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Introduction

The main task of geophysics is to study the internal structwr of the Earth using
surface and subsurface observational data. However, sirdieect measurements
of the Earth's physical parameters can be done only on the Bats surface or
within an extremely narrow subsurface layer, the only methsb of studying the
Earth's internal structure is based on solving inverse prdbms. One of such
inverse problems is the so-called seismic traveltime tonraghy, whose task is to
determine the velocity of seismic waves inside the Earth ugj the data about the
time that the seismic wave takes to travel from one point to asther or so-called
traveltimes of seismic waves. The term tomography was cothérom the Greek
words tomos meaning slice and graphos meaning image, and asried out in
seismology from an analogous problem in medicine known asRé&y tomography.
Three types of seismic waves are commonly identi ed: body wes, surface waves,
and free oscillations (for details see for examplg [1|L—_|[57]Body waves travel
through the interior of the Earth and are divided into two types: longitudinal or
primary (P-waves) and transverse or secondary (S-waves).ohgitudinal waves,
which are compression and rarefaction waves, are connecteith the oscillation
of particles in the direction of propagation of the wave fran transverse waves are
connected with the oscillation of particles in a direction hogonal to the prop-
agation direction of the wave front and characterize the restance of the elastic
substance to shear. Surface waves are analogous to water egaand travel over
the Earth's surface. There are two types of surface waves: W®eigh waves and
Love waves. Due to this, in seismology, one distinguishessseic body wave to-
mography, where the domain of the unknown velocity functioand the ray paths
are lying in the Earth's interior; and the seismic surface wa tomography, where
the domain of the unknown velocity function and the ray pathsare lying on the
Earth's surface. However, it should be mentioned that suré@ wave tomography



can be used to study the deeper structure of the Earth as welide e.g.lB?]l__[JSS]).
The mechanical parameters of an isotropic elastic substancan be completely
characterized by the elastic Lanme parameters , and the material's density .
The propagation speeds of P-waves and S-waves (in geophydleey are usually
denoted byvp and vs, respectively) are related with the Lanme parameters; ,

and the density by the formulas
S

+
Vp = 2; Vg =  —: (1)

Although the speeds of seismic waves and vs cannot completely characterize
the mechanical parameters of an isotropic elastic substanbut if they are known,

then, as formulag (1)) show, they provide two relations betves the three parame-
ters ; ;  and thus contain considerable information regarding the fstance of
the Earth. Therefore, one of the most important problems ofessmology consists
in nding the propagation speeds of seismic waves, which, aready mentioned
is one of the main problems of seismic tomography. It is an iexse problem and
may mathematically be represented as follows:

Given traveltimes Tq;q = 1;::;;N of seismic waves between epicenteks, and

receiversR,. Find a (slowness) functionS, such that
Z

S(x)d (x)=Tg; q=1;:5N; (2)

q
where integrals are path integrals over 4;q = 1;:::; N, which, in general, are
raypaths of seismic waves betweeB, and R, according to the slowness model
S. In general[(2) is non-linear. However, as it is shown e.g. {i], L’I__{], Ell],
[B] this problem can be solved approximately with the helpf@ linearization of
by taking seismic ray paths betweerkE, and R, according to some reference
slowness model asq. In this thesis we only discuss the linear variant of the
seismic traveltime tomography problem.
At present there basically exist two concepts used to solvédis problem. One
concept, which will be called here the "block concept" subdides the invested
region into small areas (blocks) where the velocity of the was is assumed to be
of a simple structure (e.g. constant]ﬂS]l__[_hS], or cubic Bakne @], E'L]). This
method has some advantages in its practical implementatioout has a natural
limit in the obtainable resolution (as any other method has)



The second concept develops a spherical harmonic expansibithe velocity or its
deviation from a given model (see e.gﬂl?ﬂ?ﬂ[?ﬁ [,7@]). Its advantages
are based on the fact that the properties of spherical harmms have been stud-
ied intensively in the past and many theorems and numericabbls are already
available for its application. The drawback of this approdutis that the used basis
functions are polynomials and therefore, have a global cleaater. However, since
seismic events strongly agglomerate in certain regions atite density of record-
ing stations extremely varies over the planet the availablseismic data are by far
not uniformly distributed over the Earth's surface. Due to his the structure of
the Earth can only coarsely be resolved in some areas, whereketailed models
could be obtained elsewhere. This hampers the determinatiof local models
and the local variation of the resolution of global models.
In this thesis we demonstrate that the concept of approximatg/interpolating
splines in reproducing kernel Sobolev spaces can be anothéernative. Since
such splines are constructed via reproducing kernel funotis that, in contrast to
spherical harmonics, are localizing (see also SectibnJ)2we do not have the
drawback of the spherical harmonics.
In several geoscienti ¢ applications such as gravity dataralysis (see e.g'%O],
1), modelling of the (anharmonic) density distributioninside the Earth (|45]),
modelling of seismic wave front propagation EJS?]E?B]) dndeformation analy-
sis (BB], E|7]) the splines or related spline methods deztv from the harmonic
version on the sphere have already been applied succesgfulh this thesis we
derive a theoretical basis for the applications of such spés to surface as well as
body wave tomography, which includes in particular the consiction of a corre-
sponding spline method for the 3-dimensional ball. Moreayewe run numerous
numerical tests that justify the theoretical consideratios.

The outline of this thesis is as follows:

Chapter 1 presents the basic notations, concepts, de nitis and theorems within

the scope necessary for this study. In particular some ortgonal series of polyno-
mials namely Legendre and Jacobi polynomials, as well as qaete orthonormal

systems on a sphere and a ball are presented.
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In Chapter 2 we give a brief introduction to inverse ill-posg problems in the

framework of linear problems in Banach spaces and in that dext present (as
far as we know) a new operator-form formulation of the seismiraveltime linear

tomography problem. Furthermore, we discuss the questiomauniqueness and
obtain a new result on the instability of that inverse problen.

In Chapter 3 we introduce spline functions in a reproducingetnel Sobolev space
to interpolate/approximate prescribed data. In order to beable to apply the
spline approximation concept to surface wave as well as to dyo wave tomog-
raphy problems, the spherical spline approximation concgpintroduced by W.
Freeden in ] andl[22], is extended for the case where thendon X of the
function to be approximated is an arbitrary compact set inR". This concept
is discussed in details for the case of the unit ball and the iirsphere. In this
context we also obtain some new results on convergence antbeestimates of
interpolating splines and demonstrate a method for constation of a regulariza-
tion of inverse problems via splines.

In Chapter 4 we present an application of a spline approximein method to
seismic surface wave traveltime tomography. We summarizeidy the results
of Chapter 3 for the case wher& is the unit sphere inR3. Some other theo-
retical aspects, including a new result on unigueness andneergence, as well as
numerical aspects of such an application are discussed. Weogpresent results of
numerical tests which include the reconstruction of the Radgigh and Love wave
phase velocity at 40, 50, 60, 80, 100, 130 and 150 seconds. edeer, for com-
parison purposes (for some phases) we obtain the correspiogdphase velocity
maps using the well-known spherical harmonics approximati method. To ver-
ify our spline method some tests with synthetic data sets, maely the so-called
checkerboard tests, a test by adding random noise to the irat traveltime data
and a test with a so-called hidden object, have been done asliwe

In Chapter 5 an application of the discussed spline approxetion method to seis-
mic body wave traveltime tomography is presented. Theoretal and numerical
aspects of such an application are discussed and some resol numerical tests
are demonstrated. Here numerical tests include a partial censtruction of the
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P-wave velocity function (according to PREM) and its pertubation with the use
of synthetic data sets.

The results of this work are summarized in Chapter 6, some adasions are made
and an outlook is given.

Finally, Appendix A contains a brief overview of seismic rayheory within the
framework of this thesis.






Contents

Introduction H
1 Basic Fundamentals I]
1.1 Preliminaries . . . . . . . .. .. Dl
1.2 Legendre Polynomials. . . . .. .. ... ... ... .. ...... D 5
1.3 Jacobi Polynomials . . . . .. .. ... ... ... ... .. ... D6
1.4 Spherical Harmonics . . . . . . . . . ... . o D 8
1.5 Complete Orthonormal Systemin&B) . . ... ... ...... B
2 Seismic Tomography as an Inverse Problem 15 D
2.1 Inverse lll-posed Problems . . . . .. ... ... .. ... ... I:I15
2.2 Seismic Traveltime Linearized Tomography . . . . . .. .. ... B
2.2.1 On Uniqueness of the Solution . . . . . .. ... ...... DZS
2.2.2 The Instability of the Solution . . . . .. .. ... ..... IES
2.2.3 On Existence of the Solution . . . . . ... ... ...... DZ6
3 Approximation by Splines E
3.1 SobolevSpaces ... .. ... .. .. ... D 29
3.1.1 De nition and basic properties. . . . . .. ... ... ... GO
3.1.2 Examples . .. .. ... E.JBZ
3.2 ReproducingKernels . . . ... ... ... .. .. ... ...... I]B4
3.2.1 De nition and basic properties. . . . . ... ... ... .. B4
3.22 Examples . .. ... ... B?
3.3 Spline Interpolation . . . . . .. .. ... ... Lo I]O
3.4 Smoothing . . .. ... ... .. DS
3.5 Best Approximation of Functionals . . . . . ... .. ... .. .. !

Vii



viii

CONTENTS

3.6 ErrorEstimates . .. ................
3.7 Convergence Results . . .. ... ........
3.8 Regularization with Splines . . . . .. ... ...

4 Application to Seismic Surface Wave Tomography

4.1 Initial Constructions . . . .. ... ... ... ..
4.2 Application . . ... ... oL
4.2.1 FirstMethod . .. ... ..........
4.2.2 Second Method . . ... ..........
43 Numerical Tests . . . . . ... ... ... .....
4.4 On Uniqueness and Convergence Results . . . .

5 Application to Seismic Body Wave Tomography

5.1 Initial Constructions . . .. ... ... ... ...
5.2 Application . ... ... ... ... ... ...
53 Numerical Tests . . . . ... ... ... ......
5.4 On Uniqueness and Convergence Results . . . .

6 Conclusions and Outlook

A On Seismic Ray Theory

Al SeismicRays .. ..................
A.2 Mohorovct velocity distribution . . . .. .. ...
A.3 The Linearized Eikonal Equation . . .. .. ...

References



Chapter 1
Basic Fundamentals

In this chapter we present the basic notations, concepts, aéions and theorems
within the scope necessary for this study. In particular soenorthogonal series
of polynomials namely Legendre and Jacobi polynomials, azlas complete
orthonormal systems on a sphere and a ball are presented.

1.1 Preliminaries

The letters N;Np; Z; R and C denote the set of positive integers, non-negative
integers, integers, real numbers and complex numbers, resgively. R";n 2 N
denotes then-dimensional Euclidean space. We considB" to be equipped with
the canonical inner product and associated normp j. ForM  R" by intM, @M
and M denote the set of all inner points oM , the boundary ofM , and the closure
of M, respectively. Throughout this work by and B we will always denote the
unit sphere and the closed unit ball irR3, respectively, i.,e. = fx 2 R3:jxj=1g
andB = fx 2 R®:jxj 1g. We suppose that the reader is familiar with concepts
of linear, topological, Banach, pre-Hilbert and Hilbert spces.

A set S in a real linear spaceX is called convexif for any two distinct points
X1;X2 2 S and any real O 1, the point x ; +(1 )Xz isin S.

A topological space is calledeparablef it contains a countable dense subset. Let
V be a linear space and/; and V, be subspaces d¥. We call V the direct sum
of V; and V, and denoteV = V;+V,, if any v 2 V can be uniquely decomposed
asv = vy + v,, wherev,; 2 V; and v, 2 V,. Every direct sum induces gorojector
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of V onto V; along V,, de ned by Pv := v;. Clearly P is a linear, idempotent
(i.e. P2 = P) operator, with the rangeV; and null spaceV,. If the projector P
is continuous,V is said to be atopological direct sumof V; and V,, and written
asV = V; V.. Inthis caseV; is called atopological complemenof V, in V.
ForD R" andk 2 N, we denote the set of all continuous functions : D! R
such that every derivative ofF of order k exists on intD and is continuous by
Cc®(D). For CO(D) =: C(D) we de ne

kFKkepy := supjF(x)j; F 2 C(D):
x2D

The functional k k¢(p) is a norm, if for instanceD is compact. In this case CD)

becomes a Banach space.

Let D R" be a compact set. The space of all oB bounded functions is

denoted by BD). It is known that B( D) equipped with the (supremum) norm
kFki: :=supjF(x)j; F 2 B(D);

x2D

is a Banach space (see e.B[GZ]). Clearly,l B(D).

LetD R" beacompactsetand D be a set of nitely many points ofD. We
denote the set of all functions which are bounded di and continuous onD n

by C (D), i.e. every function in C (D) is bounded and piecewise continuous on
D. Clearly, for any set D of nitely many points, C(D) C (D) B(D).

It can be shown that C (D) equipped with the supremum norm is a Banach
space. In fact, since C(D) B(D) and B(D) is complete, iff F,g,on  C (D)

is a Cauchy sequence then there exisis 2 B(D) such that

k- Frky ! O as n!l

This implies that if forany n 2 N, F, is continuous atx 2 D, then F is continuous
at x 2 D, too. HenceF is continuous onD n , and therefore F 2 C (D). Thus,
C (D) is a Banach space.

Let D R" be an arbitrary measurable set. By (D) we denote the space of all
real and square-Lebesgue-integrable functions de ned @n, where the elements
of L?(D) are, more precisely, equivalence classes of almost evdrgve identical
functions. L2(D) equipped Witgthe inner product

(F;G) L2y = ) F(X)G(x)dx; F;G 2 L?*D);
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is a Hilbert space.

Lemma 1.1.1 ([E]) Let D R" be an arbitrary compact set. Then for any
F 2 B(D)\ L?D) D
KFKL2(p) measureD) kFk; :

De nition 1.1.2  Let X be a normed linear space antix,g«.n, be a sequence of
elements ofX .

() fXkOk2n, is called complete inX if for any linear bounded functionalF on X,
F(xk) =0, k=0;1,2:: impliesF =0.

(i) fXkOkan, Is called closed inX if any y 2 X can be arbitrarily well approx-
imated by a nite linear combination of f XxQk2n,, 1-€. for any y 2 X and real
"> 0 there existsn 2 Ng and a;; ::;; a, 2 R such that

Theorem 1.1.3 ([E]) A sequence of elementbx,g of a normed linear spaceX
is closed if and only if it is complete.

Theorem 1.1.4 ([E]) Let fX,0n2n, PE an orthonormal system in a real Hilbert
space(X; (; )). Then the following statements are equivalent:

(A) fXn0n2n, IS closed (in sense the of the approximation theory) in X, i.e

X = sparf x,jn 2 Nogm:

(B) fXnOn2n, IS complete inX. Thatisy 2 X and (y;xi) =0, i 2 Ng implies
y =0.
(C) The Fourier series of any element 2 X converges in the norm toy, i.e.

X

Jim -y i=O(yixi)xi =0:

(D) Any element of X is uniquely determined by its Fourier coe cients: That
is, if (y;%) =(z;%), forall i 2 Np, theny = z.
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(E) Parseval's identity holds. That is for ally;z2 X,

XV
(y;2) = (y;xi)(zZ;%):

i=0

Theorem 1.1.5 ([E]) The powers1;x;x?;:::, de ned on [a;l] are complete in

L2([a; 0).

Corollary 1.1.6 ([E]) A sequencef p,gn2n,, Wherep, is a polynomial of degree
n de ned in [a; ), is complete inL?([a; ).

Theorem 1.1.7 (Welerstra, [@) A sequencef p,gn2n,, Wherep, is a polyno-
mial of degreen de ned in [a;, is closed inC([a; ).

Theorem 1.1.8 (Luzin, [@]) Let X R", n2 N be a compact set. Then for
any measurable functiorf on X and any real number’ > 0 there existsg 2 C(X)
such that

measure{x 2 X :f(x) 6 g(x)g) ™

Theorem 1.1.9 ([E]) Let X R", n2 N be a compact set. Then
o) =LAX):

Taking into account that the measure of a compact set is alwaynite and using
LemmalL I and Corollary”I.TI9 one obtain the following tloeem.

Theorem 1.1.10 Let X R", n 2 N be a compact set anflf g,y be a sequence
of continuous functions onX . If ff;gi,n is closed inC(X) then it is closed in
L2(X) as well.

Theorem 1.1.11 (F. Riesz' representation theorem, E4]) Let(X; (;)) be a
Hilbert space and~ a bounded linear functional orX . Then there exists a uniquely
determined element: of X, called the representer of, such that

F(x)=(x;yg) forall x2 X; and KkFk= kygk:

Conversely, any elemeny 2 X de nes a bounded linear functionaF, on X such

by
Fy(x)=(x;y) forall x2X; and kFyk= kyk:
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Theorem 1.1.12 ([@]) Let H be a dense and convex set in a normed linear
spaceE, and let Fy;:::;F, ben linear functionals overE. Then for any element
f in E and for every real" > 0 there existsg 2 H such thatkf gkg " and

Fif = Fig; forall i=1;:;n:

1.2 Legendre Polynomials

The following introduction to the theory of Legendre polynmials is based on
[@], where further details about this subject can be found.

De nition 1.2.1  The Legendre Polynomiald P,g,.n, are polynomials, de ned
in the interval [ 1;1] and given by Rodriguez's formula:

1 d "

Pn(t) = 20! dt

(t> " t2[ 1;1]n2 Ng:

Theorem 1.2.2 If for every n 2 Np:
(i) P, is a polynomial of degrea, de ned on[ 1;1],
(i) Rll Pn(t)Pn(t)dt =0 for all m 2 Ngnfng,

(i) P,(1)=1,

then f P,gn2n, IS the system of Legendre Polynomials.

Theorem 1.2.3 For any n 2 Ny

2

2 — .
KPkizq 1a) = 507

Theorem 1.2.4 The Legendre Polynomiald P,g,,n and their derivatives have
the following property:
PEMm) | PR

forall k2 Np and allt 2 [ 1;1]; in particular
iPa()j | Pn(1)]

forallt2 [ 1;1]
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Theorem 1.2.5 (recurrence formulae)
The Legendre Polynomiald$ P,gn2n, Satisfy the following identities:

P2, (1) tPXt)

(t*  P(D)
(n + 1) I:)n+l (t) + nI:)n 1(t)

(n+1)Pq(t);
ntPn(t) nPy 1(t);
2n+21)tP,(t):

1.3 Jacobi Polynomials

For further constructions we also need a more general orthmgal system of poly-
nomials namely Jacobi polynomials. We only present de nitins and some prop-
erties of them. For further details and proofs we refer ta_[44and [70].

Denition 1.3.1 Letb >0anda > b 1 be given real numbers. The Jacobi
polynomials are de ned by the following Rodriguez's formaul

n

Goaix) = LN B yang o

(2 = a) & X(n+b 1)(1 X)n+a b

for n 2 No and x 2 [0; 1], where is the Gamma function.

Theorem 1.3.2 Letb >0anda > Db 1 be given real numbers. The Jacobi
polynomials f G,(a; b x)gn2n, are the only polynomials to satisfy the following
properties for alln 2 Np:

(i) Gn(a;b ) is a polynomial of degree n, de ned on [0; 1]:
(i)  Gn(a;p0)=1:
Z 1

(iii ) x? 11 x)? PG,(a;bx)Gm(a;bx)dx =0 for all m 2 Nonfng:
0
In case ofm = n, we have (seelﬂ’O] p. 212)
Z 1

b a b (a . _ ,(a+n)(b+n)(a b+tn+1),
. x? 11 x)® *Gn(a; b x)Gn(a; b x)dx = n! Zn+ a[( a+t 2 :

Hence, if we set

(2n+ a)[( a+2n)]? 1=2

Gn(a;bx) = nf(a+n)(b+n)(a b+n+1)

Gn(askx);  (1.1)
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wherex 2 [0; 1], then the systemf G,,(a; ki X)gn2n, Will be orthonormal in L2[0; 1]
with the weight function w(x) = x® 1(1  x)2 °.

Since foranyb >0 anda>b 1,G,(a;ly ) is a polynomial of degree n, de ned
on [0, 1], G,(a;b ) also is a polynomial of degree n, de ned on Q@]. Hence,
Theorem[I LY implies that the systeni G, (a; B X)gn2n, IS closed in C[Q1].

Note that one nds an alternative de nition in the literatur e (see e.g.L[70]), where
the functionsP{’ ’, n 2 N, with ; > 1 xed, are called Jacobi polynomials
if they satisfy the following properties for alln 2 Np:

(i) E,E ) is a polynomial of degree n, de ned on [1;1];
1

(i) 1 x) @+x) P{OXPL )(x)dx=0 forall m 2 Nonfng:
0

, Gy (n+ +1)

The relation betweenP!’  and G, (a:l1 ) is given by (seel[70], p. 210)

n'(n+ a)P(a bib 1)

Gn(a;hx) = @n+a) "

2x 1); x2][0;1] (1.2)

Note that the Legendre Polynomials represent the special saP,, = ©:0)

Theorem 1.3.3 For any ; > 1 the Jacobi PonnomiaIsPrﬁ; ) have the fol-

lowing property (seelﬂ4], p. %17):
< .
_ O(n9); if = max(a; b 1=2
max PG )= ) 9= max(ah (13
x2[ 1] - O(n ¥2); if g=max(a;h < 1=2

asn!l
Theorem 1.3.4 (recurrence formula)

For any ; > 1 and for all x 2 [ 1;1] the Jacobi PolynomiaIsP,E; ) satisfy
the following identities (seelﬂ4], p. 213):

: : 1
PS (0 =1;P{ 0 = +50+ +2x

2
and forn 2,

2n( + +n)( + +2n 2P )(x)

=[( + +2n 2( + +2n 1 + +2nx+( 2 HPI(X)

2( +n 1) +n 1 + +2n)PL)(x):
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1.4 Spherical Harmonics

Spherical harmonics are the functions most commonly used tepresent scalar
elds on a spherical surface. We will use constructions witepherical harmonics
for approximations of seismic surface as well as body wavdogties. In this sec-
tion we present de nitions and some well-known facts from #theory of spherical
harmonics. For the proofs of the theorems and further detailwe refer to[ELzlél] and
references therein.

De nition 1.4.1 Let D  R3 be open and connected. A functiof 2 C@ (D)
is called harmonic if and only if

@F

x3
«F(X) = ——(x)=0; forall x=(Xi;X2;X3)' 2 D:

- OF
The set of all harmonic functions inC® (D) is denoted byHarm(D).

De nition 1.4.2 A polynomial P on R® is called homogeneous of degree n if
P(x)= "P(x) forall 2 R, and all x 2 R% The set of all homogeneous
polynomials of degrean on R® is denoted byHom, (R3).

Theorem 1.4.3 The dimension ofHom,(R3) is given by

(n+1)(n+2),

dim Hom,(R®) = >

n2 No:

De nition 1.4.4  The set of all homogeneous harmonic polynomials &% with
degreen 2 N is denoted byHarm,(R?), i.e.

Harm,(R® := P 2 Hom,(R®j P =0 ; n2 Ng:

Furthermore, we de ne

Harmo..., (R®) Harm;(R%); n 2 No;
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De nition 1.4.5 A spherical harmonic of degree n is the restriction of a homo-
geneous harmonic polynomial oR® with degreen 2 N, to the unit sphere . The
collection of all spherical harmonics of degree will be denoted byHarm,() , i.e.

Harm,()= Fj jF 2 Harm,(R® : n2 Ng:

Theorem 1.4.6 If m 6 n then Harm,() is orthogonal to Harm,() Iin the
sense oL.?() ,i.e. if m 6 n, thenforallY,, 2 Harm,() andallY, 2 Harm,()

(Ym; Yn) 2y =0:

Hence, if we have orthonormal systems for every Hapif), n 2 No, we get an
orthonormal system for the space Harg.1 ().

Theorem 1.4.7 The dimension ofHarm,() , n 2 Ng is equal to2n+1, i.e.
dim(Harm,())=2 n+1; n2 Ng:

Therefore, a complete orthonormal system in Hargg ) must have exactly 2n+1
elements.

orthonormal system inHarmg..; () , such thatY,; 2 Harm,() for all j =
n;:::;n. We call n the degree ofY,;, andj the order ofYy;.

The evaluation of sums with spherical harmonics can be essally simpli ed by
the following theorem.

Theorem 1.4.9 (Addition Theorem for Spherical Harmonics)
Forall ; 2 we have

n+1

Yh;j ( )Yn;j ()= Pn( ):

j= n
whereP,, is the Legendre Polynomial of degree.

The following theorem implies that every function in C() can be approximated
arbitrarily well (in C() sense) by the system f Yy On2ng;j= nin -

.....
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The fundamental importance of the spherical harmonics is denstrated by the
following theorem.

i.e. every function in L2() can be approximated arbitrarily well (in L 2() sense)
by the systemf Yy Onang;i= njin -

In applications we will use a particular system of sphericdlarmonics given by

%péxn;jjj( Jeos( ); if n j< O
Xno( ); if j=0; (1.4)

gpﬁxn;j()sin(j ), if 0<j n

Yo; ()= Y C (5 )

N2 N, j 2f n;::;ng; where

n+1 2 o(n gy P

Xnj():=( 1y 1 (7)) Pn; (cos ); (1.5)
. =2 d " "
Pn; (1) := >l 1t at t2 1,

and 2 [0; Jand 2 [0;2 ) are the colatitude and the longitude corresponding
to =( 1; 2; 3) 2 which can be calculated from the equations cos() = 3,
tan( ) = ,=3. Usually P,; is called associated Legendre function of degrae
and orderj .

We will also use a system of complex valued spherical harmoesigiven by
Yoi ()= Yo ( (5 )= Xoi ()€ 5 n2Ng;j 2f n;iing; (1.6)
where X is de ned in ([L3).
So, we see that, fon 2 Ng andj 2f n;::;ng,
EDEREYn;m( ) if n j<O
Yn;j( ): Yn;O( ), |f J = O; (17)

3p
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For details on the theory of complex spherical harmonics wefer to EL] andlEZ].

1.5 Complete Orthonormal System in L%(B)

Let fg(r)dan, » I 2 [0;1] be an orthonormal system in B[O; 1] with the weight
function w(r) = r?in [0;1], i.e.
1

i r’gd(r)g(r)dr = «; k12 Ng: (1.8)

We de ne the sequence W, (x)

< a(r) Yy (x); if x2 B nfog; L9)

WkE?n;j (x) = WkE?n;j (N x) = c 1 i x=0;

wherery = jxj, x = X5X] and Y,; is the spherical harmonic of degree and
orderj. Note that here any other real can be taken aWkE;‘n;j (0), too. Throughout
this work by r, and , we will always denote the norm and the unit vector of
x 2 R3n f0g respectively.

Next, we see that 5

B \\/B B B
Wkl;nl;jl’sz;nz;jz L2(B) 5 Wkl;nl;j1(X)sz;nz;jz(x)dx

Z

(gkl(rx)Ynl;jl( X))(gkz(rX)Ynz;jz( x))d(rx x)
z° z
r)%gkl(rx)gkz(rx) Ynl;jl( x)Ynz;jz( x)d! ( x) drx
z,

2
rxgkl(rx)gkz(rx)dr NNz j1ij2
0

kikz ninz jajias
used. Hence, W2, kn2Noj = mn 1S Orthonormal in L%(B). Moreover, it can
be shown that iff g (r)gk2n, iS complete in [2[0; 1] then WkE;‘n;j (X) kn2Noj= nacn
will be complete in L*(B). In fact, W2, _is complete in *(B) if
for any F 2 L?(B),
z Z . z
. F(X)WkB;n;j (x)dx = . gk(rx)ri F(rx x)Ynj ( x)d ( x)dry =0; (1.10)
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for any k;n 2 No;j = n;::n, implies that F = 0 almost everywhere (a.e.) in
B. Take anyF 2 L?(B). We denote
Z
Unj (ry) = r)% F(rx x)Ynj (x)d (x); rx2[01]

Now, if fge(r)dean, is complete in 12[0; 1] then from (TID) follows that for any
N2 Noj = n;zin, Uy; =0a.e. in[0;1]. Hence,
Z
F(r« X)Yn;j (x)d (x)=0

for almost all r, 2 [0; 1]. However, since Yn; Onangj= nn IS COMplete in 2(),
F(ry x) = 0 for almost all ry 2 [0;1] and almost all L 2 . Therefore, F =0
a.e. inB.

Thus, in order to W2, kn2Nosj= nacn be a complete orthonormal system in
L2(B), we need to choose the systerhg(r)dk2n, Such that it is complete in
L2[0;1] and fulls (C8). However, in SectionCLB we have seen thahe sys-
tem f Gy (3; 3;1)0k2n,, I 2 [0; 1] of normalized Jacobi polynomials is complete in
L2[0; 1] and is orthonormal in L2[0; 1] with the weight function w(r) = r?. Thus,
by taking gk(r) := Gk(3; 3;r), WkE;‘n;j . will be a complete orthonor-
mal system in ?(B).

Using Equations [1T.1) and [TR), we can simplifyGk(3; 3; ry).

2k +3)[(3+2 K2

Gi(3;3; %) KB+ K@+ K (kD) G(3;3;T%)
(k+3)[E+2 WP 2k (k+3) o
K@+ @+ K(keD) @k+3) kb
(2k +3)2+ 2K KKk +2)! _ o)
KPR+ ko & D
= " 2k+3P%?@r, 1)
Hence,
< Kk+3P02(2r,  1)Yn;(4); if x2 Bnfog;
Wlsn;j (x) = WISn;j (rx x) = . k X A X7 . !
- L if x=0;

(1.11)
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with k;n 2 No;j = n;:n.

The set (0 1] isisomorphic to B nf0g, where e.g. the mapr(y; x) 7' (rx «),

with ry 2 (0;1], x 2 can be taken as an isomorphism. Therefore, the continuity
of Gx(3;3; )Yn; () on (0;1] implies the continuity of WkE;‘n;j () on B nf0g,

wherek;n 2 Ng;j = n;::;n. However, it can be shown that for allk 2 N,

with G¢(3;3;0)6 0andforalln 2 Ng;j = n;:n, Wkén;j () is not continuous at
02 B. Infact, let k 2 Ng such that G¢(3;3;0)6 0and let n 2 No;j = n;:;n

be arbitrary, but xed. Moreover, let ;; ;2 suchthat Y,;( 1) 6 Yy ( 2) and

let frngm2n be a sequence in [@] with r, I Oasm!1 . In this case,

i 1 — 2 _n-
i i = i %5 =0

wherex?! = ry, 1 andx2 = rp, 2, m2 N. However,
Gk(3;3,0)Yn; (1) = r!q',q‘ Wkl-j;n;j (le) 6 rLI'T Wl?;n;j (szn) = Gk(3;3;0)Yn; ( 2):

Hence, taking into account the fact that for anyk;n 2 Np andj = n;::;n,
Wi is bounded onB we obtain that W2, C (B), with
= f0g.

kin2No;j= n;n
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Chapter 2

Seismic Tomography as an
Inverse Problem

Here we give a brief introduction to inverse ill-posed probms in the framework of
linear problems in Banach spaces (for more details see foample Eb], Eb],@s],
[@], IB EIZ] ). In this context we discuss questions camning the uniqueness,
the stability and the existence of the solution of the seismitraveltime tomography

problem.

2.1 Inverse lll-posed Problems

Let (H;k ky) and (K;k kg) be Banach spaces and :H ! K be a linear
bounded operator.

Problem 2.1.1 GivenG 2 K, nd F 2 H such that
F=G: (2.1)

Denote the domain, range and nullspace of byD(), R() and N(), respec-
tively.

De nition 2.1.2  The inverse probleniZZ1]1 is called well-posed in the sen$e o
Hadamard (or in the classical sense), if the following corains are satis ed:

for eachG 2 K there existsF 2 H, such that F = G,
(existence of a solution)

15
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for eachG 2 K there exists no more than on& 2 H, such that F = G,
(unigueness of the solution)

the solutionF 2 H depends continuously ois 2 K.
(continuity/stability of the inverse 1)

Otherwise ProblenZT1 is called ill-posed.

This means that for an ill-posed problem the operator ! does not exist, or is
not de ned on all of K, or is not continuous.
In practice we are often not confronted with the well-posedrpblems. First of
all a solution of F = G exists only if G is in the range of . Errors due to
unprecise measurements may cause th&t 2 R(). Another di culty with an
ill-posed problem is that even if it is solvable, the solutio of F = G needs not
be close to the solution of F = G’ if G is close toG.
In order to de ne a substitute for the solution of F = G, if there is none, one
introduces a notion of a so-called generalized solution, igh roughly speaking is
the F for which F is "nearest" (in some sense) t@.
Assume that there exist closed subspacds H andS K such thatH and
K can be represented as a direct sum &f() and M and respectively ofR()
and S, i.e. H=N() +M andK = R() +S. Let P be the projector ofH onto
N() along M and Q be the projector ofK onto R() along S. However, it is
known that (see e.qg. L[65]) if a Banach space is representedaaslirect sum of
two closed subspaces then this direct sum is topologicak.i.the corresponding
projectors are continuous. HenceR and Q are continuous, i.e.H = N() M
and K = R() S. Let , be the restriction of to M, o:= jM. Then
o.M ! R()is bijective. The generalized inversdsee l[_—ElS]) * of is de ned
as the unique extension of ,* to R() +S such that *(S) =0. Clearly, * is
linear. It can also be shown that * is characterized by the following equations:

T = * on D( *):=R() £S
=0 on D( *)
=1 P

This impliesthat * = . Wealsohavethat * = ,'QonD( *),R( *)=
M andN( *)=S. ForG2 D( *), F:= *Gis the unique solution of

F = QG (2.2)
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in M. Hence, the set of all solutions of{212) is* G + N().

Note that if H and K are Hilbert spaces therN() and R() have topological
complements. In particular, if we takeM := N() * and S := R() ?, then *
is also calledMoore-Penroseinverse of (see e.g. ES]E%). Moreover, in that
case, for anyG 2 D( *), "G is the unique least-squares solution of minimal
norm of Z1). For Hilbert spaces one can prove also the folllng theorem (see

e.g. [54]).

Theorem 2.1.3 Let H and K be Hilbert spaces and: H ! K be a linear
bounded operator. Then, the generalized (Moore-Penrosajverse of , * is
continuous if and only ifR() is closed.

We mention that motivated from this result in Hilbert spacesone can also give
another de nition of ill-posedness.

De nition 2.1.4 Let H and K be Hilbert spaces and: H ! K be a linear

bounded operator. ProbleriZZ1l1 is called ill-posed in thense of Nashed, if the
range of R() is not closed. Otherwise, it is called well-posed in the senef

Nashed.

In general, * is not a continuous operator, this means that "small" change
in the data can cause "big" changes in the solution. In orderot have a con-
tinuous dependence of the solution on the data one introduxé¢he concept of a
regularization of * (see e.g.lEfs]I__[j’Z]).

De nition 2.1.5 Let(H;k ky) and(K; k k) be Banach spacesand H! K
be a linear bounded operator. Assume that the closuR{) has a topological
complement inK, say S. The family of operators ; :K! H,J 2 Z, is called
a regularization of the generalized inverse® if

(i) forany J 2 Z, ; is linear and bounded orK,
(i) forany G2 R() +S,

lim k LLC] +GkH =0:

Jn

The function F; = ;G is calledJ-level regularization of Probleni=2ZT]1 and the
parameterJ is called regularization parameter.
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Obviously, k ;k!'1 asJ!1 if * is not bounded.

With the help of regularization one can solve Problefi2l.lparoximately in the
following sense. LeG" be an approximation ofG such thatkG"~ Gkyx ". Let
alsoF* = *G,andF; = ;G',J2Z. Then

kF; F‘*ky k ;G 3Gky + k ;G *Gky
k ;kkG Gkg + k ;G * Gky
"k Jk+ Kk 3G +GkH:

This decomposition shows that the error consists of two past the rst term
re ects the in uence of the incorrect data, while the seconderm is represent the
approximation error between ; and *. Usually the rst term increases with
the increasing ofJ because of the ill-posed nature of the problem, whereas the
second term will decrease as!1 according the de nition of a regularization.
Every regularization scheme requires a strategy for chongithe parameterJ in
dependence on the error levél in order to achieve an acceptable total error for
the regularized solution.
There are several methods for constructing a regularizatipe.g. the Truncated
Singular Value Decomposition, the Method of Tikhonov-Phips, Iterative Meth-
ods (see e.g]ﬂoﬂlgﬁm), Regularization with Waveddsee e.g.lﬂ3]m16ﬂl47],
1), etc. In the following chapter we will present a splinapproximation method
and in particular we will show that it can be considered as a geilarization.

2.2 Seismic Traveltime Linearized Tomography

The task of seismic traveltime tomography is to determine #seismic wave veloc-
ity function/model out of traveltime data related to the positions of the epicenters

and the recording stations. This is an inverse problem, whiccan be represented
as follows:

Problem 2.2.1 Given traveltimesTg; q= 1;:::;; N of seismic waves between epi-
centers Eq4 and receiversR, on the Earth's surface. Find a (slowness) function
S, such that 7

Tq= S(x)d (x); g=1;:5N,; (2.3)

q
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where o g = 1;::;; N are seismic rays betweert, and Ry, and d (x) is the
arc-length element.

Seismic rays 4,9 = 1;:::;;N are dependent on the slowness mod8| and this
brings nonlinearity into Problem[ZZ. To avoid this nonkearity we will use the
most common approach in seismological literature (see e.ﬁ, EIZ], |[_—5|7]), the
so-called traveltime perturbation method (see Sectidi )3 That is in Equations
(Z33) instead of traveltimes we will use traveltime di ereres or so called delay

times, with respect to traveltimes in a reference slownessoutel:
z z

Tq=Tq Tg=  SKX)d (x) 0 So(x)d (x) q=1;::N; (2.4)
q q

WhereTé’ and 3 g=1;::; N, are respectively traveltimes and raypaths of seismic
waves in a reference slowness mo@g(x). Therefore, assuming thatS = S S
is not "big", using Equation [A& 13, we can substitute the unkown raypaths in a
slowness mode§(x) by raypaths in a reference modeBy(x).
We mention that the assumption that S is not "big" in seismological literature
usually means thatSy and S di er from one another no more than 10%, i.e.
JSj min(jSj;jSoj)=10.
So, with the accuracy of small quantities of the order o5 ? (see Sectioi’ AIB) we
can rewrite (Z3) approximately azs:

Tg=Tqg TJ O S(x)d (xX) q=1;::N: (2.5)
q
This (approximate) equation already expresses a linear agionship between the
observed delay times and the perturbationsS =: S to the reference slowness
model Sy. In the present work we only discuss the linear formulationfcseismic
traveltime tomography. For investigations on the nonlineaformulation of our
problem, see e.g.[l[2] [8514] and references therein.

In seismic body wave tomography the domain of the unknown sWmess function
S and the raypaths 4 are lying in the Earth's interior; whereas in seismic surfac
wave tomography the domain ofS and  are lying on the Earth's surface. In
this chapter we will consider only the case of body wave tom@phy, as long as
for surface wave tomography the results are analogous.



20 Chapter 2. Seismic Tomography as an Inverse Problem

We shall present a more precise mathematical formulation &roblem[Z2].
Throughout this work we will use the unit ball B in R® as an approximation to
the Earth, and the unit sphere = @Btherefore will be used as an approximation
to the Earth's surface.

Assumption 2.2.2  Seismic rays are uniquely determined by the given data about
the type of the considered seismic waves, reference md8gland by the source
and receiver coordinates.

This is not a restriction since if there are several seismiays between the given
source and receiver we will just take any particular one of #m (see SectiohAll).

Assumption 2.2.3 The perturbation S is a continuous function inB, i.e. S2
C(B).

It should be mentioned that usually the slowness perturbadn function Sis sup-
posed to possess continuous derivatives of second and sames higher order. It
will be additionally mentioned if such a requirement arises

Assumption 2.2.4 The seismic sources and receivers are located on the Earth's
surface.

Taking this into account we reformulate ProblenTZZ]1 as flows:

Problem 2.2.5 Given real numbersTy; g = 1;:::; N and pairs of points(Eq; Rg) 2
. Find S2 C(B) such that
Z

Te=  S(X)d (x); q=1;:5N; (2.6)

where ¢;q = 1;:: N, are given curves/raypaths (independent fron) between
Eq and Ry,

This is the so-called discrete formulation of the seismicdveltime linear inversion
problem, since traveltimes are given only for nitely many ays. For further dis-
cussions and analysis it is convenient to write Problef@2Z®in continuous form
as well (see e.g ]ﬂﬁl]).
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By s,( 15 2) =0 so(u), u=(1; 2)2 we denote the seismic raypath
between ; and ,, according to the reference moded,. If no confusion is likely
to arise, we will simply write  instead of s,(u).

In this case ProblenTZ.Z15 in continuous form can be formukd as follows:

Problem 2.2.6 Given a function (u)= ( 1; 2),u=( 1; 2) 2 , nd a
continuous functionSin B such that
Z
W= (1 2= ()S(X)d (X): (2.7)
Solu

This problem in the nonlinear case, i.e. when we haveg(u) instead of g,(u) in
Equation (Z1), is also called the inverse kinematic prolie of seismology, and was
rst considered in 1905-1907 by G. Herglotz (seEl34]) and Bliechert, assuming

spherical symmetry of the Earth.

We will show now that ( 1; 2) can be assumed to be a continuous function of
. and ,. First, let us show that the traveltime in a non-linearized nodel is a

continuous function. That is

Theorem 2.2.7 Letforanyu=( 1; 2) 2 :
Z

duw:= A1 2= ()S(x)d (x):

Then for any non-negative measurable and bounded functi8nin B 2(; ) is a
continuous function on

Proof: Take arbitrary points 9; § 2 . We show that 2(; ) is continuous
at( 9 9). Forany 1; ,2 denote by ( 1; ») the set of all smooth curves

lying in B and joining the points ; and ,. Let also
z

(20 )= S()d (x); 2 ( 1 2

In this case according to Fermat's principle (see SectidnB). the seismic ray
between ; and , (according to the slowness moded) is the curve 2 ( 1; »)

on which the functional ( ) achieves its minimum, i.e.
Z

1 2)= (12 s( 15 2)= 2”(1”1; ) S(x)d (x):
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Now take any" > 0. Clearly, for su ciently small > 0 and for any ; ,2 ,
ifj: 9 < andj, 9j< ,then ;and , can be smoothly connected to
s( % 9) with the curves Iy, I, with the lengths smaller thanC; , where C; is
some positive constant (see Figuie2.1). The obtained smbaturve that connects

1500V

Figure 2.1: Construction of ;.

the points 1;A;B; , will be denoted by ;.
Let S be bounded by the constanC, > 0. SinceS is non-negative,

Z Z
(152 = min S(x)d (x) S(x)d (x)
(152 Ve 1 7
S(x)d (x)+ S(x)d (x)+ S(x)d (x)
I I s(9 9

2
2C1Co+ (15 2):
Hence, taking = "=2C;C, we obtain
sCu2) "+ (2
In an analogous way we obtain that
s( 2 "+ (a2
Therefore
jsCu2) (&5
asj 1 i< andj, 3j<
Since 9; 92 was arbitrary, J(; )2 C( ).
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The approximate Equation [Z5) (in a continuous form) can bevritten as
z

A2 &1 2) (S(xX)  So(x))d (x) forany 4; 22 :(2.8)

Sp (U)

where S and Sy represent real and reference slowness model respectivelyd
therefore are non-negative and bounded. TheorelZI2.7 ingd that 2(; );
()2 ¢( ). Therefore, if we set S:= S Sy then (;) dened by the
Equation [Z4) can be written as

() A2 (1 2

That is (; ) can be represented (approximately) as a di erence of contious
functions, therefore, in the context of linear tomographytiis realistic to make
the following assumption.

Assumption 2.2.8  (; ) is a continuous function on

Next, we will assume the following properties.

Assumption 2.2.9 There exists an integei. such that for anyus; u, 2 ,
with u; 6 u, the number of intersection points of ,, and , is smaller thanL.

For example if ,, u2 are straight lines then any number greater than 1
can be taken ad.. If ,, u2 can be represented as a part of an ellipse
then any number greater than 2 can be taken as.

Assumption 2.2.10 There existsM % 2 R such that for any ballB B with
radius ,
length & <M%; forall u2 ;

wherelength 2 s the length of the part of , whose image is iB .
In particular, taking B = B we will have that
length( ,) <M = forall u?2

For example if ,, u2 are straight lines then any number greater than 2
can be taken aM >, If ,, u2 can be represented as a part of an ellipse
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then any number greater than 2 can be taken asgvi *.
Denote by T the operator, de ned on C8), by T(F)= TF = ¢, where
z
F(uy= F(X)d (x); u2

u

Using our notations we can write ProbleniZ216 in the followg form:

Problem 2.2.11 Given a function de ned on , hd a function F 2 C(B)
such that

TF = : (2.9)
Note that in Problem ZZ3, as well as in practice, is given only in nitely many
points of
According to Assumption[ZZB ( ; ) is a continuous function on . Hence
the range ofT is in the space of continuous functionson ,i.e. T :C(B)!
C( ).
Clearly, T is linear. Using Assumption’ZZ110 we obtain that for anfF 2 C(B),

Z
KTFke( ) = max F(x)d (x) <M * maxjF (x)j = M %°kF ke(g):
u2 " x2B

This means that T is bounded and therefore continuous as well.

We remark also that ProblenZZ2Z111 can be considered as a spkcase of the main
problem of integral geometry, which in general case can berwlated as follows
(see I[28]): Letu(x) be a su ciently smooth function de ned in n-dimensional
space, i.e.x = (Xg;:1;X,), and let fM( )g be a family of smooth manifolds in

this space depending on a parameter=( 1;:::; k) de ned on a parameter space
. For a given function v( ), it is required to nd the function u(x), with
Z

updd =v( ) 2 g
M()

whered de nes the element of measure oM ( ).

Another special case of Integral Geometry is the so-callecdb@puterized Tomog-

raphy (see e.g. |E6]), which has important applications in edicine. In that

case the corresponding transform which maps a function inthe set of its line

integrals is called Radon transform.
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2.2.1 On Uniqueness of the Solution

Clearly, the uniqueness of the solution of the integral geaetry problem, and in
particular Problem ZZZT1 depends on the family of the curgeon which the inte-
gral of the target function is given. That is, it depends on tke reference slowness
function according to which these curves are generated.
The rst general results on uniqueness of the integral geoitng problem, in lin-
ear and nonlinear case, were obtained by R. G. Mukhometov @] ma] in the
two-dimensional case. The multidimensional generalizath of these results have
been done by R. G. Mukhometov himsel}__[_lsof__fsl], by I. N. Bestein and M. L.
Gerver [7] as well as by some other authors V. G. Romanavi[68], E. Anikonov
and V. G. Romanov I[]B].
The question on uniqueness of the integral geometry probleisialso discussed in
di erential geometry and known asboundary rigidity problem(see e.g.lEG]E&SQ],
] and the references therein).

Here we present (without proof) the result of I. N. Bernsteirand M. L. Gerver
obtained in [7].

De nition 2.2.12  The family of curves is called regular irB if the following
holds true.

a) For any point x 2 B and every direction , a unique curve ,. 2  passes

through the pointx and its tangent has the direction at x.

b) Denote byy(x; ;s) the point of the curve ,. , which we arrive moving along
«. from x at a direction at a distances. y(x; ;s) is a smoothl] function of

X; ;S on its domain, sayM.

c) M is compact. In particular lengths of the curves of are uniformly bounded.

d) One unique curve from passes through any two di erent points fronB, i.e.

the equalityy(x; ;s) = y has a unique solution( ;s) for any x;y 2 B, X 6 .

e) That solution ( ;s) depends smoothly ox;y with x 6 .

Theorem 2.2.13 ([H]) If the family of seismic curves is regular, then Problem
[ZZT11 for a smooth functionF has no more than one solution.

For simplicity "smooth" is understood here as in nitely oft en di erentiable.
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In case of surface wave tomography and for a special case oblem ZZTI,
analogous uniqueness problems will be discussed in lateapters.

2.2.2 The Instability of the Solution

To prove the instability of the solution of ProblemZZTIl wehave to show that
if T ! exists then it is not continuous. For this we use the followip well known
theorem from functional analysis (see e.gl]84]).

Theorem 2.2.14 Let (X; k kyx), (Y;k ky) be normed linear spaces. Then a
linear operator T : X ! Y admits a continuous inversel ! on the range ofT if
and only if there exists a constant > 0 such that

ckxkx k Txky; forall x2 X:

The following theorem, as far as we know, is a new result.
Theorem 2.2.15 If T 1:T(C(B))! C(B) exists then it is not continuous.

Proof: From TheoremZZT¥ we see that for discontinuity of ! it is enough to
show that for anyc > 0 there existsF 2 C(B) such that ckFkeigy > KTFKe( .
Take any c > 0, we can construct a continuous non-negative functiof. 2 C(B)
such that maxg jFc(X)] = F¢(Xo) 6 0 for somexg 2 B and F¢(x) = 0 for any
X 2 Xo(c=M%), where xo(c=M%0) is the c=M*° neighborhood ofx,.

Hence using Assumptiolir2210 we obtain that
Z

KTFke( ) = max  F(x)d (9 < %MS‘JKFkC(B) = ckFkege):

u

This completes our proof.

2.2.3 On Existence of the Solution

The question on existence of the solution of the seismic tography problem (in
general case) is not widely discussed and is still open. Atgsent we can only say
that if the operator T is injective, i.e. the solution of ProblenTZZ1 is unique,
then T is not surjective, i.e. there exists o 2 C( ) for which Equation (23]
has no solution. This fact holds true due to the following therem.
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Theorem 2.2.16 ([@]) An injective continuous linear operator between twa-
nach spaces has a continuous inverse if it is surjective.

Hence, if T is injective then it is not surjective, sinceT ! is not continuous (see
TheoremZZIDb).
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Chapter 3
Approximation by Splines

In this chapter we introduce spline functions in a reproduog kernel Sobolev space
W(f Axg; X) to interpolate/approximate prescribed data. Concerningo this the
following elds of interest are discussed in more detail, maely smoothing, best
approximation, error estimates, convergence results anegularization via splines.

In order to be able to apply the spline approximation conceptio surface wave as
well as to body wave tomography problems, the spherical spéi approximation
concept, introduced by W. Freeden in[21] and [22], is exteed for the case where
the domain of the function to be approximated is an arbitrarycompact set inR".
Results are mostly based on works of W. Freeden et al. (see][422], EJS], |L—2|4])
for the unit sphere, and on ],|E|5] for the theory of reproding kernels.

Note that there are alternative approaches to construct irrpolating or approx-
imating structures by use of the reproducing kernel Hilberspace theory such as

in [€], [63], [64]

3.1 Sobolev Spaces

Throughout this chapter, let X  R"; n 2 N be an arbitrary compact set. We
will call X the initial set for spline approximation. Let alsoW* = fWX : X !
R; WX 2 C (X); k 2 Nog be a complete and orthonormal (both in B(X) sense)
system onX , where C (X) is de ned in Section[I1. We will callW* the initial
basis systenon X.

29
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3.1.1 De nition and basic properties

De nition 3.1.1  LetfAx0k2n, be an arbitrary real sequence. BE := E(f Ag; X)
we denote the space of all 2 L?(X) satisfying
F; W

Lz(x)zo forall k2 N with Ax=0

%
Ak2 F Wk L2(X) (G Wk )LZ(X)
A0
0 1,,0 1,5
%
2
©  AZ WS K E.p AGGW g K <1
Akk=§00 k@o

Therefore, E is a pre-Hilbert space if it is equipped with the inner produc

X
(FiGwiawx) = Al FWS Ly, (GWY) .k, FiG2E

k=0
Ak 60

The associated nornk Kwa,gx) iS given bykF Kwa, gx) := P (F; Fwita, gx)-

De nition 3.1.2 The Sobolev spac®/(f Acg; X) is de ned as the completion of
E(f Axg; X)) with respect to the inner product ; )wa,gx)-

If no confusion is likely to arise, we will simply writeW instead of W(f Acg; X).
It is clear that W equipped with the inner product (; )w is a Hilbert space.

Elements of Sobolev spaces may be interpreted as formal agjonal expansions
in terms of functions of W*. However, Lemma_3115 (see bellow), which is an
analog of the Sobolev lemma, says that under certain circutaaces the formal
orthogonal expansion actually converges uniformly to a fution in ordinary sense.
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De nition 3.1.3 A real sequencd AyOk2n, IS called summable if the sum
X 2
AR W]

k=0

is convergent.

Assumption 3.1.4 We always assume that the used sequenéds.gqon, are
summable.

The summability of the sequencd Ay gk2n, automatically guarantees that every
element of the Hilbert spacaN (f Axg; X ) can be related to a piecewise continuous
function such that W(fAxg; X) C (X).

Lemma 3.1.5 W(fAxg;X) C (X) and foreveryF 2 W(f Acg; X) the Fourier

series
R

F(x)= F; WX
k=0

is uniformly convergent onX .

ooy WE (X) (3.)

Proof: Application of the Cauchy-Schwarz inequality yields foF 2 W(f Acg; X)
the estimate

X b3
FIWE Loy Wi (X) = FIWR o) Ak AW (X)
k=K k=K
A 60
O 1 1:20 1 1=2
X X
2
E‘) F; ka L2(X) Ak 22 % Ai(WkX (X))ZX
k=K k=K
A, 60 A 60
0 112
%)X 2 \yX 2 g
k ka(fAkg;X) Ak Wk 1 K!!l O,
Keéd

where the right hand side converges @ ! 1 uniformly with respect to x 2 X
due to the summability condition. Finally, from WX 2 C (X), k 2 No, and from
the uniform convergence of the series i {3.1) follows th& 2 C (X).
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Corollary 3.1.6 From the proof of Lemma3.Lhb we see that
% D=
kKFk, k Fk, A2 WX 2 (3.2)
k=0
In the following examples we will see how the summability ofhe sequence
f AkGkan, Can be understood for certain types ok and W*.

3.1.2 Examples

a) unit sphere

In case ofX = , where = fx 2 R®jjxj = 19 is the unit sphere inR3, the

tem on (see Section[I#). Since the spherical harmonics am®ntinuous on
= ;,le. C ()=C().

Moreover, we have the addition theorem for spherical harmas (see Theorem

[CZ9)

2k +1
4

Yii ( Wi () =
j= k
where Py is the Legendre polynomial of degrek.
In order to use the addition theorem, we takéA,; = Ay, K 2 No;j = k;:i k.

Hence, for any 2

Po( ) v 2, (3.3)

XX X k+1 X 2k+1
ALMG ()= AP = AR

k=0 j= k k=0 k=0

and therefore, the sequencBAygkzn, IS summable if and only if

Rook+1

y AZ<1: (3.4)

k=0

We also bring several examples of such a summable sequemggiz, -

al) The Shannon sequencd-or a hon-negative integer m
8
5L if k2 [0m+1);

A =, (3.5)
-0, if k2[m+1;1):
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a2) The Abel{Poisson sequencd-or a realh 2 (0; 1)
A= W% k2 Ng: (3.6)
a3) The Gau {Weierstra sequence For arealh 2 (0;1)
Ay = hk&D=2 12 Ny (3.7)

b) unit ball

In case ofX = B, whereB = fx 2 R%®jjxj 1gis the unit ball in R3, the
system WkE;‘n;j kn2Noj= mn de ned by (.I1) can be taken asV®, an initial

basis system orB. In this case the systemW?® is complete and orthonormal in
L?(B) and WB C (B), where f0g (see Sectiol115).

Hence, for anyx 2 B nf0g

XX X , 5 , XX X , ) )
Ak;n Wk;n;j (X) = Ak;n (gk(rx)) (Yn;j ( x))
k=0 n=0 j= n k=0 n=0 j= n
XX — o 22n+1
= AZ, P +3P%r, 1) ”4 ;
k=0 n=0
However, from Theoren_L313, we see that
0;2) — 2 I
1r2iaxl . P “(@2ry 1) = Ok?) as k!l
Therefore, the sequencéAy.,Gk:n2n, IS SUMmMable if
A
AL Kn< 1: (3.8)
k=0 n=0

In applications it is convenient to write f Ax.n Gk:n2n, IN the form of a product of
two sequences, i.eAy., = BkC,, k;n 2 No. Clearly, in this case the sequence
f Ak:nGknzn, WIill be summable if we take any of the sequences de ned i(JB.5
(B38) and 1) asBk and C,,. For examplef Ax.nGk:n2n, IS Summable if

Acn = BiCoi with By = hi“P2co=hi™ kin2Np  (3.9)

wherehy; h, 2 (0; 1) are some reals.
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3.2 Reproducing Kernels

Essential for the construction of the splines here is the estence of a reproducing
kernel. This is also guaranteed by the summability of the segncef A, gkon, (See
also [4], [15)).

3.2.1 De nition and basic properties

De nition 3.2.1 A function Ky : X X ! R is called a reproducing kernel of
W if

() Kw(x; )2 W forall x2 X.

@) (F();Kw(x )w = F(x) forall F 2 W and for all x 2 X (reproducing
property).

Theorem 3.2.2 W has a unique reproducing kernd{,y : X X ! R given by

b3
Kw(y)=  ARWS QW (y) (3.10)
k=0
Proof: A necessary and su cient condition that W has a reproducing kernel
is that, for each xed x 2 X, the evaluation functionalL, : W ! R given by
Ly«F = F(x);x 2 X is bounded for allF 2 W (see EI4]). Suppose rst thatKy is
a reproducing kernel, then

ILkFi= jF)i = J(FKwGX))wi kK Fkw (Kw(x); Kw(5x) 7

KF kw (Kw(x;x))¥2 < 1 :

And conversely ifL«F is bounded (and therefore, continuous), then by Theorem
[T there exists a functionGy 2 W such that Ly,F = F(x) = (F;Gy)w.
Thus, we can takeK y (x; ) = Gy, which clearly ful Is properties (i) and (ii) of
De nition £2Z1] and therefore, is a reproducing kernel.
In W the boundedness of the evaluation functional is guarantedsy Corollary
B8, since for anyF 2 W,

X‘ 1=2

JF(X)j k Fk, k Fky, Az WY 3 X2 X:
k=0
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If there exists another reproducing kerneK 2, then for each xedx 2 X
KKw(; ) K06 )IK = (Kw K6 )i(Kw K (X))

(Kw  KQ) ()i Kw(x )
(Kw K )KQ6 )=0

because of the reproducing property dfy and K.
Now, it is easy to check that the reproducing kerneKy is given by ([31ID).
Because of the reproducing property, for eaam 2 No with A, 6 0 and x 2 X

A
Wr?( (X) (Kw(X; );Wri(())W = AkZ(KW(X; );ka())LZ(X)(WkX;Wri()LZ(X)

AP (Kw (X ) W ()) ek

Therefore for eachn 2 Ng (see also De nition[311 and propertyi) of Kyy) and
x2X

(Kw(x; )" (n) = (Kw(x; ); Wi ())ezx) = AZW, ()
Hence,Ky is given by (31I0).

Corollary 3.2.3 Clearly from (&3I0) follows thatKy (x;y) = Kw(y;x) for all
Xy 2 X

Theorem 3.2.4 Let F be a bounded linear functional o’W. Then the function
y 7" FyKw(X;y) is in W and

F(F)=(F FxKw(X )w
forall F 2 W.

(Here, FyKw(X; ) means thatF is applied to the functionx 7! K (X;y) where
y is arbitrary but xed.)
Proof: Let Rg be the representer of,, i.e. FyF = (F;Rg)w forall F 2 W.
Then,

FxKw(Xy) = (Kw(;Y);Re)w = Re(Y):

Hence, for allF 2 W

FxF = (F;Re)w = (F; FxKw (X )w:



36 Chapter 3. Approximation by Splines

This theorem implies that we can de ne an inner product in thedual spaceW
of W as
(F;Gw =(Rr;Re)w = FGKw(; );

where Rg and Rg are representers corresponding t6 and G W is a Hilbert
space with respect to ( )w . The spacedV and W are known to be isomorphic
and isometric (see e.gl[L5]).

Reproducing kernel representations may be used to act as aslsasystem in
reproducing Sobolev spaces.

Theorem 3.2.5 Assume thatD iIs a countable and dense set of points in
X. Then

K Ky
span,pfKw(x; )g = = W:

Proof: According to Theorem[LLB it is enough to show that the propges
F2Wand(F;Kw(x; )y =0forall x2 D imply that F =0, i.e. the system
fKw(X; )0,,p Is complete and therefore closed in X. By de nition oK, the
condition (Kw(X; );F),, = Ois equivalenttoF (x) = 0 forall x 2 D. However ac-
cording to our construction,F is continuous onX n (see Lemma BI.3). Hence,
if F(x) 6 0 for somex 2 X n then F would be dierent from zero for some
neighborhood ofx. But this is a contradiction to the fact that D is dense inX .

The following theorem shows that inW (f Axg; X ) complete sets of functions can
be generated from complete sets of functionals.

Theorem 3.2.6 The sequencéF,g,,n Of bounded linear functionals is complete
in W ,ie. f 2 W;F,(f)=0;n=1;2;:: implies f 0, if and only if the
functions

on(Y) == (Fn)y Kw(Xiy); y2 Xin =1;2:

form a complete set forw.
Proof: By Theorem[32Z4,F,(f) = (f();g.()). Hence, we see that the com-

pleteness of the sequence of functiohg,gin W is equivalent to the completeness
of the sequence of functionalF,gn,n iIn W .
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Since in Hilbert spaces closure and completeness are egleinaconcepts, we get
the following result.

Corollary 3.2.7 The system of bounded linear functionalsF,g,,n IS complete
in W if and only if

k Ky
spannf (Fn), Kw(X;y)g — = W: (3.11)

3.2.2 Examples

Here we bring some examples of reproducing kernels and destoaste their lo-
calization character in case of the unit sphere and the unitabl.

a) unit sphere

ical harmonics can be taken as an initial basis system on . Hee, using [3B)
we obtain that

X k+1
Kw(; )= Aﬁ 2
k=0

P( ) 2, (3.12)

where Py is the Legendre polynomial of degrek.

In Figure 37, Figure[:32 and Figurg-3]3 the reproducing keehKy( ; ) with the
corresponding sequences (symbols) de ned in Section 3 isplotted. Kw(; )
is plotted in dependence of =cos@#), #2[ ; |

It should be mentioned that for the case of the Abel{Poissoregiuence we obtain
a closed representation of the reproducing kern&l,,. According to EI], p. 45
we nd, thatforall t2[ 1;1],andh2 ( 1;1)

b3 2
(2n+1)h"P,(t) = i+ h% ght)(3=2) :

n=0

Hence, the Abel{Poisson kernel has the well{known form

1 1 h?

Kwls )= @+ a0 )

(3.13)

whereh = AZ,
b) unit ball

In case ofX = B, the system Wg . . dened in Section[L5 can

kin2No;j= n;
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80 T T T 500

400

0 o E 200}

100

-100
3

Figure 3.1: Shannon kernel fom = 15 (solid line, left), m = 30 (dashed line,
left), m =50 (solid line, right), and m = 70 (dashed line, right)

25 T T T 70

60

L

Figure 3.2: Abel{Poisson kernel foih = 0:5 (solid line, left), h = 0:75 (dashed
line, left), h =0:9 (solid line, right), and h = 0:95 (dashed line, right)

be taken as an initial basis system oB (see also Sectiofi=31.2). Hence, again
using (3:3) we obtain that for allx;y 2 B nfOg
2n+1 X Yy

Kw(Xy) = * X A2 (2k+3)PO?(2jxj 1)PO?(2jyj 1) p, — L
’ =0 e ki K « 4 " Xy

where P%? is the corresponding Jacobi polynomial of degrde and P, is the
Legendre polynomial of degrea (for similar kernels seel[76]).
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Figure 3.3: Gau {Weierstra kernel for h = 0:9 (solid line, left), h = 0:95
(dashed line, left),h = 0:99 (solid line, right), and h = 0:995 (dashed line, right)

In Figure 324 and Figure[:3b the localization character df, (x;y), with Ay, =
BkCh, k;n 2 Ng for someBy and C,, is demonstrated. In both gures we have
X = (0;X2;X3), ¥ = (0;y2;¥3), and the reproducing kernelK y (X;y) is plotted in
dependence of, and ys, with y2+ y2 1 and the value ofKy (0; 0) is ignored.

Figure 3.4: The reproducing kerneKy (x;y) with By = e % C, = e %In,
X, = 01,x3= 0:2(left), By = e %% C, = e 99" x, =0:1, x3 = 0:5 (right)
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Chapter3/Chapter3Figs/APAP_0.05_0.05_0.1_0.5.eps
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Figure 3.5: The reproducing kerneK y (x; y) with By = e %0kk+l) 'Cc = g 0In
X, = 0:6,x3= 05 (left), B, = e %0kk+l) 'C = g 005 x, =0:2,x3=0:2
(right)

3.3 Spline Interpolation

functionals on W (f Axg; X).

De nition 3.3.1 A function S 2 W of the form
X
S(x)=  aFKw(;x); x2X;
k=1

a=(ag;:;ay)" 2 RN is called spline inW(f Acg; X ) relative to FN. The scalars
ai; ::;;ay are called the coe cients of the splineS(x). Such splines are collected
in the spaceSpline Axg; FN) or simply Spln .

A spline interpolation problem can be formulated as follows

Problem 3.3.2 For a given linearly independent systen¥N = fFq;:::;Fyg of
linear continuous functionals and a vectory = (yi;::;yn)" 2 RN determine
S 2 Splinef Acg; FN) such that

FiS=y; forall i=1;:;N
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Or, equivalently, determinea 2 RN such that

X
aFiFiKw(;)=y forall i=1;u;N (3.14)
j=1

This yields a linear equation system with the matrix

Kn = (FiFiKw(; ))ij =11 (3.15)

which is positive de nite according to the following theoren.

Theorem 3.3.3 Let FN := fFy;:::;Fy g be a system of bounded linear functionals
on W. This system is linearly independent if and only if the matxiky is positive
de nite.

Proof: Due to Theorem3ZZH¥ we see thdty is a Gram matrix since

(Fx(F)yKw (X y) = ((Fj)yKw (5 Y); (Fi)xKw (X )w: (3.16)

Moreover, according to this theorem the linear independeaf the system

X
G(y) = a(Fi)xKw(x;y)=0 forall y2X, a=0 forall i=1;:;N,;

i=1
is equivalent to the statement that

X
(F;G)w = aFiF =0 forall F2W, a=0 forall i=1;::N
i=1
which is true if and only if FN is linearly independent. Since a Gram matrix
is positive de nite if and only if the corresponding system fovectors is linearly
independent, the statement of the theorem is valid.
Therefore, we obtain the following theorem.

Theorem 3.3.4 The formulated (spline interpolation) ProblemZ33R is alays
uniquely solvable.
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Remark 3.3.5 Theorem[33B implies that the systerF K (x; ); 5 FnKw(X; )g
is linearly independent, and thereforeSpline Ag; FN) is an N -dimensional sub-
space ofWw.

Next, we will prove the W - spline formulaand the Shannon Sampling Theorem.

Lemma 3.3.6 (W-spline formula) Let S 2 Splv with

X
S(x) = aFKw(;x); x2X:
I=1

Then, for arbitrary F 2 W

X
(F;S)w = aFF: (3.17)

1=1
Proof: From Theorem[3ZH# it follows directly that

X X
(F;S)w = a Fi(F), Kw(y;?) W aFF:
I=1 I=1

Theorem 3.3.7 (Shannon Sampling Theorem) Any spline function S 2
Splinef A,g; FN) is representable by its "samplesF;S as

X
S(x) = (FkS)Lk(X); x 2 X; (3.18)
k=1
where
X
L) = a“FKw(x ), x2X; (3.19)

j=1

with & given as solution of the linear equation systems

dYFFKw(; )= i forall ik=1;:5N: (3.20)
j=1
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Proof: The set of equation systems in{3.20) guarantees that
Filk = ix;
such that I
X X
Fi (FkS)Lk = FkSFiLk = F|S
k=1 k=1
foralli = 1;::;N. Thus, the uniqueness of the interpolating spline implie8(13).

Next, we derive the following minimum properties.

Theorem 3.3.8 (1st Minimum Property) Let y 2 RN be given andFN :=

fFy; 5 Fng W be linearly independent. IfS = iN:l a (Fi)xKw(;x) is the
unique spline satisfyingF;S = y; for all i = 1;::;;N then S is the unique
minimizer of

kS kw = minfk FkwjF 2 W;FF =y 8 =1;::;Ng:

Proof: For any F 2 W we have

kS Fk (S F:S Fw
(S;S)w 2(S;F)w+(F,F)w

(S;S 2F)w + kFKj:

Now, if FiF =y; 8i =1;::; N, then using LemmaC3:316 we get

X X
(S:S 2F)w = aFi(S 2F)= a( i)
i=1 i=1
X
aFiS = (S;S)w:

i=1

Altogether

KF k&, (S;S 2F)w+kS Fk3

KS K + kS  FK3:

Therefore, for anyF 2 W; with FiF = y; 8i =1;:; N,
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kFkyw k S kw and kFky = kS ky ifand only if F = S :

The obtained result shows that the formulated spline interplation problem[3:32
is equivalent to the minimum norm interpolation problem:

Problem 3.3.9 Let FN = fFy;;Fyg W be a linearly independent system
andy = (yy;:5yn)" 2 RV, LetalsoF 2 W, with FiF = vy; for i =1;:::;N.
Determine SE, 2 W such that

F — H .
Senv W = G;?I(y) kGky ; (3.21)
where
In(y) = fG2 WjFiG = FiF = y;;i =1;:;Ng (3.22)

In general, the name 'spline’ refers to a function with a progrty of minimizing
a certain measure among all interpolants. In the classicalu€lidean case the
natural cubic splines minimizes the linearized deformation energis®¥, 2.

Theorem 3.3.10 (2nd Minimum Property) Let F 2 W be given andFN =
fFy; i Fng W be linearly independent. IS 2 Spline(f Acg; FN) is the unique
spline satisfyingF;S = F;F forall i =1;::;;N, thenS is the unique minimizer
of

KF S kw =minfk F  SkwjS 2 Splinef Ag; FN)g:

Proof: For any S 2 Splinef Acg; FN) we have

kS Fki = kS S +S FKkj
(S S+S FS S+S F)u
kS Ski+2(S S:;S F)w+kS FKki:

For the splines we will use the notations
X
S=  a’FKw(x )
and

S = & FKw(x):
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Applying Lemma[3:3® we see that

(S S;S F)w = (S;S F)w (5:S Fw

X
a’Fi(S F) & Fi(S F)
i=1 i=1
= 0:
Hence, we have
KF Sk = kS S ki + kF S kj:

Therefore, for anyS 2 Splinef A.g;F\) ,
kFF Skw k F S kw
and
kF Skw = kF S ky ifandonlyif S=S:

Thus, if F represents an unknown function iW, the interpolating spline S rep-

resents the best possible approximation t& among all splines, measured with
respect to the metric induced by the Sobolev norrk kyy. Moreover, among all
functions in W that t to the known data vy; the splineS is the 'smoothest’ (in

k kw-sense).

Summarizing our results we obtain the following theorem.

Theorem 3.3.11 Problem[339 is well-posed, in the sense that its solutiox-e
ists, is unique, and depends continuously on the daya;:::;;yn. The uniquely
determined solution is given by

X
Sin (X) = aFiKw(:x) x2X;

i=1

where the coe cients ay; :::; ay satisfy the linear equation systen{(3.14).

3.4 Smoothing

In practice, the observations are a ected by errors and irgularities and we have
to deal with 'noisy data'. In this case strict interpolation is inappropriate and a
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combined interpolation-smoothing methodshould be used (for more see e.(l;l[ZZ],

] 127], [78]). More precisely, the quantitiey,;:::;yn, corresponding to a set
of linear bounded functionalsF4; :::; Fn, are a ected with uncertainties and it is
more reasonable to look for a 'smoothing' function rather thn for an interpolating
function, i.e. we have to determine a functiorF 2 W such that

FF oy i=1;:0N; (3.23)

and which minimizes some quantity (F).
As (F) we will take

FiF v °

X
(F)= + (F;F)w: (3.24)

i=1

In this case the method is called Least Squares Adjustment.
Here 2;::; 2 and are some positive constants, which should be adapted to
the data situation (see e.g.lﬂQ] 1]|:L|79]).

Theorem 3.4.1 (spline smoothing) Giveny = (yi;:5yn)" 2 RN corre-
sponding to a set ofN linearly independent bounded linear functional&N =
fF1;:;Fng on W. Then there exists a unique elemer8 2 Spl.v satisfying

(S) (F) whenever F 2 W: (3.25)

Equality holds if and only ifS = F. Moreover, the coe cients a= (ay;::;;ay)" 2
RN of the splineS = iN=1 a;(Fi)xKw( ;x) are uniquely determined by the linear
equation system
FS+ Za=vy i=1;u;N: (3.26)
Proof: First of all, if we set
0 1

=% . Kk
0 8

then [328) can be written in vectorial form as

PN
o

(kn + D)a=y; (3.27)
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whereky is de ned in (BZI3). Now, sinceky and D are positive de nite, hence,

kn + D is positive de nite, too, therefore [32F) is uniquely solble.
Next, for any F 2 W(fAyg; X) and any S 2 Splw satisfying (328), it is easy to
see that
X : . X
rE Y ES T aRE (3.28)

i=1 ! i=1

Hence, according to Lemm&=3.3.6

X : .
FE Y PSS o (sip (3.29)

i=1 !

Now, from the de nition of (F) and from (3229) we obtain that

XRF oy 2 X RS y °
(F) (S)= A+ (FiF)w I (59w
i=1 ! i=1 '
X (FF)? 2yFF+y? (FS)*+2yFS y?
i=1 i
_ (FiF) 2y.E.F+y.F.S+ Fs Y 2F.S ¢ FEF)w (S Sw
i=1 i i=1 i
X (FiF)2  2yFiF +yFS
_ (FiF) 2y2 YES L EF)

(FiF)z 2FiFFiS+(FiS)2+2FiFFiS (FiS)2 2yiFiF + yiF;S .
= 2 + (F!F)W

. qQ 2 X : . X : .
= LF'S 2 FiF Yi F|S + FiS Vi 2|:|S

i=1 i i=1 i

+ (FiF)w

2
= RFE RS 7, (F;F)w 2 (S;F)w+ (S;9w

2
= AE RS, (F S;F S)w

i=1
X . g 2
= LA R Sk3,:
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Hence,

X e
(F)= (S)+ ———— + kF  Ski:

This proves the theorem.

Clearly, the condition ofky + D is better than the condition ofky , and the larger
the better gets the condition ofky + D . Since the system of linear equations
obtained by the spline interpolation problem can be very Htonditioned, this is
one way to stabilize the matrix and make such systems numeaity solvable.
The constant is some kind of quanti er between smoothing and closeness to
the measurements. A small value of emphasizes precision of the observed data
and less smoothness fd¥, while a large value does the opposite. The problem of
choosing the "optimal” smoothing parameter is widely discssed in the literature.
There exist numerous strategies for such an "optimal" paraeter choice (see e.g.
the L-curve criterion B], B]Rg]g% the generalidecross-validation [79] and
the quasi-optimality criterion [43], [32]), however theres no general method that
works in every situation. The L-curve is a plot of the norm of lhe regularized
solution (y-axis) versus the norm of the corresponding residuak{axis). In our
case the L-curve can be constructed by plottingS ky versuskkya  yk, where
for each , a is the solution of Equation [32Z¥) andS is the corresponding
spline, i.e. the spline with coe cients a . Here, this which corresponds to
the "corner" point of L-curve (see l[_—3|2],|E3]) should be takeas an "optimal”
smoothing parameter. Using[(315) and{316kS ky can be written as follows.

X X !
(S:S)w = a FiKw(x; );_ a FiKw(;y)

i=1 j=1 w

aa (kn)iy =(a)'kn(a):

kS k3,

XX

i=1 j=1
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3.5 Best Approximation of Functionals

Let F be a bounded linear functional onWW. Consider an approximation ofF by
a linear combinationJy of the form

W= aF; (3.30)
i=1

wherea; 2 R;i = 1;::;N and FN = fFy;::;;Fyg form a linearly independent

system of bounded linear functionals oWV. The error or reminder, when Jy is

used to approximateF is dened by Ry = F  Jy.

De nition 3.5.1  The best approximation toF 2 W by the systenFN W is
the functional J3 2 W , with

X
N=aF; a2R;i=1;:;N;

i=1

for which, for everyJy in a form of (830) and Ry = F  Jn, we have
kRO kw Kk Rykw ; (3.31)
whereR) = F  J§.
It is clear that for all F 2 W (see Theoreniz3.214)
RvF = (RvKw(; )iF)w = (Ra; Flw; (3.32)

whereRy = RyKw( ;) is the representer oRy, and hence kRy kw = kRy Ky -
So, we see that the problem of nding the best approximationaF 2 W by the
systemFN W is equivalent to nding @2 R;i =1;::; N for which kRy ky is
minimal.

We have that

X
Rn RvKw(;)=(F I)Kw(;)= F | aFi Kw(;)

X
FKw(;) aFiKw(;)=F S;

i=1
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whereF = FKw(;)2 W and S := P iN:1 aFKw(;) 2 Spln. Therefore, for
minimizing kRy kw we need to nd a splineS 2 Spl.x that minimizes kF Sk .
But from Theorem[331ID we see that for everly 2 W the spline that minimizes
kF Sk is unique and is uniquely determined by the equations

that is
X
FiIFKw(; )= aFiFkKw(; ); 1=1;20N: (3.33)
k=1

By applying the Cauchy-Schwarz inequality to [332) we getlso that for any
F2w

jRN FJ k Rn kka kW:

Thus, we arrive at the following theorem.

Theorem 3.5.2 LetF2 W andFN = fFy;:;;Fyg W be a linearly indepen-
dent system. Let alsa)';:::;al be the solution of the (uniquely solvable) linear
equation system[(3:33). Then, the linear functionaly given by

represents the unique best approximation #© by the systemFN. The approxi-
mation formula

FF JF, F2w;

admits the a posteriori estimate

jJFF J3F) k FKw(;) JZKw(; Ykw KFky:

3.6 Error Estimates

Here we obtain some new results, namely error estimates, faur spline interpo-
lation problem. For spherical splines error estimates caretfound in Eh].



3.6. Error Estimates 51

Theorem 3.6.1 Let F be a function inW, y = (y1;:5yn)" 2 RY and let
FN = fF;;u5Fng - W be a linearly independent system. Denote I8f, 2 W
the uniquely determined solution of the Problem~3-3.9. Then

sup jLF  LSinj 2 pnkFkw; (3.34)

L2w
kLkW =1

where theFN  width v is de ned by

NI SUp min kL Jky (3.35)
L2W J2span(FN)
kLkW =1

Remark 3.6.2 Note that in the de nition of v the "min" exists due to The-
orem[35.2. Moreover, for anyL 2 W with kLky =1

min kL Jkw Kk Lkw =1: (3.36)

J2span(FN)

Thus, for arbitrary FN W
O EN 1

Hence, we see thaf(3.34) is a more precise version of the féwat forallL 2 W ,
with kLky =1 and forallF 2 W

jJLF  LSEj k Lkw KF Sfukw Kk Fkw + kSfukw — 2KFky:

Proof of Theorem 3611 For any L 2 W with KLky
J. 2 span(FN) such that kL J_kw en . Since FF
k=1;:;N, henceJ F = J_Sf,, and therefore

1 there exists
F«Sg. for all

LF LSfw=LF JF+JS LS =(L J)F (L J)Si:
From Theorem[ZZH# we see that

(L J)F = (F(L  J)xKw(X Dw
(L J)SEw = (SEvi(b JDKw(X )w
Next, using the Cauchy-Schwarz inequality we get

J(Fs (L IO )xKw(X; ))wi k Fky (w(L;J))?
(SEni (L JL)xKw(X )Dw Sin w ( wi(L;J )
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where
w(k;d) =L JOKw(x )i (L IOKw (X )w:
Therefore, again using Theoreri=3.2.4 we get
(wL;IN=((L I)L IKw(; DT =KL dikw e
Now, sinceSEN is the 'smoothest’ interpolant (see Theoreri=3:3.8), thus
Skw

Therefore, summarizing our results we obtain
jJLF  LSEvj 2 enkFky
which proves the theorem, sincé 2 W with kLky =1 was arbitrary.

Theorem 3.6.3 Let F be a function inW, y = (yy;:5yn)" 2 RY and let
FN = fFy; 2 Fyg W be a linearly independent system. Then

FSEv 2 pukFkw; (3.37)

whereSfE, and (v are de ned in Theorem[3E.1.
Proof: Due to Theorem[IZIIN for everf 2 W and for the correspondingSE,

there existsL 2 W such thatF SF is the representer ot , i.e. foranyG 2 W
we havelL G = (G;F  SEy)w: By taking G = Kw(x; ), we will have

LKw(x; )= (Kw(x )iF  Sfv)w= F Sk (X):
Note that sincelL is the representer of SEN and due to TheorenT:3318
kLkw = KF  Sivkw k Fkw + kSEvkw — 2kFkw:

Let kF S, kw 6 O (otherwise there is nothing to prove, since the right handide
of (331) is non-negative). We seL, := L=kLky , soLo2 W andkLoky =1.
Hence, we obtain

KF Sfukw = (F SEGF  SEOE?2=(F  SEuiLKw(x )E?
(L(F SR )™= kLky (Lo(F  SE )™
KLky” (LoF  LoSEn)*2? k Lki% (2 evkFkw)®?
2 SIKFkw;

where we used Theorefi3.2.4 and Theordm_316.1.
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3.7 Convergence Results

One of the important questions of every interpolation prol@m is whether (and
under which circumstances) the interpolating function coverges to the initial
function. Here we obtain a necessary and su cient conditionunder which the
sequence of interpolating splines converges to the initillnction, in the sense of
a strong as well as a weak convergence.

Let F 2 W be arbitrary and F := fF4; F,;:::g be a sequence of linearly indepen-
dent bounded linear functionals orW. For any N 2 N de ne FN := fFy;: Fyg
and consider the sequenceSE, of the (uniquely determined) solutions of
the spline interpolation problems

N2N

S @JQV kGk, ; N 2N: (3.38)

Then the following theorem holds true.
Theorem 3.7.1 The following statements are equivalent
(i) Jim kF Stvkw =0 forany F 2 W;
(i) the systemfFq;F;; F3s;:::gis closed inW (in the sense of the approxi-

mation theory);

where for anyN 2 N, Sf, 2 W is the unique solution of the interpolation problem

B33).

Remark 3.7.2 In [E] another proof of the fact(ii) ) (i) (for the spherical
case) is given. The resul(ii) ) (i) in the current general formulation and the
result (i) ) (ii) (to the knowledge of the author) are new.

Proof of Theorem 3[Z1 ]
Due to Theorem[ILB the closeness bF;;F,; F3;:::g is equivalent to its com-
pleteness. Thus, using Corollar{_32.7 we get thati | is equivalent to

K kw
spanyonf (Fn)yK(3y)g = W:
Next, it is clear that if (i) holds, then

K kw
Splen =W, (3.39)

N=1
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However, [3:3P) means that for anfr 2 W and for any” > 0 there existsNy 2 N
and Sy, 2 Spkn, such that kF Sy, kw ". Therefore, using Theoreni=3310
we obtain that

kF Sivkw k F  Sii,kw kF  Sykw " forall N>Ng:

Hence, () is equivalent to (3339). Finally, observing the fact that

K kw

k k
Splew = spanuf (Fn )y K GV s

N=1

we get the desired result.

Remark 3.7.3 In functional analytic language, the statemen{i) in Theorem
B77 means thatSE, ! F asN ! 1 in the sense of strong convergence,
and during the proof we have seen that it is true if the systeirfq; F,; F3; g is
complete inW , i.e. it uniquely determines a functionF 2 W.

The following (as far as we know - new) theorem shows that thempleteness
of fFy;Fy;Fs; g in W is a necessary and su cient condition for a weak con-
vergence of a sequence of interpolating splines to the iaitifunction as well.

Theorem 3.7.4 The following statements are equivalent

(i) I\lli'rln jLF LSfwj=0 forany F2W; andforany L2 W ;
(i) the systemfFy;F;; F3;:::g is complete inW :

where for anyN 2 N, SE, 2 W is the unique solution of the interpolation problem

B33).

Proof: Taking into account the fact that from the strong convergene of a se-
guence follows the weak convergence of one, and using TheoE&7Z1 we obtain
that (ii) ) (i) (i.e. (ii) implies (i)). So, to prove the theorem, it is enough to
show that (i) ) (ii), or equivalently Not(ii) ) Not(i).

Assume now that {i) is not true, i.e. there existsG 2 W such that FiG = 0,
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i 2 N, but G 6 0. Denote by L ¢ the functional, whose representer i§. In this
case using Lemm&=33.6 we get

X
LsSSw = (SS;G)w = a'FiG=0; forany N 2 N;
i=1
where for anyN 2 N, a};::;;a are the coe cients of the splineSS, . Hence,
Nlilgn jLcG LSt =jLcGj = j(G;G)wj = kGk§, 6 0:

That is, Not(ii) ) Not(i).

Combining TheoremZZIl and Theorerfi34.4, and taking intccaount Theorem
T3 we obtain

Theorem 3.7.5 The following statements are equivalent
(i) I\lli!rln jLF LSEwj=0 forany F2W; andforany L2 W ;
(i) I\lli!rln KF Stukw =0 forany F 2 W;
(ii ) the systemfFq; Fy; F3;:ig is complete inW :

where for anyN 2 N, SE, 2 W is the unique solution of the interpolation problem

EB39).

We have shown that, roughly speaking, any function inW can be arbitrarily
well (in W-norm) approximated by a certain spline function (of courseunder
the assumption of completeness of the given system of fumetals). A question
arises here, whether it is possible for ar?(X ) function to get an arbitrarily good
approximation with corresponding spline functions too. Inthis context we are
able to prove the following theorem.

The set of all linear bounded functionals on #(X ) will be denoted by L?(X) . Let
F 2 L2(X) be arbitrary and F := fFy; F,;:::g be a system of linearly independent
linear bounded functionals on B(X). For any N 2 N denoteFN := fFy;::; Fyo.

Theorem 3.7.6 Let the systemF = fFq;F,;:::g be complete inW , and let
F 2 L2(X) be arbitrary. Then for any real” > 0 and for any T 2 N there exist
N 2 N and a splineSy 2 Spln such that

FiSy = FiF;, i=1;20T (3.40)
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and
kF SN k|_2(x) " (341)

Proof:  First of all, note that W  L?(X). Moreover, from LemmalL.Tll and
Corollary B8 follows that for anyL 2 L2(X) andF 2 W

JLFJ k LkkF kLZ(X) ClkF kl Csz kw,

where
p_
C: = kLk measureK) = const;
D=
p_— X 2 \arX 2
C, = kLk measurek) A W (x) | = const:
k=0

Therefore,F can be considered as a system of linear bounded functionafs\W,
too.
By de nition WX is complete and therefore closed in?(X). Thus,

WFAG X) 1200 = L 2(X): (3.42)

Let now F 2 L?(X), "> 0 and T 2 N be arbitrary. From (8Z2) and from
Theorem[IIIP (note thatW is a linear space, and therefore is convex) follows
that there exists a functionG 2 W such that

and
FF=FG, 1i=1;:;T: (3.44)

Moreover, sinceG 2 W, due to Theorem[Z3Zb there existdlg = No(") such that
for any N > N o there existsSS, 2 Splenv such that

G .
kG  Sgvkw 2Cy’ (3.45)
with
FiG=FSS; i=1;u5N; (3.46)
where !
)4_ 1=2
— P 2 X 2 — .
Cs; = measureK) A W (x) = const:

k=0
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Thus, again using Lemmd_T.T]11 and Corollarfy-371.6 we obtaihat

kG St kizx) > (3.47)

Hence, takingN > max(No; T) and combining (348), [344), [[(326) and[(3:47)
we obtain that there existsSy := S5 2 Spkw which satis es (Z40) and [341L).

3.8 Regularization with Splines

Let Y R"; n 2 N be an arbitrary compact set and let BY) be the Banach
space of all bounded functions oiY .

Letalso : W(fAxg; X) ! B(Y) be a linear bounded operator. We discuss the
following inverse problem.

Problem 3.8.1 GivenG 2 B(Y), nd F 2 W such that F = G.

Suppose that the solution of this problem is unstable. Hencén order to get a
stable approximate solution of the Problenl=3:811, we need tse a regularization
(see SectiofZ]1).

Let the closure ofR() have a topological complement in B(Y), say S. Let also
P be the projector of B(Y) onto R() along S. Denote by * the generalized
inverse of . Forany y 2 Y denote byF, the functional de ned on W with

FyF = F(y); where F 2 W:

From the linearity of follows that for any y 2 Y, Fy is linear, too. Moreover,
since for anyy 2 Y

IFyFi=] FMI maxj F(2)i=k Fka k kkFkw
z

and is bounded, F, is bounded as well. Now, lefy;;y,;:::g be a sequence
of points in Y such that the corresponding system of linear bounded funotials
fFy.;Fy,; g is linearly independent and is complete inW(f Ayg; X) . Denote
Fi:=Fy,i2NandFN := fFy;:5Fng, N 2 N.

Consider the sequence of operatorsy : R() +S! W de ned by

nG=SE forany G2R() +S; N2 N; (3.48)
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whereF := *G, and for anyN 2 N, Sf, is the (uniquely determined) solution
of the spline interpolation problem
F — i .
Sen oy T anlov KHK,, : (3.49)
It is not hard to check that using the linearity of * and F;, i 2 N, and applying
Theorem[33T1l, one obtains that for anfN 2 N,  is linear as well.

Now take an arbitrary G 2 R() +S and denoteG; := PG. Note that from the
de nition of * follows that *G = *G;. Thus, for an arbitrary N 2 N

"G "G .
nG=s!, @ =sl%= Gy

Therefore, for every xed N 2 N using Lemmal.TH, Theoreni33.7 and the
continuity of P we obtain that

K NGKioy = K nGiKizpy = SEv Lo, (3.50)
P X
measureX) Sfy cxy  Crsup  (FkF)Lk(x)
x2X k=1
- - X\I - -
Ci max jFFjsup  Le(x)  Cyisupj F(y)jC
k=1;::5N X2 X k=1 y2Y
= kGik; C1C, k PkkGk; C;C,

whereF = *Gy, Ly(X) is dened by (B319),C = C,C,, C; = P measurek )

and
X
C, =sup Lk(x) = const
x2X k=1

P
is bounded since II:I:1 Ly is in W and thus, bounded. So, foranN 2 N, y is

a linear bounded and therefore continuous operator dR() +S. However since
B(Y) = R() +S, n_admits a uniquely determined extension § to B(Y), for
any N 2 N (see e.g.l[39]) withk Jk=k yk, N 2 N.

Hence, we obtain a family of linear bounded operators?, : B(Y)! W, N 2 N
such that for any G 2 R() +S (see Theoreni=3715)

Jim k WG *Gkw = lim kSfv  Fkw =0:
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That is, the family of operators 3, N 2 N de ned via splines can be considered
as a regularization of the generalized inverse* (see De nition ZZI3).

It should also be mentioned that the described method of theoostruction of a
regularization can work only if in the range space of the opator from the

closeness (nearness) in norm follows pointwise closenesse.g. in B{) or C(Y)
with the supremum norm. Otherwise, the operators y can be non-continuous.
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Chapter 4

Application to Seismic Surface
Wave Tomography

In this chapter we present an application of a spline appraxiation method,
described in Chapter 3, to seismic surface wave traveltimerhography.
As we have already mentioned, the task of seismic (traveltie) tomography is to
determine the seismic wave velocity function/model out ofraiveltime data related
to the positions of the epicenters and the recording stati@a The problem of
seismic surface wave traveltime tomography can be formuéat as follows:
Given traveltimes Tq;q = 1;:::; N of seismic surface waves between epicent&g
and receiversR, on the Earth's surface. Find a (slowness) functio, such that
Z
S(x)d (x) = Tg; 9=1;:5N; (4.1)
q

where integrals are path integrals overq; q = 1;::;; N, which, in general, are ray-
paths of seismic surface waves betweén, and R,. Following the considerations
in Chapter 2 we will discuss the linearized inverse problerby taking PREM (see

]) as a reference model. However, since in PREM the sudawsave velocity is
constant, the minimal spherical distances, i.e. the geodesninimal arcs, between
Eq and Ry should be taken as ;9 = 1;::;;N. As we have already mentioned
we will use the unit ball as an approximation for the earth. Tlerefore, the given
data, i.e. Eq; Rqand Ty, g =1;:::; N, also must be normalized accordingly.
So, we can reformulate the discussed inverse problem asdah:

61
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Problem 4.0.2 Given real numbersT,, g = 1;:::;N and points Eq,Rq; q =
1;:::;; N on the unit sphere . Find a function S2 C() such that
z
S(x)d (x)= Ty, q=1;:5N;

q

where 4;q=1;::; N are the geodesic minimal arcs betwedfy, and Ry,

Note that here asTy, q=1;:::; N the delay times with respect to PREM should
be taken andS already will approximate the perturbations of the slowness$o
PREM. This is allowed due to the linearity of the problem.

Assumption 4.0.3 We will assume that ;6 ;,if i6j,i;j =1;:;N.

4.1 Initial Constructions

Since here the functionS, which needs to be approximated, is de ned on the
unit sphere, we will take as an initial set (see Sectidn_3.1hé¢ unit sphereX =
= fx 2 R%jjxj = 1g. As an initial basis system on we take the system

and Section[ZZPR). As we have already seen, in this case 5 ie. C ()=
C().
The results of the Sectioi=3]1 and Sectidn—3.2 will be summzed brie y here for
a special case of initial set and initial basis system.
If fAnOn2n, IS an arbitrary real sequence, wheréd, 6 0 for all n 2 No, then
E := E(f Acg; X) denotes the space of all functiong 2 L?() satisfying

b3 ) 2
A, (F;Yn;j)Lz() <+1:

n=0 j= n
This space is a pre-Hilbert space if it is equipped with the mer product

X X
(F:Gntawg) = A2 (FiYai)iz (GiYaj)iey i FiG 2 E(fAG; );
n=0j= n
which is always nite due to the Cauchy{Schwarz inequality. The Hilbert space
H = H(fAQ; ) is de ned as the completion of E(f Acg; ) with respect to
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(:;)u - The induced norm is denoted bykF ky = P (F;F)n.
As we have already seen in Sectidn—311.2, hdr&, g, will be summable if

X 2n+1

AZ< +1:

n=0
And if fA,g, is summable, then this Sobolev spadd possesses a unique repro-
ducing kernelK y : I R given by

XX X ,on+1
Kn(; )= ARYai (MYoi ()= AT=,

n=0j= n n=0

Pn( ); ;2

and is, consequently, a radial basis function.
Moreover, the summability also implies thatH (f Acg; ) C(), i.e. every func-

tion in H is continuous on (see Lemmda3.Ik), and

|

T 1=
2n+1

4

A
kFkey k Fky A?
n=0
forall F 2 H.
Moreover, using TheoreniLTZZ10 and the faétY,j Onongj= nn H - C() we
obtain the following result.
Theorem 4.1.1

KKy

H =C() :

4.2 Application

We de ne functionalsFq:H ! R, q=1;::; N as path integrals of a function in

H over 4, i.e. foranyF 2 H
Z
FoF = F()d (); gq=1;:;N: (4.2)
q
The discussed functionald=q are obviously linear, due to the linearity of the
integral, and continuous onH  C() since
|

y !
length( o) k Fk, A2 2”4+1

n=0

1=2

jFqFj k Fke

forall F 2 H.
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Theorem 4.2.1 From Assumption[4.0.3 follows that the system of functiorsl
fFy1;Fo; iy Fng is linearly independent.

Proof: Let Assumption [£03 hold, i.e. 6 ,ifi 6 j,i;j =1;:;N, but
fF.;Fy; i Fag is linearly dependent. That is It:bere exist coe cientsay;:::; ay
where at least one of them is not 0, such that _, aF, = 0. However, this

means that for anyF 2 H
X

acF¢F =0: (4.3)

k=1
Let &, 6 0. Assume without loss of generality thata;, > 0. We will construct
a function in H for which (#3) does not hold. Clearly from Assumptioi"4.0l3
follows that there existsxp 2 , and" > 0 such thatxe(")\ ;= ; ifi & ip, where
Xo(") is the "-neighborhood ofxy. Now, clearly for an arbitrary realMq > 0 we
can constructF; 2 C() such tha8t Fi(x) 0,x2 and

S Mo, if X2 xo("=2)

Fi(x) = _ (4.4)
- 0 if x2 nxe("):

Hence,
X Z Z
1= ay Fi()d ()= &, F.()d ()>aj,My'=4=:M;>0: (4.5)
k=1 k io
Now since length(;), i =1;:::; N is bounded
X
M, = jagjlength( ) < 1:
k=1
However, due to TheoreniZZTl1 we can arbitrarily well (ik kcy norm) approx-
imate F, by a function in H. It follows that for := M;M,=2 there existsF, 2 H
such thatkF;  Fakey . Hence, if we denote
X oz
2= aFeF2 = a F2()d ();
k=1 k=1 k
then
- - X\l Z X\l - -
J 1 2 = a (F1 F)()d () kFi Fake jakj length( «)
k=1 k k=1
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That is
1 M=2 2 1+ M1=2;

such that using [£5) we obtain that

X M, M
aFFa= ,>M; — = —2> 0

k=1
However, this is a contradiction to [43B), hencef Fq; F»; :::; Fn g is linearly inde-
pendent.

The idea that we follow here is to approximateS by a harmonic splineS 2 H
based on a systeniF4; Fy;:::;Fn g, i.e. by a spline of the form

X
S()=  aRKu(; ) 2 (4.6)

k=1
Note that in this case the splineS will be harmonic function since the sum
of a uniformly convergent series of harmonic functions (inuo case - spherical
harmonics) is harmonic (see e.g[l [6]).
As we can see from[{416), the evaluation of the linear functials F4F, F 2 W,
g=1;::; N, orin our case (seel(412)) the evaluation of the line integisaover
the geodesic minimal arc 4 betweenE, and R, is essential for the evaluation of
the spline function S. Here we present two methods for the evaluation of such
functionals.

4.2.1 First Method

It is known that the geodesic minimal arc between two pointsroa sphere is the
arc of the great-circle which contains these points.

Now, let P = (Xp;Yp;2Zp), Q = (Xq;Yo;Zo) be points on the unit sphere
w=Q (P QPandQp = JWJ Then, the parametric equation of the great-

circle which is given by the pointsP and Q can be written as (see e.gE[I!lO])
r(t) = cos(t)P +sin(t)Qp : (4.7)

Moreoverr(0) = P, r(d) = Q, whered = arccos(P Q), and the minimal spherical
distance betweerP and Q is equal tod. Note also thatjr{t)j = 1, for all t 2 [0; d].
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It is also known that if L is a curve parameterized by a & ([a; ; R®){function

I, and F is a continuous scalar eld, then
z Z.,

F()d ()= F(()jlqt)jdt:
L a
Let now the curves 4, = 1;:::;N; on the unit sphere be parameterized by

rq(X) = cos(X)Eq +sin(x)Qg,; 0 Xx  dg
Ry (Eq Rg)Eq

where Qg, = - - and dy = arccos(Eq Ry).
JRq  (Eq Rg)Ey]
Thus, the functionalsF4F, F 2 W, g=1;:::; N can be calculated by the formula
Z Z dq
FqF = F()d ()= F(rq(t)dt; q=1;:;N: (4.8)
q 0

Therefore, the matrix corresponding to such a spline integdation problem has
the following components:

Z Z
F) (FOKa(: ) = Ku(:)d ()d ()

)4| k Z Z

= AT R ()d ()
n=0 I k

Zy4 2y

= T oI Pa (1) 1(y) dxcly

n=0 0 0

Note that here we can change the order of integration and sunation, since the
discussed functionald=y are linear and continuous. Thus, by solving the linear
equation system

a(F) (Fk) Ku(; )= Tq forall g=1;::;N;
k=1

X X X s Za
S()=  a(F) Ku(; )= a A Z
k=1 k=1 n=0 0

Pn(r(x) ) dx

approximating the function S. Note that the obtained integrals can easily be
calculated approximately by appropriate quadrature methds such as the trape-
zoidal rule.
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For the case of the Abel{Poisson kernel we obtain a closed repentation of the
reproducing kernel. As we have seen in Sectibn=312.2, the AP®isson kernel is
given by

1 h?

1
I e

(4.9)

whereh = A?%.
Therefore, the matrix corresponding to such a spline integdation problem has
the following components:

Z Z
(F) (F) Ku(s ) = Kn(; )d ()d ()
| kZ Z
) 14h2 1+h? 20 )P d ()d ()
1 hZZId'de 1

S Td, , @R 2 nomE XY

Thus, by solving the linear equation system

a(F) (Fk) Ku(; )=T forall I=1;::;N;
k=1

1 hZZ dy 1

o, @ 2 )

X X
S()= a(F) Ku(; )= &
k=1 k=1

approximating the function S.

4.2.2 Second Method

For the evaluation of the splineS one can also use an alternative algorithm, which
will be described next.
According to ml] (p. 930) we nd thatforalln2 Ngandj = n;::;n
. X mtq ()
Yoi()d ()= Exn;m > 1 €™ Dpi( g a o) (4.10)

q m= n
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whereY,; are the complex spherical harmonics de ned by (1.6X . is de ned

by (CH) and

DR (55 ) = €& Ph(cos )é
1=2 Y 1=2 L
Poj (1) = 1 1 (n+!). @ ¢ :0m
! 2" (n+ m)i(n m)! (n j)!

nj

(1+t) 2(+m) a (t 1)n m(t+1)n+m :

HereP. is called generalized Legendre function of degregorderj 2f n;:::;ng,
and upper indexm 2 f n;:::;ng and can be calculated recursively (see_[14], p.
899f). Moreover, the Euler angles (4, 4; ) are given by

i R E ' R R qj E ' E
Sin qCOSqCOS q cosqsm qCOS q.

tan 4 = . . . .
R E ' E R E 'R’
cos {sin Esin' £ sin Xcos Esin' &
i R qj E o ' R v E
_sin gsin gsin " g o
Cos ¢ = . ,
sin#,
cos Fcost, cos
tan 4 = d . :
COos § sin#

and the geodesic angular distanc&, between epicenter and receiver is de ned

via

R
q

R
q

E
q

COS#q = COS §COS ¢ +sin fsin gcos' g "¢ :

Here §;' 5 and §;' § are colatitude and longitude ofE, and Ry respectively.

From Equation (&1I0) we have that

ZY()d()_ X Ix 1 eim#q D(n)( . . )
n;j - SAnm 5 m;j qr g q
. me oM 2
i . . )
m= n
_ 1 . y i }
= T o X o PR (cos o)
m= n
1h

= — i(cos(m g+ ] o) cosm#g+ m g+ )
m= n m i
Hsin(m#g+ m g+ ¢ sin(m g+ ¢) Xom > Pnj (Cos )
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Therefore, using Equation [IJ7) we obtain that for alh 2 Ny the following holds
true:
if n j< O,then

Z Z b b_ Z
Yo ()d ()= 2ReYy i()d ()= 2Re  Yq()d ()
p_x .h i
= 2 - sinm#q+m g j o) sSin(mMgq | ¢ Xom > Py j(cos g);
m= n

if j =0, then
- ZA X .

Yio()d ()= Yao()d ()= —Xom 5 1 €™ D( g g o

q q m= n

and if 0<j n, then
Z Z Z

P~ P~
Yo ()d ()= 2ImYp; ()d ()= 2Im Yo ()d ()
q q q
= 2 - cosfn g+ ] o) cosm#s+m g+ o) Xnm 3 P (Cos g):
m= n
Hence, the matrix corresponding to such a spline interpoliain problem has the
following components:

W X0 Z Z
(F) (F) Ku(; )= Aﬁ_ Yoi ()d () Yoy()d ();

where the path integrals can be calculated by the obtainedrimulae.
Thus, by solving the linear equation system
X

ac(F) (F) Ku(; )=T foralll=1;::;N
k=1

X X% x £
S() = ax (F) Ky(; )= a Al Yo ()d () Yni()
k=1 k=1 n=0 j= n Kk

approximating the function S.
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4.3 Numerical Tests

For testing the described spline approximation method we &ad phase data which
were kindly provided by Jeannot Trampert (University of Utrecht) iﬂ], Eh]. Us-
ing that method we obtain phase velocity maps at 40, 50, 60, 8000, 130 and
150 seconds for Rayleigh and Love waves. We calculated thevidéon " % from
the PREM phase velocity. In all cases the Abel{Poisson kerhwith the symbol
A2 = e 92" = h" has been used. The parametdr 2 (0; 1) determines the "hat-
width" of the kernel K (see Sectioii=3.2]12), the closdr is to 1 the narrow the
hat will be. It should be mentioned that the choice of an "optinal” h depends on
the given data "density” and the a priori information about the smoothness of
the approximated function. Currently there is no general nteod to determine
an "optimal" symbol for each particular problem.

The integral terms representing the matrix components andhe spline basis have
been calculated approximately with the trapezoidal rule adescribed in Section
EZ1. Moreover, a smoothing (regularization) of the lingaequation system has
been done (see Sectidn—B.4), where in each case the smootip@gmeter has
been determined using the L-curve method (see Sectionl3.4dahe identity ma-
trix has been taken as a matrixD. We choose the smoothing parameters for the
construction of L-curves such that every next parameter vak is the double of
the previous one. As we can see in Figures9,4.10 &nd¥.1auncase L-curves
have no sharp "corner", however they suggest an approximategion for the
choice of the smoothing parameter. Due to this in each casen{ass mentioned
otherwise) of the global spline approximation we choose tlsame smoothing pa-
rameter = 0:123. In each velocity mapN indicates the number of used ray
paths.

For comparison purposes we have constructed the sphericarimonic approxi-
mation for some phases as well (see Figufes3.1310#.18)ngghe same data
as for the corresponding phase in spline approximation. Sgfical harmonic ap-
proximations are constructed using the real spherical hamnics (up to degree
L = 39) de ned by ([4) and applying a standard least-squareslgorithm (see
e.g. ], I[73]). In order to reduce the so-called ringing ect (see e.g.L[73]) an
(L+1)? (L +1)2diagonal matrix Cn, given by (C,});; = [I(I +1)]? has been
taken as an a priori model covariance matrix, whergis the index numbering the
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(L +1)? coe cients, | is the degree of the corresponding spherical harmonic and
is a smoothing parameter. In this case also the smoothing pemeter has
been determined using the L-curve method (see Figure4.12).
The obtained phase velocity maps (see FigurEsSH#.2[I0l4.8) ionsparison with the
corresponding maps obtained via the spherical harmonic afgximation method
(see Figure$ 213 tf4.18 and alsjal [7&' [74]) have Emstructure, however,
as further tests (with the synthetic data sets) show splineallow more "accurate"
reconstruction. The advantages of our spline method are gaularly visible in
the tests with local/localized models (see FigurdSZ132 adidZ3).
It should be mentioned that we do not claim that the chosen snathing parame-
ter is the "optimal" one. For example the phase velocity maps ir@], 1, E|4]
are visually more "smooth" than our ones. However, if an a pri information
about the smoothness of a model is known the desired smooths@legree can be
obtained by manipulating the parameter (see e.g. Figuré€4ll1 vs Figuie=4.5(a)).

-0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05

Figure 4.1: Rayleigh wave phase velocity maps at 80 secondsth N = 8490,
= 0:491 obtained using the spline approximation method
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-0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1

(a) Rayleigh wave phase velocity map at 40 seconds, wittN = 8433, =0:123

-0.15 -0.1 -0.05 0 0.05

(b) Love wave phase velocity map at 40 seconds, wittN = 8022, =0:123

Figure 4.2: Rayleigh and Love wave phase velocity maps at 4€cends obtained
using the spline approximation method
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-0.04 -0.02 0 0.02 0.04 0.06 0.08

(a) Rayleigh wave phase velocity map at 50 seconds, wittN = 8459, =0:123

-0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06

(b) Love wave phase velocity map at 50 seconds, wittN = 7995, =0:123

Figure 4.3: Rayleigh and Love wave phase velocity maps at 5€cends obtained
using the spline approximation method
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-0.04 -0.02 0 0.02 0.04 0.06 0.08

(a) Rayleigh wave phase velocity map at 60 seconds, wittN = 8521, =0:123

-0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06

(b) Love wave phase velocity map at 60 seconds, wittN = 8062, =0:123

Figure 4.4: Rayleigh and Love wave phase velocity maps at 6€cends obtained
using the spline approximation method
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-0.04 -0.02 0 0.02 0.04 0.06

(a) Rayleigh wave phase velocity map at 80 seconds, witiN = 8490, =0:123

-0.06 -0.04 -0.02 0 0.02 0.04 0.06

(b) Love wave phase velocity map at 80 seconds, wittN = 8089, =0:123

Figure 4.5: Rayleigh and Love wave phase velocity maps at 8&cends obtained
using the spline approximation method
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-0.06 -0.04 -0.02 0 0.02 0.04

(a) Rayleigh wave phase velocity map at 100 seconds, withN = 8490, =0:123

-0.06 -0.04 -0.02 0 0.02 0.04 0.06

(b) Love wave phase velocity map at 100 seconds, witiN = 8600, =0:123

Figure 4.6: Rayleigh and Love wave phase velocity maps at 18€conds obtained
using the spline approximation method
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-0.04 -0.02 0 0.02 0.04 0.06

(a) Rayleigh wave phase velocity map at 130 seconds. with = 8545, =0:123

-0.08 -0.06 -0.04 -0.02 0 0.02 0.04

(b) Love wave phase velocity map at 130 seconds, witiN = 7941, =0:123

Figure 4.7: Rayleigh and Love wave phase velocity maps at 18€conds obtained
using the spline approximation method
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-0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05

(a) Rayleigh wave phase velocity map at 150 seconds, withN = 8424, =0:123

-0.06 -0.04 -0.02 0 0.02 0.04 0.06

(b) Love wave phase velocity map at 150 seconds, witiN = 8100, =0:123

Figure 4.8: Rayleigh and Love wave phase velocity maps at 18&€conds obtained
using the spline approximation method
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25 T T T T T T 35—

p=3e-5
20

p=0.123 . . ‘ ‘ p=‘5_159+5 p=5.15e+5
%.4 0.6 08 1 12 14 1.6 18 12 1‘4 1.‘6 1‘5 2‘ 22
(a) L-curve for Rayleigh waves at 40 s (b) L-curve for Love waves at 40 s

Figure 4.9: L-curve corresponding to the spline approximetn of Rayleigh (left)
and Love (right) wave phase velocity at 40 seconds

p=5.15e45 p=5.15e+45
L

. . . L . . |
07 0.8 0.9 1 1.1 12 13 05 06 07 08 0.9 1 1.1 12 13

(a) L-curve for Rayleigh waves at 80 s (b) L-curve for Love waves at 80 s

Figure 4.10: L-curve corresponding to the spline approxirtian of Rayleigh (left)
and Love (right) wave phase velocity at 80 seconds
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25

251

201
20

‘ ‘ ) p=5.1545 p=5.15e45
%.4 045 05 0.55 06 0.65 07 075 08 0.85 09 %.6 0.7 08 0.9 1 1.1 1.2 13
(a) L-curve for Rayleigh waves at 150 s (b) L-curve for Love waves at 150 s

Figure 4.11: L-curve corresponding to the spline approxirtian of Rayleigh (left)
and Love (right) wave phase velocity at 150 seconds

ol ‘HO_W‘ ———————————————7 | |l -
Ao 107 140
ar 120f
100
151
80
10 60
A=107°
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aefior 20F
L=107 r=10" = 10% im0 A= 1074 2 =10, _ 10% =102 2210
Il A=10\ Il Il Il Il 1 Il Il or A:1075
o 2 4 6 8 10 12 14 16 18 [‘) ;—, 1‘0 1‘5 2‘0 o5
(a) L-curve for Rayleigh waves at 80 s (b) L-curve for Love waves at 80 s

Figure 4.12: L-curve corresponding to the spherical harmimnapproximation of
Rayleigh (left) and Love (right) wave phase velocity at 80 s®nds
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g
l | | | | L] _

-0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1 0.12

(a) Rayleigh wave phase velocity map at 40 seconds, with =10 ©

-0.05 0 0.05 0.1
(b) Rayleigh wave phase velocity map at 40 seconds, with =10 °

Figure 4.13: Rayleigh wave phase velocity maps (with di eréd smoothing pa-
rameters) at 40 seconds obtained using the spherical harnmorapproximation
method
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-0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08

(a) Rayleigh wave phase velocity map at 80 seconds, with =10 ©

-0.04 -003 -002 -0.01 0 0.01 0.02 0.03 0.04 0.05

(b) Rayleigh wave phase velocity map at 80 seconds, with =10 °

Figure 4.14: Rayleigh wave phase velocity maps (with di eré smoothing pa-
rameters) at 80 seconds obtained using the spherical harnmorapproximation
method
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-0.06 -0.04 -0.02 0 0.02 0.04 0.06

(a) Rayleigh wave phase velocity map at 150 seconds, with =10 6

-0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04

(b) Rayleigh wave phase velocity map at 150 seconds, with =10 5

Figure 4.15: Rayleigh wave phase velocity maps (with di eréd smoothing pa-
rameters) at 150 seconds obtained using the spherical hammw approximation
method
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-0.15 -0.1 -0.05 0 0.05 0.1

(a) Love wave phase velocity map at 40 seconds, with =10 ©

T
i L | | | | _

-0.12 -0.1 -0.06 -006 -004 002 0 0.02 0.04 0.06

(b) Love wave phase velocity map at 40 seconds, with =10 °

Figure 4.16: Love wave phase velocity maps (with di erent soothing parame-
ters) at 40 seconds obtained using the spherical harmonic@pximation method
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T 15
- L | | | l—

-0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1

(a) Love wave phase velocity map at 80 seconds, with =10 ©

-0.04 -0.02 0 0.02 0.04 0.06

(b) Love wave phase velocity map at 80 seconds, with =10 °

Figure 4.17: Love wave phase velocity maps (with di erent soothing parame-
ters) at 80 seconds obtained using the spherical harmonic@pximation method
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T T T
\ I I \ | —

-0.1 -0.08  -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1

(a) Love wave phase velocity map at 150 seconds, with =10 ©

-0.04 -0.02 0 0.02 0.04 0.06

(b) Love wave phase velocity map at 150 seconds, with =10 °

Figure 4.18: Love wave phase velocity maps (with di erent soothing parame-
ters) at 150 seconds obtained using the spherical harmonjgpoximation method
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To verify our spline method some tests with synthetic data $g namely the so-
called checkerboard tests, a test by adding random noise tbe initial traveltime
data and a test with a so-called hidden object, have been doas well.

All these tests have been done using spline and spherical imanic approximation
methods. The results show that in all cases (in particular fareconstructions of
local/localized models) the spline approximation is morecgurate in the sense
that the so-called root-mean-square (RMS) of the di erencef the initial model
and the reconstruction via splines is smaller than the RMS fdhe corresponding
reconstruction via spherical harmonics (see FigurEs 1 873 to[429 and4.32). It
should be mentioned that here all functions are calculatechd plotted such that
one point corresponds to each pair of colatitude and longite, i.e. for example
global maps are calculated and plotted on a 1860 point grid. Hence, we obtain
the di erence of the initial model and the reconstruction (ie. the reconstruction

RMS(A) = B

Tests with the checkerboard models include the reconstruch of the model pre-
sented in Figure[Z211(a) using the rays in FigurEZZ1l9 (globaase) (see Figure
HB.22) and the reconstruction of the model presented in FigeiLZ1 (b) at Australia
and the neighborhood using rays in FigureEe420 (local caseee Figurd2.24), via
splines and spherical harmonics. For the spherical harmanieconstruction we
took the smoothing parameter such that the corresponding RMS of the recon-
struction error is minimal (see Tabld4RB).

To see how the measurement errors a ect the result, we add andom error of
one percent to the traveltimes used to obtain the models in §ure[£22 and recal-
culate the corresponding maps using spline (FigurEsS4l.26c8.21) and spherical
harmonic (Figures[Z2ZB andC4:29) approximation methods. Ehspline as well as
the spherical harmonic reconstruction is presented for twdi erent smoothing
parameters, = 0:06, = 0:25, and respectively =10 °, =10 % For the
reconstructions with a bigger smoothing parameter the obilaed maps (Figures
and[Z2ZB) visually are closer to the original (FigueZZl(a)), while for the
reconstructions with a smaller smoothing parameter (Fig@s[Z.2V and429) the
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corresponding RMS of the reconstruction error is smaller €s also Tabld4]3).
These results demonstrate that the "sensitivity" of our sphe method to the
measurement errors, at least, is not more than the correspding "sensitivity" of
the spherical harmonic approximation method.

Next we want to see how the changes of a model in some area a éw¢ model
elsewhere. For this purpose we obtain reconstructions ofehvelocity model in
Figure[23D using spline (see Figurés4131(a) and4.32(ajdaspherical harmonic
(see Figure§2.31(b) andZ4.B2(b)) approximation methods. dre also for the spher-
ical harmonic reconstruction we took the smoothing paramet such that the
corresponding RMS of the reconstruction error is minimal ée Table[ZB). As we
can see from Figur&Z.32, comparing with the spherical harmic reconstruction,
in case of spline reconstruction the error is more concenteal around the "hid-
den object". Moreover, for the spline reconstruction the agoesponding RMS is
smaller than for the spherical harmonic reconstruction.
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(a) ray sources (red) and receivers (blue) (b) ray paths

Figure 4.19: ray sources, receivers and paths used for thécaéations for Figure
E3(a)
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(a) global case (b) local case
RMS() RMS ()
10 ° 0:0563 10 ° 0:0907
10 °© 0:0504 10 °© 0:0634
10 7 0:0483 10 7 0:0336
10 8 0:0497 10 8 0:0273
10 ° 0:0539 10 ° 0:0271
10 0 0:0276
10 *? 0:0295

Table 4.1: RMS table for the spherical harmonic reconstruicn of checkerboard
models in Figure[Z2(a) (left) and in FigureLZ21(b) (right, where is the
smoothing parameter, and is the reconstruction error

RMS ()
103 | 00881
104| 00704

10 ° 0:0580
10 © 0:0554
10 7 0:0646
108 0:1493

Table 4.2: RMS table for the spherical harmonic reconstruicin of the checker-
board model in Figure[Z21(a), where a random error of 1% hagdn added to
the corresponding traveltimes

RMS ()
103 |  0:.0406
104| 00341
105 00321
10 6| 00324
107 | 00382

Table 4.3: RMS table for the spherical harmonic reconstruicin of the velocity
model in Figure[Z3D
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(a) ray sources (red) and receivers (blue) (b) ray paths

Figure 4.20: sources, receivers and paths of 500 synthetays

(@) a=8, b=10 (b) a=16, b=20

Figure 4.21. synthetic (checkerboard) velocity model giveby the formula
F(; )=4+0:2sin(@)sin(b ), with 21[0; ], 2[0;2)
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(a) spline reconstruction with =10 “.  (b) spherical harmonic reconstruction with
=10 7
Figure 4.22: reconstructions of the synthetic velocity maa presented in Fig-
ure [£Z1(a) (global case) by the spline (left) and the spheal harmonic (right)
approximation method, respectively

(a) error of spline reconstruction, where(b) error of spherical harmonic reconstruction,
RMS()=0 :0438 whereRMS () =0 :0483

Figure 4.23: errors of the reconstructions presented in kige 222
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(a) spline reconstruction with =10 5  (b) spherical harmonic reconstruction with
=10 °
Figure 4.24: reconstructions of the synthetic velocity maal presented in Fig-
ure [£21(b) (local case) by the spline (left) and the sphei@t harmonic (right)
approximation method, respectively

I
-0.04 -0.02 0 0.02

(a) error of spline reconstruction, where(b) error of spherical harmonic reconstruction,
RMS()=0 :005 whereRMS()=0 :0271

Figure 4.25: errors of the reconstructions presented in kig [£223
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(a) spline reconstruction with  =0:25  (b) error of spline reconstruction where
RMS()=0 :0568

Figure 4.26: spline reconstruction (left) with = 0:25, and corresponding er-
ror (right), of the velocity model in Figure 21, with 1% ramom error in the
traveltimes

(a) spline reconstruction, with  =0:06 (b) error of spline reconstruction, where
RMS()=0 :0542

Figure 4.27: spline reconstruction (left) with = 0:06, and corresponding er-
ror (right) of the velocity model in Figure [£21, with 1% randm error in the
traveltimes
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(a) spherical harmonic reconstruction with (b) error of spline reconstruction where
=10 ° RMS()=0 :0580

Figure 4.28: spherical harmonic reconstruction (left) wit = 10 °, and cor-
responding error (right), of the velocity model in Figure £1, with 1% random
error in the traveltimes

(a) spherical harmonic reconstruction with (b) error of spline reconstruction where
=10 © RMS()=0 :0554

Figure 4.29: spherical harmonic reconstruction (left) wit = 10 ©, and cor-
responding error (right), of the velocity model in Figure 21, with 1% random
error in the traveltimes
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Figure 4.30: velocity model with a hidden object

(a) reconstruction via splines (b) reconstruction via spherical harmonics

Figure 4.31: reconstruction of the velocity model in Figurel.30 using the ray
system in Figure 4.19 via splines with = 0:05 (left) and spherical harmonics
with =10 ° (right), respectively
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(a) error of the reconstruction via splines (b) error of the reconstruction via spherical
harmonics

Figure 4.32: errors of the reconstructions presented in kige 4.31, where for the
spline reconstructionRMS () = 0 :0288 and for spherical harmonic reconstruc-
tion RMS()=0 :0321
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4.4 On Unigueness and Convergence Results

As we have seen in case of seismic surface wave tomographyh WAREM as a
reference model for any; , 2 the seismic ray ( 1; ») between ; and ,

is the arc of the great circle connecting these points. In thicase we obtain the
following new result.

Theorem 4.4.1 Let S be an open set in -topology, i.e. for anyx 2 S
there exists = (x) > O such thatfy 2 : d(y;x) < g S, whered(x;y)
is the spherical distance betweexn andy. Let alsoA;B S be non-empty sets
with Al B =Sand = f (4 2); 12 A;, ,2 Bg. Then for any function
F2C(), from
Z
F = F()d()=0; forany 2 (4.11)

follows thatF O on S.
First let us prove the following lemma.

Lemma 4.4.2 LetF 2 C() be a given function andP; Qy, with Qo 6 P and
Qo 6 P be arbitrary points on . Then for any " > 0 there exists > 0 such
thatforany Q2 nf Pg, withjQy Qj<
Z Z
F()d () F()d () % (4.12)
(P;Qo) (PiQ)

where (P;Qp) and (P; Q) are the minimal spherical arcs betweeR and Q, and
respectivelyP and Q.

Proof: Take an arbitrary " > 0. Let go(t) and g(t) be the parametric equations
of (P; Qo) respectively (P;Q). Then (see (4.7))

cos(t)P +sin(t)Qpo; t 2 [0;dg];
cos(t)P +sin(t)Qp; t 2 [O;d];

o(t)
a(t)

wheredy := arccos(P Qp), d := arccos(P Q), Qpo := Wo=kwgk, Qp := w=kwk,
with wo:= Qg (P Qo)P andw:=Q (P Q)P.
SinceF 2 C() and is compact, F is uniformly continuous on , and there
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exists a constantM > 0 such thatjF( )] M, forany 2 . Let "o:="=(2 ).
It follows that there exists a constant -, with 0 < .,  "=(2M) such that
JF() F()j "o; whenever j Iy (4.13)

From the de nition of Qp follows that it can be considered as a continuous func-
tionof Qon n(fPg[f Pg).
Now letQ2 n(fPg[f Pg). Hence there exists a constant; > 0 such that

IQro0 Qpj  +,; Wwhenever jQo Qj 1 (4.14)

Moreover, since® Q 2 [ 1;1] and the function arccos|() is continuous on [ 1; 1],
d also can be considered as a continuous function@f Therefore, there exists a
constant , > 0 such that

jdo dj w;  Whenever jQp Qj 2 (4.15)

Now let 3 :=min( 1; »), d:=min(dy;d) and jQy Qj 3.
Hence, from (4.14) follows that for allt 2 [O; d]

jeost)P +sin(t)Qpo  cost)P  sin(t)Qpj  (4.16)
jsint)(Qro  Qr)j j Qro Qpj !

j%()  9(b)]

Combining (4.13),(4.15) and (4.16) we obtain that
if dg dthen

Z Z Z 4 Z,

~ F()d () _F()d () = F (9(1))dt F(g(t))dt
ZE;,QO) e 5 ° 2z, 0

) (F(%(t)) F(g(t)))dt | F (g(t))dt . (F(%(t)) F(g(t)))dt
Z °

+ F(g(t))dt sup jF(g(t)) F(g(t))jdo+supjF( )jjdo dij
do t2[0;do] 2

"oldo+ M jdo dj "=2 4+ "=2="
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otherwise
Z Z Z g Z
P.QO)F( )yd () (P.Q)F( d () = . F (9(t)) dt . F(g(t)) dt
7 2z Z,
= y (F(9(t))  F(g(t)))dt | F (g(t)) dt ) (F(9(t))  F(g(t)))dt
do

o F (9o(1)) dt t2s[lg_lf;]jF(g(t)) Fo(t)id+supjF()jido d
"od+ Mjdg dj "=2+"=2="

Note that since Qo 6 P we can choosey > 0 suciently small such that
JQ Qo < o impliesQ 6 P. Hence, for the given" > 0, the correspond-
ing can be taken as :=min( 1; 2; o)-

Proof of Theorem 4.4.1:  Suppose there existgy 2 S such thatF (xo) 6 0. Let
F (xo) > O (otherwise instead o we will take F). Since F is continuous on |,
there existsU(Xp), an open ball with centerxg, such that F(x) > 0; x 2 U(Xy).
Now, there are only two possible cases:

1. U(xo)\ A6 ; andU(xo)\ B 6 ;.

2. UXo)\ A=; orU(xg)\ B =.

The rst case implies that there exists (x3;x3) 2 such that x3 2 A\ U(xo)
and x3°2 B\ U(xo), hence, (x3;x3y  U(xo). However, from (4.11) we have

that 7

F()d ()=0
(x8:x89

which is a contradiction to the fact that F (x) > 0; x 2 U(Xg) and F is continuous
on U(Xp).

In the second case: letJ(xg) \ B = ; (the caseU(xp)\ A = ; is analogous).
It follows that U(Xg) A. Take anyy; 2 B n(@WUxo)[ ( @Wxp)) (if B n
(@Wxo) [ ( @Wxp)) = ; then decrease the radius dfJ(xg)). Denote the great
circle connectingxo and y; by lo. 1o will intersect the boundary of U(xg) in two

points: x? and x3. Now let" > 0 be arbitrary. SinceU(xo) A, for arbitrarily

small > 0 there existsxy;x, 2 A\ U(Xp) such that x; 6 y;, X, 6 V,,

jx1 x§ < andjx, xJj < (see Figure 4.33). But sincex;;x, 2 A and
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y1 2 B, there exist (X1;Y1); (X2;y1) 2 and therefore
z z
F()d ()=0 and F()d ()=0:
(X1;y1) (X2;y1)
Figure 4.33: illustration of U(Xo), lo, (X1;Y1), (X2;VY1)
In this case from Lemma 4.4.2 follows that we can choosesuch that
Z Z N
F()d () F()d () + 5
(x%iy1) (X1;y1)
Z Z N
F()d () F()d () + 35
(x35y1) (X2;y1)
Therefore,
z z z
F()d () = F()d () F()d ()
(x9:x9) (x33y1) (x%3y1)
z z
CFQd O+ FOd ()
7 (x%iy1) 7 (x2:y1) ) )
F)d () + FO) () + 5+ 5

. (x1;y1) (x2;y1)
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From the arbitrariness of" fcﬂlows that
F()d ()=0; (4.17)
(x3:x9)
which is again a contradiction to the fact thatF(x) > 0; x 2 U(xp) and F is
continuous onU(Xp).

Hence, this result can be applied for local as well as globgl@oximation prob-
lems. More precisely, it follows that for any open in -topobgy setS , if the
union of the sets of the given seismic sources and receiversiense onS then
Problem 4.0.2 (in continuous case) i® has no more than one solution. In partic-
ular by taking S = we obtain that if the union of the sets of the given seismic
sources and receivers is dense on then Problem 4.0.2 (in ¢muous case) has
no more than one solution. Moreover, it follows that in this ase the system
of linear bounded functionals corresponding to our splineterpolation problem
is complete and therefore (see Theorem 3.7.5), the sequelieapproximating
splines converges to the initial function in the sense of stng W convergence.

A question arises whether it is not su cient for the unique déermination of a
continuous function on the sphere that the corresponding stem of rays covers
the sphere, in the sense that the union of the images of the sagives the sphere.
The following example shows that although the system of ca@sponding rays
covers the domain, we have non-unigueness in the determiiwat of the function.

Let ; be a spherical cap which in the spherical coordinates can beitten
as . =f = (&;; )2 | =4g, where (1;; ), with 2 [0; ] and

2 [0;2 ), is the representation of 2 in the spherical coordinates. For
any 2 [0; ] by we denote the minimal spherical arc between the points
E = (1, =4 S) andR = (1; =4; + ) (see Figure 4.34).
Let also ;= 200: ] . Clearly ;= 1. And if we set

fo()=f1( (L5 )=sin@ ), 2

then it is not hard to cfeck that

fi()d ()=0; forall 2 i (4.18)

is understood here as a set of points
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Figure 4.34: Plot of ; and

InfactE = (1; =4, )andR = (1; =4; + ) can be written in the cartesian
coordinates as

(@}
o
[%2]
—~
~
Q
=]
—~
~

E = _p__p_
2 2 iE)_2
cos() sin()

R = D—>: D—~ p—
T2 T2 |9_2

We see thatE R =0 forall 2 [0; ], therefore the parametric equation of
, 21[0; 1, r (), can be written as (see (4.7))

r(t)=(x (t);y (t);z (t)) =cos(t)E +sin(t)R ; t2[0; =2]

Hence

cos(t) sm( )

z (1) = i =cos(=4 t); t2][0, =2]

Therefore if (1; (t);" (t)) is the representation ofr (t) in the spherical coor-
dinates, then
8
Sg it 12100 4]
2 F t2[z 5]

4

(t) = arccos(z (t)) = . (4.19)



4.4. On Uniqueness and Convergence Results 103

Hence, (4.18) is true since, for any 2 [0; ] and the corresponding

Z Z zZ _,
fo()d () = f0 @ Nd (@50 )= . sin(8 (t))dt
Z =4 Z =2
= sin(2  8t)dt+ sin(8t 2 )dt
0Z » Z =2:4
= sin(8t)dt + sin(8t)dt = 0:
0 =4

Furthermore, we denote
8

Sty i 2 g

f()= _ (4.20)
-0 if 2 n 4

Clearly f 2 C(). Letalso , be a system of rays such that it covers n ; but
has no intersection with ;,i.e. ,= n ; (such a set of rays can be constructed

in an analogous way to ;). Then clearly by taking = [ , we obtain a set
of rays that covers ,i.e. =, and
Z
f()d ()=0; forall 2 (4.21)

Howeverf 6 O (see Figure 4.35).

Figure 4.35: Plot of the functionf ( ), 2 de ned by (4.20)

From the constructions above we see that this counterexangplso works for local
approximation problems.
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Chapter 5

Application to Seismic Body
Wave Tomography

In this chapter we present an application of the spline apprimation method,
described in Chapter 3, to the seismic body wave traveltimemography.
Following the considerations in Chapter 2 we will discuss ¢hlinearized inverse
problem which can be formulated as follows (see Problem &2.

Problem 5.0.3 Given real numbersTy; g = 1;:::; N and pairs of points(Eq; Rg) 2

. Find a function S 2 C(B) such that
z

Tq=  S(X)d (x); q=1;:5N; (5.1)

q

where 4 q=1;::; N, are given curves/raypaths (de ned according to the refer-
ence modelSy) betweenE, and Rg.

Here we will also take PREM ([16]) as a reference model, or negorecisely for a
simpler numerics an approximation to PREM.

Assumption 5.0.4 We assume that; 6 ;,ifi6j,i;j =1;:;N.

5.1 Initial Constructions

Since here the functiors which needs to be approximated is de ned on a unit ball,
we will take the unit ball B = fx 2 R3jjxj 1gas an initial set (see Section 3.1).

105
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de ned in Section 1.5 (see also Section 3.1.2 and Section.3)2 Note that here
Weyi 2 C (B), with = f0g, kin 2 No;j = nm;un, e any W2 is
continuous onB nf0g and bounded onB.

The results of Section 3.1 and Section 3.2 will be summarizéde y here for a
special case of initial set and initial basis system.

If f Ax.nOkn2n, IS @n arbitrary real sequence, withAy., 6 0 for all k;n 2 No, then
E := E(f Axng; B) denotes the space of all functions 2 L2(B), satisfying

XX X

2 apzB 2
Ak;n F,ka- < +1

L2(B)
k=0 n=0 j= n
This space is a pre-Hilbert space if it is equipped with the iver product

R XX , 5 5
(F;G)H (f Ak gB) = Akn FiWicni L@y G Winj 12 FiG2E
k=0 n=0 j= n

which is always nite due to the Cauchy{Schwarz inequality. The Hilbert space
H := H(fAxn0;B) is de ned as the completion ofE(f Ax.,Q; B) with respect to
(::)n. The induced norm is denoted bykFky == (F;F)u.

As we have already seen in Section 3.1.2, hdry.n Gk:n2n, Will be summable if

b
AL kn< 1:
k=0 n=0

And if fAxnOkn2n, IS SUummable, then this Sobolev spadd possesses a unique
reproducing kernelKy : B B! R given by
A X X ) 5 5
KH (X; y) = Ak;an;n;j (X)Wk;n;j (y)
k=0 n=0 j= n
Moreover, the summability also implies thatH (f Ax.ng;B) C (B) and

|
)4 )4_ . 2 2 + 1 o 1=2
KFke k Fky n2, Paes pe? n

k=0 n=0

5.2
cl 11] 4 (5.2)

forall F 2 H.
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5.2 Application

We de ne functionalsFy:H ! R, q=1;:: N as path integrals of a function in
H over 4, i.e. foranyF 2 H
Z
FqF = F(xX)d (x); g=1;:;N:
q
The discussed functionald=q are obviously linear, due to the linearity of the
integral, and continuous onH C (B) since
jFqF] k Fk, length( q) |
xR _ 25041
K Fk, a2, PEE3 PO an+1
k=0 n=0

1=2
MSo.

cl 11] 4
for all F 2 H, where we have used Equation (5.2) and Assumption 2.2.10.

Theorem 5.2.1 From Assumption 5.0.4 follows that the system of functiorsl
fFq1;Fo; iy Fng is linearly independent.

Proof: Let Assumption 5.0.4 hold, i.e. { 6 ,ifi 6 j,i;j =1;:;N, but
fF1;Fo; iy Fng is linearly dependent. That is It:bere exist coe cientsay; :::; ay
where at least one of them is not 0, such that _, aF, = 0. However, this

means that for anyF 2 H
X

acF¢F =0: (53)
k=1

Let &, 6 0. Assume without loss of generality thata;,, > 0. We will construct a
function in H for which (5.3) does not hold. As we have already mentioned by
r« and , we will always denote the norm and the unit vector ok 2 R®n fOg
respectively. Clearly, from Assumption 5.0.4 and Assumpn 2.2.9 follows that
there existsxp 2 ,, with X, 6 0 and " > 0 such thatxo(")\ i =; if i 6 io,
wherexq(") is the "-neighborhood ofxy. Now, it is not hard to check that for an
arbitrary real My > 0 we can constructu; 2 C[0; 1] andv; 2 C() such that for
Fi(X) = Fu(rx x) := ui(ry)vi( x), X 2 B nf0Og we have thatF;(x) 0,x2 B
and 8

FL(0) = SMo; if X2 Xxo("=no) (5.4)
' D0 if x 2 Bnxo("); '
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whereng is some xed integer.
Hence,
N Z Z
1= a R()d (xX)=a, Fiu(x)d (x)>

k=1 k o

aio M On
2ng

= M;>0: (5.5
Now since length(;), i =1;:::;N is bounded

X
M, = jagjlength( ) < 1 :
k=1

Let p:= max(kuiky ;kviks ) and ge(r) := Gk(3;3;r), k2 N, r 2 [0; 1]. Since the

is closed in C() (see Theorem 1.4.10), for := M;=(2M,) and for ; < min(p; =(3p))
there exist linear combinations

o Xo X0
g.= bgc and Y = Cnj Yn;
k=0 n=0 j= n
such that
ku; ek 15
kV]_ Ykl 1

Hence, if we denoteF,(X) = Fu(rx x) = 9(rx)Y( x), Xx 2 B nf0g and F,(0)
appropriate, then clearly,F, 2 H and

sup jFa(x) Fa(X)j= sup  &(rx)Y(x) us(rx)vi( x)

x2Bnf0g x2Bnf0g
= sup  (g(rx) ui(r))(Y( %) va( %)
x2Bnf0g

+Vi()(8(rx)  ua(ry)) + ur(r)(Y( x)  va( x))

sup je(r) ua(r)j Sup Y() vi()

r2(0;1]

*supjvi()j sup je(r)  tn(r)j+ sup jui(r)jsup ¥( 1) vi()

r2(0;1] r2(0;1] 2
i+2p1 3p.
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Thus, if we denote

X N A
2 = ayFF2 = a  Fo(x)d (x);
k=1 k=1 k

then using in the case of @  the fact that path integrals are invariant w.r.t.
changes of the function at one single point

W Z
j1 2 = a (F1 F)(x)d (x)
k=1 k
- -w - -
sup jFi(x) Fa(x)]  jajlength( k)
x2Bnf0g k=1
M
M 2 = 71:

That is
1 M=2 2 1+ M =2
such that using (5.5) we obtain that

X M; M
aFkFo= 2>M ! L

k=1
However, this is a contradiction to (5.3), hencef Fy; F»; ::;; Fy g is linearly inde-
pendent.

The idea that we follow here is to approximateS by a splineS 2 H based on a
systemfFq; Fy; i Fn g, i.e. by a spline of the form
X
S(x) = ackFKy (5x); x 2 B:
k=1
It is known that if L is a curve parameterized by a @ ([a; §; R®){function |, and

F is a continuous scalar eld, then
Z Z

b
LF(x)d (x)=  F(()jl%)jdt:

Hence, knowing parametric equations of raypaths;; q = 1;::;; N we can calculate
the matrix components corresponding to our spline interpation problem:

R % x 2 Z
(Fi)x (Fa)y K (y;x) = Afn W ()d (X)) Wiy, (Dd (y):

k=0 n=0 j= n q
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And by solving the linear equation system
X
aq (Fi), (Fq)y Ku(y;x)= T, forall | =1;::;N
g=1

X XXX ox & )
S(x) = aq(Fo)y Ku(y;x) = aq Aicn Wicn; () d () Wicy; (X)
=1 =1 k=0 n=0 j= n
approximating the function S.
Methods of determining the parametric equations of the raygths 4, q=1;::;; N
are described in Appendix A.

5.3 Numerical Tests

Let Vp be the P-wave velocity function according to PREM. In numedal tests
we takeS; := 1=V, as a reference slowness model , whéfgis an approximation
to Vp with a function which stepwise is of the form (see Figures 5dnd 5.2):

V()= Ar@B: 1201 A;b= const: (5.6)

Figure 5.1: P-Wave velocityV, (according to PREM) (left), approximation of Vj,
with a function V; which stepwise is of the form (5.6) (right).
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r Vo(r) r Vo(r)
0.00000| 11.26620| | 0.62784| 13.24532
0.03139| 11.25593 | 0.65924| 13.01579
0.06278| 11.23712 | 0.69063| 12.78389
0.09418| 11.20576| | 0.72202| 12.54466
0.12557| 11.16186| | 0.75341| 12.29316
0.15696| 11.10542 | 0.78481| 12.02445
0.18835| 11.03643 | 0.81620| 11.73357
0.19173| 11.02827| | 0.84759| 11.41560
0.19173| 10.35568 | 0.87898| 11.06557
0.21975| 10.24959 | 0.89484| 10.75131
0.25114| 10.12291) | 0.89484| 10.26622
0.28253| 9.98554| | 0.90582| 10.15782
0.31392] 9.83496| | 0.92152| 9.64588
0.34531 9.66865| | 0.93722| 9.13397
0.37671] 9.48409| | 0.93722] 8.90522
0.40810[ 9.27876| | 0.95134| 8.73209
0.43949, 9.05015| | 0.96547| 8.55896
0.47088| 8.79573| | 0.96547| 7.98970
0.50228) 8.51298| | 0.97646| 8.03370
0.53367| 8.19939| | 0.98744| 8.07688
0.54623| 8.06482| | 0.99617| 8.11061
0.54623| 13.71660, | 0.99617| 6.80000
0.56506| 13.68753 | 0.99765| 6.80000
0.56977| 13.68041 | 1.00000; 5.80000
0.59645| 13.44742

Table 5.1: The values oly(r) for dierent r 2 [0; 1]
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Figure 5.2: Dierence ofV; andV,, V=V, V.

More precisely, we geV; by dividing [0,1] into 48 parts (according to Table 5.1)
and in each of these parts approximatiny, with a function of a form (5.6). Thus,
rays should be generated according to the slowness mo&el In this case the
parametric equations of the raypaths ¢;q=1;::;;N can be written in a simple
analytic form (see Section A.2).

As a sequence Ay, GQcnon, We took AZ, = BECZ, k;n 2 No, where BZ =

e 1kk+D) js the Gau {Weierstra symbol, and C2 = e 2" is the Abel-Poisson
symbol (see Section 3.1.2 and Section 3.2.2). In this case oeproducing kernel
Ky (; ) can be written as (see (1.11) and [24], p. 45)

X X .
K (X; y) = Ak;an;n;j (X)Wk;n;j (y) (5-7)
k=0 n=0 j= n
_ 1 1
4 (1+h2 2n(% 1))e2d

B2(2k +3)P°? (2jxj 1)P? (2)yj 1)
k=0
K1 OEixj; yayj) Ko (xj; i) ;

where

T 1 1 h?
A N CEY T R A
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with h:= C#=e 2 and

X . .
K2 (ixisiyi) = Ka(rxiry) = BERk+3)PI?@r PPy 1) (5.9)
k=0
We see that for xed xo 2 B, K only depends on y, i.e. on the unit vector of
y, and K, only depends onry, i.e. on the radius ofy. This suggests that we
can choose parameters;; , independently to control the localization character
(hat-width) of Ky in the direction of ry and  respectively. The last point is
particularly important in body wave tomography, since herethe unknown (ve-
locity) function has strong variations in the direction ofr, and relatively small
variations in the direction of .
The representation ofx 2 B in the spherical coordinates will be denoted by
x(r; ; ), wherer 2 [0;1];, 2[0; ]Jand 2 [0;2 ).

(a) paths of 360 synthetic rays (b) paths of 300 synthetic rays

Figure 5.3: paths of synthetic rays generated according ¥, and plotted on the
plane =90

Here we run two numerical tests. In the rst one we reconstrucVy(r) in the
segmentr 2 [0:65;1] with =120 and =90 (see Figures 5.4 and 5.5) using
the synthetic ray system presented in Figure 5.3(a), whileithe second one we
approximate the function Vo(x(r; ; )) =5+ 0:1 sin(5)cos(20) at r = 0:98,
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r =0:99, 2 [100;125] and = 90 (see Figures 5.6 and 5.7) using the
synthetic ray system presented in Figure 5.3(b). The integt terms representing
the matrix components and the spline basis have been calcidd approximately
with the trapezoidal rule, where the series in (5.9) has bedruncated at level
50. Moreover, a smoothing (regularization) of the linear egtion system, with a
smoothing parameter , has been done.

The results show that with our spline method we are able to obtn a good
approximation for a relatively smooth model (see Figures &.and 5.7) as well
as for a model with a rather big variations (see Figures 5.4 drb.5). Hence,
the described spline approximation method proved to be antatnative to the
existing methods in seismic body wave tomography.
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(a) reconstruction of V; (b) error of the reconstruction of V;

Figure 5.4: reconstruction and corresponding error &f; using the rays in Figure
5.3(a), with ; =0:001, ,=10, =10 °©

Figure 5.5: comparison of the proles olV; (solid line) and its reconstruction
(dashed line)
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(a) comparison of the pro les of V, (solid line) (b) error of the reconstruction of V,
and its reconstruction (dashed line)

Figure 5.6: reconstruction ofV,(r; ) using the rays in Figure 5.3(b), with | =
02, ,=0:3; =0:04atr =0:99, 2[100;125]and =90

(a) comparison of the pro les of V, (solid line) (b) error of the reconstruction of V,
and its reconstruction (dashed line)

Figure 5.7: reconstruction ofV,(r; ) using the rays in Figure 5.3(b), with | =
0:2, ,=0:3; =0:04atr =0:98, 2[100;125]and =90
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5.4 On Uniqueness and Convergence Results

If the reference slowness modé&, depends only on the radius, i.e. Sp = Sy(r)

r = jxj, x 2 B, then the rays are planar (see e.g. [1], [12]) and Problem &2
can be considered separately in each cross-sectiorBoby the plane of a great

circle. Hence, the problem of nding the functionS becomes planar, and can be
formulated as follows.

Problem 5.4.1 Given a function (u)= (1; 2),u=( 1; 2)2 > >, nd

a continuous functionS on B, such that
Z
(15 2)= S(x)d (x); (5.10)

So(u)

where , and B, are the unit circle and respectively the unit disk ifR?.

For this problem V. Romanov (see [61]) obtained the followguniqueness result.

Theorem 5.4.2 Letry > 0and the functionm(r) = rSy(r) satisfy the conditions
m(r) > 0;mYr) > 0;m(r) 2 CJrq: 1]: (5.11)

in the domainD = fx:ro j Xj 1g. In this case the continuous functiorsS is
uniquely de ned in the domainD by the function ( ;; ,) for those ;; ,2 »
for which the rays ( 1; ») are contained inD.

In our case of the reference velocity functiox, de ned in the previous section, we
see thatSy = 1=\ is a piecewise smooth (continuously di erentiable) functin,
and therefore can be arbitrarily well approximated by a smab function, which
again will be denoted byS,. So, we can assume thaS, 2 C?[0;1]. Hence,
m(r) = rSy(r) is in C@[0; 1], too.

As we can see from Figure 5.8n9r) > 0 for r 2 [d»;1]. Hence, from Theorem
5.4.2 follows that (5.10) uniquely determine$S in fx : d, j xj 1g. However,
we will see that in the wholeB, the solution of Problem 5.4.1 in general can be
non-unique.

Let S; : B, ! R be a solution of Problem 5.4.1. We present a procedure to
construct a function S, 2 C(B,) which di ers from S; and which solves Problem
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Figure 5.8: Plot ofm(r) = rSo(r)

5.4.1. From Figure 5.8 we can see tha(r) monotonically decreases frormg to
m, with the decreasingr in [d;; 1]. In [dy; d;] it increases then again decreases
with the decreasingr, such that m(d;) = m(d;) = m;. In this case it can be
shown that there is no ray with theturning point (see Section A.2) ind; d,] (see
e.g. [1], [12)).

Denote D; := fx 2 R? : jxj dig, D, := fx 2 R?:d; jxj dygand
Ds:=fx2R?:d, j Xj 1g. Take F; 2 C(D,[ D3) such that F; = S; on D3
but F{ 6 S; onD,. For any seismic ray ( 1; 2), 1, 22 » thatintersects Dy,
denote by { i1; ») the part of ( 1; ,) whose image is inD1, by % 1; ) the
part of ( 1; 2) whose image is irD, [ D3 (see Figure 5.9), and denote

z
Ci 2= (12 Fi(x)d (x):

q 1; 2)

Discuss now the problem of nding a functionS which is given onD; by the

equation
d Z

Cu 2= S(x)d (x): (5.12)

0 1; 2)



5.4. On Unigueness and Convergence Results 119

Figure 5.9: illustration of D1, Dy, Dz and ( ;1; »2)

If we suppose that there exist$, 2 C(D,) such that it solves (5.12) andF, = F;

on the boundary ofD4, then it is easy to check that the function
8

S0 = _<F1(x); X2 Dz [ Ds;
- Fa(x);  x2Dy;

will be a solution of Problem 5.4.1 which di ers fromS;.
Clearly, the existence of such afr, depends onF4, in particular it depends on
the values ofF; on D,. We shall mention that the problem of describing the set
of such functions, i.e. the problem of describing the set obn-uniqueness of the
solution of Problem 5.4.1 is still open.
For the one-dimensional and non-linear analog of Problem4s1 the nature of the
non-uniqueness of the solution was studied by M. Gerver and. Wlarkushevich
(see [29], [30]).
Taking into account facts mentioned above, from Assumptio.2.8 follows that
if the sets of the given seismic sources and receivers are seim , then the
function ('; ) uniquely determines the functionS in D3. However, in this case
the corresponding system of functionals need not to be corefg in whole W,
and thus, the convergence Theorem 3.7.5 can be invalid. Ndtet it is possible
to develop the described spline approximation concept in dsed spherical shell
as well. The closed spherical shell is compact and thus, caa bonsidered as an
initial set. Hence, here the problem is the choice of the ca@sponding initial basis
system. For similar bases see e.g. [76] and the referencesdmn.
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Chapter 6
Conclusions and Outlook

The main aim of this work was to obtain an approximate solutio of the seismic
traveltime tomography problems with the help of splines basl on reproducing
kernel Sobolev spaces. It was shown that the seismic traweie tomography
problem is ill-posed and regularization can be constructedgith the help of such
splines. In order to be able to apply the spline approximatio concept to sur-
face wave as well as to body wave tomography problems, the spial spline
approximation concept was extended for the case where thendain of the func-
tion to be approximated is an arbitrary compact set inR" and a nite number
of discontinuity points is allowed. This concept was discsed in details for the
case of the unit ball and the unit sphere. Furthermore, we psented applica-
tions of such spline interpolation/approximation method b seismic surface wave
as well as body wave tomography, and discussed the theorati@and numerical
aspects of such applications. It has been shown that the gties of uniqueness
of the seismic traveltime tomography problem and the questn of convergence of
the interpolating spline sequence have close relationshimore precisely the se-
guence of interpolating splines converges if and only if tr@rresponding system
of functionals is complete in a corresponding space. In oth@ords in that case if
the corresponding system of functionals is complete thendhconstructed spline
method enables a well-posed determination of an arbitrayilgood approximation
to the solution of the seismic traveltime tomography proble. It also has been
shown that in the case of surface wave tomography for that cqieteness it is
enough that the union of the sets of given seismic sources ameivers is dense
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on the sphere.

The results of numerous numerical tests have been presentedhis work as well.
For the surface wave tomography the numerical tests includée reconstruction
of the Rayleigh and Love wave phase velocity at 40, 50, 60, &m0, 130 and 150
seconds and comparison (for some phases) with the corresgiog maps obtained
with the well-known spherical harmonics approximation mdétod. Moreover, some
tests with synthetic data sets including the so-called chkerboard tests, a test
by adding random noise to the initial traveltime data and a tst with a so-called
hidden object have been presented as well. It has been obserthat the phase
velocity maps obtained via splines have similar structuresathe corresponding
maps obtained via the spherical harmonic approximation mebd. However, in
the tests with the synthetic data sets it was shown that splias (in particular in
case of local/localized models) allow more accurate rectmstion. For the body
wave tomography numerical tests include a partial reconsiction of the P-wave
velocity function (according to PREM) and its perturbation with the use of syn-
thetic data sets.

These results demonstrate that the spline interpolation aapproximation method
indeed represents an alternative to the present methods irismic tomography.
It was shown that this spline method can be used for global ity determina-
tion as well as for local calculations. The advantage of theethod should be the
localizing character of the spline basis functions, whicheoomes clearly visible in
case of local data sets or regional disturbances.

The disadvantage of the method is that it requires relativgl large computational
time, in particular for the calculation of the matrix ky (see (3.15)), with a rela-
tively big N. Moreover, sinceky hasN? elements one require®(N ?) operations
for the necessary calculations. For some inverse problentete are algorithms
which reduce the computational costs to, for exampleQ(N ), 1 < 2o0r
O(N logN) (see e.g. [23], [31], [35]). This motivates further resedr on nding
such a procedure for our problem. From the practical point ofiew, of course,
it is interesting to obtain velocity models for body wave torography, using real
data sets, too. In this context the test calculations in Sean 5.3 show promising
results. The problem of choosing an "optimal" sequendeAgk2n, (See Section
3.1) for each special approximation problem is also a topid further research.



Appendix A

On Seismic Ray Theory

In this appendix, we shall present, without derivation or poofs, a brief introduc-
tion into the seismic ray theory in the context of this work. This introduction is
based on [12] where further details can be found.

A.1 Seismic Rays

The waves that arise in earthquakes are called seismic wav@$fiese waves propa-
gate in the elastic body of the Earth according to the laws ofegpmetric seismology
which are altogether analogous to the laws of propagation aflight ray. The tra-
jectories, which are orthogonal to the wave fronts, are heralled seismic rays
by analogy with a light ray.

The study on seismic rays can be divided into two partkinematic and dynamic.
The computation of seismic rays, wave fronts, and travelties are subject of the
kinematic part, while the computation of synthetic seismogms, particle ground
motion diagrams and the vectorial amplitudes of the displasnent vector are sub-
ject of the dynamic part. These both parts can be investigateby the application
of so-called asymptotic high-frequency methods to the etaslynamic equations.
The kinematic part, however, may also be developed by somengile approaches,
for example, by Fermat principle. In this work we are interggd only in the kine-
matic part of seismic ray theory.

Let v() be the propagation speed of the seismic wave. Since in thedyoof
the Earth v is not constant but varies from point to point, seismic rays & not
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straight lines. Fermat's principle from variational calcdus (see e.g. [12], [18])
states: a ray joining any pair of points Xg; X is an extremal of the functional
Z
1

1) = —
J( ) I(x0;X) V(y)d

¥); (A.1)
wherel(Xo; X) is an arbitrary su ciently smooth curve joining the pair of points
Xo; X; d (X) is the element of its length in the Euclidean metric.
Clearly, from (A.1) follows that J(I) gives the time a wave takes to travel from
the point xo to x over the curvel(Xg; X). Thus, a seismic ray is a curve(Xo; X)
on which the traveltime of the wave is a minimum. Actually, fo rather complex
media where the functionv di ers strongly from a constant, the pair of points
Xo; X can be joined by several rays (or even an uncountable set ofs® where on
each of these rays the functional ( ) has a minimum. In this case we will take
as a seismic ray any particular one of them.
We denote the seismic ray joining the pointxg and x by (Xg;x). So, the
traveltime (Xq; x) of the wave along this ray or so-called rst-arrival travetime
betweenxy and x is calculated by the formula

z 1

050 @d (y): (A.2)

(Xo; X) =
The wave front at T = const is the surface de ned by the equality (xo;X) = T,
wherexg is xed. Let (Xp;X) be the unit vector tangential to the ray (Xo; X) at
the point x directed to the side of increasing. Then (A.2) implies that

1
r v (Xo;X) = —= (Xo;X) =: S(Xo; X);
X ( 0 ) V(X) ( 0 ) ( 0 )
wherer y denotes the gradient of the function computed with respect to the
variable x and s is the slowness vector. We denote also= jgj, i.e. S(X) = 1 =v(X).
Hence, we arrive at the so-calle&ikonal equation

ir x (xo;x)j? = s*(x): (A.3)

As is demonstrated in the variational calculus (see e.g. [AZhe characteristics
of this nonlinear rst-order partial di erential equation are precisely the rays, i.e.
the extremals of the functional in (A.1).

Let the distance of the ray path measured along the ray be, and the length of
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the ray path beL. Let also the parametric equation of the ray path be written
asx = xX( ), 2 [0;L]. In this case from the Eikonal equation (A.3) using the
method of characteristics one can derive the so-callealy tracing system

—=VS, —=r — (A.4)

These equations give a system of six rst order ordinary di eential equations
which in general must be integrated numerically to nd the rg path x = x( )
(for more see e.g. [12]). In some special cases it is also jpssto nd an
analytical solution of the system (A.4).

A.2 Mohorovee velocity distribution

Let the unit ball B = fx 2 R® : jxj 1g be an approximation to the Earth. In
the spherical coordinateB can be represented aB = f(r; ; ) :r 2 [0;1], 2

[0; 1, 2 [0;2 )g. Assume that a wave velocity functionv is depends only on
the radiusr, i.e. v = v(r), r 2 [0;1]. Moreover, suppose thaB can be divided
into N layers de ned by spherical surfacesy = 0;rq;r5;:::; ry =1, where in the

layer i, i.e. whenr; ; r <r; the velocity function v can be represented as

v(r)= Airt S A C = const: (A.5)

Velocity distribution (A.5) is known as the Mohorovct v elocity law (see [11]) or
also as Bullen's velocity law. Following [12] we present leean analytical solution
of the ray tracing system (A.4), in case o¥ being given by (A.5).

Since the velocityv is depends only orr, a ray as a whole is situated in a plane
passing through the origin oB, the start and the end point of the ray in question.
So, any point of a ray can be represented by two coordinatesys(r; ). It should
be mentioned also that in this case a ray is symmetric with rpgect to the line
passing through the origin ofB and the mid-point of the part of the great circle
connecting the start and the end points of the ray in questiofsee e.g. [1], [12]).
Let now be an arbitrary ray with start point P = (rp; p) and end point

Q =(rgq; o). The traveltime corresponding to will be denoted byT , i.e.

Z
1 — 0
md (X) —. T .
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Figure A.1: illustration of a ray path

Let (r; ) be an arbitrary point on . The acute angle between the radius vector
of (r; ) and the tangent vector of at (r; ) is denoted byi(r) (see Figure A.1).
Here, we have that

_rsini(r) _

v(r)

In seismologyp is usually called theray parameter, and (A.6) is the generalized
Snell's law for a radially symmetric medium (see e. g. [1], [11]).
Denote the coordinater of the turning point of (i.e. the point on with the

const: (A.6)

minimal radius vector) byry (see Figure A.1),i.e.i(ry) = =2,andry=vry) =
p. Moreover, <
r2
w(r) := 0 p 12 [01];
and
r(t):= at?’+ bt+1; t2[0;T]; (A.7)

wherea:=4(1 ry)=T?andb:= 4(1 ry)=T.

Choosej 2 N such thatr; ; ry <rj,i.e.ry isin thej-th layer.

Take anyt 2 [0; T ] and let r(t) be in the k-th layer, i.e. re 1 r(t) <ry.
Now
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() ift T =2 then denote

X . .
(t):= p+ 1 arctan w(ri 1) arctan w(ri)
i=k+1 i1 Y
+ arctan w(r(t) arctan wW(ri) ;
Ck 1 p p
(i) ift>T =2 andk =j then
(t)y:= (T=2)+ arctan w(r (1)) arctan W(rm) ;
k 1 p p
(i) otherwise, i. e. ift>T =2 andk >j then
()= (T=2)+ arctan "UD) arcran W)
k 1 p
X1 . .
+ L UL D R (D)
- G p
+ arctan WU oreran W
Ck 1 p p

Finally, from [12] pp. 177 follows that can be parameterized by the equation
X(t) =(r(t); (1), t2][0Ty;

wherer(t) and (t) are de ned above.

It is easy to check that in this casex() 2 CY0;T ], i.e. x{) is a continuous
function on [0, T]. Note that actually in [12] the parametrization of is given
usingr as a parameter, in which case{r) is not continuous atry,, that is why,
to avoid that discontinuity, we introduced the parametert.

A.3 The Linearized Eikonal Equation

Equation (A.3) is nonlinear. To linearize it we assume that @ initial estimate sy
of the slowness functiors is available. The traveltime corresponding tas, will
be denoted by . From (A.3) we have

it o= 3 (A8)
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Denote also ; := 0, ands; := s so. With these de nitions, we can rewrite
Equation (A.3) in the form

(r o+r 1)?2=(r o)?+2r or 1+(r 1)?=(sp+S1)?= S5+250S1+ S%; (A.9)
or, taking into account the Equation (A.8),
2r o r 1+(r 1)>=2s¢8 + s (A.10)
Neglecting the squared terms, we arrive at the equation
ol 1= SoSy; (A.11)

which is the linearized version of the eikonal equation (A)3 The accuracy of the
linearization depends on the relative ratio of the slownegserturbation s; and
the true slowness modesd. Although it is di cult to give a quantitative estimate,
in seismology the ratio of 10% is generally assumed to be aesapper bound.
We can rewrite Equation (A.11) in the form

ol 1= S1, (A12)

where ¢ is the unit vector, pointing in the gradient direction for the initial
traveltime . The integral solution of Equation (A.12) takes the form
Z
1(Xo; X) = s1(x)d (x); (A.13)
o(X0;x)
which states that the traveltime perturbation ; can be computed by integrating
the slowness perturbatiors; along the ray ( de ned by the initial slowness model
So (see e.g. [12], [42], [61]). This is the basic principle ofatreltime linearized
tomography.
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