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Plate dynamics and isostasy in a dynamic system
C.B. Officer and C.L. Drake
Earth Sciences Department, Dartmouth College, Hanover, N.H. O3755,USA. .

Abstract. A quantitative description of plate dynamics
and related upper mantle effects is given. The principal
driving f0rce for the upper mantle convection is the
longitudinal density gradient in the upper mantle be-
tween the spreading ridge and subduction zone. The ef-
fects of plate forces, asthenospheric-lithospheric cou-
pling, lithospheric density changes, and viscosity vari-
ations as a function of depth are considered and in-
cluded in the derivations. The results are applied to a
description of the observed plate velocities, plate ve-
locity variations as a function of plate geometry, asym-
metric seafloor spreading, spreading ridge migration,
global gravity anomalies, ocean floor relief, and asym-
metric variations in ocean floor relief.

Key words: Plate tectonics — Mantle convection —-
lsostasy

Preface

Introduction

The purpose of this paper is to present a quantitative
description of plate dynamics and associated effects of
isostasy in a dynamic system. The principal driving
force for the upper mantle convection that is proposed is
that related to the longitudinal density gradient in the
upper mantle between the spreading ridge and the sub-
duction zone. Although such longitudinal density gra-
dient circulation is a familiar feature of other geophysi-
cal fluid dynamic problems, it has only recently been
emphasized by Rabinowicz et al. (1980) and Hewitt
et al. (1980) in their theoretical investigations and by Ir-
vine (1979), Froidevaux and Nataf (1981), Nataf et al.
(1981), and Carrigan (1982) in their experimental inves-
tigations as an explanation for plate tectonics.

Our description is restricted solely to plate dy-
namics and related upper mantle effects. It does not cov—
er possible whole mantle convection. It is also restrict-
ed to the drifting phase of plate tectonics. It is not in—
tended to apply to the beginning, or rifting, phase of
plate tectonics where the description originally given by
Pekeris (1935) may be applicable.

In this description the plates are carried along as in—
ertial elements by the convective motion in the upper
mantle between the spreading ridge and the subduction

zone. The effects of plate forces, asthenospheric-litho-
spheric coupling, and lithospheric density changes are
also considered and included in the quantitative de-
scription as well as possible depth variations of vis-
cosity in the upper mantle.

The results are applied to a description of the ob-
served plate velocities, plate velocity variations as a
function of plate geometry, asymmetric seafloor spread-
ing, spreading ridge migration, global gravity anom-
alies, ocean floor relief, and asymmetric variations in
ocean floor relief.

Defining equations and model parameters

The Navier-Stokes motion equation and the appropri-
ate continuity equations are used with the usual reduc—
tions to upper mantle motion as delineated, for exam-
ple, by McKenzie (1968) and Richter (1973). Only anal-
ytic solutions are given here. We ascribe to the premise
stated by Richter (1973) that unless simple models are
first understood, complex cases will not be interpretable
in terms of the contributions to the overall flow that
each possible source of motion provides. It is essential
to have an adequate understanding and explanation of
the various plate dynamic observables in terms of sim-

'ple theory before the requisite numerical compu-
tational procedures can appropriately be made.

Again following McKenzie (1968) and Richter
(1973) as well as others, the earth model and parame-
ters chosen are summarized in Table 1. A nominal
lithospheric plate thickness of d = 100 km, a depth extent
for the upper mantle convection of h=600 km with a
viscosity of v=3 x1021cmzs‘1, and a nominal upper
mantle density of p0=3.5 gmcm“3 are chosen. The
depth extent of the upper mantle convection is taken to
coincide both with the depth extent of the subducted
slab in the upper mantle and a corresponding depth ex-
tent of the density anomaly associated with the spread-
ing ridge region and with the depth extent of the low
viscosity region of the upper mantle. A nominal, av-
erage, density deficit of 0:0.02 gm cm“3 over the depth
extent, h, is taken for the spreading ridge region and a
corresponding density excess of the same amount for
the subducted slab. It is appreciated that there are dif-
ferences of opinion as to the depth variations of vis-
cosity in the upper mantle as discussed by McKenzie
(1966), McConnell (1968), Cathles (1975), Peltier and
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Table 1. Values of mantle parameters used in calculations

v=3x10210m2s‘1 g=1030ms‘2
0:0.02gmcm‘3 h=600km

p()=3.5gmcm‘3 d=100km
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Fig. l. a Density profiles and velocity distribution in central
portion of flow regime for longitudinal density gradient circu-
lation in an estuary. b Corresponding profiles and velocity
distribution for upper mantle circulation

Andrews (1976) and Sammis et al. (1977) as well as
others, and this is a critical parameter in the descrip-
tion of any upper mantle convection. We consider the
effects of such extended depth variations in viscosity re-
taining the same depth extent for the driving forces.

Longitudinal density gradient circulation

At the outset it is appropriate to consider some of the
characteristics of longitudinal density gradient, or
gravitational, circulation. A particular example which
has relevance to the proposed upper mantle circulation
is that of gravitational circulation in an estuary. The
longitudinal density gradient is related to the density
difference from the freshwater river end of the estuary
to the more saline waters at the ocean end of the es-
tuary, a contrast with a characteristic value of
0.02 gmcm’3. The corollary to the upper mantle is
the spreading ridge region, maintained at a density def-
icit as compared with average upper mantle conditions
because of its higher temperature related to the con-
tinuing plate forming process, and the subduction zone,
maintained at a corresponding density excess because
of the continued subduction of the cooler slab into the
upper mantle. These relations are shown schematically
in Fig. 1. The length of an estuary has a characteristic
value of 10km or more and a depth of 10m, or an as-
pect ratio of 100021; for the upper mantle the aspect
ratio is of the order of 10:1.

The theoretical description of gravitational circu-
lation in estuaries has been given by Rattray and Han-
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H
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Fig. 2. Diagram of net horizontal forces across a vertical slab
for longitudinal density gradient circulation
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Fig. 3. Driving forces for upper mantle convection and litho-
spheric plate coupling

sen (1962) and Hansen and Rattray (1965) using simi-
larity solution procedures and a simplified description
applicable to the central regime of an estuary where the
longitudinal density gradient and surface slope may be
considered constant by Officer (1976). A more detailed
numerical model description of the same process has
been given by Festa and Hansen (1976). The character-
istic circulation velocity profile for the central regime of
an estuary and also for the upper mantle have been in-
cluded in Fig. 1. With the much lower eddy viscosity
coefficient values for estuarine waters, the Circulation
flows have characteristic values of 10 cm 3‘1, down-es-
tuary in the upper part of the water column and up-es-
tuary in the lower part of the water column.

The physics of gravitational circulation can be
understood from a consideration of the horizontal force
balance across a vertical slab normal to the flow, as
shown in Fig.2. The driving forces for the circulation
are the longitudinal surface slope force, acting in a di-
rection from the river (spreading ridge) toward the
ocean (subduction zone) and the longitudinal density
gradient force, acting in the opposite direction. The sur-
face slope force is constant as a function of depth, and
the density gradient force increases essentially linearly
as a function of depth. The net effect, then, is that the
surface slope force will be dominant in the upper por-
tion of the water column (upper mantle), producing a
net circulation flow to the right in the diagram, and
that the density gradient force will be dominant in the
lower portion, producing a net circulation flow to the
left in the diagram within the constraints of the depth
averaged continuity relation.

For both cases there can be an additional force at
the upper surface, as shown in Fig.3. For an estuary
this is the wind stress and for the upper mantle it is the
net lithospheric plate force. If this force is in the direc-
tion of the surface slope, it will increase the circulation
velocity near the upper surface and correspondingly the
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resultant lithospheric plate velocity. Without such a
surface drive, or drag, force, the lithospheric plate will
move as a passive element with the upper mantle con-
vection. With the addition of a plate force, the plate ve-
locity will be increased or decreased accordingly as the
force is a net drive or drag.

Upper mantle variations
An essential feature necessary for gravitational circu-
lation is the continued maintenance of different den—
sities at each end of the circulation regime. This is, in-
deed, the case for the upper mantle at the spreading
ridge and the subduction zone. For an assumed average
temperature excess of 140°C over a depth extent of
600 km at the spreading ridge, a density deficit of
0.02 gm cm‘3 would result. From Minear and Toksoz
(1970) and Toksöz (1975) as well as others, an average
temperature deficit and corresponding density excess of
the same magnitude is anticipated at the subduction
zone. We have chosen an average density anomaly of 0
=0.02 gm cm‘3 at each end of the convection cell and
consider this value to be reasonable and, if anything,
on the low side. Ringwood (1982), for example, dis-
cusses average density anomalies in excess of this value
for the subducted slab including the combined effects of
temperature and phase changes.

As in most hypotheses of plate dynamics and upper
mantle convection, the ultimate cause for the driving
forces is presumed to be heat. Implicit in the upper man-
tle gravitational circulation discussed herein is the as-
sumption that the major heat related effects are restrict-
ed to the spreading ridge and subduction zone re-
gimes. This assumption is confirmed, at least in part, by
the results of Sclater et a1. (1981) that more than 60%
of the heat loss from the earth results from the creation
of oceanic plates.

Further, for gravitational circulation in the upper
mantle there will be a resultant longitudinal density
change increasing from the spreading ridge to the sub-
duction zone for a given'plate. As discussed by Jordan
(1975, 1979) as well as others, such upper mantle
changes can be inferred from seismological obser-
vations. Jordan (1979) shows longer ScS travel times
from a depth of 700 km to the surface of 2s under
young oceanic crust as compared with old oceanic
crust. This change is in the correct direction and order
of magnitude as would be anticipated for lower average
density, upper mantle material near a spreading ridge
as contrasted with higher density, upper mantle ma-
terial near a subduction zone with a total average den-
sity change of around 20 = 0.04 gm cm* 3.

Plate dynamics

Linear approximation
The linear approximation assumes that the longitudinal
dimension, l, of the upper mantle convection is large
with respect to the vertical dimension, h. The interest,
here, is in examining the central region of the convec-
tion cell where it is reasonable to assume that the
longitudinal variation in density, p, and the upper and
lower surfaces, ès and (Eb, of the convection cell are lin-
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ear with respect to the horizontal dimension, x, over
limited distances. The geometry is shown in F1g. 4. Fol-
lowing Officer (1976) the motion equation reduces to

öp 020x
äïzp‘” 622 (1)

under steady state conditions and with the assumption
. that the upper mantle motion is sufficiently slow that

the inertial terms may be neglected with respect to the
viscous and buoyancy terms. In this equation p is the
pressure, vx the horizontal velocity, v the upper mantle
kinematic viscosity coefficient, and pO an upper mantle
reference density.

For the definition of the convective cell under the
linear approximation there are two boundary con-
ditions at the upper surface of the convection cell, one
boundary condition at the lower surface, and a con-
tinuity condition. At the outset we shall take a con-
dition of normal stress balance at the upper surface of
the convection cell, i.e., no normal stress contribution
from mass variations in the overlying lithosphere. Also,
in this first instance we shall take a condition in which
there are no plate drive or drag forces, i.e., inertial plate
motion with no tangential stress coupling to the man-
tle, or aux/02:0, z=0. At the lower surface we shall
take a condition of no motion, or vx=0, z==h. For the
continuity relation we shall take a condition that the

h

mantle motion is self contained, or (vxdz=0.
O

From the first boundary condition at the upper sur-
face we have

p=pg(Z-ës)+Po (2)
where p0 is a reference, constant normal stress or in
this case of a linear approximation, constant pressure.
We, then, have for the longitudinal pressure gradient

=8/lZ‘Pogis (3)
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where we have ignored the second order term in
65(6p/6x) and where is=a:,/ax is the upper surface
slope and Â=ôp/ôx the longitudinal density gradient,
taken in this initial example to be independent of z.
Substituting Eq. (3) into Eq. (1), we have a simple or-
dinary differential equation. The second boundary con-
dition at the upper surface and the boundary condition
at the lower surface determine the two integration con-
stants and the continuity condition provides the re-
lation between the surface slope, is, and the longitu-
dinal density gradient, 1, giving

3 ‚1h1 g/lh3 2 3
=—— -—

.

=——-—— 4vx
48 ‚00V

(1 9n +8n )‚ ls
8 Po

()

where n=z/h is the scaled depth. It is to be noted that
the magnitude of vx is proportional to /lh3/v. The hori-
zontal velocity, vxo, at the upper surface of the convec-
tion cell is then

1) _1 g/îh3
x0—48 pov' (3

As another example we take the case for which
there is infinite plate resistance to the upper mantle
motion, changing the second boundary at the upper
surface to vx=0, 2:0. The corresponding solution is

1 gÀh3 1M=— 4—122 83 '=———.

The tangential stress, '5s, at 2:0 is then a maximum,
given by

Övx 1
s0=p0vï=ñgzîh2 (7)

As two further examples we take extreme cases for
which there is a z dependence in the À term such that
ôp/Ôx=ÂO[1—(z/h)] and ôp/ôx=Â0(z/h). The solutions
for vx corresponding to relation (4), are respectively,

1 g/loh3 _ 111 h=__ 3— 3 2 40 3—10 4 =———O 8vx
240 p0v(

3n+ n n)‚zs
40 Po

()

1 gÄOh3 ‚ 1/1 h=— 1—6 2 5 4 z—L 9"x 120 p0v( n + n)’ 15 10 p0 U
It is to be noted that the horizontal velocity, 0x0, at the
surface is reduced to 0.6 and 0.4 the value given by re-
lation (4) for the two cases, as might be expected for
the corresponding reduction in the longitudinal density
gradient forcing term.

The first boundary condition at the upper surface of
the convection cell requires additional attention. For a
lithosphere in isostatic equilibrium the combined verti-
cal stresses of the mass per unit column and the litho-
spheric strength stresses related to regional isostatic
equilibrium will be the same everywhere at the depth of
the upper surface of the convection cell. The normal
stress condition of Eq. (2) remains the same. It is appre-
ciated that for time periods comparable to lithospheric
adjustment times, such as that for the Fennoscandia
uplift following deglaciation, there will be a lithospheric
loading contribution to the upper mantle motion.

A 1 =
PLATE x
UPPER h d F" SP
MANTLE v 9

FSR
Fig. 5. Geometry of lithospheric forces

The continuity relation also requires additional at-
tention. We have assumed that the upper mantle con-

h

vection cell motion is self contained, or that f vxdz=0.
O

We could choose an alternative continuity relation that
both the plate formation and destruction are confined
to the upper mantle so that the continuity relation

h

would, then, vxod +j vx dz = 0, where d is the plate
O

thickness. The results corresponding to Eqs. (4) and (5)
are

_ 1 g/lh3
[1—9n2+8n3 -—126(n2—n3)]”"48 pov 1+1.56

3 45 Mzs=—+——— (10)8+12ô p0
and

1 g/lh3 1=_ 11”x0 48 v [1+1.55] ( )
where ô=d/h is the ratio of the lithospheric plate thick-
ness to the depth extent of the upper mantle convec-
tion. For values of d=100 km and h=600 km, as given
in Table 1, 0x0 will be reduced by 200/0 over the value
given by Eq. (5). The inclusion of this continuity con-
dition has a small effect on the circulation, reducing the
circulation velocities at all depths. The dominant effect
is still that of the longitudinal density gradient.

Asthenospheric-lithospheric coupling

To this point we have considered the lithospheric plate
as a passive element, moving along with the inertial ve-
locity, 0x0, of the upper mantle convection as driven by
the longitudinal density gradient. We must also consid-
er the active effects of the drive and drag forces on the
lithospheric plate itself and the coupling of these forces
with the upper mantle convection.

From Forsyth and Uyeda (1975), Chapple and Tul-
lis (1977) and Backus et al. (1981) the principal plate
forces are the negative buoyancy drive force of the de-
scending slab, FSP, in the subduction zone and the cor-
responding viscous resistance, FSR, to its descent, as
shown in Fig. 5. We have included a mantle drag force,
F to the force balance. The slab pull force is givenZX’

simply by

FSP=gaVsin6=gadh (12)

where V is the volume of the descending slab and a the
average density contrast and where, for convenience, we
have taken the depth of descent to correspond with
that for the upper mantle convection, h. The slab resis-
tance force is taken to be proportional to the plate ve—
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locity, 0x0, or

FSRzRvJCO
(13)

where R is a resistance coefficient. For unaccelerated
plate motion the plate forces must balance, giving

FSP—s—vOZO'
,

(14)

The tangential stress condition at the upper surface
of the convection cell, then, becomes

Ô v s FSP — Rv
sOZv as—fzxz—Tz—

l
(15)

where l is the plate length. From Officer (1976) the so-
lution, corresponding to Eqs. (4) and (5), is

1 h3 1 hvx=— g/l (1 —9n2+8n3)+— £(1—4n+3n2),
48 pov 4 pov

3 ‚1h 3
is=_

_____ _[EL (16)
8 P0 2 pogh

and
3 h2

Ux0=l
gah +6gad

(17)6 4p0vl+hR

where in Eq. (17) we have substituted for $s from Eqs.
(15) and (12) and where we have also made the substi-
tution for the linear ' approximation that Â=Ôp/ôx
=2a/l where a is the average density deficit at the
spreading ridge and the corresponding density excess at
the subduction zone over the depth interval of the up—
per mantle convection.

It is instructive to examine the values for 0x0 in cer-
tain limiting cases for the plate forces. For R=oo, vx0
=0 and the tangential stress on the lithospheric plate
from the underlying mantle convection is given by Eq.
(7). For FSP=FSR, the preferred condition of Forsyth
and Uyeda (1975), the plate velocity is given by

v
_1 gah3

”—24 povl (18)

the same as that of Eq. (5). For no slab resistance, R=O
and ‘

3 2

Üxo=i
goh +6g0dh

. (19)24 vl

In the model used in the following sections, d: 100 km
and h=600 km so that the first and second terms in the
numerator of Eq. (19) are equal. The plate velocity un—
der these conditions is twice that of no net lithospheric
drive or drag force. These various velocity relations are
shown graphically in Fig. 6.

Richter (1973, 1977) and Richter and McKenzie
(1978) have invoked an alternative driving mechanism
for the upper mantle convection. They have considered
only the net driving stress, fzx, with no longitudinal
density gradient circulation in the mantle itself. In
other words, they consider the upper mantle convection
as a passive element in the asthenospheric-lithospheric
coupling and that the upper mantle convection is a re-

v;/(l/48)(9Xh3/p°v)

I I I I î I I I I I I I I I

NO MANTLE
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Fig. 6. Graph of scaled convection current velocity,
vx/(1/48)(gÂh3/p0v), versus scaled depth, n=z/h, for various
lithospheric plate conditions

sultant effect solely of the net plate forces. Their formu-
lation is an attractive alternative; for as shown above
in Eq. (19), the plate velocity, 0x0, can have comparable
contributions from both the upper mantle, longitudinal
density gradient effects and the lithospheric plate, net
driving force effects.

It is instructive to formulate their problem in the
same terms as given above and to compare the results
obtained therewith. They considered a continuity re-
lation in the same form as that used for Eqs. (10) and
(11). From Officer (1976) the complete solution includ-
ing both the longitudinal density gradient and plate
stress contributions is

_ 1 g/lh3
[1—9n2+8n3—125(n2—n3)]vx_48 pov 1+1.SÖ

1hfzx[1—4n+3n2—6ö(n—n2)]4 v 1+1.55 ’

__3+4ô Ah 3+6ô f2,c_ ___ 20’S 8+125 p0 2+35 pogh ( )
and

1 M13 l 1h 1[ l+~f“[ l48 pov 1+1.55 4p0v 1+1.56

The second terms in each of these three expressions
correspond to the formulation given by Richter and
McKenzie (1978).

There is a basic objection to ignoring the first terms
in Eqs. (20) and (21). The longitudinal density gradient
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contribution is an integral component of the formu-
lation in addition to the plate stress contribution. It is
incorrect to ignore it a priori. A more pertinent ques—
tion would be under what conditions are the second
terms dominant over the first terms. As we have shown
in the discussion of Eqs. (17) to (19), the plate stress
contribution can be comparable to the density gradient
contribution only under idealized conditions of mini-
mal slab resistance, FSR, for the model chosen. It is to
be noted, however, that with decreasing values for the
depth extent, h, of the upper mantle convection the
plate stress term effects will increase with respect to the
density gradient term effects. In order to maintain com—
parable plate velocities, vxo, this necessarily implies a
corresponding decrease in the viscosity of the upper—
most mantle, as elaborated by Richter (1977) and Rich-
ter and McKenzie (1978).

In addition there are the following three conside-
rations which argue against the dominance of the fzx
term over the Â term. First, as delineated by Forsyth
and Uyeda (1975) and Backus et al. (1981), the principal
plate resistance force is FSR which would argue for the
formulation given by Eq. (18) as contrasted with Eq.
(19) where FSR=O and Ex is the dominant resistance
force. Second, the contribution to the slope, is, of the up-
per surface of the mantle convection from the fzx term
is negative to that from the Â contribution. This is
understandable since as shown in Fig. 3, both the slope
and plate stress forces are in the same direction; and an
increase in fzx will have the effect of decreasing is to
provide the necessary balance with the Ä term in the
opposite direction in the continuity integral. If there
were no longitudinal density gradient effect, is would be
negative, i.e., a slope of the upper surface down in the
direction from the subduction zone toward the spread-
ing ridge. For illustration, let us presume in Eq. (16)
that [1:0 and we wish to have the same value for v,C0
under the condition of fzx=0, or simply
(1/48)(g/lh3/p0v)=(1/4)(hfzx/pov); then, the resultant
slope, 1'82, will be such that i32=—(1/3)is1 where is1
=(3/8)(/lh/p0). The magnitude of the two slopes are
comparable but in opposite directions. As discussed in
a following section on ocean floor relief, the oceanic
depths for plate ages greater than 70 m.y. continue to in-
crease in the direction from the spreading ridge toward
the subduction zone and can be interpreted in terms of
the is1 slope term. Third, the formulation without the
first terms in Eqs. (20) and (21) would argue that there
are no appreciable changes in the upper mantle density.
As discussed previously, the available evidence would
argue that there are, indeed, longitudinal density
changes which are associated with plate geometry.

Our conclusion is that the longitudinal density gra-
dient effects are an essential constituent to the under-
standing of upper mantle convection and plate motion
and that the net stress related to asthenospheric-litho—
spheric coupling can provide an additional contribution.

Plate velocities and plate geometry

Equation (18) expresses a simple relation between plate
velocity and plate geometry, specifically that the plate
velocity, 0x0, is inversely proportional to the longitu-
dinal extent, I, of the plate. It is of interest to see if this
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Fig. 7. Graph of absolute plate velocities versus the ratio of
sum of effective ridge and trench lengths to total plate area

relation, derived from a linear approximation, is applic-
able to actual plate geometries and velocities, ap-
preciating that the relation does not include the actual
plate geometry and effects between plates.

Considering b1 and b2 as the lateral extents of a
plate and b’1 and b’2 as their effective ridge and trench
lengths, the quantity, 0, in Eq. (18) will be scaled to a’
=(b’1 +b’2) a/(b1 +b2). Equation (18) may then be rewrit-
ten as

1 gah3 b’1+b’2= 220x0 48 v A ( )

where A=(b1+b2)l/2 is the plate area. Forsyth and
Uyeda (1975) have summarized estimates of absolute
plate velocities, effective spreading ridge and subduc—
tion zone lengths, and total plate areas. Using the val-
ues in their Table 1 we obtain the plot shown in Fig. 7.
Considering the gross assumption made above and the
uncertainties in determining the plotted data, the agree-
ment is quite reasonable and in the right sense. For
those plates with low absolute velocities of around 1—
2 cm yr“ 1, the ratio (b’1 +b’2)/A is small; for those plates
with high absolute velocities of around 5—8 cm yr‘ 1, the
ratio (b’1 +b’2)/A is larger.

It is possible to carry the analysis a step further. A
value for h can be determined using the estimates for 0,
p0 and v of Table 1. The solid line in Fig. 7 is the linear
least square fit to all the data and the dashed line the
corresponding fit to the data with the exclusion of the
Cocos plate. From Eq. (22), h=690 km for the solid
line slope and h=870 km for the dashed line slope. The
analysis procedure is, at best, crude but it is encourag-
ing that it comes out with reasonable values for the pa-
rameter, h.

This comparison of plate velocities with plate geom-
etry is neither intended to be definitive in itself nor to
exclude correlations with other geometrical parameters.
In particular, Gordon et a1. (1978) correlate plate veloc-
ities with the effective ridge and trench lengths, con-
sidering the plate driving forces to be related equally to
a ridge push and a slab pull. In our formulation these
terms are also included as the effective driving forces
for an upper mantle, gravitational circulation in the
quantity, b’1 +b’2‚ of Eq. (22) with the exception that we
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have applied b’2 to both adjoining plates. Carlson (1981)
has made a similar comparison with the inclusion of a
continental drag component. Also, Carlson et al. (1983)
have correlated plate velocities with the ages, or thick-
nesses, of the lithospheric plates at the subduction
zones using simple but reasonable expressions for the slab
pull, FSF, and slab FSR, forces. As discussed in the pre-
vious section, our analysis indicates that these forces
can provide an additional and important contribution
to the upper mantle, gravitational circulation in deter-
mining plate velocities.

Two dimensional approximation

The formulation and solution procedures used here fol—
low along the same lines as those used previously by
Allan et a1. (1967) and McKenzie (1968). The motion
equation, corresponding to Eq. (1), is

povV2v=Vp—pg (23)

or in vorticity equation form

1V2(l7xv)=————Vp><g. (24)p v0

From the continuity equation

I7 - v = 0 (25)

the longitudinal and vertical velocity components may
be given in terms of a scalar stream function, a, by

Ôl/I _ÔW: ___ ___ 26”x az’ ”2 ax ( )
reducing the vorticity equation to

6[74¢ = __g_ _p. (27)
v ôx

It is to be noted from Eqs. (24) and (27), as has been
pointed out by others, that the important variable de-
termining the upper mantle convective motion is the
horizontal density gradient.

In general, the problem resolves to the solution of a
set of coupled partial differential equations, Eq. (27)
and the thermal and chemical continuity equations
with the appropriate nonadvective and advective trans-
fer terms. It is not our intention, here, to attempt to
solve this set of coupled equations but rather to assume a
reasonable form for the longitudinal density variation,
Ôp/ôx, in order to be able to determine the principal
dependencies for the longitudinal velocity, vx. For the
inner, or near spreading ridge, regime there will be an
accelerated horizontal flow and for the outer, or near
subduction zone, regime there will be a decelerated hor-
izontal flow with a central regime of unaccelerated
flow, as given by the linear approximation solutions of
the previous section. Consequently, we have taken as a
first approximation that the longitudinal density varia-
tion may be represented by its first Fourier component

p=—ocoskx+f(z) (28)

01'

ô .
a—g=kasinkx (29)
where a is the average density deficiency in the upper
mantle at the spreading ridge and corresponding densi-
ty excess in the subduction zone and where k is a wave-
number, defined by kzn/l, with the geometry of
Fig. 4.

Upon substituting Eq. (29) into Eq. (27) with the
corresponding form for the stream function

w = d)(z) sin kx (30)

we obtain

d4çb dzçb gak—2k2—— k4 = ——— 1dz4 dz2 + qb pov (3 )

an ordinary differential equation. The four boundary
conditions used are s=0, vz=0 at z=0 and vx=0, vz
=0 at z=h. The solution for :11 is

' k
(ü: _g_a—s_1n_3x [k2 sinh kz+2(1—cosh kz)2p0vk

Lkz

coshkz—Msinhkz]
(32)kh—sinh kh cosh kh

where

L=1-2coshkh+cosh2kh
M=k2h2—2coshkh+2cosh2kh—2kh sinhkh. (33)

The corresponding solution for the longitudinal ve-
locity, 0x0, at the upper surface is

__go
x0——2p0vk2

C N(n) sin kx (34)

where N(n) is given by

__2n sinh n — n2 — sinh2 nN 35(77) n —— sinh n cosh n ( )

where n=kh. For 11 small, vxO reduces to

1 kh3vxoz— g” sinkx (36)48 pov

which is the same as the value given by Eq. (5), remem-
bering that Eq. (5) refers to the central regime where Â
=Ôp/Ôx=ka.

Figure 8 is a plot of the amplitude of 0x0 from Eq.
(34) versus plate length, l, and aspect ratio, l/h, using
the parameters of Table 1. The numerical formula for
these calculations is

0x0 = 30.4412 N(n) sin kx (37)

where l is in 103 km and vxo in cm yr‘l. For 11 small,
N(n) approaches the limiting value (1 /24)n3. To first fig-
ure accuracy in vxo, this corresponds to values of
(l/h);2.5, or to values of I; 1,500 km. Under these con-
ditions the formula (36) reduces to

vx0=8.49l‘1 sinkx. (38)
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Fig. 8. Graph of amplitude of mantle convection velocity in
cm yr“ 1 versus longitudinal extent of convection cell, 1, in km

It is to be noted that the calculated velocities are in the
observed range of plate velocities and that for the ma-
jor plates of the earth, vxO would vary inversely as l.

The deformation of the upper surface of the mantle
convection cell, €s=€OScos kx, may be obtained from
the additional condition that the normal stress related
to the convective motion must vanish on this surface,
or

ôv
[—pO—p’+2p0vÔ—Z] :0' (39)Z :5
The total pressure is given by p=p0+p’ where p0
= pOgZ is the hydrostatic pressure and p’ is the pressure
related to the convective motion. The quantity p’ may
be obtained from the reduced form of Eq. (24) and the
determined value of 11, giving

Lcoshkz

kh — sinh kh cosh kh
p’= i]; [sinhkz+ ] coskz. (40)
To first order terms, the result for 50s is

ëos= —ik P01) (41)
p .

O

where

_ZCoshn—2cosh2n+2n sinhn—r]2P 42(71) n — sinh n cosh n ( )

For 11 small, 503 reduces to

3 ah A
po

which gives the same slope, is, for the central regime as
the second part of Eq. (4), remembering as before that Â
= ôp/ôx=ka in the central regime.

A plot of 503 versus l and l/h using the parameters
of Table 1 is shown in Fig. 9. The elevation is positive
at the spreading ridge and negative at the subduction
zone. It is to be noted that for the major plates of the
earth, the amplitude is around 1,300 m. For any given
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Fig. 9. Graph of amplitude of deformation of upper surface of
mantle convecting layer, is, in km versus longitudinal extent
of cell, 1, in km

plate the regional slope, is, of this surface in the direc-
tion from the spreading ridge toward the subduction
zone is given by is :2508/1.

As an additional example we consider the case for
which the lithospheric plate is motionless, changing the
first boundary condition to vx=0, 2:0. The solution
for {p is

' kl//= __g£s1_n3_x [1 —coshkz
poVk

L1(kz cosh kz—sinh kz)—M1kz sinh k2+ kZhZ — sinh2 kh ] (44)
where .
L1 =sinh kh cosh kh — kh cosh kh—sinh kh + kh,
M1=sinh2kh—khsinhkh (45)
and the solution for 1s is

go sin kx sinh2 kh+ kzh2 —2kh sinh kh
s0=

k
(46)sinh2 kh — k2 h2

which reduces to Eq. (7) for 11 large.

Horizontal lithospheric density change effects

Hales (1969), Jacoby (1970, 1978), Lister (1975), Hager
(1978), and Hager and O’Connell (1981) as well as
others have considered a driving related to lithospheric
plate gravitational sliding or density change effects, a
ridge push force. In particular, Hager and O’Connell’s
concern was with the density contrasts which result
from cooling and thickening of the upper thermal
boundary layer, or lithosphere, as it moves away from
the spreading ridge. They used the observed plate veloc-
ities to calculate the shear stresses through a numeri-
cal computational procedure. It seemed instructive to
rephrase their problem in the same terms as the so-
lutions of the preceding two sections and to determine
the relative importance of the lithospheric, longitudinal
density changes vis-a-vis the mantle density gradient.
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They chose to approximate the increase in thickness
of lithosphere of essentially constant density by a
lithosphere of constant thickness and corresponding in-
crease in density. Following their model, as shown in
Fig. 10, the plate force balance for an incremental
length, Ax, will consist of the difference in the depth in-
tegrated forces normal to the two vertical faces of the
plates and the tangential mantle drag force. For the lin—
ear approximation the integrated normal to the faces
will be the integrated pressures, or

O O

l pogzdz— l
—d —d+ës

ô
(‚00+ä41x) gzdz (47)

which gives for the force balance, to first order terms,

pogisd—àg/îd‘2 ——fzx=0. (48)

For comparison with the linear approximation solution
of Eq. (4), the stress boundary condition at the upper
surface of the mantle convection cell will now be

övx
spv

ôZ
=

l
—fzx= —p0gisd+ëgÂd2 (49)

Following the same solution procedures as before, we
obtain

gÀdzh2v _ _M 4h+3d
"_2p0v(4h+6d) 1—4 32 '_ .( '"+")"S p4h+6d (50)

The comparison for the plate velocities in the two
cases is

l Àdzh2v.0=— —g—— <51)2 p0v(4h+6d)
and

1 gÀh3=— 52UxO
48 pov

( )

from Eqs. (50) and (4). The value for À in the two cases
will be about the same; Hager and O’Connell (1981)
chose a value of ‚1:0.0665/1 for extended plate lengths
and from Table 1 we have used a value of ‚1:20/1
=0.04/l. For values of d=100 km and h=600 km, the
ratio between the two vxo values will be 0.6/4.5=13%.
In other words, the lithospheric density changes are a
minor contribution to the plate motions as contrasted
with the presumed upper mantle density contrast from
spreading ridge to subduction zone. This is not an un—
expected result as the lithospheric driving force is ac—
tive over a depth interval of d=100 km as contrasted
with the upper mantle driving force which is active
over a depth interval of h= 600 km.

Hager and O’Connell (1981) also considered the
condition for which there is a finite viscosity, v1, for the
lithosphere with the same lithospheric driving force as
discussed in the previous paragraphs. With reference to
the geometry of Fig. 11 and Eqs. (1) and (3), the defin—
ing equation for plate motion in the linear approxima-
tion is

2mtg—g: —p.gi.+gzz (53>

öp/öx

2X

2‘,

Fig. 10. Geometry for lithospheric density changes as driving
force for plate motion and upper mantle convection

”/5s 1
PLATE Id V. I ôp/ôx = Ä V

UPPER h y ôp/ôx = oMANTLE

Viz

Fig. 11. Geometry for plate and upper mantle convection
with lithospheric driving force

and that for the upper mantle is

dzvx _
poVÎZÎ=_pogls+gÂd' (54)

Corresponding to the solution of Eq. (4), the boundary
conditions are s1=0, z=0; s1=s9 vx1=vx, z=d;
vx=0, z=h and the continuity condition is the same as
before. The solution for 0x10 is

1 g/lh3
Ü :—xlO

48 pOV
F(ß‚ d, h) (55)

where F(ß, d, h) is given as

F(,8, d, h)

_6d2(h—d)4+ßd3(h—d)(16h2 —17dh+7d2)+ß2d6
—

h3(h3 _d3 +ßd3)

and where ß is the ratio of the two viscosities, defined
as ‚ß:v/v1. For a rigid plate, [i=0 and for a plate and
upper mantle of the same viscosity, ß = 1.

Taking d= 100 km and from the geometry of
Fig. 11, h=700 km, F=0.0663 at ß=0 and F=0.1004 at
ß:1. Comparing with results of Eq. (52) where h
=600 km, the ratio between the 0x0 values will be
0.0663 (73/63)=11% for ‚8:0 and 0.1004 (73/63)=16%
for [3:1. Again, the lithospheric driving force contri-
bution for plate motion is small compared with that for
an upper mantle flow.

(56)

Extended upper mantle convection

In the previous derivations the upper mantle convec—
tion has been taken to be limited to the depth interval
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from z=0 to z=h where h is determined from a com-
bination of both an assumed zone of lower viscosity, v,
and a limited extent of plate associated driving forces
at the spreading ridge and subduction zone. It is of in-
terest to examine what effects may be anticipated for
an extended zone, hz, of finite viscosity, v2, in the lower
mantle with the same depth extent, h, for the driving
forces.

The one dimensional solution to this problem has
been given in the previous section. With reference to
Fig. 11, we make the following notational changes, v1
=v, v=v2, d=h and h=h2. From Eqs. (55) and (56) we,
then, have

0 _1 g/lh3
”—48 pov F(ß, h, hz) (57)

where F(ß, h,h2) is now given by

Iqlthahz)

_6(h2 ——h)4+ßh(h2 —h)(16h§ — 17hh2+ 7h2)+ß2h4—
ßh(hä-h3+ßh3)

and where ß=v2/v. The result is the same as that given
by Eq. (5) multiplied by the quantity, F.

The anticipated values of viscosity for the lower man-
tle are such that ‚ß may range from ‚ß: 1,000 to ‚8:10.
For h=600 km, as before, and h2=1,200 km, for exam-
ple, F =1.0, 1.3, 2.8 for ‚8:1,000, 100, 10, respectively.
The effect of extended upper mantle convection can be
important for small values of ‚ß and can lead to an in-
crease in the value of v by a factor of two or more.

(58)

Horizontal heating effects

Allan et a1. (1967) considered upper mantle convection
driven by a horizontal temperature gradient imposed at
the top of the convection cell. They concluded that mod—
est temperature differences along the upper surface of
the cell were sufficient to produce upper mantle veloci-
ties of the order of 1 cm yr‘ 1. In the derivation they as-
sumed that the nonadvective, or conductivity, heat
transfer terms were dominant over the advective heat
transfer terms. It is instructive to extend their deri-
vations using the perturbation procedure .of Babcock
(1930)

The defining equations are

oc ô Tvw =_vg_ “a; (59)
and

K172 T=V~VT (60)

where the horizontal temperature and density gradients
are related by

Ôp ÔT
ô_x’——°‘poä; (61)

and where K is the thermal diffusivity and oc the volume
coefficient of expansion. The perturbation solutions
take the form

T=T0+ocT1+oc2T2+...,
¢=a¢1+a2¢2+m (62)

in terms of the small quantity oc. The solutions are giv-
en sequentially to the equations

V2 T0 =0 (63)
for terms in 0:0,

ÔT6V4wl=ŸË—° (64)v Ôx
and

ôT at) aT al)2 = __ 0 1 __0 1oucV T1 a( Ôx ÔZ + ÔZ 0x) (65)

for terms in 0:1, and
2 ÔTW462 295 —1 (66)v Ôx

for terms in 0?.
Following Allan et al. (1967), we take an imposed

temperature T=Ûcos kx at 2:0 and T=0 at z=h and
the same boundary conditions for l// as in the solution
for Eq. (32). The T0 solution is simply

sinh k(h — z)= __.__ k 670 sinhkh COS x ( )
or for large values of n=kh

TO=0(1 —n) cos kx (68)

where n=z/h is the scaled depth. Sequentially, the so-
lutions for $1, T1 and [p2 are

gk6h4(pl:
240v

(3n—11n3+10n4—2n5)sinkx, (69)

1 =—_g6k722%::5 (2.6n—21n2 +14n3 +38.5n4—58.1n5
+28 n6 — 4n7)

+—g2—lz)}glk—5 (—4.78n+6.3n2 —11.55n4 +13.23n5

—5.6n6+2.4n7)cos2kx (70)

W2 =—————1g(:01:0%2::9k(18.92n— 7.16n3 — 3.98715 + 1.75 n6
—0.69n8 +0.44n9 —0.11n10 -|—0.3n1 1)

~sin2kx (71)

The value for 0x0 will, then, be

1) _ocgk6h3
”— 80v

d2g2k392h8

5328V2K
sinkx sin2kx+.... (72)

The ratio, X, of the two Fourier components is

_ocgk26h5
73

67v1c ( )
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It is to be noted that the ratio, x, is in the form of a
Rayleigh number. Similar ratios with different numeri-
cal coefficient values hold for the succeeding terms. If
the first term for 0x0 is to be dominant, i.e., a single cell
convection over the length l, X should be small. Taking
as an extreme example that x=1, 0:0.6 °C for repre-
sentative value of a=4 x10‘5, g=103, v=3 x1021, and
K=1 ><10‘2 in CGS units and for l=3,000 km and h
:600 km. The corresponding values for the coefficients
in Eq. (72) are, then, 0.01 cm yr‘ 1.

The result is not unexpected. It merely shows that a
solution in terms of conductivity heat transfer or per-
turbations thereto is inadequate to a description of the
observed plate motions. The advective heat transfer
terms are dominant over the conductivity transfer
terms. For an imposed thermal condition at the upper,
or lower, surface of the convection cell, the system pa-
rameters will lead to degradation of an original, and
slower velocity, large aspect ratio cell to smaller scale
cells. The results are shown in a more definitive manner
from the numerical model results of McKenzie et al.
(1974) for the mantle and of Beardsley and Festa (1972)
for a similar geophysical fluid dynamic problem.

Adjoining plate motions and asymmetric spreading

There is a corollary to the relation of Eq. (22) that 0x0
varies as (b’1+b’2)/(b1+b2)l. Consider two adjoining
plates with a significant difference in their longitudinal
extents, l. As discussed by Morgan (1971) for a different
hypothesized plate driving force, the ridge forming ba-
salts would rise passively to fill the void created as the
plate are pulled apart. It would be anticipated that
plate accretion would occur symmetrically for both
plates under such passive conditions whether the plate
velocities, v1 and 122, with respect to the upper mantle
convection cell are the same or are different and that
the magnetic patterns would retain a corresponding
symmetry, as indeed is the general case. As shown in
Fig. 12, the spreading rates with respect to the spread-
ing ridge will be equal and will be given by (01 +v2)/2.
In order for their velocities to be 121 and v2 with respect
to the upper mantle convection cells, a necessary impli-
cation is that the spreading ridge, itself, must move
with a velocity (v1 —v2)/2 in the direction of the smaller
plate. If there is no change in the location of the sub-
duction zone relative to the spreading ridge, there will
be a tendency for the smaller plate to become smaller
and eventually disappear and for the larger plate to be-
come larger.

There is a further corollary to the above paragraph,
which relates to asymmetric seafloor spreading. Hayes
(1976) argues that if one accepts the basic premise of
Morgan (1971) that the minimum strength of the litho-
sphere is determined along the line of maximum tem-
peratures within a narrow injection zone, then it fol—
lows that an observation of asymmetric growth requires
the locus of accretion to be displaced from the median
position by some process which provides a lateral
asymmetric temperature profile. From Fig. 12 it can be
seen that the projected migrating spreading ridge will
provide such a temperature asymmetry with the tem-
perature on the larger plate side of the injection zone
being higher than that on the smaller plate side. It

11

SPREADING RIDGE

l PLATE IPLATE 2

:EE g L19:—
I+V2 v|+V2

2 2
I SPREADING RIDGE

„L 5
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Fig. 12. Schematic representation of spreading and velocity
relations for a smaller plate (1) adjacent to a larger plate (2)

would, then, be anticipated that with respect to the
spreading ridge, itself, there would be a faster spreading
rate on the smaller plate side than on the larger plate
side. Further, it would be anticipated that the heat flow
would also show a corresponding asymmetry with high—
er heat flows near the spreading ridge on the larger
plate side than on the smaller plate side.

This corollary can be tested by examining the
geophysical measurements across a spreading ridge
bounded by a plate of smaller l or larger (b’1+b’2)/(b1
+b2) values on one side as compared with a plate of
larger l or smaller (b’1 +b’2)/(b1 +b2) values on the other
side. Weissel and Hayes (1971) and Hayes (1976) ob—
served asymmetric spreading rates across the Southeast
Indian ridge of up to 30% over periods of 30 m.y. with
the Indian plate of smaller l and larger (b’1+b’2)/(b1
+b2) values spreading at a faster rate as compared
with the Antarctic plate. Rea (1978, 1981) has summa-
rized various investigations for the East Pacific rise
bounded to the east by the Nazca plate of smaller I val—
ue and to the west by the Pacific plate. The findings are
that (1) the east flank of the rise has been spreading at
a rate of 9.2 cm yr“1 as compared with 7.0 cm yr‘1 for
the west flank over the past 2.4 m.y., (2) there have been
a series of spreading ridge offsets to the east of 10—
15 km occurring over periods of 0.5 m.y. or less, and (3)
the average heat flows within 300 km of the ridge axis
are 2.5i1.8 ucalcm‘zs‘1 on the west flank as com-
pared with 1.7i—0.8 ucalcm‘2 s‘ 1 on the east flank. All
three findings are in accordance with the formulation
given in the previous paragraph. These two regions
were selected because of the definitive investigations for
each. It is possible that other regions may not show the
same dependency.

Isostasy in a dynamic system

Introduction

The consideration of isostasy, in general, and gravity
anomalies, in particular, for an earth system consisting
of convective motion in the upper mantle requires ad-
ditional attention beyond the concepts associated with
a static earth.
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The reference surface at depth for lithospheric iso-
static equilibrium is no longer a horizontal, or equipo-
tential, surface normal to the gravity vector, g, but rath-
er a surface for which the normal stress is constant. For
upper mantle convection this is the surface, is, dis-
cussed in the previous sections. Consideration, then, of
ocean floor relief changes related to cooling of a litho—
spheric plate in isostatic balance must be made with
reference to the surface, is, rather than to the horizontal.
This important condition was stated by Turcotte and
Oxburgh (1972) and Schubert and Turcotte (1972).

For calculations of the gravity anomalies related to
the elevation changes in the upper surface, is, and the
longitudinal density changes within the convecting
layer, consideration must also be given to the shape of
the lower surface, 5b, as well. If there is no motion in
the lower mantle, then the normal stress must be con-
stant along the surface, 5b. Otherwise, there would be a
longitudinal stress difference which would produce mo-
tion in the lower mantle. This normal stress condition
at the lower boundary is the counterpart of the normal
stress condition at the upper surface. Although it does
not affect the motion in the upper mantle, it is neces-
sary for the definition of the condition of the lower man-
tle. This important condition was brought forward by
De Bremaecker (1976). McKenzie (1977) objected to the
De Bremaecker formulation in that it added a third and
overdetermined boundary condition for the system; the
McKenzie objection is valid only under the assumption
that the lower surface of the upper mantle convection is
constrained to be horizontal.

Gravity anomalies
For the linear approximation of the previous sections
and under the assumption of no motion in the lower
mantle, the lower surface, 6b, of the upper mantle con-
vection can be determined. From Eqs. (2) and (3), we
have at z: 6b.

Ô p . .5;=glh-pogls+poglb=0 (74)

or, using the relation between iS and Â of Eq. (4)

i——§& 75b—

8p0'
( )

The slope of the lower surface is in the opposite direc-
tion to that of the upper surface.

The gravity anomalies related to the longitudinal
density variations within the upper mantle convecting
layer and the distortions of the upper and lower sur-
faces of the layer can be determined from the usual grav-
ity anomaly integral. To first order terms in is, {b and
Â, we have for the convecting layer gravity anomaly, g’,

Z
gzyjop1.3/2ZldV +7100;—1dV’ (76)

where V0 is the undistorted volume of the convecting
layer, V’ the distortion volumes at the upper and lower
surfaces, p’ the longitudinal density anomaly, y the
gravitational constant, and where r2=(x1 —x)2+y1
+ZÎ, as shown1n Fig. 13. For the first integral we have
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Fig. 13. Geometry for gravity anomaly calculations
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and for the portion of the second integral related to the
upper surface, is,

00
d

d+isx1

gész—ZypO

_Immdxl g
l

= —2n1poi.x (78)
and correspondingly

ggb=2nvpoibx (79)
for the portion of the second integral related to the
lower surface 5b. From Eqs. (4) and (75), the gravity
anomaly gradient is given by

ög’
az2ny(Äh—pois+p0ib)=0. (80)

In other words, in the central regime there are no grav-
ity anomalies related to the upper mantle convection
itself. This conclusion stems directly from the condition
(75). Were this condition relaxed and a horizontal sur-
face taken for the lower surface of the convecting layer,
there would be a substantial gravity anomaly gradient
given by Ôg’/Ôx=57tyÂh/4.

For the two dimensional approximation of the pre-
vious section, the lower surface, 5b: 50b cos kx may be
determined in the same manner as given by relations
(39) through (42), from which we obtain

50b2'0—kQ07) (81)
,00

where

2cosh ZCosh2 + sinh
QM):

71—17 77 ’7 2
—sinh n cosh 17 (8 )

The convecting layer gravity anomalies may also be
determined in the same manner as relations (76)
through (79), from which we obtain

=2nkyag! [P(11) + Q(n) e '7— (1 —e‘")] e‘kd cos kx (83)
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where in the integral (77), ‚1x1 is replaced by —0 cos kx
and where in the integral (78), the limit d+isx1 is re-
placed by d+f0S cos kx. The first two terms in the
brackets represent the gravity anomaly effects related to
the elevation changes at the upper and lower surfaces
of the upper mantle convection cell, and the third term
in the brackets represents the gravity anomaly effect re-
lated to the density changes along the cell.

Following McKenzie (1968), the same relation for
the convection cell gravity anomaly may also be de-
rived from Poisson’s equation

[72 U = 47: y p,
= 0, outside layer. (84)

inside layer,

Substituting U = UO + U’ = UO + 0(2) cos kx and p = pO
+p’=pO—a cos kx into Eqs. (84), solutions are ob-
tained for U0 and U’ under the boundary conditions
that U and VU are continuous at the upper and lower
surfaces of the cell. To first order terms in £05, 50,, and
a, the result for g’= — ôU/ôz at sea level is the same as
that given by Eq. (83).

Figure 14 is a plot of the amplitude, g’o, for the grav-
ity anomaly of Eq. (83) versus plate length, l, and as-
pect ratio, l/h, using the parameters of Table 1. For g’O
positive, the upper mantle convection cell gravity anom-
aly will be positive over the spreading ridge and
negative over the subduction zone. From Fig. 14 it is
seen that for most plates g}, is negative with a value of
around — 10 mgal. The density gradient effect is domi-
nant over the surface distortion effects, and the gravity
anomaly related to the convection cell, only, is predict—
ed to be negative over the spreading ridge and positive
over the subduction zone. It is important to note that
these calculations do not include the gravity anomaly
effects related to the plate, particularly those that might
be anticipated at both the spreading ridge and subduc-
tion zonel.

Also included on Fig. 14 is a plot of the amplitude
of the gravity anomaly that would be expected if the

1 Much of what has been given here is covered in greater de-
tail and generality in a recent paper by Parsons and Daly
(1983)

lower boundary of the upper mantle convection cell
were horizontal rather than determined by a condition
of no motion in the lower mantle. The resultant gravity
anomalies would be very large with magnitudes of
around —200 mgal and easily observable. Anomalies of
this magnitude are not found and support the notion
that any motion in the lower mantle is probably small
in comparison with the upper mantle motion.

The gravity anomalies of Eq. (83) and Fig. 14 relate
only to the upper mantle convection cell. They do not
have any obvious or direct correlation with the global
gravity anomaly pattern of, say, Williamson and Ga-
poschkin (1973). The association of broad positive anom-
alies with the subduction zones has been discussed by a
number of investigators including Minear and Toksöz
(1970), Oxburgh and Turcotte (1970), Griggs (1972),
Watts and Talwani (1975), McAdoo (1981) and Chap—
man and Talwani (1982) using a variety of regional
compensation forms for the plate and upper mantle.
Chase and McNutt (1982) have shown that only a
small part of the geoid anomaly pattern can be ex—
plained by the effects of compensated continental and
oceanic topography. We suggest that a substantial por—
tion of the remaining gravity anomalies are related to
time dependent variations in the upper mantle convec-
tive cell properties and lithospheric plate forces which
will result in unbalanced but time dependent vertical
stresses. In other words, the global gravity anomaly pat-
tern is time dependent with time scales related to the
reaction time of the lithosphere to unbalanced vertical
stresses, as exemplified by the glacial rebound following
the melting of the Fennoscandia and Laurentide ice
sheets. That such vertical intraplate movements do oc-
cur is shown by the investigation of Officer and Drake
(1982) in which rates of uplift and subsidence of 0.1—
0.5 cm yr‘ 1 were determined along a 3,000 km extent of
the East Coast continental margin from Nova Scotia to
Florida over the past 18,000 yr.

Ocean floor relief

The variations in ocean floor relief, D(t), away from a
spreading ridge as a function of age, I, may be repre-
sented by a relation of the form
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D(t)=D’(t)+D”(t) (85) The plate cooling model of Sclater and Francheteau

where D’(t) is the depth variation related to the change
in elevation of the reference upper mantle convection
cell, is, on which the normal stress is constant and
D”(t) is the depth variation related to cooling of the
lithospheric plate.

The change in elevation of the upper surface of the
convection cell is given by relations (41) and (42), and a
plot of its amplitude as a function of plate longitudinal
extent using the parameters of Table 1 has been given
in Fig.9. The regional slope of this surface will be
——2€OS/l. As contrasted with the depth changes related
to cooling effects, the elevation changes related to the
upper mantle convection cell are distance rather than
time dependent. However, it is convenient for compari-
son purposes to cast D’ in terms of I rather than x. We
may, then, represent D’(t) by

2COS 2 v.Dm=Dy%Î—x=DNFËËŒÏL
l

where (08: ‘90s and DO is a reference base level. The
quantity, vcos 6, is a velocity parameter determined
from the relation dx/dt=v cost? where x is the distance
from the observation location to the present spreading
ridge in the direction of l, t the age at the observation
location, and 9 the angle between the plate velocity, v,
and I.

At the outset it is instructive to ascertain what or-
der of magnitude the regional slope may have. For a
nominal longitudinal extent of a plate of l=6,000 km
and a value of {0521,300 km from Fig. 9, the slope will
be 430 m/1,000 km. It is to be noted from Fig.13 of
Parsons and Sclater (1977) that this is, indeed, the same
order as the depth changes in the North Pacific and
North Atlantic for ages greater than t=70 m.y. It
would appear that ocean depth changes for t<70 m.y.
are dominated by the plate cooling effects and that the
depth changes for t>70 m.y. are dominated by the ele-
vation changes of the upper surface of the mantle con-
vection cell.

(86)

(1970) and Parsons and Sclater (1977) is used for the
representation of D”(t), from which we have

‚—D”(t)=E”(t)

_ 4ap0d T1 M 1
(Po—Pw) 7T2 m=0(2m+1)2

nt
e"*2m+1V dz (87)

where pO is the plate density, pw the seawater density, d
the plate thickness, T1 the temperature along the ridge
axis at t=0 and along the base of the lithospheric
plate, K the thermal diffusivity, and a the thermal coef-
ficient of expansion and where the summation is taken
over a finite number of terms, M, for the rapidly con-
vergent series. For t small, the original expression of
Parsons and Sclater (1977) reduces to

E"(t) 4
E”(0)=1—Wf ”Cl/2 (88)
and for t large, to

ELEQ,:fie—r (89)
E”(O) 7:2

where E”(O)=ap0dT1/2(pO—pw) and tznzxt/dz. It is
instructive to examine over what ranges of r the two
approximations are valid. This is given in Fig. 15. It is
seen that the first term approximation, Eq. (89), is valid
for 7:>0.2. From our final results this corresponds to
t>6m.y.

We have followed the same general data analysis
procedure as Parsons and Sclater (1977) but with the
formulation of Eq. (85) and have used the depth vari-
ations for the North Pacific and North Atlantic given
in their Fig. 13. We look for a best fit to an equation of
the form

M 1 —(2m+1)2bt. 90„Eo <2m+1>2 e ( )Dm=A+m—B
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By successive approximations, initial values for A and a
were first determined from the linear slope of the D(t)
values for t>70 m.y. separately for the North Pacific
and North Atlantic data. Then, initial values for B and
b were determined from a semilogarithmic plot of A
+at—D(t) versus t jointly for the two sets of data.
Next, the A and a values were corrected for the slope
given by the B and b term for t>.70 m.y. And, finally,
new values for B and b were determined from the cor-
rected semilogarithmic plot. For the North Pacific the
final result is given by

D(t)=5,300+5.11t—2,600
M 1

.2 (2m+1)2 e _(2m+ 1)2t
29.8 (91)

and for the North Atlantic by

D(t) = 5,300 + 4.71 t— 2,600
M 1

'mz (2m+1)2 e _(2m+1)2t
29.8 ‚ (92)

The resultant fits to the data are shown in Figs. 16 and
17. The heavy curves on the figures are from Eqs. (91)
and (92) and the light lines from the first two terms of
these expressions, or the upper mantle elevation
change. It is also to be noted that the reference depths,
A, come out to be the same for the North Pacific and
North Atlantic, as might be expected.

We may also investigate the variation in heat flow,
q(t), as a function 0f age. From McKenzie (1967) and
Parsons and Sclater (1977), we have

k? Tl N __„2Eifiq(t)=—l’d—l [1+2 Z e d2 ] (93)
n=1

where k is the thermal conductivity and where the
summation is taken over a finite number of terms, N,
for the slowly convergent series, valid except near t=0.
For t small, the original expressions of Parsons and
Sclater (1977) reduce to

q(t) _7r”2Teer??? (94)
and for t large, to

flame-1 (95)
(1(00)
where q(oo)=k1/d. Figure 18 is a plot of these three
expressions versus T. It is seen that the first term ap-
proximation, Eq. (95), is valid for t>0.8. From our fi-
nal results this corresponds to t>24 m.y.

The heat flow data given in Table 1 of Sclater et al.
(1980) was used for comparison purposes. The q(oo)
value was determined from the heat flow data for
t>100 m.y. with the small correction given by Eq. (95)
and the value of I from Eqs. (91) and (92). The final re-
sult is given by

q(t)=1.17 [1+2 Z 5%]. (96)
n=1
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Fig. 16. Plot of mean depth measurements and standard de-
viation versus age for the North Pacific. Data from Parsons
and Sclater (1977). Heavy curve, Eq. (91) and light line, the
first two terms of the equation
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The resultant fit to the data is shown in Fig. 19. As dis-
cussed by Sclater et al. (1980) as well as others, the de-
parture for t<50 m.y. may be due to hydrothermal cir-
culation effects.

Further, we have followed the same procedure as
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Parsons and Sclater (1977) for determining values of d,
T1 and oc. We use their given values of p0=3.33, pw
=1.0, cp=0.28, and kp=7.5><10‘3 all in CGS units
from which K=kp/pOC is also given. Successively, d is
determined from the Ë value, T1 from the q(oo) value
and oc from the B value. We obtain d=86 km, T1
=1,350°C and oc=3.85 x10". All are reasonable val-
ues. The principal difference between our analysis and
theirs, which does not include the mantle elevation
changes, is in the time constant for the exponential.
They obtained a value of 62.8 my.“1 as compared with
our value of 29.8 m.y.—1. This, in turn, leads to the dif-
ferences in their values of 612125 km and q(oo)
=O.8 ucalcm‘g's—1 as compared with our values of
86 km and 1.17 ucalcm‘zs‘l. In passing, we also note
that their result of q(t)=11.3t‘1/2 for the approxima-
tion (94) is the same with our values.

Finally, we have calculated a value for the parame-
ter, u, from the relation, b=2COSv cos 0/1, of Eq. (86). It
is appreciated that the value of COS=1,300m from
Fig.9 applies only to the simplified derivations of the
previous sections and is not directly applicable to ac-
tual lithospheric plates of more complex geometry and
with varying lengths of bounding spreading ridge and
subduction zone. Nevertheless, we do anticipate that, as
with the plate velocities of Fig. 8, the values determined
for U will be of the same order of magnitude as actually
occur. The b values for the North Pacific and North
Atlantic are 5.11 i078 and 4.71 $0.43 mm.y.‘ 1. Taking
nominal plate extents, l, of 13,000 km for the North Pa-
cific and 8,000 km for the North Atlantic and a value
of 0:600 for t>70 m.y. for the North Pacific, the time
extent over which the b parameter was calculated, v is
5.1 and 1.5 cm yr‘ 1, respectively. These values are in rea-
sonable agreement with the present spreading rates
but are somewhat too low for the expected time av-
erage values for 1).

There is a corollary to the ocean floor relief relation

ZCOSvcosd 4ocdT1
t” 2

l (pO—pw)

2271C Kt
—(2m+1) Î

D(t)=DO+
M 1‘Zmem=O

(97)

which provides an interesting test as to its general va-
lidity. The upper mantle elevation term varies inversely
as a function of l and directly as a function of 0. In par-
ticular, for two plates adjacent to a spreading ridge for
which there is a significant difference in the longitu-
dinal extents, I, it is anticipated that the ocean floor re-
lief plotted as a function of t, or x, will show greater
depths on the smaller plate than on the larger plate at
the same values of t with a linear variation in the dif-
ference as a function of distance away from the spread-
ing ridge. For the examples cited in the following two
paragraphs there is also a change in the v value for the
two plates of up to 30 %. However, the dominant
change is in the values for Z. We may, then, represent
AD’(t) by

ZZÇOSUZ—ll) 2250502 _ll)vtAD’tU
l112

X
l112

(98)

where 0 = 0.
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Fig. 19. Plot of mean heat flow measurements and standard
deviation versus age for the North Pacific and North Atlan—
tic. Data from Sclater et al. (1980); o — North Pacific and O —
North Atlantic. Curve from Eq. (96)
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Hayes (1976) discusses the ocean floor relief vari-
ations across the Southeast Indian ridge, bounded to
the north by the Indian plate and to the south by the
Antarctic plate. Figure 20 is his plot of basement
depths as a function of age. It shows a gradual increase
in the relief difference. At 40m.y., corresponding to
x=1,100 km, the relief difference is 500m. Using nom-
inal plate lengths of l=4,200 km for the Indian plate
and 8,000 km for the Antarctic plate and ÇOS=1,300 m,
AD’(t)=300m at 40 m.y. from Eq. (98). The calculated
value is of the same order of magnitude as that ob-
served with the relief difference in the same direction,
greater depths on the smaller plate. The conjecture by
Weissel and Hayes (1974) that this relief difference is
related to upper mantle causes would appear to be cor-
rect.

A similar situation exists for the East Pacific rise,
bounded to the east by the Nazca plate and to the west
by the Pacific plate. Figure 21 from Mammerickx et al.
(1975) is a plot of the ocean floor relief as a function of
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age for the two adjoining plates. It also shows in-
creased depths on the smaller plate and an approxi-
mate linear increase in the relief difference. At 20 m.y.,
corresponding to x=1,600 km, the relief difference is
500m. Using nominal plate lengths of l=3,700 km for
the Nazca plate and l=10,000 km for the Mid Pacific
plate and COS=I,300 m, AD’(t)=700m at 20 m.y. from
Eq. (98). As for the Southeast Indian ridge, the calculat-
ed value is of the same order of magnitude as that ob—
served with the relief difference in the same direction.

Summary and discussion

A quantitative description of plate dynamics and re—
lated upper mantle effects has been given. The principal
driving force for the upper mantle convection is the
longitudinal density gradient in the upper mantle be-
tween the spreading ridge and the subduction zone.
Plate forces, asthenospheric-lithospheric coupling, and
lithospheric density changes have also been included in
the derivations as well as possible depth variations of
viscosity in the upper mantle, and their effects have
been assessed.

The derivations have been applied to the various
geophysical observables related to plate tectonics. It is
found that the derived plate velocities are of the same
order as those observed and that the predicted and ob-
served plate velocity variations as a function of plate
geometry show the same general dependence. The
theoretical formulation provides a mechanism to ex-
plain observed spreading ridge migration and asymmet-
ric seafloor spreading effects.

The computed gravity anomalies related to the up-
per mantle convection are small, being negative over
the spreading ridge and positive over the subduction
zone. The addition of the predicted upper mantle, refer-
ence surface relief to lithospheric plate cooling effects is
in agreement with observed ocean floor relief and pro-
vides an explanation for the observed relief at ages
greater than 70 m.y. The predicted variation in the up-
per mantle reference surface relief as a function of
plate geometry is in agreement with the related obser-
vations and provides an explanation for asymmetric
variations in ocean floor relief.
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A few comments are appropriate concerning con-
tinuing'investigations by others along lines similar to
those given above. Richter and Parsons (1975) as well
as others have emphasized that two scales of motion
are possible in the upper mantle, one with a large as-
pect ratio related to the plate dimensions and the other
with a small aspect ratio related to Rayleigh-Benard
thermal convection. In their formulation the former is
associated with the plate motions and is attributed to
gravitational forces of the plates themselves without the
inclusion of the gravitational forces in the upper man-
tle, as discussed in this paper. Chapman et al. (1980)
and Hewitt et al. (1980) have shown that large aspect
ratio upper mantle convection can exist when the up-
per and lower boundary conditions for the upper man-
tle are given in terms of a constant heat flux rather
than a constant temperature condition. The constant
flux condition is also explicit in the derivations of Rat-
tray and Hansen (1962), Hansen and Rattray (1965),
Officer (1976) and Festa and Hansen (1976) for gravi-
tational circulation in estuaries; in this case the con-
dition is that of no salt flux at the surface and bottom
of the estuary. The principal difference between the ex-
positions given by Chapman et a1. (1980) and Hewitt
etal. (1980) and that given here is the emphasis, here,
on the importance of the longitudinal density gradient
between the hotter and less dense spreading ridge col-
umn at one end of the convection cell and the cooler
and more dense subducted slab column at the other
end. It appears to us that their considerations and
those given here are headed in the same direction to-
ward an explanation of plate dynamics and the differ-
ences may be only a matter of degree in formulation;
both lead to a longitudinal density gradient in the up-
per mantle between the spreading ridge region and the
subduction zone. Also, the interesting experimental
work of Carrigan (1982) provides a clear demonstration
that both scales of motion can exist. The smaller scale,
Rayleigh-Benard, thermal convection is confined to the
region near the upper surface of the convecting fluid.
The larger scale motion consists of two cells, sinking at
the lateral walls of the experimental chamber and rising
in the central region. Carrigan suggests that the larger
scale motion may be related to loss of heat to the side-
walls of the chamber, along the same lines as given
here. Further, the detailed theoretical and experimental
investigations by Rabinowicz et al. (1980), Froidevaux
and Nataf (1981) and Nataf et al. (1981) on the effects
of the cooler subducted slab in creating large aspect ra-
tio convection in the subcontinental mantle follow simi-
lar precepts to those considered here. The principal dif-
ference between their description and that given here is
that we have also included the anticipated effects of the
hotter spreading ridge column, which effectively defines

- the longitudinal extent of the upper mantle convection
related to the plate motions.

The emphasis in this paper has been on deriving sim-
ple analytic solutions for upper mantle, gravitational
circulation and associated plate motions and on apply-
ing these results to the various geophysical observables
related to plate tectonics. We appreciate that in some
cases the applications overextend the simple deri-
vations, but we considered that it was appropriate to
get at least some notion as to whether they were com-
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patible with the observables. We also appreciate that
fitting the data to our simple model, such as for the
case of oceanic depth variations greater than 70 m.y.,
does not in itself prove the validity of the model. It is
simply data fitting, and there are usually enough unde—
termined parameters that a good fit can be obtained to
various models. For example, Heestand and Crough
(1981) explain the oceanic depth variations for ages
greater than 80 m.y. and Stein et a1. (1977) explain
asymmetric sea floor spreading in terms of the hot spot
circulation model of Morgan (1972a, 1972b).

We have attempted to point out the relative impor-
tance of the possible plate driving forces in a coupled
lithosphere-asthenosphere system, viz., upper mantle
longitudinal density gradient, lithospheric density
changes or ridge push, and negative buoyancy of the
subducted slab or slab pull. The importance of each de-
pends in large part on the values chosen for the defin-
ing parameters. In particular, as a more realistic vis-
cosity versus depth relation is taken for the lithosphere
and asthenosphere, such as that proposed by Anderson
(1979), and as proper consideration is given to the
thickness variations of the plate itself, such as that pro—
posed by Chapman and Pollack (1977), the formu-
lations given by Hager and O’Connell (1981) and by
Richter and McKenzie (1978) for the lithospheric force
contributions and that given here for the upper mantle
circulation must all be included to arrive at an appro—
priate representation for the geodynamics of the coup-
led system.
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Rheological properties and velocity dispersion
of a medium with power-law dependence of Q on frequency
G. Miiller
Institute of Meteorology and Geophysics, University of Frankfurt, Feldbergstr. 47, D-6000 Frankfurt,
Federal Republic of Germany

Abstract. The Kramers—Krönig relations for magnitude
and phase of a linear causal filter are used to derive an
exact general expression for the viscoelastic modulus
M, corresponding to power laws for the quality factor,
Qwafl. The exponent y varies from —1 to +1, such
that the spectrum of rheologies extends from a Kelvin-
Voigt to a Maxwell body. High- and low-frequency
approximations for M (co) are derived, and in the spe—
cial cases y=_—l;1, i1/2, i—l/3, i1/4,... closed-form
solutions are given which apply for arbitrary frequen-
cies. With M (co) at hand, both high-frequency phenom-
ena such as velocity dispersion and low-frequency phe-
nomena such as creep and stress relaxation can be
investigated. Results for phase-velocity dispersion are
given as well as short- and long-time-scale approxi-
mations of the creep and relaxation functions. Simple
dissipation operators are derived which can be con-
volved with theoretical seismograms in order to correct
these for the influence of absorption. Some results
on relaxation spectra for the case 0§y g1 are sum-
marized in an appendix. Taken together, the results of
this paper suggest that media with 0<y<1 should
be considered as generalized Maxwell bodies and media
with —1<y<0 as generalized Kelvin-Voigt bodies. Ap-
plication of the Kramers-Kronig relations to the viscoe-
lastic modulus is better than the use of those relations
in conjunction with the wavenumber of a plane wave,
which is the procedure that has been employed so far.

Key words: Viscoelasticity — Quality factor — Disper—
sion — Stress relaxation and creep — Dissipation oper-
ators

Introduction

The study of the attenuation—dispersion properties of
earth materials is a subject of past and current interest,
both in rock physics and seismology. After a period
during which the assumption of frequency indepen-
dence of the quality factor Q in the seismic frequency
band was considered sufficient, it is now apparent, from
both seismological and laboratory studies, that there
may be significant departures from the constant-Q mo—
del (Sipkin and Jordan, 1979; Anderson and Minster,
1979; Lundquist and Cormier, 1980; Berckhemer et al.,

1982; Minster, 1980; see also Stacey et al., 1981). In this
context a power-law dependence of Q on frequency,
Qwœ” with 0<y<0.5, has become popular. Approxi-
mate results for the corresponding frequency depen-
dence of phase velocity c have been given, e.g., by
Brennan (1980); this author also discussed a method for
the determination of y from pulse-form measurements
in ultrasonic studies. Brennan (see also Brennan and
Smylie, 1981 or Chin, 1980) obtained his results for
phase-velocity dispersion, following earlier develop-
ments by Strick (1967) and many others, from the
Kramers-Krônig relations for the quantity k/w=1/c
—i ß/co (k=wavenumber‚ ,Bzattenuation coefficient of a
plane wave):

1 1 1
P To

ß(a)’)/a)’
da)’Eco—Face) 9€ -0. w'—w

_ 1 1 +00 5(60’) ‚
V—C(OO)+;I—a—)P_joo ‚_wdco,

(1)

5(0)): ——‘3P+jœ 6—, (w’) dœ’. (2)
7r -00 w—w

The attenuation coefficient is related to Q by

[3(60) (3)_ (1)

_2C(w)Q(w)'
This relation is consistent with the definition of Q as
the ratio of the real and imaginary part of the visco-
elastic modulus M=M1+iM2, Q=M1/M2, only for Q
> 1. Another approximation, after inserting Q~coy into
(3), is the assumption that ß is strictly proportional to
col—7’. This implies that in (3) dispersion is neglected
and c(œ) is effectively identified with C(00). Then, ß is
inserted into (1) and the principal-value integral solved,
giving c(w). Both approximations are perfectly valid for
seismological applications where Q, even if frequency-
dependent, is usually much larger than 1 and dispersion
is only slight.

The purpose of this paper is to study the at-
tenuation-dispersion properties of materials with Q~coy
from a different starting point, namely the Kramers-
Krönig relations for magnitude and phase of the vis—
coelastic modulus M =Aei"’ (which follow from the fa-
miliar Kramers-Krönig relations for the real part and
the imaginary part of the function In M):
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<0(w’)1
+00

lnA(a))=B——-P j ‚ da)’, (4)
7t _ooco—a)

1 +001 A '
ço(w)=—P j n, (mm (minimum phase). (5)

n _oo œ—w

The background of these equations is the assumption
that the modulus M provides a linear relation between
stress a and strain a, 0'(CO)=M(CO)8(CO), irrespective of
frequency or stress and strain amplitudes. This relation
must, of course, be causal; this imposes the conditions
(4) and (5) on the filter M (to).

The so far undetermined constant B in (4) expresses
the fact that the amplitude characteristic of a linear
filter is determined by the phase only to within a multi-
plicative constant. B will be fixed suitably in the follow-
ing. The quality factor Q is introduced into (4) by

(p (to) = arctan Q ‘ 1(co). (6)

Then, if the principal-value integral can be calculated,
the Viscoelastic modulus M (co) is known.

There are two advantages in using M (co) instead of
the wave-number k(co) in an investigation of the at—
tenuation-dispersion properties of earth materials. First,
the modulus describes both the rheological (long-time-
scale) and seismological (short-time-scale) properties:
besides the phase velocity the relaxation and creep
functions can be determined, and the variation with
frequency of the modulus itself is of interest. Second, no
restriction has to be imposed on the size of Q, because
the phase in (4) is finite for all Q, according to (6).
Indeed, as shown below, for Q~coy and y: il, j—_1/2,
i1/3, i1/4, closed-form solutions can be obtained
for M(co), valid for arbitrary values of Q and hence
frequency. What this means for practical purposes is a
different question, but it is at least of general interest to
know completely the elastic-anelastic behaviour of a
material with power—law dependence of Q on frequency.
In this regard our study is an extension of a paper by
Kjartansson (1979) where the case of frequency-inde—
pendent Q (y=0) was treated without approximations
and restrictions.

In the following, we present first the case 0<y§1,
i.e., the case of materials with elastic behaviour at high
and viscous behaviour at low frequencies; y=1 corre-
sponds to a Maxwell body. Then the results for media
with complementary behaviour and — 1 §y<0 are sum-
marized; y: —1 is the case of a Kelvin-Voigt body.
Finally, simple dissipation operators are presented in
the frequency and the time domain by which theoreti—
cal seismograms, calculated without absorption, can be
approximately corrected.

Positive exponents (O < y g 1)

General solution for the viscoelastic modulus
The power law for Q will be used in the following in
two different forms. The form best suited for appli-
cations is

Q(w)= Q(w‚) (ä) (7)
Y

21

with the reference (angular) frequency a), for which Q is
known; a), normally is chosen in or close to the seismic
frequency band. An equivalent form is

a) 7Q(w)= (—) . (8)
wo

Here, the frequency too is defined by Q(co0)=l; usually
it is located far below the seismic frequency band. This
frequency is useful in the determination of long- and
short-time approximations of the creep and relaxation
functions. The relation between coo and a), is

600
=

COr Q(œr)
—

1/)"

Formulas (7) and (8) apply for c020. In (4) negative
frequencies also occur. The values of the phase (p of the
Viscoelastic modulus at these frequencies follow from
the fact that Q and hence go (via (6)) are odd functions
of frequency. For Q according to (7) or (8) there is a
jump in the phase from —7t/2 to n/Z at co=0‚ whereas
for co—> too the phase tends to zero. Applying partial
integration in (4) separately for the frequency intervals
from — co to O and from O to + co and observing that
the derivative of the phase, d(p/dco’, is an even function,
one obtains

d<p d ’.
da)’

co
1

00

lnA(œ)=B+ln|œ|+— 51n|co’2—w2|
7T 0

Inserting now the analytical form of dw’,

6190 = _ Maj/C00)y
da)’ a)’ [1 +(co’/co0)2y]’

and splitting the logarithm,
I2

lnlœ’z—w2|=21nlwl+ln l—âî,

we have

V °° Q(w’) w’z ‚A =B——— 1 1———d .1“ (w) n lw’[1+Q2(w'>] “l wz w
From this we find B=lnA(oo). The final step is the
variable change from a)’ to z=(co’/co)‘y which yields

A(co)=A(oo)eI(‘°’”,

Q(w) °°
(5)22+Q2(a))

lnll—z”2/”|dz, (9)1(0):)»: —

with Q(a)) from (7) or (8). The complete Viscoelastic
modulus is

M(co)==A(oo)exp {1(a),y)+iarctanQ"1(a))}. (10)

Its limiting value M (oo)=A(oo), the unrelaxed mo-
dulus, is real.

In the following, (9) and (10) are evaluated approxi-
mately and exactly, and further results for velocity dis-
persion and rheological prOperties are summarized.
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High—frequency approximation (60> coo)

If w>w0‚ then Q>1. A study of the integrand of
I (a), y) in (9) shows that in this case the term (22
+Q2)"l may be replaced by Q‘Z. The remaining in-
tegral can be found in tables. Then

1(a), y): —ë—(1—w—)cot (1325)
and the high-frequency approximation of the Viscoelas-
tic modulus is

M(w)=M(oo) exp{— (Ë)? [cot (y g) —i]}. (11)

An equivalent form which uses the modulus M (cor) at
the reference frequency is

M(cu)=M(a),) exp {Q”1(cor) [cot (y g) 4] [1— (gin).
(12)

For sufficiently small exponents in (12) a Taylor-series
expansion can be restricted to the linear term; then
there is agreement (in essence) with results given by
Anderson and Minster (1979), Brennan and Smylie
(1981) and Smith and Dahlen (1981).

Low-frequency approximation (to < wo)

For w<w0, i.e., for Q< 1, the term (22+Q2)‘1 in (9) is
significantly different from zero only for small 2. For
these z the logarithmic term can be approximated as
follows:

2ln|1—z"2/V|=lnz—2/V=—flnz.

Then we have

2Q 0° lnz 1
I =— —-d =—l .(aw) 7W £22+Q2 Z

y nQ

At low frequencies the phase of the Viscoelastic mo-
dulus is 7t/2, as already mentioned. Hence, the low-
frequency approximation of the modulus is

M(w)=iQ(co)1/VM(oo)=iZOw— M(oo).
'

(13)

It is linear in a) and independent of y. M (w) vanishes at
frequency zero, and (13) implies that at very low
frequencies stress and strain are shifted in phase with
respect to each other by 90°.

Exact results for y: l/m (m: 1, 2, 3, ...)
In the special case where y is the reciprocal of a natural
number m the integral 1(a),y) in (9) can be calculated
exactly for arbritrary values of frequency. Partial in-
tegration leads to another integral,

m +00 ZI=—P — t —-—d 14
n J00 z are an

Q s__1
z, ( )

which can be calculated by methods of complex cal-
culus. (14) is a principal-value integral with the in-
tegration path running along the real axis. The in-
tegrand has the first-order poles

Z=€n
SI: (n=0, 1,2, ...,2m—l),

distributed over the unit circle, and two branch points
at z= iiQ. The latter become evident, if the equiva—
lence

iQ—Z
iQ+Z

t Z 1 1arc an
Q 2i n

is taken into account. Then the integration path is
extended by small half-circles around the poles 20:1
and 2m: —1 and subsequently deformed into a half-
circle with infinitely large radius in the upper z-half-
plane. The poles 21, 22, ..., zm_1 and the branch cut,
extending from the branchpoint iQ to +ioo along the
imaginary axis, are circumvented. The integral along
the large half-circle vanishes, and the residues and the
branch line integral can be calculated exactly. We omit
further details of the derivation which is straightfor-
ward, but requires some care. The final result for the
Viscoelastic modulus is:

__£A:L_
(1+Q2)“2

(1+Q2—2Q sing) Q4

M(w)=M(OO)
1/4

fi":1 (1+Q2+2Qsinn—n) (1+Q4—2Q2cosn—p)m m
(15)

_ 2n—1 for m=1‚3,5‚...p" 2n for m=2,4,6,...

For m=1 which is the case of a Maxwell rheology (15)
simplifies to

M(œ)=M(œ)%—%Ïr1—Û

=M(œ)l=M(œ) w. .
Q—z co—zwo

This is a known result which usually is derived directly
from the stress-strain relation of a Maxwell body (coo
=M(oo)/n, 11=viscosity, M (oo)=unrelaxed modulus).

Numerical results for the Viscoelastic modulus are
presented in Figure 1, where |M(a))/M(cor)| is displayed
as a function of 00/00, for different values of y=1/m and
for two values of Q(a)‚)‚ 200 and 1000. Comparison is
made with the high-frequency approximation (12): this
approximation performs amazingly well down to the
frequency coo where Q=1 (see solid circles on the
curves of Fig. 1).

Constant-Q case (y =0)

The case y=0 which is also included in Figure 1 is best
treated separately from the beginning, i.e., by starting
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Fig. 1. The Viscoelastic modulus M(co) as a function of fre-
quency for power-law dependence of Q on frequency and
different exponents y. Calculation with the exact formula (15)
(solid curves) and with the approximate formula (12) (dashed
curves)

with the Kramers-Kronig relation (4). The phase (p is
—q for negative a)’ and q for positive co’, where q

1 . . . .
=arctané—

With p051t1ve, frequency-1ndependent Q.

Then we consider a positive frequency w and have
O d I +oo d I

1nA(w)=B+—Qlj ‚Q’ JP) ‚Q’
7: _oow—a) 77: 0 œ—w
2q O dw’=B+——— ‚ .
7: _ooa) —a)

Subtracting a similar expression for the reference fre-
quency (0,, we obtain

A(oo) 2q O 1 1 I=— ‚ — ‚ da)
A(co‚) 7: _OO w—œ co—cor

2q (If—(I) “=0 2q 0)
———1 ‚ =—ln ——.

7: a) —a)‚. „1:-00 7: a),

Finally, the Viscoelastic modulus is

M(w)=A(w.> (50%)QWQ (16)
r

23

a result which has first been given by Kjartansson
(1979). M(O) vanishes as for y>0, but M(oo)= 00 which
is different from the case y>0; therefore M(oo) cannot
be taken as the reference value.

Velocity dispersion

The complex wave velocity v of a dissipating medium
follows from the complex modulus M by v=(M/p)1/Q,
where p is the (real) density. The real phase velocity c
of a plane wave in this medium is (vÎ+vÊ)/vl, where U1
is the real part and v2 the imaginary part of v. If Q>> 1,
as in all potential seismological applications, the mo-
dulus of v is a very good approximation for c. From
the high-frequency approximation (11) for M we ob—
tain:

QQt (y g) i
}

v(a)) =v(oo)exp{—
2Q(co) +2Q(w)

v(OO)=[M(00)/p]1/Q.
Hence, the phase velocity is

cot (y g)

2Q(w) i
Introducing the phase velocity at the reference fre-
quency (0,, we find

c(co)=v(oo)exp{—

(E)c(w)=c(wr)exp{—2—Q—(—COÂZÏ— [1—— g)“ (17)
and

r

0(a)) = C(a)) exp iii?) (ä)? (18)

(17) describes the relative dispersion, and (18) ad-
ditionally includes the attenuation. Expressions for
phase-velocity dispersion which are equivalent to (17)
have been given, e.g., by Brennan (1980) and Minster
(1980)

Figure2 shows a few numerical results, calculated
with (17) for Q(co‚)=200 and different values of y. As
expected, dispersion is slight; over 3 decades in fre-
quency below a), the phase-velocity decrease does not
exceed a few per cent. However, dispersion increases
with y. Group velocity has been included in Figure 2,
although it is not yet clear whether, in a weakly disper-
sive medium it has any special meaning.

The phase velocity in the constant-Q case (y=0)
follows from (16) (see also Kjartansson, 1979):

1 l—arctan—

c(œ)=c(w,) (il) Q. (19)
r

This is an exact result, valid for all frequencies. For
Q> 1, (19) has the well-known and often used approxi-
mation

c(w)=c(w,) (1+n—1ag)
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Fig. 2. Relative dispersion for phase velocity c and group
velocity U in the case of power laws for Q with exponents
v20

Relaxation and creep functions

The relaxation function R(t) and the creep function
K(t) can be calculated from the viscoelastic I_nodulus
M(oo) with the aid of their Fourier transforms R(co) and
K(co):

_ _ 1 .

Short-time-scale approximations of R(t) and K(t) follow
by using the high-frequency approximation (11) for
M(co) in (20). Inverse transformation into the time do-
main is possible after a series expansion of R(co) and
K(co) with the aid of the Taylor series of the exponen-
tial function. The results, valid for t<wg 1, are:

Rm=wmwdr+g (—nm%0W }Hm, (m)
'"=1n!F(1+ny)sin" (y?)

(0)0 t)” )ma m)
"=1n!ru-+nnsnw( 7t)Ü

Here, H(t) is the unit-step function, F(x) the gamma
function, and N the largest integer less than or equal to
1/32. Summation in (21) and (22) has been restricted to
terms with non-vanishing slope for t=0 which contrib-
ute most for short times.

The finite jumps of R(t) and K(t) at t=0 are de—
termined by the unrelaxed modulus M(oo), as expected,
and the slopes change continuously from infinite values
at t=0 to finite values afterwards. The dominant terms
in the sums, for n= 1, have a power-law dependence on
t with exponent y. Some of these properties are known,
but it seems that the precise forms (21) and (22) of the
relaxation and creep functions have not yet been given
in the geophysical literature.

Short-time-scale approximations in closed form fol-
low from (21) and (22) by observing that the arguments
of the gamma function vary from 1+); to about 2 and
hence F(1 +ny)¢=: 1. The simple expressions

.mn=Aaqgmp{—ÄEQ%Ä}HUL on
sin (y Ï)

K(t) =
M(00)

exp{M}H(t), (24)
‚ TC

Sln (y ï)

are obtained. The approximation (23) for the relaxation
function appears to be an especially useful form; for y
=1 it is exact for all times. However, it is uncertain
whether, in general, (23) and (24) are better short-time-
scale approximations than (21) and (22).

Long-time-scale approximations of R(t) and K(t) follow
from the low-frequency approximation (13) of M(co).
The finite value R(O) implies that R(t) decays to zero
for t—>oo which is, of course, expected. The long-time
approximation of the creep function, valid for t>cog 1,
1s

wot
K(t): M(oo)’ (25)

i.e., creep is stationary for large times and for all y from
0 to 1, excluding y=0. Under shear deformations, the
material behaves as a viscous fluid with viscosity

„=M(oo) :M(w‚)
wo Cor

QUDJ”Ë (26)

where M(oo) is twice the unrelaxed rigidity.
Relaxation and creep functions in the constant-Q

case are obtained from (20) and (16). The following
expressions, which have already been given by Kjartans-
son (1979), apply for arbitrary times t>0:

4A0») ‘R(r)=r(1_d)(w,r)-a,
1(U)== (ahtY, î (27)1

AmmHm
2

t
1

oc=—arc an—.
TC Q J
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Fig. 3. The same as Fig. 2 for y §O

They are different in character from (21) and (22), since
R(t) starts with infinite and K(t) with zero amplitude at
t=O. Long-time—scale behaviour of the creep function is
also different from (25).

Stress relaxation is sometimes described by relax-
ation spectra. It may therefore also be of interest to
know these spectra in the case of the rheologies dis-
cussed in this paper. In the appendix a general formula
is derived which expresses the relaxation spectrum (not
to be confused with the spectrum of the relaxation
function) in terms of the Viscoelastic modulus. For y
with 0<y<1, which is the most interesting case, the
relaxation spectrum represents a relaxation band with a
peak at or below the frequency coo.

Negative exponents (— 1 g y < 0)

The power law for Q continues to have the form (7) or
(8), but now dissipation is low at low frequencies and
high at high frequencies. Elastic behaviour occurs at
low frequencies and on long time-scales, whereas for
y>0 it occurs at high frequencies and on short time—
scales. Therefore, the case y<0 is largely complemen—
tary to the case y>0.

This section is a summary of results for y<0 whose
derivation is quite similar to that for y>0; therefore no

25

details will be given. A basic (but expected) difference is
that now the Viscoelastic modulus at frequency zero,
M(O)=A(O), the relaxed modulus, has to be taken as the
reference value; M(O) is real. The general form of M(a))
is (cf. (9) and (10)):

M(a)) = M(O) exp {J(c0‚ y) + i arctan Q ‘ 1(c0)}

_ QUO) 0° 1“w” l) ‘ o 22 +Q2(w)
The low-frequency approximation of M(c0) is similar to
the high-frequency approximation (11) in the case y>0z

M(co) =M(0) exp{ — (%—)y [cot (y g) — i]} (29)

It applies for w<w0. The low-frequency approxima-
tion, expressed in terms of the modulus M(co,) at the
reference frequency, is identical with (12). The high-
frequency approximation of M(a)), valid for c0>c00, is

ln |1 ——22”| dz. (28)

M(00)= iïMm) (30)
C00

and similar to (13). Since according to (29) and (30)
M(a)) increases with c0, a medium with y<0 has the
peculiar property that at high frequencies it becomes at
the same time more dissipative and stiffer. For the
Kelvin-Voigt body (y = — 1) this is well-known.

Exact results for M(w), similar to (15), can be de-
rived for y: — 1/m (m=1,2, 3, ...):

_Q+_i_
(1+Q2)”2

(1+Q2—2Q sin 3g.) Q4

M(w)=M(O)
— 1/4

H"=1 (1+Q2+2Qsinfl)(1+Q4—2Q2cosE
m m )

(31)

The conventions for p are as in (15), and for m=1 the
known results for the Kelvin—Voigt body are repro-
duced.

The perhaps most important result in the case y<0
is that for velocity dispersion. Since, as just mentioned,
formula (12) is valid also for y<0, namely as a low—
frequency and hence high-Q approximation, it is clear
that the velocity formulas (17) and (18) also apply in
the present case. Figure 3 presents, as an illustration, a
few numerical results for phase— and group-velocity dis-
persion. It is interesting to note that, as in Figure 2, the
velocities increase with frequency, although in a dif-
ferent manner. That they increase at all is a con-
sequence of the general increase of M(c0) with a).

Short-time-scale approximations for the relaxation
and creep functions follow from (20) and (30). For
t<wg 1 we have (6(t)=delta function):

M(0) __ (00
wo

ö(t)‚
K(t)—M(0)

R(t)= tH(t). (32)

These approximations imply that all media with y be-
tween 0 and —1 share the known unphysical properties
of the Kelvin-Voigt body, that the relaxation function
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has a delta-function contribution and that the creep
function starts with zero amplitude.

Long-time-scale approximations for R(t) and K(t) at
t>>co0“ 1 are obtained from (20) and the simplest form of
(29), M(a))=M(0):

K(t) 2—1— H(t).R(t) c: M(O) H(t),
M(O)

(33)

Hence, long-time-scale response is elastic, as mentioned
earlier.

Dissipation operators

There are two possibilities to incorporate a power law
frequency dependence of Q into the calculation of
theoretical seismograms. One is to make the compres-
sional and shear wave velocities complex, using (18)
(Muller and Schott, 1981). This procedure has justifi-
cation through the correspondence principle and is
most versatile, since spatial variations of-Q can be
modelled correctly. The price paid for this is sometimes
a considerable increase in computing time, because
complex arithmetic must be used to a larger extent
than in purely elastic calculations. Moreover, there are
computational methods, e.g., generalized ray theory,
which cannot accomodate complex wave velocities.
Dissipation operators, by which the seismograms of
purely elastic calculations are convolved, offer another
means to incorporate frequency dependence of Q and
are actually a sufficient supplement in many cases;
dissipation operators for constant Q are frequently used.

Dissipation operators are wave profiles u(x,t) of a
plane wave propagating in x-direction, when the input _
at x=0 corresponds to the delta function:

[mt—sum+001u(x,
t)=fi

j exp
-OO

(34)

with 0(a)) from (18) and (17). If (34) is written in the
form

1 +00 _-
u(x‚ t)

:2; lo
D(co) exp [i co(t —ä:—)5)] da)

=D(t)*ô(t—E«(—Î;r—)),

i.e., as a convolution of the elastic response, travelling
with velocity C(60), and _the dissipation operator D(t),
the Fourier transform D(a)) of D(t) is found by in-.

[bl-watt?)(1—(%>)ll
(35)
(36)

lÏ(w)=exp{—Ët;k

x/C(wr)
Q(wr)

°

In the constant-Q case (y=O) we have instead of (35):

15(Cz))=exp{—Ët;k (I —-—:Zln2)}.

tj‘:

(37)
CUr

In seismological applications the dissipation time (36)
has to be replaced by the integral along the seismic ray,

rr=s C(wr) Q(w‚) ’

and the assumption is implicit, that the exponent y is
the same everywhere in the medium. Inverse transfor-
mation of (35) or (37) by numerical methods yields the
dissipation operator D(t).

Results of calculations are shown in Figure 4 for v
=0, 0.2 and —0.2. In the calculations and for _the
display of their results we have used the fact that D(a))
can be written as a function of the dimensionless fre-
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quency co/cor. Then, parameters in Men) are Szwrtÿ‘, a
dimensionless dissipation time, and y. As a con-
sequence, D(t) depends on the dimensionless time cart
and on 8 and y. In Figure 4 the reference frequency
proper, fr=co,/27t, has been used instead of cor.

The slight acausality which some of the dissipation
operators have should pose no problem in applications.
This effect is difficult to explain; it may be related to
the fact that group velocity is somewhat larger than
phase velocity (see Figs. 2 and 3), but it may also sim-
ply be a consequence of slight approximations that
have been made in the derivation of D(œ). Anyway,
Figure4 shows that dissipation operators determined
from (35) or (37) will serve their purpose well.

If in the constant-Q case one is not bound to use a
special reference frequency (0,, the Fourier transform
(37) of the dissipation operator can be simplified. Since
tj‘ varies only little with cor, it can be replaced by a
constant value t*. Then it is evident from (37) that the
dissipation operators, corresponding to different cor, are
time-shifted versions of each other. Therefore, convo-
lution with them has the same low-pass filter effect, but
is associated with different time shifts. Then a simple
and convenient choice is to identify a), with the highest
resolvable frequency of the problem under study, i.e.,
with the Nyquist frequency œN:

Ü(a))=exp{—ä)«t*(1—ëln—w—)}, t*=jcËâ—. (38)a CON

The dissipation operators are identical with those in
the left part of Figure 4 after sampling with the abscissa
increment 0.5 (f‚=fN=coN/27r). The simple form (38),
which apart from a time shift 2t*/7z agrees with a result
of Frasier and Filson (1972), is sufficient for many
practical purposes.

Discussion

The main purpose of this paper has been to give a
simple and compact derivation of the properties of a
viscoelastic material, having a specific dissipation func-
tion Q which strictly obeys a power law for all frequen-
cies. The central role in this derivation is played by the
viscoelastic modulus M, whose knowledge as a function
of frequency allows the subsequent study of velocity
dispersion and rheological properties, i.e., of both high-
and low-frequency characteristics. The connection be-
tween M and Q is provided by the Kramers-Kronig
relations for magnitude and phase of a linear, causal
filter. In the case of power laws for Q an exact general
solution for M can be given. Approximations come in
only afterwards, if at all. This procedure has definite
advantages, compared with the more usual treatment
based on the wavenumber. It should also be the op-
timum procedure for other Q laws, in conjunction with
numerical Hilbert transformation, if necessary.

The results derived in this paper show that ma-
terials with power-law dependence of Q on frequency
and exponents y between 0 and 1 have short- and long-
time-scale properties similar to those of a Maxwell
body (y=1) and hence can be called generalized Max-
well bodies. Likewise, materials with —— 1 <y<0 can be
considered as generalized Kelvin—Voigt bodies. Three—

27

dimensional stress-strain relations, valid for arbitrary
frequency, as they are known for the Maxwell body
and other viscoelastic models (see, e.g., Peltier et a1.,
1981), can also be constructed for the generalized Max-
well and Kelvin-Voigt bodies in the cases )2: i1/2,
i1/3, i1/4,.... The simplest procedure would be to
assume for the rigidity the exact result for the viscoelas—
tic modulus, (15) or (31), and to neglect bulk dissi-
pation, i.e., to assume a real, frequency-independent
bulk modulus. Whether these generalized bodies, no—
tably the generalized Maxwell body, are of practical
importance, remains to be seen. It is tempting to specu—
late that post—glacial-rebound data, which have been
successfully interpreted with the Maxwell-body model
(Cathles, 1975; Peltier, 1976, 1980), could also be ex-
plained by a generalized Maxwell body with y<1. In
this context it may be of interest to note that for a
generalized Maxwell body the relation between the de-
cay time r of the relaxation function R(t), defined by
R(t)=R(0)/e, and the viscosity follows with sufficient
accuracy from (23) and (26):

„=[sin(y—’23)]-1/vM(oo)z.

This simple formula implies a strong dependence of 17
on y. For instance, for y=1/3 the inferred viscosity
would be 8 times larger than the viscosity of a Maxwell
body.

The model of a generalized Maxwell body can be
applied to rocks at low pressures and high tempera-
tures in a frequency band of 3 to 4 decades around
1Hz, according to laboratory studies by Berckhemer et
a1. (1982). These authors find an exponent y of about
0.25. It is not clear to what extent this result can also
be applied to the rocks of the earth’s mantle where
there is additional influence on viscoelastic properties
by high pressures. A 3) value as high as 0.25 cannot
apply for large frequency ranges in the earth’s mantle,
as the following example shows. Assuming a Q(a),) of
200 at a period of about 30 3, according to Jordan and
Sipkin’s (1977) investigation of long—period shear waves
of ScS type, we can determine from Figurel the re-
duction of the rigidity from this period to the period of
the Chandler wobble which is about 435 sidereal days.
The relative frequency w/a), is 0810—6, and for 3220,
1/10, 1/6, 1/4 the rigidity is reduced to 0.96, 0.91, 0.84,
0.69 times the rigidity at 30s. Employing perturbation-
theory formulas for the change in Chandler-wobble
period due to changes in rigidity, as given, e.g., by
Anderson and Minster (1979), one obtains an increase
of about 6 days for y=0 and 14 days for y=1/10. The
increase for y=1/6 and y=1/4 cannot be calculated
from perturbation theory, but certainly it would be
considerably larger than 14 days. Most of the observed
wobble period is explained by elastic earth models,
valid for the seismic frequency band, and by the influ—
ence of the oceans; only a few days, 3 according to
Lambeck (1980, Table 8.1) and 8.5 according to Smith
and Dahlen (1981, Fig. 5), respectively, are left for the
influence of absorption-related dispersion. This points
to y values between 0 and 0.1 at most, a result which is
in principal agreement with one of the cases studied by
Smith and Dahlen. Okubo’s (1982) y values,
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Fig. 5. Normalized relaxation spectra for different values of y
(n=viscosity). Calculation by formula (A.7)

0.13§y§0.2, were determined from estimates of Q for
the Chandler wobble, which is a different (and perhaps
less safe) procedure than that based on the wobble
period.

The asymptotic, steady-state creep behaviour of a
generalized Maxwell body with the properties of the
earth’s mantle at seismic frequencies and at the fre-
quency of the Chandler wobble is very different from
the creep behaviour of the earth’s mantle. If (26) is used
to determine the viscosity for y§0.1, a), and Q(a)‚) from
above and an average rigidity at a), of about 2Mbar,
values of 1036 Poise and larger are found. These visco-
sities are far beyond the range that is discussed for the
mantle, 1021 to 1025 Poise. On the other hand, visco-
sities within this range are found for 32 values between
about 0.17 and 0.24, but then the Chandler-wobble
period remains unexplained. Hence, there is no genera-
lized Maxwell body which adequately describes the
complete spectrum of seismological-rheological proper-
ties of average mantle material.
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Appendix: Relaxation spectra

The relaxation spectrum r(co) is defined by the follow-
ing representation of the relaxation function R(t), valid
for tèO:

R(t) = î r(a)) e‘w‘ da).
0

(A1)

This is a superposition of elementary exponential relax-
ation functions with relaxation frequency a) or, equiva-

lently, relaxation time l/œ. In the follo_wing, we want to
relate r(co) to the Fourier transform R(co)=M(co)/ia) of
the relaxation function and hence to the viscoelastic
modulus M(a)). We start with the Fourier integral re-
presentation of R(t),

1 0° _ .
R(t)=—Re I R(a))e“°tda),

75 0

and change the integration variable to S: ——ia). This
yields

—ioo

R(t)=—llm j R(is)e‘“ds
75 0

—ioo

=—%Im j P(co)e‘“"da). (A2)

In the second expression we have again written a) in-
stead of s, and P(a)) is defined by

P(co)=Ë(i w): —àM(iw). (A.3)

The integration path in (A2), which runs along the
negative imaginary axis in the complex a) plane, is then
replaced by an equivalent path along the positive real
axis and on a quarter circle with infinitely large radius
around the fourth quadrant. If necessary, poles of Ham)
on the positive real axis or inside the fourth quadrant
are circumvented. We obtain

R(t)= —%Im {Ï P(a))e‘w‘dw+7ti;8ke‘wk‘}. (A.4)

In this expression the contribution from the quarter
circle has been omitted, because it vanishes, and the
following abbreviations have been used:

cok=pole of P(a)), assumed to be of first order.
ek=residue of P(co) at wk, multiplied by 1 for wk

on the positive real axis and by 2 for wk inside
the fourth quadrant, respectively.

(A.4) can be written in the form
OO

R(t) =
(j)

{—%Im
P(w)—;

Re 5k6(a) —œk)} e—w‘dœ.

Then comparison with (A.1) yields the relaxation spec—
trum

r(a))=;r%lm
M(iw)—;

Re 8k 6(co—wk). (A.5)

Here (A3) has been used. The relaxation spectrum
(A5) has a continuous part and (occasionally) a dis-
crete part. In the simple case of a Maxwell body, whose
modulus has been mentioned in connection with for—
mula (15), only the second part is present, giving r(cu)
=M(oo)ö(co—co0) and R(t)=M(oo)e“”°‘, as expected.
The continuous spectrum in (A.5) follows also from
results of Gross (1947) and MacDonald and Brachman
(1956), which were derived in an entirely different man—
ner.
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In the case of constant Q (y=0) the viscoelastic
modulus has been given in (16). The corresponding
relaxation spectrum is continuous:

2—arctan Q

=17%%T>l%l
This is a power law with a frequency exponent between
O and — 1, depending on Q; however, for Q>1 the
exponent is practically — 1.

In the case of power laws (8) for Q with O<y <1 the
low-frequency approximation (13) for the modulus im-
plies that r(a)) tends to zero with a). The high-frequency
approximation (11) for M(w) gives the continuous re-
laxation spectrum

«we; (5:7) “pin—È)— (5:7)}

W(v3) eel}.
This is a valid approximation for œèœo, since (11)
approximates M(co) well for these frequencies (see
Fig. 1). n is the viscosity defined in (26). Figure 5 shows
results for that part of the relaxation spectrum which is
described by (A7). For the larger 3) values the decrease
of r(co) with on below 000 is indicated. The relaxation
spectrum is effectively bandlimited with its peak at or
below coo. For frequencies very much larger than
too r(a)) follows approximately a power law with the
exponent —(1+y). This law would apply in the seismic
frequency band. Exact values of the relaxation spec-
trum, valid at arbitrary frequencies, can be calculated
from (15) in the special cases y: 1/2, 1/3, 1/4, .

The generalized Maxwell body (0<y<1) can be
considered as a parallel connection of classical Maxwell
bodies (yzl) with relaxation frequencies a) from 0 to
00. According to (A.1) the (real) elastic modulus of each
of these classical Maxwell bodies is r(œ)dœ and the
viscosity r(co)dœ/co.

r(co) (A.6)

(A.7)
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Peculiarities of mantle waves from long-range profiles
A.V. Yegorkin and N.M. Chernyshov
NPO Sojuzgeophysika, Ministry of Geology, Moscow, USSR

Abstract. Long-range seismic experiments carried out in dif-
ferent regions of the USSR show strong variations of the
mantle wave velocities and attenuation. Relatively high
mantle velocities, more than 8.2—8.3 km/s, are observed in
the old platform areas. To exclude the crustal influence
on the mantle waves and to separate the vertical and hori-
zontal inhomogeneity effect the relations between the over-
lapping travel-time curves are analyzed. As a result, a man—
tle stratification with positive average velocity gradient in
the strata is revealed up to depths of 200 km. Local inclu-
sions with very high (more than 8.5 km/s) and relatively
low (less 8.0 km/s) velocities are typical of the mantle.

Key words: Russian and Siberian Platforms — Long-range
profiles — Mantle velocities

Seismic investigations of the Earth’s crust and upper mantle
by controlled source experiments have been carried out in
the Soviet Union on several long-range profiles (Fig. 1).
The reversed and overlapping system of observations with
source-receiver distances of more than 1,500 km was used.
The recording was performed with seismometers of 1.5 Hz
natural frequency and “Taiga” seismic recorders (Chi-
chinin et al., 1969) resulting in an overall frequency band
of 1—9 Hz. Three displacement components were recorded
at each station: one vertical and two horizontal (along the
profile and perpendicular to it) which facilitated the correla—
tion of different types of waves: longitudinal, shear and
converted waves. The station interval varied between 5 and
15 km, the shotpoints were situated on average 500—800 km
apart.

Preliminary results of the investigations were published
by Burmakov et al. (1975), Yegorkin et al. (1977), Yegorkin
(1980), Yegorkin and Pavlenkova (1981). In this paper some
general features of the mantle refractions are described.
Special attention is paid to those wave characteristics which
are indicative of vertical and horizontal inhomogeneities
of the upper mantle.

Examples of typical travel-time curves and record sec-
tions of the vertical components are presented in Figs. 2,
3 and 4. The refracted waves penetrating into the upper
and lower parts of the crust and also into the mantle as
the waves reflected from the intermediate crustal bound-
aries and M—discontinuity are reliably correlated. It was
also possible to separate reflections and converted waves

Fig. 1. Location of the long-range profiles I—VII used in the paper.
Figures in circles indicate the areas for which the velocity models
are given in Fig. 8
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from upper mantle boundaries, but special computer analy-
sis was needed.

The mantle refractions start to be recorded as first arriv-
als at epicentral distances of 150—200 km. Their apparent
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velocities varied between 7.5 and 9.5 km/s which in many
cases is influenced by the relief of the M—discontinuity and
by the sedimentary variations. However, a common trend
of a gradual increase in the apparent velocity with distance
from the shotpoint is marked for all the profiles (Fig. 2).

To separate the effect of horizontal inhomogeneity of
the crust and upper mantle from the velocity distribution
with depth, special methods of travel-time analysis were
used (Gamburzev et al., 1952). The comparison of the re-
versed travel-time curves gave the possibility to reveal high
and low velocity blocks beneath the M—discontinuity. The
vertical velocity gradient was derived from At(R1)-curves,
where At is the time difference between two overlapping
travel-time curves of the mantle refractions, and R1 the
distance to the farthest shotpoint (Fig. 5). The At-curves
are relatively free of the influence of the crustal thickness
variations and the horizontal inhomogeneity of the mantle
near the M—discontinuity. The curve form depends mainly
on the velocity distribution with depth and on the wave
type: At of the head waves refracted at the same boundary
is constant and it decreases with R1 for refractions if the
velocity increases with the depth. The change of the first
arrival apparent velocities that is due to the arrival of re-
fractions from deeper mantle boundaries is established from
At-curves by sharp changes of the curve inclination.

Examples of At(R1)-curves for the long-range profiles
I, II, IV are presented in Fig. 5. They show some regularities
in the mantle velocity distribution. Usually At decreases
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Fig. 6. Relation between coefficient “ b”, slope of the At-curve (see
Fig. 5), and distance to the shotpoints for the profiles I, II, IV

with increasing distance which indicates a regular increase
of the velocity with depth in all regions. The slope of the
At(R1)—curves may be used for the calculation of the vertical
velocity gradient. Their average values varied between
0.002—0.006 3—1. An analysis of the A t-curves also gives
the possibility to determine how the vertical velocity gra—
dient changes with depth. For this, the slope of the At-curve
(parameter “b”) is useful (Averbuch, 1975). In Fig. 6 plots
of the parameter “ b” for the profiles I, II, IV are presented.
It was measured from At-curves selected in the following
way: the time differences were taken between the travel-
time curves observed over ranges of about 100 km starting
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Fig. 7. Normalized amplitude curves of the mantle reflections for
the profiles I, IV, V, VI

with observational distances of 200—300 km for all curves
overlapping the same section of the profile. R is the distance
between the middle of the observation interval and the shot-
points. The length of these sections is shown in Fig. 6 by
the horizontal lines.

Figure 6 shows that the vertical velocity gradient in the
upper mantle increases slightly with depth in the Russian
Platform (profile I) because the parameter “b” increases
with distance. In Kazakhstan (profile IV) and in the Pre-
caspian Depression (profile II) the parameter “b” decreases
with increasing R. That means that the vertical velocity
gradient decreases with increasing depth in these areas.

These peculiarities characterize only some average trend
of the change of the mantle velocity with depth. A detailed

analysis of the At(R1)-curves shows that the velocity distri—
bution in the mantle is more complicated. It is not mono-
tonic. For instance, the change of the slope of the At(R1)-
curve at distances of about 700 and 1110 km which is ob-
served for all curves of Fig. 5 indicates a regular layering
in the uppermost mantle. The case of At(R1) increasing
with R is also observed (profile I, Fig. 5) which may be
explained by the local low velocity layers.

Similar conclusions about heterogeneities of the upper
mantle may be drawn on the basis of the dynamic param-
eters of the mantle refractions. Figure 7 presents the ampli-
tudes of absolute displacement normalized to a maximum
amplitude for every shotpoint. A rapid decrease of the am-
plitudes in the interval 100—300 km is observed. At greater
epicentral distances the wave attenuation is on the average
weaker. It is also possible to separate two branches of the
amplitude curves with different slope in the distance inter-
vals 300—800 and 1000—2000 km. Local minima of the am-
plitudes which may be referred to shadow zones or wave
interference of first arrivals are typical for the data. These
characteristics support the idea about regular stratification
of the mantle and existence of separate layers with different
velocities, velocity gradients and attenuations.

Besides the stratification, strong horizontal inhomogen-
eities of the upper mantle are revealed on the long-range
profiles. Comparison of the reversed and overlapping trav-
el-time curves of the first arrivals gave the possibility to
establish the velocity variation near M—discontinuity. They
are usually very high in the old platform area, more than
8.3 km/s and relatively low in young platform areas (Yegor-
kin, 1980; Yegorkin and Pavlenkova, 1981). The velocity
models are also different for platforms of the same age
(Fig. 8).

One of the more surprising features of the mantle is
the existence of very high velocities in its uppermost part.
Velocities of 8.5-8.6 km/s were established beneath M—dis-
continuity in the Precaspian Depression (Fig. 9) and in
the Siberian Platform. These features were observed in
many other regions, in continents (Ansorge et al., 1979;
Fuchs, 1979) and in oceans as well (Steinmetz et al., 1977;

Uefiocàty P—wave, Km/sec
6_.0 7_.o 00 9.0 7‘0 0.0 90 73 0g) 9.0 7P 81.0 9.10 710 8.0 9.0 7.0 0.0 9.0

1 2 3
20-

40»

60-

80»

100 r

120 *-
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Fig. 8. Velocity models of the mantle for the areas, indicated in Fig. 1
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Shimamura et al., 1976). Comparison of the crossed long-
range profiles in Siberia proved the reality of these high
velocities in different directions of the wave propagation.
It is necessary to emphasize that their reliability is based
upon the dense observation system with the reversed and
overlapping profiles and by using the first arrivals. The
method of mathematical modelling (Yegorkin et al., 1977;
Pavlenkova and Psencik, 1977) was applied to construct
the cross—sections. The dynamic characteristics of the waves
were also used in the interpretation in a form of qualitative
comparison of the experimental amplitude curves of the
waves with the calculated density of the rays for two-dimen-
sional models. The accuracy of the velocity determination
is 0.1 km/s in the 100—150 km interval of the profile.

Another characteristic of the mantle models is the ex-
istence of low velocity layers at depths of 55—80 km. They
are usually more pronounced in the old platform regions.
For instance, Fig. 8 gives the one-dimensional models for
Moscow Syncline (1) and Precaspian Depression (3) of the
old East-European Platform, Central Kazakhstan Folding
(4) and East-Siberian Platform (6), that belong also to the
Oldest structures of Eurasia, and for the younger tectonic
elements — Predural Forland (2) and West-Siberian Plat-
form (5). The latter have no velocity inversions in. the man-
tle because the average velocities in the upper 50 km be-
neath the M—discontinuity are lower in these areas than
in the old platforms. That means the velocity in the inver-
sion zones beneath the old platforms is a rather more nor—
mal mantle velocity than a reduced one.

low velocity zones, 5 —— salt domes, 6 — fault.

Thus, the data presented characterize the upper mantle
as a medium with strong horizontal and vertical velocity
heterogeneities, including high and low velocity layers and
bodies. A regular large-scale layering of the mantle with
increasing velocity in the layers is also observed. The con-
clusions were made considering only first arrivals. If reflec-
tions and converted waves are taken into account, the man-
tle appears much more complicated (Yegorkin, 1980).

References

Ansorge, J ., Bonjer, K.-P., Emter, D.: Structure of the upper-most
mantle from long-range seismic observations in southern Ger-
many and the Rhinegraben area. Tectonophysics 56, 31—48,
1979

Averbuch, A.G.: Interpretation of seismic refraction data. Mos-
cow: Nedra 1975

Burmakov, Y.A., Yegorkin, A.V., Popov, E.A., Ryaboy, V.Z.:
Upper mantle structure of the north—eastern regions of the Eu-
ropean Platform from seismic data. Dokl. Akad. Nauk SSSR
224, 84—87, 1975

Chichinin, I.S., Yegorov, G.V., Yemelianov, A.V., Bochanov, A.J.:
Portable telemonitored seismic equipment “Taiga”. In: Meth-
ods of seismic research, pp. 95—119. Moscow: Nauka 1969

Fuchs, K. : Structure, physical properties and lateral heterogeneities
of the subcrustal lithosphere from long-range deep seismic
sounding observations on continents. Tectonophysics 56, 1—5,
1979

Gamburzev, G.A., Riznichenko, J .V., Berson, I.S. et al.: Correla-
tion method of refracted waves, AN SSSR, Moscow, 90—140,
1952



|00000042||

34

Pavlenkova, N.I.‚ Psencik, 1.: Mathematical modelling as a method
of solution of two-dimensional seismic problem, Publ. Inst.
Geophys. Pol. Acad. Sc. A-4 (115), 267—275, 1977

Steinmetz, L., Whitmarsh, R.B., Moreira, V.S.: Upper mantle
structure beneath the Mid-Atlantic Ridge north of the Azores
based on observations of compressional waves. Geophys. J.
R. Astron. Soc. 50, 353—380, 1977 '

Shimamura, H., Asada, T.A.: Apparent velocity measurements on
an oceanic lithosphere. Phys. Earth Planet. Int. 13, 15—22, 1976

Yegorkin, A.V.: General features of mantle structure. In: Seismic
models of the lithosphere for the major geostructures on the
territory of the USSR, pp. 161—170. Moscow: Nauka 1980

Yegorkin, A.V.‚ Pavlenkova, N.I.: Studies of mantle structure of
USSR territory on long-range seismic profiles. Phys. Earth
Planet. Int. 25, 12—26, 1981

Yegorkin, A.V., Ryaboy, V.Z., Starobinets, L.N., Druzinin, V.S.:
Construction of horizontal heterogeneous velocity model of the
upper mantle from DSS data. Izv. AN SSSR, Fizika Zemli
7, 1977

Received August 14, 1981
Accepted September 1, 1983



|00000043||

J Geophys (1983) 54:35—50 Journal of
Geophysics

Geomagnetic induction studies in Scandinavia
III. Magnetotelluric observations

A.G. Jones1’2,* B. Olafsdottir2 and J. Tiikkainen3
1 Institut fur Geophysik, CorrensstraBe 24, D-4400 Münster, Federal Republic of Germany
2 Swedish Geological Survey (SGU), Box 670, S-751 28 Uppsala, Sweden
3 Department of Ge0physics, Oulu University, SF-9057O Oulu, Finland

Abstract. In this work, data from two of the instru-
ments of the Munster International Magnetospheric
Study (IMS) Scandinavian Magnetometer Array are
combined with synoptic telluric field measurements,
and the joint data sets are analysed to derive the magne-
totelluric response functions for the locations. The data
analysis procedures employed, particularly the timing
error correction technique, are described in detail. One-
dimensional interpretations of the response functions,
from both the northern Swedish and the southern Fin-
nish location, are shown to be valid. Accordingly, both
first-approximation continuous models and more com-
prehensive layered-earth models — found by a Monte-
Carlo search procedure — acceptable to the response
functions are illustrated. The models acceptable to the
northern Swedish MT response are almost identical to
those acceptable to the previously derived horizontal
spatial gradient (HSG) response for the same locale,
displaying a monotonically decreasing electrical resis-
tivity with depth, and the existence of a zone of low
resistivity in the upper mantle at a depth of around
200 km. For the southern Finnish data however, the
acceptable models describe the existence of a lower
crustal conducting layer, of around 25 Qm, which was
suspected from a qualitative analysis of previous work.
Inadequate and insufficient long period information for
this location preclude a positive identification of a pos-
sible electrical asthenosphere beneath southern Finland.
However, any such zone cannot be closer to the surface
than 150 km.

Key words: Geomagnetic induction studies in Scandi-
navia — Magnetotelluric data analysis — International
Magnetospheric Study — Electrical asthenosphere —
ELAS project

1. Introduction

Geomagnetic induction effects observed by the Scandi-
navian IMS (International Magnetospheric Study) mag-

* Present address: Geophysics Laboratory, Physics Depart—
ment, University of Toronto, Toronto, Ontario, Canada,
M5S1A7

Oflprint requests to: Dr. A.G. Jones

netometer array (Kiippers et al., 1979) have been dis-
cussed in two previous publications in this series (Jo-
nes, 1980 and Jones, 1981a, hereafter referred to as
Papers I and II respectively), and in two associated
works (Jones, 1982a and Jones, 1982b, Papers Ia and
Ib). The analyses of the magnetometer data alone, by
both the horizontal spatial gradient (HSG) method and
the more traditional geomagnetic depth sounding
(GDS) methods, were quite successful in detailing the
upper mantle (i.e., depths <200 km) 1D conductivity
structure beneath northern Sweden (Papers I, Ia, Ib)
and northern Finland/northeastern Norway (Paper Ib),
and in delineating two rather strong inhomogeneities in
electrical conductivity, probably in the crust, in nor-
thern Norway and northern Sweden (Paper 11). The
latter of these, the Storavan anomaly, was also ob-
served by Richmond and Baumjohann (1983) in their
internal/external separation of the magnetometer array
data.

In this work, magnetic observations recorded by
two instruments of the array are combined with telluric
measurements made at the same locations, and the
joint data sets are analysed in order to derive the
magnetotelluric (MT) response functions for those 10-
cations. At one of the locations, audiomagnetotelluric
measurements were also made. Attention is given to the
analysis methods employed, and a general technique for
reducing any possible timing discrepancy between the
telluric and magnetic data sets is described and utilized.
Models consistent with the resulting MT response func-
tions from the two locations are discovered by a Mon-
te—Carlo random search of the parameter spaces, and
resistivity-depth profiles are presented. The acceptable
models are shown to be highly compatible to those for
the HSG data.

Other geomagnetic induction experiments have re—
cently been conducted in Finland. Adam et al. (1982a)
made MT measurements at five locations along a
SW/NE profile, with an average inter-station spacing of
some 60 km. Adam et al. (1983), complementing the
above work with two long period (103—1045) MT sites,
compared the results of their experiment with similar
ones conducted in the Pannonian basin. Pajunpää et al.
(in press 1983) have presented a prelimenary interpre—
tation of one of their magnetometer array studies which
straddled the Ladoga-Bothnian Bay zone (see Fig. 1).
These works will be compared with the present results
in Sect. 7.
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The four MT components will be referred to by the
following letters or subscript numbers:

component letter subscript
magnetic north h or H 1
magnetic east d or D 2
telluric north n or N 3
telluric east e or E 4

(this numbering convention was introduced by Reddy
and Rankin, 1974) where “north” and “east” refer to
the Kiruna cartesian co-ordinate system introduced in
Kiippers et al. (1979); small letters refer to time domain
series and parameters, whilst capital letters refer to
frequency domain series and parameters throughout.

2. Instrumentation
2.1 Magnetic instrumentation
The three components of the time-varying magnetic
field were recorded on photographic film by modified
Gough-Reitzel magnetometers (Gough and Reitzel,
1967; Kiippers and Post, 1981) located in Scandinavia
principally for observations during the IMS, to which
Münster University contributed by operating an array
of 36 instruments. Full details of the array can be
found in Kiippers et al. (1979), and of the instruments
in Kiippers and Post (1981). The magnetic resolution of
the variometers was assessed at approximately 2nT for
a digitization accuracy of one millimeter, and the tem-
poral resolution was typically better than 2OS for an
instrument on 105 recording mode (the problems en-
countered due to timing discrepancies between the tel-
luric and magnetic data are discussed in detail in
Sect. 4.4).

The response functions of the three wire-suspended
magnets for a typical magnetometer are illustrated in
Kiippers and Post (1981). The copper (Cu) damping
blocks around each magnet acted quite closely as first-
order low pass Butterworth filters (see, for example,
Kulhanek, 1976, pp. 87—92) with —3dB points for a
typical instrument at periods of:
h-component: 9.5 s,
d-component: 13.0 s,
z-component: 5.5 3.

Hence, correction for instrument response was
undertaken in the frequency domain by multiplying
each complex Fourier harmonic of the magnetic data
with the term

1+i3 (1)
C0C

where we is the appropriate —3dB point frequency
given above. (Note that because the —3dB point
frequencies are all above the Nyquist frequency, equal
to a period of 20s for an instrument on 103 mode
recording, this correction cannot be applied in the time
domain due to aliasing effects. For correction of the
time domain series, which may be necessary for in-
vestigations of short period phenomena, e.g., pulsation
studies (GlaBmeier, 1980), the series must be Fourier
transformed, the relevant correction (as given by Eq. 1)
applied, then the corrected series must be inverse Fou-

rier transformed. This latter set of operations is also
significantly faster than correction in the time domain by
convolution filtering (see, for example, Rader, 1970).)

2.2 Telluric instrumentation

The telluric observations were made by a single two-
component instrument. The equipment was of simple
design and construction, and, apart from the timing
clock, the two channels were independent of each other.
For each channel, the signals, recorded by the pairs of
electrodes (constructed of lead (Pb) at NAT, and cop-
per sulphate (CuSO4) at SAU, see Fig.1), were elec-
tronically processed by the following set of operations:

(a) common mode rejection,
(b) band-pass filtering, by coupled low-pass and

high-pass single pole passive RC circuits, with a reso-
nance period of 922.6s and an amplitude drop-off of
6dB/octave,

(c) amplification, by Keithley low noise amplifiers,
and

(d) analogue recording, by Minigor paper chart
writers.

The system also included an internal quartz clock,
and was battery powered such that an uninterrupted
recording of 48h of data was possible. This latter time
was, however, dependent on the chart speed chosen.
The usual chart speed was 15 cm/h, i.e., 12 s/mm, but
occasionally a faster speed of 30 cm/h was used, in
which case continuous recording of approximately 36h
of data was obtained. The clock was always started
with reference to a transmitted radio timing signal (as
were the magnetometers).

As described in (b), the data were band—pass fil-
tered. Correction for this was undertaken in the fre-
quency domain (for the computational reasons detailed
above) by multiplying each Fourier harmonic of the
telluric data with the term:

10.244 + i (8599a) — (2)
390860)

where a) is the frequency of interest (in units of 5—1).

2.3 AMT instrumentation

Audiomagnetotelluric (AMT) observations were made
in addition in the vicinity of Sauvam'aki (see Fig. 1)
with a French scalar system ECA 541-0, manufactured
by Société Eca of Paris. The equipment was originally
developed at the Centre de Récherches Géophysiques,
Garchy (Benderitter et al., 1973). The amplitudes of the
telluric and magnetic fields were measured, at nine
fixed frequencies, from 8—3,700 Hz. Two induction coils
were used, one for the lower band (8—370 Hz), and one
for the upper band (170—3,700 Hz), of frequencies. The
telluric field was measured galvanically using steel elec—
trodes. After integration and electronic division of the
amplitudes, the scalar value of apparent resistivity at
each frequency was read directly from the instrument.
At least five such readings were usually taken at each
frequency and for each orientation. For every reading,
the two signal amplitude meters (one for each of the
magnetic and telluric fields) were monitored during the
integration period to ensure that a reasonable corre-
lation was present between the fields.
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L°E 8°E 12°E 16°E 20°E 2L°E 28°E 32°E

72°1

70°
KEVA

64°

62°

50° Fig. 1. Map showing the locations of the
two sites at which magnetotelluric
measurements were made (NAT and
SAU full circles), together with the three
locations at which HSG responses have
been analysed (KIR, KEV and SAU full
triangles). Also shown is the position of

:noau

the Ladoga—Bothnian Bay zone

3. Observations

3.1 Nattavaara

The magnetotelluric observations at Nattavaara (NAT,
see Fig. 1; for the co-ordinates see Table 1 of Kiippers
et al., 1979) were made during September, 1977. Ten
events, totalling 56.5 h of data at 103 digitizing interval,
were chosen for analysis from the records by virtue of
their signal content and differing polarizations of the
magnetic field. The events were all of moderate activity,
both to reduce, as much as possible, non-linear source
field effects on the MT impedance tensor elements, Z,
and to ensure that the telluric data remained within the
dynamic range of the writers. Five of the events oc-
cured around local magnetic midday (approximately
10:35 UT, Whalen, 1970), two during the early evening
hours (i.e., prior to the passage of the Harang discon-
tinuity), and the remaining three during the early
morning hours (i.e., shortly after the passage of the
Harang discontinuity). No systematic variation in the
derived elements of Z was observed for these three
groups of data.

3.2 Sauvamäki

Magnetotelluric observations at Sauvamaki (SAU, see
Fig. 1) were undertaken during June, 1979. The‘telluric
recordings were not made at exactly the same location
as the magnetometer, due to interference in the natural
telluric field by the STARE radar of Greenwald et a1.

(1978), but at a site some 3 km from the magnetometer.
A total of seven events, totalling 34.5 h of data at 10s
digitizing interval, were chosen for analysis, using the
same criteria as described above, of which three includ-
ed variations observed at local magnetic midnight (ap-
proximately 22: 10 UT). Inspection of the induction vec-
tors for these three indicated, however, that non-uni-
form source field effects were not apparent (see below).
The telluric data for all seven events were recorded
with the writers operating at the faster speed of
30 cm/h, i.e., 6 s/mm.

As discussed by several authors (Lilley, 1975; Be—
amish, 1980; Mareschal, 1981), non-uniform source fields
have a far greater influence on the vertical to hori-
zontal magnetic field ratio than on the MT impedance
tensor, Z, or on the inductive transfer function, C.
Hence, non—uniform source fields are more apparent in
the derived induction vector responses than in the es-
timates of Z. An inspection of the induction vectors for
all seven events illustrated that, in the period range
100—1,000 5, they were fully compatible with those de-
rived for a uniform source field (see Paper 11) at the
0.05 significance level (i.e., for 95 % confidence).

AMT measurements were made at three locations
within 4km of the magnetometer and telluric sites dur-
ing July, 1980. At each location, an attempt was made
to discover any possible departures from a 1D earth by
physically re-aligning the telluric spread at four dif-
ferent azimuths, namely 0°, 45°, 90°, and 135°, to local
magnetic north. For each frequency, the final apparent
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resistivity was determined by taking the geometric
mean of five readings that were within a reasonable
tolerance of each other. The geometric mean was taken,
rather than the arithmetic mean, to be in accord with
the notion that apparent resistivity displays a log-nor-
mal distribution (Bentley, 1973; Fournier and Febrer,
1976). A “regional” apparent resistivity curve was ob-
tained by taking the geometric mean of all readings
from the three locations and for all four orientations
(see Fig. 9).

4. MT data analysis

4.1 General considerations

The analysis of MT data by techniques of statistical
frequency analysis is open to many options and va-
riants, and unfortunately not all authors explicitly de-
tails, or even state, the techniques that they have used.
Whilst most of the methods employed on the data
discussed herein can be considered as “standard prac-
tice”, it is precisely because no “standard” yet exists in
MT studies that a brief résumé is considered necessary.

Pre-processing of each data series included either
trend removal (removal of a Lagrangian second-order
interpolating polynomial, Jeffrey, 1971, pp. 336—337) or
high-pass filtering (by two pole recursion filters, see
Shanks, 1967), cosine tapering of the first and last 10%
of the series (Bingham et al., 1967), and augmentation
by zeroes to the next power of 2. It should be kept in
mind that extension by zeroes implicitly increases the
variance associated with each Fourier harmonic. If the
data series are of required length, then the resulting
complex Fourier harmonics will each have two degrees
of freedom (one for each of the sine and cosine coef-
ficients respectively), with the exceptions of the zero
frequency (DC) and Nyquist frequency harmonics
which are purely real and accordingly have only one
degree of freedom. Hence, the variance associated with
each Fourier harmonic estimate is as large as the es-
timate itself. Increasing the point length from, for ex-
ample, M to M’ by zeroes will reduce the number of
degrees of freedom from 2 to 2M/M’ (Bendat and Pier-
sol, 1971, pp. 324—325) and simultaneously increases the
variance by M’/M. Hence, unnecessary augmentation is
to be strictly avoided.

After pre—processing, each data series was fast Fou-
rier transformed, and the Fourier spectra were corrected
for instrument response by Eqs. (1) and (2) above.

The raw spectra were then multiplied with the com-
plex conjugate of each of the others to give the raw
auto— and cross-spectra (henceforth “auto— and cross-
spectra” will be referred to as simply “cross-spectra”),
which were then frequency band averaged by spectral
windows of constant-Q with a box-car form. From this
smoothed auto- and cross-spectral matrix, or simply
“spectral matrix”, the timing discrepancies were esti-
mated, and the relevant corrections made to the phases
(see Sect. 4.4). The following parameters were then de-
rived from the corrected spectral matrix:

(a) the polarization parameters of the horizontal
magnetic and telluric fields (after Fowler et al., 1967),

(b) the bias-reduced ordinary, multiple and partial

coherence functions between the various components
(of. Sect. 4.5 below),
and

(c) the magnetotelluric impedance tensor elements,
both unrotated and rotated.

The impedance tensor elements were estimated by
two different approaches, and a third estimate was giv-
en by a weighted average of these two. The three es-
timates for, for example, the n tensor element were
given by the following forms

n=S:IIS:Z3—S:l:l3,
(3.1)

$11822 —S12S21

A —ÂQ. = xy f, (3.2)y
AxxAyy—AxyAyx
A2 A A2 A

W __V32.1n+V23.4Qxy
A2

+

A2

732.1 723.4
xy—

where, for example, 512 is the estimated cross-spectrum
between the H and D components, Axy is the estimated
admittance tensor element (see below), and 7782.1 is the
estimated partial coherence between N and D with the
influence of H on N removed in a least-squares man-
ner. A

The first form, n,
ance tensor Z given by

13(0)) = Z(w) H(w), (4)
is that most often employed in MT studies (for exam-
ple, Swift, 1967; Vozoff, 1972; Reddy and Rankin,
1972; Kurtz and Garland, 1976; Rooney and Hutton,
1977; Jones and Hutton, 1979a), and is well-known to
be downward-biased for any uncorrelated random noise
contributions on the magnetic field, but unbiased for
any uncorrelated noise on the telluric field (see, for
example, Sims and Bostick, 1969; Sims et al., 1971).

The second form, Q is derived from the admit-
tance tensor A, where
H(a)) = A(a)) E(a))
and (5)
Q(w) = A(w) ’ 1

and has been used recently by Chave et al. (1981), Cox
et al. (1980) and Filloux (1980). This form is upward-
biased for any uncorrelated noise contributions on the
telluric data, but unbiased by uncorrelated noise on the
magnetic data. pever, it must be noted that the
denominator of Axy in Eq. (3.2) contains a multipli-
cative term which can be written as (1 —ÿâ4), indicating
that the solution becomes unstable, and even inde-
terminable, when the telluric field is highly linearly
polarized, as is often the case.

The third form, n, is a weighted average of the
other two. Cox et al. (1980) and Chave et al., (1981)
interpreted their two estimates, as given by the imped-
ance and admittance tensors, Eqs. (4) and (5) above,
independently, but this has little justification.

‚ (3.3)

derived directly from the imped-

xy’

4.2 Frequency—time analysis

Due to decreasing signal-to-noise ratios at short per—
iods, i.e., <200 5, many data sets did not give accept-
able estimates of the impedance and/or admittance ten-
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sor elements at these periods (see Sect. 4.6 for a dis-
cussion of the acceptance criteria employed). Hence, a
frequency—time (f—t) analysis of all the events was
undertaken. The form of the f—t analysis has been
described in full in Jones (1977), and briefly in Jones
and Hutton (1979a), and is based on a procedure in-
itially pr0posed by Welch (1967).

Every series of, say, M points was Spliced into sub-
series of length L points with L’ points overlap, giving
[M/(L—L’D—l such sub-series. Each sub-series was
then pro-processed and subsequently processed as de-
tailed above, with the exception that a l-Itl data win-
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Fig. 3. The estimates of Ë“, and Q“. from an analysis of the
whole data set illustrated in Fig.2 (dashed lines) and those
from a selected sub—set of the event (full lines)

dow was applied rather than cosine belling, and certain
parameters were calculated, from the ensembled sub-
Spectral matrices, and contoured. The sub-series
exhibiting the desired characteristics were then picked
out, and their cross-spectra were averaged to give the
final spectral matrix for the short period data of the
particular data set under consideration.

For example, for the 5-component data set of
30,0008 length (i.e., 3,000 points with 103 digitization)
illustrated in Fig. 2 (an event recorded at NAT), a__ “nor-
mal" analysis of the data gave the n and Q'x}. es-
timates illustrated in Fig.3. It is obvious, from their
discrepancy, that the estimates appear to have large
bias errors at short periods. As shown in Figs.4a and
b, this increasing bias error is probably due to the
decreasing signal—to—digitizing noise level with decreas-
ing period. Undertaking an f—t analysis of the data,
with L=256, E2128, and a Q factor of 0.2, gave 22
sub-data sets with 10 frequencies at which smoothed
estimates were derived in each. Contouring the Norma-
liged Transformed Partial Coherency (NT PC) functions
N311 and N41_2 (Jones, 1981b) indicates that superior
estimates can be obtained at short periods by selecting
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Splices of the data than by employing the whole data
sets (Figs. 5a and b).
.. These NTPC functions are defined, for example for

N311:- by

A _ aretanhflÿaml)
N311“ (2144)”z

arctanh (——)
v—2

(Jones, 1977, 1981 b), where the numerator is the positive
square root of the estimate of the partial coherence
752.1 transformed, by the Fisher z-transformation (see,
for example, Hald, 1952, p.609), into a domain in
which it exhibits a more nearly normal distribution,
and the denominator is the transformed expectation
value of the estimate of the positive square root of the
partial coherence when ail three series are totally un-
correlated, v being the number of degrees of freedom
associated with the estimate. The variance of NH1 is

A v-l-2
Var(N32_1)=

(6)

1 2 (7)
(v — 2)2 arctanh (%)

(Jones, 1977, Eq. (4.66c), and these normalised transfor—
med coherence functions have the property that E [N]
=1 for totally uncorrelated series, thus indicating di-
rectly the coherent to incoherent signal ratio. The other
properties that make these functions preferable to the
usual coherence functions are given in Jones (l981b).
Hence, for example for v=12, values of N32., above
2.25 are indicative of a true correlation between N
and D at the 95% confidence level (given by
1+ 1.96 (Var(N))“2).

From Figs. 5a and b, sub-series were chosen in
which N311 or N4” was >6. Those selected were (for
the definitions of the period numbers, see the caption
to Fig.5):

period no. sub-sets chosen
4 4 7
5 7 1 1 19
6 10 16 20
7 5 7 12

The resulting estimates of n and Q.“ from this selec—
tion are also illustrated in Fig. 3, where it can be seen

PERlOD NO.

Fig. 5. a The contoured estimate of the
Normalised Transformed Coherency
Function between the north telluric
component and the east magnetic
component, with the effect of the north
magnetic component removed in a least-
squares sense (NHJ), in the frequency-
time domain (frequency increasing from
left to right-time increasing from top to
bottom) b as for a but for the N41,:
estimate. The period numbers refer to the
following periods: 1:1,280 s; 2:465 s;
3:270 s; 4: 175 s; 5:130 s; 6: 105 s; 7:90 5;
8:75 3; 9:60 s; 10:50s

"u..<

that the estimates from this f—t analysis display far
smaller bias errors. (Note that the number of oper-
ations required to FFT a dataset of length M is 2M
log2 M. Hence, the number of Operations required to
FFT all spliced series is (2Llog2L)((M/(L—E))—1).
Thus, for a data set of 4,096 points, an FFT of the total
series requires 98,304 Operations, whilst an f-—t analysis
with L=256 and L’=128 requires 111,104 operations,
hence entailing virtually the same CPU time, but giving
far superior information at shorter periods.)

4.3 Analysis strategy for 1D data

Many workers analyse their data by the same algor-
ithms, regardless of the nature of the location where the
observations were made or of the structure of the data
themselves. Such an approach can, in the opinion of
the authors, lead to biased and incorrect models which
are concluded as being indicative of the actual structure
of the earth that gave rise to the estimated reSponses.
Hence, below is presented an “analysis strategy" which,
hopefully, will lead to far more reliable parameters for
inversion of 1D data.

There are many signatures of data which indicate
that the earth’s conductivity structure beneath the re-
cording location may be assumed to vary with depth
alone in the period range of observation. The major
indicators are (for uniform field events):

(1) low order of anisotropy between the two off-
djagonal elements of the impedance tensor, n and

”(2) small values for the diagonal elements of the
impedance tensor relative to the off—diagonal elements
(i.e., small values of SKEW),

(3) no dominant maximising direction of the imped-
ance tensor with frequency or with differing events,

... (4) small, or zero, induction response functions
(A, B), i.e., small induction vectors,
and

(5) no strong geological or tectonic boundaries
close, in terms of inductive scale length; to the record-
ing location, i.e., coastlines, major faults, subduction
zones, volcanoes, major folds, mountain ranges, etc.
(Here it is assumed that these boundaries give rise to a
juxtapositioning of rocks of differing properties such
that they are of differing electrical conductivity. If the
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boundary is between rocks of the same electrical con-
ductivity, then obviously no spatial variation in the
electromagnetic fields due to the boundary will occur.)

If the data and the recording location display all
these features, then it may be confidently assumed that
a 1D model for the data will be valid — or, at the very
least, defensible. For analysis of 1D data, the object
should be to maximise the signal-to—noise ratio in one
of the off-diagonal elements of the tensor under con-
sideration (either impedance or admittance). As dif-
ferent events will display differing polarization charac-
teristics, then the impedance and/or admittance tensor
should be rotated into that direction which gives the
maximum coherence between the telluric component of
interest and its corresponding magnetic component. It
is well-known that the ordinary coherence between, say,
the N component and the D component, viz. yâz, does
not truely reflect their correlation due to the influence
of the H component on N for the impedance tensor, or
the E component on D for the admittance tensor. He-
nce, the coherence functions to employ are the partial
coherences between either N and (H, D) for the imped-
ance tensor, or D and (N, E) for the admittance tensor.
Accordingly, the impedance tensor should be rotated
into that directionAin which 33%“ displays a maximum,
and the element Z”, (the prime denotes a rotated pa-
rameter or response) interpreted in a 1D sense. Similar-
ly, the admittance tensor should be rotated into that
direction in which 3333.4 displays a maximum, and ele-
ment Q3”, interpreted in a 1D sense. (The use of partial
coherence functions in MT data analysis was first pro-
posed by Reddy and Rankin (1974).)
A Estimate HQ, i.e., the coherence weighted average of

Zn, and Q’xy as given by Eq. (3.3), is considered to be
the most suitable parameter for interpretation when it
is believed that the noise contributions on the magnetic
and telluric components are of approximately equal
relative magnitude.

4.4 Timing error correction
For MT analysis, all that is usually required is that the
relative timing between the magnetic and telluric com-
ponents be as accurate as possible. However, for the
instrumentation used in this study, accurate absolute
timing was essential for reliable MT phase determi-
nation. The two recording instruments, magnetic and
telluric, were operated independently, and, although the
absolute timing for each was probably to better than
5s, a cumulative error of 10s was possible. Also, the
telluric traces were of the order of 0.5 mm thick, hence
on the slower speed of 12 s/mm a resolution error of up
to 63 was likely. Furthermore, problems were encoun-
tered with the internal clock of the telluric recorder
which malfunctioned intermittently and occasionally
did not produce the desired hour mark on the records.
Linear interpolation was used between recognizable
hour marks, but variations in temperature and hu-
midity could have lead to non-constant chart drives.

Accordingly, timing errors as great as 20s or so
could be expected. Such a timing discrepancy between
the telluric and magnetic data would cause an. error in
phase of 72° at 1005 period, reducing to 7.20 at‘1,0003
period, which would make the short period, i.e., <500 s,
phase data totally unreliable. Although the phase and
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apparent resistivity are not independent but are related
by the Hilbert transform (see, for example, Weidelt,
1972; Fischer and Schnegg, 1980; Paper I), as shown by
a number of workers (for example, Parker, 1970; Jones
and Hutton, 1979b) the phase information provides an
additional set of constraints on the acceptable model
parameters that satisfy the observed response. Hence, it
was considered worthwhile to try to recover the phase
information by a scheme in which the linear depen-
dence of a given phase on a) is reduced, by a regression
technique, as much as possible. Also, reliable phase
estimates are essential if the MT impedance and/or
admittance tensors are to be rotated. It would have
been possible to calculate Weidelt’s (1972) “approxi-
mate phase” from the gradient of the apparent re-
sistivity curve, but this is only an approximation and is
not to be preferred over real data.

For two series, x(t) and y(t), which in the frequency
domain are X(co) and Y(a)), the cross—spectrum between
them is given by Sxy(a))=X*(w) Y(œ) (smoothing con-
siderations are disregarded for this description). Should
there be a timing error of d, such that the measured
data are x(t) and y’(t), where y’(t)=y(t+d), then the
estimated cross—spectra will be 5;},(w)=X*(a)) Y’(a)),
where Y’(a))= Y(a))exp(ia)d). Hence, S;y(a))=Sxy
exp(ia)d), and the phases are related by cl);y(co)=qy(a))
+cod. Thus, the phase estimates of the cross—spectrum
S’xy(a)) will display a linear dependence on a). Accord—
ingly, an estimate of the timing error d may possibly be
obtained by a linear regression of the phase of S’xy(a))
on a). This estimate is given by

-

miw¢;y<w)—iwi¢;.(w)
d:

(01 (01

(912

mZ — (2(0)
(Di

(8)

where the error is estimated in the frequency range
(w1‚co2)‚ and there are m estimates of S’xy(a)) in that
range. The frequency range should be as large as possi—
ble so that any real dependency of Sxy(co) on a) is as
small as possible.

For MT data, there are a number of choices of
which phase to use in order best to determine d. The
phase of, for example, S 32 is equivalent to the phase of
the complex ordinary coherency between N and D,

y =_$2___
32

(S33522)1/2

(Note the terminology throughout — any frequency do—
main measure of correlation which is a modulus squa—
red quantity is termed a “coherence”, and its plural is
“coherences”. The unsquared quantities, which may be
complex, are termed “coherency” and “coherencies”
respectively.) However, the linear system represented by
the MT impedance or admittance tensors is a two-
input/two—output system, and hence ordinary coher-
ences (and accordingly complex ordinary coherencies)
do not give a true estimate of the correlation between
the two components of interest due to other inputs and
outputs on the system. For such data, the correct phase
to use is the phase of the complex partial coherency
between, for example, N and D, 732.1, which is equal to
the phase of the impedance tensor element n.
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Fig. 6. a The phase of the estimates of the off-diagonal imped-
ance tensor elements (n shown as x, and Zyx as +) before
the timing correction was applied. The dashed line is an
illustration of the additive effect on the phase for a timing
discrepancy of 22s b as for a but after correction for timing
discrepancy between the telluric components and the mag-
netic ones

The N and E telluric components were recorded on
separate chart recorders (but using the same clock), and
were digitized seperately, hence there was no reason to
assume that the timing errors between N and (H, D),
and E and (H, D), were exactly equal. Accordingly, two
different timing corrections were derived, d" and de,
from the phases of the uncorrected preliminary es-
timates of the Zx andZyZtensor elements respectively.
These timing errors were calculated from the phase
responses in the period range 50—1„OOOS i.e., over one
and one-half decades.

As an example of the application of the above de-
scribed timing error corgection method, Figs. 6a and b
display the phases of n and Zyx for an event ob-
served at SAU. The uncorrected original estimates of
the phases show physically unreasonable values to-
wards the shorter periods, whilst the corrected phases
are within the bounds 00—900, and agree with each
other (which is to be expected as SAU is considered a
1D location in the period range of interest considered
herein). The estimated timing errors for the two telluric
components are —23.1s for the N component and
—21.6 s for the E component, which are of the expected
order of magnitude, and are approximately equal (due
to the common clock). Also shown on Fig.6a is the
additive effect on the phase due to a timing discrepancy
of 22 5.

Two other recent investigations have attempted to
correct possible timing discrepancies between the elec-
tric and magnetic components by investigating the de-
pendency of a certain phase on a) (Cox et al., 1980;
Chave et al., 1981). Both, however, used the phase of
the complex ordinary coherency, which, as discussed
above, is not considered to be the correct choice. Also,
Cox et a1. (1980) assumed that the phase lead of E
relative to H at frequencies close to 10 cph should be
7t/4. Such a restrictive assumption is not made in the
procedure described above.

4.5 Bias-reduced coherence functions

The normalized transformed coherence functions (Jo-
nes, 1977, 1981b and Sect. 4.2 herein) have not received
widespread use, possibly due to the fact that they are
defined in the range [1, 00], rather than the common
coherence functions which are defined in the range
[0,1]. Hence, bias-reduced coherence functions are de-
fined here.

It is relatively well-known that the estimates of the
various coherence functions are biased, i.e., when all the
components involved are totally uncorrelated the esti-
mated coherence functions are non-zero. For the case
of totally uncorrelated series, the biases of the estimates
of the ordinary, multiple and partial coherence func-
tions are given by

2
B(yxy, 0)

=;,
(9.1)

4
BMW, 0)-—-———_2‚ (9.2)

2v+4
B A2 0 =—-— 9.3(yzx V )

(v__2)2
( )

(Jones, 1977), where v is the number of degrees of
freedom associated with the estimate. When the true
coherences are non-zero however, these biases are re-
duced. Assuming that there is no bias due to misalign-
ment (Carter, 1980), which should be the case as the
series have been aligned as described in the previous
section, Nuttall and Carter, (1976) have shown that the
bias of the estimate of the ordinary coherence function
is given by

303”, riy)= 303W» )(1 —vîy)2 (1 +4yîy/V) (10)
where yxy is the true ordinary coherence. An estimate
of this bias can be obtained from

B(yxy9 yxy)=%(1_yxy)2(1+ 4yxy/v) (11)

and accordingly a bias—reduced estimate of the ordinary
coherence can be defined by

(ÿîy)b _-: ÿxy— B(y)2cy7 yxy)‘ (12’)

As the estimates of the multiple and partial coher-
ence functions have the same distribution functions as
those of the ordinary coherence function, estimates of
the bias-reduced forms of these functions are given by

(Vin), =ÿîxy-Ê(ÿîxy,vîxy)
=13... —- (V—Îë) (1 43.9% + Away/v) (13)

and
(ram;:36;,,1.3....)

=yf„ —(—(-"—Î_+,Î) (1 of. ‚> (H413... ‚M. (14)
4.6 Averaging procedures and acceptance criteria

The most usual method for deriving an estimate of a
response function (or functions) from a number of re-
alizations is to average the raw, or unsmoothed, cross-
spectra for all the available data and to derive the
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estimates of the function from the averaged spectral
matrix. The confidence intervals could then be derived
from the expression given in Goodman (1965, repeated
in Bendat and Piersol, 1971, pp.199—203). This ap-
proach, however, could lead to domination of the spec-
tral matrix by certain realizations with high power lev-
els, and the confidence limit estimation requires that
the noise components be normally distributed. An al-
ternative approach is to average together, in a weighted
manner, the estimated response functions from each
realization, and to derive the confidence intervals by
utilising the Student-t distribution. The latter procedure
assumes merely that the Central Limit Theory is valid
for the data. Even if the distributions of the com-
ponents in the time domain are not Gaussian, i.e., not
normal, the distributions in the frequency domain
should certainly approach the normal form, and the
distributions of the means of the components, which is
equivalent to the smoothed estimates of the response
functions, will be normal. A A A

Accordingly, the response functions Z, Q and W,
from each realization could have been averaged to-
gether, to obtain the final estimates, by expressions of
the form

m

A

Z Wiy
_i=1Z..——..— (15)

where m was the number of available estimates, and wi
was the weighting factor for the i’th estimate. However,
due to the aforementioned problem regarding reliable
phase determination, the apparent resistivity and phase
estimates were averaged independently from each other
by expressions similar to Eq.(15), where the weighted
average of apparent resistivity was derived on a logar-
ithmic scale due to its lognormal, rather than normal,
distribution (Bentley, 1973; Fournier and Febrer, 1976).
The weights chosen were the bias-reduced estimates of
the partial coherences, viz. (3224),, and ($334),” for the
impedance and admittance estimates respectively.

The above defined bias-reduced partial coherences
were employed not only as weights, but also as accep-
tance criteria for the estimates of the tensor elements.
The estimate of the bias-reduced partial coherence had
to be greater than 0.8 for acceptance. As the partial
coherence functions are always less than the multiple
coherence functions, this acceptance criterion, it should
be noted, is stricter than one of ÿâ12>0.8 employed, for
example, by Swift (1967), Kurtz and Garland (1976) and
Rooney and Hutton (1977). Also, because the bias-
reduced forms are used, the acceptance criterion is
probably stricter than VA§12>09 as used by Reddy and
Rankin (1972), Vozoff (1972) and Reddy et al. (1976).

5. Results

5.1 Nattavaara

An inspection of the data recorded at NAT showed
that, for all events, the two unrotated off-diagonal ten-
sor elements lay within the bias errors of each other,
and the diagonal elements were all 10% or less of the
off-diagonal elements. Also, the direction in which the
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Fig.7. The final averaged estimates of W4), for NAT, with
standard errors on the Wx’y responses. The full line is the
theoretical response of the best-fitting model (listed in Ta-
ble 2 a) discovered by the search procedure

partial coherence function (9312),, displayed a maxi-
mum appeared to be random, i.e., no consistent direc-
tion was apparent over the whole frequency range and
over all seven events analysed. Both the real and imag-
inary induction vectors for a uniform field event were
<0.2 in the period range 100 s—1,0003 (Paper II,
Figs. 10a—d and 11a—d). Nattavaara is in the same tec-
tonic setting as Kiruna (KIR, Fig.1), and HSG data
centred on KIR were shown in Papers I and lb to be
fully compatible with a 1D interpretation. Hence, all
four facts indicate that the data may be interpreted in a
1D manner, and accordingly the data were analysed as
described in Sect. 4.3.

The final estimates of W; , are illustrated in Fig. 7
in terms of apparent resistiv1ty and phase. The limits
shown on the estimates are standard errors, i.e., the
68% confidence intervals. The averaged estimates of
Z’xy and Q’xy displayed downward and upward biasing
respectively, due to the noise contributions on the mag-
netic and telluric fields. The bias errors however, esti-
mated by (Q;y—Z’xy)/2, were of the same order of
magnitude as theA random errors. The estimated re-
sponse function WA, was taken as indicative of the
conductivity—depth structure beneath NAT. This func-
tion was tested for validity by the nine inequalities
given by Weidelt (1972, reproduced in Paper 1). Of the
72 inequalities (9 at each of 6 periods), only 4 were not
upheld, thus giving greater confidence to the belief that
the NAT response may be interpreted in a 1D manner.
The NAT responses are listed in Table 1a.

In Jones (in press 1983b), the NAT response is
compared with that from the HSG analysis of data
centred on KIR (see Fig. 1). For the two techniques,
MT and HSG, a different character of the source field
is required. In order to interpret single-station MT
responses (i.e., when there is no knowledge of the source
structure), the source must be either uniform, or have a
linear dependence with horizontal distance (Dmitriev
and Berdichevsky, 1979; Schmucker, 1980). For HSG
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Fig.8. The final averaged estimates of W’y for SAU, with
standard errors on the Wx’ responses The full line is the
theoretical response of the best-fitting model (listed in Ta—
ble 2) discovered by the search procedure

data however, the source must be sufficiently non-uni-
form that the gradients of the horizontal magnetic field
with lateral distance can be reliably estimated. Not-
withstanding these basic requirements of the data, the
inductive response functions observed at KIR and
NAT are in total accord with one another. This fact
indicates that not only have the timing error correc-
tions been performed satisfactorily, but also that there
are no appreciable telluric distortion effects, of the form
described by Richards et al. (1982), or current chan-
nelling phenomena (see Jones, in press 1983c for a
review of this highly contentious subject), occuring in
northern Sweden.

Also in Jones, (1983b), the X2 misfit of the D+
model, found by Parker’s (1980) scheme, to the NAT
response is derived. This misfit is 3.62, which implies
that there is very little confidence in accepting the
hypothesis that the data do not originate from a 1D
earth.

5.2 Sauvamäki

As with the NAT responses, the unrotated off-diagonal
impedance tensor estimates (Zx and Zyx), and the off-
diagonal inverse admittance tensor estimates (Qxy and
QM), were all within the statistical bounds (at 68 %) of
each other. Also, the real and imaginary induction vec-
tors observed at SAU for a uniform field event were all
less than 0.2 in the period range 102—1035 (Paper 11,
Figs. 10a—d and 11a—d). The nearest known large
geological feature to the site is the Lake Ladoga-Both-
nian Bay zone (LBBZ), or Svecokarelian fault, lying
approximately 60 km to the NE (see Fig.1). Hence, it
was considered justifiable to analyse and interpret the
data in a 1D manner (see Sect. 7 for a further examina-
tion of this point).

The final estimates of W’y are illustrated1n Fig. 8 in
terms of apparent resistivity and phase, with standard
errors as shown. These estimates were also tested for

Table la. Estimated response function for NAT with as-
sociated standard errors (i.e., 68 % confidence)

¢ + se çb — se
(degrees) (degrees)

Period pa
(S) (9m)

d> pa+Se pa—Sea
(degrees) (Qm) (Qm)

100 127 65.3 303 26.3 90.0 36.7
160 150 62.7 179 124 67.8 57.5
250 158 59.7 193 127 65.7 53.8
400 156 55.6 171 141 58.2 52.9
630 160 59.6 186 135 64.1 55.1

1,000 165 52.3 192 141 56.7 48.0
1,600 135 58.7 161 110 64.1 53.3
2,500 119 63.8 147 94.7 70.1 57.6

Table 1b. Estimated response function for SAU with as—
sociated standard errors (i.e., 68 % confidence)

Period pa d)
(S) (9m)

d) — se
(degrees) (degrees)

pa+se pa—Se d)+se
(degrees) (Qm) (Qm)

63 119 46.2 116 80.5 56.3 36.0
100 93.7 59.8 122 69.1 67.8 51.7
160 85.3 63.8 106 66.6 70.4 57.2
250 91.8 56.8 132 58.4 68.2 45.3
400 103 43.6 137 74.3 52.2 34.9
630 121 36.0 203 60.0 52.4 19.6

1,000 112 40.4 165 70.1 52.3 28.5

a se = standard error

validity by Weidelt’s inequalities. Of the 63 inequalities
(9 at each of 7 periods), 21 were violated, principally at
the shortest and longest periods but also due to the
minimum in the real part of the response function,
gSAU, when it is expressed as Schmucker’s inductive
response function, C(co), at 630s (see Jones, 1983b,
Fig.2). Smoothing the real and imaginary parts of the
response function independently with a 3 point Han-
ning window, (iäj), yielded a response function of
which only 14 estimates violated the inequalities. These
smoothed data are listed in Table 1b. The main cause
for the violation of these 14 inequalities was the badly
estimated phase response at the shortest period. It was
therefore concluded that the timing error correction
had not completely removed the effects due to in—
correct timing, and hence the shortest period phase
response was ignored in the Monte-Carlo model search
procedure, which is discussed below.

The SAU MT response is compared with the HSG
one for the region in Jones (1983b). The two are shown
to be highly compatible, and hence the above com—
ments about the northern Sweden region, regarding the
lack of telluric distortion effects and/or current chan-
nelling phenomena, are also valid for the locale around
SAU. This fact is considered further, in the comparison
with the results of other MT studies conducted in Fin-
land, in the Discussion. The X2 misfit of the SAU
response to the D+ model is 9.67, which gives little
confidence in the hypothesis that the data do not orig-
inate from a 1D earth.

Illustrated in Fig.9 are the AMT apparent resis-
tivity geometric means, together with their sample stan—
dard deviations. Apart from the highest frequency es-
timate (at 3,700 Hz), the response describes a uniformly
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Fig.9. The locally—averaged AMT apparent resistivities, with
associated sample standard deviations, for the three stations
close to SAU

resistive top layer of some 3,000 firm. The skin depth at
the lowest frequency (8 Hz) is of the order of 10 km,
implying that the uppermost layer is of 10km mini-
mum thickness. The AMT data were used only in a
qualitative manner, to constrain the topmost layer pa—
rameters, in the Monte-Carlo inversions.

6. Models

6.1 Finst—approximation continuous models

To gain an initial impression of the conductivity—depth
structure beneath the MT recording locations, a modi-
fied form of the Niblett-Bostick (Niblett and Sayn-
Wittgenstein, 1960; Bostick, 1977; see also Weidelt et
al., 1980 and Jones, 1983a) transformation was em-
ployed. The Niblett-Bostick transformation gives a re-
sistivity pB at depth h, from the apparent resistivity
curve alone, from

_ pa(T)T “2
h—( 27mO > (15)
and

1 TpB<h>=pa<T> (fig—fig) (16)
where

_ d 10g(pa(T))

The Niblett-Bostick transform is known to perform
well in the case of a decrease in resistivity with depth,
but not so well for an increase of resistivity with depth.
This is due to the reluctance of current to enter a more
resistive layer. In order to compensate partially for this
effect, the gradient of m(T) is taken into consideration,
1.e.,

MT) _ d2 10g(pa(T))
.._ d2 log(T) '

If both m(T) and m’(T) are positive, then the apparent
resistivity curve indicates that, at the periods of interest,
a transition is being made between a less resistive layer
and an underlying more resistive one. Conversely, if
both m(T) and m’(T) are negative, then the opposite is

(18)
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Fig. 10. The modified Niblett—Bostick first-approximation con-
tinuous models for the MT stations NAT and SAU. Also
shown are the models for KIR and KEV (see Fig. 1) from
their HSG responses, and for the East EurOpean Platform
(EEP)

true. Hence, a first-order inversion is defined by re-
sistivity pJ, at depth h, given by

l Tp.<h)=p.(T> (Ti—2%)
for sign(m)=l=isign(m'), (19)

_ 1+sign(m)(lm|)"man—pm (1 —sign(m) (1m04)
for sign(m)=sign(m’)

where

_ 1/(1+m)2 for m(T)>0
‘ii/(1——m)1/2 for m(T)<0. (20)

Figure 10 shows the modified Niblett-Bostick trans-
formations of the two MT response functions, together
with those of the inductive response functions, C(co),
estimated by the HSG method for northern Sweden
(KIR) and northwestern Norway/northern Finland
(KEV) (Papers 1, 1b), and of the generalised curve for
the East EurOpean Platform (EEP), 'as presented by
Vanyan et a1. (1977). The transformation of the HSG
response observed at SAU is not included due to the
lack of confidence in the imaginary part, i.e., hSAU.
These transformations indicate that the upper mantle
beneath Scandinavia is remarkably similar everywhere,
of resistivity around 100 Qm. This value is more than
an order of magnitude smaller than that of the “nor-
mal geoelectric profile” for the EEP at similar depths
(Vanyan et al., 1977, 1980).
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Fig. 11. The resistivity-depth profiles of models found that are
acceptable to the NAT reaponse illustrated in Fig. 7

The other features of note are (i) that the KIR and
NAT transformations are very similar, and (ii) that the
SAU transformation indicates the existence of a lower
crustal conductor. There is the indication from the
KEV transformation of a conducting zone beneath north-
eastern Norway/northern Finland. This feature was
not confirmed however in the model searches described
in Paper lb. The indication by the SAU transformation
of a strong resistivity decrease within the upper mantle
is due solely to the longest period estimate, and hence
is not considered reliable.

6.2 Monte- Carlo models

Resistivity-depth profiles consistent with the MT re-
sponses were discovered by a modified form of the
Monte-Carlo search procedure of Jones and Hutton,
(1979b; see also Paper Ia). For the NAT reSponse, it
was a priori assumed that the top layer was of 104 (2m,
to be consistent with the information known about
KIR (Westerlund, 1972). For SAU, the tOp layer re-
sistivity was assumed to be 3,000 Qm, and no models
were sought in which the top layer thickness was less
than 10km, from the AMT information.

Four layer resistivity-depth profiles of models ac—
ceptable to 15 of the 16 response estimates (8 apparent
resistivity and 7 phase) for NAT are illustrated in
Fig. 11, and the acceptable parameter statistics are giv-
en in Table 2a. The theoretical response of the best-

Table 2a. Statistics of the acceptable model parameters to the
NAT response

Layer Mean Min Max Mean Mean Best
— Sd a + Sd

Layer resistinities (Qm)
1 10,000 — — — — 10,000
2 284 106 895 150 540 123
3 96 89 101 93 99 95
4 4.1 2.1 11.3 2.6 6.3 4.2

Layer depths (km)
1 13.6 5.7 20.8 9.7 19.1 18.6
2 22.8 20.2 28.3 20.8 24.9 25.7
3 211 170 244 19? 225 201

Table 2b. Statistics of the acceptable model parameters to the
SAU response

Layer Mean Min Max Mean Mean Best
— Sd + Sal

Layer resistivities ($1111)
1 3,000 — — — — 3,000
2 25.3 12.1 51.3 17.5 36.5 42.9
3 161 63.2 477 93.3 278 327
4 5.3 2.0 11.7 3.1 9.1 2.8

Layer depths (km)
1 22.5 15.5 29.0 19.5 25.9 19.8
2 42.2 27.9 59.1 35.2 50.7 58.7
3 188 153 248 166 213 201

“ Sd=Standard deviation of the sample

fitting model found by the search, listed in Table 2, is
illustrated in Fig.7. It is obvious that the upper mantle
resistivity is well defined to 95 Qm (93—99 Qm as mean
plus/minus one standard deviation of the accepted mod-
el parameter p3), which is in excellent agreement with
the resistivity of the upper mantle beneath KIR (Paper
1a). Also, exactly as for the KIR models, a well con-
ducting layer, of p=2—109m, is required below NAT
at a depth of 195—225 km. This depth is somewhat
greater, by about 20 km, than beneath KIR. However,
models can be found for KIR and NAT for which this
depth is the same beneath both locations, hence the
evidence from these two locations gives only marginal
support to any conjecture that the asthenosphere
deepens from KIR to NAT.

For SAU, the resistivity-depth profiles of models
discovered, which were acceptable to all 13 data points
plus their standard errors (7 for apparent resistivity and
6 for phase), are as illustrated in Fig. 12, and the ac-
ceptable parameter statistics are given in Table 2b. The
theoretical reSponse of the best-fitting model, listed in
Table 2, is illustrated in Fig. 8. The models are signifi—
cantly different from those acceptable to the NAT,
KIR, and KEV responses in one important detail -
namely the requirement for a well conducting lower
crustal layer, of p=18—36Qm. At upper mantle depths,
the resistivity is in the range 95—275911’1, which is
slightly more resistive than beneath KIR and NAT, but
not exceptionally so. Due to the attenuation of the
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Fig. 12. The resistivity-depth profiles of models found that are
acceptable to the SAU responses illustrated in Figs. 8 and 9

electromagnetic fields in the lower crustal conducting
layer, of depth integrated conductivity in the range
550—900 S, penetration was not afforded to deep upper
mantle depths. Hence, the structure at depths below
about 150 km is not resolved, and accordingly any
“electrical asthenosphere” cannot be any shallower
than 150 km below SAU.

7. Discussion and conclusions

The models consistent with the MT response functions
observed at NAT and SAU, as illustrated in Figs. 11
and 12, are indicative of several important factors. Basi-
cally the interpretation of the NAT magnetotelluric
response is in total accord with that for the KIR HSG
response (Paper la) — and hence the points made about
the KIR models are also true for the NAT models.
These are:
(1.1) The depth of the base of the top layer (14km
mean value) corresponds with the current best es-
timates of the upper crustal thickness, and hence this
interface may be the electrical analogue of the seismic
Conrad discontinuity. The implication here is that the
Conrad discountinuity is associated with an electrical
conductivity increase. However, as the nature of the
seismic Conrad discontinuity is little understood, the
accord in these depths may be purely coincidental.
(1.2) A lower crustal layer of around 300 Qm, which is
classified as Type II by Jones (19810).
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(1.3) There is a small, or none existent, electrical re-
sistivity contrast at the seismic Moho boundary, which
concurs with the doubts of Theilen and Meissner (1979)
of there being a strong acoustic interface at the Moho
in this region.

(1.4) The depth of the transition to a well conducting
layer, of p=2.5—10§2m, in the upper mantle corre—
sponds with seismic evidence for the existence of a low
compressional wave velocity layer in the same region
(see Paper Ia for details).

For the models acceptable to the SAU reSponse,
three major points are important:

(2.1) There must exist a lower crustal conducting
layer, of p=18—36Qm, in the region around SAU. The
necessity for a conducting zone was already known
from the strong attenuation of the vertical magnetic
component in this region compared to northern Scan-
dinavia (see Kuppers et al., 1979, Fig. 6). For a source
of wavelength 1,000 km (approximately the dominant
wavelength of the electrojet illustrated in Fig.5 of
Kiippers et al.) and period of 2003 (the dominant per-
iodicity of the event diSplayed in Fig. 6 of Kiippers et
al.), the HZ/Hx ratio in northern Scandinavia, assuming
that the geoelectric structure is as given by the best-
fitting models to the KIR and NAT reSponses, is 0.4—
0.45, which is in accord with the observations at MUO
(see Fig.6 of Ktippers et al.). For the SAU region
however, i.e., assuming the best-fitting model to the
SAU response, this ratio is 0.3, as indeed shown by
station SAU in Fig.6 of Kuppers et al.. Station JOK
displays a much smaller Hz/HX ratio, of around 0.2,
which is probably caused by 2D effects due to the
Ladoga-Bothnian Bay zone. Such a conducting lower
crustal layer classifies it as Typelll according to the
system preposed by Jones (1981c). The implication for
seismic studies is that this lower crustal layer will
exhibit a normal compressional wave velocity, of VP
=6.8 kms”, but a low shear wave velocity, of V3234—
3.7 km s“, entailing a Poisson‘s ratio greater than 0.3.
Such a zone has previously been reported for the
southeastern Grenville Province of the Canadian Shield
(Jordan and Frazer, 1975; Connerney and Kuckes,
1980; Connerney et al., 1980), and for the southeastern
African Shield region (Block et al., 1969; van Zijl, 1977;
Blohm et al., 1977). In both cases, the effects of serpen-
tinization were postulated to explain the anomalous
seismic and electromagnetic results. However, in a re-
cent compilation of observations, Shankland and Ander
(in press 1983) conjecture that these high conductivities
may be due to a water-rich fluid with a strong content
of conducting solutes, which suggests that the lower
crust beneath the regions must have a porosity of 0.01—
0.1%.
(2.2) Beneath southern Finland there is an electrical
boundary which corresponds very well with the postu-
lated Moho depth of 46 km for the region (Bungum et
al., 1980), although the Moho is believed to dip sharply,
to a depth of around 55 km, beneath, and to the north-
east of, the LBBZ (Luosto et al., 1982). The geoelectric
interface, at a most probable depth of 42 km, is be-
tween a layer of around 25 Elm and an underlying one
of around 150 Qm, i.e., it implies almost an order of
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magnitude increase in electrical resistivity. This con-
trasts sharply with the models acceptable to the NAT,
KIR and KEV responses which do not display any
appreciable resistivity variation at Moho depths.
(2.3) Although the modified Niblett-Bostick transfor-
mation of the SAU response (Fig. 10) infers a strong
resistivity decrease within the upper mantle, this is not
shown to be unequivocally so by the Monte-Carlo mo-
del search procedure. Virtually any conductivity—depth
distribution below 150 km is permitted by the data.
However, if an electrical asthenospheric layer is present
beneath southern Finland, it can be no shallower than
150 km.

A simple 2D model of the LBBZ is one in which
the 1D models for SAU and for NAT are juxtaposed to
represent the south-westward and north-eastward sides
of the zone respectively (it cannot be stressed too high-
ly that this is a very simplified model of the zone — but
one that may indicate if a 1D model for SAU is valid).
Assuming that the upper crust is contiguous across the
zone, and is of 5,000 Qm resistivity and 20 km thick-
ness, the differences in the lower crustal layers are
represented by two adjacent zones of 25 Qm (for the
SW side) and 250 Qm (for the NE side) of 25 km thick-
ness (i.e., total crustal thickness of 45 km). The mantle
can also be assumed to be contiguous across the zone,
with an upper mantle of 100 Qm to a depth of 200 km,
underlain by an electrical asthenosphere of 59m. For
this 2D model, at a position corresponding to the SAU
site with respect to the LBBZ, the two possible polari—
zations of the incident field yield apparent resistivities
and phases of 75 Elm and 43° (E-polarization) and
53 Qm and 51° (B-polarization) at a period of 1,000 s.
The 1D model for the SAU side of the fault yields MT
response values of 699m and 45°. At 1005, these re—
sponses are 80 firm and 63° (E), 84 Qm and 65° (B), and
89 (2m and 67° (1D) respectively. Hence, given the er-
rors in the data, it is not possible at SAU to detect the
effects of the above described simplified LBBZ model.

As mentioned in the Introduction, there have been
other geomagnetic induction studies conducted in Fin-
land by collaborative efforts on the part of groups from
Finland (Oulu), Hungary (Sopron) and the USSR
(Moscow). Adam et al., (1982) made measurements at
five locations on a profile crossing the LBBZ, from SW
to NE, with an average interstation separation of some
60 km. The response functions from all stations exhi-
bited a large anisotropy between the rotated maximum
apparent resistivity, pmax, and the rotated minimum
apparent resistivity, pmin, at all frequencies. The closest
station to SAU, MT1 (which was their south-western-
most station, and was approximately 100 km north of
SAU), displayed a very high anisotropy, of greater than
2 orders of magnitude, throughout the whole period
range of observation. This was interpreted by the au—
thors as due to the effects of a narrow tectonic zone
(dyke), filled with well-conducting formations, embed-
ded in the resistive host (of resistivity 104 Qm). In
stark contrast, the apparent resistivities for SAU show
no anisotropy, and, as mentioned previously, the au-
thors believe that they are fully justified in undertaking
a 1D interpretation of the response function.

Adam et al. (1983), supplimenting the above study
with 2 long period MT observations (104—1055), show

pmax and pmin curves for one of them that are almost
parallel, on a log-scale, but displaced by an order of
magnitude. This feature is taken to suggest that surface
telluric distortion effects are responsible, of the type
discussed by Richards et al. (1982). As discussed pre-
viously, such a distortion is not possible at SAU due to
the excellent accord between the HSG and MT re-
sponse functions (telluric distortion effects, due to near-
surface inhomogeneities, would adversely affect the MT
response but not the HSG one, as no telluric field is
measured).

Finally, in the prelimenary interpretation of their
magnetometer array data, Pajunpa'a et al. (in press
1983) concluded that there is probably a difference in
electrical conductivity beneath the western part, com-
pared to the north-eastern part, of their array. Their
array straddled the LBBZ, and hence this difference
may be attributable to the better conducting lower
crust to the SW of the fault compared to the NE of it.
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Abstract. Geothermal conditions in the Puga valley, located
at an elevation of about 4400 m above mean sea level, have
been studied by near surface thermal investigations and
a combined interpretation of geochemical, geological and
other geophysical results. We find that out of its total length
of about 15 km a small part of about 4 km extent exhibits
anomalous subsurface thermal conditions. In contrast with
other parts of the valley, this small zone is characterised
by positive 1 m temperature gradients, rapidly increasing
near surface temperatures, and low resistivity (3—30 (2m)
subsurface layers. We infer that the anomalous near surface
thermal conditions are caused by heat and mass transfer
from a shallow reservoir of estimated temperature of about
165 °C. Wells drilled in this part of the valley yielded co-
pious quantities of steam—water mixture. It is quite likely
that the shallow reservoir derives its heat mainly through
hot water which ascends from a main deep-seated reservoir
of estimated temperature around 220 °C, and flows under-
neath only a part of the valley through N-S and NE-SW
lateral channels. The main heat sources for the Puga geo-
thermal anomaly is shown to be a medium sized intrusive
body which could have been intruded during the Quaterna—
ry period, at a depth around 7 km, underneath an area
located outside the valley not too far from it.
Key words: Geothermal resources — Geophysical explora-
tion — Thermal anomaly — Lateral mass flow — Himalayan
geothermal field

Introduction

There is a considerable interest in the geothermal potential
of the Puga valley, which is located in the Ladakh district,
in the NW Himalaya, and represents the most extensive
hot spring activity in India. It is situated at an altitude
of about 4,400 m above mean sea level with surrounding
hills rising up to an altitude of about 6,000 m. The valley
trends in almost E—W direction over a stretch of about
15 km with a maximum width of about 1 km, and lies to
the south of the Indus—Tsangpo suture zone which has been
believed to be a major crustal subduction zone, confirmed
by the discovery of blue schist facies from its basic rocks
by Virdi et a1. (1977). The valley appears to be a down-
faulted block with its northern and southern faults con-
cealed under the valley material, which consists of recent

Offprint requests to: M.L. Gupta

to sub-recent deposits of glacial moraines (partly lake sedi-
ments), eolian sand, clay, and scree. Borax and sulphur,
which are genetically connected with thermal fluids, occur
widely in the eastern part of the valley. Over one hundred
hot springs with temperatures varying from 35 to 84 °C
(84 °C corresponds to the boiling point of water at Puga
altitude) and discharges up to about 51/3 occur. A line
of old fumarolic activity, in a part along the base of the
northern hill, 'has also been inferred from the presence of
the sulphur deposits. A general geological map of the Puga
valley and the adjoining areas is shown in Fig. 1. Various
geological, geochemical, and geophysical investigations in-
cluding exploratory drilling have been carried out in the
valley and have shown that a definite potential for geother-
mal resources exist (Gupta, 1967; Gupta and Rao, 1971;
Gupta et al., 1975, 1976, 1979; Shanker et al., 1976;
Krishnaswamy, 1976).

The results of the near surface thermal investigations
carried out in the valley are presented in this paper. These
are discussed in the light of other related data so as to
provide information on the subsurface thermal conditions
of the valley and the heat source responsible for the ob—
served geothermal phenomena.

Near surface thermal investigations

Temperature studies at one—metre depth
Temperatures at a depth of one metre were measured by
using probes, especially designed for the purpose, over a
grid of 50 or 100 m covering a 7 km stretch of the valley.

Two representative isothermal maps based on these
measurements are shown in Figs. 2 and 3.

Shallow temperature gradient studies

Temperatures at 0, 20, 40, 60 and 100 cm depths were mea-
sured in specially drilled small diameter holes on various
traverse lines, mostly in a N—S direction. Measurements
of temperature at 1 m depth were also carried out a few
times daily during the field investigations at a base station
near the camp. Appreciable diurnal and seasonal effects
were not observed. Temperatures at various depths for
some locations are shown in Fig. 4. The shallow tempera-
ture gradients generally vary from about 1.0 to 10 K m‘ 1
with exceptions generally in the vicinity of hot springs.

Shallow temperature surveys were carried out during
more or less the same months in two different years at
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two stages. Temperature observations at base stations made
in the two years showed some variation originating from
the influence of annual air temperature variation. However,
the variation is of a small magnitude and does not affect
the overall results and inferences in the present case.

Temperature measurements in exploratory drill holes
Temperatures at up to 70 m depth, at discrete intervals in
stable water column conditions, were measured in ten ex-

ploratory drill holes. Temperature gradients varying from
0.32 to 6.5 K m‘ 1 were obtained.

Surface heat flow in Puga Valley

A general survey indicated that although, in some parts
of the valley, the surface heat flow in the near surface layers
is mainly through convective process, in most places con-
duction predommates. However, convection has been taken
to prevail as the main mechanism of heat transfer, following
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a method suggested by Robertson and Dawson (1964), in
areas which fell within the 30 ”C isotherm at 1 m depth.

Heat flow values in areas dominated by conduction were
determined by using 1 m temperature gradients and mea-
sured thermal conductivity coefficients on a large number
of sediments by a so-called probe method (Gupta, 1960).
The coefficient of thermal conductivity range from 1.0 to
1.7 W m—1 K‘1 with a mean of1.26 W m”1 K‘l. The heat
flow values from about 1 W m F 2 to around 12 W m‘ 2 were
obtained. Heat flow through the valley floor, in areas domi—
nated by convective heat transfer, was measured by embed-
ing sensitive heat flow transducers (Gupta, M.L., Indian
Patent No. 85447), at a depth of 1 m at several locations
in the valley. The heat flow transducer consisting of a large
number of thermo-junctions is in the form of a thin disc.
Heat flows from 12 W m‘2 up to very high values of
100 W m‘ 2 were obtained.

The coefficients of thermal conductivity of rock samples
from boreholes were also determined. The heat flow calcu-
lated using the mean measured thermal conductivity of core
samples and the lowest temperature gradient of 0.32 K m‘ 1
observed in the non—flowing well GW3 between a depth
interval 34—44m is 0.63 W m—z (15 HFU; 1HFU:1'
10‘5 cal cm"1 “C"1 {1:41.87 mW III—2). Such a high
conductive heat flow value would imply very high crustal
temperatures and melting at very shallow depths. Obviously
it can not be the true conductive heat flow.

Interpretation and discussion

A systematic analysis of the shallow thermal data obtained
in the valley showed that the observed shallow temperature
gradients are positive in a 4 km stretch of the valley, encom—
passing a small zone of an area of about 2.5—3 km2 situated
in its eastern portion between W80 and E82. Temperature
gradients are negative outside this zone both towards the
east and the west (Fig. 5).

Negative temperature gradients at shallow depths are
theoretically possible and are usually observed when mea-
surements are made during summer in an area which is

not characterised by very large conductive or convective
heat flows.

It can be shown that the temperature gradients at a
depth Z from the surface due to solar radiation isigiven
by (Ingersoll et al., 1954):

0 T _ z .
5E:

Toe ”(—u) [sm (mt—Zu)+cos (wt—Zu)].

The temperature gradient would be negative during one
half the cycle (in summer) and positive (in winter) during
the other half.

The combined temperature gradient due to both solar
radiation and terrestrial heat flow is given by:

gn+ T„e_z“(—u) [sin (wt—Zu)+cos (cot—210].

Where
G: is the temperature gradient due to heat flow from the

earth’s interior

To: is the amplitude or half range of the temperature at
the surface

I: is the time with respect to the nearest maximum or
minimum temperature at the surface

u= l/ 3
20c

at: is the thermal diffusivity of the subsurface formations
0;): is the fundamental radiation frequency, Zar/P where

P is the period of the temperature wave

Climatological data for Puga valley have been collected
during only a few months over many years. However data
are regularly recorded by the Indian Meterological Depart-
ment (IMD) for Leh (location shown in Fig- 1) and have
been for several decades. Considering the IMD climatologi-
cal data for Leh and applying the elevation correction for
the Puga valley, the average maximum and minimum air
temperatures, which occur in the months of July and Janus
ary, can be taken as 19° C and —20° C respectively for
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the valley. These have been used to demonstrate the occur-
rence of negative temperature gradients at 1 m depth in
a part of the Puga valley during the period of near surface
geothermal investigations.

Considering the following parameters:
t=60 days x. 5.2 x106 s
after the occurence of maximum air temperature in the Puga
vafley.

Tfl=amplitude or half range of the temperature at the sur-
faces: i195" C.

0:20.005 and 0.01 cm2 s”.
We obtain that the temperature gradients at a depth

of 100 cm during the month of September, on account of
the annual temperature wave due to solar radiation would
be:

"à? —-0.08 and —0.06 C’C cm‘ 1

for=0.005 and 0.01 cm“1 3""1 respectively.

The temperature gradient due to terrestrial heat flow,
even if we consider a postulated Quaternary magmatic
body to occur in the vicinity of the valley. is not likely
to exceed +0.02 °C cru—1. Therefore. the observation of
negative temperature gradients during summer months in
a part of the Puga valley is in order. The positive tempera—
ture gradients in a small area of the valley (Fig.5) have
been caused by upflow of large quantities of heat through
processes of conduction, convection and mass transfer.

Temperatures at 1 m depth in the anomalous zone are
high along both banks of the Puga nala and decrease to-
wards the foot hills. This pattern appears to be reversed
towards east as in temperature profiles E86 and E106 (Fig.
6). Such a near surface thermal character appears to have
been caused by the upflow and spread of hot water under-
ground.

The isotherms (Fig. 2) in the central part of the valley,
based on measurements made before exploratory boreholes
were drilled, give a very good picture of the subsurface
thermal conditions. The general appearance of the isogeo-



|00000064||

56

therms strongly suggests that a great deal of hot water and
consequently much of the heat flow is transported through
relatively isolated channels or groups of channels, which
appear to be shaped more like pipes than elongated cracks
or fissures. In places, there is some suggestion of alignment
of these passages along what may be more extensive faults.
The trend of these passages also coincides roughly with
the general course of the main stream draining the valley.

The isotherms close up near the location of three bore-
holes (20, 20A and 20B; Fig.2) which were drilled for
exploration of sulphur and encountered thermal fluids.
There is an indication that the 35 °C isotherm may continue
near and parallel to the location of these boreholes. This
zone seems to be a good area for encountering thermal
fluids of high temperature and pressure.

Borehole PS22 (Fig. 2) which also encountered streams
of hot water, is located near another ‘High Temperature
Zone’. The area under the 30 °C isotherm is the largest
in this zone. This seems to be a very promising zone, and
warrants deeper exploration (Gupta and Rao, 1971).
Geothermal wells (GW-10 and GW-12), drilled later during
1973 and 1974 in this eastern high zone, encountered steam/
water mixture under pressure.

Near the P823 borehole (Fig. 2) the temperature con-
tours show a NW—SE trend. This is most probably con-
trolled either by the basement structure or by hot water
flow in a narrow channel. This is another high temperature
zone and borehole GW5, drilled later during 1975 in this
zone, encountered thermal fluids under pressure, inciden-
tally demonstrating the usefulness of the 1 m temperature
studies as a rapid and quick method for determining subsur-
face thermal conditions.

The temperature data of the exploratory wells clearly
showed that the near surface layers of the central part of
the valley are characterised with high temperature gra-
dients, which generally start decreasing after a particular
depth in each drill hole. Such a behaviour suggests that
a hydrothermal convective system is located at a very shal-
low depth. Wells drilled to deeper depths tapped buoyantly
rising thermal fluids.

Puga valley hydrothermal system

The system under study is a valley filled with sediments.
These are generally saturated with cold water and at places
with mineralized (about 1,800 ppm of dissolved solids), up-
rising, deep thermal waters, which may flow either laterally
into the valley at certain depths from elsewhere or from
the deeper parts of the valley, through connected faults
and fissures. The ascending thermal fluids, when flowing
in a top of permeable layer, would gradually cool and natu-
rally deposit dissolved constituents. This in turn, reduces
their effective porosity, and renders them wholly or partially
impermeable thereby forming a self sealed cap rock. Thus
in the case of Puga valley some layers of the sediments
of its eastern part, under which channels of thermal waters
exist, have been more or less cemented and behave like
a rock of low permeability. The valley fill material has be-
come reconsolidated and compacted by silica into a hard
breccia like rock by the natural thermal fluids (Shanker
et al., 1976). The depth of cemented rock depends on the
past history of sedimentation, thermal and tectonic activity.

High temperature gradients are registered in drill holes
in top layers of reduced permeability due to the predomi-

nance of conduction. The lowering of the gradient values
is due to the wells opening into formations in which temper-
ature equilibrium takes place due to convective fluid mo-
tion. In certain parts, due to saturation of near surface
layers from rapid rise of thermal waters at the surface, con-
vection may play a significant role in heat transfer as has
appeared to be the case in some parts of the valley.

The high and rapidly increasing near surface tempera-
ture points to a heat source nearby, probably a hydrother-
mal reservoir. As pointed out earlier, an area of about 2.5
to 3 km2 of the valley, situated in its eastern part (Fig. 5),
is characterised by abnormally high subsurface temperature
and temperature gradients. The electrical resistivitiy sound-
ings and profiling data (Gupta et al. 1976), and telluric cur-
rent surveys (Rakesh Kumar et al., 1979) corroborate and
substantiate the results of thermal investigations (Fig. 7).
The above mentioned hot zone was found to be character-
ised by low resistivity (10 to 30 52m) subsurface formations
with some isolated zones of still lower resisitivity values
(3—6 Qm). The thickness of the zone generally varies from
30 to about 170m. Some thick layers (z250 m), of low
resisitivity, were also found in the south-western portion
of the valley. The analysis of tellurograms recorded with
mapping techniques indicated two locations of abrupt chan-
ges of resisitivity (Fig. 7) between which there seems to a
belt of very low resistivity (Rakesh Kumar et al., 1979).

According to the chloride contents of its thermal waters,
the Puga hydrothermal reservoir is of hot water type. Al-
most equal values of temperature varying from 183 to
235 °C, from Na/K and Na-K-Ca geothermometers and
a much lower temperature of 167 °C from the Silica geo-
thermometer were reported for the Puga hydrothermal res-
ervoir by Gupta (1974) and Gupta et al. (1975, 1979). The
upper limit for the enthalpy of Puga thermal waters, accord-
ing to Gupta et al. (1979), is 1,150 Jg‘l. The theoretical
maximum temperature of the source possessing this value
turns out to be 265 °C. Generally subsurface temperatures
in a hydrothermal area are lower than the boiling point
of water for the corresponding depth. Under such condi-
tions a temperature of 265 °C should occur at a depth of
about 600 m.

It is obvious that the Silica geothermometer has re-
flected the temperature of the shallow reservoir, delineated
by the geothermal and geoelectrical surveys and exploratory
drillings. The majority of the shallow and medium depth
drill holes in the valley tapped steam-water mixture and
bottom hole temperatures up to 135 °C were recorded. The
actual temperature of the thermal water in the shallow res—
ervoir must be higher than this value, as its value should
decrease both due to heat losses during ascent and flashing
of thermal water into steam. A consideration of the afore-
said points separately also yield a reservoir temperature
around 165 °C. High temperatures (210—240 °C), as ob-
tained from Na/K and Na-K-Ca geothermometers, indicate
the existance of a main reservoir at great depths. However
geophysical surveys carried out so far in the valley have
not been able to locate this.

The results of investigations so far carried out clearly
indicate the existance of a sizeable shallow reservoir of hot
water type with some pockets dominated by gas/vapour
in the central part of the valley. The shallow exploratory
geothermal wells have registered well-head pressure and
fluid discharge upto 3.1 kg-cm‘ 2 and 7.5 kg-s‘ 1, respectiv-
ley, with 131 °C being the highest temperature registered
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at the well head with about 20% of steam in the total
discharge. The thermal fluids issue out from a zone of por-
ous breccia of varying thickness from 30 to over 100 in.
The geothermal fluids have been used for experimental
space heating and refinement of borax and sulphur on a
suitable large scale. On the basis of inductive reasoning,
locations have been selected and wells are being drilled to
tap the deeper reservoir. It is believed that generation of
electric power would be feasible using the fluids tapped
from the lower reservoir.

Heat source

All the above reported thermal investigations yield informa-
tion of the prevailing thermal conditions within the sedi-
ments, and do not provide constraints on the deep heat
source. The natural heat loss from the valley has been esti—
mated to be around 23 >< 106 J3‘ 1 (Gupta et al., 1974, 1979).
Even if one assumes a regional high heat flow around
100 mW TITI—2 in this part of the Himalaya, a very large
area is necessary to provide the estimated amount of’natural
heat to the flowing water. Secondly, a depth around 6 km
is required to attain a temperature of 220 °C. There is also
probelm in accounting for large heat losses in considering
the ascent of 220 ”C thermal water originating at 6 km to
the shallow reservoir, and there are other associated prob-

lems. It appears unlikely that the Puga geothermal anomaly
owes its origin to regional high heat flow.

Sulphur and borax deposits occur in the valley and are
related to the thermal waters, which are also associated
with high contents of Cs, Li, Rb etc. in general geochemical
considerations indicate an association of thermal waters
with magmatic components and with a late stage of mag—
matic activity (Gupta 1967, 1974; Shanker, 1976; Chowd-
hury et al. 1974). Studies of oxygen and hydrogen isotopes
in Puga thermal waters (Kumar et a1., 1982) show the asso—
ciation of waters with high temperature rocks. According
to Gupta (1979) and Gupta and Sharma (1982) the tectonic
environment has been conducive to the generation of crustal
melting and formation of intrusive bodies in the region
under investigation during most of the stages of tectogenesis
and orogenesis of the Himalaya. All the available data
points to an intrusive body as the most likely source of
heat for the Puga valley geothermal activity. The inference
of Gupta and Sharma (1982) that the present heat loss
(23 ><:10"5 Js‘l) from the Puga valley can be provided by
a Quaternary intrusive body of about 25 km x 25 km, ex-
isting at a depth around 7 km seems to be appropriate.
We estimate that the present surface heat flow, regional
plus transient contribution from such an intrusive body,
in the area is to be around 210 mW 111—2. In this case a
temperature of 220 DC is likely to be encountered at a depth
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around 2.5 km. Impervious rocks have been assumed at
lower depths. If not so, then the estimated depth would
be appreciably reduced due to convective heat flow and
mass flow. About 25—301 s‘1 of water heated to about
200 °C, after coming in contact with heated rocks at depths,
is sufficient to supply the amount of heat which is contin-
uously discharged from the valley through natural process.
Considering the size and the area of surface thermal activi-
ty, it is appropriate that the body should be either outside
the valley or near its fringes.

Location of heat source

Gupta and Rao (1971) stated that a great deal of hot water
flow and consequently much of the heat flow, does take
place through relatively isolated channels or group of chan-
nels in the Puga valley. Gupta et a1. (1975) inferred lateral
flow of thermal fluids approximately in N-S and NE-SW
direction. N-S subsurface feature as detected by gravity and
magnetic surveys in the valley have been reported by
Shanker et al. (1976). The indentation and trend of
isogeotherms (Figs. 2 and 3) also suggest channelised flow
of thermal water. Two telluric profiles from W30 to E60
and E60 to E110, respectively, along the northern hillside
also seem to support the presence, across the valley, of
lateral low resistivity channels, which might act as the carri-
ers of thermal fluids to the shallow reservoir (Rakesh Ku-
mar et al., 1979). It appears that the N-S; NE-SW (NW—
SE??) features which have been delineated by geophysical
investigations are the possible passages through which ther-
mal fluids enter the valley at certain depths and then escape
to the surface through favourable paths. A cluster of epi-
centres of microearthquakes have been obtained at a depth
of around 6—7 km towards the NE of Puga valley (H.M.
Choudhary, pers. comm.) It is, therefore, likely that the
heat source for the Puga valley geothermal anomaly lies
towares North of the valley. MT, AMT, surveys and other
investigations are recommended to confirm or reject this
theory. Flow of thermal waters in the valley in NS, NE-SW
(NW-SE??) channels appears to be most likely, but its di-
rection of entry into the valley, on the basis of the present
day knowledge, is unknown.

Conclusions

The above mentioned studies lead to the following main
conclusions:

That only a part of the total length of the Puga valley
exhibits anomalous sub-surface themal conditions.

That on the basis of the inferred subsurface thermal
conditions the valley can be divided into two parts viz.,
into one part which is characterised by low (normal for
the location of the valley) subsurface temperatures and into
another part which is chracterised by abnormal surface and
subsurface temperatures.

That a thin cap rock at shallow depths has been formed
within the valley sediments due to cementation from the
deposit of salts from the thermal waters.

That the abnormal thermal conditions are caused by
heat and mass flow from an underlying shallow reservoir
of hot water having a temperature around 167 °C.

That either a basement fault or a sloping basement exists
in the valley towards W of SW of grid point W70.

That the shallow reservoir appears to have been regu-
larly fed with about 25—30 1 s‘ 1 of thermal water at about
220 0C from N-S, NE-SW lateral channels probably from
a deep seated main reservoir.

That the total natural heat loss from the valley can
be caused by an intrusion of moderate size (25 >< 25 km),
intruded during the Quaternary period at a depth around
7 km.
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Abstract. By using data from the Technical University
of Braunschweig flux-gate and search—coil magneto-
meter experiments on board of Helios 2 we study the
spectral properties of the interplanetary magnetic field
over a frequency range from 2.4><10‘5Hz up to
470Hz. Examples of power spectral density estimates at
different heliocentric distances are shown as well as the
change of the spectra during the progress of a high
speed stream. A general feature of the spectra is that in
a log-log spectral representation the steepness of the
power spectral density estimates varies as a function of
frequency. If we relate the spectral densities by a power
law P~f ‘a, the spectral index oc increases with increas—
ing frequency. At 1 AU oc varies on average from 1.6 to
3.4 and at 0.3 AU from 1.0 to 3.4, the major changes in
the spectral index occurring at low frequencies. In ad—
dition, just within the frequency gap between the two
experiments, between 2H2 and 4.7 Hz, an inflexion
point is inferred from the spectrum above and below
this frequency range. This spectral feature can at least
partly be attributed to the damping of the Alfvén-mode
waves near the proton and also oc-particle cyclotron
frequencies. -

The observed power spectra are compared with mod-
els of MHD turbulence and it is found that at least
some of the properties of MHD turbulence fit the ob-
servations remarkably well.

Key words: Interplanetary magnetic field — Solar wind
plasma - Hydromagnetic waves and turbulence

Introduction

The past one and a half decades brought an increasing
number of observational and theoretical studies on wa-
Ves, discontinuities and instabilities in the solar wind
plasma. Most reported observations of magnetic fluc-
tuations in the interplanetary plasma show fluctuations
with frequencies well below the local proton gyro-
frequency. A comprehensive review on theory and ob-
servations of MHD—fluctuations is available from Bar—
nes (1979). Only recent instruments on the HELIOS
and to some extent the VOYAGER spacecraft have
background noise levels low enough to monitor the
magnetic component of the fluctuations in the fre—
quency regime between the local proton and electron

gyrofrequency at distances from the sun other than
1AU (Neubauer et al. 1977a, b; Behannon, 1978). Up
to now the interpretation of observed magnetic fluc-
tuations was done separately for those fluctuations well
above or well below the proton gyrofrequency. An ex-
ception is the work of Behannon (1976), who reported
interplanetary magnetic field power spectra from 10’4
to 12.5 Hz obtained during the Mariner 10 mission.
With the HELIOS flux-gate and search-coil magneto-
meter we are able to monitor the interplanetary mag-
netic field from dc-conditions up to the local electron
gyrofrequency. In this work we will present the spectral
properties of magnetic fluctuations in the solar wind
plasma from 2.4><10‘5Hz up to 470Hz (at 0.3 AU).
The lower frequency limit was selected to exclude ma-
jor influences of different solar wind stream conditions
on the power spectral density estimates. The high fre-
quency limit is given by the observed magnetic wave
activity exceeding the instrument noise levels. This fre-
quency limit varies between 47 to 100 Hz at 1AU and
470Hz at 0.3 AU for power spectral density estimates
averaged over several hours. On a finer time scale,
magnetic wave activity is also observed at higher
frequencies.

The plan of the paper is the following: First we
describe briefly the instrumentation, measuring method
and raw data analysis as far as is necessary to under-
stand the results. In the following section, after presenting
a short summary of the algorithm used for the com-
putation of the power spectral density estimates from
the flux-gate magnetometer data, we give examples of
magnetic field power spectra observed at different
heliocentric distances as well as the variation of the
spectra in the course of a high speed stream. In the
following section we discuss the observations and try
an interpretation of the observed power spectra in
terms of waves as well as in terms of MHD-turbulence.
In the last section we briefly summarize the results.

Instrumentation and data analysis

On board each of the two spin-stabilized HELIOS
spacecraft, the Institute for Geophysics and Me-
teorology of the Technical University of Braunschweig
provided two magnetometers, a three component flux—
gate magnetometer (Förstersonde) for observing, in real
time, the interplanetary magnetic field up to 2 Hz and a
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three-component search-coil magnetometer designed to
observe the high frequency component of magnetic
fluctuations in the interplanetary medium in the fre-
quency range from 4.7 Hz to 2.2 kHz. This instrumen-
tation enables us to study the large scale properties of
the interplanetary magnetic field as well as the mag-
netic component of different wave modes with frequen-
cies from well below the local proton gyrofrequency up
to the local electron gyrofrequency. Since detailed de-
scriptions of the experiments have been given elsewhere
(flux-gate magnetometer: Musmann et al., 1975; search—
coil magnetometer: Dehmel et al., 1975), here we shall
present only a short summary of the experiments, their
measuring method and their data analysis necessary to
understand the results presented in the following sec-
trons.

Flux-gate magnetometer experiment

The flux-gate magnetometer has two automatically
switchable measurement ranges of up i400 nT with a
highest resolution of i0.2 nT and a maximum sam-
pling rate of 8 vectors/s. The data used throughout this
paper were obtained within the measurement ranges of
i100 nT with the highest resolution of i0.2 nT and a
sampling rate of 4 vectors/s. A mechanical flipper de-
vice is included in the instrument which makes it possi-
ble to flip by command the sensor parallel to the spin
axis into the spinning plane of the spacecraft to help
determine the zero-offset of the Z-component parallel
to the spin axis. In addition the offset of the Z-com-
ponent is determined continuously by a correlation
technique (Hedgecock, 1975a). The overall offset of the
components in the spin plane composed of sensor off-
sets and spacecraft field are removed by properly
averaging over the spin variation taking into account
the misalignment between the geometric and magnetic
axes of the instrument, where the misalignment angles
are calculated from the data (e.g. Neubauer et al., 1981).
An aliasing filter is included which helps keep the
contribution of power above the Nyquist frequency to
power below this frequency to a minimum.

In this study we use detailed data of the interplan-
etary vector magnetic field with samples every 0.255
as well as 40s averages. The coordinate system used is
the solar-ecliptic (SE) coordinate system, where X is
taken along the observer-sun line and is directed to the
sun, Z is directed to the north-ecliptic pole and Y
completes the right-handed orthogonal set.

Search-coil magnetometer experiment

The sensor unit of the search-coil magnetometer experi—
ment consists of three orthogonally oriented search-coil
sensors mounted with the Z-sensor parallel to the spin-
axis and the X- and Y-sensor in the spin plane. The
output voltage of each sensor-preamplifier is propor-
tional to the time derivative of the component under
consideration. Further processing is done by a spec-
trum analyzer consisting of two sets of eight bandpass
filters spaced logarithmically in frequency, where one is
used for the Z—component, the other one for the X- or
Y-component. A digital mean-value-computer squares
and averages the filter outputs over successive time
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intervals of lengths TA, where all filters are processed in
parallel. For the data used in this study TA was 1.125s.
The mean square values Mn are related to the power
spectral density P(f) of a given component of the mag—
netic field by (Neubauer et al., 1977 a)

M5: IT„(f)I2f2P(f)df (1)
where T„(f) is the complex transfer function of filter n
which quickly tends to O beyond the 3_dB—points of
each filter. The power spectral densities Pn assigned to
the center frequencies fcn of each filter are given by

—_ M. _°° 2 f 2 dfPn—Afn ci’ (5) IT„(f)I (Î) P(f)A—fn
OT

- Nf“ L211:P(Ji„)wf5mP(f)(fm) Al. (2)
Here fl" and fun are the lower and upper frequency
limits of filter n, and fn=fun ——fl„ is the bandwidth. For
further analysis 40s averages of power spectral densities
have been used.

We emphasize that the use of the digital mean-
value-computer guarantees an accuracy for the power
spectral density estimates not achieved by interplan—
etary wave experiments in the past. Only this high
accuracy allows the presentation (and interpretation) of
high-frequency power spectral density estimates from a
search coil experiment together with low-frequency
power spectral density estimates from flux-gate-magne—
tometer data.

Power spectral density estimates
of the interplanetary vector magnetic field

The method used for computing power spectral density
estimates from a digital time series is presented below.
For the power spectral density estimates from the
search coil instrument no further calculations are neces—
sary except proper averaging over the time interval
needed.

Power spectral analysis from digital time series

For the computation of power spectra we generally
follow the procedure described by Bendat and Piersol
(1971, p. 322ff). Since we are using the fast Fourier
transform technique the data intervals were chosen
such that the number of data fits a power of 2. By
taking 1024 data points for each Fourier transform the
40s magnetic field averages limit the largest wave pe-
riod which can be analyzed to 11 h and 23 min. By
taking detailed data (one vector every 0.25 5) one Fou-
rier transform is computed over a time period of 256s.
In order to get a composite power spectrum from 2.4
><10‘5Hz up to 2H2 we must compute 170 spectra
from the detailed data (each time overlaps the fore-
going by 16 s) and average the resulting power spectral
density estimates for each frequency.

Low order trends were removed by subtracting the
values predicted by a “least squares” fitted second or-
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der polynomial. After the data were reduced to zero
mean and data gaps were filled by zeros the data se—
quences were tapered by a cosine taper data window.
Then the Fourier transform was performed and the raw
spectral estimates were computed. The raw spectral es-
timates were frequency averaged to obtain an equiva-
lent degree of freedom of 32. For the spectra from
detailed data the additional segment averaging leads to
an equivalent degree of freedom of 5440. We limited
our analysis to data sequences having data gaps less
than 5%. We further excluded a data sequence from
the analysis if the data breaks appeared regular in
occurence. Since missing data are filled by zeros (zero
being the most probable value in the Gaussian ampli—
tude distribution of prepared data) jumps at the be—
ginning and the end of data gaps may cause power
enhancements which are quite difficult to estimate. A
contribution to the total power spectral density owing
to data gaps may be computed from applying
Parseval’s Theorem (e.g. Jenkins and Watts, 1968,
p. 215). Hedgecock (1975b) also used this procedure to
check and correct the amplitudes of magnetic field
power spectral densities. A power spectral density es-
timate was only accepted if Parseval’s Theorem

f2
02=1P(f)df (3)

f1

was fulfilled. Here 02 is the variance of a field com—
ponent, P(f) the power spectral density estimate, and
f1 and f2 are the frequency limits of the spectrum.

The possible noise sources do not cause any prob-
lems in our analysis. Quantization and instrument noise
are both below 10’2nT2/Hz at the highest frequency
inherent in the analysis. The results shown in the next
section reveal that the power spectral densities are al-
ways above the noise level. This is in general true for
all time periods where the spacecraft were close to the
sun. Only under very quiet conditions in the interplan-
etary medium near 1 AU does the power spectral den-
sity reach the noise level at high frequencies.

Observations at 0.3 AU and 0.98 AU

In Figs. 1 and 2 we present representative power spec-
tral density estimates of the Z-component of the in-
terplanetary vector magnetic field at 0.30 AU and at
0.98 AU. Up to 2Hz the spectral densities are com-
puted from the fluxgate magnetometer data, from
4.7 Hz to higher frequencies the spectral densities were
measured by the search-coil magnetometer experiment.
The frequency range of spectral densities is limited at
high frequencies by the instrument noise level and at
low frequencies by the choice of the longest period
inherent in the analysis. Spectral studies in the MHD
regime (frequency range up to 1.2><10‘2 Hz) are al-
ready contained in Denskat and Neubauer (1982). Pre-
senting only one component does not mean a lack of
generality, since the general features of the spectra for
the components in the ecliptic are very much the same,
although the magnitude may be slightly different.

The two examples at different heliocentric distances
were chosen within time periods under similar solar
wind conditions where the solar wind speed was high
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Fig. 1. Power spectral density estimates of the magnetic vec-
tor field component 32 from the HELIOS-2 fluxgate and
search coil magnetometer experiment at a heliocentric dis-
tance of 0.30 AU. In the frequency range from 2.4><10‘5 Hz
to 1.3 >< 10‘2Hz the spectral density was computed from 403
averages of fluxgate magnetic field data. In the range from 3.9
><10‘3 to 2Hz the spectral densities were computed from
detailed fluxgate samples every 0.25 s. The spectral densities
above 4.7 Hz were measured by the search coil magnetometer
experiment. The dashed lines give power law fits (determined
by a least mean square method) assuming P ~f ”a for the
different frequency regimes. The dashed and dotted lines are
explained in the text. The statistical confidence limits of the
spectral density estimates are given by the equivalent degrees
of freedom (DF). E.g. for 32 DF 95% confidence limits are
[0.65 P(f), 1.75 P(f)], for 5400 DF these limits are [0.99 P(f),
1.01 P(f)]. At high frequencies the spectrum is limited by the
signal becoming smaller than the instrument noise level of the
search coil magnetometer experiment. The flux-gate magneto-
meter noise is always smaller than 10‘2 nTz/Hz

with no influence of the leading edges of the two
streams. Despite the similar solar wind conditions the
spectra are quite different especially in certain fre-
quency bands which will be discussed and interpreted
in the next chapter.

The evolution of power spectra in the course of
high speed streams is another interesting subject. In
Fig. 3 power spectral density estimates of BZ are shown
as a function of time and stream structure. The first
spectra are obtained during quiet interplanetary con—
ditions at a heliocentric distance of 0.34 AU (Marsch et
al., 1982a). On 11 April 1976 the plasma starts being
compressed with a proton density increase from
60 cm‘3 to 185 cm“3 within two days. Behind the re-
gion of compressed plasma the proton velocity in-
creases from about 350 km s”1 up to 760 kms"1 in the
center of the high speed stream. The magnetic field
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Fig. 2. Same as Fig. 1 obtained at a heliocentric distance of
0.98 AU

strength varies between 28 nT and 44nT. Apparently
the power spectral density estimates are different at
different locations of the high speed stream and dif-
ferent as well from those spectral density estimates in
the low speed plasma before the onset of the high speed
stream. These differences are most pronounced at low
frequencies up to 10‘3Hz and at high frequencies
above 4.7 Hz.

In the region of the compressed plasma the Spectral
density estimates of Bz are enhanced at low frequencies
indicating local wave generation. In addition the spec~
tra in this frequency range are much steeper than in the
center of the high speed stream. The frequency range
from 4 >< 10‘3 Hz to 2H2 shows enhanced spectral den—
sity estimates together with the onset of increasing so-
lar wind speed. At high frequencies above 4.7 Hz the
most obvious feature is the drastic spectral density en-
hancement between 4.7 Hz and above 100Hz in the
compression region indicating local wave generation
and between 4.7 Hz and 470 Hz in the region of increas-
ing solar wind speed in contrast to the most regular
occurence of the spectra in the center of the high Speed
stream.

Interpretation and discussion

The power Spectral density estimates obtained from
observations at different locations in the interplanetary
medium (Figsl and 2) clearly show that the heliocen-
tric distance plays an important role for the evolution
of the interplanetary magnetic field fluctuations. At all
frequencies the power spectral density is decreasing
with increasing heliocentric radius together with a gen—
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era] decrease of the magnetic field strength from about
44nT at 029 AU to 6nT at 1.0 AU. The slope of the
spectra does not change significantly from 4>< 10"3 Hz
to 10‘2 Hz. The statistical properties of the spectral den-
Sity as a function of distance in the frequency range of
the search-coil magnetometer experiment are given in
detail by Beinroth and Neubauer (1981). However, the
slope of the Spectral density in the frequency range
below 4x10—3Hz changes drastically. Magnetic fluc«
tuations in the MHD regime observed by HELIOS l
and 2 have been studied by Denskat and Neubauer
(1982) (frequency range from 2.4x10‘S to 1.2
:x: 10—21-12) and by Bavassano et al. (1982) (frequency
range from 2.8 x 10‘4 to 8.3 x 10‘2Hz). The authors of
both studies found a variation of the spectral index
with varying heliocentric distance, where the spectra
become increasingly steeper with increasing heliocentric
distance at frequencies below 4 x 10-3 Hz. Denskat and
Neubauer come to the conclusion that the solar wind
acts as a low pass filter for MHD-waves (the magnetic
component of which is observed in this frequency range
well below the proton gyrofrequency) meaning that
MHD waves with periods less than about 15 minutes
(in the measuring system) are damped on their way out
from the sun from 0.3 to 0.98 AU. Furthermore Dens-
kat and Neubauer have shown that most of this
damping occurs within a heliocentric distance of ap-
proximately 0.4 AU. The general tendency of the direc-
tional fluctuations of the interplanetary vector magnetic
field is that the slepe of the power Spectral denstities as
a function of frequency becomes steeper with increasing
frequency. This is true for all heliocentric distances but
stronger for distances within 0.4 AU, where the spectral
Slope changes from being proportional to f—ï to f‘3
as a function of frequency.

Both power Spectra Shown have a peak in Spectral
density at 1H2, where the larger effect occurs in the
case of the spectrum at 0.98 AU. This effect is due to
the difficulty of totally removing the l spacecraft
spin period. The effect is only small at 0.3 AU, where
the magnetic field is high (~42 nT). Due to the minor
effect of the digitization window the misalignment an-
gles and zero offsets of the magnetometer experiment
could be computed quite accurately. At low magnetic
field intensities of ~6 nT at 0.98 AU the effect of the
digitization window is larger finally leading to en—
hanced Spectral density estimates at 1 Hz and — by leakage
— at the surrounding frequencies. Therefore in the case
of the spectrum at 098 AU the frequency range from
0.8 to 2 Hz Should be considered with caution. On the
other hand the only tiny enhancement in spectral den-
sity at III: in the case of the Spectrum at 0.3 AU
makes us confident that at least under high magnetic
field conditions the effects mentioned above do not
essentially influence the spectrum in any frequency
range.

The power spectra shown clearly reveal an unfor-
tunate property of the frequency coverage of the experi-
ments: The major changes in the slope of the Spectral
density as well as a displacement between parts of the
Spectra occur within the frequency band from 2 to
4.7 Hz not covered by the two experiments. Therefore
we must discuss in some detail why these drastic
changes occur. We start with a discussion in terms of
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electro-magnetic wave fields followed by a complemen-
tary discussion in terms of MHD-turbulence.

Superposed wave modes

At the beginning of this discussion we have to carefully
review the various wave modes possible in a hot mag-
netized plasma. The linear theory of wave propagation
in a hot collisionless magnetoplasma described by the
Vlasov—Maxwell set of equations (cg. Montgomery and
Tidman, 1964) yields an infinite number of wave modes
most of which are strongly damped. At very low
frequencies below the dominant ion cyclotron fre-
quency there are three important wave modes: the Alf-
ven wave and the fast and slow magnetoacoustic waves
(eg. Barnes, 1979). At oblique angles of propagation
the three wave modes are clearly distinct by their prop—
agation velocities and the characteristics of the wave
perturbation quantities. They are linearly polarized in
the magnetic field and velocity vector perturbations. As
the case of propagation parallel to the magnetic field is
approached one of the magnetoacoustic modes be—
comes indistinguishable from the Alfven waves. In the
case of the Alfven speed VA being greater than the
sound speed VS it is the fast magnetoacoustic mode
which degenerates into an Alfven wave at 6:0, where
6 is the angle between the propagation vector k and the
background magnetic field. For VAe: VS the slow mode
degenerates into an Alfven wave at 19:0. The alternate
magnetoacoustic mode for 0:0 in each case is the
sound wave the collisionless counterpart of which is the
ion acoustic wave which has been observed by Gurnett
and Frank (1978) and Kurth et a1. (1979 a, b) in the
solar wind. At oblique angles 9 it also develops mag-
netic components including magnitude variations. It is
clear from this brief discussion of the possible wave
modes at low frequencies i.e. in the MHD-range that
the usual identification of Alfven waves in the solar

DISTANCE T0 SUN
= 0.29 AU - 0.3L AU

200 <n>lcm‘3l

100 <F>lnTl

Fig. 3. Sequence of interplanetary magnetic field
power spectral density estimates over a high speed
solar wind stream at the first perihelion passage of
HELIOS-2 in April 1976. The small box on the
right gives 11-hour averages of solar wind proton
bulk speed, proton density, and magnetic field
strength

wind using the relationship between the fluctuations in
vectorial velocity and magnetic field and the lack of
density and magnitude variations has some arbitrari-
ness. The Alfven waves may be contaminated by some
magnetoacoustic wave energy at small 6. A satisfactory
solution of this problem could be achieved by resolving
the k-vector distribution of waves in the solar wind
with an array of satellites. The part of the wave energy
which is being accounted as Alfven wave energy but
really belongs to a magnetoacoustic mode could then
be obtained from the continuity of wave energy as a
function of 6 for every mode. Since the degeneracy of
wave modes is serious at small I9 only the observations
by Denskat and Burlaga (1977) are significant in that
they show that the solar wind fluctuations cannot be
described by plane wave fields with k parallel to the
magnetic field but rather a broad distribution of k-
vectors around the average B-vector. Hence the fluc-
tuations well below the proton gyro frequency can be
thought to consist mainly of Alfvenic waves (Denskat
etal., 1981). However, fluctuations in magnetic field
strength and plasma density indicate the additional pres-
ence of magnetoacoustic wave modes and/or static
structures (Burlaga and Turner, 1976; Denskat and
Burlaga, 1977). The contribution of magnetoacoustic
wave modes to the overall power level in the solar
wind plasma was estimated to be up to a quarter (Sari
and Valley, 1976). Whether or not the contribution of
magneto-acoustic wave modes to the total power level
is that high, there is general agreement in the literature
that the major part of the fluctuations in the MHD—
region well below the proton gyrofrequency consists of
Alfvenic waves with an admixture of magnetoacoustic
waves and static structures (Le. tangential discon—
tinuities).

The degeneracy between two of the MHD-wave
modes at 6:0 disappears for 9420. It also disappears
for finite frequencies. At a finite frequency well belowr
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the applicable ion gyro frequency a range of angles 6
from zero to 9c exists in which the wave modes start to
be circularly polarized at 6:0 and become pro-
gressively linearly polarized above 6C. Here Oc increases
with frequency. In this more accurate description the
Alfven wave proper is polarized in the left hand i.e.
ionic gyration sense. Since left hand polarization has
not been observed in the solar wind at low frequencies
we conclude in agreement with the discussion above
that the range of k-vectors generally exceeds 0=0c by
an appreciable amount. As the frequency approaches
the He++ and proton cyclotron frequencies the Alfvén
waves are damped severely by ion cyclotron damping.
Hence we expect an appreciable drop in power spectral
density which is somewhat stretched out in frequency
due to the Doppler shifts. The remaining power spec-
tral densities at high frequencies then represent the
continuation of the R-mode which at very low frequen-
cies is a magnetoacoustic wave mode into the “whistler
mode” range above the proton gyro frequency. We
therefore attribute the drop in spectral density between
$2Hz and 4.7 Hz to the damping of the Alfvén wave
portion of the wave spectrum which, close to the ion
gyro frequencies, are generally referred to as ion cyclo-
tron waves. In the plasma rest frame the damping oc-
curs near the proton cyclotron frequency at a frequency
f which is Doppler shifted to f’ in the frame of
HELIOS with

f’=f(1 + Vs/VP'COSß) (4)

where VP is the phase velocity and ß the angle between
the solar wind vector and the k-vector under con-
sideration. f’/f is a complex function of frequency,
direction of propagation and magnetoplasma parame-
ters (e.g. Denskat, 1975). For example, outwardly prop-
agating Alfvén waves have a maximum Doppler ratio
(as a function of 0) of f’/f=8 at 0.98 AU and 5 at
0.3 AU for typical conditions. For the same distances
the proton gyro frequencies are 0.09 Hz and 0.7 Hz,
respectively. Since the Doppler ratio f’/f grows with
increasing distance the frequency at which the most
pronounced drop occurs varies more slowly than the
proton gyro frequency. Taking into account the some-
what reduced confidence in the spectral densities
around 1Hz we may conclude that the observations are
at least qualitatively in agreement with the ideas devel-
oped above. Possible variations of the total spectral
densities across the gap are indicated by dotted lines.
The possible contribution of the magneto-acoustic com—
ponent is indicated by dashed lines.

Turbulence

Until now we interpreted the solar wind magnetic field
fluctuations in terms of waves. An alternate but not
mutually exclusive view is to consider the solar wind as
a turbulent medium. By using Kraichnan’s (1965) in—
compressible MHD turbulence theory Coleman (1968)
interpreted power spectra of the magnetic field and the
radial component of the solar wind velocity in terms of
turbulence. Coleman assumed the energy to be avail-
able because of the differential flow in the solar wind.
Through the operation of some undetermined insta-
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bility this energy should be fed into the energy-range
spectrum of the turbulence, 10‘5 Hz <f< 10‘4 Hz, and
the differential motion is dissipated. The energy then
cascades through the inertial-range spectrum of the tur-
bulence, 10‘4Hz <f< 10‘1 Hz, where the turbulence in
the inertial range should be composed of a hierarchy of
Alfvén waves. Livshits and Tsytovich (1970) developed
a theory of hydromagnetic turbulence spectra in col-
lisionless plasma and concluded that a power law fluc-
tuation spectrum is stable for a spectral exponent oc; 1,
at least when the Alfvén speed is large in comparison
with the electron and ion thermal speeds. The same
conclusion for Alfvénic turbulence was reached by Co-
hen and Dewar (1974) using a fluid model with the
added assumption of strong damping of sound waves.

With the HELIOS-observations covering a rather
broader frequency range than e.g. Coleman (1968) was
able to use we may compare his turbulence model with
the observations and in addition study the evolution of
the turbulence from 0.29 AU to 1.0 AU. Besides differ-
ential flow HELIOS plasma observations show other
sorts of internal particle energy in the high speed solar
wind as beam-proton and alpha-particle relative
streaming energy (Marsch et al., 1982a, b) being avail-
able as sources to drive the turbulence.

From the observed power spectra it appears that in
the high speed solar wind certain frequencies always
exist where the power spectral density estimates remain
equally steep independent of heliocentric distance and
magnetic field strength. Between 4x10‘3Hz and 2Hz
the spectral exponent is 1.7, with little variation. The
spectra obtained in the center of the high speed stream
(Fig. 3) are a good example of the constancy of the
slope in this frequency range indicating the possible
existence of a universal turbulence law. From these
observations we suggest that for a stationary state of
the turbulence the inertial range spectrum would cover
approximately the frequency range from 4x10—3Hz
to slightly below the proton gyrofrequency:
4 x 10— Hz< f< 10‘1 Hz. As demonstrated above, this
inertial range turbulence is composed of a hierarchy of
Alfvén waves with a small admixture (say 5 %) of mag-
netoacoustic waves and/or convected static structures.
Since the inertial range spectral exponent in the centers
and trailing edges of high speed streams seems to be
extremely constant (from 13 April to 17 April the spec—
tral exponent determined by a least mean squares fit
varies from 1.71 to 1.79) we may try a comparison with
theoretically predicted values. Kraichnan’s turbulence
theory predicted a spectrum proportional to If”2 in
the inertial range of wave numbers. The spectral ex—
ponent oc for P(f’)~f"‘1 found by us is different
though not very much but systematically. However, this
is not surprising, as Kraichnan’s (1965) theory applies
to an incompressible medium, and therefore does not
admit coupling of Alfvénic to compressive “eddies”. A
spectral exponent of 1.7 to 1.8 is — fortuitously or not —
near the Kolmogorov 5/3 slope of isotropic turbulence.

The range of dissipation by proton cyclotron damp-
ing extends upward in frequency from the proton gyro-
frequency. By cascading through the spectrum the en—
ergy in these waves is dissipated by heating the protons
leading to a temperature increase Ti perpendicular to
the background magnetic field with a simultaneous
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cooling of TH and a resulting Tl> TH (Busnardo-Neto et
al., 1976; Arunasalam, 1976). Conversely the ion-cyclo—
tron instability driven by Tl> TIl causes Tl to decrease
and TH to increase (Cuperman and Sternlieb, 1975;
Davidson and Ogden, 1975; Gary and Feldman, 1978).
The plasma experiment on board HELIOS has ob—
served such an increase of Tl/TH by up to a factor of 2 in
the centers and trailing edges of high speed streams
(Marsch et al., 1982a), whereas Ti/Tu was always smal-
ler than 1 in the slow speed solar wmd. The frequency
dependence in the dissipation-range spectrum is of the
order of f ‘3.

Following Coleman’s model of turbulent flow the
power spectra observed by HELIOS are adjacent to the
energy range of the turbulence and may cover parts of
it. Then the steepening of the spectra from 0.29 AU to
1.0 AU for frequencies below 4x10’3Hz may have to
do with a different amount of energy fed into the sys-
tem by differential flow at different heliocentric dis-
tances; i.e. less energy is available at larger distances
from the sun. However there is no apparent instability
mechanism working in a way to explain the obser-
vations; i.e. a local instability of Kelvin Helmholtz type
would produce waves close to the cyclotron frequen-
cies (e.g. Dobrowolny, 1977).

The steepening of the low frequency part of the
spectra may find another explanation by applying a
recent MHD-turbulence model of Dobrowolny et al.
(1980a, b) who suggest that a turbulent description can
easily account for the properties indicated by present
observations and is therefore more appropriate than a
description in terms of simple waves. To a good degree
this MHD—turbulence would be characterized by the
absence of nonlinear wave interactions and would nec-
essarily be a mixture of modes with polarization of
Alfvénic and slow magnetosonic types, in his nomencla-
ture.

Dobrowolny et a1. explain the apparent contradic-
tion — the presence of an almost structureless power
spectrum and the absence of nonlinear wave interac-
tions — by the interpretation that the property of the
absence of nonlinear wave interactions is not a particu-
lar one of the solar wind turbulence but is a general
outcome of the relaxation of an initially excited MHD
turbulence, provided that this initial excitation is asym-
metric, i.e. favours one sense of propagation of the
Alfvénic fluctuations. The spectral exponent should be
the Kraichnan exponent. If this model applies to the
interplanetary magnetic field fluctuations observed by
HELIOS then there should be no energy transfer across
the spectrum. From HELIOS-observations Denskat et
a1. (1981) have demonstrated the existence of only out-
wardly propagating Alfvénic fluctuations. From the tur-
bulence model of Dobrowolny et al. this final one
mode state would not be a stationary one (this would
require the continuous presence of the source) but rath-
er a static state. Consequently, the spectral behavior
between 0.29 AU and 1.0 AU could only be explained by
a linear damping process. Considering low frequencies
<4><10‘3Hz this damping must be frequency depen-
dent if the mechanism of a relaxation of initially ex-
cited turbulence would operate also in this frequency
range. However, the relaxation process to a completely
asymmetric state may not be finished for long wave

periods. Dobrowolny et al. (1980b) give the relevant
non linear time Ti (which should be much shorter
than a typical convection time)

where TW is the wave period and the i sign stands for
öB

the two possible modes. At 0.29 AU
53:

is between 0.3

and 0.6 (Denskat and Neubauer, 1982). For a wave
frequency of 10‘4 Hz this relevant nonlinear time
comes out to be ~105 sec, which is almost twice the
convection time at a solar wind speed of 750 kms‘1
(e.g. in the center of the high speed stream in Fig. 3).
This indicates that at long wavelengths the relaxation
state of the turbulence might not be reached. Long
period waves may still interact nonlinearly possibly
transferring energy from higher to lower wavenumbers.
Such a mechanism is possible by induced scattering by
isotropic particles (Livshits and Tsytovich, 1970) caus-
ing transformation of wavc energy along the spectrum
in the direction of lower frequencies. On the other hand
Denskat and Neubauer (1982) did not find significant
differences in the statistical properties of MHD waves
e.g. at 10‘4Hz and at 10‘2Hz.

Summary

By using HELIOS-2 observations of the interplanetary
vector magnetic field we have presented power spectral
density estimates from 2.4 >< 10‘5 Hz up to 470 Hz. The
data were obtained with a fluxgate magnetometer and a
search coil magnetometer experiment both provided by
the Technical University of Braunschweig.

A general feature of the power spectra observed is a
rapid change in the slope and a displacement of the
power spectral density estimates between 2Hz and
4.7 Hz. The change in the slope may easily be explained
by different wave modes possible well below and well
above the proton gyrofrequency. The interpretation of
the spectral displacement by the cyclotron damping of
the Alfvénic component of the magnetic fluctuations
and the approximate continuity of the magnetoacoustic
component as the proton gyrofrequency is passed not
only provides a satisfactory explanation but may in
addition act as a proof for the generally accepted idea
that the MHD fluctuations consist, in the major part, ofAlf-
vén waves with a small admixture of magnetoacoustic
waves and/or static structures. Similar arguments may
be used for the interpretation in terms of hydromag-
netic turbulence. Such an interpretation fits the obser-
vations as well and may be a better choice in describ-
ing hydromagnetic solar wind fluctuations. The power
spectra from the HELIOS observations suggest that the
inertial range of the turbulence covers the frequency
range from ~4><10‘3 Hz to slightly below the local
proton gyrofrequency: 4 >< 10’3 Hz <f< 10‘ 1 Hz. With
increasing heliocentric radius the overall power level
decreases on average as well as the magnetic field
strength. In addition there are differences in the evolu—
tion of the spectra with changing heliographic distance
at different frequencies. From 4 >< 10’3 Hz up to 470 Hz
the slope of the spectra remains relatively the same
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between 0.29 AU and 1.0 AU. Below 4><10'3Hz the
spectra are steepening with increasing heliocentric dis-
tance. This behaviour may indicate damping at the
higher frequencies, growth at the lower frequencies, or
an energy transfer from the higher to the lower wave
frequencies.

In addition spectra are presented at different 10-
cations of a solar wind high speed stream, where the
different solar wind stream conditions change ampli-
tudes and slope of the spectra.
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Increased NO-concentration contributing to the enhancement
of radio wave absorption following geomagnetic storms
F. Märcz
Geodetic and Geophysical Research Institute of the Hungarian Academy of Sciences, H-9401 Sopron POB 5, Hungary

Abstract. The increase of the NO-concentration in the lower
ionosphere following geomagnetic storms is considered as
an additional factor in the development of the after-effects
in ionospheric absorption. These mid-latitude phenomena
are mainly due to excess ionization produced by precipitat-
ing electrons. However, analyses of ionization rates deter-
mined for 85 km altitude have confirmed that at this height
the enhanced day—time ionization might partly originate
from increased NO-concentration. Satellite and rocket ob—
servations and data derived from ground-based measure-
ments are used. It is suggested that Meira’s NO-profile
might be representative of disturbed periods rather than
normal conditions.

Key words: Geomagnetic activity — Lower ionosphere —
Electron precipitation — Increased NO-concentration — Ion-
ization rates — Absorption after-effect

Introduction

The enhancement of radio wave absorption observed at
middle latitudes following geomagnetic storms has general-
ly been attributed to electrons precipitating from the outer
radiation belt of the magnetosphere into the lower ionosp-
here (e.g. Lauter and Knuth, 1967). The precipitation is
due to an interaction between trapped electrons and plas—
maspheric ELF waves (Spjeldvik and Thorne, 1975). On
the basis of satellite and ground—based measurements, Lar-
sen et a1. (1976) showed, with experimental evidence, that
the excess ionization in the D-region after geomagnetic dis—
turbances is a consequence of particle precipitation. Results
indicating some relations between after-effects in ionospher-
ic absorption and Pc 1—type pulsations also confirmed the
importance of these processes in the generation of the phe-
nomenon (Märcz and Verö’, 1977).

Nevertheless, other factors are also believed to be in-
volved into the development of increased ionization at D-
region heights following geomagnetic disturbances. Belrose
(1964) supposed that changes in atmospheric composition
originating at auroral latitudes during magnetic storms can
be transferred towards lower latitudes. Thus transport pro-
cesses should also be involved in the occurrence of delayed
ionization enhancements at mid-latitudes. Thomas (1971)
concluded that both the anomalies occurring in the D-re-
gion during winter and the effects following certain magnet-
ic storms might in part arise from changes in concentrations
of minor neutral constituents.

Rocket observations of the lower ionosphere in winter
(Aikin et al. 1977) have confirmed the contribution of in-
creased NO-concentration to the enhancement of electron
density which was, however, predominantly caused by ener—
getic electrons precipitated into the mesosphere after a geo-
magnetic storm. Björn et al. (1979) reported a rocket obser—
vation at high latitude during an auroral absorption event.
They derived the NO-concentrations for heights between
80 and 100 km by measuring the energy spectrum of ener-
getic (40—800 keV) electrons and the ion composition. The
high NO-concentration around 80—85 km was attributed
to an efficient downward transport of N0 molecules mainly
produced above 90 km by interaction of precipitating ener-
getic electrons with the neutral atmosphere.

In the present study it is accepted that the excess absorp-
tion of radio waves following certain geomagnetic storms
can be generated mainly by processes of magnetospheric
origin. In addition to this basic idea, however, the paper
applies several previously published results in order to con-
sider the influence of certain atmospheric changes in the
development of the after-effect.

Ionization rates at 85 km

Ionization rates determined at middle latitudes both for
normal conditions and for periods with after-effects will
be studied at a height of 85 km, as this seems to be suitable
for certain comparisons. Namely that the following favour-
able circumstances can be assumed (Taubenheim et al.,
1975):

a) the number of negative ions is negligible
b) the total number density of positive ions can be taken

equal to the electron density
c) the dissociative recombination of the various species

of positive ions with electrons seems to be the main loss
process (which can be characterized by an effective recombi-
nation coefficient: oceff)

d) g and NO+ become the predominant ions, and
the role of water-cluster ions diminishes.

Additionally, precipitating electrons of energies
>40 keV can reach this height, where an excess ionization
is consequently produced.

Normal conditions

During normal day-time conditions the main sources of
ionization in the D-re ion are
— Lyman oc (1,215.7 A), ionizing neutral nitric oxide,
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Table 1. Ionization rates at 85 km due to XUV—radiation

Ionizing Ionized Ionization Sym-
radiation atmospheric rate at 85 km bol
component constituent (cm " 3 s _ 1)

Lyman-ozo NO 4.0 (a) qLa
(~ 1216 A) nitric oxide 10.0 (b)

X-rays o several 1.9 (<10 A) qx
(<100 A) 0.1 (>10 À)

2.0 ()3)

UV 0 02(1Ag) 1.5 qm
(~ 1108 A) metastable

oxygen

(a) NO profile by Brasseur and Nicolet (1973)
(b) NO profile by Mcira (1971)

—— Solar UV (around 1,108 A) ionizing metastable oxygen,
— Solar X-rays ( < 100 A),
— Galactic cosmic rays.

At 85 km the latter component is negligible in compari-
son with the other ionization sources. Table 1 shows the
ionization rates due to the three main components of the
ionizing radiation. The values are given for high solar activi—
ty and summer at x=40° solar zenith angle, on the basis
of Taubenheim et al.’s (1975) results.

In Table 1 the rate of ion production due to Ly-oc de-
pends on the NO-density distributions applied in the calcu-
lations. The ionization rate with Brasseur and Nicolet’s
(1973) theoretical model is smaller than that based on
Meira’s (1971) rocket profile. Ionization by hard (<10 Ä)
and soft (>10 A) X-rays together amounts to half of the
production by Ly-oc in the case of NO distributions accord—
ing to Brasseur and Nicolet. The radiation component, ion-
izing metastable oxygen, has the lowest share in the total
ionization (Q0) at 85 km. Q0 is calculated as the sum of
the individual components:

Q0:qLa+qx+qm (1)

Depending on the qLa value applied, two different approxi-
mations can be given for Q0: 7.5 and 13.5 ion pairs
cm‘3 s”. The possible sources of this large discrepancy
will be discussed later. Initially the smaller Q, value (based
on Brasseur and Nicolet’s NO distributions) will be used.
Meira’s profile has been mentioned as anomalous at heights
below 90 km (Mitra and Rowe, 1974) and this may be true
even if an improved NO y band emission rate factor (Witt
et a1. 1976) reduces Meira’s results to a certain extent.

Periods with after-reflects
During periods with after-effects in radio wave absorption,
an excess ionization appears in the D—region which should
also be indicated by the ionization rates determined for
the 85 km height. There are only sparse direct measure-
ments of precipitating particles which generate the excess
ionization. On the basis of coordinated satellite and ground-
based measurements, Larsen et a1. (1976) have derived ioni-
zation rates due to precipitating electrons for D-region
heights. By calculating the median value from six individual
measurements we have determined an approximate ioniza-
tion rate (Qp) for 85 km: 35.5 ion pairs cm"3 s”. This
can be accepted both for day and night.
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In day—time, however, the rate of ion pair production
by ionizing radiations is different, as shown above. Thus
the total ionization for periods with after-effects is the sum
of two components: Q0+Qp. Consequently the day—time
(X:4O°) ionization rate for 85 km amounts to 43 ion pairs
cm” s‘1 in the case where Q0 is derived using Brasseur
and Nicolet’s NO distributions.

Ionization rates for periods with after-effects
on the basis of electron density data

Around noon a quasi-stationary equilibrium between ion
production and recombination loss can be assumed in the
D region. This is simply described by

Qozaeff Nia (2)

where Q, is the total ionization rate due to ionizing radia-
tions during normal conditions, N80 is the electron density
determined during normal conditions and oceff is the effec-
tive recombination coefficient (at 85 km practically equal
to 0:1), the dissociative recombination coefficient). Transport
effects are not considered in the simplified equation of con-
tinuity given above as, in the D—region, the ions have too
short a life—time for transport to be effective.

Extending these considerations to periods with after-
effects, another continuity equation is valid

Qazaeff Nîa (3)

where Qa is the total ionization rate due to both ionizing
radiation and precipitating electrons, Nea is the electron
density determined in the case of after—effects and oceff is
the effective recombination coefficient, assummed to be not
greatly different from that for normal conditions.

By combining Eqs. (2) and (3) it is possible to determine
a further approximate value of the ionization rate during
after-effects (Qa), however, this time on the basis of electron
density data:

Qa = Q0 (4)N2

Neza

At 85 km Q0 is known, as shown above. For high solar
activity and summer conditions the normal day-time
(X=4O°) electron density (Neg) at 85 km is taken from Tau-
benheim et a1. (1975). For day-time (X:40°), however, we
could not find electron density data determined for an after-
effect. Montbriand and Belrose (1976), published electron
densities determined in case of X = 70° both for normal con-
dition (NW) and for after-effect (N’ea). If N’ea is the electron
density produced by ionizing radiation accompanied by
electron precipitation and M20 is the electron density due
solely to ionizing radiation then the difference A Ne between
these data can be regarded as an approximate value of
electron density due purely to the effect of precipitating
electrons. Assuming that electron precipitation is rather
constant during the day, the total electron density during
after—effects can also be determined for another solar zenith
angle (e.g. x=40°) in the following way: Nea=Neo+ANe.
Finally, the ionization rate (Q) during after effects (at,
X=4O°) is calculated on the basis of Eq. (4).

In Table 2 the actual values of the parameters discussed
their sources and denotations and some further remarks,
are presented in order to give a review of the preceding
considerations. The procedure applied yields an ionization
rate (56 ion pairs cm“3 s”) substantially larger than that
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Table 2. Actual values for parameters applied and deduced in the text

Publication Ionization Electron Solar Remarks
rate density zenith
Source * Source * Êggle

Denotation - Denotation

Taubenheim 7.5 cm ’ 3 s ’ 1 5.5 x 103 cm ” 3 40° NO-model
et a1. 1975 (Brasseur andIR IR

Nicolet, 1973)
Q0 N60

Montbriand 2.0 >< 103 cm — 3 70°
and Belrose, 1976 IR

NLa

1.15x104 crn’3 70°
IR + EP

Néa

Present 9.5 x103 cm'3
work EP AN,=N;,—N;,

A Ne

1.5x104cm’3 40° Nea=Neo+ANe
IR + EP

Neu

56 crn—3 s‘1 40° NZ},
Qa = Q0 2

IR + EP Neg

Qa
* IR = Ionizing radiation; EP = Electron precipitation

(43 ‘ion pairs cm‘3 3”) determined in another way (QO+
Qp) in the previous section.

Enhanced ionization rate and radio wave absorption due
to increased NO-concentration following geomagnetic storms
The difference between the total ionization rates for after-
effects, determined in two ways may originate from several
sources. The value deduced first (Q0 + Qp) should approach
the second (Qa) if the ionization rate due to precipitating
electrons (Qp) were larger than that used (35.5 ion pairs
cm‘3 s" 1). Potemra and Zmuda (1970) determined ioniza-
tion rates in the nighttime D region for different conditions
on the basis of model spectra of precipitating electrons
(>40 keV). For disturbed conditions the ionization rate
due to precipitating electrons was approximately 25 ion
pairs cm‘3 s‘1 at 85 km. Unfortunately data on this rate
are rather sparse. After all, it can be seen that the Q, value
applied in the present work is quite large when compared
with that of Potemra and Zmuda (1970). Thus it is not
reasonable to increase Qp further.

There is, however, another possibility. Namely, that the
Q0 value used is rather small, or to be more exact the ioniza-
tion produced by radiation might be higher for some reason
during disturbed periods than under normal circumstances.
Q0 is the sum of three components and among them the

ionization of NO by Lyman-oz is potentially the most impor-
tant source as shown in Table 1. After geomagnetic distur-
bances, a considerable change in the Ly-oc flux cannot be
expected, thus the increase of ionization due to this compo-
nent may originate from an abundant NO-concentration.

Results mentioned in the introduction have shown that
the NO-concentration can really increase at the top of the
mesosphere following geomagnetic disturbances. Recently
an experiment on the Atmosphere Explorer C(AE-C) satel-
lite indicated an enhancement of the NO-concentration at
the base of the thermosphere (Cravens and Stewart, 1978).
A clear latitude dependence of the enhancement was found
for a height of 105 km, with the largest increase at high
latitudes and a more restrained one at low latitudes. Inde-
pendently of magnetic activity, the NO-density seemed to
be almost stable in the equatorial region. According to Cra-
vens and Stewart (1978) a horizontal transport of NO away
from the auroral source could account for the latitudinal
variation. Moreover, an efficient vertical transport in com-
bination with enhanced lifetime of NO is assumed by Björn
et al. (1979) to explain the high concentration of nitric oxide
observed in the height range from 80 to 100 km during
an auroral absorption event.

On the basis of the AE-C measurements (Cravens and
Stewart, 1978) the mid-latitude NO-density in the lower
thermosphere can be about three times higher after storms
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than in normal conditions. Taking into account the forego-
ing considerations it may be supposed that the increased
NO-density results in a higher Lyman-oz ionization rate at
85 km, too. The qLa component can generally be written
as

qLa = ”No JLa

where nNO is the number density of neutral nitric oxide
at the height considered and JL, is a function of height
depending on the Ly-oc photon flux above the atmosphere
and its atmospheric absorption given by the optical depth.
During storms a change in JLa above the lower thermosp-
here should not be assumed thus qLa is to be dependent
on nNO. Consequently for disturbed conditions the total
ionization rate due to all radiations (Q;) will be higher and
can be described as

sqLa+AqLa+qx+qm (5)

where AqLa is an additional term representing the surplus
ionization associated with the increase in nNO, while the
remaining terms are those given above.

In the case of a three times higher NO-density during
storms, the ionization rate by Lyman-oz radiation (qLa+
AqLa) will be 12 ion pairs cm"3 s“1 at 85 km, when refer—
ring to the appropriate NO-concentration given by Brasseur
and Nicolet (1973). Thus on the basis of Eq. (5), an approxi-
mate ionization rate due to radiation can be determined
for periods with after-effects in radio wave absorption (by
using qLa=4 ion pairs cm”3 s'1 and AqLa=8 ion pairs
cm—3 3—1, as well as qx=2 ion pairs cm“3 s’1 and qm: 1.5
ion pairs cm“3 s”). The calculated Q;=15.5 ion pairs
cm‘3 s’1 is about twice as high as that given above for
normal conditions. The total ionization rate at 85 km is
the sum of Q; and Q, (35.5 ion pairs cm‘3 5—1, which
is the share of precipitating electrons during after-effects).
At mid-latitudes an ionization rate of 51 ion pairs cm‘ 3 s- 1
can be expected at 85 km in day-time if both the increased
NO-density and the particle precipitation is taken into ac-
count following geomagnetic disturbances. This value is
rather similar to that determined on the basis of electron
concentration data (Qa=56 ion pairs cm‘3 s”), the dis-
crepancy being about 10%.

Discussion

Using some recently published results, the present paper
confirms a contribution from certain atmospheric changes
to the development of the after-effect in radio wave absorp-
tion. Results deduced here have indicated that a rather en-
hanced day—time ionization at 85 km may be connected with
different kinds of processes following some geomagnetic
disturbances. An example has been discussed when 70%
of the total ionization might be due to precipitating elec-
trons and the remaining 30% originated from ionizing radi-
ation. Half of the latter portion should be ascribed to the
enhanced NO-density following magnetic storms.

Based on the observations of the AE-C satellite (Cra-
vens and Stewart, 1978), an NO-density three times higher
than in normal conditions can be expected for the mid-
latitude lower ionosphere following geomagnetic storms.
Consequently, calculations taking into account this degree
of NO-density enhancement yield an ionization rate similar
to that deduced from electron density data. In practice,
the ionization due to Lyman-oz radiation is highly depen-

71

dent on the NO-distribution applied in the calculations.
This is clearly shown in Table 1 where qLa is 2.5 times higher
when the NO-density for 85 km is chosen according to
Meira’s profile instead of that given by Brasseur and Nico-
let. It is remarkable that the degree of discrepancy between
the two distributions at 85 km and the degree of NO en-
hancement following magnetic storms (in relation to normal
conditions) are quite comparable.

Considering this and knowing that Mitra and Rowe
(1974) assumed some irregularities in the lower part of the
Meira—profile, we suggest that Meira’s profile might be typi-
cal for NO-densities associated with geomagnetic effects.
Meira (1971) has compiled his profile by means of two
rocket measurements. The first rocket was launched on 31
January 1969 and the second one on 6 February 1969 at
mid-latitude (Wallops Island, (0:37.8°N). The daily ZKP
values around these days show a rather enhanced geomag-
netic activity on some days preceding both launches and
even on the start day of the second rocket. Consequently
NO-densities measured by these rockets should be more
characteristic for periods with after-effects in radio wave
absorption than for normal conditions. For that very rea-
son the ionization rate due to Lyman-oz radiation, if calcu-
lated on the basis of Meira’s profile, has approached the
value determined by using Brasseur and Nicolet’s model
with an additional correction (qLa+A 61m)- The latter takes
into account the enhancement of NO-density following geo-
magnetic storms.

It is to be mentioned that increased NO-density may
also be taken into account when interpreting another D-
region phenomenon known as the winter anomaly, which
is the enhancement of HF radio wave absorption during
winter in the altitude range 75—95 km. Recently a detailed
analysis of the winter anomaly has been given by Offer-
mann et al. (1982) on the basis of results of the Western
European Winter Anomaly Campaign carried out in
1975/1976. Their model explains the main characteristics
of the winter anomaly by combined action of temperature,
turbulent downward transport of nitric oxide and horizon-
tal transport of nitric oxide by winds. According to their
study the measurements of Meira (1971) were taken in mod—
erately disturbed winter conditions. Based on measurements
during that campaign, Arnold and Krankowsky (1979) have
shown that NO-densities in the mid-latitude D-region may
be higher by factors up to about 4—8 on winter anomalous
days. Consequently, these NO enhancements are more
abundant than supposed for after-effect conditions in the
present paper.

Finally, it can be concluded that, although the enhance-
ments in radio wave absorption following geomagnetic dis-
turbances are mainly due to precipitating electrons, earlier
ideas considering changes in atmospheric parameters (e.g.
Belrose, 1964) as the origin of the after-effects may also
be valid to some extent. In the present paper these ideas
have been supported by combining several results and
showing that, at mid-latitudes, the increased NO-concentra-
tion can really contribute to the day-time enhancement of
radio wave absorption after certain geomagnetic storms.
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The deep geoelectric structure of the Pannonian Basin has
been investigated since the early 60’s (Adam, 1976a, b) and
some new interpretations were presented recently (Adam
et al., 1982b).

A preliminary geoelectrical model for the Karelian me-
gablock of the Baltic Shield (Fig. 1) was presented by Kaik-
konen et al. (1983) and its apparent resistivity curve, after
a reduction to zero conductance of overburden and sedi-
ments, is shown in Fig. 3. Some new magnetotelluric results
from Central Karelia (Rokityansky et al., in press 1983)
support this model to some extent.

Although the model is obtained for only one part of
the Baltic Shield, it is assumed at this stage, that, after
a correction for electrical distortions, the model is valid
for most parts of the shield. Such an assumption is justified
because of the small variation in terrestrial heat flow data,
with a low mean value 35 mW/m2 (Jarvimaki and Puranen,
1979). However, different and interesting geoelectrical re-
sults have been reported by Jones (1982) from Kiruna on
the Northwestern part of the Baltic Shield.

It is interesting to compare the geoelectrical structures
of the stable Precambrian Baltic Shield and the Cainozoic
active Pannonian Basin. The geoelectrical structures of
these regions can be understood against the background
of geological and geotectonic differences.

Distortions of deep geoelectric results

Both in the Pannonian Basin and on the Baltic Shield the
deep geoelectrical measurements include the influence of
the near surface conductivity inhomogeneities.

For the Pannonian Basin, the main distortions are due
to the sediment cover of varying thickness (the so-called
S—effect). A map cf the total conductance of the sediment
cover can be used to study this kind of distortion and such
an S—map was constructed by Adam et al. (1982 b) on the
basis of geological and geophysical data. Numerical calcula-
tions using this map show that the minor axis of the telluric

Ofiprint requests to: A. Adam

Fig. 1. Karelian megablock on the Baltic Shield. Crosses show the
beginning (1) and end (2) points of the profile of the 5 MT points
measured in 1980. (1 — Paleozoic and younger sedimentary rocks,
2 — Caledonides, 3 — Baltic Shield and 3a — Karelian megablock).
4 — approximate location of the Lake Ladoga-Bothnian Bay zone

ellipse is not significantly sensitive to the S—variations, so
pmm curves were used for deep investigations in the Pannon-
ian Basin.

Quite a different situation was observed on the Baltic
Shield where the main source of distortion is connected
with schist belts. In these belts the conducting bodies often
have nearly vertical structures. The sharp distortions which
are due to the vertical conductive dykes in schist belts are
clearly present in a profile of 10min and Pmax at a period
of 100 s (Fig. 2). This profile was constructed from the re-
sults of MT soundings reported by Adam et al. (1982a).
Note the very low resistivity value (about 4 52m) at point
number 5 which suggests some highly conducting material,
such as graphite, sulphide minerals etc, to be the source
of the anomaly. The preliminary estimates of the conduc-
tance suggest that it can exceed some 103 S and similar
results were obtained by Rokityansky et al. (1979). Such
a high conductivity causes a strong screening effect, which
makes it difficult to investigate deep geoelectrical structures.

To date, there is enough information about conductivi-
ties and geometrical features from only a limited number
of locations on the Baltic Shield. This makes it difficult
to construct numerical models for distortion effects. For
reliable deep sounding results, it is therefore important to
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Fig. 2. Apparent resistivity profiles with the period T2100 5 for
MT measurements in the Central part of the Baltic Shield and
the directions of the maximum values of Z” (T) at the measuring
sites 1—5 after Adam et al. (1982a)
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Fig. 3. Apparent resistivity curve for the Karelian megablock (KM)
(Kaikkonen et a1. 1983) and the average curve for the area of the
Transdanubian anomaly in the Pannonian (PB) Basin. Both curves
are transformed to correspond to zero conductivity of the upper-
most part

map and locate the conductivity anomalies in the upper
crust. The simplest and most valid procedure for minimiz-
ing crustal distortions is to locate the subsequent deep MT
sounding points as far from the known near surface inho-
mogeneities as possible. From this point of view the Kare-
lian megablock seems to be one of the most favourable
high resistive windows for investigation of the deep geo-
electrical structures. The AMT results also confirm that
the Karelian megablock has a very high resistivity (Kaik-
konen and Pajunpaa, in press 1983).
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Fig. 4. Comparison of the deep resistivity of the Karelian mega-
block (KM) and the Pannonian Basin (PB)

It is interesting to note that there is an anomaly of
crustal conductivity in Hungary, the so-called Transdanu-
bian anomaly (Âdâm, 1976 a). The very sharp decrease of
the apparent resistivity to some few Qm suggests that the
conductor has a very low resistivity, which might corre-
spond to graphite schists, sulphide minerals or hydrother-
mal solutions. In the Pannonian Basin this is the only
known crustal anomaly occupying a small part of the basin,
while on the Baltic Shield there are numerous geologically
recognized anomalies of similar kind.

The geoelectric structures

Figure 3 presents a summary of apparent resistivity curves
for the Pannonian Basin and the Baltic Shield (represented
by the Karelian megablock curve). The average minimum
apparent resistivity curve for the Pannonian Basin (Adam
et al., 1982b) was reduced to zero sedimentary cover con-
ductance.

The level of the Pannonian curve is 1—1.5 orders of mag-
nitude lower than the level of the Baltic Shield curve. The
shape of the Pannonian curve differs significantly from the
Baltic Shield one, showing a distinct minimum at a period
of about 100 s and a decrease at periods greater than 1000 3.
These features correspond to crustal and asthenospheric
conducting layers.

Using the Niblett inversion (Niblett and Sayn Wittgen—
stein, 1960) the resistivity-versus-depth profiles are ob-
tained. The profile for the Baltic Shield (Kaikkonen et al.,
1983) is compared with the profile for the Pannonian Basin
in Fig. 4. The shield profile shows a continuous decrease
of resistivity with depth with no conducting layers in the
crust or the upper mantle. For the Pannonian Basin the
inversion profile indicates a conducting layer in the crust
and a decrease of conductivity at depths about 50—80 km,
which might correspond to the upper surface of the
asthenospheric conductive layer. The conducting crustal
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layer in the Pannonian Basin has a specific resistivity less
than 10 Qm at a depth of approximately 10 km, while the
specific resistivity for the Baltic Shield at the corresponding
depth is higher than 104 Qm.

In the asthenosphere beneath the Pannonian Basin the
resistivity decreases to about 5—10 firm at a depth of 70 km
while for the Baltic Shield the resistivity is as high as
300 Qm even at 150 km depth, without any sign of any
more conducting layer. More soundings will be needed to
verify Whether this condition prevails for all parts of the
shield. The recent results of Jones (1982) seem to indicate
the possibility of an upper mantle conductor (astheno-
sphere) at 155——185 km depth in the NW part of the shield.
The validity of this result for other parts of the shield and
its possible explanation by tectonic differences close to the
western edge of the shield will also form an interesting prob-
lems for further geoelectric measurements.

The well developed asthenosphere is usually explained
as a partially molten layer, while the crustal conductivity,
as mentioned above, can be connected with hydrothermal
solutions (Hyndman and Hyndman, 1968). Both of these
features are in accordance with the high heat flow values
measured in the Pannonian Basin (mean value
95.3 m’z; Horvath et a1. 1979). This correspondence,
as well as the correspondence on the Baltic Shield (no as-
thenospheric conductor, low average heat flow,
35 m‘2) is also explained well by Adam’s relationships
between electrical conductivity and heat flow (Adam, 1978).
Many additional problems in interpretation, e. g., in connec-
tion with the high latitudinal position of the Baltic Shield
(the source effect) require further investigations.

Conclusions

Comparison of deep geoelectrical models for different tec-
tonic areas is one of the main goals of the international
IAGA-ELAS (Electrical Conductivity of the Astheno-
sphere) project. The results mentioned above suggest signifi-
cant lateral variations of the electrical conductivity of the
crust and upper mantle. This kind of comparison of the
results of the multilateral investigations will be very useful
in finding out the deep geoelectrical structure.

Further measurements will be needed especially in the
area of the Baltic Shield. A better description of crustal
conductivity anomalies is needed to improve the validity
of the generalized shield curves and to determine possible
differences between the geoelectric structure of the various
parts of the Baltic Shield.
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Discrete chorus emissions observed at Varanasi

P.N. Khosa, Lalmani, and NLM. Ahmad
Department of Physions, Regional Engineering College, Hazratbal, Srinagar — 190006, Kashmir (India)

Key words: Wistler — Radiation belt _. VLF radiation

In an earlier paper Khosa et al. (1981) have reported the
successful recording of VLF hiss at their ground based ob-
servation station at Srinagar (geomag. lat., 24°10’N). In
another paper Khosa et al. (1983) have presented sono—
grams of discrete chorus emissions recorded at Nainital
(geomag. lat., 19°1’N). In this short communication we
present the analysis of the whistler data collected in March/
April 1976 at Varanasi (geomag. lat., 14°55’N).

The broad features of the emissions recorded during
the entire period under report were found to be mostly
similar to each other. We therefore reproduce here some
of the emissions recorded on the second of April 1976 as
representative of our recordings over the entire period.

On this day which was magnetically a quiet day with
the sum of Kp indicies 13, we observed around twenty dis-
crete chorus emissions between 00.00 and 00.100 h local
time. Some of these emissions are reproduced in Fig. 1.
All the recorded emissions occurred in a narrow frequency
range of 2 kHz to 6 kHz. The rate of change of frequency
with time of the recorded emissions is found to lie between
2 kHz/s and 3 kHz/s. Figure 1 a shows discrete chorus emis-
sions of rising and falling tones in the frequency range of
2—6 kHz. The emissions are also accompanied by a contin-
uum of hiss in the low frequency range of 1—2.5 kHz. Fig-
ures 1 b and 1c show discrete chorus emissions in the fre-
quency range of 2—6 kHz besides containing combinations
of rising and falling tones. This is in sharp contrast to the
observed discrete chorus emissions reported from Nainital
(Khosa et al-, 1983) which are of rising tones only, having
single or double trace of short and long duration.

These low latitude discrete chorus VLF emissions are
generated in the equatorial plane in the inner zone radiation
belt (L~1.2) by the cyclotron resonance between whistler
mode waves and the inner Zone radiation belt electrons
as explained in our earlier communication (Khosa et al.,
1983). We have calculated the resonant energy of the high
energy interacting electrons and growth of the whistler
waves at L: 1.2 in the equatorial plane. The resonant ener—
gies for various frequencies of the emission were found to
be in the range 3-5 MeV and the growth rates for various
frequencies of emissions were found to be about 3 rad s‘1
indicating significant wave amplification for observation as
discrete chorus emissions at our low latitude ground station
Varanasi.

Further the band width of the recorded VLF hiss as
shown in Fig. 1a lies in a narrow range of 1 Hz—2.5 kHz
in sharp contrast to the auroral hiss which generally has
a much broader band width from a few kHz to 0.5 MHz.

6

“fir

{kHz}

Frequency

Time {s}
Fig.1. Sonograms of Discrete Chorus Emissions recorded at
Varanasi

The possible source mechanism of the VLF hiss reported
here is the Cerenkov radiation process from low energy
electrons (Khosa et al., 1983).
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Die Thermische Evolution der Erde
Thermal evolution of the earth

T. Spohn
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Zusammenfassung. Die Abkühlrate der Erde wird bestimmt
durch a) die Wärmeübertragungseigenschaften der Mantel-
konvektion, b) die Rate der Wärmeerzeugung in der Erde
und c) durch den ursprünglichen Wärmeinhalt nach Entste-
hung der Erde aus dem solaren Urnebel. Der ursprüngliche
Wärmeinhalt betrug etwa 1031 J. Die Rate der Wärmeer—
zeugung durch Zerfall radioaktiver Isotope beträgt heute
2—3 - 1013 W, etwa 50—75% des gegenwärtigen Oberflächen-
wärmeflusses, und hat während der Erdgeschichte um eine
Größenordnung abgenommen. Latente Wärme und Gravi-
tationsenergie, die während der Differentiation des Kerns
freigesetzt werden, tragen etwa 1012 W zum Wärmebudget
bei. Bei geschichteter Mantelkonvektion (oberer und
unterer Mantel) bestimmen die Wärmeübertragungseigen-
schaften des oberen, bei den ganzen Mantel durchgreifender
Konvektion die des gesamten Mantels die Abkühlrate. Aus
den Verhältnissen der Schichtmächtigkeiten und dem An-
wachsen der Nusseltzahl Nu mit der Rayleighzahl Ra folgt,
daß eine Erde mit chemisch homogenem Mantel erheblich
schneller abkühlt als eine chemisch geschichtete Erde. Der
Wärmeüberschuß des geschichteten Modells befindet sich
im unteren Mantel und im Kern. Die hohe Viskosität des
unteren Mantels von wenigstens 1021 Pa s ist daher am
ehesten mit durchgreifender Mantelkonvektion vereinbar.
Die Abkühlrate des Kerns und damit die Wachstumsrate
des inneren Kerns sind gleichfalls von dem Wärmeübertra—
gungsvermögen der Mantelkonvektion bestimmt. Evolu-
tionsrechnungen mit einfacher Nu—Ra-Parametrisierung des
konvektiven Wärmetransports ergeben, unabhängig von
der Schichtung der Mantelkonvektion, ein Alter des inneren
Kerns von 2—3 Ga. Da das Alter des Magnetfeldes wenig—
stens 3,5 Ga beträgt, ist der Geodynamo in frühen Stadien
der Erdgeschichte wahrscheinlich durch thermische Kon-
vektion danach (auch) durch chemische Konvektion betrie-
ben worden. In einem vollständig geschmolzenen Kern
ohne innere Wärmequellen kann thermische Konvektion
nicht während des gesamten Alters des Sonnensystems auf-
recht erhalten werden, da die Mantelkonvektion Wärme
zu schnell abführt. Das Fehlen eines intrinsischen Magnet-
feldes bei Venus und Mars könnte auf das Fehlen eines
wachsenden inneren Kerns zurückzuführen sein. Die Wech-
selwirkung von thermischer und chemischer Evolution der
Erde ist bedeutsam. Die Differentiation des Erdmantels
durch Abscheiden der kontinentalen Kruste entzieht dem
Mantel Wärmequellen, hinterläßt aber die Kontinente als
Wärmedämmschilde. Die Wirkung der Kontinente könnte

die Mantelkonvektion zu ständiger Umordnung ihres Strö-
mungsmusters zwingen und der Grund der Kontinentaldrift
sein.

Abstract. Earth’s cooling rate is determined by a) the heat
transfer properties of mantle convection, b) the rate of inter-
nal heat production, and c) Earth’s primordial heat. The
primordial heat is around 1031 J. Radioactive decay of
longlived isotopes generates heat at a rate of 2—3-1013 W,
about 50—75% of the present surface heat flow. The release
of latent heat and gravitational energy during inner core
growth contributes about 1012 W to the heat budget. The
cooling rate with layered mantle convection (upper and
lower mantles) is governed by the heat transfer properties
of upper mantle convection, while for whole mantle convec-
tion it is governed by the heat transfer properties of the
whole mantle. From the ratio of the layer thicknesses and
the increase of the Nusseltnumber Nu with increasing Ray-
leighnumber Ra it is concluded that a chemically homoge-
nous mantle cools much faster than a chemically layered
mantle. The excess heat of the layered model is located
in the lower mantle and the core. The large lower mantle
viscosity of at least 1021 Pa s thus favours whole mantle
convection. The core’s cooling rate and, accordingly, the
inner core’s growth rate are likewise dependent on the heat
transfer properties of mantle convection. Thermal evolution
models with convective heat transfer parameterized by a
simple Nu-Ra-relation give an age of the inner core of
2—3 Ga, independent of mantle layering if the core liquidus
is appropriately chosen. This suggests that the geodynamo
was powered by thermal convection early in the Earth’s
history and (also) by chemical convection in its later stages.
Completely fluid cores, devoid of intrinsic heat sources,
are not likely to sustain thermal convection for the age
of the solar systems because mantle convection removes
heat too effectively. The present lack of Venus and Mars
of an intrinsic magnetic field could be due to still completely
liquid cores. The thermal and the chemical evolution of
Earth are related, with probably important consequences.
The differentiation of the mantle by production of crustal
rock transfers heat sources from the mantle to the conti-
nents which, hower, act as thermal blankets. The thermal
blanketing could force the mantle convection to continually
change its flow pattern and might well be the cause of conti-
nental drift.
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Einleitung

Aus den Beobachtungen des Oberflächenwärmeflusses
kann gefolgert werden, daß die Erde Wärme mit beträcht-
licher Rate verliert. Der heutige Wärmeverlust beträgt
4,2'1013 W (Sclater et a1. 1980; Pollack, 1982). Der Ober-
flächenwärmefluß kann nicht im Gleichgewicht mit der im
Erdkörper (z.B. durch radioaktiven Zerfall) erzeugten
Wärme stehen. Eine zeitliche Änderung des Oberflächen-
wärmeflusses eines Körpers, in dem Wärme durch Wärme-
leitung oder Konvektion zur Oberfläche transportiert wird,
hat immer auch eine zeitliche Änderung seiner inneren
Energie zur Folge (Schubert et al., 1980; Stacey, 1981). Im
Gleichgewicht wäre aber eine zeitliche Änderung des Wär-
meverlusts allein schon durch den Zerfall der radioaktiven
Elemente und der daraus folgenden Abnahme der Wärme-
produktion gegeben. Ein beträchtlicher Anteil des Oberflä-
chenwärmeflusses, 10—50% (Sharpe und Peltier, 1979;
Schubert et al., 1980; Davies, 1980; Spohn und Schubert,
1982 a), rührt deshalb vom Abkühlen des Planeten her. Da
die endogene Dynamik der Erde aus dem Wärmeinhalt der
Erde gespeist wird, werden sich beobachtbare Größen wie
Verschiebungsraten der Lithosphärenplatten, Raten der
Gebirgsbildung, Stärke des Magnetfeldes im Laufe der Erd—
geschichte ändern. Modellrechnungen zur thermischen Evo-
lution der Erde (und anderer Planeten) (z.B. Sharpe und
Peltier, 1978, 1979; Schubert et al., 1979a, b; Cook und
Turcotte, 1981; Lubimova und Parphenuk, 1981; Stacey,
1981; Spohn und Schubert, 1982a; Stevenson et al., 1983)
versuchen, den heutigen Zustand der Erde aus Annahmen
über den Anfangszustand abzuleiten. Dabei können Bei-
träge zum Verständnis des Aufbaus und Funktionierens des
Erdinnern geleistet werden, da die Evolutionsrechnungen
angeben, wie ein Modell sich zeitlich entwickeln wird. Bei-
spiele für Fragestellungen, zu denen thermische Evolutions—
rechnungen beitragen können oder beigetragen haben, sind:

a) Gehalt der Erde an und Verteilung der radiogenen
Wärmequellen (Davies, 1980; Schubert et al., 1980; Spohn
und Schubert, 1982 a).

b) Chemische und physikalische Schichtung des Mantels
(Spohn und Schubert, 1982 a).

c) Antrieb des Geodynamos (Stevenson et al., 1983).
d) Temperaturverteilung.

Als erste thermische Evolutionsrechnung für die Erde
kann vielleicht Lord Kelvins (1864) Abschätzung des Erdal-
ters gelten. Mit der Modellvorstellung einer anfänglich voll- ‚
ständig geschmolzenen, sich von außen nach innen verfesti-
genden Erde errechnete er, daß der gegenwärtige Oberflä-
chenwärmefluß nach 25 Millionen Jahren erreicht wäre.
Dieses Alter ist falsch um einen Faktor von z200. Zwei
wichtige Elemente des Wärmehaushalts der Erde waren da-
mals noch nicht bekannt, bzw. in ihrer Bedeutung für die
thermische Evolution der Erde nicht erkannt: Radioaktivi—
tät und konvektiver Wärmetransport.

Aus einer Reihe von Argumenten kann gefolgert wer-
den, daß die Erde Wärme durch Konvektion abführt und
Wärmeleitung eine untergeordnete Rolle spielt:

1) Der Erdmantel ist über geologische Zeiten betrachtet
fluid. Er hat eine effektive dynamische Viskosität von
1020—1021 Pa s (Cathles, 1975; Peltier, 1981; Yuen et al.,
1982). Das fluide Verhalten des Erdmantels ist eine Folge
des Festkörperkriechens der Mantelsilikate (Weertman und
Weertman, 1975; Carter, 1976).

2) Die beobachteten Horizontalverschiebungen und die
Subduktion der Lithosphärenplatten verlangen aus Grün-
den der Massenerhaltung Fließbewegungen wenigstens in
Teilen des Erdmantels.

3) Lineare Stabilitätsuntersuchungen zeigen, daß der
Mantel thermische Konvektion erfahren sollte (Pekeris,
1935; Knopoff, 1964; Tozer, 1965; Schubert et al., 1969).

4) Wärmeleitung ist nicht effektiv genug, um die im
Erdkörper durch radioaktiven Zerfall erzeugte Wärme ab-
zuführen. Als Folge müßte sich der Erdmantel aufheizen
und wegen der Temperaturabhängigkeit der Viskosität not—
wendigerweise zu thermischer Konvektion führen (Tozer,
1965; Stevenson und Turner, 1979).

5) Außer dem „Geodynamo“ ist gegenwärtig kein Mo—
dell bekannt, das die Existenz des Erdmagnetfeldes erklären
könnte. Der Geodynamo setzt Strömung im äußeren Kern
voraus, die am ehesten auf thermische oder chemische Kon-
vektion zurückzuführen ist (Gubbins, 1974; Busse, 1978 a).

Nach heutigen Vorstellungen entstanden die terre—
strischen Planeten etwa gleichzeitig mit der Sonne und den
Riesenplaneten durch Akkretion aus einem kondensierten
Urnebel (Safronov, 1972; Weidenschilling, 1974; Cameron,
1978; Wetherill, 1980). Dies geschah vor etwa 4,6 Milliar-
den Jahren; der Vorgang war vermutlich nach nicht mehr
als einigen 108 Jahren abgeschlossen (Wetherill, 1980, 1981 ;
Safranov, 1981). Während der Akkretion sind die terre—
strischen Planetendurch den Einschlag von Körpern, die
bis zu Planetoidengröße erreicht haben mögen, bis zum
Schmelzpunkt aufgeheizt worden (Safronov, 1978, 1981;
Kaula, 1979; Sharpe und Peltier, 1979; Stacey 1981). Eine
weitere Aufheizung ist nicht wahrscheinlich, da die zuge-
führte Energie durch Konvektion schnell abgeführt worden
wäre. Aus der Kenntnis der Schmelztemperaturen terre-
strischer Materialien und ihrer Wärmekapazität — 7- 1027
JK‘ 1 für die Erde (Stacey, 1981) — kann der ursprüngliche
Wärmeinhalt der Erde zu einigen wenigen 1031 J abge—
schätzt werden. Der ursprüngliche Wärmeinhalt der übri-
gen terrestrischen Planeten Merkur, Venus und Mars ver-
hält sich zu dem der Erde wie die Volumina der Planeten.
Wir erhalten einige 1030 J für Mars und Merkur und 1031 J
für Venus. Seit ihrer Akkretion sind die terrestrischen Pla—
neten abgekühlt. Zu einem fernen Zeitpunkt werden sie aus-
gekühlt und jede geodynamische Aktivität erloschen sein
(Kaula, 1975). Der Zeitraum, der von der Akkretion bis
zum Erkalten verstreicht, hängt von

a) dem ursprünglichen Wärmeinhalt,
b) den inneren Wärmequellen und
c) den Wärmeübertragungseigenschaften

des Planeten ab. Je geringer der ursprüngliche Wärmein-
halt, je geringer die Wärmeproduktion und je besser die
Wärmeübertragungseigenschaften, desto eher kühlt er aus.
Während etwa 2/3 der Erdoberfläche jünger als 200 Ma ist,
sind die größten Teile der Oberflächen von Mars und Mer-
kur einige Milliarden Jahre alt (Head, 1981). Erinnern wir
uns, daß der ursprüngliche Wärmeinhalt von Mars und
Merkur um eine Zehnerpotenz kleiner als der der Erde ist,
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so leuchtet der Unterschied der Alter der Oberflächen quali-
tativ ein.

Im nächsten Abschnitt dieser Arbeit werden die wär-
meerzeugenden Vorgänge in der Erde kurz diskutiert, da-
nach die Transporteigenschaften von Wärmeleitung und
Konvektion. Es folgt dann eine Beschreibung von Modell-
ansätzen für Evolutionsrechnungen. Der fünfte Abschnitt
enthält eine Diskussion von Evolutionsmodellen des Erd-
mantels und —kerns bei durchgreifender und geschichteter
Mantelkonvektion und den Versuch, in Ansätzen, die Rolle
der Kontinente und der Differentiation des Mantels durch
Abscheiden der Kruste aufzuzeigen. Einige Schlußbemer-
kungen beenden die Arbeit.

Wärmequellen

Als wärmeerzeugende Vorgänge im Innern terrestrischer
Planeten kommt der Zerfall radioaktiver Isotope, das Frei-
werden gravitativer Energie bei Differentiation des Planeten
sowie das Freiwerden latenter Wärme in Betracht. Latente
Wärme ist eine wichtige Wärmequelle im Erdkern. Modell-
rechnungen (Stevenson et al., 1983) haben eine gegenwär-
tige Wachstumsrate des festen inneren Kerns von
250 m Ma’ 1 ergeben. Bei einer latenten Wärme von
5-105 J kg‘1 ergibt sich daher eine Wärmeerzeugung von
l12 W, etwa ein Drittel des bei den Modellrechnungen
erhaltenen gegenwärtigen Wärmeflusses vom Kern und
etwa 2,5% des gegenwärtigen Wärmeverlustes der Erde von
4-1013 W. Die beim Ausfrieren des inneren Kerns umge-
setzte potentielle Energie ist von derselben Größenordnung
wie die latente Wärme (Stevenson et al., 1983). Ob der Kern
insgesamt heute durch Differentiation des Mantels wächst,
ist umstritten. Neuere Diskussionen des Themas finden sich
bei Keondijan (1981) und Stevenson (1981). Der Autor
neigt zu der Ansicht, daß die Bildung des Kerns während
der Akkretionsphase oder bald danach im wesentlichen ab-
geschlossen war. Der Schmelzpunkt von Eisen, insbeson—
dere wenn dieses mit einem leichten Element legiert ist, liegt
unterhalb des Schmelzpunkts von Mantelsilikaten. In einem
Planeten, dessen Temperatur sich am oder nahe am
Schmelzpunkt von Silikaten befindet, wird Eisen wegen der
nichtlinearen temperaturabhängigen Rheologie der Silikate
rasch nach unten sinken (Elsasser, 1963; Walker et al.,
1978; Stevenson, 1981). Die dabei dissipierte Energie hat
sicherlich nicht unerheblich zum Wärmebudget des Proto—
planeten beigetragen. Abschätzungen (Flasar und Birch,
1973; Shaw, 1978) ergeben eine während der Bildung des
Erdkerns dissipierte Energie von 1031 J. Die Existenz des
Erdmagnetfeldes ist zumindest für die letzten 3,5 Ga (McEl-
hinny und Senanayake, 1980) belegt. Wenn der Erdkern
früh entstanden ist, ist diese Beobachtung ohne weiteres
verständlich. Es ist wahrscheinlich, daß der Kern sich nicht
im chemischen Gleichgewicht mit dem tiefen Mantel befin—
det (Brett, 1976; Ringwood, 1978; Stevenson, 1981). Mate-
rialtransport über die Kern-Mantelgrenze ist aber be-
schränkt auf die sehr langsame Festkörperdiffusion, es sei
denn, der tiefe Mantel wäre, etwa in der Seismischen D”-
Schicht, partiell geschmolzen.

Der Gehalt der Erde an radioaktiven Isotopen ist nach
wie vor unsicher. Zwar sind die Konzentrationen der ther—
misch relevanten, langlebigen Elemente U, Th und K in
Krustengesteinen und einigen Mantelxenolithen bestimmt
worden (eine neue Zusammenfassung der Daten findet sich
in “The Basaltic Volcanism Study Project”, 1981), doch
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kann aus diesen Daten nicht ohne weiteres auf den Gehalt
der Erde an radioaktiven Elementen geschlossen werden.
Allenfalls kann davon ausgegangen werden, daß die Ver-
hältnisse der Konzentrationen K/U von 104 und Th/U von
3,5 (Taylor und McLennan, 1981) repräsentativ sind. Der
Wert des Verhältnisses von Th/U von 3,5 (im Mittel) scheint
für terrestrische Gesteine und Meteorite zu gelten (Stacey,
1977 a), während K/U in Mondgesteinen 2- 103 (Gast,
1972), in chondritischen Meteoriten aber bis zu 7- 104 (Ma-
son, 1971) betragen kann. Das Krustengestein der Venus
zeigt (an drei Stellen) K/U-Werte, die denen des irdischen
Krustengesteins gleichen, Marsgestein gleicht eher dem
Oberflächengestein des Mondes (Surkov, 1977). Die ra-
dioaktiven Elemente mit langen Halbwertszeiten (vergleich-
bar mit dem Alter des Sonnensystems) sind wegen ihrer
großen Ionenradien und ihrer Valenzen stark lithophil. Es
ist daher zu erwarten, daß die Kruste als Differentiations—
produkt des Mantels an radioaktiven Elementen angerei-
chert, der Mantel entsprechend verarmt ist. In der Tat tra-
gen die radioaktiven Elemente der Erdkruste mehr als 10%
zum gesamten Oberflächenwärmefluß bei (Sclater et al.,
1980). Schon aus diesen Gründen können die absoluten
Konzentrationen von K, U und Th im Krustengestein nicht
repräsentativ für den Erdmantel sein, wenn der Oberflä-
chenwärmefluß nicht geringer als die Wärmeproduktions-
rate sein soll. Ultrabasische Mantelgesteine zeigen Wärme-
quelldichten von bis zu weniger als 1% der Werte kontinen-
taler Krustengesteine (Basaltic Volcanism Study Project,
1981)

Man findet in der älteren Literatur und auch in einigen
Lehrbüchern (Stacey, 1977a; Brown und Mussett, 1981)
Wärmeproduktionsraten für die Erde (z.B. Wasserburg
et al., 1964) und den Mond (Langseth et al., 1976), die unter
der Annahme eines Gleichgewichts zwischen radiogener
Wärmeerzeugung und Oberflächenwärmefluß berechnet
worden sind. Man erhält für die Erde 9,1 -10_12 W kg‘l,
wenn man annimmt, daß im Kern keine nennenswerten
Konzentrationen radioaktiver Elemente vorkommen
(Oversby und Ringwood, 1972; Ganguly und Kennedy,
1977; Spohn und Schubert, 1982a). Mit Hilfe der obigen
Konzentrationsverhältnisse K/U und Th/U sowie den Wär-
meerzeugungsraten von 238U, 23’5U, 232Th, 40K (Tabelle 1)
können die mittleren Konzentrationen von U, Th und K
dann zu 41 und 142 ppb und 407 ppm abgeschätzt werden.

Theoretische Überlegungen zu den Wärmeübertra-
gungseigenschaften der Mantelkonvektion haben jedoch ge-
zeigt, daß radiogene Wärmeerzeugung und Oberflächen-
wärmefluß nicht im Gleichgewicht sein können (Schubert
et al., 1980; Stacey, 1981). Wenigstens 25—50% des gegen-
wärtigen Oberflächenwärmeflusses sind auf den Verlust an
innerer Energie zurückzuführen. Andere Modellrechnungen
(Davies, 1980; Spohn und Schubert, 1982 a) ergeben einen
Anteil der Wärmeproduktion am Oberflächenwärmefluß
von 60—80%. Dies wird auch bestätigt durch Modellrech—
nungen, über die in dieser Arbeit berichtet wird. Ähnliche
Anteile sind auf Grund geochemischer Argumente von
Ringwood (1975), Taylor (1979 a) und O’Nions et al. (1979)
errechnet worden. Unabhängige Abschätzungen des K-
Gehalts der Erde (auf Grund von 40Ar-Systematiken und
K/Rb—Konzentrationsverhältnissen) ergeben Werte von
100—200 ppm (Hurley, 1968; Ozima und Kudo, 1972; Hart
und Hogan, 1978; Taylor 1979 a), 25—50% der weiter oben
errechneten Konzentrationen. Man darf daher die oben
errechnete spezifische Wärmeproduktionsrate von



|00000088||

80

Tabelle l. Wärmeerzeugung durch langlebige Isotope (Quelle: Ba-
saltic Volcanism Study Project, 1981)

Spez. Wärme- Zerfalls- Relative
erzeugungsrate konstante Häufigkeit
10‘5’Wkg’1 10—10a—1 des Isotops

238U 9,40 1,55125 0,9928
235U 57,9 9,8485 0,0072
232Th 2,60 0,49475 1,0
4OK 3,02 5,543 1,167 - 10‘4

9,1 -10‘ 12 W kg“1 als obere Schranke ansehen, der wahr-
scheinliche Wert liegt näher bei 5—7- 10’ 12 W kg“ 1.

Die Zerfallskonstanten ‚l der Isotope 23’8U, 235U, 232Th
und 40K sind gut bekannt (Tabelle 1). Daher können die
Konzentrationen C dieser Isotope mittels

CseM‘P”) (1)
in die Vergangenheit zurückgerechnet werden. In (1) ist Cp
die heutige Konzentration des betreffenden Isotops, tp ist
das heutige Alter der Erde. Aus den Konzentrationen und
den Wärmeerzeugungsraten (Tabelle 1) findet man dann
die Wärmeerzeugungsrate im Erdkörper als Funktion der
Zeit. Sie hat in 4,5 Ga um etwa einen Faktor 10 abgenom-
men.

Es ist möglich, daß kurzlebige radioaktive Isotope in
der frühen Geschichte der terrestrischen Planeten merklich
zum Wärmehaushalt beigetragen haben. Hier ist vor allem
26Al zu nennen (Fish et a1., 1960). Allerdings ist die Halb-
wertszeit von 26Al mit 7- 105 a klein gegen die Akkretions-
zeit von 107—108 a. Darüber hinaus ist die Wärmeerzeu-
gungsrate von 26Al um 1—2 Größenordnungen kleiner als
die der vorgenannten langlebigen Isotope.

Wärmetransport

Wärmeleitung

Grundsätzlich kann Wärme durch Wärmeleitung, Konvek-
tion und elektromagnetische Strahlung transportiert wer-
den. Die Frage, welcher Mechanismus dominiert, wird
durch die Materialeigenschaften und die geometrischen Ei-
genschaften eines Körpers beantwortet. Wärmeleitung ist
eine Folge des Austauschs kinetischer Energie zwischen
Molekülen, Konvektion ist Wärmetransport durch makro-
skopische Bewegung. In stark absorbierenden Materialien
kann der Beitrag der Strahlung zum Wärmetransport in
die Definition der Wärmeleitfähigkeit aufgenommen wer—
den. Die Wärmeleitfähigkeiten von Mantelsilikaten bei ho-
hen Temperaturen und Drücken sind nicht gut bekannt.
Für den unteren Erdmantel besteht eine Unsicherheit um
den Faktor 4 (Basaltic Volcanism Study Project, 1981).
Über den Tiefenbereich des Erdmantels kann die Wärme—
leitfähigkeit um den Faktor 30 zunehmen. Für globale Mo-
dellrechnungen wird gewöhnlich 5 W m’1 K’1 als reprä—
sentativ für den gesamten Mantel angenommen. Die Wär-
meleitfähigkeit im flüssigen äußeren Kern kann mit der
Wiedemann-Franz-Beziehung (Kittel, 1976) aus der elek-
trischen Leitfähigkeit zu 40 W m‘ 1 K‘1 abgeschätzt wer—
den (Stevenson, 1980).

Man kann leicht zeigen, indem man die Wärmeleitungs-
gleichung skaliert (Spohn und Schubert, 1982b), daß die
Zeiteinheit für Wärmetransport durch Wärmeleitung

H2
T=————

K
(2)

beträgt. Hier ist H eine charakteristische Länge (z.B. die

Dicke des Mantels) und K:Â die Temperaturleitfähigkeit,
pc

p die Dichte und c die spezifische Wärmekapazität. Ein
charakteristischer Wert für K ist 10—6mzs—1. Mit H=
3-106m folgt r=9~1018 s, etwa 3-1011 Jahre, eine lange
Zeit im Vergleich zum Alter der Erde. Dies bedeutet, daß
Wärme, die radiogen im tiefen Mantel erzeugt wurde, durch
Wärmeleitung allein noch nicht an die Oberfläche transpor—
tiert werden konnte. Wärmeleitung durch die Lithosphäre
(H=105 m) wird dagegen in Einheiten von 3-108 Jahren
gemessen und ist daher von Bedeutung für die Wärmebi-
lanz. Auf der anderen Seite ist auch diese Zeit groß genug,
um denkbare thermische Vorgänge im tiefen Bereich der
Lithosphäre lange Zeit nicht als Veränderung des Oberflä-
chenwärmeflusses erkennbar zu machen. So könnte ein
konvektiver Aufstrom die Lithosphäre bis zur Kruste ther-
misch erodiert haben, bevor der Oberflächenwärmefluß
sich, als Folge des in die Lithosphäre konvektiv getragenen
Wärmestroms, um einige Prozent erhöht hätte (Spohn und
Schubert, 1982 b, 1983). Daher sind Bestimmungen der Li-
thosphärenmächtigkeiten aus dem Oberflächenwärmefluß
(Chapman und Pollack, 1977) nur bedingt aussagekräftig.

Thermische Konvektion

Freie Konvektion kann nur in einem fluiden Medium auf-
treten. Terrestrische Gesteine verformen sich bei genügend
hoher Temperatur (T2 0,5-Tm, Tm: Schmelztemperatur)
durch das Wandern von atomaren Fehlstellen (Diffussions-
kriechen) und Versetzungen (Dislokationskriechen) (Weert-
man und Weertman, 1975; Carter, 1976). Die Verformungs—
raten sind derart, daß sich der Mantel, über geologische
Zeiträume gesehen, wie eine viskose Flüssigkeit verhält. Die
Temperaturabhängigkeit der effektiven, dynamischen Vis-
kosität kann durch ein Gesetz der Form

fl=uo exp (a I?) <3)
mit der empirischen Konstanten az30, dargestellt werden
(Weertman und Weertman, 1975). Im Falle des Disloka-
tionskriechens ist die effektive Viskosität proportional zum
Quadrat der Scherspannung, im Falle des Diffusionskrie-
chens ist sie unabhängig von der Scherspannung. Die Visko—
sität des Erdmantels ist aus Spuren der Relaxation des Erd-
körpers nach dem Schmelzen der Eismassen am Ende der
letzten Eiszeit zu 1020—1021 Pa s bestimmt worden (Cathles,
1975; Peltier, 1981). Aus Polwanderungsdaten und dem An-
teil der Abbremsung der Erdrotation, der nicht auf Gezeiten
zurückzuführen ist, haben Yuen, Sabadini und Boschi
(1982) die Viskosität des tiefen Mantels zu 1—4-1021 Pa s
abgeschätzt.

Sind in einem fließfähigen Material Temperaturgradien-
ten zu finden, die größer als der adiabatische Temperatur—
gradient sind, so kann durch Fluktuationen thermische
Konvektion ausgelöst werden. Die Strömung fließt von Ge-
bieten hoher Temperatur zu solchen niedriger Temperatur
und, wegen der Massenerhaltung, zurück. Dabei wird
Wärme transportiert. Die treibende Kraft ist der Auftrieb,
der auf die Änderung der Dichte mit der Temperatur zu—
rückzuführen ist. Eine adiabatische Temperaturverteilung
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ist gerade stabil, nur Abweichungen davon können Auftrieb
erzeugen. Die Stabilität einer Flüssigkeit gegenüber ther-
mischer Konvektion kann mit Hilfe der linearen Stabilitäts-
theorie (Chandrasekhar, 1961) untersucht werden. Betrach—
ten wir den einfachsten Fall einer Schicht der Dicke H,
die von unten beheizt werde. Der obere Rand habe die
Temperatur T1, der untere die Temperatur T2> T1. Die
Flüssigkeit sei inkompressibel bis auf die thermische Aus—
dehnung (Boussinesq-Approximation). Bei sonst tempera—
tur- und druckunabhängigen Materialparametern setzt
Konvektion ein, wenn die Rayleighzahl Ra

3

Ra= ocT H
(4)Kv

größer als eine kritische Rayleighzahl Rac wird. In (4) be—
zeichnet oc den thermischen Ausdehnungskoeffizienten

as——— . (5)
p die Dichte, g die Schwerebeschleunigung, A T die Tempe-
raturdifferenz über die Schicht vermindert um die adiabati-
sche Temperaturdifferenz, K die Temperaturleitfähigkeit
und v die kinematische Viskosität (Vamp). Die Rayleigh-
zahl gibt das Verhältnis des thermisch erzeugten Auftriebs
(treibende Kraft, nocA TH) zur inneren Reibung
(~ VpuH— 1, u: Strömungsgeschwindigkeit) und zum Auf-
triebsverlust durch Wärmeleitung ( ~ Ku‘ 1 H' 1) an. Innere
Reibung und Wärmeleitung wirken als dissipierende Vor-
gänge stabilisierend. Die kritische Rayleighzahl ist in gewis-
sem Maße abhängig von den Randbedingungen und der
Geometrie des Problems, aber gewöhnlich von der Ordnung
103, abgekürzt: 0(103). Das Verhältnis Ra/Rac ist ein Maß
für die Stärke der Konvektion. Repräsentative Zahlenwerte
der obigen Parameter für den Erdmantel sind

oc=3-10—5 K-1,g=10 ms—Z, AT: 0(103) K, H=3000 km
v=1017 mzs‘1(zS-1O20 Pa s), 16:10—6 mzs‘l.
Daraus errechnet sich die Rayleighzahl zu
Ra: 0(108). (6)
Für den äußeren Erdkern setzen wir (Stevenson, 1981)
oc:5-1O‘6, g=0(1) ms”, H=2000 km,
v:10_6mzs‘1‚ K: 10—5mzs’1
und erhalten

Ra:O(1024)A T. (7)

Aus (6) und (7) folgt, bei schlichter Übertragung des einfa—
chen Falls, daß sowohl der Mantel als auch der äußere
Kern thermische Konvektion erfahren sollten. Im äußeren
Kern würden selbst kleine überadiabatische Temperatur-
gradienten genügen, um thermische Konvektion aufrecht
zu erhalten. Dies ist vor allem eine Folge der geringen Vis-
kosität der flüssigen Eisen-Nickel-Schwefel(Sauerstoff)-Le-
gierung im äußeren Erdkern. Es ist allerdings nicht auszu—
schließen, daß Schichten des äußeren Erdkerns stabil gegen
thermische Konvektion sind. Diese Schichten werden unter—
adiabatische Temperaturgradienten aufweisen.

Natürlich sind der thermische Ausdehnungskoeffizient
oc, die Temperaturleitfähigkeit K und insbesondere die kine-
matische Viskosität v terrestrischer Materialien temperatur—
und druckabhängig. Sieht man von der Lithosphäre ab,
so scheinen sich diese Größen aber weder im Mantel noch
im Kern um viel mehr als eine Größenordnung zu ändern
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Abb. l. Chemisch herbeigeführte Konvektion beim Ausfrieren einer
Schmelze. Die Abbildung zeigt — schematisch — oben den Liquidus
einer Legierung von Eisen mit einem leichten Element als Funktion
von dessen Konzentration x. E bezeichnet das Eutektikum, x0 die
Anfangskonzentration. Unten wächst eine feste Schicht Eisen auf
Kosten der Schmelze. Ist die Zusammensetzung der Schmelze vom
Eutektikum verschieden, so entsteht eine an Eisen verarmte Grenz-
schicht 5,. Das Material in der Grenzschicht besitzt Auftrieb gegen-
über der Restschmelze

(Peltier, 1981; Basaltic Volcanism Study Project, 1981;
Brown und Shankland, 1981). Die Inkompressibilität der
Erde ist so groß, daß die Boussinesq—Approximation nicht
zu großen Fehlern führen sollte (Jarvis und McKenzie,
1980). Bei interner Heizung führt eine geeignete Wahl von
A T zu ähnlich großen Rayleighzahlen. Sie sind so groß
im Vergleich zu den Variationen der relevanten Materialei-
genschaften, daß diese für die Frage nach der Stabilität
eine untergeordnete Rolle spielen (s.a. Schubert et al.,
1969).

Chemische Konvektion

KOnvektion kann auch durch chemisch erzeugten Auftrieb
angetrieben werden. Betrachten wir eine Schicht einer ideal
gemischten zweikomponentigen Schmelze, deren Kompo-
nenten A und B keine festen Lösungen bilden sollen und
deren augenblickliche Zusammensetzung vom Eutektikum
abweicht (Abb. 1). Die Zusammensetzung sei angereichert
in A. Unter der Schicht befinde sich eine weitere Schicht
aus fester Phase, die aus der Schmelze kristallisiert sei. Die
Temperatur auf der Grenzfläche sei die Liquidustempera-
tur. Weiter nehmen wir an, daß ein Temperaturgradient
über der geschmolzenen Schicht vorhanden sein möge, so
daß Wärme abgeführt werden kann. Da die Schmelze ab-
kühlt, wird die Schicht fester Phase auf Kosten der
Schmelze wachsen. Die Zusammensetzung der Schmelze ist
aber nicht—eutektisch, daher wird die feste Phase aus reinem

_A bestehen. Wenn die feste Schicht nun um die Dicke öz
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wächst, wird unmittelbar über ihr eine Schicht vergleichba-
rer Dicke ô, entstehen, die im Vergleich zur restlichen
Schmelze verarmt in A ist. Ist nun A spezifisch schwerer
als B, so wird die Materie in ô, Auftrieb gegenüber der
darüberliegenden Schmelze erfahren. Falls der Auftrieb die
dissipativen Verluste (Diffusion, innere Reibung etc.) zu
überwinden vermag, wird Konvektion in Gang gesetzt, die
die Schmelze durchmischt. Diese Konvektion transportiert
Wärme, trägt zur Kühlung bei und erhält sich damit selbst.
Sie wird zum Erliegen kommen, wenn das Eutektikum er-
reicht ist; von da an wird die feste Phase ebenfalls die eutek-
tische Zusammensetzung haben. Diese Form von Konvek-
tion ist weitgehend unabhängig vom Temperaturgradien-
ten, sie kann sogar Wärme gegen den Temperaturgradien—
ten transportieren. Chemische Konvektion könnte im Kern
vor sich gehen, wobei der innere Kern aus Fe—Ni aus einer
Fe-Ni-S-Legierung wächst. Sie könnte den Geodynamo in
Betrieb halten. Es ist auch vorgeschlagen worden, daß che-
mische Konvektion im Mantel auftritt (Artyushkov, 1979;
Keondijan, 1981). Da der Mantel und der Kern kaum im
chemischen Gleichgewicht sein können, könnte der Kern
durch Aufnahme von Eisen wachsen. Die Schwierigkeit ist
aber hier, wie wir schon bemerkt haben, daß Eisen aus
einer Grenzschicht des Mantels (also aus einer festen Phase)
in den Kern transportiert werden müßte. Durch Festkörper-
diffusion allein kann Auftrieb mit genügender Rate schwer—
lich erzeugt werden, zumindest wenn unsere Vorstellungen
über Diffusion bei mäßigen Drücken auch bei den extremen
Drücken des tiefen Mantels gelten. Es wäre wohl notwen—
dig, partielle Schmelze in der genannten Grenzschicht vor—
auszusetzen.

Wärmetransport durch Konvektion

Das Wärmeübertragungsvermögen von Konvektion ist
auch in den Ingenieurwissenschaften von erheblichem Inter-
esse (Bird et al., 1960; Eckert und Drake, 1972; Holman,
1981). Empirisch ist eine Korrelation der Nusseltzahl

qH: 8u kA T ( )
mit der Rayleighzahl und der Prandtlzahl

Pr=ï (9)
K

gut bekannt. In (8) ist q der über die Oberfläche der Schicht
gemittelte Wärmefluß und k die Wärmeleitfähigkeit. Die
Nusseltzahl gibt das Verhältnis der Wärme q pro Fläche
und Zeit an, die durch Konvektion transportiert wird zu

der Wärme k—ËI pro Fläche und Zeit, die durch Wärmelei-

tung transportiert würde. Die Prandtlzahl gibt das Verhält—
nis zwischen Viskosität v (Impulsdiffusivität) und der Tem-
peraturleitfähigkeit K (Wärmediffusivität) an. Ihr Wert für
den Erdmantel ist praktisch unendlich. Bei gerade einset—
zender Konvektion (RazRac) wird Wärme mit der glei-
chen Rate transportiert, die auch die Wärmeleitung erbrin—
gen würde. Die Nusseltzahl hat in diesem Fall den Wert
1. Bei gegebener Prandtlzahl nimmt die Nusseltzahl mit
steigender Rayleighzahl entsprechend der Abb. 2 zu. Im Be-
reich Ra>104 (die Übergänge in Abb. 2 sind von der
Prandtlzahl abhängig) gilt

æ Ra7/3
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Grenzschichten Turbulenz

V

I
l
I
l
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I

15 ’l’l

Ra/Rac
Abb. 2. Schematische Darstellung der Nusseltzahl Nu als Funktion
des Verhältnisses von Rayleighzahl Ra zur kritischen Rayleighzahl
Rac nach McGregor und Emery (1969). Der Übergang vom Grenz—
schichtgebiet, in dem Nu proportional zu Ral’3 zunimmt, zur Tur—
bulenz ist abhängig von der Prandtlzahl und ist für den Erdmantel
vermutlich nicht relevant

R—ac
mit ¢ æ—ä. Der Zusammenhang (10) ist in einer Vielzahl von
Experimenten unter verschiedensten Umständen (dünne
und dicke Schichten, sphärische Geometrie, von unten be-
heizt, von innen beheizt, stark temperaturabhängige Visko—
sität) bestätigt worden (McGregor und Emery, 1969; Busse,
1978b; Booker und Stengel, 1978; Schubert et al., 1979;
Richter et al., 1983; Frick et al., 1983).

Mit Hilfe der Grenzschichttheorie (Prandtl, 1904;
Schlichting, 1951; Turcotte und Oxburgh, 1967) kann man
(10) verstehen. Die Grenzschichtinterpretation der stationä-
ren freien Konvektion ist gültig ab Rayleighzahlen von etwa
104. Sie unterteilt die Konvektionszelle (Abb. 3) in einen
adiabatischen Kern, dünne, heiße und kalte Grenzschichten
sowie heiße und kalte Auf- bzw. Abströme. In der Nähe
der heißen Grenzfläche ist die Strömung horizontal und
Wärmetransport in vertikaler Richtung erfolgt durch Wär—
meleitung. Daher hat das Temperaturprofil in der Grenz-
schicht eine recht hohe Steigung. Die Flüssigkeit in der
Grenzschicht erwärmt sich, bis sie an einer Stelle instabil
wird. Es bildet sich der heiße Aufstrom, in dem Wärme
durch Konvektion transportiert wird. In der Nähe der kal-
ten Grenzfläche ist die Strömung wieder horizontal ausge-
richtet, der vertikale Wärmetransport geschieht durch Wär-
meleitung. Wird die Konvektionszelle nur von unten be—
heizt, so ist der Wärmefluß über die kalte gleich dem über
die heiße Grenzschicht. Irgendwann wird die erkaltete Flüs—
sigkeit instabil und der Kreislauf durch einen kalten Ab—
strom geschlossen. Die Flüssigkeit im adiabatischen Kern
rotiert mit den Grenzschichten um eine gemeinsame Achse.
Falls die Flüssigkeit nicht von unten, sondern von innen
durch Wärmequellen beheizt wird, sind nur der kalte Ab—
strom und die kalte Grenzschicht vorhanden. Die Strömung
außerhalb der Grenzschichten kann dann sehr kompliziert
sein. Falls die Flüssigkeit sowohl von innen als auch von
unten beheizt wird, ist die heiße Grenzschicht dünner als
die kalte. Der Temperaturgradient und der Wärmefluß über
die kalte ist dann größer als über die heiße Grenzschicht.

Nu:a<Ra)"ß (10)



|00000091||

H
h

Abb. 3. Schematische Darstellung der Grenzschichtstruktur von
stationärer Rayleigh-Benardkonvektion bei genügend hoher Ray-
leighzahl. kG bezeichnet die kalte, hG die heiße Grenzschicht; hA
den heißen Auf-, kA den kalten Abstrom, K den Kern der Konvek—
tionszelle. H bezeichnet die Schichtmächtigkeit, ß die Wellenlänge
der Konvektion, 2 die Tiefe und x die horizontale Koordinate.
T ist die Temperatur, T1 die konstante Temperatur der oberen
Grenzfläche, T2 die der unteren Grenzfläche, T2 > T1. Das Tempe—
raturprofil über der Schicht wurde im Abstand ß/4 von der Symme-
trieachse des Aufstroms genommen

Der Widerstand gegen den Wärmetransport ist haupt-
sächlich in den dünnen Grenzschichten konzentriert, über
die die Wärme durch die uneffektive Wärmeleitung trans—
portiert wird. Der Wärmefluß über die obere Grenzschicht
ist (Turcotte und Schubert, 1982):

. 1/2
q=4ËAÎE<gg> . (11)

ß ist die Wellenlänge der Konvektion (Abb. 3), ATk die
Temperaturdifferenz über die Grenzschicht und U0 die
(konstante) Strömungsgeschwindigkeit in der Grenzschicht.
Aus Impuls- und Massenerhaltung ergibt sich (bei konstan—
ten Materialeigenschaften):

K Ra 2/3
U = — —— . 120 a1H<RaC> ( )

Aus (11) und (12) folgt

kATk Ra ”3
= —_ _ 13q a2 H (Rae) ( )

Nach Division durch ‚(AT ergibt sich mit a2 = a 214—7: unmit—
k

telbar (10). Aus (13) kann außerdem die mittlere Dicke
der Grenzschicht zu

1/3
(5:51525 BEE (14)q a2 Ra

bestimmt werden. Die Werte der Konstanten a1 und a2

sind abhängig vom Querverhältnis 5% der Konvektionszelle

und auch etwas von der Art der Heizung. Bei einem Quer—
verhältnis von 1 sind a1=0,1 und a2=1,0 repräsentative
Werte. Man kann also qualitativ die Nusseltzahl als das
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Verhältnis des Wärmeleitvermögens durch eine Grenz-
schicht der Dicke ô zu dem durch die ganze Schicht sehen
und den Wärmetransport bei Konvektion durch die Wär-
meleitung über eben jene Grenzschichten modellieren.

Wie gut beschreibt die einfache Grenzschichttheorie
Konvektion im Erdmantel? Schließlich ist die Viskosität
in (12) als konstant angenommen worden. Darüber hinaus
ist (12) für die Rollenmode der Rayleigh-Benard—Konvek-
tion abgeleitet worden. Die Konvektion im Erdmantel wird
sicher wesentlich komplexer sein.

Die Ausbildung von thermischen Grenzschichten in je-
der Konvektion mit genügend hoher Rayleighzahl ist aller-
dings ein gut beobachtetes Phänomen und (13) und (14)
können auch aus der Skalierung der Differentialgleichungen
(16)—(18) und der Annahme, daß q und ö unabhängig von
der Schichtmächtigkeit H sind, gewonnen werden (z.B. El-
sasser et al., 1979). Die gerade publizierte Parametrisierung
von Konvektion mit stark temperaturabhängiger Viskosität
von Kenyon und Turcotte (1983) ergibt ebenfalls q~ Ram.
Die Vorstellung, daß die ozeanische Lithosphäre die obere
thermische (und rheologische) Grenzschicht der Mantel-
konvektion darstellt, ist weitgehend akzeptiert. Die Grenz-
schichttheorie sagt, ohne hier spezielle Annahmen über die
Form der Konvektion machen zu müssen, die Abnahme
des Wärmeflusses und die Zunahme der Wassertiefe und
der Lithosphärendicke mit der Quadratwurzel des Alters
der Lithosphäre (< 100 Ma) richtig voraus. Die Annahme
einer konstanten Strömungsgeschwindigkeit ist eine Verein-
fachung, die die Verhältnisse in der Natur sogar ziemlich
gut wiedergibt, da die kalte Lithospäre sich wie eine starre
Platte bewegt. Neuere Konvektionsrechnungen (Cserepes,
1982; Christensen, 1983) mit temperatur- und Spannungs-
abhängiger Viskosität zeigen ein plattenähnliches Verhalten
der oberen Grenzschicht, während die Stromfunktion und
die Temperaturverteilung in der darunterliegenden Flüssig-
keit Modellen mit konstanter Viskosität ähneln. Viskosi-
tätsbestimmungen aus der Relaxation des Erdkörpers nach
Abschmelzen von Eislasten deuten auf einen annähernd iso-
viskosen Mantel (Peltier, 1981). Starke Änderungen der Vis-
kosität könnten daher auf die Grenzschichten beschränkt
sein, in denen sich auch die Temperaturänderungen konzen-
trieren. Untere heiße Grenzschichten sollten in der Erde
in Analogie zu den oberen Grenzschichten existieren. Seis-
mische Hinweise auf eine thermische Grenzschicht an der
Kern-Mantelgrenze sind allerdings umstritten (Mula und
Müller, 1980; Doornboos, 1983). Bei temperaturabhängiger
Viskosität nimmt die Viskosität in der heißen Grenzschicht
stark ab, während sie in der kalten Grenzschicht stark zu-
nimmt. Die heiße Grenzschicht sollte weniger stabil als die
kalte sein und könnte im Mittel dünner sein als durch (14)
vorhergesagt. Die Dicke ô der heißen Grenzschicht kann
durch ein lokales Stabilitätskriterium bestimmt werden. Sie
sollte gerade so dick sein, daß ihre Rayleighzahl gleich der
kritischen ist.

1/3

5=<—————°‘gfll> . (15)
v‚K Rac

Die Größen mit Subskript l sind lokal definiert.
Eine Anwendung der Grenzschichttheorie auf den Erd-

mantel gibt Resultate, die mit Beobachtungen konsistent
sind. Aus (12) und (13) kann die Tiefenerstreckung der
Konvektion aus dem Oberflächenwärmefluß und den mitt-
leren Plattenverschiebungsraten (UO =4 cm a“ 1, q:
70 mW m—Z, K=10—6) zu ~ 3000 km abgeschätzt werden.
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Dies deutet auf eine den ganzen Mantel durchgreifende
Konvektion mit einem Querverhältnis von z 1. Thermische
Evolutionsmodelle, die auf (13) basieren, geben korrekte
Werte für den mittleren Oberflächenwärmefluß, die Mantel-
viskosität, die Lithosphärendicke und die mittlere Platten-
geschwindigkeit bei weithin akzeptierten Werten der Mo-
dellparameter (Spohn und Schubert, 1982a; Stevenson
et al.‚ 1983).

Konvektions- und thermische Modelle der Erde

Will man Konvektion mathematisch modellieren, so müs-
sen die Feldgleichungen der klassischen Hydrodynamik —
ein System von Differentialgleichungen mit entsprechenden
Randbedingungen — gelöst werden, die man aus dem Prin-
zip der Erhaltung der Masse (16), des Impulses (17) und
der Energie (18) gewinnt. Dazu kommt eine geeignete Zu-
standsgleichung (19). Mit der Boussinesq-Approximation
und bei Vernachlässigung der Trägheitskräfte (wegen Prœ
1023) gilt (Landau und Lifshitz, 1959)

1717:0, (16)

—Vp+p§+l7'[r]=0, (17)

pcg— l7(kVT)—Q=O, (18)

p=po(1—oc<T— T0». (19)
In (16)—(19) ist ü der Geschwindigkeitsvektor der Strömung,
p der Druck, g die Schwerebeschleunigung, [r] der deviato—
rische Spannungstensor und Q die Wärmeproduktionsrate
pro Einheitsvolumen; pO und T0 sind geeignete Bezugswerte
der Dichte und der Temperatur.

Das Gleichungssystem ist numerisch einigermaßen ein—
fach zu lösen, wenn man sich auf den ebenen und stationä-
ren Fall und auf konstante Materialparameter beschränkt.
Will man, um die Erde realistischer zu modellieren, sphäri-
sche Geometrie evtl. mit Kern, Zeitabhängigkeit und wenig-
stens temperatur- und spannungsabhängige Viskosität ein-
führen, so werden die numerischen Modelle, im Hinblick
auf Speicherplatzbedarf und Rechenzeit, sehr teuer. Man
schneidet daher das Problem durch geeignete Vereinfachun-
gen auf die Fragestellung zu. Meines Wissens sind bisher
keine Modelle publiziert worden, die alle oben genannten
Wünsche erfüllen. Die meisten Modelle behandeln den ebe-
nen und stationären Fall. Manche berücksichtigen sphäri-
sche Geometrie (z.B. Young, 1974; Zebib et al.‚ 1980). Hsui
und Toksöz (1978), Toksöz und Hsui (1978), Toksöz et al.‚
(1978) und Arkani-Hamed et al.‚ (1981) geben thermische
Evolutionsrechnungen für die terrestrischen Planeten aus
numerischen Lösungen von (16)—(19) für den kugelsymme-
trischen Fall. Zum Teil wurden temperaturabhängige Vis-
kosität, Kernbildung und Differentiation der Kruste be-
rücksichtigt. In jüngster Zeit sind einige zweidimensionale,
stationäre Modelle mit temperatur— und spannungsabhängi-
ger Mantelviskosität bekannt geworden (Schmeling und Ja-
coby, 1981; Jacoby und Schmeling, 1982; Cserepes, 1982;
Christensen, 1983). Frick et al. (1983) haben kürzlich dreidi-
mensionale numerische Lösungen für stationäre Konvek-
tion in ebenen Schichten vorgelegt.

Ein nicht strenger, aber ökonomischer Weg besteht dar-
in, das Wärmeübertragungsvermögen der Konvektion mit
ihrer Stärke über die Nusseltzahl (10) zu verknüpfen und
eine zeitabhängige Wärmebilanz zu erstellen. Dies ist das

N‘l

T/r},

Tm
(r/

CH

(‚H
l l l

Ri Re RI)
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Abb. 4. Schematische Verläufe von Geotherme T(r) und Kernliqui-
dus Tm(r) bei Mantelkonvektion mit Grenzschichtstruktur. RP ist
der Erdradius, RC der Radius des Kerns, Ri der des inneren Kerns.
Die Temperatur steigt von der Oberflächentemperatur Ts um ATs
auf Tu über die obere Grenzschicht, deren Dicke Ös ist. Der Tempe-
raturanstieg über die untere Grenzschicht mit Dicke öc beträgt Tc =
TC— Tl. Die Temperatur an der Grenze zum inneren Kern ist Tmio

Prinzip der parametrisierten Konvektionsmodelle. Hierbei
verzichtet man auf eine Kenntnis des Strömungsfeldes, das
ja im Mantel eine sehr komplizierte Form haben kann und
möglicherweise sehr verschieden ist vom Strömungsfeld in
vereinfachten Modellen (McKenzie und Richter, 1976). Es
ist dann auch leicht möglich, detaillierte Modelle des Kerns
einzubauen.

Parametrisierte Konvektion

Mit Hilfe der Gl. (13)—(15) der Grenzschichttheorie können
thermische Evolutionsmodelle leicht aufgebaut werden (s.a.
Spohn und Schubert, 1982a; Stevenson et al. 1983). Be-
trachten wir eine Kugelschicht der Dicke H= Rp—Rc
(Abb. 4), die Wärmequellen besitzen möge. Die Wärmepro-
duktionsrate pro Volumen sei gegeben durch

Q = Qo CXP ( - Ä t), (20)
wobei ‚l die mittlere Zerfallskonstante aus (1) ist. Die kine-
matische Viskosität sei temperaturabhängig entsprechend
(3):

Tmv vO exp (a
T

> (21)

Sei TS die Oberflächentemperatur, Tu— Ts die Temperatur-
differenz über die kalte Grenzschicht (Abb. 4), Tl die Tem-
peratur an der unteren Grenzfläche und TC— Tl die Tempe-
raturdifferenz über die untere Grenzschicht. Ist dann noch
der adiabatische Temperaturgradient bekannt, so ist die
mittlere Temperaturverteilung T(z) als Funktion der Tiefe
Z gegeben und die innere Energie E der Schicht kann aus
dem Integral über das Volumen V

E: Jpc T(z) dV (22)



|00000093||

bestimmt werden. Die zeitliche Änderung der inneren Ener—
gie ist

1€_ _
d t

wobei qs der über die äußere Oberfläche Fs gemittelte Wär-
mefluß und qc der über die innere Grenzfläche FC gemittelte
Wärmefluß ist. Die Wärmeflüsse qs und qc können nun aus
(13) — indem man ATk durch Tu— Ts bzw. TC—Tl ersetzt
— bestimmt werden. Wegen der Temperaturabhängigkeit
der Viskosität benutzt man zur Berechnung von qC besser
(15). Identifizieren wir die Kugelschicht mit dem Mantel,
so ist qc der Wärmefluß vom Kern und FC die Kernoberflä-
che. Besteht der Mantel aus zwei konvektierenden Schich-
ten, so ist für jede eine Bilanz (23) aufzustellen (s.a. Spohn
und Schubert, 1982 a). Wir können eine weitere Energiebi-
lanz für den Kern anschreiben und dabei die spezifische
Energie L, die beim Ausfrieren des inneren Kerns frei wird,
berücksichtigen :

qs Fs+ qc Fc+ Q, (23)

dt

EC ist die innere Energie des Kern und m die Masse des
inneren Kerns.

Um die inneren Energien E und EC, die Wärmeflüsse
qs und qc und die Masse des inneren Kerns als Funktionen
der Zeit bestimmen zu'können, benötigt man ein thermi—
sches Modell der Erde. Es muß zumindest den mittleren
thermischen Ausdehnungskoeffizienten im Mantel, die
mittleren Dichten und Wärmekapazitäten von Mantel und
Kern, die adiabatischen Temperaturgradienten in Mantel
und Kern und die Schmelztemperatur im Kern geben.

Thermisches Modell für Erdmantel und -kern

Thermische Modelle der Erde unter der Annahme weitge—
hend adiabatischer Temperaturverteilung in Erdmantel und
—kern sind bisher von Stacey (1975, 1977b), Brown und
Shankland (1981) und — auch für die anderen terrestrischen
Planeten — von Anderson und Baumgardner (1980, 1982)
vorgelegt worden. Kennt man den Grüneisenparameter y
sowie die Dichte p, die Schwerebeschleunigung g und die
adiabatische Inkompressibilität BS (s steht für Entropie) als
Funktionen der Tiefe, so ist der adiabatische Temperatur-

gradient a; (bei hydrostatischem Druck) gegeben durch:
Z S

d T gp y T_ = _ 25
dz s BS ( )

Stacey (1975, 1977 b) hat vorgeschlagen, daß der Tempera-
turgradient im Erdmantel wegen der Konvektion etwas stei—
ler als der adiabatische sein könnte. Die Adiabate selber
sowie verschiedene thermodynamische Parameter wie oc und
c hat er mit Hilfe des seismischen Erdmodels PEM von
Dziewonski, Hales und Lapwood (1975) und der Annahme
berechnet, daß der Grüneisenparameter des oberen Mantels
proportional zu p‘1 und der des unteren Mantels propor—
tional zu p" 1/2 ist. Das adiabatische Temperaturprofil von
Jeanloz und Richter (1979) für den tiefen Mantel basiert
ebenfalls auf PEM, aber der Grüneisenparameter wurde
aus Schockwellenexperimenten an MgO und SiO2 be-
stimmt. Brown und Shankland (1981) benutzten ein Debye-
Modell zur Zustandsbeschreibung des Erdmantels und
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PEM zur Berechnung von thermodynamischen Parametern
und einer Isentropen. Die Modelle von Anderson und
Baumgardner (1980, 1982) basieren auf einem selbstkonsi-
stenten Erdmodell und der Born-Mie—Zustandsgleichung.
Der Grüneisenparameter wurde proportional zu p’ 1’35 ge-
nommen.

Direkte Messungen der adiabatischen Temperaturände-

rung mit dem Druck g an Flüssigkeiten und Festkör—

pern, darunter Olivin und MgO (Boehler, 1982, 1983), er-
möglichen jetzt die Konstruktion thermischer Modelle des
Erdmantels, ohne daß Annahmen über den Grüneisenpara—
meter gemacht werden müssen (Spohn und Boehler, 1984).
Dabei werden im Prinzip die Labordaten mit Hilfe der em-
pirischen Gleichung

ÊÏ = ÊÏ E01
m

(26)
ÔP s ôP s,0 p

zu den Kompressionen m des Mantels extrapoliert. In

(26) ist 2—; die adiabatische Temperaturänderung mit
s‚0

dem Druck bei Standarddruck (1 atm) und Temperatur T,
pOT ist die Dichte bei Standarddruck und der Temperatur
T und p ist die Dichte beim Druck P und der Temperatur
T; m ist eine empirisch bestimmte Konstante. Die Gültig—
keit von (26), auch bei hohen Kompressionen, ist hervorra-
gend belegt (Boehler, 1982, 1983). Die Kompression im
Erdmantel kann mit der Modellvorstellung einer der Eigen-
gravitation unterliegenden, radialsymmetrischen Kugel aus
der hydrostatischen Grundgleichung und einer Zustands-
gleichung, am besten der Birch-Gleichung (Birch, 1952),
errechnet werden. Außer der adiabatischen Temperaturver-
teilung gibt dann das Modell den Druck, die Schwerebe-
schleunigung, die Dichte und die adiabatische Inkompressi—
bilität, so daß es mit seismischen Modellen verglichen wer-
den kann, sowie den adiabatischen Temperaturgradienten,
den Grüneisenparameter, den thermischen Expansionskoef—
fizienten und die spezifische Wärme. Da es nur von Labor—
daten abhängt (aber nicht von einem seismischen Erdmo-
dell), wird man die Evolution eines derart detaillierten Mo-
dells in Zukunft berechnen können.

Bis dahin nimmt man als mittleren Wert für pc des
Mantels 4,2-106 J m’3 K”. Als mittlerer Wert für den
Kern kann 11,0'106 J m—3 K" 1 gelten (Stacey, 1977 b). Aus
G1. (25) folgt, daß man für Evolutionsrechnungen besser
Verhältnisse von Temperaturen festlegt als Temperaturgra-
dienten, da letztere wieder direkt von der Temperatur selbst
abhängen. Die mittlere Temperatur im Mantel beträgt etwa
17 =1,3mal der Temperatur direkt untehalb der Lithosphäre
(zz80 km). Die mittlere Temperatur des Kerns beträgt
etwa 77 =1,2mal der Temperatur an der Kern-Mantelgrenze,
und die Temperatur steigt über den adiabatischen Teil des
Mantels zwischen den beiden Grenzschichten um einen
Faktor 8 von etwa 1,6. Dies gilt natürlich nur bei durch
den ganzen Mantel greifender Konvektion. Bei geschichte-
ter Konvektion Wären a: 1,15 für den oberen Mantel und
8:1,20 für den unteren Mantel sowie 77:1‚07 für beide
Mantelschichten repräsentative Werte (s.a. Stacey, 1977b;
Jeanloz und Richter, 1979). Die heutigen mittleren adia-
batischen Temperaturgradienten betragen dann
0,2—0,5 K km‘ 1.
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Um das Ausfrieren des inneren Kerns zu modellieren,
benötigt man neben der Adiabaten auch die Liquiduskurve
des Kerns. Bei gegebenen Werten an der Kern—Mantel-
grenze kann die Adiabate durch Polynomapproximation
(Stevenson et al.‚ 1983) des Modells von Stacey (1977b)
gewonnen werden. Dabei kann man durch geeignete Wahl
der Koeffizienten neuere Erkenntnisse über den Grüneisen-
parameter, der näher bei 2 liegen soll (Stevenson, 1980),
berücksichtigen.

Wenn der innere Kern durch fraktionierte Kristallisa-
tion entstanden ist und wächst (Verhoogen, 1961; Steven-
son, 1981), dann ist die Liquidustemperatur von der augen-
blicklichen chemischen Zusammensetzung des äußeren
Kerns abhängig. Die Dichte des äußeren Kerns ist um
8—11% (Ahrens, 1979; Jeanloz, 1979; Brown und
McQueen, 1982) geringer als die aus Schockwellendaten be—
rechnete Dichte von reinem Eisen. Als leichte legierende
Elemente kommen vor allem Schwefel aber auch Sauerstoff
(Ringwood, 1977; Basaltic Volcanism Study Project, 1981)
in Frage; 5—12% Schwefel können die Dichte erklären (Ah-
rens, 1979; Brown und McQueen, 1982). Nach Stevenson
(1980) kann aber auch der Effekt von sehr kleinen Konzen-
trationen von Si, C, N, MgO und H dem von Schwefel
oder Sauerstoff gleichkommen oder ihn überwiegen. Der
innere Kern könnte, im Gegensatz zum äußeren Kern, aus
reinem Eisen bestehen (Jeanloz, 1979; Ahrens, 1980; An-
derson, 1982). Der Dichteunterschied betrüge dann etwa
1 g cm‘3 (Anderson, 1982). Leider ist dieser aus seis-
mischen Daten nicht besser als auf i5% der Kerndichte
bestimmt (Masters, 1979; Häge, 1983), so daß eine Wertung
auf seismischer Basis nicht möglich ist.

Die Liquiduskurve des Fe-S-Systems weist einen eutek-
tischen Punkt auf, sie ist von Usselman (1975) bis zu Drük-
ken von 10 GPa untersucht worden. Auf der eisenreichen
Seite des Liquidusdiagramms nimmt die Schmelztempera-
tur mit der Konzentration x des Schwefels in etwa propor—
tional zu (1—2x) ab. Dieses Verhalten ist konsistent mit der
Van-Laar-Gleichung (Prigogine und Defay, 1954) für ein
ideales binäres System, dessen Komponenten in der
Schmelze aber nicht im festen Zustand mischbar sind.

Schmelztemperaturen von reinem Eisen sind bis zu
Kerndrücken bekannt (Mao und Bell, 1979; Brown und
McQueen, 1982). Sie können mit Hilfe des verallgemeiner-
ten Lindeman-Gesetzes (Stevenson, 1980)

515_ 2(Cuy-R)
dP Bs(2C„——3R) m
interpoliert werden (Anderson, 1982). In (27) ist Tm die
Schmelztemperatur, CU der Phononenbeitrag zur spezi-
fischen Wärme bei konstantem Volumen und R die Gas-
konstante. In Festkörpern ist C„:3 R für Temperaturen
sehr viel höher als die Debyetemperatur (Debye, 1912), die
im Kern kleiner als 1400 K wäre (Stacey, 1977 b). Mit CU:
3 R reduziert sich (27) zur gewohnten Form des Lindeman-
Gesetzes, das Stacey (1977 b) zur Extrapolation der Ussel—
manschen Daten zu Kerndrücken benutzt hat. Die Anwen-
dung dieser speziellen Form des Lindeman-Gesetzes auf rei—
nes Eisen ergibt aber zu hohe Temperaturen bei hohen
Drücken (Brown und McQueen, 1982). Anderson (1982)
schlägt unter Hinweis auf experimentelle Daten von Grover
(1971) C02 3,5 R vor. Bei der Anwendung auf den Erdkern
verliert diese Korrektur durch die Unsicherheit im Grünei—
senparameter zumindest vorläufig an praktischer Bedeu-
tung. Wie die Adiabate kann auch die Liquiduskurve durch

(27)

Polynomapproximation angenähert werden, wobei man die
Konstanten in Anlehnung an die Liquiduskurven von Sta-
cey (1977 b) oder Anderson (1982) bestimmen und die Ab-
hängigkeit von der Konzentration des leichten Elements
durch einen Faktor (1—2 x) modellieren kann.

Durch das Ausfrieren des inneren Kerns reichert sich
die Schmelze im äußeren Kern an Schwefel an. Die Konzen-
tration ist daher in einem Evolutionsmodell eine Funktion
der Zeit. Ist x0 die Konzentration des Schwefels im vollstän—
dig geschmolzenen Kern, m die Masse des inneren Kerns
zur Zeit t und M die gesamte Masse des Kerns, dann ist

(28)x x0
M—m'

Zu einem gegebenen Zeitpunkt bestimmt der Schnittpunkt
der Adiabaten mit der Liquiduskurve den Radius Ri und
damit die Masse des inneren Kerns. Bei weiterer Abkühlung
mit einer Rate, die durch G1. (24) bestimmt wird, verschiebt
sich der Schnittpunkt um dRi, die Masse des inneren Kerns
wächst um dm, wobei die Energie L dm freigesetzt wird.
Diese Energie setzt sich zusammen aus latenter Wärme und
der potentiellen Energie, die bei der Ausfällung der schwe-
ren Bestandteile des Materials des inneren Kerns frei wird.
Die Zunahme der Konzentration der leichten Bestandteile
im äußeren Kern senkt die Liquiduskurve und regelt daher,
zusammen mit dem Abtransport der Energie L durch die
Mantelkonvektion, die Wachstumsrate des inneren Kerns.

Thermische Evolutionsmodelle

Die Art und Weise, wie thermische Konvektion im Erdman-
tel und Konvektion (thermisch oder chemisch) im Kern
die thermische Evolution des Erdkörpers beeinflußt, wird
am deutlichsten bei Modellen, die von einem anfänglich
heißen Zustand abkühlen. Wir haben schon darauf hinge-
wiesen, daß die Erde während ihrer Akkretionsphase durch
Einschlag von Körpern und durch frühe Kernbildung bis
zum Schmelzpunkt aufgeheizt worden sein könnte. Die
Abb. 5 und 6 zeigen die Temperaturen im oberen Mantel
und an der Kern-Mantelgrenze, die Viskosität des Mantels
und den Oberflächenwärmefluß als Funktionen der Zeit,
bezogen auf ihre heutigen Werte. Darüber hinaus ist das
Verhältnis von radioaktiv erzeugter Wärme zum Oberflä-
chenwärmefluß gegeben. Die Werte der Modellparameter
für diese Evolutionsrechnung unter der Annahme von Kon-
vektion im ganzen Mantel finden sich in Tabelle 2. Aus
den Abbildungen ist zu entnehmen, daß man die thermische
Geschichte in zwei Abschnitte unterteilen kann: ein Über-
gangsregime in der frühen Geschichte, in der die Erde rasch
abkühlt und die Viskosität und das Verhältnis von erzeugter
zu abgeführter Wärme rasch ansteigen; danach folgt ein
stetiges Regime, in dem die Änderungsraten der Größen
in etwa konstant bleiben. Der Übergang erfolgt nach etwa
1 Ga. Aus (23) und (13) sowie der Definition der Rayleigh—
zahl (4) kann man folgern, daß die Rate, mit der die innere
Energie abnimmt, durch die Temperaturabhängigkeit der
Viskosität „gepuffert“ wird. Der Oberflächenwärmefluß q,
ist proportional zu Ra1/3, die Rayleighzahl wiederum ist
umgekehrt proportional zur Viskosität. Die Viskosität (21)
wächst exponentiell mit abnehmender Temperatur. Eine
Abnahme der Temperatur hat daher eine Abnahme des
Oberflächenwärmeflusses über das Maß hinaus zur Folge,
das durch die ebenfalls abnehmende Temperaturdifferenz
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Tabelle 2. Parameter-, Anfangs- und Randwerte der Evolutionsmodelle (r: radialer Abstand vom Erdmittelpunkt, P(r): Druck als Funktion

Abb. 5. Zeitlicher Verlauf der Temperaturen Tu/ T„h im oberen
Mantel und Tc/ Tch an der Kern-Mantelgrenze sowie der Mantelvis-
kosität v/vo bei durchgreifender Mantelkonvektion (T„h: 1 600 K,
Tm: 3000 K, v0=1017 mz/s)

über die obere Grenzschicht gegeben ist. Dieses Ergebnis
ist sehr wichtig. Es bedeutet:

a) Die Viskosität ist neben der Wärmeerzeugungsrate
die wichtigste Größe in der Evolution des Erdinnern (s.a.
Tozer, 1967, 1972). Sie reguliert wie ein Thermostat die
Abkühlrate.

b) Die thermische Evolution des Modellplaneten ver-
läuft über den größten Teil seiner Geschichte stetig.

c) Der heutige Zustand ist weitgehend unabhängig von
den Anfangsbedingungen.

von r)

Parameter Durchgreifende Geschichtete Einheit
Mantel- Mantelkonvektion
konvektion

oberer unterer
Mantel Mantel

Mantel R 6 371,0 6371,0 5 671,0 km
g 10,0 m s ‘ 2
pc 4,0-106 Jm‘g’K‘1
vo 4,0 - 103 1,0 . 103 1,0 - 108 m2 s—1
aTm 5,2 ° 104 5,2 - 104 7,2 - 104 K
oc 2,0 - 10 " 5 K " 1
k 4,0 W m " 1 K _ 1
Rac 500,0
(/5 0,3
Qo 1,7-10‘7 1,24-10"7 1,69'10"7 Wm'3
‚i 1,23°10—17 s“1
8 1,6 1,15 1,07
17 1,2 1,07

Kern R 3 485,0 km
g r) 10,0°(r/R) m s—2
pc 4,0-106 „Im—3K—1
k 40,0 W m _ 1 K _ 1
L 1,0 - 106, 2,0-106 J kg—1
T(r) 0,68 - Tc - (1,0+3,96 ' P(r)—3,30 - P(r)2) K
Tm(r) (1,0—2x) - (1,0+6,14- P(r)-—4,50 - P(r)2) K

Anfangs— x0 0,1
und Ts 293,0 K
Randwerte Tu 2 300,0 1 800,0 3 800,0 K

TC 5 000,0 K

‚.0 ________
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Abb. 6. Zeitlicher Verlauf des Oberflächenwärmeflusses qs/qsh und
des Verhältnisses X von Oberflächenwärmefluß zu Wärmeproduk—
tion durch radioaktive Elemente im Mantel (gestrichelt). Die Kon-
vektion durchgreift den ganzen Mantel (qsh: 70 mW/mz)

Die Folgerung b) bedeutet nicht, daß alle geologischen
Prozesse etwa gleichförmig ablaufen müßten. Die charakte-
ristische Umwälzzeit der Konvektionszellen, die die Zeit-
skala für plattentektonische Vorgänge darstellt, ist um
(H2/KNu)/(H/ U0) = (Ra/Rae)“3 kleiner als die Zeitskala der
thermischen Evolution. Darüber hinaus handelt es sich bei
den in den Abb. 5 und 6 dargestellten Werten um mittlere
Werte für den gesamten Planeten.

Es wird vielfach angenommen, daß die Erde auch im
Präkambrium Plattentektonik, nicht unähnlich der heuti-
gen, aufgewiesen hat (Bickle, 1978; Kröner, 1983), obwohl
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die paläomagnetischen Daten bisher noch keine eindeutigen
Schlüsse erlauben (Van der Voo, 1982). Kürzlich haben
Guiness et al. (1982) über die Entdeckung eines präkam—
brischen Riftarms in Missouri mit seismischen und gravime-
trischen Methoden berichtet. Die Geologie birgt Hinweise
auf geothermische Gradienten in der Kruste, die steiler als
die heutigen gewesen sind sowie Hinweise auf eine damals
wärmere und leichter deformierbare Lithosphäre (Windley,
1977; Burke und Kidd, 1978; Tarling, 1978; Watson, 1978).
Vulkanische Gesteine (Komatiite) sind damals bei etwa
200 K höheren Temperaturen als heute entstanden (Green,
1972; Green et al.‚ 1975; Arndt, 1977; Watson, 1978). Die
Ergebnisse der Modellrechnungen stimmen mit diesen Be-
obachtungen recht gut überein: Die Temperatur im oberen
Mantel war demnach am Ende des Archaikums um 100 K
und vor 3,5 Ga um 200 K höher als heute (bei einer heuti-
gen Temperatur im oberen Mantel von 1600 K (Basaltic
Volcanism Study Project, 1981)). Der mittlere Wärmefluß
vom Mantel war vor 2,6 Ga doppelt so groß und vor 3 Ga
viermal so groß wie heute.

Bickle (1978) glaubt, daß der konduktive Wärmefluß
durch die Kontinente im Archaikum nur unwesentlich hö—
her als der heutige gewesen ist. Dann müßte der konvektive
Wärmetransport im Archaikum wesentlich effektiver als
heute gewesen sein, um den höheren Betrag an radiogener
Wärme abzuführen. Dazu benötigt man höhere Plattendrif-
traten und/oder kleinere Platten und damit mehr Riftzonen.
Nach Bickle soll das Alter der ozeanischen Lithosphäre,
bevor sie subduziert wurde, im Archaikum nur 20 Ma be-
tragen haben. Die heutige ozeanische Lithosphäre wird
etwa 10mal so alt. Man muß allerdings vorsichtig sein, wenn
man aus Daten der kontinentalen Kruste Rückschlüsse auf
den Wärmetransport durch die gesamte Erdoberfläche zie-
hen will. Wegen des hohen Gehaltes an Wärmequellen
pausen sich Änderungen des Wärmeflusses vom Mantel nur
abgeschwächt im kontinentalen Oberflächenwärmefluß
durch (Spohn und Schubert, 1972 b). Unter heutigen Bedin-
gungen der radiogenen Wärmeproduktion in der Kruste
müßte ein fünffacher Anstieg des Wärmeflusses vom Man-
tel nicht mehr als eine Verdopplung des kontinentalen
Oberflächenwärmeflusses zur Folge haben. Wegen der hö-
heren Wärmeerzeugung im Präkambrium ist der kontinen-
tale geothermische Gradient damals sicher noch weniger
als heute vom Wärmefluß in den Kontinent beeinflußt ge-
wesen. Unsere Ergebnisse stimmen aber mit Bickles Folge—
rungen überein. Mittlere Plattenverschiebungsraten, die wir
mit Hilfe von (12) berechnet haben, nehmen, wenn wir in
der Zeit 3,5 Ga zurückschauen, um etwa das Zehnfache
zu (Abb. 7). Die Abbildung illustriert übrigens noch einmal,
daß der Einfluß der Anfangsbedingung auf die thermische
Evolution im wesentlichen auf die ersten Ga beschränkt
bleibt. (Modell a startet mit einer im Vergleich zu b wesent-
lich höheren Anfangstemperatur.) Zusätzlich sind in Abb. 7
Polwanderungsraten eingetragen, die ich aus Polwande—
rungskurven berechnet habe, die mir A. Kröner dankens-
werterweise zur Verfügung gestellt hat (s.a. Kröner, 1983).
Es ist nicht ohne weiteres möglich, scheinbare Polwande-
rungsraten in Kontinentaldriftraten zu übersetzen (s.a.Van
der Voo, 1982) und sie darüber hinaus mit den errechneten
Plattenverschiebungsraten zu vergleichen, da die letzteren
sich auf die ozeanische Lithosphäre beziehen, die wir als
kalte Grenzschicht der Mantelkonvektion auffassen. Man
müßte zunächst die wahre Polwanderung in diesem Zeit-
raum kennen. Dann müßte man über eine Relation zwi-
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Abb. 7. Plattendriftraten U* des Modells mit den ganzen Mantel
durchgreifender Konvektion (a) und des Modells mit geschichteter
Mantelkonvektion von Spohn und Schubert (1982 a) (b), bezogen
auf heutige Werte. Darüber hinaus sind Daten von Kontinentdrift-
raten Uk, berechnet aus paläomagnetischen Daten, gegeben

schen Kontinentdriftraten und Verschiebungsraten ozeani-
scher Platten verfügen. Heute sind ozeanische Platten bis
zu zehnmal schneller als kontinentale Platten. Trotz dieser
Vorbehalte können wir, wenn wir 1cm a’1 als typische
heutige Kontinentaldriftrate akzeptieren, sagen, daß die
Daten in Abb. 7 mit den Modellrechnungen verträglich
sind.

Thermische Evolution des Kerns

Während die Abkühlrate des Mantels weitgehend nur von
seinen eigenen Wärmeübertragungseigenschaften bestimmt
wird, ist der Abkühlrate des Kerns durch der des Mantels
eine obere Grenze gesetzt (auf die Rolle der Kontinente
als Wärmeschilde gehen wir im nächsten Abschnitt ein).
Der Kern kann also nur so kühlen, wie es der Mantel er-
laubt, zumal wegen der um fast 30 Zehnerpotenzen größe-
ren Mantelviskosität keine wirksame dynamische Kopplung
möglich ist. Die Energie- und Entropiebilanzen des Kerns
werden daher von der Mantelkonvektion weitgehend mitbe-
stimmt. Gubbins et a1. (1979) haben sehr detaillierte Bilanz-
gleichungen für den Kern abgeleitet, aber in ihren Evolu-
tionsrechnungen den Mantel nicht explizit berücksichtigt.
Sie kommen zu dem Schluß, daß die Energie, die bei Aus-
frieren des inneren Kerns freigesetzt wird, am ehesten den
Geodynamo betreiben kann und radiogene Wärme kaum
in Frage kommt. Dies würde chemisch angetriebene Kon-
vektion im Kern bedeuten. Gubbins et a1. haben angenom-
men, daß der innere Kern schon bald nach der Kernbildung
zu wachsen begann und haben seine Wachstumsrate aus
seinem heutigen Radius und dem Alter der Erde abge—
schätzt. Die Idee, daß der Geodynamo so betrieben werden
könnte, geht auf Braginsky (1964) zurück und ist insbeson-
dere von Loper (1978) vertreten worden.

Stevenson et a1. (1983) haben thermische Evolutions—
rechnungen für die terrestrischen Planeten vorgelegt, wobei
sie Mantel und Kern als thermisch gekoppelte Systeme be-
handelt haben. Ein wesentlicher Schluß dieser Arbeit ist,
daß Venus und möglicherweise Mars deshalb kein Magnet-
feld aufweisen, weil beide Planeten noch keinen inneren
Kern besitzen. In Abb. 8 sind thermische Evolutionsmo-
delle des Erdkerns und des Kerns der Venus dargestellt
durch den Wärmefluß vom Kern zum Mantel als Funktion
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Abb. 8. Thermische Evolution der Kerne von Erde und Venus bei
den ganzen Mantel durchgreifender Konvektion. Der Kurvenpara—
meter ist die spezifische Energie L in J/kg, die beim Ausfrieren
des inneren Kerns freigesetzt wird. Die gestrichen-gepunktete Linie
deutet den Übergang an von einem Zustand, in dem der Kern
durch thermische Konvektion kühlt, zu einem Zustand, in dem
nur Wärmeleitung möglich ist (aus: Stevenson et a1., 1983)

der Zeit. Die Werte der Modellparameter entsprechen de-
nen der Tabelle 2. Der Wärmefluß fällt anfänglich schnell
ab (die Modelle starten. „heiß“), nach 2—3 Ga beginnt im
Erdkern das Ausfrieren des inneren Kerns. Die zusätzliche
Energie, die nun freigesetzt wird, hält den Wärmefluß zum
Mantel auf einem annähernd konstanten Wert, der von den
Wärmeübertragungseigenschaften des Mantels bestimmt
wird. Daß der Mantel einen annähernd konstanten Wärme-
fluß vom Kern aufnehmen kann, bei gleichzeitig ansteigen-
der Viskosität und abnehmendem Oberflächenwärmefluß,
ist auf die temperaturabhängige Viskosität und ihren Ein-
fluß auf die Stabilität der heißen Grenzschicht zurückzufüh-
ren, deren Dicke wir aus (15) statt aus (14) bestimmt haben.
Wären die thermischen Grenzschichten gleich dick, so
würde der Wärmefluß vom Kern ähnlich dem Oberflächen—
wärmefluß mit der Zeit abnehmen, und der innere Kern
würde etwas langsamer wachsen.

Ein interessantes Ergebnis dieser Arbeit ist der späte
Beginn des Wachstums des inneren Erdkerns. Da das Ma—
gnetfeld der Erde mindestens 3,5 Ga alt ist, müßte die Art
und Weise, wie der Geodynamo betrieben wurde, sich im
Laufe der Erdgeschichte geändert haben. Vor dem Einset-
zen des Wachstums des inneren Kerns — als der Kern noch
vollständig geschmolzen war — ist der Geodynamo durch
thermische Konvektion alleine betrieben worden. Danach
hat chemische Konvektion zum Betrieb beigetragen. Da ein
rein thermischer Dynamo einen niedrigen Wirkungsgrad
besitzt, könnte man vermuten, daß sich der Wechsel der
Antriebsart im Magnetfeld widerspiegelt. Stevenson, Spohn
und Schubert (1983) haben die Geschichte des Magnetfeldes
ihres Modells aus der im Kern dissipierten Energie berech-
net (Abb. 9). Dies ist der zeitliche Verlauf der Stärke des
Magnetfeldes, so, wie sie auf der Kernoberfläche gemessen
werden würde, und nicht — wegen des unbekannten Beitra—
ges eines möglichen torroidalen Feldes, das man auf der
Erdoberfläche nicht messen kann — eine Geschichte der
Stärke des Dipolfeldes. Wie zu erwarten war, macht sich
der Wechsel in der Betriebsart des Dynamos durch einen
Sprung in der Feldstärke bemerkbar. Es ist wegen der be—
schränkten Genauigkeit der paläomagnetischen Daten frag-
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Abb. 9. Nominelle Stärke H* der magnetischen Felder auf den
Kernoberflächen von Erde und Venus als Funktion der Zeit bei
den ganzen Mantel durchgreifender Konvektion berechnet aus der
im Kern dissipierten Energie. Die gestrichelten Kurven beziehen
sich auf Modelle mit L=1O6 J/kg, die ausgezogenen auf Modelle
mit L=2-106 J/kg. Die Feldstärken der Venusmodelle sind ent-
sprechend denen der Erdmodelle normiert worden (aus: Stevenson
et al., 1983)

lich, ob man eine solche Anomalie entdecken kann, aber
es ist bisher auch nicht danach gesucht worden.

Wie die thermische Evolution ohne das Wachsen des
inneren Kerns verlaufen würde, kann man an der Evolution
des Venusmodells ablesen. Dies ist ein Modell für eine weit—
gehend erdähnliche Venus. Da Venus einen etwas geringe-
ren Radius besitzt, sind Druck und Temperatur im Mittel—
punkt, trotz der höheren Oberflächentemperatur, kleiner
als die entsprechenden Werte an der Grenze zum inneren
Kern der Erde. Es ist daher möglich, daß Venus bis heute
keinen inneren Kern besessen hat. Dann entfiele für Venus
bis dato die für die Erde wahrscheinlich bedeutendste An-
triebsquelle des Geodynamos. Dies könnte das ansonsten
unverständliche Fehlen eines signifikanten Magnetfeldes er-
klären. Venus könnte aber ebenso wie Mars, der heute auch
kein selbsterzeugtes Magnetfeld besitzt [Russell (1978), eine
gegenteilige Meinung vertritt u.a. Dolginov (1977)], in der
Vergangenheit eines besessen haben, das wie das frühe Ma—
gnetfeld der Erde seine Energie aus der Abkühlung des
Kerns allein durch thermische Konvektion bezogen hat.

Einfluß geschichteter Mantelkonvektion
auf die thermische Evolution

Während man die Vorstellung, daß die Erde und die terre—
strischen Planeten Wärme durch Konvektion im_ Mantel
abführen, als weitgehend gesichert betrachten darf, stellt
die Frage nach der Schichtung der Mantelkonvektion nach
wir vor ein ungelöstes Problem dar. Wie so oft in den Geo—
wissenschaften, ist eine einfache Lösung der Frage nicht
in Sicht, man ist vielmehr auf das Zusammensuchen von
Beweisstücken aus vielen Disziplinen angewiesen. Letztlich
ist die tiefere Frage die nach der Natur des unteren Mantels
und der Grenzfläche zum oberen Mantel, über die die
Dichte um ca. 6% abnimmt. Handelt es sich um eine chemi-
sche Diskontinuität, etwa weil der tiefe Mantel merklich
eisenreicher wäre (Liu, 1979), so bleiben die Konvektionssy-
steme im oberen und unteren Mantel materiell getrennt
(Richter und Johnson, 1974). Jede Schicht ist für sich ge-
nommen instabil gegenüber Konvektion. Jeanloz und
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Thompson (1983) haben kürzlich die Frage der chemischen
Schichtung vom petrologischen Standpunkt diskutiert. So-
wohl chemisch heterogene als auch homogene Modelle, für
die die Schichtgrenze eine Phasengrenze darstellt, sind mög-
lich und auch mit seismischen Daten verträglich. Eine Pha-
sengrenze mit positiver Wärmetönung stelltkein Hindernis
für Konvektion dar (Schubert et al., 1975). Das Fehlen von
Erdbeben in Tiefen von mehr als 700 km sowie die kom—
pressive Natur der Tiefbeben wird oft als Hinweis auf das
Unvermögen der abtauchenden Lithosphärenplatten gese—
hen, die Grenze zum tiefen Mantel zu durchdringen. Es
ist aber auch möglich, daß die Platte in dieser Tiefe so
duktil geworden ist, daß keine Beben mehr auftreten kön-
nen. Creager und Jordan (1982) wollen durch Laufzeitresi-
duen Lithosphäre gesehen haben, die um wenigstens 200 km
die Grenzfläche durchdrungen hat. Materiell getrennte
Konvektion von oberem und unterem Mantel könnte nach
Busse (1983) laterale Heterogenitäten im unteren Mantel
erklären.

In den vergangenen Jahren ist die These aufgestellt wor-
den, daß der obere und der untere Mantel sich zumindest
in geochemischer Hinsicht getrennt entwickelt haben. Die
relativen Konzentrationen von inkompatiblen Spurenele-
menten in kontinentalen Basalten und Basalten von mittel-
ozeanischen Rücken, scheinen die Existenz von wenigstens
zwei verschiedenen geochemischen Reservoiren im Erdman-
tel zu verlangen (O’Nions et al., 1979; Wasserburg und De-
Paolo, 1979; Jacobsen und Wasserburg, 1979; DePaolo,
1981; Anderson, 1981a), von denen das eine verarmt an
radioaktiven Elementen, das andere aber primitiv oder doch
wesentlich weniger verarmt sein soll. Auf Grund der relati—
ven Massen der beiden Reservoire und da die ozeanische
Kruste aus dem verarmten Reservoir stammt, wird der
obere Mantel mit dem verarmten, der untere mit dem primi—
tiven Reservoir identifiziert. Damit die Reservoire sich nicht
vermischen können, wird materiell getrennte Konvektion
des oberen und unteren Mantels verlangt. Die relativen
Massen der beiden Reservoire sind aber nicht so sicher,
wie oft behauptet wird (Davies, 1981). Die Daten erlauben
auch keine eindeutige Lokalisierung der Reservoire, und
andere Interpretationen sind möglich (O’Nions et al., 1979;
Davies, 1981; Anderson, 1981 a; Spohn und Schubert,
1982 a). Hofmann und White (1982) haben auf einige geo-
chemische Schwierigkeiten des Modells hingewiesen.

Die Frage nach der Schichtung der Mantelkonvektion
ist die zur Zeit vielleicht wichtigste Frage in der Physik
der Mantelkonvektion. Sie hat weitreichende Konsequen-
zen für unser Verständnis vom Aufbau des Erdinnern. Ist
die Konvektion geschichtet, so werden wir an der Grenze
vom oberen zum unteren Mantel zusätzliche thermische
Grenzschichten erwarten dürfen, durch die die beiden Kon-
vektionssysteme thermisch gekoppelt wären. Da Wärme
über Grenzschichten durch Wärmeleitung transportiert
wird, wird der untere Mantel im Vergleich zu durchgreifen—
der Konvektion höhere Temperaturen aufweisen (Abb. 11).
Nach Jeanloz und Richter (1979) besteht zwischen Abschät-
zungen der Temperaturen an der Kern—Mantelgrenze und
der unteren Grenze des oberen Mantels ein Temperaturun-
terschied von 800—1300 K, von dem nur 500—700 K auf den
adiabatischen Temperaturanstieg über den unteren Mantel
und auf Phasenübergänge zurückführbar sind. Die verblei-
bende Temperaturdifferenz von 300—800 K könnte, wenig-
stens zum Teil, über eine Grenzschicht zum oberen Mantel
bestehen. Die Temperaturdifferenz über diese Grenzschicht

hängt von der Verteilung der radiogenen Wärmequellen ab.
Ein primitiver unterer Mantel wäre heißer als ein an ra-
dioaktiven Elementen verarmter. Schubert und Spohn
(1981), Spohn und Schubert (1982 a) und Kenyon und Tur-
cotte (1983) haben auf Schwierigkeiten hingewiesen, die
Temperaturverteilung geschichteter Mantelkonvektion mit
dem gegenwärtigen Verständnis der Rheologie des Mantels
in Einklang zu bringen. Die effektive Viskosität des oberen
Mantels von z1017 m2 s— 1 sowie die in Frage kommenden
Deformationsmechanismen, Diffusions- und Dislokations—
kriechen (Carter, 1976), bedeuten nach unserem gegenwär—
tigen Verständnis, daß die homologe Temperatur im oberen
Mantel größer als 0,5 wenn nicht sogar größer als 0,8 ist.
In der Asthenosphäre könnte der Solidus sogar überschrit-
ten sein. Da der tiefe Mantel fest ist, muß der Anstieg der
homologen Temperatur über die Grenzschicht zum unteren
Mantel kleiner als 0,2 bis höchstens 0,5 sein, zu wenig, wenn
der untere Mantel geochemisch primitiv ist. Kenyon und
Turcotte (1983) finden, daß vO (vergl. (21)) im tiefen Mantel
sehr viel größer und a Tm sehr viel kleiner als in relevanten
Materialien einschließlich MgO bisher gemessen sein
müßte, um eine Abnahme der Viskosität durch den Tempe-
raturanstieg in der Grenzschicht zu vermeiden.

In einer früheren Arbeit (Spohn und Schubert, 1982 a)
haben wir die Wärmeübertragungseigenschaften geschichte—
ter Mantelkonvektion untersucht. Bei diesen numerischen
Experimenten haben wir den Mantel von einer stetigen Soli—
duskurve als Anfangsbedingung abkühlen lassen. Die Vis-
kositätsparameter für beide Mantelschichten wurden so ge-
wählt und die Wärmequellen so verteilt, daß der heutige
Oberflächenwärmefluß und ein insgesamt isoviskoser Man—
tel (v-—- 1017 m2 s’ 1) erreicht wurde. Wie man nach der obi—
gen Argumentation schon erwarten kann, finden wir, daß
der untere Mantel weitestgehend verarmt sein muß, wenn
er nicht partiell aufschmelzen soll. Die radiogenen Wärme—
quellen, die hier 80% des gegenwärtigen Oberflächenwär—
meflusses verursachen, sind fast gänzlich im oberen Mantel
konzentriert. Dieses Ergebnis ist im Widerspruch zu den
neueren geochemischen Modellen eines weitgehend primiti—
ven unteren und verarmten oberen Mantels.

Bei geschichteter Mantelkonvektion wird der untere
Mantel durch die Grenzschicht zum oberen Mantel ther—
misch isoliert. In diesem Fall wird die Wärmeabfuhr vom
unteren Mantel und vom Kern von dem Wärmeübertra-
gungsvermögen des oberen Mantels bestimmt. Da das Vo-
lumen des gesamten Mantels dreimal größer als das Volu—
men des oberen Mantels ist, wird man erwarten, daß durch-
greifende Mantelkonvektion den Erdkörper effektiver küh—
len kann. In unseren Modellrechnungen finden wir, daß
das geschichtete Modell in 4,5 Ga 3mal weniger Wärme
von der gesamten Erde und 6mal weniger Wärme vom Kern
entfernt. Die thermische Isolation des tiefen Mantels bei
geschichteter Konvektion wird deutlich, wenn man Tempe-
raturen als Funktionen der Zeit vergleicht. In Abb. 10 ist
die homologe Temperatur des Mantels sowie die Tempera-
tur des Kerns an der Kern-Mantelgrenze, bezogen auf die
Solidustemperatur des Mantels an dieser Stelle, für beide
Moden der Mantelkonvektion dargestellt. Die Modelle be—
ginnen am Solidus im Mantel, der stetig über den ganzen
Mantel angenommen wurde; die Anfangstemperatur im
Kern ist eine stetige adiabatische Extrapolation des Mantel-
solidus. Daher gibt es anfänglich nur eine thermische
Grenzschicht an der Oberfläche des Modellplaneten. Die
homologen Temperaturen des ganzen Mantels bei durch—
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Abb. 10. Geschichte der homologen Temperaturen T/Tm (Tm be-
zeichnet hier die Solidustemperatur) des Mantels bei durchgreifen-
der und geschichteter Konvektion nach Spohn und Schubert
(1982 a). fm bezeichnet die homologe Temperatur des ganzen Man-
tels bei durchgreifender, fu die des oberen, f, die des unteren Man-
tels bei geschichteter Konvektion. fî’ und fC bezeichnen die Tempe-
raturen des Kerns an der Kern-Mantelgrenze geteilt durch die Soli—
dustemperatur des Mantels an dieser Stelle bei durchgreifender und
geschichteter Konvektion

r,
Tm
[703K]

5L4!)
Î

32
r [103km]

Abb. 11. Modellgeothermen bei den ganzen Mantel durchgreifen-
der Konvektion (a) und geschichteter Mantelkonvektion (b) und
(c). In Modell (b) ist der untere Mantel stark verarmt an radioakti-
ven Elementen, in (c) ist er primitiv. Im Einsatz sind die Temperatu-
ren im Kern und die entsprechenden Liquiduskurven (gestrichelt)
gegeben. Der Bereich möglicher Temperaturen an der Grenze zum
inneren Kern ist gepunktet eingetragen

greifender Konvektion und des oberen Mantels bei ge-
schichteter Konvektion entwickeln sich sehr ähnlich. Beide
zeigen das schon bekannte Übergangs— und das stetige Re-
gime. Die Evolution des unteren Mantels bei geschichteter
Konvektion ähnelt dagegen der des Kerns der beiden Mo-
den, eine Folge der thermischen Isolation durch darüberlie—
gende Mantelschichten.

In einem weiteren Satz von Modellrechnungen habe ich
die thermische Evolution des Kerns bei geschichteter Kon-
vektion näher untersucht. Abbildung 11 zeigt heutige Geo-
thermen für beide Moden der Konvektion für Modelle mit
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isoviskosem Mantel, vz1017 m2 s“ 1, heutigem Wärmefluß
von 70 mW m‘2 und einem Radius des inneren Kerns von
1215 km. Die beiden Modelle mit geschichteter Konvektion
unterscheiden sich dadurch, daß der untere Mantel einmal
primitiv (c) und einmal stark verarmt (b) ist. Der Fall b
entspricht den oben besprochenen geschichteten Modellen,
im Fall c ist der obere Mantel verarmt um die radiogenen
Quellen, die sich heute in der kontinentalen Kruste befin-
den. Die Werte der Modellparameter findet man in Tabelle
2. Man erkennt, daß der primitive untere Mantel bei ge—
schichteter Konvektion um z 1 300 K heißer als bei durch-
greifender Konvektion wäre. Der Kern ist hier sogar um
1700 K heißer. Dies bedeutet natürlich auch, daß die Liqui-
duskurve der Kernmaterie, die ich so gewählt habe
(Abb. 11), daß sich der richtige Radius des heutigen inneren
Kerns einstellt, entsprechend höher läge. Im Falle des ver-
armten unteren Mantels beträgt der Unterschied der Tem-
peraturen an der Grenze zum inneren Kern nur 540 K.

Sollte der innere Kern tatsächlich das feste Produkt des
abkühlenden Kerns sein, dann wäre die Temperatur an der
Grenze zum inneren Kern ein Fixpunkt der Temperaturver—
teilung in der Erde. Ein Vergleich der Modellgeothermen
der Abbildung mit experimentell gesicherten Daten über
den Liquidus des Kerns könnte daher, so hofft man, eine
Bewertung der Konvektionsmodelle erlauben. Brown und
McQueen (1982) finden aus ihren Schockwellenexperimen—
ten eine Schmelztemperatur von reinem Eisen bei 330 GPa
— dem Druck an der Grenze zum inneren Kern — von
6200i500 K. Die Kernadiabate des Modells c liegt dort
etwas unterhalb dieses Temperaturbereichs. Es kommt nun
darauf an, um welchen Betrag die Liquidustemperatur
durch das leichte legierende Element herabgesetzt wird. Bei
genügend kleinen Konzentrationen des Lösungsmittels
hängt die Verschiebung der Liquiduskurve nur von der
Konzentration und nicht von den chemischen Eigenschaf-
ten des legierenden Elements ab (Prigogine und Defay,
1954). Stevenson (1980) findet unter dieser Voraussetzung
eine Reduktion der Liquidustemperatur um N1000 K,
Brown und McQueen (1982) finden 1400 K für einen Eisen-
Schwefel—Kern mit 5—10 Gewichtsprozent Schwefel, die An-
wendung des Faktors (1—2 x) erbringt 1200 K bei 10 Ge-
wichtsprozent Schwefel. Demnach betrüge die Temperatur
an der Grenze zum inneren Kern 5000i 700 K. Dieser Be-
reich wird von den Modellgeothermen gerade begrenzt. Es
ist ohne weiteres möglich, die Kerntemperaturen für durch-
greifende Mantelkonvektion (a) entsprechend zu erhöhen,
indem man radiogene Wärmequellen im Kern zuläßt. Um
die Kerntemperaturen im Fall von materiell getrennter
Konvektion im Mantel mit primitivem unterem Mantel zu
senken, genügt es, die Wärmeleitfähigkeit im unteren Man-
tel um etwa einen Faktor 2 anzuheben, wodurch sich die
Temperaturdifferenz über die Grenzschicht zum oberen
Mantel entsprechend verringern würde. Beide Modelle der
Mantelkonvektion sind also mit den Liquidustemperaturen
des Kerns verträglich.

Auch im Hinblick auf die Evolution des Kerns und des
nominellen Magnetfeldes sind die beiden Modelle wenig
verschieden, wie ein Vergleich der Abb. 12 und 13 mit 8
und 9 ergibt. Wesentliche Elemente, wie das relativ junge
Alter des inneren Kerns und der Anstieg der Feldstärke
mit Beginn des Ausfrierens des inneren Kerns bleiben beste-
hehn. Der heutige Wärmefluß vom Kern ist allerdings im
geschichteten Fall mit primitivem unterem Mantel doppelt
so groß wie im Falle durchgreifender Konvektion. Die bei-
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Abb. 12. Thermische Evolution des Kerns bei geschichteter Mantel—
konvektion und primitivem unteren Mantel für L=1O6 und L=
2-106 J/kg. Die beiden Modelle (ausgezogene und gestrichelte Kur-
ven) unterscheiden sich hinsichtlich ihrer Anfangsbedingungen. Bei
Modell (cb) ist anfänglich ATC=O (vgl. Abb. 4), bei Modell (ca)
ist TC: 1000 K am Anfang
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Abb. 13. Nominelle magnetische Feldstärke H* auf der Kernober-
fläche als Funktion der Zeit für das geschichtete Mantelkonvek-
tionsmodell (ca) mit primitivem unteren Mantel. Der Kurvenpara-
meter ist L, die spezifische Energie, die beim Ausfrieren des inneren
Kerns frei wird
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Û 7 4 5

den Modelle in Abb. 12 unterscheiden sich hinsichtlich ihrer
Anfangsbedingungen. Im Falle (ca) ist der Kern schon am
Anfang erheblich wärmer als der Mantel, im Fall (cb) ist
die Kerntemperatur anfänglich eine adiabatische Fortset-
zung der Mantelgeotherme. Im letzten Fall nehmen wir an,
daß die Kernmaterie sich bei der Differentiation nicht mehr
erwärmt hat als das Mantelgestein.

Die Einwände gegen eine geschichtete Mantelkonvek-
tion bleiben, was die Evolutionsrechnungen und die Wär—
meübertragungseigenschaften anbetrifft, beschränkt auf das
Verhältnis von Rheologie und Temperaturanstieg zum
unteren Mantel. Zuwenig ist über die Natur des unteren
Mantels und seine Rheologie bekannt, um eines der beiden
Modell völlig ausschließen zu können.

Einfluß der chemischen Differentiation
und der Kontinente

Die chemische Differentiation des Mantels durch das Ab-
scheiden der Kruste ist für thermische Evolutionsmodelle
noch nicht berücksichtigt worden. Aus radiometrischen Al-
tersbestimmungen weiß man, daß die Kontinente im Laufe
der Erdgeschichte mehr oder weniger kontinuierlich ge—

wachsen sind (DePaolo, 1981). Die ältesten bekannten
Krustengesteine sind 3,8 Ga alt (Moorbath, 1978). Da
Kruste durch partielle Aufschmelzung des Mantels entsteht
(Taylor, 1979 b), wird man erwarten, daß auch vor diesem
Zeitpunkt Kruste gebildet wurde, zumal die Kruste des
Mondes zum größten Teil älter als 3,8 Ga ist (Wasserburg
et al.‚ 1977). Das Schicksal der sehr alten Erdkruste bleibt
Spekulation, möglicherweise ist sie wieder in den Mantel
zurückgeführt worden. Die Evolution der jüngeren konti-
nentalen Kruste ist noch nicht vollständig geklärt. Es ist
strittig, ob das Volumen der kontinentalen Kruste bis heute
zugenommen hat (Moorbath, 1978), oder ob schon im aus-
gehenden Archaikum ein Gleichgewicht zwischen Erzeu—
gung und Zurückführung in den Mantel erreicht wurde
(Fyfe, 1978). Dann wäre das Volumen der kontinentalen
Kruste seither konstant geblieben. McCulloch und Wasser-
burg (1978) glauben, daß die Zuwachsrate vor 2,7 Ga ein
Maximum erreicht haben könnte. Die Evolution der Kruste
hat mindestens zwei wichtige Konsequenzen für die thermi-
sche Evolution des Mantels. Zunächst sind dem Mantel
beim Abscheiden der Kruste radiogene Wärmequellen ent-
zogen worden. Die radioaktiven Elemente U, Th, K rei-
chern sich ja bevorzugt in der Schmelze an. Unter dem
Gesichtspunkt einer möglichst effektiven Abkühlung des
Erdkörpers ist die Verschiebung der Wärmequellen zur
Oberfläche günstig. Dieser Vorteil wird aber „erkauft“
durch die Existenz der offenbar nicht subduzierbaren Kon-
tinente, die wie Wärmedämmschilde wirken. Dagegen reicht
in den Ozeanen die Konvektion bis zur Oberfläche. Es stellt
sich die Frage, ob ein Gleichgewicht zwischen der Wär-
meabfuhr durch Entzug der Wärmequellen und der Wär-
meabfuhr durch Konvektion besteht und ob dieses Gleich—
gewicht die Fläche der Kontinente begrenzt.

Die Wechselwirkung der Mantelkonvektion mit den
Kontinenten hat sicherlich auch interessante Konsequenzen
für die Evolution der Kontinente. Es ist denkbar, daß der
von den letzteren erzeugte Wärmestau zu konvektiven In-
stabilitäten und Aufströmen, sog. „plumes“, führen kann
(s.a. Anderson, 1981 b). Diese Aufströme können zu konti-
nentaler Riftbildung führen, die die Wärmedecke zu zer—
schneiden vermag. In zwei anderen Arbeiten (Spohn und
Schubert, 1982b; Spohn und Schubert, 1983) haben wir
die Wechselwirkung der Lithosphäre mit einem konvekti-
ven Aufstrom untersucht. Es zeigte sich, daß die kontinen—
tale Lithosphäre von einem Aufstrom, der bis zu zehnmal
mehr Wärme als der normale subkontinentale Wärmefluß
in die Lithosphäre trägt, in einigen 10 Ma bis zur Kruste
erodiert werden kann. Der anomale Wärmefluß zeigt sich
erst verspätet, wenn überhaupt, im Oberflächenwärmefluß.
Ein guter Teil der vom Aufstrom herangeführten Wärme
erreicht die Oberfläche durch Vulkanismus. Ein weiterer
Teil kann z.B. durch Dehydrationsreaktionen in der Kruste
verbraucht werden. Nachdem der Kontinent durchtrennt
ist, werden die Teile als Folge von lateralen Temperaturgra-
dienten auseinandergetrieben (Elder, 1976). Die Lücke wird
durch ozeanische Lithosphäre gefüllt, die Konvektion hat
die Oberfläche erreicht. Das Riften der Kontinente und die
Öffnung neuer Ozeane ist ein wichtiger Bestandteil des Wil-
son-Zyklus der Plattentekonik (s. z.B. Turcotte und Schub—
ert, 1982), der aber auch das Zusammenschweißen von
Kontinenten kennt.

Akzeptiert man den oben dargestellten Hintergrund der
kontinentalen Riftbildung, dann fragt man sich, wieso Rie—
senkontinente wie Pangäa überhaupt existiert haben. Schon
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im Proterozoikum soll ein Riesenkontinent bestanden ha-
ben (Piper, 1976). Nach den von Ziegler (1981) zusammen-
getragenen Rekonstruktionen der Plattenbewegungen war
das Phanerozoikum gekennzeichnet durch das Zusammen-
schieben einzelner Kontinente zu einem Riesenkontinent.
Was könnte die Ursache des Zusammenschiebens sein?

Nehmen wir einmal die Fläche der Kontinente als gege-
ben an, so können wir uns zwei extreme Verteilungen der
Ozeanflächen und der Kontinente — der für die Mantelkon-
vektion offenen und abgedeckten Flächen — vorstellen: Die
Kontinente können alle zusammengeschoben sein, wobei
die zusammenhängende freie Fläche am größten wäre. Die
Kontinente können aber auch gleichmäßig verteilt sein, in
Stücken, deren Größe durch die Geschichte des Systems
und die Zellgrößen der Mantelkonvektion irgendwie festge—
legt wäre. Dann wäre die zusammenhängend bedeckte Flä-
che am kleinsten. Die Geologie zeigt, daß beide Konfigura-
tionen nicht stabil sind. Wir können vermuten, daß der
Riesenkontinent wegen des durch ihn verursachten Wär—
mestaus zerstört wird. Die Konfiguration mit verteilten
Kontinenten könnte zerstört werden, weil die Konvektion
bestrebt ist, die freie Fläche zu vergrößern. Es ist denkbar,
daß die Verteilung der Kontinente zwischen beiden Extre—
men hin und her pendelt. Die Rückwirkung der Kontinente
auf die Mantelkonvektion könnte in einem beständigen
Zwang zur Umorganisation der Konvektionszellen beste—
hen, die aber auf die langfristige thermische Evolution viel—
leicht nur einen geringen Einfluß hat. Es ist aber auch denk—
bar, daß der mittlere Oberflächenwärmefluß durch die
Wanderung der Kontinente Schwankungen unterworfen
wird. Beide Aspekte, sowohl der Entzug der Wärmequellen
als auch die Veränderungen der freien Oberfläche der Man—
telkonvektion, sollten in zukünftigen thermischen Evolu—
tionsrechnungen untersucht werden.

Schlußbemerkungen

In dieser Arbeit habe ich eine Diskussion der thermischen
Evolution der Erde auf der Basis von parametrisierten Kon—
vektionsmodellen versucht. Die Bedeutung der radiogenen
Wärmequellen, der Differentiation des Kerns, der Wärme-
übertragungseigenschaften und der Schichtung der Mantel-
konvektion wurde dargestellt. Besonders hervorgehoben
wurde die Wirkung der temperaturabhängigen Viskosität
als Regulator der Abkühlrate und das Ungleichgewicht zwi-
schen Wärmeproduktion und Oberflächenwärmefluß. Die
Untersuchung hat sicher mehr Fragen offen gelassen, oder
vielleicht auch aufgeworfen, als sie beantworten konnte,
nicht zuletzt die Frage nach der Gültigkeit des Ansatzes
der parametrisierten Konvektionsmodelle. Trotz ihrer inne-
ren Konsistenz — die Modelle ergeben schließlich für akzep—
table Werte der Materialparameter den richtigen Oberflä-
chenwärmefluß, die Mantelviskosität, die Lithosphären-
dicke, Plattenverschiebungsraten, den Radius des inneren
Kerns und akzeptable Geothermen — bleiben Zweifel, vor
allem wegen der ungenügenden Kenntnis der Wärmeüber-
tragungseigenschaften von Konvektion bei stark tempera-
tur- und spannungsabhängiger Viskosität.

Die Frage nach der Schichtung der Mantelkonvektion
konnte nicht abschließend beantwortet werden, wenn auch
die hohe Viskosität des tiefen Mantels darauf hindeutet,
daß die Konvektion den ganzen Mantel durchgreift. Das
Studium der Evolution einfacher geschichteter und unge-
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schichteter Planetenmodelle ist nützlich zur Fokussierung
der Diskussion und der Fragestellung künftiger Forschung.

Die Erkenntnis des Ungleichgewichts zwischen Oberflä—
chenwärmefluß und Wärmeproduktion hat die geophysika-
lischen und geochemischen Abschätzungen des Gehalts der
Erde an radioaktiven Elementen näher zueinander ge—
bracht.

Die thermische Evolution des Kerns ist erstaunlich
unabhängig von den Details der Mantelkonvektion. Zwei
Ergebnisse parametrisierter Evolutionsrechnungen könnten
von weitertragender Bedeutung sein: Man benötigt kein K
im Kern, und der innere Kern ist möglicherweise nur etwa
2 Ga alt. Diese Ergebnisse könnten von Bedeutung sein für
Forschungen auf den Gebieten des Geodynamos, der Paleo-
magnetik und der Geochemie.

In der Zukunft sollte man versuchen, chemische und
thermische Evolutionsmodelle zu verknüpfen. Dabei wird
die kontinentale Kruste von großer Bedeutung sein. Auch
die Entstehung der Atmosphäre und der Ozeane durch Aus-
gasen des Erdkörpers ist ein wesentliches Element der Evo-
lution, das in unserem Zusammenhang bisher nicht betrach-
tet wurde. Bedenkt man den Einfluß der volatilen Elemente
auf die Rheologie und die Schmelztemperaturen terre-
strischer Gesteine, ist man geneigt, dem Vorgang Bedeutung
für die thermische Evolution des Erdkörpers beizumessen.

Wir haben die Erde als einen Körper dargestellt, der
auf möglichst effektive Weise einen gegebenen Vorrat an
Energie abführt und dabei, quasi nebenher, Topographie
und Magnetfeld erzeugt. Wie jede Abstraktion eines Aus-
schnittes des Weltbildes ist auch diese Sicht vereinfachend
und unvollständig. Wollen wir hoffen, daß sie zum Ver-
ständnis des Wirkens der Natur beiträgt und zu weiteren
Untersuchungen und kritischen Überlegungen anregen
kann.
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Abstract. The Urach III borehole (3,334 m depth) is located
in the center of the Urach geothermal anomaly (35 km SE
Stuttgart, Southern Germany). Radiometric age determina—
tions were carried out on samples from the Rotliegend and
from the crystalline basement. The biotites yield Rb/Sr ages
of 325 i 6 Ma. The age values are independent of borehole
depth, present borehole temperatures and grain size. These
ages are interpreted as cooling ages at which the rocks
cooled to 330i20 oC. Assuming a thermal gradient of
40 °C/km and an uplift rate of 0.14 mm/a, a crust 8 km
thick has been eroded after the Hercynian orogeny. From
mixtures of leached biotites and chlorites a maximum age
value of about 200 Ma is inferred for the hydrothermal
activity. A maximum possible temperature of only about
195 0C during the Mesozoic burial is estimated for a reheat-
ing of 100 Ma duration.

Downhole apatite fission track ages decrease from
49.5 Ma to 0.6 Ma due to the lower thermal stability of
fission tracks in apatite. The corrected fission track age
of 81.2 Ma (1,021 m depth) implies a complete track erasure
during Mesozoic burial. Consequently, a temperature of
at least 130 oC requiring a thermal gradient of 55—60 °C/km
for the Cretaceous must be assumed. From apatite fission
track ages vs. borehole temperatures, a closure temperature
of 106 °C for apatites from 1,021 m depth is established
and a cooling rate of 0.8 oC/Ma during the Cainozoic era
can be estimated.

Cooling due to slow uplift beginning 80 Ma ago is sug—
gested. A possible thermal overprint in connection with the
Miocene volcanism has not exceeded the rock temperatures
by more than 20 0C above the present temperatures. This
points to an old, deep-seated, decaying heat source as a
cause of the Urach geothermal anomaly.

Key words: Biotite Rb/Sr ages — Apatite fission—track ages
—— Closure temperatures — Geothermal history

Introduction

In recent years, many investigations on the Urach III bore-
hole have been carried out on the present geological, miner-

1 Present address: Universität Tübingen, Mineral.-Petrogr. Insti-
tut, Abt. Geoehemie, Wilhelmstr. 56, D-7400 Tübingen, Federal
Republic of Germany

Offprint requests to: K. Hammerschmidt

alogical and geophysical status of the Urach geothermal
anomaly (Haenel, 1982). The purpose of our contribution
is the evaluation of the geothermal history of this anomaly
using radiometric age determination techniques. Radioac—
tive systems such as K/Ar, Rb/Sr, and uranium spontane-
ous fission do not only enable the dating of geological
events, they also may be used as indicators of temperatures.
Different radioactive systems close and open at different
temperatures, e.g. the biotite K/Ar and Rb/Sr systems ar-
ound 300 oC (Purdy and Jäger, 1976) and the apatite fission
track system around 120 °C (Wagner and Reimer, 1972).

The combined application of various dating methods
gives age vs. temperature data from which the thermal his-
tory of rocks can be reconstructed. As rocks cool, these
inherent radioactive systems pass successively through three
temperature zones of complete, of partial, and of negligible
loss of daughter products. On reheating this sequence is
reversed. The processes involved are diffusion of daughter
nuclides and annealing of fission tracks. One uses the con-
cept of closure temperature, although the closure process
is not sharply defined in terms of temperature, because,
among other parameters, the closure temperature depends
upon cooling rate. According to Dodson (1979) the closure
temperature is the temperature of the system at the time
given by its apparent age. Its value can be calculated from
diffusion and annealing experiments or directly measured
in deep drill holes. In the latter case the drill core rocks
are used in order to investigate the loss of the radiogenic
daughter products under natural conditions. For this rea-
son, geochronological studies on drill holes are of special
interest.

The research borehole Urach III is situated in the center
of a geothermal anomaly around Urach, 35 km SE of Stutt-
gart (Southern Germany). The region of the geothermal
anomaly is more or less identical with the area where 350
volcanic pipes perforated the Schwabische Alb during the
Miocene (Weiskirchner, 1980). The borehole penetrated
through about 900 m of Mesozoic sediments before reach-
ing about 700 m of Permian and possibly Carboniferous
sediments (Leiber and Münzing, 1979). The underlying see-
tion of crystalline rocks has a length of 1,732 m.

Recently published K/Ar biotite ages on the crystalline
basement rocks from the Urach III borehole gave
325.2i6.2 Ma (20-error) (Hammerschmidt and Wagner,
1983). On the base of argon diffusion experiments with
biotite (KAW 1993) a closure temperature of 330i20 0C
was derived for an assumed cooling rate of 1 °C/Ma. More—
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Fig.1. Modal composition of the metablastic plagioclase-biotite
hornblende-gneisses and the diatexites

over, from this experiment an upper temperature limit of
240 °C was estimated for a possible reheating period of
100 Ma (or 260 °C for 10 Ma, resp.) during the post-Her—
cynian history.

In this work Rb/Sr data on biotite and fission track
data on apatites from the Urach III drill core are presented.
The samples were taken from Rotliegend sediments (depth
1,021 m) and various crystalline basement rocks (depth
1,660 m to 3,300 m).

Sample description

The Rotliegend is composed of volcanoclastic sediments,
arkoses, siltstones, and fanglomerates (Dietrich, 1982). Ap-
atites (R0 1021) were separated from a fanglomeratic ar-
kose at 1,021 m depth. The apatites occur as well-rounded
to slightly prismatic crystals, with hematite—coloured sur-
faces.

According to Stenger (1982), the first unit (from top
to bottom) of the crystalline part of the bore-hole consists
of coarse—grained metablastic plagioclase-biotite-(horn-
blende)-gneisses from 1,602 to 1,950 m depth (KAW 1991,
1993). These gneisses have magmatic textures. The modal
composition of these rocks indicates granodiorite to tona-
lite. The second unit consists of mainly medium- to coarse-
grained metablastic or metatectic plagioclase—biotite-(cor-
dierite)—gneisses (1,950—3,000 m) of sedimentary origin. The
third unit (3,000—3,334 m depth), is composed of fine-
(KAW 2003, 2004) to medium-grained (KAW 2006—2008)
diatectic rocks which display magmatic textures. Figure 1
illustrates the modal composition of rocks of the first and
third unit in terms of the Streckeisen (1976) diagram. The
composition of these rocks points to a granodiorite/tonalite
predecessor (Fig. 1).

In all crystalline samples, the plagioclase has been partly
altered to sericite and/or calcite. Along faults and fissures,
biotite is changed into chlorite, ore and calcite. In particu-
lar, samples KAW 1996, 1997, 2000, 2001, and 2002 are
extremely decomposed. They originate from two zones of
strong hydrothermal alteration at depths of 2,050 to
2,200 m and 2,500 to 3,000 m. Plagioclase and biotite are
decomposed into small (~2um) aggregates of chlorite,
bleached biotites, sericite and calcite. Therefore, only
bleached biotite intergrown with chlorite could be separated
(KAW 1997).

Apatites from samples KAW 2001 and 2002 are well-
rounded with corroded surfaces. The crystallographic habit

of the apatites seems to be related to the rock type. In
metablastic gneisses, many crystals could be separated in
the 100—180 um fraction (KAW 1991, 1993). Isometric,
rounded and short prismatic figures are predominant. Me-
tatectic and metablastic cordierite gneisses contain apatites
of similiar size, but mostly with broken crystals. They all
carry common fluids and mineral inclusions. By contrast,
diatectic rocks contain long prismatic or needle-like apatites
in the 40—100 um fraction.

Rb/Sr dating

Experimental

Samples of the crystalline rocks, 3 kg per sample, from the
Urach III borehole were ground and aliquots prepared for
mass-spectrometric analyses by ion exchange and isotope
dilution methods. The error of the 87Rb/86Sr ratios is typi-
cally 1% and that of the 87Sr/868r ratio is given in Table 1
as the la-error. The 87Sr/B‘SSr ratio of the NBS 987 was
measured as 0.709705 i 75, normalized to a 86Sr/BSSr value
of 0.1194. For age calculations, the recommended IUGS
constants (Steiger and Jäger, 1977) were used. The hand—
picked biotite fractions of the crystalline rocks were also
analysed. The mineral fractions, especially those from the
hydrothermally altered rocks, are mixtures of biotites,
leached biotites and chlorites. A previous study (Ham-
merschmidt, 1981) has shown that the analyses of different
grain-size fractions of the same mineral species from the
same rock sample allow checking of age resetting. In the
biotite samples considered here, the grain size varies by
a factor of about 25.

Whole rock Rb/Sr results

The Rb/Sr data are given in Table 1. The age values re-
ported in column 9 have been calculated using the initial
87Sr/86Sr value of the corresponding whole rock. In column
8, mineral isochrons and their initial values are given. The
whole rock data shown in Fig. 2 fall into two separate fields.
The anatectic and diatectic plutonic rocks have 87Rb/86Sr
values of between 0.79 and 1.10 and 87Sr/86Sr values of
between 0.7119 and 0.7159, whereas the paragneisses have
higher values in both ratios. The distribution of Rb and
Sr is governed by the melting process (anatexis). The Rb
content, both in the paragneisses and in the plutonic rocks,
varies from 100 ppm to 170 ppm, but in the plutonic rocks,
the Sr content is enriched by a factor of 4 to about 400 ppm
relative to the Sr content of the paragneisses. After melting
of paragneisses the first crystallizing plagioclase incorpor—
ates Sr and therefore, Sr will be enriched in the granodiorite
to tonalite. Because of the small spread in the Rb/Sr ratio,
a well-defined isochron with a small error was not expected.
Given the different rock types and different states of hydro—
thermal alteration, an isochron is unlikely anyway.

Biotite Rb/Sr ages

The biotites of the unaltered samples have age values of
321 i 14 Ma over the whole crystalline section of the bore—
hole. In order to determine whether any age resetting of
biotites from these rocks has occurred due to a thermal
event, it is sufficient to examine fresh samples from the
top and bottom of the crystalline section. Age resetting
may be studied using different grain size fractions of biotite
from the same rock sample. Therefore, biotites of the sam-
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Table 1. Rb/Sr data

99

KAW-nr. Sample Size (mm) 87Rb (ppm) Sr (ppm) 87Rb/86Sr 87Sr/86Sr “mineral isochron” age* (Ma)

1991 T tonalite 37.3 346.8 1.10 0.715920$80
/2 biotite 500—420 105.5 9.3 122.0 1.27410 $ 20 324.4$ 1.5
/6 biotite 150-75 98.7 6.5 167.7 1.48835 $20 325.5$ 1.4 325.8$ 1.5
/8 biotite 40-23 73.2 55.9 13.5 0.774100$80 i: 0.71111 $36 330.4$1.5

1993 T tonalite 27.8 361.0 0.79 0.715130$80

1995 T plag—bio-gn 51.1 133.0 3.94 0.73105 i 10
biotite 180—150 123.6 6.4 215.0 1.70000 $ 10 322.5 $1.5

1996 T Kf—plag-gn 43.0 37.1 11.9 0.743670$80

1997 T Kf-plag-gn 34.4 72.1 4.9 0.72945 4125
/A 110-75 51.3 38.9 13.5 0.75780 $15 206.8$2.0 231.7$4.0
/B 110-75 53.2 27.8 19.7 0.77852 $ 10 227.3$2.2 i: 0.7204$5 233.1 $4.0
/C 110-75 51.7 21.1 25.2 0.79465 $10 i: 0.71374$ 50 225.8$4.0
/D 110-75 46.6 22.3 21.5 0.783310$80 228.1 $4.5

1999 T paragn 46.8 139.4 2.5 0.722910$80

2000 T paragn 37.1 120.5 3.2 0.753145i 80
biotite 180-150 60.0 17.0 36.7 0.855160$90 214.0$2.0

2003 T tonalite 32.8 388.6 0.86 0.71195 $20
biotite 180-150 99.7 21.0 49.5 0.93299 $15 319.2 $1.6

2004 T granodiorite 43.9 420.4 1.07 0.713470$ 80
2006 T tonalite 42.1 396.9 1.08 0.713060$75

biotite 180-150 129.7 50.6 26.5 0.824255$40 307.2$2.4

2007 T tonalite 35.8 365.0 1.0 0.712590$70

2008 T tonalite 48.2 503.8 0.98 0.713560 $ 90 322.6 $1.2
/2 biotite 420-250 135.2 30.8 45.7 0.916850$90 0.708392$ 15 319.5$ 1.4
/5 biotite 150-75 138.5 16.4 89.9 1.12205 $ 10 322.7 $1.4

Â: 1.42 x 10— 11y‘ 1 * Corrected with the whole rock
T= total rock, A—D decreasing magnetic susceptibility of biotite, leached biotite and chlorite
Kf= K—feldspar, plag = plagioclase, bio = biotite, paragn = paragneiss
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ple KAW 1991 (1,661~1,664 m depth) varying in grain size
from 0.8 to 0.02 mm were analysed. This gave a “mineral
isochron” age of 325.5$1.4 Ma. In the case of sample
KAW 2008, the whole rock together with two biotite frac—
tions (grain size 0.42—0.25 and 0.15—0.1 mm), yields an age
value of 322.6$1.8 Ma. These Rb/Sr ages agree closely
with the K/Ar ages of biotites of 325.2$6.2 Ma (Ham-

merschmidt and Wagner, 1983). There is no significant dif-
ference between the two ages. The Rb/Sr ages of the biotites
are independent of the rock type; for example, biotite from
the paragneiss (KAW 1995) also gives the same age value
within the stated error limits.

Biotites from different rock types (e.g. KAW 1991 and
KAW 1995) give the same Rb/Sr age values of 325.5 Ma
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and 322.5 Ma, respectively. Hence, they cooled together
after the Hercynian orogeny, since the age values are cool-
ing ages. These ages are comparable with biotite age values
of the Schwarzwald. The geochronology of the Schwarz-
wald has recently been critically discussed by Hofmann
(1979)

Purdy and Jäger (1976) have estimated the closure tem—
perature of both, the K/Ar and Rb/Sr biotite system to
be 300i 50 °C, as deduced from petrological evidence. Re-
cently, based on a diffusion experiment, the closure temper-
ature for the K/Ar system in biotite KAW 1991 was deter-
mined as 330i20 °C, assuming a cooling rate of 1°/Ma
(Hammerschmidt and Wagner, 1983), supporting the esti—
mation by Purdy and Jäger (1976).

The Rb/Sr biotite ages are also independent of borehole
depth within the error limits (20-error corresponds to
12 Ma). The 1,700 m thickness of crystalline rocks with its
12 Ma-cooling age interval enables the uplift rate to be
estimated as more than 0.14 mm/a. Assuming a geothermal
gradient of 40°/km and this minimum uplift rate of
0.14 mm/a an 8 km thick section of crust is eroded in
56 Ma. This model is supported by the Permo-?Carbonifer-
ous age of the sediments which lie discordantly upon the
basement.

The biotites from the slightly altered samples KAW
1997 and 2000 have lower age values, in the range of 210
to 235 Ma. Mineral fractions A to D of sample KAW 1997
are of the same grain size (0.10—0.07 mm) but of different
magnetic susceptibility. The mineral fractions fit a reference
line corresponding to an age of 227 Ma. However, this line
has no geological age meaning; the straight line simply re-
flects the variation of 86Sr content and therefore the 87Rb/
86Sr ratio. And indeed the Rb content (with the exception
of fraction D) differ by about 4% only. From a mineralogi-
cal viewpoint, the reference line represents the mixing of
two components, and the mineral fractions of this sample
are indeed a mixture of bleached biotite overgrown with
different amounts of chlorites. However, if the chloritisa-
tion of the biotites is an effect of the Hercynian metamor-
phism, the minerals, and also the mixtures of different min—
erals, have to fit a line whose slope corresponds to an Her—
cynian age. Considering the fractions with the most chlorite
(B, C, D) in the Sr-evolution diagram (Fig. 3), the intercept
gives a 87Sr/86Sr ratio of 0.7204 — i.e. enriched in 87Sr
in comparison with an Hercynian mineral isochron. This
demonstrates that the hydrothermal alteration of these
rocks occurred after the Hercynian orogeny, and that the

Fig. 3. Rb/Sr data of sample KAW 1997
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Fig.4. Calculated radiogenic Sr loss vs. temperatures straight
lines=grain size 0.04 mm, dotted lines=grain size 0.25 mm; the
fraction of loss was calculated with a radial diffusion model in
an infinite cylinder (Hammerschmidt and Wagner, 1983)

age value of 220 Ma represents the maximum age of the
alteration.

Based on following assumptions one can estimate from
the Rb/Sr data an upper temperature limit for any post-
hercynian thermal event: (1) Thermally induced age reduc—
tion is controlled by diffusion. (2) The activation energy
of 87Sr for diffusion is the same as for 40Ar. Hart (1964)
and Hanson and Gast (1967) have shown that for biotite
the activation energies of radiogenic 40Ar and 87Sr are of
the same order. (3) Experimental diffusion observed in the
laboratory is activated by the same mechanism as in nature.
(4) The time span in the laboratory and in nature differs
by eight orders of magnitude. This does not affect the diffu—
sion process seriously.

In Fig. 4, the calculated 87Sr loss of a biotite (KAW
1991/2, 0.5—0.4 mm) is shown for different temperatures
over different time periods. Using the Ar diffusion results
the activation energy is 275 kJ/mol, with a frequency factor
Do/c12=7.4><107 s—l. For example, if a temperature of
350 °C has affected a biotite over a period of 1 Ma, a radio—
genic 87Sr loss of 30% will take place (dashed line).

The loss depends also, among other parameters, upon
the grain size. For the grain size of KAW 1991 /8 ranging
between 0.02—0.04 mm no age reduction can be observed.
The radiogenic isotope loss (“$0 of such a grain size (sam-
ple KAW 1991) is plotted vs. temperature (Fig. 4); for ex—
ample, 30% of radiogenic 87Sr is lost already at 280° C
during a period of 1 Ma. Since no age reduction was ob-
served for the fine—grained biotite KAW 1991/8, the upper
temperature for a possible reheating can be estimated as
190 °C (for 100 Ma), 210 °C (for 10 Ma), or 240 °C (for
1 Ma).
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Fission track dating

Experimental

For fission track dating apatite concentrates of 40—200 um
grain size were separated from 50—100 g rock sample. The
apatites were dated with the population technique (Wagner,
1968). Aliquots of about 10 mg were taken for thermal neu-
tron irradiation. Prior to irradiation, these aliquots were
heated (430 oC, 4 h) in order to remove all spontaneous
fission tracks. The irradiations were carried out in the ther-
mal columns of the FR2 at KFZ Karlsruhe (5.05 x 1014nth/
cm2) and the HMI reactor at Berlin (4.97 x1014nth/cm2).
The dose values were determined with the dosimeter glasses
“Trebic” 1 and 2 (moldavite, MPI, Heidelberg, Co-calibra-
tion, Wagner, 1969, Au-calibration) and “NBS SRM 962”
(Au calibration, Carpenter and Reimer, 1974). The irradiat-
ed and unirradiated aliquots were etched together for each
sample (5% nitric acid, 35—42 s, 20° C). The track counting
data, their statistical errors and the resulting ages are pre-
sented in Table 2. On apatite R0 1021, lengths of spontane-
ous and induced tracks were also measured. Such measure-
ments indicate the degree of thermal track annealing and
allow the correction of thermally lowered fission track ages
(Storzer and Wagner, 1969). The measurements were car-
ried out on the projected track length. More than 500 spon-
taneous and induced tracks were measured (2 tracks per
grain). The average length of spontaneous tracks is reduced
to 82% relative to induced tracks. Using the correction
curve of apatite T11 (Wagner, 1973; Wagner et al., 1977),
a density reduction to 61% was deduced, resulting in a
corrected age value of 81.2 Ma for R0 1021. The objections
raised by some authors (Gleadow and Duddy, 1981, Laslett
et al., 1982) against such correction procedure do not apply
in this case since both the correction curve and the length
measurements were derived under strictly the same experi—
mental conditions, such as unoriented crystal population,
polished internal faces, etching, microscope manification
and projected length. Obviously, such measurements do not
reflect the true length distribution of fission tracks. How-
ever, the validity of this correction technique for apatite
had first been empirically demonstrated by Wagner and
Storzer, 1970.

Table 2. Apatite fission track data
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Fig. 5. Apatite fission track ages vs. borehole depth

Apatite age results and methodical interpretation
The ages determined range between 0.6 and 49.5 Ma. They
decrease steadily with increasing drilling depth (Fig. 5), and
lie in the transitional temperature range (Dodson, 1976)
where partial track stability occurs. Since these ages are
much younger than the K/Ar, the Rb/Sr and expected geo-
logical ages, they obviously are not related to the Hercynian
orogeny of the crystalline basement rocks. In order to un—
derstand their geological meaning, one has to consider the
sensitive annealing behaviour of fission tracks in apatite
at elevated temperatures, as has been established in several
experiments. As illustrated by Fig. 6, the track density is
gradually reduced with increasing temperature and dura-
tion of annealing. By extrapolating the experimental data
to long-term geological conditions, one concludes that tem—
peratures between 50 and 150 0C are sufficient for the an-
nealing of fission tracks in apatite. This enables the use
of the apatite fission track clock as a very sensitive geologi-
cal thermometer. In this way, cooling ages of 100 0C and
125 °C for the Odenwald crystalline basement and the Cen-
tral Alps, respectively, have been determined (Wagner,
1968; Wagner and Reimer, 1972). As regards the apatites
from the Central Alps, it has been observed that the fission
track ages increase steadily with the topographic elevation
of the sampling site, indicating tectonic uplift and erosion
as causes of the cooling. However, cooling due to uplift
is not the only thermal event to be detected by apatite fis-
sion track studies. The age and intensity of the thermal
overprints may also be revealed, as has been shown for

Sample no. Depth Temper- Ps* Pi* Ps/Pi Neutron Age** U ***
(m) ature tracks/cm2 tracks/cm2 Dose (i 10')

(°C) (x105) (x105) (x 1014n/cm2) (Ma) ppm

R0 1021 1,021.75 66 6.23 (3853) 3.10 (1943) 2.010 4.97 49.5i3.0 46
KAW 1991 1,664 93 5.14 (2370) 6.46 (2979) 0.796 5.05 20.0i1.0 95
KAW 1993 1,857 98 3.78 (1922) 6.34 (2867) 0.596 5.05 15.0i0.8 93
KAW 1995 2,015 104 0.55 (357) 1.14 (810) 0.482 5.05 12.1 i 1.0 17
KAW 1996 2,126 107 0.70 (585) 1.51 (1302) 0.463 5.05 11.6i0.8 22
KAW 1999 2,420 116 0.88 (636) 2.57 (1776) 0.344 4.97 8.5_-l;0.5 38
KAW 2000 2,519 119 1.97 (1723) 8.33 (7124) 0.236 5.05 5.9i0.3 12
KAW 2001 2,799 127 1.03 (921) 4.58 (4394) 0.225 4.97 5.6i0.3 68
KAW 2002 2,937 132 0.57 (361) 3.88 (2319) 0.147 4.97 3.6i0.2 58
KAW 2003 3,058 135 0.70 (83) 4.96 (465) 0.140 4.97 3.5 i 0.5 74
KAW 2004 3,127 137 0.57 (75) 6.27 (571) 0.090 4.97 2.3 i0.3 93
KAW 2006 3,254 141 0.12 (15) 2.15 (216) 0.056 4.97 1.4 i0.4 31
KAW 2008 3,330 142 0.08 (12) 3.05 (480) 0.026 5.05 0.64i0.2 44

* Numbers of counted tracks are given in parantheses
** Ages were calculated with @2846 >< 10‘17a_1 (Galliker et al., 1970); Wagner et al., 1975; J: 137.88 and of: 580.2 barn

*** Calculated with a factor given by Wagner (1968)
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the Nordlinger Ries impact crater (Miller and Wagner,
1979)

Downhole decreasing apatite fission track ages have
also been observed for deep drill cores from North America
and Australia (Naeser and Forbes, 1976; Naeser, 1979;
Briggs, et a1. 1981; Gleadow and Duddy, 1981), and in fact
seem to be a general phenomenon which is hardly surpris-
ing, in view of the down-hole increasing temperature and
the relatively low thermal stability of tracks in apatite.

Applied to the Urach III drill core, apatite fission track
analysis can reveal the cooling by uplift following the Meso-
zoic burial, as well as a possible reheating in connection
with the Miocene Urach volcanism. Different thermal histo—
ries cause characteristic age vs. down—hole temperature pro-
files. Figure 7 shows schematically the age vs. down-hole
temperature profiles for a linear uplift model (curve a) and
a static model (curve b), with an additional heat source
such as a magma chamber underneath. In the uplift model,
the tracks accumulate with increasing rate as the rocks cool
through the zone of partial track stability, and with con—
stant rate after full track stability is reached (Wagner, 1972;
Dodson, 1979). On the other hand, when the pre-existing
track density is annealed by a thermal overprint, the age
vs. depth curve reflects the geothermal gradient in the par-
tial stability zone and reaches constant age values in the
full stability zone (Briggs et al. 1981). Obviously, under nat-
ural conditions more complex cases than these two models
may occur. Such simplifying models are necessary for data
interpretation since the age distribution depends on com-
plex parameters such as temporarily and spatially changing
geothermal gradients and the tectonic history.

Due to its corrected fission track age of 81.2 Ma, this
sample must have been exposed to more than 130 °C, be—
cause all tracks had been erased by that time. In model
A, the sample cools steadily to the present temperature
(0.8 °C/Ma). In model B, the sample cools rather rapidly
(10 °C/Ma) to 40 °C, and stays at this temperature until
15 Ma ago, when it is then re-heated for a short period
(1 Ma), followed by cooling to the present temperature
values. Model C is similar but the reheating 15 Ma ago
reaches temperature values prevailing to recent times.

FT Age

Surface

T100

Tc

2:%2
z. S
c ä TO
äE'09
Fig. 7 a and b. Model curves of fission track age vs. down-hole
temperatures for a steady uplift and b thermal overprint. The tem-
perature zones, 1, II, III represent complete erasure, partial stability
and full stability, respectively, of fission tracks
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Fig. 8. Apatite fission track ages vs. borehole temperatures. The
closure temperature Tc = 106 °C for fission tracks in apatite is extra—
polated from the linear part of the curve

Table 3. Model cooling ages tm to temperatures T1021 for the depth
level 1021 (see text)

Sample Depth Ta TC (°C) tm T1021 (°C)
(H0 CCD ——-—————— (hdï)'—————————

O.8°/ 2.7°/ 0.8°/ 2.7°/
Ma Ma Ma Ma

R0 1021 1,021 66 106 — 49.5 106 —
KAW 1991 1,662 93 109 — 20.0 82 —
KAW 1993 1,856 98 111 — 15.0 80 —
KAW 1995 2,015 104 114 136 12.1 76 98
KAW 1996 2,128 107 116 138 11.6 73 97
KAW 1999 2,416 116 123 139 8.5 75 89
KAW 2000 2,518 119 124 140 5.9 71 82
KAW 2001 2,798 127 131 142 5.6 70 81
KAW 2002 2,934 132 135 142 3.6 69 76
KAW 2003 3,056 135 138 143 3.5 69 75
KAW 2004 3,128 137 139 144 2.3 68 72
KAW 2006 3,254 141 142 144 1.4 67 70
KAW 2008 3,300 142 143 145 0.64 67 68
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Fig. 9. Thermal history for sample R0 1021 based on fission track
data (see text)

For the steady-cooling model A, the apparent fission
track ages tm are cooling ages to the effective closure tem-
perature Tc of the apatite fission track system. N0 unique
value can be given for To because the samples had not yet
reached the zone of full track stability. Clearly, for samples
from the partial stability zone, the closure temperature in-
creases with the actual temperature. For sample R0 1021,
one finds Tc2106 °C by extrapolating the linear part of
the curve to zero age (dashed line in Fig. 8). The slope
of this line corresponds to 0.8 °C/Ma. By applying the same
cooling rate for the remaining samples, the respective clo-
sure temperature TC can be calculated (Table 3). For better
comparison, these temperature data for various depth levels
are reduced to 1021 m by using the actual temperature dif-
ferences. The reduced values T1021 are the temperatures
to which the sample R0 1021 cooled successivley at time
tm. As shown in Fig. 9, these data are compatible with mod-
el A. Therefore, steady cooling since 80 Ma ago due to
slow uplift, assuming the present temperature gradient
(Haenel and Zoth, 1982) prevailing over this period, is in
accordance with the fission track data. An additional heat
source can be ruled out.

For model B, with a thermal pulse 15 Ma ago, one has
to interpret the older apatite ages — i.e. for samples R0
1021 and KAW 1991 — as mixed age values, which are
composed of a thermally reduced pre—event and an unaf-

103

fected post-event component. By using the annealing data
of Fig. 6, one can calculate the intensity of the event from
the degree of the reduction: if the duration of the thermal
pulse is assumed as 1 Ma, one derives about 100 °C for
1,000 m and about 150 °C for 2,000 m depth, — i.e. about
40 °C above the present temperatures. The post-event ages
are cooling ages analogous to those discussed for model
A with an average cooling rate of 2.7 oC/Ma. The resulting
closure temperatures and reduced cooling temperatures to
a depth level of 1021 m are given in Table 3.

In model C, a 15-Ma-old, elevated but constant geother-
mal gradient reduces the original fission track ages of about
70—80 Ma to their apparent values. The temperatures re-
quired to satisfy the analytical data are about 85 °C for
1,020 m, 110 °C for 1,660 m, 120 °C for 1,860 m, 130 °C
for 2,520 m and 145 °C for 3,300 m depth. These tempera-
tures are somewhat higher than the actual observed ones.

Geological interpretation and conclusion

Geothermal history
The combined application of different radiometric dating
methods, as well as diffusion experiments on Ar, gives a
time-temperature relationship for the post-Hercynian
geothermal history of the Urach crystalline basement
(Fig. 10).

From Ar diffusion experiments K/Ar closure tempera-
ture of the biotite from the Urach borehole sample was
determined as 330 i 20 °C. The K/Ar and Rb/Sr biotite ages
from different rock types of 325i6 Ma indicate that the
crystalline basement cooled down to 330 °C at that time.
The age values are independent of borehole depth; there-
fore, the whole section of crystalline rocks (1,700 m) was
uplifted more than 0.14 mm/a. Assuming a geothermal gra-
dient of 40 °C/km, the cooling rate can be estimated as
more than 5.6 oC/Ma'. With this rapid cooling, a surface
position should have been obtained not later than 270 Ma
ago. This age corresponds with that of Permo—?Carbonifer-
ous sediment cover which discordantly overlies the base-
ment rocks.

From diffusion experiments of Ar from biotite, upper
temperature limits can also be calculated for the post-Her-
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eynian period. The detection limit of argon loss from biotite
is conservatively estimated as 3%. Such an effect was not
found, neither as a function of biotite grain size nor as
a function of borehole depth. The diffusion coefficients of
the relevant temperatures (200 to 400 °C) have been extra—
polated from a diffusion experiment. The diffusion coeffi-
cients are related to Ar loss, temperature and time. If there
is a thermal event of an assumed duration of 10 Ma, the
temperature should not be greater than 260 °C, or, for a
duration of 100 Ma, not greater than 240 °C. This calcula-
tion was done for a grain size of 0.4—0.5 mm. But biotite
of grain size 0.02—0.04 mm also does not display a loss
of radiogenic products within the error limits. Diffusion
coefficients were therefore also calculated for this grain size.
Assuming the same duration of the thermal events, the up-
per temperatures are calculated as 210 and 195 °C, respec-
tively.

K/Ar and Rb/Sr dating on leached biotites from hyd—
rothermally bleached zones give an upper age limit of
200 Ma for this hydrothermal event.

The corrected fission track age of 81.2 Ma for the “ Rot—
liegend” sample from 1,021 m depth implies complete track
erasure during Mesozoic burial. A burial duration in the
order of 100 Ma requires a temperature of at least 130 °C
for full track erasure. Based on the 2 km burial depth of
this sample, a palaeo-gradient of 55 °C/km to 60 °C/km
is estimated for the Cretaceous period.

.

According to the fission track data, the basement cooled
slowly at an average rate of about 0.8 °C/Ma during the
Cainozoic era. There is no indication of any significant
re-heating. At the present stage of study, the fission track
ages do not yet allow a detailed uplift history to be inferred
from temperature depth distribution.

Origin of the geothermal anomaly

Miocene volcanism has been proposed as the most obvious
possible sources for the geothermal anomaly, since both
anomaly and volcanism occur in the same area (Carlé,
1958). As mechanism, residual heat from a cooling magma
chamber, the ascent of deeply circulating water and post-
volcanic gas exhalation have been considered. Exothermic
reactions of hydrocarbons in Jurassic sediments have also
been speculated (Schadel, 1982). These various possibilities
have recently been summarised and evaluated critically by
Werner (1982) and Berktold et al. (1982).

A crucial parameter in explaining the anomaly is the
age. Buntebarth and Teichmiiller (1982) concluded from
coalification of organic matter in the borehole sediments
that a high geothermal gradient of 43 OC/km was already
active before the onset of the Tertiary uplift. A similar con-
clusion is derived from the apatite fission track data of
the present work, although the palaeo-gradient of 55 to
60 °C/km down to 2 km depth during the Upper Cretaceous
is somewhat higher. This rather early age of the elevated
geothermal gradient certainly points against the Miocene
volcanism as a source.

Furthermore, the thermal history models B and C, both
of which take into account re-heating 15 Ma ago, set strict
upper temperature limits for such an event. For a thermal
overprint of 1 Ma duration, the maximal possible tempera-
tures reached at a depth of 1 to 2 km are only 40 to 50 0C
above present temperatures. Over a longer duration, these
temperatures are even lower. It must be stressed that both

models are geologically unrealistic since they assume rapid
uplift after the Mesozoic subsidence to their present depth
level and subsequently static conditions with a 30 oC/km
gradient until re-heating 15 Ma ago. On the other hand,
if gradual uplift is taken into account, re—heating caused
by the Miocene volcanism could not have exceeded the tem-
peratures by more than few degrees compared to those giv-
en by model A, i.e., temperatures 15 Ma ago did not exceed
the present temperatures by more than 20 degrees. There-
fore, the apatite fission track data rule out the possibility
of any significantly higher palaeo-gradient during and after
the Miocene volcanism compared with the present geother-
mal gradients.

The average cooling rate for the last 80 Ma is at least
0.8 °C/Ma, as calculated from the corrected age of sample
R0 1021. The same cooling rate is inferred independently
from the age vs. depth profile (Fig. 5) for the period of
50 to 20 Ma ago. This cooling cannot be attributed to uplift
only. Assuming a geothermal gradient of 40 °C/km, the
average uplift would be 0.02 mm/a and the total uplift
would amount to 1.6 km. This is not reconcilable with the
geological data of ca. 1 km total uplift since Mesozoic subsi—
dence. Also, the assumed cooling revealed by the fission
track data is contradicted by the Obere Meeres Molasse
cliff line 700—800 m altitude south of Urach, which attri—
butes the uplift essentially to the last 18 Ma. Consequently,
in addition to cooling due to uplift, the geothermal gradient
(in the upper 2 km crust) must also have decreased from
about 55 to 60 °C/km to the present values during the last
80 Ma. This points to an old, deep-seated, decaying heat
source as the cause of the Urach geothermal anomaly.
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Heat flow density determination in the Strymon basin, NE Greece
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Abstract. Heat flow density determinations were carried out
in the Strymon 1 and 2 boreholes, in the Neogene Strymon
basin, NE Greece (ça=40°58’ Â=23°40’ and (p=41°0’
Ä:23°43’ respectively). The most probable values of heat
flow density are 98.2 mW/m2 for Strymon 1 and 69.2 mW/
m2 for Strymon 2. It is suggested that Q=90i 15 mW/m2
value is characteristic for the central part of Strymon basin
under consideration.

Key words: Heat flow density —— Strymon basin

Introduction

The Strymon basin lies NE from the Chalkidike peninsula,
between the sea coast at Orfanos bay and the border of
Greece. It has a length of 80 km in the NW—SE direction
and a width of 25 km. It is a Neogene basin, with Plio-
Miocene sediments of 3—4 km thickness in the centre
(Fig. 1). The geological columns (Figs. 2 and 3) give some
information on the lithology of the sediments.

Two boreholes, Strymon 1 ($1) and Strymon 2 (82) were
used for heat flow density determination. The geographic
coordinates are: (p=40°57’53”, Â=23°40’14” for Sl and
(p=40°59’38”, À=23°43’2” for 82.

Temperature measurements

Continuous temperature log and bottom hole temperatures
were measured in each borehole. A simple analysis and
comparison with bottom hole temperatures showed that
continuous logging temperature are unsuitable for estimat-
ing formation temperatures and only the bottom hole tem-
peratures can be used for heat flow determination.

Temperature data are summarized in Table 1. All these
data are uncorrected bottom hole temperatures, measured
after 1~—3 days standstill of the holes. An analysis taking
into consideration the boring velocities showed that these
temperatures are acceptable as formation temperatures
within an error of i 3° C.

Temperature measurements — as shown on Figs. 2 and
3 — satisfactorily fulfil the linear temperature increase be-
tween surface mean temperature (15°) and the deepest maxi—
mum temperature in both wells.

Offprint requests to: L. Stegena

Kol. Orfanou
(Strymonikos)

Fig. 1. Location map of Strymon 1 (SI) and Strymon 2 ($2) bore-
holes. Keys: 1 =Strimon basin and its boundary, 2=Serbo-Mace-
donian zone, 3 = Rhodope zone, 4: Location of investigated bore-
holes

Thermal conductivity measurements

Five cores were drilled from both Sl and 82 wells. All
ten cores were measured for thermal conductivity, using
a differentiated line source probe (Cull, 1974), which has
an accuracy of ilOO/o. Water saturated cores were mea—
sured; each measurement was repeated 3 times; the recur—



101r

ageiMËZ' 1111 1 Temperature 1°C} AIWImKI û1lm2}
e mp 20 40 60 80 100 120 140 2 5 4 80 90 100

0 -—0- 1 [I I I I I 1 1 l l I 1._.L__..I

... :2:
C :—.:——_
0J .‚.—:_

ä
3:59:— 0.33 Ma

E 53.2 +0.55 Si

î be???"
13 —I§;E;:; _

1000 Æ???
157:7? 0.5 81In :—:—;

Ë 17:2: +0.5 Sa
u T‘ÏÎË-E 2—3:-
E

5.2 -—_= - ..-

1+. .. 1.0 Me
2000 .___. „_

5;;1: 0.66 Se
m -l.‘.

c “:TZ-I' +0.55 Si
m art:
U :3: ai 1—0—1
:3 2-2-3.._ -._.-._._ '“
E 3:: Se I—-I|—I

rel;
500'0- :.ß;1:ßfi;r

ÿ}? 1.0 Br

its;
3'53: Br

25'? g zäh 1.0 Me.-
3 Me
D

Æ
o l 1 —1 -5EL 2 2.5-10

4000- I I l l _3 01001100025}
4 6 8 10:10

Mcul/cms)

Fig. 2. Sedimentary column, geological ages, temperature and thermal conductivity measurements in Strymon 1 well. Radiometric ages
after LaBrecque et a1. (197?) and Nagymarosy (1981). Continuous thermal conductivity line was constructed using thermal conductivity
measurements and lithology. Lithology after Stylianou (1981a). Abbreviations for rocks after Table 2. Heat flow density vs. depth
function was calculated using continuous thermal cunductivity line

rency of repeated measurements lies between 3—4%. Table 2
and Figs. 2 and 3 show the results of thermal conductivity
measurements.

Table 1. Bottom hole temperatures

Based on the measurements and on the lithology of wells
shown on Figs. 2 and 3, a thermal conductivity vs. depth
function was constructed as shown in Figs. 2 and 3 and
on Table 3.

It is supposed that the weighted means of Table 3 reflect
better the real thermal conductivity of the wells as the sim-

WE” 131‘313th Temperature ple arithmetic means of measurements on Table 2. The
(m) (0C) right—hand curves of Figs. 2 and 3 show the heat flow den-

sity values calculated by the weighted means of Table 3,
Strymon 1 1212 53-3 Surface temp: 15,0 C from the surface to various depths, with constant geother-I

ääââ ää'â Gemhermdl gradlent mal gradient (0.33 and 0.275 mK[crn, respectively). If the
3650 135 gg:0_330 mK/cm temperature and thermal conductivity vs. depth curves of

Strymon 2 2030 ’10 Surface temp : 15° C (1:135.h2f
and. 3

age realliy
correct,

tllie fheat
flow

derasrty
vs.

2680 88.7 Geothermal gradient
ept unctlon as to e constant. n act, Q varies etween

gg = 0.275 mK/cm 82.5—98.2 m‘W/m2 at Strymon 1, and
54.7—69.2 mW/m2 at Strymon 2.

between
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Table 2. Thermal conductivity measurements

Well Depth Lithology Thermal Arithmetic
(m) conduc- mean

tivity
(W/mK)

Strymonl 1760 Marlstone Ma 2.25
2579 Siltsone Si 2.95
2881 Sandstone Sa 3.43 2.86
3352 Breccia Br 3.42
3631 Metam. Me 2.67

schist

Strymon2 1954 Sandstone Sa 2.04
2273 Sandstone Sa 3.36
2446 Maristone Ma 2.28 2.47
2615 Breccia Br 2.02
2677 Metam. Me 3.53

schist

Heat flow density calculation

Table 4 shows the calculated heat flow density values, using
the arithmetic and weighted mean of conductivity values.

The estimated error of these heat flow density values
is about +15%, and the principal source of error seems

Table 3. Constructed thermal conductivity vs. depth functions

Well Depth (m) Lithology Thermal Weighted
conduc- mean
tivity
(W/mK)

Strymon 1 0— 950 0.33 Ma+0.33 Si 2.79
+0.33 Sa

950—1700 0.5 Si+0.5 Sa 3.17
1700—2100 1.0 Ma 2.24 2.96
2100—2200 0.66 Sa +0.33 Si 3.26
2700—3500 1.0 Br 3.42
3500—3650 1.0 Me 2.67

Strymon 2 0— 970 0.9 Sa +0.1 Br 2.04
970—1200 0.5 Sa+0.5 Br 2.50

1200—1610 1.0 Sa 3.26
1610—2000 0.7 Ma + 0.3 Sa 2.50 2.53
2000—2530 1.0 Sa 3.26
2530—2600 0.6 Sa+0.4 Br 2.62
2600—2680 1.0 Me 3.53

to be in the temperature measurements, which were made
a few days after stopping the drilling. Because of this error
and of the nearness (~4 km) and geological similarity of
the wells, it is suggested that the difference in the calculated
values for Strymonl and Strymon2 reflects subsurface
water movements. The most probable mean value of heat
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Table 4. Heat flow density in the wells S1 and 82

Well Depth gg, Mean thermal Heat flow density
interval (mK/cm) conductivity (mW/m2)
(m) (W/mK)

arithm. weighted arithm. weighted

Strymon 1 0—3650 0.33 2.86 2.96 94.2 98.2
Strymon 2 0—2680 0.275 2.47 2.53 68.0 69.2

flow density for the part of Strymon basin under considera-
tion is:

Q=90i 15 mW/mz.

Acknowledgements. We thank the Public Petroleum Corporation
of Greece and IGME, Athens placing at our disposal geological
and temperature data and cores from the Strymon boreholes, and
also Dr. P. Economou and Dr. N. Lalechos of PFC for valuable
discussions.

This study was carried out partly during the stay in Greece
of one of authors (Stegena), who enjoyed the kind hospitality of
Professors S.S. Augustithis and C. Garagunis of the Geology Dept.
of the National Technical University of Athens.

References

Cull, J .P.: Thermal conductivity probes for rapid measurements
in rock. J. Phys, Sec. E: Scientific Instruments 7, 771—774, 1974

LaBrecque, J .L., Dennis, V.K., Cande, S.C.: Revised magnetic po-
larity time scale for Late Cretaceous and Cenozoic time. Geolo—
gy 5, 330—335, 1977

Nagymarosy, A.: Chrono— and biostratigraphy of the Pannonian
basin: A review based mainly on data from Hungary. Earth
Evol. Sci. 3—4, 183—194, 1981

Stylianou, Ph: Synthetic geological report of Strymon1 well (in
Greek). Kavala, Aug. 1981. Stenciled report, Demosia Epicher-
esis Petrelaiou A.E., Bibliotheke AM 250/C2, 1981 a

Stylianou, Ph.: Synthetic geological report of Strymon 2 well (in
Greek). Kavala, Nov. 1981. Stenciled report, Demosia Epicher-
esis Petrelaiou A.E., Bibliotheke AM 172/Cl, 1981 b

Received July 21, 1983; Revised version October 3, 1983
Accepted October 4, 1983



|00000118||

J Geophys (1984) 54: 110-113

Isostatic compensation

Journal of
Geophysics

and continental lithospheric thickness
Detlef Wolf
Department of Physics, University of Toronto, Toronto, Ontario, Canada, M5S 1A7

Abstract. Lateral density inhomogeneities are a general
feature of the continental crust and upper mantle. This
suggests the generalization of the interpretation of iso-
static response functions by introducing internal loads
into the conventional model of an elastic plate flexed
under a topographic load. With this modification, ana-
lyses of continental response functions favour litho-
spheric thicknesses larger than the average thickness of
the crust. These values also conform with independent
estimates of the long-term thickness of the continental
lithosphere and are therefore more satisfactory than
recent estimates of only a few kilometres based on a
pure flexure model.

Key words: Isostasy — Lithospheric thickness

Introduction

The Earth’s lithosphere may be defined in several ways.
Consequently, the meaning of the term is contingent on
whether a definition based on chemical, thermal or
mechanical arguments is implied. Here we are only
concerned with certain mechanical aspects of the con-
tinental lithosphere, in particular with its strength and
thickness on geologic time scales. The importance of
the mechanical lithosphere was first discussed by Bar-
rell (1914), who defined it as the Earth’s elastic shell of
long-term mechanical strength and suggested the term
asthenosphere for its weaker substratum. An obvious
method of inferring the mechanical properties of the
lithosphere is based on its flexure in response to super—
imposed loads. For continental areas, the main results
have recently been compiled and discussed by Cochran
(1980). Depending on the method of interpretation, they
may be subdivided into two categories.

(1) If observations of load-induced flexure are avail-
able, direct modelling in the spatial domain is possible.
This approach has been applied to features of various
characteristic loading times such as isolated topo—
graphic loads, sedimentary basins or Pleistocene ice
sheets. It was pioneered by Walcott (1970).

(2) The overall mechanical properties of the litho-
sphere for continent-wide areas may be inferred using
the response function technique. This method was in-
troduced by Dorman and Lewis (1970) for investigating
isostatic compensation in North America.

The basic assumption of the response function tech-
nique is that Bouguer gravity anomalies are linearly
related to topography and its compensation. A filter
may therefore be estimated which, when convolved
with topography, reproduces the observed Bouguer
anomaly. In the wave number domain, this corresponds
to the determination of the isostatic response function,
which may then be interpreted in terms of specific com-
pensation models.

Dorman and Lewis (1972) analyzed the North
American response function assuming local compen-
sation. Subsequent re-interpretations of the data, how—
ever, were based on lithospheric flexure, which is a
regional type of compensation (Walcott, 1976; Banks et
al., 1977; McNutt, 1980). The flexure model was also
applied to interpreting the Australian isostatic response
function (McNutt and Parker, 1978).

The basic differences between local and regional
compensation have been discussed by several authors
(e.g. Garland, 1979) and will not be repeated here. An
attractive feature of flexural compensation clearly is
that it provides a simple mechanical model of the com-
pensation process. Interpretations of the isostatic re—
sponse function of continental areas based on this mod—
el have, however, usually resulted in lithospheric
thicknesses of only a few kilometres. These values were
usually explained by stress relaxation within the litho-
sphere and taken as representing a long-term “effective
lithospheric thickness”. They are nevertheless signifi—
cantly below values inferred from direct modelling of
individual loads of comparable age, which usually in—
dicated thicknesses between 35 and 60 km (Cochran,
1980)

In an attempt to explain this discrepancy, some
authors argued that the flexure model might be in-
adequate for interpreting the isostatic response function
of whole continents (Forsyth, 1979; Garland, 1979;
Cochran, 1980). This is because the model implies that
compensation is exclusively attained by the depression
of crustal material into mantle material due to flexure
of the lithospheric plate in response to an external load.
But for mountain ranges, whose pronounced topog-
raphy and gravity signals govern continental response
function estimates, downwarping is unlikely to occur.
The only flexural effect may in fact be the upwarping in
response to the (negative) eroded loads. The non—flexu—
ral character of compensation of mountains is also



reflected when considering the major geologic processes
accompanying orogenic events, such as overthrusting,
magmatic intrusions or metamorphism. If, therefore,
mountain ranges are compensated today, a substantial
portion of this compensation must be caused by chemi-
cal or thermal inhomogeneities in the lower crust or
upper mantle, which are unrelated to flexure.

Based on these ideas, a quantitative model of com-
posite compensation is developed in the following sec-
tion. It is tested by applying it to estimates of the
isostatic response function of western North America
and Australia. As the results show, both data sets
allow lithoSpheric thicknesses in excess of average crus—
tal thicknesses. The consequences of these findings are
briefly discussed in the final section.

Composite compensation

The composite compensation model suggested here is
based on the reasonable assumption that it is unre—
alistic to restrict compensation processes to flexural
compensation. The incorporation of non-flexural effects
into the flexure model presents some difficulties, howev-
er, since a simple physical mechanism is lacking.

On a large scale, crustal thickening in Alpine-Hi-
malayan mountain ranges is primarily due to crustal
shortening as a result of continent-continent collision,
whereas in Andean-type mountain ranges it occurs
mainly as a result of the addition of basaltic magmas to
the crust. On a more regional scale, the complications
are perhaps best exemplified by the diversified tectonic
setting of the western United States. As discussed by
Parkiser (1963), changes in crustal thickness across the
boundaries of major tectonic provinces of this region
usually bear little relation to changes in altitude but
reflect lateral density variations in the upper mantle.
Within individual provinces, however, the thickness of
the crust tends to vary directly with altitude.

Any type of non-flexural compensation effectively
represents a mass deficit which is accompanied by a
positive buoyancy force and a negative gravity anom-
aly. Non-flexural compensating masses may therefore
be modelled efficiently as internal loads, which are
easily incorporated into existing models of flexural
deformation.

LithOSpheric flexure has usually been analyzed using
thin elastic plate models. Even though thin plate theory
is an asymptotic theory, its validity for most problems
of geophysical interest has recently been demonstrated
by Comer (1983) and Wolf(in press 1984).

The equilibrium equation of a deformed thin elastic
plate floating on an inviscid and incompressible sub-
stratum is (e.g. Jeffreys, 1976)

W“ W(r)+(prpo)stv(r)=qtr). (1)
where w(r) is the downward deflection of the plate and
am is the downward traction, both applied at point
r=(x,y) of the horizontal plane. p0 denotes the density
of the material infilling depressions of the plate and p2
lhat of the mantle material below the plate. D is the
flexural rigidity of the plate and D=nh3/[6(1—v)],
where h, p: and v denote the thickness, shear modulus
and Poisson’s ratio of the lithosphere, respectively. As
usual, g is the acceleration due to gravity. Taking the
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two-dimensional Fourier transform of (1) yields

.. (ilk)k = , 2W( )
(pg—p0)g+Dk4

()

where k is the wave vector and kzlkl. The transform
â(k) of the traction encompasses a contribution caused
by the load and a contribution caused by the as-
sociated compensation. Under the assumption that the
compensation is linearly related to the superimposed
load, we therefore have

ark): [1 — man] po g at). (3)
Po is the density of the topography r(r) overlying the
(x,y)—plane and is assumed to be equal to the density of
the infill. Here or. will be called the inhomogeneity pa-
rameter and measures that portion of the compensation
which is due to internal loads unrelated to flexure. For
the following argument it is sufficient to assume that
tx(k)=const. Substituting for Zflk) in (2) yields

90 g {(k)wl")=“_'°‘)(p.—p0)g+0k4‘ {4)

For 0:21 we therefore have W(I‘)EO and compensation
is completely non-flexural.

The transform of the gravity effect of an uneven and
possibly non-uniform layer of material was given by
Parker (1972). In the linear approximation and for uni—
form layers the Bouguer anomaly in the (x,y)—plane, of
the flexural and non—flexural portions of the compen-
sation, reduces to

419(k): fi2nG{[(p1 —po)+(pz —p1)e"““] ark)
+ap0e‘kd3f(k)}. (5)

Here p, denotes the crustal density, d, the crustal
thickness and d2 the depth of non-flexural compen-
sation. G is Newton’s gravitational constant. Substitut-
ing for 131(k) finally yields

Ô(k)=‘ÎŒ)—=—2RGPO

(Pl—pü)+(p2—.01) Ü—kdl _. 2
in a) (Pz—P0)8+Dk4 +1” Mi (6)

This is the isostatic reSponse function of the composite
compensation model. We find, for :31:t

lim qb(k)=—2n:Gp0, l7)
k-no

which is the gravity effect of a uniform layer of unit
thickness. If only non-flexural compensation is permit-
ted, (6) simplifies to

limqfi(k)= —27tGp0e‘kd2. (8)
at—-l

This represents the amplitude of the gravity effect of a
harmonic density sheet of unit thickness at depth rig
(linear Airy compensation).
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Fig. la and b. Theoretical response functions for inhomo-
geneity parameters oc20.00, 0.33, 0.67, 1.00 for lithospheric
thickness a h235 km and b 11270 km, respectively. The other
parameters are M 20.3 - 1011 Nm‘ 2, v 20.25, pO 2 2,670 kg m‘ 3,
p1 22,840 kg m‘3, p223,270 kg m“3, d1 2d2232 km

Results

Figurel shows theoretical response functions (15(2)
2q5(2 n/k) for two lithospheric thicknesses and several
degrees of non-flexural compensation. The other pa-
rameters (see Fig. 1) are fairly characteristic of normal
continental crust and upper mantle and will serve as
convenient standards in the following. As can be seen,
the transition from local compensation (oc=1) to flex-
ural compensation (oc20) is accompanied by a substan-
tial decrease in the magnitude of the normalized
Bouguer anomaly. The effect is more pronounced for
large lithospheric thicknesses. This is to be expected,
since uncompensated topography, i.e. infinite flexural
rigidity, is associated, by definition, with zero Bouguer
anomalies.

In Fig. 2 the observed isostatic response function for
western North America (McNutt, 1980) is shown to-
gether with two theoretical curves for different litho-
spheric thicknesses. If the inhomogeneity parameter oc is
between 0.90 and 0.95, thicknesses between 35 and
70 km are clearly compatible with the data. From what
is known about the tectonic history of the western
United States, internal loads must be significant there,
and lithospheric thicknesses of the order of the thick-
ness of the crust or larger are therefore reasonable.

McNutt’s (1980) estimate of less than 5km for the
thickness of the western North American lithosphere
was based on the conventional flexure model. Clearly,
almost any lithospheric thickness will fit the data, if
these indicate conditions close to local compensation.
For large plate thicknesses this requires a high degree
of non-flexural compensation. If on the other hand,
only flexural compensation is permitted, the thickness
of the lithosphere must be sufficiently small, such that
the flexural model approximates local compensation.
Since the major density contrast responsible for the
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Fig. 2. Observed isostatic response function for western North
America after McNutt (1980). Best fitting theoretical response
function (in a least squares sense) for h=35 km requires
oc=0.91 (solid); h270 km requires oc=0.95 (dotted). The other
parameters are given in the caption of Fig. 1
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Fig. 3. Observed isostatic response function for Australia after
McNutt and Parker (1978). Best fitting theoretical response
function (in a least squares sense) for h=35 km requires
0:20.63 (solid); h=70 km requires oc=0.66 (dotted), h: 140 km
requires oc=0.72 (dashed). The other parameters are given in
the caption of Fig. 1

Bouguer anomaly is close to the depth of the Moho,
lithospheric thicknesses of only a few kilometres, how—
ever, indicate internal inconsistencies of the flexure
model.

Figure3 shows a re—interpretation of the isostatic
response function for Australia, on the basis of which
McNutt and Parker (1978) and Cochran (1980) inferred
lithospheric thicknesses of approximately 5 km using the
conventional flexure model. If the inhomogeneity pa-
rameter oc is about 0.65, the data are again consistent
with lithospheric thicknesses larger than 35 km. The fit
in fact improves further for lithospheric thicknesses in
excess of 70 km. This may, however, not be significant,
since, for simplicity, the degree of non—flexural com-
pensation has been assumed to be independent of
wavelength here.

Conclusions

The discrepancy between estimates of continental li—
thospheric thickness based on the response function
approach and estimates based on conventional model—
ling of individual loads is obviously due to the in—
adequacy of the conventional flexure model when
analyzing response function estimates for continent—
wide areas. If proper allowance is made for internal
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loads in the theoretical model, lithospheric thicknesses
in excess of the normal crustal thickness are, however,
clearly consistent with the data. On the other hand, if
the observed response function indicates conditions
close to local compensation, our improved model is not
very sensitive to lithospheric thickness. This is demon-
strated in Fig. 2, where thicknesses of both 35 km and
70 km satisfy the data exceedingly well. The response
function analysis therefore does not seem to be very
suitable for imposing tight bounds on the thickness of
the lithosphere.

More promising for that purpose are truly external
loads, such as sediments or glacial loads. For Pleis-
tocene ice sheets the characteristic time of the loading
event is only of the order of 104 a. Post-glacial rebound
data have therefore been mainly used for inferring the
viscosity stratification of the mantle (e.g. Peltier, 1982).
Initial attempts have, however, been made to constrain
lithospheric thickness from records of load—induced de-
formations in the peripheral regions of Pleistocene ice
sheets (Peltier, in press 1984).

Non-flexural compensation may also have some bear-
ing on the thickness of the oceanic lithosphere. Suye-
naga (1979) presented strong evidence that the warping
of the Moho below Hawaii might not be completely of
flexural origin but rather be partly due to chemical
inhomogeneities below the volcanic island. If this is
true, chemical inhomogeneities related to topography
must be a fairly general feature of the oceanic litho-
sphere. So far, the isostatic response function associated
with oceanic topography has only been interpreted
using the conventional flexure model (e.g. McKenzie
and Bowin, 1976; Watts, 1978; Cochran, 1979). The
incorporation of non-flexural effects into the model
may therefore also require an increase in the thickness
of the mechanical lithosphere below oceans. This may
explain in part the large differences between the thickness
of oceanic lithosphere inferred seismically and that ob-
tained from studies of the flexure associated with sea-
mounts and guyots.
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Restoration of broad-band seismograms (Part I)
D. Seidl1 and W. Stammler2
1 Seismologisches Zentralobservatorium Grafenberg, Krankenhausstr. 1, D-852O Erlangen, FRG
2 Lehrstuhl für Nachrichtentechnik, Cauerstr. 7, D-8520 Erlangen, FRG

Abstract. Restoration includes all steps of seismogram
processing applied in the time or frequency domain to
compensate for the signal distortion caused by the seis-
mograph. Restoration of broad-band seismograms is
demonstrated using recordings of the Graefenberg
(GRF) array. For this purpose a comprehensive de-
scription of the characteristics of the GRF seismograph
system in the time and frequency domain is presented.

To investigate signal distortions and the effective-
ness of restoration algorithms, a program for the digital
simulation of a wide class of seismograph systems is
described. Using some theorems about first arrival time
and first motion sign of a wavelet, the accuracy of
arrival time measurements as well as the determination
of first motion signs are discussed and illustrated.

Key words: Restoration — Broad-band seismogram —
Graefenberg array — Digital simulation — Arrival time —
First motion sign

Introduction

Restoration as described here includes all steps of seis-
mogram processing in time or frequency domain ap-
plied to compensate for the signal distortion caused by
the seismograph system. In general, an exact recovery
of the input signal from the output response of a linear
causal system is possible for systems which are strictly
minimum-delay, that is, all zeros of the transfer func-
tion lie in the open left s-plane (Robinson, 1962). Since
the transfer function of a seismometer with a pendulum
sensor has a multiple zero at 5:0 and due to non-
linearities, instrument noise and limited resolution of
the seismograph and recording system, the true ground
motion can be recovered only approximately. Two ap-
proaches are usually applied: band—limited restoration
of seismogram segments in digital processing and cor-
rection of single seismogram parameters in the usual
domain analysis of analog seismograms. Both methods
exhibit some special features for digital wide-band feed-
back seismograph systems.

In digital processing a band—limited restoration can
be performed by dividing the complex seismogram

Offprint requests t0: D. Seidl

spectrum by the gain-and-phase characteristics of the
seismograph system. This compensates only for the lin-
ear distortions. Since the signal distortion due to the
nonlinear behavior of the mechanical sensor is strongly
reduced in a feedback seismometer of the force-balance
type, a wide-band recovery of the spectrum or signal
form of true ground motion is possible over a larger
range of amplitudes. The degree of approximation is
limited mainly by the low frequency instrument noise
and by the resolution of the recording system. Appli-
cations of wide-band restoration are, for example, the
interpretation of broad—band recordings with theoreti-
cal seismograms or the determinations of displacement
pulse area (proportional to source moment) and ve-
locity pulse energy (proportional to radiated energy).

In the usual time domain analysis of analog seis-
mograms, only a correction of single seismogram pa-
rameters can be performed. Examples are the esti-
mation of narrow-band spectral amplitudes for magni—
tude determination and the correction of group-delay
or phase-delay in the dispersion analysis of narrow-
band surface wave groups. For standard time domain
analysis broad-band seismograms must usually be pre-
filtered. This improves the signal-to-noise ratio for sig-
nal detection and arrival time measurement and en-
hances the spectral amplitudes in the conventional
short and long period frequency bands used for magni-
tude determinations. To avoid a bias in magnitude due
to improper equalization of the prefilter response, sim-
ulation filters (Seidl, 1980) for standard seismograph
systems can be applied in place of simple band pass
filters.

This paper is the first of two dealing with the re-
storation of Graefenberg broad-band seismograms.

Paper I describes the frequency and time domain
characteristics of the Graefenberg seismograph system.
To investigate linear distortions and the effectiveness of
restoration algorithms a program for the digital simula—
tion of seismograph systems is presented. Some theo-
rems about arrival time and first motion sign of signals
are discussed and illustrated.

Paper II (in preparation) is concerned with the wide-
band recovery of true ground motion and with the
determination of narrow-band spectral amplitudes
(magnitudes), displacement pulse area (source moment)
and pulse energy (radiated energy) in time or frequency
domain.



Frequency and time domain characteristics
of the Graefenberg seismograph system
The seismograph system of the Graefenberg array (Har-
jes and Seidl, 1978) consists of the feedback seismom-
eter STS-l (Wielandt and Streckeisen, 1982) and an
antialiasing filter. The seismometer has two outputs: a
broad-band (BB) output proportional to ground ve-
locity and an integrated long period (LP) output pro-
portional to ground diSplacement. The transfer function
of the BB-output for ground velocity is therefore the
same as the transfer function of the LP-output for
ground displacement.

The transfer function of the BB-output for velocity
is given by

_ CAD-1s;1 (s—l—aflmf
32+2h0w05+mä 32+2h1w15+mf'Hsfsi (1)

The gain factor GÜ (GÜBB=2,400Vs/m for the BB—
output and GÜLP=780 V/m for the LP-output respec-
tively) is omitted in the following formulas. The BB-
output is used for the array data acquisition system
with sampling rate f3=20 Hz, the LP-output is record-
ed for selected channels withfSF—FOJ Hz.

The first factor in Eq. (1) corresponds to the transfer
function of a conventional seismometer. The denomi-
nator of the second factor can replace one stage of an
antialiasing filter, when the zero at 3: —al in the nu-
merator (caused by the resistance of the feedback coil
in the differential path) is cancelled by an additional
pole in the transfer function of the antialiasing filter.

The transfer function of the antialiasing filter used is

l to]
ñ

auf
H-.s= - .PU s+a1 s+m1k=252+2hkwls+wî (2)

The overall transfer function of the seismograph system
becomes

H(S)=Ho(5)'H1(Sl (3)
where

H (n— S”
Ü _32+2h0wüs+wä

and
co 3 ca?"

H1(3)
l 1

—s+w1k=lsï+2hkmls+wî'
Therefore, the seismograph system can be considered to
be a conventional seismometer with transfer function
Hfl(s) in series with a 7-th order Butterworth antialias—
ing filter with transfer function H1(s). The relationship
of output to input as determined by the exponent n in
the transfer function H(s) is as follows:

()utput
BB LP

input

DIS n=3 n=2

VEL a=2 n=1
ACC n=l n=0
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lt)

Fig. 1. Polar diagram of the complex gain-and-phase vector
|H(jw)|-exp(jq)(m)) of BB-output for ground velocity or LP-
output for ground displacement of the Graefenberg seismo-
graph system. The numbers indicate frequencies in Hz. Circles
are drawn for the attenuations Odb (pass band), 3db and
6 db, respectively

The numerical values for the angular frequencies a),
and damping factors h, are:

too = Zirfo f0 = 0.05 Hz
tol=2azf1 f1=5.0 Hz
hÜ :0707
h1=0.623
I12 =0.223
h3 =0.901

Substitution of s=jm into Eq. (3) yields the complex
gain-and—phase characteristics H (fro) with gain IHUwH
and phase-shift 90(0)):

HUW)=|HUw)l€jf‘“’=HoUw)'Hll- (4)
Figure 1 shows the polar diagram of HUw). For an
harmonic ground velocity :30 epmt) with amplitude
|zi0[=1 and phase-shift arg(ti0)=0 (represented by a
unit vector along the real axis), the absolute value and
argument of the complex vector HUm) give the ampli—
tude and phase-shift of the BB-output voltage. HUw)
intersects the 3-db circle at frequencies close to 0.05 Hz
and 5.0 Hz.

The gain [Hum] follows from Eq. (4) for he: 1/1/5.
as

_ _ m"‚/wä _ 1
'HWNTI Han/worn [1+(w/w1)”]i (5)
IHUm)| is plotted in Fig.2 for the BB-output for
ground velocity with the gain factor G”EH
=2,400Vs/m. The low frequency values for the 3-db
frequency and slope are 0.05 Hz and 12 db/octave, the
high frequency values are 5.0 Hz and 42 db/octave. The
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Fig. 2. Gain of BB-output for ground velocity of the Graefen-
berg seismograph system (gain factor G0 33:2,400 V s/m)

effective bandwidth of lHUcu)! defined by

In.)2 |H(jm)|2dw
Wg=4n2 wf3=3m (6)

lUwHE do)
Ü

has the values Wf=4.16 Hz for n=3 in Eq. (4) and Wf
=3.00 Hz for n=2. The phase-shift for n22 is shown
in Fig. 3.

The group—delay for the BB-output and LP-output
is given by

d torasa): —%=rc„w+ rum) (7)
where

_ ZhÜ (‚unüümn2 + wä)
Emmi)

._
(to2 — (1)392 + 4113 wä (1)2

and
hk(n)2 + auf)

-—wÎ)2 +411}? (of (02'êl (CUE

The first term rfiofin) correSponds to the seismometer
H00cm) in Eq. (4), the second term TGIUU) is related to
the antialiasing filter HlUm). For f<:2 Hz the group-
delay 1:61 is nearly constant (refill-13 s). For f=0 the
overall group-delay IG(Û)=4.65 s.

The mean group-delay, defined by

W1
1:51(t:r,1~)=—m2+m2

+2501
1 k

IrG(m)|HUm)|2dw
îG=Ü æ (8)

ilHllz dû)o
has the values To HB=0.22 s for n=3 in Eq. (4) and EG LP
=0.25 s for n=2, respectively. The overall group-delay
is shown in Fig. 4.
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Fig. 3. Phase-shift of BB—output for ground velocity or LP-
output for ground displacement of the Graefenberg seismo-
graph system
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Fig. 4. Group-delay of the Graefenberg seismograph system
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In the time domain the seismograph system can be
described by the step response h.,(t) (response to unit
step function e(t)) or by the impulse response 11,,(t)
(reSponse to unit impulse function 5(0) for ground dis-
placement or velocity, where h,(t)=d(h,(t))/dt and
h...(r)=d(h...(r))/dr.

Figure 5 shows the response of the BB-output (LP-
output) to a ground velocity (displacement) step func-
tion for the seismometer (Eq. (1)), the antialiasing filter
(Eq. (2)) and the overall system (Eq. (3)). The leading
edge of the step response is determined mainly by the
antialiasing filter. The rise time from zero to maximum
amplitude is TR=O.245 s (TReI(0)+l/2 (1/(2f1)), f1
upper 3—db frequency of antialiasing filter). The trailing
edge is determined by the seismometer. The decay time
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Fig. 6.
F Impulse reSponse of antialiasing filter HF(s)
S lmpulse response of seismometer H5(3) (BB-output for

ground velocity or LP-output for ground diaplacernent)
SF CorreSponding reSponse of seismograph system H (s)
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Fig. 7.
! LP-output impulse response of seismograph system H(s)

for ground diaplacement
2 BB-output impulse response of seismograph system H (s)

for ground displacement
ReSponse curves are normalized to maxima. The time axis is
scaled in sampling intervals of T: 0.05 s

from maximum to first zero is TD=3.455 s
I.1"‚.j‚r:::.1/(2'n:f‚3‚)),f.J lower 3-db frequency of seismometer
for damping factor h0:0.707 (TD increases slightly with
increasing damping factor).

Figure 6 shows the time derivatives of the response
curves in Fig.5, which are determined mainly by the
antialiasing filter. For the ground displacement impulse
response of LP-output the rise time to first maximum is
TR LI,.=0.165 s and the time to first minimum TminLP
:0290 s. The times to first and second zero are T01”.
=0.245 s and T02 “:0351 s, respectively.

Fig. 5.
F Step response of antialiasing filter HF(s)
S Step response of seismometer Hsts} (BB-out-

put for ground velocity or LP-output for
ground displacement)

SF Corresponding response of seismograph sys-
tem H(s)

Figure 7 shows in a larger time scale the ground
diSplacement impulse responses for BB-output and LP-
output. For the ground diSplacement impulse response
of BB-output, the rise time to first maximum is TR BB
=0.115s and the time to first minimum is TminBB
=0.220 s. The times to first and second zero are T01 3,,
=0.165 s and T02 3320.290 3, respectively.

The consequences of the impulse response on the
accuracy of arrival time measurement is elucidated in
the last section. The significance of the displacement
step response of LP-output for the estimation of the

I

running time integral ff(r)dr for ground displacement
O

f(r) will be discussed in Paper II.

Digital simulation of seismograph systems

The accuracy of signal parameters extracted from seis-
mograms depends on many factors: transfer function,
dynamic range, resolution and time scale of the seismo-
graph and recording system, signal and noise spectra
and restoration algorithms. These relationships can be
investigated best by numerical experiments with syn-
thetic seismograms. For a wide class of input signals,
the response of a seismograph system with a rational
transfer function can be calculated analytically. If, for
example, the Laplace transform of the input signal is
also a rational function, the exact reaponse is obtained
by partial-fraction expansion. However, for input wave-
lets of short duration as well as theoretical seismograms
and measured sampled data, a general solution by
digital simulation techniques is preferred. These meth-
ods are based on linear digital filtering of sampled
input signals and can be implemented on any minicom-
puter (Forster, 1980).

Simulation in the frequency domain

Basically, simulation in the frequency domain is per-
formed by multiplying the Discrete Fourier Transform
(DFT) of a finite length input sequence with H(m,,) at
N equidistant frequencies

k -fS
N

..,N—1 (9)wk=27t

and applying the inverse DFT to the product sequence
of length N. Here f3=1/T is the sampling frequency
and T the sampling interval. N must be chosen greater
than or equal to the sum L‚+L„. where LI and L”
indicate the length of the input sequence and the length
of the sampled impulse response höUc-T). Unlimited
input sequences are segmented into blocks of length Lf
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and the results of subsequent blockwise convolutions
are added with an overlap of N —L, samples. With N a
power of 2, the FFT-algorithms can be applied (fast
convolution).

To simulate the response of a continuous system to
a continuous signal with this method: a) the input
signal must be bandlimited, b) the impulse response of
H (5) must be limited in time.

For the signals and systems considered here, both
conditions can be fulfilled approximately provided that
the sampling frequency f5 and the transform length N
are chosen high enough.

Simulation in the time domain

Here Infinite Impulse Response (IIR) digital filters H (z)
with the following characteristics are considered: the
error between the output yd(k) of the discrete system
and the sampled response function yc(k- T) of the con-
tinuous system should be minimized for a given driving
function xc(t) and the corresponding sequence xd(k)
=xc(k- T). Out of a large variety of methods, which are
referenced by Renn (1976) and Schüssler (1981), we
select those three s—>z transformations where either the
impulse response, step response or ramp response of
the discrete and the continuous filter are identical at
times tkzk- T(k=1, 2, 3, ...).

These s—+z transformations, the impulse (IIT), step
(SIT) or ramp (RIT) invariant transformation, yield the
coefficients of difference equations by which the digital
filter H (2) will be realized.

The advantage of time domain simulation is that
the impulse response hä(t) is not required to have a
finite length.

Impulse invariant transformation

Starting with a partial-fraction expansion of H (s) and,
for the sake of simplicity, considering only simple poles
and lim H(s)=0 (for other cases, see Schussler, 1981),

S—‘OO

" RH = " 10(S) 2:1 5—v ( )

where RV: lim (s—sOOV)H(s).
saswv

The impulse response is then given by

hô(t)= Z R\‚es°°""'8(t). (11)
v= 1

At the sampling points tk=k- T, the continuous impulse
response h5(t) coincides with the impulse response se-
quence h,(k) of the desired discrete system

h,(k)= ()kT=v11<25°°V'T)"8k (12)

where 8k is the step sequence (ekzO for k<0 and 8k=1
for k; 1).

With zoovzexp(soov-T), z—transformation of h,(k)
leads to

—— R 13H(z)- Z 2—2 < >

Here the subscript 1 stands for Impulse Invariant
Transformation.

Sampling of h6(t) results in a periodic repetition of
H (jcv):

. 1 +œ _ _2nkHM”)? 23.3111“! T) “4)
where QzœT

Spectral overlapping will produce a frequency re-
sponse HI(exp(j§2)) which may differ significantly from
H (im).

Step invariant and ramp invariant transformation

The transfer functions H„(2) and HR(z) are determined
such that the step response or the ramp response of the
discrete and the continuous system agree for tk=k- T
This condition leads to

Dov—1
HST(Z)= = 00v Z_Zoov

(15)

for SIT and to

" " R (Zoov—1) 2—1- 16
=_\’1;—R:v—SOOV +V;1 SOOV T Z—ZOOV

( )

for RIT.
The invariance of either type holds not only for a

single impulse function 6(t), step function 8(t) or ramp
function y(t) but also for combinations of time delayed
input signals 5(t—k- T), 8(t—k-T) or y(t—k- T), which
include all types of step functions or polygons.

For different input signals, discrepancies between
the responses yc(k- T) and yd(k) will be observed if the
sampling theorem is not satisfied for the input signal
and for the impulse response of the filter. In most cases
of practical interest, the simulation error can be kept
very low by choosing a sufficiently high sampling rate.
The question, whether IIT, SIT or RIT produces a
lower simulation error, can be answered for a given
H (s) only for certain classes of driving functions. Im—
pulse Invariant Transformation proves to be best, if
two conditions are met (Geisser, 1983): a) X (s) is a
rational function with simple poles, different from those
of H (s), b) xc(t) and h5(t) are continuously differentiable
at t=0.

The complete simulation program (Fig. 8) consists
of a “design segment”, which determines the coef-
ficients of the digital filters H2(2) and H3(2') for a given
continuous system H (s), and a “filtering segment”,
which computes the output signal yv(k) for a given
input xd(k).

The design may be based either on the coefficients
of H(s) or its poles and zeros. Residuals and poles
could be prescribed as well. If they are not given in
advance, they must be determined to perform the s——>z
transformation. After a transformation according to Eq.
(13), (15) or (16), blocks of second order are constructed
from the (s+Av)/(z—zoov) by the combination of
complex conjugate or two real terms. The resulting
transfer function

M d i22+d iz+di
H(Z)= Z

2 1 O 17
i=1 Z2+C1iZ+COi ( )
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Fig. 8. Digital simulation of seismograph systems

leads to a digital filter in parallel form which is im-
plemented by the following difference equations:

Piaf): —Cli'yi(k_ 1)_Cot'J’i(k—2)
+d2iu(k)+d1iu(k—l)

+dmu(k—2) i=1,2,....M
M

Mk): Era-(k)-
i=1

(13)

(19)

The “filtering segment" includes further digital filters
Effie) and H42) for digital band limitation and res-
toration filtering, respectively.

All computations are done in double precision arith-
metic to assure that truncation and rounding errors
have little effect on the result for high sampling rates.

Time domain restoration

Arrival time

It is not possible to give a general definition of a
seismic onset which can be used for the actual measure-
ment of first arrival time and first motion sign from a
sampled band-limited signal in the presence of noise.
Signals propagating in a medium with absorption and
dispersion can be considered to be wavelets, that is
causal time functions (f(t)=0 for hi0) with finite

energy (I f2(t)dt<:oo). The Laplace transform of a
Ü

wavelet is then analytic in a right half-plane. The discon-

tinuity at the wavelet front t: +0 is called an onset of
order p, if f‘p’(+0) is the first nonzero derivative. The
front velocity of the wavelet is determined by the
asymptotic limit of the phase velocity for high frequen-
cies. This follows from the Signal Front Theorem in
Eq. (20). The sharpness of the wavelet front depends on
the counteracting influences of diSpersion and absorp-
tion as a function of distance and frequency. For short
distances the absorption is small and the dispersion
tends to sharpen the wavelet front. With increasing
distance the effect of absorption becomes dominating
and the wavelet front is correspondingly smoothed.

Using the wavelet model for body waves and apply-
ing the Signal Front Delay Theorem and the Initial
Value Theorem (Papoulis, 1962), some general con-
sequences about time delay and distortion of the
wavelet leading edge by a seismograph system can be
derived.

The Signal Front Delay Theorem states that the
response of a linear causal system to a wavelet fit) - s(t)
with arrival time tA=O is a wavelet u(t)-e(t—IF) with
onset time IS=TF. The signal front delay IF is given by
the high frequency limit of the system phase-delay
tp(tu):

IF: lim tp(m)= lim W). (20)
w —« “x; to -- cc CU

For seismograph systems with rational transfer func—
tions rs, because go(m)—>constant as oJ—i co.

Given a wavelet fit) with onset order p and Laplace
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Transform F(s)‚ the Initial Value Theorem states that

f‘m)(+0)=lim sm+1F(s) (21)
S—’OO

holds for all mgp. Since f‘p)(+0)=fp is the first non-
zero derivative, F (s) has the asymptotic form

F(s)~fp-s‘”’+“ (22)
as s—>oo. The behavior of f(t) near I: +0 then be—
comes

_fayw1%zn (2n
p .

If this wavelet with onset order p is recorded by a
seismograph system with transfer function

‘M
ä

P MF-

E Aif, II
Ï ‚— m g n (24)

MM:
Cr a. U)

w

3;. b—t

then the Laplace Transform U(s)=H (s) - F (s) of the
seismogram wavelet u(t) has the asymptotic form

U(S)~%-fp-s"""“”+“ (25)
n

as s——> 00. The behavior of the seismogram near the
onset time t: +0 is then

in}. fp————————-"-m+n 2bn(n—m+pflt (ûu(t)~

Thus the seismograph system increases the onset order
of the input wavelet by n—m.

According to the Signal Front Delay Theorem,
there is no time shift between the signal front arrival
time and the seismogram onset time. The precision of
visual detection of the onset depends on curvature and
rise time of the seismogram’s leading edge as well as on
noise level and recording scale. The sharpest possible
onset, the response to a 5-impulse in ground displace-
ment (upper cutoff frequency f6: 00), is shown in Fig. 7
for the LP-output and BB-output. For LP-output,
h5 LP(t)wt6 as t—+0 (Eqs. (22) and (23)), since HLP(s)~s7
as s—>oo (Eq. (3)). The rise time from zero to 1% of
maximum amplitude is TR 0.01 Lpz T (sampling interval
T= 0.05 s). For BB—output, h(S BB(t)~ t5 and
TR 0.0.1 BBQO-5 T _Figure 9 agaln shows for the BB—output the dis-
placement impulse response as well as the synthetic
seismograms for input signals f(t)=t exp(—a - I) (order
of onset pl) with fC=1Hz and fc=0.2 Hz, respec—
tively. Since F(s)=(s+a)‘2~s“2 as s—>oo, uBB(t)~t7 as
t—>0. Thus, an apparent delay in the arrival time of the
order of magnitude 0.1 3 may be introduced for a noise
level of 10% of maximum first motion amplitude.

As an example, the Figs. 10 and 11 show the arrival
time measurement for the Pn~wave of the Albstadt earth-
quake. For the BB-recording, the first maximum is
about 35 db above noise level and forms the strongest
onset yet observed at the Graefenberg Observatory.

0 _1 .2 .3 TIME(sec)

Fig. 9.
I BB-output impulse response for ground displacement
2 Simulated response of BB-output for displacement input

t-exp(—a - t) - 3(t) (3(t) unit step function). Upper 3-db fre-
quency of input spectrumfczl Hz (a=9.76 s‘ 1)

3 Corresponding response for fC=0.2 Hz (a: 1.95 s‘ 1)

RI 2
î î
Pn sPn

5:P:O
103

I

Fig. 10. Broad-band recordings of the Pn—sPn wave group for
the Albstadt (Swabian Jura) earthquake on 3. September 1978
(05 h 08 m 31.8 3; 48.280 N, 903° E, 6.6 km depth, 5.9 ML,
224 km distance).
I BB—output proportional to ground velocity (marked ampli-

tude scale unit £9 um/s)
2 Recording proportional to ground diSplacement, calculat-

ed from BB-output (scale unit g 1.2 mm)
3 BB-output (scale unit £0.06 um/s).
The arrow points to the sampled time 05h09m04.55 s, the
dots indicate three successive samples

I
l

05:09:04.55 .65 .75
- ug-TIME

.85

Fig. 11. Sampled values for the leading edge of the Pn~wave
group in Fig. 10 (scale unit 21.2 um/s). The solid line shows
the simulated BB-output response for a half-cycle displace—
ment sinusoidal wave (frequency 0.33 Hz, onset time marked
by arrow)

The arrival time is 05h 09m 04.55 i005 s. The ground
displacement of the Pn-wave calculated by integration of
the BB-seismogram can be approximated by a half-
cycle sine wave with frequency 0.33 Hz. Figure 11
shows the corresponding synthetic seismogram of the
BB-output. The best fit with the sampled data is ob-
tained for the arrival time 05h 09m 04.575i0.025 s of
the input sine wavegroup. Hence, for this special case
the arrival time can be determined with an accuracy of
$0.025 5 (half sampling interval).

To clarify some common misconceptions, a few re-
marks about the meaning of group-delay for broad-



band signals may be useful. The group-delay is usually
used to refer to the envelope delay of a narrow-band
signal (Papoulis, 1962). One application is the measure—
ment of the group velocity dispersion of surface waves
in the time domain. A generalization to broad-band
signals f(t) is the signal-delay, defined by

1:3f2n)dt
=—

lfladt
(27)

Substituting for f(r) the impulse response hä(t) yields

Th2= EG (28)

where îc; is the mean group--de1ay of the seismograph
system defined in Eq. (8) (Morgenstern 1971) The can
be interpreted as the delay of the center of energy of
h(5(13) For low pass systems with |H(O)lflF0 the delay of
the center of inertia

mit/î hä(t)dt=rG(0)
0

ï

ïhâ=It h
o

(Kaufmann. 1959). The signal-delay for arbitrary wave-
lets is discussed by Mecklenbrauker (1982). Denoting
the group—delay of the input signal f(t) as swan). the
signal-delay of the seismogram 11(1: ) is given by

f [monmm)]-|F(iw)l2- tamed...
1...: (29)

(Irwin-1111mm...
Ü

Thus, for a given seismograph system, the signal-
delay of the seismogram depends on the shape of the
input wavelet. For wavelets f(t)=t-exp(—~o-t) with
upper 3-db frequencies _f;=0.102-a the signal-delay of
the seismograph system IS=Tug—Ifg can be given as a
function of fc. In the interval 0.1 Hz<fc<z10 Hz,
Imp-(fa) decreases from rSLP(0.1):l.72s to ISLPÜD)
=0.48 s. For the BB-output IS 1330:.) increases from
TSBB(O.1)=—-0.91 s to ISBB(1.O)=0.07 s. The group-de-
lay is irrelevant in determining first arrival times.

First motion sign

The first motion sign of the input wavelet f(t) with p-
order onset is given by f}, in Eq. (22). If the seismo-
graph system is calibrated such that in Eq. (24) (Sim/b" is
positive the first motion sign of the seismogram in Eq.
(26) is also given by fp. Therefore a seismograph sys-
tem with a rational transfer function cannot change the
first motion sign of the input wavelet.

Quite often body wave signals are superpositions of
low frequency and high frequency pulses. In this case,
broad-band outputs proportional to ground displace-
ment and velocity or narrow—band short and long per-
iod seismograph systems can separate these superim-
posed wavegroups. Even if the low frequency wavelet
and the first high frequency pulse have the same arrival
times but different first motion signs. the direction of

SUM

H4 Z

H3 Z

ne ZWMWM

01 Z

121

28 H91 1988 HHSSN —LP
VMRX= 1. SK

l
2M

28 MHT 1988 SHD-LP
VHHX=2ÜK

19:53: 0 l M 19:53: 8 1 H
1 I I I l I l I I I

Fig. 12. WWSSN-LP and SRO—LP P-wave seismograms with
negative first motion sign for a Sicilian earthquake on 28.
May 1980 (19 h 51 m 19.3 s; 38.48Ü N, 14.25U E. 5.5 ML, 11.4ü
distance), simulated from BB-output of array station Al—Z.
Maximum magnifications V refer to marked amplitude

max

scale of 1 cm. Marked time scale units al min

28 HHT 1988 88898 -88
2. 5 HT 28E C Cmm

ll
CW

28 MHT 1980 HHSSN -SP
VMHX= 28 H

19:58:48 I I

28 HHT 1988 DISPL
VHHX=7.

“Mums

:::::q,(8
"mm.

I 28 MHT 1980 HHSSN—LP

912W F112

19:5P=40 I l l0
5

I 19:58:48 I I 10
5

Fig. 13. P—wave recordings for the earthquake in Fig. 12 for
several array stations with beams (SUM), indicating positive
first motion signs for the narrow band and broad—band re-
cordings. Maximum magnifications V...“ refer to marked
amplitude scale of l cm. Marked time scale units 510 s

first motion is the same in all seismograms and is not.
related to some characteristic frequency of the seismo-
graph system. The actual reading may depend on the
signal-to-noise ratio. When the latter is good. the first
motion can be interpreted as short period compression
and long period dilatation or vice versa. The Figs. 12 to
14 show typical examples.

In Fig. 12, the WWSSN-LP and SRO-LP seismo-
grams for an earthquake in Sicily are simulated from
broad-band data using standard amplitude and time
scales. In both cases, the first motion sign appears to be
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15 SEP 1976

e. Fa

9:22: 0 10 S
I l l l l

Fig. l4. Recordings of the Pn—Pg wave group for a Friuli
earthquake on 15. September 1976 (09 h 21 m 19.1 s; 46.32O N,
13.130 E, 5.9 ML, 401 km distance). Marked time scale units
â 10 s
1 Simulated WWSSN-SP seismogram (Vmax=93 K for 1cm

marked amplitude scale) with positive first motion sign
(short period compression)

2 Broad-band recording proportional to ground displace-
ment (calculated from BB-output, scale unit £39 pm) with
negative first motion sign (long period dilatation)

negative (long period dilatation). When the amplitude
and time scales are greatly magnified, as in Fig. 13, the
first motion sign is definitely positive on both broad-
band and narrow-band seismograms.

Figure 14 shows an analogous example for a Friuli
earthquake. Here the first motion sign of the P" — wave
of the simulated WWSSN-SP seismogram is positive
(short period compression), whereas the sign of the
broad-band recording proportional to ground displace-
ment can be interpreted as being negative (long period
dilatation), neglecting the tiny initial pulse with positive
sign.

The measurement of arrival time and first motion
sign is dependent only on the restoration of the signal
front. The estimation of various functionals of the input
signal such as running time integrals of true ground
displacement and velocity or spectral amplitudes for
the determination of magnitude and moment is dis—
cussed in Paper II.

Conclusion

The Signal Front Delay Theorem states that the linear
distortions caused by the seismograph system will not
introduce a delay in the onset time of the input wavelet.
However, the steep slope of the transfer function at high
frequencies, given by the antialiasing filter, will flatten
the curvature of the wavelet leading edge. In the case of
superimposed noise, the wavelet onset may appear to
be delayed. The delay depends mainly on the upper
corner frequency of the input wavelet and the signal—to-
noise ratio. For example, for a signal to noise ratio of
20 db, the BB-output of the Graefenberg seismograph
system has an apparent delay on the order of 0.05 s for
fc>5 Hz and 0.1 s for 0.2 <fc<1 Hz. If the signal-to-

noise ratio is much higher, fitting the leading edge of
the seismogram with synthetic responses can reduce the
arrival time error to less than 0.05 s (sampling interval).

A seismograph system with a rational transfer func-
tion cannot change the first motion sign of the input
wavelet. The reading of different short and long period
first motion signs is meaningful only for overlapping
low and high frequency wavelets. From broad—band
recordings the first motion signs of the superimposed
pulses of different frequencies can be determined sepa—
rately by simulating wide-band seismograms propor-
tional to ground displacement and velocity, or narrow-
band long and short period seismograms.
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Effect of parallel electric fields on whistler mode waves
in Jupiter’s magnetosphere
P.N. Khosa, Lalmani and M.M. Ahmad
Department of Physics, Regional Engineering College, Srinagar, Kashmir, India

Abstract. Observation of auroral hiss at Jupiter by
Voyager I has been suggested as being directly related
to regions of parallel electric field and auroral particle
precipitation. The effect of a parallel electric field on
whistler mode propagation in Jupiter’s magnetosphere
has been studied. The dispersion relation for whistler
mode waves in an isothermal one-component electron
plasma in the presence of a parallel electric field has
been used to study the growth of whistler mode waves
propagating in the Jovian magnetosphere. The growth
rates have been computed by using the observed plasma
parameters at 5.6 Rj. The growth rate, which is found
to be a maximum 1n the equatorial magnetosphere, is
reduced to zero in the absence of the electrostatic field.
This has lead us to conclude that, in the case of iso-
thermal magnetosplasma, the growth rate is induced by
the electrostatic field.

Key words. VLF waves — Jovian magnetosphere —
Auroral hiss — Electric field — Plasma torus — Growth
rate — Cyclotron resonance

Introduction

The propagation of VLF waves in the whistler mode
through the Jovian magnetosphere is well established
(Gurnett et a1., 1979a). A detailed study of this class of
low frequency emissions in the Jovian magnetosphere
reveals significant information about its structural and
dynamical features. In particular the study of the pro—
pagational features of the observed whistlers yields
valuable information about the spatial and temporal
variations in the magnetospheric field and plasma pa-
rameters. During the last two decades electrostatic field
measurements in the earth’s ionosphere and magneto—
sphere have been carried out by a number of workers
using instruments on board rockets and satellites. Al-
though in most cases the reported electrostatic field
measurements revealed the existence of a transverse
component, the existence of a parallel component of
the electric field in the earth magnetosphere was con-
firmed by experimental measurements and theoretical
considerations only in the last decade. It is believed
that the variability in the current system flowing paral-

Offprint requests to: P.N. Khosa

lel to the field lines gives rise to a corresponding vari-
ability in the transverse magnetic field which in turn
generates a parallel component of the electric field.
Further, because of turbulence, the plasma. conductivity
parallel to the field lines becomes finite and anomalous
and thereby sustains the parallel component of the
electric field. Although there is no direct experimental
evidence for the existence of a parallel electric field in
Jupiter’s magnetosphere, the reported observations of
auroral hiss in Jupiter’s magnetosphere made by instru-
ments on board Voyager I can be taken to be directly
related to the regions of parallel electric field and auro-
ral particle precipitation there (Gurnett et a1., 1979b).
Further, there are strong theoretical arguments in sup—
port of the existence of field aligned currents at abrupt
density gradients near the inner edge of the Io plasma
torus.

In the present paper we discuss briefly the effect of
a parallel electric field on the propagation on whistler
mode waves in the Jovian magnetosphere. The growth
rate of the whistler mode instability for different plasma
parameters at 3<L<10R. has been computed and its
variation with latitude dlscussed making use of the
dispersion relation for the whistler mode waves in an
isothermal one component-electron plasma in the pre-
sence of a parallel electric field (Misra and Singh, 1977).

Results and discussion

The plasma parameters chosen for the Jovian magneto-
spheric conditions at equatorial altitude have been
taken from the planetary radio astronomy experiment
(Warwick et a1., 1979) and electron gyrofrequency ob-
tained from the magnetometer experiment (Gurnett et
a1., 1979 a). The electrostatic field has been assumed to
be |E0|§20 mV/m and the Jovian magnetic field lines
have been assumed to be dipolar (Gurnett et al.,
1979a). In this field configuration the ratio of electron
density to the magnetic field can be assumed to be
invariant along the equatorial plane so that the elec-
tron density and magnetic field can be written as

N(R,rf))=3.5 >< 104B(R, (1)) cos2 q’)/(1+3sin2 (1))1/2 (1)

and

B(R,(/))=B0(RJ./R)3(1+3sin2¢)1/2. (2)
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Fig. 1. Variation of growth rate Max/(oz) with 1€(k- VT/wz) at
5.6R.J

Where (j) is the geomagnetic latitude, B0 is the mag—
netic field at the ground and R]. is the radius of the
Jupiter.

The Jovian distance R is related to the Jovian lati-
tude by

R=Rj cos2 gb/cos2 a5]. (3)
with the help of this expression we evaluate the varia—
tion of plasma and gyrofrequency along the field lines
for a particular L-value. The growth rate has been
computed from the following expression (Misra and
Singh, 1977):

_ E0 k(1+k2/ß)
y"B V i1+1€2(1+l€2//3)i' (4)

O T

Where

y =gr0wth rate
EO =eldctric field
B0 =magnetic field
VT =thermal velocity of the electron
1€ =lf—V—T— and fl=————”O"OZKT

z BO
k =wave number
a)z =the electron gyrofrequency
#0 =permeability of free space
nO =electron density
K =Boltzmann constant
T =the temperature in the direction of magnetic field

The variation in growth rate as a function of 13(kVT/wz)
is shown in Fig. 1. From the figure it is clear that for ß
20.3, when the electric field is parallel to the magnetic
field direction, the growth rate increases with corre-
sponding increase in k values and attains a maximum
(20.8) and then decreases for still higher values of k.
When E020, the growth rate is zero, which is evident
because there would be no source of energy for the
growth in an isothermal plasma. However in an aniso-

O. b

Growth

rate,

1’
(mi/Luz)

LzaeRj
105- wp=3956KHz

wz=4396KHz
vT/czon
E0 in mV/m

10"6
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Fig. 2. Variation of growth rate y(a)i/a)z) with d) at 5.6 Rj

tropic plasma the energy is supplied for the growth
from the vertical velocity and the cyclotron resonance.
When E0 is antiparallel )2 becomes negative resulting in
the attenuation of the wave. This suggests that when E0
and B0 are both in the same direction (k direction), the
whistler mode wave experiences an ampilification. The
variation of growth rate with the Jovian latitude (I) is
plotted in Fig.2, which indicates that the maximum
occurs at equatorial heights ¢=0. Hence it is con-
cluded that there is a greater possibility of the genera-
tion of VLF hiss in the equatorial heights by a wave
ampilification process taking place in the Jovian mag-
netosphere in the presence of a parallel electrostatic
field. This result is consistent with the fact that the
auroral hiss is observed over a very small spatial region
with very sharply defined cut-off frequencies in the
equatorial heights (Gurnett et al., 1979 b).
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Abstract. A theoretical model is proposed which de—
scribes the influence of non-uniform ionoSpheric height-
integrated conductivity distributions on ULF-pul—
sations. The assumption is made that the field-aligned
currents carried by the wave-field are closed by polar-
isation currents in the magnetosphere and by the irro-
rational part of the height-integrated ionospheric cur-
rents. Current continuity at the magnetosphere-iono-
sphere boundary provides for a differential equation
governing the reflected electric field for arbitrary non-
uniform conductivity distributions. Model calculations
for simple, but realistic conductivity and electric field
distributions show that local shifts of the ionospheric
field maximum against that of the magnetic field below
the ionOSphere as well as double-peak distributions of
the electric field can occur. Strong electric field anom-
alies i.e. significant deviations of the electric field distri-
bution as compared with the uniform case occur in
conductivity gradient zones and fall off rapidly outside.
The previously predicted 90" rotation between the mag-
netic field below and above the ionosphere does not
hold generally because the rotation angle depends
strongly on the conductivity gradients.

Key words: Geomagnetic pulsations — Magnetosphere—
ionosphere coupling — Ionospheric reflection coefficient
— Ionospheric rotation effect.

Introduction

During the last decade much effort, theoretical and
experimental, has been made to investigate the nature
of geomagnetic pulsations in the pc 4—5 range. One of
the specific problems which has been tackled is the
influence of the ionosphere on the propagation of hy-
dromagnetic waves coming from the magnetosphere
and being recorded at the earth’s surface as geomag-
netic pulsations. Early attempts to solve this problem
have been made by Dungey (1963) and Nishida (1964).
Dungey (1963) has been able to show that the part of
the disturbance field b which has a vertical current, i.e.
{V >< b)z=l=0, is strongly shielded by the ionosphere while
that part with ([7 >< b)z=0 is observable at the ground.
Nishida (1964) studying the effect of the ionosphere on
storm sudden commencements showed that the mag—
netic field of an incident wave is rotated during passage

through the ionosphere. A computed solution of the
problem using a realistic distribution of the ionospheric
conductivity distribution with height has been given by
Inoue (1973) and Hughes (1974). Hughes (1974) and
later Hughes and Southwood (1976) followed the line
given by Dungey (1963) and were successful in showing
that the magnetic field of the incident wave is strongly
shielded by the magnetic field effect of the Pedersen
current flowing in the ionoSphere while the disturbance
magnetic field below the ionosphere is mainly due to
the ionospheric Hall currents. Thus the polarisation
ellipse undergoes a rotation by 90° when passing the
ionosphere (Hughes, 1974).

In all the above referenced work it has been as-
sumed that the ionospheric conductivity distribution is
uniform in planes perpendicular to the ambient mag-
netic field. This is far from being a realistic assumption
eSpecially in the auroral zone or at the terminator
between sunlit and dark regions in the ionosphere
where strong conductivity gradients may occur (see for
example, Vickrey et al., 1981).

Recently Saka et al. (1982) gave evidence that polar-
isation characteristics of low-latitude pulsations are se-
verely changed at sunrise i.e. when strong conductivity
gradients occur. They report that the magnetic D-com—
ponent is much smaller than the H-component before
sunrise and is increased at sunrise to values comparable
with the H-component. Doupnik et al. (1977) and Wal-
ker et al. (1979) were able to predict the H-component
of ground-observed pcS pulsations from measured val-
ues of the ionospheric electric field and the associated
ionospheric currents but failed in reproducing the D-
component. This failure may be due to the conductivity
gradients occurring in the auroral zone.

The aim of the present analysis is to work out a
theoretical basis necessary to investigate the influence
of ionOSpheres with horizontally non-uniform conduc-
tivity distribution on the reflection of MHD—waves (see
also GlaBmeier, 1983) and on ULF-pulsations at the
ground. A similar attempt to tackle the problem has
recently been undertaken by Ellis and Southwood (1983).
However, their approach allows only the study of the
effect of conductivity discontinuities while the present
work holds for arbitrary distributions of the heigh-
integrated ionospheric conductivity.

First the model and its basic equations are dis-
cussed While the next two sections are devoted to the
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ionospheric reflection coefficient and the apparent ro-
tation angle of the wave polarisation ellipse between
regions above and below the ionosphere. To demon-
strate the compatibility of results of the model used
with those of previous studies the continuation of the
wave magnetic field away from the ionosphere will then
be discussed and the generation of a fast-mode wave
(see also Hughes, 1974) at the upper boundary of the
ionosphere due to the reflection process will be demon—
strated. Results of numerical analyses for some realistic
distributions of the conductivity and of the electric field
of the incident wave are shown and their consequences
for ground-based observations of geomagnetic pul-
sations are discussed.

The model and basic equations

The coordinate system adopted for the following calcu-
lations is a rectangular one with its x-axis directed to
the north, the y-direction pointing towards east and the
z-direction positively downwards. In the coordinate sys-
tem the ionosphere will be represented by a highly
conducting sheet lying in the horizontal plane at a
height —h and with integrated Hall and Pedersen con-
ductivities EH and 21,, respectively. Above this infinitely
thin sheet ionosphere we assume a uniform semi-in-
finite hydromagnetic region as a model-magnetosphere
while the region below the ionosphere is regarded as a
semi-infinite non-conducting atmosphere.

In the ionosphere the electric field E of an Alfvén-
wave generates a sheet current I(x, y) with

I=ZPE—ZHE><eB (1)

where both, ZP and EH, are arbitrary functions of the
horizontal coordinates and eB is a unit vector parallel
to the ambient magnetic field B0 being normal to the
plane ionosphere i.e. parallel to the z-axis. Displace-
ment currents have been neglected in (1). Using a gen-
eral theorem of vector analysis I can be split up into
two current systems (for a discussion of the applicability
of the Helmholtz theorem to planar vector fields see
Duschek and Hochrainer, 1961)

1:1. +Isf (2)e

with Im being the irrotational part and Isf being the
source free part of the sheet current system I. The
following relations hold for I, I. and 1s

V°I=l7-Ii„=ZP V-E—(VZHXE)Z+VZP-E
()7 ><I)Z=(l7 ><Isf)Z=ZH l7-E+(VZP><E)Z+VZH-E
V-Isfr—O (3)
(l7 >< Iirr)Z=O.

For the derivation of the above equations it has been
assumed that (l7 >< E)Z= —ia)bZ;0. Such an assumption
is justified if the incident wave is in the transverse—
mode i.e. there is no bZ-component in the wave mag-
netic field. The assumption (l7 x E)Z=0 is also justified
in the more general case when bZ=l:0. Assuming
bZ~10nT and ou~27c/3003_1 which is typical for a
p05 pulsation |(l7 >< E)Z| is estimated to be of the order
lO‘IOV/mz. This must be compared with values of ex-

pressions like V—E which, assuming a horizontal scale
length ~100 km and EMA/20 mV/m (cf. Walker et al.,
1979) are of the order 10‘7 V/mz. Thus (I7 >< E)z=0 is an
also suitable approximation in the more general case.
In the hydromagnetic region above the ionosphere the
transverse wave electric field E is related to a polarisa-
tion current density jP (cf. Bostrom, 1972; Chen, 1974)
by

1 âE
‚uo vi ôt (4)JP

where vA is the Alfvén-velocity. This polarisation cur-
rent is not necessarily source free and the wave there-
fore carries a significant vertical current (cf. Hughes
and Southwood, 1976; Greenwald and Walker, 1980).
Using Ampere-Maxwell’s law

(V X b)z:.uoj|| (5)

and
dbi

(V X Eh =
'“ÜT (6)

where the subscript 1 denotes the component trans-
verse to the ambient field BO, one gets the relation

ô ô__ ÿ. E z _ _ ' 7ÖZ( ) #0 ÖIJH ( )

assuming E2220, or, with a time dependence ~exp(icut)

‚ i ôE
J|| = [7' (_— S). (8)‚uO (0 dz
Thus we have found a relation between the wave-field
associated field-aligned current and the transverse wave
electric field E.

The ionospheric reflection coefficient

Just above the thin sheet ionosphere the field-aligned
current distribution carried by the wave must fit with
that due to the irrotational part of the height-integrated
ionospheric currents because of current continuity rea-
sons. Because

[7-1: 17- Im=j|I (9)
and with (3) and (8) one has at the height of the
ionosphere

2P 17-12—4172„ >< E)Z+ VZP-E: 17- ( l in). (10)
#0 a) ôz

Taking into account that E=EI+ER where E, and ER
are the electric fields of the incident and the reflected
wave, respectively, and assuming a variation along Z by
exp (ikz z) with k2>0 or kZ<O, depending on the prop-
agation direction of the down- or upgoing wave, one
finds from (10)

ZP I7'(EI+ER) —(VZH >< (EI+ER))Z+ VZP°(E,+ER)

=ZW V-(EI—ER) (II)
where a wave conductivity, sl/uO 0A, has been de-
fined (cf. Maltsev et al., 1974; Mallinckrodt and Carl—



son, 1978). Rearrangement of this equation gives

(2:,+z,,) 17- ER+ 172,. - ER —(V2:,, >< ER),
=(ZW—Z'P)|7'EI—-VEP‘EI+(VEH><EI)Z (12)
which is a differential equation for the determination of
ER if EI, EH, 2,], and 2W are given quantities.

If the ionoSpheric conductivity is uniform (12) re-
duces to the simple relation earlier derived by Maltsev
etal. (1974) (cf. also Hughes, 1974; Ellis and South-
wood, 1983):

ZW—ËPE =————— .R
Ew‘i'zp

I (13)

Two situations may be regarded for which the solution
of Eq. (12) is straight forward. Let us first assume that
(17).?jnrijr >< E‚)z:0. As may be easily proved the incident
and the reflected electric field for this specific case are
related by Eq. (l3) but now 2P depending on the spatial
coordinates. The physical reason for the relationship
found is that the Hall currents are now source free and
the Pedersen currents are now curl free as in the uni-
form case (cf. Eqs. 3).

Equation (13) is also the solution of (12) if PEP-1:0
and the ratio ZH/ZP is everywhere constant. In this case
the divergence of the Hall- and Pedersen currents due
to the non-uniform conductivity distribution cancel
each other and the sum of the second and third term
on the left side in Eq.(11) vanishes as may be easily
shown. Then (12) reduces to the equation valid in the
uniform case and this again yields (13).

For more general cases it is useful to represent the
reflected electric field just above the ionosphere as the
gradient of a scalar function, ER=(17<‚1>)M which is possi-
ble because of (l7 x ER)Z=0. Then it follows from (12)

(72:1) 62d) öqö ad)_ _ ù: 14
Êxz+ôy2+ô ôx+eôy day) 1 i

with

52:,
82,)>=— -— z E

ôZ ôZz(Tim—fl //ŒW+ZP) “5)
ax, y)=((z,,,— 2,.) 17' E,

— I72}.- E, + (172,, >< Egg/(2,, + 5,).
For any realistic distribution of the Hall and Pedersen
conductivities and of the electric field of an incident
wave (14) must be solved numerically.

The ionospheric rotation effect
in earlier analyses about the influence of the iono-
Sphere on hydromagnetic waves by Nishida (1964),
Inoue (1973) and especially Hughes (1974) it has been
pointed out that magnetic fields due to a transverse
wave incident from the magnetosphere are seen rotated
through 90° when observed on the ground. Because this
apparent rotation has been regarded theoretically by
the above mentioned authors only in the case of a
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uniform ionospheric conductivity distribution, the
problem must be treated again for a non—uniform con-
ductivity.

As may be seen from the above considerations con—
cerning the reflection process at the ionoSphere 1,“,
serves as a closure current of the polarisation and
field-aligned currents of the wave, and the current sys-
tem consisting of the magnetospheric currents and If”,
constitute a poloidal current system which produces no
magnetic effect below the ionosphere (cf. Bostrom,
1964; Vasyliunas, 1970; Fukushima, 1976). Only the
source free current I” contributes to the magnetic field
at the ground, and just below the ionosphere I5i is
related to the atmoSpheric magnetic field b, by (cf.
Chapman and Barrels, 1940)

IS =——b xe (16a)f
#0

A B

from which one has

2
(172m:I3f)z=—(I7'-b,,)1r (16b)

#0

where ‘T’ denotes that only the derivatives transverse
to the ambient magnetic field I5".Ü are regarded.

Above the ionosphere the field-aligned current den-
sity j|| is related to the magnetic field [1,” of a transverse
mode wave and by virtue of Ampere-Maxwell‘s law (5)
and 17-Ii„„:j‘II the following relation holds

1

#0

and because bM is the magnetic field of an Alfven-wave
i.e. (17- bM)T=0 holds, 1,,r is everywhere perpendicular to
bM in the horizontal plane just above the thin sheet
ionosphere:

llmzmbeB. (17b)
#0

Schematically the situation is sketched in Fig. 1. It
should be noted that bM is not the total magnetic field
just above the ionosphere. Also the source free part of

‚bliir
I
l
1
I

—b

:7
us A

1—.»
—bH
iJ-o M

x —II

N 151‘

Fig. l. Current vectors representing the source free, I“, and
the irrotational, Im, part of an ionospheric height integrated
sheet current system together with associated magnetic field
vectors just below, bA, and just above, by”, the ionosphere.
(by)l represents the magnetic field just above the ionoSphere
due to 1,,f
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the height-integrated ionospheric current system, 15f,
contributes to the magnetic field above the ionosphere.
As is shown in the following section Isf is associated
with a fast mode wave whose amplitude decreases
rapidly away from the ionosphere and thus need not to
be regarded when discussing the rotation between the
atmospheric magnetic field and the magnetospheric
magnetic field far away from the ionosphere.

It follows from (16a) and (17b) that both bA and bM
are everywhere perpendicular to IS and Ii", respec-
tively (see also Fig. 1). Thus the ang e y by which bA is
rotated with respect to bM, counted counterclockwise if
viewed from above, is the angle by which Isf is rotated
with respect to —Ii„ counted counterclockwise if view-
ed from above. Due to this the determination of the
ionospheric rotation angle is reduced to the determi-
nation of the irrotational and source free parts of the
total ionospheric current system.

The height-integrated ionospheric current, I, can eas-
ily be computed after the reflected electric field has
been determined (see above). The irrotational part of I
is then given by

1 [7'1 " —’
I.,.(r)=57;§§( >(r)(r r)

s Ir—r’lz
dS (18a)

(there exist certain, usually fullfilled, conditions on
the kernel for the integral to exist which are different
for a plane vector field than for a vector field in space;
for details reference is made to Duschek and Hoch-
rainer, 1961) and for Isf one has

Isl—Ii". (18b)

From (18a) and (18b) the rotation angle y can easily be
computed.

In the case of a uniform ionosphere or if there are
no gradients of the conductivity perpendicular to E, Il."
corresponds to the Pedersen current and Isf to the Hall
current and thus bA is rotated with respect to bM by 900
counterclockwise if viewed from above.

For the uniform case it follows from (16b) and (17a)
using the upper two equations of (3)

(l7-bA)T~(I7 b)Z. (19)
This relation is similar to the ones earlier used by
Hasegawa and Lanzerotti (1978) to explain the iono-
spheric rotation effect.

The above considerations show that results of the
present work are consistent with earlier results by Ni-
shida (1964), Inoue (1973) and Hughes (1974).

The fast mode

As pointed out above Isf also contributes to the mag-
netic field above the ionosphere and according to
Eq. (16) we have just above the ionosphere:

#0
(bF)J. 2—2“ Isf X eB (203)

and
_ .uo

(‘7' bF)T — _Î(V X Isf)Z' (20b)

Because of (20) (bF)Z=O at 2: —-h and the wave
launched at the ionosphere due to Isf and with the
magnetic field bF carries no field-aligned current i.e. the
polarisation currents flowing are source free. Some in-
sight into the nature of this wave is gained by introduc-
ing a vector potential A with bF=l7><A so that one
gets (l7 x V >< A)=O or, using the Couloumb gauge,

AAzzO. (21)
Assuming a spatial variation of A and bF with
exp(i(kxx+ky y)+kz 2) one can easily see from (21) that
bF is decreases exponentially away from the ionosphere
i.e. it is a surface wave.

From the Henry-Faraday law one has
' ô(V. vom {5 a” >< EF>Z (22)

and because of (20b) and (l7 x Isf)=#0 ()7 >< EF)Z does not
vanish and thereby bdcO above the ionosphere. This
shows that bF and EF must be the magnetic and electric
field, respectively, of a fast mode wave (see also Hughes
and Southwood, 1976).

Due to the continuity of the tangential component
of the electric field across the magnetosphere-iono-
sphere boundary EF contributes to the total iono-
spheric electric field. From (20b) and (22) one has

2 ô
you) ôzsf=i (23)

or, if 172P, H=O, i.e. Isf corresponds to the Hall current,
and using (23)

#09)EK=——z __z EK (24a)F" 2Vk§+k§ H y

:i #09)
y 21/k;’;+k§

With typical values of

2H~10s, 1/k§+kj~10-6m-1
and (UNI/300$“1 one has |E|~40-|EF|, and thus EF
can be neglected when compared with E.

The transverse component of the magnetic field of
the fast mode, (bF)L cannot be neglected just above the
ionosphere when compared with bM. For a uniform
ionosphere it follows from (17b) and (20a)

Kbphl _ EH
l1 ‘22,;

E5 EH EK.x (24 b)

(25)

The downward continuation

Equation (16a) can be used to get some more insight
into the properties of the wave field below the iono-
sphere. As may easily be verified from (16a) bA is a curl
free vector field. This can be represented as the gradient
of a scalar potential Wand one gets

‚uA W=Î°(l7
xlsf)Z (26)



at z= —h. Further down in the atmoSphere we have
Laplace’s equation AW=0 because no currents are
flowing there.

Assuming a horizontal variation of Wwith exp(ikxx
+k y) one finds from Laplace equation kz=]/kî+kf,
where kz is the vertical wave number and it has been
assumed that W vanishes at z: +oo. Therefore, each
spectral component of the magnetic potential W or of
bA will be damped according to the factor exp(—kz(z
+h)) when doing the downward continuation of the
wave field away from the ionosphere. This, of course, is
a well known fact from potential theory and is widely
used in the reverse way i.e. upward continuation of
ground-based magnetic fields towards the ionospheric
sources (cf. Siebert and Kertz, 1957; Weaver, 1964;
Mersmann et al., 1979).

In the case of a uniform conductivity distribution or
if {VER}: x EI)Z:0 [U and I," are identical to the Hall
and Pedersen currents, respectively, and one has just
above and below the ionosphere

bM=—~nUZPE><eB (27a)

ËbA=
2

2,, E. (27 b)

From this and using the above described downward
continuation a simple relation between the magneto-
spheric magnetic field bM and the magnetic field bG
measured at the ground is found

bË lEH
bfi 22,,

exp( kit) (28)

where K denotes the spectral component with horizon-
tal wave numbers 1c}E and ky. The above relation is in
accord with an expression derived earlier by Hughes
and Southwood (1976). The exponential decay of each
Spectral component follows as a natural consequence of
the magnetic field below the ionosphere being solely
due to the source free part of the ionospheric currents.
In general the factor Eli/221.. must be replaced by the
ratio Ilsfl/IZ-I. | as given by Eqs. (18)zrr

Model calculations

The Reflection at the Ionosgyhere
In all the following model calculations the electric and
magnetic fields as well as the corresponding currents
vary with time ~exp(itot) and only the real part is
regarded. Furthermore all model situations regarded
are either shown for t=0 or t=T/4 and thus represent
snapshots of the physical situation assumed.

Let us first assume model situations where (VERH
x Egg vanishes everywhere and thus Eq. (13) holds. As
has been shown by Hughes (1974) or Newton et al.
{1978) the ionDSpheric reflection coefficient is typically
very large and chosen for our calculations to be ~0.98
which gives one with a typical value EP:4S a wave
conductivity ZW=5-10‘2 S. Furthermore a ratio ZH/ZP
=2 is assumed. With these values we find from (13),
because of Zwézp a simple relation for the total iono-
spheric electric field and the magnetic field just below
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the ionosphere:

22E;
2:12,

(29a)

b,l 252,”, 2,, EI. (29b)
The magnetic field below the ionosphere thus depends
mainly on E, and best represents the structure of the
incident electric field while the total ionospheric electric
field depends on both the Pedersen conductivity and
the electric field of the incident wave. This is of some
importance when comparing ground-magnetic obser-
vations with measurements of the ionospheric electric
field.

As examples, two different model situations are con-
sidered (Fig. 2 and Fig. 3). Following results by Walker
etal. (1979) who found that the ionoSpheric electric
field of pcS pulsations is much larger in the N—S com-
ponent than in the E—W component and is confined in
latitudinal direction to a very narrow region, in each
case considered, the model electric field of an incident
wave is assumed to have only a N—S component which
varies in the N—S direction like a Gaussian function
and is constant in the EAW direction. For both model
situations the assumed conductivity distribution is of
parabolic shape and also varies only in the N—S direc-
tion.

For the first situation assumed (Fig.2), outside the
region ofhigh conductivity, the constant value 0.5 S for the
Pedersen conductivity is chosen. Using Eqs.(l3) and
(27) the total ionospheric electric field and the magnetic
field just below the ionosphere has been computed.
Note that from Eqs. (27) it can be seen that the N—S
component of the magnetic field just below the iono-
sphere is the same as the E—W component of the mag—-
netic field above the ionosphere due to our choice
EH/ZP=2.

As one expects from (29b) the magnetic field reflects
the structure of the incident electric field. It is also
easily understandable from (29a) that the maximum of
the total ionospheric electric field is significantly shifted
with reSpect to that of the incident electric field and
therefore also with respect to that of the magnetic field.
The reason for this is the shift of the maximum of the
conductivity distribution against that of the incident
electric field. Observational evidence for the situation
as displayed in Fig. 2 has recently been given by Poul-
ter et a1. (1982) reporting about coordinated magnetic
and electric field measurements with the TRIAD satel-
lite and the STARE radar, reSpectively. GlaBmeier et al.
(1981) also reported about shifts of the spatial maxima
of ground-magnetic and ionospheric electric field obser-
vations.

The conductivity distribution for the second model
(Fig. 3) is much broader and has the constant value
0.1 S outside the high conductivity region. As a result
of Eq. (13), the distribution of the total electric field
shows a clear double-peak distribution. The appearance
of the secondary maximum depends critically on the
electric field and the conductivity distribution chosen,
eSpecially where both EI and ZP are very small. Thus
double-peak distributions are not expected to be a reg-
ular feature observable in the ionospheric electric field
of ULF-pulsations. However, Nielsen and Allan (1983)
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report a rare double-resonance pulsation event and dis-
cuss the observed latitude variation of the ionospheric
electric field in terms of a special magnetospheric plas-
ma density distribution. Figure 3 shows that an alter-
native explanation is possible when analysing the effect
of the ionosphere on ULF-waves in more detail.

To consider the effect of conductivity gradients per-
pendicular to the incident electric field, Eq. (14) must be
solved numerically. A successive overrelaxation pro-
cedure (cf. Mitchell and Griffiths, 1980) has been used
on a 80x40 points grid with 80 points in the E-W
direction and a spacing of 25km between adjacent
points. The electric field of the incident wave used has

only a N-S component, is constant in the E—W direc-
tion and varies in the N—S direction in accord with the
fieldline resonance theory (of. Tamao, 1965; Southwood,
1974). The amplitude variation and the spatial phase
are displayed in the top panel of Figure 4 and the
situation discussed is a snapshot at the time t=0. The
conductivity distributions regarded in the following ex-
amples change in E—W direction and are constant in
N-S direction. As boundary values of Eq. (14) solutions of
Eq. (13) have been used.

For different ratios of ZH/EP the N-S component of
the reflected and total electric field along an E—W
profile north of the maximum of the incident electric
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field (see the arrow in the tOp panel) is displayed in
Fig. 4. Far away from the gradient zone the reflected
electric field is as in the uniform case and is given by
Eq. (13). Thus our apriori assumption for the boundary
values is justified by this result and will be used for all
further model calculations. Approaching the gradient
zone the reflected electric field increases, with the in-
crease depending on the ZH/ZP ratio. Outside the gra-
dient zone the electric field decreases rapidly to values
given by Eq. (13).

To understand this behaviour of the electric field a
more detailed discussion of the physics of the reflection
process is necessary. If the incident Alfven-wave ap-
proaches a uniform ionosphere an ionospheric current
system with V*I,=EP 17' EI builds up and field-aligned
currents jfizZP 17- EI are necessary to balance the sys-
tem. However, these necessary field-aligned currents jf’
cannot be carried by the wave-field whose field-aligned
currents are given by jH=ZW I7*E‚. Thus polarisation
charges build up which produce the electric field of the
reflected wave, ER. This electric field also is associated
with necessary field-aligned currents having the reverse
sign as Îii and a size suitable to balance the field-
aligned current situation at the ionosphere: the sum of
the necessary field-aligned currents, ZP-(V-E,+V'ER),
must equal those carried by the wave, ZW-(V- EI
— l7' ER] [see also Eq. (10)).

Now, if there are additional necessary field-aligned
currents fi, associated with the incident wave due to
conductivity gradients (see Fig.5) the reflected electric
field distribution necessary to balance the field-aligned

Fig. 5. Schematic representation of the conductivity profile
and the incident electric field in the model situation displayed
in Fig. 4. The large vector symbols represent the sources or
sinks of the ionospheric current system or the necessary field—
aligned currents associated with the electric field of an in-
cidcnt wave. IF and [H are Pedersen and Hall currents; jfi
and fill denote necessary field-aligned currents [further details
see text)

currents at the ionosphere must change with respect to
the uniform case. For the situation presented schemati—
cally in Fig. 5 and whose numerical solution is given in
Fig.4 the gradient of the Hall conductivity increases
the field-aligned currents north of the maximum of the
incident electric field and thus the reflected electric field
must also be increased. South of the maximum the
gradient associated necessary field-aligned currents jfi
lower those associated with the divergence of the in-
cident electric field and the reflected electric field is
expected to be decreased. This discussion of the prob-
lem holds qualitatively only because we have not in-
cluded the effect of the E—W component which appears
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Fig. 6. E—W profiles of the reflection
coefficient north and south of the
maximum of the incident electric field {see
arrow in the top panel of Fig. 4; the
southern location is symmetric to the
northern one) together with the ‘normal’
solution for the reflection coefficient as
given by Eq. (13). The reflection
coefficient is given for EH/EP22

Fig. 7. E-W profiles of the N—S
component and E—W component of
the reflected electric field for a model
situation with nonnconstant EH/ZP
ratio. The conductivity distributions
used are based on the profile shown in
the top panel. The incident electric
field is as displayed in Fig. 4
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Fig. 8. Conductivity and total ionospheric electric
field distribution as well as field-aligned currents
and the equivalent current pattern (i.e. magnetic
disturbance vectors rotated clockwise by 90° if
viewed from above) at the ground for a model
situation where (FEP‘H >< E)Z vanishes. The incident
electric field is as adopted for the model situation
displayed in Fig. 4 but for the time instant t: 174.
Squares and crosses in the top left panel denote
Hall and Pedersen conductivity, respectively.
Squares in the lower right panel denote a negative

in the reflected electric field due to the fact that the
distribution of the polarisation charges changes also in
E—W direction in the gradient zone. However, this does
not significantly alter the results of our qualitative dis-
cussion, as Fig. 6 shows, where the effective reflection
coefficient is defined as the ratio of the total reflected
electric field amplitude and the amplitude of the in—
cident electric field. In Fig. 6 the reflection coefficient
given by Eq.(13), irrespective of any gradients is de-
noted as the ‘normal solution’. lnspection of Fig.6
shows significant variations between the effective and
the ‘normal‘ reflection coefficient with the effective
coefficient being decreased (increased) south (north) of
the maximum of the incident electric field in accord
with our qualitative discussion. Figure 6 also shows the
basic asymmetry of the model with respect to the maxi-
mum of the incident electric field. This will be of some
importance later on when discussing the influence of
non-uniform conductivity distribution on ground—based
observations of ULF-waves.

While in the model discussed in Fig.4 the ratio
ZH/ZP was everywhere constant Fig. 7 shows results of
a numerical solution of (14) for EH/EP changing in the
sew direction. Considering the case where EH is con-
stant and ZP changes in the E—W direction, is of some
interest because the incident electric field causes no
additional necessary field-aligned currents in the gra-
dient zone. Therefore, one could expect Eq. (13) to be a
solution of (14) but due to the change of the polarisa-
tion charges across the gradient zone the reflected elec-
tric field also changes in the E—W direction and there is
also an E—W component in the reflected electric field
(see bottom panel of Fig. 7). This component gives rise
to additional necessary field-aligned currents which

magnetic Z-component at ground level

may be too large to get a balance of the field-aligned
current situation. This balance is then accomplished by
the E—W component increasing in the gradient zone
towards east (north of the maximum of the incident
field, see Fig. 7). The numerical solution of (14) for the
situation considered in Fig. 7 furthermore shows the N—
S component of the reflected electric field to be sym-
metric and the E—W component to be antisymmetric
with respect to the maximum of the incident field. Thus
similar arguments to those above hold south of the
maximum.

Another case of interest is when the Pedersen con-
ductivity is constant throughout and the Hall conduc—
tivity changes in the E—W direction (Fig. 7). For this
case, the numerical solution with the same electric field
distribution of the incident wave as used in Fig.4
shows a sharply increasing N—S component which
maximizes in the middle of the gradient zone and falls
off outside of it to values given by Eq. (13). Where the
N—S component has its maximum the E—W component
changes sign from being positive in the west to negative
in the east. The N—S component of the reflected electric
field reaches values as large as those of the incident
field but of opposite sign. Thus the effect of the re-
flected electric field in this case is to reduce the diver—
gence of the Hall currents in the gradient zone which
was noted earlier by Ellis and Southwood (1983).

The influence qfo non-uniform ionosphere
on ground magnetic observations
Knowing both the ionospheric conductivity and the
ionospheric electric field (derived as described above)
gives one the possibility to construct the total iono-
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Fig. 9. Conductivity and incident electric field distribution for a model situation to demonstrate the ground magnetic effects of a
non-uniform ionosphere. The incident electric is as adopted for the model situation diSplayed in Fig. 4 but for the time instant I
=T/4. The conductivity variation in 13—“! direction is as displayed in the middle panel of Fig. 4. Squares and crosses in the
upper left panel denote Hall and Pedersen conductivity, reSpectively. In the panel showing the distribution of the field-aligned
currents squares and crosses denote upward and downward field—aligned currents, reSpectively. For the numerical calculations a
grid spacing of 25 km was used while in the figure only solutions at each second point are shown. For the irrotational part, the
source free part, the equivalent current at ground and the rotation vector only every fourth point of the grid is displayed. The
angle the rotation vector makes with the y-axis gives the angle by which the magnetic field just below the ionosphere is rotated
with respect to that far away above the ionosphere if viewed from above. For all panels the left and bottom rows correspond to
each other
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Fig. 10. A more detailed representation of the total electric
field distribution for the model situation displayed in Fig. 9

spheric current system and, by using the Biot-Savart
law, the magnetic disturbance at the ground (cf. Baum-
johann et al., 1981).

To demonstrate this procedure Fig. 8 shows a mod-
el situation with an incident electric field similar to that
displayed in the top panel of Fig.4 and the situation
discussed is a snapshot for if: T/4 where T is the period
of the wave. The conductivity distribution is of para-
bolic shape in the N—S direction with a maximum
value for EP of 4S, and is constant in the E—W direc-
tion (upper left panel of Fig. 8). A ratio ZH/EF=2 is
assumed. Equation (13) holds and, with ZW=5.O
+ 10‘2 S, a total electric field as diSplayed in the
upper right panel of Fig. 8 results. From the total iono—
spheric current distribution the field-aligned currents
can be derived and a band of enhanced upward direct-
ed field-aligned current flows where E changes sign (cf.
Greenwald and Walker, 1980). The ground magnetic
disturbances are represented in terms of equivalent cur—
rents i.e. the magnetic disturbance vector is rotated
clockwise by 9C!Ü if viewed from above. Due to the
electric field and the conductivity being constant in the
E—W direction, we see purely westward currents flow-
ing in the North and eastwards currents flowing in the
South.

The situation shown in F ig. 8 may serve as reference
for the following model calculations (Fig. 9) where the
same incident electric field is used as before, but a
conductivity distribution as shown in the middle panel
of Fig.4 is used, i.e. there is a change of the con-
ductivity in the E—W direction only. With ZW
:5'10‘28 and ZH/EP=2, Eq. (14) has been solved
numerically to yield the total ionospheric electric field
(see upper right panel in Fig. 9). The section (Fig. 10)
shows clear deviations of the electric field as compared
with the uniform conductivity case. The total electric
field vector is significantly rotated in the gradient zone
due to the polarisation charges changing in E—W direc-
tion. Both the electric field and the conductivity give
the total ionospheric current system which can be split
into source free and irrotational parts (see middle pan-
els of Fig. 9). While in the uniform case the source free
part is equivalent to the Hall current system, part of
the Pedersen currents in the non-uniform case contrib-
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ute to the source free part. On the other hand part of
the Hall current system contributes to the irrotational
part of the ionospheric current system. This and the E—
W component of the total electric field which appears
due to the conductivity gradients give rise to N—S com-
ponents in the source free part.

The gradient zone also acts to redistribute the field-
aligned currents as compared with the uniform con-
ductivity case (see Figs. 8 and 9) with strong downward
directed currents in the northern part of the gradient
zone and upward directed currents flowing in the
south. Remembering that the field—aligned currents and
the irrotational part of the ionospheric current system
together with the polarisation currents form a poloidal
current system whose magnetic effect is not detectable
at the ground, gives one the equivalent current system
of the ground-magnetic disturbance. Comparison of the
corresponding panels in Fig. 9 shows the close relation-
ship between the source free and the equivalent current
system of the ground-magnetic disturbance. This later
current system has a clear vortex-like structure due to
the N—S current components in the source free part. A
N*S component in the equivalent current system means
a magnetic disturbance in the D-component and thus,
when crossing the gradient zone from west to east, one
detects an enhanced D/H ratio as has been observed by
Saka et al. (1982) for the local time region around sun-
rise, where gradients of the ionospheric conductivity are
expected.

Using radar measurements of the ionospheric elec-
tric field during times of pulsation activity, Walker
et al. (1979) tried to predict the corresponding ground
magnetic disturbance using a uniform ionosphere. For
the H component they found good agreement between
the predicted and actually measured field values but
failed to predict the D component. The discussion of
the model situation displayed in Fig.9 shows that this
failure to predict the D component is probably due to
choosing a uniform ionosphere rather than one with a
suitable non-uniform conductivity.

Thus observational results by Saka et a]. (1982) and
Walker et al. (1979) are understandable taking into ac-
count the influence of a non-uniform ionosphere as
described in the present work. Further work is under
way to fit in more detail STARE electric field measure-
ments reported about by Walker et al. (1979) and si-
multaneous observations made by the Scandinavian
Magnetometer Array (Kiippers et al., 1979) using the
theoretical model and the numerical code outlined
above.

Hughes (1974) was the first who stated clearly
that the effect of a uniform ionosphere is to rotate the
magnetic disturbance vector below the ionoSphere by
90° counterclockwise with respect to the disturbance
vector above. However, our model calculations (see
lower left panel of Fig.9) show prominent. deviations
from this 900 rotation in the gradient zone. The angle
the rotation vector (see bottom left panel of Fig. 9)
makes with the x-axis is the rotation angle as derived
from a numerical evaluation of the integral in Eq. (18a)
and using (18b). At the northern and southern bound-
ary as well as in the middle part, where the magnetic
fields are rather small, the derived rotation angle is not
reliable and has been neglected in Fig. 9. The de-
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Viations of the rotation angle from 90° are due to the
break-down of the simple separation of the ionospheric
current system into Hall and Pedersen current system
as source free and irrotational parts, respectively, in
regions where conductivity gradients occur. Thus any
detailed comparison of satellite and ground-based mag-
netic observations of ULF-pulsations .needs details
about the ionospheric conductivity distribution on
which the ionospheric rotation angle depends strongly.

As a matter of completeness the ionospheric Joule
heating due to the wave electric field has been com-
puted but no remarkable new features appear and early
work by Greenwald and Walker (1980) still holds.

Summary and conclusions
A theory has been outlined to describe the influence of
the ionosphere on ULF—pulsations for arbitrary distri-
butions of the height-integrated ionospheric conduc-
t1v1ty.

Using the concept of splitting a vector field into
source free and irrotational parts the elliptical Eq. (14)
for the potential of the reflected electric field is derived
by matching the irrotational part, Ii", of the iono-
spheric height-integrated sheet current system with the
polarisation currents of the wave flowing in the mag-
netosphere.

Both, Im and jP‚ together with the field-aligned cur-
rents carried by the wave-field, form a poloidal current
system which has no magnetic effect below the iono-
sphere where the magnetic field is due solely to the
source free part of the ionospheric sheet current system.

The concept of splitting a vector field into source
free and irrotational parts has been used much earlier
in a similar way by Dungey (1963) to study the effect of
the ionosphere on hydromagnetic waves. In his attempt
to tackle the problem Dungey (1963) has separated the
atmospheric magnetic field into two parts and showed
that the one with (I7><b)Z4=0 i.e. the part associated
with a vertical current is effectively screened from the
ground. The remaining part of the ground magnetic
disturbance is thus curl-free and, when represented by a
scalar potential, can easily be continued upwards to-
wards the current carrying ionosphere and is seen to be
due to the source free part of the ionospheric current
system. Thus our model is quite in accord with
Dungey’s (1963) early work. For a uniform ionosphere
the magnetic field observable at the ground is found to
be due to the Hall currents alone which means a coun-
terclockwise rotation by 90° of the magnetic field below
the ionosphere with respect to that in the magneto—
sphere. This agrees with earlier work by for example,
Nishida (1964) and Hughes (1974).

If the magnetic field below the ionosphere is due to
the source free part of the ionospheric current system a
scalar potential for the magnetic field can be intro-
duced which satisfies Laplace’s equation. It is easily
shown that the horizontal Fourier components of the
wave-field below the ionosphere are damped by a fac-
tor exp( —kz h) (cf. Siebert and Kertz, 1957; Hughes and
Southwood, 1976; note that the ionosphere is assumed
at a height z: —h). The source free part of the iono-
spheric currents gives rise to a magnetic field not only
below but also above the ionosphere where the mag-
netic field is that of a fast mode wave whose amplitude

decreases exponentially away from the ionosphere i.e.
it is a surface wave.

For specific distributions of the electric field of the
incident wave and the height-integrated ionospheric
conductivity, the reflected electric field has been de-
termined using Eq. (13) or a numerical solution of
Eq.(14). It is shown that double—peaked total iono-
spheric electric field distributions, shifts of the iono-
spheric field maximum against that of the magnetic
field below and above the ionosphere, as well as strong
electric field anomalies which are confined to the con-
ductivity gradient zones, may occur. By electric field
anomaly we understand deviations from electric field
distributions expected for a uniform ionosphere. Due to
conductivity gradients the simple separation of the
ionospheric current system into Hall- and Pedersen—
currents as source free and irrotational parts, respec-
tively, breaks down and the distribution of polarisation
charges giving rise to the reflected wave builds up,
depending on the conductivity distribution, and any
electric field anomaly produced by this is confined to
the gradient zones and falls off rapidly outside.

Double-peak electric field distributions as men—
tioned above are not expected to be a regular feature
and we suppose them to be associated with rare dou-
ble—resonance pulsations as reported about recently by
Nielsen and Allan (1983). However, though we are able
to explain observed latitude profiles of the electric field
amplitude, nothing can be said about phase variations
within the limits of our model. Further work is neces-
sary and under consideration to solve the full wave
equation with non-uniform ionospheres as boundaries
of the magnetospheric cavity.

Our numerical calculations (cf. Fig.9) furthermore
show that, due to the above mentioned break-down of
the separation of the ionospheric sheet currents into
Hall- and Pedersen current system, in the case of a
non-uniform ionosphere the Pedersen currents also con—
tribute to the magnetic field at the ground. Thus in the
gradient zone of our model we find an enhanced D/H
ratio as has been reported by Saka et al. (1982) in the
dawn sector.

We have also been able to show that the 90°-rotation
(Hughes, 1974) does not hold in general and the ro—
tation of the disturbance vector below and above the
ionosphere depends strongly on the conductivity distri-
bution (see Fig. 9).

As a matter of comparison it should be noted that
the physical ideas used in the present paper are also
used in other branches of magnetospheric physics. One
example is the motion of a conducting body in a mag-
netized plasma (cf. Drell etal., 1965; Goertz, 1980,
Neubauer, 1980), and the model used by Luzemann
(1982) to describe the generation of Alfvén-waves due
to the motion of lo in the Jovian magnetosphere yields
the same Eq. (14) used in this paper to describe the
wave field launched from the ionosphere. Equation (14)
can also be used to analyse the wave field generated in
the ionosphere by periodic modulation of the auroral
electrojet as it has been reported by Stubbe and Kopka
(1977) (see also Fejer and Krenzien, 1983).
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Abstract. A technique is developed for mapping mag-
netic variation fields in three dimensions using data
from an array of magnetometers, based on the theory
of optimal linear estimation. The technique is applied
to data from the Scandinavian Magnetometer Array.
Estimates of the spatial power spectra for the internal
and external magnetic variations are derived, which in
turn provide estimates of the spatial autocorrelation
functions of the three magnetic variation components.
Statistical errors involved in mapping the external and
internal fields are quantified and displayed over the
mapping region. These errors are particularly signifi-
cant for the internal component, an inevitable con-
sequence of the limited station coverage and of the
smallness of the internal component with respect to the
external component. Examples of field mapping and of
separation into external and internal components are
presented. A comparison between the three—dimensional
field separation and a two-dimensional separation from
a single chain of stations shows that significant differ-
ences can arise in the inferred internal component, al-
though for the present data set these differences are
generally less than the statistical mapping errors. The
technique is compared with other methods of analysis,
and possible future improvements are pointed out, par-
ticularly concerning allowances for local anomalies and
for frequency dependence of the spatial power spectra.

Key words: Magnetometer arrays — Inverse theory —
Magnetic field mapping — External and internal mag-
netic field separation — Optimal linear estimation —
Spatial power spectrum — Spatial correlation

Introduction

Spatial patterns of magnetic variations, when properly
analyzed, can provide considerable information about
electric current systems in the ionosphere and magne-
tosphere, as well as about the conductivity structure
within the earth. The main observational source of
information about these patterns comes from arrays of
magnetometers spread over some portion of the earth’s
* Present address: Max-Planck-Institut fur Physik und Astro-

physik, Institut fur extraterrestrische Physik, 8046 Gar-
ching, Federal Republic of Germany

Oflprint requests to: A.D. Richmond

surface, providing point measurements of the magnetic
field continuously in time. To infer the spatially con-
tinuous patterns from these point measurements and to
determine the accuracy of the inferred patterns is a
significant problem in geophysics. The primary purpose
of this paper is to develop a practical approach to this
problem and to demonstrate its application to a data
set from the Scandinavian Magnetometer Array
(Kiippers et al., 1979). The technique we develop tends
to minimize the inevitable error of estimating con—
tinuous functions from point measurements by incor-
porating previously determined geophysical information
in the process, and by using statistical information ob-
tained from the data at hand. Being able to quantify
the horizontal spatial characteristics of the magnetic
perturbations allows us to proceed with further types of
analysis which would not otherwise be possible. The
field can be separated into an “external” part, as-
sociated solely with overhead currents, and an “in—
ternal” part, associated solely with currents induced
within the earth, below the plane of observation. The
external component can be continued up to the base of
the overhead current region in the ionosphere by using
the potential field approximation (e.g. McNish, 1938;
Nagata, 1950). This upward continuation can bring
more sharply into focus concentrated ionospheric cur-
rents like electrojets (e.g. Mersmann et al., 1979) and
even reveal small-scale features within the electrojet
(e.g. Sulzbacher et al., 1980) which may be overlooked
in the ground-level field. For earth conductivity studies
quantitative knowledge of the wave number spectrum
of magnetic variation fields is often important (e.g.
Wait, 1962; Price, 1962, 1967; Srivastava, 1965; Ri-
kitake, 1966; Hermance and Peltier, 1970; Hutton,
1972; Schmucker, 1973; Hibbs and Jones, 1978; Bea-
mish, 1979; Quon et al., 1979; Lange, 1979; Roki-
tyansky, 1982) but this knowledge has in the past been
inaccessible or difficult to obtain. The technique we
develop allows an estimation of this spectrum.

In previous studies which analyzed magnetic var-
iations from several stations simultaneously to deter-
mine the external and internal components, the basic
approach involved either fitting model currents with
adjustable parameters to the data, or else performing
an unrestricted mathematical analysis with some sort of
smooth interpolation between stations. Model fitting of
two or three-dimensional currents has been performed,
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Table 1. List of Scandinavian Magnetometer Array stations used in this study

Station Name Symbol Lat. Long. x (km) y (km) * A B Z

Malôy MAL 62.18 5.10 —350 -—887 C >< >< ><
Hellvik HEL 58.52 5.77 — 735 — 1,033 C >< >< ><
Namsos NAM 64.45 11.13 — 239 — 509 C >< >< ><
Arvika ARV 59.60 12.60 — 774 — 623 >< x x
Okstindan OKS 65.90 14.27 — 136 — 317 >< >< ><
Risede RIS 64.50 15.13 —296 —— 326 >< >< ><
Hassela HAS 62.07 16.50 — 575 — 338 >< >< ><
Lovö LO 59.35 17.83 — 888 — 348 >< >< ><
Andenes AND 69.30 16.02 202 — 134 C ><
Evenes EVE 63.53 16.77 112 — 129 >< >< ><
Ritsemjokk RIT 67.70 17.50 15 — 124 >< >< ><
Storavann STO 65.78 18.18 — 198 — 150 x >< ><
Lycksele LYC 64.57 18.68 — 335 — 160 >< >< ><
Mikkelvik MIK 70.07 19.03 255 0 C >< >< ><
Rostadalen ROS 68.97 19.67 130 — 4 >< >< ><
Nattavaara NAT 66.75 21.00 — 122 — 3 x x x
Pitea PIT 65.25 21.58 — 291 — 10 x >< ><
Nurmijärvi NU 60.50 24.65 — 839 51 >< >< ><
Bear Island B4 74.52 19.02 736 116 C x >< ><
Söröya SOR 70.60 22.22 287 129 C >< >< ><
Mattisdalen M AT 69.85 22.92 200 139 >< >< ><
Mieron MIE 69.12 23.27 118 139 x x
Muonio MUO 68.03 23.57 — 2 131 >< >< ><
Pello PEL 68.85 24.73 — 140 159 x ><
Oulu OUL 65.10 25.48 — 337 166 >< >< ><
Sauvamäki SAU 62.30 26.65 — 654 184 >< >< ><
Skarsvag SKA. 71.12 25.83 324 268 C x x ><
Kunes KUN 70.35 26.52 236 282 >< ><
Kevo KEV 69.75 27.03 167 294 x >< ><
Sondankyl'a SO 67.37 26.63 — 93 248 >< x x
Vadsö VAD 70.10 29.65 197 397 x >< ><
Loparskaya LOP 68.60 33.30 25 534 x >< ><
Lovozero LZ 67.98 35.02 — 42 606 >< >< ><

* Coastal stations noted with “C” are assigned extra truncation error in the Z component (see text)
“A” (northward), “B” (eastward), and “Z” (downward) data are available if so noted with “ ><

for example, by Walker (1964), Czechowsky (1971),
Horning et al. (1974), Fambitakoye and Mayaud (1976),
Oldenburg (1976a), Bannister and Gough (1977, 1978),
Gough and Bannister (1978), Loginov et al. (1978),
Maurer and Theile (1978), Hughes et al. (1979), Aka-
sofu et al. (1980), and Baumjohann et al. (1981). A
disadvantage of the model-fitting approach up to now
has been the necessity to restrict greatly the number of
parameters allowed in the model, in particular making
very simple assumptions about earth currents. Unre-
stricted mathematical analyses of external and internal
variations so far have been performed primarily either
in two dimensions over a relatively limited portion of
the earth, assuming no dependence of the variations on
one horizontal (e.g. east—west) coordinate (McNish,
1938; Nagata, 1950; Forbush and Casaverde, 1961;
Fambitakoye, 1973; Onwumechilli and Ogbuehi, 1967;
Onwumechilli, 1967; Mersmann et al., 1979; Kiippers
et al., 1979; Sulzbacher et al., 1980; Carlo et al., 1982)
or else in essentially three dimensions for the globe as a
whole (e.g., Price and Wilkins, 1963; Rikitake, 1966;
Matsushita, 1967, 1975; Stone 1971; Parkinson, 1971;
Malin, 1973; Alldredge, 1976; Mishin, 1977; Malin and
Gupta, 1977; Harwood and Malin, 1977; Suzuki, 1978;
Yukutake and Cain, 1979; Mishin et al., 1979; Langel
et al., 1980; Winch, 1981; Matsushita and Xu, 1982;

7’

Langel, 1982; Campbell, 1983). One exception has been
the study of Porath et al. (1970), which attempted a
field separation over a two-dimensional array of limited
extent, as in the present paper. In the unrestricted class
of analyses one needs some algorithm to interpolate the
data between stations and, unless the entire globe is
analyzed, to extrapolate beyond the outermost stations.
Generally some simple form of smooth interpolation
has been used, such as a cubic spline fit, a hand-drawn
curve, or an early truncation of the harmonic series
used to represent the data. These techniques often in-
volve subjective judgments which can strongly affect
the results, as has been demonstrated by Matsushita (in
press 1983). In addition, these techniques fail to give
quantitative information about how well the results
represent the true field at any given point, a problem
that exists even in more sophisticated techniques of
analysis (e.g. Fougere, 1963; Parkinson, 1971; Bazar-
zhapov et al., 1976; Whaler and Gubbins, 1981).

The technique developed here belongs basically to
the unrestricted class of analyses, in that a very large
set of functions is fitted to the data. However, the tech-
nique also has some characteristics of model-fitting ap-
proaches, in that information about geophysical con-
straints on the allowed current systems is incorporated.
The degree of interpolation smoothing is optimized by
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adjusting it to the expected statistical characteristics of
the data. A very important feature of our technique is
its ability to quantify the errors involved in interpolat-
ing, separating, and mapping the magnetic variations.
Without good information about these errors, which
can be quite significant, it is not possible to make
reliable interpretations of the estimated fields.

Data description
The data for this study come from the Scandinavian
Magnetometer Array. The 33 stations used are listed in

Table l and are shown in Fig. 1. The coordinates given
in Table] are for the Kiruna system, defined by
Kiippers et a1. (1979), and have the sac—axis towards
magnetic north (12Ü west of geographic north at Ki-
runa), the ydaxis towards magnetic east, and the z-axis
directed downwards. A single six-hour period is used,
from 16:00 UT to 22:00 UT on 7' October 1976. For
most stations three components of the magnetic varia-
tion field are available, but for a few either the vertical
or horizontal components are missing, as shown in
Table]. The total number of available station-coin
ponents is 94.

The data were digitized from photographic records
with 10-s resolution and averaged at one-minute in-
tervals, and a quiet—time level was subtracted out. We
estimate that the combined digitization and baseline-
determination errors are on the order of 50,“, (cf. Mers—
mann, 1978), a value we employ to represent random
measurement error in our analysis.

This particular data set has been previously dis-
cussed by Baumjohann et a1. (1978) and Kiippers et a1.
(1979). Stacked magnetograms for one chain of stations
are diSplayed in Fig. 2, with A, B, and Z representing
variations in the x (northward), y (eastward), and z
(downward) directions, respectively. From 16:00 to
18:20 UT the signature of an eastward electrojet (posi-
tive A perturbation) can be detected at all stations
except B4 (Bear Island). A moderate disturbance began
around 18:30 UT, when the eastward electrojet first in-
tensified at most stations, followed by a reversal as-
sociated with the intrusion of a westward electrojet at
all but the southernmost stations. At this time, the
spatial pattern had important east—west as well as north-
south gradients, a situation which the three-dimen-
sional analysis technique developed in this paper is
designed to handle.
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, B, and Z components are in the x, y, and z directions,
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The configuration of stations in the Scandinavian
Magnetometer Array presents certain limitations on
how well a spatial analysis can be performed. Except
for station B4 the array essentially terminates at the
Norwegian coastline, so that coverage of the strong
auroral current to the north is incomplete. Further-
more, for the more rapid variations strong coastal ef-
fects associated with the internal currents just beyond
the coastline affect the measurements (e.g. Kiippers et
al., 1979; Parkinson and Jones, 1979; Jones, 1981) but
again the lack of stations beyond the coastline prevents
accurate coverage of these effects. We have not attempt-
ed to quantify how'these limitations might influence
our data analysis procedure, but we keep them in mind
in interpreting the results. We might note that the
difficulty of properly handling coastal effects with land-
based measurements alone arises even for the long-
period Sq variations (Hobbs, 1981).

Field expansion in basis functions

We assume a plane earth model, corresponding to the
Kiruna coordinate system. The magnetic variation field
bw(x, y, z) (where w refers to either the x, y, or z vector
component) is well represented by a magnetic potential
function V(x, y, z) at heights between the earth and the
base of the ionosphere:

bw= ——ôV/ôw
i

(1)
Z (02 V/ÔWZ) =0 (2)
where z denotes a summation over the x, y, and z

W

components. It is convenient to express V as a lmear
combination of basis functions 17j:

J

V(x‚y‚ Z)= Z ujnj(x‚y‚ Z)+ V’(x‚y‚ Z) (3)
j=1

where V’ is that portion of V orthogonal to the chosen
finite set of basis functions. The corresponding expan-
sion for bw is

J
bw= Z ujßwj—ÖV’/Öw (4)

j=1

where

ßwj: —Ö’7j/ÖW- (5)

In the present study we choose Fourier harmonics as
the basis functions, so that we essentially perform the
calculations in wavenumber space, and then convert
back to real spatial coordinates. Fourier harmonics
have the advantages of being orthogonal and having
well-understood properties, but other choices could
also be made, such as distributions of external and
internal dipoles. The spacing of measurement points
places limits on the range and resolution of harmonics
that can be meaningfully determined. The maximum
spacing, about 1,600 km in both the x and y directions
for our data, permits a resolution of two harmonics
(sine and cosine terms) per wavenumber increment of
(27r/1,600)km“1, or one harmonic per (7t/1,600)km—1
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increment. We actually allow for a somewhat greater
resolution in our analysis, with one harmonic per
(7r/2,200) km~1 increment, in order to avoid having
edge effects appear too close to the outermost stations.
The maximum wave-number for which useful infor-
mation can be obtained is approximately 7: divided by
the minimum measurement spacing, yielding approxi-
mately (71/70) krn‘1 in the x direction and (n/ 110) km—1
in the y direction. Because of computer limitations we
actually truncate the series at somewhat smaller wave-
numbers of (7t/107)km‘1 in x and (7t/122)km‘1 in y;
however, it turns out that there is relatively little power
in the larger wavenumbers so that not much infor-
mation is lost. We choose the following basis functions
over the region x=x0 to x=xO+Ax, y=yO to y=y0
+Ay (x0: — 1,100 km, yo: — 1,300 km, Ax=Ay=2,200
km):

w, y, 21:15 cos wx —xo)]
'l/ 2—631C05Ujly—J’OHeXiZ) (6)

_ 0 ifmU)=1:0
531—{1 if mU)=0. (7)

The discrete horizontal wavenumbers kj, lj can be rep-
resented by

kj=(n+ 1/2)7t/A x,
lj=m7t/Ay,

0§n(j)_£_N (8)
0§m(i)§M (9)

where n and m are integers lying in the ranges in-
dicated, with N :20 and M = 18. Because (3) is a two-
dimensional series n runs through its entire range for
each value if m, and vice versa. (In practice, wavenum-
bers for which r12+M2>N2 are eliminated from the
series, in order to reduce the size of J.) For (2) to be
satisfied, yj must be

vj= i kf+l§< (10)
The plus sign corresponds to “internal” components of
the potential, which decay with increasing altitude
(negative 2), while the minus sign gives “external” com—
ponents of the potential, which decay with decreasing
altitude. Internal-external pairs of functions exist which
have identical horizontal wavenumbers but opposite
signs of yj; for convenience of discussion we place these
pairs adjacent within the series so that if j is odd 27j is
an internal term and 11j +1 is an external term. The
functions 11j and 11j +1 are themselves not orthogonal,
but their gradients are, in that 2(ßwjßwj +1) integrated

horizontally over the analysis region vanishes. The total
number of basis functions used in this study is J 2656.

The choice of Fourier harmonics represented by (6)
effectively imposes the following boundary consitions on
that part of V represented by the series in (3): the
north—south gradient vanishes at the northern, western,
and eastern boundaries, while the east-west gradient
vanishes at the southern boundary. Because bx tends to
be larger than by at auroral latitudes, the northern,
western, and eastern boundary conditions are reason-
able choices. The southern boundary condition makes
less sense physically, but is mathematically convenient.
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(If we had instead required each 17j to be zero on the
southern boundary as well as on the northern bound-
ary, the average value of bx over the analysis region
would be forced to vanish, a poor constraint if a domi-
nant eastward or westward electrojet is present.) The
influence of these boundary conditions on our mapping
procedure is examined further below.

The representation (3) is valid only within the rect-
angle defined by x0, yo, Ax, A y. The Fourier repre-
sentation valid over all space can be written

V(x‚ y, z): T dk Î dl{ëe(k,l)

-eXp[ik(x—xo)+i1(y—yo)—VZ]
+502 06X1)[ik(x—xo)+il(y-yo)+v2]} (11)

y=]/k2+l2 (12)
where the superscripts e and i refer to external and
internal components and the number i equals 1/ —l.
The relation between the discrete coefficients u]. and the
functions 3, 5‘ can be obtained through multiplying the
external part of (11) by 17j (j even) or the internal part
by 77,- (j odd) and integrating over the area of the
rectangle at ground level:

„j: Î dk Î dlé(k,l)[I/Vj(k,l)+Wj(—k,l)

+ Wj(k, —1)+ Wj(—k, —1)] (13)
_1/1—ôg/2 sin(k—kj)Ax .l—cos(k—kj)Ax

Wj(k,l)— 2 [ (k—kJ-Mx +1 (k—iX J
sin(l—lj)Ay ,1—cos(l—lj)Ay
[(l—ly l (l—zjmy l (14)

where (13) applies separately for the external and in-
ternal components. The weighting functions W]- peak
where |k|=kj and |l|=lj but have a finite width in k—l
space about these peaks, and acquire complex values
away from the peaks. Thus our coefficients u. represent
some weighted average of the true spectral] functions
C(k, I), so caution must be exercised in interpreting the
Fourier spectrum in terms of the discrete coefficients.
The problems arise mainly for small wavenumbers
(long wavelengths), where the width of the weighting
functions become comparable to the value of kj or lj.
Other than pointing out this complication in the in-
terpretation of results, we shall not pursue these effects
further.

Estimation of coefficients

At any one instant of time there are I data values,
consisting of one, two or three measured components
of the magnetic variation vector at each station. (In the
present analysis, I =94.) The ith data value Hi can be
expressed as

J

Bizbwibcia yia 0)+8i: Z Bijuj+vi (15)
j=1

Bijzßwijbciayiao) (16)

vizai—ÖV’(xi‚yi‚O)/Öwi (17)

where wl. refers to the direction of the measured com-
ponent (northward, eastward, or downward), 8,. is a
measurement error, assumed random. The quantity vi
represents the combination of measurement error and
truncation error associated with the finite series repre-
sentation of the field. The goal of our calculations is to
obtain estimates ûj of the coefficients uj by forming an
appropriate linear combination of the data:

A..9.. (18)JllM“u]:
i 1

We wish to determine coefficients Aj, that can be used
in (18) for a large variety of data sets, taken at different
times, say, comprising in effect a statistical ensemble. In
order to determine the Aji’s in such a way that the
difference between each ûj and uj is minimized, we
apply the theory of optimal linear estimation.ASpecifi-
cally, if we define the estimated variation field bw as

J

bw: z üjßwj (19)
j=1

then we wish to minimize the following quantity:

xo+Ax yo+Ay

E j j 2(l3w—bw)2dydx
J

=AxAy Z 2yÎE[(ûj—uj)2]
j=1

xo+Ax yo+Ay

+E§j
x0 YO

(grad 1/3261d (20)

where E denotes the statistically expected value, or
average over the ensemble.

Although we are seeking a single set of coefficients
A j,- applicable to the entire ensemble, the coefficients
will depend on the characteristics of the ensemble, and
will therefore be different for ensembles with different
characteristics. The ensemble can be chosen to repre-
sent a specific class of cases, such as quiet-day vari-
ations, eastward electrojets, substorms, pulsations, or
variations of a particular harmonic frequency. On the
other hand, the ensemble can be chosen to represent all
classes of cases put together. Obviously, the more rep-
resentative the ensemble is of the actual magnetic
variations being analyzed at a given instant of time, the
smaller the difference between bw and bw will be. As we
shall see, we do not need detailed information about
each member of an ensemble in order to find the Aji’s,
but rather only certain statistical measures of the en-
semble as a whole. It will also be shown in the next
section that the appropriate statistical measures can be
estimated from the available data by application of
inverse theory.

In order to determine the coefficients Aji we use (18)
in (20) and set derivatives with respect to each coef-
ficient equal to zero:

Ö J 1 2
{AxAy Z ziEHZ Aii—uj)]

ÖAkl j=1 '
(=1

xo+Ax yo+Ay

+11
350 YO

(grad V’)2dydx}=0. (21)
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This yields

4AxAyn [0, (il Ame, —uk)] =O (22)

and therefore

:1 AkiE(910,-)=E(9,uk) (23)

which must hold for all indices k and Z. This represents
a set of equations to be solved for the Aki provided the
statistical properties of the variation field are known as
they affect the expected value quantities in (23).

At this point it is convenient to introduce matrix
notation. Let 6, u, û, and v be column matrices of
length I, J, J, and I, respectively, containing the ele-
ments Hi, u 12j, and vi. Let A and B be J><I andja

I >< J matrices containing the elements Aji and Bij,
respectively. Then (18) and (15) can be written

û=A0 (24)
0 = Bu + v (25)

and the set of equations (23) can be written

AE(00T)=E(u0T) (26)

where a superscript T denotes a transposed matrix. By
use of (25) together with the assumption E(uvT) = O we
find

E(00T) = E [(Bu + V)(uTBT + VT)]
=BE(uuT)BT+E(v) (27)

E(u0T)=E[u(uTBT+vT)] =E(uuT)BT. (28)

Defining the moment matrices Cu‘ (dimensioned J ><J)
and CU (dimensioned I >< I) as

Cu = E (uuT) (29)
CU=E(v) (30)
we can express the solution of (26) for A as

A=(CuBT)(BCuBT+Cv)‘1 (31)

where the superscript “—1” denotes an inverse matrix.
This result is an expression of the Gauss-Markoff
Theorem used in optimal linear estimation theory (e.g.
Liebelt, 1967, Chap. 5). The key now to estimating mag-
netic variation patterns from the combination of (19),
(24), and (31) is to know the spectral density matrix Cu
and the error matrix C0. The manner in which these
are determined is described in the next section.

Three additional remarks can be made concerning
the optimal linear estimation technique. First, Cu is not
the covariance matrix for u unless the expected value of
u is zero, in contrast to the interpretation of Jackson
(1979). Second, the matrix A can also be calculated as

A=(C;1+BTC;IB)-IBTC;1 (32)
(Liebelt, 1967; Jackson, 1979) which yields the same
result as (31) but can be computationally simpler if
J<I, that is, if more observations are available the

143

number of basis functions. Third, the result (31) or (32)
can also be obtained be requiring minimization of the
following quantity for any given set of measurements:

ûTC;1û+(Bû—0)TC;1(Bû—o). (33)
Although the physical significance of (33) is not as
transparent as the meaning of (20), the minimization of
quantities in the form of (33) but with a different mean—
ing assigned to Cu has been the basis of mapping tech-
niques developed elsewhere (e.g. Shure et al., 1982;
Richmond and Venkateswaran, 1971; Kroehl and Rich—
mond, 1979). We compare briefly the present technique
with others in the Discussion section of this paper.

Estimation of C,

The moment matrix C“, as we shall see, contains infor-
mation about the spatial power spectrum and spatial
autocorrelation of the class of magnetic variations it
represents, and therefore has considerably more signifi—
cance than merely a mathematical quantity needed to
produce optimal linear estimates of the magnetic varia-
tion patterns. Different Cu’s can be used to represent
different classes of variations (e.g., different frequency
components) or, if we are content with less accuracy in
our estimates, a single C, can be used to represent all
classes together. In principle C, can be specified inde-
pendently of the particular data set under analysis,
provided one has independent information about the
spatial power spectrum or spatial autocorrelation char-
acteristics of the magnetic variations. Since these char-
acteristics have not yet been determined for the Scandi-
navian region (nor for any other region, for that mat-
ter), we must estimate them from the available data.

For the present study we use a single Cu to repre—
sent the properties of the magnetic variations in the six-
hour period under investigation. Ideally we would have

C, = <uuT> (34)

where the angled brackets denote the time average over
the period. The quantity (34) cannot be determined
precisely, since we do not know what the true coef-
ficients u are. Thus we have an inverse problem of
trying to estimate (34) from the available observations.
Bretherton and McWilliams (1980) have reviewed the
application of inverse theory to the problem of fitting a
power spectrum to sparse irregularly spaced data. In
this paper we adopt a simpler approach than that out—
lined by Bretherton and McWilliams, with the justifi-
cation that a fairly rough estimate of Cu is adequate to
demonstrate our mapping technique. Our approach to
estimating Cu has the virtues of being straightforward
and of appearing to give reasonable results. It has the
drawbacks of being nonrigorous and of not providing
quantitative information about the accuracy of the re—
sultant Cu.

Our procedure is an iterative one. We begin with a
first guess for Cu and calculate û at five-minute in—
tervals throughout the six-hour period. We then calcu-
late the moment matrix for û,

Cû=<ûûT> (35)
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Cû is related to C“ by the expression

CüzAßCz' (36)

(Liebelt, 1967, Chap. 5). It is not, however, an unbiased
estimate of C“. In particular, the diagonal elements of
Cû tend to be smaller than the corresponding elements
of C“. This occurs because in the presence of increasing
uncertainty, the optimal estimate û will tend toward
zero in order to minimize the probable error. To get un
unbiased estimate of C we use the following relation:U”

C„= [C„C2 ‘1C.~. = [C„<ABC;:‘) ‘]<ûû"'>. (371
The first guess for Cu is used to evaluate the right-hand
side of (37), which is then used as 11 new estimate of C“.
This procedure does not yield 11 perfectly symmetric
matrix, so the result must be made symmetric by
averaging the calculated Cu with its transposed form
C15. The estimation procedure can then be further iter-
ated.

It should be noted that the absolute magnitudes of
the initially assumed Cu 11nd C, are irrelevant, since 11
multiplication of all their elements by 11 constant would
leave A and the expression in square brackets in (37)
unchanged. It should also be noted that this estimation
procedure may not necessarily always converge, nor
need it converge to the true value of C“. One obvious
limitation, for example, is the fact that we have at most
I(I+1)/2 independent measures of the statistical prop-
erties of the data in the symmetric matrix <00"),
while C, can have many more elements than this. Ap—
plication of formal inverse theory techniques could help
determine the accuracy of C“, but we do not attempt
such a determination in this paper. Instead, we con-
strain Cu to be well-behaved by expressing it in terms
of a relatively few number of free parameters, taking
geophysical information into account in choosing the
form of parameterization. The parameterization choices
and the reasoning behind them are summarized below.

'

(1) We assume that all elements of Cu are zero
except those elements (11, u >for which ki: k and li: 1].,
which holds only for the diagonal elements of C and for
those off-diagonal elements corresponding to internal-
external pairs. Cu is thus composed of 2 >< 2 submatrices
along its diagonal, with all other elements zero. As we
shall see in the next section, this assumption essentially
corresponds to spatial stationarity, for which the sta-
tistical properties of the magnetic variations are inde-
pendent of horizontal location. It is a strong assump-
tion that departs significantly from attaining the ideal
representation (34), because significant off—diagonal ele-
ments can arise from spatial inhomogeneities like the
increase in magnetic variation amplitudes towards the
north or nonuniform earth conductivities, as well as
from the fact that the average values of the coefficients
do not vanish over the time interval examined. In effect,
then, we should tend to produce a spectral density
matrix representative of a less specialized class of
variations than those of this particular data set, so
that the accuracy of our subsequent field estimates is
degraded. However, this assumption is extremely con-
venient computationally, and produces adequate results
for the purposes of the present study.

(2) The external elements (i even) are parameterized
as

<U_Î>=g162”"(g2+CÏ/3’(2>)“"‘ (38)
ÇÏ=g3kÎ+(2'—g3)lî (39)

where g1, g2, g“, p1 are free parameters, y” is 11 nor-
malizing factor, arbitrarily set to l() '5 m " ‘, 11nd H is
ll()km, roughly the mean height of auroral ionospheric
currents (e.g. Kamide 11nd Brekke, I977). The exponen-
tial factor in (38) accounts for geometrical attenuation
between the ionosphere 11nd the ground (remember that
y is negative for external terms) The manner in which
k; 11nd l; are combined to form C; allows for spatial
anisotropy, i..,e stronger north-south than east-west
magnetic variations when ()<g3< 1. Initial attempts to
fit the data with 11 simple power law dependence of
(21,2) on {[2, that is, with g2 =0 in (38), pioduced un-
satisfactory results, hence the introduction of this extra
parameter.

(3) Each internal component 11 (j odd) is assumed
to be partially correlated with the instantaneous exter-
nal component 11 1of the same horizontal scale, with
the degree of correlation being 11 function only of y]. as
would be expected for a horizontally stratified conduct-
ing earth. That1S, we assume

“J =fjuj+1+ u;- (40)

where u is statistically uncorrelated with uj+1 and
where

fj=g4(VÎ/vâ)_"2 (41)
with g4 and p2 being free parameters. That a portion of
u is uncorrelated with the instantaneous external com-
ponent u+j1 of the same horizontal scale can be
thought of as arising from two effects. First, the in-
duced earth currents depend on the past history of the
external variations and not just the instantaneous val-
ues (e.g. Nopper and Hermance, 1974; Mareschal,
1976). Second, the conductivity structure of the earth
departs significantly from a horizontally stratified form
(e.g. Kiippers et al., 1979; Jones, 1981) so that a portion
of uj is caused by external fields of different horizontal
scales than represented byu For simplicity we as-
sume that <u’2> is isotropic+ and of power law de-
pendence on 11].;

(“32> = g21mg) p3 (42)
where g5 and p3 are free parameters. With these as—
sumption the internal diagonal elements of Cu become

<uÏ>=g5(vÎ/yâ)p3+f<uf11> (43)
and the off-diagonal elements become (with j odd)

<ujuj+1>=fj<uÿ+1>' (44)

In (43) and (44) the external moments (111+1) (j odd)
are given by (38).

In each iterative application of (37) to determine
Cu, the functional forms given above are fitted to the
elements computed on the right-hand side of (37), rath-
er than retaining the full information contained in all



'I‘alilc 2. Comparison of initially assumed and finally derived
parameters used to represent (2”.

Parameter Initial Value l-‘inal Value

g, l |.0:>< 10 7(T-m)2
s“. Ü (1.31
g‘1L 0.4 0.3
LL, 11.2 (1.1174
g5 0.04 2.8 x l0 ü ('|'-111)2
PI 3 2.5
I”: 0 0.4l
It, 3 I.H

these elements. Consistent with this simplification the
amount ol computation is greatly reduced by retaining
in the matIices ABCf and <00") only those elements
in the 2x2 subm11|1LLL along the diagonal, that is,
only those elements corresponding to non-zero ele-
ments of the parameterixed C".

Since the matrix A involves CF. some knowledge of
this error matrix is required in order to fit C" to the
data. Fortunately. for the present application we can
expect CF to be relatively small. We assume that the
combined measurement and truncation errors are un-
correlated between the various stationwcomponents, so
that CP has non-zero elements only on its diagonal.
Initially, we assumed that these elements were 0.0025
times the corresponding diagonal elements of BCNBT in
(31), representing errors II, of approximately 5% the
data values Uj. After the second iterative application of
(37) it appeared that an inadequate fit of C" to the data
for the higher harmonics could be ameliorated by in-
creasing the error matrix. Supposing that the extra
error might reside in small—scale (truncated) features,
producing greater relative error in the vertical than
horizontal components and exaggerated near the coast,
we tried

<Ü12>=(BC..BT)11

[0.01
for horizontal components

0.0225 for non-coastal vertical components (45)
10.09 for coastal vertical components

where the “coastal“ stations are noted in Table l. This
choice improved the fit of Cu to the data, and for this
reason alone was adepted.

Three iterations using (37) appeared to yield a re-
sultant Cu very similar to what was input from the
previous iteration. Details of the fitting algorithm need
not be given here, but some indication of the type of
agreement sought may be seen by noting the com-
parisons between the parameterized and computed Spa-
tial power spectra in the next section. Table 2 shows
how much the final parameters differ from those ini-
tially assumed. With these specifications of C“ and CL.
the root-mean-square difference between calculated and
observed magnetic variations is 12%, of the root-mean-
square observed values for this data set.

Finally, we should point out that the fit of Cu to
data does not of necessity require availability of a time
series. The fit could also be performed with data from a
single instant of time, for example, provided the num—
ber of data values is much larger than the number of
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parameters fit. However, the more sets of data that can
be incorporated representative of the class of variations
being analyzed, the more accurately can (ÏH be de-
termined.

Properties of C"

The elements in the 2x2 submatriccs along the diag-
onal of (7” represent the mean spatial power spectrum
of magnetic variations for the period of time we are
analyzing. The average value of (Va) over the analysis
region at the earth‘s surface can be written

l 1'11 I .l.\' _'I'II l .“11'' i
V3 l.“ f “

Apr/Ir .L'l. ,:l,, < >r u "i
J

(I) (L'J- (- i'i‘p ft”.PI}. + (I’m AÏ1'“ -24/1 m. z I t I ( I t III
l

.\.,1.-.h_1n+.““1_1

"FAX/fr _n .i,
<V’2>Ll.vd_r (4(1)

where

(12"(kj,Ij)=4/lx/I_).“<11Ë>, j even (47)
(NUL. l'.)=4Ax.A Mai). j odd (48)
('D”(k_,.J)—4s11.“<1rj11Hl>. _‚i odd. (49)

The functions If)" and d)" are the two—dimensional power
spectral densities of the external and internal com-
ponents of V, and d)” is the cross-spectral density. They
have units of (magnetic potential)2 per unit inverse
wavelength in x, per unit inverse wavelength in _v. The
spatial power spectral densities of the vector magnetic
variation components are simply related to these func-
tions. For northward magnetic variations. the corre-
sponding power spectral densities are just k2 times CD‘,
(15' and (15“. For eastward magnetic variations they are
[Î times the respective functions. For vertical magnetic
variations the power spectral densities are “a? times CD"
and LP' for the separate external and internal spectra,
but H}? times CD“ for the cross-Spectrum.

Figure 3 shows the power spectral densities ob-
tained from our parameterized C,, The solid line in
Fig. 3a shows (153 plotted againstv /2n for the case of i.
=0 (and therefore m: 0), while the dashed line shows
(15" plotted against"1/2”; for the case of k =0 (and
therefore n: —1/2) The difference between these two
lines results from the anisotropy of the magnetic var-
iations with respect to the north-south and east-west
directions. As an indication of how consistent these
curves are with the data set we used, points are plotted
which are derived with the aid of (37). These points are
obtained in the following manner. First, the right-hand
side of (37) is computed as discussed in the previous
section This is defined to be an estimate C of the
moment matrix C“. Next, the external diagonal ele-
ments of Cu are normalized to correspond either to the
11:0 case as

A 2 P1

gz'l'gsl’j/:’o

or else to the kj=0 case as
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Fig. 3a and b. Spatial power spectral densities for the external
3 and internal b magnetic potential components from the
Scandinavian Magnetometer Array data of 16:00—22:00 UT, 7
October 1976. Solid lines show the fitted spectral functions for
variations of the north-south wavenumber, with a zero east-
west wavenumber. Dashed lines show the spectra for vari-
ations of the east-west wavenumber, with a zero north-south
wavenumber. Crosses and dots, corresponding to the solid
and dashed curves, respectively, show the calculated power
densities for subgroup medians of the spatial Fourier series,
averaged over the six-hour time interval. See text for further
explanation

A gz—l—Cf/yg P1
1„i 2 2 (5 )

g2+(2_g3)Vj/Vo

depending on which normalizing factor produces the
smaller relative change. Next, for each of the two re-
sultant sets of values, the values are grouped in subsets
of 1, 3,5, by increasing yj. Finally, for each subset,
the median value is found, multiplied by 4AxA y, and
plotted against the median value of yj/Zn for the subset.
Circles are used the kJ-‘=0 case and crosses for the 11:0
case. Figure 3b, for (15’, is obtained in an entirely anal-
ogous manner. The normalizing factors are different
from the external case, but are sufficiently complex
(although easily derived) that they are not written ex-
plicitly here.

Figure 4 illustrates the relations between the in-
ternal and external components. The solid line in Fig.
4a plots the function fj, which is the ratio between the
coherent fraction of the internal potential and the ex-
ternal potential. The points are the subset medians of
Cuj/CujHjH. As previously, the subsets are formed
by grouping 1,3,5, values by increasing yj. Only a
fraction of the internal magnetic variations is coherent
with the same spatial scale of external variations. The
total internal component is on the average larger than
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Fig. 4a and b. Derived relations between internal and external
magnetic components for the Scandinavian Magnetometer
Array data of 16:00—22:00 UT, 7 October 1976. a The solid
line shows the function fj, representing the ratio between the
coherent fraction of the internal component and the total
external component, as a function of inverse wavelength. The
points show subset medians of this ratio obtained from the
spatial Fourier series, averaged over the six-hour time in-
terval. The dashed lines show the ratio of the total internal
magnitude to external magnitude for horizontal wavenumbers
directed north—south (lj=0 curve) or east-west (k.=0 curve). b
The curve gives the equivalent depth of a perfectiy conducting
layer which could represent the function fj according to (52).
Points correspond to the points in a with small wavenumbers

its coherent fraction alone. To illustrate this, we show
with dashed lines the functions (<uÿ>/<uf+1>)1/2, with j
odd, for the 1:0 and kj=0 cases. The curves represent
the ratio of the average magnitude of internal magnetic
variations to the average magnitude of external vari-
ations as a function of yj/Z n.

For a fixed value .of yj the coherent portion of the
internal variation can be represented by a simple model
of earth conductivity involving a perfectly conducting
layer at a depth D below the surface, overlain by a
perfect insulator. At this conducting layer the total
vertical magnetic variation must vanish, meaning that
the external and internal magnetic potentials become
equal. For the coherent portion of the internal poten-
tial to equal the total external potential, the depth must
be

D=—l—O—gÂ. (52)
Zyj

This depth is plotted in Fig. 4b.
The moment matrix for u can also be used to de-

termine the spatial autocorrelation functions for mag-
netic variations. These are of interest, for instance, for
the purpose of knowing how well the magnetic varia-
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tion field measured at one point can be used to repre-
sent the field at some distance removed, information
that is needed when correcting magnetic surveys for
fluctuating fields (e.g. Regan and Rodriguez, 1981). Let
us represent a particular component of the variation
field at point 5 on the ground as

bi=uTfii+ri=fiiTu+ri (53)
where Bf, is a column matrix with elements ßwJ.(xs‚ yS,
O), and rf, is the truncation residual (a scalar quantity).
The autocorrelation between the magnetic variations at
points S and t is

1309361916) = E [(IîîvTu + rfv)(uTl¥’w + (16)]
= [356T Cufl‘w + E (Ffv (9- (54)

With the simplified form we have assumed for CJJ, (54)
yields the following expressions for the x, y, and z
magnetic components:

E(bib‘)= Z(<uJ2>+<u2J+1>+2<uJuJ+1>)

jg? ‘e;+E(r;) (55)

E(bïb’y)= Z(<uÏ>+<uÎ+1>+2<uJ-uJ-+1>)

M;HUI—E0”y) (56)

E(bib2)= _Z (<uÎ>+<uÎ+1>-2<uJ-uJ-+1>)

'jd: 2J+E(r§r§- (57)
Let us evaluate (57) further. We have

2J2J=2VJ COS [kJ (x-xo)] COS [kJ-(xt—xofl
I/2- 5° COS [1J- (ys-yofl COS [lJ-(yt —yo)]

=yJ. {cos[kJ (x— x.)] + cos [kJ.(x,+x,—2x0)]}
2 2y0)]}.

(58)
mX {COS [lJ-(ys —yt)] + COS [lJ-(sryt -

Note that the multipliers of figJß‘ZJ within the sum-
mation expression in (57) are always positive. The ex-
pressions cos [kJ- (XS— XJ] and cos [lJ. (yS— yJ)] are also
positive for xS sufficiently close to x and yS sufficiently
close to y,, so that these terms make a coherent contri-
bution to the summation, at least for small spatial
separations On the other hand, the expressions
cos [kJ (xS+x— 2360)] and cos [lJ (yS+y,— 2y0)] can have
any Sign, in a more or less random manner, unless lJ.
=0, or unless both points are close to the edges of our
rectangle. Well within the rectangle, these terms will
tend to cancel upon summation, and can be expected
to contribute only a small amount to the correlation
(unless lJ.=O). Near the edges of our rectangle the cor-
relation is affected by our assumed boundary con-
ditions, but because these conditions have been arbi-
trarily imposed, there is no justification to consider any
properties of the magnetic variations in those regions.
We therefore drop these latter expressions from (58)
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Fig.5. Spatial autocorrelations of the total (external plus in—
ternal) magnetic variations. Solid lines are for separations in
the north-south direction, and dashed lines are for separations
in the east-west direction

(except when lJ.=0). Then we can use

:J- LJ=VJ COS [kJ- (36— x9] COS [lJ(ys—yt)] (59)
in (57). Quite similar reasoning allows us to use

i)“ tskÿ COS [kj(xs_xt)] COS [lj(ys—yt)] (60)

i6- 5j=lî COS [kJ-(xs—xtfl cos [IJ(ys—y,)] (61)
in (55) and (56). With these replacements the autocor-
relations (55) to (57) become spatially stationary, that
is, dependent on the spatial separation of points 3 and t
but independent of location. This result derives from
our assumption that Cu has no off-diagonal terms ex-
cept those coupling external and internal variations
with the same horizontal wavenumber.

Figure 5 shows the autocorrelations as a function of
spatial separation. The solid and dashed lines refer to
separations in the north-south and east-west directions,
respectively. To obtain these curves, we used the esti—
mated CJJ obtained from (37) rather than the para-
meterized Cu, and we assumed that

E6,5 S)=00075 E(bs b5) (62)
E(r;rr;=) 00075 E(b;b;) (63)
Eo»; r;)=0.02 E(b;b;) (64)
consistent with our final error matrix CJJ, with an al-
lowance for 5% measurement error. We further as-
sumed that E(rf„rf„) is essentially zero for spatial sepa-
rations greater than 100km. Between O and 100 km we
assumed a linear decline to zero. These assumptions
have little effect on the results plotted. Figure 5 shows
that bx and bz vary relatively slowly in the east-west
direction, but in the north-south direction the autocor-
relations fall off rapidly, to half of their maxima at
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distances of 280 km for bx and 230 km for b2. Beyond
these separations a measurement made at one point
would be a poor representation of the magnetic varia-
tion at another point. The autocorrelation of the by
component decreases by similar rates in both the north-
south and east-west directions, to half its maximum
at distances of 350 km and 410 km, respectively. Unlike
the bx and [92 components, the by component receives
no contribution from east—west aligned auroral cur-
rents, which give bx and b, their extended autocor-
relations in the east-west direction.

Estimation of mapping errors

Related to the problem of determining spatial autocor-
relation functions for the magnetic variation field com-
ponents is the problem of determining the expected
error of the estimated magnetic variations as they are
mapped out over the rectangle. Unlike the autocor-
relation function, however, the mapping error depends
on the location of the point under consideration in
relation to the configuration of observing points. The
expected mapping error depends on the statistical prop-
erties of the field as contained in Cu and CD, as well as
on the locations of available data, and can be discussed
without reference to any specific data values. We there-
fore introduce the relative mapping errors in this sec-
tion before proceeding to show mapping results for the
magnetic variations in the next section.

The relative error of any estimated quantity de-
pends not only on location, but also on the type of
quantity under consideration. For example, estimated
magnetic field variations generally have a larger re-
lative error than does the magnetic potential at the
same point, because the magnetic field has a stronger
weighting of the higher harmonics in the Fourier series
than does the potential, and these higher harmonics are
found to have larger relative errors than the lower
harmonics. Similarly, the magnetic potential continued
upward to the ionosphere has larger relative errors
than the field at ground level, in part because of the
faster exponential growth of the higher harmonics than
of the lower harmonics during upward continuation. In
this section we present maps of relative error for two
types of quantities: for the external vector field and the
internal vector field, both at ground level. It should be
borne in mind that these computed errors are strictly
valid only for the specific quantities concerned, and do
not apply quantitatively to other quantities such as to
the magnetic potential, or even to the bx,by, or b2
component alone. Nevertheless, the mapping of these
computed errors is of great value in obtaining an over-
all picture of how valid are our estimated variation
fields presented in the next section.

The mean square error for one magnetic field com-
ponent at a given point is:

E [(Ew - bw)2] = E {[lflû - u) + rw] [(û — U)Tfiw + ml}
Zßäcü—ußw+E(rv2v) (65)

where we have dropped the superscripts denoting lo-
cation because only one location is under consideration
at a time. The error moment matrix is

C. EE[(û—u)(û——u)T]=Cu—Cû=Cu—ABCuT (66)
(Liebelt, 1967). Expression (65) gives the mean square
error for the total (external plus internal) field com-
ponents. We can obtain the error for the external por-
tion alone by zeroing out all elements of ßw corre—
sponding to the internal portion (iodd). Similarly, the
error for the internal part can be obtained by zeroing
out all elements of ßw with even j. The mean square
error of the vector field is the sum of the mean square
errors of the x, y, and z components. Dividing this by
the mean square value of the field yields the square of
the relative error. Defining A9 as the relative error for
the external component and Ai as the relative error for
the internal component we have

Z (ßfvTCa_„ßf„)+/)ez
A8 =

2 Mb?) (67)

p” 22 Eva?) (68)
_ zwifCH/imp”A = z E<bïâ> (69)

p” 22 Eva?) (70)
where the superscripts e and i now denote external or
internal, rather than referring to station location. Be-
cause wavelengths shorter than our cutoff are expected
to be strongly attenuated from the ionosphere to the
ground, we can neglect pe, and set it to zero. If the
truncation error is nearly all internal, then it should be
on the order of one-third the total internal variation, to
be consistent with our final specification of CU. We there-
fore set pi2 equal to 0.11 times the denominator of (69).

Figure 6 shows the relative errors obtained by
evaluating the square roots of expressions (67) and (69)
at 50km intervals over the area of interest. The area
plotted is identical to that of Fig. 1, but is somewhat
smaller than the rectangle defined by the boundaries of
our calculations, because near these boundaries the ar-
bitrarily imposed boundary conditions have a strong
influence on the results. The minimum relative error in
the external component is 9%, occurring in the area
where measurements are most dense. The mapping er-
ror increases rapidly beyond the outermost stations.
The relative error in the internal component is every-
where large, with a minimum of 420/O where measure-
ments are most dense. It is clearly difficult to extract
the complex internal variation in the presence of a
considerably larger external variation. The error noted
here refers to a single instant of time, however, so that
statistical processing of the internal component for a
long time series can produce more significant results. In
order to compare the absolute errors between the exter-
nal and internal components, the relative errors should
be multiplied by the root—mean—square external and
internal variations (the square roots of the denomi—
nators in (67) and (69)), which are 85 nT and 30 nT,
respectively. The external absolute error is generally
somewhat smaller than the internal error in the region
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Fig. 6. Fractional expected error in the derived magnetic vari-
ation field for the external and internal components at
ground level as a function of location. The contour interval is
0.05

of highest station density, but becomes larger than the
internal error away from this region. Because of sim-
plified assumptions we made in estimating Cu, these
mapping errors should be considered lower limits.

Sample mapping results

Figure 7 shows a sample of input data and resultant
estimated fields V and b: (labelled “totalZ“) mapped
over the same area as in Figsl and 6, that is, some-
what inside the boundaries of the rectangle defined by
him, xÛ+Ax, yo and yÙ+Ay. The horizontal magnetic
vectors have been rotated clockwise by 90° to make
visual comparison with contours of Veasier. These vectors
have been called “equivalent current vectors“, as they
represent the direction and strength of a horizontal
current sheet directly overhead which could produce
them. The time chosen, 18:42 UT, represents a penetra-
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Fig. 7. Maps of ground-level magnetic variation patterns at
18:42 UT on 7 October 19276. Top: Horizontal magnetic vari-
ations are shown by vectors rotated 90“ clockwise to repre-
sent “equivalent” currents. Vertical variations are shown by
hexagons (upward) or stars (downward). Middle: The total
(external plus internal) magnetic potential Ü is contoured at
Intervals of 0.01 T-m. “H“ and “L“ show the high and low
potential values in the plotting region. Bottom: The total
(external plus internal) vertical magnetic variation component
Ë: is represented at 50-km intervals by circular (upward) or
cross (downward) symbols

tion of strong westward equivalent current (the west-
ward electrojet) in the northern part of the displayed
region, together with an intensification of the eastward
equivalent current (eastward electrojet) in the center.
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Fig. 8. Maps of external and internal magneticvariation patterns at 18: 42 UT on 7 Obtober 19?6.Uppe1 left: The external
component of the magnetic potential V" is contoured at intervals of 0.01 T- 111. Upper right. The internal magnetic potential V‘
is contoured at intervals of 0.005 T- n1. Lower left: The external component of the vertical magnetic variation field 19:1'

represented at 50-km intervals by circular (upward) or cross (downward) symbols. Lower right. The internal vertical magnetic
variation is represented with twice the sensitivity of the external component

This configuration of equivalent currents is a manifes— Figure 9 shows the external part of l7 at a height of
tation of the so-called “Harang discontinuity” (Harang, 110 km, roughly in the region where strong ionospheric
1946; Heppner, 1972) which normally occurs in the late currents are known to flow. Small-scale features are
evening hours at auroral latitudes. noticeably amplified in the process of upward con-

Figure8 shows the separation of the magnetic po- tinuation of the field, and the error associated with the
tential and vertical field into external and internal com- field estimation also grows substantially. If the electric
ponents. The internal field is considerably weaker than currents responsible for the field flowed entirely in a
the external, and is therefore plotted with greater sensi- thin shell just above 110 km, the magnetic potential
tivity. A tendency for the external and internal mag- contours would correspond to isolines of current flow,
netic potentials to correlate positively is discernable, as with 15.9 kA of “equivalent current” flowing between' a tendency for the b2 components to correlate neg- contours Spaced at 0.01 T-m intervals. The amplifi-
atively, but these tendencies are rather weak in detail. cation of errors in going up to 110 km means that
Notice that there is an enhancement of the internal b: features like the weakening of the westward equivalent
at the location of the Storavann anomaly discussed by just north of the Norwegian coast should not be con-
Jones (1981). sidered realistic. There simply exists inadequate infor-
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Fig. 9. The external component of the magnetic potential at
110—km altitude is contoured at intervals of 0.01 Ttm, repre-
senting the magnetic effects of an equivalent sheet current
with 15.9 kA flowing between contours counterclockwise
about the potential low (L)

mation to be able to determine the true magnetic po—
tential pattern in such regions. Further south, where
the station density is adequate to determine some finer-
scale structure of the field at ionospheric heights, the
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realistic, corresponding to the southern edge of auro-
rally enhanced conductivities. South of this line, the
magnetic field variations are probably associated large-
ly with remote non-ionospheric currents, particularly
those flowing to great heights along geomagnetic field
lines.

Effect of changed boundary conditions
As pointed out above we cannot adequately resolve
wavenumbers between Okm‘1 and about (a/ 1,600)
km‘1 due to the limited array extent, even though a
large part of the power lies in these small wavenum-
bers. For this small-wavenumber component of the
spectrum the boundary conditions implied in the choice
of basis functions can have an appreciable effect on
the calculated distribution of variations with respect to
wavenumber. In order to test the importance of this we
calculated the fields for reversed northern and southern
boundary conditions, that is, with basis functions sate
isfying

at x: — 1,100 km
at x: 1,100 km.

(71)
(72)

'7i
Önj/öx=0

This was achieved simply be replacing cos [kjtx—xflfl
by sin [kj(x-—x0)] in (6). The moment matrix Cu was

sharp kinks of the contours near x: —200 km may be kept the same as before.
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Figure 10 shows, at the top, the resultant total b,
and internal component of b, mapped over the data
region (which is smaller than the analysis region de-
fined by the boundaries of the calculations). Again the
internal component is plotted with doubled sensitivity.
The bottom half of Fig.1O shows the differences be-
tween the fields above and the corresponding fields in
Figs. 7 and 8. Not surprisingly, the total bZ field is in
close agreement between the two calculations in the
vicinity of the measurement points, and diverges only
some distance away these points. Significant differences
do appear in separating the external and internal fields,
however, differences that affect the internal component
relatively more than the external component. It is seen
in the difference field that the effect is primarily a large-
scale feature, which would be associated with the long-
wavelength components of the field. These results illustrate
the facts noted previously by Gough (1973), Banks (1973),
Frazer (1974), Lilley (1975), Singh (1980), and Gough
and lngham (1983), that an analysis over a limited area
cannot accurately represent the true spectrum of long-
wavelength features or permit an accurate separation
of long-wavelength internal and external components.
It is important to note, however, that the total long—
wavelength field is well represented over the measurement
region, even of it cannot be accurately broken down by
wavenumber or accurately separated into internal and
external components.

Comparison between two-
and three-dimensional separations

It is of interest to see how much difference in the field
separation there exists between the three-dimensional
technique of this study and a simpler two-dimensional
technique using only the northward and vertical varia-
tion measurements from a single chain of stations, as-
suming no east-west gradient of the variations. Mers-
mann (1978) and Lange (1979) have analyzed in some
detail how accurately a two—dimensional separation can
be performed for the Scandinavian data. In particular,
they have shown that the results of the separation are
influenced by the type of assumptions made in extra-
polating the observations beyond the last stations in
the profile. Since our present interest is to determine
differences caused only by incorporating or ignoring
east-west gradients, we need to use comparable interpo-
lation and extrapolation procedures in performing the
three- and two—dimensional separations. We therefore
set up the two-dimensional separation making only the
following changes from our three-dimensional algo-
rithm:

(1) Only terms with 17120 were kept in the Fourier
series.

(2) Only one chain of stations was used (Stations
B4, SOR, MAT, MIE, MUO, PEL, OUL, and SAU).

(3) Only the A and Z data values were used.
We chose a time, 18:42 UT, for which there is con-

siderable east-west structure, in order to make a fairly
severe test of the two-dimensional separation pro—
cedure. A

Figure 11 compares the computed ground-level bx
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Fig. 11. Comparison between magnetic field separation results
from the three-dimensional and two-dimensional formulations
(see text) at 18: 42 UT on 7 October 1976 Solid lines show the
3- D separationresults, and dashed lines shown the 2-D sepa—
ration results. be and b‘ are the external and internal north-
ward components, while b: and b‘z are the external and
internal downward components. The zlocations of the stations
used are shown by short vertical lines labelled by the station
abbreviation. No vertical data were available from the stations
PEL and MIE

and ËZ external and internal profiles for the two sepa-
ration procedures. The curves are plotted over the en-
tire range of calculation, from x0 to x0+Ax, in order
to show the nature of the assumed boundary con-
ditions. In obtaining the curves from the three-dimen-
sional calculation the y coordinate is linearly interpo—
lated between the stations and linearly extrapolated
beyond SAU and B4. Small oscillations at the trun—
cation wavelength are noticeable but not dominant.
The differences between the two- and three-dimensional
separations are perhaps smaller than one might have
expected. The percentage differences in the external
components are relatively small, but in the internal
components the percentage differences are more signifi—
cant, particularly1n b‘ over the Scandinavian mainland
In general, the differences appear to be no greater than
the inherent mapping error in the three-dimensional
technique, which is shown in Fig.6. A test for a dif-
ferent time when the auroral electrojet had a more
nearly two-dimensional structure, at 17:30 UT, yielded
even better agreement between the two— and three-
dimensional techniques. Thus in many circumstances
the two-dimensional approximation for field separation
may give satisfactory results, even when significant east—
west structure is present. Nevertheless, greater accuracy
may be expected from the three-dimensional technique,
and this added accuracy may be helpful in some stud-
ies, particularly those of internal variations.
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Discussion

The theoretical framework developed in this paper
makes possible more accurate analyses of magnetic
variation spatial patterns than have been possible with
previously employed techniques. By incorporating
knowledge of the expected statistical characteristics of
the variations and measurements, as contained in the
moment matrices Cu and CU, we essentially acquire
some advantages of model—fitting approaches while re-
taining the generality and flexibility of unrestricted
analysis techniques. For the usual case where a priori
information about Cu and CU may be deficient, we have
shown that estimates of these matrices can be con—
structed with the aid of the available data. Knowledge
of these matrices, or of the spatial correlation functions
of the magnetic variations, allows us to quantify the
expected errors incurred when the field is mapped over
the region of interest. Quantification of errors, although
very important for making reliable interpretations of
mapped variation fields, has not previously been attempt-
ed to the extent presented in this paper.

A comparison between the technique we use in this
paper with a sample of techniques developed elsewhere
helps to clarify the advantages and disadvantages of
different approaches to mapping fields from point
measurements. We note first of all that our attempt to
incorporate statistical information in order to con-
strain the behaviour of the field differs fundamentally
from techniques that make no a priori assumptions about
the field characteristics for any given set of measure-
ments. Oldenburg (1976b), for example, applied the lin-
ear inverse theory of Backus and Gilbert (1970) to the
problem of estimating a Fourier spectrum from a limit-
ed set of point measurements. He made essentially no a
priori assumptions about the spectral form (apart from
his suggestion of improving results by interpolating
through data gaps — a procedure that implies some
information about the spectral content). His work helps
to clarify the possible wavenumber resolution attain-
able and the tradeoff between resolution and accuracy.
Ordinary least-squares fits to data effectively minimize
a quantity like

(Bû—0)TC;1(Bû—0) (73)
and therefore also assume nothing about the spectral
content of the data; i.e., since Cu— 1 is set to zero in (33),
the ensemble needed to construct E(uuT) is unbounded.
In ordinary least—squares fits the matrix CU is often
considered to consist only of measurement errors, with
no account taken of truncation errors, even though the
latter are often important because of the need to trun-
cate J at some level less than I. If the measurements
are not well-spaced, ordinary least-squares fits often
tend to yield unrealistic results in regions of sparse
data.

Shure et al. (1982) developed a mapping technique
designed for application to the whole-earth main
geomagnetic field, motivated in part by the problem of
estimating the field in past epochs from relatively sparse
data. Their procedure is similar to minimization of (33),
except that they actually minimize a quantity like

ûTFû (74)
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where F is some prespecified positive definite J ><J
matrix, with the constraint that

(Ba—0)TC;1(Bfi—0)=52 (75)
where S2 is some prespecified constant. They showed
how F can be specified by minimizing some physical
quantity like the magnetic energy outside the earth’s
core, in which case F becomes diagonal, and illustrated
how different mapping results are obtained with dif-
ferent choices for F and S2 (including 8220). Our
study, along with work by McLeod (1983), suggests
that their technique would yield optimal results if F is
chosen to correspond to the spatial power spectrum as
it appears in C; 1; good empirical estimates of this
power spectrum are now available for the main field
(e.g., Langel and Estes, 1982; Ostrowski, 1982;
McLeod, 1983). There also exists an optimal choice of
$2, obtainable by combining (24) and (75). The algo-
rithms developed by Richmond and Venkateswaran
(1971) and by Kroehl and Richmond (1979) for map-
ping magnetic variation fields are similar to that of
Shure et al. (1982), effectively minimizing a quantitiy of
the form

ûTFû+(Bû—0)TC;1(Bû—0). (76)
This is similar to (33), except that F was determined by
a combination of arguments about the expected
smoothness properties of the variation field plus trial-
and-error attempts to obtain desirable results. Non-
diagonal weighting matrices F were involved. These
algorithms can obviously also stand improvement in
order to yield more nearly optimal results.

In principal, our technique provides optimal results
under the condition (24) that the coefficients are a
linear combination of the observations. Jackson (1979)
and Tarantola and Valette (1982) have discussed how
further improvements in the estimation of coeffcients
from data can be achieved when a valid a priori es-
timate is available, corresponding in our case to an
estimate of the expected value of u. In this case one
deals with the covariance matrix for u (i.e., the moment
matrix E([u—E(u)] [u—E(u)]T) rather than the moment
matrix Cu; the methods become identical when E(u)-—-0.
Tarantola and Valette (1982) applied their technique to
an example of curve-fitting, that is, interpolation and
extrapolation, and also discussed Optimal estimation
techniques for the case where the data and desired
parameters are not linearly related.

As pointed above our assumption of spatial sta-
tionarity greatly simplifies the numerical analysis, but
does not realistically account for localized anomalies
like the coast effect. One way to modify the technique
to account for nonstationarity would be to allow more
off-diagonal terms in Cu. Another possible approach
would be to use basis functions of a localized character,
either in place of or in conjunction with Fourier har-
monics, in order to minimize the number of affected
elements in Cu. We would also expect significant im-
provement in the mapping if C, is subdivided into
several matrices, each representing a restricted class of
magnetic variations. Subdivision by temporal frequency
would be especially valuable, not only because the in-
duction of earth currents is frequency dependent, but
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also because the external component of magnetic vari—
ations appears to have different spatial scales for dif-
ferent temporal frequencies (e.g. Kamide et al., 1969).
These shortcomings of our simple Cu notwithstanding,
the resultant mapped fields appear to be generally rea-
sonable. In any event, it is clear that the assumed
spectral form of C, does not impose a fixed spatial
spectrum upon the mapped field; otherwise our iter-
ation procedure for estimating Cu would not have
yielded a different result than what was initially as—
sumed.

The availability of spatially mapped magnetic varia-
tion fields and quantitive knowledge of their errors
facilitates a number of further geophysical studies. The
external field, continued upward to the ionosphere, can
be combined with information on ionospheric conduc-
tivities to yield not only the horizontal ionospheric cur-
rent distribution, but also the distribution of magnetic-
field-aligned currents between the ionosphere and outer
magnetosphere (study in progress). For earth conduc-
tivity studies the fields can be filtered by wavenumber
as well as by frequency to permit a more accurate and
versatile application of induction theory. The total
long-wavelength field in the region of measurement,
composed of the combined external and internal com-
ponents with wavelengths longer than the maximum
station separation, should well meet the requirements of
studies that assume the field to be large-scale, such as
geomagnetic deep sounding analyses which make use of
horizontal spatial gradients in the long-wavelength lim-
it (e.g. Berdichevskiy et al., 1969a, b, 1976; Kuckes,
1973; Lilley, 1975; Lilley and Sloane, 1976; Woods and
Lilley, 1979; Jones 1980; Camfield, 1981; Beamish and
Johnson, 1982). A more rigorous separation of varia-
tion fields into “normal” and “anomalous” components
may also be facilitated, especially since the “anom-
alous” component of interest should be contained en-
tirely in the internal field which the mapping technique
can in principle extract. For this purpose, however, an
allowance for non-stationarity may be desirable. Over-
all, the availability of mapped fields and error estimates
provides us with new avenues for exploring geomag-
netic variations.

Acknowledgments. We are grateful to A.G. Jones for useful
discussions concerning currents induced in the earth and the
nature of local anomalies in the internal variation field. We
also wish to thank all other coauthors and all institutions and
persons acknowledged in the paper by Kiippers et al. (1979)
for their help in obtaining the Scandinavian Magnetometer
Array data. This work received partial financial support from
the Deutsche Forschungsgemeinschaft (W.B.) and from NASA
Order Number W—15,347 (ADR).

References

Akasofu, S.-I., Kisabeth, J., Romick, G.J., Kroehl, H.W., Ahn,
B.-H.: Day-to-day and average magnetic variations along
the IMS Alaska meridian chain of observatories and
modeling of a three-dimensional current system. J. Geo-
phys. Res. 85, 2065—2078, 1980

Alldredge, L.R.: Effects of solar activity on annual means of
geomagnetic components. J. Geophys. Res. 81, 2990—2996,
1976

Backus, G., Gilbert, E: Uniqueness in the inversion of in—

accurate gross earth data. Phil. Trans. R. Soc. A266, 123—
192, 1970

Banks, R.J.: Data processing and interpretation in geomag-
netic deep sounding. Phys. Earth Planet. Inter. 7, 339—348,
1973

Bannister, J.R., Gough, D.I.: Development of a polar mag-
netic substorm: a two-dimensional magnetometer array
study. Geophys. J.R. Astron. Soc. 51, 75—90, 1977

Bannister, J.R., Gough, D.I.: A study of two polar magnetic
substorms with a two-dimensional magnetometer array.
Geophys. J.R. Astron. Soc. 53, 1—26, 1978

Baumjohann, W., Greenwald, R.A., Kiippers, F.: Joint magne-
tometer array and radar backscatter observations of auro-
ral currents in northern Scandinavia. J. Geophys. 44, 373—
383, 1978

Baumjohann, W., Pellinen, R.J., Opgenoorth, H.J., Nielsen,
E.: Joint two-dimensional observations of ground mag-
netic and ionospheric electric fields associated with auro-
ral zone currents: current systems associated with the
local break—ups. Planet. Space Sci. 29, 431—447, 1981

Bazarzhapov, A.D., Mishin, V.M., Shpynev, G.B.: A mathe-
matical analysis of geomagnetic variation fields. Gerlands
Beitr. Geophys. 85, 76—82, 1976

Beamish, D.: Source field effects on transfer functions at mid-
latitudes. Geophys. J.R. Astron. Soc. 58, 117—134, 1979

Beamish, D., Johnson, P.M.: Difficulties in the application of
magnetic field gradient analysis to induction analysis.
Phys. Earth Planet. Inter. 28, 1—13, 1982

Berdichevskiy, M.N., Van’yan, L.L., Faynberg, E.B.: Magneto-
variation sounding by using spatial derivatives of the field.
Geomagn. Aeron. 9, 299—301 (Engl. trans), 1969a

Berdichevskiy, M.N., Van’yan, L.L., Faynberg, E.B.: Theoreti-
cal principles in using electromagnetic variations to study
the electrical conductivity of the earth. Geomagn. Aeron.
9, 465—467 (Engl. trans), 1969b

Berdichevsky, M.N., Fainberg, E.B., Rotanova, N.M., Smir-
nov, J.B., Vanjan, L.L.: Deep electromagnetic investi-
gations. Ann. Geophys. 32, 143—155, 1976

Bretherton, F.P., McWilliams, J.C.: Estimations from irreg-
ular arrays. Rev. Geophys. Space Phys. 18, 789—812, 1980

Camfield, P.A.: Magnetometer array study in a tectonically
active region of Quebec, Canada. Geophys. J.R. Astron.
Soc. 65, 553—570, 1981

Campbell, W.H.: A description of the external and internal
quiet daily variation currents at North American 10-
cations for a quiet-sun year. Geophys. J.R. Astron. Soc.
73, 51—64, 1983

Carlo, L., Singh, B.P., Rastogi, R.G., Agarwal, A.K.: The
induced effects of geomagnetic variations in the equatorial
region. J. Geophys. 51, 199—205, 1982

Czechowsky, P.: Calculation of an equivalent current system
in the polar E-region. Radio Sci. 6, 247—253, 1971

Fambitakoye, 0.: Effects induits par l’électrojet equatorial au
centre de l’Afrique. Ann Géophys. 29, 149—169, 1973

Fambitakoye, 0., Mayaud, P.N.: Equatorial electrojet and
regular daily variations SR, I. A determination of the
equatorial electrojet parameters. J. Atmos. Terr. Phys. 38,
1—17, 1976

Forbush, S.E., Casaverde, M.: Equatorial electrojet in Peru.
Carnegie Inst. Washington Publ. 620, Washington, 1961

Fougere, P.F.: Spherical harmonic analysis, I. A new method
and its verification. J. Geophys. Res. 68, 1131—1139, 1963

Frazer, M.C.: Geomagnetic deep sounding with arrays of
magnetometers. Rev. GeOphys. Space Phys. 12, 401—420,
1974

Gough, D.l.: The interpretation of magnetometer array stud-
ies. Geophys. J.R. Astron. Soc. 35, 83—98, 1973

Gough, D.I., Bannister, J .R.: A polar magnetic substorm ob-
served in the evening sector with a two-dimensional mag—
netometer array. Geophys. J.R. Astron. Soc. 55, 435—450,
1978



|00000163||

Gough, D.I.‚ Ingham, M.R.: Interpretation methods for mag-
netometer arrays. Rev. Geophys. Space Phys. 21, 805—827,
1983

Harang, L.: The mean field of disturbance of polar geomag-
netic storms. Terr. Magn. Atmos. Electr. 51, 353—380,
1946

Harwood, J.M., Malin, S.R.C.: Sunspot cycle influence on the
geomagnetic field. Geophys. J .R. Astron. Soc. 50, 605—619,
1977

Heppner, J .P.: The Harang discontinuity in auroral belt iono-
spheric currents. Geofys. Publ. 29, 105—120, 1972

Hermance, J.F., Peltier, W.R.: Magnetotelluric fields of a line
current. J. Geophys. Res. 75, 3351—3356, 1970

Hibbs, R.D., Jones, F.W.: Electromagnetic induction in three—
dimensional structures for various source fields. J. Geo-
magn. Geoelectr. 30, 1—18, 1978

Hobbs, B.A.: A comparison of Sq analyses with model calcu-
lations. Geophys. J .R. Astron. Soc. 66, 435—444, 1981

Horning, B.L., McPherron, R.L., Jackson, D.D.: Application
of linear inverse theory to a line current model of sub—
storm current systems. J. Geophys. Res. 79, 5205—5210,
1974

Hughes, T.J., Oldenburg, D.W., Rostoker, G.: Interpretation
of auroral oval equivalent current flow near dusk using
inversion techniques. J. Geophys. Res. 84, 450—456, 1979

Hutton, R.: Some problems of electromagnetic induction in
the equatorial electrojet region, I. Magneto-telluric re-
lations. Geophys. J .R. Astron. Soc. 28, 267—284, 1972

Jackson, D.D.: The use of a priori data to resolve non-
uniqueness in linear inversion. Geophys. J.R. Astron. Soc.
57, 137—157, 1979

Jones, A.G.: Geomagnetic induction studies in Scandinavia, 1.
Determination of the inductive response function from the
magnetometer array data. J. Geophys. 48, 181—194, 1980

Jones, A.G.: Geomagnetic induction studies in Scandinavia,
II. Geomagnetic depth sounding, induction vectors and
coast effects. J. Geophys. 50, 23—36, 1981

Kamide, Y., Brekke, A.: Altitude of the eastward and west-
ward auroral electrojets. J. Geophys. Res. 82, 2851—2853,
1977

Kamide, Y., Iijima, T., Fukushima, N.: Microstrueture of
auroral-zone electrojet. Rep. lonos. Space Res. Jpn. 23,
185—208, 1969

Kroehl, H.W., Richmond, A.D.: Magnetic substorm charac-
teristics described by magnetic potential maps for 26—28
March 1976. In: Dynamics of the magnetosphere, S.-I.
Akasofu, ed.: pp 269—286. Dordrecht: D. Reidel, 1979

Kuckes, A.F.: Relations between electrical conductivity of a
mantle and fluctuating magnetic fields. Geophys. J.R. As-
tron. Soc. 32, 119—131, 1973

Küppers, F., Untiedt, J.‚ Baumjohann, W., Lange, K., Jones,
A.G.: A two—dimensional magnetometer array for ground-
based observations of auroral zone electric currents during
the International Magnetospheric Study (IMS). J. Geo-
phys. 46, 429—450, 1979

Lange, K.: Induktionseffekte in Nordskandinavien — unter—
sucht am Beispiel zweier ostwärts fließender polarer Elek-
trojets. Diplomarbeit, Inst. f. Geophys. Univ. Münster,
FRG, 1979

Langel, R.A.: Results from the Magsat mission. Johns Hop-
kins APL Tech. Digest 3, 307—324, 1982

Langel, R.A., Estes, R.H.: A geomagnetic field spectrum.
Geophys. Res. Lett. 9, 250—253, 1982

Langel, R.A., Estes, R.H., Mead, G.D., Fabiano, E.B., Lancas-
ter, E.R.: Initial geomagnetic field model from Magsat
vector data. Geophys. Res. Lett. 7, 793—796, 1980

Liebelt, P.B.: An introduction to optimal estimation. Reading,
Mass: Addison-Wesley Publ. Co. 1967

Lilley, F.E.M.: Magnetometer array studies: A review of the
interpretation of observed fields. Phys. Earth Planet. Inter.
10, 231—240, 1975

155

Lilley, F.E.M., Sloane, M.N.: On estimating electrical con—
ductivity using gradient data from magnetometer arrays.
J. Geomagn. Geoelectr. 28, 321—328, 1976

Loginov, G.A., Vasil’ev, E.P., Grafe, A.: Some results of the
investigation of magnetic variations of the auroral elec-
trojets concluded from observations of the geomagnetic
meridian project (GMP). Gerlands Beitr. Geophys. 87,
249—262, 1978

Malin, S.R.C.: Worldwide distribution of geomagnetic tides.
Phil. Trans. R. Soc. A274, 551—594, 1973

Malin, S.R.C., Gupta, J .C.: The Sq current system during the
International Geophysical Year. Geophys. J.R. Astron.
Soc.49,515—529,1977

Mareschal, M.: On the problem of simulating the earth’s
induction effects in modeling polar magnetic substorms.
Rev. Geophys. Space Phys. 14, 403—409, 1976

Matsushita, 8.: Solar quiet and lunar daily variation fields.
In: Physics of geomagnetic phenomena, S. Matsushita and
W.H. Campbell, eds.: pp 301—427. New York: Academic
Press, 1967

Matsushita, S.: Morphology of slowly-varying geomagnetic
external fields — a review. Phys. Earth Planet. Inter. 10,
299—312, 1975

Matsushita, S.: Cautions with spherical harmonic data ana-
lyses for the estimation of equivalent current systems.
Planet. Space Sci., in press 1983

Matsushita, S., Xu, W.-Y.: Sq and L currents in the iono-
sphere. Ann. Geophys. 38, 295—305, 1982

Maurer, H., Theile, B.: Parameters of the auroral electrojet
from magnetic variations along a meridian. J. Geophys.
44, 415—426, 1978

McLeod, M.G.: Optimal processing of satellite-derived mag-
netic anomaly data. Phys. Earth Planet. Inter. 31, 10—26,
1983

McNish, A.G.: Heights of electric currents near the auroral
zone. Terr. Magn. Atmos. Electr. 43, 67—75, 1938

Mersmann, U.: Zweidimensionale Auswertung und Interpre-
tation des Magnetfeldes eines ostw'arts flieBenden polaren
Electrojets über Skandinavien. Diplomarbeit, Inst. f. Geo-
phys. Univ. Münster, FRG, 1978

Mersmann, U., Baumjohann, W., Küppers, F., Lange, K.:
Analysis of an eastward electrojet by means of upward
continuation of ground-based magnetometer data. J. Geo-
phys. 45, 281—298, 1979

Mishin, V.M.: High-latitude geomagnetic variations and sub-
storms. Space Sci. Rev. 20, 621—675, 1977

Mishin, V.M., Bazarzhapov, A.D., Shpynev, G.B.: Electric
fields and currents in the earth’s magnetosphere. In: Dy-
namics of the magnetosphere, S.-I. Akasofu, ed.: pp 249—
268. Dordrecht: D. Reidel, 1979

Nagata, T.: On the auroral zone current. Rep. Ionos. Res.
Jpn. 4, 87—101, 1950

Nopper, R.W., Jr., Hermance, J.F.: Phase relations between
polar magnetic substorm fields at the surface of a finitely
conducting earth. J. Geophys. Res. 79, 4799—4801, 1974

Oldenburg, D.W.: Ionospheric current structure as deter-
mined from ground-based magnetometer data. Geophys.
J.R. Astron. Soc. 46, 41—66, 1976a

Oldenburg, D.W.: Calculation of Fourier transforms by the
Backus—Gilbert method. Geophys. J.R. Astron. Soc. 44,
413—431, 1976b

Onwumechilli, A.: Geomagnetic variations in the equatorial
zone. In: Physics of geomagnetic phenomena, S. Mat-
sushita and W.H. Campbell, eds.: pp 425—507. New York:
Academic Press 1967

Onwumechilli, A., Ogbuehi, P.O.: Analysis of the magnetic
field of the equatorial electrojet. J. Atmos. Terr. Phys. 29,
553—566, 1967

Ostrowski, J.A.: Spectra of the International Geomagnetic
Reference Field and its secular variation. J. Geomagn.
Geoelectr. 34, 417—422, 1982



|00000164||

156

Parkinson, W.D.: An analysis of the geomagnetic diurnal
variation during the Int. Geophys. Year 6. Gerlands Beitr.
Geophys. 80, 199—232, 1971

Parkinson, W.D., Jones, F.W.: The geomagnetic coast effect.
Rev. Geophys. Space Phys. 17, 1999—2015, 1979

Porath, H.D., Oldenburg, D.W., Gough, D.I.: Separation of
magnetic variation fields and conductive structures in the
western United States. Geophys. J.R. Astron. Soc. 19,
237—260, 1970

Price, A.T.: The theory of magnetotelluric fields when the
source field is considered. J. Geophys. Res. 67, 1907—1918,
1962

Price, A.T.: Electromagnetic induction within the earth. In:
Physics of geomagnetic phenomena, S. Matsushita and
W.H. Campbell, eds: pp 235—298. New York: Academic
Press 1967

Price, A.T., Wilkins, G.A.: New methods for the analysis of
geomagnetic fields and their application to the Sq field of
1932—33. Phil. Trans. R. Soc. A256, 31—98, 1963

Quon, C., Vozoff, K., Hoversten, M.‚ Morrison, H.F., Lee, K.-
H.: Localized source effects on magnetotelluric apparent
resistivities. J. Geophys. 46, 291—299, 1979

Regan, R.D., Rodriguez, B: An overview of the external
magnetic field with regard to magnetic surveys. Geophys.
Surveys 4, 255—296, 1981

Richmond, A.D., Venkateswaran, S.V.: Geomagnetic crochets
and associated ionospheric current systems. Radio Sci. 6,
139—164, 1971

Rikitake, T.: Electromagnetism and the earth’s interior. Am-
sterdam: Elsevier Publ. Co. 1966

Rokityansky, I.I.: Geoelectromagnetic investigation of the
earth’s crust and mantle. Berlin: Springer-Verlag 1982

Schmucker, U.: Regional induction studies: a review of meth-
ods and results. Phys. Earth Planet. Inter. 7, 365—378,
1973

Shure, L., Parker, R.L., Backus, G.: Harmonic splines for
geomagnetic modelling. Phys. Earth Planet. Inter. 28,
215—229, 1982

Singh, B.P.: Geomagnetic sounding of conductivity anomalies
in the lower crust and uppermost mantle. Geophys. Surv.
4,71—87,1980

Srivastava, S.P.: Method of interpretation of magnetotelluric
data when source field is considered. J. Geophys Res. 70,
945—954, 1965

Stone, D.J.: The calculation of current systems of daily
geomagnetic variations. Gerlands Beitr. Geophys. 80, 117—
128, 1971

Sulzbacher, H., Baumjohann, W., Potemra, T.A.: Coordinated
magnetic observations of morning sector auroral zone
currents with Triad and the Scandinavian Magnetometer
Array: a case study. J. Geophys. 48, 7—17, 1980

Suzuki, A.: Geomagnetic Sq field at successive universal
times. J. Atmos. Terr. Phys 40, 449—463, 1978

Tarantola, A., Valette, B.: Generalized nonlinear inverse
problems solved using the least square criterion. Rev.
Geophys. Space Phys. 20, 219—232, 1982

Wait, J.R.: Theory of magnetotelluric fields. J. Res. NBS
66 D, 509—539, 1962

Walker, J .K.: Space-time associations of the aurora and mag—
netic disturbance. J. Atmos. Terr. Phys. 26, 951—958, 1964

Whaler, K.A., Gubbins, D.: Spherical harmonic analysis of
the geomagnetic field: an example of a linear inverse
problem. Geophys. J.R. Astron. Soc. 65, 645—693, 1981

Winch, D.E.: Spherical harmonic analysis of geomagnetic
tides, 1964—1965. Phil. Trans. R. Soc. A303, 1—104, 1981

Woods, D.V., Lilley, F.E.M.: Geomagnetic induction in cen—
tral Australia. J. Geomagn. Geoelectr. 31, 449—458, 1979

Yukutake, T., Cain, J.C.: Solar cycle variations of the first-
degree spherical harmonic components of the geomagnetic
field. J. Geomagn. Geoelectr. 31, 509—544, 1979

Received September 15, 1982; Revised July 9, 1983
Accepted September 22, 1983



|00000165||

J Geophys (1984) 54: 157—161 Journal of
Geophysics

Global geomagnetic impulses in annual intensity changes
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Abstract. The global character of four recent geomagnetic
impulses has been critically examined, particularly in the
horizontal component annual mean values and the year-to-
year differences, at several observatories in three longitude
zones around the world, with special emphasis on Indian
and other low latitude stations. All the prominent geomag—
netic impulses in the horizontal intensity, observed at Col-
aba and Alibag observatories during 1848—1980, are also
studied and their correlation with the annual mean sunspot
numbers and their changes discussed. The global character
of most of the impulses recorded during the period
1940—1977 is established with the help of data from world-
wide observatories.

It is concluded that these impuleses in the geomagnetic
field are quite frequent and form part of the geomagnetic
field variation spectrum with time, attributable to solar cy-
cle effect. They evidently originate in the fluctuations of
the magnetospheric ring current caused by periodic solar
activity.

Key words: Geomagnetic impulses — Annual changes — H,
Z components — Sunspot numbers — Ring current

Introduction

In recent years, several papers have appeared on the subject
of impulses in geomagnetic secular variation lasting one
or two years, and their causes — external or internal (Mi—
zuno, 1980; Achache et al., 1980; Nevanlinna and Sucks-
dorff, 1981; Alldredge, 1981, 1982; Malin and Hodder,
1982). These impulses are best seen in the plots of the annu—
al changes of the horizontal intensity at low and middle
latitude stations. Nevanlinna and Sucksdorff (1981) studied
the global secular variation impulse of 1977—1979, showing
large enhancements in the year—to-year changes in the verti-
cal component in 1978 at the European observatories, and
demonstrated, with the help of H and Z changes at some
30 world—wide observatories, that the pulse was of external
origin caused by an intensification of the magnetospheric
ring current system lasting about two years, due to an in—
crease in solar activity. Moos (1910) was among the very
early workers who demonstrated the influence of the
11-year solar cycle on the annual mean values of the geo-
magnetic elements at Bombay.

Ofl'print requests to .' B.J. Srivastava

Mizuno (1980), on the other hand, examined the impul-
sive changes of 1965 and 1974 with the help of the geomag-
netic data recorded in Japan, and described them as re-
gional secular variation features attributable to internal
causes, depicting a transition from one stable state to an—
other. He further noted that neither of the impulses was
of global or zonal distribution. Achache et a1. (1980) dem-
onstrated the occurrence of a global secular variation im—
pulse between 1969 and 1970 from an analysis of the geo-
magnetic data from world observatories and estimated that
the average conductivity of the lower half of the mantle
does not exceed 150 (2—1 m‘l, which agrees well with the
earlier estimates of Runcorn (1955) and Banks (1969), but
is several orders of magnitude smaller than the values of
1,000 (2—1 m’1 as given by Alldredge (1977) and Stacey
et a1. (1978). Malin and Hodder (1982) further analysed
and studied the global geomagnetic jerk of 1970 and con—
firmed that it was predominantly of internal origin.

In this paper, we attempt to establish the global charac—
ter of the four recent impulses of 1965, 1970, 1974 and
1977, in the horizontal component H in three longitude
zones at 26 observatories with special emphasis on the data
from the Indian and other low latitude observatories. We
also examine all the prominent impulses in the horizontal
intensity as observed at the Colaba and Alibag observator—
ies in India during 1848—1980, and at fourteen world-wide
observatories in X during 1940—1977, and their relationship
with the annual sunspot numbers.

Data

The annual mean values of the horizontal intensity H at
Colaba-Alibag (1848—1946) were taken from the tables giv-
en by Pramanik (1952), where the Colaba data up to 1905
had been reduced to the Alibag site, by applying appro—
priate corrections. The Alibag annual mean values for the
years 1947—1980 were taken from the Observatory’s year—
books and the recent Indian Magnetic Data volumes. The
annual mean values of the north component X at Apia,
Eskdalemuir, Fiirstenfeldbruck, Gnangara, Godhavn, Her—
manus, Honolulu, Huancayo, Kakioka, Meanook, Pilar,
Tucson, Yakutsk and Yangi—Bazar for the period
1940—1973, were taken from the tables given by Yukutake
et al. (1979), and of X and H for the remaining years from
the IZMIRAN summary of annual mean values (Orlov and
Ivchenko, 1971; Pushkov and Ivchenko, 1972—1980). The
annual mean values of the Zürich relative sunspot numbers
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were abstracted from the tables given by Kiepenheuier
(1953), and relevant volumes of Journal of Geophysical
Research (AGU, U.S.A.) and Solar—Geophysical Data vol—
umes, published by World Data Center A for Solar-Terres—
trial Physics, NOAA, Boulder, Colorado, USA.

Analysis and discussion

The year-to—year changes in the annual mean values of H
at the various observatories were computed and plotted
against the year, in order to bring out the impulses much
more prominently than in the plot of the annual mean
values themselves. The year-to-year differences in the annu-
al mean Zürich sunspot numbers were also computed and
plotted for a possible correlation with the magnetic im-
pulses.

Tucsomsz-a')
I

Fig. 1. Plots of the annual changes in the horizontal intensity
H of the geomagnetic field at world observatories in three
longitude zones during 1960—1980. Note the geomagnetic
impulses of 1965, 1970, 1974 and 1977 and their global
character. Annual changes in the sunspot numbers are shown
in Figs. 3 and 4, for the same period, to show their
association with the occurrence of the impulses

Figure 1 shows the character and amplitude of the 4 re-
cent impulses of 1965, 1970, 1974 and 1977 in the horizontal
component at several stations around the world in three
longitude zones.

The impulses of 1965 and 1977, following the sunspot
minimum years (1964, 1976) are of negative sign, while the
impulse of 1970 corresponding to the solar maximum
(1968—1970) and that of 1974 preceding the sunspot mini-
mum year (1976) are of positive sign. Figure 1 demonstrates
unmistakably the global character of these 4 impulses. Mi»
zuno (1980), however, thought that the apparent secular
variation impulses of 1965 and 1974 were regional in char-
acter and were of internal origin. Rather than the impulse
of 1965, Srivastava and Habiba Abbas (1977) pointed out
the reversal of the secular variation trend in the India-Japan
region after 1965, as an important regional feature, con—
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Fig. 2. Year-tenyear changes in the vertical
component Z of the geomagnetic field at the
Indian stations during 1960—1980, showing the
small amplitudes of the impulses at low latitudes.
Some Spikes occurring before 1970 are probably
due to inaccuracies in baseline measurements.
Note the steadily increasing changes in Z due to
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nected with a southward migration of the dip equator in
India from 1967, this being part of an 80—year cycle of
secular variation of internal origin. But the apparent im-
pulses of 1965 and 1974 are now clearly found to be of
global character (Fig. 1), and are associated with large an-
nual rates of change of the sunspot numbers in the opposite
sense. They are therefore of external origin due to changes
in the westward ring current caused by the abrupt changes
in the solar activity near the minimum and maximum of
the 11-year solar cycle. The inverse relationship of these
apparent impulses with the rates of change of sunspot
numbers has been discussed by Alldredge (1982) who
pointed out that the sudden increase in sunspot numbers
result in a sudden increase in the westward ring current
and cause a sudden decrease in the X or H component,
and vice versa.

Nevanlinna and Sucksdorff (1981) demonstrated large
and positive Z—changes at north European observatories
in high latitudes during the secular variation impulse of
197?, corresponding to negative H—changes, which are the
largest at the equator, and further concluded that the im—

the southward drift of the dip equator in India
since 196?

pulse was of external origin and part of the solar cycle
effect. Figure 1 confirms the global character of this impulse
as also of the 1965, 1970 and 1974 impulses, and shows
the changes observed in H at both low and high latitudes.

The signatures of these four impulses in the vertical
component at the Indian stations are shown in Fig. 2. It
will be at once noticed that these changes in Z at low lati-
tudes are rather small, although they are quite prominent
and large at high latitudes. A few large impulses in Z at
Annamalainagar and Sabhawala are probably due to inac-
curacies in baseline measurements.

Another noteworthy feature of Fig. 2 is the steadily in—
creasing character of the annual Z changes in India in recent
years, which has been linked with the southward drift of
the dip equator in India since 1967, as part of its 80-year
secular cyclic oscillation (Srivastava and Habiba Abbas,
1977)

Figure 3 gives a plot of the annual changes in the north-
erly component X at several stations in three longitude
zones for the period 1940—1977. A number of impulses can
be identified which are of global character. Their inverse
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Fig. 3. Plots of the annual changes in the northerly component X of the geomagnetic field at world observatories in three longitude
zones during 1940—19??. Note the global character of seven geomagnetic impulses indicated by vertical dotted lines. Annual changes
in the sunspot numbers are also shown and the association of large positive and negative changes with the impulses can be clearly
seen
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Fig. 4. Year-to-year changes in the geomagnetic horizontal intensity at Colaba and Alibag observatories, Bombay (India) during 1848—1980,
the corresponding annual changes in the sunspot numbers, and the annual mean Zurich sunSpot numbers R, for the same period,
showing the occurrence of geomagnetic impulses with a periodicity of about 5 years, being part of the 11-year solar cycle effect
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association with large annual changes in the sunspot
numbers (Fig. 3) is also remarkable. The impulses which
are not global could arise from local causes or observational
errors.

Figure 4 shows the annual changes of H at Colaba and
Alibag (Bombay), India, during 1848—1980, along with the
annual changes in the sunspot numbers as well as the annu-
al mean Ziirich sunspot numbers.

Several prominent impulses, both positive and negative,
can be readily seen and their inverse association with the
rate of change of the annual sunspot numbers can also
be noticed. It is, however, not possible to give an empirical
quantitative relationship between the rate of change of the
annual sunspot numbers and the amplitudes of the impulses
in H at different observatories. It is quite possible that the
areas of sunspots and other solar activity centres are also
involved in these correlations.

It appears that these geomagnetic impulses are quite
frequent and form part of the spectrum of the geomagnetic
field variation over 2—11 years as discussed by Currie
(1973), and are attributable to the solar cycle effect.

Conclusions

Geomagnetic impulses of 1965, 1970, 1974 and 1977, in
H, have been demonstrated to be of global character, occur-
ring in association with rapid changes in the annual mean
sunspot numbers near the minima or maxima of the 11-year
solar cycle. Several impulses have also been identified dur—
ing the period 1940—1977, at world-wide stations, in the
annual changes of the X component of the geomagnetic
field, and associatied with large increases or decreases in
the annual sunspot numbers. In the case of the annual chan—
ges in the long series of H component data at Colaba and
Alibag observatories, Bombay (India) for the period
1848—1980, most of the impulses, once again, are found
to occur in inverse association with large and abrupt chan-
ges in the sunspot numbers, and reveal a periodicity of
5 years. A quantitative relationship between the amplitudes
of the impulses and the annual changes in the sunspot
numbers is, however, not possible, because the areas of
sunspots and other solar activity centres may also be in-
volved in these correlations.

It is emphasised that these apparent impulses are of
external origin and are generated by changes in the west-
ward magnetospheric equatorial ring current following the
changes in the 11-year solar cycle.
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A paleomagnetic study of tertiary volcanics
from the Hocheifel (Germany)
and the cenozoic apparent polar wander path
of Central Europe
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Abstract. Paleomagnetic results are presented for 367 sam-
ples from a total of 54 igneous bodies from the Hocheifel
(Germany) Tertiary volcanic province. Available radiomet—
ric age controls enable the data to be reliably assigned to
the Late Eocene and predominantly to the Oligocene peri-
od. The mean virtual geomagnetic pole (VGP) position of
80.8° N, 182.00 E, A95=4.2° coincides perfectly with the
apparent polar wander path for Eurasia in Mid-Tertiary
tlmes.

All published paleomagnetic results for other Late Oli-
gocene to mostly Miocene centers of volcanic activity in
Central Europe are reviewed. Their VGP’s typically fall
into the 90°—180o E longitudinal quadrant (mean: 78.70 N,
141.9o E, A95=4.4°). Together with pole positions for
Lower Tertiary North European volcanic provinces (mean:
79.1° N, 171.1o E, A95=6.3°) they result in a rather com—
plex apparent polar wander relative to Western Europe dur—
ing the Tertiary era which, according to the presently avail-
able data, would differ significantly from the APW path
for the Russian/Siberian platform.

Key words: Paleomagnetism — Central European Tertiary
volcanism - Apparent polar wander path

Introduction

The Eifel volcanic fields are the westernmost link in a
roughly straight chain of Cenozoic Central European volca-
nic provinces extending eastward for some 700 km to Sile—
sia, approximately along latitude 505° N. Duncan et a1.
(1972) postulated the existence of a hotspot (‘ Eifel plume’)
beneath the eastward moving European plate successively
feeding the various volcanic centers since about Mid-Oligo—
cene. Abundant radiometric age data published during the
last decade, however, do not support their hypothesis of
an almost continuous progressive decrease in age along the
volcanic belt from east to west (see review by Lippolt, 1982).
Instead, there is compelling evidence that several synchro-
nous eruptive phases took place between Late Eocene and
Quaternary without any apparent systematic spatial rela-
tionship.

Moreover, the assumption of a single E-W trending vol—
canic arc is certainly somewhat arbitrary as there are a
number of Cenozoic volcanic centers of different ages both
to the north and to the south, around and within the Upper
Rhinegraben and its NE branch into Lower Hesse and

Offprint requests to: U. Bleil

Lower Saxony. In fact, the formation of the Rhinegraben
rift system and the subsequent regional uplift of the Rhenish
shield is suggested as a potential tectonic mechanism con-
tributing to magma generation in the Eifel and adjacent
areas (Illies et al., 1979). Duda and Schmincke (1978) gener-
alized this aspect by associating mass movements in the
mantle, related to the Alpine folding, to an uplift and mag-
matic activity along the Central European volcanic chain
running roughly parallel, some 300 km to the north of the
Alpine fold belt.

Paleomagnetic studies have been published for almost
all Tertiary volcanic provinces in Central Europe. Their
review shows that on modern standards some of these data
sets are at best fragmentary. Previous paleomagnetic work
in the Eifel region has been concentrated mainly on the
Quaternary volcanic fields of the Lake Laach area in the
east (Kohnen and Westkamper, 1978; Böhnel et al., 1982)
and the Maar district in the west (Haverkamp, 1980; Jäger,
1982). Both these eruptive phases show little overlap in
space with a precursory, at least as intense, volcanic activity
in the central part, the Hocheifel (Fig. 1). Here, K/Ar ages
range from 45 to 23 m.y. (Cantarel and Lippolt, 1977). A
preliminary paleomagnetic survey on 8 dated volcanic bod-
ies was published by Bleil et al. (1982). These authors also
discussed rock magnetic and magneto-mineralogical prop-
erties. For one Tertiary volcano a remanent magnetization
direction was determined by Nairn (1962) and Böhnel et al.
(1982). The main aim of this study is to present a complete
paleomagnetic analysis of the Hocheifel volcanics.

Geologic setting

The ‘Rheinisches Schiefergebirge’ (Rhenish Slate Moun-
tains) is an uplifted plateau composed of a thick series of
mainly Devonian and Lower Carboniferous slates, grey-
wackes and quartzites. In its northwestern part, the Hochei-
fel region, a suite of volcanic rocks pierces those strata
which were strongly folded during the Hercynian orogeny.
Within an area of about 500 km2, more than 130 eruptive
centers have been identified (Knetsch, 1959). Their ages
range from Middle Eocene to Late Oligocene (Cantarel and
Lippolt, 1977) and mark the earliest volcanic activity within
the central Rhenish shield.

The rocks consist of alkali basalts, grading by mode
and chemistry towards hawaiites, mugearites and trachytes
(Huckenholz, 1965 a). The available K/Ar ages indicate an
initial andesitic phase limited to Eocene times followed by
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Table 1. Summary of sampling sites

Site Locality Geographic coordinates Rock type Age
(°N/° E) (In-Y)

AB Alte Burg 50397/6892 basanite(3)
BM am Booser Maar 50.308/6.992 alkali olivine basalt(2) 37(8)
GK am Gewader Köpfchen 50303/6950 alkali basalt(6)
AS am Selberg 50.337/6.947 alkali basalt(6)
VH-I am Vogelsherdchen I 50348/6958 alkali basalt(6)
VH-II am Vogelsherdchen II 50348/6958 alkali basalt(6)
AR Arensberg 50.290/6.732 basanite(S) 24/32(7)

23(8)
HS Auf der Hurstatt 50237/6912 alkali basalt(6)
BA Barsberg 50.295/6.848 alkali basalt(6) 36(9)
BS Beilstein 50287/6972 alkali basalt(6)
BB Bereborn 50283/6962 alkali basalt(6)
MU Bocksberg I 50320/6925 oligo andesite(1) 43(7),18(9)
BO Bocksberg II 50320/6925 oligo andesite(1)
KO Brinkenkopfchen 50.275/6.938 oligo andesite(1) 41(7)
BK-I Burgkopf I 50.370/6.808 basanite(6)
BK-II Burgkopf II 50370/6808 basanite(6)
CO Cotenickelchen 50332/6953 alkali basalt(6)
DK Die Kapp 50.230/6892 alkali basalt(6)
DL Diingerlei 50370/6805 alkali basalt(6)
FR Freienhauschen 50.272/6.938 trachyte(1)
GA Galgenkopf 50355/6982 alkali basalt(6)
GL Gefell 50.238/6.908 basanite(S)
GE Gewaderkopfchen 50.303/6.950 mugearite(2) 33(7)
HK Hochkelberg 50275/6953 picrite basalt(4) 41(9)
HO-I Höchstberg I 50240/7042 alkali olivine basalt(S)
HO-II Hochstberg II 50235/7040 alkali olivine basalt(S) 34(7)
HO-III Hochstberg III 50240/7040 alkali olivine basalt(S)
HA Hohe Acht 50387/7012 ankaramite(4) 38(7)
GB Hoch—Bermel 50282/7095 basanite(3)
HB Holzberg 50.298/6.978 picrite basalt(3)
HN Hünerbach 50288/6950 trachyte(2)
HU Hüstchen 50328/6937 alkali basalt(6)
JH Jonashübel 50188/6967 leuco trachyte(2)
KA Karnickelchen 50272/6937 oligo andesite(1) 42(7)
KB Kleiner Bermel 50280/6087 basanite(3)
KH Kölnische Höfe 50230/7030 basanite(5)
LI Liers 50462/6945 alkali basalt(6)
MH Maihochstchen 50280/6938 picrite basalt(4)
MB Michelsberg 50512/6822 alkali basalt(6)
NS Nitzbachsteinchen 50387/6948 basanite(4)
NB-I Nürburg I 50347/6953 basanite(3) 34(7)
NB-II Nürburg II 50338/6953 basanite(3)
RL Rappoldsley 50367/6938 hawaiite(2)
RA Raustert 50330/6970 oligo andesite(1) 45(7)
RE Reimerath 50308/6958 leuco trachyte(1) 41(7)
RO Rotlaufchen 50238/7062 basanite(5)
SK Scharfer Kopf 50.330/6938 alkali olivine basalt(Z)
SC Schule Nerdlen 50.230/6.867 alkali basalt(6)
SE Selberg 50.347/6.937 phonolite(2) 30(7)
SM Steimelskopf 50233/7005 alkali olivine basalt(5)
ST Steinkéiulchen 50292/6967 alkali trachyte(l)
HT südlich Hütchesberg 50.230/6925 alkali basalt(6)
SR südlich Reimerath 50298/6953 alkali basalt(6)
VO Vogelsherdchen 50353/6955 alkali basalt(6)

(1) Grünhagen, 1964; (2) Huckenholz, 1965a; (3) Huckenholz, 1965b; (4) Huckenholz, 1966; (5) Chauduri,
1970; (6) Huckenholz, pers. comm. 1981; (7) Cantarel and Lippolt, 1977; (8) Schmincke and Mertes, 1979;
(9) Lippolt and Fuhrmann, 1980 (unpublished data)

basaltic and basanitic eruptions during Oligocene. Tra-
chytes apparently were emplaced more or less over the en-
tire period of volcanic activity.

Volcanic edifices have generally been eroded, most pres-
ent occurrences representing subvolcanic feeder conduits.
The samples for this paleomagnetic study were obtained
mainly from formerly quarried stocks and necks, now

Materials and methods

prominent features within the landscape of a deeply eroded
Paleozoic environment.

A total of 54 sites were sampled for the present paleomag-
netic study. Cores (2.5 cm in diameter, 5—15 cm long) were
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drilled and their orientation taken in situ with a magnetic
and/or sun compass before removal from the outcrop.
Whenever possible, a representative sampling was attempt-
ed by taking 5 or more individual cores over the greatest
practicable distance at each site.

Table 1 summarizes the basic sampling-site information.
Besides geographic coordinates of the localities, the respec-
tive rock types and, where available K/Ar ages are listed.

For the magnetic analyses the cores were cut into stan-
dard—sized 2.5 cm long specimens. All measurements of the
magnetization directions and intensities were made on a
Digico spinner magnetometer. For the alternating field
(AF) demagnetization treatment a Schonstedt GSD-l single
axis demagnetizer was used. The susceptibilities were deter-
mined by means of a Bison 3101A bridge.

A systematic AF demagnetization was carried out on
at least one pilot specimen per site. According to their re-
sults, an optimum, generally less detailed demagnetization
procedure was established for the bulk of the material. Sta-
ble magnetization directions were evaluated from different
graphical representations of the demagnetization data illus—
trating the changes in direction and intensity of remanence:

(a) demagnetization curves, giving the intensity varia-
tion normalized to the initial natural remanent magnetiza-
tion, NRM as fonction of the demagnetizing fields (Figs. 2a
and 3 a),

(b)vector diagrams of the orthogonal magnetization
components (Zijderveld, 1967) after each demagnetization
step (Figs. 2b and 3b);

(c) stereographic plots of the resultant vectors, the direc-
tions remaining upon progressive demagnetization (Figs. 2c
and 3c);

(d) stereographic plots of the difference vectors (Hoff-
man and Day, 1978), the directions removed upon progres-
sive demagnetization (Figs. 2d and 3d).

The stable direction, corresponding to the primary char-
acteristic remanent magnetization, ChRM, was determined
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for each Specimen from the demagnetization interval yield-
ing the least directional scatter. The site mean ChRM direc-
tions are calculated from sample means and defined on
basis of minimum circles of confidence and maximum pre-
cision k-parameters.

Natural remanent magnetization, NRM

The NRM site mean directions generally cluster around
the centered axial dipole direction of the sampling area
(Fig.4a). Mostly, a moderate within-site scatter is ob-
served, at about 25% of the sites, however, 0:95 exceeds
20° (Table 2). The NRM intensities vary between about
0.1 and 20 A m”. There is no obvious correlation of the
magnetization intensities and susceptibilities with the pe-
trology of the rocks, only trachytes consistently gave con-
spicuous low values for both parameters. On the other
hand, remarkably different NRM intensities were found
for normal polarities — geometric mean 5.6 A rn‘1 — and
reversed polarities — geometric mean 2.7 A m"1 —. Almost
identical susceptibility mean values of 3.4 10—2 SI units
for both collections indicate that the contrasting remanent
intensities result from the magnetization history rather than
from intrinsic magnetic properties of the rocks. For about
25% of the sites, and most always coinciding with extremely
high c195 for the NRM directions, the Koenigsberger ratios
were found to be less than unity.

Demagnetization experiments

For each sampling site at least one pilot specimen was sys—
tematically demagnetized in alternating fields. Up to 20 mT
AF increments of 2 mT were applied, between 20 and
40 mT the demagnetization steps were increased to 5 mT
and beyond this stage to 10 mT or more. The demagnetiza-
tion process was pursued until the remaining remanence
was clearly single-component and a stable characteristic re-
manent magnetization, ChRM, could be unequivocally de-
termined. The evaluation of the ChRM data was done by
means of combined graphical methods (Figs. 2 and 3).

The samples frequently contain unstable spurious mag-
netization components which are entirely removed at low
demagnetization stages of 10 mT or less. Mostly their pres-
ence is clearly evident only from the vector difference
graphs (Fig. 2d), in some rare cases, where they hold larger
fractions of the total remanence, they cause a more distinct
directional variation upon demagnetization which also can
be traced in the Zijderveld diagrams and resultant vector
graphs. Although it appears that the declinations are gener-
ally more sensitive to this kind of secondary magnetization,
they do not show any consistent grouping. A likely interpre-
tation, therefore, would be a random overprinting during
sampling and/or subsequent storage and handling in the
laboratory.

The quantification or even identification of viscous re-
manent magnetization, VRM, components is very limited
for samples carrying a normal ChRM due to the directional
similarity of the present Brunhes field and the former Terti-
ary fields. In contrast, for almost all samples yielding a
reversed ChRM the demagnetization process revealed a
more or less pronounced VRM component. Figure 3 sum-
marizes the most typical features of this behavior. The re—
moval of a roughly antiparallel VRM results in only minor
changes of the resultant remanent direction over the whole
demagnetization process (Fig. 3c). Their effect, however,
becomes very obvious in the demagnetization curve
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(Fig. 3 a). Both here and in the Zijderveld diagram (Fig. 3b)
an apparent increase of the total remanent intensity and
their respective orthogonal components indicate that a rela-
tively unstable remanence of normal polarity is destroyed
by the AF treatment up to about 15 mT while a stable
remanence of reversed polarity remains essentially un-
changed. The vector difference graph (Fig. 3d) suggests that
the unstable component is in fact of viscous origin as up
to alternating fields of 10 mT the directions of the elimi-
nated remanences cluster closely around the Brunhes field
for the sampling site. Between about 10 and 20 mT, the
difference vectors show intermediate directions which grad-
ually approach the ChRM direction. In this interval, there-
fore, the stability fields of the primary and secondary mag-
netizations overlap. Beyond about 20 mT, the VRM is com-
pletely erased, the remaining remanence is essentially single—
component and upon further demagnetization to 100 mT,
the directions of resultant and difference vectors, on aver-
age, coincide.

Characteristic remanent magnetization, ChRM
According to the results obtained by the AF treatment of
the pilot specimen, all samples of a site were progressively

2.0-

S down

Fig. 2a—d. AF demagnetization
characteristics of pilot sample
Hoch—Bermel (GB-I).
a Intensity of NRM normalized
remanent magnetization as func-
tion of the applied demagnetizing
field and variation of remanent
intensity in per cent for each de-
magnetization step (dotted).
b Vector diagram illustrating the
changes in direction and intensity
(in A m‘ l) of remanence during
progressive demagnetization. Solid
and open symbols represent decli-
nation and inclination, respective-
ly. The stars give the NRM direc-
tions. AF increments can be read
from Fig. 2a.
c Stereographic projection of the
resultant vectors of magnetization.
Closed symbols indicate positive,
open symbols negative inclina-
tions, respectively. The star gives
the NRM direction, all directions
are connected by great-circles. AF
increments can be read from
Fig. 2a.
(1 Stereographic projection of the
difference vectors. Closed symbols
indicate positive, open symbols
negative inclinations, respectively.
The star gives the first demagneti—
zation step, all directions are con-
nected by great-circles. AF inter-
vals can be read from Fig. 2a

demagnetized over an appropriate interval of several tenths
of mT. From these data a ChRM direction was then deter-
mined for each sample. The site mean ChRM directions
together with statistical parameters and the respective pole
positions are summarized in Table 2. It shows that the large
scatter observed in the NRM of many sites could be drasti-
cally reduced by the demagnetization process and, with but
a few exceptions, 01:95 of the order of 5° are typical for
the ChRM results.

At four sites (Brinkenkopfchen, KO; Hochstberg, HO-
II; Rappoldsley, RL; Steimelskopf, SM) pole positions of
less than 45° latitude were obtained. These data, therefore,
are not included in any further mean calculation. Whether
they represent true transitional paleofield configurations
can not be decided on basis of the present results. Ryall
et al. (1977) have pointed out that the recording of geomag—
netic transitions or excursions by an episodic volcanism
is statistically very improbable. Analyses of a great number
of Icelandic lava flows showed that only about 5% had
recorded a transitional field state.

Site HO-II belongs to a large volcanic complex now
quarried in several outcrops. The two other sites sampled
here, HO-I and HO-III, both gave similar, but apparently



1.0-i-

167

Nvup

2.0 -

1.54

" F100
1J3-v -

:ùJP/o w:

: :5
0so H_,mT 100

not identical, normal directions. This implies that the volca-
nic activity prevailed at least over a period of some
102 years. A possible explanation for the erratic ChRM di-
rection of site HO-II, therefore, would be a volcano-tectonic
fragmentation and dislocation of older parts of the volcanic
edifice upon subsequent eruptions. To an unknown extent
such effects may also have affected a number of other sites
sampled for this study. However, due to the complete ab-
sence of any useful horizontal reference features, nowhere
a bedding correction could be applied.

As for the Hdchstberg sites, the two outcrops sampled
at the Niirburg (NB-I, NB-II) also gave significantly differ-
ent ChRM directions. Two adjacent sites am Vogelsherd-
chen (VH-I, VH-II) even revealed opposite remanent mag—
netization polarities. A time span of at least 104 years
should thus separate consecutive volcanic pulses at this lo-
cality. On the other hand, within three volcanic complexes
(Bocksberg, B0 and MU; Burgkopf, BK-I and BK—II;
Gewaderkopfchen, GE and GK) the stable remanent mag-
netization directions of different sampling sites on grounds
of overlapping 0:95 and positive F-tests are identical. Their
respective data have been combined to common mean
values for these volcanoes.

S “Clown

0.5

Fig. 33—11. AF demagnetization
characteristics of pilot sample
Freienhiiuschen (FR-i/l). See cap-
tion of Fig. 2 for details

As evident from Table 2 and Fig. 4b, a number of sites,
both of normal and reversed ChRM polarity, without any
obvious spatial relation, yield very similar, stable paleomag-
netic directions. Although it may be tempting to assign
a contemporaneous volcanic activity here, such a conclu-
sion would only be justified with additional, convincing
and independent proof. The mere fact of coinciding or very
similar paleomagnetic directions in different rock units of
the same geologic period in a given area can of course
result from an approximately synchronous acquisition of
their remanent magnetizations but with at least the same
probability, their ages may be different by up to many mil-
lion years (see e.g. the data of sites Arensberg, AR and
Hohe Acht, HA, Tables 1 and 2). On the other hand, clearly
different ChRM directions reflecting a regular paleosecular
field variation can be obtained from volcanic rocks which
were emplaced within only a few 102 years. Even for oppo-
site magnetization polarities the minimum age difference
is only of the order of 104 years, the time required for the
Earth’s magnetic field to complete a reversal (Fuller et al.,
1979)

It is interesting to note in this context that for volcanic
structures with similar K/Ar ages (Table 1) the same ChRM
polarity was always observed. Thus the five sites (Books-
berg, BO, MU; Brinkenkifipfchen, K0; Hochkelberg, HK;
Karnickelchen, KA; Reimerath, RE) giving radiometric
ages of 41—43 m.y. carry a reversed magnetic polarity which
may tentatively be correlated to the reversed interval be-
tween marine magnetic anomalies 18 and 19 (Ness et al.,
1980). Similarly, the three sites of normal polarity (am
Booser Maar, BM; Barsberg, BA; Hohe Acht, HA) with
K/Ar ages of 36—38 m.y. could represent the mostly normal
periods of marine anomalies 15 and 16. However, another
three sites of normal polarity (Gewaderkopfchen, GE, GK;
Hochstberg, HO-I, HO—II, HO-III; Niirburg, NB-I, NB-II)
gave K/Ar ages of 33—34 m.y. which fall into the long re-
versed interval between marine anomalies 12 and 13.

At site Arensberg, AR, Fuchs (1969) on the basis of
geologic field observations has distinguished two eruptional
phases for which Cantarel and Lippolt (1977) determined
radiometric ages of 32 and 24 m.y., respectively. Only the
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Table 2. Summary of paleomagnetic results from Tertiary Hocheifel volcanics

Site N NRM ChRM Pole Position

JNRM D I 0595 D I k R 0695 Â’ ¢’ dp dm

AB 7/7 0.99 163.1 —32.0 28.9 167.8 —53.7 316 6.98 3.4 71.7 220.3 3.5 4.8
BM 6/6 18.90 347.8 +47.4 4.5 350.8 +71.7 661 5.99 2.6 83.1 330.7 4.0 4.5
GK 5/5 4.81 337.7 +682 10.3 355.6 +623 469 4.99 3.5 82.8 212.8 4.3 5.5
AS 6/6 4.32 27.5 +65.7 4.4 4.3 +628 386 5.99 3.4 83.3 159.0 4.2 5.4
VH-I 4/4 7.40 356.0 + 72.7 10.4 10.2 +77.8 256 3.99 5.8 72.9 19.1 10.2 10.8
VH—II 6/6 5.03 153.1 —73.7 6.3 171.4 —71.4 107 5.95 6.5 82.2 328.5 10.0 11.4
AR* 18/18 5.46 3.7 + 55.1 8.8 1.2 +551 239 17.93 2.2 75.3 183.1 2.2 3.1
HS 6/6 4.26 10.5 +63.1 2.1 5.0 + 54.9 714 5.99 2.5 74.9 170.8 2.5 3.6
BA 6/4 7.00 60.0 +44.6 66.0 2.5 +39.2 33 3.91 16.2 62.0 181.6 11.6 19.4
BS 6/5 2.69 340.6 +55.2 15.0 342.7 +509 85 4.95 8.3 67.4 227.8 7.6 11.2
BB 5/5 6.37 351.3 +44.9 8.8 345.3 +412 103 4.96 7.6 61.1 215.3 5.6 9.2
MU* 16/16 0.54 336.5 —34.6 29.4 203.3 -75.9 103 15.86 3.6 72.1 42.0 6.1 6.6
B0 5/4 0.42 358.0 — ' 9.3 >90 201.0 —72.1 76 3.96 10.4 75.9 60.2 16.5 18.7
MU/BO -—/20 — — — — 205.5 —75.2 98 19.81 3.3 71.1 46.8 5.5 6.1
KO* 11/11 2.10 269.4 —44.2 60.6 249.7 —62.8 47 10.79 6.7 44.1 76.3 8.2 10.5
BK-I 5/5 8.71 353.2 + 53.3 6.9 349.1 +51.1 125 4.97 6.9 69.9 214.3 6.3 9.3
BK-II 5/5 6.20 353.9 + 57.0 5.2 351.8 + 52.4 230 4.98 5.1 71.7 208.9 4.8 7.0
BK-I/II —/10 —— — — — 351.9 +51.8 172 9.95 3.7 71.1 208.5 3.4 5.0
CO 7/7 3.57 155.3 —61.9 10.0 165.8 —67.0 304 6.98 3.5 80.9 278.7 4.8 5.8
DK 6/6 3.56 272.9 +21.5 34.0 8.6 +47.1 63 5.92 8.5 67.2 166.7 7.1 11.0
DL 6/6 7.92 1.1 +65.1 2.7 357.1 +639 622 5.99 2.7 85.0 210.3 3.4 4.3
FR 5/5 0.49 206.3 ——28.1 20.4 196.7 —58.1 72 4.95 9.1 73.6 134.1 9.9 13.4
GA 6/5 5.41 12.4 + 55.9 7.5 11.7 +545 135 4.97 6.6 72.6 152.9 6.6 9.3
GL 6/6 2.58 207.3 —51.5 9.9 214.9 —62.2 133 5.96 5.8 65.5 98.7 7.1 9.1
GE* 16/14 4.33 348.4 + 57.0 5.8 349.9 + 59.6 107 13.88 3.9 77.8 226.2 4.4 5.8
GK/GE —/19 — — — — 351.7 +603 127 18.86 3.0 79.3 222.6 3.4 4.5
HK 6/6 3.12 191.0 —48.6 10.7 196.4 —49.6 453 5.99 3.2 66.8 148.5 2.8 4.2
HO-I 6/5 3.57 350.6 + 55.1 13.4 354.7 + 52.0 119 4.97 7.0 72.0 201.6 6.6 9.6
HO-II 6/6 2.34 65.5 +62.5 12.7 76.8 +383 30 5.83 12.5 24.7 92.5 8.8 14.8

-HO-III* 12/12 2.01 288.8 +483 26.8 341.2 +500 98 11.98 4.4 65.9 229.7 3.9 5.9
HA* 10/10 2.43 353.9 +49.0 4.4 9.3 + 51.4 418 9.98 2.3 70.5 162.8 2.1 3.1
GB 5/5 3.04 341.6 +59.2 5.0 341.3 +564 192 4.98 5.5 71.2 239.6 5.8 8.0
HB 6/5 0.58 82.9 + 2.0 50.0 147.1 —66.7 229 4.98 5.1 68.9 286.9 6.9 8.4
HN 4/4 1.43 8.0 + 58.1 3.9 14.8 +48.5 311 3.99 5.2 66.5 152.7 4.5 6.9
HU 8/8 4.41 6.0 +622 9.2 7.4 +649 157 7.96 4.4 84.1 127.9 5.8 7.1
JH 6/6 0.37 93.6 +76.4 13.6 156.9 —39.3 121 5.96 6.1 56.7 228.0 4.4 7.3
KA 6/6 1.34 170.7 —43.1 19.2 199.8 —65.0 95 5.95 6.9 77.8 104.8 9.0 11.1
KB 5/5 3.40 358.8 +63.0 6.5 351.8 +64.3 306 4.99 4.4 83.2 243.6 5.6 7.0
KH 5/4 8.39 2.3 +67.1 13.0 346.4 +622 580 4.00 3.8 78.6 246.6 4.6 5.9
LI 5/5 3.71 211.3 —49.7 4.1 199.1 —53.8 1594 5.00 1.9 68.8 138.1 1.9 2.7
MH 6/4 1.48 293.7 +60.8 32.1 353.5 +765 182 3.98 6.8 75.5 355.6 11.7 12.6
MB 5/5 0.12 8.4 +29.3 7.9 7.4 +29.6 111 4.96 7.3 54.6 174.1 4.4 8.0
NS 7/7 9.35 282.2 +46.5 17.6 334.4 -+66.3 268 6.98 3.7 73.4 281.3 5.0 6.1
NB-I 6/6 5.83 343.1 +69.1 24.7 0.6 +61.5 212 5.98 4.6 82.4 183.2 5.5 7.1
NB-II 6/6 4.28 34.2 + 58.1 7.1 33.0 + 51.9 358 5.99 3.5 60.0 120.0 3.3 4.8
RL 6/4 2.48 147.1 +47.9 15.5 142.0 — 16.7 52 3.94 12.9 37.8 237.1 6.9 13.3
RA* 13/13 1.26 176.3 —67.7 5.5 183.1 —70.1 405 12.97 2.0 85.7 31.8 3.0 3.5
RE 5/5 0.11 188.8 —-59.9 21.5 192.6 —60.8 275 4.99 4.6 77.9 135.6 5.4 7.1
R0 6/6 8.03 6.7 + 59.8 2.7 6.2 +573 368 5.99 3.5 77.0 164.8 3.7 5.1
SK 5/5 13.49 188.8 —66.9 5.8 189.3 —66.2 216 4.98 5.2 83.7 107.9 7.0 8.6
SC 6/6 2.92 350.0 + 57.6 6.1 352.2 + 52.1 224 5.98 4.5 71.6 207.8 4.2 6.2
SE* 11/11 0.61 358.5 +55.4 8.2 357.4 +645 203 10.95 3.2 85.6 211.3 4.1 5.1
SM 5/4 4.73 63.3 +11.6 29.7 51.8 +153 185 3.98 6.8 29.7 123.3 3.6 7.0
ST 3/3 8.33 98.3 +35.7 78.1 23.0 +552 96 2.98 12.7 69.4 125.7 13.5 18.5
HT 5/5 8.31 358.2 +61.5 23.8 346.6 +683 92 4.96 8.0 81.4 290.6 11.4 13.5
SR 6/5 4.42 28.7 +61.7 8.1 30.8 +57.5 471 4.99 3.5 65.1 113.6 3.8 5.2
VO 7/7 6.26 359.2 + 57.8 9.7 351.8 +49.4 118 6.95 5.6 69.1 206.8 4.9 7.4

N number of samples in NRM/ChRM mean; JNRM geometric mean NRM intensity in A m”; D declination in ° E; I inclination,
positive downward; k precision parameter; R resultant of N unit vectors; 0:95 radius of the 95% confidence circle; À’, 45’ geographic
latitude in ° N and longitude in ° E of the virtual geomagnetic pole; dp, dm semiaxis of the 95% oval of confidence.
* Data from Bleil et al., 1982
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b.
Fig. 4a and b. Site mean paleomagnetic directions of the a natural remanent magnetization, NRM b characteristic remanent magnetiza-
tion, ChRM for Tertiary volcanics of the Hocheifel area (present axial geocentric dipole inclination: +675”). Closed and open symbols
indicate positive and negative inclinations, respectively

Table 3. Average paleomagnetic directions and virtual geomagnetic
pole positions for the Tertiary Hocheifel volcanics

Mean directions N D I k R 0:95

Normal polarities 33 359.9 + 57.5 42 32.23 3.9
Reversed polarities 14 184.1 — 62.8 36 13.64 6.7
All sites‘“ 47 1.0 + 59.1 39 45.83 3.4

Pole positions (° N, ° E)

N ‚l’ d” k R A.95
Normal polarities 33 79.1 188.2 28 31.86 4.8
Reversed polarities 14 84.2 153.3 21 13.37 8.9
All sites 47 80.8 182.0 25 45.17 4.2

a For the overall mean calculation, reversed polarities are inverted
to their northern hemisphere equivalent directions. All symbols
as in Table 2

latter age, however, was confirmed by Schmincke and
Mertes (1979). The paleomagnetic sampling comprised both
rock units and according to the extremely tight grouping
of the stable remanent magnetization directions of all sam-
ples (Table 2), it appears rather unlikely that their emplace-
ment was discontinuous over a very long period of time.

Mean directions and pole positions
Table 3 summarizes the average paleomagnetic directions
and virtual geomagnetic pole (VGP) positions obtained for
the Tertiary Hocheifel volcanics. The data are based on
47 individual site means. As discussed above, from a total
of 54 sampling sites, 4 were omitted because of an apparent
transitional field record (11" c: 45° acceptibility criterion). For
three sets of data the results of two different outcrops at
a volcanic body have been combined to a common mean.

The respective mean directions for 33 sites of normal
and 14 sites of reversed polarity deviate by only a small,
Statistically insignificant amount (Fig. 5). The observed

Fig. 5. Mean characteristic remanent magnetization directions with
95% circles of confidence for the Tertiary Hocheifel volcanics.
Closed circle: mean direction of normal polarities (N :33); open
circle: mean direction of reversed polarities (N214) also shown
as an equivalent direction on the northern hemisphere (dotted circle
of confidence); square: mean direction of all sites; star: present
axial geocentric dipole field direction for the Hocheifel area.
50°—90° Schmidt equal area projection

slightly shallower normal mean inclination is not compati-
ble with an incompletely erased secondary viscous magneti-
zation of Brunhes field origin (Pohl and Soffel, 1977). In-
stead, a more likely explanation would be the recording
of sufficiently large and asymmetric long—term non-dipole
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field components (Wilson, 1970; Coupland and Van der
Voo, 1980). Whatever the cause, in the inclination, the over—
all mean direction is significantly different from the axial
geocentric dipole field for the present latitude of the Hoch-
eifel area.

The mean pole positions for the northern hemisphere
are calculated from the VGP’s determined individually for
each site (Table 2). A VGP derived from the mean direction
of all sites is listed in Table 4 and will be discussed together
with paleomagnetic data for the other Cenozoic Central
European volcanic provinces in the following review.

Apparent polar wander path
for Cenozoic Central Europe

The most comprehensive compilation of paleomagnetic re-
sults for all major continental blocks since the Devonian
has been published by Irving (1977). The apparent polar
wander (APW) path relative to northern Eurasia for the
last 80 my. based on these data is shown in Fig. 6. The
mean pole position for the Tertiary Hocheifel volcanics de—
termined in this study falls about midway between the 30
and 40 m.y. VGP’s of Irving. This result strongly supports
the available radiometric ages of a predominantly Oligocene
volcanic activity in this region. An especially interesting
feature is the close agreement seen in the VGP longitudes.
They indicate an apparent polar wander path along about
the 180° meridian for the entire Cenozoic, and, neglecting
true polar wander, imply a northward continental motion
without a notable rotational component during this period.

However, there is a significant discrepancy of some 30°
in longitude between these results and an APW compiled
for stable continental Western Europe by McElhinny (1973)
His Upper Tertiary pole (80° N, 157° E) is almost exclusive—
ly derived from paleomagnetic data of various Central Eu-

90

Fig. 6. Apparent polar wander path relative to Eurasia since the
Late Cretaceous (Irving, 1977). Star: Mean virtual geomagnetic
pole (VGP) for the Tertiary Hocheifel volcanics with 95% circle
of confidence as determined in this study. Closed circles: 1) Mean
Miocene VGP with 95% circle of confidence as derived from paleo-
magnetic data for the Central European volcanic provinces (Ta-
ble 4). 2) Mean Paleocene/Eocene VGP with 95% circle of confi-
dence as derived from paleomagnetic data for the North European,
mainly British Lower Tertiary volcanic provinces (Irving et al.,
1976, see text for details). 70°—90° polar projection

Table 4. Summary of age data and paleomagnetic results for Cenozoic Central European volcanics

Epoch Volcanic Age n/N ChRM Pole Position References
center
À/çà D 1 0:95 Â’ çà’ dp dm

Paleocene/ Northern 65—39 8/46 10.0 60.9 14.3 79.5 143.1 16.8 21.9 Horn et al., 1972;
Eocene Rhinegraben Lippolt et al., 1975;

Borders Nairn and Negendank,
49.8/8.6 1973

Eocene/ Hocheifel 45—23 47/351 1.0 59.1 3.4 79.5 182.6 3.8 5.0 Cantarel and Lippolt,
Oligocene 503/70 1977;

Schmincke and Mertes,
1979;
Bleil et al., 1982;
this paper

Late Heldburg 42—16 6/83 11.7 57.3 9.8 75.1 152.2 10.4 14.3 Lippolt, 1982;
Oligocene/ dyke swarm Pohl and Soffel, 1977
Early 50.2/ 10.8
Miocene

Lower Silesia Oligocene/ 51/290 4.8 63.9 4.4 83.6 163.9 5.6 7.0 Urry, 1936;
51.1/15.6 Miocene Birkenmajer and Nairn,

(36—29) 1969
Lausitz 28—24-19 23/145 20.2 62.2 5.0 74.4 125.8 6.0 7.8 Todt and Lippolt, 1975b;
51.0/14.8 Nairn and Vollstadt,

1967
Westerwald 28—22 5/14 11.3 55.4 11.9 73.3 154.2 12.1 17.0 Lippolt and Todt, 1978;
50.5/7.9 Nairn, 1962
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Epoch Volcanic Age n/N ChRM Pole Position References
center
Ä/qß D I 0(95 Â.’ ¢’ dp dm

Siebengebirge 26—24—19 6/17 37.4 61.9 8.1 63.7 99.2 9.7 12.5 Todt and Lippolt, 1980;
50.7/7.2 (Nairn, 1960);

Nairn, 1962
Oberpfalz 29—24—19 17/235 12.6 61.7 5.9 78.8 136.6 7.0 9.1 Todt and Lippolt, 1975a;
50.0/12.2 Soffel and Supalak, 1968;

Pohl and Soffel, 1977

Rhön 25—22—19 11/86 359.8 63.8 13.4 84.9 191.3 16.9 21.2 Bock and Soffel, 1971;
50.5/10.0 Lippolt, 1978

Mean 7 77.6 135.1 7.2+

Middle Kaiserstuhl 18—13 8/— 5.7 50.1 12.6 72.2 171.3 11.3 16.9 Lippolt et al., 1963;
Miocene/ 48.1 /7.6 Roche and Lauer, 1964
Late
Miocene

Vogelsberg 16—13 38/194 13.9 57.4 5.1 74.1 145.5 5.5 7.5 Harre et al., 1975;
50.5/9.1 Ehrenberg et al., 1977;

Angenheister, 1956;
(Nairn, 1960)

Ries 15 12/111 11.4 59.5 1.4 78.4 142.6 1.6 2.1 Gentner et al., 1963;
Impact Crater Pohl, 1965
48.8/10.5

Göttingen 20—N13—7 15/159 11.7 61.2 8.9 77.9 143.9 10.5 13.6 Kreutzer et al., 1973;
Region Wedepohl, 1978;
51.4/9.8 Schult, 1963, 1975

Habichtswald Late 4/11 357.7 66.2 19.1 86.9 218.9 25.7 31.4 Rösing, 1958;
51.3/9.3 Miocene Schult, 1963
Hegau 16—13 12/129 8.3 65.0 10.5 84.2 111.4 13.7 17.0 Lippolt et al., 1963;
48.5/9.5 Horn et al., 1972;

Baranyi et al., 1976;
Nairn and Negendank,
1973;
Mäussnest, 1979

Mean 6 79.7 151.6 6.0+

Mean for 13 78.7 141.9 4.4+
Late
Oligocene/
Miocene

À, ¢ geographic latitude in ° N and longitude in ° E; n/N number of sites/samples; all other symbols as in Table 2. Ages given in
m.y. refer only to periods for which paleomagnetic data are available, main eruptional phases are underlined (for a comprehensive
review of K/Ar ages see Lippolt, 1982).
+ Radius of the 95% confidence circle for mean pole position

ropean volcanic centers. Table 4 gives a revised and updated
summary of all relevant results north and outside the A1—
pine—Carpathian orogenic belt for which the original data
were available. In calculating mean directions and virtual
geomagnetic pole positions, the following acceptibility cri-
teria were applied:
— number of separately oriented samples per site g 2,
— a95<25°,
— À’>45°.
All results quoted as unreliable in the original papers were
also rejected. With exception of the Vogelsberg and in part
the Kaiserstuhl, only ChRM directions obtained from de-
magnetization treatments are included in the mean values
of Table 4. Despite this minimum sampling frame, several
sets of data listed are unlikely to be entirely representative

for the respective volcanic province, mainly because the
number of individual sites is to small.

Moreover, the paleomagnetic methods used both for
data acquisition and analysis some 20 years ago when the
bulk of the results was published may not always be ade-
quate to modern standards. On the other hand, a sufficient
K/Ar age control is now available almost everywhere (see
review by Lippolt, 1982) which allows the calculation of
separate mean VGP positions for the Late Oligocene/Early
Miocene and Middle/Late Miocene periods, respectively
(Table 4). Essentially, these results confirm the McElhinny
(1973) APW path but very clearly deviate from the Irving
(1977) data (Fig. 6). The latter include and are obviously
dominated by a large number of paleomagnetic results from
the Russian platform. Most of these data come from oro-
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genic regions in the southern USSR and one might specu-
late, therefore, that tectonic rotations may account for the
observed discrepancies in the Miocene VGP positions. An-
other aspect addressed by McElhinny (1973) is the mostly
unsolved problem of comparing Russian work with results
from western countries as very often quite different tech-
niques are employed to elaborate paleomagnetic data.

For the Paleocene/Eocene period, a mean Western Eu-
ropean VGP postion of 79.1o N, 173.1° E, a95=6.3°
(Fig. 6) was obtained from 11 entries of the Ottawa listings
(Irving et al., 1976) which received two stars in their filter
system and, therefore, should be the most reliable results
presently available. The bulk of these data come from var-
ious NW European, mostly British, Lower Tertiary volcanic
provinces. The Mediterranean region has not been consid-
ered. Due to the relatively large 95% confidence circle, on
grounds of statistics, this pole is not significantly different
from the Hocheifel VGP. Compared to the Miocene period,
the most remarkable feature is its position close to the 180°
meridian.

Conclusions

The mean virtual geomagnetic pole position derived from
the paleomagnetic analyses of Tertiary Hocheifel volcanics
shows a conspicuous agreement with an apparent polar
wander path for Cenozoic Eurasia based on a large number
of combined paleomagnetic results from stable continental
Western Europe and the Russian and Siberian platforms
(Irving, 1977; Fig. 6). In particular, the Hocheifel VGP po-
sition confirms the radiometric age range of an Eocene to
Oligocene volcanic activity in this part of the Rhenish
shield. However, a comparison to Western European paleo-
magnetic data alone would result in a much less unequivo-
cal interpretation. A Paleocene/Eocene pole obtained from
paleomagnetics of Lower Tertiary NW European volcanic
fields is statistically indistinguishable from the Hocheifel
VGP. As a general trend, they both follow the Eurasian
APW path roughly along the 180° meridian. In clear con-
trast, the VGP’s for Miocene Central European volcanics
typically fall into the 90°—180° E longitudinal quadrant (Ta-
ble 4). Their mean pole position differs by about 40° in
longitude from the Hocheifel VGP. Relative to the Eurasian
APW, there is also a discrepancy of some 5° in latitude.

Neglecting true polar wander, the Miocene VGP of sta-
ble continental Western Europe would indicate an average
northward latitudinal motion of about 0.5o per million
years over the past about 20 m.y.. In addition, two large
antagonistic rotational components would be required from
present to Miocene and Miocene to Oligocene/Eocene
times, respectively. This hardly appears to be a realistic
alternative to the Eurasian APW path of Irving (1977).
As discussed above, the quality of at least some underlying
paleomagnetic data tends to cast doubt on the significance
of the Miocene Central European VGP. On the other hand,
Watkins (1973) obtained similar results from an extensive
paleomagnetic survey of the Canary Islands for this period
and pointed out that a significant long-term non-dipole
component in the Late Tertiary paleofield could possibly
account for these effects. Whatever the mechanism distort-
ing the Earth’s field away from an axial geocentric dipole
configuration may be (Wilson, 1970; Cox, 1975), according
to various analyses, its existence for the past 25 m.y. seems
well documented (see Coupland and Van der V00, 1980

for references). It should not cause, however, polar errors
greater than about 5° (Wilson and McElhinny, 1974). This
is obviously less than is required to unravel the actual prob-
lems with the European APW path. In conclusion, there—
fore, we are left here with the somewhat disappointing fact
that we still lack a reasonably established reference pole
position when working in tectonically complex Late Terti-
ary terrains.
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Estimate of confidence in paleomagnetic directions derived
from mixed remagnetization circle and direct observational data
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Abstract. A method is presented for obtaining the di—
rection and confidence oval for a paleomagnetic com-
ponent at a site given a number of independently ori-
ented samples, some of which give an estimate of the
remanence direction, while others yield only remagneti—
zation circles. Such mixed remagnetization circle—re-
manence direction data frequently characterise pa-
leomagnetic sites carrying two remanence com-
ponents where the component of interest is small and
less dispersed compared to a more easily removed one.
The method described maximises the amount of usable
data per site and thus leads to an improved site direc-
tion estimate.

Key words: Paleomagnetism — Remagnetization Circles
— Mixed Circle and remanence direction data

Introduction

Paleomagnetic study of rocks carrying more than one
component has developed considerably in recent years.
A common occurrence in two-component systems is
the preferential removal during stepwise demagneti—
zation of the desired component. If only this com-
ponent is initially demagnetized, then its direction is
given by that of each incrementally removed vector,
demagnetized up to that level at which the more re-
sistant component begins to be destroyed. On orthogo-
nal vector diagrams of the demagnetization path
(Zijderveld, 1967) linear segments are produced over this
demagnetization interval, and the orientation of the
corresponding line in three-dimensional space gives
the direction of the removed component (Kirschvink,
1980). If both components decay throughout the
demagnetization treatment, the direction of the
less resistant one cannot normally be found unless
it has a lower dispersion than the other, in which case
the method of intersecting remagnetization circles
can be used (Halls, 1976, 1978). This method is
based on the least squares fitting of great circles to data
points on a sphere, a procedure that has been presented
in the literature many times in various contexts. The
error theory for this fitting procedure was originally
discussed by Watson (1960, 1965) and applied to paleo-
magnetic data by Creer (1962) and then treated as

a special case of Bingham distribution errors by On-
stott (1980).

Since Halls’ original paper on remagnetization cir-
cles, several papers have examined extensions to the
method. In particular, McFadden (1977) and Kirsch-
vink (1980) state the desirability of being able to com-
bine remagnetization circle data with directional es-
timates of the component, so that a mean direction and
confidence limits at the paleomagnetic site level can be
obtained based on all available data. However, neither
of the two solutions proposed is based rigorously on an
underlying probability distribution for the dispersion of
the required component.

The main purpose of this paper is to remedy this
situation by bringing the analysis of the two types of
data under a common theoretical framework.

Background

A requirement for the successful use of remagneti-
zation circles on their own is that the component of
interest has a much lower dispersion than that of the
other component. The difference can be generated in a
number of ways (Halls, 1978). One example for illus-
trative purposes is a conglomerate carrying volcanic
pebbles which becomes partially overprinted. If the
pebbles carry a primary magnetization inherited from
the parent volcanic formation (the undesired com-
ponent), then this component should be randomly di-
rected within the pebble population, whereas the over-
print (the desired component) should have a relatively
uniform direction between pebbles (e.g. Palmer et al.,
1981). When the pebble population is subject to step-
wise AF or thermal demagnetization, the resultant re-
manence path for each pebble will be a great circle and
these so-called remagnetization circles will converge to
the overprint direction.

Now it may be possible to determine the overprint
direction for individual pebbles from linear segments
on vector diagrams if there is a recognizable demagne-
tization interval over which the secondary component
only is being removed. In some cases, even where the
component does not yield linear segments it may still
be possible to recover its direction if it is one of three
components and has an intermediate resistance (Hoff-
man and Day, 1978; Halls, 1979). Thus in our pebble
population some samples yield the overprint direction



while others do not because of the failure of the forego-
ing methods arising from sample behaviour or instru-
mental limitations. We will refer to all directions derived
from individual samples, regardless of the exact method
used, as “direct observations“. However, those samples
failing to yield such data can still be used in the es-
timate of the component direction if they generate re—
magnetization circles. Such samples will thus be re-
ferred to as contributing “remagnetization circle" or
“pole” data, where the pole is the normal to the re-
magnetization circle plane.

In the above example it is obvious that the best
estimate of the overprint direction will be obtained by
using both remagnetization circle and direct obser-
vational data, providing that each piece of data regard-
less of type comes from an independent sample. The
method for combining these data sets is given below.

Procedure

Three sample remagnetization circles, shown in Fig. l A,
converge to the direction E of the desired component.
The intersection point of these circles thus exactly de-
termines E. In practice the circles do not exactly in-
tersect at a common point (Fig. 1B) because the com-
ponent E has some dispersion caused in part by
measurement error and because the various samples
may respresent slightly different times of component
acquisition and the direction will vary due to secular
variation. In Fig. 113 the preferred method of estimating
E is based on a least squares approach (Watson, 1965;
Creer, 1962) in which E is chosen so that its mean
square distance from the passing circles is a minimum
(e.g. Jones et al., 1975; Halls, 1976; Kirschvink, 1980).
As we show later, this method also estimates the most
probable location of E, given certain plausible assump-
tions, and as such is Optimal. The best estimate of E is
shown in Fig. IB as the large open circle; the perpen-
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Fig. lA—C. Convergence point of great circle intersections
obtained from: A exact convergence of circles, B the mean of
points of closest approach (Jones et a]. 1975) and C from the
mean of all points of intersection between pairs of circles
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dicular distances whose mean square is being mini-
mised are shown as dotted lines. The small open circles
are the points of closest approach to E for each re-
magnetization circle; about these we will say something
later. There are different ways of actually computing E:
Jones et al. (1975) proceed iteratively by successive
adjustments of the estimate of E until the desired mini-
mum distance is located, while the method of Halls
(1976), although not as graphically illuminating, obtains
the same estimate in a single step. Another method (eg.
Khramov, 1958, 1971) is equivalent to the so-called be-
ta-point method used in structural geology to find the
orientation of cylindrical fold axes (eg. Ramsay, 1967,
p. 12). In this method, illustrated in Fig. 1C, each in-
tersection point of any two circles is taken to be an
estimate of E. These points are then subjected to a
normal paleomagnetic Fisher analysis as if they ac-
tually represent true remanence directions, which of
course they do not. Since they do not, incorrect es-
timates of the remanence component and its reliability
result.

The results obtained in this paper contain two ad-
vances over previous work. First, we show for a single
paleomagnetic site, how direct estimates and pole data
may be combined to obtain a unified component es-
timate. McFadden (1977) suggests doing this by treat-
ing the points of closest approach to E of each great
circle as equivalent to direct estimates of E, and apply-
ing a Fisherian analysis to the resulting fictitious and
real direct estimates. That this cannot be rigorous is
clear from the fact that it always gives a circle of
confidence, even when the region of uncertainty is high-
ly elliptical (as would be the case with nearly parallel
great circles).

The second advance lies in the connection made
between the pole distribution and underlying Fisher
precision parameter of the components which gave rise
to the poles. For the case where only remagnetization
circle data exist, the error estimate provided by this
paper reduces to that previously used by Watson (1965)
and Onstott (1980). These estimates however are based
on the a priori assumption of a girdle (eg. axial Bing-
ham) distribution. The parameters of this distribution
relate only to the scatter of sample remagnetization
circle poles about a great circle and not to the
paleomagnetically significant scatter of the underlying
remanence component as expressed by its Fisherian
precision parameter, k, or angular standard deviation.
The approach used here, however, permits an estimate
of k as well as a calculation of the error in the esti-
mated component direction. We shall also show why
the least-squares method is appropriate for the problem
and how direct observations can be included in the
estimate of the mean component direction.

The probability distribution
The quantities which occur in the formulation of the
problem by Watson and by Halls are shown in Fig. 2.
Ei, (i:1—+3) are the directions of the desired com-
ponent in each of three specimens. The solid great
circles show the measured demagnetization paths which
can be projected as dashed lines back to pass through
the Ei. Since the Ei are dispersed around the mean E,
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Fig.2. Relations between three directions (E1, E2, E3), the
measured demagnetization circle paths and the poles (P1, P2,
P3) to these circles

the great circles do not converge to a common point.
We will assume that the distribution of the El. about E
is given by Fisher’s distribution. This is, of course ex-
actly our assumption had it been possible to obtain the
El. directly, but all we are given are the three remagne-
tization circles. These circles are most conveniently de-
scribed by their poles which are shown by the open
triangles Pi (i=l—+3) in Fig. 2. If there was no disper-
sion in E, the poles would lie exactly on a great circle,
which is shown as a dotted line in Fig. 2. Since there is
dispersion and we do not know exactly where the great
circle lies, we must find the most probable location of
E given B. To solve this problem we need to know the
probability distribution of a pole direction given E. We
shall assume that the only reason that a pole does not
lie perpendicular to E is the dispersion of the individual
specimen directions E,- and that the error in determin-
ing pole positions from remagnetization circles is negli-
gible by comparison.

The probability distribution, derived in the Appen-
dix, is given by:

k10(k sin çb)Pam—m. (1)
where P(q5) is the probability, per unit solid angle, that
a pole direction makes an angle d) with E; IO is the
modified Bessel function of the first kind of order zero
and k is the precision parameter of the underlying
Fisher distribution of the Ei. For large k, P(¢) peaks
sharply near ¢=90° and the expression simplifies to
the more tractable form:

_ exp(k) kiexp( —% k cos2 (1))_
2 - (2 70% sinh(k)PW) (2)

which is now similar to Watson’s (1965) distribution.
The main difference is that k here is the precision
parameter of the underlying Fisher distribution; in
Watson’s formulation a different k (by a factor of 2) is

used which is unrelated to any underlying component
distribution. Watson’s experience suggests that our ex-
pression will be accurate to better than a few percent if
k>10.

Since a number of poles constitute the input data,
we wish to estimate E as that direction which maxi-
mises the combined likelihood of our particular set of
poles occurring. The joint probability density of our
observations, given a supposed E, is the product of the
probabilities for each pole, assuming they are inde-
pendently obtained poles. Thus

P=P(¢1)P(¢2) MW) (3)
where N is the number of poles and $1...q are the
angles between each pole and E. If we also have direct
observations of the desired remanence component, then
these have a probability of occurring given by Fisher’s
distribution. If F(0) is this distribution and 0 is the
angle between the direct component observation and E,
then the joint probability of all observations is:

P =P<¢1> Pan) PM PM.)s) ROM), (4)
where M is the number of direct observations.

Equations (3) and (4) assume that the same pre-
cision parameter k (which describes the inter-sample
scatter of actual remanence directions for a given com-
ponent) applies to all direct observations and to those
component directions for which we have only poles.
This assumption is reasonable for a site where samples
have similar lithology, as there is no reason to believe
that k for a primary component should depend upon
the relative size of an overprint, although the converse
may not always be true (e.g. Bailey and Hale, 1981). A
further assumption inherent in Eq. (4) is that the scatter
of poles along a great circle is random (see Appendix).
This is equivalent to the assumption that the “unde-
sired” components (as opposed to the desired com-
ponent) in a suite of samples are randomly dispersed
and uncorrelated with each other. There will be si-
tuations where this is not in fact true; for example, a
set of samples all from the same site will often have
similar “undesired” components. The extent to which
this will introduce errors in the method of this paper is
discussed later in the section on consistency tests. A
test is there developed to check this assumption; should
the assumption prove untrue, one should use only direct
observational data.

A final assumption in Eq. (4) is that all individual
pieces of data, whether belonging to either the direct or
pole sets, are obtained from independent samples. Fre—
quently an individual sample may yield both a direct
estimate of the component direction and a remagneti-
zation circle. Assuming that both are equally well de-
termined, only the former quantity should be used, as it
has fewer degrees of freedom.

If we now substitute the explicit expressions for the
pole probability and Fisher distributions into the above
formula, it becomes:

:1 cos2 (bi)2 (5)
l

M 1
P=A expk (Z COSGj——

i=1 2
where A is a normalising factor given by
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A=laTs£rtalM [$3315] (6)
Rewriting this expression for P in a more convenient
form involving unit vectors rather than angles, we ob-
tain:

P=A exp{k (_21(dj't)—%_Z (pi-02)}:A eXp(kB) (7)
l=1

where pl, (1]. are the unit vectors giving the direction of
the i’th pole and j’th direct component observation
respectively, and t is the true mean component direc-
tion that we are trying to find.

The maximum likelihood solution

The maximum likelihood solution for the true mean
endpoint t is that value for which the joint probability
of occurrence of the actual observations is a maximum.
This will occur when the exponent B is a maximum.
Thus we choose t to maximize B. It is convenient to
rewrite B using

'

(d-t)=1--;1:Id-tl2 (8)
to give

B=M—%S . (9)

where
M N

S= z ldj—tl2+ z (pi-t)? (10)
1:1 l=1

Maximizing B is equivalent to minimizing S. S is the
sum of the squared deviations from parallelism of the
direct observations d]. and t and of the squared de-
viations from perpendicularity of the poles pl. and t.
Thus we have reduced the problem to the least-squares
one suggested by Kirschvink (1980).

Where we have only direct observations dj and no
remagnetization circle poles, the problem reduces to the
standard Fisher analysis of a set of directions. Where
we have only remagnetization circle poles, pl. the prob—
lem reduces to that solved by McFadden and by Halls,
for which the error theory given by Watson is appli-
cable. As the above solutions are known, we shall not
discuss these special cases individually at this point.

For convenience, let

mg d, (11)

be the resultant of the direct observations. Let the
matrix H be defined by

N
H: Z piPiT (12)

i=1

where the superscript T denotes vector transposition. In
terms of these introduced quantities, we can write B
simply as

B=t—%tTHt. (13)
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We wish to maximize B subject to the constraint that t
be of unit length. This constraint (tTt: 1) prevents the
occurrence of the useless solution t=0.

Using the method of Lagrange multipliers to in—
corporate this constraint, we therefore maximize

B+%w(tTt—l) (14)
where a Lagrange multiplier of â—w has been used for
future convenience. Differentiating the above expression
with respect to the three unknown components of t
yields three equations which may be reassembled into
the single matrix equation

Ht—wt=r. (15)

It is not simple to solve this for t directly using the
original coordinate system in which the measurements
were made. Rather, it is easier to work in a new system
whose axes are the eigenvectors of the matrix H. Let
these eigenvectors be denoted by e1, e2, and e3, and
the corresponding eigenvalues by (in order of increasing
size) lip/12, and 13. These quantities can be obtained
straightforwardly by standard techniques. We will now
express t and r in this new coordinate system as

t=alel+azez+a3e3 (16)

and

r=b1e1+b2e2+b3e3. (17)

The coefficients b1, b2, and b3 can be calculated from

bk=ekT r. (18)

The coefficients a1, a2, and a3 are now the unknowns
for which we wish to solve.

Substitution of the above expansions into the equa-
tion for t and using the fact that

Hekzllkek (19)

gives

(‚11-—Cz))ale1 +(Ä2—co)a2 e2+(/l3—a))a3e3
=b1e1+b2e2+b3e3. (20)

As the eigenvectors ek are orthogonal, this is equivalent
to the three equations

b1 b2 b3
612'— , a3 —. (21)a =

z/ll—a)’ 12—0)

The multiplier a) is now determined as that value
which satisfies the constraint that t has unit length, i.e.
that

aî+aâ+aä=L (22)

Using the above expressions for the a’s, the constraint
becomes

b3 + b; + bg _
(Ill—w)2 (12—60)2 (13-60)2

1 =0. (23)
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Fig. 3. Sketch of the left-hand side of Eq. (23), showing the six
possible solutions (6) of a)

This can be solved for a) and the resulting value used
to determine the a’s, from which t can be calculated.
Equation (23) may have up to six solutions for a), as
shown by the sketch of the left-hand side in Fig. 3. A
geometrical analysis shows that the minimum root is
normally the one that minimizes B. This might not be
the case with very bad (i.e. inconsistent) data. Goodness
can be assessed using the precision parameter estimates
below, consistency using the consistency tests below.

Using this value of a), we can now solve for the a’s
and thus for the desired direction t, using Eqs. (16) and
(21). Note that this direction does not, in general, cor-
respond to any eigenvector of H, as was suggested by
Kirschvink (1980), unless only pole data are being con-
sidered.

Estimate of the underlying precision parameter

A quantity which we shall shortly need and which is
of interest in its own right is the precision parameter k
of the underlying Fisher distribution of the desired
component t over the various samples. To obtain this,
we examine the joint probability distribution of poles
and direct observations

M N

P=A’exp{—äk[z Idj—t|2+_2(pi-t)2]} (24)

where A’ =A exp {Mk}.
If we transform to a new coordinate system such

that its 3-axis lies along t, this distribution becomes

P=A’exp{—%k[zldj(H+d2)+ ZIva/23]} (25)

where (d13—43)2 has been dropped, since the vectors dj
are very close to t if k is not too small. Inspection of
this new form reveals that each of the dj1> d12, and pi3
are approximately normally distributed with zero mean
(in this coordinate system) and standard deviation k
Strictly the distribution is exactly normal as kaoo.
Thus the quantity

kS=k{Z (5121+d +p3} (26)

is by definition approximately distributed as a chi-
square distribution with 2M +N degrees of freedom.
Now the value S of S that is actually obtained is the

result of minimizing S by varying two parameters
(those needed to specify t). Thus the actual value kS is
distributed as a chi-square distribution with only 2M
+N— 2 degreesof freedom. If we equate the actual
value kS to its expectation value, we obtain

kS=2M+N—2 (27)
and thus an unbiased estimator of k’1 is

A

S‘ 1 =————. 28
2M + N — 2 ( )

This is perhaps more easily computed in the form

2M —-1 =————r+ w (29)
2M + N — 2

where a) is the Lagrange multiplier found in estimating
t, as described earlier, and r is the magnitude of the
resultant of unit vectors for direct observations.

Test of proposed directions

We will now formulate a test of the hypothesis that t
equals a given direction, say t1, specified a priori and
presumably not the same as our estimated direction t.
Let the residual sum of squares for this direction be

M N
51: Z ldj"'t1|2+ Z (pi't1)2 (30)

j=1 i=1

and let the residual sum of squares for the estimated
direction t be

M A N ASo: 2 Idj—tI2+ Z (pi-02. (31)
j=1 i=1

Now kS1 and kSO have chi—square distributions with
2M +N and 2M +N —2 degrees of freedom respective-
ly, as discussed previously. Thus the difference k(S1
—S0) is also chi-square with two degrees of freedom.
The ratio

153221123532) = (M +12?"— 1) (1%— 1) (32)

is then by definition distributed as an F distribution
with 2 and 2M +N ——2 degrees of freedom. If the value
we compute for F is larger than Fa, we must reject the
hypothesis that t=t1 at the oc % significance level.

Consistency of pole and direct data

One of the assumptions of the analysis of mixed data is
that both poles and direct estimates are based on the
same population of desired remanence components. It
is therefore important to be able to test this assump-
tion. This consistency test, however, has another pur-
pose: in those sites where the undesired components of
the pole samples are similar to each other, we must
know the extent to which the pole data are biassing the
estimated remanence direction towards the undesired
component. In the extreme case where undesired com-



ponents are less dispersed than desired ones, the pole
data will estimate a remanence direction close to the
undesired component (i.e. where the actual remagneti-
zation circles converge).

Since we cannot estimate the amount of such bias
without a knowledge of the distribution of the unde-
sired component, we prefer to adOpt the conservative
position that pole data should not be incorporated if
there is any significant evidence of bias from the pole
data. If the directions separately estimated from pole
and direct data agree, then there is no evidence for
such bias. In the special case where only one pole is
used, there can be by definition no such bias, since a
single pole does not constrain the remanence estimate
at all along the great circle joining the desired and
undesired components.

The consistency test actually tests two hypotheses:
(a) that the underlying precision parameters of the

pole and direct data are not different;
(b) if test (a) is passed, that the underlying com-

ponent directions of the pole and direct data are not
different.

If both these tests are passed, the mixed analysis is
validated

We first outline test (a). Let 8,, and Sa be the re-
sidual sums of squares obtained using only pole data
and only direct data reSpectively Then (as per the
discussion of the precision parameter estimate) k3,, and
d have chi-square distributions with N—2 and 2M
—2 degrees of freedom respectively.1 If the same k

S“ /(N2)——— should be ofSi/(2M— 2)
the order unity. This ratio has an F distribution with N
—2 and 2M—2 degrees of freedom, and an F test may
thus be performed to see if the value is improbably
different from one. Should the calculated ratio be less
than unity, it is customary to invert the ratio and
reverse the degrees of freedom.

Turning now to test (b), we assume that the pole
and direct data arise from the same remanence direc-
tion, and we formulate a statistic to test this. This test
is essentially analogous to a one—way analysis of vari-
ance, in which we look for a significant difference be-
tween two methods of estimating the remanence direc-
tion. The error sum of squares within data types is 8,,
=S +81,where Sp and 3a are defined above. The error
sump of squares between data types is S0 —Sw ,where SÜ
is the residual sum of squares when both types of data
are included as defined in Eq. (31)

Following the discussion of the precision parameter
estimate, we deduce:

applies to both data sets, then

kgpNXËÏ—Z

kSaNZäM—z

and thus

k§w~x5M+N—4

and also

Humans. (33)
I They are clearly independent, being estimated from dif-

ferent data sets
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The amount by which the error sum of squares in—
creases when both data types are fitted by the same
estimate is SI=SÜ —SW ,which has a xi distribution.

We thus test the quantity

S",/2
Q=SW/(2M+N—4) (34)

against an F distribution with 2 and 2M+N—4 de-
grees of freedom. If Q is improbably large, we must
reject the hypothesis that pole and direct data refer to
the same remanence component.

Normally one would choose for this test a small
significance level (e.g. 1%) and reject the hypothesis
only if compelled to (e.g. with 99% confidence in the
rejection). If, however, this test is used to see if there is
any biassing by the undesired component, one is in the
awkward position of wanting to accept the hypothesis,
with no way of computing the probability of false ac-
ceptance (type II error). To avoid any possibility of
bias, one should choose very large significance levels
(e.g. 50 m; this, however, leads to the rejection of per-
fectly good pole data a large portion (e.g. 50 %) of the
time. The choice of significance level is ultimately up to
the user, but should be as large as possible consistent.
with reasonable utilization of pole data.

The ellipse of confidence for the direction estimate

The region of directions acceptable to all the data as
determined by the F-test (32) for proposed directions is
the confidence region. In other words, the region of
lOO-cx% confidence is that in which the residual sum of
squares S1 for that direction satisfies

(M+1—:~—l) (ii—1E1; (35)

where E, is the appropriate tabulated F statistic at the
111% significance level. To make this useful, we have to
express S1 in terms of the actual direction tl being
considered:

S = Z Id- -11I2+ Z (pi-t (36)
j=1 i=1

We may consider the direction t1 as the estimate Î plus
an error a. Substitution of this in the above equation
and some manipulation yields

aT(H —mI)ag C2 (37)

where

S Fc2 =F———°N“ (38)

M+î—1

and cu is the Lagrange multiplier obtained earlier.
This is the equation describing the elliptical region

of confidence of the error a in the component direction
derived using direct observations and poles from other
samples. The major and minor axes of the error ellipse
are in the directions e2 and e3, the two eigenvectors of
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the matrix H corresponding to the largest and inter-
mediate eigenvalues. The major and minor semiaxes
have lengths (in radians) of

C C
————, and —-———,. 39(AZ—co)? (As—w)? ( )
These results are easily obtained by transforming to the
coordinate system defined by the eigenvectors of H.

In the case of pole data alone, the Lagrange multi-
plier a) should be set equal to zero in the above semi-
axis lengths, and the error ellipse is then the same as
that provided by Watson’s (1965) analysis of the pole of
a girdle distribution.

A FORTRAN computer programme based on the
foregoing theory is available from the authors by re-
quest.

Practical considerations of the method

In practice the demagnetization path for each sample in
a site is plotted on a transparent overlay on a ste-
reonet, and the overlay is then rotated to see if any
portion of the path follows a meridional line on the
stereonet and hence a great circle trajectory. Care is
necessary in this procedure because usually sample
paths are not entirely along great circles, indicating
that at least three components are present. Sometimes
where one component is easily erased compared to the
other two, two great circle paths can be generated.
Selection of the correct great circle depends on the
component sought. If it is one of the two most resistant
ones, the circle generated during the higher coercivity
or unblocking temperature path is the one used. If the
least-resistant component is of interest, then the lower
coercivity/unblocking temperature circle is chosen. It is
important in the former case that a great circle trend is
only selected, providing there are no significant de-
viations from it at higher demagnetizing fields.

Once all the great circle trends are identified, re-
magnetization circles are then fitted to the points defin-
ing each path by least squares and circles accepted if
the mean angular deviation (MAD) as defined by
Kirschvink (1980) or the mean radius of the 95 ‘X, error
ellipse about the pole are less than or equal to 5°, for
example.

When all accepted great circles are plotted on the
same stereonet, it is usually apparent whether they are
converging toward or passing in the vicinity of any
stable end points or other direct observational data
that may characterise a component (and which yield
linear segments with MADgSO). The two sets of data
can then be combined using the foregoing analysis.

It is important to check that great circle conver-
gence is not the product of two nearly antiparallel
components; otherwise the least-squares intersection
point of the circles is a function of both component
directions.

Application of the method
A problem frequently encountered in paleomagnetism
concerns the analysis of samples carrying a large pro-
portion of low coercivity or low unblocking tempera-

ture grains. Often the remanence residing in these
grains is of a secondary nature and has an intensity
such that it completely dominates the paleomagnetic
signature of the sample. Remanence components of in-
terest, carried by higher coercivity or higher unblocking
temperature grains may be initially masked by such
large components and are only revealed as pro-
gressively more remanence is removed by alternating
field or thermal demagnetization. For example, diabase
dyke samples distant from chilled margins often display
this behaviour, due to increasing size of titanomagnetite
grains towards the intrusion centre. Likewise, partial
oxidation of magnetite may create a secondary CRM in
a sample where the bulk of the primary remanence
resides in original magnetite.

If in either example the smaller component is
sought, it may be impossible to isolate it either because
of spectral overlap between the two components or
because large demagnetized grains contribute sufficient
magnetic noise to prevent attainment of an acceptable
stable end-point.

Therefore, within a suite of samples collected from a
site we may expect that only a fraction will yield stable
end points. Assuming a two-component system, the
remaining samples will exhibit remagnetization circles
along which the resultant remanence vector continues
to move until the background or intrinsic noise level of
the samples becomes comparable to the remaining re—
manence signal. At this stage the resultant remanence
behaves erratically in direction and intensity, and a
coherent demagnetization path is lost. However, prior
to the onset of such disturbance, the remagnetization
circle is clear and defines a trajectory along which the
component of interest would lie in the absence of
measurement errors.

While such samples thus do not yield stable end—
points, they are obviously providing a measure of con-
straint on the direction of the desired component. Until
now such samples have been discarded when in fact
they are providing valid additional information.

The common practice in paleomagnetism is to col—
lect at least five independently oriented samples per
site. In many instances, particularly for rocks having
low median destructive fields or unblocking tempera—
tures, a significant proportion of the collection may be
severely contaminated by large, viscous or temporary
components, lightning strikes or by large secondary
overprints of chemical or thermal origin. In conven—
tional paleomagnetic analysis relying on stable end
points, the number of usable samples per site may be
reduced sufficiently such that the site must either be
discarded or recollected. By increasing the amount of
usable data, the analysis presented in this paper will
not only lead to paleomagnetic site data of improved
quality but may allow retrieval of site information that
would otherwise have been omitted in the final site
mean estimate.

Appendix

We want the probability distribution of the remagneti—
zation circle pole p, given the direction of the un—
dispersed or “true” component t. The dispersed version
of t will be called e. It is actually easier to compute the
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Fig. 4. Spherical triangle on unit sphere defining angular re-
lations between a pole to measured remagnetization circle p,
the true mean component direction t, and the measured dis-
persed version, 6 of t

distribution of t, given p. The distribution of p con-
ditional on t is the same as the distribution of t con-
ditional on p if the marginal distributions of t and p on
the sphere are constant. As we place no a priori re-
strictions on where poles or components might lie,
these marginal distributions are in fact constant and
both equal to 1/(47r) per unit solid angle.

For convenience, let p lie at the North pole of the
unit sphere as shown in Fig. 4. This leads to no loss of
generality. The corresponding component direction e
for the specimen must lie on the equator. The specimen
component e and the “true” or undispersed component
direction t are separated by an angle 9 as shown, where
6 is governed by the Fisher distribution. That is, the
probability that e lies in solid angle dA at angle 6 from
t is given by

exp [k cos 6] dA. (A.1)P—
k

—4TC Sinhk

Referring to Fig. 4, we can replace cos 9 by (sincjb cos or),
where (b and oc are respectively the colatitude of t and
the longitude of e, assuming without loss of generality
that t has zero longitude. Then

exp [k sin d) cos oc] dA. (A.2)
k

P:—
47: sinhk

Now p is an experimentally determined direction. We
know that the specimen component e lies on the equa-
tor of p, but do not know its longitude with respect to
t. Thus the distribution of the angle between p and t is
given by averaging the above probability over all longi-
tudes oc.

It might be argued that not all values of oc are
equally likely. Some values may be excluded by the
original data. For large k, however, as will often be the
case, most of the integral is contributed when oc is
small. The integration gives

21:

(”2217;
O mexmk

sincbcos oc)doc (A3)

or

P=——k———I (ksinqb)dA (A4)47tsinhk 0 '
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where IO is the modified Bessel function of the first
kind of order zero. This is a girdle distribution with p
as the pole. It is a special case of the small circle
distribution derived as Eq. (4.4) in Mardia and Edwards
(1982) in a different physical context. It can be ex-
pressed in terms of the unit vectors p and t as

10(k(1—(p-t>2>%)dA. (A5)P=——————4n sinhk
This expression is rather intractable as it stands. If

one considers good data where k is large and as a
consequence p and t are nearly at right angles, a much
simpler expression results. Using the approximations

sin <15 =(1-(P't)2)%21—%(P-t)2 (A-Ô)
since p-t is small and

10(x) 2—1—1- exp (x)+ O (Ei) (A.7)
(27rx)2 x

since xzk and k is large, we obtain

dP _k% exp (k)
exp(—%k(p-t)2)+8' (A.8)äZ’ 47: sinh k (270%

If k is large, the error term 8 is small, typically a factor
k smaller than the term it accompanies and may be
neglected.
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Abstract. Converted phases from the mantle transition zone
have been observed as precursors about 1 min before the
main S—wave phases S, SKS and ScS in long-period records
of the Grafenberg array (GRF) and a few European
WWSSN stations, at epicentral distances from 70—90°. The
23 earthquakes used were located along the west coast of
America from Alaska to Ecuador, with a concentration
of events in Central America, and in East Asia from the
Aleutians through Japan to Sumatra. Relatively strong con-
verted energy was observed for the American earthquakes,
except for two events in the South Mexico/Guatemala re-
gion. The East Asian earthquakes produced significantly
less precursor energy.

The interference of conversions from P to SV below
the focus and from SV to P below the stations is studied
with theoretical-seismogram calculations. Due to interfer-
ence precursors are normally stronger on the horizontal—
radial than on the vertical component; this is in agreement
with the observations. In special cases with either maximum
or minimum P radiation towards the station conversion
takes place only on one side, and precursor observations
can be related directly to structure either below the focus
or the station. The data set includes such favorable cases.

The interpretation of observed precursors in terms of
the fine structure in the conversion zone is difficult, even
in favorable cases, because of the low resolving power of
long-period convertedphases. Nevertheless, the following
conclusions can be drawn from the observations presented.
Most of the precursor observations for the American events
are compatible with typical models of the transition zone
between upper and lower mantle, having two discontinuities
at depths of about 400 and 670 km. Such a structure applies
for western Europe and for the Caribbean Sea/Gulf of Mex-
ico region, in the latter case with a possible local interrup-
tion by a smoother transition zone. A relatively smooth
transition zone below East Asia from about Korea to the
Sea of Okhotsk can also explain the lack of precursor ener-
gy for a few earthquakes in and close to Japan. These results
indicate large-scale lateral variations in the sharpness of
the mantle transition zone.
Key words: Converted phases — Transition zone between
upper and lower mantle — Lateral variations — Synthetic
seismograms — GRF broadband array

Qfiprmr requests to: S. Faber

Introduction

Petrological models of the earth’s mantle postulate the
world-wide existence of a zone between the upper and lower
mantle at depths from 400—700 km, characterized by a two-
stage phase transition from mainly olivine to its high-pres-
sure spinel and post-Spine] phases. Detailed seismological
investigations of this depth range, using reflected and re-
fracted waves from earthquakes and explosions, exist only
in a few regions, e.g., in the western part of the United
States (Helmberger and Engen, 1974; Burdick and Helm-
berger, 1978) and in Europe (King and Calcagnile, 1976;
Given and Helmberger, 1980; Burdick, 1981; Rademacher
et al., 1983). Converted waves offer another means to inves-
tigate this depth range (Vinnik, 1977; Faber and Miiller,
1980; Baumgardt, 1981; Vinnik et al., 1983; Book and Ha,
1984). In our previous paper (Faber and Miiller, 1980) here-
after called paper I, we reported on a study of converted
phases which are produced mainly by conversion from SV
to P at the mantle transition zone. These phases appeared
as precursors to S, ScS and SKS in long—period records,
observed at North-American stations, of the Romanian
earthquake of 1977 and of two Tonga-Fiji earthquakes.
Epicentral distances ranged approximately from 70—95“,
and the time difference between the converted phases and
S or SKS was typically 40—60 5. Although the resolving
power of long—period converted waves is limited, the ob*
served precursor amplitudes required zones of pronounced
velocity increase like those in the models, suggested by the
above-mentioned studies of reflected and refracted waves.

The conversions studied in paper I have been abbre-
viated Sp, and they are produced below the stations (Fig. 1).

‚STATION

Fig. l. Ray paths of the mantle S phase and of the corresponding
converted phases Sp and p8, produced by a discontinuity. Similar
conversions are connected with SKS and ScS
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Other precursors to the main S phases, which are also of
interest in the present paper, are produced below the focus
by conversion from P to SV at the mantle transition zone.
We call them pS for symmetry reasons; in this study P-to-S
surface reflections at the focus for which this abbreviation
is normally reserved are not mentioned. Which of the con-
version types dominates, Sp or pS, depends mainly on the
focal mechanism. Usually, i.e., for non-vanishing SV- and
P-radiation in the direction of the stations, both types of
conversions will be present, provided that structural con-
trasts are such that converted energy is generated. Calcula-
tions of theoretical seismograms (examples are presented
later) show that in this case Sp and pS interfere by and
large constructively on the horizontal-radial component
and destructively on the vertical component. The usual case
will therefore be that converted phases have larger ampli-.
tudes and are therefore easier identified in radial-compo—
nent than in vertical-component seismograms; this is indeed
what we find in the present investigation. The situation
remains the same, if the SV radiation in the direction of
Sp is weak or vanishes, i.e., if the precursors are mainly
pS. Only if P-radiation in the direction of pS is weak, the
precursors which then are mainly Sp will dominate on the
vertical component. This happens when a station is located
close to a P nodal plane, in which case SV radiation is
often strong and provides for energetic Sp phases. The
earthquakes studied in paper I were selected according to
this special condition, and the data set of the present paper
contains another example.

The interpretation of observed precursors in terms of
the velocity structure in the mantle transition zone is com-
plicated by the fact that usually source radiation is favor-
able for both Sp and pS generation, since then the structure

both below the station and below the focus is involved.
There are the two exceptions mentioned above:

The first is the case studied in paper I, i.e., weak or
vanishing p8 and strong Sp radiation. In this case the pre-
cursor information is related to the structure below the
station; for instance, the amplitude ratio of conversions
and the main S phases, measured on the vertical compo-
nent, is diagnostic of the velocity contrasts in the transition
zone below the station.

The second exception is the case of weak or vanishing
Sp and strong pS radiation. This happens when the station
is close to the P or T axis of the fault-plane solution. Then
precursor information is mainly related to the structure be-
low the focus. In this case the optimum observational quan-
tity is the amplitude ratio of conversions and the P phase,
since the source influence is minimized as in the first case.
This amplitude ratio, taken on the radial component, is
diagnostic of the velocity contrasts below the focus. If, in
particular pS radiation is strong and there are very weak
or missing converted phases on the radial component, this
may indicate that for structural reasons weak or no conver-
sion took place below the focus. Therefore, the study of
S precursors at one station for earthquakes with strong
pS radiation towards that station can give information on
lateral variations of the velocity contrasts in the transition
zone between upper and lower mantle.

For the present investigation we used mainly data of
the broadband seismic array Grafenberg (GRF) in the Fed-
eral Republic of Germany. The data of this array are
especially suitable for our investigation for several reasons:

The GRF array is located at a distance of about 80°
from regions of major earthquake activity (North and Cen-
tral America, Aleutians to Indonesia).

“Sh

rt"

Fig. 2. Broadband-array station GRF and earthquakes of which S-wave precursors are investigated in this paper (event numbers as
in Tables 1 and 2). Included are also earthquakes and stations that were used in an earlier study (Faber and Muller, 1980). TF denotes
Tonga-Fiji earthquakes which were observed at WWSSN stations from COR to GOL; R is the Romanian earthquake of 197?, and
the corresponding stations were located between COR and Sl—IA. The lines which connect epicenters and stations are great-circle paths
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Table 1. American earthquakes (focal coordinates according to USGS)

185

No. Date Origin time Epicenter Region Focal Distance P: Sb KONV : P
depth to GRF on radial
(km) (deg) component

(1) 13 Feb 79 05:34:25.9 55.5 N 157.2 W Alaska 33 74.8 1 0.7
(2) 25 May 80 16:33:44.7 37.6 N 118.8 W California/Nevada 5 82.5 1 0.5
(3) 08 Nov 80 10:27:34.0 41.1 N 124.3 W California 19 81.5 0.5 1
(4) 14 Mar 79a 11 :07: 16.3 17.8 N 101.3 W Mexico 49 90.3 0.5 1
(5) 24 Oct 80 14: 53:35.1 18.2 N 98.2 W Mexico 72 88.3 0.5 1.3
(6) 29 Nov 78a 19:52:47.6 16.0 N 96.6 W Oaxaca, Mexico 18 89.0 0.7 0.9
(7) 22 Jun 798 06:30:54.3 17.0 N 94.6 W Chiapas, Mexico 107 87.1 ~0.1 —
(8) 06 Apr 82 19:56: 53.4 14.3 N 92.1 W Chiapas, Mexico 65 87.6 0.6 —
(9) 27 Oct 79 14:35:57.3 13.8 N 90.9 W Guatemala 58 87.2 0.7 —

(10) 19 Jun 82 06:21:57.4 13.2 N 89.4 W El Salvador 83 86.8 0.5 0.7
(11) 24 Aug 79 04:26:54.2 9.0 N 83.5 W Costa Rica 40 86.3 0.9 0.5
(12) 11 Jul 768 16:54:31.8 7.3 N 78.5 W Panama 22 84.3 0.6 0.6
(13) 09 Apr 7621 07:08:47.0 0.8 N 79.8 W Ecuador 9 90.1 0.8 1

The numbers in the first column correspond to the numbers in Figs. 2—4 and 6
a Fault-plane solutions are known (Fig. 8)
b P on vertical, S on radial component

Table 2. East Asian earthquakes (focal coordinates according to USGS)

No. Date Origin time Epicenter Region Focal Distance P: Sa KONV : P
depth to GRF on radial
(km) (deg) component

(14) 19 Feb 77
’

22:34:04.1 53.6 N 170.0 E Aleutians 33 75.6 2 0.3
(15) 23 Feb 80 05:51:03.2 43.5 N 146.8 E Kuriles 44 79.3 ~2 —
(16) 12 Jun 78 08:14:26.4 38.2 N 142.0 E Japan 44 82.1 2 0.6
(17) 14 Jun 78 11:34:20.0 38.3 N 142.4 E Japan 40 82.3 ~3 —
(18) 23 May 78 07:50:28.2 31.1 N 130.1 E Japan 161 83.1 ~3 —
(19) 02 Jan 81 15:39:47.3 29.2 N 128.1 E Ryukyu 242 83.6 4 —
(20) 14 Dec 76 16:06:44.4 28.3 N 130.7 E Ryukyu 41 85.6 0.3 0.5
(21) 28 Jul 76 10:45:35.2 39.7 N 118.4 E China 26 70.4 0.8 0.5
(22) 06 Sep 82 01:47:01.9 29.3 N 140.3 E Izu-Bonin 167 89.3 1 —
(23) 20 Jun 76 20:53: 13.4 3.4 N 96.3 E Sumatra 33 84.3 ~1 0.5

The numbers in the first column correspond to the numbers in Figs. 2 and 7
a P on vertical, S on radial component

Continuous digital recordings exist since 1976 and are
easily available.

The broadband high-resolution digital data allow accu-
rate numerical filtering and hence offer the possibility to
compare this data set to previously investigated long-period
WWSSN and SRO recordings and to treat it in the same
way. All of the GRF records shown in this paper are
WWSSN long-period simulations of the broadband data;
in the broadband data themselves converted phases are less
clearly identified. The locations of the earthquakes and of
some stations mentioned in this paper as well as the great-
circle paths connecting them are shown in Fig. 2. For con-
version depths between 400 and 700 km the conversion sites
have a distance of 10—13° from the stations (for Sp) and
from the epicenters (for pS), respectively. Information on
the 23 earthquakes studied is given in Tables 1 and 2.

Fault—plane solutions were available or could be con-
structed only for a few events (see Fig. 8). In the other
cases we tried to obtain an idea about the location of GRF
on the focal sphere from the amplitude ratio of P on the
vertical component and S (in the sense of mantle S) on
the radial component. P amplitudes are easily determined,
but for S usually only a rough estimate can be found be-

cause of interference with SKS and SCS. The method there-
fore is a rather crude approximation. However, it showed
quite clearly that for most of the American events GRF
is located at some distance from both the P nodal planes
and the P or T axis, implying precursor contributions both
from Sp and pS. For several events in East Asia GRF
is definitely closer to the P or T axis with the consequence
that the precursors consist mainly of pS.

In the following we first discuss separately the events
in America and those in East Asia. The main purpose of
these sections is to present evidence for the existence or
non-existence of converted phases. We also try to draw
conclusions from the observations on the sharpness or
smoothness of the mantle transition zone; structures with' discontinuities or high velocity gradients (such as those in
Fig. 9) are considered as representing a sharp transition
zone, whereas a smooth transition zone would be character-
ized by continuous velocity—depth functions with only mod-
erate gradients. The discussion of this question is qualita-
tive, but based on experience following from synthetic-
seismogram calculations as those in paper I. In a further
section we present a few examples of such calculations. The
main points here are to illustrate the relative importance
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Fig. 3. Long-period WWSSN simulations of the broadband GRF
data with strong converted phases on the radial component for
earthquakes in North and Central America (vertical, horizontalw
radial and horizontal-transverse component from top to bottom
for each earthquake). S and SKS onset times follow from the differ-
ence times with respect to P according to the Jeffreys—Bullen tables.
Dashed arrows (KONV) are estimates of the onsets of converted
phases

of Sp and p8 conversions, and to investigate the influence
of the size of velocity jumps at mantle discontinuities on
the conversions. At the end we summarize our view of the
potential and limitations that converted S-wave precursors
may have for studies of the mantle transition zone.

Data from American earthquakes

GRF long-period WWSSN simulations for the American
earthquakes (Table 1) are reproduced in Figs. 3 and 4. For
the majority of the events S precursors appear mainly on
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the radial component (marked by KONV in Fig. 3). Three
events are exceptions (Fig. 4): event (7) with converted ener-
gy only on the vertical component, and events (8) and (9)
with only weak or no conversions at all. Precursors very
similar to the strong arrivals for the Mexican events (4)
and (6) were found in European WWSSN data, not shown
here, from other events along the Mexican coast.

The P-to-S amplitude ratios of the American events,
given in Table 1, are between 0.5 and 1, with the exception
of event (î) which is discussed below separately. For events
(6), (12) and (13), having ratios of 0.7, 0.6 and 0.8, fault-

Fig. 6. Earthquakes in Central America with * strong converted
phases at GRF mainly on the radial component, o no or very
weak converted phases, although the P- and SV-radiation is similar
to the radiation from the earthquakes marked by *, I converted
phases on the vertical component only. The dashed lines are great-
circle paths to GRF

plane solutions are available (Fig. 8). GRF has a location
in these mechanisms which is intermediate between a P no—
dal plane and the T axis. From the ratios of the other
events we conclude that the situation here is similar. Hence,
for all American events except (7) it appears that both con-
version types were generated, Sp below the station and p8
below the focus. In this case it is difficult to interpret the
amplitude ratios of precursor and P phase, which are also
given in Table 1, in terms of the velocity contrasts in the
mantle transition zone either below the earthquake foci or
below GRF. These ratios vary from 0.5-1.3 with a mean
value of 0.9. The calculation of synthetic seismograms, de-
scribed later, shows that ratios of about 1 can be repro-
duced by assuming both Sp and p8 conversion in typical
mantle models such as SP-l of paper I (see Fig. 9). The
data of Fig. 3 do not force us to deviate from such a model.
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Event (7) is the only American event with an extreme
P-to—S ratio, namely about 0.1, at GRF. The focal mecha-
nism in Fig. 7b confirms this observation since only weak
P-energy is expected to be radiated in the direction of Eu-
rope. The location of one of the P nodal planes relative
to the European stations is similar to the location of one
of the nodal planes of the 1977 Romanian earthquake rela-
tive to those American stations where we first observed
converted phases, mainly on the vertical component (see
paper I). Also in the GRF records of event (7) in Fig. 4
conversions are restricted to the vertical component. In
both cases Sp is the dominant conversion type. Similar re-
sults follow from long—period records of several European
WWSSN stations that we have studied in addition; their
vertical-component seismograms are shown in Fig. 5. The
conversion sites for event (7) are located below the eastern
North Atlantic adjacent to Ireland and Great Britain.

The very weak converted energy prior to the S phases
on the radial component for the two closely neighbored
earthquakes (8) and (9) in the Chiapas/Guatemala region
(Figs. 4 and 6) is a conspicuous observation. According
to the P-to-SV amplitude ratios in the GRF records (Ta4
ble 1), there seems to be no essential difference in P and
SV radiation between these events and the neighboring
events (4) to (6) and (10) to (13), which do have clear precur-
sors on the radial component. There are two possible expla-
nations for the gap in converted energy:

The converted waves from the mantle transition zone
form a complex wavefield, because of conversion at two
transitions or discontinuities and because each of the phases
S, SKS and ScS generates precursory converted phases.
Synthetic seismograms (e.g., those in Fig. 10) show that
this interference causes considerable variations in wave-
form, with partially destructive interference in the distance
range 83—90°. Epicentral distances of events (8) and (9)
are between 87 and 88° and thus just in this distance range.
An argument against this explanation is the existence of
converted phases in records from close distances, e.g., for
event (5) at 883°.

Reduced converted amplitudes could also be due to lat—
eral variations within the mantle transition zone. In this
case the velocity contrasts in this zone would be less pro—
nounced at the conversion sites of pS about 10 to 13° from
the epicenters of events (8) and (9), compared with the con—
version sites of neighboring events. Then only the contribu—
tion of Sp to the precursors would be present, which accord-
ing to the conclusions drawn above from event (7) does
not vanish, and precursor amplitudes would be reduced
on the radial component.

We consider the second explanation as somewhat more
plausible than the first one, but before it can really be ac—
cepted the observations for events (8) and (9) should be
confirmed by more events at about the same place.

Data from East Asian earthquakes

In Table 2 the parameters of 10 events in East Asia are
compiled which are located at similar distances from GRF
as the American earthquakes, and Fig. 7 shows their GRF
records. A clear difference to the American events is that
P arrivals are often much stronger relative to S than in
Figs. 3 and 4. P-to-S amplitude ratios in Table 2 for the
events (14) to (19) are greater than 1 and reach values up
to 4; the station GRF seems to be located close to the

P or T axis of their fault-plane solutions. This group of
events will be called A in the following. The P—to-S ratios
of the 3 events (21) to (23) (group B below) are between
0.7 and 1; the location of GRF in the fault—plane solutions
must be similar as for the majority of the American events,
i.e., somewhere between a P nodal plane and the P or T
axis. Event (20) has a P-to-S ratio of about 0.3 which im-
plies that GRF is relatively close to a P nodal plane.

In the case of group A events P energy is very high
while SV energy is quite low. This leads to the conclusion
that P is radiated close to the P or T axis and that also
pS radiation is energetic; the difference in radiation angle
between P and pS is about 20° for epicentral distances
around 80°. In this case it is justified to assume that, if
conversions are observed, they are mainly of pS type and
that conclusions about the velocity structure below the foci
can be drawn from them. There are only 2 or 3 positive
identifications of conversions in this group of 6 events,
marked by KONV in Fig. 7. No precursors worth mention-
ing exist in the investigated time interval of the radial-com-
ponent records of events (15), (18) and (19). We assume
that they are also practically free of conversions, since it
seems to be rather improbable that converted energy totally
vanishes due to destructive interference either among con-
versions themselves or with possible P-wave multiples. The
interpretation of this observation is that velocity contrasts
in the mantle transition zone below group A events are
generally less pronounced than below the majority of the
American events or below Europe.

Event (20) is similar to the American event (7) concern-
ing the P-to-S amplitude ratio; if converted phases were
generated, they would have been mainly of Sp type and
show up on the vertical component. The conversion site
for Sp is located below western Russia. However, the pre—
cursor of event (20) is less safely identified as a conversion
than the precursor of event (7) (see Fig. 4), since for event
(20) there is no such significant frequency change from the
P coda to the precursor as for event (7).

In the case of group B events radiation conditions were
about the same as for most American events which gener-
ated strong conversions; however, no really strong precur-
sors are observed in the records of group B events. For
events (21) and (23) which produced precursor energy it
cannot be decided whether the weakness of this energy is
due to lack of conversion below the focus or below GRF.
The apparent lack of precursors for event (22) points to
lack of conversion both below the focus and below GRF.
Lack of conversion below the focus is consistent with the
result for group A events.

The East Asian earthquakes appear to allow the general
conclusion that from the Chinese Sea southwest of Korea
over northeast China to the Sea of Okhotsk (see Fig. 2)
there exists a relatively smooth transition from the upper
to the lower mantle.

Amplitude investigations

Theoretical seismograms have been calculated with the re-
flectivity method in order to obtain a more quantitative
idea about the velocity contrasts at the depths in the mantle
transition zone where conversion occurs. Another purpose
was to investigate how large the proportion of Sp and p8
energy in the converted phases is. Methodical details of
such calculations have been described in paper I and will
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Fig. 8. Faultrplana solutions of the following Earthquakes: (a) event
(6): Oaxaca, NOV 29, 1978 (Stewart et a1., 1981), (b) event (7):
Chiapas, JUN 22, 1979, (c) event (12): Panama, JUL 11, 1976,
and (d) event (13): Ecuador, APR 9, 1976. The fault-plane solution
of the Mexican earthquake of MAR 14, 1979 (event (4) in Table 1)
is nearly identical with (a) (Chael and Stewart, 1982). GRF is
located roughly in the middle of the European stations which are
encircled by a dashed line
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Fig. 9. Earth models SP-1 and SP-11 for the calculation of theoreti-
cal seismograms. The velocity jumps associated with the disconti-
nuities between the upper and lower mantle of SP-l (SP~11) are
indicated

not be repeated here. The calculations were performed for
a few American earthquakes of which the fault—plane solu—
tions are known (Fig. 8). The far-field source pulse in the
calculations was one sine oscillation with smooth beginning
and end, having a dominant period of 30 s for event (6),
25 s for event (7) and 20 s for the others. This type of source
pulse gave reasonable agreement between theoretical and
observed P and S phases in the cases studied; more detailed
modelling, including a moment function and an instrument

response, was not necessary. The mantle velocity model
used is primarily SP-1 of paper I (see Fig. 9), and conversion
was assumed to take place at the first-order discontinuities
at the depths 395 and 670 km. A modification of this model,
SP-11, having more pronounced velocity contrasts, was also
investigated.

Relative importance of Sp and pS conversions

Figure 10 shows synthetic seismograms for event (6) at Oax-
aca, Mexico, along a profile in the direction of EurOpe.
The seismograms include the main SV phases S, ScS, SKS
and SKKS as well as their surface reflections at the focus
and besides these the conversions pS from below the focus
(seismograms on top), the conversions Sp from below the
stations (center) and both conversion types (bottom). pS
is much stronger on the radial than on the vertical compo-
nent (top), in agreement with what one expects for an S
wave. Sp is somewhat stronger on the vertical than on the
radial component (center); this is also expected because
Sp is a P wave. Both results are independent of the focal
mechanism. The polarizations of p8 and Sp are largely the
same on the radial component and opposite on the vertical
component, at least for shallow earthquakes with only little
travel-time differences between p8 and Sp. Thus, when both
conversions are superposed there is by and large construc-
tive interference on the radial and destructive interference
on the vertical component, with the result that the precur-
sors dominate on the radial component (bottom of Fig. 10).
The superposition of pS and Sp depends on the orientation
of the focal mechanism; calculations for other orientations
than in Fig. 10, but with similarly strong P and SV radiation
in the direction of the receivers, show that precursors asaat-
[y dominate on the radial component. This result explains
our observation that in a study of many earthquakes at
one station conversions are more often identified on the
radial than on the vertical component.

The contribution of both pS and Sp to the precursors
in the normal case means that their interpretation with re-
Spect to velocity structure is difficult, because one can
hardly discriminate between the influence of source and
station structure and thus will obtain only an average mod-
el. The two exceptions have already been mentioned in the
introduction: (1) pS radiation close to a P nodal plane and
additionally sufficient SV radiation, i.e., dominance of Sp,
and (2) Sp radiation close to the P or T axis, i.e., dominance
of pS. Which situation is present, the normal case or (l)
or (2), can be derived from the fault-plane solution of an
event or, as shown in this paper, estimated from the P—to-S
amplitude ratio in the record under investigation for con-
verted phases.

Comparison of observed and theoretical seismograms

As discussed earlier, event (7) at Chiapas, Mexico, produced
mainly Sp precursors (Figs. 4 and 5). Hence, conversion
took place essentially below the eastern North-Atlantic and
western Europe. We have modelled this case in a synthetic-
seismogram calculation. Figure 11 shows on the left a suite
of theoretical vertical-component seismograms between 75
and 90° along a profile with azimuth 30°, representative
of Europe. On the right the observed seismograms of Euro-
pean WWSSN stations are reproduced from Fig. 5, and
synthetic seismograms for the corresponding distance range
are superposed. The theoretical precursors match the obser-
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Fig. 10. Theoretical SV-wave seismograms, including precursors, for the Oaxaca earthquake and a profile through Europe. Earth model
SP-1 was used, and no correction for absorption was applied. The precursors, appearing mainly between 70 and 100° before S and
SKS, are produced by the discontinuities at depths of 39S and 670 km below the focus (p8) and below the station (Sp)

vations usually only in part, the extreme cases being station
LOR with good agreement and station STU with less simi-
larity in the waveform. However, if only precursor ampli-
tudes are compared there is quite good agreement of theory
and observation. We consider this as evidence for a mantle
transition zone below the eastern North—Atlantic and west-
ern Europe similar to the transition zone of model SP—l.

Absorption has not been taken into account in the cal-
culation for Fig. 11, since the Sp precursors and the main
S phases have similar ray paths in the lower mantle and
the difference in attenuation in the upper mantle would
entail a reduction of the S, SKS and 80S amplitudes by
roughly 10% with respect to Sp; this would not alter the
conclusions drawn from Fig. 11.

Another comparison of observed and theoretical re-
cords, this time for station GRF, is shown in Fig. 12 for
the events (6) (Oaxaca, Mexico), (12) (Panama) and (13)
(Ecuador). Both radial- and vertical-component seismo-
grams are included; the following discussion will be re-
stricted to the radial components. Theoretical P- and S-
wave seismograms were computed separately and super-
posed afterwards with the same amplitude scale. Anelastic
attenuation was taken into account, using the dissipation
times 1': =1 s and If: 5 s (Anderson and Hart, 1978; Bur-
dick, 1978). The amplitudes of observed and theoretical

seismograms were matched for the P phases. Assuming only
pS conversions below the foci in model SP-l, precursors
are too weak for all 3 events. Including in addition Sp
conversions below GRF increases the amplitudes on the
radial component and brings the amplitude ratios of con-
verted phases and P to about the values in Table 1. The
same can be achieved by assuming pS conversions only,
but at velocity contrasts which are about 50% larger than
in SP-1; pS-conversions for a corresponding model (SP-11
in Fig. 9) have been included in Fig. 12 for the Oaxaca
event. We emphasize that this has been done only for illus-
trative purposes. The more realistic interpretation is the
assumption of conversion both below the foci and below
GRF in models such as SP-1, since this also explains the
precursor observations for event (7) which have been dis-
cussed before. From all this we conclude that SP-1 is a
reasonable model for both conversion regions, i.e., under
most of the Caribbean and the Gulf of Mexico and under
western Europe.

A somewhat problematic aspect of the 3 events pre-
sented in Fig. 12 is that their theoretical S-to-P amplitude
ratios are about twice the observed ratios. Most probably
this is due to inadequate modelling of S waves relative to
P; it may be due to incorrect assumptions about absorption
or due to deviations between actual P and S radiation at
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the foci on the one hand and radiation from a double-
couple source on the other, e.g., as a consequence of rupture
propagation. This inadequate S-wave modelling, although
not really understood, can approximately be corrected for
by reducing the theoretical S-wave amplitudes in Fig. 12
to the level of the observations and a corresponding reduc—
tion of the Sp conversions by about the same factor, ~0.5
in the present case. The factor is about the same, since
the paths of S and Sp are similar from the focus to the
conversion zone below the station. After this correction
the amplitudes of theoretical pS+Sp precursors would be
reduced slightly compared to those plotted in Fig. 12, but
this would not alter the conclusions drawn above about
the velocity contrasts at the transition zone between the
upper and lower mantle.

Discussion

On the background of the data studied in this paper and
in paper I we evaluate the potential and limitations of inves—
tigations of the mantle transition zone with converted
phases preceding S-waves as follows.

Converted-wave precursors are definitely observed in
the long-period WWSSN or SRO frequency band at epicen-
tral distances between 70 and 100°. Identification is often
rather easy, easier at least than identification of other con-
version types, e.g., long- or short-period P-to-S and S-to-P
conversions in the coda of P, delayed with regard to P
by several seconds to about 1 min (Vinnik 1977; Vinnik
et al. 1983; Bock and Ha, 1984). In these cases one needs
statistical arguments to discriminate between conversions
and P arrivals due to continuing focal activity. However,

ill
KONV SKS S

CH IAF’AS
22 JUN-'79

Fig. 11. Comparison of observed and theoretical
long-period seismograms (vertical component) for
European WWSSN stations and event (î) (Chiapas,
Mexico). The theoretical seismograms were calculated for
model SP-l and include only Sp conversions as precursors
to S and SKS. For comparison with the observations the
best-fitting theoretical seismogram close to each station
has been taken from the section on the left, and
amplitudes were fitted in the S or S+SKS wavegroup. No
correction for absorption was applied

undisturbed identification of S precursors as converted
phases is also a rare case; usually the P-wave coda, includ-
ing surface multiples, has not yet completely decayed in
the time interval with conversions. The corresponding inter-
ference can be severe.

The interpretation of converted phases is rather compli-
cated. Because of the different main body-wave phases
which produce conversions and because of the structural
details of the mantle transition zone, a complicated interfer-
ence pattern of conversions arises which can only be inter-
preted with the aid of synthetic seismograms; the applica-
tion of plane-wave transmission coefficients is not suffi-
cient. Mostly it is also necessary to correct the synthetic
seismograms for the influence of absorption. Hence, some
knowledge about Q structure is required. Of course, em-
ploying synthetic seismograms is not a guarantee in itself
for a unique interpretation of precursor observations which
depend on a rather large number of structure and source
parameters. Depending on the focal mechanism the precur—
sors are a superposition of pS conversions below the focus
and Sp conversions below the station. If both conversion
types are present, modelling will normally give only an aver-
age structure for the mantle transition zone below the focus
and the station. Only in the exceptional cases, where one
of the two conversion types dominates clearly, a conclusion
about one of the two structures is possible. It is worthwhile
searching for these particular cases. In this context it is
not always necessary to collect worldwide data for construc-
tion of a fault—plane solution. Sometimes the P—to~S ampli-
tude ratio in the seismograms of a single station gives a
sufficiently clear indication of the station’s location in the
fault-plane solution.
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The resolving power of long—period converted phases
is limited, i.e., it is not possible to infer from them the
line structure of the velocity-depth function in the conver-
sion zone. For instance, it was reported in paper I that
the conversion at a transition of thickness d is as effective
as conversion at a discontinuity, provided that the velocity
contrasts are the same and the dominent S wavelength is
larger than about 0.5 d to 0.7 d. The present investigation
seems to indicate that converted phases can better be used
for the study of gross lateral variations in the structure
of the mantle transition zone, a subject that is currently
also addressed by surface-wave and free-oscillation investi-
gations (Masters et al., 1982). It appears that we have de-
tected a significant and widespread deviation from the more
normal structure, as represented, e.g., by model SP—I in
Fig. 8; below the margin of the Eurasian plate from about
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P-wave seismograms, including P (plus surface
reflections) and its surface multiples, and
superposition of SV-wave seismograms, including
S, ScS, SKS (plus surface reflections) and the
precursor phases. Earth model SP-l was used, for

pp the Oaxaca earthquake additionally model SP-Il.
Correction for absorption by convolution with
dissipation operators (if; =1 s, :3“ = 5 s). The
amplitudes from the first maximum to the first

P minimum of P in theoretical and observed
seismograms were plotted at equal size

P3

Korea to the Sea of Okhotsk the velocity-depth functions
seem to be considerably smoother. Lateral variations within
the structure of the mantle transition zone of a more local
character seem to exist between the Caribbean Sea and the
Gulf of Mexico. Further studies with data from the increas-
ing number of digital seismograph stations could serve to
verify, supplement and extend our results.
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Calculation of synthetic seismograms for complex subsurface
geometries by a combination of finite integral Fourier
transforms and finite difference techniques
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Abstract. An algorithm for the calculation of synthetic
seismograms for complex geological structures is sug-
gested. Two versions of the algorithm are considered.

The first version is based on a combination of finite
integral Fourier transforms with respect to one of the
spatial coordinates (e.g. the coordinate corresponding
to the epicentral distance) and the finite difference
method. In this case the problem reduces to solving a
system of equations with partial derivatives with re-
spect to one spatial coordinate (say, the vertical one),
with coefficients which are finite Fourier integrals of
the elastic parameters varying along the epicentral
coordinate. The approach is an extension of the stan-
dard techniques of separation of variables to the so-
lution of problems for complex subsurface geometries.

The second version of the algorithm is based on
utilization of finite integral Fourier transforms with
respect to two spatial coordinates. A Cauchy problem
is obtained for a system of ordinary differential equa-
tions where the coefficients are double integrals of the
parameters of the medium. The problem is solved
numerically. The finite Fourier integrals of the parame-
ters of the medium are calculated analytically, if the
medium at nonuniform intervals is approximated, say,
by linear functions.

Calculated synthetic seismograms are given.

Key words: Synthetic seismograms — Finite differences
~ Partial separation of variables — Finite integral trans-
forms

Introduction

During recent years, instead of the approximation of
space derivative terms by finite-difference expressions a
complete set of orthogonal basis functions, whose de-
rivatives are known exactly, has been widely used for
the solution of different problems of mathematical
physics. Trigonometrical functions are usually suitable
and the Fourier transform methods proved efficient in
solving many problems (see, for example, Kreiss and
Oliger, 1972; Gazdag, 1973, 1981; Fornberg, 1975;
Merilees and Orszag, 1979). This approach allows one

Offprint requests to: B.G. Mikhailenko

to calculate spatial derivatives with high accuracy, but
requires substantially more computing per degree of
freedom. However, the use of the fast Fourier transform
(FFT) for the calculation of spatial derivatives makes it
possible to overcome this difficulty.

In this paper we will discuss an algorithm for the
calculation of synthetic seismograms for complex sub-
surface geometries, based on a combination of the finite
integral Fourier transforms with the finite difference
approach. The algorithm was suggested in Mikhailenko
(1978, 1979), then it was developed in a series of papers
inside the USSR. For the solution of elastodynamic
equations, see, for example, Mikhailenko and Korneev
(1983). In the following sections we will present some of
the results which have been obtained during recent
years. Following Mikhailenko (1978, 1979), we will de-
scribe two versions of the algorithm.

The first version is based on the combination of
finite integral Fourier transforms with respect to one of
the spatial coordinates (e.g. the coordinate correspond-
ing to the epicentral distance) and the finite difference
approach. In this case the problem reduces to solving a
system of equations with partial derivatives with re—
spect to one spatial coordinate (say, the vertical one),
with coefficients which are the finite Fourier integrals
of the elastic parameters varying along the other coor-
dinate, corresponding to the epicentral distance. For
the calculation of the Fourier integrals, at fixed spatial
wave numbers, a model of the medium given along the
epicentral coordinate is approximated at nonuniform
intervals by a linear function. The Fourier integrals of
the linear function are analytically calculated within
each nonuniform interval. The number of the nonuni-
form intervals depends on the complexity of the me-
dium along the epicentral coordinate. The calculation
of the Fourier integrals of the elastic parameters is
performed with the help of a special subroutine, there-
fore the complexity of the medium along the epicentral
coordinate does not practically increase the compu—
tation time of the basic program. The order of decrease
of the magnitude of the Fourier coefficients can be
changed by using splines of different order to approxi-
mate the medium. The system of equations obtained
with partial derivatives with respect to one spatial
coordinate is solved by the finite difference method.

If the parameters of the medium vary along the
epicentral coordinate according to some special law (for
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example, the sine or cosine law), the system of equa-
tions degenerates. In that part of the medium where the
Lamé parameters are independent of the epicentral dis-
tance (parameters of the medium vary along the verti-
cal coordinate), we arrive at the classical separation of
variables in combination with the finite difference
method. This algorithm was developed in a series of
papers (see, for example, Mikhailenko, 1973; Alekseev
and Mikhailenko, 1976, 1978, 1980).

The second version of the algorithm is based on the
utilization of finite Fourier transforms with respect to
two spatial coordinates. In addition, the Cauchy prob-
lem is obtained for the system of ordinary differential
equations where the coefficients are double integrals of
the parameters of the medium. For the calculation of
the double finite Fourier integrals of the elastic param-
eters, at fixed spatial wave numbers, the whole domain
is partitioned into non-uniform segments, the number
of which, and their size and shape, depending on the
complexity of subsurface geometries. At each of these
segments the parameters of the medium are approxi-
mated by linear or bilinear functions. In this case the
double finite Fourier integral at each segment is calcu-
lated analytically. In this paper we also show an ap-
proach where one need not calculate these integrals.
The second version of the algorithm described here can
be related to the so-called spectral methods. In the
recent paper of Kosloff and Baysal (1982) a pseudo-
spectral or the so-called collocation method was sug-
gested for the calculation of synthetic seismograms. The
pseudospectral method is an approximation which uses
interpolating functions to evaluate derivatives repre-
sented on a grid in physical space. It is called a
pseudospectral method because the interpolating func-
tions used are the same as in the spectral method. In
the pseudospectral method, all operations except for
differentiation are carried out in the physical space
defined by a grid. In contrast to the familiar spectral
method we gain some advantage in computation time
since spectral multiplication is not necessary. The price
that is paid for this advantage is that the calculations
are aliased. The effect of aliasing may not be important
but we must keep in mind that aliasing has impli-
cations for the stability of a calculation for long in-
tervals of time (Merilees and Orszag, 1979).

When one uses the pseudospectral method the elas-
tic parameters are defined at the points of a uniform
grid. The FFT dimension in this case is determined by
the number of grid points. To approximate a medium
with complex subsurface geometries or a medium con-
taining thin layers it is necessary to use a large number
of grid points which leads to an essential increase in
computation time.

When one uses the second version of the algorithm
described in the following sections most of the com-
putation time is spent in computing double convolution
sums by means of the FFT. One can essentially save
computation time by using an array processor for the
calculation of the double convolution sums. As long as
the convolution coefficients, which are double Fourier
integrals of the parameters of the medium, are com-
puted beforehand for fixed wave numbers, the com-
plexity of the medium has an insignificant effect on the
computer costs of the basic programme.

The dimension of the double convolution sums is
determined by the size of the domain where the prob-
lem is solved, by the time dependence of the source and
by the minimum velocity in the medium.

The two versions of the algorithm described in the
paper have been developed in recent years in parallel.
The first version is most effective for thin-layer models
involving heterogeneities whose amplitude along one
coordinate (say, the vertical one) is much less than
along the other. These are models of typical petroleum
traps (anticlines, reefs, thrust faults, etc.) whose size in
the vertical direction is not greater than 8—10 dominant
wavelengths. This version of the algorithm is used to
calculate Rayleigh waves in two-dimensional hetero-
geneous media and synthetic seismograms for complex
subsurface geometries in a cylindrical coordinate sys-
tem. In this case one performs the finite Fourier trans-
form along the vertical coordinate and the finite-differ-
ence scheme with a non-uniform step is applied along
the radial coordinate.

The second version is suitable for use in calculating
synthetic seismograms for very complex subsurface
geometries including inhomogeneities which are much
less than the predominant wavelengths.

Method of solution

SH-wave propagation in
complex subsurface geometries

First we consider an elastic half-space in a Cartesian
coordinate system, occupying the region 220, assuming
that SH-wave velocity vs(x,z) is an arbitrary piece-wise
continuous function of two coordinates. For simplicity
the density p of the medium is taken constant. SH-
wave propagation in such a medium from a line source,
whose location is the point x=x0, 2:20, is given by
the equation

ô
(UZÖU)+

ô
(ZÔU)ôx S ôx 62 US Öz

ôZU
=W+F1(x_xo)Fz(z—zo)f(t) (1)

with the boundary condition

ôU
€2— =0 (2)

Z=0

and the initial values

U|t=0= =0. (3)
t=057

Here the function f(t) represents the time variation
of the source. For a finite source, the functions F1(x
—xo)‚ F2(Z—ZO) are of the form

n _ _ 2F1(x—x0)=l/le no“ x°)>TC

m
F2(Z—ZO)= fame-20>?

(4)
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For no, m0——>oo the functions F1 and F2 tend to delta-
functions. For the application of the finite integral Fou-
rier transform we introduce the boundary conditions
for x=0 and x=b

ôU _ôU -o 5)Öx x=0—ôx x=b_ 2 (

and for z=a

ÖU
‘ô—Z“z=a=0- (6)

We select sufficiently large distances a and b and con-
sider the wave field up to t: T where T is the minimal
time taken for the propagation of the wave front to the
reflecting surfaces introduced by conditions (5), (6).

Let us apply the finite integral Fourier transform
along the coordinate x from O to b:

b

R(Z‚ n, t) =j U(z‚ x, t) cos ”—75: d x, (7)
o

U(z, x, 0:; R(Z‚ O, t)+200Z R(Z‚ n, 0005—];î (8)
bn: 1

. . nnx .Mult1ply1ng both parts of Eq. (1) by
cos—b——

and 1n-

tegrating from 0 to b we obtain:

b ô ÖU nnx b ô ôU mix__d _
2_)

__
oô—x

(v3 Öx—)cos b x+gôz
(US ôz cos b dx

_ÖZR
n21:2

—ôt—-—2——-—-+F2(2—20)e 4b2n0 cosn “m. <9)
Here we made use of the following approximate equa-
lity:

b n mrx
[fie—"00‘x0)zcos—l;—dx

Min/22:87:

”’0‘" x0)?“ cos—dx
b

——e 4—b2nocos——-—X0‚f(t)

which is fulfilled with high accuracy for nO sufficiently
large.

There is no separation of variables in Eq. (9) since
velocity vS(x,z) is an arbitrary function of two spatial
coordinates. Integrating the first term of Eq. (9) by
parts and making use of condition (5) we have

b Ö 2ÖU mix mrb 2ÖU ‚ nnx
Oô‘—X(USZ

Sxô
—)

b b O sä—x— Sln—b
dx. (10)

We integrate this expression once again. Then the first
term of Eq. (9) can be written in the form
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b ô U nnx(5)5—(02 ——)c
cos—b—dx

m:=—(——>2Îv2 Ucosn—bx-dx

b

131935 of U sinÜÄ—idx. (11)
0

Equation (9) with the account of (11) reduces to

%:—§= — ("—19”):js Ucos—b—dx

—%73§v§Usin3—Zidx

+iä<vfäög>c

cosn—gi:— 2(2——zO)e 411:2fl':)cos——XO.f(1f) (12)

Here US2 is the derivative of the squared velocity with
respect to x. Substituting series (8) in (12) instead of the
function U(z, x, t) and factoring out the terms inde-
pendent of x from under the integral sign we obtain the
system:

ô2R z,n,t) mt——à%2——= —(——>2mZOR(z,,mt)—îv2(x,z)

cosm—n—x osnnx dxb C b
m: 0° 2b,— (Î) z R(Z‚ m, 0-5) vice, z)

m=0 0

mnx . mrx- cos Sin dx

00 ôR(z,m,t)+ m2019: ôzôvî[(X’Z) ôz l
cos

mnx
cosnnx db b x

—F2(z—ZO)e—4b2"0 cosn’zx‘) f(t). (13)

For m=0 the factor 1/b replaces 2/b in this system. The
boundary conditions are of the form

ôR(Z, n, t)
dz

_ ÖR(z‚ n, t)

2:0 ôz
=0. (14)

z=a

Problem (13), (14) is solved with zero initial values

ÖR(Z‚ n, t)
R(Z‚ na t)|t=O=

at
=0. (15)

t=0

The system has a simpler form if we integrate by parts
the first term of Eq. (9) only once. Then the system is of
the form
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21? 2 0° 2 bum: -137: Z R(z,m,t)-m-B)USZ(X,Z)nn=0 O6:2 b2

sinwsinmdxb b
0° 2b ô 2 ÖR(Z‚m‚t)

22051521“ “)‘Tl
C

m77:
O nnxdOS

b
C S

b
X

— 2(z—zo)e4b2"0 cosm‘b"O f0). (16)

As is seen, this system is more convenient for numerical
implementation although the factor m is under the
summation sign, which affects the character of con-
vergence of our problem. Let us consider the ways of
solving system (13) or (16) with boundary conditions
(14) and initial values (15). As in the work by Mikhai—
lenko (1978, 1979) we consider two versions of the
method. The first version is the use of an explicit differ—
ence scheme for solving problem (14)—(16). The second
version is based on the application of a finite integral
cosine transform in the variable 2 from O to a and the
reduction of our problem to the Cauchy problem for a
system of ordinary differential equations with constant
coefficients.

First version of the method

The first version of the method is based on the finite
difference representation of problem (14)—(16). The
scheme used here is explicit, with a truncation error of
second order with respect to time and space. System
(16) in a finite difference form can be written as

1 4—1 p p——1

2]? [Rk (n) _ 2Rk (n) + Rk (71)]

= _TZ Ë m.Rg(m)-D,.(m. n)2
b m=0

+ mäo 5A1—22’{[RI€+ 1(m) _ R5070] Ck+1(m9 71)

+ [185+ 10") — ZREW) + RË_ 1(m)] Cum, n)
— [Rï(m)-Rï_ 10%)] ' Ck—1(ma n)}

f", (17)
n21:2—-——— "TEX

_F2k
. e 4b2n0 COS___O_

where z=k-Az, t=p.At,

N

OÈ—zù'

(DL—'10-

p—L

mnx ‚ mtx
s1n———dxb b

(n—m)7zx
b

(n+m)7tx
b

=hk(n -m) ——hk(n +m). (18)

Dk(m, n) =
b vszk(x) sin

1
dxb vszk(x) cos

b

—b I vszk(x) cos dx
0

b

Ck(m‚n)=g
j vszk(x) cosmmC mrx
o

cos——dxb
= hk(n —m) + hk(n + m). (19)

The infinite system (17) is replaced by a finite system
and is solved numerically. Boundary conditions (14) are
approximated in a familiar way. For the nodes k of the
difference scheme (zk=k-Az) where the velocity vSk is
constant along the lines parallel to the x axis from O to
b, system (17) degenerates into one equation with the
parameter n:

lZ;[R£“-2R£+R£‘1]
nznz l= _—“b—2—Us2kRï+m[(RË+ 1 —R:Î)Üs2k+1

+(”3+1 “ZRï'FRï—Ûvszk—(Rï—Rï—1)vs2k—1]
_„2„2

n
_F2k

e4b2no

008%.fp.
(20)

Here the velocity vsk varies from point to point along
coordinate 2. In this case we have a classical separation
of variables as in the method based on a combination
of partial separation of variables and finite-difference
methods, developed in Mikhailenko (1973), Alekseev
and Mikhailenko (1976, 1978, 1980).

In the nodes k of the finite-difference scheme where
the velocity vSk(x) varies arbitrarily along the lines
parallel to the x axis from O to b the finite system (17)
is solved.

In the calculation of the coefficients of the system
(17) the quantities

b

hk(s)=l j 22,2 (x) cosEfl—xdx. (21)b O k b
are needed. At the fixed points k of the scheme, the
function vs(x), arbitrarily varying from O to b, is appro-
ximated on nonuniform intervals by the linear function
vSl=vol (1+ßlx). Here Uo, is the initial velocity at each
interval l and ‚ßl is the coefficient of velocity variation.
At each interval, the integral (21) is calculated analyti-
cally. The coefficients hk(s) of system (17) are calculated
with the help of a special subroutine.

The complexity of subsurface geometries in the di-
rection of the coordinate x does not cause additional
computational difficulties in solving system (17). De-
pending on the complexity the interval of integration
between the limits O and b in (21) is partitioned into a
sufficiently large number of parts in which the function
vs(x) is approximated well by a linear function. It
should be noted that the dimension of the finite system
(17) is independent of this partitioning. Later we will
show that the dimension of the system depends on the
spectral width of the signal f(t) in the source as well as
on the spatial dimension of the source. Moreover, the
decrease of the coefficients hk(s) with increasing param-
eter S can be changed if one uses splines of different
order for smoothing the function vS(x). In the numerical
solution of system (17) with the explicit difference
scheme most of the computing time is taken for the
calculation of the convolution type sums
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A4——1

z R£(m>- [hk(n—m)ihk(n+m)]- (22)
These sums are calculated with the fast Fourier trans-
form (FFT). The use of an array processor allows one
to substantially decrease the computer time of synthetic
seismograms for complex subsurface geometries.

The convergence of a series of the type of (22) is
determined by the behaviour of the function Rf(m) with
m increasing and the extent of decreasing the coef-
ficients hk(nim) as well. One can show that in the
approximation of the velocity vs(x) by piecewise linear
functions we obtain the order of the decrease of the
coefficients hk(nim) as 1/(nim)2. Obviously the de-
creasing character of the coefficients hk(nim) with m
and n increasing is determined by the smoothness of
the function vs2(x) according to the well—known theo-
rems of the decrease of the Fourier series. Thus, mak-
ing use of splines for smoothing the given function
vs2(x), we obtain an additional convergence of the con-
volution type sums (22).

Let the interval of integration from 0 to b in in-
tegral (21) be partitioned into L non-uniform parts. If
for the approximation of the function v2(x) one uses
fifth order splines S(x), the expression for the coef-
ficients h(s) takes the form:

b4
h(s)=—5—-5—[ML sinsnx4 —M sinsnxl]

b b
b5 M,—M,_1 S77;x‚_1 snxl

—567I61;2 (“Xi-x14
)(cos

b —cos——b
),

(23)
1h(0)—E[ O(M x, M x5)

L

——72—0122(M1Mz_ 1)(x16 —xl6_1)/(x,—x, 1)]

Here

d4§(x)
Mz’"

dx4 x x1,
s=(nim). (24)

The coefficients h(s) decrease asymptotically as l/s6
(the first term in (23) equals zero).

Let us now consider some models for complex sub-
surface geometries for which system (16) degenerates.
Let for example the velocity be

US2(x, Z)=vo(z)+A——2(Z)(1—COSPIZ—x)

Take for definiteness

vs2(x, z)=A(z)—B(z) cost—”i, (25)
b

where

A(z) = 120(2) + A v(z)/2, B(z) = A v(z)/2.

Figure 1 presents velocity variations given by formula (25)
with fixed values A, B and I: 1, 2, 3, 8. By changing the
values of coefficients A and B along the coordinate z
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o) b)
Velocity (km/sec) Velocity (km/sec)

0 1 2 0 l 2
0

................... %.
. u . 0 4.1.4.1..

. b/Z . b/2

b b
xt X '

c) d)
Velocity (km/sec) Velocity (km/sec)

0 1 2 O 1 2
O ....................... 0 .

b/2 b/Z

b b
xi xt—

Fig. la—d. Variation of the velocity v (x,2) given by the for-
In

mula v2(x, z): A(z)+B(z) cos——bx ,depending on the epicentral

coordinate x, for various values of l: a l=1, b l=2, c 123,
d l =8. The values of A(z) and B(z) are fixed.

and by fixing l one can obtain sufficiently complex
models of media. Substituting the velocity vs2(x,z) given
by formula (25) in system (16) we obtain:

62R(z, n, t) ô____= A
Öt2 ôz[

ôR(z, n,
0]Öz

lô a
_§5.Z.{B_[R(z, n+ l, t)+R(z,n—l, 0]}

—A (L:)2R(z, n, t)

Egg—[(11 + l)R(z, n+ l, t)+(n — l)R(z, n — l, o]
_— nnx

—F2(z)e4b2"O cos
b

O f(t). (26)

Integrals of the form

—jcos(nil)nxcoSx_m7rxd_
1 for m=nil,

b0 b b O for m=0=nil‚

based on the orthogonality of sine- and cosine-functions
in the interval [0, b], have been used and reduce system
(16) to (26).

Equation (26) with fixed value of l can be solved by
the finite-difference method for n=0‚ 1, 2, 3, Equa-
tion (26) is solved for boundary condition (14) and zero
initial values (15). The displacement U(z,x, t) is de-
termined by summing up of series (8).
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System (16) can be simplified if the velocity vsz(x,z)
is expanded into the Fourier series

v§(x, z)=d—0—2(Z)+îd(z)cos—b—, (27)

di(z)=—12;Îvsz(x,z)cosmîxdx, » (28)
o

and we take a small number of terms in (27). One can
do it if the function 0820c) is slowly varying along the
coordinate x.

One can avoid the calculation of integrals (21) if the
velocity vs(x) is given in the nodes of a uniform grid. In
this case the number of nodes should coincide with the
number of terms M of convolution type sums (22). Let

y(n)= :0R(m)[h(n—m)+h(n+m)] (29)

where

(n im)77:x
b

Sum (29) can be calculated with the help of the FFT.
For this purpose we determine the functions R(m) as
follows:

R(m)—
R(m) for m=0,1,2,...,M—1_
0 for m=M,M+1,...,2M—1.

h(n im) =21; Î 082(x) cos dx. (30)
o

The function h(m) is represented in a similar way. We
then apply the discrete Fourier transform to Eq. (29):

2M—12M—1 27ti

Y(k): z z R(m)[h(n—m)+h(n+m)]ezM"". (31)
":0 m=0

Ilere
21ri

Y(k>= Z y<n>e2—M""
n=

Equation (31) is presented in the form:
2M—12M—1 21ti

Y(k)= z Z R(m)emm h(n—m)e2M(n mm
n= O m= 0

2M— 12M— 1 21: 2_m'(n+m)k+ Z Z R(m)e 2Mmkh(n+m)e2M
n= O m= 0

2M—1 _21r_imk2M—1_i_(n "0k= Z R(m)e2M
n20

h(n— m)e2—M
m=0

2M—1 _—____27rimk 2M— 1
2—n—i(n+m)k+ Z R(m)e2M

20
h(n+m)e2M

m=0 n:
21"” 2mk7t= H(k) - R(m) cos . (32)
m20 2M

llere
2M—- 1

2_71:i(ni+m)kH(k)=
20

h(n+m)e2M (33)
m=0

Taking the real part of (32) we have:

Y(k) = 2 Re {1200} . Re {H(k)}. (34)

The values of ÿ(n) can be obtained by the inverse
discrete Fourier transform:

2M—1_2__1ti1 nki<n>=m kz Y(k)e ‚ (35)
where Y(k) is determined by formula (32). The real part
of (35) is obtained in the following way:

W1): 2 R6 {PW}, M — 1. (36)
If one assumes that in formula (33)

n=0,1,...,

mnx
dx

2bh(m) =— j vsz(x) cos
bo

æO for m=M,M+1,...,

the integral can be replaced by the discrete Fourier
series (see, e.g. Gold and Rader, 1969). Hence, from (33)
we have:

H(k)=vsz(k-Ax), k=0,1,2,...,M—1, (37)

Ilere

Ax=b/M.

Thus, it is not necessary to calculate integral (30).
Instead, we only need to specify the velocity in nodes of
the uniform grid on the interval from O to b. The
velocity v82(x) is assumed to be a sufficiently smooth
function of the coordinate x. For calculating the values
of Y(k) and y(n) we make use of the forward and
inverse FFT.

Second version of the method

The system of partial differential equations (16) can be
reduced to a system of ordinary differential equations if
we use the finite integral cosine transform along the
coordinate z from O to a:

W(i, n, z) = j R(z, n, t) cos ïaz—dz, (38)
O

R(z, n, 0:; W(O, n, t)+200Z W(i, n, t) cosinîz. (39)
ai: 1

We multiply (16) by cosïtî and integrate by parts from
a

0 to a. Performing manipulations similar to those men—
tioned above and making use of condition (14) we
obtain:

d2 W(i‚ n, t)

—n21r2 i21r2
———— "TEX

_ e4b2no . e 4a2io COS —_0 )‚ (40)
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where
lifm+dj40

5m: éifm=Qj¢fl or m=Qj=0
à if m=j=0

D1(n9 m9 iaj):%[h(n—mai—j)+h(n—mai+j)

—h(n+m2i-j)—h(n+m‚i+j)]2

+h(n+m2i—j)—h(n+m2i+j)]2
4

a b

h(r,s)=;13(5)(j)v123(22, z)cosri;—cosS—”Bidxdz. (41)

System (40) is solved with zero initial values

d W(i, n, t)We, n, 01:0: dt t=0
=0 on

We obtain an analogous system, however without the
terms m and j under the summation signs, if we employ
the finite integral cosine transform (38), (39) for system
(13). In this case, besides coefficients (41) which are
double integrals of the velocity vf(x,z), there will be
coefficients which are double integrals of the derivatives
of the velocity vsz(x,z) with respect to x and z. The
infinite system (40) is approximated by a finite system
and is solved numerically by means of the explicit
difference scheme:

1
FEWP+1(i,n)—2Wp(i,n)+Wp‘1(i2n)]

nnM— 1J— 1

=———b— Z Zoômj—WPU, m)D1(n, m, i,j)
m= O —

n—M 111.—10
——-Z Zömj

m= 0j= O

X —-—_— TC
_ e 4b2no COS ______2 e 4a210 COS

b
The displacement U(z‚ x, t) is determined by summing
up the series (39) and (8).

For the calculation of integral (41) the integration
domain from 0 to a is partitioned into non-uniform
segments. In each of these segments the velocity is
approximated by the bilinear function vSkl=akl+bklx
+cklz+dklxz. The coefficients a“, b“, ckl, dk, are de—
termined from the velocity values in the nodes of the
rectangle. In this way the value of the integral (41) in
each segment is easily calculated analytically. If we sum
up the values of the integrals for all segments we will
obtain the coefficients h(r, 5). Due to the fact that the
function 1) (x,z) is continuous at all the boundaries of
the segments, the coefficients decrease as 1/(r2 +52). A
discontinuity in the velocity function is approximated
well by a gradient layer whose width is much less than
the wave-length. The number of segments used for the
calculation of the coefficients h(r,s) depends on the
complexity of subsurface geometries. Here, the coef-
ficients h(r,s) are calculated with the help of a special
subroutine.

In numerical solutions of system (43) double sums
of the convolution type

ÎnPW(i, m)D2(n, m, i,j)

2° f(t) (43>
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M—lJ—l

Z Z WPU2M)°h(nim2iij) (44)

are calculated with the help of a FFT. The use of an
array processor considerably reduces the computer time
for synthetic seismograms of complex subsurface
geometries. The convergence of the double sums of type
(44) is determined by the decrease of the function
WPU, m) and the coefficients h(n +m 1+j)while m and j
are increasing. The behaviour of the function W” (1', m),
as will be shown, depends on the smoothness of the
signal f(t) as well as on the spatial distribution of the
source. Moreover, using two-dimensional splines of dif—
ferent order for smoothing the velocity function vs(x,z)
in the integral (41) one can also change the decrease of
the coefficient h(r,s) in a similar way as in the one-
dimensional case (see formulas (23), (24)).

Note that in calculations of the double sums (44)
one can avoid the calculation of integral (41). As in the
one-dimensional case it can be done here for the func—
tion vs(x,z) which is given in the nodes of a uniform
grid, the number of nodes along the coordinates x and
z coinciding with the number of terms to be summed
up in (44).

For some particular models of two-dimensional me-
dia, e.g. for media given by formulas of type (25), the
system (40) degenerates.

Lamb’s problem for complex subsurface geometries

Consider Lamb’s problem for the elastic inhomo-
geneous half-space z_2_0, where P and S V wave veloci-
ties are arbitrary piecewise continuous functions spa-
tially varying along the coordinates x and z. For the
sake of simplicity we consider the density p constant
throughout the model. At the boundary 2:0 a vertical
force is applied; then the boundary conditions at the
free surface are of the form

(23—22:>%%+2g‘;—W=F12—20>n2) (45)ÖW ÖU
=0 f =0

ôx
“—1.

(32
or Z

Here U and W are horizontal and vertical displace-
ments, respectively. As earlier, we take F(x—xo) in the
form

F(x
_

x0)
ZVE e—n0(x"x0)2.

TC

Having selected the parameter nO large enough, we
will consider a source which is close to a point force.
The second order partial differential equations, describ—
ing P—S V wave propagation in a two—dimensional me-
dium with rectangular coordinates x and 2, can be
written as

3[,2@2+(2_2,2,91V_]
ôx

a aw ôU 5%] 46+62 [vs2 (ôx_+ôz)]= aß ( )
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_Ö_|:UZ (Ö_W+g]_):l+_?_|:vp

2ÖVV+(2 2
2)ôôU:l_

ÖZW

ax s ax 32 (12 v v (112
(47)

with zero initial values

ÖU âW
U —W =—— . 48It: 0— Il: O:

Öt 1:0 at t=0
( )

Let us introduce new boundary conditions

=0 for x=0 and x=b. (49)

We apply the cosine and sine integral transformations
with finite limits to the system of equations (46), (47):

b

R(z, n, t) = j W(z, x, t) cos Ÿ’g—xdx (50)
O

l
W(Za X, t)

z;
R(Za 0: t)

2 0° nnx
+— Z R(z‚ n, t) cos—— (51)

bn=1 b

b mrxS(z, n, t)=j U(z, x, t) siax
(52)

o

2 0° ‚ mtx
U(z‚ x, 0:5 Z S(z, n, t) smT.

(53)
n=1

We multiply Eq.(46) by sinTÄÄ and Eq. (47) by
nnx . .

cos—b—
and 1ntegrate by parts from O to b, maklng use

of conditions (49). Then, substituting series (51), (53)
instead of W(z,x, t) and U(z, x, t) in the integral terms of
the system obtained, we have

82S(Z,n,t)
ôt2

_nTC2
oo 2b=

——b—2 mzo
m S(z, m, t) b2£v§(x,z)

mnx nnx.
cos—b—cos—b-dx

E
0° 8R(z,,mt).2b

m—O ôZ
—1[v;(x z>— 2v§<x 2)]

|M8
E

B‘IN oL—‘äü‘ Q) N

Q)

[——1
C “N A >< NV w AN ä CD

0° 2b ô 2 ôS(z,m,t)
+m§1E£a—[08(x

Z)
ôZ ]

‚ mnx ‚ mtxd 54sm
b

sm
b

x, ( )

ô2R(z,n, t)
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2 00 2b= J’lz Z m.R(z‚m,t)-—jv;’-(x‚z)
b m=0 b0

mTCX "TEX

Slax
- sin

0° ôS(z,m,t) 2b 2+ b "El ôz -E(j)vs(x,z)

_
I:

2 x, Z) ÖR(.;‚Zm, t)]

+§ Îmgäguväx 2)- 2v3<x 2))
- S(z, m, t)] cos mgx cosïË—C—dx (55)

If we take the velocities up and vs independent of
the coordinate x close to the free surface, the boundary
conditions for 2:0 will be as follows:

ôR t lvâ—%Q+(vâ—20f)nîn8(z,n,t)

=e—4bzno cosmmO f(t) r for z=0 (56)

as t(2—mn“—R(z,z‚n t): 0 (57)
J

Problem (56), (57) is solved with zero initial values

ÖS z, n, t)
S(Z "a t)|z= 0=R(Z n t)lt= 0—2—}???—

t=0
=ÖR(Z‚ n, t)

:0 (58)at 1:0
'

Problem (54)—(58) is solved in a similar way as the
problem of SH wave propagation in compelx subsur-
face geometries. We will not discuss all the details of
the two versions of the method used here, but focus on
the main features of the numerical techniques. In the
first version the finite difference scheme used to repre—
sent the problem, (54)—(58), is explicit with a truncation
error of second order. System (54)—(55) degenerates into
two equations in the nodes of the finite difference grid,
if the velocities vpk and vsk are constant form O to b
along the coordinate x.

Consider a particular case of complex subsurface
geometries where system (54)—(55) is of a simple from.
Let the velocities 02(x, z) and 122(x, 2) be given in the
form (25) (see Fig. 1):

l7rx
vâ(x, Z) = Ap(z) + Bp(z) cos —,b (59)



”32(x: Z) = Ast-Z) -|- 35(2) COS m‘. (60)

The difference of the compressional and shear wave
velocities is as follows:

— 3,,(2) cos I'm—x (61)[u;(x‚z)—2v3(x‚z)]=A„(z) b
where

A„(2) = A p(2) — 2A,(2),
Bp,(z) = 3,,(2) — 2B,(z).

For this model the system (54), (55) takes the form

623(2, n, t)
8:2

_ 6 6S(z,n,t) m: 6
*5 [AST] __._[A,R(2 n n]

_nrt 6R(z,n,t)A „27:2
b 6a P3 b2

l 6 Ô
_—T{Bs"ä; [3(23 n+1, f)+S(Z> n— l, 0]}2oz
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1601-4) 6
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2 b ôz

[R(z, n+t r)+R(z, n—l, t)]

+ (n+0 S(z,n+l,t)Bp2b:[
+(nmI)-S(z‚n— l,t)] (62)

62R(z,n,t)
8:2

_ 6 6R(z,n,t) m: ô
‘E [A —6z]+ÎÆ[APS.S(2,H,I)]

fl 6S(zr,n,t)_i12:a2
b 5 62 l)2
l 6

_262:
3101+!) 6

2b ——[BpS-S(z,n+l,t)]
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2b 62
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P‘2bôz
”TETEE

+B
52—122

[(n+l)R(z n+l t)

+ (n — i) R(z, n — L t)]. (63)

A,R(z,n,t)

———{B,, ôôz [R(z n+1 r)+R(z, n—l, 0]}

—,,,[B Sz,(n+1, t)]

ô,[S(z n-I—I t)+S(z, n— l,t)]
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Selecting, for example, the parameter l=l in formulas
(59)—(61) we obtain a stratified inhomogeneous model
where the velocities up and u also vary smoothly along
the epicentral coordinate x.

The second version of the method is the application
of finite integral cosine and sine transformations along
the coordinate z from 0 to a:

Y(i, n, z) = j R(z, n, z) cos ”“72 dz, (64)
Ü

R(z, n, 1:):l Y(0, n, t)
a

2 m '
+— Z m, n, r.) cos E, (65)

a i=1 ü

X(i, n, t) = j 8(2, n, r) sin ÏI—Z dz, (66)
0 a

Sz,n(n,t)=— ZXU, n, UsinÊ—Z—z— (67)
ai=1

To apply these transformations we introduce the
following boundary condition instead of boundary con-
ditions (45):

z=6=0- (63)

The compressional line source is presented in the right-
hand side of system (46)—(47) through the components
of the vector

=grad [F1(x —X0) ' F2(Z —Zo)] f“) (69)

We multiply Eq. (54) by sing?— and Eq. (55) by cost—RE
a a

and integrate from 0 to a. Performing manipulations
similar to those mentioned above and making use of
boundary condition (68), we obtain

62X(i,n, r)
61:2

ms 0° m m7: . ..
g? Z Z î Yuma-DAWN)

m: 0° 0" in: _ __20_Zogöm-öj-Xum,r)-Dz(n‚m‚x‚;)
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Î
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62Y(i,n,t)
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=—n—ZZm—nmj66X(j,mt)-,,D3(nmi,j)
b in: 0j= O b
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m=1jo:1
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-ncos 0sin—17:20 ‚ (71)
a

where

D1(na m9 iaj)=â[h1(n_mai_j)—h1(n_mai+j)

+h1(n+m‚i—j)—h1(n+m‚i+j)]‚
D2(nam9 iaj)=_41î[h1(n—m9i—j)—h1(n_mai+j)

+h1(n+m,i—j)—h1(n+m,i+j)]
—Ë[h2(n—m,i-j)—h2(n—m,i+j)
+h2(n+m,i—j)—h2(n+m,i+j)],

D3019 m9iaj):%[h2(n_m7i—j)+h2(n_m9i+j)

—h2(n+m,i—j)—h2(n+m‚i+j)]‚

4_
a b

h1(r,s)=Æggvâ (x, z)cos:gicos57;—xdxdz (72)

h (r s)
4
fit)?(x, )cos

mz
cosSflx dxdz, (73)::— Z — _—2 ’ abOO a b

1, if m=|=0‚ j=t=0
ômjz à if m=0,j=(=0 or m4=0‚j=0

à if m=0, j=O

System (70), (71) is solved with zero initial values

_ dX i, n, t)X(l,n,t)lt=o=——(j;— =0, (74)
t=0

dY(i, n, t)
Y(i 7’1 0L: 0—T :0- (75)

1:0

In the numerical solution of system (70)—(75) the in-
finite system (70), (71) is replaced by a finite one, and
we use an explicit difference scheme with a truncation
error of second order. Integrals (72), (73) are calculated,
analytically after the velocities vp,(x Z) and v“(x Z) are
approximated on nonuniform segments, e.g. by a linear
function. We can avoid calculating these integrals, as
mentioned in the foregoing, if the velocities vp‚(x 2),
vS(x, z) are given on a uniform rectangular grid and the
numbers of mesh elements along x and z coincide with
the numbers of terms to be summed up in series (51),
(53) and (65), (67).

On some aspects of convergence
and accuracy of the method

The convergence of the algorithms described here de-
pends on the following two factors: the smoothness of
the function f(t) in the source (i.e. the decrease of its
spectrum with increasing frequency) and the extent of
spatial distribution of the source. Let us illustrate this
on problem (1)—(6) for a homogeneous medium. The
exact solution of the problem under study after the
application of finite integral cosine transforms (7), (8),
(38), (39) with respect to spatial coordinates is presented
in the form

4
OO OO

U(z, x,
t)——b20 .20

W(i‚ n, t) cos—flicosnflx (76)
n: = a

where the function W(i, n, t) is

W(i, n, t)=e 4b2noe 402i0 cosnTXO so

1
t

-—jf(t)sinv(t—t)dt. (77)
V 0

IIere

2 2 n27r2 i27r2
V —Us

—bz—‘+a—2
.

As is seen from formula (77), the convergence of series
(76) depends on the values of parameters nO and i0,
which characterize the spatial distribution of the
source, and also on the smoothness of the function f(t)
in the convolution integral of (77).

Select the function f(t) in the source in the form

f(t)= -2y(t —t0)e-v(t—to)2

where to is selected such that f(O)z0. The parameter )2
determines the pulse width. In this case solution (77) is
of the form

"27:2 i21r2_ _ _____ nnx inz
W(i,n,t)=e 4b2noe 402'10 cos 0 os—O

a

- Vie—4; cos v(t—t0) (78)
V

for t>t0. In numerical calculations we selected the
parameters n0 and iO large enough. In this case we deal
with a source close to a point source, and the con-
vergence of the method is fully dependent on the
smoothness of the signal f(t) in the source.

In the numerical solution of system (43) the choice
of the step At is determined by the condition

(0 -"——b7;++Ï—22a”)m<2. (79)

The necessary condition of stability (79) is obtained
when the velocity Us is constant.
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Fig. 2. The model of the medium and theoretical seismograms
of SH waves for different epicentral distances. The source empit-
ting SH waves is located at the point 0,. The distances are
measured in terms of the predominant wavelength, WL, and
the time in terms of the predominant period, T. (122:1.4121, v3
=2o1).

The total error of the method consists of the trun-
cation error resulting from difference schemes and the
error of spatial frequency cut-off in Fourier series. The
method was tested against several problems for particu-
lar models of inhomogeneous media (see Alford et al.,
1974;, Alekseev and Mikhailenko, 1980). The results
obtained in these papers and the results obtained with
the algorithm described here are in satisfactory agree-
ment.

The purpose of this paper is not to study dynamic
peculiarities of seismic waves in two-dimensional in-
homogeneous media. In what follows we give examples
of calculation of synthetic seismograms for some media
with non-complex geometries.

Figure2 shows the model of the medium and
theoretical seismograms of SH waves for different epi-
central distances at the free surface. The source is lo-
cated at point 0,. The distances are measured in terms
of the predominant wavelength, WL, and the time in
terms of the period, T. The velocities of the medium are
v2=1.4v1 and o3=2o1. According to Fig. 2, the direct
wave from the source is recorded as the first arrivals.
After that the wave reflected from the sections with
velocities U2, U3 is recorded.

Figure 3 shows a more complex model and theoreti-
cal seismograms of SH waves for this model and dif-
ferent epicentral distances at the free surface. The
source is located at the point 0,. According to Fig.3,
after the direct wave from the source, the waves re-
flected from the flanks of the fault and later turning
into refracted waves are recorded. In addition, here one
can also see multiple reflections.
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Fig. 3. The model of the medium and theoretical seismograms
of SH waves for different epicentral distances. The source empit-
ting SH wave is located at the point 0,. The distances are
measured in terms of the predominant wavelength, WL, and
the time in terms of the predominant period, T. (v2=2o1, o3
=l.5121).

Conclusions

An algorithm for the calculation of synthetic seismo-
grams for complex subsurface geometries by a com-
bination of finite integral Fourier transforms and finite
difference techniques has been presented. Two versions
of the method for the solution of the SH-wave equation
and the elastodynamic wave equation have been de-
scribed.

One of the advantages of this algorithm is that it
allows one to compute synthetic seismograms for ma-
ximally complex sub—surface geometries, including in-
homogeneities which are much less than the predo-
minant wavelength. At the same time the complexities
of the geometry do not substantially increase the com-
puting costs. Moreover, the computing costs could be
reduced significantly by performing the computations
on an array processor.
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Abstract. Analysis of global magnetic anomaly maps de-
rived from satellite data is facilitated by inversion to the
equivalent magnetization in a constant thickness magnetic
crust or, equivalently, by reduction to the pole. Previous
inversions have proven unstable near the geomagnetic equa-
tor. The instability results from magnetic moment distribu-
tions which are admissible in the inversion solution but
which make only small contribution to the computed values
of anomaly field. Their admissibility in the solution could
result from noisy or incomplete data or from small poorly
resolved anomalies. The resulting magnetic moments are
unrealistically large and oscillatory. Application of the
method of principal components (cg. eigenvalue decompo-
sition and selective elimination of less significant eigenvec-
tors) is proposed as a way of overcoming the instability
and the method is demonstrated by applying it to the region
around the Bangui anomaly in Central Africa.

Key words: Satellite magnetic anomalies u Crustal anoma-
lies — Crustal magnetization — Equivalent source

Introduction

Dampney (1969) described a method for synthesizing bou-
guer gravity measurements on an irregular (3 D) grid. The
synthesis consisted of a mathematical representation of the
data in terms of discrete point masses at some, arbitrary,
fixed depth below the earth’s surface. Mayhew (1979)
adapted this method to the synthesis of magnetic anomaly
data acquired by the POGO satellites. In this method the
satellite magnetic anomaly data is represented by an array
of dipoles at the earth’s surface. The dipoles are assumed
to be aligned along the direction of the earth’s main field,
as determined by a spherical harmonic model, and their
magnitudes are determined so as to best reproduce the
anomaly data in a least-squares sense. Following Dampney
(1969) this is called an equivalent source model. The result—
ing dipole moments can be converted to depth—integrated
magnetization, provided the apprOpriate depth is known.
Initially, Mayhew (1979) used a dipole spacing of 4° in
latitude and longitude to model the United States region.
He then used the calculated anomaly field from this equiva-
* On sabbatical from the Geophysics Branch, Goddard Space

Flight Center, Greenbelt, Maryland 20771, USA

Offprint requests to: RA. Langel

lent source model as smoothed input to a second model
in which the sources were 2° by 2° spherical prisms 40 km
thick. Furthermore, the magnetic moments of the prisms
were constrained to be specified by the coefficients in a
double Fourier series in latitude and longitude. Use of the
Fourier constraint was intended to minimize instability in
the magnetization solution. Mayhew attributed instability
to the “amplification " of high frequencies in the data. High
frequencies are particularly common near the auroral belts
where data may be “contaminated” by the presence of
fields from ionospheric currents.

In a later publication, Mayhew et al. (1980) abandoned
the Fourier constraint and derived equivalent magnetiza-
tion directly from the initial dipole moment solution. Data
over Australia were analyzed in two parts, east and west,
and the results combined. As part of their analysis, the
authors examined the question of the stability of the dipole
solution as a function of dipole spacing in degrees. Figure 1
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Fig. 1. Trade-off between standard deviation of fit of equivalent
source magnetic anomaly field and observed field vs. “stability"
of inversion as indicated by standard deviation of magnetization
solution parameters. Optimal dipole spacing is taken to be about
2.7". From Mayhew (1980)
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(Fig. 3 from Mayhew et al., 1980) is a plot of the standard
deviation, sd, as a function of dipole spacing. (Also shown
is the standard deviation of the fit.) The parameter sd is
seen to increase slowly as the dipole spacing is reduced
until, at about 2.7°, it begins to increase rapidly as the
dipole spacing is further reduced. Also, at this point plots
of the dipole moments begin to exhibit an oscillatory insta-
bility in which, in its extreme, adjacent sources take on
alternately large positive and negative values. Contours of
the magnetic moments exhibit a bulls-eye pattern with, ob—
viously, no physical meaning. The authors conclude that
2.7° is the optimal dipole spacing. Magnetization values
(defined as magnetic moment per unit volume) are deter-
mined under the assumption that the magnetic crust is
40 km thick with constant magnetic moment throughout
this layer. Because the satellite altitude is large compared
to 40 km, the anomalies computed from the equivalent
source solution depend directly upon the product of magne-
tization and layer thickness, i.e. if the magnetization is dou—
bled and the thickness halved the computed anomaly will
be unchanged. Working independently, von Frese et a1.
(1981) proposed the same method of analysis, only applied
to gravity as well as magnetic anomaly data.

In a re-analysis of the data from the US. region, May-
hew (1982) now used equal-area spacing of the dipoles.
In an analysis similar to that leading to Fig. 1, he found
the optimal dipole spacing to be about 300 km, or again
near 2.7°. At closer spacing the standard deviation of the
dipole parameters increased exponentially and the magneti-
zation solution showed symptoms of instability.

Published results using Mayhew’s technique have all been
at midlatitudes. When the method is used at or within about
20° of the geomagnetic equator, extreme instability is pres-
ent for any reasonable dipole spacing. Because our research
calls for equivalent magnetization maps of the world (or,
equivalently, reduced-to-pole anomaly maps) we have at-
tempted to find a way to derive stable solutions at any
latitude and at any dipole spacing.

The method

Let
m

Bi=2aijfij+8i,i=l,...,n (1)
j=1

where: B,- is the anomaly field at the i-th satellite position.
‚ßj is the magnetic moment of the j-th dipole.
m is the number of dipoles in the solution,
ai]. is the geometric source function relating the
j-th source to the i—th position.
8,- are the errors due to instrument noise, field
sources other than anomalies, etc.

In the least squares procedure we estimate the {ßj} with
{bj} by minimizing

n m 2R: Z [3,.— Z aijbj] . (2)
i=1 j=1

In matrix notation one must solve

ATAb = AT B. (3)

Instability is due to a high degree of collinearity among
the columns of A: certain linear combinations of the col-

umns are nearly zero. This means that for some choice
of coefficients, say vj, Zan- vj~0 for all i implying that:

Zaijbiaijbj+K2aijvj. (4)

Hence substantial perturbations of bj will have little effect
on the fitted field value and, conversely, measured field
values exert little constraint on these bj.

A test for multicollinearity is provided by the condition
number of the matrix ATA, defined as the ratio ‚II/‚1m, where
,11 and ‚1m are the largest and smallest eigenvalues of ATA.

In deriving equivalent source solutions at geomagnetic
latitudes above about 30°, typical condition numbers are
in the 100—600 range. Near the geomagnetic equator, on
the other hand, values are typically over 6000.

As a remedy for these shortcomings, the technique of
principal components regression is proposed. This is a modi-
fication of the method of least squares whose effect is to
smooth the resulting equivalent source model, while main-
taining a high level of agreement between the observed and
fitted anomaly field. The elements of principal components
regression are set forth below.

One begins with the singular value decomposition
(Stewart, 1973) of the matrix A:

A=UDVT or AV=UD (5)

where U is an n >< n matrix whose columns are eigenvectors
of A AT, V is an m >< m matrix whose columns are eigenvec-
tors of ATA, and D is an n >< m matrix with non-negative
entries, d1 g g dmèO along the main diagonal and zeros
elsewhere. The values a? are eigenvalues of both ATA and
AAT.

The orthogonal matrices U and V are used to transform
the observations and parameters as follows.
One writes:

Z=UTB;y=V/3and5=UTe, (6)

Then the model, (1), becomes:

Z= Dy+ ô. (7)

The quantities in the normal equations are transformed
similarly:

ATAßz VDTD y, ATE: VDTZ, (8)
so that the estimates for y are

with:

Var ejza'j“2 0'2 and Cov (cj, ck)=0. (10)

Immediately one observes that when dj is small, cj has high
variance. .

In the original coordinate system one can write

m

Z aij vjk
J=1 I

Zluikdklédk (11)

because U is orthogonal. Therefore small d’s correspond
to eigenvectors representing souces of multicollinearity. If



209

ill\E „E
Fig. 2. Average scalar anomaly

j

field from POGO data. Averages
are taken in 2° x 2° bins. Contour
interval is 1 nTÖ5///

25.0 30.0 35.0 40.0

14.0

fi w:

l\4.?

um:HI
D m
D Dre a1 l--' 4:

—I

- 4.7 - 4.7

-14.0 . . . I ... ‘14-00.0 13.3 20.? 40.0
LDNGITUDE LONGITUDE

(a) P(%} = 100% (h) P(%} = 99%

14.0

o „
ä

Ë Êl. r-: 5S

—4.? h”

- WI“ —14.0 L. .—
an

LONGITUDE LDNGITUDE

{c} Pur.) = 97% (d) PW.) = 95%

Fig. 3. Magnetization contours from equivalent source solutions. Varying cutoffs in principal components analysis. Units are 0.01 Amp/In.
Contour interval is 10



LATITUDE

'
I

.. d r
13.3 17.! 22.2

LDHBITIJ DE

(I) PÜÉ) =' 100%

(G) H36) I 97%

„FA...—

“a.

N

.- ‚

.
I

‘._

IL

—-._.

'|
.-

‘

.

I.

.-_

.

.'

_

n.

.._.._

.|.-..-.

....

-..

--...

.

x 1.

.

K“

’

x

...-

.

__-

x

..

.

Il

I

n...
-

.-——-4

.
‘t

-rgl"_‘\:

_‚

_.|..—— 'I
_.....—

—

x l.

..a-

r'

f"
„.-

_J

LDNBITUDE

(b) P06} I 99%

q
.__ .__________-,_______- ..__ . ..

v z ‘n. . . F
r .. _ .___' “1.

.'-. ...

-- —..: " x' -. x ‘-
I 1.

i ' b ‘
- x n ._

J
F

_z
_ _a-äd'

-
.___ -.

I ‚ ‚ |.. .. .. .1.
.."iii—1 1n '

Lonorrunl

{dl H96) I 95%
Fig. 4. Anomaly field computed at 500 km altitude from equivalent source solution. Varying cutoffs in principal components analysis.
Contour interval is 1 nT

d, is very small, yk is estimated imprecisely. But through
the transformations ß: VTy, b: VTc, this imprecision is
propagated throughout the estimated parameter vector b.

Now the rationale for the principal component method
can be seen. If d, is small, the corresponding a, is noisy,
i.e., an imprecise estimate, whose variability makes the sti-
mate b unreliable. Furthermore, the corresponding quan—
tity Zflovn is uniformly small and may safely be replaced

by 0:J This process is equivalent t0 replacing C, by O. An
algorithm is:

(a) Compute ATA and solve ATA b = ATB for b.
(b) Compute the eigenvalues dÎ , ..., dfi, and V, the corre-

sponding matrix of eigenvectors.
(c) Transform to obtain (:2 Vb.
((1) Define c* by cf =cj ifjgk"k

= O ifj Z> k*
k“ m

where d/zdf=P,where P and k* are to be de-
l 1

termined.
(e) Compute if“ = VT 0*.

The large matrix U is not computed, so the computation
is manageable. The determination of k*, the number of
eigenvectors retained, and P, the percent of the trace of
D, in step (d) is the crucial decision in applying the method.

Application of the method

Central Africa, in which the Bangui Anomaly (Regan and
Marsh, 1982) is situated, was chosen for a test case. Figure 2
shows an anomaly map of the area derived by computing
and contouring 2° averages of data from the POGO satel—
lites. These same data were then used to derive an equiva—
lent source solution. Figure 3 shows magnetization con-
tours for four values of P and Fig. 4 shows the correspond—
ing anomaly field computed from the equivalent source so-
lution.

Intercomparison of the computed anomaly fields be-
tween Figs. 4a through d shows only small differences be-
tween the four solutions. Furthermore, comparison with
Fig. 2 shows that the original data is reproduced in a satis-
factory fashion. In fact, the representations of Figure 4 are
preferable because they are at constant altitude (500 km)
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and the high frequency noise is smoothed. However the
differences in magnetization values between Figs. 3 are dra—
matic. Figure 3 a shows extremely high and variable magne—
tization values, and high gradients, and the magnetization
pattern shows poor correspondence with the anomalies of
Fig- 2. In contrast, Fig. 3b, 3c and 3d show more reason-
able values of magnetization, lower gradients, and magneti-
zation patterns with definite correspondence to the original
anomaly data. Figure 3d is noticeably “smoother” than
Fig. 3b and 3c and, in this case, the principal components
analysis can be viewed as a form of low pass filter.

The question is, can we find an objective method for
choosing a value of P which gives a magnetization result
which has some physical credence? Figure 5 shows plots
of P (%), condition number (Cn), and parameter sd (after
Mayhew et al., 1980, and Mayhew, 1982) as a function of
k*. Such a plot certainly gives helpful guidelines. It shows
that a large number of eigenparameters can be discarded
before any significant change in P occurs. For example,
the full set of parameters is 126. For k°=94 P is only re-
duced to 99% while large improvements are evident in con-
dition number and sa’. Typical values of sd at higher lati—
tudes, where the instability has only small effect, are be—
tween 30 and 40. We might then expect that k* should
be chosen so that 3d is in that range. In the present case
this gives k* from 60 to 106, P from 93.5% to 99.7%,
and condition number from 20 to 189.5. Unfortunately,
none of the curves on Fig. 5 Show a sharp break or any
other indication, in this k* range, to help us pin down
a value of k* more closely.

In practice, maps of magnetization are generally derived
by piecing together solutions from adjacent areas. Area size
is determined by computer limitations. Because we are deal-

211

.4a

___?fl

_—

‚.—
20

a...“

an all

l
K „.5

l

i
„.

L105

“L
i‘m.

K‘
FÜR

040°

LÛNGITUDE

REGION

T.‘"'::__"‘—

„.13. ll. _. ..__._
12s

__
106 se sa

K‘ FDR 2D-60° LONGITUDE REGION
Fig. 6. Rms difference in magnetization (A m‘ l) in overlap region
between the O—40° longitude and 20—60° longitude solutions where
the latitude is i 14°

ing with finite areas and data sets, each solution has a
certain amount of “edge effect”, i.e. the magnetization
values are more accurate or realistic in the interior of the
solution region. Our practice is to overlap adjacent regions
by up to 50%. That is, the solution just to the east of
the region of Fig. 2—4 covers the same latitude range and
its longitude range is 20—60°. The solution would then be
combined along the 30° longitude line. If the two solutions
have no edge effect, they will match perfectly where they
are joined. In practice there are differences in solutions
which manifest themselves as “kinks” along the line where
they are joined.

Our final selection of k* is made by trying to minimize
the disjointedness of adjacent solutions. The parameter used
is the rms difference of magnetization in the region of over-
lap. Figure 6 shows a contour plot of this difference as
a function of k* for the region of Fig. 2—4 and of 16* for
the region adjacent on the east. For high latitude regions,
acceptable discontinuties over boundaries are obtained for
the rms lower than about 25. It we choose a value of 20
for “safety” we should then pick k°<87 for the 0—40°
longitude region and k* <90 for the 20—60% longitude re-
gion. Each region has four such sets of constraints, one
each for the north, south, east and west boundaries. For
the case at hand we chose k* =74 for the 0—40Ü longitude
region and k* :86 for the 20—60D longitude region.

To illustrate the results of combining general solutions,
Figure 7 shows a composite of four solutions. The solutions
are joined along the longitude=30° line and the latitude:
6° line. Examination of the plot shows evidence of a slight
discontinuity at the 30° meridian and of enhanced gradients
near the 6° latitude line. Comparison with Fig. 3c also
shows some disagreement between the extreme boundaries
of Fig. 3c and the alternate solution used to derive Fig. î.
Edge effects like this seem unavoidable. [Note, the discon-
tinuties along latitude=0° are artifacts of the contouring
software]

Figure 7 represents what we regard to be a reasonable
estimate of equivalent crustal magnetization, relatively free
from noise and edge effects, and suitable for interpretation.
Any use of such maps should, of course, take into account
the uncertainties in its derivation. Such uncertainties are
obviously greater for the shorter wavelength features. To
our mind, such maps are to be regarded as reconnaissance
tools for large scale correlations with other geologic and
geophysical data and for the initial step in the forward
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modeling of specific anomalies needed for detailed interpre—
tation.
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Local time dependence of the response
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Abstract. By using a method recently described by Pa-
pamastorakis and Haerendel (1983a) the local time de-
pendence of equatorial magnetic field perturbations
caused by the response of the equatorial electrojet to
DP2 and SI disturbances could be derived from
geomagnetic records from the Indian observatory An-
namalainagar. For both types of disturbances AH and
thus the equatorial current shows a pronounced LT-
asymmetry with the peak current density observed near
10 LT. This LT-asymmetry of the equatorial current is
due to a tilt of the two-vortex electric equipotential
pattern (associated with a dawn-to-dusk polar cap field)
towards earlier local times at low latitudes. This tilt has
its origin in the day-night asymmetry of the ionospheric
conductivity distribution.

Key words: Equatorial electrojet — DP2 — SI

Introduction

The magnetic equator region is a suitable laboratory
for studying magnetic effects of different origins. The
magnetic perturbations of magnetospheric origin (e.g.
those caused by ring and magnetopause currents) de-
pend only slightly on latitude and are nearly horizontal
whereas those of ionospheric origin are influenced by
the strong equatorial enhancement of the Cowling con-
ductivity during daytime hours. The sharp decrease of
the Cowling conductivity with increasing dip-latitude
leads to a strong inhomogeneity of the “ionospheric”
fields over distances of a few hundred km away from
the magnetic equator (Untiedt, 1967).

As a consequence of the different scale lengths of
ionospheric and magnetospheric field perturbations
their induction effects can differ considerably, especially
if the underlying conductor is suitably shaped. As Pa-
pamastorakis and Haerendel (1983a) showed, the differ-
ences between magnetospheric and ionospheric fields
are especially pronounced at the geomagnetic obser-
vatory Annamalainagar (ANR) which is located under
the electrojet at the south-eastern Indian coast. At

* Permanent address: University of Crete, Iraklion/Crete,
Greece
Offprint requests to: W. Baumjohann

ANR the external Z component of magnetic field fluc-
tuations of ionospheric origin with periods of about 1h
is almost exactly cancelled by the Z component of the
induced currents. Papamastorakis and Haerendel
(1983b) demonstrated, by means of an analogue model,
that the induced currents which could produce the ob-
served effect for ionospheric field fluctuations flow pre-
dominantly in the ocean. But a significant part of the
currents is diverted by a conductivity enhancement and
flows under the Palk Strait from the Gulf of Bengal to
the Indian Ocean (in the case of an eastward electrojet
current). Because of their different scale length, magne-
tospheric fluctuations of similar time period cannot
produce a similar effect, so that their ratio AZ/AH at
ANR is positive with a magnitude of about 0.5.

The different behaviour of induction fields of dif-
ferent origin at ANR can be used to distinguish fluc-
tuations of ionospheric origin from those of magneto-
spheric origin, as well as to decompose mixed fluc-
tuations into their ionospheric and magnetospheric
parts (Papamastorakis and Haerendel, 1983a). The pur-
pose of this paper is to demonstrate the usefulness of
the method in studying geomagnetic effects, especially
the local time (LT) dependence of DP2 fluctuations and
of ionospheric currents caused by sudden impulses
(SIS).

DP2 Disturbances

Nishida (1968) has defined DP2 disturbances as world-
wide coherent fluctuations occuring on magnetically
slightly disturbed days with a time period of 0.5 to 2h.
DP2 fluctuations are predominantly or fully due to
ionospheric currents (Nishida, 1968). The equivalent
current system of DP2 is highly asymmetric and con-
sists of two vortices (Fig.1; after Nishida, 1968). We
note that the division line of the two vortices in Fig.1
is approximately aligned along the 22—10 LT meridian.

DP2 fluctuations are, according to Nishida and
Maezawa (1971), positively correlated with the south-
ward component of the IMF: southward turnings of
the IMF cause positive magnetic field variations at low
latitudes. The worldwide character of the DP2 fluc—
tuations has been subject to further investigations. On-
wumechilli et al. (1973) found a positive correlation be-
tween magnetic field perturbations in the eastward
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auroral electrojet and in the equatorial electrojet. Car-
ter et al. (1976) observed a positive correlation between
H fluctuations in the eastward electrojet and the equa-
torial electron drift. Patel (1978) concluded from a si-
multaneous study of the IMF, ionograms and low-
latitude geomagnetic field that a northward turning of
the IMF leads to a westward electric field in the equa-
torial ionoSphere. Similarly Rastogi et al. (1978) de-
duced from electron drift measurements that northward
variations of the IMF produce a decrease in eastward
electrojet current. The aforementioned results led to the

12

i

Û

V
2h

Fig. 1. DP2 equivalent current system after Nishida (1968)

conclusion that the DP2 currents are driven by a polar
cap dawn-to—dusk electric field and its extension toward
mid- and low-latitudes (cf. Nishida, 1978).

Observations

We will now present observations of magnetic per-
turbations of ionospheric origin which are consistent
with the findings of the above cited authors and lead to
conclusions on the local time dependence of DP2 at
low latitudes.

Figure 2 shows magnetic records of a moderately
disturbed day when a train of perturbations with AZ
=0 (numbered by 1, 2, 3) was observed at ANR during
daytime. In contrast, fluctuations at night as well as
daytime fluctuations other than those numbered show
significant AZ components. Papamastorakis and Hae-
rendel (1983a) concluded that perturbations with AZ
=0 are of purely ionospheric origin. This conclusion is
confirmed if one compares the record of ANR with
magnetic records from other equatorial (Trivandrum,
Kodaikanal) as well as non—equatorial stations (Hyde-
rabad, Alibag) on the Indian peninsula: Fluctuations
with AZ =0 are strongly attenuated at stations outside
the equatorial region whereas the amplitude of fluc-
tuations with AZ/AH=t=0 shows hardly any change at
nighttime (fluctuations of magnetospheric origin) or less
significant changes (daytime fluctuations of mixed ori-
gin). In passing, we note that the amplitude ratio of AH
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Fig. 3. Histogram showing the local time dependence of the
number of AZ =0 fluctuations occurring coherently at Anna-
malainagar and Thule. The fluctuations are divided in two
subgroups according to their approximate amplitude at An-
namalainagar: Intense (AH 220 nT) and moderately intense
(10 nTSAH$20 nT)

at ANR to that at Alibag for the AZ =0 fluctuations in
Fig.2 is of the order 0f 3, a value confirmed by a more
thorough analysis of several other AZ =0 fluctuations.

The AZ =0 fluctuations in Fig. 2 are also correlated
with positive fluctuations at the mid-latitude station
Tashkent and at the high-latitude station Thule as well
as with fluctuations in the north-south component of the
IMF recorded by the Explorer 33 and 35 satellites
(Fig.2 left panel). (On the basis of the known positions
of both satellites we concluded that the IMF fluc-
tuations should arrive at the earth 8min later than
observed at Explorer 35 and 12min earlier than ob-
served at Explorer 33; these time-shifts are incorpo-
rated in Fig. 2.)

On the basis of Fig. 2 we conclude that the AZ=0
perturbations show all the aspects of DP2 variations
described by Nishida (1968, 1971) and Nishida and
Maezawa (1971). As Fig.2 indicates AZ =0 pertur-
bations seem to lie predominantly in a local time in—
terval which ends at about 13 LT although IMF fluc-
tuations continue to be present during the afternoon
hours. Thus it seems that AZ=0 perturbations of ap-
preciable AH magnitude are not equally distributed in
local time. In particular, fluctuations in the afternoon
hours are rarely seen. This is demonstrated in Fig. 3
where the number of AZ=0 perturbations which cor-
relate with perturbations at the high-latitude station
Thule is plotted in the form of a histogram against
local time. The perturbations were found by inspection
of magnetic records of the whole year 1969. Their
amplitudes were estimated as deviations from the quiet
time trace at the time before and after their appear-
ance, i.e. in Nishida’s (1968) sense.

We have divided the AZ=0 fluctuations according
to their AH-amplitude at ANR into two groups: Those
with AH220nT and those with 10nTSAHS20nT;
(we do not display in Fig. 3 less intense fluctuations
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because of the difficulty of recognizing them securely as
AZ =0 fluctuations). In Fig. 3 the asymmetry relative to
local noon is very striking and in agreement with DP2
observations at other equatorial stations reported by
Nishida and coworkers and summarized by Matsushita
and Balsley (1972). Table 1 in their paper demonstrates
that on 17 out of 18 days no DP2 events are found
after 14 LT. Only in one case are DP2 fluctuations
reported between 14 LT and 15 LT. On the other hand
DP2 fluctuations are present in the morning hours on
most of the days reported.

Therefore, we conclude that a clear asymmetry re-
lative to local noon exists for DP2 fluctuations at the
magnetic equator with a maximum around 10 LT.

SI Disturbances

The equatorial enhancement of the SI disturbance field
was first noticed by Sugiura (1953). Obayashi and Ja-
cobs (1957) made an extensive study of SIs and suggest-
ed that the geomagnetic field variation during a SI
must be due partly to a current system flowing in the
ionosphere. They inferred an equivalent current system
for the SI which consists of two vortices with con-
centrations over the magnetic pole and at the magnetic
equator. It looks very similar to the DP2 current sys-
tem shown in Fig. 1. In particular, the line dividing the
two vortices has the same tilt as in the DP2 current
pattern and is approximately aligned along the 22 LT
— 10 LT meridian.

Matsushita (1960) plotted the AH-amplitude ratio of
SIS observed at Huancayo (at magnetic equator) to
those at San Juan (at mid-latitudes) as a function of
LT. In his Fig. 6 a strong local time dependence is
shown with a minimum ratio of 1 at night but a maxi-
mum ratio of 10 at 10 LT, i.e. a pronounced local time
asymmetry relative to local noon. Nishida (1971) com-
pared magnetic records of the observatories Huancayo
(at magnetic equator) and Fuquene (at low-latitudes)
and noticed that the equatorial enhancement for the
SIS is less than that for the DP2 fluctuations (a ratio of
2 for SIS as compared to 4 for DP2 fluctuations). Ac-
cording to Nishida (1971) this result is consistent with
the view that a significant part of the SI field stems
from the current flowing in the magnetopause while
DP2 fluctuations are predominantly or even fully due
to ionospheric current. Rastogi (1976) suggested on the
basis of ionospheric measurements with VHF radio
waves that the enhancement of AH is due to the impo-
sition of an additional electric field onto the equatorial
electrojet region. Reddy et a1. (1981) concluded from
backscatter radar measurements that the daytime SI-
related increases in AH at electrojet latitudes have a
large contribution from an impulsive increase of the
eastward electric field and current in the electrojet. The
sharp increase of the eastward electric field at the equa-
tor again has its origin in (an increase of) the dawn-to-
dusk polar cap electric field during the main phase of
an SI (cf. Nishida, 1978).

Observations

Figure 4 shows two examples of SIS: one occurred at
night (left panel) and the other occurred near local
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Fig. 5. Lower panel: Local time dependence of AZ/AH for
44315 observed at Annamalainagar. Upper panel: Local time
dependence of the calculated amplitude ratio AHi/AH," (iono-
spheric to magnetospheric part) for 21 daytime Sls

noon (right panel). The reduction in the AZ/AH ratio
for the daytime event relative to that for the nighttime
event is clearly evident. The local time dependence of
AZ/AH is shown in the lower panel of Fig.5, where
this ratio is evaluated for 44 Sls observed in the years
1968, 1969, 1970 at ANR and plotted against LT. (AH
in Fig. 5 is the magnitude of the total horizontal field.)
According to Papamastorakis and Haerendel (1983a)
we explain the reduction of AZ/AH during daytime as
a result of the superposition of a magnetospheric part
with (AZ/AH)m=m which is nearly independent of local
time and of an ionospheric part with (AZ/AH),.=II. The

mean AZ/AH ratio of the magnetospheric perturbation
can be estimated by averaging over the nighttime Sls:

AZ '
= — =0.525+0.017.m

(AH)uight
ü

The ionOSpheric and magnetospheric parts of the hori-
zontal component of each daytime SI can then be com-
puted using the formula (Papamastorakis and Haeren-
del, 1983a):

AH, _m—AZ/AH
AH

_
AZ/AHm

(1)

where we have set i=0 while m=0.525 as given above.
In setting i=0 we assumed that AZ :0 fluctuations

and the ionospheric part of the SIS produce similar
induction effects at ANR deepite of their different per-
iod of the A220 fluctuations: about 2h, period of the
Sls: about 5min). The validity of this assumption is
supported by the following four facts:

(a) Measurements with the analogue model de-
scribed by Papamastorakis and Haerendel (1983b) have
shown that the positions of AZ =0 remains approxi-
mately at the location of ANR for periods of less than
1h.

(b) Calculations of the induction effect for the case
of an infinite plane ocean of finite depth and an
overhead band-shaped electrojet have shown that no
significant changes for periods less than 1h and ocean
depths greater than 1 km are expected.

(c) The average nighttime AZ/AH ratio is the same
for $13 and for long-period (~1 h) fluctuations.

(d) The equatorial enhancement of the ionospheric
part and thus the source geometry are the same for
DP2 and SI disturbances since background equatorial
electric field and equatorial conductivity enhancement
are independent of the type of disturbance and the
additional disturbance electric field is identical for both
types of geomagnetic variations (cf. Nishida, 1978).

We conclude that setting i=0 in order to calculate
AHi/AH," with the above formula is a good approxima-
tion. The upper panel of Fig. 5 shows AHi/AHm plotted
against LT for the 21 events displayed in the lower
panel of Fig. 5 which occurred between 0700 LT and
1700 LT. We observe a strong local time asymmetry
with a maximum AHi/AHmseZ?) (or AH,/AHa-s0.7) at
about 10 LT. The mean value for this daytime interval
is AHi/AHm=0.88 (or AH,/AH=0.47), Le. about 50% of
the mean daytime SI perturbation at ANR is of iono-
Spheric origin. Note that even assuming that SI and
DP2 produce different induction effect (as pr0posed by
Singh et al., 1982) and thus taking i=t=0 would change
only the actual numerical values, but not the LT asym-
metry.

We can also calculate the daytime average alHi/A Hm
in an independent way if we compare observations at
ANR with those at another station. Jain and Sastri
(1978) compared the SI amplitudes at ANR and AL
(Alibag) for daytime as well as nighttime Sls. The cal-
culated ratios are:

A HANK

W:
1.14 for nighttime events,
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AHANRl+m

AHf"L
= 1.63 for daytime events.

If we assume that the ratio AHiANR/AHI.AL is approxi-
mately the same for SI and DP2 perturbations, we can
take the previously calculated value (cf. Fig. 2)
AHiANR/AHÏ‘Lz} It follows that

AHANR AHANR/AHANR+1l+m l m= (2)AHf‘fm AH;AL AH,ANR AH:L
A H_ANR

'
A HANR + A HANR'

If we solve for AHiANR/AH,’:NR we get 0.93 in compari-
son to a ratio of 0.88 found with the first method.
Considering the limited amount of data used the agree-
ment of the results from the two methods is excellent.

Discussion

The interesting phenomenon of the pronounced asym-
metry relative to local noon at low latitudes which
exists for both DP2 as well as SI disturbances seems
not to have been discussed explicitly in the literature
before now. First of all we ask which part of the SI
magnetic perturbation (the ionospheric or the magneto-
spheric part or both) is responsible for the local time
asymmetry around local noon shown in Fig. 5. The
magnetospheric part of the SI disturbance is produced
by two different current systems: magnetopause cur-
rents and symmetric ring current (Nishida, 1978). The
perturbation field caused by the magnetopause currents
is symmetric with respect to and maximizes at local
noon (Mead and Beard, 1964). The perturbation field of
the symmetric ring current has obviously no local time
dependence. Thus we conclude that both DP2 as well
as the ionospheric part of the SI disturbances show
similar local time asymmetries around local noon. This
conclusion is in accordance with Iyemori and Araki’s
(1982) suggestion that the equivalent current systems of
DP2 and SI should be very similar at low latitudes.

A similar local time asymmetry has been found in
high-latitude observations and has been explained as a
result of the day—night conductivity asymmetry. For
example, Kamide and Akasofu (1981) determined the
pattern of equipotential lines over the polar cap during
a moderately disturbed period. They noted that the
approximate line of symmetry of the pattern is the
1000 MLT—2200 MLT meridian, instead of the expected
1200 MLT—2400 MLT meridian. Nopper and Carovil-
lano (1979) used realistic models of the ionospheric
conductivity to determine how the distribution of the
electric field in the polar cap ionosphere is controlled
by the day-night contrast in conductivity. They found
out that for moderately disturbed conditions the line
dividing the two vortices of the calculated equipotential
pattern is, on the dayside, located approximately along
the 10 LT meridian and that this tilt towards earlier
local times is caused by the day—night conductivity
asymmetry.

Let us now discuss whether the day—night asym-
metry of the ionospheric conductivity is also respon-
sible for the LT-asymmetry of the equatorial electrojet’s
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response to DP2 and SI. Since the ionospheric Cowling
conductivity at the equator has its maximum around
local noon the maximum eastward current near 10 LT
must be caused by a maximum in the eastward electric
field imposed onto the equatorial ionosphere by the
DP2 or SI disturbance around 10 LT.

The electric field imposed by DP2 or (the main
phase of) SI disturbances onto the polar ionosphere is
dawn-to-dusk directed in both cases (cf. Nishida, 1978)
and thus does not have an LT-asymmetry. However,
the associated low-latitude electric field pattern de-
pends strongly on the ionospheric conductivity distri-
bution. Blanc (1983) has most recently calculated the
equatorial electric field caused by a dawn-to—dusk di—
rected electric field at high latitudes (modelled by
specifying a corresponding electric potential along the
75° latitude circle) for a realistic ionospheric conduc—
tivity distribution including a day-night asymmetry
and, in fact, he found the electric equipotential lines
are tilted towards earlier local times at low latitudes.
Blanc’s (1983) Fig. 14 clearly shows that the equatorial
electric field associated with a dawn-to-dusk directed
polar electric field is eastward directed and has its
maximum in the forenoon hours. Thus we may con-
clude that the 10 LT equatorial current maximum dur—
ing DP2 disturbances and the main phases of S13 is a
natural consequence of a low-latitude electric field LT-
asymmetry caused by the ionospheric conductivity de-
crease toward the nightside.
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Radiation belt particles and 011 emissions
determined as contaminations
of geocoronal Helium airglow observations
Hans J. Fahr and Günter Lay
Institut für Astrophysik und Extraterrestrische Forschung, Universität Bonn, Auf dem Hügel 71, 5300 Bonn 1,
Federal Republic of Germany

Abstract. Four EUV absorption cell spectrophoto-
meters were flown on board a Skylark 12 rocket in order
to observe geocoronal and interplanetary HeI and Hell
resonance line emissions. During this daytime rocket
flight carried out from Natal (Brazil) up to an apogee of
830km, in addition to HeI/HeII and OH emissions,
specific non-electromagnetic contaminations of the
count rates of the detectors were registered. These are
shown here to be due to particle-induced events, most
probably caused by middle-energetic electrons and/or
protons.

The registered intensities are analyzed by fitting the
raw observational data as a sum of different, theoreti-
cally suggested, contributions. As such, besides the par-
ticle-induced component, contributions from 011 line
emissions, from geocoronal and interplanetary HeI
emissions and from plasmaspheric HeII emissions are
discussed. Amongst the OH emissions taken into ac-
count, the only one of importance is shown to be that
proportional to the O+ ion column density on the line
of sight of the detectors. This indicates that resonance
scattering of O+ ions most effectively contributes to the
OH emissions in the height range above 400 km. The
011 emission intensities decreasing with height accord-
ing to a scale of about 200 km are the dominant con-
taminations below 500 km, whereas above 700 km these
contaminations are negligible compared to those in-
duced by particles. The 011 emissions are found to
contribute less than 10 percent to the integrated air-
glow intensity in the wavelength band between 500 and
800 Ä, while more than 90 percent is due to HeI
537/584 Ä emission.

The particle-induced component is independent of
the viewing direction of the instrument but strongly
dependent on height, with a steep increase in intensity
above 600 km. This seems to confirm the existence of
middle energetic electrons (2—11keV) and/or protons
(3-50 keV) in this height range at Natal.

Key words: EUV airglow — OH emissions — Radiation
belt particles

Introduction

It has become evident in the past that the upper atmo-
sphere of the earth is characterized by a large number of

Ojÿ’prints t0 : H.J. Fahr

intense EUV resonance line emissions, mainly of HeI/II
and 01/11. First observations of these emissions had
been carried out using broadband airglow photometry
by Meier and Weller (1972), Weller and Meier (1974),
Paresce et al. (1973a), Ogawa and Tohmatsu (1971),
Kumar et a1. (1973) and Riegler and Garmire (1974). In
a series of more recent publications Thomas and An-
derson (1976), Gentieu et al. (1979), Anderson et al.
(1980), Meier et al. (1980), Huffman et al. (1980), and
Gentieu et a1. (1981) have unequivocally documented,
with their EUV-spectrometric results, that the upper
atmosphere above 100 km is the source of a large
multitude of resonance line emissions. The majority of
these EUV airglow emissions is considered to be due to
resonant scattering of solar EUV photos, to photo-
ionization and to electron excitation processes involv-
ing He, 0, N atoms and ions (Green and Barth, 1967;
Dalgarno et al., 1969; Strickland and Donahue, 1970;
Delaboundiniere, 1977).

On the basis of their spectrometric EUV data in the
height range between 100 and 300 km and in con-
nection with theoretical model approaches, Feldman
et a1. (1981) recently carried out some interesting extra-
polations to larger heights for some of the identified
radiation components. The fact that some of these spec-
tral contributions (for instance, 011-538 Ä, OH—
539/540 A, Hel-537 A, Hel-584 A and 011-581 A) cannot
be separated due to limited spectral resolving powers,
makes the extrapolations of these components ques-
tionable. In order to actually achieve a separation of
these physically completely different components, the
use of resonance absorption cell photometers is recom-
mended, enabling a selective suppression of at least one
of these components. In the rocket missions ASTRO-6
and ASTRO-HEL (Fahr et al., 1977; Lay et al., 1980)
helium resonance absorption cells were used to sup-
press specifically the HeI—537/584Ä emissions. In the
following we shall report on the analysis of the AS-
TRO-HEL absorption cell records which also revealed
specific OII emission features and some non-electro-
magnetic, i.e. particle-induced, contributions to the re-
gistered intensities.

Payload and mission description
The rocket payload ASTRO-HEL was aimed at the
observation of geocoronal and interplanetary resonance
emissions of neutral and ionized helium at Hel-584A
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and Hell-304 Â. Detailled information concerning the
origin and properties of these EUV emissions may be
extracted from reviews by Thomas (1978) and Fahr and
Shizgal (1983) and from references therein. For a reli-
able identification of the two spectrally different
geocoronal and interplanetary emission components it
was decided to use resonance absorption cell tech-
niques (Maloy et al., 1978; Crifo et al., 1979; Lay et al.,
1980)

The ASTRO-HEL payload consisted essentially of
four EUV broadband photometers, three of which were
combined with helium absorption cells. By the appli-
cation of different gas pressures these cells could estab-
lish different helium column densities on the line of
sight of the detectors and thus could reduce the in-
tensities of those radiation components that either are
in resonance with ground state helium atoms (Hel-
537/584 Ä) or could ionize the gas within the cells
(1(504 Ä).

Two of the four photometers (Dl and D2) intended
as HeI-53Î/584Â detectors had resonance cells closed
with two 2,000Ä thick tin filters on their front and
rear ends. The third photometer (D3) had a cell that
was kept vacuum—tight by two aluminium—carbon filters

channeltron and an attached absorption
cell individually equipped with front and
rear filters

and was used mainly as a Hell-304A detector. The
fourth photometer (D4) served as a monitor of the
integrated geocoronal Hel emissions and was equipped
with an empty cell using only one tin filter in front of
the photon detector. This empty cell was needed as a
reference for the pressure—measuring device. The closed
absorption cells (attached to D1, D2, D3) were built as
an intercommunicating gas system that could be jointly
evacuated and then filled up to specific helium gas
pressures in a repeated manner. For the sake of a
careful curve of growth analysis of the H61 emissions
eight pressure levels (Le. eight different He column den-
sities) were programmed and used in flight. Figurel
gives a general layout. A more detailed description of
the payload is given by Lay et al. (1980).

The payload ASTRO—HEL was launched on 12 Oe-
tober 1979 at 11.09 LT (1409 UT) from Natal (Brazil)
with a three-stage Skylark 12 rocket. The apogee was
reached at 830 km. During flight the common optical
axis of the four coaligned photometers was successively
pointed to nine celestial targets (marked in Fig.2 with
numbers 1 through 9), all located in the ecliptic plane.
This pointing was selected to optimize the conditions
for an observation of the upwind/downwind asymme-
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tries of the interplanetary emission components. The
line—of-sight vectors of these targets projected onto the
orbital plane of the rocket are shown in Fig.2. Each
target was kept stable for 80 8. During this time period
a full pressure cycle was run, which consisted of the

Table I. Payload and mission data

Payload: Total weight: 134.3 kg
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consecutive realization of the eight programmed pres—
sure levels distributed between 10 and 10‘2 torr. The
actual pressure in the absorption cells was monitored
in flight by a Pirani gauge system, described in detail
by Crifo et a1. (1979). In Table 1 we have listed some
relevant information on the payload and the mission.
In Fig. 3 the complete data record registered in flight is
shown.

Analysis of the Al-C photometer data: 2.41500 Ä
First we shall study the EUV intensities registered by
detector D3 equipped with an absorption cell closed at
both ends by Al-C filters. Due to these broadband filters
with a main transmission window between wavelengths
of about 200—500Ä (see for instance Paresce et a1.,
1981), this detector was best suited for the observation
of EUV radiation below SOOÄ expected to be due to
predominantly Hell-304 Ä emissions from plasma-
spheric helium ions. Since all of these radiation com-
ponents with zl<500131 are able to ionize the neutral
helium gas in the absorption cell, it was of interest to
observe the pressure modulation of the integrated pho-
ton fluxes to obtain valuable information on the actual
wavelengths.

In Fig.4 we show an example of this modulation
obtained during flight with the optical axis pointed to
target no.5. As one can notice there, though the re-
gistered intensities vary strongly with the helium pres-
sures in the cell, substantial residual intensities still
remain even at the highest pressure used in this cell, i.e.
at 3.6 torr. This has implications for the nature of the
radiation components registered by D3.

Four photometers (Dl, D2, D3, D4), cone of acceptance 6° half angle; each consisting of channeltron
(Spiraltron Galileo Optics CEM 4501)

+ absorption cell (length 12 cm, volume 151 cm3)
+ two-stage baffle system
Specifically:

Filter Calibrated at Transmission CEM Conversion factor Max. cell
wavelength efficiency [counts/s/Rayleigh] pressure

D1 2 x Sn 584 À 5.6 0, 4.1% 15.7 10 torr
D2 2 ><Sn 584131 3.8% 5.7% 14.8 3.6torr
D3 2 x Al—C 304 Ä 3.5 1%, 6.7 y, 11.4 3.6 torr
D4 1 x Sn 584 À 12.3 0/, 4.8 “x, 40.4 —

Thickness of filters: 2,000 À
Bandpass of filters: Sn: 5004800 À (10% of max. transmission)

Al-C: 150—550Ä (10°U of max. transmission)
Absolute calibrations carried out with NBS-A1203 diode; accuracy 10%
Pressure measuring device: Pirani gauge system (2%, error at maximum)
Cell temperature: 300 K

Natal (Brazil); (6° S, 35° W; geogr./3.4° N, 34.7° E; geomag.)
Mission: Launch date: Oct. 12, 1979 14.09 UT (11.09 LT)

Launch site:
Launcher settings: 84° EL, 289° AZ (ESE)
Apogee: 830 km
Observation period: 7408 (above 300 km)
Range of zenith angles: 16°—42°
Zurich number: R2: 189
Solar flux:
Magnetic indices: AP=8; Kp=2; kp=3+

Fm‘7=216.4 ><:10‘22 W in“2 Hz“1
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It is evident that the remaining intensity I3(PM?)
cannot be due exclusively to HeII—304 Ä radiation as is
seen in the following argument: The pressure modu—
lation of a flux of photons with wavelength xi traversing
an absorption cell with length L is given by the follow—
ing general relation

HP) = HP = 0)-EXP [- ”He(P1T)JLJJJ-T()J)] (1)
where I (P) is the intensity registered at a helium pres-
sure P in the cell, nHE(P, T) is the helium density in the
cell at pressure P and temperature T of the cell gas,
and 0(1) is the cross section describing the extinction
by helium atoms of photons with wavelength /JJL.

For Hell-304 Ä photons the relevant extinction pro-
cess is photoionization of helium characterized by a
photoionization cross section 1:7,.(304)=1.60-10‘18cm2
(Po Lee and Weissler, 1955) Thus, if the intensities I3
registered by D3 at pressures P: Pm =36t0rrand P
=0 (empty cell) were due solely to 304Ä photons, the
following ratio should be obtained:

13(P=0)
1'3 (Pmax) theor.

J
Ui(304)]

=
927 (2)zexp [”H9(Pm1:1.1c'J H)

where the length L and temperature T have been in-
serted according to the numbers given in Table 1. How-
ever, only a ratio smaller than 2 is indicated in the data
shown in Fig.4. Furthermore, a small percentage of
geocoronal Hel-537 Ä radiation could in principle have
been transmitted even by the Al-C filters and could

have been seen by D3 (see Tablel). But due to the
large relevant resonance absorption cross sections of
helium gas for these resonance radiations (are,
=O(10"J3cm2)), no contributions of the latter to the
intensity 13(Pmax) are possible. In view of the maximum
intensities JJJof about 120R seen by tin filter detectors
D1 and D2 and the relative transmission at 584151 of
the A1-C filters compared to the tin filters of Tr,J,_C/"l"rSn
=1.44-10‘2, a contribution of 1.8 R from HeI-584Ä to
the empty cell intensity 13(P=0) (corresponding to
about 10% of the total signal) could be expected at the
most.

The subtraction of this fraction would leave an in-
tensity ratio of

0.9—1 3‚(10:0)
I 3(Pmax) obs

= 1,8 = BXP [("He(Pmax= TJJ L‘ Jeff] = TJJJHeU‘eff) (3)

to be explained as due to the absorption of the helium
gas in the absorption cell according to an effective
cross section off The results shown in Fig. 4 would
thus require an effective cross section of trifl-
=4.2 10h19 cmz. If photons shortwards of 504A
(photoionizing helium) are taken as responsible for the
D3 signal, this would imply an effective wavelength of
fleff=195Ä. However, airglow photon fluxes of such
small wavelengths with intensities causing a signal of
170 counts/s at D3 have never been reported in the
literature. Thus this explanation is ruled out. In prin-
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calculated with the photoionization cross section 0,.(304)
=1J5-1tl13 cm2 (Po Lee and Weissler, 1955) bound to the
measured intensity at the highest pressure. (Here the Rayleigh
units are valid only for a 304À photon signal; otherwise the
conversion factor given in Table 1 has to be applied)

ciple also photons longwards of 504Ä could lead to the
observed signal ratios if they were resonantly scattered
by neutral helium atoms. In this context, only 011-
538À airglow photons come into question. Due to their
distance of 0.8Ä from the HeI-537Â resonance line,
they could in principle also resonate with ground state
helium atoms according to an absorption cross section
of 5404101112, which is not of the required order of
magnitude. In addition, the fact that according to Gen-
tieu et a1. (1979) and Feldman et a1. (1981) the OH-
538 Â emissions strongly decrease with height, whereas
the measured intensities 13(Pmax) increase with height,
also rules out these intensities as a major fraction of
the signal.

Summarizing, we can thus state that at the highest
pressure Pmax=3.6 torr realized in the absorption cell of
D3 no contributions to 13(Pmax) from either HeI-584Ä
or HeI-537 Ä radiation and nearly no contributions
from HeII-304Â radiation must be expected. Rather,
these intensities must be taken as due to:

1) photon fluxes at wavelengths Â>504À which are
unable either to resonate with helium atoms or to
ionize them. This is caused by either 011 airglow emis-
sions or by solar EUV stray light that originates at the
illuminated parts of the outer edges of the baffle system
in front of the sensors, or due to:

2) a particle flux, which either penetrates the filters
and hits the active channeltron detector surface or im-
pinges upon the filters and releases there EUV photons
that are counted by the detector, or which has direct
access to the channeltron detector.

We have attempted to fit the high pressure intensity
data of D3 as a sum of those contributions left over in
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the previous discussion. In order to obtain first a rough
idea for the appropriate theoretical representation of
these contributions contained in the registrations
13(Pmax) they have been plotted in Fig.5 versus both
height of observation and zenith angle 0 of the line of
sight. Figure 5 manifests that the data 13(m) predomi-
nantly contain a component that is closely correlated
with height, whereas no correlation with the zenith
angle is indicated.

This means that only a minor part of the signals
can be due to contributions from 011 airglow emissions
which above 400 km are represented by an optically
thin radiation field with pronounced dependencies of
the intensities on the viewing direction. Also, contri-
butions from solar stray light contaminations that
should be characterized by distinct correlations with
the viewing direction can be excluded as the major part
of the signals.

In contrast, one must conclude that a predominant
part of the signals is due to a component exclusively
dependent on height with a steep intensity increase
from heights of around 500 km upwards towards the
apogee. The height-dependence of this component is
shown by the continuous curve drawn in Fig. 5.

In order to perform a numerical best-fit procedure
for the data at highest pressure Pm one has to take
into account in principle four different physical contri-
butions, namely:

1) solar EUV stray-light contamination
2) 011 line emissions due to solar photoionization

of atmOSpheric O atoms (ionization into an excited
state)

3) scattering of solar EUV resonance line photons
at atmospheric 0+ ions (most probable emissions:
539/540/581 À)

4) a radiation component exclusively height-depen-
dent with a height profile extracted from Fig.5.

With these contributions we arrive at the following
general representation for the data obtained under Pm“:
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Fig. 6. The upper panel shows the registered intensities I 3 versus height for targets l through 8. The fall circles mark the
intensities 13 (P

max
) used in Fig.5. Subtraction of the height-dependent correction function given by the broken line yields the

data plotted in the lower panel. The “saw tooth” shape is due to the varying pressure in the absorption cell. (See caption of
Fig. 4 concerning the unit of Rayleighs.)
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where ß has the following form:

ß=eXP [01* Cal/C7] (5)
with h measured in km.

The theoretical representations of components 1)
through 4) are motivated in the following ways:

1) According to Leinert and Kliippelberg (1974)
and Landau and Lifshitz (1964) the intensities diffracted
by an illuminated edge of the baffle system of the
instruments is proportional to (1 /sin2 g) where g is the
diffraction angle of the incidental light ray. This de—
pendence of the stray light intensity on the diffraction
angle is valid over the whole electromagnetic spectrum,
as was already shown by Sommerfeld in 1894 (Som—
merfeld, 1896). As justified by the small aperture of our
instruments (see Table 1), we have taken the angle
between the optical axis and the direction to the sun as
a mean diffraction angle necessary for solar stray light
photons to enter the photometers. The quantity C1
contains the integral I11:3,,(1)TrA,_C(/1)TrHE(A)d}. carried
out over the bandpass of the detectors in question. At
heights above 300 km and at a constant pressure Pmax
this integral represents a constant for all observations,
as well as C1 itself.

2) Due to the low ionization cross section for the
photoionization of O atoms by solar EUV photons, the

solar EUV photon flux at heights above 300 km can be
taken as constant. Thus the source function for this 011
emission is simply proportional to the local OI density,
i.e. the total intensity is proportional to the OI column
density on the line of sight due to the optically thin
nature of this radiation field. The representation given
in Eq. (4) uses a constant OI density scale height H0].

3) Due to the optically thin radiation field of re-
sonantly scattered solar photons, the intensity is pro—
portional to the column density of the scatters, ie. of
0+ ions, and with a constant scale height HD" the third
term in Eq. (4) is obtained.

4) The form of the height—dependence of the fourth
term was suggested by the curve given in Fig.5.

In the application of formula (4) to the 13(m) data
one can take C2: C3‚=0 due to the transmissivity
properties of the Al-C filters. In the framework of the
fit procedure the values of the remaining constants are
then obtained as:
(312310-3, (24:0.4,
c,=740, C,=36.5
yielding a satisfactory representation of the data within
the limits of uncertainty of the instruments. These num—
bers reveal that solar stray light contaminations can be
neglected, proving the quality of the baffle system.

The result of this fit is shown in Fig. 6. In the upper
half of this figure the uncorrected signals of detector
D3 taken at targets 1 through 8 are plotted versus
height. In the lower half the best fit values for the
“high pressure” intensities 13(m) have been subtrac-
ted from the original data of D3. The reduced in-
tensities 13_C=I3(P) FI3(Pmax) solely containing pres-
sure-modulated intensity components reveal fairly small
variations with target number.

(3, = 30.25,
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Fig. 7. Detector D3 data for target no 3 are plotted versus the
gas pressure in the absorption cell: 1) registered intensities
73(7)) (full circles) and best fit line a; 2) corrected intensities
I3‘C(P) (open circles) and best fit line b. The slope of lines a
and b yields an effective cross section of 9.5-10‘19 cm2 and
2.3340‘18 cmz, respectively, while the broken line c corre-
sponds to the photoionization cross section cr,.=1.6-10‘18
cm2 (Po Lee and Weissler, 1955). Error bars are given at 3.6
Torr. (See caption of Fig.4 concerning the use of Rayleigh
units)

The fact that these intensities I 3 c mainly contain
contributions from HeII-304Ä emission is manifest
from Fig.7, where we have plotted for one pressure
cycle the logarithm of IM versus the pressure P in the
helium cell. The theoretical expectations derived from a
pressure modulation according to Eq. (1) are nearly
fulfilled, which obviously does not hold for the unre-
duced intensities 13(P) also plotted in Fig. 7. The effec-
tive cross section (re best fitting the reduced inten-
sities is somewhat larger than the well-known value for
a, (304)=l.60-10‘15cm2. This must be taken as an
indication for minor contributions from HeI emission
to I3!C(P=0).

Additional support for the suspicion that the re-
duced intensities I“ predominantly contain contri-
butions from 3Û4Â emission may also be taken from
the results presented in Fig. 8. Assuming that the
geocoronal emission at 304Ä seen from heights above
400 km is due to solar Hell-304,31 photons resonantly
scattered at plasmaspheric He+ ions (which is true to a
very high degree of accuracy), one can easily arrive at a
reasonably good estimate for this emission. As a first
order approximation a constant plasmaspheric density
”He.“ and a temperature THE. can be used, as suggested
by the plasmaspheric model by Chiu et al. (1979). With
this and the optically thin conditions prevalent for the
plasmaspheric Hell-304A emission one obtains the re-
lation

1304“: Q) = A'Sppfl'a Q) (6)

where A is a constant containing relevant atomic quan-
tities, the solar flux at 304Ä and the average helium
density and temperature „He. and TH,“ respectively.
The quantity SN is the length of the line of sight within
the plasmaSphere starting from an observer at r and
pointed to a direction Q.

The plasmapause on the earth’s dayside is given to
a very good approximation by the outermost closed
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Fig.8. This is a plot of the reduced intensity 131,-. extrapolated
towards P=O Torr for targets l through 9 versus the length
Spp of the line of sight within the plasmasphere. In calculating
S the given Binsack formula was used with the actual value
k:p= 3 +. The straight line gives the best fit to the data

magnetic dipole field line that belongs to an L-shell
value Lpp. According to an improved Binsack formula
proposed by Carpenter and Park (1973), an appropriate
value for Lpp in units of earth radii R E is proportional
to index kp, which is the maximum value of the
geomagnetic activity index K during the 12-hour per-
iod preceding the time of observation. For our con-
ditions kp is 3 + and hence leads to L”:

[REJ- (7)
Since for each of our targets 7 the viewing direction Q,
is known, the length Sp p1, of the line of sight inside the
plasmaSphere can be evaluated if a standard geomag-
netic dipole field model is used.

In Fig.8 we have plotted the reduced intensities
I3„,(P=O) versus correSponding plasmapause distances
SPF. A fairly good correlation to a straight line, repre-
senting the expected proportionality according to Eq.
(6), is reached. This may be taken as further confir-
mation for the fact that the obtained data I3 c predomi-
nantly contain contributions from plasmaspheric Hell-
304Ä emission. Based on an integrated solar line flux
at 304Ä of [n-FSO,(3O4)]=9¢109 phot/cmzs as extrapo-
lated for our actual 10.7 cm flux value from a curve
given in Heroux and Higgins (1977) and a solar line
width of 0.15Ä (Behring et al., 1972), we derive with
the formula given in Chakrabarti et a1. (1982) from
Fig.8 an average plasmaspheric He+ density value of
rifle. =2-102 cm‘ 3. This compares well with values quot-
ed by other authors (for instance, Paresce et al., 1973b).

L,,=5.7w0.47 kp=4.15

Analysis of the Sn-photometer data: Ä> 500 Â

Detectors D1 and D2 equipped with two tin filters
were intended for the observation of geocoronal Hel-
584Ä emission. The data obtained with these detectors
reveals, however, that other emissions have also been
registered during the flight. This is especially evident in
the records of detector D1 obtained under a helium
pressure of 10 torr.

Transmissivity calculations prove that under such
helium pressures no contributions from emissions res-
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Fig. 9. The contaminating intensities inherent in the D1 data
(solid line) are shown as a function of height as determined
according to Eq. (4). This contaminating signal consists of
OII-line emissions (broken line: zenith conditions!) and a
particle-induced contribution (dashed-dotted curve). For the
unit [counts/s] use the conversion factor listed in Table 1

onantly scattered by neutral helium atoms can be con—
tained in the signal, i.e. the data 11(Pmax) are free from
HeI—584/537Ä contributions. At a helium pressure of
10torr the absorption cell has an optical thickness 1:
much larger than 1 (12105) both for HeI-584Ä and
HeI—537Ä photons. However, it has been proven that
the “single scatter” transmissivity (which is very small
in this case) is increased by multiply scattered photons
by only a negligibly small fraction (Delaboudiniere,
1979). Due to the “single scatter" absorption profile of
the cell at lOtorr it is thus also ascertained that even
interplanetary photons are completely suppressed.

For an interpretation of these 11(m) data we shall
again make use of Eq. (4). There is no doubt that
contributions according to terms 1 through 3 in that
equation have to be expected in data channel D1 (and
D2), but the fourth requires some more arguing. Since
within the bandpasses of our instruments, except for
the case of I-IeI-584 Â, no optically thick radiation
fields are present above 500 km, the height dependence

of this term by no means can be explained by photons,
leaving only the possibility of a count rate caused by
particles. Such particle events would show up in all
detectors with the same height profile but, maybe, with
a different magnitude. For the fitting procedure we thus
took the same coefficients C5, C6 and C7 as found
from the I 3 data in the previous section.

The result of this fit procedure is presented in Fig. 9
which displays versus height the fitted intensities
I 1(Rm) for zenith observational conditions. The dashed
lines indicate the two principally different contributions
to these intensities, namely electromagnetic contri-
butions (curve decreasing with height) and particle-in-
duced contributions (curve increasing with height).
Again here, a satisfactory representation of the data
within the experiments limits of accuracy was reached
with the following values for the constants C1 through
C4 in Formula (4):

C1=1.7-10‘7, C2=0.2, C3=85.7, (34:026.

An identical procedure was applied to the D2 data,
yielding the same results. For this fit an 01 scale height
HŒ=85 km derived from the MSIS atmospheric model
(Hedin et al., 1977a/b) was used. The OII scale height
representing an average quantity characteristic for the
region of contributing OII emitters was also subject to
the fit procedure and was obtained with a value HD"
=215 km, in reasonably good accordance with the
ionospheric IRI model (Rawer et al., 1978). With the
value obtained for C1 again the quality of the baffle
system is also proven for these detectors (Dl and D2).
i.e. essentially no solar stray light is contaminating our
data.

Furthermore, it can be concluded that also contri-
butions from the second term in Formula (4), Le. the
ionization of OI into an excited state, are negligible in
the relevant height range. The only contributing terms
are due to OII-induced emissions and particle events,
both of which shall be discussed in the next section.
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Fig. 10. The I, intensity (584A data) for targets 1 through 8 are shown versus height and time after launch. The full circles
represent the registered data. Subtraction of the correction function given in Fig. 9 yields the open circles (dashed curves). The
intensity increase within each cycle is correlated with the decreasing pressure in the absorption cell. Here the Rayleigh units are
valid only for a 584 Ä photon signal. Otherwise, the conversion factor given in Table 1 has to be applied
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If again the “high pressure” intensities 11(Pmax) ob-
tained in the fit procedure are subtracted from the D1
registrations, one arrives at the following result for the
reduced intensities 11,C(P)=11(P)—11(Pmax) shown in
Fig. 10. The full circles give the original data registered
under different pressures at different targets, whereas
the open circles show the corresponding reduced in-
tensities I 1,6”

These reduced intensities, in contrast to the original
data, can now be represented by HeI-584A radiation
profiles due to geocoronal and interplanetary resonance
radiation transmitted through the absorption cell of the
experiment. This will be discussed in more detail in a
forthcoming paper.

Conclusions

Electromagnetic component

The analysis of the D3 data showed that no 011 emis-
sions at wavelengths smaller than 500 A are present. On
the other hand, the analysis of the D1 data confirms
the presence of OH emissions in the wavelength band
between 500 and 800 A. These emissions are shown to
be exclusively connected with directly excited 0+ ions
and not to be caused by ionizations of O atoms into
an excited state, at least not at heights above 300 km
for near-zenith observations at local noon and low
geomagnetic latitudes." This shows that amongst the
processes under discussion as responsible for OH air-
glow emissions (Dalgarno et al., 1969; Delaboudinière,
1977; Feldman et al., 1981), the one connected with O
atoms is negligible for our circumstances.

In contrast, OII intensities proportional to the OH
column density are confirmed. The average O+ ion
scale height used in our quasi-barometric OII density
representation was best fitted by a value of H011
=215 km.

At heights below 600 km these OH emissions are
the dominant contribution to the I 1’C(P,m,,c) data. They
reach up to 25% of the HeI airglow emissions re-
gistered by detectors D1 /D2. Under daytime conditions
near the geomagnetic equator, OII emissions above
300 km thus do not contribute more than 25% to the
total signal registered in a broadband photometer
channel at wavelengths between 500—800 A. This proba-
bly also permits the conclusion that in the spectrometer
peaks at around 540A and 580A registered with the
STP-78-1 EUV spectrometer device (Chakrabarti et al.,
1983) the major contributions originate from HeI
537/584 A emissions rather than from OH emissions.

Particle-induced component
This component is characterized by a steep increase
with height above 600 km and by an independence of
the viewing direction. These properties point to mag-
netically controlled particles, namely electrons or pro-
tons of the inner radiation belt. These particles can be
counted by the channeltrons either after approaching
the instrument within the optical cone of acceptance
and traversing the filters of the absorption cell or after
direct access. In the latter case, particles can be consid-
ered either as practically unaffected by the surrounding
material due to their high energies or are moderated by
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this material. Due to the different material environ-
ments of the detectors in the payload the moderation
case can be ruled out since it would lead to different
count rates at all detectors, which is not true for the
count rates of detectors D1 and D2. The unmoderated
high energy case, on the other hand, would require
identical count rates at all detectors, which is not true
for detectors D3 and D1, D2. Thus the only expla-
nation for the particle-induced component is given by
particles that reach the channeltrons after traversal of
the cell filters. The different count rates at D3 and D1
(D2) respectively, are then explained by the different
filter materials. The release of photons in either of the
filters is considered to be unlikely.

The appearance of such energetic belt particles at
heights around 500 km during our rocket flight was
very likely since the launch took place at Natal, Brazil,
i.e. at the periphery of the South Atlantic anomaly.
Due to “high energy” background radiation in this
region, information on the fluxes and spectra of belt
particles is rather poor and of a low degree of accuracy.
For instance, no values for the energy range below
30keV could be found in the literature until 1981
(Gledhill and Hoffman, 1981). From their Atmosphere
Explorer C data taken in the region of the South At-
lantic anomaly at heights close to 300 km electron spec-
tra are obtained which can be represented by a power
law in the energy range between 02—26 keV, with a
spectral index close to y: — 1.

A power law has also been confirmed at higher par-
ticle energies for electrons, e.g. by Burrows and McDiar-
mid (1972), and for protons by Vernov et al. (1967).

The relevant energy range of the particles counted
by our instrument is found by the following reasoning:
for detectors D1 and D4 which are equipped with one
and two tin filters, respectively, we can define minimum
energies EC required for electrons or protons to pene-
trate these metal filters, all having a thickness of about
2,000 A. Therefore, these minimum energies for detec-
tors D1 and D4 derived from the “energy-range” re-
lation (Landolt-Bornstein, 1952; Marion, 1972) can be
calculated and are given in Table 2.

From Table 2 it can be learned that the particle-
induced signal is due to particles with energies larger
than EC, i.e. for instance in detector D1 electrons (pro-
tons) with energies larger than 5 (12) keV could have
been seen. Thus in connection with a power law, par-
ticles with energies E close to or slightly larger than E
are most likely to be responsible for our count rates.
Using a power law, we attempt to represent the re-
gistered particle fluxes d) by:

OO
E _y<b=w05 (~E—) dE (8)

EC o

where Wo is the differential particle flux at an energy EO
and y is the actual spectral index. In this relation we
have to assume that all particles with energies E>EC
that penetrate the filters are registered with identical
efficiency by the channeltrons. With (8) we can obtain
the value for y from:

1n¢4—ln§b1=1_____—, 9y ln EC4—ln EC1 ( )
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Table 2

Detector Minimum Energies ()5
[counts

Electrons Protons 3‘1 cm‘2 sr‘l]

EC [keV] EC [keV]

D1, D2 5 12 ¢>1=1,280
(2 Sn filters
£4,000 À Sn)
D3 4 11.4 (15321590
(2 Al-C filters
£4,000 A Al-C)
D4 2-5 3.4 ¢4=9,900
(1 Sn-filter
22,000 À Sn)

çb=total particle-induced contamination registered by detec-
tors D1 through D4 at 800 km

Taking the values listed in Table 2, one arrives at a
spectral index ye=3.95 for electrons or yp=2.62 for
protons if the registered fluxes (b are taken as due to
electrons or protons only.

The differential flux values t//0(e), [/10(p) for electrons
and protons then are:

v,üo(e)=4.36-105 [cm‘2 s‘1 sr‘1 keV‘l], (10)
{p0(p)=1.16-105 [cm‘2 s‘1 sr‘1 keV‘1)] (11)

at a reference energy EO=1keV and a channeltron
efficiency of 100 %.

In view of the very low proton fluxes found by
Gledhill and Hoffman (1981) in this low energy range
at heights around 300 km and in view of higher de-
flection angles and lower counting chances for protons,
proton fluxes are unlikely to be responsible for our
particle—induced signal. Therefore we are left with elec-
trons to cause our count rates qb. For the electron flux
we have derived the following power law:

¢(e)=4.36-105 (E/EO)-3-95 [cm-2 s—1 kev-l]. (12)
At first glance, the high values obtained for both the
spectral index and the differential flux value at lkeV
do not seem to be in accordance with the results of
Gledhill and Hoffman. However, the following deviat-
ing conditions have to be carefully taken into account.
For the electrons we have a minimum energy require-
ment of EC=5keV, whereas the energy cut-off in the
instrument of Gledhill and Hoffman is much lower, i.e.
EC=0.2 keV.

Taking the spectrum of Gledhill and Hoffman ob-
tained for a Kp-value that is comparable to our con-
ditions, we can recognize that this spectrum reveals a
steepening for energies upwards of SkeV, suggesting
both a higher spectral index y> 1.15 and a higher ex-
trapolated spectral flux w0(e) at 1 keV.

Furthermore, the difference in height between our
observations and those of Gledhill and Hoffman has to
be considered. A specific power law distribution of
electron energies at 800 km tends to flatten out at lower
heights due to the selective depletion of low energy
electrons that are reflected upwards at their relatively
high mirror points.

Regarding the relatively high fluxes w0(e) at 800 km
that we have derived, we can draw the attention to the
height profiles found for (j). As is shown in Figs. 6 and
9, a decrease in the fluxes by a factor of at least 20 is
indicated for a decrease in height from 800 down to
300 km. In View of these arguments, our results do not
contrast with those of Gledhill and Hoffman.

Finally, we can justify our assumption that the par-
ticle-induced signal is unaffected by the helium gas
target in the cells since it can be shown that the par-
ticles responsible, i.e. electrons with energies E>EC
=5keV, are unmodulated by the helium gas columns
in our cells even at the highest pressures used. This can
be deduced from the application of the energy-range
relation to electrons in helium gas targets (Marion,
1972)
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Introduction

Recent studies on geomagnetic pulsations are fre-
quently based on the comparison of ground based
measurements with satellite observations of the mag-
netic pulsation field near the geomagnetic equator in
the outer magnetosphere. It is widely accepted that
geomagnetic pulsations are related to magnetohydrody-
namic (MHD) waves propagating in the magnetospher-
ic plasma. Therefore, the interpretation of geomagnetic
pulsation data is often terms of special modes of the
propagation of MHD waves- However, the uncritical
transfer of concepts originating in the study of MHD
waves under uniform conditions to those applying to
non-uniform conditions sometimes leads to quite ob-
scure results. In particular, a non-vanishing magnetic
wave field component BH, parallel to the ambient mag-
netic field BO, is often referred to as the so-called
“compressional mode” (see, for example, Hillebrand et
al. (1982) and references quoted there). It is the aim of
this short paper to show that there exist contributions
to BII caused by parely geometrical effects .in the pres-
ence of a non-uniform magnetic (e.g., dipole) back-
ground field which have nothing to do with special
kinds of propagation modes.

Basic equations

The starting-point of the following analysis is to relate
the magnetic wave field B to the plasma velocity v. In a
linearized theory, this can be accomplished by combin-
ing the induction law with Ohm’s law (for infinite elec-
trical conductivity) yielding (curl B0=0, B020)

—icoB=curl(BO xv) (2.1)

assuming a periodic time dependence ocexp(icot). Now,
let (r=position vector)

Bo(r)=Bo(r>î(r)
Offprint requests to: F. Krummheuer

where B0(r) is the magnitude and i(r) is the unit
tangential vector with respect to the ambient field B0(r).
By means of a well known formula of vector analysis,
Eq. (2.1) can be performed to obtain

— icoB= B0 curl (Î >< v)+ grad B0 x (Î x v). (2.2)

Dividing Eq. (2.2) by B0 and expanding the double
vector product yields

A 1
—iBïB=curl(Î >< v)+t (B—O grad BO-v)

O

—v (i grad BO-Î). (2.3)
Bo

For a complete description of the vector fields involved
let us introduce the principal unit normal vector ñ and
the unit binormal vector b with respect to B0. Decom-
posing the velocity field v into its components with
respect to that local triad Î, ñ, B (i.e., Î>< v= —vbñ+ rub)
and using the same formula leading to Eq.(2.2),
Eq. (2.3) reads

0a) A A—1B—B=v„curlB—Bxgradvn—vbcurln+nxgradvb
O

+Kvni+évbt—nvnfi—r}vbh (2.4)

For magnetospheric applications it will be sufficient to
restrict ourselves to dipole like magnetic fields B0, i.e.,
assuming axial symmetry (B-grad 30:0) and ñ always
lying in meridional planes (Î-Curl ñ=0, ñ-Curl ñ=O,
h-curlh=0). Then, the components of the magnetic
wave field are simply obtained from Eq. (2.4):

BBII =Î-B =i—0[fi-grad vn+B-grad vb+(K+t-curlh)vn],co
(2.5a)

(2.5 b)n

BB 213.13: —i——O[tograd vn+(n—fi-curlh)vn],
a)
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B
Bb=B-B=—iEO[t-gradvb+(n+5-curlfi)vb]. (2.5c)

The last terms of the r.h.s. of Eqs. (2.5 a—c), respectively,
are due to the non-uniform geometry of the ambient
magnetic field B0. These terms would vanish under
uniform conditions yielding the well known relations
between the magnetic field B and the plasma velocity v
with respect to a homogeneous magnetic field B0.

Applications to a dipole field

Now, let us apply the quite general results of the pre-
ceding section to a dipole field. The following relations,
referring to spherical polar coordinates (r, 6, 4)), allow
for determination of all terms involved in Eqs. (2.5 a—c)

1 m
(300€l +3 00526)

1
radB

3|?+
cosOsinH

A]
___ —_—__ rfiB0g 0 r (1+300520) ’

= —:(20089f‘+$1fl96),

1/1+3cos26

ñ: —:(Sin9Î—2COSGÔ),

]/l+3c0529
Bz—J)", '

curlfi__6cos0(1+cos29)
A

—r(1+3cos26)3’/2 ’

A 1 A
curlb=— _ (cosOf—sin00).

rsm0

By means of these equations it is possible to rewrite
Eqs. (2.5 a—c) with respect to a dipole field:

B
BHZi—OC0

2+6cos48
vr sin 6(1 + 3 coszô)”2 "-[fi-gradvn+b-gradvb+ ], (3.1a)

B 6 cos 9(1+ cos2 9)B =—'—0 - ." la) [Î grad v"+ r(1+3c0526)3/2 Un], (31b)

3cost)
B=—i—O[t-gradv + v]. (3.10)b CO b r]/1+300520 b

In Eqs. (3.1a—c) only the “structural quantities” de-
pending on the dipole geometry of the field B0 have
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been expressed in spherical polar coordinates. The re-
maining terms have been rewritten in the very distinc-
tive local triad system of reference. In particular, Eq.
(3.1a) shows that there is a contribution to BH even in

the equatorial plane (92g) of order ——Ov„ whereasr a)
the corresponding quantities in Eqs. (3.1b,c) are zero.

To get an idea of the order of magnitude of this
“geometrical” contribution to BH in the equatorial

__l:
20L

with T=period in sec, Eb=azimuthal electric field in

2B
plane, rewrite ———0v„ as ~ (by means of Eb=BO un)

r a)

r . . .mV/m, L=—, a=earth’s radlus, y1eld1ng the corre-
a

sponding magnetic field in nT. Taking T =100s, Eb
=1 mV/m, L=5, for example, the “geometrical” contri-
bution to BH is lnT. Therefore, the observation of a
large BH/BL ratio in geomagnetic pulsation data does
not necessarily enforce an interpretation in terms of a
special wave mode but can be regarded as a simple
geometrical effect caused by the non—uniform back—
ground field B0.

Conclusions

The above result is only one example for a lot of
properties which carefully have to be taken into ac-
count in the study of MHD waves under non-uniform
conditions. In particular, it has been shown that — even
in a cold plasma approach — there exists a contribution
to the BH-component caused by the curvature of the
ambient magnetic field B0. This result demonstrates
how unrealistic is a treatment of MHD wave motions
in terms of plane waves (“Alfvén-mode”, “compres-
sional mode”) alone. A more complete version of
MHD wave theory in terms of the local triad system of
reference has been given by Siebert (1965).
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Introduction

The effect of the shape or strike length of loads on the
deflection of thin elastic plates has been addressed by
several authors (e.g. Brotchie and Silvester, 1969; Watts
et a1., 1975; Menke, 1981). In their discussions, the
model of a two-dimensional load with a simple straight
edge has, however, received little attention. This is even
more remarkable in View of the simplicity of the so-
lution for the deflection in this special case (e.g. Officer,
1974, p. 386; Jeffreys, 1976, p. 271), which permits the
model’s application in preliminary interpretations. The
disregard of this model is probably a consequence of
some uncertainty as to the scale of geological loads
that is required in order that they be approximated by
two-dimensional edges. Most authors have therefore
preferred other elementary geometries, such as strips or
disks, as first approximations of physical load distri-
butions of appropriate shape (see Turcotte, 1979, for a
recent review).

A notable exception is Walcott’s (1970) interpre-
tation of lithospheric flexure induced by the Lauren-
tide ice sheet in Canada. In his analysis, Walcott re-
garded the extent of this load large enough that, for
points close to its margin, it can be represented by a
two-dimensional edge.

In this note, the solution appropriate to straight-
edged two-dimensional loads will be derived from the
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Fig. 1. Straight-edged axisymmetric load and its two—dimen-
sional approximation

more general solution for straight-edged axisymmetric
loads (see Fig. 1). This limiting process will show that
the accuracy of the two-dimensional approximation is
controlled by both the scale of the load and the thick-
ness of the elastic plate. Following that, several models
appropriate to lithospheric flexure will be discussed.

Theory

The solution for the vertical surface displacement w(r)
due to a straight-edged axisymmetric unit load

1 OSr<R
= ’ — 1

of radius R, resting on a thin elastic plate of flexural
scale length l/a, has been given by Brotchie and Silves-
ter (1969). If p is the density of the inviscid substratum
and g denotes the acceleration due to gravity, the so-
lution in terms of Bessel-Kelvin functions is

(p g)" 1[aR ker’ (aR) ber (a r)

w(r)= —aR kei’(aR) bei(ar)+ 1], r<R (2)(p g)‘ 1 [aR ber’ (aR) ker (a r)
— aR bei’ (aR) kci (a r)], r > R,

where a prime denotes derivation with respect to the
argument and r is the radial distance from the load
axis. The flexural scale length 1/a is related to the pa-
rameters of the plate and the substratum by

a4=pg/D‚ (3)
with D the flexural rigidity of the plate. Introducing
non-dimensional quantities R*=aR and r*=ar, (2) can
be written in the form

[
(p g)-1 [R* ker’(R*) ber(R* +x*)

*_ —R*kei’(R*)bei(R*+x*)+1], x*<0 (4)’
(p g)-1 [R* ber’(R*) ker(R* +x*)

—— R* bei’ (R*) kei(R* + x*)], x* > 0,
where x* =r* —R* is the non-dimensional distance
from the edge of the disk. In order to reduce (4) to the
solution appropriate to two-dimensional loads, R* must
be large, whereas x*/R* must be small. From the asymp-
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totic approximations for Bessel-Kelvin functions for
large arguments (McLachlan, 1934, pp. 168—172) we
find

ker’(R*) ber(R* +x*)

= — 21; exp (x*/]/Ï) COS (Rik/fl — "/8)

- cos [(R*+x*)/1Æ—n/8>J, (5a)
kei’ (R*) bei(R* + x*)

=_— 2113 exp (wk/15) sin (Rik/15 — 7t/8)

- sin [(R* +x*>/I/i— n/sn, (5 b)
ber’ (R*) ker(R* + x*)

:21: exp (ac/fl) cos (R*HÆ W8)
. cos [(R* +x*)/1Æ+ 7t/8)], (5 c)

bei’ (R*) kei(R* + x*)
= -21; exp (act/fl) sin (R*/1/§+n/8)

- sin [(R* + x*)/1Æ + n/8)]. (5d)
Substitution in (4) yields

x) z
{am-1

[2 -exp(ax/1Æ) cos<ax/1Æ)J, x <0
9n1 ep—ax/fl) «Box/fi), x>o,

where x=x*/a has been used. This is the solution for a
straight-edged two-dimensional load

()
l, x<0

x _—_q 0, x>0.

(6)

(7)

Alternatively, (6) could have been derived directly from
the two-dimensional form of the thin plate equation by
matching the appropriate boundary conditions (e.g. J ef-
freys, 1976, pp. 270—272).

In order to render R* sufficiently large for (5) to be
valid, R or a must be large enough. From (3) we realize
that the latter is equivalent to requiring that D be
small. But D=‚uh3/[6(1—v)], where ‚u, v and h denote
Lamé’s second constant (rigidity), Poisson’s ratio and
elastic plate thickness, respectively. In a geophysical
context, approximation (6) will therefore improve with
increasing load diameter or decreasing lithospheric
thickness. If h=0, we find that, for any value of R,
a—> oo and therefore

w
(x)={(1)/(pg), :8 (8)

which is the solution appropriate to local compen-
sation.

Numerical results

In order to ascertain whether the two—dimensional so-
lution (6) is suitable for approximating flexure in re-
sponse to axisymmetric loads of finite radius, the non-
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Fig. 2a and b. Normalized vertical displacement w/wi as a
function of non-dimensional distance ax from the edge of the
disk load for different non-dimensional radii aR and a points
below the load or b beside the load. wi denotes the displace-
ment for local compensation

dimensional disk solution (4) will be compared with the
non-dimensional form associated with (6) for different
values of R* =aR.

Figure 2 compares axisymmetric solutions for non-
dimensional disk radii R*=2 and R*=5 with the ap—
propriate two-dimensional solutions. In the area of pos-
itive deflection, the two-dimensional approximation can
be considered good for R* >2. This particularly applies
to the steep slope near the edge of the load. In the
range of the peripheral bulge the approximation de-
teriorates. Here displacements are generally small, and
the absolute error increases to values of the order of
the displacements for R*=2.

For a demonstration of the geophysical significance
of this, we consider disk loads of characteristic radii
acting on elastic plates having thicknesses appropriate
to the Earth’s lithosphere. Here we will limit the analy—
sis to x>(). This range contains the nodal point of the
deflection curve and is therefore of particular interest. If
necessary, the behaviour for x<0 can be inferred from
Figure 1 after the model has been non-dimensionalized.
To be specific we choose ,u=0.67-1011Nm‘2, v=0.272
and p=3,380 kg m‘3. This is fairly typical of the Earth
at 100 km depth (Bullen, 1963, pp. 232—235). The load is
taken to be 1km thick with a density of 1kgm‘3.

Figure 3 applies to R=200 km and thin litho-
spheres. The configurations therefore have some rele-
vance when modelling the flexure induced by Pleistocene
Lake Bonneville (e.g. Nakiboglu and Lambeck, 1982) or
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Fig. 3. Vertical displacement w for a disk radius of R
=200 km as a function of distance from the load edge for h
=20 km or aR=4.55 (solid) and h=50 km or aR=2.29
(dashed). The dotted lines delineate the appropriate two-di—
mensional solutions
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30

90

I20
R =800 km

„50? I I I I I
0 200 400 600 800 IOOO |200

x(km)
Fig. 4. Vertical displacement w for a disk radius of R
=800 km as a function of distance from the load edge for h
2100 km or aR=5.46 (solid) and h=200 km or aR=3.24
(dashed). The dotted lines delineate the appropriate two-di-
mensional solutions

sedimentary basins (e.g. Haxby et al., 1976). If h
=20 km, the two-dimensional approximation is satis-
factory, although the peripheral bulge is overestimated
by more than 30 percent. For h=50 km, this misfit
clearly exceeds 50 percent, and the inward shift of the
nodal point becomes significant.

Figure 4 compares the solution for disk radii of R
= 800 km with the appropriate two-dimensional approx-
imations. The scale of the load is fairly typical of the
Fennoscandian ice sheet (e.g. Haskell, 1937). A litho-
spheric thickness of 100 km is conventional for con-
tinental regions; the enhanced value of 200 km reflects
very recent estimates (e.g. Peltier, 1984). For h
= 100 km, the two-dimensional approximation is good,
except for the region of the peripheral bulge. If the
thickness is 200 km, the approximation deteriorates
substantially and can be considered marginal at best.

In Figure 5 we have chosen R=1,600 km. The disk
load may thus be taken as a crude approximation of
the Laurentide ice sheet. If h=100 km, the model is
similar to the one used by Walcott (1970). As can be
seen, the two-dimensional approximation is very good
and also holds in the peripheral region. For h=200 km,

I20
R=I600 km

0 200 400 600 800 IOOO I200

x(km)
Fig. 5. Vertical displacement w for a disk radius of R: 1,600
km as a function of distance from the load edge for h=100
km or aR=10.9 (solid) and h=200 km or aR=6.49 (dashed).
The dotted lines delineate the appropriate two-dimensional
solutions

the fit is still acceptable except for the peripheral bulge,
which is overestimated by about 20 percent. It must be
noted, however, that, for loads as extended as the
Laurentide ice sheet, the Earth’s sphericity is likely to
become important. This problem is not followed up
here but will be discussed in a separate investigation.

Conclusions

This note has attempted to clarify the relation between
straight-edged axisymmetric loads and straight-edged
two-dimensional loads by emphasizing the critical role
of the elastic plate in this relation. It has been shown
that loads of widely varying scale can be approximated
by two-dimensional edges, provided that the litho-
sphere is sufficiently thin. As the distance from the edge
of the load increases, the displacement w decreases.
This results in enhanced relative discrepancies between
the two models in the region of the peripheral bulge.
Whether this is significant when modelling data will
ultimately depend on the magnitude of the errors as-
sociated with the measurements.

Acknowledgements. This investigation has been supported by
a Natural Sciences and Engineering Research Council of Can-
ada Postgraduate Scholarship. The figures have kindly been
drafted by Khader Khan.

References

Brotchie, J.F., Silvester, K: On crustal flexure. J. Geophys.
Res. 74, 5240—5252, 1969

Bullen, K.E.: An introduction to the theory of seismology,
3rd edn. Cambridge: Cambridge University Press 1963

Haskell, N.A.: The viscosity of the asthenosphere. Am. J. Sci.
33, 22—28, 1937

Haxby, W.F., Turcotte, D.L., Bird, J.M.: Thermal and
mechanical evolution of the Michigan Basin. Tectono-
physics 36, 57—75, 1976

Jeffreys, H.: The Earth, 6th edn. New York: Cambridge Uni-
versity Press 1976

McLachlan, N.W.: Bessel functions for engineers. Oxford:
Clarendon Press 1934



|00000243||

Menke, W.: The effect of load shape on the deflection of thin
elastic plates. Geophys. J. R. Astron. Soc. 65, 571—577,
1981

Nakiboglu, S.M., Lambeck, K.: A study of the Earth’s re-
sponse to surface loading with application to Lake Bon-
neville. Geophys. J .R. Astron. Soc. 70, 577—620, 1982

Officer, C.B.: Introduction to theoretical geophysics. Berlin:
Springer-Verlag 1974

Peltier, W.R.: The thickness of the continental lithosphere. J.
Geophys. Res. in press, 1984

Turcotte, D.L.: Flexure. Adv. Geophys. 21, 51—86, 1979

235

Walcott, R.I.: Isostatic response to loading of the crust in
Canada. Can. J. Earth Sci. 7, 716—727, 1970

Watts, A.B., Cochran, J .R., Selzer, G.: Gravity anomalies and
flexure of the lithosphere: A three-dimensional study of
the Great Meteor Seamount, Northeast Atlantic. J. Geo-
phys. Res. 80, 1391—1398, 1975

Received January 3, 1984; Revised version February 24, 1984
Accepted February 27, 1984



J Geophys (1984) 54:236—237

Laudatio

Waldemar Zettel 80 Jahre

Im Juli 1983 vollendete Dr.-Ing. Waldemar Zettel, langjäh-
riger Geschäftsführer der Firma Prakla-Seismos (Hanno-
ver) und seit 1969 Ehrenmitglied der Deutschen Geophysi-
kalischen Gesellschaft, sein 80. Lebensjahr.

Aus diesem Anlaß fand am 19. August 1983 im Hause
der Prakla-Seismos eine Feier statt, bei der der jetzige Ge-
schäftsführer der Firma Dr. H.-J. Trappe eine Laudatio
hielt, die im folgenden in modifizierter und gekürzter Form
wiedergegeben wird.

Waldemar Zettel wurde am 25. Juli 1903 als ältestes von
sechs Kindern des hannoverschen Kürschnermeisters Josef
Zettel in Hannover geboren. Fast sein ganzes Leben hat
er in Hannover verbracht. Hier besuchte er die Realschule

Journal of
Geophysics

und bestand das Abitur an der Oberrealschule am Clever-
tor. Als Primaner konnte er sich durch Nachhilfestunden
einiges dazuverdienen, so daß er dann 1922 mit dem Stu-
dium der Physik an der damaligen Technischen Hochschule
in seiner Heimatstadt beginnen konnte.

Durch seine Arbeiten im Physikalischen Institut lernte
er, in die Geheimnisse der Natur einzudringen und experi—
mentelle Erfahrungen „nach der alten Schule“ zu gewinnen.
Nach der alten Schule deshalb, weil alle Geräte und Einrich-
tungen selbst ersonnen und gebaut werden mußten, die für
die eigenen Arbeiten und die Experimental—Vorlesungen
notwendig waren. So mancher Leser dieses Beitrags wird
Waldemar Zettel vor seinem geistigen Auge sehen, wie er,
mit dem weißen Assistentenkittel angetan, im Hörsaal auf
dem Experimentiertisch den Drehschemel besteigt, um den
Impuls—Satz zu demonstrieren.

Nach Beendigung seines Studiums wurde Waldemar
Zettel Assistent an der Technischen Hochschule Hannover,
an der er im Jahre 1934 zum Dr.—Ing. promoviert wurde.

Die experimentelle Arbeit an der Hochschule hat ihre
Früchte getragen. Waldemar Zettel entwickelte neuartige
Erschütterungsgeräte, darunter tragbare robuste empfind-
liche Geophone, die in der Einheit mit Röhren-Verstärkern
seismische Messungen von überraschender Genauigkeit zu—
ließen.

Im Jahre 1934 begann auch die geophysikalische Reichs—
aufnahme. Zu dieser Zeit kam Waldemar Zettel in Kontakt
mit Dr. Friedrich Trappe, der damals bei der schon im
Jahre 1921 gegründeten SEISMOS als technicher Leiter tä-
tig war. Dr. Trappe erkannte, daß sein an der Hochschule
erworbenes technisches Können und Wissen für die SEIS-
MOS von größtem Nutzen sein würde, und so kam es,
daß Waldemar Zettel im Jahre 1934 Mitarbeiter der SEIS—
MOS wurde. In den folgenden Jahren entwickelte er ge-
meinsam mit Dr. Trappe Geophone und elektrische Ver-
stärker, mit denen eine wesentliche Verbesserung der Meß-
technik und der Interpretation erzielt wurde.

Die ersten Reflexionsgeophone wurden gebaut, und sehr
früh erkannte Waldemar Zettel die Bedeutung der Elektro-
nik für die Seismik. Im Jahre 1936 verließ er die SEISMOS,
um als wissenschaftlicher Mitarbeiter bei der Nachrichten—r
mittel-Versuchsanstalt der Marine in Kiel tätig zu werden.
Eine beratende Tätigkeit für die SEISMOS und der persön-
liche Kontakt mit Dr. Trappe blieben bestehen.

Im Jahre 1937 wurde die PRAKLA Gesellschaft für
praktische Lagerstättenforschung in Berlin gegründet. Die
Leitung ihrer seismischen Abteilung hatte 1938 Dr. Fried-
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rich Trappe übernommen. Es gelang ihm 1939, Waldemar
Zettel als Leiter der Entwicklungslaboratorien in Brieselang
bei Berlin zu gewinnen. Trotz vieler Schwierigkeiten war
es Waldemar Zettel möglich, die seismischen Meßtrupps
der PRAKLA auch während des Krieges mit immer neuen
und verbesserten Instrumenten auszustatten.

Das Ende des Krieges schien auch das Ende der PRA-
KLA zu sein. Am 16. Mai 1945 wurde Waldemar Zettel
vom damaligen Bürgermeister von Brieselang die Leitung
der Firma übertragen. Die Tätigkeit von Berlin aus konnte
aber nicht aufgenommen werden, da die letzten Geräte, die
letzten Instrumente und das letzte Material an die sowjeti-
sche Besatzungsmacht übergeben worden waren. Kontakte
mit Alfred Bentz legten es nahe, mit der Tätigkeit der PRA—
KLA in Hannover neu zu beginnen.

Im Jahre 1946 kam Waldemar Zettel nach Hannover
und bezog im Hause des Instituts für Erdölforschung, Am
Kleinen Felde 12, ein Arbeitszimmer. Zu jener Zeit waren
die Kassen leer. Eine Feldtätigkeit konnte auch im Westen
noch nicht aufgenommen werden. Zuerst wurden die ausste-
henden Gelder für gegen Kriegsende ausgelieferte Berichte
eingezogen, dann wurden die noch nicht vollendeten Be-
richte fertiggestellt und ausgeliefert. Die Schwierigkeiten
auch damals in Hannover waren groß. So wurden im No-
vember 1946 von der britischen Besatzungsmacht die weni-
gen noch verbliebenen Geräte der PRAKLA beschlag-
nahmt. Dank der Fürsprache der Industrie und durch den
Einsatz von Alfred Bentz und Hans Closs wurde diese
schwierige Situation überwunden.

Schließlich konnte im März 1947 der erste seismische
Trupp in Gang gesetzt werden. Nach der Währungsreform
entwickelte sich dann die PRAKLA schnell. 1952 waren
bereits 15 Trupps tätig, 1958 gar schon 45 Trupps. Aber
auch damals gab es nicht nur positive Entwicklungen in
der Explorationsgeophysik; es gab auch Zeiten der Stagna—
tlon.

Auch die SEISMOS war von einer Stagnation im Jahre
1963 betroffen. In diesem Jahr wurden die Anteile an der
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SEISMOS von PRAKLA übernommen. Waldemar Zettel
übernahm dann den Vorsitz im Aufsichtsrat dieser Ge-
sellschaft.

Mit dem Bohrmeister August Göttker, der schon wäh—
rend des Krieges bei PRAKLA tätig war, wurde nach dem
Kriege ein Vertrag abgeschlossen, der es ihm ermöglichte,
eine Bohrgesellschaft für die Durchführung der Bohrarbei—
ten der PRAKLA aufzubauen. Nach dem plötzlichen Tod
von August Göttker übernahm die PRAKLA eine 25 %ige
Beteiligung an dieser Firma im Jahre 1959. Ab 1960 war
Waldemar Zettel als stellvertretender Vorsitzender des Auf-
sichtsrates dieser Gesellschaft tätig.

Betrachtet man die Entwicklung der PRAKLA nach
dem Kriege bis zur Pensionierung von Waldemar Zettel,
Ende des Jahres 1968, dann ist festzustellen, daß diese
Firma durch seine persönliche Initiative nach dem Kriege
wieder ins Leben gerufen wurde und daß sie sich während
seiner Geschäftsführertätigkeit zu einem international be—
kannten und geachteten geophysikalischen Unternehmen
entwickelte.

Auch über den Wirkungskreis der PRAKLA hinaus ist
Waldemar Zettel geehrt und geschätzt. Im Jahre 1963
wurde er Ehrensenator der Technischen Hochschule, der
heutigen Technischen Universität Hannover. Er war Mit—
glied des Außenwirtschaftsausschusses der Industrie- und
Handelskammer, der Tarifkommission des Wirtschaftsver—
bandes Erdölgewinnung und im Beirat der Dresdner Bank
und der Deutschen Gesellschaft für Mineralölwissenschaft
und Kohlechemie. 1969 wurde er Ehrenmitglied der
Deutschen Geophysikalischen Gesellschaft.

Nach seiner Pensionierung gehörte Waldemar Zettel
noch viele Jahre dem Aufsichtsrat der PRAKLA-SEISMOS
und dem Aufsichtsrat der PRAKLA-SEISMOS Geomecha-
nik an, so daß er die über viele Jahrzehnte hinweg erworbe-
nen Erfahrungen weiterhin in den Dienst der Gesellschaft
stellen konnte.

Die Deutsche geophysikalische Gesellschaft wünscht ih-
rem Ehrenmitglied auch für die Zukunft alles Gute.
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Book reviews

Seibold, E. und Berger, W.H.: The Sea Floor. An Introduction to
Marine Geology. Springer Verlag, Berlin, Heidelberg, New York,
288 S., 1982.

Das Buch gibt einen Überblick über ausgewählte Fragen und Pro-
bleme der maritimen Geologie sowie eng verwandter Fragestel-
lungen. In zehn Kapiteln werden die speziellen und allgemeinen
Fragen zur Ozeanographie und anverwandter Themen abgehan—
delt. Das Buch wird ergänzt durch einen Tabellenanhang, ein Lite-
raturverzeichnis und enthält ein Personenregister sowie Index. Es
richtet sich sowohl an den Fachmann, ist aber auch gut verständ-
lich und sorgsam abgestimmt auf das Interesse fortgeschrittener
Studenten und Kollegen der Nachbargebiete, die sich rasch und
gründlich in die Probleme einführen lassen wollen. Der Aufbau
des Buches, insbesondere die methodische und didaktische Konzep-
tion ist vorzüglich und gestattet es, einen sorgfältigen und doch
fürs erste gewissenhaften Wissensstand zu erwerben. Die druck-
technische Ausstattung ist gut, das Bildmaterial sehr ansprechend.

W. Schröder

Primary Energy. Present Status and Future Perspectives. Hg. von
Klaus O. Thielheim. Springer Verlag, Berlin, Heidelberg, New
York, 371 S., 1982.

Nicht erst seit der sog. „Ölkrise“ stehen Fragen und Probleme
der Energiewirtschaft und -versorgung im Vordergrund vieler ge-
sellschaftlicher Erörterungen. Dabei werden immer die unterschied-
lichen Möglichkeiten einer optimalen Energiebewirtschaftung und
-sicherung angesprochen; es sind Fragen, die auch den Geophysi-
ker nachdrücklich betreffen. In diesem von Klaus O. Thielheim
(Kiel) herausgegebenen Buch werden in 20 Beiträgen die unter-
schiedlichen Aspekte der Energieversorgung erörtert. Sie handeln
von der Nuklearphysik ebenso wie von Fragen der Geothermik,
Hydroelektrizität, der Nutzbarmachung der Sonnenkraft u.v.a.m.
Der Leser erhält im jeweiligen Aufsatz einen angemessenen Über-
blick, der ihm für die eigene Meinungsbildung sehr nützlich ist.
Durch die Klarheit und Übersichtlichkeit dieser Beiträge wird der
Leser in die Lage versetzt, nicht nur angemessen der jeweiligen
Fachdiskussion folgen zu können; er ist auch befähigt, seinen eige-
nen Standpunkt im Lichte dieser Information neu zu reflektieren.
Ein Sachverzeichnis beschließt dieses Buch, das überdies durch ein
sorgfältig ausgewähltes (teilweise farbiges) Bildmaterial besticht.

W. Schröder

Bruce A. Bolt: Inside the Earth. Evidence from Earthquakes. W.H.
Freeman Co., San Fransisco, 191 S., 1982.

Das Büchlein behandelt in acht Kapiteln ausgewählte Fragen der
Seismologie. In einem Anhang wird weiterführende Literatur ge-
nannt und ein Index beschließt dieses lesenswerte Werk. Wie bereits
aus dem Vorwort hervorgeht, ist das Buch besonders für interes-
sierte Studenten und Fachfremde, die eine erste Orientierungshilfe
suchen, verfaßt. Die vorausgesetzten Kenntnisse sind gering, so
daß es leicht lesbar ist. Das Buch enthält auch einen bemerkenswer-
ten geophysikhistorischen Ansatz: es wird näher eingegangen auf
Richard Dixon Oldham, Harold Jeffreys, Beno Gutenberg, Keith
Edward Bullen, Inge Lehmann, Hugo Benioff, Francis Birch und
Perry Byerly. Zu kurz kommt die Ausrichtung auf die Pionierarbei—
ten in der Seismologie von Emil Wiechert sowie seinen Schülern,
wobei besonders Ludger Mintrop erwähnt werden muß. Indes kann
man dem Verfasser ob dieses Fehlens keinen Vorwurf machen;
bekanntlich fehlt sowohl zu Wiechert als auch Mintrop sowie der
Wirksamkeit der Wiechertschen Schule eine allgemeine Darstel—
lung. So gesehen, ist das Buch auch eine Mahnung, sich der eigenen
Pioniere zu erinnern.

W. Schröder

Vorreiter, Leopold: Blitz-Handbuch. 1983, Selbstverlag München,
228 S.

Das vorliegende Buch behandelt in mehreren Teilabschnitten die
Blitzstatistik (Arten und Typen, blitzstatistische Nachweise, räum-
liche Gewitter- und Blitzausbreitung, Ortung und Zählung der
Blitze) sowie die Aspekte der Blitzenergie. Dabei geht der Verfasser
auch auf die etwaige Nutzung der Luftelektrizität und Blitzenergie
ein. Es folgen die Nomenklatur der Blitze, ein Verzeichnis der elek-
trischen und meteorologischen Symbole, Einheiten und Größen
sowie das Schriftenverzeichnis. Ein Personen- und Sachregister
runden das Buch ab. Das Buch hat eindrucksvolle Bilder, ein um-
fassendes Karten- und Tabellenmaterial. Insgesamt liest es sich
gut, gibt auch dem Nichtfachmann einen gelungenen Einblick in
die Fragen und Probleme der Blitzforschung und kann dem an
diesen Fragen interessierten Leser durchaus empfohlen werden.

W. Schröder
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