. Es existieren empirisch gefundene Beziehungen zwischen den f-H-
Wertebereichen von Wellengruppen und den f - H—Werten von Raumwellenreso-
nanzstellen.

Das folgende Beispiel zeigt, wie die hier diskutierten Ergebnisse auf Unterta-
gemessungen angewendet werden können:

Bei Untertagemessungen —— bei denen im allgemeinen aufgrund praktischer
Erfahrung eine symmetrische Kanalwelle angeregt und registriert wird — ist die
PL-Welle stets identifizierbar. Üblicherweise wird aus dem Beginn der PL-Welle
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die P—Wellengeschwindigkeit im Nebengestein parallel zur Ausbreitungsrichtung
ermittelt. Entsprechend unseren Meßergebnissen kann nun zusätzlich mit Hilfe
des Frequenzbereiches der PL-Welle (Tabelle 3) die P-Wellengeschwindigkeit im
Flöz senkrecht zur Ausbreitungsrichtung unter Beachtung der „symmetrischen“
Resonanzstelle P[2] abgeschätzt werden. Dabei ist zu beachten, daß möglicher-
weise anstatt P[2] bei relativ dünnen Flözen (H < 1 m) die Resonanzstelle P[3]
und bei relativ mächtigen Flözen (H >3 m) die Resonanzstelle SV(O) verwendet
werden muß. (Dieses Problem kann nur mit Hilfe der bei Untertagemessungen
gesammelten Erfahrungen gelöst werden.) Im letzteren Fall wäre anstelle der P—
Wellengeschwindigkeit im Flöz die SV-Wellengeschwindigkeit im Flöz ab-
schätzbar. Erzeugt man —- was bislang nicht üblich ist — zusätzlich die
antisymmetrische Grundmode, dann können aus ihrem Signalbeginn (Illa,
Abb. 5a—7a) die Geschwindigkeit der verlustbehafteten Grenzflächenwelle so—
wie mit Hilfe der „antisymmetrischen“ Resonanzstellen P[1] und SV[1] die
bereits genannten P- und SV—Wellengeschwindigkeiten im Flöz ebenfalls abge-
schätzt werden.

Zusätzlich erlaubt die Kenntnis der Geschwindigkeit der verlustbehafteten
Grenzflächenwelle auch eine Abschätzung der SV-Wellengeschwindigkeit im
Nebengestein.

Die Kenntnis der P- und SV-Wellengeschwindigkeit im Flöz ermöglicht die
Abschätzung der f—H-Werte bzw. des Frequenzbereichs der Wellengruppe IVs
unter Verwendung der „symmetrischen“ Resonanzstellen SV(O) und P[l]. Somit
ist ohne wesentlich mehr Aufwand als bei den bisherigen Untertagemessungen
die Vorhersage desjenigen Frequenzbereiches möglich, welchem nach unseren
Meßergebnissen eine nahezu waveletförmige Wellengruppe mit relativ großen
Amplituden entspricht. Diese Wellengruppe IVS ist unter bestimmten Bedingun-
gen für das Reflexionsverfahren geeignet (Dresen und Freystätter, 1976). Auch
die f . H-Werte der näherungsweise zum Bereich des Gruppengeschwindigkeits—
minimums (Airy-Phase) gehörenden Wellengruppe Vs kann mit Hilfe der „sym-
metrischen“ Resonanzstellen SV(1) und P(1) abgeschätzt werden. Entsprechend
den hier vorgelegten Meßergebnissen erscheint jedoch die Verwendung der
Wellengruppe Vs für das Flözwellenverfahren keine Vorteile zu bringen, da ihre
durch Absorption bedingte Amplitudenabnahme mit zunehmender Registrier-
entfernung erheblich größer ist als die entsprechende Amplitudenabnahme der
Wellengruppe IVS.

Danksagung. Wir danken Herrn Dr. A. Cete für anregende Diskussionen und Herrn Dr. U. Casten für
die kritische Durchsicht des Manuskripts. Die Untersuchungen wurden im Rahmen einer DFG-
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Letters to the Editors

Comment on:
Hydromagnetic Waves in a Non-Uniform Plasma
by E. Kupfer

J. Geophys. 41, 123 — 126, 1975

W.J. Hughes
Institute of Geophysics and Planetary Physics, University of California at Los Angeles,
Los Angeles, California 90024, USA

Recently, Kupfer (1975) and Siebert (1975) have reconsidered the problem of
geomagnetic pulsations with periods which vary systematicaly with geomagnetic
latitude. This comment proposes a much simpler explanation of this phenomenon
than that discussed by Kupfer and Siebert.

Voelker (1968) first observed a type of pulsation which is seen simultaneously
with different periods at the observatories along a latitudinal chain. He named
them pulsation single effects (pse’s). Similar events were subsequently reported
by Orr and Matthew (1971), Rostoker and Samson ( 1972), Zelwer and Morrison
(1972) and others. These are relatively rare events, which are found almost
always only in the H-component. This would naively suggest a meridional field
line oscillation in the magnetosphere. In attempting to explain how a meridional
oscillation can exhibit a latitude dependent period, workers have been forced to
propose rather bizarre models, e. g. Siebert (1964).

It was first shown by Dungey (1954) that there can exist an axisymmetric
mode of magnetospheric oscillation which is azimuthally polarized and in which
L shells would be decoupled. This mode allows each L shell to oscillate with
its own natural period independently of the others, and could therefore explain
a simultaneous observation of latitude dependent period. Numerical evaluations
of the resonant period of this oscillation were made by Cummings, O’Sullivan
and Coleman (1969) and by Orr and Matthew (1971).

In order to relate Dungey’s theory to the ground observations, account must
be taken of the 90° rotation of the polarization angle of a pulsation signal as it
passes through the ionosphere (Hughes and Southwood, 1974, 1976; Hughes,
1974). This effect occurs because the ionospheric E-layer is both a Hall and
Pedersen conductor. The Pedersen currents flowing in this region shield the
magnetospheric magnetic perturbations from the ground, while the magnetic
fields observed at the Earth are caused by the E region Hall currents and are
therefore polarized orthogonally to the magnetospheric perturbation. This
explains why Dungey’s axisymmetric mode, which is azimuthally (D) polarized,
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is seen on the ground as an H polarized signal. Thus, by taking account of
ionospheric effects, we see that the observations of Voelker and others are
simply explained by Dungey’s original theory, and that we have no need to
invoke the much more complicated theories such as that being discussed by
Kupfer (1975) and Siebert (1975). A simple test for this theory is provided by
the axisymmetric nature of Dungey’s mode. This means that this particular class
of pulsations should have very small East-West variations of amplitude and
phase.
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H.K. Gupta and B.K. Rastogi: Dams and Earthquakes. Developments in Geotechnical Engineering,
Vol.11. Amsterdam: Elsevier Scientific Publishing Company, 1976. pp. XVI+229, 116 figures.
US$32.95.

The impoundment of the reservoir behind a high darn may induce earthquakes, even in places
shown by the historical record to be essentially aseismic. The occurrence of earthquakes as the
direct result of the creation of the reservoir raises important questions both for the engineers
who design high dams and tectonophysicists interested in the mechanics of the earthquake process.
We do not yet know enough about the critical factors to judge beforehand from field observations
whether or not a planned darn at a specific site will lead to induced seismicity. The authors
have prepared a timely, comprehensive review of the best documented cases of reservoir-induced
earthquakes and of the current state of understanding of the phenomenon. A substantial part
of the book is drawn from their own research.

The interest of Indian seismologists, including these authors, in this subject was stimulated
by the Koyna earthquake, December, 1967. They start their book with a discussion of the seismolog-
ical studies of this earthquake and its effects on typical local buildings and engineered structures,
including the dam itself. Although the largest reservoir-induced earthquakes that have occurred
anywhere are considered moderate by seismologists, in the magnitude range 6 to 6.5, they are
capable of causing severe local damage.

Case histories of seismicity associated with 18 dams are presented, with detailed descriptions
of the geological and hydrological settings of four of the most famous cases: Koyna, India; Kariba,
Zambia; Kremasta, Greece; and Mead, U.S.A. The Hsinfengkiang Dam, Kwangtung Province,
China, is discussed briefly and perhaps is worthy of more thorough discussion ‘in view of the
excellent work of the Chinese scientists in documenting all aspects of the associated seismicity.

In addition to the cases of dams, three instances of earthquakes stimulated by fluid injection
into deep boreholes are reviewed. The inclusion of these case histories is certainly appropriate
in View of the likely connection between the basic operative mechanisms of the two ways of
inducing earthquakes.

When an earthquake occurs near a dam, debate often begins as to whether the event was
actually related to the existence of the reservoir. The controversy is especially heated when the
region has previously experienced low-level seismicity. Therefore, the chapter presenting the observed
characteristics of reservoir-related earthquakes is valuable as an effort to systematize those features
that may serve to distinguish induced events from ordinary activity. The number of small events
relative to the number of larger ones in the sequence is greater for these earthquakes than for
other activity in the region. The preponderance of small events during the foreshock activity is
a marked difference from the results observed by several investigators for ordinary earthquakes.
Reservoir-induced earthquakes seem to be characterized by having the largest of the aftershocks
much closer in magnitude to the main shock than is the case for normal seismicity. Another
characteristic property is that the aftershock activity decays more slowly.

Two mechanisms have been called on as the explanation of the stimulation of earthquakes
by reservoirs: the increase in subsurface stresses caused by the added water load and the increase
in pore-pressure in the rocks below as a result of penetration of water. Each of these is nicely
reviewed in a separate chapter. Although the theory is far from complete, the informative discussion
provides a good background for understanding the current status of the problem. A brief final
chapter touches on some practical questions, such as the kinds of site studies that should be
carried out before construction of a high dam and the design of seismic networks to be deployed
in the area in order to gather data for documenting the pre-impoundment seismicity and detecting
changes in the seismic regime afterwards. The properties of the sites of large reservoirs at which
no earthquakes have occurred, the great majority, are discussed briefly in terms of the lessons
they offer. The determination before final site selection of the susceptibility of a proposed location
to induced seismicity is a major unresolved problem of engineering geology and geophysics. This
synthesis of experience and theory will be a valuable addition to the libraries of geologists, seismolo-
gists and engineers concerned with the problem. Carl Kisslinger, Boulder, Colorado
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Exploitation of Seismograph Networks. K.G. Beauchamp (ed.). 643 pages, Nato Advanced Study
Series, Series E: Applied Sciences-No. 11, ‘ISBN 902860065 5, Dfl 138,——. Leiden: Noordhoff Inter-
national Publishing 1975.

The book contains 46 papers, which were presented by 35 authors of ten countries at the
Nato Advanced Study Institute on the Exploitation of Seismograph Networks at Sandefjord,
Norway.

According to the intention of this meeting the authors, most of them strongly engaged in
array problems, discussed all aspects of scientific work connected with seismic arrays especially
those, which show the interaction of seismology, computational techniques and communication
systems.

Besides the highly speciallized contributions concerning the use of computer networks like
ARPANET and the application of the great arrays like LASA and NORSAR the first sections
of the book contains articles, which deal with the problems and the utility of the different medium
aperture arrays and with the chances of a combined data analysis of several array units.

In the second half of the book one will find first papers about data processing and fundamentals
of time series analysis. These articles, as well as the following chapters about the results and
the fine methods for detection and about investigation of earth structures and wave propagation
with the aid of seismic arrays, are of great value not only for the array seismologist.

The book is divided in 9 parts:
Part 1, Introductory, 3 papers over 35 pages about the historical background of array seismology

and a review of array processing and instrumentation
Part 2, Communication Networks, 5 papers, 82 pages
Part 3, Seismic Array Systems, 6 papers, 96 pages
Part 4, Time Series Analysis, 9 papers, 89 pages
Part 5, Generalized Computer Analysis, 4 papers, 38 pages
Part 6, Detection and Classification, 6 papers, 107 pages
Part 7, The Earth’s Structure, 8 papers, 93 pages
Part 8, Scattering and Multipath Transmission, 5 papers, 55 pages
Part 9, Wave Propagation and Seismicity, 3 papers, 27 pages.

Most of the articles are well arranged and fitted with many good and lucid drawings and,
if necessary, clearly written formulas. Every author gives a long set of references. Certainly because
of the use of a quick printing method the print of the different articles is not as uniform as
in normal printed books, but it is quite clear and well edited.

J. Klußmann, Hamburg
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Full Wave Theory Applied
to a Discontinuous Velocity Increase:
The Inner Core Boundary

V.F. Cormier and P.G. Richards

Lamont-Doherty Geological Observatory of Columbia University,
Palisades, N.Y. 10964, USA

On page 13 the Equation (14) has corrections to the denominator of the fraction
in the large brackets; i.e.:

i’m kin) i’m im
A im —Bk‚m [Ci(1)+D] in)

D.„=D2 1- imk‘l),ô, S} i/(z) km i'm[cr—1+0] (14)
—Ai(_2>+B km (2)

On page 14 the common denominator of S} and 51’ is simply D5” given by the
corrected Equation (14). A Factor DS in the common denominator cancels DS
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