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Zusammenfassung

Meine Dissertation besteht aus zwei Teilen. Im ersten Teil befasseich mich
mit dem Schicksal klassischer, kosmologischer Singularit•aten in der Quan-
tenkosmologie.Der zweite Teil widmet sich der Extraktion von Vorhersagen
aus der Quantenkosmologie.

Im erstenTeil habe ich zwei Klassenkosmologischer Modelle untersucht.
Universen aus der ersten Klasse von Modellen beginnen oder enden ihre
Entwicklung mit einer big-rip{Singularit•at. Hier divergierenEnergiedichte,
Druck und Skalenfaktor in endlicher Zeit. Diese Art von Singularit•at ist
ein generischer Bestandteil von kosmologischen Modellen mit dunkler Ener-
gie, die durch ein Phantomfeld generiert wird. F•ur jedes dieser Modelle
wurde auch dasentsprechendeGegenst•uck mit normalemSkalarfeld betrach-
tet. Durch das gew•ohnliche Skalarfeld wird eine big-bang{Singularit•at her-
vorgerufen. Die zweite Modellklasse, die ich untersucht habe, weist eine
big-brake{Singularit•at auf. Am big brake wird die Ausdehnung desUniver-
sums durch eine unendlich gro�e, negative Beschleunigung zum Stillstand
gebracht.

Die Wahl all dieserModelle ist motiviert duch dasAuftreten einer Singu-
larit•at bei gro�em Skalenfaktor. Die grunds•atzliche Frage, die eszu beant-
worten galt, war, ob dieseSingularit•aten auf Quantenebenevermiedenwer-
den. Wenn eine solche Vermeidung tats•achlich statt�ndet, so ist dies ein
Beleg und Beispiel f•ur das Auftreten von Quantengravitationse�ekten im
makroskopischen Universum.

Nach der Entwicklung von Modellen, die die gew•unschten Singularit•aten
aufweisen, habe ich n•amliche quantisiert. Quantisierung erfolgte im geo-
metrodynamischen Zugang. Die zentrale Gleichung ist hier die Wheeler{
DeWitt{Gleic hung. Ich habe L•osungen zu dieser Gleichungen gefunden,
in einem Fall konnte ich sogar eine exakte L•osung angeben. Aus diesen
L•osungenhabe ich Wellenpakete entlang Bahnen konstruiert, die auf klassi-
scher Ebenein die Singularit•at f•uhren w•urden. Die klassichenBahnenkonn-
ten mit Hilfe des Prinzips der konstruktiv en Interferenz aus den Paketen
abgeleitet werden.

Als Kriterien f•ur eine tats•achliche Vermeidung der Singularit•at auf dem
Quantenlevel wurde das Verschwinden der Wellenfunktion am Ort der klas-
sischenSingularit•at, sowie dasVerschmierenvon Wellenpaketenbei Ann•ahe-
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iv ZUSAMMENFASSUNG

rung an die klassische Singularit•at benutzt. Dies entspricht einem Zusam-
menbruch der semi-klassischenN•aherungund einerAu
•osungder Raumzeit.

In allen F•allen konnte ich Singularit•atsvermeidungnachweisen. Im Falle
der big-bang und der big-brake Singularit•at, die beide bei endlichen Werten
der Kon�gurationsraum variablen auftreten, verschwindet die Wellenfunk-
tion. F•ur die big-brake Singularit•at zer
ie�t zus•atzlich das Wellenpaket.
Die ist nicht der Fall f•ur die big-bang Singularit•at. Die big-rip Singularit•at
liegt im Unendlichen. Das Wellenpaket zerl•auft bei Ann•aherung an diese
Singularit•at, verschwindet aber nicht.

Im zweiten Teil meiner Arb eit habe ich mich mit der Anwendung von ge-
neralisierten, e�ektiv en Gleichungen auf Systememit Zwangsbedingungen
besch•aftigt. Generalisierte, e�ektiv e Gleichungen benutzen zur Beschrei-
bung von Quantensystemendie Erwartungswerte fundamentaler Operatoren
und die h•oheren Momente der Wellenfunktion anstelle der Wellenfunktion
selbst. Dieser Formalismus ist damit wie gescha�en f•ur die Extraktion von
Vorhersagenausder Quantenkosmologie,zum Beispiel in der Form von Kor-
rekturen zu klassischen Bewegungsgleichungen. Der Formalismus ist auf
einem, im allgemeinen Fall, unendlich-dimensionalenQuantenphasenraum
aufgebaut.

Die ersteAufgabebei der Anwendungauf Systememit Zwangsbedingun-
gen war die •Ubertragung der Dirac'schen Quantisierungsregel f•ur Zwangs-
bedingungenauf diesenQuantenphasenraum. Die resultierendenZwangsbe-
dingungen | es entstehen tats•achlich unendlich viele Zwangsbedingungen
auf dem Quantenphasenraum| eliminieren die unphysikalischen Freiheits-
grade in der zu erwartenden Art und Weise. Dies wurde f•ur den Fall einer
einzelnen, linearen Zwangsbedingung gezeigt. Daraus folgt, da� auch f•ur
einebeliebigeZwangsbedingungdie Freiheitsgrade,zumindest lokal, korrekt
eliminiert werden.

In einem zweiten Schritt mu�te die neugefundeneMenge an Zwangsbe-
dingungen konsistent gen•ahert werden, so da� eine endliche Zahl an Bedin-
gungenverbleibt. Nur dann kann man dem System •uberhaupt Informatio-
nen entziehen.

Ein solchesN•aherungsverfahren wurde f•ur nicht-relativistisc he Systeme
entwickelt und am Beispieldesparametrisierten, freien, nicht-relativistisc hen
Teilchensdemonstriert.



Abstract

This thesisconsistsof two parts. The �rst part is concernedwith the fate of
singularities in quantum cosmology. The secondpart addressesthe deriva-
tion of predictions from quantum cosmology.

In the �rst part, I studied two classesof cosmologicalmodels. In the �rst
classof models, the universeevolvesto or emergesfrom a big-rip singularity.
Here, energydensity, pressureand scalefactor divergeafter a �nite amount
of time. This type of singularity arises rather generically in cosmological
models with phantom dark energy. For each of thesephantom-�eld models,
the corresponding scenariowith ordinary scalar�eld wasstudied. The scalar
�eld induced a big-bang singularity. The secondclass of models studied
was dominated by a big-brake singularity. At the big brake, the universe
evolution comesto a halt due to an in�nite deceleration.

The motivation behind this choice of models was the occurrence of a
singularity at large scalefactor. The major question pursued was whether
thesetypesof singularity were resolved on the quantum level. If such singu-
larities wereresolved in quantum cosmology, this would imply that quantum
gravitational e�ects can occur in the macroscopicuniverse.

After devising classical models that contain the respective singularity,
I subjected these models to quantization which was carried out in the ge-
ometrodynamical approach. The governing equation is then the Wheeler{
DeWitt equation. I found solutions to the Wheeler{DeWitt equation, in one
caseeven an exact solution. Wave packets were constructed around tra jec-
tories which, on the classical level, would lead into the singularity. I have
then shown that the classicaltra jectory can indeed be recovered from these
packets through the principle of constructive interference.

As criteria for singularity avoidance, the vanishing of the wave function
at the location of the classicalsingularity, as well as the spreadingof wave
packets upon approach of this region, wasused. Whereasthe former ensures
that the classicalsingularity doesnot contribute to the quantum theory, the
latter signals a dissolution of the semi-classicalapproximation and thus of
spacetime.

In all cases,I found singularity resolution. In the caseof the big-bang
and big-brake singularities, the wave function vanishesat the classicalsin-
gularit y. These two have in common that they occur at �nite value of the
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vi ABSTRA CT

con�guration spacevariables. A spreading of the wave packet is however
only observed upon approach of the big-brake singularity. A strict vanish-
ing cannot be found at the location of the classicalbig-rip singularity. This
singularity is located at the in�nite boundary of con�guration space. The
wave packet spreadsupon approach of this singularity.

The second part of my thesis deals with the application of the general-
ized e�ectiv e-equationschemeto constrainedsystems. Generalizede�ectiv e
equations describe a quantum system via expectation values of fundamen-
tal operators and higher moments of the wave function | instead of using
the wave function itself. It is thus a very useful scheme for the derivation
of predictions from quantum cosmology, e.g. in the form of corrections to
classical equations of motion. The theory is formulated on a, generally,
in�nite-dimensional quantum phasespace. The �rst task was to �nd a for-
mulation of Dirac's constraint-quantization condition on this phasespace.
Such a formulation was found and proven to remove degreesof freedomap-
propriately in the caseof a single linear constraint. This result ensuresthe
correct removal of degreesof freedom for any singly constrained system at
least locally. In a secondstep, the newly formulated constraints | there are
actually in�nitely many of them | had to be consistently approximated.
Such an approximation is necessaryto reduce the in�nite number of con-
straints to a �nite one. Only then can information be extracted from the
system.

Such an approximation scheme for non-relativistic systems was devel-
oped. Its consistency was explicitly checked using the parametrised, free
non-relativistic particle.



Con ten ts

Zusammenfassung iii

Abstract v

Notation and conventions xiii

1 In tro duction 1

2 Hamiltonian form ulation of GR 5
2.1 The Arnowitt{Deser{Misner action . . . . . . . . . . . . . . . 5

2.1.1 The (3 + 1)-decomposition . . . . . . . . . . . . . . . . 6
2.1.2 The Arnowitt{Deser{Misner action . . . . . . . . . . . 9

2.2 The Hamiltonian of GR . . . . . . . . . . . . . . . . . . . . . 10
2.2.1 Phasespacevariables of GR . . . . . . . . . . . . . . . 10
2.2.2 The Hamiltonian of GR . . . . . . . . . . . . . . . . . 11

2.3 Constraints of GR . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3.1 The set of constraints . . . . . . . . . . . . . . . . . . 13
2.3.2 Transformations generatedby the constraints . . . . . 13
2.3.3 The partially reducedphasespace . . . . . . . . . . . 15

2.4 Equations of motion . . . . . . . . . . . . . . . . . . . . . . . 15
2.4.1 Hamiltonian equations of motion . . . . . . . . . . . . 15
2.4.2 Relation to Einstein's equations. . . . . . . . . . . . . 15

2.5 Dirac algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.5.1 Reparametrization-invariant theories . . . . . . . . . . 17
2.5.2 The hypersurface-deformationalgebra . . . . . . . . . 18
2.5.3 Relation to di�eomorphisms . . . . . . . . . . . . . . . 18

2.6 Gravit y coupled to matter . . . . . . . . . . . . . . . . . . . . 19

3 Dirac Constrain t Quan tization 21
3.1 Canonical Quantization . . . . . . . . . . . . . . . . . . . . . 21

3.1.1 Canonical Quantization of ClassicalMechanics . . . . 21
3.1.2 Canonical Quantization of Field Theories . . . . . . . 22

3.2 Constraint Quantization . . . . . . . . . . . . . . . . . . . . . 24
3.2.1 Dirac Constraint Quantization . . . . . . . . . . . . . 24

vii



viii CONTENTS

3.2.2 Dirac's constraint quantization condition: an example 26
3.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4 Quan tum General Relativit y 31
4.1 The Programme . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.1.1 The quantization map Q . . . . . . . . . . . . . . . . . 31
4.1.2 The Dirac Algebra . . . . . . . . . . . . . . . . . . . . 32
4.1.3 The solution spaceF0 . . . . . . . . . . . . . . . . . . 32

4.2 Mathematical Problems . . . . . . . . . . . . . . . . . . . . . 33
4.2.1 Positivit y requirement for the three-metric h . . . . . 33
4.2.2 Factor ordering . . . . . . . . . . . . . . . . . . . . . . 33
4.2.3 Consistent constraint operators . . . . . . . . . . . . . 33

4.3 Interpretational Problems . . . . . . . . . . . . . . . . . . . . 35
4.3.1 Identi�cation of physical state space . . . . . . . . . . 36
4.3.2 Observables . . . . . . . . . . . . . . . . . . . . . . . . 37
4.3.3 The physical state spaceF phys . . . . . . . . . . . . . 37

4.4 Successesof quantum GR . . . . . . . . . . . . . . . . . . . . 38
4.4.1 The semi-classicallimit . . . . . . . . . . . . . . . . . 38
4.4.2 Relation to path integral . . . . . . . . . . . . . . . . . 42

5 Singularities in quan tum GR 45
5.1 Singularities in classicalGR . . . . . . . . . . . . . . . . . . . 45
5.2 What do we expect from quantum GR? . . . . . . . . . . . . 46

5.2.1 Resolution of classicalsingularities? . . . . . . . . . . 46
5.2.2 Singularity-free quantum GR? . . . . . . . . . . . . . 47
5.2.3 Expectation . . . . . . . . . . . . . . . . . . . . . . . . 48

5.3 Singularities in quantum cosmology. . . . . . . . . . . . . . . 49
5.3.1 The Wheeler{DeWitt equation with cosmologicalcon-

stant . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
5.3.2 The Wheeler{DeWitt equation containing matter . . . 57
5.3.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . 59

5.4 Singularities in full quantum GR . . . . . . . . . . . . . . . . 59
5.4.1 Superspace . . . . . . . . . . . . . . . . . . . . . . . . 60
5.4.2 DeWitt's boundary proposal . . . . . . . . . . . . . . 62
5.4.3 Regularizing the Wheeler{DeWitt equation . . . . . . 62
5.4.4 Coupling to matter . . . . . . . . . . . . . . . . . . . . 63

5.5 Criteria for singularity resolution . . . . . . . . . . . . . . . . 63
5.5.1 Break-down of semi-classicalapproximation . . . . . . 64
5.5.2 Vanishing of the wave function . . . . . . . . . . . . . 64
5.5.3 Other criteria . . . . . . . . . . . . . . . . . . . . . . . 65



CONTENTS ix

6 Quan tum Cosmology 67
6.1 Hamiltonian formulation . . . . . . . . . . . . . . . . . . . . . 67

6.1.1 Motiv ation . . . . . . . . . . . . . . . . . . . . . . . . 67
6.1.2 Gravitational Hamiltonian . . . . . . . . . . . . . . . . 68
6.1.3 Coupling to scalar-�eld matter . . . . . . . . . . . . . 69
6.1.4 Total Hamiltonian . . . . . . . . . . . . . . . . . . . . 70
6.1.5 Hamiltonian equations of motion . . . . . . . . . . . . 71

6.2 Wheeler{DeWitt equation for cosmology . . . . . . . . . . . . 72
6.2.1 Regularization of the Wheeler{DeWitt equation . . . 73

7 Quan tum phan tom cosmology 75
7.1 Motiv ation and generalproperties . . . . . . . . . . . . . . . 75
7.2 Quantizing the big-rip singularity . . . . . . . . . . . . . . . . 78
7.3 ClassicalPhantom Cosmology. . . . . . . . . . . . . . . . . . 78

7.3.1 Cosmological toy model with vanishing phantom po-
tential . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

7.3.2 Cosmologicalmodel with phantom dark energy . . . . 80
7.3.3 Cosmologicalmodel evolving from big rip to big rip . 82

7.4 Quantum Phantom Cosmology . . . . . . . . . . . . . . . . . 84
7.4.1 Quantum cosmologicaltoy model with vanishingphan-

tom potential . . . . . . . . . . . . . . . . . . . . . . . 85
7.4.2 Quantum cosmologicalmodel with phantom dark energy 87
7.4.3 Quantum cosmologicalmodel with phantom dark en-

ergy and cosmologicalconstant . . . . . . . . . . . . . 92
7.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

8 Quan tum Cosmology of big-brak e mo del 99
8.1 Classicalbig-brake model . . . . . . . . . . . . . . . . . . . . 100
8.2 Quantum cosmologyof the big-brake model . . . . . . . . . . 103

8.2.1 Born{Opp enheimerapproximation to the Wheeler{
DeWitt equation . . . . . . . . . . . . . . . . . . . . . 104

8.2.2 Derivation of classical equations of motion from the
principle of constructive interference . . . . . . . . . . 105

8.2.3 Singularity avoidance . . . . . . . . . . . . . . . . . . 107
8.2.4 Behaviour at the classicalsingularity . . . . . . . . . . 107

8.3 Remarks on the big-bang singularity . . . . . . . . . . . . . . 111
8.3.1 Solution to the Wheeler{DeWitt equation . . . . . . . 111
8.3.2 Recovery of classicaltra jectories . . . . . . . . . . . . 112
8.3.3 Construction of wave packets . . . . . . . . . . . . . . 112
8.3.4 Singularity avoidance . . . . . . . . . . . . . . . . . . 113

8.4 Relation to Loop Quantum Cosmology . . . . . . . . . . . . . 113
8.4.1 Non-covariant factor ordering . . . . . . . . . . . . . . 115
8.4.2 Covariant factor ordering . . . . . . . . . . . . . . . . 116

8.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116



x CONTENTS

9 E�ectiv e Equations 119
9.1 Motiv ation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

9.1.1 From the quantum GR side . . . . . . . . . . . . . . . 119
9.1.2 From the quantum theory side . . . . . . . . . . . . . 123

9.2 Geometrical formulation . . . . . . . . . . . . . . . . . . . . . 124
9.3 Generalizede�ectiv e equations . . . . . . . . . . . . . . . . . 125
9.4 E�ectiv e constraints . . . . . . . . . . . . . . . . . . . . . . . 128

9.4.1 Form of quantum constraints . . . . . . . . . . . . . . 128
9.4.2 Iteration procedurefor quantum constraints . . . . . . 130
9.4.3 Reality conditions . . . . . . . . . . . . . . . . . . . . 131
9.4.4 Linear constraint operator: Number of e�ectiv e con-

straints . . . . . . . . . . . . . . . . . . . . . . . . . . 132
9.5 Approximation schemes . . . . . . . . . . . . . . . . . . . . . 139

9.5.1 Truncations . . . . . . . . . . . . . . . . . . . . . . . . 140
9.5.2 Consistent approximations . . . . . . . . . . . . . . . . 144
9.5.3 Consistent approximations: an example . . . . . . . . 147

9.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

10 Conclusions 155

A Generalized Hamiltonian dynamics 159
A.1 The Bergmann{Dirac algorithm I . . . . . . . . . . . . . . . . 159

A.1.1 Canonical momenta and primary constraints . . . . . 160
A.1.2 Canonical Hamiltonian and equationsof motion . . . 160
A.1.3 Weak and strong equalities . . . . . . . . . . . . . . . 161
A.1.4 Primary Hamiltonian and extendedequationsof motion162
A.1.5 Consistencyand secondaryconstraints . . . . . . . . . 164
A.1.6 Determination of multiplier functions � . . . . . . . . 166
A.1.7 First-class constraints and gaugetransformations . . . 167
A.1.8 The Dirac conjecture . . . . . . . . . . . . . . . . . . . 170

A.2 The Bergmann{Dirac algorithm I I . . . . . . . . . . . . . . . 171

B The canonical quan tization scheme 173
B.1 Canonical Quantization in ClassicalMechanics . . . . . . . . 173
B.2 Canonical Quantization of Field Theories . . . . . . . . . . . 176

C `Singularit y resolution' 179
C.1 Singular potentials in quantum and classicalmechanics . . . . 179
C.2 The classicalmotion of a particle in the attractiv e Coulomb

potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
C.3 The quantized Coulomb problem . . . . . . . . . . . . . . . . 181
C.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181



CONTENTS xi

D Appro ximating Wheeler{DeWitt 183
D.1 The Born{Opp enheimerapproximation . . . . . . . . . . . . 183
D.2 Approximating the Wheeler{DeWitt equation . . . . . . . . . 185

D.2.1 The Born{Opp enheimerapproximation . . . . . . . . 185
D.2.2 Neglection of matter motion . . . . . . . . . . . . . . . 187

E System of constrain ts 189

F Figures 195
F.1 Wave packet for the big-brake model . . . . . . . . . . . . . . 195
F.2 Wave packet phantom- and scalar-�eld model . . . . . . . . . 198

Ac kno wledgemen ts 209

Erkl •arung 211

Leb enslauf 213



xii CONTENTS



Notation and conventions

Starting point of all our derivations is a four-dimensional manifold M with
metric g of signature (� ; + ; + ; +). We will considerspatial hypersurfaces�
in M which are assumedto be compact throughout.

Greek indices range from 0; : : : 3 and latin indices from 1; : : : 3. Round
brackets around indices denote symmetrisation, x (ab) , and square brackets
anitsymmetrisation, x [ab].

Poissonbrackets will be denoted by f� ; �g and commutators by [�; �].

We will usethe abbreviation � 2 = 8� G
c4 containing the gravitational con-

stant G and the speedof light c. Also C = 3V
� 2 will be usedas abbreviation.

I decidedto follow the conventions in the choice of variables for the dif-
ferent quantities. As a consequence,someletters occur with double meaning
and in di�eren t styles, especially p and H . If the sameletter is usedfor dif-
ferent quantities, then this happensin di�eren t contexts sothat no confusion
can arise.

Units are chosensuch that c = 1. The constant c wil l only be retained
in exceptional cases.
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Geometrical quantities

g spacetimemetric h metric on �
K extrinsic curvature G�� Einstein tensor
x points in � X points in M

Derivatives

; � partial derivative r � covariant derivative of g

j a covariant derivative of h

Canonical formulation
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N a shift vector pN a conjugate momentum of N a
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p pressure � energy density
w = p

� equation of state
� cosmologicalconstant k curvature index
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q canonical coordinate p conjugate momentum of q
Ga;b
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Chapter 1

In tro duction

General relativit y is the theory describing the gravitational interaction.
Even though it is experimentally well veri�ed, it has the disturbing fea-
ture that it predicts its own break-down in the form of spacetimesingular-
ities. Famousexamplesare the big-bang singularity arising in cosmological
spacetimesand the black-hole singularity arising in spherically symmetric
spacetimes.

As theseareboth highly symmetric solutions to Einstein's equations,one
might hope that the singular nature is due to the high symmetry and not to
general relativit y itself. However, the singularity theoremsof Hawking and
Penrosesquashthis hope. Singularities are a generic feature of physically
interesting spacetimes.Sowe really needa theory that goesbeyond general
relativit y | this is at least the usual intro duction found in many quantum-
gravit y reviews.

The generalassumptionis that `the theory beyond' should be a quantum
theory transcending general relativit y. Depending on the own capacity of
transcendation, one of the following two paths is pursued. Either, one can
attempt to include general relativit y in a quantum theory comprising all
four known interactions, i.e. to devisea grand uni�ed theory. Or, one can
contend oneselfwith a mere quantization of general relativit y.

We reserve the name quantum gravit y for the latter approach.
Simply subjecting general relativit y to quantization leads to quantum

general relativit y. Here, `simply' refers to a straight forward application
of canonical or path-integral quantization rules. In this thesis, we work
in the functional Schr•odinger picture of quantum general relativit y, i.e. in
the canonical formulation. This approach is known as quantum geometro-
dynamics and often treated as opposedto the corresponding path-integral
formulation. But we seequantum geometrodynamics just as one side of the
coin of quantum general relativit y.

Quantum generalrelativit y is the oldest candidate for a quantum theory
of gravit y. The problem with this theory is that it does not �t into the

1



2 CHAPTER 1. INTR ODUCTION

mathematical corset of ordinary quantum theory. Therefore many other
approaches have arisen over the years. On the canonical level, the most
fervent opponent of quantum general relativit y is loop quantum gravit y.
Being not only faced with problems but also with an alternativ e, it seems
wise to review the path taken and examine it carefully. This will be the
content of Chapters 2 { 4.

But let us comeback to the singularity issue| which is actually inter-
mingled with the list of problems of quantum general relativit y.

As it was intro duced above, the resolution of classicalspacetimesingu-
larities forms a major motivation for the setup of quantum gravit y. Let us
take the time to check this motivation. Should we really expect that quan-
tum general relativit y resolvesall classicalsingularities? Which arguments
can be given in favour of this hope?

Another expectation that is generally raised in connection with the res-
olution of classicalsingularities is that quantum general relativit y itself be
a singularity-free theory. Note that this issue is a priori unrelated to the
�rst one. Furthermore, it is our aim to elucidate whether the expectation of
singularity-freedomis a valid and well-founded one. Chapter 5 is devoted to
a critical review of these two expectations connectedwith singularities on
the quantum gravitational level.

Apart from just checking whether these two expectations are justi�ed,
we want to study whether they are actually met. That means,we discuss
whether classicalsingularities are resolvedon the quantum level and whether
quantum general relativit y is itself a singularity-free theory. It is di�cult
to arrive at general statements on these issues. A tentativ e answer to the
secondquestion is, however, given in Chapter 5. Following the results of
this chapter, criteria are developed which account for singularity resolution
on the quantum level.

Armed with these criteria, we approach the �rst question, namely the
question of singularity resolution on the quantum level. It is discussedfor
two di�eren t typesof quantum-cosmologicalsingularity in Chapters 6 and 7.

Quantum cosmologyis the adaptation of quantum general relativit y to
cosmology. It has two main applications. Firstly , it is consideredas the
theory relevant for the study of the early Universe. Secondly, it is often
usedas a toy model for full quantum generalrelativit y. This is the sensein
which it is employed in Chapters 6 and 7.

Of course,the cosmologicalsingularity of primary interest for our Uni-
verseis the big bang. But other, more exotic typesof singularity also exist.
The two singularities studied here are the big rip and the big brake. They
both occur at large scalefactor, i.e. in the macroscopicuniverse. We ana-
lyze what happensto thesesingularities upon quantization. Can we expect
quantum gravitational e�ects in the macroscopicuniverse?

The last chapter is devoted to a rather new e�ectiv e formulation developed
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for quantum cosmology. This formulation is based on expectation values
and higher moments of the wave function instead of the wave function it-
self. Therefore it is very well suited for the extraction of predictions from
quantum cosmology. In Chapter 7 a formalism is developed that allows the
application of this e�ectiv e schemeto constrained, non-relativistic systems.



4 CHAPTER 1. INTR ODUCTION



Chapter 2

Hamiltonian form ulation of
General Relativit y

The Hamiltonian formulation is the classical starting point of canon-
ical quantum general relativity. It is based on a (3+ 1)-decomposition
of spacetime. The corresponding action arising from the Einstein{
Hilbert action is the so-called Arnowitt{Deser{Misner action. Most
signi�c antly, the Hamiltonian dynamics of general relativity turns
out to be constrained, the Hamiltonian itself being one of the con-
straints.

2.1 The Arno witt{Deser{Misner action

Any canonicalformulation restson the isolation of velocities of con�guration
space variables. From these, the conjugate momenta are inferred which
then span up phasespace. Thus to obtain a canonical formulation one has
to identify a time variable. For general relativit y this implies that four-
dimensionalspacetimehas to be decomposedinto spatial hypersurfaces.On
each hypersurface, canonical variables can then be de�ned which evolve
along the foliation. The resulting formalism is implicitly generally covariant
if it doesnot depend on a speci�c choice of time, i.e. foliation.

The decomposition of the Einstein{Hilb ert action into time and space
directions is calledArnowitt{Deser{Misner action, or ADM-action for short.

In the following, I want to present the (3 + 1)-decomposition and derive
the ADM-action for pure gravit y. Finally , someremarks are made on the
inclusion of matter.

We start from a Lorentzian manifold M with spacetime metric g of
signature (� ; + ; + ; +). This metric is a solution of Einstein's equations
derived from the Einstein{Hilb ert action

5
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SEH [g] =
c4

16� G

Z

M

d4x
p

� det g(R � 2�) :

The prefactor containing the gravitational constant G and the velocity of
light c will be abbreviated through � 2 = 8� G

c4 . The determinant of g will
be written as det g, R is the Ricci scalar of g. The cosmologicalconstant is
denoted by �.

2.1.1 The (3 + 1)-decomp osition

Now wedecomposethis spacetimemanifold M into three-dimensional,space-
like hypersurfaces.Thesehypersurfacesshall actually be Cauchy hypersur-
faces: the speci�cation of initial data on thesehypersurfacesshall determine
a (up to di�eomorphisms) unique solution to Einstein's equations. We know
that such hypersurfacesdo not exist for arbitrary spacetimesbut only for
globally hyperbolic ones.1

The foliation of spacetime

Globally hyperbolic spacetimesare di�eomorphic to a product manifold of
a three-dimensional, spacelike manifold, �, with the real line. This di�eo-
morphism is just the foliation

E : � � R � ! M

(x; t) 7�! E(x; t) :

In the following, we wil l assume� to be compact. For each t 2 R, we get a
special embedding of the hypersurface� into M

Et : � � ! M

x 7�! Et (x) = E(x; t) :

In this way, a global time function can be de�ned. Namely let

E� 1 : M � ! � � R

X 7�! E� 1(X ) = (� (X ); � (X )) ;

where � : M � ! � and � : M � ! R. Then � (Et (x)) = t. This map
associateswith each point in M a time coordinate in R, the foliation time.

1For non-globally hyperbolic spacetimes, data on a three-hypersurface determine the
metric only in a limited region, the domain of dependence.
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For all x 2 �, the map Ex : R � ! M de�nes a timelik e curve in M . Its
tangent vector is _Ex , where the dot denotesderivation with respect to t. As
this holds at each x 2 �, this actually de�nes a tangent vector �eld. It is
called deformation vector �eld . At each point X 2 Et (�) it describes the
changeof the embedding asa function of t. As a vector �eld it thus speci�es
how onehypersurfaceEt (�) is deformedinto an in�nitesimally neighbouring
one Et+ � t (�), seeFigure 2.1.

If we intro duce coordinates X � , � = 0; : : : 3, on M | which are not to
be confusedwith the point X 2 M | this �eld has components _E�

x where
E� = X � (Et (x)) at each point x in the hypersurface.PSfrag replacements

Et (�)

Et+ � t (�)
n

N � t

x

xa + � xa

~N

Ex (t)
Ey(t)

y

_Ey(t)

PSfrag replacements

Et (�)

Et+ � t (�)

n

N � t

x

xa + � xa

~N

Ex (t)

Ey(t)
y

_Ey(t)

Figure 2.1: Two embeddings of the hypersurface � into M are shown.
Theseembeddingsare separatedby a foliation-time interval � t. On the left-
hand side, the timelik e curves Ex (t), Ey(t) for two points x, y 2 Et (�) are
shown. The deformation vector _Ey(t) is depicted at y. The �gure on the
right-hand side illustrates the geometrical interpretation of lapseand shift.
Following the hypersurfacenormal n by an amount N � t along a geodesicto
the intersection point with Et+ � t (�) and then N a by an amount � � xa, we
arrive at the intersection point of Ex (t) with Et+ � t (�).

Keeping in mind that we want a theory that is de�ned on spatial hyper-
surfaces,we have to strife for a way to separatequantities which lie in the
hypersurfacefrom thoseorthogonal to it. This can be donewith the help of
the hypersurfacenormal vector �eld n. For each embedding Et it is de�ned
via

n� (x)E�
t ;a (x) = 0 ;

where E�
t ; a(x) = dE� (x;t )

dxa and x 2 �. Furthermore, as we are interested in
spacelike embeddings,we want this normal to satisfy

g�� (x)n� (x)n� (x) = � 1 :
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Both equationsimply that the normal vector �eld dependson the spacetime
metric g as well as on the embedding Et . So, to be correct, we should write
n = n(x; Et ; g]. For the sake of simplicit y, I will refrain from doing so.

With thesequantities, n� (x) and E�
t ; a(x), wecandecomposeeach tensor

into its hypersurface-orthogonaland -normal parts. For the deformation
vector, we write

_E�
x (t) = N (x; t)g�� n� + N a(x; t)E�

t ;a :

We call the function N (x; t) lapsefunction and the three-vector ~N (x; t) with
components N a(x; t) shift vector. I use(x; t) asa short-hand to denotetheir
dependenceon the embedding and the location on the hypersurface�. The
correct notation would be: N = N (x; Et ; g] and similarly for the shift vector.

As can be seenfrom their de�nition, they describe the change of the
hypersurface with t in the orthogonal and tangential directions, respec-
tiv ely. More precisely, for two embeddings Et (�) and Et+ � t (�), N (x; t)� t
gives the proper time separation between Et (�) and Et+ � t (�) normal to
Et (�), N (x; t)� t = � ? � (x). Similarly (but more complicated to phrase),
N a(x; t)� t describes the displacement of Et+ � t (x) with respect to the in-
tersection point of the geodesic normal to Et (x) with Et+ � t (�). Let the
intersection point have coordinates xa + � xa on �, then we can write this as
N a(x; t)� t = � � xa, seeFigure 2.1 for clari�cation.

(3 + 1)-decomp osition of the spacetime metric

We consider the pull-back E� of the spacetimemetric g under the foliation
E to � � R. Coordinates on � � R are adapted to the product structure of
this manifold. Namely, the coordinates Y � are chosensuch that Y 0 = t and
Y a = xa, a = 1; : : : 3, and xa is the coordinate system on �. Then we get
the following metric components under pull-back

(E� g)00(x; t) = habN aN b � N 2

(E� g)a0(x; t) = habN b

(E� g)ab(x; t) = hab :

So lapse and shift are basically the time-spaceand time-time components
of the space-timemetric g. Often one �nds the short-hand version of this
decomposition, leaving out the details connectedwith the embedding. Then
the spacetimemetric is simply given in its ADM-form

g�� =
�

� N 2 + habN aN b habN a

habN b hab

�
; (2.1)

alsoreferred to asADM-metric. As is obvious from the left-hand sideof this
equation, this formula dependson the choice of coordinate system on M .
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The extrinsic curv ature

We want to make one last observation before turning to the decomposition
of the action. This concernsthe change of the metric on an initial surface
Et (�) under evolution to the neighbouring one,Et+ � t (�), projected along the
hypersurfacenormal. With hindsight onemight guessthat this quantit y will
serve as metric-velocity. One �nds

n� (x)
� hab(y)
� E�

t (x)
= � 2K ab(x)� (x � y) : (2.2)

K ab is the extrinsic curvature of Et (�) and describesthe way the hypersur-
face is embeddedinto M . As such it characterizesthe extrinsic geometry of
Et (�). This can be seenfrom its de�nition

K ab = �E �
t ;a E�

t ;b r � n�

where r is the covariant derivative of g. From this follows also that the
extrinsic curvature has components only in the three-hypersurface. Using
lapseand shift, we can write this as

K ab =
1

2N

�
� _hab + L ~N hab

�
; (2.3)

where L ~N hab is the Lie derivative of hab along the shift vector.

2.1.2 The Arno witt{Deser{Misner action

The ADM-form ulation of the Einstein{Hilb ert action consistsnow in pulling
back the Einstein{Hilb ert Lagrangian with the help of E and expressingthe
result in terms of three-metric, extrinsic curvature, lapse and shift. This
amounts to inserting (2.1) into the Einstein-Hilb ert Lagrangian, making use
of (2.3) and isolating as many total derivativesas possible.

One arrivesat the following form of the action

SADM =
1

2� 2

Z
dt

Z

�

d3xN
p

det h
h
K abK ab � (K a

a )2 +
�

(3) R � 2�
�i

� � SADM ;

(2.4)
where (3) R denotesthe Ricci scalar of the three-metric h. The determinant
of this metric is denoted by det h and

� SADM = 2(
p

det hK );t � (
p

det h(K N b � habN ;a)) ;b

=
�

2
p

� det g(n� r � n� � n� r � n� )
�

;� :

This total-deriv ative term is usually dropped. Recall that we restricted the
discussionto compact �.
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Note that the ADM-action is �rst-order in time-derivativesof the metric.
Moreover, all quantities occurring in this action | apart from lapsefunction
and shift vector | lie in the three-hypersurface,i.e. they are three-covariant.
We thus put the action into �rst-order form and reformulated it in terms
of quantities de�ned entirely on the spatial hypersurface. These were the
principles accordingto which Arnowitt, Deserand Misner derived the ADM-
action originally.

2.2 The Hamiltonian of General Relativit y

The canonical formulation is set up on the three-hypersurface �. As ex-
plained in the beginning, this hypersurfaceis a Cauchy surface of (M ; g).
The ADM-metric components and their foliation-time derivativesarethought
of as being prescribed on this hypersurface. The components themselves
serve ascanonicalcoordinates, the time derivativesare thought of asveloci-
ties. The time dependenceof both, coordinates as well as velocities, are not
known but to be determined by the equationsof motion.

Due to its �rst-order form and due to the fact that all quantities it
dependson are de�ned on �, we can usethe ADM-action as starting point
of the canonical formulation. But we have to forget about the construction
of SADM and just consider the hypersurfaceand the quantities de�ned on
it as fundamental | and not as having arisen from a decomposition of a
spacetimemetric g.

We use(2.4) with � SADM = 0.

2.2.1 Phase space variables of General Relativit y

We thus have as canonical coordinates lapse N (x), shift ~N (x) and three-
metric h(x) at each x 2 �. The momenta corresponding to lapseand shift,
pN , pN a , vanish as the action does not depend on their velocities (if the
total derivative in (2.4) is removed2),

pN � 0 ; pN a � 0 : (2.5)

These are primary constraints! The Hamiltonian dynamics of general rela-
tivit y is thus constrained. This is a consequenceof the fact that the ADM-
Lagrangian is singular. The algorithm that tells us how to proceed with
such a constrained systemon the Hamiltonian level is the Bergmann{Dir ac
algorithm. It is explained in Appendix A. In the following, I will usethe ter-
minology of constrained systemsas presented there. Equations (2.5) de�ne
the primary constraint surface.

2Otherwise the linear dependence of the action on the velocities of lapse and shift
yields their canonical momenta as functions of the three-metric components, seeDirac's
own derivation [2].
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For the three-metric components, we �nd momenta

pab =
� SADM

� _hab
= �

p
det h
� 2

�
K ab � habK c

c

�
: (2.6)

Sowhereasthe three-metric describesthe intrinsic geometryof �, its canon-
ical momentum characterizesthe extrinsic geometry.

The space(N ; N a; hab; pN ; pN a ; pab) de�nes the phase spaceof general
relativit y. It can be equipped with a Poisson bracket in the conventional
way. The only non-vanishing brackets are3

f N � (x); p0� (y)g = � �
� � (x � y) ;

f hab(x); pcd(y)g = � (c
(a� d)

b) � (x � y) ;

where I intro duced N � = (N ; N a) and p0� = (pN ; pN a ) for the sake of
shortness.

The geometrical structure of this phasespaceis, to my perception, best
discussedin a review by Fischer and Marsden, [16]. There, the ADM-
decomposition is described in di�eren tial geometric language. The main
result is that the phase spaceof general relativit y does form a cotangent
bundle over con�guration space. More precisely, let con�guration space
Q(�) be the spaceof all C1 , Riemannian metrics h on �. The tangent
bundle TQ(�) associates with each Riemannian metric a C1 , 2-covariant
symmetric tensor �eld on �. This can be thought of as the `velocity' K of h.
The cotangent bundle is de�ned as T � Q(�) and associatesa C1 symmetric
2-contravariant tensor density of weight one with each metric. This can be
thought of ascanonically conjugatemomentum of h. This cotangent bundle
can then be equipped with the above Poissonbracket which turns it into a
symplectic manifold.

2.2.2 The Hamiltonian of General Relativit y

Equation (2.6) can be solved for the velocities,

K ab = �
� 2

p
det h

�
pab �

1
2

habpc
c

�
;

so that one arrivesat the canonical Hamiltonian density through

H(x; h; p;N ; ~N ] = pN _N + pN a _N a + pab_hab � L ADM [h; N ; ~N ] ;

3The brackets on the right-hand side of the secondPoissonbracket denote symmetriza-
tion on the product of Kronecker � .
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as

H(x; h; p;N ; ~N ] = 2pabNajb

�
N

p
det h

�
1
2

(pa
a)2 � pabpab + det h

�
(3) R � 2�

� �
;

where the vertical bar denotesthe covariant derivative of h. After the ne-
glection of a surfaceterm,

H(x; h; p;N ; ~N ] = N (x; t)H ? (x; h; p] + N a(x; t)H a(x; h; p]

= N � H � (x; h; p;N ; ~N ] ;

wereweintro ducedH � = (H ? ; H a) for the sakeof shortness.The hypersurface-
orthogonal and -tangential parts of the Hamiltonian density are given by

H a(x; h; p] = � 2pb
ajb(x) ;

H ? (x; h; p] =
� 2

2
p

det h
[hac(x)hbd(x) + hbc(x)had(x) � hab(x)hcd(x)]

� pab(x)pcd(x) �

p
det h(x)

� 2

�
(3) R(x; h] � 2�

�
:

The tensor

Gabcd(x) :=
1

2
p

det h(x)
[hac(x)hbd(x) + hbc(x)had(x) � hab(x)hcd(x)]

is called DeWitt metric. We will come to its meaning in Chapter 5. The
Hamiltonian itself will be denoted by

HC =
Z

d3x N � H � =
Z

d3x H C :

2.3 Constrain ts of General Relativit y

The occurenceof primary constraints entails more constraints (otherwise
one would hardly call them primary). These arise from the requirement
that the primary constraint surface be conserved under evolution through
the primary Hamiltonian. From this, an iteration procedure results which
shrinks the primary constraint surfaceto the constraint surfaceand termi-
nates when all constraints are conserved under evolution.

Furthermore, constraints generatetransformations on phasespace.
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In this section, the complete set of constraints for generalrelativit y will
be determined and the transformations they generateanalyzed. Finally , we
will intro duce the concept of the partially reducedphasespacewhich is the
starting point for quantization.

2.3.1 The set of constrain ts

The primary Hamiltonian is obtained from the canonical one through the
addition of the primary constraints,

H P (x; h; p;N ; ~N ] = H(x; h; p;N ; ~N ] + v� p0� ; (2.7)

with arbitrary functions v� . In the following, I will drop the dependenceof
the Hamiltonian on (x; h; p;N ; ~N ].

We require the primary constraints (2.5) to be conserved in time. This
yields the consistencyconditions

_p0� = f p0� ; H P g = H � � 0 :

Thus, conservation of the primary constraints yields the Hamiltonian com-
ponents as secondaryconstraints,

H ? (x; h; p] � 0 ; H a(x; h; p] � 0 :

The total Hamiltonian is therefore constrained to vanish.4 The constraints
pN � 0, pN a � 0, H ? � 0 and H a � 0 de�ne the secondary constraint
surface. Requiring conservation of constraints on it, yields no new con-
straints. The set pN � 0, pN a � 0, H ? � 0 and H a � 0 is the complete set
of constraints for general relativit y, the secondaryconstraint surface is the
constraint hypersurface.

We will denote this hypersurfacein phasespaceby � c.

2.3.2 Transformations generated by the constrain ts

Evaluating Poissonbrackets betweenall constraints, they are found to van-
ish on � c. This follows trivially for Poissonbrackets involving the primary
constraints. Poissonbrackets betweensecondaryconstraints are more com-
plicated to evaluate. They are given by

4Alternativ ely, one can arriv e at this result from the Hamiltonian form of the action

SADM =
Z

dt
Z

�

d3x
�

pab _hab � N H ? � N a H a

�

through variation with respect to lapse and shift.
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fH ? (x); H ? (y)g = 2H b(x)� ; b(x � y) + H b; b(y)� (x � y) ; (2.8)

fH ? (x); H a(y)g = H ? (y)� ; a(x � y) ; (2.9)

fH a(x); H b(y)g = H b(x)� ; a(x � y) + H a(y)� ; b(x � y) : (2.10)

This algebra is called Dir ac algebra. It will be discussedin Section 2.5.
Thus, Poissonbrackets betweensecondaryconstraints vanish alsoon � c.

We concludethat the set of constraints is �rst class. First-class constraints
generate gauge transformations. Which transformations are generated by
the constraints of general relativit y?

The primary ones,pN � 0, pN a � 0, correspond to arbitrary lapse and
shift. But these just specify the coordinate system o� the hypersurface�.
Thus, theseprimary �rst-class constraints signal that the canonical formu-
lation does not depend on the coordinate system surrounding �. Gauge
transformations generatedby theseconstraints are just coordinate transfor-
mations that leave the coordinates on � untouched.

The transformations generatedby secondaryconstraints, H ? � 0, H a �
0, are somewhatmore subtle to derive. We can approach the problem from
the total Hamiltonian H =

R
d3xH . This clearly de�nes transformations on

phasespacemapping pab ! pab0
and hab ! h0

ab such that both, (hab; pab)
and (h0

ab; pab0
) describe solutions to Einstein's equation. That meansthey

both correspond to the samespacetimemetric g, but arise from a di�eren t
slicing of the latter. The points on the orbit of (hab; pab) generated by
HC correspond to one and the same solution of Einstein's equation, but
expressedin di�eren t coordinate systems. If one de�nes a physical state
in general relativit y as a spacetime,then H? and Ha are rightly called the
generatorsof gaugetransformations in the sensede�ned in Appendix A.5

Splitting the generator of four-di�eomorphisms into its tangential and
orthogonal parts, we conclude that H ? relates spatial hypersurfacesthat
arise from di�eren t leaves of the foliation. The tangential components, on
the other hand, generatedi�eomorphisms in the hypersurface. For a �xed
foliation, the orthogonal part clearly determines the dynamics whereasthe
tangential parts just changethe coordinate system in the hypersurface.

Therefore, the tangential parts are usually referred to asdi�e omorphism
constraints, whereasthe orthogonal part is somewhat ambiguously called
Hamiltonian constraint .

5The term `gauge' is used in di�eren t meanings and contexts in physics. Here, we
use the terms local and rigid gauge transformations for those transformations to which
Noether's �rst and secondtheorem applies. The term gaugetransformation, on the other
hand, is reserved for the transformations generatedby �rst-class constraints that leave the
physical state invariant.
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2.3.3 The partially reduced phase space

Usually, one �xes the coordinate system o� � through a speci�c choice of
N , N a and assumesthe �rst-class primary constraints to be satis�ed. This
choice of coordinate system in the canonical formulation corresponds to a
choice of gauge. It just �xes the foliation. Covariance is preserved as any
choice is possible.

Then H ? , H a describe how the hypersurface � `moves' through this
`background'. We will assumethat such a gauge�xing has beencarried out
before quantization. This does not restrict our formalism or makes it less
covariant as lapse and shift will not enter on the quantum level, as will be
seenlater.

2.4 Equations of motion

2.4.1 Hamiltonian equations of motion

The Hamiltonian equationsof motion follow from a variation of the Hamil-
tonian. For lapseand shift, we just get the trivial statement

_N � = f N � ; HP g = v� :

This con�rms the previous statement that they are super
uous degreesof
freedom that can be freely speci�ed.

Variation with respect to three-metric and momentum yields

_pab = f pab; HP g = �
� HP

� hab
; (2.11)

_hab = f hab; HP g =
� HP

� pab : (2.12)

N and N a thus enter as arbitrary functions. Here it becomesobvious that
they have to be prescribed in order to give meaning to the equations of
motion. We also see that N , N a specify the time parameter t, i.e. the
foliation. The freedom to chooseN , N a arbitrarily insures that the theory
doesnot depend on a speci�c foliation | it holds for any foliation.

The equations of motion (2.12) for hab can be solved for pab = pab( _hcd).
Using the de�ning equation for pab in terms of extrinsic curvature, (2.6),
onecan expressthe extrinsic curvature in terms of the time derivative of the
metric h | which just yields (2.3).

The equations (2.11) for _pab are dynamical equations and complete the
set of Hamiltonian equationsof motion for general relativit y.

2.4.2 Relation to Einstein's equations

We expect theseequationsin somesenseto be equivalent to Einstein's equa-
tions asthey arisefrom the ADM-action which in turn arisesfrom a rewriting
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of the Einstein{Hilb ert action. Due to the constraints, someof the Hamil-
tonian equationsshould be redundant. Both expectations are met. First of
all, the following equivalencecan be shown

From Einstein to ADM:
Let a spacetimewith metric, (M ; g), be given, whereg is a solution to
Einstein's equations. Now foliate this spacetimewith a one-parameter
family of spacelike embeddings Et : � � ! M of a three-hypersurface
� into M . These embeddings de�ne lapse and shift. Furthermore,
we get a family of induced three-metrics t 7�! h(t), and similarly for
the momenta t 7�! p(t). Here, p is de�ned in terms of the extrinsic
curvature.

It then followsthat the pair h(t) and p(t) satis�es Hamilton's equations
of motion, (2.11) and (2.12) and the constraints. It is thus shown
that we obtain solutions to Hamilton's equations of motion and the
constraints through the foliation of a spacetime obeying Einstein's
equations, [8].

From ADM to Einstein:
On the other hand, let a spacetime with metric (M ; g) be given |
but let g be an arbitrary metric that is not a priori required to satisfy
Einstein's equations. Carry out a foliation as described above. But
now assumethat h(t) and p(t) satisfy the Hamiltonian equations of
motion and the constraints.

It then follows that the spacetimemetric g satis�es Einstein's equa-
tions. So, a solution to Hamilton's equations and the constraints is
associated with a solution to Einstein's equations through whosefoli-
ation it arises,[8].

Actually , (2.11) and (2.12) are the projections of the vacuum Einstein equa-
tions into the surface: Gab = 0 , (2.11), (2.12), where G�� is the Einstein
tensor. And the constraints are its projections perpendicular to the hyper-
surface,namely

H ? � 0 , n� n� G�� = 0 ; H a � 0 , n� G�a = 0 :

But we also suspected that someof the equations of motion are redundant
due to the existenceof constraints. This is the subject of the interconnection
theorems, for a full list see[8]. I only quote the two which are important for
the justi�cation of the quantum schemewe will use.

The �rst statement wasdiscoveredby Dirac and can be found in his Lec-
tures, [3]. It guaranteesthat the constraints are conserved by the equations
of motion. More precisely, if the constraints and the equations of motion
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for pab and hab are satis�ed by a pair (pab; hab) for all points on Et (�), then
the constraints will be satis�ed for all ET (�) with T > t. This `conservation
law' is a consequenceof the Bianchi identities.

Reversely, if the constraints are satis�ed by a pair (pab; hab) on Et (�)
for all parameters t 2 R, i.e. on all hypersurfacesof a foliation, then the
equations (2.11), (2.12) for pab and hab are automatically satis�ed. This
statement is due to Kuchar, [7].

From these two statements we learn that the entire dynamics of the
Hamiltonian theory is contained in the Hamiltonian constraints. This is the
reasonwhy it is believed to be su�cien t to quantize theseconstraints alone.

2.5 Dirac algebra

I want to comeback to the algebra generatedby the secondaryconstraints,
the Dirac algebra. It characterizes the transformations generated by the
secondaryconstraints.

Before discussingseveral interpretations of this algebra, note that the
Dirac algebra is not a Lie algebra6 and consequently , the generatorscannot
be exponentiated to form a group. However, the H a(x) alone do form a Lie
algebra, namely the algebra of three-di�eomorphisms in the hypersurface.

Last but not least it should be noted that the signature of the embedding
spacetimemetric can be read o� from this algebra. If the right-hand sideof
(2.8) is positive, the spacetimemetric has signature (� ; + ; + ; +), whereasa
negative sign on the right-hand side comesfrom a Euclidean four-metric.

2.5.1 Reparametrization-in varian t theories

It was already observed by Dirac that any di�eomorphism-in variant theory
necessarilyhas weakly vanishing Hamiltonian.

Theories with weakly vanishing Hamiltonian are called reparametriza-
tion invariant .7 Any theory can be brought into such a form. To this end,
one has to intro duce an unphysical `time' parameter that elevates physical
time to a dynamical variable. The resulting theory is then obviously in-
variant under reparametrizations of the unphysical `time' parameter. This
procedure can of course be carried out with any of the coordinates. The
resulting formulation is then invariant under reparametrizations of the ar-
ti�cially intro duced parameters. But general relativit y is already invariant
under `reparametrizations' of coordinates. This is just the essenceof gen-
eral covariance, or di�eomorphism invariance. Thus, general relativit y is

6Note that in the �rst bracket, (2.8), the indices are raised using the three-metric on
the right-hand side.

7 In the literature one also �nds the name parametrization invariant . But to my under-
standing, the theories are parametrization independent and therefore reparametrization
invariant .
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naturally in reparametrization invariant form. Other such theories are the
relativistic free particle and the free bosonicstring.

Irrespective of whether or not the theory hasbeenarti�cially turned into
a reparametrization-invariant oneor is reparametrization invariant from the
very beginning, the canonical Hamiltonian will always be of the form

H = v� H� ; H� � 0 :

Decomposing H� into hypersurface-orthogonaland -tangential parts, one
always arrivesat the Dirac algebra, (2.8) | (2.10), see[3].

2.5.2 The hyp ersurface-deformation algebra

It hasbeenshown by Kuchar, Hojman and Teitelboim that | for arti�cially
aswell asnaturally reparametrization-invariant theories| the Dirac algebra
can be interpreted as the algebra of hypersurfacedeformations. Here, the
Ha generatethe deformations in the hypersurfacewhich are just equivalent
to a changeof coordinate systemin the hypersurface.And H? generatesthe
deformations perpendicular to the hypersurfaceand thus the dynamics.8

In this way, the Dirac algebra can be derived from �rst principles, [12].
In spirit, this is however very closeto the way Dirac himself interpreted the
algebra in his Lectures, [3].

2.5.3 Relation to di�eomorphisms

The question is now how the transformations generatedby the Hamiltonian
constraints relate to invariance transformations on the Lagrangian level.5

This issuehasbeenstudied by Bergmann and Komar, [14]. First of all, note
that a hypersurfacedeformation is equivalent to the transformation of one
coordinate system specifying a spacelike hypersurfaceinto another one de-
scribing the samehypersurface.Generatorsof such a transformation would
just be the generators of four-di�eomorphisms. But due to the canonical
form and the projection tangential and orthogonal to the hypersurface,we
are here not dealing with the generatorsof four-di�eomorphisms. This can
be immediately argued from the fact that such a projection is not unique.
Therefore the set of hypersurfacedeformations is larger than the set of four-
di�eomorphisms. This argument is made preciseby Bergmann and Komar,
[14]. They showed that general relativit y (i.e. the Einstein{Hilb ert action)
is not only invariant under four-di�eomorphisms

x � � ! x � 0 = f � (x) ; (2.13)

8 It is also a result of Kuchar's work that the Hamiltonian constraints of arti�cially
reparametrization-in variant theories depend linearly on the canonical momenta whereas
those of the truly reparametrization-in variant theories have quadratic dependenceon the
momenta, [9].
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but under the larger set of transformations

x � � ! x � 0 = f � [x; g�� (x)] : (2.14)

How do these two groups relate to the transformations generated by the
Hamiltonian constraints? First of all, note that (2.13) is a subgroup of
(2.14). The Dirac algebra is a proper subalgebraof the Lie algebraof (2.14)
only if N � depend on the canonical variables h and p. The group generated
by (2.13), on the other hand, is a subgroup of the group generatedby H a

| but only for spatial di�eomorphisms.

2.6 Gra vit y coupled to matter

If we go beyond vacuum gravit y, the matter action has to be added to the
Einstein{Hilb ert action,

S = SEH +
Z

M

d4x
p

� det gL matter :

The decomposition of the Einstein{Hilb ert part was carried out in the pre-
vious sections. Now we also have to decompose the matter Lagrangian.
Essentially , we have to expressthe metric determinant as det g = � N 2det h
and split derivatives into timelik e and spatial ones. Note that becausethe
matter Hamiltonian describesthe matter density, what we have to do, is to
decomposethe energy-momentum tensor into its timelik e and spatial parts
and expressthe resulting quantities in terms of the �eld and its momenta.

The total Hamiltonian is likewiseconstrained to vanish. Tangential and
orthogonal components include now

H matter
? = N

p
det h � ; H matter

a = N
p

det h j a ;

where� and j a are energydensity and energy-
ow components, respectively.

References: I heavily relied on Isham's presentation of the (3 + 1)-
decomposition given in `Canonical Quantum Gravit y and the Problem of
Time', [11]. The relation between the canonical equations of motion and
Einstein's equations is explained in Kuchar's papers on canonical quantum
gravit y, [8] aswell as in a review by Isham, [10]. I alsousedKuchar's lecture
notes from 1976, [7], as well as the review article of Bergmann and Komar
in the �rst volume of `GeneralRelativit y and Gravitation', [13].
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Chapter 3

Dirac Constrain t
Quan tization

The road to quantum general relativity is a rather bumpyone | and
the �nal destination is stil l not in sight. Di�er ent authors blamedif-
ferent problemsfor the deprivations of the enduring voyage. More-
over, with the advent of loop quantum gravity, a shortcut with speedy
vehicle is claimed to exist, putting someone chuggingin a rusty old
car along a run-down road into a position of defence. I therefore
want to get out of the car and walk the road to quantum general rela-
tivity step by step, trying to separate the problemsof the path (Dir ac
constraint quantization) from thoseof the vehicle(general relativity),
trying to identify those potholes which are natural and those which
one shouldbe ableto avoid. The presentchapter is entirely dedicated
to the path, i.e. Dir ac's constraint quantization scheme.

3.1 Canonical Quan tization

3.1.1 Canonical Quan tization of Classical Mec hanics

Canonical Quantization is a schemeoriginally devisedfor the quantization
of classical,mechanical systemswith simple phase-spacestructure R2n . It
was mainly developed by von Neumann, Weyl and Dirac. The idea is to
give a clear prescription of how to passfrom a given classicalsystem to its
quantum counterpart. In such a way one tries to axiomatize the heuristic
steps that led to the discovery of the Schr•odinger equation. Such an e�ort
results in �v e axioms, given in Appendix B. Their essenceis the following
instruction: promote phase-spacefunctions to operators on a Hilb ert space
of squareintegrable functions over con�guration spacesuch that all Poisson

21
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bracket relations are turned into commutators. Schematically, this can be
written as

f 7�! f̂ such that f� ; �g 7�! �
1
i~

[�; �] :

The problem with this system of axioms is that it is inconsistent, seeAp-
pendix B. Moreover, the Groenewold{v an Hove theorem shows that not all
phase-spacefunctions can be elevated to operators such that the Poisson
algebra is preserved in the form of a commutator algebra. Another problem
is that not all phase spaceshave the simple structure R2n . It would be
desirable to generalizethe quantization procedure to systemswhosephase
spaceis a generalsymplectic manifold � . Both of theseproblems have been
tackled in various ways.

I just want to emphasizehere that the canonical quantization scheme
does not provide a consistent, unique, axiomatic prescription. One of the
major draw-backs is that it does not tell us which variables have to be
implemented under preservation of their Poissonalgebra. This is a direct
consequenceof Groenewold{v an Hove'swork and will be of someimportance
in the quantization of gravit y.

Dynamics in canonical quantization in the Schr•odinger picture is given
by the Schr•odinger equation. According to it, any state vector, i.e. element
of the Hilb ert space, evolves in external time t through the Hamiltonian
operator,

i~
@
@t

j	( t)i = Ĥ j	( t)i ;

where Ĥ is the operator corresponding to the system'sHamiltonian.

3.1.2 Canonical Quan tization of Field Theories

Generalizing the canonical scheme to in�nitely many degreesof freedom
yields the so-calledfunctional Schr•odinger picture of quantum �eld theory.
Essentially , the rules of the theory with �nite degreesof freedom are taken
over to �eld theory. This is done, of course heuristically, through a dis-
cretization of �elds | thus truncating the �eld theory at �nite orders. Af-
ter employment of the quantization rules, the contin uum limit to in�nitely
many degreesof freedom is taken. For details, seeAppendix B.

The functional Schr•odinger picture is a generalizationof the usual Fock-
spacerepresentation. The latter is tied to the particle interpretation, whereas
the former also applies on curved hypersurfaces| which are just the type
of hypersurfaceswe are dealing with in canonical general relativit y.1

1For a free �eld theory in Mink owski space, one usually uses the Fock space repre-
sentation. It is invariant under Poincar�e transformations, that means 1) the vacuum
is invariant under action of the Poincar�e group, 2) creation and annihilation operators
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Despite its intuitiv e nature, there are some subtleties involved in the
setup of the functional Schr•odinger picture. For example, it is not obvious
to which function space the canonical �eld should belong, i.e. it is not
clear what the correct choice of con�guration spaceQ shall be. Related
to this is the fact that an in�nite analogueof Lebesguemeasuredoes not
exist. In fact, for a non-interacting scalar �eld, onehasto choosea Gaussian
measure� . It turns out that as con�guration spacenot only functions but
also distributions have to be included, [10].

A more seriousproblem are the divergencesarising from the fact that
one is dealing with in�nitely many degreesof freedom. The products of
non-commuting operators taken at the samespacetimepoint are generally
ill-de�ned as they produce � (0)-divergences.In a 
at background, one uses
operator ordering to get rid of these in�nities.

The divergencesstemming from the products of non-commuting oper-
ators arise on the same level as the UV-div ergencesin the path-integral.
Renormalization of these is generally done through the intro duction of a
regulator. In the end, the regulator is removed after the potentially diver-
gent terms have been rendered �nite. If the divergencescannot be dealt
with, the theory is meaningless| at least it is not valid as a fundamental
theory.2

Sonote that in�nities associated with operator productsat the samespace
point arise in any quantum �eld theory in the functional Schr•odinger pic-
ture. A particular problem of quantum gravity is the perturbativ e non-
renormalizabilit y of generalrelativit y and the lack of background structure.

Analogous to the �nite-dimensional case,one arrives at the representa-
tion

�̂ (x; t)	 [� ] = � (x; t) � 	 [� ] ; �̂ (x; t)	 [� ] = � i~
� 	 [� ]

� � (x; t)

for fundamental variables � , � , where 	 [� ] 2 L 2(Q; � ). They satisfy the
equal-time commutation relations

transform covariantly amongst themselves and 3) an n-particle state is mapped onto an
n-particle state under the action of the Poincar�e group. This can be summarized by the
statement that Fock space carries a unitary representation of the Poincar�e group. This
does no longer hold if the theory acquires an interaction term. Then Poincar�e invariance
is generally broken which means that a particle interpretation does no longer exist. The
same e�ect occurs if one considers �eld theory on curved instead of 
at surfaces. From
this we seethat the Schr•odinger representation is a more fundamental concept than the
Fock space representation. The latter is tied to the particle interpretation whereas the
former incorporates the �eld aspects.

2But as general relativit y doesnot couple to fermions, one might expect that its quan-
tization cannot yield a fundamental theory anyway.



24 CHAPTER 3. DIRA C CONSTRAINT QUANTIZA TION

h
�̂ (x; t); �̂ (y; t)

i
= 0 ;

[�̂ (x; t); �̂ (y; t)] = 0 ;
h
�̂ (x; t); �̂ (y; t)

i
= i~ � 3(x � y)

Dynamics of the systemis given hereaswell through the (functional) Schr•o-
dinger equation,

i~
@
@t

j	[ � ]i = Ĥ j	[ � ]i ;

where Ĥ now contains functional derivatives,e.g. in the position represen-
tation with respect to the �eld � (x; t) for �xed t.

3.2 Constrain t Quan tization

Any theory with local gaugeinvariance is constrained on the Hamiltonian
level. Even though we did not obtain the ADM-action through a gauging
of a rigid symmetry, i.e. even though we are not dealing with a gaugethe-
ory of general relativit y, we still encounter constraints. These are due to
the di�eomorphism invariance of general relativit y. More generally, we saw
that any reparametrization-invariant theory obeys a constrained Hamilto-
nian dynamics.

Soin order to quantize reparametrization-invariant theories | aswell as
gaugetheories| canonically, we needa prescription for the implementation
of constraints in the functional Schr•odinger formulation of quantum �eld
theory.3

3.2.1 Dirac Constrain t Quan tization

There are several ways in which one could try to realize such a formula-
tion. For a given system with a set of �rst-class constraints, the following
approachestowards quantization can be found in the literature:

1. One can solve the constraints on the classicallevel and quantize only
the true degreesof freedom. This quantization method is also referred
to as true canonical quantization, [10]. But often the true degreesof
freedom are only known implicitly through the constraint equations.
In general relativit y, for a general solution to Einstein's equations, it
is not known which the true degreesof freedomare. Several attempts
have been made but all in one or the other way failed due to the
complexity of the constraints.

3Di�eomorphism-in variance is just a special case of reparametrization-in variance as
they are called in Chapter 2 and App endix A.
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2. One can gauge-�x the freedom generatedby the constraints. This is
done by adding gauge-�xing conditions until no gaugefreedomis left.
This turns the �rst-class into a second-classsystem. These second-
classconstraints can then be implemented as operator identities, pro-
vided that Dirac brackets insteadof Poissonbracketsareusedto derive
commutators.

When applied to generalrelativit y, this procedurefacesthe sameprob-
lems as do Yang{Mills theories. No global gaugechoicesare possible
and one has to be content with local coordinate conditions.

3. A third possibility is to interpret the constraint operators as restric-
tions on the quantum state space. This is done via the requirement
that they annihilate admissible states. I use the term admissible in-
stead of physical as additional conditions may arise that prevent some
admissiblestates from being physical.

Another condition that points nonethelessin the samedirection as (3.) is
the requirement that the matrix elements of the constraint operators with
respect to admissible states do vanish. This criterion presupposesthat the
spectrum of the constraints is known beforeadmissiblestates can be identi-
�ed. The impracticabilit y of this procedureis surely the reasonwhy I found
this criterion solely in the book by Sundermeyer, [23].

In any case,(2.) or (3.), the quantum state spaceshould not be more
restricted than the classicalstate space.This posesrestrictions on the com-
mutators of constraints.4 So in case (3.), the constraint algebra has to
annihilate all admissiblestates. Case(3.) is referred to as Dir ac constraint
quantization.

Note that so far, thesequantization proceduresare, apart from the �rst
one, only suggestions.They do not follow from someprinciple. It remains
to be proven that they yield the correct results. Correct results here mean
that the canonical constraint quantization has to yield results which are in
accordwith experiment for thosetheorieswhereexperiments exist or simply
coincide with the established path-integral quantization for those theories
where path-integral results are trusted.

In generalrelativit y, a mixture of the above recipesis used. The primary
�rst-class constraints p� 0 � 0 are solved on the classical level. Lapse and
shift arespeci�ed beforequantization. The remaining, secondaryconstraints
which encode the dynamics, are subject to Dirac constraint quantization.
The two axioms of this quantization scheme(3.) are

(q6) The classical�rst-class constraints are promoted to operators in such
a way that the classicalPoissonalgebraof the constraints is preserved

4Actually , it is this restriction that requires second-classconstraints to be implemented
as operator identities.
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as commutator algebraof the constraint operators with the constraint
operators ordered to the right of the operators of structure functions.

(q7) The thus constructed operators selectall physically admissiblestates
through

K̂ � 	 = 0 ;

for all classical �rst-class constraints K � and 	 2 F , where F is the
representation spaceof the operators.

I will usesimply (q6) and (q7) whenever I refer to the respectiverequirement.
Condition (q7) will also be referred to as Dir ac's constraint quantization
condition.5

3.2.2 Dirac's constrain t quan tization condition: an example

Once we accept (q7), (q6) is a logical consequence. But the constraint
quantization condition (q7) itself is harder to justify . It is not obvious that
it should yield the sameresult as (1.).

That is why I want to present an example that shows how and that the
above prescription (q7) works. Despite this example, there are other cases
in which Dirac constraint quantization doesnot yield the sameresult as the
path-integral method.

A strong support in favour of Dirac constraint quantization in the special
caseof generalrelativit y, however, is provided by its equivalenceto the path-
integral, seeChapter 4.

The free, parametrized non-relativistic particle

This example is due to Komar, [25]. I quote it here, becauseit exhibits the
generalstructures and problemsarising in the quantization of a reparametri-
zation-invariant system. As generalcoordinate invariance is a form of repa-
rametrization invariance, this is of particular interest for the quantization
of any general-relativistic theory.

Classical theory On the classical level, we are dealing with a particle
of massm, described by canonical coordinates q� and momenta p� . These
satisfy Poisson-bracket relations f q� ; p� g = � �

� .
The systemis subject to a constraint K = p0 + pa pa

2m which arisesbecause
the time-coordinate has beenturned into a dynamical variable through the
intro duction of an unphysical time-parameter, q0 = q0(� ). The system is
invariant under reparametrization of � . The constraint restricts dynamics
to a hypersurfaceof phasespace.It alsogeneratestransformations of phase-
spacevariables in the constraint surface

5The axioms (q1) | (q5) can be found in App endix B.
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q� ! q� + �� q� = 0 ; p� ! p� + �� p� = 0 ;

where � q� = (� �
0 + � �

i
pi

m
) ; � p� = 0 :

One recognizesthat theseare just the classicaltra jectories.
Observablesare those quantities which commute (weakly) with the con-

straint f A; K g � 0, see Chapter 4, Section 4.3.2 and Appendix A. An
over-complete set of observables is e.g. given by the components of linear
momentum p� , orbital angular momentum qi pj � qj pi and qi � pi

m q0. These
observablescan be usedto label the tra jectories. As the tra jectoriesare one-
dimensional on the seven-dimensionalconstraint hypersurface,a minimum
of six observablesis neededto characterizea tra jectory uniquely. Under the
action of observables, tra jectories are mapped upon tra jectories. Note that
the action of the constraint (namely along the tra jectory) is perpendicular
to the action of all observables(namely from tra jectory to tra jectory). Thus
the induced symplectic structure on the constraint surfaceis singular.6

Quan tum theory On the quantum level, the theory is described by op-
erators q̂� , p̂� with only non-trivial commutator [q̂� ; p̂� ] = i~ � �

� . These
are realized on a Hilb ert spaceof states j	 i . Out of this space, the con-
straint projects a hypersurfaceof admissible states via K̂ j	 i = 0. In the
Schr•odinger representation, this equation turns out to be just the time-
dependent Schr•odinger equation.

The �rst point of irritation is that the constraint cannot be realized as a
self-adjoint operator. If it could, one would arrive at the following paradox
conclusion

� h	 jq̂i j	 i = h	 j
h
q̂i ; K̂

i
j	 i

=
i~
m

h	 jp̂i j	 i = 0 ;

as the constraint annihilates the bra as well as the ket, if we take the ex-
pectation value in an admissible state. As the constraint thus cannot be
represented by a self-adjoint operator, consider the action of a state under
the adjoint K̂ y,

� j	 i = �
i
2

� K̂ yj	 i :

6This can be rigorously proven using the Lagrange bracket. One can show that the
Lagrange bracket vanishes and thus a symplectic structure on the constraint surface is
singular.
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If K̂ is a normal operator, i.e. if the inner product is chosen such thath
K̂ ; K̂ y

i
= 0, the adjoint can be interpreted as generating the gaugetrans-

formations in the quantum theory. This can be seenfrom the fact that the
transformation j	 i 7�! j ~	 i = j	 i + � j	 i for K̂ j	 i = 0

� preservesthe inner product of admissiblestates: h~	 j ~	 i = h	 j	 i ,

� preservesthe expectation valuesof observablesif theseare de�ned viah
Â; K̂

i
j	 i = 0 for each admissiblestate: h~	 jÂj ~	 i = h	 jÂ j	 i ,

� preservesadmissiblestates, i.e. leaves the admissiblestate space(the
`quantum constraint hypersurface') invariant: K̂ j ~	 i = 0.

This is a �rst step towards a classical-to-quantum correspondence.
The secondpoint that deservesspecial mention is that the inner product

on the quantum constraint hypersurfaceis singular. As a consequence,the
inner product of states is at best inde�nite and can become negative. Sin-
gularit y on the quantum constraint hypersurfacefollows from the fact that
K̂ yj	 i is orthogonal to every admissiblestate. This is the quantum analogue
of the fact that the symplectic structure on the classicalconstraint surface
is singular.

Komar further discussesthe quantum-to-classical correspondence. He
takes o�ence in the fact that for any non-linear constraint operator, as
e.g. K̂ , expectation valuesdo not satisfy the classicalconstraint equations.
Therefore, he argues,we do not recover Ehrenfest's correspondenceprinci-
ple for the constraints. Driv en by this critique, he intro ducesthe conceptof
quasi-observables. Theseare operators that commute with K̂ � K̂ y. This is
his attempt at an interpretation of the constrained quantum theory.

The parametrized, free,non-relativistic particle exhibits alreadyall the prob-
lems related to Dirac's constraint quantization condition.

First of all, the measureincludesintegration over all q� , alsothe unphys-
ical q0. This is a restriction on the Hilb ert spaceon which the theory is set
up. Furthermore, the theory contains unphysical states and therefore has
no positive de�nite inner product. Moreover, the Hamiltonian should not be
represented as a self-adjoint operator on thesestates. Lastly, not all opera-
tors q̂� , p̂� should correspond to self-adjoint operators. Komar distinguishes
the relevant operators through the concept of a quasi-observable.

The parametrized, free particle is a simple systemnot only in the math-
ematical sense. But also becausewe know what is actually going on. We
know that q0 is no dynamical variable and can therefore interpret the the-
ory accordingly. General relativit y, on the other hand, is reparametrization
invariant by nature and thus we do not know which are the dynamical vari-
ables.
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3.3 Summary

From all this, one can seethat the canonical quantization schemedoesnot
provide a unique, axiomatic prescription that turns a classicalinto a quan-
tum theory. We will list the encountered ambiguities and problems hier-
archically, starting from the generalquantization problems, via the speci�c
problems encountered in the quantization of �eld theory, to the di�culties
arising for constrained �eld theories, ending with the speci�c problems of
reparametrization-invariant theories.

We will link each problem to its counterpart in the covariant approach.
Most generally, as a consequenceof the Gronewold{v an Hove theorem,

we do not know which Poissonbracket relations to enforceas commutator
relations. Thus we are deprived of a means that tells us how to quantize
more complicated phase-spacefunctions. This problem is known as factor-
ordering problem. On the covariant level, it is re
ected in the ambiguit y in
the de�nition of the path-integral measure. Namely, one has to choose a
speci�c slicing of time in the construction of the path-integral measure.Dif-
ferent choicescorrespond to di�eren t factor orderingsof the theory's Hamil-
tonian.

In going from ordinary quantum mechanicsto �eld theory, oneautomat-
ically encounters divergencesrelated to operator products at the samespace
point | in the canonical formulation on curved surfaces. Becausein this
case,we can no longer take refugeto the Fock-spacerepresentation but have
to usethe functional Schr•odinger picture. The divergenceshereariseon the
samelevel as UV-div ergencesin the path-integral approach and should be
removed through one of the familiar renormalization schemes.

But we are not just trying to quantize an arbitrary �eld theory, but
we are trying to quantize a constrained system. This entails a whole se-
ries of alterations, if not complications, comparedto the quantization of an
unconstrained system. The di�erence to the unconstrained casebecomes
particularly severe as, in generalrelativit y, we cannot easily and unambigu-
ously isolate the true degreesof freedom. Therefore we are led to Dirac's
constraint quantization condition. The application of this condition entails
that not only the physical, but all degreesof freedomare promoted to oper-
ators. As a consequence,a positive inner product cannot be de�ned. From
the point of view of the path integral, the arisal of negative norm states
is necessaryto cancel the contribution of unphysical states to the overall
transition amplitude. The corresponding procedure on the canonical level
would be to add gauge-�xing conditions on the classicallevel and quantize
the resulting second-classsystem.

We saw in the exampleof the parametrized, free particle that the result-
ing theory is very di�cult to interpret.

But general relativit y is not simply governed by constraints, here the
Hamiltonian itself is constrainedto vanish. This is the casefor any reparame-
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trization-in variant theory. For a theory of this type, we expect that the
Hamiltonian cannot be de�ned as a self-adjoint operator.

I emphasizeagain that, apart from the last problem, all other problems
occur in the canonical quantization of any constrained �eld theory. More-
over, theseproblems are well-known problems on the covariant level where
in principle methods exist that allow to cope with them | albeit on a very
formal level.

References:
As sourcesfor the general scheme of canonical quantization served the

article by Giulini [18] and the review on quantization methods written by
Ali and Englis, [17]. The methods of constraint quantization are described
in Sundermeyer's book, [23].



Chapter 4

Quan tum General Relativit y

The application of the canonical quantization schemeis referred to
as quantum general relativity. This application is not without 
aws.
Therefore, I wil l outline quantum general relativity as a programme.
This programme stil l has mathematical as well as interpretational
problems. Despite these, the theory has somesuccessesto its name.
Thesewil l be described in the last section of this chapter.

4.1 The Programme

Now we will apply the just presented `quantization scheme' to general rel-
ativit y. We put `scheme' in quotation marks to remind the reader that we
are not using an axiomatic system that is guaranteed to yield the correct
quantum theory.

4.1.1 The quan tization map Q

As fundamental variables serve the three-metric h and its canonically con-
jugate momentum p. Theseare represented by operators

hab(x) � ! ĥab(x) ; pab(x) � ! p̂ab(x)

such that

h
ĥab(x); p̂cd(y)

i
= i~ � (c

(a� d)
b) � (x � y) ;

h
ĥab(x); ĥcd(y)

i
= 0 ;

h
p̂ab(x); p̂cd(y)

i
= 0 :

31
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We use the Schr•odinger representation as is required by the axioms of the
canonical quantization scheme,see(q4) in Appendix B,

ĥab(x)	[ h] = hab(x) � 	[ h] ; p̂ab(x)	[ h] = � i~
� 	[ h]

� hab(x)
: (4.1)

Here, 	[ h] 2 F is the state vector. It can be any functional of the metric
su�cien tly well-behaved to allow di�eren tiation but not restricted other-
wise. Especially, it does not need to be square-integrable with respect to
h. So the representation space F is the vector spaceof all functionals over
con�guration spaceQ(�).

4.1.2 The Dirac Algebra

A minimalistic approach requiresthe realization of the classicalHamiltonian
constraints asoperators on F . This realization is restricted by the condition
that commutators of constraints shall not generatenew constraints. This
limits the choice of factor ordering of the constraints. Namely, it has to be
chosensuch that metric operators occur to the left of constraints operators
in the operator algebra corresponding to (2.8) | (2.10).

The search for such an ordering is besetwith problemsand an open issue.
The generalordering of the constraint operators, containing parameters � ,
� and 
 labelling the ambiguities in the ordering of the operators, is given
by

Ĥ a(x) = � 2
h
ĥab(x)p̂bc ;c (x) + �̂ abc(x)p̂bc(x)

i
+ � � ;a (0) ;

Ĥ ? (x) = � 2� 2 1
p

[det h

�
1
2

ĥab(x)ĥcd(x) � ĥac(x)ĥbd(x)
�

p̂ab(x)p̂cd(x)

+

p
[det h

2� 2

�
(3) R̂ � 2�

�

+ � � 3(0)
1

p
[det h

ĥab(x)p̂ab(x) + 

�
� 3(0)

� 2 1
p

[det h
:

where � 3(0) denotes the usual, three-dimensional Dirac delta-distribution
evaluated on zero, [32], and � a

bc is the Christo�el connection of h.
The problems related to the consistent representation of the constraints

as operators in Section 4.2.3.

4.1.3 The solution space F 0

Assumethat we were in someway able to �x the ambiguities in the previous
form of the constraint operators. Any admissiblestate then has to satisfy

Ĥ? 	[ h] = 0 ; Ĥa	[ h] = 0 : (4.2)
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We will denote the spaceof solutions to theseequations solution space F 0.
The quantum analogue of the Hamiltonian constraint is called Wheeler{
DeWitt equation. The quantum di�eomorphism constraint has no special
name. Whether a non-trivial solution exists at all as well as the inter-
pretation of the constraint, depends on the choice of ordering, again see
Section 4.2.3.

4.2 Mathematical Problems

4.2.1 Positivit y requiremen t for the three-metric h

The �rst step, (4.1), looks rather innocent but already at this level, di�-
culties arise. Namely, the metric h is not simply a symmetric tensor but a
metric. It has to yield a positive norm for any vector �eld on �. If this
geometric property of the metric is implemented on the quantum level, the
operator p̂cd is no longer (formally) self-adjoint (with respect to the naive
Schr•odinger measure,seeSection 4.3.3), see[11]. A proposed solution to
this problem is to generalizethe canonical commutation relations to a�ne
commutation relations, [24].

The generalquestion behind this is which geometrical properties of op-
erators should be implemented on the quantum level.

4.2.2 Factor ordering

Classically equivalent functions of phase-spacevariables are not equivalent
on the quantum level when phase-spacevariableshave beenturned into non-
commuting operators. This problem, known as factor-ordering problem,
always arises if one quantizes a classical system. One has to �nd other
conditions that �x the thus arising ambiguities. One such condition is that
all Poisson-bracket relations be realized as commutators. But it is just the
content of the Groenewold{v an Hovetheoremthat this is not possible:either
one has to limit the spaceof quantizable observablesor one has to alter the
commutator relations.

Kuchar emphasizesthat the factor-ordering problem cannot be under-
estimated. In fact, the choice of factor ordering determines the quantum
theory, [19]. Changesin the factor ordering produceorder ~-corrections. Of
course,the factor ordering is most severe in quantum gravit y and there has
the biggest impact on the factor ordering of constraints.

4.2.3 Consisten t constrain t operators

The constraint operators decide which state is to count as an admissible
state in quantum gravit y. Therefore, their representation decides about
the physical content of the theory. More importantly , it depends on their
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realization whether or not a (sensible)canonical theory of quantum gravit y
doesexist at all.

As discussedabove, the constraints, being non-linear in h and p, are
subject to operator-ordering ambiguities. One can try to �x them through
the following requirements:

1. Consistency : The constraints have to satisfy the Dirac algebra with
the structure-function operators to the left. If such an ordering cannot
be found, the theory does not incorporate general coordinate invari-
anceand has to be dismissed.

2. Regularit y : The constraints contain products of non-commuting op-
erators at the samespacepoint and thus have to be regularized. Such
a regularization has to be in accord with the constraint algebra. Note
that the correctionsobtained from di�eren t regularization schemesare
on equalfooting to thoseproducedby di�eren t factor orderings. (They
are simply divergences.)

3. Transformation prop erties : The di�eomorphism constraints should
beorderedsuch that they describethe transformation of the wavefunc-
tion under di�eomorphisms on �. Such a rule does not apply to the
Hamiltonian constraint as it is not generator of a Lie algebra.

4. Formal self-adjoin tness : As was pointed out by Komar, [25], the
Hamiltonian operator cannot berealizedasa symmetric operator. The
criterion of formal self-adjointnesswhich waspursuedin the early days
of quantum gravit y thus does not apply for this constraint | but it
does,of course,for the di�eomorphism constraints.

If one searches the literature on this topic, one quickly comesto realize
that the number of articles is inversely proportional to the importance of
the problem. A �rst factor ordering was given by Anderson | but it did
not satisfy (1.), [27]. To the contrary , he found that no symmetric factor
ordering of the Hamiltonian constraint can exist such that (1.) holds, [30].
Irritatingly , Schwinger claimed that Anderson'sorderingswereactually con-
sistent with (1.), [31]. This discrepancy was cleared up independently by
Tsamis and Woodard, [32], and Friedman and Jack, [33], more than twenty
years later. I will follow the argument of Tsamis and Woodard. Namely
they show that if the constraints are taken at face value and not regular-
ized, one can achieve any result from formal manipulations of the operators
in the Dirac algebra. This is due to the fact that in shifting the constraint
operators to the left after the commutators were calculated, one has to use
distributional identities which are not well-de�ned when acting on operator
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products.1

It thus follows that the problem of consistency of the constraints is not
evenwell-posed before the constraints are not regularized.

This problem is aggravated by the fact that generalrelativit y is a pertur-
batively non-renormalizabletheory. The regulator thus cannot be removed.
Obviously, we cannot demand that the regulated theory has the samesym-
metry as the original one. Thus one can require closure of the constraint
algebra only in a limiting sensefor the regulated theory.

A rather simple regularization was proposed by DeWitt in 1967, [4].
He just advocated that operators at the samespacepoint should commute.
Then of course,consistencyof the constraints holds if it holdson the classical
level (which it does).

A mostly usedpragmatic attitude is to usethe Laplace{Beltrami factor
ordering for the kinetic part of the Hamiltonian constraint. This ensures
that this part is invariant under three-coordinate transformations.

Choosingthe factor ordering such that all momenta stand to the right of
the metric operators, the Wheeler{DeWitt equation and the di�eomorphism
constraints become

"

� 2� ~2Gabcd
� 2

� hab� hcd
�

p
[det h

2� 2

�
(3) R � 2�

�
#

	[ h] = 0 ;

� 2
~
i

� 	
� habjb

= 0 :

I will refer to this ordering as naive ordering. It is just the ordering that
results from DeWitt's regularization condition.

4.3 In terpretational Problems

Even if we assumethat we were able to �nd consistent, well-de�ned con-
straint operators and moreover solve the ensuing constraint equations |
we would not be much better o�. Becausethere is no agreement how to

1A very simple example of such manipulations is actually already given by Dirac, [34].
Di�eren tiate the identit y

x� (x) = 0 (4.3)

to obtain

x� 0(x) = � � (x) : (4.4)

Multiplying (4.3) by � 0(x), one �nds x� (x)� 0(x) = 0. On the other hand, multiplying
(4.4) by � (x), we get x� (x)� 0(x) = � [� (x)]2 , obviously a contradiction. Dirac ended his
explications on the quantization of the gravitational �eld with this line and never came
back to this topic again.
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proceed: Neither do we know how to identify the physically relevant states
in the solution space,nor do we know how to extract any predictions from
the physical state space. One can distinguish the following aspects of the
problem.

4.3.1 Iden ti�cation of physical state space

The identi�cation of the spaceof physical states is a di�cult problem, quan-
tum gravit y shareswith any constrained, canonical theory. This problem is
due to the lossof Hilb ert-spacestructure on F coming with the constraints.2

But it is the existenceof an inner product that establishesthe equivalence
betweenmomentum and position spacerepresentation. This is thus lost and
the theory dependson our choice of representation. Therefore, the spaceof
solutions to the constraints, F 0, dependson the representation.

There are additional conditions that prevent the identi�cation of the
solution spaceF0 with the physical state space. First of all, no boundary
conditions have been imposed so far. In fact, there is no agreement on
the conditions that should be imposedand so F 0 is surely larger than the
physical state space.

Several proposalsfor boundary conditions exist. In general,they arecon-
nected with the issueof singularity avoidance in quantum gravit y. In prin-
ciple, they try to remove singularities from the quantum framework. This is
most obvious in DeWitt's boundary proposal, [4]. He requires 	

�
(3) G

�
= 0

for all three-geometries(3) G that constitute a barrier to quantum evolution.
The relation to singularity avoidanceis equally obvious in the `no-boundary'
proposal of Hartle and Hawking, [39], which was raised in the cosmological
context as a condition on the path-integral.

Apart from boundary conditions, further conditions might arise. For
example,in the Klein{Gordon theory, only half of the solution spaceconsists
of physical states. A similar splitting has been tried in quantum general
relativit y, but cannot be carried out becauseno timelik e Killing vector �eld
exists in superspace.Also, there might be other restrictions necessarywhich
we do not know of.

Thus, even if we were able to set up the theory as required, we would
not able to extract the set of physical states | at least not with our today
standard of knowledge.

2The inner product on F is used to de�ne operators. As it contains unphysical degrees
of freedom, it is not connectedto measurement results. This Hilb ert spaceon F is therefore
called kinematical or auxiliary Hilb ert space. This is opposedto the physical Hilb ert space
on F ph ys .
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4.3.2 Observ ables

A huge problem in quantum gravit y, or at least a point of diverging opin-
ion, is the question of how to extract information from a (yet to establish)
quantum theory of gravit y.

So far, the only variables we have quantized, are the three-metric and
its momentum, the Hamiltonian and di�eomorphism constraints. But if we
want to measureother quantities, as e.g. volume, we have to intro duce the
corresponding operators. An ongoingdebate is causedby the question as to
which quantities might be observable. This problem has nothing to do with
the quantization of gravit y but arisesalready on the classicallevel.

The communit y is divided into two factions: one faction which claims
that observablesare those quantities which have vanishing Poissonbrackets
with all the constraints, whereasthe opposite camp reserves the name ob-
servablesfor those quantities which commute with the di�eomorphism but
not with the Hamiltonian constraint. I will in the following adopt the termi-
nology of Kuchar and refer to quantities that commute with all constraints
as perennials and those which only commute with the di�eomorphism con-
straints as observables.

The di�ering points of view arise from a di�eren t characterization and
understanding of a physical state. Whereasthe notion of perennial charac-
terizesa state asan entire tra jectory in phasespace(labelledby its constants
of motion), in the observablepicture, a physical state is characterized by a
point in phase spacewhich corresponds to a �xed instant of time. So I
do not seeany contradiction betweenthesede�nitions | they just refer to
di�eren t concepts.

A problem for thosesticking with perennialsis that, sofar, no perennials
for general relativit y are known, neither is it clear whether such quantities
exist at all. To the contrary , it has been shown that globally, i.e. on the
entire manifold M , such perennialscannot exist, [29].

Whatever opinion one has on this point concerningthe classicaltheory,
the realization on the quantum level is given by

h
Â; Ĥ �

i
	 = 0 ; for perennialsand

h
Â; Ĥ i

i
	 = 0 ; for observables;

where 	 is an element of the physical state space, 	 2 F phys.

4.3.3 The physical state space F phys

A point of similar dissent is the Hilb ert-spacestructure. In ordinary quan-
tum �eld theory, a Hilb ert spaceis used to de�ne observables, namely as
self-adjoint operators on that space,and their expectation values with re-
spect to physical states. Theseare then interpreted as possibleoutcomesof
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measurements. Thus the Hilb ert spaceis the essential ingredient connecting
quantum theory with experiment. It may seemtherefore weird to call this
structure into question. As excuselet it be said that this structure was not
called into question voluntarily but challengeditself.

The Wheeler{DeWitt equation as it stands is a timeless equation. Our
understanding of quantum theory, however, is tightly knit to the existence
of a time variable. Hilb ert spacesde�ne probabilities that are conserved in
time and measurement outcomesat �xed instants of time. The di�cult y to
interpret such a timelesstheory is called the problemof time. Attempts have
been made to identify one of the con�guration spacevariables as `internal
time'. But these did not yield consistent results so far. Note also that
this conceptclearly transcendsour understanding of quantum theory where
measurements always take place in a background of spaceand time (which
here is lost, i.e. quantized).

Moreover, there are indications that we might not need such a Hilb ert
spacestructure. Theseare discussedin the following Section 4.4.1.

4.4 Successes of quan tum General Relativit y

4.4.1 The semi-classical limit

In quantum theory, di�eren t approximation schemesare used to determine
what is then called the semi-classical limit . Here, I want to present onesuch
scheme.

It is an expansionin terms of the Planck massmPl in the limit mPl ! 1 .
Through this expansion,quantum �eld theory on curved spacetimes can be
derived from quantumgeneral relativity . This is an important and non-trivial
result. It gives con�dence in the correctnessof the general scheme. But it
also bears upon the interpretation of the overall quantum gravity scheme, as
will be explained below.

A secondapproximation that will beusedlater on is the Born{Opp enhei-
mer one, seeChapter 8. It is presented in Appendix E.

Deriv ation of quan tum �eld theory in curv ed spacetimes

Quantum �eld theory in curved spacetimescan be recovered from the four
quantum constraint equations, Ĥ � 	 = 0, through an expansion in the
Planck mass in the limit mPl ! 1 . The underlying assumption is that
all other massesin the schemeare massesof fundamental particles and thus
much smaller than the Planck mass.

Furthermore, onehasto assumethat the wave functional is complexand
consistsjust of one branch given by

	[ h; � ] = e
i
~ S[h;� ] ; (4.5)
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where � is a minimally coupled scalar �eld representing a matter degreeof
freedom. The form (4.5) is a suitable approximation if the two branches
	[ h; � ] = e

i
~ S[h;� ] and 	[ h; � ] = e� i

~ S[h;� ] decoherefrom each other. That
this is indeed the case,at least for the �rst order S = S0 2 R, has been
shown only for a minisuperspacemodel, [38].

Moreover, the matter content just consistsof a single �eld. Fermionic
matter, however, cannot be taken into account as it cannot consistently be
coupled to general relativit y already on the classicallevel.

If theseconditions are satis�ed, the expansionschemeis completely anal-
ogousto the expansionof the free Klein{Gordon equation in the velocity of
light c in the limit c ! 1 . From the thus obtained (special) relativistic
correction terms to the one-particle Schr•odinger equation, relativistic cor-
rections to the energy (as expectation value of the corrected Hamiltonian)
can be calculated. This can be donedespite the fact that the Klein{Gordon
equation itself has no well-de�ned interpretation as a one-particle equation.
But see[37] for moredetails on the non-relativistic limit of the Klein{Gordon
equation.

Similarly, predictions in terms of corrections to the energyof the matter
content can be derived from the Wheeler{DeWitt equation in the mPl ! 1
limit, despite the fact that the full equation cannot be given a sensible
interpretation due to a lacking Hilb ert space.

Note that the following calculations are formal in the sensethat no regu-
larization schemehas beenemployed to render the operator products �nite.
Furthermore, the factor-ordering problem has not beenaddressed.Rather,
a speci�c ordering is chosen. In the end, the dependenceof the results on
the factor ordering should be discussed.The factor ordering in the Wheeler{
DeWitt equation is the following

�
� 2~2� 2Gabcd

� 2

� hab� hcd
�

1
� 2

q
[det h

�
(3) R � 2�

�
+ Ĥ m

�
	[ h; � ] = 0 ;

(4.6)
where H m is the scalar-�eld Hamiltonian. So basically, we work with the
DeWitt-regularized Wheeler{DeWitt equation. Intro ducing the parameter

M =
1
� 2 =

1
8� ~

m2
Pl (4.7)

as expansionparameter, one can rewrite the Wheeler{DeWitt equation as

�
�

~2

2M
Gabcd

� 2

� hab� hcd
+ M V[h] + Ĥ m

�
	[ h; � ] = 0 ;

where V [h] = � 1
� 2

p
det h

�
(3) R � 2�

�
was intro duced as a short-hand for

the potential. As listed above, a �rst assumption is that the solution is of
the form (4.5) where
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S[h] = M S0 + S1 + M � 1S2 + : : : :

At the highest order, O(M 2), one thus derives

�
� S0

� �

� 2

= 0 :

From this follows that S0 dependsonly on the gravitational degreesof free-
dom. This is not the caseif more than one matter �eld is present and one
of these can have negative kinetic energy. Similarly, the above conclusion
cannot be drawn if S0 is not purely imaginary or real.

The interesting order is the next one. Here, at O(M ), one arrivesat the
Hamilton{Jacobi equation of general relativit y,

1
2

Gabcd
� S0

� hab

� S0

� hcd
+ V [h] = 0 : (4.8)

This equation provides a classicalspacetimesatisfying Einstein's equations.
Assumethat a solution S0 to the Hamilton{Jacobi equation (4.8) wasfound.
The momentum can be read o� from the Hamilton{Jacobi equation to be

pab = M
� S0

� hab
: (4.9)

Now insert on the left-hand side the de�ning equationsfor the gravitational
momentum, (2.6) and (2.3). Thesemake the connectionto generalrelativit y.
On the right-hand side insert the solution to (4.8). Solve the resulting
equation for _hab which enters (4.9) through the de�nition of pab,

_hab = 2N Gabcd
� S0

� hcd
+ N (ajb) : (4.10)

To solve this equation, one has to specify lapse and shift. Having done so,
an initial three-geometry hab(t0) will be evolved through (4.10) yielding a
spacetimesolving Einstein's equations.3

There are two observations to make at this point: First of all, as input
one does not only need the initial three-geometry but also lapse and shift,
i.e. one has to specify a foliation. As a result, and that is the secondpoint
worth mentioning, a solution to Einstein's equation comes with a speci�c
foliation in the semi-classical expansion scheme. Lastly, as can be retraced
using DeWitt's paper, [4], p. 1127, it is necessarythat the di�eomorphism
constraint is alsosatis�ed at this order of the expansionscheme. Otherwise,
one cannot prove that the resulting spacetime indeed satis�es Einstein's
equations.

3That the spacetime obtained in this way is indeed a solution to Einstein's equations
can be deduced from the calculations of DeWitt's paper [4], p. 1127.
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Having thusrecoveredclassicalgeneralrelativit y from the quantum frame-
work, we can proceedto the next order, O(M 0). The equation at this order
contains S0 as well as S1. If one rewrites

� [h; � ] = D [h]e
i
~ S1 [h;� ] ;

where the prefactor D shall satisfy the `conservation law'

Gabcd
�

� hab

�
1

D 2

� S0

� hcd

�
= 0 ;

one arrivesat the following equation

i~Gabcd
� S0

� hab

�
� hcd

� [h; � ] = Ĥ m � [h; � ] :

This takes the form of a Schr•odinger equation for the matter part (at each
point in the three-hypersurface),if oneintro ducesthe time parameter � (x; h]
in the following way

�
� �

= Gabcd
� S0

� hab

�
� hcd

;

i.e.

Gabcd
� S0

� hab(y)
� � (x; h]
� hcd(y)

= � (x � y) :

Becausewe thus have a time-parameter at each point in the hypersurface,
this parameter � is also called many-�ngered time, or, due to the way it is
derived, WKB-time. The interpretation of this parameter becomesobvious
if one contracts the equation of motion for h, (4.10), with �

� hab
, yielding

_hab
�
� hab

= 2N Gabcd
� S0

� hcd

�
� hab

+ N (ajb)
�
� hab

= 2N
�
� �

+ N (ajb)
�
� hab

:

Thus we obtain, using the de�nition of the extrinsic curvature, (2.2),

�
� �

= K ab
�
� hab

= n� �
� Et

� (x)
:

Thus the parameter � has a clear interpretation: it labels the foliation of
the spacetime. Note that � (x; h] is determined by the three-geometry!

At higher orders,O(M � 1), correction terms to the functional Schr•odinger
equation occur. Real correction terms imply an energy shift for the matter
part. But imaginary corrections also occur, i.e. unitarit y in � is violated
for the matter wave functional. From this perspective, unitarit y violation
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seemsto be a rather natural consequenceof the fact that the (approximate)
Schr•odinger equation takes account only of one part of the full wave func-
tional, namely the matter part.

The semi-classicalapproximation as presented here thus underpins the
Dirac quantization scheme as it is applied to general relativit y: at least,
classical general relativit y can be recovered from this scheme. Moreover,
it is possible to extract predictions through this approximation which |
in principle | could be measured. In order to extract numerical values,of
course,it is necessaryto regularizethe relevant quantities. Moreover, factor-
ordering issuesmay changethe results, even though the claim is that these
are not altered by a reordering of the kinetic term of the Wheeler{DeWitt
equation, [37].

Lastly, note that the DeWitt metric divergesfor det h = 0. At these
points the Wheeler{DeWitt equation breaksdown and no semi-classicaltime
� canbederivedat this point anyway. But seethe Chapter 5 for moredetails
on this.

In terpretational consequences

We saw that the semi-classicalapproximation connects quantum general
relativit y with quantum �eld theory on curved spacetimes.

This suggeststhe following attitude towards the problem of time. We
accept that Fphys has no inner product. We accept further that quantum
generalrelativit y is a timelesstheory | i.e. it doesnot have a time param-
eter. In the semi-classicallimit, however, we recover our ordinary notion of
time in the form of WKB-time.

Therefore we take the most conservative point of view that the usual
interpretation of quantum theory appliesonly as long asa (classicalor semi-
classical)background of spaceand time exists. As soon as the semi-classical
approximation breaks down, spacetimeand especially time dissolves. This
is not only the end of the world as we know it, but also the boundary of the
region in which the ordinary interpretation of quantum theory doesapply.

In the full quantum regime,no time and thereforeno Hilb ert-spacestruc-
ture exists.

4.4.2 Relation to path in tegral

It was shown that the path-integral of the Einstein{Hilb ert action, when
constructed properly, solves the Wheeler{DeWitt equation. This holds for-
mally and was checked explicitly up to the one-loop approximation, [36].4

Therefore, canonicalquantum generalrelativit y hasan equivalent covari-
ant formulation. Or, to formulate it the other way round, covariantly and
canonically quantizing general relativit y yields two equivalent formulations

4Of course, the factor ordering has to be chosenappropriately .



4.4. SUCCESSESOF QUANTUM GR 43

of the sametheory. So I could (and actually should) extend the namequan-
tum general relativity to include the covariant formulation. Indeed, this is
how the name is often used in the literature. I will, however, refrain from
doing so, becausethis thesis is only concernedwith the canonical scheme.

The equivalenceto the covariant formulation is a secondassurancethat
the approach we pursue is not completely wrong. Moreover, anyone who
is put o� by the breaking of (explicit) covariance that is necessaryfor any
canonical formulation, should now rest assured.

Canonical and covariant quantization are in general relativit y | as in
any other known quantum �eld theory | just two sidesof the samecoin.

References:
A conciselist of goalsand failures of quantum generalrelativit y is given

by Kuchar, [19]. A review of the semi-classicalapproximation in quantum
generalrelativit y is given by Kiefer in [37] which I usedassourcefor the �rst
section. All information on the relation betweenthe canonicalapproach and
the path-integral was drawn from the rather extensive review by Barvinsky,
[36].
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Chapter 5

Singularities in quan tum
General Relativit y

One of the major motivations that stand behind the attempt to quan-
tize general relativity is the fact that the classical theory itself pre-
dicts its own break-down in the form of spacetime singularities. The
hope is that, on the quantum level, thesesingularities are, in some
stil l to be speci�e d way, overcome. But more than that, the resulting
quantum-gravity theory is supposed to be singularity free itself, i.e. it
shouldnot break down at somepoint. There are two major questions
pursued in this chapter. First of all, are the expectations of singu-
larity resolution and singularity freedom well justi�e d? Secondly, ir-
respective of our expectations, what happens to classical singularities
in quantum general relativity? Is quantum general relativity singu-
larity free? Following thesequestions,we wil l derive criteria which
wil l be used to account for singularity resolution of the singularities
of classical general relativity in the following chapters.

5.1 Singularities in classical General Relativit y

It is a well-known fact that solutions to Einstein's equations rather gener-
ically form singularities. Best known examples of these are the big-bang
singularity arising in the past of cosmologicalFriedmann{Robertson{Walker
modelsand the black-hole singularity arising in spherically symmetric space-
times. Thesesingularities are both associated with gravitational collapseof
either the entire spacetimeor only a portion of it.

The big-bang singularity is characterizedby in�nite scalarcurvature, en-
ergy density and pressure. The volume of spacetimeshrinks to zero. The
metric becomesdegenerate.`At' the black-hole singularity scalar curvature
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likewisediverges,asdoesgravitational redshift. The metric becomesdegen-
erate here as well.

Even though these are the most popular representativ es of spacetime
singularities, other types also exist | and not all of them are captured by
the criterion of divergingcurvature scalars. For example,planegravitational
wavesas vacuum solutions of Einstein's equationshave vanishing curvature
scalars but diverging curvature tensor components. Another example are
conical singularities.

An acceptedcriterion which encompassesmost but not all typesof sin-
gularit y is that of geodesic incompleteness: a spacetimecontains a singular
point if at least one geodesic cannot be extended to its in�nite parameter
range. This is the de�nition usedin the singularity theoremsof Hawking and
Penrose.Thesetheoremsposecertain conditions on spacetimeand matter.
I will quote here the most general of the theorems. Matter has to satisfy
the strong energy condition. Spacetime has to be free of closed timelik e
curves and the timelik e and null generic conditions have to be satis�ed. 1

Then the singularity theorem states that if spacetime contains a trapped
surface or a point from which on the expansionof a null geodesic congru-
encebecomesnegative along each geodesicor the spacetimeis closed,then
spacetimecontains at least one incomplete causalgeodesic.

One can conclude that rather generically spacetimesarise in which an
observer (or light) can reach the end of spacetimein a �nite time. As the
singularity theorems make use of Einstein's equations only to employ the
strong energy condition, not much can be learned from them as to what
happens upon approach to the classicalsingularity.

5.2 What do we exp ect from quan tum General
Relativit y?

The question is then what happensto thesesingularities if we go from classi-
cal to quantum generalrelativit y. There are two questionsthat intermingle
here. The �rst question is whether classicalgeneral relativit y singularities
persist in quantum general relativit y. The second,a priori unrelated, ques-
tion is whether quantum general relativit y is itself a singularity-free theory
or not.

5.2.1 Resolution of classical singularities?

The generalexpectation is that the singularities of classicalgeneralrelativit y
are | in a yet to be speci�ed way | resolved through quantum general

1A spacetime satis�es the timelik e (null) generic condition if each timelik e (null)
geodesic contains at least one point at which R �� 
 � v� v� 6= 0. Here v is the tangent
of the geodesic, R �� 
 � is the Riemann curvature tensor.
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relativit y.
But let us be very careful and ask why we actually should expect this.

There are scarcelyany arguments given in the literature. Singularity reso-
lution through the quantization of general relativit y seemsto be more of a
silent consensusthan a well-argued expectation. But looking more closely
at the problem, it seemsvery hard to �nd any argument for it.

Singularity resolution in quantum general relativit y takes its cue from
the quantization of the Coulomb problem. At least, this problem is regularly
quoted when singularity resolution is discussed. Therefore, I reviewed the
motion of an electron in the potential of a nucleusin the non-relativistic as
well asspecial-relativistic setting on the classicaland quantum level in detail
in Appendix C. It turns out that this problem is actually a bad examplefor
singularity resolution. Becausein the non-relativistic case,no singularity
exists on the classicallevel and on the special-relativistic level, the classical
singularity persists in the quantum theory. So, in fact, there is no singularity
resolution in the Coulomb potential case| either there is no singularity or
there is no resolution.

Moreover, classical general relativit y singularities are characterized by
geodesic incompleteness.These are tra jectories of point particles. But be-
fore classical general relativit y breaks down, surely the point-particle ap-
proximation breaksdown. Thusbeforelooking at quantum generalrelativit y
e�ects, one should exclude that the singularity problem of general relativ-
it y could not be solved by the quantum aspects of matter propagating in
spacetime.

5.2.2 Singularit y-free quan tum General Relativit y?

Turning now to the secondquestion, namely whether or not quantum gen-
eral relativit y itself is free of singularities or not, we �rst have to specify
what we mean by this statement. Generalizing the term singularity here as
referring to any point of con�guration spaceof a theory at which the laws
of physics do not yield unique predictions, singularities occur in physics at
all ends. Usually they signal the breakdown of the framework one is using.
This may be an e�ectiv e description, as is the casee.g. in molecular physics
and physical chemistry where singular potentials are used to mimick com-
plicated molecular interactions. Or this may be a physical theory which is
encompassedby a more fundamental one.

Mathematically, singularities are points at which the equations of the
system break down.

Physically, a theory with singularities doesnot yield unique predictions
throughout con�guration space. In quantum theory, this can be discussed
on two levels. Either in the language of self-adjoint operators. Then a
unique solution exists if the Hamiltonian operator is essentially self-adjoint.
Or in the languageof partial di�eren tial equations. Then a unique solution
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exists if the initial- or boundary-value problem (depending on the form of
the quantum equation) is well-de�ned.

In quantum generalrelativit y, the Hamiltonian is no self-adjoint operator
| and should not be, sowe cannot resort to operator language. Rather, we
have to check whether the theory produces(functional) partial di�eren tial
equationswhich have a well-de�ned initial- or boundary-value problem.

But we saw above that the Coulomb potential is singular in special rel-
ativit y and remains so on the quantum level. Obviously, this is no reason
to completely dismiss either the Coulomb potential or the Klein{Gordon
equation. Rather, this singularity signals that the problem at hand | the
motion of an electron in the potential of a nucleus | can, in the special-
relativistic domain and on the quantum level, no longer be described by an
instantaneousinteraction as is suggestedby the Coulomb potential. So the
singularity of the Klein{Gordon equation with Coulomb potential stirred no
crisis in physics because,anyway, the Coulomb potential is not believed to
be a fundamental description of the problem at hand.

This bridges the gap to another idea that may underlie the assumption
that quantum general relativit y should be free of singularities. Namely, the
idea that quantum general relativity is a fundamental theory. But this can
be ruled out straight away. How can a perturbativ ely non-renormalizable
theory like quantum general relativit y be fundamental? Even more so, if
the theory cannot be consistently coupled to fermionic matter?2

Soactually, quantum generalrelativit y is not a fundamental theory | it
cannot be,and thereforesingularities occurring on the quantum-gravitational
level do not necessarilysignal that the theory itself is meaningless. They
merely stress the fact that quantum general relativit y is not the �nal and
fundamental theory.

5.2.3 Exp ectation

So we should not expect that quantum general relativit y is free of singu-
larities. Nor do we know what happens to classical singularities on the
quantum level. It might be that someclassicalsingularities persist in quan-
tum generalrelativit y. This is at least what we can learn from the Coulomb
example. But then, what happensto classicalgeneralrelativit y singularities
in quantum general relativit y? And is quantum general relativit y free of
singularities in the sensethat it predicts unique results or not?

2However, in Blagojevic's textb ook the Hamiltonian formulation of Einstein{Cartan
and general Poincare gauge theories are given, [40].
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5.3 Singularities in quan tum cosmology

Before turning to the full theory, I want to discussthe cosmologicalFried-
mann{Robertson{Walker model, which will be intro duced thoroughly in
Chapter 6. The quantum-cosmological model arisesthrough the quantiza-
tion of the symmetry-reduced Friedmann{Robertson{Walker metric. Such
a model is called minisuperspace model for reasonsthat will becomeclear
in Section 5.4.1. The reduction makes this model much easierto deal with
mathematically than the full theory. Nonetheless,relevant features survive
in this model. Moreover, the cosmologicalcaseis central to this thesis and
therefore has to be discussed.

Let usnow pursuethe questionwhether the quantum-cosmologicalmodel
is singular or not, i.e. whether unique predictions can be retrieved from this
model or not.

5.3.1 The Wheeler{DeWitt equation with cosmological con-
stan t

Due to the symmetry, no di�eomorphism constraint arises. We just have
to deal with the Wheeler{DeWitt equation. To include all possible factor
orderings, we write the kinetic term in the general form

�
ar + m� 1 @

@a
a� r @

@a
a� m

�
;

where r and m are any real numbers and a is the scale factor, but see
Chapter 6. The naive factor ordering where momenta are ordered to the
right is then recovered for r = 0, m = 0. The `Laplace{Beltrami' factor
ordering is given by m = 0, r = 1

2 .3

The Wheeler{DeWitt equation in the vacuum caseis given by

b
a

 00�
b
a2 (r + 2m) 0+

�
bm
a2

�
r +

m � 1
a

�
+ �a 3 � Ka

�
 = 0 ; (5.1)

where the following short-hands were used

b =
~2� 2

12
; � =

�
� 2 ; K =

k
� 2 ;

and � denotes the cosmologicalconstant, k = 0; � 1 the spatial curvature
and  =  (a) is the wave function. The derivatives with respect to a are
written as primes.

This is a well-de�ned equation on the interval a 2 I = ]0;1 [ . The
requirements on  shall be minimal: it is supposedto be twice contin uously

3The Laplace{Beltrami ordering is de�ned for two-dimensional surfaces. Carrying over
this de�nition to the one-dimensional case,we obtain the given ordering.
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di�eren tiable in I ,  2 C2(I ). On I , the Wheeler{DeWitt equation can be
brought into the form

 00+
P(a)

a
 0+

Q(a)
a2  = 0 ; (5.2)

with

P(a) = � (r + 2m) ; Q(a) = m(r a + m � 1) +
�
b

a6 �
Ka4

b
: (5.3)

From this, one can immediately read o� that the left boundary of the in-
terval, a = 0, is a weakly singular point of the equation.4 This meansthat
p(a) = P (a)

a has a pole of at most �rst, and q(a) = Q(a)
a2 a pole of at most

secondorder at a = 0.
On the other hand, the right boundary of I , a = 1 , is in general no

weakly singular point. To determine the behaviour there, make a transfor-
mation onto � = 1

a and consider � = 0. Using �( � ) :=  ( 1
� ) and dots to

denote derivativeswith respect to � , (5.2) becomes

•� +
~P(� )
�

_� +
~Q(� )
� 2 � = 0 ;

where

~P(� ) = 2 + 2m + r ; ~Q(� ) = m(m � 1) +
1
�

mr +
�
b

1
� 6 �

K
b

1
� 4 :

Obviously, ~q(� ) =
~Q(� )
� 2 has polesof at most secondorder only for vanishing

curvature, vanishing cosmologicalconstant and r = 0. The boundary a = 1
is thus a strongly singular point of the Wheeler{DeWitt equation (5.2).

A basis that spansthe two-dimensional solution spaceof the Wheeler{
DeWitt equation (5.2) is obtained through Frobenius' method, [47]. It allows
to determine a solution around a weakly singular boundary point. This solu-
tion may then be extended to the weakly singular boundary. The quantum
cosmological theory yields unique predictons if a unique extension to the
weakly singular point exists.

I will do this in some detail for the left boundary a = 0. The same
methods and calculations can be applied to a = 1 in the casethat this
point is weakly singular as well.

4Often, one also �nds the expression`regular singular point'.
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The weakly singular poin t a = 0

Before Frobenius' method can be applied to (5.2), the equation has to be
normalized. That meansit has to be brought to the form

a2 00+ aP(a) 0+ Q(a) = 0 ; (5.4)

where P and Q are analytical functions around the origin a = 0. Generally,
they are thereforegiven in terms of power series',P(a) =

P 1
j =0 pj aj , Q(a) =

P 1
j =0 qj aj . Here, of course, the sum is �nite and the coe�cien ts can be

directly read o� from (5.3). Frobenius' method then simply consistsof the
ansatz

 (a) = a�
1X

n=0

cnan ; c0 6= 0 :

This solution can be complex valued, � 2 C, and a� = e� ln a for a > 0. The
power series

P 1
n=0 cnan convergeson 0 < a < 1 . Inserting this ansatz into

(5.4), one obtains, after dividing by a� ,

1X

n=0

2

4(n + � )(n + � � 1)cnan +
X

j + k= n

ck (pj (k + � ) + qj )

3

5 = 0 ;

where Cauchy's product rule has beenapplied. Comparing coe�cien ts, one
arrivesat

[(n + � )(n + � � 1) + p0(n + � ) + q0] +
n� 1X

k=0

ck (pn� k (k + � ) + qn� k ) = 0 :

For n = 0, onearrivesat the indicial equation determining the characteristic
exponents �

� (� � 1) + p0� + q0 = 0 :

In our case,the characteristic exponents are given by

� 1;2 =
r + 2m + 1

2
�

r
(r + 2m + 1)2

4
� m(m � 1) :

For clarit y, I will here assume�rst that � 1;2 2 R and the labelling is done
such that � 1 � � 2. I will cometo the caseof complex � 1, � 2 subsequently .
Note that whether or not � 1;2 are real, depends on the factor ordering.
Setting c0 = 1 (this is doneconventionally), the seriesis determined through
the recurrencerelation
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cn = �
1

D(n + � )

n� 1X

k=0

ck (pn� k (k + � ) + qn� k ) ; (5.5)

for each characteristic exponent. Here, D (� ) = � (� � 1) + p0� + q0. This
works, of course,only if D (n + � ) 6= 0. For � 1, D (n + � 1) 6= 0 always |
it is the larger of the two roots. For � 2, D (n + � 2) = 0 for n = 0 and for
n = � 1� � 2. Sofor the characteristic exponent � 1, Frobenius' method always
provides a generalizedpower seriessolution. For the secondcharacteristic
exponent � 2, this is also the caseas long as � 1 � � 2 62N. But if � 1 � � 2 2 N,
the second, linearly independent solution has to be found from the series
expansionwith slight modi�cations. In the respective cases,a basis of the
solution spaceis given by

Case A: � 1 � � 2 62N
In this case,the recurrencerelation (5.5) can be usedto arrive at a so-
lution for both characteristic exponents. The two linearly independent
solutions are given by

 1(a) = a� 1

1X

n=0

cnan ;  2(a) = a� 2

1X

n=0

dnan :

Here, c0 = 1, d0 = 1 and all higher coe�cien ts follow from (5.5) with
� = � 1 for cn and � = � 2 for dn , respectively.

Case B: � 1 � � 2 2 N
In this case,the recurrencerelation (5.5) can be usedto arrive at a so-
lution only for the characteristic exponent � 1,  1(a) = a� 1

P 1
n=0 cnan .

The secondsolution is of the form

 2(a) = a� 2

1X

n=0

dnan + 
  1 ln a :

The valuesof dn and 
 depend on whether � 1 � � 2 = 0 or not.

Case B. I: � 1 � � 2 = 0
Here, d0 = 0 and higher coe�cien ts follow from

dn = �
1

D(n + � 1)

n� 1X

k=0

dk (pn� k (k + � 1) + qn� k ) +
� n

D(n + � 1)
;

where � n follow from a seriesexpansionof

a� 1

1X

n=0

� nan = (1 � P(a))  1 � 2a 0
1 :
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Moreover, 
 = 1. Thus, in this case,a logarithmic contribution
and thus a divergence at a = 0 is unavoidable.

Case B. I I: � 1 � � 2 6= 0
Set � 1 � � 2 = M . Then d0 = 1 and dM = 0. Higher coe�cien ts
follow from

dn = �
1

D(n + � 2)

n� 1X

k=0

dk (pn� k (k + � 2) + qn� k ) ;

for n < M . The equation for n = M is usedto determine 
 ,

� M 
 =
M � 1X

k=0

dk (pM � k (k + � 2) + qM � k ) ;

whereasall coe�cien ts for n > M follow from

dn = �
1

D(n + � 2)

n� 1X

k=0

dk (pn� k (k + � 2) + qn� k ) + 

� n� M

D(n + � 2)
:

And � n is givenasin CaseB.I. Here,wecannot determinestraight
away whether or not a logarithmic divergenceoccurs. It depends
on the speci�c form of the equation and has to be inferred from
the recurrencerelation.

Depending on the values of r and m, several casesarise. These are
depicted in Table 5.1.

Let the di�erence � 1 � � 2 = r + 2m + 1 be an arbitrary number, r +
2m + 1 62N. Then a unique, well-de�ned solution exists for r + 2m + 1 > 0
and m 2 ]0;1[, as well as for r + 2m + 1 � 0.

If, on the other hand, r + 2m + 1 > 0 and m = 0 or m = 1, then the
additional condition  ! 0 as a ! 0 is neededto pick a unique solution.

However, if r + 2m + 1 > 0 and m(m � 1) > 0, no solution is picked by
this condition as both vanish at the origin .5

If r + 2m + 1 2 N,  2 may acquire a logarithmic divergence.
Therefore, we concludethat for factor orderings m 2 ]0;1[, a unique so-

lution exists which can be contin uously extendedto the origin and vanishes
there. For m 2 [0;1] and r + 2m + 1 � 0,  1 is the only contiuously extend-
able solution but doesnot necessarilyvanish.

The form of the two linearly independent solutions dependsthus very deci-
sively on the factor ordering.

5We assumethat m, r are chosensuch that � i are real.
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A > 0 A = 0 A < 0

B > 0
� 1 > 0 no real � 1 < 0
� 2 > 0 solution � 2 < 0

B = 0
� 1 > 0 � 1 = 0 � 1 = 0
� 2 = 0 � 2 = 0 � 2 < 0

B < 0
� 1 > 0 � 1 > 0 � 1 > 0
� 2 < 0 � 2 < 0 � 2 < 0

Table 5.1: This table shows which factor-orderings allow which kind of so-
lutions. The factor-orderings are parametrized by r and m. The relations
A = r + 2m+ 1 and B = m(m� 1) determinethe nature of the solution. In the
table, white cellsdenote factor-orderings for which a single, regular solution
exists. Theseare the caseswe are looking for: the Wheeler{DeWitt equation
can be uniquely extended to the origin. There are two casesin which two
regular solutions might exist. The corresponding cells are coloured light-
grey. For thesefactor-orderings, no unique solution to the Wheeler{DeWitt
equation can be found. For A < 0 and B > 0, no regular solution exists.
The Wheeler{DeWitt equation is singular.

As examples, I want to discuss the naive ordering and the `Laplace{
Beltrami' one. For the naive factor ordering, � 1 = 1, � 2 = 0. Thus, we
have a Case{B.II scenario: there may be a logarithmic contribution. Direct
calculation yields that 
 = � q1 = 0, and so no logarithmic dependence
occurs. The two solutions are contin uous as a ! 0. But whereas 1 ! 0 in
this limit,  2 ! const: there. The boundary condition  (0) = 0 would then
pick a unique solution.

For the `Laplace{Beltrami' ordering, one obtains � 1 = 3
2 , � 2 = 0 and

therefore a Case{A scenario. Again, only  1 vanishesat the origin, but
both solutions remain bounded.

So for both factor orderings, a unique solution is chosenby the requrire-
ment that the wave function vanish at the origin a = 0. In both cases,both
solutions can be contin uously extended to the weakly singular boundary
point a = 0.

Note that becausewe are not working with self-adjoint operators here,
the requirement  (0) = 0 doesnot arise in a natural way.6

The procedureremains essentially unaltered if complex characteristic expo-
nents are taken into account. Instead of comparing � 1 and � 2, one now has
to comparee2� i� 1 and e2� i� 2 .

6Recall that e.g. for the Schr•odinger equation with Coulomb potential the condition
r  (r ) ! 0 as r ! 0 arises as a consequenceof the self-adjointness of the Hamiltonian
operator. The radial coordinate is denoted by r here.
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The Case{A scenariois then recoveredif e2� i� 1 6= e2� i� 2 . In this case,the
recurrencerelation can be usedto obtain two linearly independent solutions

 1(a) = a� 1 (1 + h1(a)) ;  2(a) = a� 2 (1 + h2(a)) ; (5.6)

where hi are analytical functions vanishing for a = 0. For e2� i� 1 = e2� i� 2 ,
the generalsolution can contain a logarithmic dependence.This is just the
Case{B scenario. Solutions are again of the form

 1(a) = a� 1 (1 + h1(a)) ;  2(a) = a� 2 (1 + h2(a)) + 
  1(a) ln a : (5.7)

These solutions are unique on the punched disk U(a) around the origin.
Out of the system of solutions, those can be picked for which the limit
lim
a! 0

 exists and is contin uously di�eren tiable. Let this solution spacebe

called f f 0 0(a)jf 0 2 Rg.

The strongly singular poin t at a = 1

In�nit y is a strongly singular point of the equation | if � 6= 0, k 6= 0, r 6= 0.
Only if theseterms vanish, in�nit y is a weakly singular point. Thus, counter-
intuitiv ely, the problematic point of the cosmologicalWheeler{DeWitt equa-
tion is not the origin but in�nit y. If in�nit y is a weakly singular point, as
above, the solution can be determined through a power-seriesexpansion. So
solutions are of the form (5.6) or (5.7), depending on the relation between
the two characteristic exponents. Similarly, conditions have to be posedon
the wave function at in�nit y in order to pick a unique solution. Let this
solution spacebe called f f 1  1 (a)jf 1 2 Rg.

The overall solution is uniquely de�ned only when the two solutions
 0(a) and  1 (a) di�er at most by a constant.

More speci�cally , from the indicial equation follow the characteristic expo-
nents

� 1;2 = �
1
2

� m �

r
1
4

+ 2m :

Thus � 1 � � 2 =
p

1 + 8m. For the naive ordering, we have m = 0 and thus
� 1 � � 2 = 1. We therefore have a Case{B.II scenario. Because
 = 0 and
cn = 0, dn = 0 for all n > 0, we get the two solutions

� 1(� ) = 1 ; � 2(� ) = � � 1 :

On the other hand, the same choice of constants � = 0, k = 0, r = 0
producesthe following solutions around a = 0
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 1(a) = a ;  2(a) = 1 :

If we require that  ! 0 as a ! 0 and � ! 0 as � ! 0, no overall solution
is found. If we require  ! const: as a ! 0 and � ! const: as � ! 0, the
only solution is the trivial one, the solution is simply constant. So it seems
that no overall solution exists! This is a generalresult and doesnot depend
on the simplifying assumption m = 0 made here.

What I want to emphasizeat this point, however, is that here the regu-
larit y condition at the origin alone su�ces to �x the solution. If we simply
require that  ! 0 as a ! 0 and choose the solution at in�nit y so that
it matches with the one obtained at the origin, we get the unique solution
 (a) = a.7 This can be justi�ed by the observation that in�nit y is not a
singular point like any other. It is much more natural to accept a solu-
tion which divergesas the argument goes out to in�nit y than to accept a
divergenceat a �nite value like the origin.

For example, the Legendredi�eren tial equation has two weakly singular
points at � 1. The solution is found as outlined above and the extensions
to both singular points are made in a contin uous way. The Laguerre dif-
ferential equation, on the other hand, is weakly singular at the origin and
strongly singular at in�nit y | just like the vacuum Wheeler{DeWitt equa-
tion encountered here. Whereas one requires contin uit y of the solution at
the origin, no such condition is imposedat in�nit y. Instead, one subjects
solutions to the requirement that they be square-integrable with respect to
a certain measure. Again, this condition results from the inner product
which we have not at hand here. So, in�nit y is subjected to much weaker
conditions than a �nite singular point.

This brings us back to the conditions on the cosmologicalwave function
at in�nit y. I would suggestto `ignore' the fact that in�nit y is a strongly
singular point of the equation and simply usethe solution as determined at
a = 0. Recall that, in any case,a = 1 will not be a weakly singular point
in general. This solution will then diverge at in�nit y and, of course, will
not be square-integrable with respect to the measuresconventionally used
in quantum theory.

But, anyway, we are not interested in square-integrable wave functions
with respect to a. Moreover, a wave function that vanishesfor large radii of
the universewould suggestan untimely end for the corresponding classical
world. It would imply that no universecould expand forever | which really
would be too bad. Lastly, note that  ! 0 as a ! 0 and as a ! 1 would
imply a �xing of the wave function at both ends and thus quantization

7This is no general result but depends on the choice of factor ordering. Note that
the existence of a unique, regular solution and the factor-ordering question are tigh tly
interwoven. The fact that a certain factor ordering provides a unique solution could be
used as an argument in favour of this speci�c ordering.
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conditions.

So, to conclude,for the classof factor orderingsm 2 ]0;1[, a unique solution
exists which can be contin uously extendedto the origin and vanishesthere.
Moreover, in all casesexceptr + 2m+ 1 > 0 and r + 2m+ 1 62N, the condition
of merecontinuous extendability to the origin picks  1(a) asunique solution.

5.3.2 The Wheeler{DeWitt equation containing matter

Even though the cosmological-constant caseis the easiestto deal with, it
is surely not the most relevant scenario. Actually , little e�ort has to be
made to arrive at someconclusionsincluding matter. But to this end, some
assumptionshave to bemade. First of all, note that minimally coupled�elds

have a kinetic term L kin � N
p

det h ( _� )2

2 , where � represents any bosonic
�eld component. Therefore, the inverseof the determinant det h enters in

the kinematical part of the Hamiltonian H kin �
p2

�

2
p

det h
with momentum p�

of the �eld. De�ning H 0
matter through H matter = 1p

det h
H 0

matter and using

that
p

det h = a3, the Wheeler{DeWitt equation becomes
�
Ĥ grav +

1
a3 Ĥ 0

matter

�
 = 0 :

This is only helpful if we decompose the wave functional into  (a; � ) =
Cn (a)' n (a; � ) where

Ĥ 0
matter ' n (a; � ) = En (a)' n (a; � ) :

Then the Wheeler{DeWitt equation reads
�
Ĥ grav +

1
a3 En (a)

�
 (a; � ) = 0 ;

or,

 00+
P(a)

a
 0+

Q(a)
a2  = 0 ; (5.8)

with

P(a) = � (r + 2m) ; Q(a) = m(r a+ m � 1)+
�
b

a6 �
Ka4

b
+

En (a)
b

: (5.9)

To apply the previously usedFrobenius' method, it is necessaryto evaluate
the derivatives,  0 = ' 0

nCn + ' nC0
n and similarly the higher ones. The

resulting equation for Cn has to be brought into the form (5.8), with Cn

replacing  . From the newly determined P(a) and Q(a) one can then infer
whether or not the boundariesa = 0 and a = 1 are weakly singular. If they
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are, Frobenius' method can be employed and solutions can be determined.
As the result dependsvery crucially on the matter wave function, no general
conclusioncan be drawn on this level.

The Wheeler{DeWitt equation coupled to matter will be an arbitrarily
complicated partial di�eren tial equation. In a speci�c case,it will therefore
be much more useful to take refuge to the known existenceand uniqueness
proofs for partial di�eren tial equations.

Wheeler{DeWitt equation with free scalar �eld

A simple example,however, is the cosmologicalmodel with free scalar �eld.
With Laplace{Beltrami factor ordering, the Wheeler{DeWitt equation reads

~2� 2

12

�
1
a2

@ 
@a

+
1
a

@2 
@a2

�
�

~2

2
1
a3

@2 
@� 2 +

�
�K a +

�
3

a3
�

 = 0 :

Making the ansatz  (a; � ) = Cn (a)' n (a; � ) with

�
~2

2
@2' n

@� 2 = n2 ' n ;

as suggestedabove, yields

C00+
P(a)

a
C0+

Q(a)
a2 C = 0 ;

where here P(a) = 1 and Q(a) = n2

b � K
b a4 + �

3ba6 and primes still de-
note di�eren tiation with respect to a. At a = 0, we �nd the characteristic
exponents

� 1;2 = �
n

p
b

:

Therefore � 1 � � 2 = 2jnjp
b

. Thus, it depends on the values of n which sce-
nario we encounter. But note that any solution which is free of a logarithm
vanishesat the origin. Sowe alwayshaveone solution which vanishesat the
origin , namely  1(a) = a� 1

P
m cm am with � 1 = jnjp

b
.

Note that � 1 � � 2 = 0 only for the trivial ' n = const: solution obtained
for n = 0.

For arbitrary valuesof n, � 1 � � 2 62N. Then  2 divergesas the origin is
approached because� 2 = � jnjp

b
. If jnj = M

p
b

2 , M 2 N, then � 1 � � 2 2 N. In

this case 2 divergesat least as  2 � a� M . A logarithmic divergencemay
ensue,depending also on the precisevalue of M .

Therefore, for n 6= 0 a unique solution exists which can be contin uously
extended to the origin and vanishesthere. For n = 0, again  1 is the only
solution that can be extended to the origin as for � 2 = 0, 
 = 1 and  2
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contains a logarithmic divergence. But in this case,the only contin uously
extendablesolution is constant at the origin.

5.3.3 Conclusions

The Wheeler{DeWitt equation with cosmologicalconstant is singular. It
has two singular points, a = 0 and a = 1 . The singularity at a = 0 is,
however, a weak singularity. That meanssolutions can be extended to this
point. We showed that for the classof factor orderings m 2 ]0;1[, a unique
solution exists which can be contiuously extended to the origin. The same
holds for r + 2m + 1 � 0. Whereas in the �rst casethe only contin uously
extendable solution vanishesat the origin, it may remain constant in the
secondscenarios.

The singularity at in�nit y is a strong one. Generally, this implies that
solutions diverge as a ! 1 . I supposethat there is no physical argument
against such behaviour.

The weak singularity a = 0 of the quantum equation has, of course,a coun-
terpart on the classical level: a = 0 is just the `location' of the big-bang
singularity. So this singularity which is associated with the collapseof the
entire three-volume to onepoint pertains to the quantum level in the form of
a weakly singular point of the Wheeler{DeWitt equation with cosmological
constant.

It is hard to draw any conclusionsfor the Wheeler{DeWitt equation with
arbitrary matter content. The reasonfor this is that additional degreesof
freedomturn the Wheeler{DeWitt equation into a partial di�eren tial equa-
tion whosepreciseform dependson the matter Hamiltonian. One can, how-
ever, expect that the singular point a = 0 remainsproblematic asthe second
derivative with respect to a alwaysoccurs with a prefactor a� 1. Moreover,
singularities in the matter potential are candidates for problematic points
of the Wheeler{DeWitt equation.

In the simple caseof a free scalar �eld, the singular nature of a = 0 does
not hinder the existenceof a unique solution which is constant at a = 0.

We will seethat this method generalizesalso to scalar �elds with po-
tential term | after a suitable approximation has been carried out, see
Chapter 7 and Chapter 8.

5.4 Singularities in full quan tum General Relativ-
it y

We will now try to �nd out how thesefeaturesof the quantum-cosmological
Wheeler{DeWitt equation look like in ful l quantum general relativit y. The
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Wheeler{DeWitt equation will contain only a cosmologicalconstant. Again,
not much can be said about other matter content.

In full quantum generalrelativit y, the governing equationsarethe Wheeler{
DeWitt equationand the quantum di�eomorphism constraints. The Wheeler{
DeWitt equation in the naive factor ordering is given by (4.5). In the follow-
ing, I will disregard the in�nities associated with the functional character of
the equations. Assumethat theseare regularized in someway.

It is immediately obvious from (4.5) that the Wheeler{DeWitt equation
asit standsis no well-de�ned equation. Due to the divergenceof the DeWitt
metric for det h = 0, the kinetic term diverges| irrespective of the choiceof
factor ordering | at all points where det h = 0. We thus have no existence
and uniquenessproof for the solution at thesepoints. Sothe quantum theory
contains a singularity which is a priori not connected with the singularities
of classical general relativity .

This is just the samephenomenonas in the quantum-cosmologicalcase
where det h = a6 = 0. There, we could use Frobenius' method to ensure
that at least the cosmologicalconstant and freescalar-�eld solutionscould be
contin uously extended to det h = a6 = 0. If we deal with the full Wheeler{
DeWitt equation, our mathematical tools are much more limited.

To discussthis singularity properly, it is useful to take a closer look at
the domain manifold of the wave functional.

5.4.1 Superspace

At each point of �, the spaceof all three-metrics is given. The DeWitt-
metric de�nes a metric on this space,turning it into a metric manifold |
again at each x 2 �. Denote this manifold by Qx . The con�guration space,
Q(�), is then a product manifold

Q(�) =
Y

x2 �

Qx :

The quantum di�eomorphism constraints insure that the admissible wave
functional depends only on the three-geometry, not the three-metric. As-
suming that the di�eomorphism constraints have beensolved, the Wheeler{
DeWitt equation can be consideredas an equation de�ned on Q(�) modulo
the orbits of three-di�e omorphisms. The resulting orbifold is the spaceof all
three-geometries,(3) G, denoted by Q. This spaceis called superspace and
often also referred to as the con�guration spaceof general relativit y.

DeWitt discovered that the manifold Qx can be mapped onto a six-
dimensional manifold with Lorentzian signature. The timelik e variable is

given by � =
q

32
3 (det h)

1
4 . This manifold is geodesically incomplete with a

curvature singularity at (6) R � � � � 2, where(6) R denotesthe six-dimensional
Ricci scalar.
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In the new coordinates, the Wheeler{DeWitt equation becomes

�
~2

2M

�
�

� 2

� � 2 +
32
3� 2 GAB � 2

� � A � � B

�
+

3M
32

� 2
�

(3) R � 2�
� �

	[ (3) G] = 0 :

(5.10)
The metric GAB is positive de�nite and a function of the three-metric and
its inverse; � A , A = 1; : : : 5 are the spatial coordinates with respect to the
DeWitt metric. It is obvious that on the spatial hypersurface(in Qx ) � = 0
the Wheeler{DeWitt equation is not well-de�ned. This meansthat unique
solutions for � < 0 and � > 0 can be joined to each other in a unique way
only if someadditional condition is provided. The singular hypersurfacein Q
de�ned through det h = 0 (or � = 0) is called quantum barrier and denoted
by Bquant following the notation of DeWitt. Note that det h = 0 for the
cosmologicalbig-bang singularity as well as for the black-hole singularity.
But this doesnot mean that det h = 0 always corresponds to a geometrical
singularity. � and the foliation may just have beenchosenpoorly.

So, as in the quantum-cosmological case,we encounter a singularity of the
quantum equation also for the full theory. This singular region is connected
with the vanishing of the determinant of the three-metric. That means,
we encounter a singularity of the Wheeler{DeWitt equation whenever the
three-metric becomesdegenerate.

The structure of this singular region is much more complicated than in
the cosmologicalcase.8 Here, the singular region arises from the product
manifold

F (�) =
Y

x2 �

Fx ;

where Fx contains all elements from Qx which have vanishing determinant.
But then we still have to divide out the di�eomorphisms. In this way we
arrive at Bquant .

I want to make two remarks at this point. First of all, note that in quan-
tum cosmologydet h = 0 wasequivalent to a = 0 and thus the singularity lie
at the boundary of con�guration space(minisuperspace). Here, the region
det h = 0 does not lay at the boundary becausewe have not taken care of
the positivit y condition of the three-metric, recall Chapter 4, Section 4.2.1.
If we would in someway take care of this property of the three-metric, we
would exclude det h < 0, i.e. negatively oriented volume, and move the
singular region to the `boundary' of con�guration space.

Secondly, in the quantum-cosmologicalcasea unique solution exists that
vanishesat the origin. Here, we encounter the problem that we do not know

8 It is hard to beat a point in simplicit y.
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how to join together the wavefunctions in the regionsdet h < 0 and det h > 0
acrossF (�). But we could alleviate the problem by simply imposing some
condition there. This condition should, of course, be chosen such that it
simultaneously makesthe Wheeler{DeWitt equation on det h = 0 �nite.

5.4.2 DeWitt's boundary prop osal

Such a condition was proposedby DeWitt. He supposesthat a well-de�ned
problem arisesfor the Wheeler{DeWitt equation whenonesubjects the wave
functional to the additional condition

	[ (3) G] = 0 ; 8 (3) G 2 Bquant : (5.11)

On con�guration spaceQ(�) instead of superspace,this condition reads

	[ h] = 0 ; 8 h 2 F (�) :

This condition is known as DeWitt's boundary proposal. There are two
facts which support that this proposal might actually work. First of all,
note that the term 1p

det h
	[ h] that causesthe divergencein the Wheeler{

DeWitt equation vanishes if 	[ h] = 0 for det h = 0. Secondly, consider
the Klein{Gordon form, (5.10), of the Wheeler{DeWitt equation. From
the form of this equation, one would supposethat a unique solution needs
speci�cation of 	 and � 	

� � on a � = const: hypersurface. The core idea of
DeWitt's proposal is then to �x 	 on two hypersurfacesof constant � |
instead of �xing the �rst derivative. One of thesehypersurfacescorresponds
just to somearbitrary � = const: but the secondone should be � = 0 and
the condition on it 	[ � = 0] = 0.

Thus �xing the wave function at each x for two spatial hypersurfacesFx

and Sx in Qx �xes the wave function on surfacesF (�) and S(�) in Q(�).
Note that dim F (�) = dim S(�) = 5 � 1 3. We can thus expect that this
su�ces to �x the wave function completely for all three-geometries.

DeWitt carriesthis construction further to superspace.Let S(�) modulo
three-di�eomorphisms be denoted by S. Then we �x 	[ (3) G] on Bquant and
S.

5.4.3 Regularizing the Wheeler{DeWitt equation

A way of regularizing the Wheeler{DeWitt equation is the transformation
on a new variable

X = ln
�

det h
det h0

�
;

where det h0 is someconstant with unit length to the sixth power, used to
keepthe dimensionsright. The det h = 0 singularity is moved from the �nite
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value det h = 0 to the in�nite X = �1 . As det h � eX 6= 0, the Wheeler{
DeWitt equation can, after this transformation of variables,be multiplied by
eX to yield a �nite, singularity-free (functional) partial di�eren tial equation.

More than just regularizing the Wheeler{DeWitt equation, the new vari-
able implements the positivity condition on the metric: det h > 0. This was
the original context in which this proposalarouse.Wewill usethis method to
obtain a well-de�ned partial di�eren tial equation in the cosmologicalmodels
discussedin the following chapters.

5.4.4 Coupling to matter

Note that sofar, weonly consideredpure gravit y. As discussedin Section5.3,
coupling to matter intro ducesanother singularity stemming from the fact

that minimally coupled�elds havea kinetic term L kin � N
p

det h ( _� )2

2 . Writ-
ing H matter = 1p

det h
H 0

matter , the Wheeler{DeWitt equation reads

�
Ĥ grav +

1
p

det h
Ĥ 0

matter

�
	 = 0 :

One can then usethe sametric ks as in the cosmologicalcase,simply replac-
ing a by hab. However, now we have no mathematical tool to deal with the
resulting equation,

�
Ĥ grav +

1
p

det h
Ek (h)

�
	 = 0 :

But weseethat the coupling to matter doesnot alleviate, but to the contrary
rather aggravates the problem associated with the det h = 0 singularity.

5.5 Criteria for singularit y resolution

We thus encountered two sets of singularities. First, there are the classical
singularities of general relativit y. Secondly, the Wheeler{DeWitt equation
is singular on the set Bquant of quantum general relativit y singularities.

Becauseclassicalsingularities are de�ned via geodesicmotion in space-
times, it is not easyto track down the classicalsingularities in the quantum
framework. Considering Einstein's equations as evolution equations, the
idea is that a regular three-geometryevolvesinto a singular three-geometry.
The set of singular three-geometriesis a subset of superspace. This set is
denoted by Bclass. It seemsthat the set of classicalsingularities comprises
that of quantum singularities, Bquant � Bclass.9 Thus out of the total set

9Arguments can be found in [4]. In my opinion, the relation betweenBclass and Bquan t is
not very well understood. A connection betweenboth sets can be made through geodesic
motion in Q. Any geodesic hits the quantum barrier Bquan t in �nite proper time. On
the other hand, one can recover Einstein's equations from a WKB-ansatz to the Wheeler{



64 CHAPTER 5. SINGULARITIES IN QUANTUM GR

of classical singularities, we have those which do not occur on the quan-
tum level and those, as the big bang, for example, which do occur through
det h = 0.

Singularities of the �rst classare thus simply resolved through the fact
that classical spacetime is dissolved. The corresponding criterion is the
break-down of the semi-classicalapproximation. Those of the secondclass,
that is the hope,areresolved if the wavefunctional vanisheson the respective
region Bquant of superspace. The question remains whether this has to be
put in by hand, as in DeWitt's boundary proposal, or is insured by some
other mechanism.

I will use the two criteria described above as indicators for singularity
resolution. In the following, I will brie
y describe the picture standing
behind thesecriteria and alsocomment shortly on other criteria that can be
found in the quantum-cosmology literature.

5.5.1 Break-do wn of semi-classical appro ximation

Through the quantization of three-metric and extrinsic curvature, in the
form of conjugate momentum, we looseclassicalspacetime. Loosely speak-
ing, we either have three-geometriesbut no prescription of how to stack
these together to a spacetime or we have a prescription of how to stack
three-geometriestogether but do not have any three-geometry. This fol-
lows in a hand-wavy way from the uncertainty relations of three-metric and
momentum.

Of course,the choiceof criteria depend on the attitude onetakestowards
the interpretation of the Wheeler{DeWitt equation and its solutions. Recall
that we adopt the semi-classicalinterpretation here.

Only in the semi-classicalrealm can we recover spacetimeas a history
of three-geometries(`geometrodynamics'), recall Chapter 4. Whenever the
semi-classicalapproximation breaksdown, no spacetimeexists which can be
probed for geodesic incompleteness.No spacetime,no singularity.

A breakdown of the semi-classicalapproximation is signalled by the
spreadingof initially tightly peaked wave packets.

5.5.2 Vanishing of the wave function

As discussedalready in the previous section, the singularities associated
with Bquant require a vanishing wave functional. We accept the vanishing of
the wave functional at the classically singular point in con�guration space
asa valid criterion for singularity avoidance. If the wave functional vanishes

DeWitt equation. It turns out that Einstein's equations are just geodesic equations in
superspace | plus an extra force term. The question is then whether the force term
is strong enough to prevent the three-geometry from hitting the det h = 0 frontier. An
answer to this question is not known. Neither is it clear under which conditions the
singular three-metric det h = 0 corresponds to a true geometrical singularit y in spacetime.
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at someregion in con�guration space,this region cannot contribute to the
quantum theory. However, we do not want to put this vanishing in by hand,
as is done in DeWitt's boundary condition. Rather, we want to seewhether
other mechanismsalready enforcethis vanishing.

5.5.3 Other criteria

As another citerion for singularity avoidance the �niteness of expectation
valuesof classicallydiverging quantities has beenused. As we have no well-
de�ned inner product to de�ne such expectation valuesand as expectation
values de�ned outside the realm of the semi-classicalapproximation surely
transcend our understanding of ordinary quantum theory, we do not apply
such a criterion here. But seealso Chapter 9, Section 9.1.1

Another criterion is that of a quantum bounce in which the wave packet
remains tightly peaked but deviates from the classicaltra jectory. Here the
classicaltra jectory is altered through quantum e�ects. That meansa semi-
classical approximation holds throughout but yields a di�eren t evolution
than the purely classicalone. Usually, the wave packet falls o� exponentially
in the region of the classicalsingularity. Therefore this scenariois comprised
in Section 5.5.2.

References: I usedthe textb ook of Robert Wald for the brief discussion
of the classicalsingularities in general relativit y, [41]. For the singularities
of quantum general relativit y, I used DeWitt's paper, [4]. A very read-
able intro duction to the theory of ordinary di�eren tial equations is given
in J•anich's textb ook, [43]. Further reading is provided in the textb ook of
Fischer and Kaul, [47].
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Chapter 6

Quan tum Cosmology

In this chapter the canonical quantization schemewil l be applied to
the Friedmann{Robertson{Walker metric. Quantization on such a
highly-symmetric superspace is called minisuperspace quantization.
This name alludesto the fact that the symmetry actually reduces the
in�nite number of degrees of freedom of the ful l theory to a �nite
one. Quantum cosmology thus provides a simple testing ground for
quantum general relativity concepts. Moreover, it can be used to
explore qualitative features.

6.1 Hamiltonian form ulation of classical cosmol-
ogy

6.1.1 Motiv ation

The assumption of spatial homogeneity and isotropy yields the well-known
Friedmann{Robertson{Walker line element. This is given by

ds2 = � dt2 + a2(t) d
 2
k ;

where d
 2
k is the line element of a three-spacewith constant curvature k =

0; � 1,

d
 2
k =

8
<

:

d 2 + sin2  
�
d� 2 + sin 2� d� 2

�
k = 1

dx2 + dy2 + dz2 k = 0
d 2 + sinh2  

�
d� 2 + sin 2� d� 2

�
k = � 1

:

There areseveral problemswith the assumptionof homogeneity and isotropy.
First of all, this approximation applies only to large scales.It is very ques-
tionable why such a model | in which points correspond to galaxies! |
could be usedasstarting point for a quantum framework. Secondly, already

67
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on the classical level, it is not clear whether such an approximation can
hold throughout the universe'sevolution. It is surely not applicable in the
vicinit y of the big-bang singularity. Besidesthesetheoretical concerns,there
is the plain fact that the Friedmann{Robertson{Walker model is not able
to explain the current, observed acceleratedexpansionof the Universe. To
reproduce such an acceleration,one has to intro duceexotic forms of matter
| or a mysterious cosmologicalconstant.

Nonetheless,I want to usethis model in the following | not asa realistic
device to extract predictions but as a playground to study the quality of
quantum gravitational e�ects. Quantum general relativit y models with a
�nite number of degreesof freedom, as the one described here, are called
minisuperspace models.

6.1.2 Gra vitational Hamiltonian

As discussedabove, imposing spatial homogeneity and isotropy, the metric
reducesto

g�� =
�

� 1 0
0 a2(t)~hab

�
; (6.1)

where ~hab is the metric of a spaceof constant curvature. Comparing this to
the ADM-metric (2.1), we �nd the ADM-form of the Friedmann{Robertson{
Walker metric (6.1), the only non-vanishing components of which are

g00 = � N (t) ; gab = a2(t)~hab = hab :

This can now be usedto calculate the ADM-action (2.4). Using

K ab = �
_a

aN
hab ; (3) R =

6k
a2 ;

p
det h = a3 ;

where a dot denotesderivativeswith respect to t, one obtains

Sgr av
ADM =

3
� 2

Z
dt

Z

�

d3x N
�

�
1

N 2 _a2a + ka �
�
3

a3
�

� � SADM ;

where � 2 = 8� G
c4 = 8� G as before. In the following, we will assumethat

the boundary term is madeto vanish. For a closedFRW model, this follows
trivially . For the 
at case,we want to assumethat spacehasbeencompacti-
�ed to a torus. Carrying out the integration over a volume V of three-space,
we arrive at the Lagrangian density

L gr av
ADM = CN

�
�

1
N 2 _a2a + ka �

�
3

a3
�

;
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where C = 3V
� 2 . The gravitational momenta are thus

pa =
@L
@_a

= �
2C
N

_aa ; pN =
@L

@_N
� 0 ;

yielding the Hamiltonian

H gr av = N H gr av
? = N C

�
�

p2
a

4aC2 � ka +
�
3

a3
�

:

Note that the index on pa here is no spaceindex but just stands for the
momentum of the scalefactor a.

Conservation of the primary constraint _pN � 0 yields the Hamiltonian
constraint H gr av

? � 0.

6.1.3 Coupling to scalar-�eld matter

We use a scalar �eld as toy model for matter. It thus replacesthe perfect

uid usually usedin cosmology. Such a replacement is necessaryasa perfect

uid is just an e�ectiv e description of matter. But on the quantum level,
we need some fundamental �eld. Of course, a scalar �eld is not the best
experimentally veri�ed sort, but it is easiest to deal with. Moreover, we
are only interested in the qualitativ e behaviour of the model, anyway, and
in this respect a scalar �eld is an appropriate substitute for bosonic �eld
components. The action for such a scalar �eld � with arbitrary potential
V (� ) is given by

Smat
ADM =

1
2

Z
dt

Z

�

d3x N
p

det h
�
� `g�� @�

@x �

@�
@x � � 2V (� )

�
;

where the constant ` = � 1 is intro duced for later convenience. For an
ordinary scalar �eld, ` = 1. If ` = � 1, the �eld is a so-calledphantom �eld,
seeChapter 7. Using the ADM-form of the Friedmann{Robertson{Walker
metric, this can be written as

Smat
ADM =

1
2

Z
dt

Z

�

d3x N a3

"

`
_� 2

N 2 + `hab @�
@xa

@�
@xb � 2V (� )

#

:

After integration over the volume V of �, the scalar �eld momentum is
derived

p� = `Va3
_�

N
: (6.2)

The matter part of the Hamiltonian is thus
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H mat = N H mat
? =

N Va3

2

"

`
p2

�

V2a6 + hab @�
@xa

@�
@xb + 2V(� )

#

:

The energy-momentum tensor for the scalar �eld is de�ned in the usual
way as

T�� = �
2

p
� det g

� L mat

� g�� :

In the homogeneous case,it has only four non-vanishing components

T00 = `
_� 2

2
+ N V(� ) ; Tbb = a2

 

`
_� 2

2N 2 � V (� )

!

:

Comparing this with the perfect 
uid energy-momentum tensor for a co-
moving observer1

T�� = �n � n� + p(g�� + n� n� ) ;

we can assignan energy density � and a pressurep to the scalar �eld

� = `
_� 2

2
+ V (� ) ; p = `

_� 2

2
� V (� ) : (6.3)

The equation of state is then de�ned as the ratio of pressure to energy
density w = p

� . Do not confusethe pressurep with the momenta pa and
p� . Assuming a constant equation of state parameter w for the scalar �eld,
we can usethe equations for � and p to �nd the relation betweenthe scalar
�eld and its potential,

V (� (t)) =
`
2

1 � w
1 + w

_� 2(t) ; (6.4)

where w 6= � 1. This is analogousto the virial theorem in which the kinetic
energy is proportional to the potential energyof the �eld.

6.1.4 Total Hamiltonian for Friedmann{Rob ertson{W alk er
cosmology coupled to a homogeneous scalar �eld

To �t the symmetry conditions of the Friedmann{Robertson{Walker model,
the scalar �eld should not depend on the spatial coordinates, � = � (t). The
total Hamiltonian is then given by

1Recall that n = (� 1; 0; 0; 0) is the hypersurface normal and N has to be �xed to
N = 1, seeSection 6.1.5 below.
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H = N H ? = N

"

�
p2

a

4aC
+ `

p2
�

2Va3 � Ka +
�
3

a3 + a3VV (� )

#

; (6.5)

whereK = Ck and � = C�. The total Hamiltonian is constrained to vanish
as a consequenceof the conservation of the primary constraint. From the
kinetic term, we can read o� the inverseof the two-dimensionalanalogueof
the DeWitt metric

GAB =
�

� 1
4aC 0
0 `

2Va3

�
:

Note that this inverseexists everywhereexcept at a = 0.

6.1.5 Hamiltonian equations of motion

To make the connection to Einstein's equations, the equationsof motion in
the Hamiltonian framework arebrie
y discussed.In order that the equations
of motion can be solved | or acquire any meaning in the �rst place, it is
necessaryto �x the foliation. This is done by �xing the lapse function.
For N = 1 we obtain Friedmann time t, whereasthe choice N = a yields
conformal time � . We will useN = 1.

Now note that the Hamiltonian itself, when expressedin terms of veloc-
ities, is just the Friedmann equation

�
_a
a

� 2

=
� 2

3
� �

k
a2 +

�
3

: (6.6)

Note that this constraint is of the form Ekin + Epot = 0 with

Ekin = �
�

_a
a

� 2

+ `
� 2

6

_� 2

2
; Epot =

� 2

6
V (� ) �

k
a2 +

�
3

: (6.7)

For ` = � 1, the `kinetic energy' is thus negative. Consequently , the `po-
tential energy' therefore has to be positive (or zero), Epot � 0. The region
Epot < 0 is classically forbidden for ` = � 1.

The equations of motion determining the evolution of the scale factor
are

_pa = f pa; H ? g = �
p2

a

4a2C
+ Ka � �a 2 + 3`

p2
�

2Va4 � 3Va2V (� ) ;

_a = f a;H ? g = �
_pa

2aC
�

p2
a

4a3C2 :
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Di�eren tiating the second equation with respect to t and using the �rst
yields the well-known evolution equation

•a
a

=
�
3

�
� 2

6
(� + 3p) : (6.8)

For the scalar �eld, one obtains in the sameway

_p� = � a3VV 0(� ) ; _� = `
p�

Va3 ;

where a prime shall denote derivation with respect to � here. This yields

•� + 3
_a
a

_� + `V 0(� ) = 0 ; (6.9)

which is equivalent to the conservation equation

_� + 3H (� + p) = 0 : (6.10)

In the following sections, I will also use the Hubble parameter H = _a
a to

keepexpressionsshort and simple.2

6.2 Wheeler{DeWitt equation for cosmology

Quantization now consistsin the promotion of scalefactor, scalar �eld and
their momenta to operators. Theseoperators shall act on the wave function
 (a; � ) in the following way

p̂a (a; � ) = � i~
@ 
@a

; â (a; � ) = a �  (a; � ) ;

p̂�  (a; � ) = � i~
@ 
@�

; �̂ (a; � ) = � �  (a; � ) :

Here we assumethat  is su�cien tly di�eren tiable, but nothing else. The
Hamiltonian constraint is then turned into the Wheeler{DeWitt equation.
There is somefactor-ordering ambiguit y in the gravitational kinetic term.
Parametrizing this ambiguit y by arbitrary real numbers r , m, the Wheeler{
DeWitt equation becomes

~2

2

�
ar + m� 1

2C
@
@a

a� r @
@a

a� m �
`

Va3

@2

@� 2

�
 (a; � ) + V (a; � ) (a; � ) = 0 ;

where
2The letter H denotesseveral di�eren t quantities in this thesis. In order to distinguish

the Hubble parameter from the Hamiltonian constraint, I use roman, H, and calligraphic,
H , H for the Hamiltonian and simply H for the Hubble parameter.
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V(a; � ) = �K a +
�
3

a3 + a3VV(� ) :

Choosing the Laplace{Beltrami factor ordering, we obtain

~2

2

�
1

2C

�
1
a2

@
@a

+
1
a

@2

@a2

�
�

`
a3

@2

@� 2

�
 (a; � ) + V (a; � ) (a; � ) = 0 :

(6.11)

6.2.1 Regularization of the Wheeler{DeWitt equation

As described in Chapter 5, Section 5.4.3, a regularization of the Wheeler{
DeWitt equation at a = 0 can be obtained through the intro duction of a
new variable � which movesthe singularity out to in�nit y,

� = ln
�

a
aref

�
;

wherearef is someconstant with length dimension.3 With this new variable,
(6.11) becomes

~2

2
a� 3

ref e
� 3�

�
1

2C
@2

@� 2 �
`
V

@2

@� 2

�
 (� ; � ) + Varef (� ; � ) (� ; � ) = 0 :

After multiplication with the non-zeroquantit y e3� , we obtain

~2

2a3
ref

�
1

2C
@2

@� 2 �
`
V

@2

@� 2

�
 (� ; � ) + e3� Varef (� ; � ) (� ; � ) = 0 ; (6.12)

where

Varef (� ; � ) (� ; � ) = �K aref e� +
�
3

a3
ref e

3� + a3
ref Ve3� V (� ) :

Choosingnow units such that V = 1 and C = 1, i.e. � 2 = 6, and aref = 1,
the Wheeler{DeWitt equation becomes

~2

2

�
@2

@� 2 � `
@2

@� 2

�
 (� ; � ) + e3� V1(� ; � ) (� ; � ) = 0 : (6.13)

Note that the Wheeler{DeWitt equation is a hyperbolic equation in the case
of a standard scalar �eld (` = 1). This structure implies that the scalefactor
should serve asevolution parameter. Initial conditions should be prescribed

3 In Chapter 5, Section 5.4.1, we used the letter X to denote this variable. The choice
of � here follows the conventional quantum cosmology literature.
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on surfacesof constant � . For the phantom �eld (` = � 1), the equation
is no longer hyperbolic but elliptic. If other types of matter are present in
addition to the phantom �eld, the equation becomesultra-h yperbolic.

In the following two chapters, V = 1 throughout. The constants aref and � 2

are kept.



Chapter 7

Quan tum phan tom
cosmology

Phantom dark energy is stil l an experimentally allowed candidate
for dark energy. A characteristic feature of classical cosmological
models with this sort of dark energy is the occurrence of a new type
of singularity, the so-called big-rip singularity. In contrast to the
familiar big-bang singularity, the big rip `takesplace' in the macro-
scopic universe. The question therefore arises what happens to such
a singularity in quantum cosmology? More pointedly, can we expect
quantum gravitational e�ects in the macroscopic universe?

7.1 Phan tom dark energy | motiv ation and gen-
eral prop erties

In 1998, supernovae 1a (SNe1a) data suggestedfor the �rst time that the
Universemight undergo an acceleratedexpansion,[50]. This was con�rmed
by a secondgroup in the following year, [51]. From the evolution equation
(6.8), it can be read o� that the matter component has to satisfy � + 3p < 0
in order to drive such an acceleratedexpansion. This implies a violation of
the strong energy condition. Intro ducing the equation of state parameter
w = p

� , accelerationrequires w < � 1
3 . The unknown type of matter driving

the accelerationof our Universeis called dark energy.
What comesto mind �rst, is the cosmologicalconstant � with w = � 1.1

This has since then been the most promising and most conservative candi-
date for dark energy. The seriousproblem this proposalsu�ers from, is that
no one is able to explain what this cosmologicalconstant may be. The sug-
gestion is that it may just be the vacuum energy density. But for this, the

1This follows also from (6.8).

75
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measuredvalueof � is far too high. Nonetheless,the so-called�CDM-mo del
with dark energy given by an unexplained cosmological-constant term, �,
and a Cold Dark Matter component, is the current standard model of cos-
mology.

In 2002, Caldwell suggestedto look beyond the w = � 1 barrier, [55].
He showed that dark energy with w < � 1, but � > 0, is indeed consistent
with the supernovae data of Riesset al. and Perlmutter et al. [50, 51], and
the cosmicmicrowave background (CMB) data available at that time.2 He
calledsuch an energycomponent phantomand the corresponding equation of
state w < � 1 super-negative. Such a super-negative w implies that not only
the strong but also the weak and dominant energy conditions are violated.
This meansthat observers exist that measurea negative energy density of
the phantom 
uid and a phantom energy 
o w faster than light. From a
theoretical point of view, this is clearly an odd suggestion.

I �rst want to discussthe cosmologicalevolution driven by such dark
energy, before exploring the possible ways in which such matter could be
realized on the fundamental level.

First, note that (6.10) implies that the energy density grows as � �
a3j1+ wj with the scalefactor. Phantom thus dominates late over matter. As
soon as it dominates, the Universeacceleratesmore rapidly than with cos-
mological constant. This epoch of phantom dominancestarts the later the
more negative w. The age, and correspondingly the horizon distance, are
larger than in the � case.But this e�ect is lessand lessimportant, the more
negativew becomes| for a �xed valueof the matter density. Caldwell more-
over calculated characteristic, measurablequantities for a phantom model
with w = � 3

2 and compared it to quintessenceand cosmologicalconstant
characteristics.

First of all, the volume-redshift relationship in a phantom universedif-
fersof coursefrom that of �CDM. The phantom predicts a larger di�eren tial
number of objects per redshift interval. This leads to more strong gravita-
tionally lensedquasarsthan �CDM. A comparisonof the magnitude-redshift
relationship with the binned data3 of [50, 51] shows that the phantom with
w = � 3

2 is in best accord with data | apart from one single data point at
redshift larger than one. But even for this point, the phantom �t is bet-
ter than the one obtained for �. Using the constraints from SNe1adata
on the matter density and w, phantom is also in the admissible range. A
comparisonwith the CMB-anisotropy spectrum shows that phantom dimin-
ishesthe lower multip olesdue to a weaker late-time integrated Sachs-Wol�e
e�ect. For low multip olesit is thus not in best accordwith data. The acous-
tic peaks, on the other hand, get shifted to higher multip oles, thus �tting

2Caldwell used the compilation of CMB data provided by Wang, Tegmark and Zaldar-
riaga including data from BOOMERaNG, DASI, Maxima and CBI, [52].

3Binning was carried out in [56].
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the data better than the �CDM model. Due to a larger amplitude of the
growth suppressionfactor, the perturbations persist longer and stronger in
the phantom models.

Most signi�can tly , a phantom-driv en universeis �nite. Let the time of
phantom dominancebe denoted by tp, then

a(t) = a(tp)
�
� w + (1 + w)

t
tp

� 2
3 (1+ w)

for t > tp. Clearly, the scalefactor divergesafter a �nite time. For a suf-
�cien tly large matter density, this divergencearises well after the present
epoch. This divergenceof the scalefactor after a �nite time provides a sin-
gular end of the universe called the big-rip singularity. It is the growing
energy density of a 
uid with negative pressurewhoserepulsion `rips' the
universeapart. In a follow-up of the �rst paper, Caldwell et al. calculated
the time at which di�eren t structures in the universeare torn apart for a
�xed value of w, [57]. Calculation of the perturbation spectrum causedby
phantom energy makes it necessaryto intro duce a �eld-theoretical descrip-
tion of the phantom 
uid. In order to keep the energy dark and produce
the desiredequation of state, Caldwell useda scalar �eld with reversedsign
of the kinetic energy term. This just corresponds to the choice ` = � 1 in
the formulas of the previous Chapter 6. It follows from (6.9) that the �eld
will run up and not down the potential. As a justi�cation for such a weird
kind of matter, Caldwell cites supergravit y theories and higher-derivative
theories of gravit y.

Caldwell's idea was taken up in the following years. The High-z Super-
novae Search Team included in their data analysis the probabilit y contours
for w over the matter density. They found that � 1:48 < w < � 0:72 at a
95% con�dence level, [53]. In comparisonto the Riessand Perlmutter data
of 1998/1999, these new samplescontain also SNe1aat redshifts z larger
than z = 1. Another analysiscombined the data from the SloanDigital Sky
Survey (SDSS)with the data of the Wilkinson Microwave Anisotropy Probe
(WMAP) of 2004,[54].4 They useda six-parameter model but also allowed
w to be a free parameter in one of their evaluations. Using just WMAP
temperature and polarization information, they found w > � 1. But includ-
ing SDSSdata, they obtained w = � 1:05 +0 :13

� 0:14 which one might interpret
as a slight indication for phantom dark energy.

New data, including more high-redshift SNe1a(which was the weak re-
gion of the phantom model already in Caldwell's �rst paper), however, are
not able to rule out but clearly disfavour the phantom model. The SDSS
Supernovae Legacycurrently provides the largest and qualitativ ely best su-
pernovae data set. They found w = � 0:969 +0 :059

� 0:063 (stat ) +0 :063
� 0:060 (sys), [58].

4During the SDSS-I, power spectra of over 200000 galaxies were recorded over �v e
years from 2000 until 2005.
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The restrictions on the dark energy equation of state were also determined
by the WMAP ScienceTeam using the �v e-year data. They give as limit
� 1:14 < w < � 0:88, [49]. Theseare the most recent constraints on the dark
energy equation of state, both published in October 2008.

So,at the time when the following research wascarried out, the phantom
model was an experimentally motivated model. Despite its physical 
a ws,
like the violation of energy conditions, it was found to be in accord with
the data and therefore received much interest. In a rather short amount of
time, data were put forward that disfavoured this model, bringing physical
common senseand experimental data together again. As a side, I may
learn that it is sometimeswiser to view experimental data with theoretical
prejudice.

However, there are also reasonsfrom the quantum cosmologicalside to
study such a phantom universe.

7.2 Quan tizing the big-rip singularit y

As explained above, phantom dark energy producesa new type of cosmo-
logical singularity at which scalefactor, energydensity and pressurediverge
after a �nite amount of time. This big-rip singularity thus occurs at large
scalefactor and thus in the macroscopic universe. Nonethelessenergy den-
sity and pressuretraversethe Planck scale. At this scale,we assumethat
quantum gravit y e�ects becomeimportant. The motivation standing behind
the quantisation of phantom cosmologiesis the study of quantum cosmologi-
cal modelswith singularity in the macroscopicuniverse. Are there quantum
gravit y e�ects at large scalefactor and what is the possibleimpact of quan-
tum gravit y on the new singularity? In particular, we want to seewhether
this macroscopicbig-rip singularity is avoided in the quantum cosmological
model.

Moreover, the intro duction of a phantom �eld changesthe nature of the
Wheeler{DeWitt equation. If no other �elds but the phantom are present,
it becomeselliptic. This in
uences the type of boundary conditions to be
imposedon the wave function.

7.3 Classical cosmological models with phan tom
dark energy

In the following, three models will be discussed. The �rst of these is just
a toy model exhibiting some`phantom features'. The next two are genuine
phantom models. The �rst contains a phantom �eld with exponential po-
tential, thus yielding a universeending with a big rip. The secondmodel
contains a negativecosmologicalconstant in addition to a phantom �eld with
hyperbolic-cosinepotential. The conditions in the latter model are chosen
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such that the universeevolves from big rip to big rip . None of the models
is chosenwith the aim to �t cosmologicaldata but to provide solvable and
interesting models on the quantum level. This meansthat they should end
or start their evolution with a big-rip singularity. For all models, ` will be
kept asa parameter, allowing the comparisonof ordinary scalar �eld matter
with phantom.

There are two stepswhich are carried out on the classicallevel with fore-
sight on the quantum analysis. First of all, as pointed out already in the
previous section, the phantom �eld will not be described by a perfect 
uid
Lagrangian but by a fundamental �eld. As a substitute for this will serve
a scalar �eld with reversedsign of the kinetic energy term. Secondly, the
classical tra jectories will ultimately be given in con�guration space,i.e. in
the (a; � )-plane. This is the spaceon which the quantum cosmologicalwave
function is de�ned | the minisuperspaceof this model. The classical tra-
jectory in con�gur ation space is the only link we have betweenthe classical
model and the quantum theory.

7.3.1 Cosmological toy mo del with vanishing phan tom po-
ten tial

In this sectionwe shall considera simple model with �eld potential V (� ) = 0
and cosmologicalconstant � = 0. This leadsto an equation of state for sti�
matter, p = � , w = 1. Moreover, in such a casethe energy density � < 0,
and thus this model doesnot seemto represent dark energywhich is usually
assumedto have positive energy density. However, it captures interesting
`phantom features', since it violates all energy conditions, and it has the
merit that it is easily manageable.

It follows from the remarks after (6.7) that for vanishing potential and
` = � 1, the curvature index k has to be chosennegative, k = � 1, in order
that a classicalsolution exists at all.

Since � is a cyclic variable, p� is constant, so from (6.2) one has _� 2 =
P2

� =a6 with a constant P� . From (6.6) together with (6.3) one then has

d�
da

= �
P�

a
q

a4 + ` � 2

6 P2
�

;

which for ` = � 1 and the choice P� > 0 integrates to

� (a) = �

r
3
2

1
�

arccos
P� �

p
6a2

: (7.1)

The classicaltra jectory (7.1) hasa minimum valueof the scalefactor, amin =q
P� �
p

6
, and reaches in�nite valuesof a at �nite valuesof � = � � =4. In this

sense,it resembles a big-rip solution. However, with respect to t, the scale
factor reaches in�nit y only at t = �1 and, moreover, � / a� 6 which is
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Figure 7.1: The classicaltra jectory in con�guration spacefor the toy model
with vanishing scalar �eld potential and vanishing cosmologicalconstant.
The diagram on the left hand side shows the tra jectory for the phantom
�eld model. On the right-hand side the tra jectory for the ` = 1 scalar �eld
model is plotted.

the density scalingappropriate to a sti� 
uid. Nonetheless,in con�guration
spacethe tra jectory has somefeaturesof a big rip, and this is why this toy
model is of interest.

For an ordinary scalar �eld (` = 1) and for k = � 1, one gets instead of
(7.1),

� (a) = �

r
3
2

1
�

arcsinh
P� �

p
6a2

: (7.2)

There is no turning point. Equation (7.2) just describes two branches for
which a ! 1 if � ! 0, and a ! 0 if � ! �1 . The two solutions (7.1) and
(7.2) are depicted in Figure 7.1.

7.3.2 Cosmological mo del with phan tom dark energy

A model with phantom equation of state and a true big-rip singularity ap-
pears if the dark-energy potential is chosenexponential,

V (� ) = V0e� 
 �� ; (7.3)

with 
 > 0 and � = 0. Interest in this type of scalar �eld potentials in cos-
mology arosewhen it becameclear that the classicalmodel hasan attractor
solution with scalar-�eld domination, [61]. This alleviates the �ne-tuning
problem of the initial energyof the scalar �eld. Such an attractor exists not
only in the caseof a conventional scalar �eld, but also for the phantom �eld
[59, 60]. At this point, cosmologistsquote that exponential potentials for
scalar �elds arise in the context of Kaluza{Klein theories, higher-derivative
gravit y in higher dimensions,higher-order gravit y, supergravit y and super-
string theories, see[62] for an overview.
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In the following, we shall consider the caseof a 
at universe, k = 0.
From the discussionafter (6.7) one seesimmediately that for this choice of
parameters, neither the ordinary scalar �eld nor the phantom �eld model
possessesclassically forbidden regions.

To �nd a solution to the equations of motion which actually produces
phantom behaviour, the system of equations (6.8) and (6.9) is most conve-
niently transformed into an autonomoussystem. This systemevolvesunder
the Friedmann equation (6.6) as constraint. Solutions with constant equa-
tion of state parameter w are �x points of this system. The autonomous
system is obtained for the new variables

x =
�

p
6

_�
H

=
�

p
3

d�
d�

; y =
�

p
3

p
V

H
;

where a dot is used to denote di�eren tiation with respect to t. These are
consideredas functions of � = ln

�
a

aref

�
. The constraint (6.6) is then given

by

1 = `x 2 + y2 ;

and the evolution equations (6.8) and (6.9) are equivalent to

x0 = � 3x + 3`x 3 +

r
3
2

`
 y2 ;

y0 = xy

 

3x �

r
3
2

`


!

;

whereprimes denotederivation with respect to the variable � . The equation
of state of the matter �eld is now

w =
`x 2 � y2

`x 2 + y2 (7.4)

and we seethat it is constant for �x points of the above system. There are
only two �x points for non-trivial potential. Theseare given by

x = `



p
6

; y = �

r

1 � `

 2

6
: (7.5)

For y > 0, the universeis expanding, for y < 0 contracting | this depends
on the initial value H0 = H (t0) of the Hubble parameter. We considerhere
the caseof an expanding universe. For ` = � 1 and arbitrary values of 
 ,
as well as for ` = +1 and 
 <

p
6, the above is an attractor solution of the

system.
From (7.5), we obtain the equation for �
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� (� ) = `


�

(� � � 0) + � 0 ; (7.6)

where � 0 = ln
�

a0
aref

�
is the initial value of � . We choose� 0 = ` 


� � 0. With

the knowledgeof (7.6), the equation for y can be integrated to yield

a(t)
a0

=
�
1 + `


 2H0

2
(t � t0)

� ` 2

 2

: (7.7)

The corresponding equation for � (t) is then

� (t) =
2


 �
ln

�
1 + `


 2H0

2
(t � t0)

�
: (7.8)

For this attractor solution, the `kinetic energy' is given by

Ekin �
� 2

6

�
d�
d�

� 2

=

 2

6
;

and thus constant. Therefore, also the `potential energy' of the scalar �eld
is constant,

Epot �
� 2V
3H 2 = 1 �

`
 2

6
:

Inserting the �x-p oint values into the equation of state (7.4), one immedi-
ately seesthat

w = � 1 + `


6

;

which, for ` = � 1, obviously describesa phantom �eld, whereasthe scalar
�eld with ` = 1 covers the range w > � 1. Accordingly, the energy density

scalesas � = � 0

�
a
a0

� � `
 2

. As expected, this yields a big-rip singularity for

` = � 1. In the limit t ! t1 � t0 � 2`=(
 2H0) the energy density and the
scalefactor diverge. For t ! 1 , a and � vanish.

This is opposedto the ` = 1 model. In the limit t ! t1, a goes to zero
and � diverges,yielding a big-bang singularity, whilst for t ! 1 , a diverges
and � goesto zero.

7.3.3 Cosmological mo del evolving from big rip to big rip

We now intro ducea negative cosmologicalconstant in addition to the phan-
tom �eld. The attraction of the negative � counteracts the repulsion of the
phantom. This allows a model which evolves symmetrically between two
big rips. Again, the universeis assumedto be 
at, k = 0, but � < 0. Now
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we assumea constant equation of state from the outset. In this case,the
energy conservation equation gives

� = � 0

�
a
a0

� � 3(w+1)

;

and p� = � � � = � �
� 2 for the cosmologicalconstant holds. This can be used

to solve the system (6.6) and (6.8) in terms of the scalefactor as

a(t) = a0

�
� 0

j� � j

� 1
2D

[sinX ]
1
D ; (7.9)

where

X =
jD j
p

3

p
j� j(t � t0) + arcsin

 s
j� � j
� 0

!

;

and D = 3
2(1 + w). Using the short-hand D, we can rewrite (6.4) in the

form

V(� (t)) =
`
2

3 � D
D

_� 2(t) ; (7.10)

which allows to write the energy density in (6.3) as

� =
3`
2D

_� 2 =
3
� 2

�
_a2

a2 �
�
3

�
: (7.11)

With all these assumptions we are able to calculate the evolution of the
scalar �eld as

� (t) = �

p
2

�

p
`D
D

ln
�
tan

�
X
2

� �
; (7.12)

For simplicit y, we chooset0 such that a(t0 = 0) = 0. Then X in (7.12) and
in (7.9) simpli�es to X = jD jp

3

p
j� jt . For later reference,let us furthermore

intro duce the short-hand A = aD
0

q
� 0

j � � j . Note that D=` = jD j > 0.

For the model with ordinary scalar �eld, D > 0. The evolution of the
universebasedon (7.9) beginswith a big bang at t = 0, reachesa maximum
amax = A1=D , and terminates with a big crunch at t = � .

For the phantom case,D = �j D j < 0. The evolution starts with a big
rip at t = 0, reachesa minimum amin = A � 1=jD j , and terminates with a big
rip at t = � . Thus we have a symmetric evolution of the scale factor from big
rip to big rip . The corresponding tra jectory therefore has a turning point.
This is of special interest in the quantum theory.

We use (7.9) to eliminate the classical time coordinate in (7.12) and
obtain the tra jectory in con�guration space
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Figure 7.2: The classical tra jectories in con�guration spacefor the models
with cosh-potential and negative cosmologicalconstant. On the left-hand
side, the tra jectory for the phantom �eld model is shown. The classical
tra jectory for the scalar �eld model ` = 1 is shown on the right-hand side.
The similarit y to the classicaltra jectories in the toy model in Section 7.3.1
is obvious.

� (a) = �

p
2

�

p
`D
D

ln
�

�

1 +
p

1 � � 2

�
; (7.13)

where � = aD A � 1. This tra jectory has two branches. For ` = � 1 each
of them extends to in�nit y, that is, � ! �1 , for a ! 1 and reaches
a minimum � (a) = 0, for amin = A � 1=jD j . For ` = 1 one recognizesthe
presenceof the maximum amax . The tra jectories in con�guration spaceare
depicted in Figure 7.2.

From (7.12) and (7.10), one can reconstruct the potential of the scalar
�eld,

V (� ) = V0 cosh2

 r
3

`D
D �

!

; (7.14)

where V0 = (D � 3)
18 �. To make the expressionsimple, I will use the short-

hand F � 1 = `
p

3jD j. Note that for ` = 1 the potential is positive only for
D < 3 (i.e., w < 1). This restriction is similar to the restriction � <

p
6 in

Section 7.3.2.

7.4 Quan tum Cosmological models with phan tom
dark energy

We now subject the previously presented models to quantization as pre-
sented in Chapter 6.
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7.4.1 Quan tum cosmological toy mo del with vanishing phan-
tom poten tial

We start from the Wheeler{DeWitt equation with Laplace{Beltrami factor
ordering, (6.11), where for the toy model V (� ) = 0, � = 0 and k = � 1.
Multiplication by a3 (or, more correctly, regularizing, multiplying be e3�

and then transforming back to a), we get the Wheeler{DeWitt equation

~2

2

�
� 2

6

�
a

@
@a

+ a2 @2

@a2

�
� `

@2

@� 2

�
 (a; � ) +

3
� 2 a4 (a; � ) = 0 : (7.15)

A solution to this equation is found from the separation ansatz,

 n (a; � ) = Cn (a)' n (� ) : (7.16)

This yields

' n (� ) = e� i
~ n� : (7.17)

We choose the oscillating solution, becausereal exponentials would yield
exponentially growing solutions as � ! �1 . The equation for the gravita-
tional part is then given by

a2 •Cn + a _Cn +
36

~2� 4 (a4 + `~n2)Cn = 0 ; (7.18)

where~n2 = � 2

3 n2. Solutionsof this equationareBesselfunctions Zp
� ` 3n

~�
( 3a2

~� ).

However, we have to imposethe boundary condition that  (a; � ) a! 0� ! 0 in
order to re
ect the behaviour of the classical tra jectories (7.1) which have
a minimum with respect to a in con�guration space. We therefore have to
choosethe Besselfunction Jp

� ` 3n
~�

( 3a2

~� ) with n > 0.

Let us �rst discussthe phantom case,` = � 1. The connection to the classi-
cal solution (7.1) should be performed through a formal WKB-limit `~ ! 0'.
We thus have to look for an asymptotic expansionof J � (z) where both the
argument and the index are large. We userelation

J � (� z) =
�

4�
1 � z2

� 1=4
 

Ai( � 2=3� )
� 1=3

+
exp(� 2

3 � � 3=2)

1 + � 1=6j� j1=4
O

�
1

� 4=3

� !

; (7.19)

see[64] and set � = 3n
~� , z = a2

n . The choicefor � dependson whether z2 � 1
or z2 < 1,
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2
3

(� � )
3
2 =

p
z2 � 1 � arccos

�
1
z

�
for z2 � 1 ; (7.20)

2
3

�
3
2 = ln

 
1 +

p
1 � z2

z

!

�
p

1 � z2 for z2 < 1 ; (7.21)

see[64]. Now expand the Airy function for large argument j~zj,

Ai (~z) �
1
2

~z� 1
4 exp

�
�

2
3

~z
3
2

� 1X

m =0

(� 1)m cm

�
2
3

~z
3
2

� � m

for jarg~zj < � ; (7.22)

Ai (� ~z) � � � 1
2 ~z� 1

4

"

sin
�

2
3

~z
3
2 +

�
4

� 1X

m =0

(� 1)m c2m

�
2
3

~z
3
2

� � 2m

� cos
�

2
3

~z
3
2 +

�
4

� 1X

m =0

(� 1)m c2m +1

�
2
3

~z
3
2

� � 2m � 1
#

for jarg~zj <
2
3

� ; (7.23)

see[65]. Thus for z2 � 1 which corresponds to a4

n2 � 1, the argument of the
Airy function is negative, � � 0, and (7.23) applies. The phaseassociated
with the gravitational part is therefore

� n = �
� p

z2 � 1 � arccos
�

1
z

��
+

�
4

:

For z2 < 1, the argument of the Airy function is positive, � > 0, and
the �rst of the above equations, (7.22), applies. But this yields no phase.
The Airy function decays exponentially . This is perfectly consistent as the
region z2 < 1 correspondsto a4

n2 < 1 | which is just the classicallyforbidden
region.

In the classically allowed region, however, the total phaseis given by

Sn � � n �
n
~

� : (7.24)

The extremum of this phaseshould yield the classical tra jectory. The re-
quirement @Sn=@n = 0 at n = �n leadsto

� (a) = �
1
2

arccos
� �n

p
6a2

:

Comparing this to the classicaltra jectory, (7.1), it is clear that �n has to be
identi�ed with P� .
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One can also easily check that Sn is a solution of the Hamilton{Jacobi
equation arising from (6.5) through the substitutions pa ! @Sn=@a and
p� ! @Sn=@� .

In the caseof the conventional scalar �eld, one gets a changeof sign for
the n2-term in (7.18). The solutions for Cn (a) are then the Besselfunctions
J i� ( 3a2

~� ) and J � i� ( 3a2

~� ). Since there are no classically forbidden regions,
both solutions seemto be allowed. The classicalsolution (7.2) follows in the
formal limit `~ ! 0' from the principle of constructive interference.

Since (6.11) is hyperbolic for ` = 1, one is free to impose boundary
conditions at constant a, that is, one can either imposeone packet or two
packets there, depending on whether one wants one branch of the classical
solution to be represented or both.

In the phantom casediscussedabove, the Wheeler{DeWitt equation is
elliptic. One imposesthere only the boundary condition that  goesto zero
at a ! 0 and that it is at most oscillating at the other boundaries. This
�xes the solution to be J � ( 3a2

~� ) or a superposition thereof. Explicitly , one
would consider the following superposition for the construction of a wave
packet,

 (a; � ) =
Z 1

0
dn A(n)e� i n

~ � J 3n
~�

�
3a2

~�

�
; (7.25)

where A(n) is a function of n that is peaked around a particular value �n,
e.g. a Gaussian. One would not expect the packet to exhibit dispersion
near the minimum of the classical tra jectory, since the phaseof the Bessel
function doesnot vary rapidly with respect to n. We shall, however, expect
the occurrenceof dispersion at largevaluesof a.

7.4.2 Quan tum cosmological mo del with phan tom dark en-
ergy

For non-zero,exponential potential as in Section7.3.2, the Wheeler{DeWitt
equation can actually be solved exactly. This is obtained through a trans-
formation to new variables. We start from (6.12) with � = 0 and k = 0,

~2

2

�
� 2

6
@2

@� 2 � `
@2

@� 2

�
 (� ; � ) + a6

ref V0e6� � 
 ��  (� ; � ) = 0 :

Exact solution to the Wheeler{DeWitt equation The new variables
are chosensuch that the potential in front of  cancels.This is done in two
steps. First, we transform to light-cone like coordinates
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z1 =

p
6

�
� +

p
`� ; z2 =

p
6

�
� �

p
`� :

For ` = 1, theseare just the characteristics of the Wheeler{DeWitt equation.
The equation now takesthe form

~2 @2 
@z1@z2

+ f (z1; z2)  = 0 ;

from which a transformation to newvariablescanbemadesuch that f (z1; z2)
is cancelled. This corresponds to a transformation to variables

u` (� ; � ) =
�
3

r
V0

3
a3

ref
e3� � 


2 ��

1 � `
�


p
6

� 2

�
cosh(X ) +

1
p

`



p

6
sinh(X )

�
;

v` (� ; � ) =
�
3

r
V0

3
a3

ref
e3� � 


2 ��

1 � `
�


p
6

� 2

�
1

p
`

sinh(X ) + `



p
6

cosh(X )
�

;

where X =
p

`(
q

3
2 �� � ` 


p
6

2 � ). For both, the phantom and the ordinary
�eld, u` and v` are real. Note that whereasv1, u� 1 and v� 1 cover the entire
real line, u1 > 0 is restricted to the positive real axis due to the requirement

 <

p
6.

The Wheeler{DeWitt equation in thesevariables takesthe simple form

~2
�

@2 
@u2

`
� `

@2 
@v2

`

�
+  = 0 :

Making a WKB-ansatz,  (u` ; v` ) = Ce� i
~ S, one obtains at lowest order the

Hamilton{Jacobi equation

�
@S0

@u`

� 2

� `
�

@S0

@v`

� 2

= 1 : (7.26)

This is solved via a separation ansatz by S0n = nu` �
p

`(n2 � 1)v` . Of
course,the Hamilton{Jacobi equation is also solved by actions carrying dif-
ferent signs in front of u` and v` . These are obtained from the one chosen
above by rotations in the (u` ; v` )-plane. For ` = � 1, all solutions can be
mapped onto each other in this way. This is an obvious consequenceof
the rotational symmetry of equation (7.26) for ` = � 1. As u1 > 0 for the
conventional scalar �eld, here only two solutions can be mapped onto each
other. So that for ` = 1, we have two solutions given by

S(1)
0n = nu1 �

p
(n2 � 1)v1 ; S(2)

0n = � nu1 �
p

(n2 � 1)v1 :

Plugging this lowest-order ansatz into the Wheeler{DeWitt equation, one
�nds that the equation is already satis�ed exactly.
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Recovery of classical tra jectories From the classicalaction S(1)
0n , the

equationsof motion are obtained via @S(1)
0n

@n jn= �n = 0. This yields

� (� ) = `


�

� +

r
2
3

1
�

arctanh
�

c(1)
�n;`

�
;

where

c(1)
�n;` =

`
 �n �
p

6`( �n2 � 1)



p

`( �n2 � 1) � �n
p

6
:

The sameholds, of course,also for S(2)
0n where c(1)

�n;` is replacedby

c(2)
�n;` =


 �n +
p

6(�n2 � 1)



p

( �n2 � 1) + �n
p

6
:

For the choice

�n2 = 1=Epot =
�

1 �
`
 2

6

� � 1

;

c(1)
�n;` = 0, c(2)

�n;` = 0 and one obtains the classicaltra jectory

� (� ) = `


�

� ;

cf. (7.6).

Construction of wave packets For the phantom model, we get the fol-
lowing exact wave-packet solution to the Wheeler{DeWitt equation,

 (u� 1; v� 1) =
Z

dn A(n)
�

C1e
i
~ S(1)

0n + C2e� i
~ S(1)

0n

�
:

For the scalar �eld, on the other hand, four terms contribute,

 (u� 1; v� 1) =
Z

dn A(n)
�

C1e
i
~ S(1)

0n + C2e� i
~ S(1)

0n + C3e
i
~ S(2)

0n + C4e� i
~ S(2)

0n

�
:

(7.27)
By construction, the classicaltra jectories can be recoveredfrom theseequa-
tions through the principle of constructive interference. We choosefor the
amplitude a Gaussianwith width � centred around �n,

A(n) =
e� ( n � �n ) 2

2� 2~2

(
p

� � ~)1=2
:
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Let us start with the calculation for the wave packet for the phantom model.
Taking C1 = C2 for de�niteness, one obtains wave packets of the form

 (u� 1; v� 1) � C1� 1=4

s
2� ~

1 � i� 2~S00
0

exp
�

iS0

~
�

S02
0

2(� � 2 � i~S00
0 )

�
+ c:c ;

(7.28)
where a Taylor expansionof S(1)

0n has beencarried out around �n and primes
denotederivativeswith respect to n. Termsof order (n � �n)3 in the exponent
have been neglected. This can be done if the Gaussian is strongly peaked
around �n, that is, if � is su�cien tly small. For simplicit y, in this expression
S0 = S(1)

0n ( �n). SinceS0(1)
0n ( �n) = 0 de�nes the classicaltra jectory, the packet

is peaked around it.
For the conventional scalar�eld, chooseC1 = C2 and C3 = C4. However,

we leave the relation betweenC1 and C3 open for the time being. Then one
obtains two packets of the form (7.28), one of them with S0 = S(1)

0n ( �n) and

the secondone with S0 = S(2)
0n ( �n).

The wave packet for the phantom-�eld model is depicted in Appendix F,
Figure F.4. It can be clearly seenthat the wave packet follows the classical
tra jectory

u� 1 = �
�n

p
1 � �n2

v� 1 : (7.29)

The wave packet for the scalar �eld model is depicted in Appendix F, Fig-
ure F.5. In this plot, the entire (u1; v1)-lane is shown | but the (� ; � )-plane
just corresponds to one quadrant of it. All quadrants are equivalent to each
other. The wave packet is seento follow the classicaltra jectory.

For both, the conventional scalar �eld and the phantom �eld, the wave
packet spreads as v2

` ! 1 . This can be seenfrom (7.28), since the term
proportional to [S00

0n ( �n)]2 in the width of the Gaussian increaseswithout
limit,

S00
0n ( �n) =

v`

(`( �n2 � 1))
3
2

:

This is even more obvious from the absolute square of the wave packet
(neglecting for simplicit y the complex conjugate part in (7.28)),

j (u` ; v` )j2 � jC1j2
p

�
2� ~

p
1 + � 4~2(S00

0 )2
exp

�
�

S02
0

� � 2 + � 2~2(S00
0 )2

�
:

The spreadingoccurs due to the non-trivial dispersion relation, that is, due
to the fact that S0n depends non-linearly on n. The semiclassicalapproxi-
mation is thus not valid throughout con�guration space.
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Beha viour at the classical singularities For the phantom �eld we have
u� 1 ! �1 , v� 1 ! 1 when we approach the big-rip singularity. As the
wave packet spreadsupon approach of that region, this singularity lies in a
genuine quantum region. Note that for ` = � 1, u` , v` are de�ned in terms
of sineand cosine. Sincetheseare between� 1 and 1 for all � and � , we can
write

v2
` � e6� � 
 �� � e6� V(� ) :

Therefore, the occurrenceof the non-trivial potential is responsible for the
dispersion.

The big-rip singularity is thussmoothed out | the wavepacketsdisperse.
We loose connection to classical spacetime. Classical spacetime dissolves.
Correspondingly, we can no longer use the approximate time parameter
given by WKB-time. Time and classicalevolution cometo an end, and one
is just left with a stationary quantum state. This is a quantum gravity e�ect
at large scales. Hitherto such a casehas only been encountered near the
turning point of a classically recollapsinguniverse,as a consequenceof the
demand that the wave function go to zero for large scalefactor, [63].

Turning now to the conventional scalar �eld model, we recall that due
to the fact that u1 > 0, here two inequivalent actions exist. Apart from the
wave packet constructed from the function S(1)

0n = nu1 �
p

n2 � 1v1, onegets

a secondwave packet constructed from S(2)
0n = � nu1 �

p
n2 � 1v1. Moreover,

the entire (� ; � )-plane is mapped into only onequarter of the (u1; v1)-plane.
One would therefore require the wave packet to vanish on the boundary of
the physical region, i.e. on (u1; 0) and (0; v1). The only solution satisfying
this requirement is naturally the trivial one. To get a non-trivial solution,
one has to lessenthe boundary condition and require  = 0 either only on
u1 = 0 or only on v1 = 0. Note that u1 = 0 corresponds to � ! �1 and v1

vanishesfor � ! �1 and for � (� ) = 

� � + arctanh

�
� 
p

6

�
. But asthe latter

corresponds to the classicaltra jectory for speci�c initial conditions, it is not
consistent to require  = 0 for v1 = 0 | this would make it impossibleto
�nd wave packets that follow this speci�c classicalpath. Therefore we just
require vanishing on the u1 = 0 line. But this meansthat we require  ! 0
as � ! �1 . This is in fact just DeWitt's boundary proposal (recall that
� ! �1 asa ! 0). Note that v1 vanishesalso for � ! �1 . So, in fact, we
require that  vanish at the origin of the (u1; v1)-plane. This necessitates
the choice C1 = � C3 in (7.27).

The implementation of this condition results in a wave packet which
vanishesat the big-bang singularity,  ! 0 as � ! �1 , and spreadsfor
large � . The big-bang singularity does therefore not exist in the quantum
theory. In Appendix F, Figure F.5 the wave packet is shown for di�eren t
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choicesof C1 and C3. From Appendix F, Figure F.6 can be seenthat the
choice of C1 and C3 satis�es the condition of vanishing  at the origin of
the (u1; v1)-plane.

The fact that the wave packet doesnot vanish at both, the u1 = 0 and
v1 = 0 line, is due to the non-normalizabilit y of the wave packet in both �
and � , which in turn has its origin in the fact that the classical tra jectory
has no turning point.

In the phantom �eld model, no such restriction occurs due to the fact
that the entire (u� 1; v� 1)-plane represents the entire (� ; � )-plane. There is
no big-bang singularity in the phantom model and consequently , no condi-
tion  = 0 as a ! 0 arises.5 In this model, at least, it seemsthat DeWitt's
boundary proposal arisesnaturally | through the choice of coordinates. It
only arises in the scalar-�eld model which on the classical level exhibits a
big bang. For the phantom-�eld model, on the other hand, the variables
are chosenin the sameway as for the scalar-�eld case. However, here De-
Witt's boundary proposal does not arise as a natural condition. This is in
accordwith the fact that the phantom model doesnot start with a big-bang
singularity on the classicallevel.

7.4.3 Quan tum cosmological mo del with phan tom dark en-
ergy and cosmological constan t

To obtain a classical tra jectory with turning point in con�guration space,
we intro duced a negative cosmologicalconstant and a potential of the form
V (� ) = V0 cosh2(�=F ), cf. (7.14), in Section 7.3.3. The Wheeler{DeWitt
equation for this model is given by

~2

2

�
� 2

6
@2

@� 2 � `
@2

@� 2

�
 (� ; � ) + a6

ref e
6�

�
V0 cosh2

�
�
F

�
+

�
� 2

�
 (� ; � ) = 0 :

(7.30)
To �nd a solution to this equation, I divided the � -axis into two regions.
One region is the regimeof large j� j, i.e. V (� ) > j � j

� 2 . This is the region were
the phantom �eld dominates over �. In this region lie the classicalbig-rip
singularities. Moreover, I approximated the matter potential in this region
for large j� j.

The second region is the region of small j� j, V (� ) < j � j
� 2 . Here, the

attractiv e force of � dominates over the phantom repulsion. This is the re-
gion of the classicalturning point. Furthermore, I approximated the matter
potential for small j� j.

Due to this splitting, however, the impact of the classicalturning point
on the wavefunction at the big-rip singularity canonly befelt upon matching

5 I want to emphasize again that we do not put in the condition of vanishing  by
hand, but that it is enforced upon us through the choice of coordinates in which the
Wheeler{DeWitt equation becomesexactly solvable.
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the solutions of the respective regions. Such a matching hasnot beencarried
out.

Vicinit y of the big-rip singularit y

We thus assumethat the �-term in (7.30) is negligible in comparison to
the phantom potential. The classical singularities lie in a region of large
j� j. Thus in order to study the quantum behaviour there, we furthermore
approximate the potential for large j� j,

~V (� ) �
a6

ref V0

4
e� 2�

F ;

where in the following the upper sign refers to positive � , and the lower
sign to negative � . This makes the problem very similar to the one of
Section 7.4.2. The Wheeler{DeWitt equation is here simpli�ed by a trans-
formation on the variables

u` (� ; � ) =

r
V0

3
�

p
6

a3
ref

e3� � 1
F �

1 � `
�

2
F �

� 2
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1
F �
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;

v` (� ; � ) =

r
V0

3
�

p
6
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ref

e3� � 1
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1 � `
�

2
F �

� 2

 
1

p
`

sinh(X ) � `

r
2
3

1
F �

cosh(X )

!

;

where X =
p

`
� q

3
2 �� � `

p
6

F � �
�

. In thesevariables, we recover the form

~2
�

@2 
@u2

`
� `

@2 
@v2

`

�
+  = 0 :

Again, one obtains a solution from a WKB-ansatz. The Hamilton{Jacobi
equation is again given by (7.26). This equivalenceis, of course,only formal,
since u` and v` are de�ned di�eren tly . It is again solved by S(1)

0n = nu` �
p

` (n2 � 1)v` and additionally by S(2)
0n = � nu` �

p
` (n2 � 1)v` for ` = 1.

The remarks of Section 7.4.2 concerning choice of solution apply here as
well.

The equationsof motion obtained for @S0n
@n jn= �n = 0 are

� (� ) = � `
2
� 2

1
F

� + arctanh (c�n;` ) ;

with someconstant c�n;` depending on �n and `. Intro ducing D again, (7.14),
we obtain

� (� ) = �
2
p

3
� 2

p
`D � + arctanh (c�n;` ) :

This solution coincides approximately with the classical solutions (7.13)
which can be seenfrom the following calculations.
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If one approximates (7.13) for ` = � 1 for large a, one gets (� label the
di�eren t branchesof the classicalsolution)

� � (� ) = �
2
p

3
� 2

p
`D � � F ln (2A) ;

where � � 0. Therefore, the limit of large positive � is obtained on the � + {
branch, while the limit for large negative � is reached on the � � {branch.

On the other hand, an approximation of (7.13) for small a in the case
` = 1 yields

� � (� ) = �
2
p

3
� 2

p
`D � � F ln (2A) ;

where � � 0. Due to this, the limit of large positive � is obtained on the
� � {branch, and for large negative � on the � + {branch. Thus the solution
to the approximated Hamilton{Jacobi equation (7.26) coincides with the
approximation of equation (7.13). Of course,a special choice for �n has to
be made to �x the onset.6

With the help of the classical action S0n , the approximate Wheeler{
DeWitt equation can be solved. Again, the WKB-ansatz satis�es the equa-
tion exactly. The wave packet is of the sameform as in Section 7.4.2, with
a di�eren t de�nition of u` and v` and another choice of the centre of the
Gaussian, �n. As in the caseof vanishing cosmologicalconstant, the wave
packet spreadsfor v2

` ! 1 . The big-rip singularity in these variables oc-
curs at v2

� 1 ! 1 , u� 1 ! 1 . Thus, again, the singularity is hidden in a
quantum regimeand the semiclassicalapproximation is not valid throughout
con�guration space.

Due to the restriction D < 3 for the ` = 1 model, the same remarks
concerning the range of the coordinates as in Section 7.4.2 apply here. So

6The fact that for ` = � 1 large � correspond to largea, and for ` = 1 large � correspond
to small a is due to `phantom-scalar �eld dualit y'. This denotes the following property
of the Wheeler{DeWitt equation for k = 0. The Wheeler{DeWitt equation of a phantom
�eld can be transformed in the Wheeler{DeWitt equation for an ordinary scalar �eld
through

a !
1
�a

; � ! � i �� :

Under this transformation, the Wheeler{DeWitt equation with phantom �eld,

�
~2

2
� 2

6
a

@
@a

a
@
@a

� `
~2

2
@2

@� 2
+ a6

�
V (� ) +

�
� 2

��
 (a; � ) = 0 ;

takes the form of a Wheeler{DeWitt equation with ordinary scalar �eld but altered and
complex potential

�
~2

2
� 2

6
�a

@
@�a

�a
@
@�a

+ `
~2

2
@2

@�� 2
+

1
�a6

�
V

�
i ��

�
+

�
� 2

��
 (�a; �� ) = 0 :

The transformation for � is thus just a Wick rotation.
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at the big bang,  ! 0. This condition is enforced through the choice of
coordinates. Again, this arisesonly at the big bang and only in the model
that on the classicallevel actually exhibits a big-bang singularity.

Vicinit y of the classical turning poin t

Weassumethat V (� ) � j � j
� 2 . But this implies that Epot = � 2

3

�
V (� ) � j � j

� 2

�
<

0. For the phantom case,this is the classically forbidden region. This will
be of relevancein the choice of solutions from the generalone.

In the vicinit y of the classical turning point, � ! 0, i.e. V (� ) ! 4V0.
The Wheeler{DeWitt equation in this realm is the given by

~2

2

�
� 2

6
@2

@� 2 � `
@2

@� 2

�
 (� ; � ) + a6

ref e
6�

�
4V0 +

�
� 2

�
 (� ; � ) = 0 :

Using the short-hand B = aref jV0 + �
� 2 j, the equation becomes

~2

2

�
� 2

6
@2

@� 2 � `
@2

@� 2

�
 (� ; � ) � B e6�  (� ; � ) = 0 ;

and thus very similar as(7.15). It is consequently solved by the sameansatz

 n (� ; � ) = Cn (� )' n (� ) :

For convenience, we de�ne the separation constant somewhat di�eren tly
from (7.17). Then we arrive at

' n (� ) = e� np
` ~

� :

We choosen such that we get an oscillating solution for the ordinary scalar
�eld, ' n (� ) = e� i n

~ � . For the phantom �eld, however, we choose the one
that dependsexponentially on � , namely ' n (� ) = e� n

~ � , where � are chosen
such that ' n increasesexponentially with increasingj� j. In order to obtain
this, we have to choosea purely imaginary n in both cases. We replace n
by in. The gravitational part then has to satisfy

•Cn �
12B
~2� 2

�
e6� � ~n2�

Cn = 0 ;

where ~n2 = n2

2B . The general solution to this equation is then, as in Sec-
tion 7.4.1, given in terms of Besselfunctions

 (� ; � ) = c1Ji �

 

i
2

� ~

r
B
3

e3�

!

+ c2Y i �

 

i
2

� ~

r
B
3

e3�

!

;

where � =
q

2
3

n
~� . For the phantom �eld, the classicalturning point lies at

a minimum of the scalefactor, whereasit occurs at maximum scalefactor
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for the ordinary scalar �eld. This knowledgeshould be usedto excludeone
of the two Besselfunctions. To this end, we needthe asymptotics of Bessel
functions for large and small imaginary argument and imaginary index.

Recovery of the classicaltra jectories is done in principle in full analogy
to Section7.4.1. But here,we do not expect to recover the exact tra jectory:
we just usedan approximation of the correct Wheeler{DeWitt equation. Of
course,for the phantom �eld, no classicaltra jectory exists in this realm.

To obtain a full picture, we would have to match the two solutions, the one
obtained in the vicinit y of the respective singularities and the onethat holds
in the vicinit y of the classicalturning point, along the V (� ) = j � j

� 2 {line. Such
a matching has not beencarried out due to the complicated dependenceof
u` and v` on � and � . In my opinion it is also questionablewhether such a
matching could be carried out. More than just solving the Wheeler{DeWitt
equation in two regions,I further approximated the potential in each region.

7.5 Conclusions

In the preceding chapter, I showed that standard quantum cosmologycan
be applied to scenarioswith phantom matter. The main motivation for
the quantization of thesephantom cosmologieswere the novel featureswith
regard to the structure of the Wheeler{DeWitt equation (elliptic or ultra-
hyperbolic instead of hyperbolic) as well as the presenceof a new type of
singularity. This big-rip singularity occurs at macroscopicscalefactor and
thus provides, in fact, the major question behind this project: do quantum
e�ects occur in the macroscopicuniverse?

For three models, I discussedclassicaltra jectories in con�guration space.
The �rst model was just a toy model without true phantom energy. In the
secondmodel, however, phantom dark energy was mimicked by a phantom
�eld with exponential potential. The last model was chosensuch that the
classicaltra jectory has a turning point in con�guration space.Moreover, it
contained singularities at both endsof its evolution.

For the �rst two models,an exact solution to the Wheeler{DeWitt equa-
tion was given. In the third case,it was necessaryto approximate the �eld
potential in the vicinit y of the singularity. Carrying out approximations in a
di�eren tial equation is a di�cult task, becauseonenever knows whether the
neglectedterms really remain small after a solution was found. I showed,
however, that in all three casesthe classicaltra jectory can be recoveredfrom
the quantum solution through the principle of constructive interference. For
the last model, this was only possibleapproximately.

Using thesesolutions, I constructed wave packets following the classical
tra jectory in con�guration space. In a last step, I discussedthe in
uence of
quantum e�ects at the singularity.
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In the approach to the big-rip singularity, wave packets disperse. This
signalsthe break-down of the semi-classicalapproximation and thusof space-
time. In this sense,the big-rip singularity is resolved on the quantum level.
It would however be interesting to study how an inside observer would per-
ceive the approach to this singularity. For this it would be necessaryto �nd
out at which time-scalequantum e�ects set in.

For each phantom model, I alsodiscussedthe corresponding onecontain-
ing an ordinary scalar �eld. Instead of a big-rip singularity, these exhibit
the well-known big bang at a = 0. In accord with DeWitt's proposal, the
structure of the equation imposesconditions which then imply that the wave
function vanish at the big bang. In this way, this singularity is also removed
from the theory. Without the boundary condition the wave packet would
just have approached the region � ! �1 without spreading; this lack of
dispersion is a result of the fact that the Wheeler{DeWitt equation takes
the form of a free wave equation in this limit.

Note that there are two di�eren t mechanisms resolving the big-rip and
the big-bang singularity. Whereasthe �rst is hidden in a genuine quantum
regime, the latter is removed through a vanishing wave function.

References: This work was published in [66]. The model presented in
Section 7.3.3 was proposedby Mariusz P. Dabrowski.
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Chapter 8

Quan tum Cosmology with
big-brak e singularit y

A second singularity that occurs at large scale factor is the so-called
big-brake singularity. In contrast to the big rip, it arises at �nite
value of the scale factor. The big-brake singularity is a generic fea-
ture of cosmological models with anti-Chaplygin gas. In the present
chapter, we wil l carry out a classical and a quantum cosmological
analysis of such a big-brake singularity.

The project presented in this chapter was a direct follow-up of the project
presented in the previous chapter. The motivation behind it is similar:
the study of models with singularities in the macroscopicuniverse in the
framework of quantum cosmology. After having studied onesuch singularity,
why should one be interested in a second one?

The major reasonfor doing so is that not all singularities are alike. The
singularity that is the subject of this chapter, is, for reasonsthat will become
clear later, called big-brake singularity. It exhibits features very di�eren tly
from the big rip. First of all, it can be induced by an ordinary scalar �eld.
Furthermore, recall that at the big-rip singularity, pressure,energy density
and scale factor diverge after �nite time. The big-brake singularity now
occurs at �nite scale factor. The singularity in this model thus no longer
lies on the boundary of con�guration space,as do the big rip (a ! 1 ) and
the big bang (a = 0). No boundary conditions can be imposedin the region
of the big brake. Moreover, as it is a singularity that lies somewherein
con�guration space,one can study evolution through the singularity. The
situation is then analogous to the big-bang singularity in loop quantum
cosmology. There, due to the existenceof negative scale factors, the big
bang lies in the middle of con�guration space.

The big brake belongsto a wider classof cosmologicalsingularities called
soft, quiescent, or sudden. These singularities occur at �nite value of the

99
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scale factor and its time derivative and hence of the Hubble parameter.
But the �rst or higher derivatives of the Hubble parameter are divergent.
This implies that somecurvature invariants diverge. At the big brake, for
example, the �rst derivative of the Hubble parameter diverges, _H ! �1 ,
while H ! 0. Due to the fact that (3) R � _H + 2H 2, we see that the
curvature of three-spacehas to diverge at this singularity. More precisely,
what happens is the following. The acceleration becomesmore and more
negative, •a ! �1 , thus causingthe universeto slow down and �nally come
to a halt, _a ! 0. The universe then ends its evolution at a �nite radius
a = a?. It is this behaviour that gave the singularity its name.

The big-brake was �rst consideredin [67] and later discussedin detail
in [68]. It can arise in tachyonic cosmologicalmodels [69] with a particular
potential. But the big brake can also occur in a much simpler model. A
universe �lled with a perfect 
uid obeying the equation of state p = A=� ,
whereA is a positiveconstant, endsits evolution with a big-brakesingularity.
This is, again,a rather odd equation of state. It was�rst consideredin [70] in
the context of wiggly strings.1 But it can also be viewed as a generalization
of the so-calledChaplygin equation of state. The corresponding Chaplygin
gasobeysthe equation p = � A=� . It wasintro ducedinto cosmologyto unify
the dark sectorsof the universe,[71]. How this can be achieved can be seen
immediately from the energyconservation equation, (6.10). The Chaplygin
gasbehaveslike dust at early times and like a cosmologicalconstant at late
times.

Becauseof the reversedsign in the equation of state, we call the 
uid
with p = + A=� used here anti -Chaplygin gas. Of course, it is again not
the purposeof the model to �t current universeobservations. The idea is
merely to producea su�cien tly simple but nonethelessinteresting model for
quantum cosmology.

8.1 Classical cosmology with big-brak e singularit y

The model is set up in a 
at Friedmann{Robertson{Walker universe. This
is �lled with an anti-Chaplygin gas. The �rst task is now to derive the cor-
responding scalar �eld potential that might producesuch an anti-Chaplygin
equation of state. To this end, we �rst of all calculate the evolution of the
energy density with scalefactor. This follows in the usual way from (6.10)
and the equation of state,

� (a) =

r
B
a6 � A ; (8.1)

where B > 0 is someintegration constant of dimension masssquared. The
constant A has dimension of masssquaredover length to the sixth power.

1These are cosmic strings with small-scale wiggles imposedon their dynamics.
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We have chosenthe solution with � � 0. Note that � is well de�ned only for
a < a? � (B =A)1=6, cf. Figure 8.2. As a? is approached, the density goesto
zero.

Using the result (8.1), one obtains from (6.6)

Z a?

a

d~a
� B

~a2 � A~a4
� 1

4

=
�

p
3

(t0 � t) ; (8.2)

where a(t0) = a? is the big-brake singularity and a(0) = 0 the big bang.
In order to calculate this integral, we substitute z = (B =a6 � A)1=4, with
0 � z � 1 . Then (8.2) becomes

Z z

0
d~z

~z2

~z4 + A
=

�
p

3
2

(t0 � t) : (8.3)

The integral on the left-hand side can be found in [72]. For (8.3) one then
gets2

1

4A1=4
p

2

 

ln
z2 � A1=4z

p
2 + A1=2

z2 + A1=4z
p

2 + A1=2

+2 arctan
A1=4z

p
2

A1=2 � z2
+ � � (z2 � A1=2)

!

=
�

p
3

(t0 � t) :

Wehaveaddedthe Heaviside � -function in order to makethe arctan-function
contin uous at the point z2 = A1=2.

For the total time that elapsesfrom big bang to big brake onethen �nds

t0 =
2
3

p
C

Z 1

0
dz

z2

z4 + A
=

�
p

6�A 1=4
: (8.4)

A simple approximate solution can be found in the vicinit y of a?. To this
end, we write a = a? � � a, which simpli�es the above integral to

Z � a

0
d� a

1

a?(6� a)
1
4

=
�

p
3

(t � t0) ;

yielding

� a(t) = [c1(t0 � t)]
4
3 :

So we �nd for the scalefactor and its derivatives
2The derivation of this expression is due to Alexander Y. Kamenshchik.
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Figure 8.1: Theseplots show the dependenceof the derivativesof the scale
factor on the scalefactor itself. It can be clearly seenhow the velocity, see
left-hand side,diminishesdue to an in�nite deceleration,seeright-hand side.

a(t0) = a?; _a(t0) = 0; •a(t0) = �1 :

At t0, the evolution of the scalefactor comesto a halt. Its `speed' is zero
due to an in�nite negative acceleration. It is this peculiar feature that gave
the singularity its name.

The �rst and secondtime derivativesof the scalefactor in terms of the
scale factor itself are given by simple expressions. To this end, note that
(8.2) can be di�eren tiated with respect to a, thus connecting _a(t) with the
scalefactor according to

da
dt

=
�

p
3

a
�

B
a6 � A

� 1
4

; (8.5)

cf. Figure 8.1. Obviously, as a ! a?, _a ! 0. Di�eren tiating again with
respect to time, one �nds

d2a
dt2 =

� 2

3
a

�
B
a6 � A

� 1
2

"

1 �
B

4a6

�
B
a6 � A

� � 1
#

; (8.6)

showing that •a(t) ! �1 as a ! a?, cf. Figure 8.1.
What remains to be found, is an equation for � . As we are interested in

the quantum model, the solution in con�guration space,� (a), su�ces. This
is obtained from

_� 2 = � + p ;

using the equation of state and the Friedmann equation (6.6). The exact
solution is
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� � (a) = �
1

p
3� 2

artanh

 r

1 �
Aa6

B

!

; (8.7)

cf. Figure 8.2. This is only consistent if the potential is chosento be

V (� ) = V0

0

@sinh
� p

3� 2j� j
�

�
1

sinh
� p

3� 2j� j
�

1

A : (8.8)

Given the tra jectories � (a) and a(t) | the latter in explicit form only in the
vicinit y of the singularity | the classicalmodel is thus fully described. Note
that V0 =

p
A=4. From (8.4) we �nd for the total lifetime of this model

universe

t0 � 7 � 102 1
q

V0
� g

cm3

� s :

This lifetime is much bigger than the current ageof our Universeif

V0 � 2:6 � 10� 30 g
cm3 ;

which is a reasonableresult becausethe critical value of V0 just corresponds
to the scaleof the observed dark-energy density.

8.2 Quan tum cosmology of the big-brak e model

Weusethe regularizedWheeler{DeWitt equation (6.12) with potential (8.8),
derived in the previous Chapter 6,
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~2
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�
� 2
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@� 2 �
@2

@� 2
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 (� ; � )

+ a6
ref V0e6�

0

@sinh
� p

3� 2j� j
�

�
1

sinh
� p

3� 2j� j
�

1

A  (� ; � ) = 0 : (8.9)

As we are interestedin the behaviour of (8.9) in the vicinit y of the big-brake
singularity, where � is small, we approximate the potential there. We �nd

~2

2

�
� 2

6
@2

@� 2 �
@2

@� 2

�
 (� ; � ) �

~V0

j� j
e6�  (� ; � ) = 0 ; (8.10)

where ~V0 = V0a6
ref =

p
3� 2.

8.2.1 Born{Opp enheimer appro ximation to the Wheeler{
DeWitt equation

In order to solve this, already approximated, equation, I used another ap-
proximation: the Born{Opp enheimer approximation. This scheme is ex-
plained in detail in Appendix D, Section D.1. First, make the ansatz
 (� ; � ) =

P
n Cn (� )

' n (� ; � ), where ' n (� ; � ) is a solution of

�

 
~2

2
@2

@� 2 +
~V0

j� j
e6�

!

' n (� ; � ) = En (� )' n (� ; � ) : (8.11)

This is the radial part of the time-independent Schr•odinger equation for
a particle in a Coulomb potential with l = 0 and the wave function r ' n ,
where j� j takesthe placeof the radial coordinate r . Thus, the normalizable
solutions are given by

' n (xn ) = Nnxne� x n
2 L1

n� 1(xn ) ; (8.12)

where xn = 2
q

� 2En (� )
~2 j� j, and L1

n� 1(xn ) denote the associated Laguerre

polynomials. Nn = n� 3
2 is the normalization factor and n 2 N.

The choiceof the normalizable solution to (8.11) is enforcedthrough the
condition on the wave function imposedfor large j� j, cf. Section8.3.4. From
it one can infer that the exact solution obtained from the Wheeler{DeWitt
equation with ful l potential has a discrete spectrum. Coincidencewith the
behaviour at small j� j is thus only achieved if the normalizable solution
(8.12) is selected,since the non-normalizable solutions have a contin uous
spectrum.

Note that ' n (xn ) ! 0 for j� j ! 0, sinceL1
n� 1(0) = n.
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To simplify notation, we intro duceZ (� ) � ~2=V� and V� � ~V0e6� . Then,
xn = 2j� j=Z (� )n. The functions ' n (xn ) are orthogonal such that 3

Z
d� ' n (xn )' l (x l ) = Z (� )� nl : (8.13)

The energyeigenvaluesare

En (� ) = �
V 2

�

2~2n2 : (8.14)

Inserting this ansatz in (8.10), it is necessaryto carry out a number of
approximations to arrive at a solvable equation for Cn . After a Born{
Oppenheimer approximation an expansion in � is made. The details of
this approximation are given in Appendix D. The resulting equation for
Cn (� ) becomes

•Cn (� ) �
6V�

2

~4n2� 2 Cn (� ) = 0 ; (8.15)

where dots denote derivativeswith respect to � . Thus Cn is given by

Cn (� ) = c1I0

�
1

p
6

V�

~2n�

�
+ c2K0

�
1

p
6

V�

~2n�

�
; (8.16)

where I0, K0 denote modi�ed Bessel functions of �rst and second kind,
respectively. As a boundary condition, we require that the solution should
vanish in the classically forbidden region, a > a?. Therefore, c1 = 0 and
only the MacDonald function K0 remains as solution.

On the level of the Born{Opp enheimerapproximation, the complete so-
lution is therefore given by

 (� ; � ) =
1X

n=1

AnNnK0

�
1

p
6

V�

~2n�

� �
2

V�

n
j� j

�
e� V�

n j � j L1
n� 1

�
2

V�

n
j� j

�
:

(8.17)

8.2.2 Deriv ation of classical equations of motion from the
principle of constructiv e in terference

To derive a phase from this expression,we approximate (8.11) and (8.15)

further by a WKB-appro ximation. Making the ansatz ' n (� ; � ) = e
i
~ S�

n 0 (�;� )

in (8.11), Cn (� ) = e
i
~ S�

n 0(� ) in (8.15), one obtains to zeroth order in ~ the
Hamilton{Jacobi equation for the � - and � -part, respectively. Integration
yields for S�

n0(� ; � )

3The validit y of this relation is clear from the property of the ' n being eigenfunctions
of a Hermitian operator; its direct veri�cation is discussedin [77].
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S�
n0(� ; � ) = ~k

�
arcsin

�
1 �

V� j� j
~2n2

�
�

�
2

�

�
p

2V� j� j

r

1 �
V� j� j
2~2n2 �

�
4

; (8.18)

in which the Langer boundary condition at the � -dependent turning point
� turn (� ) = 2~2n2=V� has been employed. From (8.15), no phase results.
This coincideswith the limit ~ ! 0 in (8.16), as lim x!1 K0 (x) �

p �
2x e� x .

So S�
n0(� ; � ) constitutes the entire phase.

The classicalequations of motion should follow from the phasethrough
the principle of constructive interference,

@S�
n0

@n
jn= �n = ~

�
arcsin

�
1 �

V� j� j
~2n2

�
�

�
2

�
+

p
2V� j� j

n

r

1 �
V� j� j
2~2n2

!= 0 : (8.19)

Here, �n =
q

~V0p
3� 2

a3
?

~ . This constant arisesunder the conditions that, �rst, n
and soalso �n haveto bedimensionless,and that, secondly, the only constants
of the model are V0 (or ~V0), a? (or A and B ), ~ and � .4 With this choice,
(8.19) simpli�es to
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For the classicaltra jectory, (8.7), this is
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@n
jn= �n = ~

2
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� p
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� p
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u
t 2 �
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� p

3� 2j� j
�

3

7
5 : (8.20)

But the classicalequation of motion wasderivedusing the ful l potential. The
quantum theory, on the other hand, usesan approximation to the original
potential which is valid up to order O

�
j� j

3
2

�
for small � . Applying the same

approximation to (8.20), one �nds

4There is of coursealso the referencelength aref , but this is no characteristic quantit y
of the model.
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@S�
n0

@n
jn= �n = ~ O

�
j� j

3
2

�
;

and so the classical solution (8.7) satis�es the condition for constructive
interferencewith the above choicefor �n for small � , which is consistent with
the approximation of the potential in (8.10).

8.2.3 Singularit y avoidance

As explained in Chapter 4, two criteria are usedhere to account for singu-
larit y avoidance: �rst, the vanishing of the wave function and second,the
dispersionof wave packets along the classicaltra jectory in the vicinit y of the
singularity. I will therefore study both, the vanishing of the wave function
at the origin as well as wave packets along the classical tra jectory. But I
will also comment on the implication of the useof expectation valuesin the
context of singularity avoidance.

8.2.4 Behaviour at the classical singularit y

Wave packets constructed from the solutions of (8.10) are of the general
form

 (� ; � ) =
1X

n=1

AnCn (� )' n (� ; � ) :

We can chooseinitial conditions on a hypersurface� = � 0. Here, it su�ces
to �x the values  (� 0; � ) and @ (�;� )

@� j � = � 0 . As for the chosennormalizable
solution (8.12), ' n (� ; � ) vanishesat � = 0 for all n and � , the wave packet
is zero there. This is, of course, independent of the initial conditions. But
the classicalsingularity occurs at � = 0. So out of thesesolutions, no wave
packet can be constructed which doesnot vanish at the classicalsingularity.
This su�ces to count as singularity resolution according to the criteria I
admitted. Note that the big brake is thus resolved in a di�eren t way than
the big rip: the latter washidden in a genuine quantum region, but the wave
function was non-zerothere.

As already stated in Chapter 4, there are also other criteria which are
used to prove singularity avoidance. These make use of an internal-time
variable, which just meansthat one of the con�guration spacevariables is
chosenas evolution parameter. This is done throughout con�guration space
or only for a portion of it, depending on whether the respective variable
changesmonotonously with classical time t. I do not support this point of
view, but I nonethelesswant to show how it would work in this context, but
seeChapter 9 for more details on the internal-time idea.

Taking � as internal time variable, one can calculate the probabilit y
distribution,
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j j2(� 0; � ) =
X

l ;n

AnA l Cn (� 0)Cl (� 0)' l (� 0; � )' n (� 0; � ) ;

for each `instant of time' � 0. It is obvious that j j2(� 0; 0) = 0 at � = 0.
This is a consequenceof the choice of (8.12). Assuming that the internal
time � can be treated in the same way as classical time t, one can then
calculate expectation valueson surfacesof constant � . These are obtained
through an integration over � with the measureprovided through the matter
Hamiltonian, cf. (8.13). From this follows that

h (� ; � )j (� ; � )i =
X

n

A2
nC2

n (� )Z (� ) �
X

n

A2
n

�
K0(e6� )

� 2

e6� :

The larger � becomes,the smaller the norm of  . Note that the norm is
not conserved in internal time � .

Beforecalculating now the expectation valuefor j� j, recall that the avoid-
ance of the singularity of the Coulomb potential in ordinary quantum me-
chanics is causedby a lowest bound on the energydue to quantization. This
again leadsto a minimal radius for the `tra jectory' of the electron.

Analogously to the Coulomb potential in ordinary quantum mechanics,
the energy of the matter component in our model is also bounded from
below. The minimal energy, given by (8.14) for n = 1, corresponds to a
minimal `radius', that is, to a minimal value for j� j. This is given by

hj� n ji (� ) = [Cn (� )]2 3
2

[Z (� )]2 n2

=
�
K 0

�
1

p
6

V�

~2n�

� � 2 3~4

2V 2
�

n2 ; (8.21)

for n = 1. The classicalsingularity lies at � = � ?. In this casethe minimal
energy is given by

E1(� ?) = �
V 2

� ?

2~2 ;

and the expectation value for j� j is consequently given by hj� 1ji (� ?). The
boundednessof the energy here prevents the scalar �eld to evolve to the
singularity, j� j = 0, in complete analogy to the Coulomb case.

Note that for � ! 1 , the energy is no longer bounded. In this case
hj� 1ji ! 0, cf. (8.21). Of course,one should keep in mind that the expec-
tation value in quantum cosmology, as de�ned above, has no interpretation
in terms of measurement results as it has in conventional quantum theory.
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Construction of wave packets

Apart from the avoidanceof the singularity, we want to study semi-classical
and quantum regimesof the model. To this end, we construct semi-classical
wave packets and study their behaviour. Especially, we are interested in the
regionsof con�guration spacewhere thesepackets spread | if they spread
at all.

We want  (� 0; � ) to be a Gaussiancentred at � 0 with width
q

Z0
2 , where

Z0 � Z (� 0). The centre � 0 should be the value of the classical tra jectory
at � 0. Note that we have two classicalsolutions, � + and � � , see(8.7).5 So
in fact, we have to construct two Gaussians,one centred at � 0, the other at
� � 0 and superposeboth. Write therefore

 (� 0; � ) =  � (� 0; � ) + c1 + (� 0; � ) ;

where  + denotesthe part of the wave packet being centred around � 0 and
 � the part centred around � � 0 at initial `time' � 0.

The calculation of the wave packet will employ only the WKB solution
of (8.15). With suitable initial conditions, it reads

Cn (� ) =
e3� 0

e3� exp

"

�
1
6

~V0p
2~2n2

r
6
� 2

�
e6� � e6� 0

�
#

: (8.22)

Intro ducing � � e6� (and denoting � 0 � e6� 0 ),

Cn (� ) =
� � 0

�

� 1
2 exp

"

�
1
6

~V0p
2~2n2

r
6
� 2 (� � � 0)

#

:

Start with the  + {part of the wave packet. We here �nd the requirement

 + (� 0; � ) =
1X

n=1

A+
n ' n (� 0; � ) != e� ( � � � 0 ) 2

Z 0 :

Decomposingthe Gaussianinto the ' n (� 0; � ), oneobtains for the coe�cien ts
the somewhat lengthy expression

A+
n = Nn

n exp
h
� � 2

0
Z0

+ 1
2Z0

� 1
2n � � 0

� 2
i

�
P n� 1

m=0 (� 1)m (m + 1) (n!)
(n� m� 1)!( m+1)! �

� q
2
Z 0

1
n

� m
D� (m+2)

hq
2
Z 0

� 1
2n � � 0

� i
;

5The casewith two Gaussians is the most general one. One may, of course, wish to
chooseonly one Gaussian in order to represent only one branch of the classical solutions
by a wave packet.
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where Dm (x) denote parabolic cylinder functions. Note that this expansion
in ' n cannot be performed at � = 0. Here, ' n (� ; � = 0) = 0 for all n as
remarked above.

The amplitude of  � is obtained in a similar way, or by just substituting
� � 0 for � 0. The solution is

A �
n = Nn

n exp
h
� � 2

0
Z0

+ 1
2Z0

� 1
2n + � 0

� 2
i
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2
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1
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2
Z 0

� 1
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� i
:

So the wave packet is given by

 (� ; � ) =
1X

n=1

�
A+

n + c1A �
n

�
Cn (� )' n (� ; � ) : (8.23)

The total probabilit y for the wave packet is calculated via
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:

Probabilit y is thus not conserved with respect to internal `time' � . Choose
the normalization of the wave packet such that at � 0 it is normalized to
unit y,

R
d� j j2 = 1. Then,

 (� ; � ) =
1

Cnorm

1X

n=1

�
A+

n + c1A �
n

�
Cn (� )' n (� ; � ) ; (8.24)

where the normalization factor is given by

Cnorm �

vu
u
t ~2

~V0� 0

1X

n=1

�
A+

n + c1A �
n

� 2 :

A plot of the wave packet is shown in Figure F.3. Let me make some
technical remarks concerning the plot of the wave packet before discussing
the features of the packet itself. The wave packet is given by an in�nite
series. In any numerical evaluation this serieshas to be truncated at some
point. As becomesobvious from Figure F.1, no new information is obtained
if more than 20 terms are taken into account. Therefore, the seriesevaluated
for the plot terminates at n = 20.

We recognizethat the wave function is peaked around the two branches
of the classical tra jectory in con�guration space, but goes to zero if the
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region of the classicalbig-brake singularity, a ! a?, is approached. In this
sensethe classicalsingularity is avoided in the quantum theory. This is a
consequenceof the choiceof the normalizable solution (8.12), which vanishes
at � = 0 | the region of the big-brake singularity. Moreover, it can be seen
directly in Figure F.3 or read o� from Figure F.2 that the packet disperses
long before the classicalsingularity is approached.

8.3 Remarks on the big-bang singularit y

8.3.1 Solution to the Wheeler{DeWitt equation

So far, only the big-brake singularity of the model was considered. But the
model possessesa secondsingularity. Namely, its evolution starts with a big
bang: as a ! 0, one has j� j ! 1 . Thus one can approximate the potential
by an exponential in the vicinit y of this singularity | and such an equation
was already solved in Section 7.4.2. The calculation is analogousto the one
presented there. Namely, we start from the Wheeler{DeWitt equation with
approximated potential

~2

2

�
� 2

6
@2

@� 2 �
@2

@� 2

�
 (� ; � ) +

~V0

2
e6� +

p
3� j� j  (� ; � ) = 0 :

Intro ducing z1 =
p

6
� � + j� j, z2 =

p
6

� � � j� j, one arrivesat

~2 @2

@z1@z2
 (z1; z2) = f (z1; z2) (z1; z2) :

Choosing again coordinates such that f (z1; z2) cancels,one arrivesat
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and X =
q

3
2 �

�
� �

p
3

� �
�

. A solution to this equation can be found from

the WKB{ansatz  =
R

dnA(n)e� i
~ S0n . Inserting this ansatz into (8.25)

yields the Hamilton{Jacobi equation of which an exact solution is given
by S(1)

0n = nu �
p

n2 � 1v. Of course, the Hamilton{Jacobi equation is
also solved by actions with di�eren t signs in front of u and v. These are
obtained from the one chosenabove through rotations in the (u; v)-plane.
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As u > 0, only two solutions can be mapped onto each other and S(2)
0n =

� nu �
p

n2 � 1v provides a secondsolution.

8.3.2 Recovery of classical tra jectories

The classicaltra jectory in the vicinit y of the big bang is recoveredusing the
principle of constructive interference @S0n

@n jn= �n = 0. For �n =
p

2 one �nds

� (� ) = �
p

3
� � . This is just the classical tra jectory obtained from (8.7) in

the limit j� j � 1 with initial condition B = A
4 and �xed A.

8.3.3 Construction of wave packets

We get the following exact wave-packet solution to the Wheeler{DeWitt
equation:

 (u; v) =
Z

dn A(n)
�

C1e
i
~ S(1)

0n + C2e� i
~ S(1)

0n

�

+
Z

dn A(n)
�

C3e
i
~ S(2)

0n + C4e� i
~ S(2)

0n

�
:

By construction, the classicaltra jectories can be recovered from this equa-
tion through the principle of constructive interference. Choosing as ampli-
tude a Gaussianwith width � centred around �n,

A(n) =
e� ( n � �n ) 2

2� 2~2

(
p

� � ~)1=2
;

and taking C1 = C2, C3 = C4 for de�niteness, oneobtains two contributions
of the form

 (u; v) � Ci � 1=4

s
2� ~

1 � i� 2~S00
0

exp
�

iS0

~
�

S02
0

2(� � 2 � i ~S00
0 )

�
+ c:c: ; (8.26)

where i = 1 for S0 = S(1)
0n and i = 3 for S0 = S(2)

0n and primes denote
derivativeswith respect to n. All this is completely analogousto the scalar
�eld with exponential potential discussedin Section7.4.2. As there, a Taylor
expansionof S0n hasbeencarried out around �n. Termsof the order (n � �n)3

in the exponent have beenneglectedwhich is admissible if the Gaussianis
strongly peakedaround �n, that is, if � is su�cien tly small. SinceS0(i )

0n ( �n) = 0
givesthe classicaltra jectory, the packet is peaked around it.
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8.3.4 Singularit y avoidance

Here, we can argue as in Section 7.4.2. Due to the fact that u > 0, two
inequivalent actions exist. Apart from the wave packet constructed from
S(1)

0n = nu �
p

n2 � 1v, one gets a secondwave packet constructed from

S(2)
0n = � nu �

p
n2 � 1v. Moreover, the entire (� ; � ) plane is mapped only

into a quarter of the (u; v) plane. One would therefore require the wave
packet to vanish on the boundary of the physical region. To get a solution
which doesnot vanish on the classicaltra jectory, we require  = 0 at u = 0.
But u vanishesfor � ! �1 , i.e. at the big bang. We thus simply require
that the wave packet vanishesat the big bang. This requirement is forced
upon us through the coordinates in which the Wheeler{DeWitt equation is
exactly solvable. As v = 0 for � ! �1 aswell, the requirement that  ! 0
as � ! �1 amounts to requiring that the wave function vanishesat the
origin of the (u; v) plane. The implementation of this condition results in a
wave packet which vanishesat the big-bang singularity,  ! 0 as � ! �1 ,
and spreadsfor large � . Thus, again, we �nd that the big-bang singularity
is resolved through a vanishing wave function.

But if we take � ! �1 along the classical tra jectory, we move into a
region were j� j ! 1 . Our wave packet follows the classicaltra jectory and
thus we �nd that  ! 0 for large j� j.

The condition implied for large j� j in the vicinit y of the big bang thus
implies and justi�es the normalization condition imposedin the derivation
of the solution to the Wheeler{DeWitt equation in the vicinit y of the big
brake, cf. (8.11). We thus imposebasically two conditions on the wave func-
tion. The �rst oneis that  ! 0 when j� j ! 1 , resulting in a normalization
condition for the approximate solution in the vicinit y of the big-brake singu-
larit y and the elimination of the big-bang singularity. The secondcondition
is to require  ! 0 as � ! 1 to ensurethe existenceof wave packets that
follow the classicaltra jectory.

Note that becausewe require  ! 0 as � ! 1 and as � ! �1 , the
wave function is �xed at both ends. Upon matching the solution for large
j� j to the one obtained for small j� j, quantization conditions should arise,
cf. Figure 8.3.

8.4 Relation to Lo op Quan tum Cosmology

Loop quantum gravit y aroseas an alternativ e proposal to quantum general
relativit y, the main di�erence being the choiceof fundamental variables,en-
tailing a representation of operators inequivalent to the Schr•odinger repre-
sentation. The symmetry reduced`minisuperspace'model of loop quantum
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Figure 8.3: The di�eren t regionsof the wave packets for oneof the branches
of the classical tra jectory are shown. For small and large scalefactor, the
universeundergoesa quantum phase.

gravit y goesunder the nameof loop quantum cosmology.6 As loop quantum
gravit y is also a canonical quantization scheme, the governing equation in
the cosmologicalcontext is the Hamiltonian constraint. On the quantum
level, the universeis likewisedescribed via a wave function on con�guration
spacewhich has to be the solution of the quantized Hamiltonian constraint.

The di�erence betweenboth approaches lies in the way this equation is
quantized. In loop quantum cosmology, one usesa so-calledpolymer rep-
resentation instead of the conventional Schr•odinger representation. This is
done in analogy to the full theory. If this procedureis carried out in a naive
way, it leadsto a di�erence equation in stepsof a smallest length � 0. In ge-
ometrodynamics,onearrivesat a di�eren tial equation, the Wheeler{DeWitt
equation. In the contin uum limit, � 0 ! 0, suitable conditions on the higher
derivatives of the wave function implied, the loop quantum cosmological
di�erence equation fadesinto the Wheeler{DeWitt equation [73].

The question here is under which conditions the contin uum limit is jus-
ti�ed. It is justi�ed if the discretenessof spacetimeis negligible compared
to the length scalesoccurring in the model. For large scalefactor, a � � 0,
one can argue that the limit � 0 ! 0 is a sensibleapproximation. Thus
singularity avoidancefor large-scalesingularities as, for example,the big rip

6 I will use the name loop quantum cosmology here exclusively for the loop quantized
Friedmann{Rob ertson{W alker models, simply for the sake of brevit y.
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or big brake, in loop quantum cosmologyreducesto singularity avoidance
induced by the Wheeler{DeWitt equation.

At the time when this research was carried out, several versions of
the Hamiltonian constraint in loop quantum cosmology were published.
Ashtekar et al. [75, 76] extended the ansatz using � 0, replacing it by �� ,
which is a function of the densitized triad operator p̂. The equation is
then a di�erence equation in eigenvaluesv of the volume operator, and the
Wheeler{DeWitt equation follows in the contin uum limit for large volume.
The factor ordering of the Wheeler{DeWitt equation then does depend on
the factor ordering chosenfor the di�erence equation. In [73] and [75, 76]
di�eren t factor orderings have beenchosen.

The two di�erence equations, in � 0 or �� , can be understood in a broader
context as implementing di�eren t actions of the full Hamiltonian constraint.
They are thus just two special casesof a wider classof constraints that might
arise, the actual form of which should in principle be determined by the full
Hamiltonian constraint, [74]. Whereasin the �rst case,the coordinate edge
length of a holonomy is �xed and doesnot depend on the scalefactor, in the
secondcaseit does. This can be interpreted as an implementation of the
fact that in the full theory, the Hamiltonian constraint, whatever its exact
form may be, createsvertices | in addition to changing the edgelabels of
the existing edges. As new vertices are created, the edgelengths decrease.
The altered dynamics using �� then corresponds to a lattice in which the
number of vertices grows linearly with volume.

In the following, both factor orderings, [73] and [75, 76], will be consid-
ered.

8.4.1 Non-co varian t factor ordering

The Wheeler{DeWitt equation emerging in the contin uum limit of the dif-
ferenceequation employed in [73] is

~2
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� 2
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@� 2
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j� j
 = 0 ;

which di�ers from (8.10) by the choiceof factor ordering. Making the ansatz
 (a; � ) =

P
n A(n)Cn (a)' n (a; � ) and requiring ' n (a; � ) to be a solution of
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one �nds as before the solution

' n (xn ) = Nnxne� x n
2 L 1

n� 1(xn ) ;

where xn = 2
q

� 2En (a)
~2 j� j and En (a) = � 1

2~2n2
~V0

2
a12, Nn = n� 3

2 . Then
the equation for Cn (a) is given by
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d2Cn (a)
da2 �

6 ~V0
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~4n2� 2 a10Cn (a) = 0 ;

which is solved by
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The complete solution has an analogousform to the quantum geometrody-
namical formulation in Section 8.2.1. The decisive result is that, because
only the factor ordering of the gravitational part hasbeenchangedcompared
to (8.10), the solution for ' n (�; a) handlesthe singularity avoidancein this
framework as well.

8.4.2 Covarian t factor ordering

The factor ordering in the more recent papers [75, 76] yields the Laplace{
Beltrami factor ordering for the Wheeler{DeWitt equation in the contin uum
limit. As this is the factor ordering we employed throughout this chapter
anyway, the results of the previous sectionscarry over to the loop quantum
cosmologyanalysis without alteration.

Note, though, that a consistent loop quantization requires a polymer
representation of the matter �elds as well. This would require a Bohr com-
pacti�cation of � which may bound the approximate potential V (� ) =

~V0
j � j

from above. As the vanishing of the wave function at � = 0 is related to
the divergenceof the potential at this point, it is not clear whether the
previous results would survive in the polymer representation. Namely, it is
imaginable that the regularity condition and thus the ensuing result that
' n (� = 0; � ) = 0 becomesredundant.

Qualitativ ely, the `loop quantization' of � would result in a di�erence
equation in a and � . In the vicinit y of the big bang, this equation can be
approximated by a di�eren tial equation in � and a di�erence equation in a.
In the vicinit y of the big brake, however, the variable a can be considered
contin uous and obeys a di�eren tial equation. But now � is still described
by a di�erence equation.

8.5 Conclusion

I studied a Friedmann{Robertson{Walker model with a scalar �eld obeying
an anti-Chaplygin equation of state. This model classically ends with a
big-brake singularity. The singularity stands out becauseof its negatively
diverging secondderivative of the scalefactor. This works as an in�nitely
strong `brake', forcing the derivative of the scalefactor to go to zero.
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Upon quantizing this model in the quantum geometrodynamical frame-
work, we are led to the Wheeler{DeWitt equation. It can be solved in the
vicinit y of the big-brakesingularity. A separationansatzyields a Schr•odinger-
type equation for the hydrogen atom for � which here plays the role of the
radius in the quantum mechanical equation. Normalizable solutions to this
equation vanish at � = 0, which corresponds to the singularity. Thus,
independent of the choiceof initial conditions, whatever wave packet is con-
structed out of thesesolutions, it is condemnedto vanish at the singularity.
Therefore we can conclude that in this model as well, the large scale,soft,
future singularity is removed from the quantum theory.

This singularity resolution is di�eren t from the one encountered for the
big-rip singularity. It is twofold. First of all, the wave function itself van-
ishesat the big brake. This feature depends crucially on the fact that the
normalizable solutions for the matter-dependent part of the wave function
have been chosen. This choice is justi�ed through the study of the same
model in the vicinit y of its secondsingularity, the big bang. The fact that
a solution could be found exactly in this region is due to the special form of
the potential. But more than that, the wave packet spreadsas the big-brake
singularity is approached.

The choice of variables enforcesa boundary condition which causesthe
wave function to vanish at the big bang. This singularity is thus also elim-
inated in the quantum theory. The boundary condition at the big bang is,
again, just DeWitt's boundary proposal. It is this condition which justi�es
the choice of normalizable solutions in the vicinit y of the big-brake singu-
larit y. So in this sense,vanishing of the wave function at the big brake
and at the big bang are connected. Better, the vanishing at the big-brake
singularity is a consequenceof the vanishing at the big bang.

The imposition of boundary conditions on both ends of the evolution,
near the big bang and near the big brake, should imply somekind of quan-
tization rule upon matching the wave packets in both regimes. Such a
matching has not beencarried out.

References: This work was published in [48].
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Chapter 9

E�ectiv e constrain ts for
quan tum systems

The last chapter is devoted to the application of a generalized e�ective
formulation of quantum theory to constrained systems. This formu-
lation is based on quantum phasespace coordinatized by expectation
valuesof fundamental operators and moments of the wavefunction.
As a generalization of the e�ective action, such a formulation is of
interest in its own right. Moreover, the hope is to gain someinsight
into the internal-time approach.

9.1 Motiv ation

9.1.1 From the quan tum General Relativit y side

Canonicalgeneralrelativit y obeysa constrainedHamiltonian dynamics. The
arisal of constraints signalsthat one is dealing with more variables then are
actually necessaryto describe the physical propertiesof the system. At some
point, one has to get rid of these super
uous variables | either before or
after quantization. Canonical generalrelativit y is characterizedby four con-
straints at each point in �. The Hamiltonian constraint generatesevolution
from one hypersurfaceto the adjacent one. The di�eomorphism constraints
generatedi�eomorphisms in �. The corresponding quantumdi�eomorphism
constraints can easily be interpreted. They insure that the wave function
does not depend on the three-metric but only the three-geometry. So it
seemsthat is doesnot matter whether we solve this constraint on the clas-
sical level and quantize on the spaceof three-geometries(superspace)or
whether we quantize on the spaceof all three-metrics and reducethe metric
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dependencethrough the quantum di�eomorphism constraints.1

The issueis somewhatmore subtle in the caseof the Hamiltonian con-
straint. On the classical level, it encodes time evolution. 2 So we expect
that on the quantum level it does the same. The problem is just that no
foliation and thus no time existson the quantum level. In fact, the quantum
Hamiltonian constraint, i.e. the Wheeler{DeWitt equation, is a second-
order, functional di�eren tial equation in which all �elds occur on an equal
footing.

The fact that the quantum Hamiltonian has to encode time in someway
but does not refer to any time variable, is known as the problem of time.
At its heart lies the observation that the three-metric contains information
about time in an inextractable way. This follows by a simple counting
argument. The six degreesof freedom of the three-metric are reduced to
three through the di�eomorphism constraints. Sooneof the remaining three
hasto be unphysical and thus related to time. The question is just | which
one?

There are several attitudes towards this problem. The �rst decisionone
has to make is whether one wants to eliminate this super
uous variable
already on the classical level or keep it on the quantum level. In Isham's
terminology, wehave to decidewhether wewant to identify time before quan-
tization or time after quantization. Note that identifying time beforequanti-
zation would yield a theory with classicaltime parameter and a Hamiltonian
which is no longer constrainedto vanish but generatesevolution just in that
parameter. On the quantum level, we would thus obtain a Schr•odingerequa-
tion. This may seemvery appealing becausewe are back to something we
know. But, as I pointed out in Chapter 3, we should not expect to recover
too many familiar features when we quantize gravit y. Moreover, we do not
know which of the three degreesof freedom we should identify with time.
But each choice producesa unitarily inequivalent quantum theory. In ad-
dition to that, there are indications that time may not be separablefrom
three-geometry, [82]. And, most convincingly, the constraints of generalrel-
ativit y cannot be solved globally, [29], implying that such a time variable
cannot be de�ned globally.

For all thesereasons,we want to include the `time' variable into the set
of quantum operators. So we follow the time after quantization approach.
This yields the already known Wheeler{DeWitt equation.

Even though it is clear now that we are going to identify time after
quantization, it is less clear how this identi�cation should be carried out.
In the previous chapters, the Wheeler{DeWitt equation was treated as a

1But, of course, it is mathematically simpler to quantize on the space of all three-
metrics and make the reduction on the quantum level by simply changing the domain of
dependenceof the wave function to superspace. We want to emphasizethat this is done
only formally .

2Time here refers to the foliation parameter.
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timeless equation. The concept of time was entirely reserved for the semi-
classical realm. Here, time referred to the foliation time recovered from
the Wheeler{DeWitt equation in the WKB-limit. There is just one concept
of time in this interpretation and this is the well-known classical foliation
parameter.

However, this is not the only way in which one can identify time on the
quantum level. Namely, one can try to identify a time parameter through
its function. For example, the Klein{Gordon form of the Wheeler{DeWitt
equation suggeststo interpret the determinant of the three-metric or three-
volume as time parameter. Such a time variable built up from the con-
�guration spacevariables after quantization is called internal time. Note,
however, that this concept of time is unrelated to the classical concept of
time. It refers to the fact that one of the quantized degreesof freedom
plays the role of a time variable, i.e. has the same function. But it has
nothing whatsoever to do with a time-coordinate of an ordinary spacetime.
The internal-time variable de�nes `equal-time' hypersurfacesin superspace
on which inner products are de�ned through the integration over all remain-
ing degreesof freedom. Therefore di�eren t choicesof internal time result in
unitarily inequivalent theories.

The internal-time approach clearly transcendsthe framework of ordinary
quantum �eld theory in that it interprets `equal-time' hypersurfacesin con-
�guration spaceanalogouslyto spatial hypersurfacesin ordinary spacetime.
Most signi�can tly , expectation values of observables obtained through an
integration over hypersurfacesof constant internal time are interpreted in
terms of measurement results. This is a non-trivial generalization of the
interpretational framework of ordinary quantum �eld theory. The previous,
semi-classicaltime interpretation is clearly the moreconservativeframework.

Despite these warnings, the internal-time idea provided one major mo-
tiv ation for the project discussedin this chapter. The hope was that a
di�eren t formulation of the sametheory might shed light on the problems
of the internal-time approach.

Such an alternativ e formulation of quantum theory is provided by the
geometrical formulation which goes back to Kibble, [79]. The basic ob-
servation is that any quantum theory formulated on a Hilb ert spacecan be
alternativ ely formulated on a generally in�nite-dimensional phasespace,the
so-calledquantum phasespace.3 Schr•odinger dynamics is then replaced by
Hamiltonian dynamics. The central quantit y is no longer the wave function
but expectation valuesof fundamental operators. More speci�cally , onecan
chooseexpectation values of canonical variables and moments of the wave
function ascoordinates on this quantum phasespace.The quantum Poisson
bracket betweenany two functions on this phasespaceis, up to a prefactor,

3This quantum phase space is �nite dimensional for systems with �nite-dimensional
Hilb ert space,e.g. spin systems.
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the expectation value of the commutator of the samefunction with opera-
tors as arguments. Dynamics is then given by a quantum Hamiltonian in
the form of Hamilton's equationsof motion | but employing the quantum
Poissonbracket, of course. This is the already known set-up of the geomet-
rical formulation of quantum mechanics | or quantum �eld theory for that
matter. Assumenow that moreover a set of constraints on quantum phase
spacehas beenfound which is equivalent to Dirac's constraint quantization
condition.

Why should such a setup be a promising starting point to study the
internal-time approach?

Becausea quantum constrained system in the geometrical formulation
is described by an in�nite-dimensional phasespaceequipped with a number
of constraints. Thus Dirac's constraint quantization condition can be dealt
with in the languageof classical, constrained systems| and therefore we
can draw on the familiar conceptsand methods.

Choosingonevariable as internal time corresponds to the elimination of
the corresponding canonicalpair on quantum phasespaceand all degreesof
freedom associated with it. But this can then be done in full analogy to a
classical,constrained system.

After such an elimination hasbeencarried out, we can analysethe struc-
ture of the resulting system. That meanswe can check whether the remain-
ing operators can be formulated as self-adjoint ones on a Hilb ert space.
This can then be done by simply requiring that all remaining variables on
quantum phasespacebe real.4

Mathematically, this soundsvery straight and simple, not least because
everything is formulated in the well-known languageof classicalconstrained
systems. Theories arising for di�eren t choices of internal time and their
relations can be studied. Probing the resulting theory for a Hilb ert space
structure seemsalso prett y easy | becausewe do not have to write down
the inner product explicitly but simply implement reality conditions.

The only crux is that quantum phasespaceis generally in�nite dimen-
sional. Practically, it may turn out very di�cult to solvea systemof coupled,
even though ordinary, di�eren tial equations. Approximation schemeswill
generallybeneededto reducethis systemto a �nite number of coupledequa-
tions. Such approximations can correspond to perturbations of an arbitrary
state, or even an arbitrary classof states. Thesecan be semi-classicalstates,
but also coherent or squeezedstates, for example.

Moreover, there exist systems for which the in�nitely many equations
decouple. These are called solvablesystems. They can be used as starting
point of a perturbation series. This is then analogousto the perturbation
around free �eld theories usually employed for interacting onesin quantum

4Recall that quantum variables are just expectation values and that the expectation
value of any phasespaceoperator function can be expanded in terms of them.
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�eld theory.
Therefore the generalization of the e�ectiv e equation scheme is a �rst

step in the study of the internal-time approach.

9.1.2 From the quan tum theory side

One may alsoapproach the present chapter from a completely di�eren t, but
much more generalperspective.

The geometrical formulation of quantum theory serves as the starting
point for the derivation of so-called generalized e�ective equations. E�ec-
tiv e equationsdescribe quantum motion in an approximate manner through
equationsof the classicaltype.

A well-known and successfulexampleof such a framework is the e�ective
action. It is derived from the path-integral in quantum �eld theory (or
quantum mechanics for that matter) through a perturbation around the
mean �eld. In the absenceof an external source, the mean �eld is just
the vacuum expectation value of the �eld itself. Otherwise the mean �eld
correspondsto the matrix element of the �eld operator betweentwo di�eren t
in and out vacua. The assumption is that quantum 
uctuations around the
mean �eld are small. At the end of a seriesof mathematical tric ks then
stands an e�ectiv e action which equals the classical action plus quantum
corrections,

� e� [h� i ] = S[h� i ] +
X

k

~k � k� loop[h� i ] ;

where h� i is the mean �eld, S the classical and � e� the e�ectiv e action.
� k� loop correspond to k-loop corrections. From the ~-expansionwe read o�
that the formalism works only in the semi-classicalregime.

Furthermore, the mean�eld asmatrix element betweenin and out vacua
ties the e�ectiv e action to scattering-like setups.

Moreover, the e�ectiv e action is tied to the covariant framework. It is
interesting in its own right to look, �rstly , for a generalization of this e�ectiv e
scheme which, secondly, applies to Hamiltonian formulations.5 Also, the
e�ectiv e action usesan expansionaround the vacuum in the caseof a free
theory. But it may be desirableto expand around someother state but the
vacuum. Most importantly in this context, for generalrelativit y the vacuum
is not known.

Speaking of a generalization implies, of course,that the original scheme
is comprised in the generalone.

Such a generalization of the e�ectiv e action scheme is provided by a
formulation that goes under the somewhat lengthy name of generalized ef-

5One may invoke that the WKB-appro ximation is the canonical scheme corresponding
to the e�ectiv e action. But still, the WKB-appro ximation is tied to the semi-classical
regime.
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fective equations. These can be derived from the geometrical formulation
outlined above through suitable expansionsaround arbitrary states | not
only semi-classicalones.

So, from a more general perspective, the present chapter is concerned
with the question of how this generalization of the e�ectiv e-action scheme
might be formulated for constrained systems. And even though this thesis
deals with quantum cosmology, I want to seethis as a major motivation
behind the work presented below. Moreover, a consistent formulation of
constraints in the generalizede�ectiv e-equation framework has to be devel-
oped beforeany questionson the internal-time approach can be answered |
or even be posed.

9.2 Geometrical form ulation

The basic structures of the geometric formulation of quantum theory are
easily understood. Let the Hilb ert spaceof the theory be denoted by H
with Hermitian inner product h�; �i . Now regard H as a real vector space,
equipped with complex structure J which just represents multiplication by
the imaginary unit, i. Correspondingly, split the Hermitian inner product
into its real and imaginary parts

h	 j� i =
1
2~

G(	 ; �) +
i

2~

(	 ; �) ;

where the prefactor is chosenout of convenienceand 	, Phi 2 H. Then G
de�nes a positive inner product and 
 a symplectic form. Both are non-
degenerate. Canonically identifying the tangent spaceat each point of H
with H itself, 
 extends to a non-degenerate,closed two-form. It follows
immediately that every Hilb ert spacecan be interpreted as a phasespace.
Now de�ne for every self-adjoint operator F̂ the Schr•odinger vector �eld

YF̂ (	) = �
1
~

J F̂ 	 :

Furthermore de�ne the expectation value function

F : H � ! R ; F (	) = h	 jF̂ 	 i :

The Hamiltonian vector �eld X F generatedby F then coincideswith the
Schr•odingervector �eld YF̂ . From this followsimmediately that the Schr•odinger
equation in this formulation is just Hamilton's equation,

_	 = YĤ (	) = X H (	) :

Moreover, the commutator de�nes a quantum Poissonbracket for the ex-
pectation valuesvia
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f F; K g
 = 
( X F ; X K ) =
1
i~

h	 j[F̂ ; K̂ ]j	 i : (9.1)

But, of course,the spaceof physical states is not the Hilb ert spaceH, but
the spaceof rays in the Hilb ert space. Wave functions which di�er only by
a complex factor are physically equivalent. This fact is taken care of if one
restricts attention to thoseelements of H which have unit norm. The result-
ing spaceis a projective Hilb ert spacedenoted by P . The above de�nitions
carry over to the new, projective Hilb ert spaceif one considersP as the
reducedphasespacearising under the �rst-class constraint

C = h	 j	 i � 1 :

The resulting reducedphasespaceis calledquantum phasespace. This phase
spaceis, generally, in�nite dimensional.6

9.3 Generalized e�ectiv e equations | the setting

The geometrical formulation gave the idea for the e�ectiv e framework. But
we will see that the framework presented in this section can be seen as
completely independent from the geometrical formulation.

The e�ectiv e-equation formalism is set up in quantum phasespace.We
equip this spacewith coordinates suited for our purpose. Thesecoordinates
are given by the expectation valuesof fundamental operators, in the follow-
ing simply p̂ and q̂. Expectation valuesof higher powers of theseoperators
are included in the following way

Ga;b =
D

(p̂ � ĥpi )a(q̂ � ĥqi )b
E

Weyl
; (9.2)

where a;b 2 N such that a + b � 2 and the totally symmetric ordering is
used, indicated by the index h�; �i Weyl.

For a+ b = 2, this provides 
uctuations (� q)2 = G0;2 = Gqq and (� p)2 =
G2;0 = Gpp as well as the correlation G1;1 = Gqp. Generally, Ga;b are just
the moments of the wave function. I will also speak of quantum variables
when I refer to these moments, becausethese are just the quantities that
incorporate the quantum properties. Whereas one can think of ĥpi and
ĥqi as the peak position of a wave packet which, in a semi-classicalstate,
simply follows the classicaltra jectory, quantum variablesdescribedeviations
from this classical path. As long as they are negligible, the wave packet
describes an approximate classical path. But as soon as higher moments
becomeimportant, the wave packet spreadsand its motion is no longer well
described by a classicalpath.

6Finite dimensional quantum phasespacesarise, e.g., for spin systems.
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Soinstead of making the detour via the geometrical formulation, I could
equally well have started with the statement that we describe a state by its
moments rather than a wave function in a certain Hilb ert spacerepresen-
tation. Such a setting has the immediate advantage that the description is
manifestly representation independent and dealsdirectly with quantities of
physical interest, namely expectation valuesand 
uctuations.

Before contin uing, let me spend somewords on notation. In the following,
I will denote expectation values simply by `un-hatting' the corresponding
operator, e.g. q for ĥqi . Also, I will often use p and q as indices instead
of numbers on low moments, as already intro duced above, e.g. G0;2 = Gqq.
The largest system that is going to be consideredhere, has two degreesof
freedom. The notation for quantum variables of such a system is just a
straight generalization of (9.2), namely

Ga;b
c;d � h(p̂ � p)a(q̂ � q)b(p̂1 � p1)c(q̂1 � q1)di Weyl ;

for a systemwith canonicalpairs (q; p; q1; p1). For theseaswell, the more in-
tuitiv e notation using a direct listing of canonicalvariables,as in Gq

p1 = G0;1
1;0

will be used. The order M of a quantum variable is de�ned as the total
power of contributing operators, i.e. M = a + b+ c + d in the caseof the
two-dimensionalsystem. I hope the notation is su�cien tly intuitiv e for the
reader to follow easily.

The symplectic structure is obtained from (9.1). But for simplicit y, I will
drop the index 
 which denotesthat we are actually dealing with the quan-
tum Poissonbracket. This can be safelydoneasno referenceis made to the
classicalPoissonbracket anywhere in this chapter.

For functions of expectation valuesp and q, the quantum Poissonbracket
just yields the sameresult aswould the classical Poissonbracket for classical
phasespacefunctions of the sameform. Expectation valueshave vanishing
Poisson brackets with the moments of the wave function.7 The Poisson
bracket betweenquantum variablesis, on the other hand, fairly complicated,

f Ga;b ; Gc;d g=
1X

r ;s=0

(� 1
4 ~2)r + s �

X

j;k

�
a
j

� �
b
k

� �
c
k

� �
d
j

�
Ga+ c� j � k ;b+ d� j � k (� j; 2r +1 � k ;2s � � j; 2r � k ;2s+1 )

� adGa� 1;bGc;d� 1 + bcGa;b� 1Gc� 1;d ; (9.3)

where the summation range of j and k is given by 0 � j � min(a; d) and
0 � k � min(b;c), respectively. Therefore, low order moments are easier

7Actually , it is this feature which motiv ated the choice of coordinates in the beginning,
[81].
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calculated via expectation valuesof commutators. In the original paper by
Bojowald and Skirzewski,[81], the generalPoissonbracket betweenquantum
variables for systemswith an arbitrary number of degreesof freedomis also
given.

Now we still lack the dynamics. The Schr•odinger equation is replaced
by the Hamiltonian equations of motion on quantum phase space. These
are determined by the quantum Hamiltonian which is just the expectation
value of the Hamiltonian operator. Carrying out a Taylor expansionaround
the expectation values, it can be expressedin terms of our coordinates as

HQ(q; p;Ga;b) = hH (q̂; p̂)i Weyl = hH (q + (q̂ � q); p + (p̂ � p)) i Weyl

= H (q; p) +
1X

a=0

1X

b=0

1
a!b!

@a+ bH (q; p)
@pa@qb Ga;b ; (9.4)

where we understand Ga;b = 0 if a + b < 2 and H (q; p) is the classical
Hamiltonian evaluated on expectation values. As written explicitly , we as-
sume the Hamiltonian to be Weyl ordered. This is done for de�niteness.
Any other ordering can be reducedto Weyl ordering by adding re-ordering
terms and vice versa. Note that (9.4) is in form already very closeto the
e�ectiv e action | it also consistsof a classicalcontribution plus quantum
corrections.

Having a Hamiltonian and Poissonbrackets, one can compute Hamilto-
nian equationsof motion

_q = f q; HQg ; _p = f p;HQg ; _Ga;b = f Ga;b; HQg :

Of course, these equations generalize to any system with more than one
degreeof freedom. This endsour reformulation of the quantum system.

So, in sum, we traded the Schr•odinger equation for an in�nite set of ordinary
di�eren tial equations. Evenworse,in general,theseequationsareall coupled
to each other. But such a bad deal can actually turn into a good stroke of
business.

First and foremost, there are systemsfor which the equationsof motion
for expectation valuesand higher moments decouple. In this case,the system
of equations is solvable. This is the case for the harmonic oscillator, for
example. I will follow the terminology of [81] and call such systemssolvable
systems. One can expand around such systems. In this way, one gets a
chance to solve also non-solvablemodels. The anharmonic oscillator can,
for example, be considered as a perturbation of the harmonic oscillator.
In this sense,solvable systemsprovide a basis for perturbation theory to
analysemore generalsystems| just like free quantum �eld theory provides
a solvable basis for interacting ones.
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Moreover, semi-classicaland someother regimes,depending on the sys-
tem under study, allow one to truncate and decouple the equations con-
sistently . In this way, one arrives at a �nite set of ordinary di�eren tial
equations.

Lastly, I want to comment brie
y on the relation of this schemeto the e�ec-
tiv e action. Using the example of the anharmonic oscillator, it was shown
that the equations of motion obtained from this e�ectiv e-equation scheme
coincide with those derived from the e�ectiv e action | for a special choice
of parameters. These parameters arise as integration constants from the
Hamiltonian equations of motion. In the generalizede�ectiv e-equation for-
malism, these are arbitrary | corresponding to an arbitrary initial state.
But for a speci�c choice, one recovers e�ectiv e action results. In this way,
one seesdirectly that generalizede�ectiv e equations allow a wider classto
expand around than the e�ectiv e-action scheme.

9.4 E�ectiv e constrain ts

So far for the unconstrained system. But what I actually promised in the
intro duction, was a description for systemssubject to constraints. To de-
velop such a formulation, it seemssensibleto start with the easiestcase,
namely one constraint. In the following, C will always refer to the classical
constraint.

The characteristic property of reparametrization-invariant theories is
that this one constraint is given by the Hamiltonian, C = H = 0. We will
alsoconsiderthis special case.Then we can further divide thesesystemsinto
arti�cial ly reparametrization-invariant and truly reparametrization-invariant
systems. Into the latter category fall all di�eomorphism-in variant theories.
One can distinguish the two classeson the canonical level in a simple way:
arti�cially reparametrization-invariant theories have at least one momen-
tum that occurs only linearly whereasfor truly reparametrization-invariant
systemsall momenta enter quadratically in the Hamiltonian.

In this chapter, we will only make the �rst stepsinto the direction of an
e�ectiv e formalism for constrained systems. We will only deal with arti�-
cially reparametrization-invariant systems.

On the quantum level, assumingDirac's quantization condition, the con-
straint translates into Ĉj	 i = 0.

The main task in this sectionwill be to reformulate Dirac's condition on
quantum phasespace.

9.4.1 Form of quan tum constrain ts

What should we expect from such a reformulation? First of all, the result-
ing set of conditions should neither be stronger nor weaker than Dirac's
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condition. This is the caseif it eliminates exactly one degreeof freedom.
That means, through the set of e�ectiv e constraints, expectation values of
one canonical pair have to be eliminated. But more than that, all quantum
variables depending on this canonical pair have to be removed. There are
in�nitely many of these and therefore we expect in�nitely many e�ectiv e
constraints.

On the other hand, we know that Ĉj	 i = 0. This meansthat all expec-
tation valuesof the form

C(n) := hĈn i = 0 ; (9.5)

C(n)
f (q;p) := hf (q̂; p̂)Ĉn i = 0 ; (9.6)

for positive integern and arbitrary phasespacefunctions f (q; p), will vanish.
This is the general set of quantum constraints. The expectation value CQ =
hĈi will be called principal constraint . Note that for each constraint an
expansionas in (9.4) can be carried out.

All conceptsusedin the theory of constrainedsystemscanbecarried over
to the quantum constraint system. The vanishing of quantum constraints
de�nes the quantum constraint surface. Quantum constraints whosePoisson
brackets with all other constraints vanish on this surfaceare �rst-class con-
straints, the remaining onesare secondclass. Transformations generatedby
�rst-class quantum constraints are gauge transformations. A second-class
function varies along someof these 
o ws and is therefore gaugedependent.
For the sake of brevity, I will often drop `quantum' when no confusion can
arise.

The quantum constraints satisfy the commutation relations

[f̂ Ĉn ; ĝĈm ] = [f̂ ; ĝ]Ĉn+ m + f̂ [Ĉn ; ĝ]Ĉm + ĝ[f̂ ; Ĉm ]Ĉn ; (9.7)

whoseexpectation value in any physical state vanishes.Consequently , these
constraints have vanishing quantum Poissonbrackets on the constraint sur-
face, thus providing a weakly commuting set,

f C(n)
f ; C(m)

g g =
1
i~

h[f̂ Ĉn ; ĝĈm ]i � 0 :

Therefore, the set of quantum constraints is �rst class.
Each quantum constraint thus removes variables in two ways. First of

all, by simply solving the quantum constraint for one variable, the latter is
eliminated from the theory. But in addition to that, �rst-class constraints
generate gauge transformations on a phase space. So on quantum phase
space,quantum constraints generategaugetransformations.

They transform states into physically equivalent states through

Ga;b
c;d � ! ~Ga;b

c;d = Ga;b
c;d + � 0f C(n)

f ; Ga;b
c;dg ;
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and similarly for expectation values.
One may not have expected that gauge 
o ws generated by quantum

constraints on the quantum phase spaceplay an important role. In the
usual Dirac treatment, only a constraint equation is written for states, but
no gauge 
o w on the Hilb ert spaceneedsto be factored out. In fact, the
gauge 
o w which one could de�ne by exp(it Ĉ)j i for a self-adjoint Ĉ is
trivial on physical states which solve the constraint equation, Ĉj i = 0. I.e.
it doesnot changethesestates. On the other hand, recall the parametrized,
free particle reviewed in Chapter 3. There, it was emphasizedthat Ĉy

generatesthe gauge
o w on quantum states. However, such a procedure is
never carried out in quantum general relativit y.

How can we understand that the gauge
o w becomesnon-trivial in the
phase-spaceformulation? Note that the gauge 
o w could only be trivial
if we would assumeself-adjoint constraint operators. Becauseonly then
h jĈ = 0 would follow from Ĉj i = 0 and the 
o w on the expectation
values, h j exp(� itĈ)Â exp(i tĈ)j i vanish. But constraint operators are
generally not self-adjoint, recall Chapter 3 and [25].

The expectation valuesand moments we are dealing with when imposing
quantum constraints thus have to form a much wider manifold than the
Hilb ert spacesetting would allow. Here, not only constraint equations but
also gauge
o ws on the constraint surfaceare crucial.

From thesevery generalconsiderations,we inferred the generalstructure
of quantum constraints. But so far, f (q̂; p̂) is any function of the opera-
tors. We thus have not only in�nitely many, but even uncountably many
constraints. Not all of them can be independent. So what we need, is a
prescription that tells us which f we should choose.

The resulting in�nite set should still be �rst class. Moreover, we have
to insure that it removesthe in�nite number of variables on quantum phase
spaceassociated with one classicaldegreeof freedom.

9.4.2 Iteration pro cedure for quan tum constrain ts

Also, for practical purposes,one would like to keep the number of allowed
functions minimal while keeping the system complete. Then, however, the
set of quantum constraints is not guaranteed to be closedfor any restricted
choice of phase-spacefunctions f usedin their de�nition.

If C(n)
f and C(m)

g are quantum constraints, closurerequires the presence

of C(n+ m)
[f ;g] (for n � 2), C(m)

f [Cn ;g] and C(n)
g[Cm ;f ] as additional constraints ac-

cording to (9.7). In this way, a construction procedure for a closedset of
quantum constraints is prescribed. It has to be iterated until a closedsys-
tem is obtained. This iteration doesnot necessarilyterminate after a �nite
number of steps.

But although many independent constraints have to be consideredfor
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a complete system, most of them will involve quantum variables of a high
order. To a given order in the moments, it is thus su�cien t to consideronly
a �nite number of constraints. Such truncations and approximations will be
discussedby examplesin Section 9.5.

9.4.3 Realit y conditions

Note that the de�nition of constraints in (9.6) usesexpectation values of
non-symmetric operators, thus implying complex valued constraint func-
tions. But this is no problem as we are working with unconstrained states.
Only after the constraints have beensolved, all expectation valuesshould be
real. Becausesolving the constraints corresponds to the transition from the
kinematical Hilbert space, or auxiliary Hilbert space, to the physical Hilb ert
space.8 Whereasthe kinematical Hilb ert spaceis just an auxiliary structure
used to set up the theory, de�ne operators etc., the physical Hilb ert space
contains physically admissible states and thus carries the standard inter-
pretation. On the kinematical Hilb ert space,operators can have imaginary
eigenvalues | becausewe are still dealing with unphysical states and with
an unphysical inner product. On the physical Hilb ert space,however, ex-
pectation values should be real, as here they correspond to measurement
results.

The transition from kinematical to physical Hilb ert spacethen consists
simply in the implementation of reality conditions for the physical variables.

Sothere is no problem in de�ning quantum constraints ascomplex func-
tions. Moreover, in constrained theories it is even required to work with
constraint operators which are not self-adjoint, cf. Chapter 3 again, and
thus complex valued constraints have to be expected in general.

Furthermore, note that we cannot order symmetrically in (9.6). This
would give rise to terms where someq̂ or p̂ appear to the right while others
remain to the left. Thus the expressionwould not vanish for physical states
and therefore not correspond to a constraint.

Still, onecould avoid the question of reality of the constraints altogether
by using quantum constraints de�ned as GCn f (q;p) = hĈn \f (p;q)i Weyl such
as GCn q and GCn p with the symmetric ordering usedas in (9.2). Here, the
symmetric ordering contained in the de�nition of quantum variables must
leave Ĉ intact as a possibly composite operator, i.e. we have for instance
GC;p = 1

2hĈp̂+ p̂Ĉi � Cp independently of the functional form of Ĉ in terms of
q̂ and p̂. Otherwise it would not be guaranteed that the expectation value
vanishes on physical states. We could not include variables with higher
powers of q and p, such as GCn pp as constraints becausethere would be
terms in the totally symmetric ordering (such as p̂Ĉn p̂) not annihilating a

8 I �nd the name kinematical Hilbert space somewhat misleading becauseit suggeststhe
existence of a `dynamical Hilb ert space' as opposite. However, it is this convention that
dominates the literature and so I will succumb to convention.
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physical state. But, e.g., GĈ p̂2
understood as 1

2hĈp̂2 + p̂2Ĉi � Cp2 would be
allowed. The useof such symmetrically ordered variables would imply real
quantum constraints.

However, this procedurecannot be reconciledwith the requirement that
the constraints be �rst class. We have, for instance,

f GCn f (q;p) ; GCm g(q;p)g =
1

4i~
h[Ĉn f̂ + f̂ Ĉn ; Ĉm ĝ + ĝĈm ]i

�
g

2i~
h[Ĉn f̂ + f̂ Ĉn ; Ĉm ]i �

Cm

2i~
h[Ĉn f̂ + f̂ Ĉn ; ĝ]i

�
f

2i~
h[Ĉn ; Ĉm ĝ + ĝĈm ]i �

Cn

2i~
h[f̂ ; Ĉm ĝ + ĝĈm ]i

+ f Cn f ; Cm gg:

The �rst commutator contains, apart from several terms which vanish when
the expectation value is taken in a physical state, also the two terms
[Ĉn ; ĝ]Ĉm f̂ and f̂ Ĉm [Ĉn ; ĝ]. Their expectation value only vanishesif f̂ or ĝ
commute with Ĉ. This would require quantum perennialsto be known and
used in the quantum constraints, which in generalwould be too restrictiv e
and impractical. A further possibility using Weyl-ordered constraints of a
speci�c form wasdiscussedin [80], but seemsto be lesspractical in concrete
examples.

So, in general, there seemsneither reasonnor way to escape complex quan-
tum variableson the kinematical level. Wewill evenseethat complex-valued
quantum variables are actually helpful to ensureconsistency.

9.4.4 Linear constrain t operator: Num ber of e�ectiv e con-
strain ts

We now have a prescription that, for a given phase-spacefunction f , gen-
erates quantum constraints through an iteration procedure. The question
remains, how f shall be chosen.

We will show here that for the generalclassof linear constraints, f can
be chosenaspolynomial function in the fundamental operators. The results
are then locally valid for any system subject just to one, single constraint.

The number of degreesof freedom shall be �nite, say N + 1 and the
canonical operators are (q̂i ; p̂i ) i =1 ;:::;N +1 with the usual commutation rela-
tions [q̂i ; p̂j ] = i~ � i

j . The system is subject to the linear constraint Ĉ.
A �rst step that simpli�es the analysis signi�can tly , is to transform on

variables in which the constraint is just one of the con�guration variables.
I.e. we intro duce a new canonical pair (q̂; p̂) which is de�ned through the
requirements
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q̂ = Ĉ and [q̂; p̂] = i~ :

Furthermore, the following commutation relations with the remaining vari-
ables(x̂ i ) i =1 ;:::;2N shall be satis�ed

[q̂; x̂ i ] = [p̂; x̂ i ] = 0 ; [x̂ i ; x̂ j ] = i~ (� i;j � N � � i � N ;j )

where x̂ i with i = 1; : : : ; N and i = N + 1; : : : ; 2N correspond to the con�g-
uration and momentum operators, respectively.9

So in the following, our quantum systemis parametrised by expectation
valuesq := ĥqi , p := ĥpi , x i := ĥx i i , i = 1; : : : ; 2N and quantum variables

Ga1 ;a2 ;:::;a2N ;b;c =
D

(x̂1 � x1)a1 � � � (x̂2N � x2N )a2N (p̂ � p)b(q̂ � q)c
E

Weyl
:

(9.8)
If we follow the above prescription, the quantum constraints are given by
Cf = hf̂ Ĉi | and we restrict f̂ to be a polynomial operator in the canonical
variables. Now we have to prove that this proposition indeed works.

First of all, it is consistent with Ĉj i = 0 and the set of operators of
the form f̂ Ĉ is closedunder taking commutators. As a result, the set of all
functions Cf is �rst class. Note that C(n)

f is automatically included in the

above constraints through Cf 0 where f̂ 0 = f̂ Ĉn� 1, which is polynomial in
the canonical variables as long as f̂ is.

What remainsto be shown is that the restriction to polynomial functions
f is su�cien t to reduce quantum phase spaceproperly. To seehow the
degreesof freedom are reduced,we proceedorder by order.

Variables of order M in N + 1 canonical pairs are de�ned as in (9.8), withP
i ai + b + c = M . The total number of di�eren t combinations of this

form is the sameas the number of ways the positive powers adding up to
M can be distributed between2(N + 1) terms, that is

� M +2( N +1) � 1
2(N +1) � 1

�
. So at

order M , we have
� M +2( N +1) � 1

2(N +1) � 1

�
quantum variables. Out of the total set,

those of the form Ga1 ;a2 ;:::;a2N ;b;0, b 6= 0, and Ga1 ;a2 ;:::;a2N ;0;c, c 6= 0, should
be eliminated through constraints. The variables Ga1 ;a2 ;:::;a2N ;0;0, however,
shall be unrestricted.

The remaining part of this section is dedicated exactly to this proof.
First, it is convenient to make another changeof variables. We note that

in order to permute two non-commuting canonical operators in a product
we needto add i~ times a lower order product. Starting with a completely
symmetrized product of order M and iterating the procedure we arrive at

9The linear combinations that would satisfy the above relations may be obtained by
performing a linear canonical transformation on the operators. Such combinations are not
unique, but this fact is not important for the purposeof counting the degreesof freedom.
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a sum of unsymmetrized products of order M and lower. This justi�es the
choice of new variables,

F a1 ;a2 ;:::a2N ;b;c :=
D

(x̂1)a1 � � � (x̂2N )a2N p̂bq̂c
E

(9.9)

It is easyto seethat there is a one-to-onecorrespondencebetweenvariables
(9.8), combined with the expectation values,and (9.9), but the precisemap-
ping is tedious to derive. As it is not neededfor the counting of degreesof
freedom,we will not bother with it here.

Now our constraints require F a1 ;a2 ;:::a2N ;b;c � 0 for c 6= 0 | because
q̂j i = 0. Moreover, all of the constraints Cf = hf̂ Ĉi may be written as a
combination of the variables F a1 ;a2 ;:::a2N ;b;c, c 6= 0. However, the constraints
cannot restrict F a1 ;a2 ;:::a2N ;b;0! But anyway, we have not taken into account
the gauge
o ws yet.

Each Cf generatesa 
o w on the constraint surface. But we decided to
study the elimination of degreesof freedomorder by order in the moments.
At a �xed order, however, the 
o ws generated by the constraints are not
necessarilyindependent on the constraint hypersurface. This is due to the
fact that quantum phase spacereduced to a �xed order of moments is a
non-symplectic Poissonmanifold.10

This degeneracybecomesobvious when we count the degreesof freedom
to a given order. To order M , the constraints are accounted for by variables
F a1 ;a2 ;:::a2N ;b;c+1 , where

P
i ai + b+ c + 1 = M . Counting as earlier in the

section, there are
� M +2( N +1) � 2

2(N +1) � 1

�
such variables. Subtracting the number of

constraints from the number of quantum variables of order M , we are left
with

�
M + 2(N + 1) � 1

2(N + 1) � 1

�
�

�
M + 2(N + 1) � 2

2(N + 1) � 1

�

=
�

M + 2(N + 1) � 1
M + 2(N + 1) � 1 � (2N + 1)

� 1
� �

M + 2(N + 1) � 2
2(N + 1) � 1

�

=
2(N + 1) � 1

M

�
M + 2(N + 1) � 2

2(N + 1) � 1

�
(9.10)

unrestricted quantum variables. If each constraint generatesan independent
non-vanishing 
o w, we should subtract the number of constraints from the
result again. We �nd 2(N +1) � 1� M

M

� M +2( N +1) � 2
2(N +1) � 1

�
physical degreesof freedom

at order M . However, this number becomesnegativeonceM is largeenough,
raising the possibility that the system has beenover-constrained.

10 This can be read o� from the Poisson bracket (9.3). The Poisson bracket of two
quantum variables of order M , a+ b = M , c+ d = M , contains quantum variables of order
2M and lower.
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Fortunately, we can show that our systemis not overconstrained,i.e. the
gauge
o ws are not all independent. This is demonstrated by the following
argument.

All of the operators x̂ i commute with the original constraint operator
Ĉ = q̂, which meansthat any function of the expectation value of a poly-
nomial in (x̂ i ) i =1 ;:::;2N , here denoted by g = hg[x̂ i ]i , weakly commutes with
every constraint

f Cf ; hg[x̂ i ]ig =
1
i~

Dh
f̂ Ĉ; g[x̂ i ]

i E
=

1
i~

D
f̂

h
Ĉ; g[x̂ i ]

i
+

h
f̂ ; g[x̂ i ]

i
Ĉ

E

=
1
i~

Dh
f̂ ; g[x̂ i ]

i
Ĉ

E
� 0 : (9.11)

This meansthat the variablesF a1 ;a2 ;:::a2N ;0;0 are not only unconstrained but
also una�e cted by the gauge
ows .

They can be used to construct the quantum variables corresponding to
precisely N canonical pairs, so that we have at least the correct number of
physical degreesof freedom.

But, still, we werenot able to remove the variablesF a1 ;a2 ;:::a2N ;b;0, b 6= 0.
They are unrestricted by the constraints. So they have to be a�ected by
gaugetransformations. In fact, we can show that F a1 ;a2 ;:::a2N ;b;0, b 6= 0 are
gaugedependent. This follows from a direct evaluation of

f Cf ; F a1 ;a2 ;:::a2N ;b;0g =
1
i~

Dh
f̂ Ĉ; (x̂1)a1 � � � (x̂2N )a2N p̂b

iE

=
1
i~

Dh
f̂ ; (x̂1)a1 � � � (x̂2N )a2N p̂b

i
Ĉ

+ i~bf̂ (x̂1)a1 � � � (x̂2N )a2N p̂b� 1
E

� b
D

f̂ (x̂1)a1 � � � (x̂2N )a2N p̂b� 1
E

:

One may still suspect that a gaugemay be selectedsuch that the 
o ws on
one of thesevariables vanish. However, this is not the case. Substituting a
constraint such that f̂ = g[x̂ i ]Ĉb� 1, where g[x i ] is somepolynomial in 2N
variables

n
CgCb� 1 ; F a1 ;a2 ;:::a2N ;b;0

o
� b

D
g[x̂ i ] ((x̂1)a1 � � � (x̂2N )a2N ) Ĉb� 1p̂b� 1

E

and commuting all the Ĉ to the right one by one, such that Ĉb� 1p̂b� 1 =
(b� 1)!(i~)b� 1 + � � � up to operators of the form ÂĈ, we have

n
CgCb� 1 ; F a1 ;a2 ;:::a2N ;b;0

o
� b!(i~)b� 1 h g[x̂ i ] (( x̂1)a1 � � � (x̂2N )a2N )i : (9.12)
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Since the right-hand side is a gauge-independent function, (9.12) tells us
that it is impossibleto get rid of all 
o ws on a given variable F a1 ;a2 ;:::a2N ;b;0

by simply picking a gauge.

In summary, using an alternativ e set of variables F a1 ;a2 ;:::a2N ;b;c de�ned in
(9.9) we �nd that constraints becomeF a1 ;a2 ;:::a2N ;b;c � 0, c 6= 0. The vari-
ables F a1 ;a2 ;:::a2N ;b;0, b 6= 0, are gaugedependent, which leaves the gauge-
invariant and unconstrained physical variables F a1 ;a2 ;:::a2N ;0;0. These may
then be used to determine the physical quantum variables Ga1 ;:::;a2N ;0;0 de-
�ned in (9.8).

Thus, for a linear constraint a correct reduction of the degreesof freedom
is achieved by applying constraints of the form Cf = hf̂ Ĉi where f is poly-
nomial in the canonicalvariables,ascan be directly observed order by order
in the quantum variables. Locally, our procedureof e�ectiv e constraints is
complete and consistent sinceany irreducible constraint can locally be cho-
sen as a canonical coordinate. Still, global issuesmay posenon-trivialities
sinceentire gaugeorbits must be factored out when constraints are solved.

Example: A canonical variable as constrain t: Ĉ = q̂

Given that the preciseimplementation of a set of quantum constraints de-
pendson the form of the constrainedsystem,we illustrate typical properties
by an example. Further examplescan be found in [80] which, for the sake
of brevity, are not included here.

The method of solving quantum constrainedsystemsmay be outlined as
follows: We start by �nding the complete �rst-class set of constraint func-
tions representing Dirac's constraint condition. Setting theseto zerode�nes
the constraint surface,with constraint functions generating gaugetransfor-
mations on it. We construct observablesfrom the gauge-invariant functions
and recover dynamics, whereappropriate, asa gaugetransformation of non-
observable quantities.

To show how the counting argument of the previous section actually
works in practice, we will consider the constraint Ĉ = q̂.

From C(n) = 0 we obtain that all quantum variablesGqn
are constrained

to vanish, in addition to CQ = q itself. C(n)
q is included as C(n+1) . To elim-

inate moments depending not only on q̂ but also on p̂, we have to add
C(n)

pm = ĥpm q̂n i . If we restrict attention to moments up to secondorder, it

su�ces to add C(n)
p = ĥpq̂n i . This already produces a closed set of con-

straints.
In this example, it is feasible to work with the symmetrically ordered

quantum variables intro duced in Section 9.4.3. Becausehere we know a
quantum variable that is gaugeinvariant, i.e. commutes with the constraint,
namely q̂. For instance, quantum variables GCn q and GCn p form a closed
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set of constraints as may be deducedfrom (9.8) and the subsequent discus-
sion. Using the Poissonrelations (9.3), we verify the �rst-class nature of the
system of constraints

f Ga;0; Gc;0g = 0 for b = d = 0 ;

f Ga;0; Gc;1g = a(Ga+ c� 1;0 � Ga� 1;0Gc;0) � 0 for b = 0; d = 1 ;

f Ga;1; Gc;1g = (a � c)Ga+ c� 1;1 � aGa� 1;1Gc;0 + cGa;0Gc� 1;1 � 0

for b = d = 1 :

To discussmoments up to secondorder, constraints with at most a single
power of p areneeded.Theseconstraints are in fact equivalent to constraints
given by quantum variables due to

Gqn
= h(q̂ � q)n i =

nX

j =0

�
n
j

�
(� 1)j qj ĥqn � j i =

n � 1X

j =0

�
n
j

�
(� 1)j qj C(n � j ) + (� 1)n qn ;

Gqn p =
1

n + 1
h(q̂ � q)n (p̂ � p) + (q̂ � q)n � 1(p̂ � p)( q̂ � q) + � � � + (p̂ � p)( q̂ � q)n i

=
1

n + 1
h(n + 1)(p̂ � p)( q̂ � q)n + 1

2 in(n + 1)~(q̂ � q)n � 1i

= hp̂q̂n i � ph(q̂ � q)n i +
nX

j =1

�
n
j

�
(� 1)j qj hp̂q̂n � j i +

1
2

in~h(q̂ � q)n � 1i

= C(n )
p � pGqn

+
n � 1X

j =1

�
n
j

�
(� 1)j qj C(n � j )

p + (� 1)n qn p +
1
2

i~nGqn � 1
:

Starting from n = 1, one can iterativ ely verify that the relations above
provide a one-to-onemapping from

�
C(n) ; C(m� 1)

p

�

n;m 2 N
� !

�
Gqn

; Gqm p�
n;m 2 N :

This is thus a speci�c demonstration of the relation between(9.8) and (9.9)
discussedin Section 9.4.4.

Thus, the constraint surfacecan be analyzed using quantum variables.
What about the gauge
o w?

For this type of classicalconstraint, reordering will only lead to either
a constant or to terms depending on quantum variables de�ned without
referenceto p̂. Sincetheseare already included in the set of constraints and
a constant doesnot alter the generatedcanonical transformations, they can
be eliminated when computing the gauge
o w.11

The gauge
o w generatedby the quantum constraints up to secondorder
can therefore be computed using symmetrically-ordered quantum variables,

11 The constant term 1
2 i~ in Gqn p for n = 1, however, will play an important role in

determining the constraint surface.
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such as Gqn
and Gqn p for example. For the moments of di�eren t orders, we

then have the following constraints and gaugetransformations.

Exp ectation values
We just have one constraint, q = 0, which generatesthe gaugetrans-
formation p 7! p + � 1.

Fluctuations
Here, two constraints arise, Gqp � const: and Gqq � 0. They generate
gaugetransformations Gpp 7! Gpp + 4� 2Gqp and Gpp 7! Gpp(1 + 2� 3),
respectively. As we will seein (9.13) below, Gqp is non-zeroon the con-
straint surface, so that Gpp can be freely rescaledusing gaugetrans-
formations.

Higher Momen ts
At each order, we have constraints C (n� m)

pm with m < n. The only
quantum variable that is not eliminated through these is Gpn

. This
has to be removed by gaugetransformations, generatedfor example
by Gqn

. This con�rms the counting of Section 9.4.4.

Thus, to secondorder, we seethat two moments are eliminated by quan-
tum constraints while the remaining one is gauge. In this way, the quantum
variables are eliminated completely.

Let us now discussthe reality conditions of quantum variables. The con-
straint C(1)

p = ĥpq̂i = 0 implies that

Gqp =
1
2

ĥqp̂ + p̂q̂i � qp = ĥpq̂i � qp +
1
2

i~ �
1
2

i~ (9.13)

must be imaginary. From the point of view of the kinematical inner prod-
uct this seemsproblematic since we are taking the expectation value of a
symmetrically ordered product of self-adjoint operators. However, the in-
ner product of the kinematical Hilb ert spaceis only auxiliary, and from our
perspective not even necessaryto specify. But an imaginary value of some
kinematical quantum variable is not only admissiblebut also has a big ad-
vantage. Only with such an imaginary value can the uncertainty relations
be satis�ed.

For an unconstrained system, we have the generalizeduncertainty rela-
tion

GqqGpp � (Gqp)2 �
~2

4
: (9.14)

So this relation has to hold on the physical Hilb ert space. More than that,
we want it to hold on the kinematical level already. We do so becausethe



9.5. APPROXIMA TION SCHEMES 139

uncertainty relations are useful to construct coherent states and it is often
helpful to have them at onesdisposal.

If we had worked with real quantum constraints, Gqq � 0 � Gqp in-
stead of C(2) � 0, C(1)

p � 0, the uncertainty relation (9.14) would have
been violated. The imaginary value of Gqp obtained with our de�nition of
the quantum constraints, on the other hand, allows us to implement the
constraints in a way respecting the standard uncertainty relation. Choosing
� (Gqp)2 = 1

4~2 from (9.13) just saturates relation (9.14).

So, linear constraints show that quantum constraints can be formulated
in a consistent and complete way. This then also entails local consistency
and completenessof every system with a single constraint sinceevery con-
straint can be linearized by a canonical transformation. But nonetheless,
global issuesmay be important, especially in quantum theory. Moreover,
such a canonicaltransformation linearizing a constraint inducescomplicated
transformations on quantum variables in which their ordersmix. Such a lin-
earization, even though in principle possible,might thus not be a very handy
option. We will therefore have to discussnon-linear examplesto show the
practicalit y of our procedures. Note that already in the above, simple ex-
ample, we restricted attention to second-ordermoments.

9.5 Appro ximation schemes

The aim of this section will be to devisea general method to consistently
approximate quantum constraints. The approximated constraints will be
referred to as e�ective constraints. Such a reduction of the full system is
in generalnecessaryfor practical purposes.The in�nite-dimensional system
has to be reducedto a certain �nite order of quantum variables so that one
can actually retrieve someinformation from it.

The most immediate approximation schemethat may cometo mind, is
a sharp truncation. That meansthat we simply set all quantum variables
above a certain order to zero. It is then necessaryto check whether the
system of constraints can still be formulated in a consistent way after such
a reduction has beencarried out. A priori one cannot assume,for instance,
that a sharply truncated systemof constraints hasany non-trivial solution at
all. It may turn out that all degreesof freedomare removedby the truncated
constraints. Also, it is not clear how many (truncated) constraints have to
be taken into account at a certain order of the truncation. In this section,
we �rst considera linear exampleand show that it can be consistently trun-
cated. We then turn to the more elaborate and more physical example of
the parametrized free, non-relativistic particle. Here, sharp truncations turn
out to be inconsistent.

This motivated a more careful approximation scheme which removes
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degreesof freedomorder by order | as is already suggestedby the proof in
Section 9.4.4.

We will �rst show that sharp truncations are unreliable asa generaltool,
before turning to consistent approximations.

9.5.1 Truncations

We will discusstruncations for the simple constraint C = q of Section 9.4.4
and then turn to the relativistically more relevant caseof the parametrized,
free particle.

Truncated system of constrain ts for Ĉ = q̂

The system of Section 9.4.4 is governed by a constraint C = q, which, on
the quantum level, entails the constraint operator Ĉ = q̂. This implies the
following constraints on quantum phasespace:

C(n) = hĈn i = Cn +
n� 1X

j =0

�
n � 1

j

�
C j G0;n� j ;

C(n)
q = ĥqĈn i = C(n+1) ;

C(n)
p = ĥpĈn i = pCn + p

n� 1X

j =0

�
n
j

�
C j G0;n� j

+
n� 1X

j =0

�
n
j

�
C j

an� j

�
G1;n+1 � i~

(n � j )2

(n � j + 1)
G0;n� j � 1

�
;

where an� j are constant coe�cien ts. Theseare accompaniedby similar ex-

pressionsof higher-polynomial constraints, i.e. C (n)
pm , which are more lengthy

in explicit form due to the reordering involved in quantum variables.
The lowest power constraint yields C (1) = C � 0. Inserting this, the

higher power constraints reduceto

C(n) � G0;n ; C(n)
q � G0;n+1 ;

C(n)
p � pG0;n +

1
an

�
G1;n � i ~

n2

(n + 1)2 G0;n� 1

�
:

Performing a sharp truncation at N th order, wesetGa;b = 0 for all a+ b > N .
As non-trivial constraints remain
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C(n) jN � G0;n for all n � N ;

C(n)
p jN � pG0;n +

1
an

�
G1;n � i~

n2

(n + 1)2 G0;n� 1

�
for all n � N � 1 ;

C(N )
p jN � pG0;N +

1
aN

�
� i ~

N 2

(N + 1)2 G0;N � 1

�
for n = N :

Solving the quantum constraints C (n) � 0 and inserting the solutions into
the constraints C(n)

p , yields

C(n)
p jN �

1
an

G1;n for all n � N � 1 ;

C(n)
p jN � 0 for all n � N :

Thus we �nd that for the truncated system,G0;n are eliminated through the
constraints C(n) = 0, whereasthe quantum variables G1;n are eliminated

through C(n)
p = 0. Higher polynomial constraints can be expandedas

C(n)
pk =

kX

i =0

nX

j =0

�
k
i

��
n
j

�
pi C j h(p̂ � p)k� i (q̂ � q)n� j i

�
kX

i =0

�
k
i

�
pi h(p̂ � p)k� i (q̂ � q)n i =

Gk;n

bk;n
+ � � �

with some coe�cien ts bk;n . Moments of lower order in p are not written
explicitly becausethey can be determined from constraints of smaller k.

So we seethat theseconstraints �x all remaining moments except Gn;0.
Moreover, due to the constraint C (1) = C � 0, expectation values are re-
stricted to the classicalconstraint hypersurface. No further restrictions on
thesedegreesof freedomarise.

The remaining unconstrained Gn;0 are, on the other hand, pure gauge.
They can be changed arbitrarily by a gauge transformation. This again
con�rms considerationsof Section 9.4.4 becausethe gauge 
o w of C (n)

qm =

C(n+ m) is su�cien t to remove all gaugewithout making use of C (n)
pm with

m 6= 0, where operators not commuting with the constraint would occur.
We therefore conclude that the system can thus be truncated consis-

tently . For a truncation at N th order of a linear classicalconstraint, con-
straints up to order N have to be taken into account.

However, the linear caseis quite special becausewe only had to trun-
cate the systemof constraints, but not individual constraints: any e�ectiv e
constraint contains quantum variables of only one, �xed order. This was
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just the point of Section 9.4.4. When Ĉ is linear, we can imposeall of the
constraints and remove all gauge degreesof freedom in variables up to a
given order without invoking higher-order constraints. This is accomplished
by treating higher-order constraints as imposing conditions on higher-order
quantum variables | possibly in terms of the lower-order unconstrained
ones| and noting that, using (9.12), there is no needto refer to constraints
containing polynomial terms of order above F a1 ;a2 ;:::;a2N ;b;0 itself, in order to
demonstratethat this variable may be rescaledusing gaugetransformations.

Moreover, the gauge-invariant degreesof freedom that remain, weakly
commute with all constraints and not just with the constraints up to the or-
der considered,see(9.11). As a result, in the linear exampleof Section9.4.4,
higher-order constraints do not a�ect the reduction of degreesof freedom
for lower orders and so could be disregardedwithout making any approxi-
mations. For non-linear constraints, however, orders of moments mix and
constraints relevant at low orders can contain moments of higher order. It
is then more crucial to seehow the higher moments could be disregarded
consistently , as we will do in what follows.

Truncated system of constrain ts for the parametrized free, non-
relativistic particle

The motion of a free particle of massM in one dimension is described on
phasespacewith coordinates (p;q). Through the intro duction of an arbi-
trary time parameter � , time can be turned into an additional degreeof free-
dom. The systemis then formulated on the 4-dimensionalphasespacewith
coordinates (t; pt ; q; p). The Hamiltonian constraint of the parametrized free,
non-relativistic particle is given by

C = pt +
p2

2M
;

which is constrained to vanish. Becausethis is the scenarioencountered in
all reparametrization-invariant theories, this example is of special interest
for di�eomorphism-in variant theories as general relativit y.

Promoting phasespacevariables to operators, Dirac constraint quanti-
zation yields the quantum constraint

�
p̂t +

p̂2

2M

�
	 = 0 : (9.15)

In the Schr•odinger representation, onearrivesat an equation that is formally
equivalent to the time-dependent Schr•odinger equation12

12 In contrast to the ordinary, time-dependent Schr•odinger equation, time is an operator
in the equation obtained here and not an external parameter. This implies that the
Hamiltonian which generates evolution in time, Ĥ ph ys = p̂2

2M , has the same action on
physical states as the momentum operator canonically conjugate to time. In contrast to
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i~
@	( t; q)

@t
= �

~2

2M
@2	( t; q)

@q2 :

As is well known, solutions to this equation are given by

	( t; q) =
Z

dkA(k)e
i
~ E (k)t+i kq ; (9.16)

where E(k) = ~2k2

2M .
For quantum variables we use,as before, the notation

Ga;b
c;d = h(p̂ � p)a(q̂ � q)b(p̂t � pt )c(t̂ � t)di Weyl :

In their general form, the set of constraints on the quantum phasespaceis
given in Appendix E.

Zeroth-order truncation Truncation of the system at zeroth order, i.e.
setting all quantum variables to zero, yields C (n) jN =0 = Cn together with

C(n)
q jN =0 = qCn +

i~
2

n
p
m

Cn� 1 ; C(n)
t jN =0 = tC n +

i~
2

nCn� 1

as the required constraints. This truncation is not consistent. Inserting the
condition C = 0 into the expressionsfor the remaining constraints results
in inconsistent equations. For exampleC (1)

t jN =0 = tC + 1
2 i~, implies i~

2 = 0.
The reasonfor the failure of the sharp truncation seemsclear. A trunca-

tion at zeroth order can be understood asneglectingall quantum properties
of the system. But this is not possible for a free particle. For example,
there is no solution in which the spread in both p and q would stay neg-
ligible throughout the particle's evolution. There is no wave-packet which
would remain tightly peaked throughout and so a description in terms of
expectation valuesalone seemsinsu�cien t in this case.

Second-order truncation But even if one takes into account second-
order quantum variables, spreadsand correlations, an inconsistent system
results. The expanded constraints can also be found in Appendix E, which
we now sharply truncate at second-ordermoments.

From C(n) only three non-trivial constraints follow

the physical Hamiltonian, which is bounded below and positive semi-de�nite, the spectrum
of the time momentum p̂t covers the entire real line. On physical solutions, however, only
positive `frequencies' contribute.
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C(1) = C +
1

2M
G2;0

0;0 ;

C(2) jN =2 = C2 � (6C � 4pt ) G2;0
0;0 +

4p
2M

G1;0
1;0 + G0;0

2;0 ;

C(3) jN =2 = C3 ;

upon inserting the constraints successively. Thus for an N = 2 order trun-
cation, at n = 3, the classical constraint is recovered and must vanish for
the truncated system. Then, C (1) � 0 yields G2;0

0;0 � 0 which is too strong
for a consistent reduction sinceone expects the 
uctuation Gpp to be freely
speci�able. It has to remain a physical degreeof freedom after solving the
constraints, for otherwise no generalwave packet as in (9.16) can be posed
as an initial condition for the free particle. As we see, the sharply trun-
cated system is over-constrained. In particular, the constraint C (3) , when
truncated to second-ordermoments, reducesto the classicalconstraint C3,
which then immediately implies Gpp = 0 due to C(1) .

This observation points already | and luckily | to a resolution of the
inconsistency. While C(1) is already of secondorder even without a trunca-
tion, C(3) contains higher-order moments. The truncation is then inconsis-
tent becausewe are ignoring higher orders next to an expressionwhich we
then constrain to be zero. Thus, a more careful approximation schememust
bedevisedwherewedo not truncate sharply but ignorehigher moments only
when they appear together with lower moments not constrained to vanish.
In such a scheme, as discussedin the following section, C (3) would posea
constraint on the higher moments in terms of C � � Gpp=2M , but would
not require C or Gpp to vanish.

9.5.2 Consisten t appro ximations

We saw in the preceding section that a sharp truncation scheme in which
all moments larger than a certain order are set to zero, doesnot yield sen-
sible results. We have to devisea more careful approximation schemethat
takes into account, e.g. products of moments, but also orders of ~. Most
importantly , we want to avoid the situation in which terms are considered
as dominant over others and are consequently set to zero, which themselves
vanish due to somequantum constraint.

General pro cedure and momen t expansion

The consistent approximation is basedon a moment expansion. To formalize
this moment expansion, one replaceseach moment

Ga;b
c;d

by
� ! � a+ b+ c+ dGa;b

c;d
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and expandsin � . This automatically guaranteesthat higher-ordermoments
appear at higher orders in the expansion,and that products of moments are
of higher order than the moments themselves. Moreover, in order to leave
the uncertainty relation unchanged,we have to replace

~
by

� ! � 2~ ;

which ensuresthat it is of higher order, too, without performing a speci�c
~-expansion. After the � -expansionhas beenperformed, � can be set equal
to one to reproduce the original terms.

In addition to such an expansion scheme, it is important to establish
a certain hierarchy of constraints that determines in which order the con-
straints have to be considered, i.e. which are to serve as constraints on
expectation values,which restrict second-ordermoments and which have to
be consideredas constraints on higher-order moments.

This scheme will be demonstrated for the parametrized particle of the
previous section, but the generalconsiderationsapply to any parametrized,
non-relativistic, i.e. arti�cial ly reparametrization-invariant, system.

Hierarc hy of constrain ts

Variables and constraints were determined in Section 9.5.1. The form of
constraints establishesa hierarchy, suggestingto solve C (n) �rst, then C(n)

q ,
C(n)

t , C(n)
pt and C(n)

p , and the remaining constraints (E.3) { (E.6) �rst for
k = 1, then k = 2 etc. Note that for each k in (E.3) { (E.6) the r = k term
is the only contribution of a form not appearing at lower orders. The terms
occurring in the r -sum are linear combinations of the constraints (E.3) {
(E.6) for k0 < k. Thus, apart from the r = k term, all terms vanish if the
lower k constraints are satis�ed.

To actually seethat this is a sensibleway of sorting the constraints, one
has to look a bit more into the structure of the constraints.

First notice that the structure of the constraints is such that on the
constraint hypersurfaceC (n) , C(n)

qpk , C(n)
q , C(n)

tpk and C(n)
t contain as lowest

order terms expectation values, whereasC (n)
ppk , C(n)

p , C(n)
pt pk and C(n)

pt have
second-ordermoments as lowest contribution. The highest order moments
occurring in C(n) are of order 2n, of order 2n + 1 for C (n)

q , C(n)
t , C(n)

p and
C(n)

pt and of order 2n + 1 + k in C (n)
qpk , C(n)

tpk , C(n)
ppk and C(n)

pt pk .

The structure of (E.3) { (E.6) implies that the lowest contributing order in
the j - and `-sums(on the constraint hypersurface)is j + ` + k � 1 and rises
with k. Consequently , there existsa maximal k up to which constraints have
to be studied if only moments up to a certain order are taken into account.

This can be seenby studying the constraint
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C(n) =
nX

m=0

mX

j =0

2(n� m)X

`=0

�
n
m

��
m
j

��
2(n � m)

`

�
pm� j

t
p2(n� m)� `

(2M )n� m G`;0
j; 0 :

This speci�c constraint shall only serve as a representativ e. The other con-
straints, (E.1) { (E.6), are of the same structure. Assume that we are
interested in moments up to order N . For such a �xed order N of moments,
there is a factor of lowest and one of highest power of C. In C (n) , e.g.,
the highest power is given for j = 0, ` = 0 (with m = n) and is simply
Cn , whereasthe lowest power is given for ` = 0, j = N and is given by
n(n � 1) � � � (n � (N � 1))Cn� N .13

In the j -`-summation, the relevant moments then occur for j + ` � 1 �
N . From this condition, a number of pairs (j; `) result for which the sums
occurring in (9.5.2), and thus also in (E.1) { (E.6), can be evaluated.

There remain sumsover m containing pt , which should be eliminated if
we chooset as internal time to make contact with the quantum theory of the
deparametrizedsystem. (Our consistent approximation procedure,however,
is more generaland doesnot require the choiceof an internal time.) We can
achieve this by rewriting theseasterms of the form n(n� 1) � � � (n� g)Cn� g� 1

multiplied by powers of p and 2M , where g is an integer depending on the
values of j and `, see (E.7) { (E.21) as examples. This is achieved by
eliminating pt via C(1) = CQ � 0 and illustrates the central role played by
the principal quantum constraint CQ .14

Since C � � G2;0
0;0=2M , powers of second-ordermoments ensue | or

higher q-moments if there is a potential. Together with powers of ~ in some
of the terms, this must be comparedwith the orders of higher moments in
order to approximate consistently .

One can now rewrite the sum over m for all those terms which produce
factors with powers of C down to the lowest power occurring in front of
the relevant moments. In C(n) this would correspond to Cn� N . One can
therefore rewrite the constraints in the form

CnY1 + nCn� 1Y2 + n(n � 1)Cn� 2Y3 + � � � + R � 0 ; (9.17)

where Yi are functions linear in moments including those of order smaller
than N , and R contains only moments which areof higher order. This allows
one to successively solve the constraints for n = 1, n = 2, etc. and discard
all constraints arising for n � N + 1, n > 0. In each case,onehasto �nd the
terms of lowest order in the moment expansion,in combination with powers
Cn , to seeat which order a constraint becomesrelevant.

13 This term arises of course as well for (` = N ; j = 0), (` = 1; j = N � 1), etc.
14 In our example of the free particle, we have CQ = pt + p2=2M + G2;0

0;0=2M . If there is
a potential, there will be further classical terms as well as quantum variables G0;n

0;0 .
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It is crucial for this procedure to work that Cn , which arisesin all con-
straints, can be eliminated at least for all n > n0 through terms of higher-
order moments using the principal constraint CQ . This key property is
indeed realized for any non-relativistic particle even in a potential, as long
as pt appears linearly. For relativistic particles, additional subtleties arise
that have not beenstudied yet. While (E.1) { (E.6) changetheir form for a
di�eren t classicalconstraint, the proceduresketchedherestill applies. Thus,
it doesnot only refer to quadratic constraints but is su�cien tly general for
non-relativistic quantum mechanics.

We will explicitly demonstratethe procedurefor the freeparticle in what
follows. For that purpose,we rewrote the set of constraints in the required
form (9.17) for moments up to third order as seenin Appendix E.

9.5.3 Consisten t appro ximations: the parametrized, free non-
relativistic particle as an example

Consistency of constrain ts for exp ectation values

At zeroth order, we keeponly expectation values. All moments are of order
O(� 2) or higher. As only relevant constraints we therefore �nd C (n) � 0,
cf. Appendix E. Keeping only zeroth-order terms, this reducesto C (n) =
Cn � 0. This in turn corresponds to the single constraint C � 0 which can
be usedto eliminate pt in terms of p. The systemof constraints is obviously
consistent at zeroth order and no constraints on variables associated with
the pair (q; p) result.

The only constraint C(1) = C � 0 generatesa gauge
o w on expectation
valuesgiven by

_p = 0 ; _pt = 0 ; _q =
p

M
; _t = 1 :

where a dot denotesderivation with respect to parameter time � . The two
observablesof the system are therefore

P (0) = p and Q(0) = q � t
p

M
with fQ (0) ; P (0) g = 1 ; (9.18)

These correspond to the two physical degreesof freedom corresponding to
expectation values of canonical variables. Among the four original degrees
of freedomof the system, pt is eliminated via the constraint and t is a pure
gauge degreeof freedom. There are no further constraints to this order,
which is thus consistently approximated.

Consistency of constrain ts up to second-order momen ts

At secondorder, we include second-ordermoments and orders of ~ | recall
that ~ is of order � 2 in the moment expansion| in addition to expectation
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values. Third order contributions are set to zero. We �nd that in addi-
tion to C(1) , the new constraints C(1)

q , C(1)
t , C(1)

pt and C(1)
p arise. All other

constraints are of higher order, since second-ordermoments enter in these
equationsonly through quadratic terms or with a factor of ~, both of which
are consideredas higher-order terms, cf. Appendix E. The only non-trivial
constraints are therefore

C(1) = C +
1

2M
G2;0

0;0 � 0 ;

C(1)
q = G0;1

1;0 +
p

M
i~
2

+
p

M
G1;1

0;0 � 0

C(1)
t =

p
M

G1;0
0;1 + G0;0

1;1 +
i~
2

� 0

C(1)
pt

= G0;0
2;0 +

p
M

G1;0
1;0 � 0

C(1)
p = G1;0

1;0 +
p

M
G2;0

0;0 � 0 ;

where third-order contributions have been set to zero. In accordancewith
the order of expectation values, we use the �rst constraint to eliminate
pt = � p2=2M � G2;0

0;0=2M and solve for second-ordermoments

G0;1
1;0 = �

p
M

i~
2

�
p

M
G1;1

0;0 ;
p

M
G1;0

0;1 = � G0;0
1;1 �

i~
2

(9.19)

G0;0
2;0 = �

p
M

G1;0
1;0 ; G1;0

1;0 = �
p

M
G2;0

0;0 :

As constraints for k > 1 contain second-ordermoments only through Cn ,
they are trivial as well. This follows from the �rst constraint which sets

Cn �
�

G2;0
0;0

� n
� O(� 2n ).

Thus, as far as second-ordermoments are concerned,the systemof con-
straints is consistent. The moments G0;0

2;0, G1;0
1;0, G1;0

0;1 and G0;1
1;0 are fully deter-

mined while all second-ordermoments associated with the pair (q; p) can be
speci�ed freely. All remaining constraints then determine higher moments.
This is the samesituation asexperiencedin the linear case,as far assolving
the constraints for second-ordermoments is concerned. The inconsistency
of Section9.5.1 is avoided becauseC (3) , which madeC and thus G2;0

0;0 vanish
in the sharp truncation, is now realized as a higher-order constraint in the
moment expansion.

Gaugetransformations are generatedby C (1) , C(1)
q , C(1)

t , C(1)
pt and C(1)

p ,
where third-order contributions are set to zero as in (9.19). In comparison
to Section 9.5.3 we have four additional gauge transformations. Whereas
P (2) := P (0) remains gaugeinvariant under these transformations as well,
this is not the casefor Q(0) . The latter has to be altered by adding second-
order moments such that an observable
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Q(2) = Q(0) �
1

M
G1;0

0;1 (9.20)

results which also satis�es fQ (2) ; P (2) g = 1.
Calculating the transformations generated by constraints on second-

order moments shows that Gpp(2) = G2;0
0;0 is an observable, i.e. commutes

with all �v e constraints on the hypersurfacede�ned by these constraints.
The form of gaugeorbits suggeststo make the ansatz

Gqp(2) = G1;1
0;0 + G0;0

1;1 �
t

M
G2;0

0;0 +
i~
2

; (9.21)

Gqq(2) = G0;2
0;0 � 2

p
M

G0;1
0;1 +

p2

M 2 G0;0
0;2 �

2t
M

�
G1;1

0;0 + G0;0
1;1 +

i~
2

�

+
t2

M 2 G2;0
0;0 ;

for the remaining two observables. They are invariant under gaugetransfor-
mations. The term i~

2 is included such that Poissonbrackets betweenGqq(2)

and the remaining two quantum observablesare of the required form. They
satisfy

fGpp(2) ; Gqp(2) g = � 2Gpp(2) ; fGpp(2) ; Gqq(2) g = � 4Gqp(2) ;

fGqp(2) ; Gqq(2) g = � 2Gqq(2) :

Commutators betweenQ(2) , P (2) and the physical quantum variablesGqq(2) ,
Gpp(2) and Gqp(2) vanish.

Thus we showed that four of the ten second-ordermoments are eliminated
directly by the constraints. Three of the remaining second-ordermoments,
G0;0

1;1, G0;0
0;2 and G0;1

0;1, are pure gaugedegreesof freedom. Consequently three
physical quantum degreesof freedom remain at secondorder. The observ-
ables can be used to determine the general motion of the system in co-
ordinate time: From (9.18) and (9.20) together with (9.19) and (9.21) we
obtain

q(t) = Q(2) +
t

M
P (2) +

1
M

Gp
t � Q(2) +

t
M

P (2) �
1
p

�
Gtp t +

i~
2

�

= Q(2) +
t

M
P (2) �

1
P (2)

�
Gqp(2) +

t
M

Gpp(2) � Gqp
�

(9.22)

for the relational dependencebetween q, t and Gqp. Thus, the moments
appear in the solutions for expectation values in coordinate time which il-
lustrates the relation betweenexpectation valuesand moments.
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At this stage, we still have to choosea gauge if we want to relate the
non-observablesq, t and Gqp in this equation to properties in a kinematical
Hilb ert space.A convenient choice is to treat (t; pt ) like a fully constrained
pair.

The choice should ensurethat physical quantum variables take real val-
ues and the uncertainty relations are satis�ed for all, physical as well as
unphysical, quantum variables. This suggeststo �x the gaugeby requiring
that Gtp t = � 1

2 i~ has no real part. Then, physical quantum variables are
real. Moreover, as in the linear case,we can gauge�x Gtt = 0, such that the
uncertainty relation Gtt Gpt pt � (Gtp t )

2 � ~2=4 is saturated independently of
the behaviour of the (q; p)-variables. For Gtt 6= 0, it would depend on those
variables via Gpt pt � p2Gpp=M 2 from (9.19). Finally , this is the only gauge
condition for Gtp t which works for all values of P (2) , including P (2) = 0 in
(9.22).

In this gauge,we obtain

q(t) = Q(2) +
P (2)

M
t ; Gqp(t) = Gqp(2) +

Gpp(2)

M
t

in agreement with the solutions one would obtain for the deparametrized
free particle. In this case,there is no quantum back-reaction of quantum
variables a�ecting the motion of expectation values becausethe particle is
free. In the presenceof a potential, equations analogousto those derived
here would exhibit those e�ects.

Consistency of constrain ts up to third-order momen ts

Including third-order terms in the analysis,solutions to the constraints C (1)
q ,

C(1)
t , C(1)

pt and C(1)
p become

G0;1
1;0 = �

p
M

i~
2

�
p

M
G1;1

0;0 �
1

2M
G2;1

0;0 ;

p
M

G1;0
0;1 = � G0;0

1;1 �
i~
2

�
1

2M
G2;0

0;1 ;

G0;0
2;0 = �

p
M

G1;0
1;0 �

1
2M

G2;0
1;0 ;

G1;0
1;0 = �

p
M

G2;0
0;0 �

1
2M

G3;0
0;0 :

As in the previous paragraph, they will be used to determine second-order
moments. The constraint C (1) contains no third-order terms and thus re-
mains unaltered. Thir d-order moments aredetermined by higher constraints
C(1)

qp , C(1)
tp , C(1)

pt p, C(1)
p2 and C(2)

q , C(2)
t , C(2)

pt .
All other constraints contain third-order moments with a factor of ~ or

of secondor higher moments, both of which provides terms of higher order.
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For instance, we may considerthe constraints C (1)
qp2 , C(1)

tp2 , cf. (E.17), (E.18).
They both contain third-order moments with a factor of C, which, after
solving C(1) , becomesa term of �fth order. The remaining second-and third-
order terms occur with a factor of ~, and are thus of fourth and �fth order.
From this considerationof ordersin the moment expansion,weconcludethat
C(1)

qp2 and C(1)
tp2 do not constrain third-order moments but becomerelevant

only at higher than third orders of the approximation scheme.

For n = 1 the constraints that actually do determine third-order moments
are C(1)

qp , C(1)
tp , C(1)

pt p and C(1)
p2 . On the constraint hypersurface,they imply

G1;1
1;0 � �

p
M

G2;1
0;0 +

1
2M

G2;0
0;0

�
G1;1

0;0 � i~
�

;

G1;0
1;1 �

1
2M

G2;0
0;0G1;0

0;1 �
p

M
G2;0

0;1 ;

G1;0
2;0 �

1
2M

G2;0
0;0

�
1

2M
G3;0

0;0 +
p

M
G2;0

0;0

�
�

p
M

G2;0
1;0; ;

G2;0
1;0 �

1
2M

G2;0
0;0G2;0

0;0 �
p

M
G3;0

0;0 :

Note that this holds on the constraint hypersurface de�ned by the con-
straints C(1) , C(1)

q , C(1)
t , C(1)

pt and C(1)
p . Dropping fourth- and �fth-order

terms, we �nd the simple relations

G1;1
1;0 � �

p
M

G2;1
0;0 ; G1;0

1;1 � �
p

M
G2;0

0;1 ;

G1;0
2;0 � �

p
M

G2;0
1;0 ; G2;0

1;0 � �
p

M
G3;0

0;0 :

This happensin a consistent manner becauseunconstrainedthird-order mo-
ments appear on the right-hand sides. No condition on the (q; p)-moments
present in these equations arises in this way, but the third-order moments
G1;0

1;1 and G0;0
2;1 associated with (t; pt ) remain unspeci�ed at this stage. The

constraints C(2)
q , C(2)

t , C(2)
pt arising for n = 2 yield

G0;1
2;0 �

p
2M 2 G2;0

0;0G1;1
0;0 ;

G0;0
2;1 �

1
M

�
G2;0

0;0

�
G0;0

1;1 +
1

2M
G2;0

0;1

�
+

p2

M
G2;0

0;1

�
;

G0;0
3;0 � 2

p
M

�
�

p2

2M 2 G3;0
0;0 +

1
2M

G2;0
0;0

�
1

2M
G3;0

0;0 +
p

2M
G2;0

0;0

��
;

which, after setting higher-order terms to zero, sets
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G0;1
2;0 � 0 ; G0;0

2;1 �
p2

M 2 G2;0
0;1 ; G0;0

3;0 � � 2
p3

2M 3 G3;0
0;0 :

Now we turn to the elimination of degreesof freedom through gauge
transformations. The inclusion of third-order terms and new constraints
doesnot a�ect P (2) and Q(2) . They remain constant under gaugetransfor-
mations. We therefore write

P (3) := P (0) and Q(3) := Q(2) :

Accordingly, their Poissonbracket is unaltered. The situation is, however,
altered for the second-orderquantum variables. Only Gpp(2) remains invari-
ant under the 
o w generatedby third-order constraints. Now that third-
order terms are included, Gqp(2) and Gqq(2) are no longer observables. The
former changesunder gaugetransformations as follows

fGqp(2) ; C(1)
q g =

1
2M

G2;1
0;0 ; fGqp(2) ; C(1)

t g =
1

2M
G2;0

0;1 ;

fGqp(2) ; C(1)
pt

g =
1

2M
G2;0

1;0 ; fGqp(2) ; C(1)
p g =

1
2M

G3;0
0;0 ;

whereasPoissonbracketswith C (1)
qp , C(1)

tp , C(1)
pt p and C(1)

p2 areof fourth order in
the moment expansion. The terms on the right-hand sidecan be eliminated
through the addition of a third-order moment by

Gqp(3) := Gqp(2) �
1

2M
G2;0

0;1 :

This has vanishing Poissonbrackets with all constraints up to fourth-order
terms. Moreover, it has vanishing Poissonbracket with P (3) aswell asQ(3) .
The Poissonbracketswith Gpp(3) := Gpp(2) remainsunaltered, fGqp(3) ; Gpp(3) g =
2Gpp(3) .

Transformations generated by the constraints on Gqq(2) are of a more
complicated form and I have not found a simple way of writing Gqq(3) in
explicit form.

Nonethelesswe can end our calculations becausethe applicabilit y of
e�ectiv e constraints has beendemonstrated.

9.6 Conclusions

I thoroughly motivated and brie
y intro duced the formalism of generalized
e�ectiv e equations. This is set up on quantum phasespacecoordinatized
by expectation values and higher moments of the wave function which are
also referred to as quantum variables. The main part of this chapter was
concernedwith the application of this schemeto constrained systems.
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Two major taskshad to besolved in order to provide such an application.
First of all, a handy set of constraints on quantum phasespacehad to be
found that replacesDirac's quantization condition. The major problem was
to ensurethat this set would provide neither stronger nor weaker restrictions
than the original constraint quantization condition. Secondly, the resulting
in�nite set had to be dealt with in someway. That meanswe had to �nd
a consistent approximation method. This method had to be chosen such
that quantum variables can be treated order by order. Nonetheless,the
approximated systemshould removedegreesof freedomup to a certain order
correctly.

We developed an iteration procedure that allows one to determine a
minimal set of quantum constraints. It was shown how this set would look
like for linear constraints and moreover demonstrated that the thus chosen
set meetsall requirements. The degreesof freedomare removed correctly.

Furthermore, wepresented a consistent approximation schemethat works
for any arti�cially reparametrization-invariant theory. This procedure also
applies to interacting systems. We can solve the constraints in the same
manner and using the sameorders of constraints. The main consequence
in the presenceof a potential V (q) is that additional q-moments appear as
extra terms in solutions at certain orders, whose precise form depend on
the potential. For a small potential, this can be dealt with by perturbation
theory around the free solutions.

The relativistic, or truly reparametrization-invariant case,awaits further
study.
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Chapter 10

Conclusions

In this thesis, I gave a careful derivation of quantum general relativit y. I
paid particular attention to the problemsof this approach. Quantum general
relativit y is usually blamed for not allowing a positive de�nite inner product
and thus no Hilb ert spacestructure. A positive de�nite inner product is
however not what onewould expect from a constrainedquantum theory. To
the contrary , one has to require that the theory does not allow a positive
de�nite inner product becauseit still contains unphysical states.

The secondreproach quantum general relativit y has to face are diver-
gencesarising from operator products at the samespacepoint. These,how-
ever, are an inherent feature of the functional Schr•odinger picture. Every
quantum �eld theory when formulated in this picture su�ers from these
divergences. Thus this type of divergencesis a problem of the functional
Schr•odinger picture and not a speci�c de�cit of quantum general relativ-
it y. The fact that these divergencescannot be simply removed by some
renormalization procedure, is however owed to general relativit y.

The third problem is related to the divergenceof the Wheeler{DeWitt
equation whenever the three-metric becomesdegenerate.

This bridges the gap to the major topic of this thesis, namely the fate
of singularities in quantum cosmology. First of all, I argued that we should
not expect that quantum general relativit y is a theory free of singularities.
Simply becauseit is not the �nal and fundamental theory. Furthermore, I
used the example of singular potentials in classicaland quantum mechan-
ics to demonstrate that we cannot expect that the singularities of classical
general relativit y do not occur on the quantum level as well. Namely, in
the caseof singular potentials, classicalsingularities persist on the quantum
level. A familiar example is the inverse-squarepotential. From this point
of view, the motivation of quantum gravity through the existence of classical
singularities is invalid.

And indeed, the divergenceof the Wheeler{DeWitt equation for degen-
erate three-metrics signals that some singularities persist on the quantum
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level.
For the cosmologicalmodel this divergencearises for vanishing scale-

factor, i.e. at the usual location of the big-bang singularity. I showed,
however, that for a Friedmann{Robertson{Walker universewith cosmolog-
ical constant for a whole classof factor-orderings a unique solution to the
Wheeler{DeWitt equation exists which can be contin uously extended to
zero scalefactor. So in the simple quantum-cosmologicalmodelsconsidered
here, the degeneracyof the three-metric does not prevent the theory from
providing unique predictions.

A way to cope with this divergenceof the Wheeler{DeWitt equation in
the full theory, is to exclude degeneratethree-metrics from the very begin-
ning. This just amounts to an implementation of the positivit y condition of
the three-metric.

All classicalsingularities that do not correspond to a degeneratethree-
metric are absent on the quantum level | as long asthey do not correspond
to singular points of the matter Hamiltonian.

From this picture, two criteria seemto be sensiblebenchmarks to judge
singularity resolution. The �rst one is the vanishing of the wave function at
the location of the classicalsingularity. This, of course,can only apply if the
classicalsingularity can be tracked down in con�guration space. The van-
ishing of the wave function then simultaneously turns the Wheeler{DeWitt
equation into a well-de�ned equation. Note that a point on which the wave
function vanishescannot contribute to the quantum theory.

The second criterion is the break-down of the semi-classicalapproxi-
mation. It applies especially to singularities which cannot be located in
con�guration space. Here, the dissolution of spacetimesu�ces to account
for singularity resolution. The end points of classically incomplete geodesics
are hidden in a quantum region. That means observers cannot `fall' into
the singularity becausespacetime itself dissolves before the singularity is
reached.

With thesetwo criteria at hand, I approached two di�eren t cosmological
scenarios. Both scenariosare dominated by singularities which end the
evolution of the universeat largescalefactor. The �rst scenariois motivated
by phantom dark energy. This type of dark energy generically drives the
universe into a big-rip singularity at which the scale factor divergesafter
a �nite amount of time. So in this model, the singularity is found at the
boundary of con�guration spaceopposite to the big bang.

In the secondscenario, the universe is governed by an anti-Chaplygin
gas. This type of matter producesa big-brake singularity which ends the
universe'sevolution at �nite, large scalefactor.

Both singularities are resolved on the quantum level. The big-rip singu-
larit y doesnot correspond to a singularity of the Wheeler{DeWitt equation.
As expected, it is therefore resolved through a merespreadingof wave pack-
ets, i.e. a break-down of the semi-classicalapproximation. As a side, let me
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remark that an exact solution to the Wheeler{DeWitt equation was given
for one of the phantom models. For each phantom model with big-rip sin-
gularit y, a corresponding scalar-�eld model was studied. These exhibit a
big-bang singularity. The big bang can be tracked down in con�guration
spaceand doescorrespond to a singular point of the Wheeler{DeWitt equa-
tion. Consequently it is, as expected, resolved through a vanishing of the
wave function. The big-brake singularity, on the other hand, corresponds
to a singularity of the matter potential. The wave function is consequently
found to vanish at the big brake, but also spreadsupon approach of the
classicalsingularity.

So, we can conclude that these more exotic types of singularity are re-
solved on the quantum level. This resolution of singularities occurring at
large scalefactor standsasproof for the occurrenceof quantum gravitational
e�ects in the macroscopicuniverse.

The last chapter does not relate to the previous ones. It was devoted to
the development of a formalism that allows the application of generalized
e�ectiv e equations to constrained systems. The two major hurdles to clear
were the consistent formulation of a set of constraints on quantum phase
spaceand the development of a consistent approximation schemefor these.
Both di�culties were overcome. The consistencyof the set of constraints
was shown for a single, linear constraint and thus for all singly constrained
systemsat least locally. The applicabilit y of the approximation schemewas
demonstrated for arti�cially reparametrization-invariant theories. The ex-
tension to relativistic systemsawaits further study.
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App endix A

Generalized Hamiltonian
dynamics

In classical mechanics, one can distinguish between regular and singular
systems. Singular systems have the property that the matrix of second
derivatives of the Lagrangian with respect to the velocities is degenerate,
i.e.

det
�

@2L(q; _q)
@_qi _qj

�
= 0

for a system with Lagrangian L(q; _q) depending on positions qi and veloc-
ities _qi = dqi

dt for each degreeof freedom i = 1; : : : N . There are certain
peculiarities arising from this degeneracy, in the Lagrangian as well as in
the Hamiltonian framework.

As the Hamiltonian framework is the starting point for quantization, I
will focus on the setup of the Hamiltonian formulation for such a singular
system. This formulation is given by the Bergmann{Dir ac algorithm.

A.1 The Bergmann{Dirac algorithm for classical
mechanics

As described above, we start from a system with action

S =
Z

dt L (q; _q) ;

whereqi and _qi for i = 1; : : : N are the positions and velocities of a mechani-
cal system. We assumethat this systemis consistent but singular. The aim
is to arrive at a Hamiltonian formulation for it. In the following we will use
q, _q or p to refer to all qi , _qi and pi .

159



160 APPENDIX A. GENERALIZED HAMIL TONIAN DYNAMICS

A.1.1 Canonical momen ta and primary constrain ts

The Hamiltonian framework is set up on phase space � consisting of all
positions q and canonically conjugate momenta p de�ned via

pi =
@L(q; _q)

@_qi :

Becausewe are dealing with a singular system, the matrix W =
�

@pi
@_qj

�
is

degenerate,i.e. it does not have full rank. Let the rank be R < N . This
meansthat we can eliminate just R of the velocities in terms of the momenta
and the remaining velocities,

_qa = f a(q; p� ; _q� ) ;

where a = 1; : : : R, � = 1; : : : R and � = R + 1; : : : N . The velocities _q�

remain in the formalism. We thus have

pi = gi (q; p� ; _q� )

for the canonicalmomenta. The set of momenta dissociatesinto two groups:
those which still contain velocities

p� = g�

and those which do not

pr = gr (q; p� ; _q� ) ; where r = R + 1; : : : N : (A.1)

The latter are constraints. As they arise in the de�nition of the momenta,
they are called primary constraints.

A singular Lagrangian systemthus correspondsto a Hamiltonian system
with 2N variables (q; p� ; _q� ) set up on a hypersurface � p of phase space
de�ned by the primary constraints, (A.1).

A.1.2 Canonical Hamiltonian and equations of motion

We de�ne the quantit y

Hc(q; p� ; _q� ) = pi _qi � L (q; _q) :

Inserting the de�ning equations for the momenta, this becomes

Hc(q; p� ; _q� ) = p� _f � + gr _qr � L (q; _q) :

Di�eren tiating this quantit y with respect to the variables (q; p� ; _q� ), we �nd
the equations
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_qa =
@Hc

@pa
�

@gr

@pa
_qr ; (A.2)

_pi = �
@Hc

@qi +
@gr

@qi _qr ; (A.3)

whereas @Hc
@_q� = 0. These equations hold by meansof the Euler{Lagrange

equations, i.e. when the equations of motion are satis�ed (becausewe re-
placed @L

@_qi by _pi ).
The Hamiltonian thus yields N + R equations of motion. The N � R

velocities _qr remain undetermined. Thus we haveequationsof motion on the
constraint hypersurface� p { but only for the qa and all pi . The equations
look very similar to the Hamiltonian equationsof motion for a regular system
but are not symmetric in p and q (more equations for p than for q) and
contain undetermined functions _qr .

The decisive step in the Bergmann{Dirac algorithm consistsnow in ex-
tending this set of equations as well as the Hamiltonian to the entire phase
space �. To this end it is convenient to intro duce the notions of weak and
strong equalities.

A.1.3 Weak and strong equalities

Weak and strong equalities can be de�ned for any function F (p;q) on a
neighbourhood of � p. The function F (p;q) is weakly equalto zeroif F (p;q)j � p

= 0. We write

F (p;q) � 0 if F (p;q)j � p = 0:

The function F (p;q) vanishesstrongly if itself and its gradient vanishweakly.
We usethe notation

F (p;q) ' 0 if F (p;q)j � p = 0

and
�

@F
@qi ; @F

@pi

�
j � p = 0 :

Fixing a function on the primary constraint hypersurfaceup to �rst-order
derivatives is su�cien t for the reformulation of the Hamilton equations of
motion, becausethey only contain �rst-order derivatives with respect to
phase-spacevariables.

One can then de�ne the primary constraint hypersurface by a set of
weakly vanishing functions

Gr (p;q) = pr � gr (q; p� ) � 0 : (A.4)
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It can be shown (for the proof seeSundermeyer's book [23], p. 48) that
every weakly vanishing function is strongly equal to a linear combination of
the primary constraints Gr ,

F (p;q) � 0 , F (p;q) ' Gr (p;q)
@F (p;q)

@pr
: (A.5)

A.1.4 Primary Hamiltonian and extended equations of mo-
tion

The generalized Hamiltonian H

With this result and these de�nitions, one can extend the Hamiltonian Hc

over the entire phase space. This generalizedHamiltonian H0 has to be
equivalent to the canonical Hamiltonian on � p, Hc � H0. According to the
previous result (A.5) for F (p;q) = Hc � H0 � 0 it follows that

Hc � H0+
@H0

@pr
Gr (p;q) ' 0 ;

where we used the fact that Hc does not depend on pr . By de�nition, the
derivatives of this expressionwith respect to all positions and momenta
vanish weakly. Employing the equationsof motion (A.2) , we �nd that

_qa �
@

@pa

�
H0�

@H0

@pr
Gr (p;q) � gr _qr

�
;

�
@L
@qi �

@
@qi

�
H0 �

@H0

@pr
Gr (p;q) � gr _qr

�
:

We can now replacegr by Gr in theseequationsasthe derivativesof pr with
respect to pa and qi vanish. Note further that

@Gr

@pi
_qr =

@Gr

@pa
_qr ;

so that we �nally obtain a symmetric form of the equationsof motion

_qi � f qi ; H + _qr Gr g ;
@L
@qi � f pi ; H + _qr Gr g ;

where H = H0 � Gr
@H0

@pr
. The price we pay for the additional equations

of motion for the _qr is that the equations of motion are now only weak
equations. Also the equations contain the not completely �xed function H.
The latter problem can easily be circumvented as Hc ' H. Therefore the
equationsof motion can be written as
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_qi � f qi ; Hc + _qr Gr g ;
@L
@qi � f pi ; Hc + _qr Gr g :

The primary Hamiltonian Hp

In a last step, one takescare of those casesin which the constraints cannot
be solved for the momenta pr . In general this is not possibleand we thus
cannot assumethat the primary constraint hypersurface be described by
equationsof the form Gr , (A.4) . We therefore characterize� p by the weakly
vanishing

� r (p;q) � 0 ; where r = R + 1; : : : N :

We relate this to the former expressionGr by taking derivativeswith respect
to q and pa,

d� r

dqi =
@� r

@qi +
@� r

dps

@gs

dqi � 0 ;

d� r

dpa
=

@� r

@pa
+

@� r

dps

@gs

dpa
� 0 :

The matrix V = ( @� r
dps

) is invertible and therefore we can solve these equa-

tions for @gs
dqi and @gs

dpa
. We can again substitute gr by Gr weakly. Thus we

can rewrite the equationsof motion

_qi � f qi ; Hcg + _qsV � 1
sr

@� r

dpi
;

_pi � f pi ; Hcg + _qsV � 1
sr

@� r

dqi :

Intro ducing � r = _qsV � 1
sr , we can de�ne the primary Hamiltonian

Hp = Hc + � r � r

with the help of which the time-development for an arbitrary phasespace
function A(p;q) can be written as

_A � f A; Hpg + � r f A; � r g :

These� r are then seento contain the arbitrariness carried in the velocities
_qr which could not be expressedin terms of momenta.
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A.1.5 Consistency and secondary constrain ts

The systemcan only be described consistently if the constraints themselves
areconservedin time. This canyield newconstraints or restrict the multplier
functions � r , depending on the form of the consistencyconditions. These
are

_� r � f � r ; Hcg + � sf � r ; � sg :

Using the short-hands hr = f � r ; Hcg and Pr s = f � r ; � sg, the following four
casescan arise.

Case I: h 6� 0

Case IA: detP 6� 0
In this case, P can be inverted and multiplier functions � be
determined through

� s � � P � 1
r s hr :

The equationsof motion thus become

_A � f A; Hpg � f A; � sgP � 1
r s f � r ; Hcg ;

and do no longer contain any ambiguities. The motion is com-
pletely determined.

Case IB: detP � 0
The matrix P does not have full rank. Let its rank be denoted
by M < N � R. In this case,P has N � R � M null eigenvectors
e(� ) yielding new constraints

e(� )
r Pr s � 0 ) e(� )

r hr � 0 :

These constraints restrict the primary constraint hypersurface
further to a hypersurface� 0 � � p. The new constraints are called
secondary constraints.

Case I I: h � 0

Case I IA: detP 6� 0
Now the fact that P can be inverted �xes the � r | they have
to vanish weakly � sPr s � 0 , � s � 0. Thus the canonical
Hamiltonian is equal to the primary one.

If Hc = 0, one therefore has to demand that detP � 0 | other-
wise the theory is trivial. This is an additional, secondarycon-
straint.
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Case I IB: detP � 0
In this case, the condition � sPr s � 0 yields constraints on the
multipliers � . Let the rank of P beM , then N � R� M multipliers
get weakly �xed through theseequations.

Requiring the constraints to be conserved in time yields a number of sec-
ondary constraints that further shrink the constraint hypersurface. More-
over, someof the multiplier functions get �xed. We denote the new con-
straint hypersurfaceby � 0. It is de�ned via

� r (p;q) � 0 ; r = R + 1; : : : N and

� � 0(p;q) � 0 ; � 0 = 1; : : : L 0 :

Weak equalities from now on refer to � 0.
From the arisal of new constraints, two iteration proceduresresult.
First of all, the primary constraints have to be conserved on the new

constraint hypersurface� 0. From this requirement one might get more (ter-
tiary) constraints that restrict the surface to � 00etc. In the end we will
arrive at a constraint hypersurface� 00described by the weak vanishing of

� r (p;q) � 0 ; r = R + 1; : : : N and (A.6)

� � 00(p;q) � 0 ; � 00= 1; : : : L 00; (A.7)

where L 00 � L 0. We will call all new constraints arising in this process
secondaryconstraints.

The seconditeration procedure takes care of the time-conservation of
these new, secondaryconstraints. Whether or not new constraints arise at
this stagedependsnow on the matrix

�
f � r ; � sg
f � 00

� ; � sg

�
:

For every null eigenvector of this matrix we get a new constraint from mul-
tiplication of f � r ; Hcg + f � � ; Hcg by the null eigenvector.

Iteration of thesetwo proceduresyields the �nal constraint hypersurface
� c de�ned by a set of primary and secondaryconstraints

� r (p;q) � 0 ; r = R + 1; : : : N and

� � (p;q) � 0 ; � = 1; : : : L � L 00:

For every null eigenvector e(i ) of

D =
�

f � r ; � sg
f � � ; � sg

�
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the equations

e(i )
r f � r ; Hcg + e(i )

� f � � ; Hcg � 0

are satis�ed on � c. Furthermore the functions � s are subject to the condi-
tions

f � r ; Hcg + � sf � r ; � sg � 0 (A.8)

f � � ; Hcg + � sf � � ; � sg � 0 (A.9)

on � c. In practice, this procedure terminates after a few steps and in each
step it is very obvious what to do without recurring to matrices P or D and
their rank.

A.1.6 Determination of multiplier functions �

In the last paragraph we just noted that the multiplier functions get �xed
through consistencyrelations for certain primary and secondaryconstraints.
We now want to look somewhat closer on how this happens. More speci�-
cally, we want to know how many of the multiplier functions get �xed.

To answer this question, it is useful to intro duce the notion of �rst- and
second-classconstraints. A �rst-class constraint has weakly vanishing Pois-
son brackets with all other constraints and all linear combinations of them.
All constraints that do not have this property are called second class. Note
that here and in the following, weak vanishing refers to the �nal constraint
hypersurface� c.

With thesenotions at hand, we can discussthe �xing of multiplier func-
tions. Conditions on � arise whenever the matrix D in (A.8) has full
rank N � R. This is just Case IA discussedabove. If the rank of D is
K < N � R, then K multipliers get �xed through the above equations.
From the N � R � K null eigenvectors e(J ) of D , one can construct the new
constraints

� J = e(J )
r � r ; J = 1; : : : N � R � K

through linear combination. Becausethe e(J ) are null eigenvectors of D , we
�nd that

f � J ; � r g � 0 ; f � J ; � � g � 0 :

The new constraints are �rst class. We call the remaining primary con-
straints � i where i = N � R � K + 1; : : : N � R. Theseare then necessarily
secondclass. We carry out a similar split for the secondaryconstraints. The
�rst-class oneswill be denoted by � A , the second-classonesby � a. In this
step, primary and secondary constraints get mixed. Thus we will only speak
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of primary �rst- and second-classconstraints � but the remaining constraints
� will no longerbereferredto assecondaryasthey are linear combinations of
secondaryand primary constraints. We write therefore � s� s = � J vJ + � i ui .
Inserting this in (A.8) , we obtain the following equations

f � J ; Hcg � 0 (A.10)

f � A ; Hcg � 0 (A.11)

f � i ; Hcg + uj f � i ; � j g � 0 (A.12)

f � a; Hcg + uj f � a; � j g � 0 : (A.13)

There areseveral observations onecanmakeat this point. First of all, we see
that any �rst-class constraint necessarilycommutes with the Hamiltonian.
Secondly, the multipliers associated with the primary �rst-class constraints
all drop out. Thus there are as many undetermined multiplier functions as
there are primary �rst-class constraints. Thirdly , the multiplier functions
associated with the second-classconstraints are determined by (A.10).

They are �xed to

uj � � � � 1
j � f � � ; Hcg ;

where � � = (� i ; � a) stands for any second-classconstraint and the matrix
� is given by

� =
�

f � i ; � j g
f � a; � j g

�
:

The derivation of theseresults can be found in Sundermeyer's book, [23], p.
58 | it is essentially the samecalculation as in CaseIA above.

The equation of motion for a generalphasespacefunction A(p;q) is then
given by

_A � f A; Hcg + vJ f A; � J g � f A; � � g� � 1
�� f � � ; Hcg : (A.14)

So whereasall second-classconstraints appear in a symmetric manner, the
primary �rst-class constraints play a distinguished role.

A.1.7 First-class constrain ts and gauge transformations

Gauge transformations

The equation of motion (A.14) shows that there is somearbitrariness in the
time evolution of phasespacefunctions due to the undetermined vJ . More
speci�cally , given an initial value A0 of a phasespacefunction A at time
t = t0, the evolution of A(t) is not uniquely determined. The transformation
betweentwo solutionsA(t) obtained through the evolution with two di�eren t
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parametersv is calleda gaugetransformation. A priori this hasnothing to do
with gaugetheories nor the invariance of the Lagrangian under certain (rigid
or local) gaugetransformations. However, there is a link between gauge
transformations de�ned here and local gaugeinvariance of the Lagrangian.
This connection will be discussednow.

Weassumefor the time being that the systemat hand hasonly �rst-class
constraints so that the primary Hamiltonian is Hp = Hc + � J � J . The gauge
transformation mapstwo solutions A � (t), A � 0(t) with A � (t0) = A � 0(t0) = A0

onto each other. If we expand

A � (t) = A0 + f A0; Hcgt + � J (0)f A0; � J gt + higher derivatives;

corrBthe following transformation is a gaugetransformation

A � (t) � A � 0(t) = t
�
� J (0) � � 0

J (0)
�

f A0; � J g = � � A = � J f A0; � J g : (A.15)

First of all, one can seefrom calculating the commutator of two such gauge
transformations � � , � � that in general these transformations do not form
a group. The group property holds only weakly. Moreover, the primary
�rst-class constraints are not the only constraints generating gaugetrans-
formations. Evolution over a larger amount of time makes it necessaryto
include also secondderivatives •A(t). Thus also _� J generategaugetransfor-
mations. In general,one can construct the set of all gaugetransformations
iterativ ely, including higher-order time derivatives in (A.15). Let the set
G0 be the set of all �rst-class primary constraints. Then we �nd from the
inclusion of secondderivatives that G1 = G [ f G0; Hpg is the set of gauge
transformations. Here, f G0; Hpg stands for the set of constraints that arises
from the derivation of the constraints in G with respect to time. This proce-
dure has to be iterated, Gi +1 = Gi [ f Gi ; Hpg, until Gi +1 = Gi . We call the
resulting set of gauge transformation-generating constraints G. It follows
from the construction that, �rstly , all primary �rst-class constraints gener-
ate gaugetransformations. Secondly, G doesnot necessarilyexhaust the set
of all �rst-class constraints. There may be �rst-class constraints that do not
generate gaugetransformations. Before we turn to the content of the Dirac
conjecture, we want to brie
y shed light on the relationship betweengauge
transformations as they are de�ned here and local gaugetransformations.

Gauge transformations and Lagrangian in variance

In the Lagrangian approach, the name of gauge transformations is used
for transformations that leave the Lagrangian invariant. Depending on the
character of thesetransformations, one speaksof rigid or local gaugetrans-
formations. They are the subject of the �rst and secondNoether theorem,
respectively.
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Assumea system with action

S[� A ] =
Z

d� x L [� A ; @� A ; x � ]

describing a theory with �elds � A depending on coordinates x � . Let
L [� A ; @� A ; x � ] be the system's Lagrangian density and @� A a short-hand
denoting the dependenceof the Lagrangian on @� � A = @� A

@x � .
If under an in�nitesimal transformation

x � � ! x0� = x � + � x � ; (A.16)

� A (x) � ! � 0A (x0) = � A (x) + � � A ; (A.17)

the Lagrangian remains invariant, we say that the transformations (A.16)
generate gauge transformations of the system. Inserting (A.16) into the
Lagrangian and requiring � L = L [� 0A ; @0� 0A ; x0� ] � L [� A ; @� A ; x � ] = 0, one
�nds the condition

@�

�
L � x � +

� L
� (@� � A )

� � � A
�

+ LA � � � A = 0 ; (A.18)

where � � � A = � � A � @� � A � x � is the substantial variation of � A and LA =
� L
� � a � @�

�
� L

� (@� � a )

�
are the Euler derivatives. This statement holds irre-

spective of the form of � x � and � � A . We specify these further. Let the
transformations be parametrized by r parameters � k ,

� x � = � k � �
k � � A = � k � A

k :

corrBIf theseare constant, we speak of rigid gaugetransformations. In this
case, Noether's theorem tells us that there exist r conserved currents |
if the equations of motion are satis�ed (just use (A.18)). We are however
interested in local gauge transformations. These are transformations with
x � -dependent � k (x). Writing

� � A = � k � A
k + � k ;�  A�

k ;

we get from (A.18) the so-calledgeneralizedBianchi identities

LA
�
� A

k � (@� � A )� �
k

�
� @�

�
LA  A�

k

�
= 0 : (A.19)

These are trivially satis�ed if the equations of motion are. But they hold
also if the equations of motion are not satis�ed, showing that the set of
Euler{Lagrange equations is not independent. Also, one can show that
(A.19) implies that the Lagrangian is singular. Therefore, any locally gauge-
invariant theory yields constrained Hamiltonian dynamics. (The reverse,
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however, is not true: Singular Lagrangianswith second-classconstraints on
the Hamiltonian level are not locally gauge-invariant.)

On the Hamiltonian level, such a local gaugetransformation is a canon-
ical transformation. One �nds that the generatorsof canonical transforma-
tions corresponding to local gaugetransformations are in fact linear com-
binations of all �rst-class constraints. On the other hand, out of the set
of transformations � � A = � � f A; ' � g, where ' � = (� J ; � A ) is the set of all
�st-class constraints, one can construct those which leave the Lagrangian
invariant. The condition � � L = 0 restrict the � � . The local gaugetransfor-
mation that leavesthe Lagrangian invariant is usually a linear combination
of �rst-class constraints.

Thus it is generally not possibleto construct such a transformation out
of the primary �rst-class constraints alone.

A.1.8 The Dirac conjecture

Because,�rstly , local gaugetransformations are generally a linear combina-
tion of all �rst-class constraints and, secondly, the set of gaugetransforma-
tions generally exceedsthe set of primary �rst-class constraints, one may
be tempted to generalizethe Hamiltonian even further and intro duce the
extendedHamiltonian

HE = Hp + � A � A ;

containing all �rst-class constraints. In fact, Dirac conjectured that all �rst-
class constraints generategauge transformations and consequently the re-
placement of Hp by HE was admissible in the equations of motion. This is
just the content of the Dir ac conjecture. There are certain arguments that
speak in favour of such a generalization of the Hamiltonian.

First of all, depending on whether one usesa �rst- or second-orderac-
tion formalism, the role of primary and secondaryconstraints may be in-
terchanged. Moreover, the secondary �rst-class constraints are in a sense
already contained in the primary Hamiltonian. Namely, one can rewrite
Hc = H0 + � A � A , where � A = � A (q; pa), seeMatschull [5] for illustrativ e
examples. Thirdly , due to the ambiguous functions _qr , the positions qr

themselves remain undetermined. But as � A = � A (q; pa), these are also
undetermined and therefore generate gauge transformations. Lastly, one
can state that HE at least captures the full gaugeaspect of the theory and
therefore is suitable for the analysis of gaugeissues.

On the other hand, there exist examples,see[23], whereG is not the set
of all �rst-class constraints | thusviolating the Dirac conjecture. Moreover,
there is no indication in the Bergmann{Dirac algorithm itself for such an
extension of the primary Hamiltonian. Note that here, all statements were
only local as they refer to local coordinate charts. Sundermeyer adds that
a geometrical and global formulation as it was given by Gotay, Nester and
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Hinds (seethe referencein Sundermeyer's book) does neither indicate the
generalization to the extendedHamiltonian.

Conclusively, whether or not Dirac's conjecture holds has to be speci�ed
on a case-by-casebasis. So in the end, one has to check for the speci�c
model at hand which transformations are indeedgaugetransformations and
which are not.

A.2 The Bergmann{Dirac algorithm for �eld the-
ories

If one tries to generalizethe Bergmann{Dirac algorithm to �eld theories,
complications arise. These are essentially based on the fact that not all
conclusionsdrawn in the abovesectioncarry over from the �nite-dimensional
to the in�nite-dimensional case.

I will give a brief list of the complications that arise and refer again to
Sundermeyer's book for an illustrativ e exampleand further explanations.

Let the �eld theory be described by �elds Q and momenta �. The pri-
mary constraints then generally contain `spatial' derivativesof these �elds,
� r = � r [Q; � ; @i Q; @j �]. 1

So, �rst of all, the constraints are no longer algebraic relations but dif-
ferential equations. Moreover, for each � r � 0 (now referring to the pri-
mary constraint hypersurface) its spatial derivatives and spatial integrals
alsovanish weakly. Thus we can no longer concludethat a weakly vanishing
functional is a linear combination of the primary constraints. Recall that
this was a decisive step in the derivation of the generalizedHamiltonian.

Due to the spacetimedependenceof the �elds and momenta, each con-
straint � r � 0 stands for an in�nite number of constraints: � r � 0 at each
spacepoint. All summations are thus augmented by an integration over all
spacepoints. For example, the primary Hamiltonian becomes

Hp = Hc +
X

r

Z
d3x ur (x)� r (x) ;

ensuingthe following consistencyrelations

f � s; Hcg +
Z

d3y ur (y)f � s(x); � r (y)g � 0 : (A.20)

The matrix P is consequently in�nite-dimensional,

Pr s(xa; yb) = f � s(x); � r (y)gx0= y0 ;

1`Spatial' here depends on the choice of time variable with respect to which velocities
are de�ned.
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where (xa; yb) denote dependencejust on the spatial coordinates of x and
y. If its determinant is non-zeroon the constraint hypersurface,an inverse
exists. But this inverseis no longer unique.

Equivalently , one can look at (A.20) and expand

f � s(x); � r (y)gx0= y0 = ar s� (xa � ya) + bi
r s@i � (xa � ya)

+ higher-order derivatives:

If bi
r s 6� 0, (A.20) is a di�eren tial equation for ur . Thus, boundary condi-

tions are neededto get a unique solution ur from (A.20). The sameholds
if the determinant of P is weakly vanishing. Then the null eigenvectors
are not uniquely de�ned and again we needboundary conditions to �x the
arbitrariness in the formalism.

So to make the Bergmann{Dirac algorithm work for �eld theories, ad-
ditional conditions in the form of boundary conditions are needed. Other-
wise the secondaryconstraints cannot be found nor the multiplier functions
uniquely be �xed.

References:
In this appendix, I followed the presentation given in Sundermeyer's book
on `Constrained Dynamics', [23], very closely. I focussedon the relevant
properties of systemswith �rst-class constraints only. This is the relevant
casefor general relativit y. A thorough exposition of Hamiltonian systems
with second-classconstraints and their relation to the Poissonbracket can
be found in Sundermeyer's book. He also exhibits very clearly the relation
betweenLagrangian singular systemsand their Hamiltonian formulation. I
only usedthose bits relevant to understand the de�nition of gaugetransfor-
mations in the canonical context.



App endix B

The canonical quan tization
scheme

B.1 Canonical Quan tization in Classical Mec han-
ics

Quantization here shall be understood as a description of how to passfrom
a given classicalsystem to a quantum theoretical one. The oldest attempt
at a formalisation of such a procedure is given by canonical quantization.
This method was mainly devisedby Weyl, von Neumann and Dirac.

In the original form, canonical quantization makes use of a phase space
� = Rn � Rn with coordinates (p;q) where p, q are short-hands for all
pi , qi and i = 1; : : : N labels the number of degreesof freedom. The task of
quantization is then to �nd a map b from a suitable subsetC of the space
of functions f (p;q) on phasespace,C � C1 (� ), into the spaceof self-adjoint
operators, SELF AD J (H), acting on the Hilb ert spaceH = L 2(Rn ; dnq),

b: f 7�! Qf ;

such that the following conditions hold:

(q1) The map

b: C � ! SELF AD J (H);

f 7�! Qf = f̂

is linear.

(q2) The function with constant value one is mapped onto the identit y
element on the Hilb ert space:Q1 = 1.

173
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(q3) Any function on phasespaceis realizedasan operator on Hilb ert space
via the von-Neumann rule.

For any function � : R ! R for which Q� � f and � (Qf ) arewell-de�ned,
Q� � f = � (Qf ).

Note that this rule gives a prescription of how the multiplication of
phase-spacefunctions is realized on the spaceof operators. It thus
requires the preservation of the associative structure on C given by
multiplication of functions on phasespace.

(q4) The quantization map is consistent with the Schr•odinger representa-
tion, i.e.

Q(qi ) (q) = qi  (q) ; Q(pi ) (q) = � i~
@ (q)

@qi
;

for  2 L 2(Rn ; dnq).

(q5) A correspondencebetweenthe classicalPoissonbracket and the quan-
tum commutator exists in the following way

Qf f ;gg =
1
i~

[Qf ; Qg] ;

for all quantizable observablesf ; g 2 C.

The Stone{von Neumann theorem ensuresthat (q4) is the only irreducible
representation | up to �nite multiplicit y | of the canonicalvariablesp and
q such that the canonical commutation relations hold as they follow from
the Poissonbracket:

�
q̂i ; p̂j

�
= i~ � i

j and all others vanish.
The Lie algebra spannedby (p;q; 1) under the Poissonbracket is called

Heisenberg algebra. One can therefore replace(q4) by:

(q4') The Heisenberg algebrahasto be represented irreducibly (up to �nite
multiplication) on H.

The problem with this simple list is that any three out of the four conditions
(q1), (q3), (q4) and (q5) are inconsistent, [17].1 A famousexampleof such an
inconsistencyproof is given by Groenewold, later elaborated on by van Hove
[21, 22]. Their statement is simply that (q5) cannot be satis�ed whenever
(q1) and (q4) are and the space of quantizable functions is given by all
polynomials in (p;q) of degreesmaller than four. This theorem makes no
use of the von-Neumann rule. More importantly , it is part of the proof of
the theorem to show that the multiplicativ e structure is partially conserved
by the quantisation map | by virtue of the conditions (q1), (q2), (q4) and

1The secondaxiom (q2) is redundant, as it follows e.g. from (q5) with f = q and g = p.
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(q5) alone. More speci�cally , the von-Neumannrule is trivially satis�ed for
q2, p2 and pq, seealso [18].

If any three out of four conditions are inconsistent, one condition obvi-
ously has to be dropped. Essentially , two ways have beenchosenout of this
predicament: One can drop the von-Neumanrule (q3). But, as was pointed
out above, this does not su�ce to circumvent the Groenewold{v an Hove
theorem. Sofurther, onehasto restrict the spaceof quantizable observables
suitably. E.g. if C is restricted to the spaceof all polynomials of at most
secondorder C = Cpoly(2) , the axiom (q5) can be satis�ed. This holds also
if C contains all polynomial functions at most linear in p but of arbitrary
order in q, C = Cpoly( 1 ;1) . Thus there is more than one suitable choice of
quantizable variables.

Another possibility is to lessen(q5) and generalizethe Poissonbracket{
commutator relation.

Modern formulations of the canonical quantization programme try to
implement these ideas and furthermore extend quantization to situations
where phasespaceis given by an arbitrary symplectic manifold.

We will restrict the general outline of the canonical quantization pro-
grammeto the casethat the underlying phasespaceis a symplectic manifold
of dimension 2n which at the sametime is a cotangent bundle over some
con�guration space. We will denote the manifold by � and the symplectic
form by ! , i.e. ! is a closed,non-degeneratetwo-form. Con�guration space
is given by Q, the cotangent bundle consequently by T � Q. The dimensions
are dimQ = n, dimT � Q = 2n. Due to Darboux' theorem, the manifold
looks locally like R2n . More precisely, we can equip � locally with coordi-
nates (qi ; pi ), i = 1; : : : n. In thesecoordinates, ! = dqi ^ dpi and ^ denotes
the wedgeproduct. For two functions f and g on � , the Poissonbracket is
de�ned via

f f ; gg = � ! (X f ; X g) ;

where X f , X g are the Hamiltonian vector �elds of f and g, respectively. In
the local coordinate chart, the Hamiltonian vector �eld of a function f is
given by

X f =
@f
@qi

@
@pi

�
@f
@pi

@
@qi :

And thus the above de�nition coincideswith the usual Poissonbracket,

f f ; gg =
@f
@qi

@g
@pi

�
@f
@pi

@g
@qi :

We then require the quantization map b : C � ! SELF AD J (H), f 7�!
Qf to satisfy the conditions (q1), (q2) and (q5). We require that (q4) holds
in a local coordinate chart and in the casethat � = R2n . We drop the
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von-Neumann rule and keep in mind that we have no general rule how to
select the suitable subspaceC � C1 (� ) which satis�es (q5).

There are several �xed structures in this procedure: �rst of all, oper-
ators are de�ned on a Hilb ert space. Secondly, operators are self-adjoint.
Thirdly , the representation of the fundamental variables is �xed. Each of
thesestructures has beenchallengedin quantum gravit y.

B.2 Canonical Quan tization of Field Theories

So far, we gave a more or lessaxiomatic systemto be realized for the quan-
tization of a �nite dimensional system. The whole procedurebecomesmore
elaborate but not altered in principle if one generalizesthese ideas further
to �eld theory. This is known as the functional Schr•odinger representation
of quantum �eld theory.

The functional Schr•odinger representation constitutes a generalization
of the usual Fock spacerepresentation. The latter is restricted to situations
where the particle interpretation applies. But the Schr•odinger representa-
tion appliesalsowhen the particle interpretation doesnot exist | it can be
generalizedto arbitrarily curved spacetimes. But in fact, for a free scalar
�eld theory in Mink owski space,it can be shown that both descriptions are
equivalent.

In either case,we have to specify a constant-time hypersurface.
The relation between the Schr•odinger and Fock representations is one

way to carry over the quantization schemeof the previous section to a �eld
theory, [10]. Another way is to discretize the hypersurface into cubes of
volume � Vi where i numbers the cube, [35]. Then the �eld in one such
volume is approximated by its value at the centre x i of this cube:

qr i (t) := � r (x i ; t) = � r (i; t) ;

where r = 1; : : : N labels the di�eren t degreesof freedom,di�eren t �elds or
components of a vector �eld, for instance. Replacing similarly derivatives
by di�erences at neighbouring lattice points, onecan rewrite the Lagrangian
of the theory L = L(� r ; _� r ; � r ;a ) in a discretized form as

L( t) = � Vj L j (� r (i; t); _� r (i; t)� r (i 0; t)) ;

where i 0 is the di�erence of �elds at neighbouring lattice points and summa-
tion over j is assumed.The conjugate momentum is thus

pr i (t) =
@L
@_qr i

= � r (i; t)� Vi ;

where
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� r (i; t) =
@L i

@_� r (i; t)
:

Thus actually the conjugate momentum is a density of weight one. We
choose, to be consistent with the literature on canonical quantum gravit y,
the conjugate �elds � r (i; t). In the limit of vanishing volume, � Vi ! 0, we
obtain

H = � Vj

h
� r (j; t) _� r (j; t) � L j

i
� ! H =

Z
dV H(x) ;

where
H(x) = � r (x) _� r (x) � L (� r (x; t); _� r (x; t); � r ;a (x; t)) :

References:
I used the review article by Ali and Englis, [17], as well as Giulini's con-
tribution to the book `Quantum Gravit y | From Theory to Experimental
Search', [18] in the �rst section to give an axiomatic approach to canoni-
cal quantization. For the generalization of this quantization schemeto �eld
theories, I usedMandl and Shaw's book on quantum �eld theory, [35].
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App endix C

`Singularit y resolution': the
Coulom b poten tial

The standard examplefor singularity resolution cited in the quantum general
relativit y literature is an electronmoving in the attractiv eCoulomb potential
of a nucleus. The claim is that here, the classicalsingularity consisting in
the fall of the particle to the centre is resolved on the quantum level.

C.1 Singular poten tials in quan tum and classical
mechanics

The Coulomb potential is more generally discussedin the study of singular
potentials in classicaland quantum physics. Let the potential be described
by a single coordinate r which stands for the radial distance.

Then singular potentials in classical, non-relativistic mechanics are all
attractiv e potentials which fall o� faster than the inverse-squarepotential
r � 2 as the origin is approached. The inverse-squarepotential itself is a
transitional potential, i.e. it exhibits singular features only for a certain
range of coupling. In relativistic mechanics already the Coulomb potential
is transitional, thus singular for certain parameter ranges. All potentials
that fall o� faster at the origin are truly singular.

Physically, such classically singular potentials are characterized by the
existenceof tra jectories along which the particle spirals into the origin. The
velocity divergesin this approach. And so does the scattering angle. In-
�nitely many tra jectories go through the origin | all with the sametan-
gent. Thus, in- and outgoing tra jectories can only be matched if additional
conditions are imposed, as, for example, energy and angular momentum
conservation. It is the occurrenceof an in�nite curvature of the particle's
tra jectory which prevents a unique contin uation of the tra jectory through
the origin.
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Upon quantization, singular potentials remain singular. That meansa prob-
lem such asthe motion of a particle in an attractiv e inverse-squarepotential
which exhibits singular features on the classical level, will do so as well
on the quantum level. For singular potentials, no singularity resolution
takes place upon quantization. In non-relativistic quantum mechanics, for
the radial Schr•odinger equation all potentials which fall o� as fast as the
inverse-squarepotential or faster, are problematic. In the relativistic case,
the Klein{Gordon and Dirac equation exhibit singular features already for
the Coulomb potential. All potentials that fall o� faster than the Coulomb
potential are truly singular potentials of theseequations.

Physically, singular potentials on the quantum level are characterizedby
the fact that no unique solution to the quantum equation exists. For the
Schr•odinger equation with inverse-squarepotential, this implies for example
that both solutions vanish at the origin | but di�er by a phasefactor (again,
this holds for a certain parameter range). This phase factor cannot be
determined and mirr ors the non-uniquenessof outgoing tra jectory for a
given ingoing one that is found on the classical level. More generally, a
boundary condition doesnot pick a unique solution for a quantum equation
with singular potential. From this results an arbitrary phasein scattering
amplitudes. Generally, the bound-state spectrum is not unique | there is
an in�nit y of bound states. Lastly, the energy is generally unbounded from
below.

Mathematically, these singular potentials correspond to strong singu-
larities at r = 0 of the corresponding di�eren tial equation. Equivalently ,
one can say they stem from a Hamiltonian operator which has no unique
self-adjoint extension to r = 0.

C.2 The classical motion of a particle in the at-
tractiv e Coulom b poten tial

On the non-relativistic level, the motion of the electron is perfectly well
behaved. As long as the particle has non-vanishing angular momentum, it
does not fall to the centre. In the caseof a vanishing angular momentum,
the particle falls to the centre, but does so on a straight line. Because
the total energy remains constant and �nite, the kinetic energy and thus
the velocity divergesas the origin is approached, thus compensating the
in�nitely negative potential energy. The equation of motion posesa well-
de�ned initial valueproblem. The predictions inferred areunique (for a given
set of initial conditions). The classicalmotion is not singular. The fact that
the fall of the electron to the centre is not in agreement with observationis a
di�eren t question and might at this level be justi�ed by the argument that
the state of exactly vanishing angular momentum might never be exactly
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realized in Nature.1

In the relativistic case,however, the particle spirals into the centre when-
ever angular momentum becomessmaller than the coupling, i.e. the total
charge. In this case, the scattering angle divergesand we encounter the
problems listed above.2

C.3 The quan tized Coulom b problem

Quantizing the motion in the Coulomb potential, one endsup with the ra-
dial Schr•odinger equation and the additional condition, following from the
self-adjointness of the Hamiltonian operator, that its solutions vanish at
the origin and in�nit y su�cien tly quickly.3 This �xes the wave function
uniquely. The radial Schr•odinger equation thus posesa well-de�ned prob-
lem. The resulting wave function corresponding to zeroangular momentum
remains constant at the origin. The energy is unbounded from below. The
quantum motion is not singular | as one would have expected from the
quantization of a non-singular classicalsystem. But it is now in (better) ac-
cord with observation: instead of a classicaltra jectory which leadsstraight
into the nucleus, the electron is described by a wave function with zero
probabilit y density at the origin.

The caseis, again, di�eren t in the relativistic setting. The Klein{Gordon
equation with Coulomb potential is singular for certain angular-momentum
eigenvalues. The boundary condition at the origin here does not pick a
unique solution.

C.4 Conclusion

SoI do not know why and how onecan speakof singularity resolution in the
caseof the Coulomb potential. To the contrary: the Coulomb potential is an
example where either both, quantum and classicalmotion, are well-de�ned
or both posean ill-de�ned problem. In fact, this is what is expected from
the study of singular potentials.

What happens upon quantization of the Coulomb problem in the non-
relativistic caseis that the wrong prediction of the classical framework is
substituted by a correct prediction through the quantum framework. The
singularity occurring in the special relativistic description is due to the fact

1This resembles the point of view taken before the formulation of the singularit y theo-
rems in general relativit y: The singularities occur only becausewe make idealized assump-
tions about Nature (lik e exact spherical symmetry, for example) which are not realized.

2The divergencein the relativistic case is due to the fact that the e�ectiv e potential
contains the square of the real potential | in contrast to the non-relativistic casewere
the potential enters the e�ectiv e potential linearly.

3The condition is that r  (r ) = 0 as r ! 0 and as r ! 1 , where r is the radial
coordinate.
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that in special relativit y instantaneousinteractions are not admissible. The
Coulomb potential has to be substituted by a photon-mediated interaction.
This, in a sense,is a consequenceof the fact that the Klein{Gordon equation
doesnot allow a consistent interpretation and has to be subjected to second
quantization. In this way, one arrives at quantum �eld theory. The gauge
principle than yields the correct description of the interaction. Thus the
correct statement would be that the singularity of the Coulomb potential
occurring in special relativit y is curedby the replacement of an instantaneous
interaction through the gauge principle and the �eld quantization of the
resulting problem.

Another examplewherethe classicaland the quantum motion are singu-
lar is the radial Schr•odiger equation with attractiv e inverse-squarepotential.

References: Singular potentials in quantum mechanicsare discussedin
the review by Frank and Land, [42]. Moreover, the singular inverse-square
caseis discussedin Landau and Lifshitz's book, [44]. The speci�c caseof the
Coulomb potential can be found in Newton's textb ook, [45] and the article
by Case,[46].



App endix D

Appro ximating the
Wheeler{DeWitt equation
for the big-brak e mo del

D.1 The Born{Opp enheimer appro ximation

The Born{Opp enheimerapproximation is usedin atomic physicsto simplify
the full Schr•odinger equation comprising the full motion of all electronsand
nuclei. It relieson the fact that nuclei have much larger massthan electrons.
It can be carried over to the quantum generalrelativit y casewhere the role
of the nuclei is played by gravitation and the matter �elds take the place
of the electrons. I will give here a brief outline of the Born{Opp enheimer
approximation in atomic physics as well as the conditions under which it
applies.

I will useR to denote the coordinate of the nucleusand r to denote the
electron location. By simply substituting the metric for R and the matter
�elds for r , one arrives at the quantum gravitational case. The parame-
ter M used in the following is originally given by the massof the nucleus
and in quantum general relativit y turns into (4.7). The time-independent
Schr•odinger equation is then of the form

�
�

~2

2M
� 2

R + ĥ(r; R)
�

	( r ; R) = 0 ; (D.1)

where ĥ(r; R) is the electron-part of the Hamiltonian and � R is the Lapla-
cian with respect to the nucleus' coordinate. One makesthe ansatz

	( r; R) =
X

n

Cn (R)' n (R; r ) ;
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where

ĥ(r; R)' n (R; r ) = En (R)' n (R; r )

and
Z

dr ' �
m (R; r )' n (R; r ) = � mn :

Upon inserting this equation in (D.1) and multiplying the resulting equation
by ' �

n (R; r ), integrating over r and using the orthogonality of the electron-
eigenfunctions,one obtains

�
�

~2

2M
� 2

R + En (R)
�

Cn (R)

�
~2

2M

X

k

Z
dr ' �

n (R; r )
�
2� RCm � R ' m + Cm � 2

R ' m
�

= 0 :

The Born{Opp enheimer approximation now consists in neglecting the o�-
diagonal terms. The Schr•odinger equation then simpli�es to

�
�

~2

2M
� 2

R + En (R)
�

Cn (R)

�
~2

2M

Z
dr ' �

n (R; r )
�
2� RCn � R ' n + Cn � 2

R ' n
�

= 0 :

When doesthis approximation apply? This can be seenfrom a rewriting of
the neglectedterms as

Z
dr ' �

m � R ' n � h' m jP̂R j' n i =
h' m j

h
P̂R ; ĥ

i
j' n i

En (R) � Em (R)
; (D.2)

werePR is the canonically conjugatemomentum to R. This is thusnegligible
if the energy levels are well separated. This justi�es the neglection of the
�rst o�-diagonal term. The secondone is basically given by h' m jP̂2

R j' n i
and the assumption is that h' m jP̂2

R j' n i � (h' m jP̂R j' n i )2. Thus the spread
in the momentum of the nucleushas to be small.

For a real-valued wave function, the diagonal terms vanish: the �rst one,
h' n jP̂R j' n i , due to the self-adjointness of P̂R , the secondone again in the
approximation h' n jP̂2

R j' n i � (h' n jP̂R j' n i )2.
Note that the last two assumptionsmake somedi�cult y when applied to

quantum general relativit y: First of all, the wave functional does not have
to be real and secondly, the operator corresponding to the kinetic energyof
the gravitational �eld is generally not self-adjoint.

Moreover, for exotic matter potentials as will be usedlater in this work,
seeChapters 7, 8, the matter Hamiltonian alsodependson the gravitational
coupling and thus on the Planck mass. The generalassumption that gravit y
is `heavier' than matter then cannot bemade,aswill beseenin the following.
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D.2 Appro ximating the Wheeler{DeWitt equation

We start from the full Wheeler{DeWitt equation (8.10),

~2

2

�
� 2

6
@2

@� 2 �
@2

@� 2

�
 (� ; � ) �

~V0

j� j
e6�  (� ; � ) = 0 ;

where ~V0 = V0aref =3� 2. Into this equation, we insert the ansatz  (� ; � ) =P
n Cn (� )' n (� ; � ), where ' n (� ; � ) is the solution of (8.11),

Ĥ� ' n (� ; � ) = En (� )' n (� ; � ) ;

where Ĥ� = 1
2 p̂2

� + â6V (�̂ ). The eigenfunctionsof the matter Hamiltonian

Ĥ� are just the eigenfunctions of the radial Schr•odinger equation for the
Coulomb potential with vanishing orbital angular momentum. They are
given by (8.12) and obey the orthogonality relation (8.13). Inserting the
ansatz, the Wheeler{DeWitt equation turns into

X

n

�
~2

2
� 2

6

h
•Cn ' n + 2 _Cn _' n + Cn •' n

i
+ EnCn ' n

�
= 0 ;

where dots are usedto denote derivativeswith respect to � . This equation
can be simpli�ed by multiplication with ' m and integration over � . This
may not be very obvious at this point, but recall the procedure used in
the Born{Opp enheimer approximation, cf. Section D.1. After using the
orthogonality relation, the Wheeler{DeWitt equation becomes

~2

2
� 2

6

h
•Cm + Em Cm

i
Z (� )

+
X

n

~2

2
� 2

6

h
2 _Cnh' m j _' n i + Cnh' m j •' n i

i
= 0 :

In the following, Dirac brackets denotean inner product givenby integration
over � which is suggestedby the orthogonality relation (8.13).

I will now carry out an approximation in two steps. First, the crossterms
h' m j _' n i , h' m j •' n i will be neglectedin a Born{Opp enheimerapproximation.
In a secondstep, I will show that the remaining diagonal terms contain-
ing derivatives of ' n with respect to � can also be neglected. In atomic
physics, this follows trivially from the Born{Opp enheimer approximation
and the fact that all operators are self-adjoint. Here, counting powersof the
gravitational coupling � 2 will be employed.

D.2.1 Born{Opp enheimer appro ximation of the Wheeler{
DeWitt equation

We have to show that two terms are negligible: h' m j _' n i and h' m j •' n i .
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I will start with the �rst term. Rewriting this term as

h' m j _' n i = h' m j
@

@�
j' n i = h' m ja

@
@a

j' n i

= �
1
i~

h' m jap̂aj' n i :

The last equation can then be rewritten in the well-known way, cf. (D.2),
as

h' m jap̂aj' n i = a
h' m j

h
p̂a; Ĥ �

i
j' n i

En � Em
;

where squarebrackets denote commutators. Thus, we obtain

h' m j _' n i = �
6i~a6

En � Em
h' m jV (�̂ )j' n i :

If the expectation value of the potential remains �nite, the term on the left
hand side is negligible, if the energy eigenvalues are well separated. Using
the energy eigenvalues,(8.14), this reads

h' m j _' n i = �
6i~3

V�

1
� 1

n2 � 1
m2

� h' m jV (�̂ )j' n i :

So if h' m jV (�̂ )j' n i remains �nite, the approximation applies. The expecta-
tion value of the potentials yields an integral of the form

h' m jV (�̂ )j' n i = ~V0��
Z

d��e � ( � + �
2 ) � L1

n� 1(�� )L 1
m� 1(� � ) ;

where � = 2V�
~2m and similarly � = 2V�

~2n . This can be integrated with the help
of

Z 1

0
dxe� bxx � L �

l (� x)L �
j (�x ) =

� (j + l + � + 1)
j !l !

(b� � ) l (b� � ) j

bj + l+ � +1

� F
�

� j; � l ; � j � l � � ;
b(b� � � � )

(b� � ) (b� � )

�
;

where F (a;b; c; x) denotesthe hypergeometric function, [78]. This yields

h' m jV (�̂ )j' n i =
~V0

K m;n

�( m + n)
(m � 1)!(n � 1)!

� F

 

� m + 1; � n + 1; � m � n + 1;
�

n + m
n � m

� 2
!

;
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Recall that n 6= m. This is obviously �nite.
We therefore conclude that the term h' m j _' n i can be safely neglected

due to the fact that the spectrum of the matter Hamiltonian is discrete and
the energy levels are well separated.

The secondterm, h' m j •' n i can basically be rewritten as h' m jp̂2
aj' n i .1

The assumption is that

h' m jp̂2
aj' n i � h' m jp̂aj' n i 2

and, as the right-hand side vanishes, so does the left-hand side. In this
way, we get rid of the o�-diagonal terms. This is analogousto the Born{
Oppenheimerapproximation as it was presented in Section D.1.

With theseapproximations, the Wheeler{DeWitt equation simpli�es to

~2

2
� 2

6

h
•Cm + Em Cm

i
Z (� )

+
~2

2
� 2

6

h
2 _Cm h' m j _' m i + Cm h' m j •' m i

i
= 0 :

D.2.2 Neglection of matter motion

Whereas in atomic physics, the diagonal terms, h' m j _' m i , h' m j •' m i , van-
ish trivially , here some work is neededto show that they can actually be
neglected.Wethushave to show that the term •Cm Z (� ) = •Cm h' m j' m i dom-
inates over _Cm h' m j _' m i and Cm h' m j •' m i . This is rather easily seen. First

of all note that the derivativesof Cm (� ) = c2K0

�
1p
6

V�
~2m�

�
with respect to

� , cf. (8.16) satisfy

Cm � Cm ; _Cm � V� ; •Cm � V 2
� :

On the other hand, as a consequenceof the orthogonality relation, (8.13),

h' m j' m i � h' m j _' m i � h' m j •' m i �
1

V�
:

Therefore, the di�eren t terms behave as

•Cm h' m j' m i � V� �
e6�

� 2

_Cm h' m j _' m i � 1

Cm h' m j •' m i �
1

V�
�

� 2

e6� :

1 It also gives one contribution proportional to hp̂a i which can be negelcted due to the
arguments given above.
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Recall that V� dependson � ,

V� = ~V0e6� =
aref V0

3� 2 :

There are thus two arguments that justify the neglection of the terms con-
taining derivativesof ' m . First of all, one can usean expansionin terms of
the Planck mass. This is analogousto the massparameter M = 1

4� 2 intro-
duced in the derivation of the approximate functional Schr•odinger equation,
cf. Section4.4.1, (4.7). Then the •Cm term givesthe highest order contribu-
tion.2 Moreover, in the vicinit y of the big-brake singularity the scalefactor
is large. This is another reason why we can safely neglect the derivative
terms.3

Thus, we �nally end up with the approximated Wheeler{DeWitt equa-
tion (8.15),

•Cn (� ) �
6V�

2

~4n2� 2 Cn (� ) = 0 :

2Recall that Em � V 2
� .

3Recall that, anyway, the potential used here is a good approximation to the full
potential only in that regime.
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System of constrain ts for the
parametrized free particle

General expressionfor the constraints are

C(n ) =
nX

m =0

mX

j =0

2(n � m )X

` =0

�
n
m

��
m
j

��
2(n � m)

`

�
pm � j

t
p2(n � m ) � `

(2M )n � m G`; 0
j; 0 ; (E.1)

C(n )
q =

nX

m =0

mX

j =0

2(n � m )X

` =0

�
n
m

��
m
j

��
2(n � m)

`

�
pm � j

t
p2(n � m ) � `

(2M )n � m

�
�

qG`; 0
j; 0 + G`; 1

j; 0 +
i~
2

`G ` � 1;0
j; 0

�
;

C(n )
t =

nX

m =0

mX

j =0

2(n � m )X

` =0

�
n
m

��
m
j

��
2(n � m)

`

�
pm � j

t
p2(n � m ) � `

(2M )n � m

�
�

tG `; 0
j; 0 + G`; 0

j; 1 +
i~
2

j G`; 0
j � 1;0

�
;

C(n )
pt

=
nX

m =0

mX

j =0

2(n � m )X

` =0

�
n
m

��
m
j

��
2(n � m)

`

�
pm � j

t
p2(n � m ) � `

(2M )n � m

�
�

pt G
`; 0
j; 0 + G`; 0

j +1 ;0

�
; (E.2)

C(n )
pk =

nX

m =0

mX

j =0

2(n � m )X

` =0

kX

r =0

�
n
m

��
m
j

� �
2(n � m)

`

� �
k
r

�
pm � j

t
p2(n � m )+ k � ` � r

(2M )n � m

� G` + r ;0
j; 0 ; (E.3)
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C(n )
tp k =

nX

m =0

mX

j =0

2(n � m )X

` =0

kX

r =0

�
n
m

��
m
j

��
2(n � m)

`

��
k
r

�
pm � j

t
p2(n � m )+ k � ` � r

(2M )n � m

�
�

tG ` + r ;0
j; 0 + G` + r ;0

j; 1 +
i~
2

j G` + r ;0
j � 1;0

�
; (E.4)

C(n )
qpk =

nX

m =0

mX

j =0

2(n � m )X

` =0

kX

r =0

�
n
m

��
m
j

��
2(n � m)

`

��
k
r

�
pm � j

t
p2(n � m )+ k � ` � r

(2M )n � m

�
�

qG` + r ;0
j; 0 + G` + r ;1
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i~
2

(` + r )G` + r � 1;0
j; 0

�
; (E.5)

C(n )
pt pk =

nX

m =0

mX

j =0

2(n � m )X

` =0

kX

r =0

�
n
m

��
m
j

��
2(n � m)

`

��
k
r

�
pm � j

t
p2(n � m )+ k � ` � r

(2M )n � m

�
�

pt G
` + r ;0
j; 0 + G` + r ;0

j +1 ;0

�
: (E.6)

In addition to thosewritten explicitly here, there are those involving higher
polynomials also in q, t and pt . The �rst two typesof those constraints are
more lengthy due to reorderings in the quantum variables. The constraints
listed su�ce for considerationsin Chapter 9.
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In a moment expansion,the leading terms of theseconstraints are

C(n ) = Cn
class + nCn � 1
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where X i and Ri are linear functions of higher, i.e. at least fourth, order
moments.
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App endix F

Figures

F.1 Wave packet for the big-brak e model
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Figure F.1: This �gure shows the wave packet for the big-brake model at
� = 1. Here, the sum in equation (8.24) is carried out up to di�eren t n. It
can be seenthat it is su�cien t to sum the seriesup to n = 20. Including
more terms doesnot alter the form of the wave packet: The packet obtained
for n = 21 is exactly of the sameshape asthe oneobtained from summation
up to n = 20.
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Figure F.2: This plot shows how the wave packet for the big-brake model
loosesits form. The di�eren t lines show the packet at di�eren t � . Summa-
tion is carried out up to n = 20. The initially Gaussian packet at � = 1
dispersesas � = 2 and at � = 5 is already a mere oscillation around zero.
The classicalsingularity occurs at � � 7.
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Figure F.3: The �gure shows the wave packet for the big-brake model. One
clearly seesthat the initially peaked packet dispersesquickly. The classical
singularity occurs at � � 7, � = 0 | where the wave packet is zero anyway.
The centre of the Gaussian at � = 1 is chosen to be � 0 = 10. Units are
determined such that ~ = 1 and � = 0:05. As parameter V0 = 1 waschosen.
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F.2 Wave packet for the phan tom- and scalar-�eld
models

Figure F.4: This �gure shows the wave packet for the phantom model with
exponential potential. The packet is displayed in the (u� 1; v� 1)-plane. It is
clearly peaked around the classical tra jectory (7.29) but spreadsas ju� 1j,
jv� 1j becomelarge, which is just the regionof the classicalbig-rip singularity.
In this plot, � =

p
3 was chosen. The gravitational constant has units such

that � 2 = 6.
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Figure F.5: These two �gures exhibit the wave packet for the scalar �eld
model with exponential potential, Chapter 7. In the upper plot, the initial
conditions are chosensuch that the two solutions add up at the origin of
the (u1; v1)-plane. For wave packet shown below, the initial conditions have
been chosensuch that the packet vanisheson u1 = 0. Recall that u1 > 0
and one quarter of the (u1; v1)-plane corresponds to the entire (� ; � )-plane.
Parametersare chosenas in the corresponding phantom model, � =

p
3 and

� 2 = 6.
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Figure F.6: This �gure shows the same wave packets as F.5. From this
perspective, onecan clearly seethat the boundary condition  = 0 at u1 = 0
is satis�ed for the upper wave packet.
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