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Zusammenfassung

Meine Dissertation besteht auszwei Teilen. Im ersten Teil befasseich mich
mit dem Sdicksal klassisher, kosmologister Singularitaten in der Quan-
tenkosmologie.Der zweite Teil widmet sich der Extraktion von Vorhersagen
aus der Quantenkosmologie.

Im erstenTeil habe ich zwei Klassenkosmologistier Modelle untersucht.
Universen aus der ersten Klasse von Modellen beginnen oder enden ihre
Entwicklung mit einer big-rip{Singulariteat. Hier divergieren Energiedidte,
Druck und Skalenfaktor in endlicher Zeit. Diese Art von Singularitat ist
ein generishier Bestandteil von kosmologistien Modellen mit dunkler Ener-
gie, die durch ein Phantomfeld generiert wird. Fur jedes dieser Modelle
wurde auch dasentsprechendeGegenstick mit normalem Skalarfeld betrach-
tet. Durch das gewshnliche Skalarfeld wird eine big-tang{Singulariteat her-
vorgerufen. Die zweite Modellklasse, die ich untersucht habe, weist eine
big-brakeg[Singulariteat auf. Am big brake wird die Ausdehrung des Univer-
sums durch eine unendlich gro e, negative Besdleunigung zum Stillstand
gebradht.

Die Wahl all dieserModelleist motiviert duch dasAuftreten einer Singu-
laritsat bei gro em Skalenfaktor. Die grundsatzliche Frage, die eszu bean-
worten galt, war, ob dieseSingularitaten auf Quantenebene vermiedenwer-
den. Wenn eine solthe Vermeidung tatsachlich statt ndet, so ist dies ein
Beleg und Beispiel fur das Auftreten von Quantengravitationse ekten im
makroskopischen Universum.

Nach der Entwicklung von Modellen, die die geweinschten Singularitaten
aufweisen, habe ich namliche quartisiert. Quantisierung erfolgte im geo-
metrodynamischen Zugang. Die zertrale Gleichung ist hier die Wheeler{
DeWitt{Gleic hung. Ich habe Losungenzu dieser Gleichungen gefunden,
in einem Fall konnte ich sogar eine exakte Losung angeken. Aus diesen
Losungenhabe ich Wellenpakete entlang Bahnen konstruiert, die auf klassi-
scher Ebenein die Singularitat fahren warden. Die klassichen Bahnenkonn-
ten mit Hilfe des Prinzips der konstruktiv en Interferenz aus den Paketen
abgeleitet werden.

Als Kriterien fur eine tatsachliche Vermeidung der Singularitat auf dem
Quantenlevel wurde das Verstwinden der Wellenfunktion am Ort der klas-
sisthen Singularitat, sovie dasVersdmierenvon Wellenpaketenbei Annahe-
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rung an die klassiste Singularitat bernutzt. Dies entspricht einem Zusam-
menbruch der semi-klassishen Naherungund einer Au sosungder Raumzeit.

In allen Fellen konnte ich Singularitatsvermeidung nachweisen. Im Falle
der big-tang und der big-brake Singularitat, die beide bei endlichen Werten
der Kon gurationsraum variablen auftreten, versdwindet die Wellenfunk-
tion. Fur die big-brake Singularitet zeriet zusatzlich das Wellenpaket.
Die ist nicht der Fall fur die big-tang Singularitat. Die big-rip Singularitat
liegt im Unendlichen. Das Wellenpaket zerlauft bei Anneaherung an diese
Singularitat, verstwindet aber nicht.

Im zweiten Teil meiner Arb eit habe ich mich mit der Anwendung von ge-
neralisierten, e ektiv en Gleichungen auf Systememit Zwangskedingungen
besdhaftigt. Generalisierte, e ektiv e Gleichungen benutzen zur Besdrei-
bung von Quantensystemendie Erwartungswerte fundamertaler Operatoren
und die heheren Momente der Wellenfunktion anstelle der Wellenfunktion
selbst. Dieser Formalismus ist damit wie gesta en fur die Extraktion von
Vorhersagenausder Quantenkosmologie,zum Beispielin der Form von Kor-
rekturen zu klassistien Bewegungsgleibungen. Der Formalismus ist auf
einem, im allgemeinen Fall, unendlich-dimensionalen Quantenphasenraum
aufgebaut.

Die erste Aufgabe bei der Anwendungauf Systememit Zwangskedingun-
genwar die Ubertragung der Dirac'schen Quantisierungsregelfar Zwangs-
bedingungenauf diesenQuantenphasenraum. Die resultierendenZwangsle-
dingungen| esenstehen tatsachlich unendlich viele Zwangsbedingungen
auf dem Quantenphasenraum| eliminieren die unphysikalischen Freiheits-
grade in der zu erwartenden Art und Weise. Dies wurde fur den Fall einer
einzelnen, linearen Zwangshbedingung gezeigt. Daraus folgt, da auch fer
eine beliebigeZwangshbedingungdie Freiheitsgrade,zumindest lokal, korrekt
eliminiert werden.

In einem zweiten Sdritt mu te die neugefundeneMenge an Zwangske-
dingungen konsistert gerahert werden,soda eine endliche Zahl an Bedin-
gungenverbleibt. Nur dann kann man dem System uberhaupt Informatio-
nen entziehen.

Ein soldhes Naherungs\erfahren wurde fur nicht-relativistisc he Systeme
entwickelt und am Beispieldesparametrisierten, freien, nicht-relativistisc hen
Teilchensdemonstriert.



Abstract

This thesis consistsof two parts. The rst part is concernedwith the fate of
singularities in quantum cosmology The secondpart addresseghe deriva-
tion of predictions from quantum cosmology

In the rst part, | studied two classesf cosmologicalmodels. In the rst
classof models, the universeewlvesto or emergesrom a big-rip singularity.
Here, energy density, pressureand scalefactor divergeafter a nite amount
of time. This type of singularity arisesrather generically in cosmological
modelswith phantom dark energy For ead of thesephantom- eld models,
the corresponding scenariowith ordinary scalar eld wasstudied. The scalar
eld induced a big-bang singularity. The secondclass of models studied
was dominated by a big-brake singularity. At the big brake, the universe
ewolution comesto a halt due to an in nite deceleration.

The motivation behind this choice of models was the occurrence of a
singularity at large scalefactor. The major question pursued was whether
thesetypesof singularity wereresolved on the quantum level. If such singu-
larities wereresolved in quantum cosmology this would imply that quantum
gravitational e ects can occur in the macroscopicuniverse.

After devising classical models that cortain the respective singularity,
| subjected these models to quantization which was carried out in the ge-
ometrodynamical approad. The governing equation is then the Wheeler{
DeWitt equation. | found solutionsto the Wheeler{DeWitt equation, in one
caseeven an exact solution. Wave padets were constructed around tra jec-
tories which, on the classicallevel, would lead into the singularity. | have
then shown that the classicaltrajectory canindeed be recovered from these
padkets through the principle of constructive interference.

As criteria for singularity avoidance,the vanishing of the wave function
at the location of the classicalsingularity, as well asthe spreading of wave
padkets upon approach of this region, wasused. Whereasthe former ensures
that the classicalsingularity doesnot cortribute to the quantum theory, the
latter signals a dissolution of the semi-classicalapproximation and thus of
spacetime.

In all cases,| found singularity resolution. In the caseof the big-bang
and big-brake singularities, the wave function vanishesat the classicalsin-
gularity. Thesetwo have in common that they occur at nite value of the
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con guration spacevariables. A spreading of the wave padket is however
only obsened upon approac of the big-brake singularity. A strict vanish-
ing cannot be found at the location of the classicalbig-rip singularity. This
singularity is located at the in nite boundary of con guration space. The
wave padet spreadsupon approad of this singularity.

The secondpart of my thesis deals with the application of the general-
ized e ectiv e-equationschemeto constrained systems. Generalizede ectiv e
equations describe a quantum system via expectation values of fundamen-
tal operators and higher momerts of the wave function | instead of using
the wave function itself. It is thus a very useful scheme for the derivation
of predictions from quantum cosmology e.g. in the form of corrections to
classical equations of motion. The theory is formulated on a, generally,
in nite-dimensional quantum phasespace. The rst task wasto nd a for-
mulation of Dirac's constraint-quantization condition on this phasespace.
Suc a formulation was found and proven to remove degreesof freedom ap-
propriately in the caseof a single linear constraint. This result ensuresthe
correct removal of degreesof freedom for any singly constrained system at
leastlocally. In a secondstep, the newly formulated constraints | there are
actually in nitely many of them | had to be consisterily approximated.
Such an approximation is necessaryto reduce the in nite number of con-
straints to a nite one. Only then can information be extracted from the
system.

Such an approximation scheme for non-relativistic systemswas devel-
oped. Its consistencywas explicitly chedked using the parametrised, free
non-relativistic particle.
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Notation and conventions

Starting point of all our derivations is a four-dimensional manifold M with
metric g of signature ( ;+;+;+). We will considerspatial hypersurfaces
in M which are assumedto be compact throughout.

Greek indices range from 0;:::3 and latin indices from 1;:::3. Round
brackets around indices denote symmetrisation, X ,p), and square brackets
anitsymmetrisation, X[ay-

Poissonbrackets will be denotedby f ; g and commutators by [; ].

We will usethe abbreviation 2 = % containing the gravitational con-
stant G and the speedof light c. Also C = ¥ will be usedas abbreviation.

| decidedto follow the corventions in the choice of variables for the dif-
ferent quartities. As a consequencesomeletters occur with double meaning
and in di erent styles, especially p and H. If the sameletter is usedfor dif-
ferent quartities, then this happensin di erent contexts sothat no confusion
can arise.

Units are chosensuchthat c = 1. The constant ¢ will only be retained
in exeptional cases.
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Chapter 1

Intro duction

General relativity is the theory describing the gravitational interaction.
Even though it is experimentally well veried, it has the disturbing fea-
ture that it predicts its own break-down in the form of spacetimesingular-
ities. Famousexamplesare the big-bang singularity arising in cosmological
spacetimesand the black-hole singularity arising in spherically symmetric
spacetimes.

As theseare both highly symmetric solutionsto Einstein's equations,one
might hope that the singular nature is due to the high symmetry and not to
generalrelativit y itself. However, the singularity theorems of Hawking and
Penrosesquashthis hope. Singularities are a generic feature of physically
interesting spacetimes.Sowe really needa theory that goesbeyond general
relativity | this is at least the usual introduction found in many quantum-
gravity reviews.

The generalassumptionis that “the theory beyond' should be a quantum
theory transcending general relativit y. Depending on the own capacity of
transcendation, one of the following two paths is pursued. Either, one can
attempt to include general relativity in a quantum theory comprising all
four known interactions, i.e. to devisea grand uni ed theory. Or, one can
contend oneselfwith a mere quantization of generalrelativit y.

We resene the name quantum gravity for the latter approad.

Simply subjecting general relativit y to quantization leadsto quantum
general relativity. Here, “simply' refers to a straight forward application
of canonical or path-integral quantization rules. In this thesis, we work
in the functional Screodinger picture of quantum generalrelativit y, i.e. in
the canonical formulation. This approacd is known as quantum geometro-
dynamics and often treated as opposedto the corresponding path-integral
formulation. But we seequantum geometradynamics just as one side of the
coin of quantum generalrelativit y.

Quantum generalrelativit y is the oldest candidate for a quantum theory
of gravity. The problem with this theory is that it doesnot t into the

1
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mathematical corset of ordinary quantum theory. Therefore many other
approades have arisen over the years. On the canonical level, the most
fervent opponert of quantum general relativity is loop quantum gravity.
Being not only faced with problems but also with an alternative, it seems
wise to review the path taken and examine it carefully. This will be the
content of Chapters 2 { 4.

But let us comebadk to the singularity issue| which is actually inter-
mingled with the list of problems of quantum generalrelativit y.

As it was introduced above, the resolution of classicalspacetimesingu-
larities forms a major motivation for the setup of quantum gravity. Let us
take the time to ched this motivation. Should we really expect that quan-
tum generalrelativit y resolvesall classicalsingularities? Which argumerts
can be given in favour of this hope?

Another expectation that is generally raised in connection with the res-
olution of classicalsingularities is that quantum generalrelativit y itself be
a singularity-free theory. Note that this issueis a priori unrelated to the
rst one. Furthermore, it is our aim to elucidate whether the expectation of
singularity-freedomis a valid and well-founded one. Chapter 5 is dewoted to
a critical review of these two expectations connectedwith singularities on
the quantum gravitational level.

Apart from just chedking whether these two expectations are justi ed,
we want to study whether they are actually met. That means,we discuss
whether classicalsingularities are resolved on the quantum level and whether
guantum general relativit y is itself a singularity-free theory. It is di cult
to arrive at general statemerts on theseissues. A tentativ e answer to the
secondquestion is, however, given in Chapter 5. Following the results of
this chapter, criteria are developed which accourt for singularity resolution
on the quantum level.

Armed with these criteria, we approad the rst question, namely the
guestion of singularity resolution on the quantum level. It is discussedfor
two di erent typesof quantum-cosmologicalsingularity in Chapters6 and 7.

Quantum cosmologyis the adaptation of quantum generalrelativity to
cosmology It hastwo main applications. Firstly, it is consideredas the
theory relevant for the study of the early Universe. Secondly it is often
usedas a toy model for full quantum generalrelativit y. This is the sensein
which it is employed in Chapters 6 and 7.

Of course,the cosmologicalsingularity of primary interest for our Uni-
verseis the big bang. But other, more exotic typesof singularity also exist.
The two singularities studied here are the big rip and the big brake. They
both occur at large scalefactor, i.e. in the macroscopicuniverse. We ana-
lyze what happensto these singularities upon quantization. Can we expect
guantum gravitational e ects in the macroscopicuniverse?

The last chapter is devoted to a rather new e ectiv e formulation developed



for quantum cosmology This formulation is based on expectation values
and higher momerts of the wave function instead of the wave function it-
self. Therefore it is very well suited for the extraction of predictions from
guantum cosmology In Chapter 7 a formalism is developed that allows the
application of this e ectiv e schemeto constrained, non-relativistic systems.
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Chapter 2

Hamiltonian form ulation of
General Relativit vy

The Hamiltonian formulation is the classial starting point of canon-
ical guantum geneal relativity. It is basel on a (3+ 1)-decomposition
of sppcetime. The correspnding action arising from the Einstein{
Hilbert action is the so-alled Arnowitt{Deser{Misner action. Most
signi c antly, the Hamiltonian dynamics of geneal relativity turns
out to be constrained, the Hamiltonian itself being one of the con-
straints.

2.1 The Arno witt{Deser{Misner action

Any canonicalformulation restson the isolation of velocities of con guration
space variables. From these, the conjugate momena are inferred which
then span up phasespace. Thus to obtain a canonical formulation one has
to identify a time variable. For general relativit y this implies that four-
dimensional spacetimehasto be decomposedinto spatial hypersurfaces.On
ead hypersurface, canonical variables can then be de ned which ewlve
along the foliation. The resulting formalism is implicitly generally covariant
if it doesnot depend on a speci ¢ choice of time, i.e. foliation.

The decomposition of the Einstein{Hilb ert action into time and space
directions is called Arnowitt{Deser{Misner action, or ADM-action for short.

In the following, | want to presen the (3 + 1)-decomposition and derive
the ADM-action for pure gravity. Finally, someremarks are made on the
inclusion of matter.

We start from a Lorentzian manifold M with spacetime metric g of
signature ( ;+;+;+). This metric is a solution of Einstein's equations
derived from the Einstein{Hilb ert action

5



6 CHAPTER 2. HAMIL TONIAN FORMULATION OF GR

s Z p
d*x detg(R 2)

Senla] = 16 G

M

The prefactor containing the gravitational constart G and the velocity of

light ¢ will be abbreviated through 2 = 22, The determinant of g will

be written asdetg, R is the Ricci scalar of g. The cosmologicalconstart is
denoted by .

2.1.1 The (3+ 1)-decomp osition

Now we decomposethis spacetimemanifold M into three-dimensional,space-
like hypersurfaces. These hypersurfacesshall actually be Cauchy hypersur-
faces:the speci cation of initial data on thesehypersurfacesshall determine
a (up to di eomorphisms) unique solution to Einstein's equations. We know
that such hypersurfacesdo not exist for arbitrary spacetimesbut only for
globally hyperbolic ones?

The foliation of spacetime

Globally hyperbolic spacetimesare di eomorphic to a product manifold of
a three-dimensional, spacelile manifold, , with the real line. This di eo-
morphism is just the foliation

E: R !I' M
(x;t) 7V E(xt):

In the following, we will assume to be compact. For eath t 2 R, we get a
special embedding of the hypersurface into M

E: I M
x 7' E(x)=E(Xt):

In this way, a global time function can be de ned. Namely let
EL: M R
X 70 EYX)=((X); (X))

where M ! and : M ! R. Then (E(x)) = t. This map
assaiateswith ead point in M atime coordinate in R, the foliation time.

LFor non-globally hyperbolic spacetimes, data on a three-hypersurface determine the
metric only in a limited region, the domain of dependence.
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Forall x 2 , themapE: R ! M denes atimelike curvein M. Its
tangent vector is E, where the dot denotesderivation with respectto t. As
this holds at eadh x 2 , this actually de nes a tangent vector eld. It is
called deformation vector eld. At ead point X 2 E() it describesthe
changeof the embedding asa function of t. As avector eld it thus speci es
how onehypersurfacek () is deformedinto an in nitesimally neighbouring
oneE. (), seeFigure 2.1.

If we introduce coordinates X , = 0;:::3,onM | which are not to
be confusedwith the point X 2 M | this eld hascomponerts E;, where
E = X (E(x)) at eath point x in the hypersurface.

Ex(t)
( | B(1) (Ex(t)
B () N Er ()
x2+ x2
N t
E(t) ‘

o) R = Q%ao
) 3

Figure 2.1: Two embeddings of the hypersurface into M are shown.
Theseembeddingsare separatedby a foliation-time interval t. On the left-
hand side, the timelik e curves E(t), E/(t) for two points x, y 2 E() are
shown. The deformation vector E(t) is depicted at y. The gure on the
right-hand side illustrates the geometrical interpretation of lapse and shift.
Following the hypersurfacenormal n by an amount N t along a geadesicto
the intersection point with E+ () and then N2 by an amount  x2, we
arrive at the intersection point of E(t) with E+ ().

Keeping in mind that we want a theory that is de ned on spatial hyper-
surfaces,we have to strife for a way to separate quartities which lie in the
hypersurfacefrom those orthogonal to it. This can be donewith the help of
the hypersurfacenormal vector eld n. For eath embedding E it is de ned
via

n (X)E a(x)=0;
where E, ; a(x) = dEd)f’a“t) and x 2 . Furthermore, as we are interested in
spacelike embeddings, we want this normal to satisfy

g ()n (x)n (x)= 1:
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Both equationsimply that the normal vector eld dependson the spacetime
metric g aswell ason the embedding E. So,to be correct, we should write
n = n(x; K;g]. For the sake of simplicity, | will refrain from doing so.

With thesequartities, n (x) and E ; a(x), we candecomposeead tensor
into its hypersurface-orthogonaland -normal parts. For the deformation
vector, we write

E{M)=NXtg n +N*1E a :

We call the function N (x; t) lapsefunction and the three-vector N (x; t) with
componerts N 2(x; t) shift vector. | use(x; t) asa short-hand to denote their
dependenceon the embedding and the location on the hypersurface. The
correct notation would be: N = N (x; E; g] and similarly for the shift vector.

As can be seenfrom their de nition, they describe the change of the
hypersurface with t in the orthogonal and tangertial directions, respec-
tively. More precisely for two embeddings E() and E+ (), N(x;t) t
gives the proper time separation between E() and E+ (() normal to
E(), N(t)t= » (x). Similarly (but more complicated to phrase),
N&(x;t) t describes the displacemen of E. {(x) with respect to the in-
tersection point of the geadesic normal to E(x) with E+ ¢(). Let the
intersection point have coordinates x2+ x2 on , then we canwrite this as
Na(x;t) t=  x? seeFigure 2.1 for clari cation.

(3+ 1)-decomp osition of the spacetime metric

We considerthe pull-back E of the spacetimemetric g under the foliation
E to R. Coordinates on R are adapted to the product structure of
this manifold. Namely, the coordinates Y are chosensuch that Y° = t and
Y2 = x2 a= 1;:::3, and x2 is the coordinate systemon . Then we get
the following metric componerts under pull-back

(E g)oo(X;t) = hgppN3NP N2
(E Q)ao(X;t) = hgpNP
(E Q)an(X;t) = hgp:

So lapse and shift are basically the time-space and time-time componerts
of the space-timemetric g. Often one nds the short-hand version of this
decomposition, leaving out the details connectedwith the embedding. Then
the spacetimemetric is simply givenin its ADM-form

g = N2+ hgpN3NP hgpNa
habNb hab '

alsoreferredto asADM-metric. As is obvious from the left-hand side of this
equation, this formula dependson the choice of coordinate systemon M .

(2.1)
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The extrinsic curv ature

We want to make one last obsenation beforeturning to the decomposition
of the action. This concernsthe change of the metric on an initial surface
E() underewlution to the neighbouring one,E+ (), projectedalongthe
hypersurfacenormal. With hindsight onemight guessthat this quartit y will
serne as metric-velocity. One nds

han(y) _
"B

K ap is the extrinsic curvature of E() and describesthe way the hypersur-

faceis embeddedinto M . As sud it characterizesthe extrinsic geometry of

E(). This canbe seenfrom its de nition

2Kap(x) (X y): (2.2)

Kab= E¢iaBipr n
where r is the covariant derivative of g. From this follows also that the
extrinsic curvature has componerts only in the three-hypersurface. Using
lapse and shift, we can write this as

1
Kao= 57 Bap* Lighao (2.3)

where L hap is the Lie derivative of hyp, along the shift vector.

2.1.2 The Arno witt{Deser{Misner action

The ADM-form ulation of the Einstein{Hilb ert action consistsnow in pulling
badk the Einstein{Hilb ert Lagrangian with the help of E and expressingthe
result in terms of three-metric, extrinsic curvature, lapse and shift. This
amounts to inserting (2.1) into the Einstein-Hilb ert Lagrangian, making use
of (2.3) and isolating as many total derivativesas possible.

One arrivesat the following form of the action

Z Z D h [
Swom = 5 dt d3N "~ deth KK (K3)2+ OR 2 SaDM |

[

(2.4)
where ®) R denotesthe Ricci scalar of the three-metric h. The determinant
of this metric is denoted by deth and

2(Io dethK );; (ID deth(K NP h3N.a));p

p
= 2 detg(n r n nr n) ;

SapMm

This total-deriv ative term is usually dropped. Recall that we restricted the
discussionto compact .
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Note that the ADM-action is rst-order in time-derivativesof the metric.
Moreover, all quantities occurring in this action | apart from lapsefunction
and shift vector| lie in the three-hypersurface,i.e. they are three-covariant.
We thus put the action into rst-order form and reformulated it in terms
of quartities de ned ertirely on the spatial hypersurface. These were the
principles accordingto which Arnowitt, Deserand Misner derivedthe ADM-
action originally.

2.2 The Hamiltonian of General Relativit y

The canonical formulation is set up on the three-hypersurface . As ex-
plained in the beginning, this hypersurfaceis a Cauchy surface of (M ;g).
The ADM-metric componerts and their foliation-time derivativesare thought
of as being prescribed on this hypersurface. The componerts themselhes
sere as canonical coordinates, the time derivativesare thought of as veloci-
ties. The time dependenceof both, coordinates aswell as velocities, are not
known but to be determined by the equations of motion.

Due to its rst-order form and due to the fact that all quantities it
dependson are de ned on , we can usethe ADM-action as starting point
of the canonical formulation. But we have to forget about the construction
of Sapm and just considerthe hypersurfaceand the quartities de ned on
it as fundamertal | and not as having arisen from a decomposition of a
spacetimemetric g.

We use (24) with Sapm = 0.

2.2.1 Phase space variables of General Relativit y

We thus have as canonical coordinates lapse N (x), shift N'(x) and three-
metric h(x) at eadh x 2 . The momerta corresponding to lapse and shift,
Pn, Pna, Vanish as the action does not depend on their velocities (if the
total derivative in (2.4) is removed?),

pn O pna O (2.5)

Theseare primary constraints! The Hamiltonian dynamics of generalrela-
tivit y is thus constrained. This is a consequencef the fact that the ADM-
Lagrangian is singular. The algorithm that tells us how to proceedwith
sud a constrained systemon the Hamiltonian level is the Bergmann{Dir ac
algorithm. It is explainedin Appendix A. In the following, | will usethe ter-
minology of constrained systemsas presered there. Equations (2.5) de ne
the primary constraint surface.

20Otherwise the linear dependence of the action on the velocities of lapse and shift
yields their canonical momenta as functions of the three-metric componerts, seeDirac's
own derivation [2].
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For the three-metric componerts, we nd momernta

o = _SADM_ _ i dith K& hKS (2.6)
hap
Sowhereasthe three-metric describesthe intrinsic geometryof , its canon-
ical momertum characterizesthe extrinsic geometry.
The space(N;N?2;hap pn;Pna; Pap) de nes the phase spaceof general
relativity. It can be equipped with a Poisson bracket in the convertional
way. The only non-vanishing brackets are?

N (x);p° (v)g x v
fhao(x);p™(V)g = &5 (x ¥);

where | introduced N = (N;N?2) and p° = (pn;pna) for the sake of
shortness.

The geometrical structure of this phasespaceis, to my perception, best
discussedin a review by Fischer and Marsden, [16]. There, the ADM-
decomposition is described in di erential geometric language. The main
result is that the phase spaceof general relativit y does form a cotangert
bundle over con guration space. More precisely let con guration space
Q() be the spaceof all C!, Riemannian metrics h on . The tangent
bundle TQ() assaiates with ead Riemannian metric a C! , 2-covariant
symmetric tensor eld on . This canbethought of asthe “velocity' K of h.
The cotangert bundle isde ned asT Q() and ass@iatesa C! symmetric
2-cortravariant tensor density of weight one with ead metric. This can be
thought of as canonically conjugate momerntum of h. This cotangert bundle
can then be equipped with the above Poissonbracket which turns it into a
symplectic manifold.

2.2.2 The Hamiltonian of General Relativit y

Equation (2.6) can be solved for the velocities,

2
1
K .= ab _habc :

sothat one arrivesat the canonical Hamiltonian density through

HOx; i piNsNT = puN-+ pyaN2+ phay  Lapm [hiN;NT ;

3The brackets on the right-hand side of the secondPoissonbracket denote symmetriza-
tion on the product of Kronecker .
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as

Hx;hpiN;NT = 207N,

p% %(IOS)2 ppap + deth @R 2 ;
e

where the vertical bar denotesthe covariant derivative of h. After the ne-
glection of a surfaceterm,

H(x;h;p;N;N] N (G )H2 (x; h;pl + N2(x; )Ha(x; h p]

N H (x;h;p;N;NT;

wereweintroducedH = (H-;Hj) for the sake of shortness. The hypersurface-
orthogonal and -tangential parts of the Hamiltonian density are given by

HaOhipl = 20%(x) ;
2
Ho(x;hipl = —P=—[hac(X)hpd(X) + hpe(X)had(X)  hap(X)hea(X)]
2 deth D
pPP(x)p*4(x) 7det2h(x) CR(x;h] 2
The tensor
Gabed(X) = _plj[hac(x)hbd(x) + hpe(X)had(X)  hap(X)hea(X)]
2" deth(x)

is called DeWitt metric. We will cometo its meaning in Chapter 5. The
Hamiltonian itself will be denoted by
z z
HC= d®%N H = d3%H®:

2.3 Constrain ts of General Relativit y

The occurenceof primary constraints entails more constraints (otherwise
one would hardly call them primary). These arise from the requiremert
that the primary constraint surface be consened under ewvolution through
the primary Hamiltonian. From this, an iteration procedure results which
shrinks the primary constraint surfaceto the constraint surfaceand termi-
nates when all constraints are consened under ewolution.

Furthermore, constraints generatetransformations on phasespace.
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In this section, the complete set of constraints for generalrelativit y will
be determined and the transformations they generateanalyzed. Finally, we
will introducethe conceptof the partially reducedphasespacewhich is the
starting point for quantization.

2.3.1 The set of constrain ts

The primary Hamiltonian is obtained from the canonical one through the
addition of the primary constraints,

HP (x;h;p;N;N] = H(x; h; p;Ns N+ v p° (2.7)

with arbitrary functions v . In the following, | will drop the dependenceof
the Hamiltonian on (x;h; p;N; N].

We require the primary constraints (2.5) to be consened in time. This
yields the consistencyconditions

p =fp’ ;HPg=H 0:

Thus, consenation of the primary constraints yields the Hamiltonian com-
ponerts as secondaryconstraints,

H>(x;h;p] O; Ha(x;h;p] O:

The total Hamiltonian is therefore constrained to vanish* The constraints
PN 0, pna 0, H» O0and Hy 0 de ne the secondary constraint
surface. Requiring consenation of constraints on it, yields no new con-
straints. The setpy 0,pna O,H, OandH, 0 isthe complete set
of constraints for generalrelativit y, the secondaryconstraint surfaceis the
constraint hypersurface.

We will denotethis hypersurfacein phasespaceby .

2.3.2 Transformations generated by the constrain ts

Evaluating Poissonbrackets betweenall constraints, they are found to van-
ish on (. This follows trivially for Poissonbrackets involving the primary
constraints. Poissonbrackets betweensecondaryconstraints are more com-
plicated to evaluate. They are given by

4 Alternativ ely, one can arriv e at this result from the Hamiltonian form of the action
zZ Z
Spom = dt @k p®ha NH> N2%Ha

through variation with respect to lapse and shift.
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fHo(X);H2(y)g = 2HP(x) ;p(x  y)+ HEp(y) (x y): (2.8)
fH > (x);Ha(y)g Ho(y) ;ax y); (2.9)
fH a(x); Hu(y)g Hp(x) ;a(x y)+ Ha(y) ;(x vy): (2.10)

This algebrais called Dirac algeba. It will be discussedin Section 2.5.

Thus, Poissonbrackets betweensecondaryconstraints vanish alsoon .
We concludethat the set of constraints is rst class. First-class constraints
generate gauge transformations. Which transformations are generated by
the constraints of generalrelativit y?

The primary ones,py 0, pna O, correspond to arbitrary lapse and
shift. But thesejust specify the coordinate systemo the hypersurface .
Thus, these primary rst-class constraints signal that the canonical formu-
lation does not depend on the coordinate system surrounding . Gauge
transformations generatedby theseconstraints are just coordinate transfor-
mations that leave the coordinateson untouched.

The transformations generatedby secondaryconstraints, H, 0, Hg
0, are somewhatmore subtlﬁ to derive. We can approac the problem from
the total Hamiltonian H =  d3xH. This clearly de nes transformations on

phase spacemapping p® ! p®° and hyp ! hd, such that both, (hap; p°)
and (hgb; pabC} describe solutions to Einstein's equation. That meansthey
both correspond to the samespacetimemetric g, but arise from a di erent
slicing of the latter. The points on the orbit of (ha; p?) generated by
HC correspond to one and the same solution of Einstein's equation, but
expressedin dierent coordinate systems. If one de nes a physical state
in generalrelativit y as a spacetime,then H, and H, are rightly called the

generatorsof gaugetransformations in the sensede ned in Appendix A.°

Splitting the generator of four-di eomorphisms into its tangertial and
orthogonal parts, we conclude that H, relates spatial hypersurfacesthat
arise from di erent leaves of the foliation. The tangertial componerts, on
the other hand, generatedi eomorphisms in the hypersurface. For a xed
foliation, the orthogonal part clearly determinesthe dynamics whereasthe
tangential parts just changethe coordinate systemin the hypersurface.

Therefore, the tangertial parts are usually referredto asdi e omorphism

constraints, whereasthe orthogonal part is somewhat ambiguously called
Hamiltonian constraint.

5The term ‘gauge'is used in dierent meanings and contexts in physics. Here, we
use the terms local and rigid gauge transformations for those transformations to which
Noether's rst and secondtheorem applies. The term gaugetransformation, on the other
hand, is reserved for the transformations generatedby rst-class constraints that leave the
physical state invariant.



2.4, EQUATIONS OF MOTION 15

2.3.3 The partially reduced phase space

Usually, one xes the coordinate system o through a speci ¢ choice of
N, N2 and assumeshe rst-class primary constraints to be satis ed. This
choice of coordinate systemin the canonical formulation correspondsto a
choice of gauge. It just xes the foliation. Covariance is presened as any
choiceis possible.

Then H,, H, describe how the hypersurface “moves' through this
“badkground'. We will assumethat such a gauge xing hasbeencarried out
before quantization. This does not restrict our formalism or makesit less
covariant as lapse and shift will not enter on the quantum level, as will be
seenlater.

2.4 Equations of motion

2.4.1 Hamiltonian equations of motion

The Hamiltonian equations of motion follow from a variation of the Hamil-
tonian. For lapseand shift, we just get the trivial statemert

NN =fN ;HPg=v
This con rms the previous statemert that they are super uous degreesof

freedomthat can be freely speci ed.
Variation with respect to three-metric and momertum yields

P

B0 = fptHPgs (2.11)
al
HP

hap = fhapHPg= 7 (2.12)

N and N @ thus enter as arbitrary functions. Here it becomesobvious that
they have to be prescribed in order to give meaning to the equations of
motion. We also seethat N, N2 specify the time parameter t, i.e. the
foliation. The freedomto chooseN, N @ arbitrarily insuresthat the theory
doesnot depend on a speci ¢ foliation | it holds for any foliation.

The equations of motion (2.12) for h,p, can be solved for p° = pa°(hey).
Using the de ning equation for p2 in terms of extrinsic curvature, (2.6),
one can expressthe extrinsic curvature in terms of the time derivativ e of the
metric h | which just yields (2.3).

The equations (2.11) for p?® are dynamical equations and complete the
set of Hamiltonian equations of motion for generalrelativit y.

2.4.2 Relation to Einstein's equations

We expect theseequationsin somesenseo be equivalent to Einstein's equa-
tions asthey arisefrom the ADM-action which in turn arisesfrom a rewriting
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of the Einstein{Hilb ert action. Due to the constraints, some of the Hamil-
tonian equations should be redundant. Both expectations are met. First of
all, the following equivalencecan be shown

From Einstein to ADM:
Let a spacetimewith metric, (M ;g), be given, whereg is a solution to
Einstein's equations. Now foliate this spacetimewith a one-parameter
family of spacelile embeddingsk : I M of athree-hypersurface
into M . These embeddings de ne lapse and shift. Furthermore,
we get a family of induced three-metricst 7! h(t), and similarly for
the momerita t 7! p(t). Here, p is de ned in terms of the extrinsic
curvature.

It then followsthat the pair h(t) and p(t) satis es Hamilton's equations
of motion, (2.11) and (2.12) and the constraints. It is thus shown
that we obtain solutions to Hamilton's equations of motion and the
constraints through the foliation of a spacetime obeying Einstein's
equations, [8].

From ADM to Einstein:

On the other hand, let a spacetimewith metric (M ;g) be given |
but let g be an arbitrary metric that is not a priori required to satisfy
Einstein's equations. Carry out a foliation as described above. But
now assumethat h(t) and p(t) satisfy the Hamiltonian equations of
motion and the constraints.

It then follows that the spacetimemetric g satis es Einstein's equa-
tions. So, a solution to Hamilton's equations and the constraints is
assaiated with a solution to Einstein's equationsthrough whosefoli-
ation it arises,[8].

Actually, (2.11) and (2.12) are the projections of the vacuum Einstein equa-
tions into the surface: Gy = 0, (2.11), (2.12), where G is the Einstein
tensor. And the constraints are its projections perpendicular to the hyper-
surface,namely

H, 0 |, nnG =0; Hy 0 n Gg =0:

But we also suspected that someof the equations of motion are redundant
dueto the existenceof constraints. This is the subject of the interconnection
theorems for a full list see[8]. | only quote the two which are important for
the justi cation of the quantum schemewe will use.

The rst statement wasdiscoveredby Dirac and canbefound in his Lec-
tures, [3]. It guaranteesthat the constraints are consened by the equations
of motion. More precisely if the constraints and the equations of motion
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for p and hyp, are satis ed by a pair (p2°; hyp) for all points on E(), then
the constraints will be satis ed for all Ef() with T > t. This “consenation
law' is a consequencef the Bianchi identities.

Reversely if the constraints are satis ed by a pair (p2°; ha,) on E()
for all parameterst 2 R, i.e. on all hypersurfacesof a foliation, then the
equations (2.11), (2.12) for p? and hy, are automatically satis ed. This
statemert is due to Kuchar, [7].

From these two statemernts we learn that the entire dynamics of the
Hamiltonian theory is contained in the Hamiltonian constraints. This is the
reasonwhy it is believedto be su cien t to quantize theseconstraints alone.

2.5 Dirac algebra

| want to comebad to the algebrageneratedby the secondaryconstraints,
the Dirac algebra. It characterizesthe transformations generated by the
secondaryconstraints.

Before discussingseveral interpretations of this algebra, note that the
Dirac algebrais not a Lie algebreé® and consequetly, the generatorscannot
be exponertiated to form a group. However, the H 4(x) alone do form a Lie
algebra, namely the algebra of three-di eomorphisms in the hypersurface.

Last but not leastit should be noted that the signature of the embedding
spacetimemetric canberead o from this algebra. If the right-hand side of
(2.8) is positive, the spacetimemetric hassignature ( ;+;+;+), whereasa
negative sign on the right-hand side comesfrom a Euclidean four-metric.

2.5.1 Reparametrization-in variant theories

It was already obserwed by Dirac that any di eomorphism-in variant theory
necessarilyhas weakly vanishing Hamiltonian.

Theories with weakly vanishing Hamiltonian are called reparametriza-
tion invariant.” Any theory can be brought into suc a form. To this end,
one hasto introduce an unphysical "time' parameter that elevates physical
time to a dynamical variable. The resulting theory is then obviously in-
variant under reparametrizations of the unphysical ‘time' parameter. This
procedure can of course be carried out with any of the coordinates. The
resulting formulation is then invariant under reparametrizations of the ar-
ti cially introduced parameters. But generalrelativit y is already invariant
under ‘reparametrizations' of coordinates. This is just the essenceof gen-
eral covariance, or di eomorphism invariance. Thus, general relativity is

®Note that in the rst bracket, (2.8), the indices are raised using the three-metric on
the right-hand side.

In the literature onealso nds the name parametrization invariant . But to my under-
standing, the theories are parametrization independent and therefore reparametrization
invariant .
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naturally in reparametrization invariant form. Other such theories are the
relativistic free particle and the free bosonic string.

Irrespective of whether or not the theory hasbeenarti cially turned into
a reparametrization-invariant oneor is reparametrization invariant from the
very beginning, the canonical Hamiltonian will always be of the form

H=vH ; H O:

Decomposing H into hypersurface-orthogonaland -tangertial parts, one
always arrivesat the Dirac algebra, (2.8) | (2.10), see[3].

2.5.2 The hyp ersurface-deformation algebra

It hasbeenshownn by Kuchar, Hojman and Teitelboim that | for arti cially
aswell asnaturally reparametrization-invariant theories| the Dirac algebra
can be interpreted as the algebra of hypersurfacedeformations. Here, the
H, generatethe deformations in the hypersurfacewhich are just equivalent
to a changeof coordinate systemin the hypersurface. And H, generatesthe
deformations perpendicular to the hypersurfaceand thus the dynamics?

In this way, the Dirac algebra can be derived from rst principles, [12].
In spirit, this is however very closeto the way Dirac himself interpreted the
algebrain his Lectures, [3].

2.5.3 Relation to di eomorphisms

The questionis now how the transformations generatedby the Hamiltonian
constraints relate to invariance transformations on the Lagrangian level.>
This issuehasbeenstudied by Bergmann and Komar, [14]. First of all, note
that a hypersurfacedeformation is equivalent to the transformation of one
coordinate system specifying a spacelike hypersurfaceinto another one de-
scribing the samehypersurface. Generators of suc a transformation would
just be the generators of four-di eomorphisms. But due to the canonical
form and the projection tangertial and orthogonal to the hypersurface,we
are here not dealing with the generatorsof four-di eomorphisms. This can
be immediately argued from the fact that sud a projection is not unique.
Therefore the set of hypersurfacedeformationsis larger than the set of four-
di eomorphisms. This argumert is made preciseby Bergmann and Komar,
[14]. They showed that generalrelativity (i.e. the Einstein{Hilb ert action)
is not only invariant under four-di eomorphisms

x 1 x%=f (x); (2.13)

81t is also a result of Kuchar's work that the Hamiltonian constraints of arti cially
reparametrization-in variant theories depend linearly on the canonical momenta whereas
those of the truly reparametrization-in variant theories have quadratic dependenceon the
momenta, [9].
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but under the larger set of transformations

x 1 x%f [xg (X)]: (2.14)

How do these two groups relate to the transformations generated by the
Hamiltonian constraints? First of all, note that (2.13) is a subgroup of
(2.14). The Dirac algebrais a proper subalgebraof the Lie algebraof (2.14)
only if N depend on the canonicalvariablesh and p. The group generated
by (2.13), on the other hand, is a subgroup of the group generatedby H,
| but only for spatial di eomorphisms.

2.6 Gravity coupled to matter

If we go beyond vacuum gravity, the matter action hasto be addedto the
Einstein{Hilb ert action,

Z b
S=Sgy+ d% detgL matter :
M

The decomposition of the Einstein{Hilb ert part was carried out in the pre-
vious sections. Now we also have to decompose the matter Lagrangian.
Esserially , we have to expressthe metric determinant asdetg= N 2deth
and split derivativesinto timelik e and spatial ones. Note that becausethe
matter Hamiltonian describesthe matter density, what we have to do, is to
decomposethe energy-momertum tensor into its timelik e and spatial parts
and expressthe resulting quartities in terms of the eld and its momerta.

The total Hamiltonian is likewiseconstrainedto vanish. Tangertial and
orthogonal components include now

(N P
HJa®er = N* deth ;  HI = N dethj, ;

where andj, are energydensity and energy- ow componerts, respectively.

References: | heavily relied on Isham's presenation of the (3 + 1)-
decomposition given in "Canonical Quantum Gravity and the Problem of
Time', [11]. The relation betweenthe canonical equations of motion and
Einstein's equationsis explained in Kuchar's papers on canonical quantum
gravity, [8] aswell asin areview by Isham, [10]. | alsousedKuchar's lecture
notes from 1976, [7], as well asthe review article of Bergmann and Komar
in the rst volume of "General Relativity and Gravitation', [13].
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Chapter 3

Dirac Constrain t
Quantization

The road to quantum geneal relativity is a rather bumpyone| and
the nal destination is still not in sight. Di er ent authors blamedif-
ferent problemsfor the deprivations of the enduring voyage. More-
over, with the advent of loop quantum gravity, a shortcut with speedy
vehicle is claimed to exist, putting somene chuggingin a rusty old
car along a run-down road into a position of defene. | therefore
want to getout of the car and walk the road to quantum geneal rela-
tivity stepby step, trying to seprate the problemsof the path (Dir ac
constraint quantization) from thoseof the vehicle (general relativity),
trying to identify those potholes which are natural and those which
one shouldbe ableto avoid. The presentchapteris entirely dedicated
to the path, i.e. Dirac's constraint quantization scheme.

3.1 Canonical Quantization

3.1.1 Canonical Quantization of Classical Mec hanics

Canonical Quantization is a scheme originally devisedfor the quartization

of classical, mechanical systemswith simple phase-spacestructure R?". It
was mainly deweloped by von Neumann, Weyl and Dirac. The idea is to
give a clear prescription of how to passfrom a given classicalsystemto its
guantum counterpart. In sud a way one tries to axiomatize the heuristic
stepsthat led to the discovery of the Schredinger equation. Sud an e ort

results in v e axioms, given in Appendix B. Their essencas the following
instruction: promote phase-spacdunctions to operators on a Hilb ert space
of squareintegrable functions over con guration spacesud that all Poisson

21
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bracket relations are turned into commutators. Sdematically, this can be
written as

f71 f suhthat f;g7! i%[;]:

The problem with this system of axioms is that it is inconsistert, seeAp-
pendix B. Moreover, the Groenewold{van Hove theorem shows that not all
phase-spacdunctions can be elevated to operators such that the Poisson
algebrais presened in the form of a commutator algebra. Another problem
is that not all phase spaceshave the simple structure R?". It would be
desirableto generalizethe quartization procedureto systemswhosephase
spaceis a generalsymplectic manifold . Both of theseproblemshave been
tackled in various ways.

| just want to emphasizehere that the canonical quantization scheme
does not provide a consistent, unique, axiomatic prescription. One of the
major draw-badks is that it does not tell us which variables have to be
implemented under presenation of their Poissonalgebra. This is a direct
consequencef Groenewold{van Hove'swork and will be of someimportance
in the quartization of gravity.

Dynamics in canonical quartization in the Scredinger picture is given
by the Scredinger equation. According to it, any state vector, i.e. elemert
of the Hilbert space, ewlvesin external time t through the Hamiltonian
operator,

i~—j ()i =Hj( )i
@J( ) Q)
where H is the operator corresponding to the system's Hamiltonian.

3.1.2 Canonical Quantization of Field Theories

Generalizing the canonical scheme to in nitely many degreesof freedom
yields the so-calledfunctional Schredinger picture of quantum eld theory.
Essertially, the rules of the theory with nite degreesof freedom are taken
over to eld theory. This is done, of course heuristically, through a dis-
cretization of elds | thustruncating the eld theory at nite orders. Af-
ter employment of the quantization rules, the continuum limit to in nitely

many degreesof freedomis taken. For details, seeAppendix B.

The functional Schreodinger picture is a generalization of the usual Fock-
spacerepresenation. The latter istied to the particle interpretation, whereas
the former also applies on curved hypersurfaces| which are just the type
of hypersurfaceswe are dealing with in canonical generalrelativit y.*

YFor a free eld theory in Mink owski space, one usually usesthe Fock space repre-
sertation. It is invariant under Poincare transformations, that means 1) the vacuum
is invariant under action of the Poincare group, 2) creation and annihilation operators
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Despite its intuitiv e nature, there are some subtleties involved in the
setup of the functional Schredinger picture. For example, it is not obvious
to which function spacethe canonical eld should belong, i.e. it is not
clear what the correct choice of con guration spaceQ shall be. Related
to this is the fact that an in nite analogueof Lebesguemeasuredoes not
exist. In fact, for a non-interacting scalar eld, onehasto choosea Gaussian
measure . It turns out that ascon guration spacenot only functions but
also distributions have to be included, [10].

A more serious problem are the divergencesarising from the fact that
one is dealing with in nitely many degreesof freedom. The products of
non-comrruting operators taken at the samespacetimepoint are generally
ill-de ned asthey produce (0)-divergences.In a at badkground, one uses
operator ordering to get rid of thesein nities.

The divergencesstemming from the products of non-commuting oper-
ators arise on the same level as the UV-divergencesin the path-integral.
Renormalization of these is generally done through the introduction of a
regulator. In the end, the regulator is removed after the potentially diver-
gert terms have beenrendered nite. If the divergencescannot be dealt
with, the theory is meaningless| at leastit is not valid as a fundamental
theory.?

Sonote that in nities assaiated with operator products at the samespace
point arise in any quantum eld theory in the functional Schredinger pic-
ture. A particular problem of quantum gravity is the perturbative non-
renormalizability of generalrelativit y and the lack of badkground structure.

Analogousto the nite-dimensional case,one arrivesat the represena-
tion

N N
(60 [1= (60 [1: MxY [1= i~

for fundamental variables , , where [ ]2 L?(Q; ). They satisfy the
equal-time commutation relations

transform covariantly amongst themselves and 3) an n-particle state is mapped onto an
n-particle state under the action of the Poincare group. This can be summarized by the
statement that Fock spacecarries a unitary represertation of the Poincare group. This
doesno longer hold if the theory acquires an interaction term. Then Poincare invariance
is generally broken which meansthat a particle interpretation does no longer exist. The
same e ect occurs if one considers eld theory on curved instead of at surfaces. From
this we seethat the Schredinger represertation is a more fundamental concept than the
Fock spacerepresenation. The latter is tied to the particle interpretation whereas the
former incorporates the eld aspects.

2But asgeneral relativit y doesnot couple to fermions, one might expect that its quan-
tization cannot yield a fundamental theory anyway.
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Dynamics of the systemis given hereaswell through the (functional) Scro-
dinger equation,

igj[ Ji= A0 3

where } now contains functional derivatives, e.g. in the position represen-
tation with respectto the eld (x;t) for xed t.

3.2 Constrain t Quantization

Any theory with local gaugeinvariance is constrained on the Hamiltonian
level. Even though we did not obtain the ADM-action through a gauging
of arigid symmetry, i.e. even though we are not dealing with a gaugethe-
ory of generalrelativity, we still encourter constraints. These are due to
the di eomorphism invariance of generalrelativit y. More generally, we sav
that any reparametrization-invariant theory obeys a constrained Hamilto-
nian dynamics.

Soin order to quantize reparametrization-invariant theories| aswell as
gaugetheories| canonically, we needa prescription for the implementation
of constraints in the functional Scredinger formulation of quantum eld
theory.3

3.2.1 Dirac Constrain t Quantization

There are seweral ways in which one could try to realize such a formula-
tion. For a given systemwith a set of rst-class constraints, the following
approadestowards quartization can be found in the literature:

1. One can solve the constraints on the classicallevel and quartize only
the true degreesof freedom. This quantization method is alsoreferred
to astrue canonical quantization, [10]. But often the true degreesof
freedom are only known implicitly through the constraint equations.
In generalrelativit y, for a general solution to Einstein's equations, it
is not known which the true degreesof freedomare. Seweral attempts
have been made but all in one or the other way failed due to the
complexity of the constraints.

3Di eomorphism-in variance is just a special case of reparametrization-in variance as
they are called in Chapter 2 and App endix A.
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2. One can gauge- x the freedom generatedby the constraints. This is
done by adding gauge- xing conditions until no gaugefreedomis left.
This turns the rst-class into a second-classsystem. These second-
classconstraints can then be implemented as operator identities, pro-
vided that Dirac bracketsinstead of Poissonbrackets are usedto derive
commutators.

When applied to generalrelativit y, this procedurefacesthe sameprob-
lems as do Yang{Mills theories. No global gaugechoicesare possible
and one hasto be cortent with local coordinate conditions.

3. A third possibility is to interpret the constraint operators as restric-
tions on the quantum state space. This is done via the requiremert
that they annihilate admissible states | usethe term admissiblein-
stead of physial as additional conditions may arise that prevent some
admissible states from being physical.

Another condition that points nonethelessin the samedirection as (3.) is
the requiremert that the matrix elemeris of the constraint operators with
respect to admissible states do vanish. This criterion presupposesthat the
spectrum of the constraints is known before admissible states can be identi-
ed. The impracticabilit y of this procedureis surely the reasonwhy | found
this criterion solely in the book by Sundermeyer, [23].

In any case,(2.) or (3.), the quantum state spaceshould not be more
restricted than the classicalstate space. This posesrestrictions on the com-
mutators of constraints.* So in case(3.), the constraint algebra has to
annihilate all admissible states. Case(3.) is referred to as Dirac constraint
guantization.

Note that sofar, thesequantization proceduresare, apart from the rst
one, only suggestions. They do not follow from someprinciple. It remains
to be proven that they vyield the correct results. Correct results here mean
that the canonical constraint quantization hasto yield results which are in
accordwith experiment for thosetheorieswhere experiments exist or simply
coincide with the established path-integral quartization for those theories
where path-integral results are trusted.

In generalrelativit y, a mixture of the above recipesis used. The primary
rst-class constraints p © 0 are solved on the classicallevel. Lapse and
shift are speci ed beforequartization. The remaining, secondaryconstraints
which encale the dynamics, are subject to Dirac constraint quantization.
The two axioms of this quarntization scheme(3.) are

(96) The classical rst-class constraints are promoted to operators in sud
a way that the classicalPoissonalgebraof the constraints is presened

“Actually , it is this restriction that requires second-classconstraints to be implemented
as operator identities.
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ascommutator algebraof the constraint operators with the constraint
operators orderedto the right of the operators of structure functions.

(q7) The thus constructed operators selectall physically admissible states
through
K =0;

for all classical rst-class constraints K and 2 F, whereF is the
represertation spaceof the operators.

I will usesimply (g6) and (q7) wheneer | referto the respective requiremert.
Condition (gq7) will also be referred to as Dirac's constraint quantization
condition.®

3.2.2 Dirac's constrain t quantization condition: an example

Once we accept (g7), (g6) is a logical consequence. But the constraint
guantization condition (q7) itself is harder to justify. It is not obvious that
it should yield the sameresult as (1.).

That is why | want to present an examplethat shows how and that the
above prescription (q7) works. Despite this example, there are other cases
in which Dirac constraint quantization doesnot yield the sameresult asthe
path-integral method.

A strong support in favour of Dirac constraint quantization in the special
caseof generalrelativit y, however, is provided by its equivalenceto the path-
integral, seeChapter 4.

The free, parametrized non-relativistic  particle

This exampleis due to Komar, [25]. | quote it here, becauseit exhibits the
generalstructures and problemsarising in the quantization of a reparametri-
zation-invariant system. As generalcoordinate invarianceis a form of repa-
rametrization invariance, this is of particular interest for the quartization
of any general-relativistic theory.

Classical theory On the classical level, we are dealing with a particle
of massm, described by canonical coordinates g and momernta p . These
satisfy Poisson-bra&et relationsfq ;p g= .

The systemis subject to a constraint K = pg+ pgnﬂa which arisesbecause
the time-coordinate has beenturned into a dynamical variable through the
introduction of an unphysical time-parameter, ¢® = g°( ). The systemis
invariant under reparametrization of . The constraint restricts dynamics
to a hypersurfaceof phasespace.It alsogeneratestransformations of phase-

spacevariablesin the constraint surface

5The axioms (q1) | (g5) can be found in Appendix B.
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q ! q+ q=0; p ! p+ p=0;

where q=(o*

One recognizesthat theseare just the classicaltra jectories.

Obsenablesare those quartities which commute (weakly) with the con-
straint fA; Kg 0, seeChapter 4, Section 4.3.2 and Appendix A. An
over-complete set of obsenablesis e.g. given by the componerts of linear
momertum p , orbital angular momertum gp; ¢p and g Eop. These
obsenablescan be usedto label the trajectories. As the trajectories are one-
dimensional on the sewen-dimensionalconstraint hypersurface,a minimum
of six obsenablesis neededto characterize a trajectory uniquely. Under the
action of obsenables, tra jectories are mapped upon trajectories. Note that
the action of the constraint (namely along the trajectory) is perpendicular
to the action of all obsenables(namely from trajectory to trajectory). Thus
the induced symplectic structure on the constraint surfaceis singular.®

Quantum theory On the quantum level, the theory is described by op-

erators ¢ , p with only non-trivial commutator [¢ ;p] = i~ . These
are realized on a Hilbert spaceof statesj i. Out of this space,the con-
straint projects a hypersurface of admissible states via Kj i = 0. In the

Scredinger represenation, this equation turns out to be just the time-
dependen Sdredinger equation.

The rst point of irritation is that the constraint cannot be realized as a
self-adjoint operator. If it could, one would arrive at the following paradox
conclusion

. h
hidi i = hjd;Rji

i_~ AP
mhjpjl 0;

as the constraint annihilates the bra as well as the ket, if we take the ex-
pectation value in an admissible state. As the constraint thus cannot be
represerted by a self-adjoint operator, considerthe action of a state under
the adjoint KV,

= SR

5This can be rigorously proven using the Lagrange bracket. One can show that the
Lagrange bracket vanishes and thus a symplectic structure on the constraint surface is
singular.
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K K isja normal operator, i.e. if the inner product is chosensud that
K:RY = 0, the adjoint can be interpreted as geneating the gaugetrans-

formations in the quantum theory. This can be seenfrom the fact that the
transformation j i 7! j~i=j i+ j iforKj i=0

presenesthe inner product of admissiblestates: h™j~i = h j i,

presewesthe expectation valuesof obsenablesif theseare de ned via
A K j i= 0for eath admissiblestate: h~jAj~i = h jAj i,

presenesadmissible states, i.e. leavesthe admissible state space(the
‘quartum constraint hypersurface’) invariant: Kj~i = 0.

This is a rst step towards a classical-to-quarium correspondence.

The secondpoint that desenesspecial mention is that the inner product
on the quantum constraint hypersurfaceis singular. As a consequencethe
inner product of statesis at best inde nite and can become negative. Sin-
gularity on the quantum constraint hypersurfacefollows from the fact that
KYj i isorthogonal to every admissiblestate. This is the quantum analogue
of the fact that the symplectic structure on the classicalconstraint surface
is singular.

Komar further discussesthe quantum-to-classical correspondence. He
takes o ence in the fact that for any non-linear constraint operator, as
e.g. K, expectation valuesdo not satisfy the classicalconstraint equations.
Therefore, he argues,we do not recover Ehrenfest's correspondenceprinci-
ple for the constraints. Driven by this critique, he intro ducesthe concept of
quasi-observablesThese are operators that commute with K K. This is
his attempt at an interpretation of the constrained quantum theory.

The parametrized, free, non-relativistic particle exhibits already all the prob-
lemsrelated to Dirac's constraint quantization condition.

First of all, the measureincludesintegration over all q , alsothe unphys-
ical g°. This is a restriction on the Hilb ert spaceon which the theory is set
up. Furthermore, the theory contains unphysical states and therefore has
no positive de nite inner product. Moreover, the Hamiltonian should not be
represerted as a self-adjoint operator on these states. Lastly, not all opera-
tors ¢ , p should correspond to self-adjoint operators. Komar distinguishes
the relevant operators through the concept of a quasi-obserable.

The parametrized, free particle is a simple systemnot only in the math-
ematical sense. But also becausewe know what is actually going on. We
know that @° is no dynamical variable and can therefore interpret the the-
ory accordingly. Generalrelativit y, on the other hand, is reparametrization
invariant by nature and thus we do not know which are the dynamical vari-
ables.
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3.3 Summary

From all this, one can seethat the canonical quantization scheme does not
provide a unique, axiomatic prescription that turns a classicalinto a quan-
tum theory. We will list the encourtered ambiguities and problems hier-
archically, starting from the generalquantization problems, via the speci c
problems encourtered in the quantization of eld theory, to the di culties
arising for constrained eld theories, ending with the speci ¢ problems of
reparametrization-invariant theories.

We will link ead problem to its courterpart in the covariant approad.

Most generally, as a consequencenf the Gronewold{van Hove theorem,
we do not know which Poissonbracket relations to enforce as commutator
relations. Thus we are deprived of a meansthat tells us how to quantize
more complicated phase-spacdunctions. This problem is known as factor-
ordering problem On the covariant level, it is re ected in the ambiguity in
the de nition of the path-integral measure. Namely, one has to choosea
speci ¢ slicing of time in the construction of the path-integral measure. Dif-
ferent choicescorrespond to di erent factor orderings of the theory's Hamil-
tonian.

In going from ordinary quantum mecanicsto eld theory, oneautomat-
ically encourters divergencegelated to operator products at the samespace
point | in the canonical formulation on curved surfaces Becausein this
case,we can no longer take refugeto the Fock-spacerepresenation but have
to usethe functional Schrodinger picture. The divergenceshere arise on the
samelevel as UV-divergencesin the path-integral approach and should be
remaved through one of the familiar renormalization schemes.

But we are not just trying to quartize an arbitrary eld theory, but
we are trying to quantize a constrained system This entails a whole se-
ries of alterations, if not complications, comparedto the quantization of an
unconstrained system. The di erence to the unconstrained casebecomes
particularly sewereas, in generalrelativit y, we cannot easily and unambigu-
ously isolate the true degreesof freedom. Therefore we are led to Dirac's
constraint quantization condition. The application of this condition entails
that not only the physical, but all degreesof freedomare promoted to oper-
ators. As a consequencea positive inner product cannot be de ned. From
the point of view of the path integral, the arisal of negative norm states
is necessaryto cancel the contribution of unphysical states to the overall
transition amplitude. The corresponding procedure on the canonical level
would be to add gauge- xing conditions on the classicallevel and quartize
the resulting second-classystem.

We saw in the exampleof the parametrized, free particle that the result-
ing theory is very di cult to interpret.

But general relativit y is not simply governed by constraints, here the
Hamiltonian itself is constrainedto vanish. This is the casefor any reparame-
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trization-in variant theory. For a theory of this type, we expect that the
Hamiltonian cannot be de ned as a self-adjoint operator.

| emphasizeagain that, apart from the last problem, all other problems
occur in the canonical quartization of any constrained eld theory. More-
over, these problems are well-known problems on the covariant level where
in principle methods exist that allow to cope with them | albeit on a very
formal level.

References:

As sourcesfor the general scheme of canonical quantization served the
article by Giulini [18] and the review on quartization methods written by
Ali and Englis, [17]. The methods of constraint quartization are described
in Sundermeyer's book, [23].



Chapter 4

Quantum General Relativit y

The application of the canonical quantization schemeis referred to
as quantum geneal relativity. This application is not without aws.
Therefore, | will outline quantum geneal relativity as a programme.
This programme still has mathematical as well as interpretational
problems. Despite these, the theory has some suaessesto its nhame.
Thesewill be descrited in the last section of this chapter.

4.1 The Programme

Now we will apply the just preseried “quartization scheme'to generalrel-
ativit y. We put “scheme'in quotation marks to remind the reader that we
are not using an axiomatic system that is guaranteed to yield the correct
guantum theory.

4.1.1 The quantization map Q

As fundamertal variables serwe the three-metric h and its canonically con-
jugate momertum p. Theseare represetted by operators

hao(®) ! fan(x); pP(x) ! pP(x)
such that

h i
Aan(x); p°(y)
h

i
hﬁab(x) ; ﬁcd(Y)_
i

p*°(x); p°(y)

d .
- ((; b)) X vy,

1 | 1
o o n
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We usethe Scredinger represenation as is required by the axioms of the
canonical quantization scheme,see(q4) in Appendix B,

[h] .
ha) (4.1)

Here, [ h] 2 F is the state vector. It can be any functional of the metric
su cien tly well-behaved to allow di erentiation but not restricted other-
wise. Especially, it doesnot needto be square-irtegrable with respect to
h. Sothe representation space F is the vector spaceof all functionals over
con guration spaceQ().

fab() [ 1= hao(x) [ h]; PPO)[ hl= i~

4.1.2 The Dirac Algebra

A minimalistic approad requiresthe realization of the classicalHamiltonian
constraints asoperators on F. This realization is restricted by the condition
that commutators of constraints shall not generate new constraints. This
limits the choice of factor ordering of the constraints. Namely, it hasto be
chosensud that metric operators occur to the left of constraints operators
in the operator algebracorresponding to (2.8) | (2.10).
The seard for such an ordering is besetwith problemsand an openissue.
The generalordering of the constraint operators, containing parameters ,
and labelling the ambiguities in the ordering of the operators, is given

by

h i
2 Rap()P*c () + "apc(X)PP(X) +  a(0) ;

|qa(x) =
o0 = 27292 ZRa(0fea(0)  Ract)Ralx) BP00B¥(4)
~ deth
dleth
' or 2
b p——ha)PT0 + 0) Ppae
eth dleth

where 3(0) denotesthe usual, three-dimensional Dirac delta-distribution
evaluated on zero, [32], and . is the Christo el connection of h.

The problemsrelated to the consistert represenation of the constraints
as operators in Section4.2.3.

4.1.3 The solution space Fg

Assumethat we werein someway ableto x the ambiguities in the previous
form of the constraint operators. Any admissible state then hasto satisfy

B, [ h]=0; Ha[h]=0: (4.2)
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We will denote the spaceof solutions to these equations solution space Fo.
The quantum analogue of the Hamiltonian constraint is called Wheeler{
DeWitt equation. The quantum di eomorphism constraint has no special
name. Whether a non-trivial solution exists at all as well as the inter-
pretation of the constraint, depends on the choice of ordering, again see
Section4.2.3.

4.2 Mathematical Problems

4.2.1 Positivit y requiremen t for the three-metric h

The rst step, (4.1), looks rather innocert but already at this level, di -
culties arise. Namely, the metric h is not simply a symmetric tensor but a
metric. It hasto yield a positive norm for any vector eld on . If this
geometric property of the metric is implemented on the quantum level, the
operator p° is no longer (formally) self-adjoint (with respect to the naive
Sdrodinger measure, see Section 4.3.3), see[11]. A proposed solution to
this problem is to generalizethe canonical commutation relations to a ne
commutation relations, [24].

The generalquestion behind this is which geometrical properties of op-
erators should be implemented on the quantum level.

4.2.2 Factor ordering

Classically equivalent functions of phase-spacevariables are not equivalernt
on the quantum level when phase-spacevariableshave beenturned into non-
commuting operators. This problem, known as factor-ordering problem
always arises if one quartizes a classical system. One hasto nd other
conditions that x the thus arising ambiguities. One suc condition is that
all Poisson-bradket relations be realized as commutators. But it is just the
content of the Groenewold{van Hove theoremthat this is not possible: either
onehasto limit the spaceof quartizable obsenablesor one hasto alter the
commutator relations.

Kuchar emphasizesthat the factor-ordering problem cannot be under-
estimated. In fact, the choice of factor ordering determinesthe quantum
theory, [19]. Changesin the factor ordering produce order ~-corrections. Of
course,the factor ordering is most sewerein quantum gravity and there has
the biggestimpact on the factor ordering of constraints.

4.2.3 Consistent constrain t operators

The constraint operators decide which state is to count as an admissible
state in quantum gravity. Therefore, their represernation decidesabout
the physical content of the theory. More importantly, it depends on their
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realization whether or not a (sensible) canonical theory of quantum gravity
doesexist at all.

As discussedabove, the constraints, being non-linear in h and p, are
subject to operator-ordering ambiguities. One cantry to x them through
the following requiremerts:

1. Consistency : The constraints have to satisfy the Dirac algebrawith
the structure-function operatorsto the left. If such an ordering cannot
be found, the theory does not incorporate general coordinate invari-
anceand hasto be dismissed.

2. Regularit y: The constraints contain products of non-commnuting op-
erators at the samespacepoint and thus have to be regularized. Such
a regularization hasto bein accord with the constraint algebra. Note
that the correctionsobtained from di erent regularization schemesare
on equalfooting to thoseproducedby di erent factor orderings. (They
are simply divergences.)

3. Transformation prop erties : The di eomorphism constraints should
be orderedsud that they describe the transformation of the wave func-
tion under di eomorphisms on . Sud a rule doesnot apply to the
Hamiltonian constraint asit is not generator of a Lie algebra.

4. Formal self-adjoin tness: As was pointed out by Komar, [25], the
Hamiltonian operator cannot berealizedasa symmetric operator. The
criterion of formal self-adjointhesswhich was pursuedin the early days
of quantum gravity thus does not apply for this constraint | but it
does, of course,for the di eomorphism constraints.

If one seardesthe literature on this topic, one quickly comesto realize
that the number of articles is inversely proportional to the importance of
the problem. A rst factor ordering was given by Anderson| but it did
not satisfy (1.), [27]. To the cortrary, he found that no symmetric factor
ordering of the Hamiltonian constraint can exist suc that (1.) holds, [30].
Irritatingly , Schwinger claimed that Anderson's orderingswereactually con-
sistert with (1.), [31]. This discrepancywas cleared up independertly by
Tsamis and Woodard, [32], and Friedman and Jadk, [33], more than twenty
years later. | will follow the argument of Tsamis and Woodard. Namely
they show that if the constraints are taken at face value and not regular-
ized, one can achieve any result from formal manipulations of the operators
in the Dirac algebra. This is due to the fact that in shifting the constraint
operators to the left after the commutators were calculated, one hasto use
distributional identities which are not well-de ned when acting on operator
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products.t

It thus follows that the problem of consistency of the constraints is not
evenwell-posal before the constraints are not regularized.

This problem is aggravated by the fact that generalrelativit y is a pertur-
batively non-renormalizabletheory. The regulator thus cannot be removed.
Obviously, we cannot demandthat the regulated theory hasthe samesym-
metry as the original one. Thus one can require closure of the constraint
algebraonly in a limiting sensefor the regulated theory.

A rather simple regularization was proposed by DeWitt in 1967, [4].
He just advocated that operators at the samespacepoint should commute.
Then of course,consistencyof the constraints holdsif it holds on the classical
level (which it does).

A mostly used pragmatic attitude is to usethe Laplace{Beltrami factor
ordering for the kinetic part of the Hamiltonian constraint. This ensures
that this part is invariant under three-coordinate transformations.

Choosingthe factor ordering suc that all momena stand to the right of
the metric operators, the Wheeler{DeWitt equation and the di eomorphism
constraints become

#
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| will refer to this ordering as naive ordering. It is just the ordering that
results from DeWitt's regularization condition.

4.3 Interpretational Problems

Even if we assumethat we were able to nd consistent, well-de ned con-
straint operators and moreover solve the ensuing constraint equations |
we would not be much better o. Becausethere is no agreemen how to

LA very simple example of such manipulations is actually already given by Dirac, [34].
Di eren tiate the identity

X (x)=0 4.3)
to obtain

x )= (9 (4.4)

Multiplying (4.3) by 9x), one nds x (x) {x) = 0. On the other hand, multiplying
(4.4) by (x), wegetx (x) {x) = [ (x)]°, obviously a contradiction. Dirac ended his
explications on the quantization of the gravitational eld with this line and never came
back to this topic again.
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proceed: Neither do we know how to identify the physically relevant states
in the solution space,nor do we know how to extract any predictions from
the physical state space. One can distinguish the following aspects of the
problem.

4.3.1 Identication of physical state space

The identi cation of the spaceof physical statesis a di cult problem, quan-
tum gravity shareswith any constrained, canonicaltheory. This problem is
dueto the lossof Hilb ert-spacestructure on F comingwith the constraints.?
But it is the existenceof an inner product that establishesthe equivalence
betweenmomertum and position spacerepresertation. This is thuslost and
the theory dependson our choice of representation. Therefore, the spaceof
solutions to the constraints, Fo, dependson the represenmation.

There are additional conditions that prevent the identi cation of the
solution spaceF with the physical state space. First of all, no boundary
conditions have been imposedso far. In fact, there is no agreemen on
the conditions that should be imposedand so Fg is surely larger than the
physical state space.

Several proposalsfor boundary conditions exist. In general,they are con-
nected with the issueof singularity avoidancein quantum gravity. In prin-
ciple, they try to remove singularities from the quantum framework. This is
most obvious in DeWitt's boundary proposal, [4]. He requires ®)G = 0
for all three-geometries® G that constitute a barrier to quantum ewolution.
The relation to singularity avoidanceis equally obvious in the “no-boundary'
proposal of Hartle and Hawking, [39], which was raised in the cosmological
context asa condition on the path-integral.

Apart from boundary conditions, further conditions might arise. For
example,in the Klein{Gordon theory, only half of the solution spaceconsists
of physical states. A similar splitting has beentried in quantum general
relativit y, but cannot be carried out becauseno timelik e Killing vector eld
existsin superspace.Also, there might be other restrictions necessarywhich
we do not know of.

Thus, even if we were able to set up the theory as required, we would
not able to extract the set of physical states| at least not with our today
standard of knowledge.

2The inner product on F is usedto de ne operators. As it contains unphysical degrees
of freedom, it is not connectedto measuremert results. This Hilb ert spaceon F is therefore
called kinematical or auxiliary Hilb ert space. This is opposedto the physical Hilb ert space
on Fpnys.
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4.3.2 Observables

A huge problem in quantum gravity, or at least a point of diverging opin-
ion, is the question of how to extract information from a (yet to establish)
guantum theory of gravity.

So far, the only variables we have quantized, are the three-metric and
its momertum, the Hamiltonian and di eomorphism constraints. But if we
want to measureother quartities, as e.g. volume, we have to introduce the
corresponding operators. An ongoing debateis causedby the questionasto
which quarntities might be obsenable. This problem has nothing to do with
the quantization of gravity but arisesalready on the classicallevel.

The community is divided into two factions: one faction which claims
that observablesare those quartities which have vanishing Poissonbrackets
with all the constraints, whereasthe opposite camp resenesthe name ob-
servablesfor those quartities which commute with the di eomorphism but
not with the Hamiltonian constraint. | will in the following adopt the termi-
nology of Kuchar and refer to quantities that commute with all constraints
as perennials and those which only commute with the di eomorphism con-
straints as observables

The diering points of view arise from a di erent characterization and
understanding of a physical state. Whereasthe notion of perennial charac-
terizesa state asan ertire trajectory in phasespace(labelled by its constarts
of motion), in the observablepicture, a physical state is characterized by a
point in phase spacewhich corresponds to a xed instant of time. Soll
do not seeany cortradiction betweenthesede nitions | they just referto
di erent concepts.

A problem for those sticking with perennialsis that, sofar, no perennials
for generalrelativit y are known, neither is it clear whether such quartities
exist at all. To the cortrary, it has beenshown that glokally, i.e. on the
ertire manifold M , such perennialscannot exist, [29].

Whatever opinion one has on this point concerningthe classicaltheory,
the realization on the quantum level is given by

h i
A\;IQ_

h i
A B, = 0; for obsenables:

0; for perennialsand

where is an elemert of the physial state space, 2 Fppys.

4.3.3 The physical state space Fppys

A point of similar dissert is the Hilb ert-spacestructure. In ordinary quan-
tum eld theory, a Hilbert spaceis usedto de ne obsenables, namely as
self-adjoint operators on that space,and their expectation valueswith re-
spect to physical states. Theseare then interpreted as possibleoutcomesof
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measuremets. Thus the Hilb ert spaceis the essetial ingredient connecting
quantum theory with experiment. It may seemtherefore weird to call this
structure into question. As excuselet it be said that this structure was not
called into question voluntarily but challengeditself.

The Wheeler{DeWitt equation asit standsis a timeless equation. Our
understanding of quantum theory, howewer, is tightly knit to the existence
of atime variable. Hilb ert spacesde ne probabilities that are consened in
time and measuremen outcomesat xed instants of time. The dicult y to
interpret such a timelesstheory is called the problemof time. Attempts have
been made to identify one of the con guration spacevariables as “internal
time'. But these did not yield consistert results so far. Note also that
this conceptclearly transcendsour understanding of quantum theory where
measuremets always take place in a badkground of spaceand time (which
hereis lost, i.e. quartized).

Moreover, there are indications that we might not need suc a Hilb ert
spacestructure. Theseare discussedin the following Section 4.4.1.

4.4 Successesof quantum General Relativit y

4.4.1 The semi-classical limit

In quantum theory, di erent approximation schemesare usedto determine
what is then called the semi-classi@l limit. Here, | want to presen onesuch
scheme.

It is an expansionin terms of the Planck massmp, in the limit mp; ! 1 .
Through this expansion, quantum eld theory on curved spacetimes can be
derived from quantumgeneal relativity . This is animportant and non-trivial
result. It givescon dence in the correctnessof the general scheme. But it
also bears upon the interpretation of the overall quantum gravity scheme as
will be explained below.

A secondapproximation that will be usedlater on is the Born{Opp enhei-
mer one, seeChapter 8. It is preseried in Appendix E.

Deriv ation of quantum eld theory in curv ed spacetimes

Quantum eld theory in curved spacetimescan be recovered from the four
quantum constraint equations, H = 0, through an expansion in the
Planck massin the limit mp ! 1 . The underlying assumption is that
all other massesn the schemeare massesof fundamental particles and thus
much smaller than the Planck mass.

Furthermore, onehasto assumethat the wave functional is complexand
consistsjust of one branch given by

[h; ]=eSh T (4.5)
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where is a minimally coupledscalar eld represetting a matter degreeof
freedom. The form (4.5) is a suitable approximation if the two branches
[ h; 1= eSS Tand [ h; 1= e =S I decoherefrom ead other. That
this is indeed the case,at least for the rst order S = Sy 2 R, has been
shawvn only for a minisuperspacemodel, [38].

Moreover, the matter content just consistsof a single eld. Fermionic
matter, howewver, cannot be taken into accourt asit cannot consisterlly be
coupledto generalrelativit y already on the classicallevel.

If theseconditions are satis ed, the expansionschemeis completely anal-
ogousto the expansionof the free Klein{Gordon equation in the velocity of
light c in the limit ¢! 1 . From the thus obtained (special) relativistic
correction terms to the one-particle Schrodinger equation, relativistic cor-
rections to the energy (as expectation value of the corrected Hamiltonian)
can be calculated. This can be done despitethe fact that the Klein{Gordon
equation itself has no well-de ned interpretation as a one-particle equation.
But seg[37] for more details on the non-relativistic limit of the Klein{Gordon
equation.

Similarly, predictions in terms of correctionsto the energyof the matter
content can be derived from the Wheeler{DeWitt equationin the mp ! 1
limit, despite the fact that the full equation cannot be given a sensible
interpretation dueto a lacking Hilb ert space.

Note that the following calculations are formal in the sensethat no regu-
larization schemehasbeenemployedto render the operator products nite.
Furthermore, the factor-ordering problem has not beenaddressed.Rather,
a speci c ordering is chosen. In the end, the dependenceof the results on
the factor ordering should be discussed.The factor ordering in the Wheeler{
DeWitt equation is the following

2 94—

2~? 2Gapod———— —1 deth ®rR 2  + A, [ h; 1=0;
Nab Ncd 2
(4.6)

where Hy, is the scalar- eld Hamiltonian. So basically, we work with the
DeWitt-regularized Wheeler{DeWitt equation. Introducing the parameter

M = iz = 8—1~m§,| (4.7
as expansionparameter, one can rewrite the Wheeler{DeWitt equation as
2 2
o Caved p—p—* MVIN+ B [ i ]=0;
where V[h] = %p deth ®R 2 was introduced as a short-hand for

the potential. As listed above, a rst assumption is that the solution is of
the form (4.5) where
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Slh]= MSp+ S1+ M 1S+ 11

At the highest order, O(M 2), onethus derives

From this follows that Sy dependsonly on the gravitational degreesof free-
dom. This is not the caseif more than one matter eld is presert and one
of these can have negative kinetic energy Similarly, the above conclusion
cannot be drawn if Sp is not purely imaginary or real.

The interesting order is the next one. Here,at O(M ), one arrivesat the
Hamilton{Jacobi equation of generalrelativit y,

1 So So

—Gapeq—— + V[h]= 0: 4.8

2 abcd hab hcd [ ] ( )
This equation provides a classicalspacetimesatisfying Einstein's equations.
Assumethat a solution Sp to the Hamilton{Jacobi equation (4.8) wasfound.

The momertum canberead o from the Hamilton{Jacobi equationto be

So |
hab .
Now insert on the left-hand sidethe de ning equationsfor the gravitational
momertum, (2.6) and (2.3). Thesemake the connectionto generalrelativit y.
On the right-hand side insert the solution to (4.8). Solve the resulting
equation for hgp Which enters (4.9) through the de nition of p?°,

p =M (4.9)

S
Rab = 2N Gaped H 0
cd

+ N(ajb) . (4.10)

To solve this equation, one hasto specify lapse and shift. Having done so,
an initial three-geometry hap(to) will be ewolved through (4.10) yielding a
spacetimesolving Einstein's equations?

There are two obsenations to make at this point: First of all, asinput
one doesnot only needthe initial three-geometry but also lapse and shift,
i.e. one hasto specify a foliation. As a result, and that is the secondpoint
worth mertioning, a solution to Einstein's equation comes with a speci c
foliation in the semi-classi@l expansion scheme Lastly, as can be retraced
using DeWitt's paper, [4], p. 1127,it is necessarythat the di eomorphism
constraint is alsosatis ed at this order of the expansionscheme. Otherwise,
one cannot prove that the resulting spacetime indeed satis es Einstein's
equations.

3That the spacetime obtained in this way is indeed a solution to Einstein's equations
can be deduced from the calculations of DeWitt's paper [4], p. 1127.
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Having thusrecoveredclassicalgeneralrelativit y from the quantum frame-
work, we can proceedto the next order, O(M ©). The equation at this order
contains Sp aswell as S;. If onerewrites

h; 1= D[h]ei:Sl[h: ] :
where the prefactor D shall satisfy the “consenation law'

1 S
D2 heg
one arrivesat the following equation

Gabcdh—b =0;
al

h; 1= Hm [h; 1:

. So
~Gabed——
I~ Gabed hat Neg
This takesthe form of a Schredinger equation for the matter part (at each
point in the three-hypersurface),if oneintro ducesthe time parameter (x;h]
in the following way
So

= G _ :
abcd hab hcd

G So  (x;h] _
P hap(y)  healy)
Becausewe thus have a time-parameter at ead point in the hypersurface,

this parameter is also called many- ngered time, or, due to the way it is
derived, WKB-time. The interpretation of this parameter becomesobvious

(x y):

if one contracts the equation of motion for h, (4.10), with g yielding
So
= 2N Ggpeq—— + Ngaip ——
habn ht abed 1~ T (ait)

2N — + N(ajb)h—b .
al

Thus we obtain, using the de nition of the extrinsic curvature, (2.2),

I =T
Thus the parameter has a clear interpretation: it labels the foliation of
the spacetime. Note that (x; h] is determined by the three-geometry!

At higherorders,O(M 1), correctionterms to the functional Schredinger
equation occur. Real correction terms imply an energy shift for the matter
part. But imaginary corrections also occur, i.e. unitarity in is violated
for the matter wave functional. From this perspective, unitarit y violation
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seemdto be a rather natural consequencef the fact that the (approximate)
Sdreodinger equation takes accourt only of one part of the full wave func-
tional, namely the matter part.

The semi-classicalapproximation as preseried here thus underpins the
Dirac quartization scheme as it is applied to general relativit y: at least,
classical general relativit y can be recovered from this scheme. Moreover,
it is possibleto extract predictions through this approximation which |
in principle | could be measured. In order to extract numerical values, of
course, it is necessaryto regularizethe relevant quartities. Moreover, factor-
ordering issuesmay changethe results, even though the claim is that these
are not altered by a reordering of the kinetic term of the Wheeler{DeWitt
equation, [37].

Lastly, note that the DeWitt metric divergesfor deth = 0. At these
points the Wheeler{DeWitt equation breaksdown and no semi-classicatime

canbederivedat this point anyway. But seethe Chapter 5 for more details
on this.

Interpretational  consequences

We saw that the semi-classicalapproximation connects quantum general
relativit y with quantum eld theory on curved spacetimes.

This suggeststhe following attitude towards the problem of time. We
acceptthat Fphys has no inner product. We accept further that quantum
generalrelativit y is a timelesstheory | i.e. it doesnot have a time param-
eter. In the semi-classicalimit, however, we recover our ordinary notion of
time in the form of WKB-time.

Therefore we take the most consenative point of view that the usual
interpretation of quantum theory appliesonly aslong asa (classicalor semi-
classical) badkground of spaceand time exists. As soon asthe semi-classical
approximation breaks down, spacetimeand especially time dissolves. This
is not only the end of the world aswe know it, but alsothe boundary of the
region in which the ordinary interpretation of quantum theory doesapply.

In the full quantum regime, no time and therefore no Hilb ert-spacestruc-
ture exists.

4.4.2 Relation to path integral

It was shown that the path-integral of the Einstein{Hilb ert action, when
constructed properly, solvesthe Wheeler{DeWitt equation. This holds for-
mally and was cheded explicitly up to the one-loop approximation, [36].4
Therefore, canonicalquantum generalrelativit y hasan equivalent covari-
ant formulation. Or, to formulate it the other way round, covariantly and
canonically quartizing generalrelativit y yields two equivalent formulations

40f course, the factor ordering hasto be chosenappropriately .
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of the sametheory. Sol could (and actually should) extend the name quan-
tum generl relativity to include the covariant formulation. Indeed, this is
how the name is often usedin the literature. | will, howewver, refrain from
doing so, becausethis thesisis only concernedwith the canonical scheme.

The equivalenceto the covariant formulation is a secondassurancethat
the approach we pursue is not completely wrong. Moreover, anyone who
is put o by the breaking of (explicit) covariance that is necessaryfor any
canonical formulation, should now rest assured.

Canonical and covariant quantization are in generalrelativity | asin
any other known quantum eld theory | just two sidesof the samecaoin.

References:

A conciselist of goalsand failures of quantum generalrelativit y is given
by Kuchar, [19]. A review of the semi-classicalapproximation in quantum
generalrelativit y is given by Kiefer in [37]which | usedas sourcefor the rst
section. All information on the relation betweenthe canonicalapproad and
the path-integral was drawn from the rather extensive review by Barvinsky,
[36].
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Chapter 5

Singularities In quantum
General Relativit vy

One of the major motivations that stand behind the attempt to quan-
tize geneal relativity is the fact that the classial theory itself pre-
dicts its own break-downin the form of spacetime singularities. The
hope is that, on the quantum level, these singularities are, in some
still to be speci e d way, overcome. But more than that, the resulting
quantum-gravity theory is suppmsel to be singularity freeitself, i.e. it

shouldnot break down at somepoint. There are two major questions
pursud in this chapter. First of all, are the expectations of singu-
larity resolution and singularity freedom well justi e d? Secondly, ir-

respective of our expectations, what happensto classial singularities
in quantum geneal relativity? Is quantum geneal relativity singu-
larity free? Following these questions, we will derive criteria which
will be used to account for singularity resolution of the singularities
of classi@l geneal relativity in the following chapters.

5.1 Singularities in classical General Relativit y

It is a well-known fact that solutions to Einstein's equations rather gener-
ically form singularities. Best known examplesof these are the big-bang
singularity arising in the past of cosmologicalFriedmann{Robertson{Walker
modelsand the black-hole singularity arising in spherically symmetric space-
times. Thesesingularities are both assaiated with gravitational collapseof
either the ertire spacetimeor only a portion of it.

The big-bang singularity is characterizedby in nite scalarcurvature, en-
ergy density and pressure. The volume of spacetimeshrinks to zero. The
metric becomesdegenerate. At' the black-hole singularity scalar curvature

45



46 CHAPTER 5. SINGULARITIES IN QUANTUM GR

likewisediverges,as doesgravitational redshift. The metric becomesdegen-
erate here as well.

Even though these are the most popular represertativ es of spacetime
singularities, other typesalso exist | and not all of them are captured by
the criterion of diverging curvature scalars. For example,plane gravitational
waves as vacuum solutions of Einstein's equations have vanishing curvature
scalarsbut diverging curvature tensor componerts. Another example are
conical singularities.

An acceptedcriterion which encompassesnost but not all typesof sin-
gularity is that of geodesicincompleteness a spacetimecontains a singular
point if at least one geadesic cannot be extendedto its in nite parameter
range. This is the de nition usedin the singularity theoremsof Hawking and
Penrose. These theorems posecertain conditions on spacetimeand matter.
I will quote here the most general of the theorems. Matter has to satisfy
the strong energy condition. Spacetime has to be free of closedtimelik e
curves and the timelik e and null generic conditions have to be satis ed.?!
Then the singularity theorem states that if spacetime contains a trapped
surface or a point from which on the expansionof a null geadesic congru-
encebecomesnegative along eat gealesicor the spacetimeis closed,then
spacetimecortains at least one incomplete causalgeaesic.

One can conclude that rather generically spacetimesarise in which an
obsener (or light) can reac the end of spacetimein a nite time. As the
singularity theorems make use of Einstein's equations only to employ the
strong energy condition, not much can be learned from them as to what
happens upon approad to the classicalsingularity.

5.2 What do we expect from quantum General
Relativit y?

The questionis then what happensto thesesingularities if we gofrom classi-
cal to quantum generalrelativit y. There are two questionsthat intermingle
here. The rst question is whether classicalgeneral relativit y singularities
persistin quantum generalrelativit y. The second,a priori unrelated, ques-
tion is whether quantum generalrelativit y is itself a singularity-free theory
or not.

5.2.1 Resolution of classical singularities?

The generalexpectation is that the singularities of classicalgeneralrelativit y
are| in ayetto be specied way | resoled through quantum general

1A spacetime satis es the timelik e (null) generic condition if ead timelike (null)
geadesic contains at least one point at which R v v 6 0. Here v is the tangent
of the geadesic, R is the Riemann curvature tensor.
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relativit y.

But let us be very careful and ask why we actually should expect this.
There are scarcelyany argumerts given in the literature. Singularity reso-
lution through the quartization of generalrelativit y seemsto be more of a
silent consensughan a well-argued expectation. But looking more closely
at the problem, it seemsvery hard to nd any argumentfor it.

Singularity resolution in quantum general relativit y takesits cue from
the quartization of the Coulomb problem. At least, this problem is regularly
guoted when singularity resolution is discussed. Therefore, | reviewed the
motion of an electron in the potential of a nucleusin the non-relativistic as
well as special-relativistic setting on the classicaland quantum level in detalil
in Appendix C. It turns out that this problem is actually a bad examplefor
singularity resolution. Becausein the non-relativistic case,no singularity
exists on the classicallevel and on the special-relativistic level, the classical
singularity persistsin the quantum theory. So,in fact, there is no singularity
resolution in the Coulomb potential case| either there is no singularity or
there is no resolution.

Moreover, classical general relativit y singularities are characterized by
geadesicincompleteness. These are tra jectories of point particles. But be-
fore classical general relativit y breaks down, surely the point-particle ap-
proximation breaksdown. Thusbeforelooking at quantum generalrelativit y
e ects, one should exclude that the singularity problem of general relativ-
ity could not be solved by the quantum aspects of matter propagating in
spacetime.

5.2.2 Singularit y-free quantum General Relativit y?

Turning now to the secondquestion, namely whether or not quantum gen-
eral relativit y itself is free of singularities or not, we rst have to specify
what we mean by this statemert. Generalizing the term singularity here as
referring to any point of con guration spaceof a theory at which the laws
of physics do not yield unique predictions, singularities occur in physics at
all ends. Usually they signal the breakdown of the framework oneis using.
This may be an e ectiv e description, asis the casee.g. in molecular physics
and physical chemistry where singular potentials are usedto mimick com-
plicated molecular interactions. Or this may be a physical theory which is
encompassedy a more fundamertal one.

Mathematically, singularities are points at which the equations of the
system break down.

Physically, a theory with singularities doesnot yield unigue predictions
throughout con guration space. In quantum theory, this can be discussed
on two levels. Either in the language of self-adjoint operators. Then a
unique solution exists if the Hamiltonian operator is essetially self-adjoirt.
Or in the languageof partial di erential equations. Then a unigue solution
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exists if the initial- or boundary-value problem (depending on the form of
the quantum equation) is well-de ned.

In quantum generalrelativit y, the Hamiltonian is no self-adjoint operator
| and should not be, sowe cannot resort to operator language. Rather, we
have to chedk whether the theory produces(functional) partial di erential
equations which have a well-de ned initial- or boundary-value problem.

But we saw above that the Coulomb potential is singular in special rel-
ativit y and remains so on the quantum level. Obviously, this is no reason
to completely dismiss either the Coulomb potential or the Klein{Gordon
equation. Rather, this singularity signalsthat the problem at hand | the
motion of an electron in the potential of a nucleus| can, in the special-
relativistic domain and on the quantum level, no longer be described by an
instantaneousinteraction asis suggestedby the Coulomb potential. Sothe
singularity of the Klein{Gordon equation with Coulomb potential stirred no
crisis in physics because,anyway, the Coulomb potential is not believed to
be a fundamental description of the problem at hand.

This bridges the gap to another idea that may underlie the assumption
that quantum generalrelativit y should be free of singularities. Namely, the
idea that quantum geneal relativity is a fundamental theory. But this can
be ruled out straight away. How can a perturbativ ely non-renormalizable
theory like quantum general relativit y be fundamenal? Even more so, if
the theory cannot be consisterily coupledto fermionic matter??

Soactually, quantum generalrelativit y is not a fundamental theory | it
cannot be, and therefore singularities occurring on the quantum-gravitational
level do not necessarilysignal that the theory itself is meaningless. They
merely stressthe fact that quantum generalrelativit y is not the nal and
fundamerntal theory.

5.2.3 Exp ectation

So we should not expect that quantum general relativit y is free of singu-
larities. Nor do we know what happens to classical singularities on the
qguantum level. It might be that someclassicalsingularities persistin quan-
tum generalrelativit y. This is at least what we can learn from the Coulomb
example. But then, what happensto classicalgeneralrelativit y singularities
in quantum general relativit y? And is quantum general relativit y free of
singularities in the sensethat it predicts unique results or not?

2However, in Blagojevic's textb ook the Hamiltonian formulation of Einstein{Cartan
and general Poincare gauge theories are given, [40].
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5.3 Singularities in quantum cosmology

Before turning to the full theory, | want to discussthe cosmologicalFried-
mann{Robertson{Walker model, which will be introduced thoroughly in
Chapter 6. The quantum-cosmological model arisesthrough the quantiza-
tion of the symmetry-reduced Friedmann{Robertson{Walker metric. Sud
a model is called minisuperspace model for reasonsthat will becomeclear
in Section5.4.1. The reduction makesthis model much easierto deal with
mathematically than the full theory. Nonetheless,relevant features survive
in this model. Moreover, the cosmologicalcaseis certral to this thesis and
therefore hasto be discussed.

Let usnow pursuethe guestionwhether the quantum-cosmologicalmodel
is singular or not, i.e. whether unique predictions can be retrieved from this
model or not.

5.3.1 The Wheeler{DeWitt  equation with cosmological con-
stant

Due to the symmetry, no di eomorphism constraint arises. We just have
to deal with the Wheeler{DeWitt equation. To include all possible factor
orderings, we write the kinetic term in the generalform

r+m 1 @ @ .
@° @ ’
where r and m are any real numbers and a is the scale factor, but see
Chapter 6. The naive factor ordering where momerta are ordered to the
right is then recoveredfor r = 0, m = 0. The "Laplace{Beltrami' factor
ordering is givenby m = 0, r = 1 3
The Wheeler{DeWitt equatlon in the vacuum caseis given by

a

a—g(r+2m) o, P m 1, s

b oo
= K =0; A
a 2 3 a 0; (.1

where the following short-hands were used

2 2 k

b:—12’ :_2; K =

and denotesthe cosmologicalconstart, k = 0; 1 the spatial curvature
and = (a) is the wave function. The derivativeswith respect to a are
written as primes.

This is a well-de ned equation on the interval a2 | = ]0;1 [. The
requiremerts on shall be minimal: it is supposedto be twice contin uously

_2 )

3The Laplace{Beltrami ordering is de ned for two-dimensional surfaces. Carrying over
this de nition to the one-dimensional case,we obtain the given ordering.
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di erentiable in I, 2 C?(1). On I, the Wheeler{DeWitt equation can be
brought into the form

0o, P(@ o, Q@ _ .
+T +? =0; (5.2)

with

P(@ = (r+2m); Q@) = m(ra+ m 1)+ —ba6 %"4 . (5.3)

From this, one can immediately read o that the left boundary of the in-
terval, a = 0, is a weakly singular point of the equation.* This meansthat
p(a) = @ has a pole of at most rst, and g(a) = Q—;? a pole of at most
secondorder at a = 0.

On the other hand, the right boundary of I, a = 1, is in generalno
weakly singular point. To determine the behaviour there, make a transfor-
mation onto = % and consider = 0. Using ( ) := (%) and dots to
denote derivativeswith respectto , (5.2) becomes

where

1 1
5 p -

P()=2+2m+r ; Q()=m(m 1)+}mr+

o| X

b

Obviously, ¢ ) = Q—(Z—) has polesof at most secondorder only for vanishing
curvature, vanishing cosmologicalconstart andr = 0. The boundarya= 1
is thus a strongly singular point of the Wheeler{DeWitt equation (5.2).

A basisthat spansthe two-dimensional solution spaceof the Wheeler{
DeWitt equation (5.2) is obtained through Frobenius' method, [47]. It allows
to determine a solution around a weakly singular boundary point. This solu-
tion may then be extendedto the weakly singular boundary. The quantum
cosmologicaltheory yields unique predictons if a unique extension to the
weakly singular point exists.

I will do this in some detail for the left boundary a = 0. The same
methods and calculations can be applied to a = 1 in the casethat this
point is weakly singular as well.

40Often, one also nds the expression regular singular point'.
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The weakly singular point a= 0

Before Frobenius' method can be applied to (5.2), the equation hasto be
normalized. That meansit hasto be brought to the form

a> %% aP(a) °+ Q(a) =0; (5.4)

where P and Q are analytical functions around the originpa = 0. Generally,
I:pey are therefore givenin terms of power series',P(a) = -1_0 Pj a,Qa) =

]_0 ga . Here, of course, the sumis nite and the coe cien ts can be
directly read o from (5.3). Frobenius' method then simply consistsof the
ansatz

X
(@ =a cra' ; 6 0:
n=0
This solut|onF;:an be complexvalued, 2 C,anda = e M2fora> 0. The
power series ﬁ -0 Cna" convergeson 0< a< 1 . Inserting this ansatzinto

(5.4), one obtains, after dividing by a ,

2 3

X
A+ )n+  Dopad+ c(p(k+ )+q)>=0;
n=0 j+k=n

where Caudhy's product rule has beenapplied. Comparing coe cien ts, one
arrivesat

K 1
[(n+ )(n+ 1)+ po(n+ )+ g+  c(pn k(k+ )+ ch «)=0:
k=0

For n = 0, onearrivesat the indicial equation determining the characteristic
exponerts

( 1D+po +q=0:
In our case,the characteristic exponerts are given by

r
r+2m+ 1 (r+ 2m+ 1)2

1.2 = T f m(m l) .

For clarity, | will here assume rst that 1.2 2 R and the labelling is done
sudc that 1 2. | will cometo the caseof complex 1, 2 subsequeltly.
Note that whether or not 3., are real, depends on the factor ordering.
Setting ¢p = 1 (this is donecorvertionally), the seriesis determined through
the recurrencerelation
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p(l

c= __*
" D+ ) k=0

Gk (Pn k(K+ )+ th &) ; (5.5)
for eadh characteristic exponert. Here,D( ) = ( 1)+ po + . This
works, of course,only if D(n+ )6 0. For 1, D(n+ 1) 6 0 always |

it is the larger of the two roots. For ,, D(n+ ) = 0for n = 0 and for
n= 1 2. Soforthe characteristic exponernt 1, Frobenius' method always
provides a generalizedpower seriessolution. For the secondcharacteristic
exponernt »,, this is alsothe caseaslongas 1 262N. Butif ; 22N,
the second,linearly independert solution hasto be found from the series
expansionwith slight modi cations. In the respective cases,a basis of the
solution spaceis given by

Case A: 1 2 6N
In this case,the recurrencerelation (5.5) can be usedto arrive at a so-
lution for both characteristic exponerts. The two linearly independert
solutions are given by

(@=at cpa"; s(a)=a? dpa":
n=0 n=0
Here,cp = 1, dp = 1 and all higher coe cien ts follow from (5.5) with
= q,forc,and = , ford,, respectively.
Case B: 1 22N

In this case,the recurrencerelation (5.5) can be usedto arrlg'ye at a so-
lution only for the characteristic exponert 1, 1(a)=a'? #:o cha".
The secondsolution is of the form

2(a)=a? d,a" + 1lna:
n=0
The valuesof d, and depend on whether ; 2> = 0 or not.

Case B. I 1 2=0
Here, dp = 0 and higher coe cien ts follow from

1 X!

dh= ———— d k + + +
n D+ D, k(Pn k( 1)+ th )

n

D(n+ 1)’
where | follow from a seriesexpansionof

3
al "= (1 P(@) 1 2a{:
n=0
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Moreover, = 1. Thus, in this case,a logarithmic contribution
and thus a divergene at a = 0 is unavoidable
Case B. Il 1 260

Set 1 2= M. Thendp = 1and dy = 0. Higher coe cien ts
follow from

d = X 1d Kk

= — + + ;
n D+ 2, k (Pn k( 2)* th k) ;

for n < M. The equation for n = M is usedto determine

M( 1
M = de(pv k(k+ 2)+au «) ;
k=0

whereasall coe cien ts for n > M follow from

1 X!

h= —— d K+ o)+ "
n D+ ), k (Pn k( 2)* th k)

n M .
D(n+ 2)°

And | isgivenasin CaseB.l. Here,we cannot determine straight
away whether or not a logarithmic divergenceoccurs. It depends
on the specic form of the equation and hasto be inferred from
the recurrencerelation.

Depending on the values of r and m, sewral casesarise. These are
depicted in Table 5.1.

Let the dierence ; 2 = r+ 2m+ 1 be an arbitrary number, r +
2m + 1 62N. Then a unique, well-de ned solution existsfor r + 2m+ 1> 0
and m 2]0;1[, aswell asforr + 2m+ 1 O.

If, on the other hand, r + 2m+ 1> 0Oand m = 0 or m = 1, then the
additional condition ! Oasa! 0 is neededto pick a unique solution.

Howewer, if r + 2m+ 1> 0and m(m 1) > 0, no solution is picked by
this condition as both vanish at the origin .®

Ifr+2m+ 12 N, > may acquire a logarithmic divergence.

Therefore, we concludethat for factor orderings m 2 ]0; 1[, a unigue so-
lution exists which can be cortin uously extendedto the origin and vanishes
there. Form 2 [0;1]andr+2m+ 1 0, ; isthe only cortiuously extend-
able solution but doesnot necessarilyvanish.

The form of the two linearly independent solutions dependsthus very deci-
sively on the factor ordering.

SWe assumethat m, r are chosensuch that ; are real.
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A>0| A=0 | A<O
320 220 souuon

> = =
5-0) 320 320 a<0
3<0) 125 320 <0

Table 5.1: This table shows which factor-orderings allow which kind of so-
lutions. The factor-orderings are parametrized by r and m. The relations
A=r+2m+landB = m(m 1)determinethe nature of the solution. In the
table, white cellsdenote factor-orderings for which a single, regular solution
exists. Theseare the caseswe arelooking for: the Wheeler{DeWitt equation
can be uniquely extendedto the origin. There are two casesin which two
regular solutions might exist. The corresponding cells are coloured light-
grey. For thesefactor-orderings, no unique solution to the Wheeler{DeWitt

equation can be found. For A < 0 and B > 0, no regular solution exists.
The Wheeler{DeWitt equation is singular.

As examples, | want to discussthe naive ordering and the “Laplace{
Beltrami' one. For the naive factor ordering, 1 = 1, 2 = 0. Thus, we
have a Case{B.ll scenario:there may be a logarithmic cortribution. Direct
calculation yields that = o = 0, and so no logarithmic dependene
occurs. The two solutions are corntinuousasa! 0. But whereas 1! 0Oin
this limit, »! const: there. The boundary condition (0) = 0 would then
pick a unique solution.

For the “Laplace{Beltrami' ordering, one obtains 1 = % 2 = 0and
therefore a Case{A scenario. Again, only 1 vanishesat the origin, but
both solutions remain bounded.

Sofor both factor orderings, a unique solution is chosenby the requrire-
ment that the wave function vanish at the origin a= 0. In both cases,both
solutions can be cortinuously extended to the weakly singular boundary
point a= 0.

Note that becausewe are not working with self-adjoint operators here,
the requiremert  (0) = 0 doesnot arise in a natural way.®

The procedureremains essetially unaltered if complex characteristic expo-
nents are taken into accourt. Instead of comparing ; and 2, onenow has
to comparee? ' 1 and e? ' 2.

bRecall that e.g. for the Schredinger equation with Coulomb potential the condition
r (r)! Oasr ! O arisesas a consequenceof the self-adjointness of the Hamiltonian
operator. The radial coordinate is denoted by r here.
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The Case{A scenariois then recoveredif € ' 1 6 €@ ' 2. In this case,the
recurrencerelation can be usedto obtain two linearly independen solutions

1(@=a!(1+ hy(a) ; 2() = a?(1+ hy(a) ; (5.6)

where h; are analytical functions vanishing for a= 0. Fore? ' 1 = 1 2,
the generalsolution can contain a logarithmic dependence.This is just the
Case{B scenario. Solutions are again of the form

1(@)=a*(l+ hy(a) ; 2@ =a?(l+hya)+ a(a)ina: (5.7)

These solutions are unique on the punched disk U(a) around the origin.
Out of the system of solutions, those can be picked for which the limit
Ii'm0 exists and is continuously di erentiable. Let this solution spacebe
a:

calledffg o(a)jfo 2 Rg.

The strongly singular point at a= 1

In nit y is a strongly singular point of the equation| if 6 0,k 6 0,r 6 0.
Only if theseterms vanish, in nit y is a weakly singular point. Thus, counter-
intuitiv ely, the problematic point of the cosmologicalWheeler{DeWitt equa-
tion is not the origin but innit y. If innit y is a weakly singular point, as
above, the solution can be determined through a power-seriesexpansion. So
solutions are of the form (5.6) or (5.7), depending on the relation between
the two characteristic exponerts. Similarly, conditions have to be posedon
the wave function at in nit y in order to pick a unique solution. Let this
solution spacebe calledff; 1 (a)jf1 2 Rg.

The overall solution is uniquely de ned only when the two solutions

o(@) and ; (a) dier at most by a constart.

More speci cally, from the indicial equation follow the characteristic expo-
nents

- 1 m ! +2m :

2= 3 4 '
Thus 1 2 = P 1+ 8m. For the naive ordering, we have m = 0 and thus
1 2 = 1. We therefore have a Case{B.ll scenario. Because = 0 and

¢h = 0,dy = Ofor all n > 0, we get the two solutions

1(0)=1; 20)=

On the other hand, the same choice of constarts =0,k=0r=20
producesthe following solutions around a= 0
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1(a) = a; 2(a) = 1:
If werequirethat ! Oasa! Oand ! Oas ! 0, nooverall solution
is found. If werequire ! const.asa! Oand ! const:as ! O0,the

only solution is the trivial one, the solution is simply constart. Soit seems
that no overall solution exists! This is a generalresult and doesnot depend
on the simplifying assumptionm = 0 made here.

What | want to emphasizeat this point, however, is that herethe regu-
larity condition at the origin alone su ces to x the solution. If we simply
requirethat ! Oasa! 0 and choosethe solution at in nit y so that
it matcheswith the one obtained at the origin, we get the unique solution

(a) = a.” This can be justied by the obsenation that in nit y is not a
singular point like any other. It is much more natural to accept a solu-
tion which divergesas the argument goesout to in nit y than to accepta
divergenceat a nite value like the origin.

For example,the Legendredi erential equation hastwo weakly singular
points at 1. The solution is found as outlined above and the extensions
to both singular points are made in a cortinuous way. The Laguerre dif-
ferertial equation, on the other hand, is weakly singular at the origin and
strongly singular at in nit y | just like the vacuum Wheeler{DeWitt equa-
tion encourtered here. Whereas one requires cortin uity of the solution at
the origin, no such condition is imposedat in nit y. Instead, one subjects
solutions to the requiremert that they be square-irtegrable with respect to
a certain measure. Again, this condition results from the inner product
which we have not at hand here. So, in nit y is subjected to much weaker
conditions than a nite singular point.

This brings us bad to the conditions on the cosmologicalwave function
at innit y. | would suggestto ‘ignore' the fact that innit y is a strongly
singular point of the equation and simply usethe solution as determined at
a = 0. Recall that, in any case,a= 1 will not be a weakly singular point
in general. This solution will then diverge at in nit y and, of course, will
not be square-irtegrable with respect to the measuresconventionally used
in quantum theory.

But, anyway, we are not interested in square-irtegrable wave functions
with respect to a. Moreover, a wave function that vanishesfor large radii of
the universewould suggestan untimely end for the corresponding classical
world. It would imply that no universecould expandforever | which really
would be too bad. Lastly, notethat ! Oasa! Oandasa! 1 would
imply a xing of the wave function at both ends and thus quartization

"This is no general result but depends on the choice of factor ordering. Note that
the existence of a unique, regular solution and the factor-ordering question are tightly
interwoven. The fact that a certain factor ordering provides a unique solution could be
used as an argument in favour of this speci c ordering.
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conditions.

So,to conclude,for the classof factor orderingsm 2 ]0; 1[, a unique solution
exists which can be cortin uously extendedto the origin and vanishesthere.
Moreover, in all casesexceptr+2m+ 1> Oandr+ 2m+ 1 62N, the condition
of mere continuous extendability to the origin picks 1(a) asunique solution.

5.3.2 The Wheeler{DeWitt equation containing matter

Even though the cosmological-constah caseis the easiestto deal with, it
is surely not the most relevant scenario. Actually, little e ort hasto be
madeto arrive at someconclusionsincluding matter. But to this end, some
assumptionshaveto be made. First of all, note that minimally coupled elds

have a kinetic term L yin N deth%, where represeits any bosonic
eld componert. Therefore, the inverse of the determinant deth enters in

2
the kinematical part of the Hamiltonian H Ep% with momentum p

of the eld. Dening HY . through Hmater = %Hﬁmﬁer and using

P——— . .
that = deth = a3, the Wheeler{DeWitt equation becomes

I_/i‘ + 1 0 =0:
grav g matter - :

This is only helpful if we decompose the wave functional into (a; ) =
Cn(a)' n(a; ) where

21;;1tterl n(a; ): El’l(a)‘ n(a; ) :

Then the Wheeler{DeWitt equation reads

|qgrav + a—]éEn(a) (& )=0;

or,
00, P(a) 04 Q@ _ 0 (5.8)
a a2
with
4

P(a)= (r+2m); Q(a) = m(ra+m 1)+ Bae KTa+ E”éa) . (5.9)
To apply the previously usedFrobenius' method, it is necessaryto evaluate
the derivatives, °= '0C, + ' ,C? and similarly the higher ones. The

resulting equation for C, hasto be brought into the form (5.8), with Cj,
replacing . From the newly determined P (a) and Q(a) one can then infer
whether or not the boundariesa= Oanda= 1 areweakly singular. If they
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are, Frobenius' method can be employed and solutions can be determined.
As the result dependsvery crucially on the matter wave function, no general
conclusioncan be drawn on this level.

The Wheeler{DeWitt equation coupledto matter will be an arbitrarily
complicated partial di erential equation. In a specic case,it will therefore
be much more useful to take refugeto the known existenceand uniqueness
proofs for partial di erential equations.

Wheeler{DeWitt equation with free scalar eld

A simple example, however, is the cosmologicalmodel with free scalar eld.
With Laplace{Beltrami factor ordering, the Wheeler{DeWitt equationreads

~22 1@ 1@ ~2 1@

1 a2@+a@2 3@+ Ka+3a 0:
Making the ansatz (a; ) = Cn(a)' n(a; ) with
2 @
7@ 7 =N

as suggestedabove, yields

C%% C=0;

P co,, Q2
a2

where here P(a) = 1 and Q(a) = ”F %a“ + 3—ba6 and primes still de-
note di erentiation with respectto a. At a= 0, we nd the characteristic
exponerts

Therefore 1 2 = %”—g Thus, it depends on the values of n which sce-
nario we encourter. But note that any solution which is free of a logarithm
vanishesat the origin. Sowgalwayshaveone solution which vanishesat the
origin, namely i(a)=a?!' ,cna"” with 1= H%.

Note that ; 2 = 0 only for the trivial ' , = const: solution obtained
for n = 0.

For arbitrary valuesof n, 1 2 6N. a‘ben 2 divergesasthe origin is
approaded because , = b'% If jnj=M Tb M 2 N,then 1  22N.1In
this case , divergesat leastas » a M. A logarithmic divergencemay
ensue,depending also on the precisevalue of M .

Therefore, for n 6 0 a unique solution exists which can be contin uously
extendedto the origin and vanishesthere. For n = 0, again 1 is the only
solution that can be extendedto the origin asfor , =0, = land »
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contains a logarithmic divergence. But in this case,the only cortinuously
extendable solution is constant at the origin.

5.3.3 Conclusions

The Wheeler{DeWitt equation with cosmologicalconstart is singular. It
has two singular points, a = 0 and a = 1 . The singularity at a = 0 is,
howewer, a weak singularity. That meanssolutions can be extendedto this
point. We showed that for the classof factor orderingsm 2 ]0;1[, a unique
solution exists which can be contiuously extendedto the origin. The same
holdsfor r + 2m+ 1 0. Whereasin the rst casethe only continuously
extendable solution vanishesat the origin, it may remain constart in the
secondscenarios.

The singularity at in nit y is a strong one. Generally, this implies that
solutions divergeasa! 1 . | supposethat there is no physical argumert
against such behaviour.

The weak singularity a = 0 of the quantum equation has, of course,a coun-
terpart on the classicallevel: a = 0 is just the “location' of the big-bang
singularity. So this singularity which is assaiated with the collapseof the
ertire three-volumeto onepoint pertains to the quantum level in the form of
a weakly singular point of the Wheeler{DeWitt equation with cosmological
constart.

It is hard to draw any conclusionsfor the Wheeler{DeWitt equation with
arbitrary matter content. The reasonfor this is that additional degreesof
freedomturn the Wheeler{DeWitt equation into a partial di erential equa-
tion whosepreciseform dependson the matter Hamiltonian. One can, how-
ever, expect that the singular point a = 0 remains problematic asthe second
derivative with respect to a alwaysoccurs with a prefactor a 1. Moreover,
singularities in the matter potential are candidates for problematic points
of the Wheeler{DeWitt equation.

In the simple caseof a free scalar eld, the singular nature of a = 0 does
not hinder the existenceof a unique solution which is constart at a= 0.

We will seethat this method generalizesalso to scalar elds with po-
tential term | after a suitable approximation has been carried out, see
Chapter 7 and Chapter 8.

5.4 Singularities in full quantum General Relativ-
ity

We will now try to nd out how thesefeaturesof the quantum-cosmological

Wheeler{DeWitt equation look like in full quantum generalrelativity. The
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Wheeler{DeWitt equation will contain only a cosmologicalconstart. Again,
not much can be said about other matter content.

In full quantum generalrelativit y, the governing equationsare the Wheeler{
DeWitt equationandthe quantum di eomorphism constraints. The Wheeler{
DeWitt equation in the naive factor ordering is given by (4.5). In the follow-
ing, | will disregardthe in nities assaiated with the functional character of
the equations. Assumethat theseare regularizedin someway.

It is immediately obvious from (4.5) that the Wheeler{DeWitt equation
asit standsis no well-de ned equation. Due to the divergenceof the DeWitt
metric for deth = 0, the kinetic term diverges| irrespective of the choice of
factor ordering | at all points wheredeth = 0. We thus have no existence
and uniquenessproof for the solution at thesepoints. Sothe quantum theory
contains a singularity which is a priori not connected with the singularities
of classial genearl relativity .

This is just the samephenomenonasin the quantum-cosmological case
where deth = a® = 0. There, we could use Frobenius' method to ensure
that at leastthe cosmologicalconstart and freescalar- eld solutions could be
corntinuously extendedto deth = a® = 0. If we deal with the full Wheeler{
DeWitt equation, our mathematical tools are much more limited.

To discussthis singularity properly, it is useful to take a closerlook at
the domain manifold of the wave functional.

5.4.1 Superspace

At ead point of , the spaceof all three-metrics is given. The DeWitt-
metric de nes a metric on this space,turning it into a metric manifold |
again at eadh x 2 . Denote this manifold by Qx. The con guration space,
Q(), isthen a product manifold

Y
Q() = Qx :
X2
The quantum di eomorphism constraints insure that the admissible wave
functional dependsonly on the three-geometry not the three-metric. As-
suming that the di eomorphism constraints have beensolved, the Wheeler{
DeWitt equation can be consideredas an equation de ned on Q() modulo
the orbits of three-di e omorphisms The resulting orbifold is the spaceof all
three-geometries,® G, denoted by Q. This spaceis called superspace and
often alsoreferred to asthe con guration spaceof generalrelativit y.
DeWitt discovered that the manifold Qx can be mapped onto a Six-
dimensional raaiifold with Lorentzian signature. The timelik e variable is

givenby = %(det h)%. This manifold is geadesically incomplete with a

curvature singularity at ® R 2 where® R denotesthe six-dimensional
Ricci scalar.
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In the new coordinates, the Wheeler{DeWitt equation becomes

~2 2 32 2 3M
oM 2 32 A B +§2(3)R 2 [ ®g=o0:
(5.10)
The metric G*B is positive de nite and a function of the three-metric and
its inverse; A, A = 1;:::5 are the spatial coordinates with respect to the
DeWitt metric. It is obvious that on the spatial hypersurface(in Qx) =0
the Wheeler{DeWitt equation is not well-de ned. This meansthat unique
solutionsfor < Oand > 0 can be joined to ead other in a unique way
only if someadditional condition is provided. The singular hypersurfacein Q
de ned through deth = 0 (or = 0) is called quantum barrier and denoted
by Bquant following the notation of DeWitt. Note that deth = O for the
cosmologicalbig-bang singularity as well as for the black-hole singularity.
But this doesnot meanthat deth = 0 always correspondsto a geometrical
singularity.  and the foliation may just have beenchosenpoorly.

So, asin the quantum-cosmological case,we encourter a singularity of the
guantum equation alsofor the full theory. This singular region is connected
with the vanishing of the determinant of the three-metric. That means,
we encourter a singularity of the Wheeler{DeWitt equation wheneer the
three-metric becomesdegenerate.

The structure of this singular region is much more complicated than in
the cosmologicalcase® Here, the singular region arisesfrom the product
manifold

Y
F() = Fx ;
X2

where Fx contains all elemeris from Qyx which have vanishing determinant.
But then we still have to divide out the di eomorphisms. In this way we
arrive at Bquant -

| want to make two remarks at this point. First of all, note that in quan-
tum cosmologydeth = 0 wasequivalent to a = 0 and thusthe singularity lie
at the boundary of con guration space(minisuperspace). Here, the region
deth = 0 doesnot lay at the boundary becausewe have not taken care of
the positivity condition of the three-metric, recall Chapter 4, Section4.2.1.
If we would in someway take care of this property of the three-metric, we
would exclude deth < 0, i.e. negatively oriented volume, and move the
singular region to the “boundary' of con guration space.

Secondly in the quantum-cosmologicalcasea unique solution exists that
vanishesat the origin. Here, we encourter the problem that we do not know

8t is hard to beat a point in simplicit y.
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how to join together the wave functions in the regionsdeth < Oanddeth > 0
acrossF (). But we could alleviate the problem by simply imposing some
condition there. This condition should, of course, be chosensud that it
simultaneously makesthe Wheeler{DeWitt equation on deth = 0 nite.

5.4.2 DeWitt's boundary prop osal

Such a condition was proposedby DeWitt. He supposesthat a well-de ned
problem arisesfor the Wheeler{DeWitt equation when onesubjects the wave
functional to the additional condition

[®G=0; 8 ®G2Bgan : (5.11)

On con guration spaceQ() instead of superspace,this condition reads

[h]=0: 8 h2F()

This condition is known as DeWitt's boundary proposal. There are two
facts which support that this proposal might actually work. First of all,

note that the term pﬁ [ h] that causesthe divergencein the Wheeler{

DeWitt equation vanishesif [ h] = 0 for deth = 0. Secondly consider
the Klein{Gordon form, (5.10), of the Wheeler{DeWitt equation. From
the form of this equation, one would supposethat a unique solution needs
speci cation of and — ona = const: hypersurface. The core idea of
DeWitt's proposal is then to x on two hypersurfacesof constart |
instead of xing the rst derivative. One of thesehypersurfacescorresponds
just to somearbitrary = const: but the secondone should be = 0 and
the condition onit [ = 0]= 0.

Thus xing the wave function at ead x for two spatial hypersurfaceskx
and Sy in Qx xes the wave function on surfacesF () and S() in Q().
Note that dimF() = dimS() =5 1 3. We can thus expect that this
suces to x the wave function completely for all three-geometries.

DeWitt carriesthis construction further to superspace.Let S() modulo
three-di eomorphisms be denotedby S. Thenwe x [ @G on Bquant and
S.

5.4.3 Regularizing the Wheeler{DeWitt  equation

A way of regularizing the Wheeler{DeWitt equation is the transformation
on a new variable

deth
dethg

where dethg is someconstart with unit length to the sixth power, usedto
keepthe dimensionsright. The deth = 0 singularity is moved from the nite

X =1n
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valuedeth = Oto the innite X = 1 . Asdeth €* 6 0, the Wheeler{
DeWitt equation can, after this transformation of variables, be multiplied by
e* to yield a nite, singularity-free (functional) partial di eren tial equation.

More than just regularizing the Wheeler{DeWitt equation, the new vari-
able implements the positivity condition on the metric: deth > 0. This was
the original context in which this proposalarouse. Wewill usethis method to
obtain a well-de ned partial di erential equationin the cosmologicalmodels
discussedin the following chapters.

5.4.4 Coupling to matter

Note that sofar, we only consideredpure gravity. As discussedn Section5.3,
coupling to matter introducesanother singularity stemming from the fact

that minimally coupled elds haveakinetic term Ly, N deth%. Writ-

iNg Hmatter = %Homaner , the Wheeler{DeWitt equation reads

1
Horay + p——=H? =0:
grav deth matter
One can then usethe sametricks asin the cosmologicalcase,simply replac-
ing a by hy,. However, now we have no mathematical tool to deal with the
resulting equation,

1
Hgrav + Ex(h)y =0:
grav pﬁ k( )
But we seethat the coupling to matter doesnot alleviate, but to the contrary

rather aggravatesthe problem assaiated with the deth = 0 singularity.

5.5 Criteria for singularit y resolution

We thus encourtered two sets of singularities. First, there are the classical
singularities of generalrelativit y. Secondly the Wheeler{DeWitt equation
is singular on the set Bquant Of quantum generalrelativit y singularities.
Becauseclassicalsingularities are de ned via gealesicmotion in space-
times, it is not easyto track down the classicalsingularities in the quantum
framework. Considering Einstein's equations as ewolution equations, the
ideais that a regular three-geometryevolvesinto a singular three-geometry
The set of singular three-geometriesis a subset of superspace. This set is
denoted by Bgass. It seemsthat the set of classical singularities comprises
that of quantum singularities, Bquant Beass:? Thus out of the total set

9Arguments can befound in [4]. In my opinion, the relation betweenBgass and Bguant IS
not very well understood. A connection betweenboth setscan be made through geadesic
motion in Q. Any geadesic hits the quantum barrier Bquant in nite proper time. On
the other hand, one can recover Einstein's equations from a WKB-ansatz to the Wheeler{
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of classical singularities, we have those which do not occur on the quan-
tum level and those, as the big bang, for example, which do occur through
deth = 0.

Singularities of the rst classare thus simply resolved through the fact
that classical spacetimeis dissolved. The corresponding criterion is the
break-down of the semi-classicalapproximation. Those of the secondclass,
that is the hope, areresoledif the wave functional vanisheson the respective
region Bquant Of superspace. The question remains whether this hasto be
put in by hand, as in DeWitt's boundary proposal, or is insured by some
other medanism.

I will usethe two criteria described above as indicators for singularity
resolution. In the following, | will briey describe the picture standing
behind thesecriteria and alsocommert shortly on other criteria that canbe
found in the quantum-cosmology literature.

5.5.1 Break-do wn of semi-classical appro ximation

Through the quartization of three-metric and extrinsic curvature, in the
form of conjugate momentum, we looseclassicalspacetime. Loosely speak-
ing, we either have three-geometriesbut no prescription of how to stadk
these together to a spacetime or we have a prescription of how to stack
three-geometriestogether but do not have any three-geometry This fol-
lows in a hand-wavy way from the uncertainty relations of three-metric and
momertum.

Of course,the choiceof criteria depend on the attitude onetakestowards
the interpretation of the Wheeler{DeWitt equation and its solutions. Recall
that we adopt the semi-classicalinterpretation here.

Only in the semi-classicalrealm can we recover spacetimeas a history
of three-geometries('geometradynamics'), recall Chapter 4. Whenewer the
semi-classicakpproximation breaksdown, no spacetimeexists which canbe
probed for geadesicincompleteness.No spacetime,no singularity.

A breakdowvn of the semi-classicalapproximation is signalled by the
spreading of initially tightly peaked wave padkets.

5.5.2 Vanishing of the wave function

As discussedalready in the previous section, the singularities assaiated
with Bquant require a vanishing wave functional. We acceptthe vanishing of
the wave functional at the classically singular point in con guration space
asavalid criterion for singularity avoidance. If the wave functional vanishes

DeWitt equation. It turns out that Einstein's equations are just geodesic equations in
superspace| plus an extra force term. The question is then whether the force term
is strong enough to prevent the three-geometry from hitting the deth = 0 frontier. An
answer to this question is not known. Neither is it clear under which conditions the
singular three-metric deth = O correspondsto a true geometrical singularity in spacetime.
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at someregion in con guration space,this region cannot contribute to the
guantum theory. However, we do not want to put this vanishingin by hand,
asis donein DeWitt's boundary condition. Rather, we want to seewhether
other medchanismsalready enforcethis vanishing.

5.5.3 Other criteria

As another citerion for singularity avoidance the niteness of expectation
valuesof classically diverging quartities hasbeenused. As we have no well-
de ned inner product to de ne sud expectation valuesand as expectation
values de ned outside the realm of the semi-classicalapproximation surely
transcend our understanding of ordinary quantum theory, we do not apply
such a criterion here. But seealso Chapter 9, Section9.1.1

Another criterion is that of a quantum bounce in which the wave padet
remains tightly peaked but deviatesfrom the classicaltrajectory. Here the
classicaltrajectory is altered through quantum e ects. That meansa semi-
classical approximation holds throughout but yields a dierent ewolution
than the purely classicalone. Usually, the wave padket falls 0 exponertially
in the region of the classicalsingularity. Thereforethis scenariois comprised
in Section5.5.2.

References: | usedthe textb ook of Robert Wald for the brief discussion
of the classicalsingularities in generalrelativit y, [41]. For the singularities
of quantum general relativity, | used DeWitt's paper, [4]. A very read-
able introduction to the theory of ordinary dierential equationsis given
in Janich's textb ook, [43]. Further reading is provided in the textb ook of
Fischer and Kaul, [47].
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Chapter 6

Quantum Cosmology

In this chapter the canonical quantization schemewill be applied to
the Friedmann{Rokertson{Walker metric. Quantization on such a
highly-symmetric superspace is called minisuperspace quantization.
This name alludesto the fact that the symmetry actually reducesthe
in nite  number of degrees of freedom of the full theory to a nite
one. Quantum cosmolay thus provides a simple testing ground for
quantum geneal relativity concepts. Moreover, it can be useal to
explore qualitative features.

6.1 Hamiltonian form ulation of classical cosmol-
ogy
6.1.1 Motiv ation
The assumption of spatial homogeneiy and isotropy yields the well-known
Friedmann{Robertson{Walker line elemen. This is given by
ds’= dt®+a’(t)d §;
whered 2 is the line elemert of a three-spacewith constart curvature k =

0; 1,

8
< d?2+sin> d2+sin?d? k=1
d 2= dx?+ dy?+ dz? k=0
d 2+sinh®> d2+sin?2d? k= 1
There are seweral problemswith the assumptionof homogeneily and isotropy.
First of all, this approximation appliesonly to large scales.lIt is very ques-

tionable why such a model | in which points correspond to galaxies! |
could be usedas starting point for a quantum framework. Secondly already
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on the classicallevel, it is not clear whether sucdh an approximation can
hold throughout the universe'sewolution. It is surely not applicable in the
vicinit y of the big-bang singularity. Besidesthesetheoretical concerns,there
is the plain fact that the Friedmann{Robertson{Walker model is not able
to explain the current, obsened acceleratedexpansionof the Universe. To
reproduce such an acceleration,one hasto intro duce exotic forms of matter
| or a mysterious cosmologicalconstart.

Nonetheless] want to usethis modelin the following | not asa realistic
device to extract predictions but as a playground to study the quality of
guantum gravitational e ects. Quantum general relativit y models with a
nite number of degreesof freedom, as the one described here, are called
minisuperspace models

6.1.2 Gravitational Hamiltonian

As discussedabove, imposing spatial homogeneily and isotropy, the metric
reducesto

10

9 = o 2o, (6.1)

where Ry, is the metric of a spaceof constart curvature. Comparing this to
the ADM-metric (2.1), we nd the ADM-form of the Friedmann{Rob ertson{
Walker metric (6.1), the only non-vanishing componerts of which are

Goo = N(t); Gab = @(t)Map = Nap :
This can now be usedto calculate the ADM-action (2.4). Using

a 6k p—
_ a . @R — ) _ 3.
Kab aN Rab ; R R deth = a3 ;

where a dot denotesderivativeswith respect to t, one obtains

Z Z

3 1
Spom = — dt  d*xN  —a%a+ ka §a3

5 NZ& Sapm

where 2 = 8? = 8 G as before. In the following, we will assumethat
the boundary term is madeto vanish. For a closedFRW model, this follows
trivially . For the at case,wewant to assumethat spacehasbeencompacti-
ed to atorus. Carrying out the integration over a volume V of three-space,
we arrive at the Lagrangian density

1, 3
—a‘a+ ka —=a’ ;
3

L = ON e
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where C = 3¥. The gravitational momerta are thus

yielding the Hamiltonian
grav _ grav _ Pa 3
H = NH5™ =NC 1aC2 ka+ 34

Note that the index on p, hereis no spaceindex but just stands for the
momertum of the scalefactor a.

Consenation of the primary constraint py 0 yields the Hamiltonian
constraint H3'®" 0.

6.1.3 Coupling to scalar-eld matter

We usea scalar eld astoy model for matter. It thus replacesthe perfect
uid usually usedin cosmology Such a replacemen is necessaryasa perfect
uid is just an e ectiv e description of matter. But on the quantum level,
we need some fundamental eld. Of course,a scalar eld is not the best
experimentally veried sort, but it is easiestto deal with. Moreover, we
are only interested in the qualitativ e behaviour of the model, anyway, and
in this respect a scalar eld is an appropriate substitute for bosonic eld
componerts. The action for such a scalar eld  with arbitrary potential
V( ) is given by

zZ Z

Pp—
smat :% dt  d®N deth g

@ o

& & V()

where the constart ° 1 is introduced for later corvenience. For an
ordinary scalar eld, ~ = 1. If * = 1, the eld is a so-calledphantom eld,
seeChapter 7. Using the ADM-form of the Friedmann{Robertson{Walker
metric, this can be written as

Z Z n 2 #
dt  d®xNa® ' —

mat _—
SADM -

NI =

After integration over the volume V of , the scalar eld momertum is
derived

— \/a3_— .
p = Va N - (6.2)

The matter part of the Hamiltonian is thus
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" #
3 2
Nva® _ p +hab9@+ZV()

mat — mat —
T ENRTT = T Ve @ @b

The energy-momenum tensor for the scalar eld is de ned in the usual
way as

2 L mat

T = p—
detg ¢

In the homayeneus case,it has only four non-vanishing componens
I

+ NV(); Top=a% 55 V()

2
2 2N 2

Too =~
Comparing this with the perfect uid energy-momentum tensor for a co-
moving obsenert

T =nn+p(g +nn);
we can assignan energydensity and a pressurep to the scalar eld

2 2

="_+V : =
The equation of state is then de ned as the ratio of pressureto energy
density w = 2. Do not confusethe pressurep with the momerta p, and
p . Assuming a constart equation of state parameter w for the scalar eld,
we can usethe equationsfor and pto nd the relation betweenthe scalar
eld and its potential,

V() : (6.3)

V(O) = 51w 2 (6.)

wherew 6 1. This is analogousto the virial theorem in which the kinetic
energyis proportional to the potential energy of the eld.

6.1.4 Total Hamiltonian for Friedmann{Rob ertson{W alker
cosmology coupled to a homogeneous scalar eld

To t the symmetry conditions of the Friedmann{Rob ertson{Walker model,
the scalar eld should not depend on the spatial coordinates, = (t). The
total Hamiltonian is then given by

'Recall that n = ( 1;0;0;0) is the hypersurface normal and N has to be xed to
N = 1, seeSection 6.1.5 below.
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" #

2 2
Pa - P + _a23+ 33 :
Lo Karza®+a@W() 5 (65)

whereK = Ckand = C. The total Hamiltonian is constrainedto vanish
as a consequenceof the consenation of the primary constraint. From the
kinetic term, we canread o the inverseof the two-dimensionalanalogueof
the DeWitt metric

1
g8 - @ 9

0 2Va3

Note that this inverseexists everywhere exceptat a = 0.

6.1.5 Hamiltonian equations of motion

To make the connectionto Einstein's equations, the equations of motion in
the Hamiltonian framework arebrie y discussed.In order that the equations
of motion can be solved | or acquire any meaningin the rst place,it is
necessaryto x the foliation. This is done by xing the lapse function.
For N = 1 we obtain Friedmann time t, whereasthe choice N = a yields
conformal time . We will useN = 1.

Now note that the Hamiltonian itself, when expressedn terms of veloc-
ities, is just the Friedmann equation

= — — + — .
3 az 3 (6.6)

D ||

Note that this constraint is of the form Eyj, + Epot = 0 with

Exin =

o ||
+

Epot = =V() =+ 3 : (6.7)

For ° = 1, the “kinetic energy' is thus negative. Consequetly, the “po-
tential energy' therefore hasto be positive (or zero), Epot 0. The region
Epot < O is classically forbidden for ~ = 1.

The equations of motion determining the ewolution of the scale factor
are

2

pﬁ 2 N
+ +
z2c TKa atr3Ua
Pa P .
2aC 4asC?’

Pa fpa;H-g= 3va?V( ) ;

|
1

fajH,g=
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Di eren tiating the secondequation with respect to t and using the rst
yields the well-known ewolution equation

a 2
—= = —( +3p): 6.8
~=3 §(+3 (6.8)
For the scalar eld, oneobtains in the sameway
- 3 : _~-pP
= vV ="
p= awq); Ve

where a prime shall denote derivation with respectto here. This yields

+32 .+ Vi) =0; (6.9)

which is equivalent to the consenation equation

_+3H( +p)=0: (6.10)

In the following sections, | will also usethe Hubble parameter H = 2 to
keep expressionsshort and simple.?

6.2 Wheeler{DeWitt equation for cosmology

Quarntization now consistsin the promotion of scalefactor, scalar eld and
their momerta to operators. Theseoperators shall act on the wave function
(a; ) in the following way

Pa (a; )= i ;o a(a )=a (a );

@
8 )

. N

a, )= i~—; a, )= a, ):

p (&) @ (a ) (CH

Here we assumethat  is su cien tly di erentiable, but nothing else. The

Hamiltonian constraint is then turned into the Wheeler{DeWitt equation.

There is somefactor-ordering ambiguity in the gravitational kinetic term.

Parametrizing this ambiguity by arbitrary real numbersr, m, the Wheeler{

DeWitt equation becomes

2 ar+m 1@

G
2 "¢ @

r%a m Ve @2 (a; )+V(a; ) (a; )=0;

where

2The letter H denotesseveral di eren t quantities in this thesis. In order to distinguish
the Hubble parameter from the Hamiltonian constraint, | useroman, H, and calligraphic,
H, H for the Hamiltonian and simply H for the Hubble parameter.
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V(a; )= K a+ §a3+ alvv( ) :

Choosing the Laplace{Beltrami factor ordering, we obtain

~2 1 1 1 )
> c ?%J’é% g% (& )+V(a ) (a )=0:

(6.11)

6.2.1 Regularization of the Wheeler{DeWitt equation

As described in Chapter 5, Section 5.4.3, a regularization of the Wheeler{
DeWitt equation at a = 0 can be obtained through the introduction of a
new variable  which movesthe singularity out to in nit vy,

a
=In — ;
Aref

where a¢f is someconstart with length dimension3 With this new variable,
(6.11) becomes

@

aded L Ca
V@2

%are?e ZC% (;)+Varef(;)(;):o:

After multiplication with the non-zeroquartity €2 , we obtain

~2 1@ G . 3 . o
2<’:\.r3ef 2C @2 Vv @2 (;)+e€e Va, () (;)=0; (612
where

Vao (1) (3)= K aee + zage® +agVe’ V():

Choosingnow units suchthat V= 1andC = 1, i.e. 2=6,andaer = 1,
the Wheeler{DeWitt equation becomes

nalC N
2 @2 @2
Note that the Wheeler{DeWitt equation is a hyperbolic equationin the case

of a standard scalar eld (" = 1). This structure implies that the scalefactor
should serve as ewolution parameter. Initial conditions should be prescribed

(;)+e V() (;)=0: (6.13)

%In Chapter 5, Section 5.4.1, we used the letter X to denote this variable. The choice
of here follows the conventional quantum cosmology literature.
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on surfacesof constart . For the phantom eld (" = 1), the equation
is no longer hyperbolic but elliptic. If other typesof matter are presert in
addition to the phantom eld, the equation becomesultra-h yperbolic.

In the following two chapters,V = 1 throughout. The constants a,es and 2
are kept.



Chapter 7

Quantum phantom
cosmology

Phantom dark enemy is still an experimentally allowead candidate
for dark enelgy. A characteristic feature of classial cosmolayical
models with this sort of dark enemgy is the occurrence of a new type
of singularity, the so-alled big-rip singularity. In contrast to the
familiar big-btang singularity, the big rip “takesplace' in the macro-
s@pic universe. The questiontherefore arises what happgensto such
a singularity in quantum cosmolayy? More pointedly, can we expect
quantum gravitational e ects in the macros@pic universe?

7.1 Phantom dark energy | motiv ation and gen-
eral prop erties

In 1998, supernovae 1la (SNela) data suggestedfor the rst time that the
Universemight undergo an acceleratedexpansion,[50]. This was con rmed
by a secondgroup in the following year, [51]. From the ewolution equation
(6.8), it canbereado that the matter componernt hasto satisfy +3p< 0
in order to drive such an acceleratedexpansion. This implies a violation of
the strong energy condition. Introducing the equation of state parameter
w = B accelerationrequiresw < % The unknown type of matter driving
the accelerationof our Universeis called dark enegy.

What comesto mind rst, is the cosmologicalconstart  with w= 1.1
This has sincethen beenthe most promising and most consenative candi-
date for dark energy The seriousproblem this proposalsu ers from, is that
no oneis able to explain what this cosmologicalconstart may be. The sug-
gestionis that it may just be the vacuum energy density. But for this, the

1This follows also from (6.8).
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measuredvalue of isfar too high. Nonethelessthe so-called CDM-mo del
with dark energy given by an unexplained cosmological-constah term,
and a Cold Dark Matter componert, is the current standard model of cos-
mology.

In 2002, Caldwell suggestedto look beyond the w = 1 barrier, [55].
He showed that dark energywith w < 1, but > 0, is indeed consistert
with the supernovae data of Riesset al. and Perlmutter et al. [50, 51], and
the cosmic microwave badground (CMB) data available at that time.? He
called such an energycomponert phantomand the corresponding equation of
state w < 1 super-negative. Such a super-negative w implies that not only
the strong but also the weak and dominant energy conditions are violated.
This meansthat obseners exist that measurea negative energy density of
the phantom uid and a phantom energy ow faster than light. From a
theoretical point of view, this is clearly an odd suggestion.

| rst want to discussthe cosmologicalewolution driven by sud dark
energy before exploring the possibleways in which such matter could be
realized on the fundamertal level.

First, note that (6.10) implies that the energy density grows as
adil*wi with the scalefactor. Phantom thus dominates late over matter. As
soon as it dominates, the Universeacceleratesmore rapidly than with cos-
mological constart. This epoch of phantom dominance starts the later the
more negative w. The age, and correspondingly the horizon distance, are
larger than in the case.But this e ect is lessand lessimportant, the more
negativew becomeq for a xed value of the matter density. Caldwell more-
over calculated characteristic, measurablequartities for a phantom model
with w = % and comparedit to quintessenceand cosmologicalconstart
characteristics.

First of all, the volume-redshift relationship in a phantom universedif-
fersof coursefrom that of CDM. The phantom predicts a larger di eren tial
number of objects per redshift interval. This leadsto more strong gravita-
tionally lensedquasarsthan CDM. A comparisonof the magnitude-redshift
relationship with the binned data® of [50, 51] shows that the phantom with
w = % is in best accord with data | apart from one single data point at
redshift larger than one. But even for this point, the phantom t is bet-
ter than the one obtained for . Using the constraints from SNeladata
on the matter density and w, phantom is alsoin the admissible range. A
comparisonwith the CMB-anisotropy spectrum shows that phantom dimin-
ishesthe lower multip olesdue to a weaker late-time integrated Sads-Wol e
e ect. For low multip olesit is thus not in bestaccordwith data. The acous-
tic peaks,on the other hand, get shifted to higher multip oles, thus tting

2Caldwell usedthe compilation of CMB data provided by Wang, Tegmark and Zaldar-
riaga including data from BOOMERaNG, DASI, Maxima and CBI, [52].
3Binning was carried out in [56].
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the data better than the CDM model. Due to a larger amplitude of the
growth suppressionfactor, the perturbations persist longer and stronger in
the phantom models.

Most signi cantly, a phantom-driven universeis nite. Let the time of
phantom dominance be denoted by t;, then

$arw)
a(t) = a(tp) w+ (1+ w)E
for t > t,. Clearly, the scalefactor divergesafter a nite time. For a suf-
ciently large matter density, this divergenceariseswell after the presen
epoch. This divergenceof the scalefactor after a nite time provides a sin-
gular end of the universe called the big-rip singularity. It is the growing
energy density of a uid with negative pressurewhoserepulsion ‘rips' the
universeapart. In a follow-up of the rst paper, Caldwell et al. calculated
the time at which di erent structures in the universeare torn apart for a
xed value of w, [57]. Calculation of the perturbation spectrum causedby
phantom energy makesit necessaryto introduce a eld-theoretical descrip-
tion of the phantom uid. In order to keepthe energy dark and produce
the desiredequation of state, Caldwell useda scalar eld with reversedsign
of the kinetic energyterm. This just corresponds to the choice™ = 1in
the formulas of the previous Chapter 6. It follows from (6.9) that the eld
will run up and not down the potential. As a justi cation for such a weird
kind of matter, Caldwell cites supergravity theories and higher-derivative
theories of gravity.

Caldwell's idea was taken up in the following years. The High-z Super-
novae Seard Teamincluded in their data analysisthe probability contours
for w over the matter density. They found that 1.48< w < 0:72at a
95% con dence level, [53]. In comparisonto the Riessand Perimutter data
of 1998/1999, these new samplescontain also SNelaat redshifts z larger
than z = 1. Another analysiscombined the data from the Sloan Digital Sky
Survey (SDSS)with the data of the Wilkinson Microwave Anisotropy Probe
(WMAP) of 2004,[54).* They useda six-parameter model but also allowed
w to be a free parameter in one of their evaluations. Using just WMAP
temperature and polarization information, they found w > 1. But includ-
ing SDSSdata, they obtained w = 1:.05 *%13 which one might interpret
as a slight indication for phantom dark energy

New data, including more high-redshift SNela(which was the weak re-
gion of the phantom model already in Caldwell's rst paper), howewer, are
not able to rule out but clearly disfavour the phantom model. The SDSS
Supernovae Legacy currently provides the largest and qualitativ ely best su-
pernovae data set. They found w =  0:969 *%:%2 (stat) %% (sys), [58].

“During the SDSS-I, power spectra of over 200000 galaxies were recorded over v e
years from 2000 until 2005.
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The restrictions on the dark energy equation of state were also determined
by the WMAP ScienceTeam using the v e-year data. They give as limit

1:14< w< 0:88,[49. Thesearethe mostrecert constraints on the dark
energy equation of state, both published in October 2008.

So, at the time whenthe following researt was carried out, the phantom
model was an experimentally motivated model. Despite its physical aws,
like the violation of energy conditions, it was found to be in accord with
the data and therefore received much interest. In a rather short amount of
time, data were put forward that disfavoured this model, bringing physical
common senseand experimertal data together again. As a side, | may
learn that it is sometimeswiser to view experimental data with theoretical
prejudice.

However, there are also reasonsfrom the quantum cosmologicalside to
study such a phantom universe.

7.2 Quantizing the big-rip singularit y

As explained above, phantom dark energy producesa new type of cosmo-
logical singularity at which scalefactor, energydensity and pressurediverge
after a nite amount of time. This big-rip singularity thus occurs at large
scalefactor and thus in the macros@pic universe. Nonethelessenergy den-
sity and pressuretraversethe Planck scale. At this scale, we assumethat
guantum gravity e ects becomeimportant. The motivation standing behind
the quantisation of phantom cosmologiess the study of quantum cosmologi-
cal modelswith singularity in the macroscopicuniverse. Are there quantum
gravity e ects at large scalefactor and what is the possibleimpact of quan-
tum gravity on the new singularity? In particular, we want to seewhether
this macroscopicbig-rip singularity is avoided in the quantum cosmological
model.

Moreover, the introduction of a phantom eld changesthe nature of the
Wheeler{DeWitt equation. If no other elds but the phantom are presen,
it becomeselliptic. This in uences the type of boundary conditions to be
imposedon the wave function.

7.3 Classical cosmological models with phantom
dark energy

In the following, three models will be discussed. The rst of theseis just
a toy model exhibiting some phantom features'. The next two are geruine
phantom models. The rst contains a phantom eld with exponertial po-
tential, thus yielding a universeending with a big rip. The secondmodel
contains a negative cosmologicalconstart in addition to a phantom eld with
hyperbolic-cosine potential. The conditions in the latter model are chosen
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sud that the universeewlvesfrom big rip to big rip. None of the models
is chosenwith the aim to t cosmologicaldata but to provide solvable and
interesting models on the quantum level. This meansthat they should end
or start their ewolution with a big-rip singularity. For all models, ~ will be
kept asa parameter, allowing the comparisonof ordinary scalar eld matter
with phantom.

There are two stepswhich are carried out on the classicallevel with fore-
sight on the quantum analysis. First of all, as pointed out already in the
previous section, the phantom eld will not be described by a perfect uid
Lagrangian but by a fundamental eld. As a substitute for this will sere
a scalar eld with reversedsign of the kinetic energy term. Secondly the
classicaltra jectories will ultimately be given in con guration space,i.e. in
the (a; )-plane. This is the spaceon which the quantum cosmologicalwave
function is de ned | the minisuperspaceof this model. The classicaltra-
jectory in con gur ation space is the only link we have betweenthe classical
model and the quantum theory.

7.3.1 Cosmological toy model with vanishing phantom po-
tential

In this sectionwe shall considera simple model with eld potential V( )= 0
and cosmologicalconstart = 0. This leadsto an equation of state for sti
matter, p= , w = 1. Moreover, in such a casethe energydensity < 0,
and thus this model doesnot seemto represen dark energywhich is usually
assumedto have positive energy density. Howewer, it captures interesting
‘phantom features', since it violates all energy conditions, and it has the
merit that it is easily manageable.

It follows from the remarks after (6.7) that for vanishing potential and
" = 1, the curvature index k hasto be chosennegative, k = 1, in order
that a classicalsolution exists at all.

Since is a cyclic variable, p is constart, so from (6.2) one has 2 =
P2=&5 with a constart P . From (6.6) together with (6.3) onethen has

d P
da a at+" FZPZ
which for * = 1 and the choice P > 0 integratesto
" 31 P
= —— — . 7.1
(a) > arccosp@ (7.1)

a'he_classicaltrajectory (7.1) hasa minimum value of the scalefactor, amin =

P . . . .
5, and readesin nite valuesof a at nite valuesof = =4. In this

sense,it resenbles a big-rip solution. However, with respect to t, the scale
factor reachesinnit y only att = 1 and, moreover, / a 6 which is
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Figure 7.1: The classicaltrajectory in con guration spacefor the toy model
with vanishing scalar eld potential and vanishing cosmological constart.
The diagram on the left hand side shows the trajectory for the phantom
eld model. On the right-hand side the trajectory for the ~ = 1 scalar eld
model is plotted.

the density scalingappropriate to asti  uid. Nonetheless,n con guration
spacethe trajectory has somefeatures of a big rip, and this is why this toy
model is of interest.

For an ordinary scalar eld (" = 1) and for k = 1, one gets instead of

(7.1), .

31 . P )
(a) = é—arcsmhp@ : (7.2)
There is no turning point. Equation (7.2) just describestwo branches for
whicha! 1 if ! O,anda! O0if ! 1 . The two solutions(7.1) and

(7.2) are depicted in Figure 7.1.

7.3.2 Cosmological model with phantom dark energy

A model with phantom equation of state and a true big-rip singularity ap-
pearsif the dark-energy potential is chosenexponertial,

V()= Voe ; (7.3)

with > 0and = 0. Interest in this type of scalar eld potentials in cos-
mology arosewhen it becameclear that the classicalmodel hasan attractor

solution with scalar- eld domination, [61]. This alleviates the ne-tuning

problem of the initial energyof the scalar eld. Sud an attractor exists not
only in the caseof a conventional scalar eld, but alsofor the phantom eld

[59, 60]. At this point, cosmologistsquote that exponertial potentials for
scalar elds arisein the context of Kaluza{Klein theories, higher-derivative
gravity in higher dimensions, higher-order gravity, supergravity and super-
string theories, see[62] for an overview.
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In the following, we shall consider the caseof a at universe,k = O.
From the discussionafter (6.7) one seesimmediately that for this choice of
parameters, neither the ordinary scalar eld nor the phantom eld model
possesseslassically forbidden regions.

To nd a solution to the equations of motion which actually produces
phantom behaviour, the system of equations (6.8) and (6.9) is most conve-
niently transformed into an autonomoussystem. This system ewlvesunder
the Friedmann equation (6.6) as constraint. Solutions with constart equa-
tion of state parameter w are x points of this system. The autonomous
systemis obtained for the new variables

p

X= p=r—= _d—; y= #E—V;
6H 3d 3 H
where a dot is usedto denote di erentiation with respect to t. These are
consideredas functions of = In % . The constraint (6.6) is then given
by
1= "x%2+y?;

and the ewolution equations (6.8) and (6.9) are equivalert to

r
x0 = 3x+ 3x3+
,

N W
NI w|
<

xy 3X

where primes denotederivation with respectto the variable . The equation
of state of the matter eld is now

B ‘X2 y2
T XZry2 (7.4)

and we seethat it is constart for x points of the above system. There are
only two x points for non-trivial potential. Theseare given by

r

2

X = pT_S; y = 1 E: (7.5)

For y > 0, the universeis expanding, for y < 0 cortracting | this depends
on the initial value Hp = H (tg) of the Hubble parameter. We considerhere

the caseof an expanding univ5r§e. For ° = 1 and arbitrary valuesof
aswell asfor " = +1 and < ' 6, the above is an attractor solution of the
system.

From (7.5), we obtain the equation for
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()="—( 0+t o; (7.6)

where ¢ = In a‘% is the initial value of . We choose o= - . With

the knowledgeof (7.6), the equation for y can be integrated to yield

2 5
: 2H°(t to) : (7.7)

The corresponding equation for (t) is then

@: 1+

(t) = 21+ 2;0(t to) (7.8)

For this attractor solution, the “kinetic energy'is given by

2 g 2 2
Evn — — = &
6 d 6
and thus constart. Therefore, also the “potential energy' of the scalar eld
is constart,

2V 2
Epot gz =1 -

Inserting the x-p oint valuesinto the equation of state (7.4), one immedi-
ately seesthat

w= 1+ —;

6 )
which, for * = 1, obviously describesa phantom eld, whereasthe scalar
eld with ~ = 1 coversthe rangew > 1. Accordingly, the energy density
v 2
scalesas = o % . As expected, this yields a big-rip singularity for

= 1. Inthelimit t! t; ty 2=( 2Hg) the energy density and the
scalefactor diverge.Fort! 1 ,aand vanish.

This is opposedto the * = 1 model. In the limit t! t;, a goesto zero
and diverges,yielding a big-bang singularity, whilst fort! 1 , a diverges
and goesto zero.

7.3.3 Cosmological model evolving from big rip to big rip

We now intro duce a negative cosmologicalconstart in addition to the phan-
tom eld. The attraction of the negative courteracts the repulsion of the
phantom. This allows a model which ewlves symmetrically between two
big rips. Again, the universeis assumedto be at, k = 0, but < 0. Now



7.3. CLASSICAL PHANTOM COSMOLOGY 83

we assumea constart equation of state from the outset. In this case,the
energy consenation equation gives

_ a 3(w+1) .
- 0 —_ ’
ag
andp = = — for the cosmologicalconstart holds. This can be used

to solve the system (6.6) and (6.8) in terms of the scalefactor as

1

0 2D i 1
a(t) = ag T [sinX]D ; (7.9)
where
S
x = $IP ijt to)+arcsin 1
3 0

and D = :—3(1 + w). Using the short-hand D, we can rewrite (6.4) in the
form

v =522 20 ; (7.10)

which allows to write the energydensny in (6.3) as

_ 3 ,_ 3 a .

With all these assumptions we are able to calculate the ewolution of the
scalar eld as

t) = —TDIn tan — (7.12)

For simplicity, we choosetg stw that a(to= 0) = 0. Then X in (7.12) and
in (7.9) simplies to X = ¥P—§ j jt. For later reference,let us furthermore

intro duce the short-hand A = af ﬁ Note that D="= jDj > 0.

For the model with ordinary scalar eld, D > 0. The ewlution of the
universebasedon (7.9) beginswith a big bangat t = 0, reachesa maximum
amax = AP, and terminates with a big crunch at t =

For the phantom case,D = j Dj < 0. The ewolution starts with a big
rip at t = 0, reachesa minimum amin = A 15D] and terminates with a big
rip att = . Thuswe have a symmetric evolution of the sale factor from big

rip to big rip. The corresponding trajectory therefore has a turning point.
This is of special interest in the quantum theory.

We use (7.9) to eliminate the classicaltime coordinate in (7.12) and
obtain the trajectory in con guration space
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1 2 25 3 0 05 1 1 2 25 3

’ o° ' BA SA
Figure 7.2: The classicaltrajectories in con guration spacefor the models
with cosh-potential and negative cosmologicalconstart. On the left-hand
side, the trajectory for the phantom eld model is shavn. The classical
trajectory for the scalar eld model * = 1 is shavn on the right-hand side.
The similarity to the classicaltra jectoriesin the toy model in Section7.3.1
is obvious.

P-P—
D

| p— ; 7.13
D n 1+P1 > ’ ( )

NI

(a) =

where = aPA 1. This trajectory hastwo branches. For * = 1 eadh
of them extends to in nit y, that is, I 1 ,fora! 1 and reaces
a minimum (a) = 0, for amin = A 3PJ. For * = 1 one recognizesthe
presenceof the maximum amax. The trajectoriesin con guration spaceare
depicted in Figure 7.2.

From (7.12) and (7.10), one can reconstruct the potential of the scalar
eld,

r !

3
V()= Vocosif 50 (7.14)
where Vg = o 83) . To make the expressionsimple, | will usethe short-
hand F 1= " 3jDj. Note that for * = 1 the potential is positive only for

D < 3 (i.e., w < 1). This restriction is similar to the restriction <  6in
Section 7.3.2.

7.4 Quantum Cosmological models with phantom
dark energy

We now subject the previously preseried models to quartization as pre-
serted in Chapter 6.
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7.4.1 Quantum cosmological toy model with vanishing phan-
tom potential

We start from the Wheeler{DeWitt equation with Laplace{Beltrami factor
ordering, (6.11), where for the toy model V( ) = 0, = Oandk = 1.
Multiplication by a3 (or, more correctly, regularizing, multiplying be €3
and then transforming badk to a), we get the Wheeler{DeWitt equation

2 2 @ .8 @

— — a—

3
5 5 %@ Y a2 (& )+ Sa* (a )=0: (7.15)

A solution to this equation is found from the separation ansatz,

n(@ )= Cn(a)" n(): (7.16)
This yields

"a()=e o (7.17)
We choose the oscillating solution, becausereal exponertials would yield

exponertially growing solutionsas ! 1 . The equation for the gravita-
tional part is then given by

a’C, + aCp + %(a‘u "R?)C, = 0; (7.18)

wherer? = énz. Solutions of this equation are Besseffunctions ZP —sn (322).

However, we have to imposethe boundary condition that (a; ) 219%0in
order to re ect the behaviour of the classicaltrajectories (7.1) which have
a minimum with respect to a in con guration space. We therefore have to
choosethe Besselfunction JP—\a_n(ﬂiz) with n > 0.

Let us rst discussthe phantom case,” = 1. The connectionto the classi-
cal solution (7.1) should be performedthrough a formal WKB-limit ~! 0.
We thus have to look for an asymptotic expansionof J (z) where both the
argumert and the index are large. We userelation

4 1=4 A|( 2=3 ) . eXp( % 3:2) 1 -
1 z2 1=3 1+ l=6j jl:4 4=3 !

I(2)= (7.19)

see[64 andset = 30 z= ?]—2 The choicefor dependson whetherz? 1
orz?< 1,
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2 p 1
3 )2 = 22 1 arccos - for z2 1; (7.20)
|
p .
2 1+ 1 Z2 p——
32 = % 1 22 for z?°<1; (7.21)

see[64]. Now expand the Airy function for large argument jzj,

. 1 2, % 2,
Ai (3 Zz Texp Lz ( D"cm Lz
2 3 ) 3
m=0
for jargzj< ; (7.22)
: 2 X 2., 2"
Ai( 3 Zz 1 sin §z-%+ — ( D"com 52%
m=0
2m l#
2 3 2 3
Zzr o+ — 1)m Zz2
Cos 32“2 2 m=0( )" Com+1 32“2

for jargzj < g ; (7.23)

see[65]. Thusfor z2 1 which correspondsto ;‘—2 1, the argumert of the

Airy function is negative, 0, and (7.23) applies. The phaseassaiated
with the gravitational part is therefore
p 1
= z2 1 arccos - + —:
n z 4

For z? < 1, the argumert of the Airy function is positive, > 0, and
the rst of the above equations, (7.22), applies. But this yields no phase.
The Airy function deceys exponertially. This is perfectly consistert as the
regionz? < 1 correspondsto %‘; < 1| whichisjust the classicallyforbidden
region.

In the classically allowed region, howewer, the total phaseis given by

Sn n 1 : (7.24)

The extremum of this phaseshould yield the classicaltrajectory. The re-
quiremen @,=@ = 0 at n = n leadsto

(a) = 1arcco n_.
- e

Comparing this to the classicaltrajectory, (7.1), it is clear that n hasto be
identied with P .
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One can also easily ched that Sy is a solution of the Hamilton{Jacobi
equation arising from (6.5) through the substitutions p; ! @,=@ and

p ! GBh=@.

In the caseof the convertional scalar eld, one getsa change of sign for
the n?-term in (7.18). The solutions for C,(a) are then the Besselfunctions
Ji (3 and J ; (32). Since there are no classically forbidden regions,
both solutions seemto be allowed. The classicalsolution (7.2) follows in the
formal limit "~! 0' from the principle of constructive interference.

Since (6.11) is hyperbolic for © = 1, one is free to impose boundary
conditions at constart a, that is, one can either imposeone padet or two
padkets there, depending on whether one wants one branch of the classical
solution to be represered or both.

In the phantom casediscussedabove, the Wheeler{DeWitt equation is
elliptic. Oneimposesthere only the boundary condition that goesto zero
at a! 0 andthat it is at most oscillating at the other boundaries. This
xes the solution to be J (?jjiz) or a superposition thereof. Explicitly , one
would consider the following superposition for the construction of a wave
padket,

Z, . 352
(a; )= dn A(n)e '= Jan — (7.25)
0 T

where A(n) is a function of n that is peaked around a particular value n,
e.g. a Gaussian. One would not expect the packet to exhibit dispersion
near the minimum of the classicaltrajectory, sincethe phaseof the Bessel
function doesnot vary rapidly with respect to n. We shall, however, expect
the occurrenceof dispersion at large valuesof a.

7.4.2 Quantum cosmological model with phantom dark en-
ergy

For non-zero,exponertial potential asin Section7.3.2,the Wheeler{DeWitt
equation can actually be solved exactly. This is obtained through a trans-

formation to new variables. We start from (6.12) with = Oand k = 0,
2 2@ @
7 5@7 @ ()reMe  (i)=0

Exact solution to the Wheeler{DeWitt equation  The new variables
are chosensud that the potential in front of cancels. This is donein two
steps. First, we transform to light-cone like coordinates
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o
ol

o
ol

P
Z) = + ; Zo =

P

For * = 1, thesearejust the characteristics of the Wheeler{DeWitt equation.
The equation now takesthe form

2 @
@@

from which atransformation to newvariablescanbe madesud that f (z;; z»)
is cancelled. This correspondsto a transformation to variables
r__

+f(z1;22) =0;

W) = 5 %a?efesifz cosi(X) + P=p—sinh(X) ;
1 ° = 6
P 6
v(; ) = 3 %af’efegiz_z pl?sinh(X)+‘p:cosr(X) ;
1 7 p= 6
6
p_9—- Ps .
where X = °( % "—— ). For both, the phantom and the ordinary

eld, u- and v- arereal. Note that whereasvy, u 1 and v 1 cover the ertire

real Bne, u; > Ois restricted to the positive real axis due to the requiremert
< 6.

The Wheeler{DeWitt equation in thesevariables takesthe simple form

, @ .@
@ @2

Making a WKB-ansatz, (u-;v:) = Ce 1*5, one obtains at lowest order the
Hamilton{Jacobi equation

=0:

CIRNC
@- @
This is solved via a separation ansatz by Sp, = nu- P ‘(n2 1v-. Of

course,the Hamilton{Jacobi equation is also solved by actions carrying dif-
ferert signsin front of u- and v-. These are obtained from the one chosen

=1: (7.26)

above by rotations in the (u-;v-)-plane. For ~ = 1, all solutions can be
mapped onto ead other in this way. This is an obvious consequenceof
the rotational symmetry of equation (7.26) for * = 1. As u; > 0 for the

convertional scalar eld, here only two solutions can be mapped onto eath
other. Sothat for * = 1, we have two solutions given by

p
S(()}]) = nup (N2 vy ; S(()i) = nu (N2 1)v;:

Plugging this lowest-order ansatz into the Wheeler{DeWitt equation, one
nds that the equation is already satis ed exactly.
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Recovery of classical tra jectories From the classicalaction S((,}]), the

)
equations of motion are obtained via @@?]” jn=n = 0. This yields

r_

()="- + glarctanh c(l;? ;
where
@ - N G e
T2 D) n'6

The sameholds, of course,also for S((,f,) where cﬁll;? is replaced by

2 _ nn + P 6(n2 %)
Cn;‘ - P H — .

(n2 1)+n 6

For the choice

2 - 9= — ) .
n“=1=Epot = 1 —
pot 6 1

cﬁl.\) =0, cf]z.? = 0 and one obtains the classicaltra jectory

()="—
cf. (7.6).

Construction of wave packets For the phantom model, we get the fol-
lowing exact wave-padet solution to the Wheeler{DeWitt equation,
Z
(U 1V )= dnA(n) Cie'Si + Cpe Son

For the scalar eld, on the other hand, four terms contribute,

Z
i @ i@ i@ i@
(U ;v 1)= dnA(n) Cie=Son + Cye =Son + Cae~Son + Cye =Son
(7.27)
By construction, the classicaltra jectories can be recovered from theseequa-
tions through the principle of constructive interference. We choosefor the
amplitude a Gaussianwith width  certred around n,

o (; rl)2
A(n) = (W ;
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Let us start with the calculation for the wave padket for the phantom model.
Taking C1 = C» for de niteness, one obtains wave padkets of the form

s
_ 2 ~ is S@
(ugvy) C ¥ >0 0

————5EXP .
1 i 2~8Q° 2( 2 i~Sy

+ CcC;

(7.28)

where a Taylor expansionof S((,ﬁ) has beencarried out around n and primes
denotederivativeswith respectto n. Termsof order (n n)2 in the exponert
have been neglected. This can be done if the Gaussianis strongly peaked
around n, that is, if is su cien tly small. For simplicity, in this expression
So = S((,%])(n). Since Sg,})(n) = 0 de nes the classicaltra jectory, the padket
is peaked around it.

For the conventional scalar eld, chooseC; = C, and C3 = C4. Howeer,
we leave the relation betweenC; and C3 open for the time being. Then one
obtains two packets of the form (7.28), one of them with S = S{¥(n) and

the secondone with Sp = S(()f])(n).

The wave padcet for the phantom- eld model is depicted in Appendix F,
Figure F.4. It can be clearly seenthat the wave padket follows the classical
tra jectory

ui= pin Vo (7.29)
1 n?
The wave padket for the scalar eld model is depicted in Appendix F, Fig-
ure F.5. In this plot, the ertire (u1;vi)-laneisshowvn| but the ( ; )-plane
just correspondsto one quadrant of it. All quadrants are equivalent to ead
other. The wave padket is seento follow the classicaltra jectory.

For both, the convertional scalar eld and the phantom eld, the wave
padket spreadsasv? ! 1 . This can be seenfrom (7.28), since the term
proportional to [S2(n)]? in the width of the Gaussian increaseswithout
limit,

V\ 0
((nz 1)z
This is even more obvious from the absolute square of the wave padket
(neglecting for simplicity the complex conjugate part in (7.28)),

S30(n) =

2P —_ 2 ~ ex S¢
PTT om0 T 2+ 22(SH2
The spreadingoccurs due to the non-trivial dispersionrelation, that is, due

to the fact that Sp, dependsnon-linearly on n. The semiclassicalapproxi-
mation is thus not valid throughout con guration space.

i (usv)i? C]
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Behaviour at the classical singularities  For the phantom eld we have
ui1! 1 ,v 1! 1 whenwe approadc the big-rip singularity. As the
wave packet spreadsupon approac of that region, this singularity lies in a
genuine quantum region. Note that for * = 1, u-, v- are de ned in terms
of sineand cosine. Sincetheseare between 1and1lforall and , wecan
write

vZ  €d S V():

Therefore, the occurrenceof the non-trivial potential is responsible for the
dispersion.

The big-rip singularity is thussmathed out | the wave padets disperse.
We loose connection to classical spacetime. Classical spacetime dissolves.
Correspondingly, we can no longer use the approximate time parameter
given by WKB-time. Time and classicalewlution cometo an end, and one
is just left with a stationary quantum state. This is a quantum gravity e ect
at large sales Hitherto sud a casehas only been encouriered near the
turning point of a classically recollapsing universe,as a consequencef the
demandthat the wave function go to zero for large scalefactor, [63].

Turning now to the convertional scalar eld model, we recall that due
to the fact that us > 0, heretwo inequivalent actions e>%st. Apart from the

wave padket constructed from the function S((,f]) = nuj nZ 1vi, onegets

a secondwave padket constructed from S((,i) = nuj nZ2 1v,. Moreover,
the entire ( ; )-plane is mapped into only one quarter of the (uy; vi)-plane.
One would therefore require the wave padket to vanish on the boundary of
the physical region, i.e. on (u1;0) and (0;v;). The only solution satisfying
this requiremert is naturally the trivial one. To get a non-trivial solution,
one hasto lessenthe boundary condition and require = 0 either only on
u; = Ooronly onvy = 0. Note that u; = Ocorrespondsto ! 1 andv;

vanishesfor ! 1 andfor ( )= - +arctanh P= . But asthe latter

correspondsto the classicaltrajectory for speci c initial conditions, it is not
consistert to require = 0 for v1 = 0| this would make it impossibleto
nd wave padkets that follow this specic classicalpath. Therefore we just
require vanishing on the u; = 0 line. But this meansthat we require ! 0
as ! 1 . This is in fact just DeWitt's boundary proposal (recall that

' 1 asa! 0). Notethat v; vanishesalsofor ! 1 . So,in fact, we
require that  vanish at the origin of the (uq;vs)-plane. This necessitates
the choiceC1 = Cjin (7.27).

The implementation of this condition results in a wave padket which
vanishesat the big-bang singularity, ! Oas ! 1 , and spreadsfor
large . The big-bang singularity does therefore not exist in the quantum
theory. In Appendix F, Figure F.5 the wave padket is shavn for dierent
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choicesof C; and C3. From Appendix F, Figure F.6 can be seenthat the
choice of C; and Cj3 satis es the condition of vanishing at the origin of
the (usp; v1)-plane.

The fact that the wave padket doesnot vanish at both, the u; = 0 and
vi1 = 0 line, is due to the non-normalizability of the wave padket in both
and , which in turn hasits origin in the fact that the classicaltrajectory
has no turning point.

In the phantom eld model, no suc restriction occurs due to the fact
that the ertire (U 1;v 1)-plane represetts the ertire ( ; )-plane. There is
no big-bang singularity in the phantom model and consequetly, no condi-
tion = Oasa! O arises® In this model, at least, it seemsthat DeWitt's
boundary proposal arisesnaturally | through the choice of coordinates. It
only arisesin the scalar- eld model which on the classial level exhibits a
big bang. For the phantom- eld model, on the other hand, the variables
are chosenin the sameway as for the scalar- eld case. However, here De-
Witt's boundary proposal does not arise as a natural condition. This is in
accordwith the fact that the phantom model doesnot start with a big-bang
singularity on the classicallevel.

7.4.3 Quantum cosmological model with phantom dark en-
ergy and cosmological constant

To obtain a classicaltrajectory with turning point in con guration space,
we intro duced a negative cosmologicalconstart and a potential of the form
V() = Vpcost(=F ), cf. (7.14), in Section 7.3.3. The Wheeler{DeWitt

equation for this model is given by

2 2
> E% % (; )+ awe® Vocosif E +—  (;)=0:

(7.30)
To nd a solution to this equation, | divided the -axis into two regions.
Oneregionis the regimeof largej j,i.e. V( ) > LL. This is the regionwere
the phantom eld dominatesover . In this region lie the classicalbig-rip
singularities. Moreover, | approximated the matter potential in this region
for largej j.

The secondregion is the region of small j j, V() < Y. Here, the
attractiv e force of dominates over the phantom repulsion. This is the re-
gion of the classicalturning point. Furthermore, | approximated the matter
potential for smallj j.

Due to this splitting, however, the impact of the classicalturning point
on the wave function at the big-rip singularity canonly befelt upon matching

5| want to emphasize again that we do not put in the condition of vanishing by
hand, but that it is enforced upon us through the choice of coordinates in which the
Wheeler{DeWitt equation becomesexactly solvable.



7.4. QUANTUM PHANTOM COSMOLOGY 93

the solutions of the respective regions. Such a matching hasnot beencarried
out.

Vicinit y of the big-rip singularit y

We thus assumethat the -term in (7.30) is negligible in comparison to
the phantom potential. The classical singularities lie in a region of large
j J- Thusin order to study the quantum behaviour there, we furthermore
approximate the potential for largej j,

\7( ) aTGerOe 2,:— :
4
where in the following the upper sign refers to positive , and the lower
sign to negative . This makes the problem very similar to the one of
Section 7.4.2. The Wheeler{DeWitt equation is here simplied by a trans-
formation on the variables

r r !

L. VN 5 e F 1 21 _
u( ;) = ?p_éarefl\i':iz coshX) p=< §F—3mh(x) ;
r r !
. VM o, @ F 1 .21 _
v(; ) = ?p_éarefl\—':iz p= sinh(X) gF—COSh(X) ;
p < q g N Pz .
where X = 5 = . In thesevariables, we recover the form
.8 @ ., _,.
@ @2 T

Again, one obtains a solution from a WKB-ansatz. The Hamilton{Jacobi
equation is again given by (7.26). This equivalenceis, of course,only formal,
sinceu- and v- are de ned dierently. It is again solved by Sé%,) = nu-

“(n2  1)v- and additionally by Séf,) = nu “(n2 1w for " = 1.
The remarks of Section 7.4.2 concerning choice of solution apply here as
well.

The equations of motion obtained for %’]”jmn = 0O are

21 .
()= ~—g +arctanh(c);

with someconstart ¢, dependingon n and ". Introducing D again, (7.14),
we obtain

p_
2 3P —
()= — D +arctanh(cy;) :
This solution coincides approximately with the classical solutions (7.13)
which can be seenfrom the following calculations.
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If one approximates (7.13) for * = 1 for largea, onegets( label the
di erent branchesof the classicalsolution)
p_
()= Qpﬁ FIn(2A) ;

where 0. Therefore, the limit of large positive is obtained onthe . {
branch, while the limit for large negative is reached onthe {branch.

On the other hand, an approximation of (7.13) for small a in the case
T = lyields

p_
()= pr FIn(2A) ;

where 0. Due to this, the limit of large positive is obtained on the

{branch, and for large negative on the . {branch. Thus the solution
to the approximated Hamilton{Jacobi equation (7.26) coincides with the
approximation of equation (7.13). Of course, a special choice for n hasto
be madeto x the onset®

With the help of the classical action Sg,, the approximate Wheeler{
DeWitt equation can be solved. Again, the WKB-ansatz satis es the equa-
tion exactly. The wave padket is of the sameform asin Section 7.4.2, with
a dierent de nition of u- and v- and another choice of the certre of the
Gaussian,n. As in the caseof vanishing cosmologicalconstart, the wave
padket spreadsfor v2 ! 1 . The big-rip singularity in these variables oc-
curs at v21 I 1,u 1! 1. Thus, again, the singularity is hidden in a
guantum regimeand the semiclassicabpproximation is not valid throughout
con guration space.

Due to the restriction D < 3 for the © = 1 model, the same remarks
concerning the range of the coordinates asin Section 7.4.2 apply here. So

5The fact that for > = 1large correspond to largea, and for * = 1large correspond
to small a is due to “phantom-scalar eld duality’. This denotes the following property
of the Wheeler{DeWitt equation for k = 0. The Wheeler{DeWitt equation of a phantom
eld can be transformed in the Wheeler{DeWitt equation for an ordinary scalar eld
through

a! 1 ; ! i
a
Under this transformation, the Wheeler{DeWitt equation with phantom eld,
“ e @ 6

S raza> S ——ta V()+ (& )=0;

takesthe form of a Wheeler{DeWitt equation with ordinary scalar eld but altered and
complex potential
2 2 2
J— 7a@a@ + S
26 @ @ 2

The transformation for is thus just a Wick rotation.

%"'AVI + — (a; )=0:

aé 2
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at the big bang, ! 0. This condition is enforcedthrough the choice of
coordinates. Again, this arisesonly at the big bang and only in the model
that on the classicallevel actually exhibits a big-bang singularity.

Vicinit y of the classical turning point

Weassumethat V()  L4. But this impliesthat Epet = ; V() Y <
0. For the phantom case,this is the classically forbidden region. This will
be of relevancein the choice of solutions from the generalone.

In the vicinity of the classicalturning point, ! 0,ie. V() ! 4V,.
The Wheeler{DeWitt equation in this realm is the given by

2 2@ @
2 6 @2 @2
Using the short-hand B = awjVo + —j, the equation becomes

2 2@ @
2 6@¢2 @2
and thus very similar as(7.15). It is consequetly solved by the sameansatz

(;)+ake® 4o+~ (;)=0:

(;) Be® (;)=0;

n( 3 )=Cn( ) n():

For corvenience, we de ne the separation constart somewhat di eren tly
from (7.17). Then we arrive at

‘n()=e "+
We choosen sud that we get an oscillating solution for the ordinary scalar
eld, ' ,( ) = e '= . For the phantom eld, however, we choosethe one
that dependsexmnentially on , namely' n( ) = e -~ , where arechosen
such that ' , increasesexponertially with increasingj j. In order to obtain
this, we have to choosea purely imaginary n in both cases.We replacen
by in. The gravitational part then hasto satisfy

1B

where r? = %. The general solution to this equation is then, asin Sec-

tion 7.4.1, givenin terms of Besselfunctions
r ! r !
( ;)= cJ i% %e3 + Y, i% %e3 :
q_
where = %%. For the phantom eld, the classicalturning point lies at
a minimum of the scalefactor, whereasit occurs at maximum scalefactor
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for the ordinary scalar eld. This knowledge should be usedto exclude one
of the two Besselfunctions. To this end, we needthe asymptotics of Bessel
functions for large and small imaginary argumert and imaginary index.
Recovery of the classicaltrajectories is donein principle in full analogy
to Section7.4.1. But here,we do not expect to recover the exacttrajectory:
we just usedan approximation of the correct Wheeler{DeWitt equation. Of
course,for the phantom eld, no classicaltrajectory existsin this realm.

To obtain a full picture, we would have to match the two solutions, the one
obtained in the vicinit y of the respective singularities and the onethat holds
in the vicinit y of the classicalturning point, alongthe V( ) = “2{line. Sud
a matching has not beencarried out due to the complicated dependenceof
u-andv- on and . In my opinion it is also questionablewhether suc a
matching could be carried out. More than just solving the Wheeler{DeWitt
equation in two regions, | further approximated the potential in ead region.

7.5 Conclusions

In the preceding chapter, | showed that standard quantum cosmologycan
be applied to scenarioswith phantom matter. The main motivation for
the quartization of thesephantom cosmologiesvere the novel featureswith
regard to the structure of the Wheeler{DeWitt equation (elliptic or ultra-
hyperbolic instead of hyperbolic) as well as the presenceof a new type of
singularity. This big-rip singularity occurs at macroscopicscalefactor and
thus provides, in fact, the major question behind this project: do quantum
e ects occur in the macroscopicuniverse?

For three models, | discussedclassicaltra jectoriesin con guration space.
The rst model was just a toy model without true phantom energy In the
secondmodel, however, phantom dark energywas mimicked by a phantom
eld with exponertial potential. The last model was chosensud that the
classicaltrajectory hasa turning point in con guration space.Moreover, it
contained singularities at both endsof its ewolution.

For the rst two models, an exact solution to the Wheeler{DeWitt equa-
tion was given. In the third case,it was necessaryto approximate the eld
potential in the vicinit y of the singularity. Carrying out approximations in a
di erential equationis adicult task, becauseonenever knows whether the
neglectedterms really remain small after a solution was found. | shawved,
however, that in all three caseghe classicaltra jectory canbe recoveredfrom
the quantum solution through the principle of constructive interference. For
the last model, this was only possibleapproximately.

Using these solutions, | constructed wave padkets following the classical
trajectory in con guration space.In a last step, | discussedthe in uence of
guantum e ects at the singularity.
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In the approach to the big-rip singularity, wave padets disperse. This
signalsthe break-down of the semi-classicabpproximation andthus of space-
time. In this sensethe big-rip singularity is resolved on the quantum level.
It would however be interesting to study how an inside obsener would per-
ceive the approad to this singularity. For this it would be necessaryto nd
out at which time-scalequantum e ects setin.

For eath phantom model, | alsodiscussedhe corresponding one cortain-
ing an ordinary scalar eld. Instead of a big-rip singularity, these exhibit
the well-known big bang at a = 0. In accord with DeWitt's proposal, the
structure of the equation imposesconditions which then imply that the wave
function vanish at the big bang. In this way, this singularity is alsoremoved
from the theory. Without the boundary condition the wave padet would
just have approached the region ! 1 without spreading; this lack of
dispersion is a result of the fact that the Wheeler{DeWitt equation takes
the form of a free wave equation in this limit.

Note that there are two di erent medanismsresolving the big-rip and
the big-bang singularity. Whereasthe rst is hidden in a geruine quantum
regime, the latter is removed through a vanishing wave function.

References: This work was published in [66]. The model preseried in
Section 7.3.3was proposedby Mariusz P. Dabrowski.
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Chapter 8

Quantum Cosmology with
big-brak e singularit y

A second singularity that occurs at large sale factor is the so-alled
big-brake singularity. In contrast to the big rip, it arises at nite
value of the sale factor. The big-brake singularity is a generic fea-
ture of cosmolayical models with anti-Chaplygin gas. In the present
chapter, we will carry out a classi@l and a quantum cosmolaical
analysis of such a big-brake singularity.

The project presened in this chapter was a direct follow-up of the project
preseried in the previous chapter. The motivation behind it is similar:
the study of models with singularities in the macroscopicuniversein the
framework of quantum cosmology After having studied one such singularity,
why should one be interested in a second one?

The major reasonfor doing sois that not all singularities are alike. The
singularity that is the subject of this chapter, is, for reasonsthat will become
clear later, called big-brake singularity. It exhibits featuresvery di erently
from the big rip. First of all, it can be induced by an ordinary scalar eld.
Furthermore, recall that at the big-rip singularity, pressure,energy density
and scale factor diverge after nite time. The big-brake singularity now
occurs at nite scalefactor. The singularity in this model thus no longer
lies on the boundary of con guration space,as do the big rip (a! 1) and
the big bang (a = 0). No boundary conditions can be imposedin the region
of the big brake. Moreover, asit is a singularity that lies somewherein
con guration space,one can study ewolution through the singularity. The
situation is then analogousto the big-bang singularity in loop quantum
cosmology There, due to the existence of negative scale factors, the big
bang lies in the middle of con guration space.

The big brake belongsto a wider classof cosmologicalsingularities called
soft, quiescen, or sudden. These singularities occur at nite value of the

99
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scale factor and its time derivative and hence of the Hubble parameter.
But the rst or higher derivatives of the Hubble parameter are divergen.
This implies that somecurvature invariants diverge. At the big brake, for
example, the rst derivative of the Hubble parameter diverges,H-! 1 ,
while H ! 0. Due to the fact that ®R  H. + 2H2, we seethat the
curvature of three-spacehasto diverge at this singularity. More precisely
what happensis the following. The acceleration becomesmore and more
negative,&! 1 , thuscausingthe universeto slow down and nally come
to a halt, a! 0. The universethen endsits ewlution at a nite radius
a= a,. It is this behaviour that gave the singularity its name.

The big-brake was rst consideredin [67] and later discussedin detalil
in [68]. It can arisein tachyonic cosmologicalmodels [69] with a particular
potential. But the big brake can also occur in a much simpler model. A
universe lled with a perfect uid obeying the equation of state p = A=,
whereA is a positive constart, endsits evolution with a big-brake singularity.
This is, again, a rather odd equation of state. It was rst consideredin [70] in
the context of wiggly strings.! But it can also be viewed as a generalization
of the so-calledChaplygin equation of state. The corresponding Chaplygin
gasobeysthe equationp= A= . It wasintroducedinto cosmologyto unify
the dark sectorsof the universe,[71]. How this can be achieved can be seen
immediately from the energy consenation equation, (6.10). The Chaplygin
gasbehaveslike dust at early times and like a cosmologicalconstart at late
times.

Becauseof the reversedsign in the equation of state, we call the uid
with p = + A= used here anti-Chaplygin gas. Of course, it is again not
the purposeof the model to t current universeobsenations. The idea is
merely to producea su cien tly simple but nonethelessnteresting model for
guantum cosmology

8.1 Classical cosmology with big-brak e singularit y

The model is setup in a at Friedmann{Robertson{Walker universe. This
is lled with an anti-Chaplygin gas. The rst task is now to derive the cor-
responding scalar eld potential that might produce such an anti-Chaplygin
equation of state. To this end, we rst of all calculate the ewolution of the
energy density with scalefactor. This follows in the usual way from (6.10)
and the equation of state,

r
B
@= 5 A; (8.1)
where B > 0 is someintegration constart of dimension masssquared. The
constart A has dimension of masssquared over length to the sixth power.

! These are cosmic strings with small-scale wiggles imp osedon their dynamics.
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We have chosenthe solution with 0. Note that is well de ned only for
a< a, (B=A)Y® cf. Figure 8.2. As a, is approached, the density goesto
zero.

Using the result (8.1), one obtains from (6.6)

az da
c=p=(to ) (8.2)
Aa4 4 3

a

|

where a(tg) = a, is the big-brake singularity and a(0) = 0 the big bang.
In order to calculate this integral, we substitute z = (B=a® A)™, with
0 z 1. Then (8.2) becomes

z p

z # 3
The integral on the left-hand side can be found in [72]. For (8.3) onethen
gets’

1 2 Al=zD 24 A2

— n —
4AT 2 T 224 A7 2+ ALR2
!

=z 2 2 1=2
+2 arctan N +  (z¢ AT
= p—:_%(to t):

We have addedthe Heaviside -function in orderto make the arctan-function
cortinuous at the point z2 = A%,

For the total time that elapsesrom big bangto big brake onethen nds

Z,

z
C d = p= :
3 o LA+ A PBam

_2p :

to =

(8.4)

A simple approximate solution can be found in the vicinity of a,. To this

end, we write a= a, a, which simpli es the above integral to
Z a
1
d a

— = p=(t to);
0 a»(6 a)4l 3

yielding

at) = [cu(to 1) :

Sowe nd for the scalefactor and its derivatives

2The derivation of this expressionis due to Alexander Y. Kamenshaik.
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Figure 8.1: Theseplots showv the dependenceof the derivativesof the scale
factor on the scalefactor itself. It can be clearly seenhow the velocity, see
left-hand side, diminishesdueto anin nite deceleration,seeright-hand side.

a(tg) = a»; altg) =0, a(tg) =1

At tp, the ewolution of the scalefactor comesto a halt. Its “speed'is zero
dueto an in nite negative acceleration. It is this peculiar feature that gave
the singularity its name.

The rst and secondtime derivativesof the scalefactor in terms of the
scalefactor itself are given by simple expressions. To this end, note that
(8.2) can be di erentiated with respect to a, thus connecting a(t) with the
scalefactor accordingto

da B
—=p=a — A ; 8.5
dt p?) a6 ’ ( )
cf. Figure 8.1. Obviously, asa! a»,, a! 0. Dierentiating again with
respect to time, one nds
2 2 ’ #

d<a B 2 B B

—=—=a — A 1 — — A ; 8.6

dtz 3~ ab 46 Qb (8.6)
shaving that &(t)! 1 asa! as, cf. Figure 8.1.

What remainsto be found, is an equation for . As we are interestedin

the quantum model, the solution in con guration space, (a), suces. This
is obtained from

2= +p;

using the equation of state and the Friedmann equation (6.6). The exact
solution is
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Figure 8.2: The ewlution of the energy density of the scalar eld with
scale factor a is depicted on the left-hand side. The classical trajectory
in con guration spaceis showvn on the right-hand side. This is the only
information about the classicaltra jectory that we canacceson the quantum
level. Time t is absent in quantum cosmology

r 1

1 Aas
(a) = pﬁartanh 1 B (8.7)
cf. Figure 8.2. This is only consisteri if the potential is chosento be
0 1
. bP— . 1
V()= Vo@sinh 372 j p—A (8.8)
sinh ~ 3 2j j

Giventhe trajectories (a) and a(t) | the latter in explicit form only in the
vicinit y of tBeﬂgularity | the classicalmodelis thusfully described. Note
that Vp = A=4. From (8.4) we nd for the total lifetime of this model
universe

1
to 7 100gq————s:
Vo -2

cm3

This lifetime is much bigger than the current age of our Universeif

Vo 26 103 9 .
0 cm3

which is a reasonableresult becausethe critical value of Vy just corresponds
to the scaleof the obsered dark-energy density.

8.2 Quantum cosmology of the big-brak e model

We usethe regularizedWheeler{DeWitt equation (6.12) with potential (8.8),
derived in the previous Chapter 6,
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-2 B
2 6@20 @? 1

P—
+a%,Voe® @sinh 3 ?j | pl_ A (:)=0: (8.9
sinh ~ 3 ?2j j

As we are interestedin the behaviour of (8.9) in the vicinit y of the big-brake
singularity, where is small, we approximate the potential there. We nd

> @
2 6@2
p___
where Vi = Voaly= 3 2.

2

v
06

] (;)=0; (8.10)

% ()

8.2.1 Born{Opp enheimer appro ximation to the Wheeler{
DeWitt equation

In order to solve this, already approximated, equation, | used another ap-
proximation: the Born{Opp enheimer approximation. This schemeis ex-
plained in I:;1etail in Appendix D, Section D.1. First, make the ansatz
()= aGa()
"n( ; ), where' ( ; ) is asolution of
I

~ @ Vo s . . ' Coy -

3@"‘ j_je n( 5 )=Ea( ) n(; ): (8.11)
This is the radial part of the time-independert Scredinger equation for
a particle in a Coulomb potential with | = 0 and the wave function r' ,,

where| | takesthe place of the radial coordinate r. Thus, the normalizable
solutions are given by

' n(Xn) = NpXne 2L (xn) ; (8.12)

where x, = 2 2EE—2()j j, and L} ;(xn) denote the assaiated Laguerre

polynomials. N, = n 3 is the normalization factor and n 2 N.

The choice of the normalizable solution to (8.11) is enforcedthrough the
condition on the wave function imposedfor largej j, cf. Section8.3.4. From
it one can infer that the exact solution obtained from the Wheeler{DeWitt
equation with full potential has a discrete spectrum. Coincidencewith the
behaviour at small j j is thus only achieved if the normalizable solution
(8.12) is selected, since the non-normalizable solutions have a cortin uous
spectrum.

Note that ' n(xn)! Oforj j! O,sinceL! ,(0) = n.
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To simplify notation, weintroduceZ( ) ~?=V andV  Vpe® . Then,
Xn = 2j j=Z( )n. The functions ' (xn) are orthogonal such that 3
z

d "n(xn)" 1(x)=2Z( ) n: (8.13)

The energy eigervaluesare

2

En( )= % :
Inserting this ansatz in (8.10), it is necessaryto carry out a number of
approximations to arrive at a solvable equation for C,. After a Born{
Oppenheimer approximation an expansionin is made. The details of
this approximation are given in Appendix D. The resulting equation for
Cn( ) becomes

(8.14)

BV 2
Cn( ) mcn( )=10; (8.15)
where dots denote derivativeswith respectto . Thus C, is given by
1V 1V
Cn( ) = cilo Peon * c2Ko Peon (8.16)

where lg, Ko denote modi ed Besselfunctions of rst and second kind,
respectively. As a boundary condition, we require that the solution should
vanish in the classically forbidden region, a > a,. Therefore, ¢; = 0 and
only the MacDonald function Ko remains as solution.

On the level of the Born{Opp enheimerapproximation, the complete so-
lution is therefore given by

Y, V.o v VAR
S— 20 emilyy 2]

1
(;)= AnNRpKo p_é
(8.17)

8.2.2 Deriv ation of classical equations of motion from the
principle of constructiv e interference

To derive a phasefrom this expression,we approximate (8.11) and (8.15)
further by a WKB-appro ximation. Making the ansatz' ,( ; )= e Snol: )
in (8.11), Cn( ) = e-Sno( ) in (8.15), one obtains to zeroth order in ~ the
Hamilton{Jacobi equation for the - and -part, respectively. Integration
yields for S,o( ; )

3The validit y of this relation is clear from the property of the ' ,, being eigenfunctions
of a Hermitian operator; its direct veri cation is discussedin [77].
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S Y= - V]
Sho( 5 )=~k arcsin r1 o2 >
P Vijioo,
2V | on? 4 (8.18)

in which the Langer boundary condition at the -dependert turning point
wn () = 2~?n%=V has been employed. From (8.15), no phass results.
This coincideswith the limit ~! 0in (8.16), aslimyxi1  Kg(x) =e X
So0S,,( ; ) constitutes the entire phase.
The classicalequations of motion should follow from the phasethrough
the principle of constructive interference,

p —
@B _ , Vij 2V | Vijij
@: jn=n = ~ arcsin 1 2n2 3 + - 1 522
2 0: (8.19)
Here, n = p%i This constart arisesunder the conditions that, rst, n

and soalson haveto bedimensionlessand that, secondly the only constarts
of the model are \V (or ), a» (or A and B), ~and .* With this choice,
(8.19) simplies to

2 ! S 3

@,0. 4 a ° a ® _ a °®
_h = ~ - + = - 25 -
@ Jn=n arccos 1 P~ N a 2 a

For the classicaltrajectory, (8.7), this is

2 0 1
@nojn:n = ~4 arccos@1 JPJ_ A
@ costt 372 j
p— Y —
+ ol o £ (820
cosh 372 j cosit ~ 372 j

But the classicalequation of motion wasderived usingthe full potential. The
quantum theory, on the other hand, usesan approximation to the original

potential which is valid up to order O | jg for small . Applying the same
approximation to (8.20), one nds

“There is of coursealso the referencelength a., but this is no characteristic quantit'y
of the model.
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@no

@
and so the classical solution (8.7) satis es the condition for constructive
interferencewith the above choicefor n for small , which is consistent with
the approximation of the potential in (8.10).

jn=n=~0jj7 ;

8.2.3 Singularit y avoidance

As explained in Chapter 4, two criteria are usedhereto accourt for singu-
larity avoidance: rst, the vanishing of the wave function and second,the
dispersionof wave padkets along the classicaltra jectory in the vicinit y of the
singularity. | will therefore study both, the vanishing of the wave function
at the origin as well as wave padkets along the classicaltrajectory. But |
will alsocommert on the implication of the useof expectation valuesin the
context of singularity avoidance.

8.2.4 Behaviour at the classical singularit y

Wave padkets constructed from the solutions of (8.10) are of the general
form

b3
(;)= AnCn( ) ' n( 5 )

n=1
We can chooseinitial conditions on a hypersurface = . Here,it su ces
to x the values ( o; ) and %j = ,. As for the chosennormalizable
solution (8.12), ' n( ; ) vanishesat = Ofor all n and , the wave padket
is zerothere. This is, of course,independert of the initial conditions. But
the classicalsingularity occursat = 0. Soout of these solutions, no wave

padket can be constructed which doesnot vanish at the classicalsingularity.
This suces to count as singularity resolution according to the criteria |
admitted. Note that the big brake is thus resolved in a di erent way than
the big rip: the latter washiddenin a geruine quantum region, but the wave
function was non-zerothere.

As already stated in Chapter 4, there are also other criteria which are
used to prove singularity avoidance. These make use of an internal-time
variable, which just meansthat one of the con guration spacevariablesis
chosenas evolution parameter. This is donethroughout con guration space
or only for a portion of it, depending on whether the respective variable
changesmonotonously with classial time t. | do not support this point of
view, but | nonethelesswvant to show how it would work in this context, but
seeChapter 9 for more details on the internal-time idea.

Taking as internal time variable, one can calculate the probability
distribution,
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X
j PCo )= AsAIC( 0)CiI( o) 1( 0i )l 0 )

I;n

for ead Cinstant of time' q. It is obvious that j j%( ¢;0) = Oat = O.
This is a consequenceof the choice of (8.12). Assuming that the internal
time can be treated in the sameway as classicaltime t, one can then
calculate expectation valueson surfacesof constart . Theseare obtained
through anintegration over with the measureprovided through the matter
Hamiltonian, cf. (8.13). From this follows that

X X 6\ 2
h(;) (;)i=  AZC2()zZ() A%KOE:#'

n n

The larger becomes,the smaller the norm of . Note that the norm is
not consened in internal time

Beforecalculating now the expectation valuefor j j, recall that the avoid-
ance of the singularity of the Coulomb potential in ordinary quantum me-
chanicsis causedby a lowest bound on the energydue to quantization. This
again leadsto a minimal radius for the “trajectory’ of the electron.

Analogously to the Coulomb potential in ordinary quantum medanics,
the energy of the matter componert in our model is also bounded from
below. The minimal energy given by (8.14) for n = 1, corresponds to a
minimal ‘radius', that is, to a minimal value for j j. This is given by

- 3
hj nji () = [Ca( )*5[Z( )07

- 1V 234 2.

- KO p—éw ﬁn y (821)
for n = 1. The classicalsingularity liesat = . In this casethe minimal
energyis given by

V2
Ei( 2= 53

and the expectation value for j j is consequetly given by hj 1ji( »2). The
boundednessof the energy here preverts the scalar eld to ewlve to the
singularity, j j = 0, in complete analogy to the Coulomb case.

Note that for ! 1, the energyis no longer bounded. In this case
hj 1ji ! 0, cf. (8.21). Of course,one should keepin mind that the expec-
tation value in quantum cosmology as de ned above, has no interpretation
in terms of measuremenm results asit hasin corvertional quantum theory.
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Construction of wave packets

Apart from the avoidanceof the singularity, we want to study semi-classical
and quantum regimesof the model. To this end, we construct semi-classical
wave padkets and study their behaviour. Especially, we are interestedin the
regionsof con guration spacewhere these padkets spread| if they spread
at all. q__
Wewant ( o; )to beaGaussiancerired at ¢ with width 2—20 where
Zo Z( o). The certre ¢ should be the value of the classicaltrajectory
at (. Note that we have two classicalsolutions, .+ and , see(8.7).> So
in fact, we have to construct two Gaussians,one cerired at o, the other at
o and superposeboth. Write therefore

(os )= (o )*ct +( o )

where . denotesthe part of the wave padket being certred around ¢ and
the part certred around ¢ at initial ‘time' .
The calculation of the wave padket will employ only the WKB solution
of (8.15). With suitable initial conditions, it reads

n I’ . #
_eo 1.V 6 & 60 .
Ch( )= e3—exp épﬁ — € e : (8.22)

Intro ducing e® (and denoting ¢ €% °),

Ca( )= -2 Zexp ( 0)

Start with the . {part of the wave padket. We here nd the requiremert

+, | ¢
+(o )= Ag'n(o )=e 7o
n=1

Decomposingthe Gaussianinto the' ,( o; ), oneobtains for the coe cien ts
the somewhatlengthy expression

h X
+ — Nn o4+ 1 1
An = eXp 7z, t 375 n 0

1 !

5 D™(M+ 1) oS |
- m h&z_ ) I
D m2 Zozm o

5The casewith two Gaussiansis the most general one. One may, of course, wish to
chooseonly one Gaussianin order to represert only one branch of the classical solutions
by a wave packet.
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where D, (X) denote parabolic cylinder functions. Note that this expansion
in ' , cannot be performedat = 0. Here,' ,( ; = 0)= O for all n as
remarked above.
The amplitude of is obtained in a similar way, or by just substituting
o for . The solution is

h [
2
An=  Nrexp R+ 4+ o
P n 1 (n!)
m=0 ( D™(M+ Ve Diemsor .
a 21" h& 2 1 !
Zon D+  Zom*t o
Sothe wave padket is given by
X- +
(:)= Ap + CAp Ca( ) n( 5 ) (8.23)
n=1

The total probability for the wave padket is calculated via

z P
A -2 2
d j 2= =% [ [A]+aA]
q_—
EXp %% 5( 0)

Probability is thus not consened with respect to internal ‘time' . Choose
the nolf\malization of the wave padcet such that at ¢ it is normalized to
unity, d j j2= 1. Then,
1 R
(;)=

Cnorm

An + aAn Ca( ) n( 5 )5 (8.24)
n=1
where the normalization factor is given by
U
2 R
Chorm {J o An + CiAn 2
Vo o n=1

A plot of the wave padket is shovn in Figure F.3. Let me make some
technical remarks concerningthe plot of the wave padket before discussing
the features of the padket itself. The wave padket is given by an in nite
series. In any numerical evaluation this serieshasto be truncated at some
point. As becomesohvious from Figure F.1, no new information is obtained
if morethan 20terms are takeninto accourt. Therefore,the seriesevaluated
for the plot terminates at n = 20.

We recognizethat the wave function is peaked around the two branches
of the classical trajectory in con guration space,but goesto zero if the
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region of the classicalbig-brake singularity, a! a-, is approached. In this
sensethe classicalsingularity is avoided in the quantum theory. This is a
consequencef the choice of the normalizable solution (8.12), which vanishes
at = 0] the region of the big-brake singularity. Moreover, it can be seen
directly in Figure F.3 or read o from Figure F.2 that the padket disperses
long before the classicalsingularity is approaded.

8.3 Remarks on the big-bang singularit y

8.3.1 Solution to the Wheeler{DeWitt  equation

Sofar, only the big-brake singularity of the model was considered. But the
model possessea secondsingularity. Namely, its evolution starts with a big
bang: asa! 0,onehasj j! 1 . Thusonecan approximate the potential
by an exponertial in the vicinity of this singularity | and sud an equation
was already solved in Section 7.4.2. The calculation is analogousto the one
preseried there. Namely, we start from the Wheeler{DeWitt equation with
approximated potential

~2 2 [
__@ @ (;)+@eﬁ+311(;):0:
2 6@2%2 @*2 2
P P
Introducingz; = -8 +j j,z= -8 | |, onearrivesat
2 @ Nt (e N
~ Z21.27) = f(z1; 2 Z21.27) :
@@ (21;,22) = (21, 22) (21:22)
Choosing again coordinates such that f (z1;z2) cancels,one arrivesat
@ @
2 @ @’ (u;v)+ (u;v)=0; (8.25)
where

p . 3 Pz . 1 )
u( ;)= 2V0%e3 =17 coshX p—ésmhx ;

p_—ad Ps 1
v( ;)= 2Vo%fe3 =1 sinhX p—écoshx :

q— p_
and X = 3 —2 . A solution to this equation can be found from
R i
the WKB{ansatz = dnA(n)e =", Inserting this ansatz into (8.25)
yields the Hamilt%n{Jacobi equation of which an exact solution is given
by S(()ﬁ) = nu n2 1v. Of course, the Hamilton{Jacobi equation is

also solved by actions with dierent signsin front of u and v. These are
obtained from the one chosenabove through rotations in the (u;v)-plane.
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As u >p0, only two solutions can be mapped onto ead other and S((,f]) =

nu n? 1v provides a secondsolution.

8.3.2 Recovery of classical tra jectories

The classicaltrajectory in the vicinit y of the big bangis recweﬁe_d using the
principle %f constructive interference %’”jn:n = 0. Forn =" 2one nds

()= =2 . This is just the classicaltrajectory obtained from (8.7) in
the limit j j 1 with initial condition B = %and xed A.

8.3.3 Construction of wave packets

We get the following exact wave-padket solution to the Wheeler{DeWitt
equation:

YA
(uv) = dnA(n) Cle':Séln) + Coe Lsf)
Z
+  dnA(n) Cse St + Che “Son

By construction, the classicaltrajectories can be recovered from this equa-
tion through the principle of constructive interference. Choosing as ampli-
tude a Gaussianwith width  certred around n,

(n_n)2
e 222

A(n) = (ﬁﬁ X
and taking C1 = C,, C3 = C4 for de niteness, one obtains two contributions
of the form

S

_ 2 ~ iS S
. . 1=4 0 0 e
(u;v) G 1§ 2-50 8Oexp — —( 7 89 + c.c.; (8.26)

wherei = 1 for Sy = S(()%]) and i = 3 for Sp = S(()f]) and primes denote
derivativeswith respectto n. All this is completely analogousto the scalar
eld with exponertial potential discussedn Section7.4.2. As there, a Taylor
expansionof Sg, hasbeencarried out around n. Termsof the order (n  n)3
in the exponert have beenneglectedwhich is admissibleif the Gaussianis
strongly peaked around n, that is, if issu cien tly small. Sincesg,:)(n) =0
givesthe classicaltrajectory, the padet is peaked around it.
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8.3.4 Singularit y avoidance

Here, we can argue as in Section 7.4.2. Due to the fact that u > 0, two
inequivalent arsztions exist. Apart from the wave padket constructed from
s = nu nZ 1v, one

on = , gets a secondwave padket constructed from

S((,i) = nu nZ 1v. Moreover, the erntire ( ; ) plane is mapped only
into a quarter of the (u;v) plane. One would therefore require the wave
padket to vanish on the boundary of the physical region. To get a solution
which doesnot vanish on the classicaltra jectory, werequire = Oat u= 0.
But u vanishesfor ! 1 ,i.e. at the big bang. We thus simply require
that the wave padket vanishesat the big bang. This requiremert is forced
upon us through the coordinates in which the Wheeler{DeWitt equation is
exactly solvable. Asv=0for ! 1 aswell, therequiremertthat ! O
as ! 1 amounts to requiring that the wave function vanishesat the
origin of the (u;v) plane. The implementation of this condition results in a
wave padket which vanishesat the big-bang singularity, ! Oas ! 1
and spreadsfor large . Thus, again, we nd that the big-bang singularity
is resolved through a vanishing wave function.

But if wetake ! 1 alongthe classicaltrajectory, we move into a
regionwerej j! 1 . Our wave padket follows the classicaltrajectory and
thuswe nd that ! O for largej j.

The condition implied for largej j in the vicinity of the big bang thus
implies and justi es the normalization condition imposedin the derivation
of the solution to the Wheeler{DeWitt equation in the vicinity of the big
brake, cf. (8.11). Wethusimposebasically two conditions on the wave func-
tion. The rst oneisthat ! Owhenj j! 1 ,resultingin a normalization
condition for the approximate solution in the vicinit y of the big-brake singu-
larity and the elimination of the big-bang singularity. The secondcondition

istorequire ! Oas ! 1 to ensurethe existenceof wave padkets that
follow the classicaltra jectory.
Note that becausewerequire ! Oas ! 1 andas ! 1 , the

wave function is xed at both ends. Upon matching the solution for large
j ] to the one obtained for small j j, quantization conditions should arise,
cf. Figure 8.3.

8.4 Relation to Loop Quantum Cosmology

Loop quantum gravity aroseas an alternativ e proposal to quantum general
relativit y, the main di erence being the choice of fundamental variables, en-
tailing a represertation of operators inequivalent to the Scrodinger repre-
senation. The symmetry reduced ‘minisuperspace'model of loop quantum
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Figure 8.3: The di erent regionsof the wave padkets for one of the branches
of the classicaltrajectory are shown. For small and large scalefactor, the
universeundergoesa quantum phase.

gravity goesunder the name of loop quantum cosmology® As loop quantum
gravity is also a canonical quantization scheme, the governing equation in
the cosmologicalcontext is the Hamiltonian constraint. On the quantum
level, the universeis likewisedescribed via a wave function on con guration
spacewhich hasto be the solution of the quantized Hamiltonian constraint.

The di erence betweenboth approadeslies in the way this equation is
quantized. In loop quantum cosmology one usesa so-called polymer rep-
resenation instead of the corvertional Scredinger represettation. This is
donein analogyto the full theory. If this procedureis carried out in a naive
way, it leadsto a di erence equation in stepsof a smallestlength . In ge-
ometrodynamics, onearrivesat a di erential equation, the Wheeler{DeWitt
equation. In the cortinuum limit, ¢! O, suitable conditions on the higher
derivatives of the wave function implied, the loop quantum cosmological
di erence equation fadesinto the Wheeler{DeWitt equation [73].

The question here is under which conditions the cortinuum limit is jus-
tied. It isjustied if the discretenessof spacetimeis negligible compared
to the length scalesoccurring in the model. For large scalefactor, a 0
one can argue that the limit o ! 0 is a sensibleapproximation. Thus
singularity avoidancefor large-scalesingularities as, for example,the big rip

5| will usethe name loop quantum cosmology here exclusively for the loop quantized
Friedmann{Rob ertson{W alker models, simply for the sake of brevity.
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or big brake, in loop quantum cosmologyreducesto singularity avoidance
induced by the Wheeler{DeWitt equation.

At the time when this researtt was carried out, sewral versions of
the Hamiltonian constraint in loop quantum cosmology were published.
Ashtekar et al. [75, 76] extended the ansatz using g, replacing it by
which is a function of the densitized triad operator p. The equation is
then a di erence equation in eigervaluesv of the volume operator, and the
Wheeler{DeWitt equation follows in the cortinuum limit for large volume.
The factor ordering of the Wheeler{DeWitt equation then doesdepend on
the factor ordering chosenfor the di erence equation. In [73] and [75, 76|
di erent factor orderings have beenchosen.

The two di erence equations,in g or , canbe understood in a broader
context asimplementing di erent actions of the full Hamiltonian constraint.
They arethusjust two special casesof a wider classof constraints that might
arise, the actual form of which should in principle be determined by the full
Hamiltonian constraint, [74]. Whereasin the rst case,the coordinate edge
length of a holonomy is xed and doesnot depend on the scalefactor, in the
secondcaseit does. This can be interpreted as an implementation of the
fact that in the full theory, the Hamiltonian constraint, whatever its exact
form may be, createsvertices| in addition to changing the edgelabels of
the existing edges. As new vertices are created, the edgelengths decrease.
The altered dynamics using then corresponds to a lattice in which the
number of vertices grows linearly with volume.

In the following, both factor orderings, [73] and [75, 76], will be consid-
ered.

8.4.1 Non-covariant factor ordering

The Wheeler{DeWitt equation emergingin the continuum limit of the dif-
ferenceequation employedin [73]is

-~ 2,86 @ 6 Vo

— —a — a— =0;
2 @ @2 j]
which di ep from (8.10) by the choice of factor ordering. Making the ansatz
(& )= ,LA(M)Cy(a)' n(a; ) andrequiring ' n(a; ) to be a solution of
|
2 @ \:
6 VO Cy = . Dy
2 @2 a_l J n(aa )_ En(a) n(a1 ) l

one nds as beforethe solution

' n(Xn) = Npxpe 2 LY J(xn) ;

wherex, = 2 2%0@j j and En(a) = 2—~21FZ\752a12, Nn = n 2. Then
the equation for C,(a) is given by
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d2Cn(a) 6V

10 -0
9o Tan? 5& Cn(a) = 0;
which is solved by
0 372 1 0 5—2 1
= 1 Vo ¢ p— 1 Vo _ep .
Cn(a) = & aJ% @6 Zinz 2aA + c aY% @é Tz 2 2aA :

The complete solution has an analogousform to the quantum geometrady-

namical formulation in Section 8.2.1. The decisive result is that, because
only the factor ordering of the gravitational part hasbeenchangedcompared
to (8.10), the solution for ' ,(; a) handlesthe singularity avoidancein this

framework as well.

8.4.2 Covariant factor ordering

The factor ordering in the more recen papers [75, 76] yields the Laplace{
Beltrami factor ordering for the Wheeler{DeWitt equationin the continuum
limit. As this is the factor ordering we employed throughout this chapter
anyway, the results of the previous sectionscarry over to the loop quantum
cosmologyanalysis without alteration.

Note, though, that a consistert loop quantization requires a polymer
represermation of the matter elds aswell. This would require a Bohr com-
pacti cation of which may bound the approximate potential V( ) = J\T—OJ
from above. As the vanishing of the wave function at = 0 is related to
the divergenceof the potential at this point, it is not clear whether the
previous results would survive in the polymer represenation. Namely, it is
imaginable that the regularity condition and thus the ensuing result that
"n( = 0; )= 0becomesredundart.

Qualitativ ely, the “loop quartization' of would result in a di erence
equation in a and . In the vicinity of the big bang, this equation can be
approximated by a di erential equationin and a di erence equationin a.
In the vicinity of the big brake, however, the variable a can be considered
continuous and obeys a di erential equation. But now s still described
by a di erence equation.

8.5 Conclusion

| studied a Friedmann{Robertson{Walker model with a scalar eld obeying
an anti-Chaplygin equation of state. This model classically ends with a
big-brake singularity. The singularity stands out becauseof its negatively
diverging secondderivative of the scalefactor. This works as an in nitely
strong “brake', forcing the derivative of the scalefactor to go to zero.
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Upon quarntizing this model in the quantum geometradynamical frame-
work, we are led to the Wheeler{DeWitt equation. It can be solved in the
vicinit y of the big-brake singularity. A separationansatzyields a Schredinger-
type equation for the hydrogen atom for  which here plays the role of the
radius in the quantum medanical equation. Normalizable solutions to this
equation vanish at = 0, which corresponds to the singularity. Thus,
independen of the choice of initial conditions, whatever wave padet is con-
structed out of thesesolutions, it is condemnedto vanish at the singularity.
Therefore we can concludethat in this model as well, the large scale, soft,
future singularity is removed from the quantum theory.

This singularity resolution is di erent from the one encourtered for the
big-rip singularity. It is twofold. First of all, the wave function itself van-
ishesat the big brake. This feature dependscrucially on the fact that the
normalizable solutions for the matter-dependert part of the wave function
have been chosen. This choice is justied through the study of the same
model in the vicinity of its secondsingularity, the big bang. The fact that
a solution could be found exactly in this regionis due to the special form of
the potential. But more than that, the wave padket spreadsasthe big-brake
singularity is approaded.

The choice of variables enforcesa boundary condition which causesthe
wave function to vanish at the big bang. This singularity is thus also elim-
inated in the quantum theory. The boundary condition at the big bangis,
again, just DeWitt's boundary proposal. It is this condition which justi es
the choice of normalizable solutions in the vicinity of the big-brake singu-
larity. Soin this sense,vanishing of the wave function at the big brake
and at the big bang are connected. Better, the vanishing at the big-brake
singularity is a consequencef the vanishing at the big bang.

The imposition of boundary conditions on both ends of the ewolution,
near the big bang and near the big brake, should imply somekind of quan-
tization rule upon matching the wave padkets in both regimes. Sud a
matching has not beencarried out.

References: This work was published in [48].
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Chapter 9

E ectiv e constrain ts for
guantum systems

The last chapteris devoteal to the application of a genemlized e e ctive
formulation of quantum theory to constrained systems. This formu-
lation is basal on quantum phasespace coordinatized by expectation
valuesof fundamental operators and moments of the wave function.
As a genealization of the e ective action, such a formulation is of
interestin its own right. Moreover, the hope is to gain someinsight
into the internal-time approach.

9.1 Motiv ation

9.1.1 From the quantum General Relativit y side

Canonicalgeneralrelativit y obeysa constrainedHamiltonian dynamics. The
arisal of constraints signalsthat oneis dealing with more variablesthen are
actually necessaryto describe the physical properties of the system. At some
point, one hasto get rid of these super uous variables| either before or
after quantization. Canonical generalrelativit y is characterized by four con-
straints at ead point in . The Hamiltonian constraint generatesevolution
from one hypersurfaceto the adjacert one. The di eomorphism constraints
generatedi eomorphisms in . The corresponding quantum di eomorphism
constraints can easily be interpreted. They insure that the wave function
does not depend on the three-metric but only the three-geometry. So it
seemsthat is doesnot matter whether we solve this constraint on the clas-
sical level and quartize on the spaceof three-geometries(superspace)or
whether we quartize on the spaceof all three-metrics and reducethe metric

119
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dependencethrough the quantum di eomorphism constraints.!

The issueis somewhatmore subtle in the caseof the Hamiltonian con-
straint. On the classical level, it encades time ewlution.? So we expect
that on the quantum level it doesthe same. The problem is just that no
foliation and thus no time exists on the quantum level In fact, the quantum
Hamiltonian constraint, i.e. the Wheeler{DeWitt equation, is a second-
order, functional di erential equation in which all elds occur on an equal
footing.

The fact that the quantum Hamiltonian hasto encade time in someway
but doesnot refer to any time variable, is known as the problem of time.
At its heart lies the obsenation that the three-metric contains information
about time in an inextractable way. This follows by a simple courting
argumert. The six degreesof freedom of the three-metric are reducedto
three through the di eomorphism constraints. Soone of the remaining three
hasto be unphysical and thus related to time. The questionisjust | which
one?

There are several attitudes towards this problem. The rst decisionone
has to make is whether one wants to eliminate this super uous variable
already on the classicallevel or keepit on the quantum level. In Isham's
terminology, we have to decidewhether we want to identify time before quan-
tization or time after quantization. Note that identifying time beforequanti-
zation would yield a theory with classicaltime parameter and a Hamiltonian
which is no longer constrainedto vanish but generatesewvolution just in that
parameter. On the quantum level, we would thus obtain a Streodinger equa-
tion. This may seemvery appealing becausewe are badk to something we
know. But, as| pointed out in Chapter 3, we should not expect to recover
too many familiar featureswhen we quarntize gravity. Moreover, we do not
know which of the three degreesof freedom we should identify with time.
But ead choice producesa unitarily inequivalent quantum theory. In ad-
dition to that, there are indications that time may not be separablefrom
three-geometry [82]. And, most corvincingly, the constraints of generalrel-
ativit y cannot be solved globally, [29], implying that suc a time variable
cannot be de ned globally.

For all thesereasons,we want to include the “time' variable into the set
of quantum operators. So we follow the time after quantization approad.
This yields the already known Wheeler{DeWitt equation.

Even though it is clear now that we are going to identify time after
quantization, it is lessclear how this identi cation should be carried out.
In the previous chapters, the Wheeler{DeWitt equation was treated as a

1But, of course, it is mathematically simpler to quantize on the space of all three-
metrics and make the reduction on the quantum level by simply changing the domain of
dependenceof the wave function to superspace. We want to emphasizethat this is done
only formally.

2Time here refers to the foliation parameter.
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timeless equation. The concept of time was ertirely resened for the semi-
classical realm. Here, time referred to the foliation time recovered from
the Wheeler{DeWitt equationin the WKB-limit. There is just one concept
of time in this interpretation and this is the well-known classicalfoliation
parameter.

Howeer, this is not the only way in which one can identify time on the
guantum level. Namely, one can try to identify a time parameter through
its function. For example, the Klein{Gordon form of the Wheeler{DeWitt
equation suggeststo interpret the determinant of the three-metric or three-
volume as time parameter. Sud a time variable built up from the con-
guration spacevariables after quartization is called internal time. Note,
however, that this concept of time is unrelated to the classical concept of
time. It refersto the fact that one of the quantized degreesof freedom
plays the role of a time variable, i.e. has the samefunction. But it has
nothing whatsoever to do with a time-coordinate of an ordinary spacetime.
The internal-time variable de nes “equal-time' hypersurfacesin superspace
on which inner products are de ned through the integration over all remain-
ing degreesof freedom. Therefore di erent choicesof internal time result in
unitarily inequivalert theories.

The internal-time approacd clearly transcendsthe framework of ordinary
guantum eld theory in that it interprets “equal-time' hypersurfacesin con-
guration spaceanalogouslyto spatial hypersurfacesin ordinary spacetime.
Most signi cantly, expectation values of obsenables obtained through an
integration over hypersurfacesof constart internal time are interpreted in
terms of measuremen results. This is a non-trivial generalization of the
interpretational framework of ordinary quantum eld theory. The previous,
semi-classicatime interpretation is clearly the more consenativ e framework.

Despite these warnings, the internal-time idea provided one major mo-
tivation for the project discussedin this chapter. The hope was that a
di erent formulation of the sametheory might shedlight on the problems
of the internal-time approad.

Sudh an alternativ e formulation of quantum theory is provided by the
geometrical formulation which goes badk to Kibble, [79]. The basic ob-
senation is that any quantum theory formulated on a Hilb ert spacecan be
alternativ ely formulated on a generallyin nite-dimensional phasespace,the
so-calledquantum phasespace.® Scredinger dynamics is then replaced by
Hamiltonian dynamics. The certral quartity is no longer the wave function
but expectation valuesof fundamenal operators. More speci cally, onecan
choose expectation values of canonical variables and momerts of the wave
function ascoordinates on this quantum phasespace. The quantum Poisson
bracketbetweenany two functions on this phasespaceis, up to a prefactor,

3This quantum phase spaceis nite dimensional for systems with nite-dimensional
Hilb ert space,e.g. spin systems.
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the expectation value of the commutator of the samefunction with opera-
tors as argumerts. Dynamics is then given by a quantum Hamiltonian in
the form of Hamilton's equations of motion | but employing the quantum
Poissonbracket, of course. This is the already known set-up of the geomet-
rical formulation of quantum medanics| or quantum eld theory for that
matter. Assumenow that moreover a set of constraints on quantum phase
spacehas beenfound which is equivalernt to Dirac's constraint quantization
condition.

Why should sudh a setup be a promising starting point to study the
internal-time approact?

Becausea quantum constrained system in the geometrical formulation
is described by an in nite-dimensional phasespaceequipped with a number
of constraints. Thus Dirac's constraint quantization condition can be dealt
with in the language of classical, constrained systems| and therefore we
can draw on the familiar conceptsand methods.

Choosing one variable asinternal time correspondsto the elimination of
the corresponding canonical pair on quantum phasespaceand all degreesof
freedom assaiated with it. But this can then be donein full analogyto a
classical,constrained system.

After sudh an elimination hasbeencarried out, we can analysethe struc-
ture of the resulting system. That meanswe can chedk whether the remain-
ing operators can be formulated as self-adjoint oneson a Hilbert space.
This can then be done by simply requiring that all remaining variables on
quantum phasespacebe real.*

Mathematically, this soundsvery straight and simple, not least because
everything is formulated in the well-known languageof classicalconstrained
systems. Theories arising for di erent choices of internal time and their
relations can be studied. Probing the resulting theory for a Hilb ert space
structure seemsalso pretty easy| becausewe do not have to write down
the inner product explicitly but simply implemert reality conditions.

The only crux is that quantum phasespaceis generally in nite dimen-
sional. Practically, it may turn out very di cult to solvea systemof coupled,
even though ordinary, di erential equations. Approximation schemeswill
generallybe neededto reducethis systemto a nite number of coupledequa-
tions. Such approximations can correspond to perturbations of an arbitrary
state, or evenan arbitrary classof states. Thesecan be semi-classicaktates,
but also coherent or squeezedstates, for example.

Moreover, there exist systemsfor which the in nitely many equations
decouple. These are called solvablesystems They can be used as starting
point of a perturbation series. This is then analogousto the perturbation
around free eld theories usually employed for interacting onesin quantum

“Recall that quantum variables are just expectation values and that the expectation
value of any phase spaceoperator function can be expandedin terms of them.
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eld theory.
Therefore the generalization of the e ectiv e equation schemeis a rst
step in the study of the internal-time approad.

9.1.2 From the quantum theory side

One may alsoapproadc the presert chapter from a completely di erent, but
much more generalperspective.

The geometrical formulation of quantum theory serwes as the starting
point for the derivation of so-calledgenerlized e ective equations. E ec-
tiv e equationsdescribe quantum motion in an approximate manner through
equations of the classicaltype.

A well-known and successfuexampleof such a framework is the e e ctive
action. It is derived from the path-integral in quantum eld theory (or
guantum medanics for that matter) through a perturbation around the
mean eld. In the absenceof an external source, the mean eld is just
the vacuum expectation value of the eld itself. Otherwise the mean eld
correspondsto the matrix elemern of the eld operator betweentwo di erent
in and out vacua. The assumptionis that quantum uctuations around the
mean eld are small. At the end of a seriesof mathematical tricks then
stands an e ectiv e action which equalsthe classical action plus quantum
corrections,

X
e[hil=sShil+ ~* « woplh il;
k
where h i is the mean eld, S the classicaland . the e ective action.
k loop COrrespond to k-loop corrections. From the ~-expansionwe read o
that the formalism works only in the semi-classicalregime.

Furthermore, the mean eld asmatrix elemen betweenin and out vacua
ties the e ectiv e action to scattering-like setups.

Moreover, the e ectiv e action is tied to the covariant framework. It is
interesting in its own right to look, rstly , for a genealization of this e ectiv e
scheme which, secondly applies to Hamiltonian formulations.® Also, the
e ectiv e action usesan expansionaround the vacuum in the caseof a free
theory. But it may be desirableto expand around someother state but the
vacuum. Most importantly in this context, for generalrelativit y the vacuum
is not known.

Speaking of a generalizationimplies, of course,that the original scheme
is comprisedin the generalone.

Such a generalization of the e ectiv e action stcheme is provided by a
formulation that goesunder the somewhatlengthy name of generlized ef-

5One may invoke that the WKB-appro ximation is the canonical scheme corresponding
to the eectiv e action. But still, the WKB-appro ximation is tied to the semi-classical
regime.
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fective equations. These can be derived from the geometrical formulation
outlined above through suitable expansionsaround arbitrary states| not
only semi-classicalones.

So, from a more general perspective, the presert chapter is concerned
with the question of how this generalization of the e ectiv e-action scheme
might be formulated for constrained systems And ewven though this thesis
deals with quantum cosmology | want to seethis as a major motivation
behind the work preseried below. Moreover, a consistert formulation of
constraints in the generalizede ectiv e-equationframework hasto be devel-
oped beforeany questionson the internal-time approad can be answered |
or even be posed.

9.2 Geometrical form ulation

The basic structures of the geometric formulation of quantum theory are
easily understood. Let the Hilbert spaceof the theory be denoted by H
with Hermitian inner product h; i. Now regard H as a real vector space,
equipped with complex structure J which just represens multiplication by
the imaginary unit, i. Correspondingly, split the Hermitian inner product
into its real and imaginary parts

| _ i ) _
hJ|—§G(,)+§( v)

where the prefactor is chosenout of corvenienceand , Phi 2 H. Then G
de nes a positive inner product and a symplectic form. Both are non-
degenerate. Canonically identifying the tangent spaceat eadt point of H
with H itself, extendsto a non-degenerate,closedtwo-form. It follows
immediately that every Hilb ert spacecan be interpreted as a phasespace.
Now de ne for every self-adjoint operator F the Schredinger vector eld

1
Ye() = =JF
Furthermore de ne the expectation value function
F: H ! R; F() =hjF i:

The Hamiltonian vector eld Xg generatedby F then coincideswith the
Sdredingervector eld Y.. From this followsimmediately that the Schredinger
equation in this formulation is just Hamilton's equation,

-=Yq0) =Xu()

Moreover, the commutator de nes a quantum Poissonbracket for the ex-
pectation valuesvia
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fFiKg = (XeiXk)= —h jIER] i 9.1)

But, of course,the spaceof physical states is not the Hilb ert spaceH, but
the spaceof raysin the Hilb ert space. Wave functions which di er only by
a complex factor are physically equivalent. This fact is taken care of if one
restricts attention to those elemerns of H which have unit norm. The result-
ing spaceis a projective Hilb ert spacedenotedby P. The above de nitions
carry over to the new, projective Hilb ert spaceif one considersP as the
reduced phasespacearising under the rst-class constraint

C=hji 1:

The resulting reducedphasespaceis called quantum phasespace. This phase
spaceis, generally, in nite  dimensional®

9.3 Generalized eectiv e equations | the setting

The geometrical formulation gave the idea for the e ectiv e framework. But
we will seethat the framework presered in this section can be seenas
completely independert from the geometrical formulation.

The e ectiv e-equationformalism is set up in quantum phasespace. We
equip this spacewith coordinates suited for our purpose. Thesecoordinates
are given by the expectation valuesof fundamental operators, in the follow-
ing simply p and §. Expectation values of higher powers of these operators
are included in the following way

D E
G¥®=(p mi)a hi)° (9.2)
Weyl
wherea;b 2 N such that a+ b 2 and the totally symmetric ordering is
used, indicated by the index h; iwey.

For a+ b= 2, this provides uctuations ( )%= G%2 = G¥and( p)?=
G20 = GPP aswell as the correlation G11 = G%®. Generally, G&P are just
the momernts of the wave function. | will also speak of quantum variables
when | refer to these momerts, becausethese are just the quartities that
incorporate the quantum properties. Whereas one can think of hpi and
hgi as the peak position of a wave packet which, in a semi-classicalstate,
simply followsthe classicaltra jectory, quantum variablesdescribe deviations
from this classical path. As long as they are negligible, the wave padet
describes an approximate classical path. But as soon as higher momerts
becomeimportant, the wave padet spreadsand its motion is no longer well

described by a classicalpath.

SFinite dimensional quantum phase spacesarise, e.g., for spin systems.
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Soinstead of making the detour via the geometrical formulation, | could
equally well have started with the statement that we describe a state by its
momens rather than a wave function in a certain Hilb ert spacerepresen-
tation. Suc a setting has the immediate advantage that the description is
manifestly represenation independent and dealsdirectly with quartities of
physical interest, namely expectation valuesand uctuations.

Before continuing, let me spend somewords on notation. In the following,
I will denote expectation values simply by “un-hatting' the corresponding
operator, e.g. q for hgi. Also, | will often usep and g as indices instead
of numbers on low momerts, as already intro duced above, e.g. G%2 = G,
The largest systemthat is going to be consideredhere, has two degreesof
freedom. The notation for quantum variables of such a system is just a
straight generalization of (9.2), namely

GX Hp PA@ %P PG @) iwey i

for a systemwith canonicalpairs (q; p; gi; p1). For theseaswell, the more in-
tuitiv e notation using a direct listing of canonicalvariables,asin Ggl = Ggé
will be used. The order M of a quantum variable is de ned as the total
power of contributing operators, i.e. M = a+ b+ c+ d in the caseof the
two-dimensional system. | hope the notation is su cien tly intuitiv e for the
readerto follow easily.

The symplectic structure is obtained from (9.1). But for simplicity, | will
drop the index which denotesthat we are actually dealing with the quan-
tum Poissonbracket. This can be safely done as no referenceis madeto the

classicalPoissonbracket anywhere in this chapter.

For functions of expectation valuesp and g, the quantum Poissonbracket
just yields the sameresult aswould the classi@l Poissonbracket for classial
phasespacefunctions of the sameform. Expectation valueshave vanishing
Poisson brackets with the momerts of the wave function.” The Poisson
bracket betweenquantum variablesis, on the other hand, fairly complicated,

f ab. ~cd _X 1_2\r+s

X a b c¢c d

ik i ok ko Gre ) b jor+l ki2s  ji2r ki2s+l)
adGa 1;ch;d 1+ cha;b 1Gc 1;d : (9_3)
where the summation range of j and k is givenby 0 j min(a;d) and

0 k  min(b;c), respectively. Therefore, low order momens are easier

"Actually , it is this feature which motiv ated the choice of coordinates in the beginning,
[81].



9.3. GENERALIZED EFFECTIVE EQUATIONS 127

calculated via expectation valuesof commutators. In the original paper by
Bojowald and Skirzewski, [81], the generalPoissonbracket betweenquantum
variables for systemswith an arbitrary number of degreesof freedomis also
given.

Now we still lack the dynamics. The Sdredinger equation is replaced
by the Hamiltonian equations of motion on quantum phase space. These
are determined by the quantum Hamiltonian which is just the expectation
value of the Hamiltonian operator. Carrying out a Taylor expansionaround
the expectation values,it can be expressedn terms of our coordinates as

Ho (g p; G*°) MH (G Piwey = H(A+ (@ a);p+ (P P)iwey
A X1 @PHgp

b
a0 o 20 @PQ

H (q; p) + G*P; (9.4)

where we understand G&° = 0 if a+ b < 2 and H(q;p) is the classical
Hamiltonian evaluated on expectation values. As written explicitly, we as-
sume the Hamiltonian to be Weyl ordered. This is done for de niteness.
Any other ordering can be reducedto Weyl ordering by adding re-ordering
terms and vice versa. Note that (9.4) is in form already very closeto the
e ectiv e action | it also consistsof a classicalcortribution plus quantum
corrections.

Having a Hamiltonian and Poissonbrackets, one can compute Hamilto-
nian equations of motion

a=fgHoy; p=fpHog; G*=f1G*;Hqg:

Of course, these equations generalizeto any system with more than one
degreeof freedom. This endsour reformulation of the quantum system.

So,in sum, we traded the Schredinger equation for an in nite set of ordinary
di erential equations. Evenworse,in general,theseequationsare all coupled
to ead other. But suc a bad deal can actually turn into a good stroke of
business.

First and foremost, there are systemsfor which the equations of motion
for expectation valuesand higher momerts decouple. In this case the system
of equations is solvable This is the casefor the harmonic oscillator, for
example. | will follow the terminology of [81] and call sudh systemssolvable
systems One can expand around such systems. In this way, one gets a
chanceto solve also non-solvablemodels. The anharmonic oscillator can,
for example, be consideredas a perturbation of the harmonic oscillator.
In this sense,solvable systems provide a basis for perturbation theory to
analysemore generalsystems| just like free quantum eld theory provides
a solvable basisfor interacting ones.



128 CHAPTER 9. EFFECTIVE EQUATIONS

Moreover, semi-classicaland someother regimes,depending on the sys-
tem under study, allow one to truncate and decouplethe equations con-
sistertly. In this way, one arrives at a nite set of ordinary dieren tial
equations.

Lastly, | want to commert briey on the relation of this schemeto the e ec-
tive action. Using the example of the anharmonic oscillator, it was shovn
that the equations of motion obtained from this e ectiv e-equation scheme
coincide with those derived from the e ectiv e action | for a special choice
of parameters. These parameters arise as integration constarts from the
Hamiltonian equations of motion. In the generalizede ectiv e-equation for-
malism, these are arbitrary | corresponding to an arbitrary initial state.
But for a specic choice, one recovers e ectiv e action results. In this way,
one seesdirectly that generalizede ectiv e equations allow a wider classto
expand around than the e ectiv e-action scheme.

9.4 E ectiv e constrain ts

So far for the unconstrained system. But what | actually promised in the
introduction, was a description for systemssubject to constraints. To de-
velop sudch a formulation, it seemssensibleto start with the easiestcase,
namely one constraint. In the following, C will always refer to the classical
constraint.

The characteristic property of reparametrization-invariant theories is
that this one constraint is given by the Hamiltonian, C = H = 0. We will
alsoconsiderthis special case. Then we canfurther divide thesesystemsinto
arti cial ly reparametrization-invariant and truly reparametrization-invariant
systems. Into the latter category fall all di eomorphism-in variant theories.
One can distinguish the two classeson the canonical level in a simple way:
arti cially reparametrization-invariant theories have at least one momen-
tum that occursonly linearly whereasfor truly reparametrization-invariant
systemsall momerta enter quadmtically in the Hamiltonian.

In this chapter, we will only make the rst stepsinto the direction of an
e ectiv e formalism for constrained systems. We will only deal with arti -
cially reparametrization-invariant systems.

On the quantum level, assumingDirac's quartization condition, the con-
straint translatesinto €j i = 0.

The main task in this sectionwill be to reformulate Dirac's condition on
quantum phasespace.

9.4.1 Form of quantum constrain ts

What should we expect from such a reformulation? First of all, the result-
ing set of conditions should neither be stronger nor weaker than Dirac's
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condition. This is the caseif it eliminates exactly one degreeof freedom.
That means,through the set of e ectiv e constraints, expectation values of
one canonical pair have to be eliminated. But more than that, all quantum
variables depending on this canonical pair have to be removed. There are
in nitely many of these and therefore we expect in nitely many e ective
constraints.

On the other hand, we know that €j i = 0. This meansthat all expec-
tation valuesof the form

cm = nCri=o0; (9.5)

clly, = m@peri=o; (9.6)
for positiveintegern and arbitrary phasespacefunctions f (qg; p), will vanish.
This is the genel set of quantum constraints. The expectation value Cq =
hCi will be called principal constraint. Note that for eah constraint an
expansionasin (9.4) can be carried out.

All conceptsusedin the theory of constrainedsystemscan be carried over
to the quantum constraint system. The vanishing of quantum constraints
de nes the quantum constraint surface. Quantum constraints whosePoisson
brackets with all other constraints vanish on this surfaceare rst-class con-
straints, the remaining onesare secondclass. Transformations generatedby
rst-class quantum constraints are gauge transformations. A second-class
function varies along someof these o ws and is therefore gaugedependert.
For the sake of brevity, | will often drop "quartum' when no confusion can
arise.

The quantum constraints satisfy the commutation relations

e aC™m = [ gIC™ ™ + FICM gIC™ + oI EMIE™ ;. (9.7)

whoseexpectation value in any physical state vanishes. Consequetly, these
constraints have vanishing quantum Poissonbrackets on the constraint sur-
face, thus providing a weakly commuting set,

fo(");Cém)g = i%r{f’\é”;gém]i 0:

Therefore, the set of quantum constraints is rst class.

Each quantum constraint thus removes variables in two ways. First of
all, by simply solving the quantum constraint for one variable, the latter is
eliminated from the theory. But in addition to that, rst-class constraints
generate gauge transformations on a phase space. So on quantum phase
space,quantum constraints generategaugetransformations.

They transform statesinto physically equivalert statesthrough

ab ab _ ab (n). ~ab ., .
Gc;d ! c;c;d - Gc;d + of Cf ’Gc;dg '



130 CHAPTER 9. EFFECTIVE EQUATIONS

and similarly for expectation values.

One may not have expected that gauge ows generated by quantum
constraints on the quantum phase spaceplay an important role. In the
usual Dirac treatment, only a constraint equation is written for states, but
no gauge ow on the Hilb ert spaceneedsto be factored out. In fact, the
gauge ow which one could de ne by exp(it€)j i for a self-adjoint € is
trivial on physical states which solve the constraint equation, &j i = 0. l.e.
it doesnot changethesestates. On the other hand, recall the parametrized,
free particle reviewed in Chapter 3. There, it was emphasizedthat €Y
generatesthe gauge ow on quantum states. However, such a procedureis
never carried out in quantum generalrelativit y.

How can we understand that the gauge o w becomesnon-trivial in the
phase-spaceformulation? Note that the gauge ow could only be trivial
if we would assumeself-adjoint constraint operators. Becauseonly then
h j¢ = 0 would follow from €j i = 0 and the ow on the expectation
values, h jexp( it€)Aexpit€)j i vanish. But constraint operators are
generally not self-adjoint, recall Chapter 3 and [25].

The expectation valuesand momerts we are dealing with whenimposing
guantum constraints thus have to form a much wider manifold than the
Hilb ert spacesetting would allow. Here, not only constraint equations but
also gauge o ws on the constraint surfaceare crucial.

From thesevery generalconsiderations,we inferred the generalstructure
of quantum constraints. But so far, f (¢;p) is any function of the opera-
tors. We thus have not only in nitely many, but even uncountably many
constraints. Not all of them can be independert. So what we need, is a
prescription that tells us which f we should choose.

The resulting in nite set should still be rst class. Moreover, we have
to insure that it remavesthe in nite number of variables on quantum phase
spaceassciated with one classicaldegreeof freedom.

9.4.2 lteration procedure for quantum constrain ts

Also, for practical purposes,one would like to keepthe number of allowed
functions minimal while keepingthe system complete. Then, however, the
set of quantum constraints is not guaranteed to be closedfor any restricted
choice of phase-spacdunctions f usedin their de nition.

If Cf(”) and Cém) are quantum constraints, closurerequiresthe presence

of C[(f”;g]m) (for n 2, Cf(r[]”c)n 4 and Cé[gm;f] as additional constraints ac-
cording to (9.7). In this way, a construction procedure for a closedset of
quantum constraints is prescribed. It hasto be iterated until a closedsys-
tem is obtained. This iteration doesnot necessarilyterminate after a nite

number of steps.

But although many independert constraints have to be consideredfor
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a complete system, most of them will involve quantum variables of a high
order. To a given order in the momerts, it is thus su cien t to consideronly
a nite number of constraints. Sud truncations and approximations will be
discussedby examplesin Section 9.5.

9.4.3 Realit y conditions

Note that the de nition of constraints in (9.6) usesexpectation values of
non-symmetric operators, thus implying complex valued constraint func-
tions. But this is no problem as we are working with unconstrained states.
Only after the constraints have beensolved, all expectation valuesshould be
real. Becausesolving the constraints correspondsto the transition from the
kinematical Hilbert space, or auxiliary Hilbert space, to the physical Hilb ert
space® Whereasthe kinematical Hilb ert spaceis just an auxiliary structure
usedto set up the theory, de ne operators etc., the physial Hilb ert space
contains physically admissible states and thus carries the standard inter-
pretation. On the kinematical Hilb ert space,operators can have imaginary
eigervalues| becausewe are still dealing with unphysical states and with
an unphysical inner product. On the physical Hilb ert space,however, ex-
pectation values should be real, as here they correspond to measuremen
results.

The transition from kinematical to physical Hilb ert spacethen consists
simply in the implementation of reality conditions for the physical variables.

Sothere is no problem in de ning quantum constraints as complexfunc-
tions. Moreover, in constrained theories it is even required to work with
constraint operators which are not self-adjoint, cf. Chapter 3 again, and
thus complex valued constraints have to be expectedin general.

Furthermore, note that we cannot order symmetrically in (9.6). This
would give rise to terms where some§ or p appear to the right while others
remain to the left. Thusthe expressionwould not vanish for physical states
and therefore not correspond to a constraint.

Still, one could avoid the question of reality of the constraints altogether

by using quantum constraints de ned as GS"' (@) = hE"A\(p; q)iwey Such
as GC"9 and GC"P with the symmetric ordering usedasin (9.2). Here, the
symmetric ordering contained in the de nition of quantum variables must
leave ¢ intact as a possibly composite operator, i.e. we have for instance
GCP = 1nCp+pCi Cpindependertly of the functional form of € in terms of
¢ and p. Otherwise it would not be guaranteed that the expectation value
vanisheson physical states. We could not include variables with higher
powers of g and p, such as G¢"PP as constraints becausethere would be
terms in the totally symmetric ordering (such as p&"p) not annihilating a

8 nd the name kinematical Hilbert space somewhat misleading becauseit suggeststhe
existence of a "dynamical Hilb ert space'as opposite. However, it is this convention that
dominates the literature and so | will succunb to convention.
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physical state. But, e.g., GS?* understood as 3hCp? + p2€i  Cp? would be
allowed. The use of such symmetrically ordered variables would imply real
qguantum constraints.

Howevwer, this procedurecannot be reconciledwith the requiremert that
the constraints be rst class. We have, for instance,

FGC"f (@P). GCM AR g = Hlﬂénfu AN Ay + 4EM]
S e+ FETEM SIHEN + £ 0]

%Hé”;émw o™i %h[f“;émm aC™Mi
+fC"f;CMgg:

The rst commutator contains, apart from several terms which vanish when
the expectation value is taken in a physical state, also the two terms

[En: g1E™f" and f'E™[EN: §]. Their expectation value only vanishesif f* or §
commute with €. This would require quantum perennialsto be known and
usedin the quantum constraints, which in generalwould be too restrictive
and impractical. A further possibility using Weyl-ordered constraints of a
speci ¢ form wasdiscussedn [80], but seemdo be lesspractical in concrete
examples.

So, in general,there seemsneither reasonnor way to escage complex quan-
tum variableson the kinematical level. Wewill even seethat complex-valued
quantum variables are actually helpful to ensureconsistency

9.4.4 Linear constrain t operator: Num ber of e ectiv e con-
strain ts

We now have a prescription that, for a given phase-spaceunction f, gen-
erates quantum constraints through an iteration procedure. The question
remains, how f shall be chosen.

We will show herethat for the generalclassof linear constraints, f can
be chosenas polynomial function in the fundamertal operators. The results
are then locally valid for any system subject just to one, single constraint.

The number of degreesof freedom shall be nite, say N + 1 and the
tions [¢/; ] = i~ |. The systemis subject to the linear constraint C.

A rst stepthat simplies the analysis signi cantly, is to transform on
variables in which the constraint is just one of the con guration variables.
l.e. we introduce a new canonical pair (¢;p) which is de ned through the
requiremerts
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q=C and  [gp=i~:
Furthermore, the following commutation relations with the remaining vari-

[GR]=[:R]=0 ; [Ri®l=i~Cij N i Ny)

uration and momertum operators, respectively.®
Soin the following, our quantum systemis parametrised by expectation

valuesq:= hgi, p:= i, x; := Myi, i = 1;:::;2N and quantum variables
D E
GUAAN PO (R x))® (R xa)™ (P D@ Q°
eyl
(9.8)

If we follow the above prescription, the quantum constraints are given by
Ci = Héi | and we restrict f'to be a polynomial operator in the canonical
variables Now we have to prove that this proposition indeed works.

First of all, it is consistert with €j i = 0 and the set of operators of
the form f'C is closedunder taking commutators. As a result, the set of all
functions Cs is rst class. Note that Cf(”) is automatically included in the

above constraints through C;o where f2= f'€" 1 which is polynomial in
the canonical variables as long asfis.

What remainsto be shown is that the restriction to polynomial functions
f is sucient to reduce quantum phase spaceproperly. To seehow the
degreesof freedomare reduced, we proceedorder by order.

},{ariables of order M in N + 1 canonical pairs are de ned asin (9.8), with

;a8 + b+ c= M. The total number of dierent combinations of this
form is the sameas the number of ways the positive powers adding up to
M can be distributed between2(N + 1) terms, that is M 2N*D 1 g5oat

2(N+1) 1
M+2(N+1) 1

order M, we have ™, ., © quantum variables. Out of the total set,

those of the form G132 b0 ph g 0, and G21:32:532n 0:¢ ¢ § 0, should
be eliminated through constraints. The variables Ga1:22:22n:0:0 - however,
shall be unrestricted.
The remaining part of this sectionis dedicated exactly to this proof.
First, it is corveniert to make another changeof variables. We note that
in order to permute two non-comrmuting canonical operators in a product
we needto add i~ times a lower order product. Starting with a completely

symmetrized product of order M and iterating the procedure we arrive at

®The linear combinations that would satisfy the above relations may be obtained by
performing a linear canonical transformation on the operators. Such combinations are not
unique, but this fact is not important for the purposeof counting the degreesof freedom.
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a sum of unsymmetrized products of order M and lower. This justi es the
choice of new variables,

D E
F ajg,az,..;azn ;b;C = (kl)al (kZN )a2N pqu (99)

It is easyto seethat there is a one-to-onecorrespondencebetweenvariables
(9.8), combined with the expectation values,and (9.9), but the precisemap-
ping is tedious to derive. As it is not neededfor the counting of degreesof
freedom, we will not bother with it here.

Now our constraints require Faia2::@n:bic 0 for ¢ 6 0| because
G i = 0. Moreover, all of the constraints C; = H'Ci may be written asa
combination of the variables F 21:32::82n:bi¢ ¢ § 0. However, the constraints
cannot restrict F 1323823001 Byt anyway, we have not taken into accourt
the gauge o ws yet.

Each C; generatesa ow on the constraint surface. But we decidedto
study the elimination of degreesof freedomorder by order in the momeris.
At a xed order, however, the ows generatedby the constraints are not
necessarilyindependert on the constraint hypersurface. This is due to the
fact that quantum phase spacereducedto a xed order of momerts is a
non-symplectic Poissonmanifold.©

This degeneracybecomesobvious when we count the degreesof freedom
to agivenorder. To ordg M, the constraints are accourted for by variables
Favaziian bl where @ + b+ c+ 1= M. Counting as earlier in the
section, there are M;(ZN( Tl’)'l)l 2 such variables. Subtracting the number of
constraints from the number of quantum variables of order M, we are left
with

M+2N+1) 1 M+2N+1) 2

2N+1) 1 2(N +1) 1
_ M+2(N+1) 1 M+2(N+1) 2
T M+2(N+1) 1 (2N +1) 2N+ 1) 1
2N+1) 1 M+2N+1) 2
M 2N +1) 1 (9.10)

unrestricted quantum variables. If ead constraint generatesan independert
non-vanishing o w, we should subtract the number of constraints from the
result again. We nd 2M*D 1 M M;(Z,\S T1;1)1 2 physical degreesof freedom
at order M . Howe\er, this number becomesmegativeonceM is large enough,

raising the possibility that the system has beenover-constrained.

This can be read o from the Poisson bracket (9.3). The Poisson bracket of two
quantum variables of order M, a+ b= M, c+ d= M, contains quantum variables of order
2M and lower.
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Fortunately, we can show that our systemis not overconstrained,i.e. the
gauge o ws are not all independert. This is demonstrated by the following
argumert.

All of the operators ®; commute with the original constraint operator
¢ = @, which meansthat any function of the expectation value of a poly-

every constraint

1 Dh i E 1 D h i h i E
fCrimilig = — fCoxil == 1 ol + o] €
|1~Dh i E 7
= = fioii] € 0: (9.11)

This meansthat the variables F 21:32::22n:0:0 gre not only unconstrained but
also una e cted by the gauge ows.

They can be usedto construct the quantum variables corresponding to
precisely N canonical pairs, sothat we have at least the correct number of
physical degreesof freedom.

But, still, we were not able to remove the variables F a1:@2;::a2n 00 g Q,
They are unrestricted by the constraints. So they have to be a ected by
gaugetransformations. In fact, we can show that F 232800 hg 0 gre
gaugedependent. This follows from a direct evaluation of
b 1 DN IE
fCrFauvmeimaandlg = = & R)M  (Ran)* PP

' Dh i
i fO0™ Ra)™e C
+i~b (R (Ron )N p° 1
D E
b f(R)™  (Ran)®v g *

One may still suspect that a gaugemay be selectedsuch that the ows on
one of these variables vanish. Howevwer, this is not the case. Substituting a
constraint such that f = g[2i1€P 1, where g[x;] is some polynomial in 2N
variables

n 0 D E
Cycp 1; FHiman®0 b git](R)™  (Ran)™V) CP 1P 1

and commuting all the € to the right one by one, such that €P 1pP 1 =
(b 1)(i~)P 1+  up to operators of the form AC, we have

n (0}
Cyco 1; FATAan D0 (b g (R)M (Ran)?2M)i @ (9.12)
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Since the right-hand side is a gauge-indegendert function, (9.12) tells us
that it is impossibleto get rid of all ows on a given variable F 21:32::32n ;b0
by simply picking a gauge.

In summary, using an alternativ e set of variables F 81:82::8n0i¢ de ned in
(9.9) we nd that constraints becomeF a1:32:::8n:bi¢c 0 ¢ 6 0. The vari-
ables Fara2::an b0 b g 0, are gaugedependert, which leaves the gauge-
invariant and unconstrained physical variables F 21:32::82n:0.0 - These may
then be usedto determine the physical quantum variables Ga122n:0:0 de-
ned in (9.8).

Thus, for a linear constraint a correct reduction of the degreesof freedom
is achieved by applying constraints of the form C; = H'Ci wheref is poly-
nomial in the canonicalvariables, as can be directly obsened order by order
in the quantum variables. Locally, our procedure of e ectiv e constraints is
complete and consistert sinceany irreducible constraint can locally be cho-
senas a canonical coordinate. Still, global issuesmay posenon-trivialities
sinceertire gaugeorbits must be factored out when constraints are solved.

Example: A canonical variable as constrain t: € = ¢

Given that the preciseimplementation of a set of quantum constraints de-
pendson the form of the constrained system, we illustrate typical properties
by an example. Further examplescan be found in [80] which, for the sake
of brevity, are not included here.

The method of solving quantum constrained systemsmay be outlined as
follows: We start by nding the complete rst-class set of constraint func-
tions represeting Dirac's constraint condition. Setting theseto zerode nes
the constraint surface,with constraint functions generating gaugetransfor-
mations on it. We construct obsenablesfrom the gauge-invariant functions
and recover dynamics, where appropriate, asa gaugetransformation of non-
obsenable quartities.

To shawv how the courting argument of the previous section actually
works in practice, we will considerthe constraint € = 4.

From C(" = 0 we obtain that all quantum variablesGY" are constrained
to vanish, in addition to Co = qitself. C{" is included as C("*D . To elim-
inate momerts depending not only on ¢ but also on f, we have to add
CF(,E) = hpM¢"i. If we restrict attention to momerts up to secondorder, it

su ces to add C,()”) = hpg"i. This already producesa closed set of con-

straints.

In this example, it is feasibleto work with the symmetrically ordered
guantum variables introduced in Section 9.4.3. Becausehere we know a
guantum variable that is gaugeinvariant, i.e. commutes with the constraint,
namely 6. For instance, quantum variables GC"9 and G¢"P form a closed
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set of constraints as may be deducedfrom (9.8) and the subsequeh discus-
sion. Using the Poissonrelations (9.3), we verify the rst-class nature of the
system of constraints

fG20:G%g = 0 for b=d=0;
fG*%G%g = a(G*¢ 1 G* M9G%) o0 for b= 0;d=1;
fGa;l.Gc;lg — (a C)Ga+c 1;1 aGa 1;1Gc;0+ CGa;OGc 11 0

for b=d=1:

To discussmomerts up to secondorder, constraints with at most a single
power of p are needed. Theseconstraints arein fact equivalent to constraints
given by quantum variables due to

" X o X1y o .
6f = Ha @ri= T (grli= D (1dct Ve 1d
i=0 J j=0 J
GTP = i @™P M@ 9" 0 P 9+ +( pE o
= _ToHn+ D@ P Q"+ dn(+ DG Q"

= R PR Q'is (D i+ ginhg o i
j=1
n X1 n P ; 1 n
= ¢ pGT (e Ve (1)'dpr SimnG]
j=1

1

Starting from n = 1, one can iterativ ely verify that the relations above
provide a one-to-onemapping from

C(n);Cr(Jm Y nim 2N ! GT;GTP nm2N -

This is thus a speci ¢ demonstration of the relation between(9.8) and (9.9)
discussedin Section9.4.4.

Thus, the constraint surface can be analyzed using quantum variables.
What about the gauge o w?

For this type of classicalconstraint, reordering will only lead to either
a constart or to terms depending on quantum variables de ned without
referenceto P. Sincetheseare already included in the set of constraints and
a constart doesnot alter the generatedcanonical transformations, they can
be eliminated when computing the gauge o w.!

The gauge o w generatedby the quantum constraints up to secondorder
can therefore be computed using symmetrically-ordered quantum variables,

" The constant term %i~ in GY'P for n = 1, however, will play an important role in
determining the constraint surface.
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such as GY" and G9'P for example. For the momerts of di erent orders, we
then have the following constraints and gaugetransformations.

Exp ectation values
We just have one constraint, g = 0, which generatesthe gaugetrans-
formation p7! p+ 1.

Fluctuations
Here, two constraints arise, G® const and G% 0. They generate
gaugetransformations GPP 7! GPP + 4 ,G9% and GPP 7! GPP(1 + 2 3),
respectively. As we will seein (9.13) below, G% is non-zeroon the con-
straint surface, so that GPP can be freely rescaledusing gaugetrans-
formations.

Higher Momen ts
At ead order, we have constraints CF(,EI ™ with m < n. The only
quantum variable that is not eliminated through theseis GP". This
has to be removed by gaugetransformations, generatedfor example
by GY". This con rms the counting of Section9.4.4.

Thus, to secondorder, we seethat two momerts are eliminated by quan-
tum constraints while the remaining oneis gauge. In this way, the quantum
variables are eliminated completely.

Let us now discussthe reality conditions of quantum variables. The con-
straint C,gl) = g = O implies that

1 . . 1. 1
G¥=Zhap+pa  ap= g ap+ Si~- S~ (9.13)

must be imaginary. From the point of view of the kinematical inner prod-
uct this seemsproblematic since we are taking the expectation value of a
symmetrically ordered product of self-adjoint operators. Howewer, the in-
ner product of the kinematical Hilb ert spaceis only auxiliary, and from our
perspective not even necessaryto specify. But an imaginary value of some
kinematical quantum variable is not only admissible but also has a big ad-
vantage. Only with sud an imaginary value can the uncertainty relations
be satis ed.

For an unconstrained system, we have the generalizeduncertainty rela-
tion

GUGPP  (G¥)2 (9.14)

Z:
Sothis relation hasto hold on the physical Hilb ert space. More than that,
we want it to hold on the kinematical level already. We do so becausethe
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uncertainty relations are useful to construct coherert states and it is often
helpful to have them at onesdisposal.

If we had worked with real quantum constraints, G 0 G% in-
stead of C@ 0, C§? 0, the uncertainty relation (9.14) would have
beenviolated. The imaginary value of G% obtained with our de nition of
the quantum constraints, on the other hand, allows us to implemernt the
constraints in a way respecting the standard uncertainty relation. Choosing

(G%)2 = 2~2 from (9.13) just saturates relation (9.14).

So, linear constraints show that quantum constraints can be formulated

in a consistert and complete way. This then also entails local consistency
and completenessof every systemwith a single constraint since every con-
straint can be linearized by a canonical transformation. But nonetheless,
global issuesmay be important, especially in quantum theory. Moreover,

such a canonicaltransformation linearizing a constraint inducescomplicated
transformations on quantum variablesin which their ordersmix. Such a lin-

earization, eventhough in principle possible,might thus not be a very handy
option. We will therefore have to discussnon-linear examplesto show the

practicality of our procedures. Note that already in the above, simple ex-
ample, we restricted attention to second-ordermomerts.

9.5 Appro ximation schemes

The aim of this section will be to devisea generalmethod to consisterly
approximate quantum constraints. The approximated constraints will be
referred to as e ective constraints. Sud a reduction of the full systemis
in generalnecessaryfor practical purposes.The in nite-dimensional system
hasto be reducedto a certain nite order of quantum variables sothat one
can actually retrieve someinformation from it.

The most immediate approximation schemethat may cometo mind, is
a sharp truncation. That meansthat we simply set all quantum variables
above a certain order to zero. It is then necessaryto chedk whether the
system of constraints can still be formulated in a consistert way after such
a reduction has beencarried out. A priori one cannot assume,for instance,
that a sharply truncated systemof constraints hasany non-trivial solution at
all. 1t may turn out that all degreesof freedomare removed by the truncated
constraints. Also, it is not clear how many (truncated) constraints have to
be taken into accourt at a certain order of the truncation. In this section,
we rst considera linear exampleand show that it can be consistenly trun-
cated. We then turn to the more elaborate and more physical example of
the parametrized free, non-relativistic particle. Here, sharp truncations turn
out to be inconsistent

This motivated a more careful approximation scheme which removes
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degreesof freedomorder by order | asis already suggestedby the proof in
Section9.4.4.

Wewill rst show that sharptruncations are unreliable asa generaltool,
beforeturning to consistert approximations.

9.5.1 Truncations

We will discusstruncations for the simple constraint C = q of Section9.4.4
and then turn to the relativistically more relevant caseof the parametrized,
free particle.

Truncated system of constrain ts for € = g

The system of Section 9.4.4 is governed by a constraint C = g, which, on
the quantum level, ertails the constraint operator € = @. This implies the
following constraints on quantum phasespace:

9(1 n 1 .
cm = plhi=cn+ C'Gon j;
j=0
c = reni = c
1
(N = A" = pcn X“n .
Cpy” = mC"i=pC'+p . C'Gopn
j=o
X1 n ci (n j)2
+ G i~ . G ;
o i an 1;n+1 (n j+1) On j 1

wherea, j are constart coe cien ts. Theseare accompaniedby similar ex-

pressionsof higher-polynomial constraints, i.e. CK(,EI), which are more lengthy

in explicit form due to the reordering involved in quantum variables.

The lowest power constraint yields C = C 0. Inserting this, the
higher power constraints reduceto

c(m Gon Cén) Gon+1
1 n2
(n) i el . L o
Cp pGon + an Gyn i (n+ 1)ZGO,n 1

Performing a sharptruncation at N order, wesetG,, = Ofor alla+ b> N.
As non-trivial constraints remain
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C(n)jN Goin forall n N ;
Ciijn pPGon + £l Gy i~7n2 Gon 1 forall n N 1;
p n an n (n + 1)2 n )
1 N 2
(N); _ P . — )
Cp IN pGO,N + an | —(N " 1)ZGO'N 1 for n N :

Solving the quantum constraints C(™ 0 and inserting the solutions into
the constraints C,()”), yields

: 1 _
CcMin ;Glm forall n N 1;
cMin 0 foral n N:

Thuswe nd that for the truncated system,Go., are eliminated through the
constraints C(™ = 0, whereasthe quantum variables Gy, are eliminated

through Cén) = 0. Higher polynomial constraints can be expandedas

. XXy o : :
c = © T Pcip P i@ o i
i=0 =0 J
LR P @ni=

i=0

with some coe cien ts by.,. Moments of lower order in p are not written
explicitly becausethey can be determined from constraints of smaller k.

Sowe seethat theseconstraints x all remaining momens exept Gp.o.
Moreover, due to the constraint C = C 0, expectation values are re-
stricted to the classicalconstraint hypersurface. No further restrictions on
these degreesof freedom arise.

The remaining unconstrained Gp.o are, on the other hand, pure gauge.
They can be changed arbitrarily by a gauge transformation. This again
conrms considerations of Section 9.4.4 becausethe gauge ow of Cég) =
c(™m) js sucien t to remove all gauge without making use of CF(,Q) with
m 6 0, where operators not commuting with the constraint would occur.

We therefore conclude that the system can thus be truncated consis-
tently. For a truncation at N order of a linear classical constraint, con-
straints up to order N have to be taken into accourt.

Howewer, the linear caseis quite special becausewe only had to trun-
cate the systemof constraints, but not individual constraints: any e ectiv e
constraint contains quantum variables of only one, xed order. This was
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just the point of Section 9.4.4. When € is linear, we can imposeall of the
constraints and remove all gauge degreesof freedom in variables up to a
given order without invoking higher-order constraints. This is accomplished
by treating higher-order constraints asimposing conditions on higher-order
guantum variables | possibly in terms of the lower-order unconstrained
ones| and noting that, using (9.12), there is no needto refer to constraints
containing polynomial terms of order above F 1:82::22n 00 jiself, in order to
demonstratethat this variable may be rescaledusing gaugetransformations.

Moreover, the gauge-irvariant degreesof freedom that remain, weakly
commute with all constraints and not just with the constraints up to the or-
der considered,see(9.11). As aresult, in the linear example of Section9.4.4,
higher-order constraints do not a ect the reduction of degreesof freedom
for lower orders and so could be disregardedwithout making any approxi-
mations. For non-linear constraints, however, orders of momerts mix and
constraints relevant at low orders can contain momerts of higher order. It
is then more crucial to seehow the higher momens could be disregarded
consisterily, aswe will do in what follows.

Truncated system of constrain ts for the parametrized free, non-
relativistic  particle

The motion of a free particle of massM in one dimension is described on
phase spacewith coordinates (p;q). Through the introduction of an arbi-
trary time parameter , time canbeturned into an additional degreeof free-
dom. The systemis then formulated on the 4-dimensionalphasespacewith
coordinates (t; p;; g; p). The Hamiltonian constraint of the parametrizedfree,
non-relativistic particle is given by
_ P>
C=p+ oM

which is constrained to vanish. Becausethis is the scenarioencourtered in
all reparametrization-invariant theories, this example is of special interest
for di eomorphisme-in variant theories as generalrelativit y.

Promoting phasespacevariables to operators, Dirac constraint quanti-
zation yields the quantum constraint

»
2M
In the Schrodingerrepresenation, onearrivesat an equationthat is formally
equivalert to the time-dependert Schredinger equation®?

b + =0: (9.15)

2|n contrast to the ordinary, time-dependert Schredinger equation, time is an operator
in the equation obtained here and not an external parameter. This implies that the
Hamiltonian which generates evolution in time, Hpnys = % has the same action on
physical states asthe momentum operator canonically conjugate to time. In contrast to
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@t _ 2 d(t9.
@ M @
As is well known, solutions to this equation are given by
Z .
(t;g = dkA(k)e-E®tHika. (9.16)

where E (k) = Sk,

For quantum variables we use, as before, the notation

GX=hp Pa DB POE )iwey

In their generalform, the set of constraints on the quantum phasespaceis
givenin Appendix E.

Zeroth-order  truncation Truncation of the systemat zeroth order, i.e.
setting all quantum variables to zero, yields C(Mjy- = C" together with

C{in-o = qC"+ onlen 1 Wiy ="+ Tnc" !
as the required constraints. This truncation is not consistent. Inserting the
condition C = 0 into the expressionsfor the remaining constraints results
in inconsistert equations. For exampIeCt(l)jN:O =tC + %i~, implies 'g = 0.
The reasonfor the failure of the sharp truncation seemsclear. A trunca-
tion at zeroth order can be understood as neglectingall quantum properties
of the system. But this is not possiblefor a free particle. For example,
there is no solution in which the spreadin both p and g would stay neg-
ligible throughout the particle's ewolution. There is no wave-padet which
would remain tightly peaked throughout and so a description in terms of
expectation valuesalone seemsinsu cien t in this case.

Second-order truncation But ewen if one takes into accourt second-
order quantum variables, spreadsand correlations, an inconsistert system
results. The expndeal constraints can also be found in Appendix E, which
we now sharply truncate at second-ordermomerts.

From C(™ only three non-trivial constraints follow

the physical Hamiltonian, which is bounded below and positive semi-de nite, the spectrum
of the time momentum p: coversthe ertire real line. On physical solutions, however, only
positive “frequencies’ contribute.
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1

c® = C+ 5-Goo s

. o 4 1 .
COjy, = C2 (6C 4p)GEo+ ﬁe};& GI9;
COjy= = C3%;

upon inserting the constraints successiely. Thus for an N = 2 order trun-
cation, at n = 3, the classical constraint is recovered and must vanish for
the truncated system. Then, C®  0yields G5y 0 which is too strong
for a consistert reduction since one expectsthe uctuation GPP to be freely
speci able. It hasto remain a physical degreeof freedom after solving the
constraints, for otherwise no generalwave padket asin (9.16) can be posed
as an initial condition for the free particle. As we see,the sharply trun-
cated systemis over-constrained. In particular, the constraint C®, when
truncated to second-ordermomerts, reducesto the classicalconstraint C3,
which then immediately implies GPP = 0 dueto C®.

This obsenation points already | and luckily | to a resolution of the
inconsistency While C® is already of secondorder even without a trunca-
tion, C® contains higher-order momerts. The truncation is then inconsis-
tent becausewe are ignoring higher orders next to an expressionwhich we
then constrain to be zero. Thus, a more careful approximation schememust
be devisedwherewe do not truncate sharply but ignore higher momeris only
when they appear together with lower momerts not constrained to vanish.
In such a scheme, as discussedin the following section, C® would posea
constraint on the higher momerts in terms of C GPP=2M, but would
not require C or GFP to vanish.

9.5.2 Consistent appro ximations

We saw in the preceding section that a sharp truncation sdhemein which
all momerts larger than a certain order are setto zero, doesnot yield sen-
sible results. We have to devisea more careful approximation scheme that
takesinto accourt, e.g. products of momerts, but also orders of ~. Most
importantly, we want to avoid the situation in which terms are considered
asdominant over others and are consequetly setto zero, which themseles
vanish due to somequantum constraint.

General pro cedure and moment expansion

The consistent approximation is basedon a moment expansion. To formalize
this moment expansion, one replaceseat momert

ab Y at+btctd~ab
Gc;d q GC'd
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and expandsin . This automatically guaranteesthat higher-order momerts
appear at higher ordersin the expansion,and that products of momerts are
of higher order than the momerts themselves. Moreover, in order to leave
the uncertainty relation unchanged,we have to replace

N q_y 2.
which ensuresthat it is of higher order, too, without performing a specic
~-expansion. After the -expansionhasbeenperformed, can be setequal
to oneto reproduce the original terms.

In addition to such an expansion scheme, it is important to establish
a certain hierarchy of constraints that determinesin which order the con-
straints have to be considered,i.e. which are to serwe as constraints on
expectation values, which restrict second-ordermomerts and which have to
be consideredas constraints on higher-order momerts.

This scheme will be demonstrated for the parametrized particle of the
previous section, but the generalconsiderationsapply to any parametrized,
non-relativistic, i.e. arti cial ly reparametrization-invariant, system.

Hierarc hy of constrain ts

Variables and constraints were determined in Section 9.5.1. The form of
constraints establishesa hierarchy, suggestingto solve C(™ rst, then C{"

c{™, ¢ and c{™, and the remaining constraints (E.3) { (E.6) rst for
k = 1, then k = 2 etc. Note that for eath k in (E.3) { (E.6) the r = k term
is the only contribution of a form not appearing at lower orders. The terms
occurring in the r-sum are linear combinations of the constraints (E.3) {
(E.6) for k%< k. Thus, apart from the r = k term, all terms vanish if the
lower k constraints are satis ed.

To actually seethat this is a sensibleway of sorting the constraints, one
hasto look a bit more into the structure of the constraints.

First notice that the structure of the constraints is suc that on the

constraint hypersurface C(", Cégz c{M, Ct(;k) and " contain as lowest

order terms expectation values, whereasC"), c{™, C(t”)k and C{ have
second-ordermomerts as lowest cortribution. The highest order momerts
occurring in C(M are of order 2n, of order 2n + 1 for Cé”), ci", Cé”) and

(n) ; (n) ~M) ~(n) (n)
Cp’ and of order 2n + 1+ Kk in quk, Ctpk, CIopk and Cptpk.

The structure of (E.3) { (E.6) implies that the lowest contributing order in

the j - and “-sums(on the constraint hypersurface)isj + ~+ k 1 and rises

with k. Consequetly, there existsa maximal k up to which constraints have

to be studied if only momerts up to a certain order are taken into accourt.
This can be seenby studying the constraint
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ol = X0 oxn 20x m) n m 2(n ‘ m) ptm j pr(n m G?fg :

m=0j=0 =0 m (2m)m m
This speci ¢ constraint shall only serve as a represenativ e. The other con-
straints, (E.1) { (E.6), are of the same structure. Assume that we are
interestedin momerts up to order N. For such a xed order N of momerts,
there is a factor of lowest and one of highest power of C. In C(™, eg.,
the highest power is given for j = 0, ° = 0 (with m = n) and is simply
C", whereasthe lowest power is given for * = 0, j = N and is given by
nn 1) (n (N 1)ch N33

In the j-"-summation, the relevant momerts then occur for j + ~ 1
N. From this condition, a number of pairs (j; *) result for which the sums
occurring in (9.5.2), and thus alsoin (E.1) { (E.6), can be evaluated.

There remain sumsover m cortaining p, which should be eliminated if
we chooset asinternal time to make contact with the quantum theory of the
deparametrizedsystem. (Our consistert approximation procedure,however,
is more generaland doesnot require the choice of an internal time.) We can
achieve this by rewriting theseasterms ofthe formn(n 1) (n g)c" 9 1
multiplied by powers of p and 2M , where g is an integer depending on the
values of j and °, see(E.7) { (E.21) as examples. This is achieved by
eliminating p; via CM = Cq 0 and illustrates the certral role played by
the principal quantum constraint Cq.

Since C Goio=2M , powers of second-ordermomerts ensue| or
higher g-momerts if there is a potential. Togetherwith powers of ~ in some
of the terms, this must be comparedwith the orders of higher momerts in
order to approximate consistertly.

One can now rewrite the sum over m for all those terms which produce
factors with powers of C down to the lowest power occurring in front of
the relevant momerts. In C(M this would correspond to C" N. One can
therefore rewrite the constraints in the form

C"Y1+ nC" Yo+ n(n 1C" ?Y3+ +R O0; (9.17)

where Y; are functions linear in momerts including those of order smaller
than N, and R contains only momerts which are of higher order. This allows
oneto successiely solve the constraints for n = 1, n = 2, etc. and discard
all constraints arisingforn N+ 1,n > 0. In eat case,onehasto nd the
terms of lowest order in the moment expansion,in combination with powers
C", to seeat which order a constraint becomesrelevant.

1B This term arisesof courseaswell for "= N;j = 0), (= 1;j = N 1), etc.
%In our example of the free particle, we have Cq = p; + p>=2M + G§§8:2M . If there is
a potential, there will be further classicalterms as well as quantum variables Ggg
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It is crucial for this procedureto work that C", which arisesin all con-
straints, can be eliminated at least for all n > n°through terms of higher-
order momerts using the principal constraint Cq. This key property is
indeed realized for any non-relativistic particle even in a potential, aslong
as p; appearslinearly. For relativistic particles, additional subtleties arise
that have not beenstudied yet. While (E.1) { (E.6) changetheir form for a
di erent classicalconstraint, the proceduresketched herestill applies. Thus,
it doesnot only refer to quadratic constraints but is su cien tly generalfor
non-relativistic quantum medanics.

We will explicitly demonstratethe procedurefor the free particle in what
follows. For that purpose,we rewrote the set of constraints in the required
form (9.17) for momerts up to third order as seenin Appendix E.

9.5.3 Consistent appro ximations: the parametrized, free non-
relativistic particle as an example

Consistency of constrain ts for exp ectation values

At zeroth order, we keeponly expectation values. All momerts are of order
O( 2) or higher. As only relevant constraints we therefore nd C(™ 0,
cf. Appendix E. Keeping only zeroth-order terms, this reducesto C(" =
C" 0. This in turn correspndsto the single constraint C 0 which can
be usedto eliminate p; in terms of p. The systemof constraints is obviously
consistert at zeroth order and no constraints on variables assaiated with
the pair (q; p) result.

The only constraint C®Y) = C 0 generatesa gauge o w on expectation
valuesgiven by

p
=0; =0; = — t=1:
R Bt a M
where a dot denotesderivation with respect to parametertime . The two
obsenables of the system are therefore

PO=p and QO =q tM£

with fQ @;pOg=1; (9.18)

These correspond to the two physical degreesof freedom corresponding to

expectation values of canonical variables. Among the four original degrees
of freedom of the system, p; is eliminated via the constraint and t is a pure

gauge degreeof freedom. There are no further constraints to this order,

which is thus consisterily approximated.

Consistency of constrain ts up to second-order momen ts

At secondorder, we include second-ordermomerts and ordersof ~| recall
that ~ is of order 2 in the momert expansion| in addition to expectation
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values. Third order cortributions are set to zero. We nd that in addi-
tion to C®, the new constraints Cél), Ct(l), Cétl) and C,()l) arise. All other
constraints are of higher order, since second-ordermomerts erter in these
equationsonly through quadratic terms or with a factor of ~, both of which
are consideredas higher-order terms, cf. Appendix E. The only non-trivial

constraints are therefore

c® C+ NGS§8 0;
cd = Gig+ M£g+ I\[/I)Géé 0
n _ P10 00, I~
c = MGO;1+ G+ > 0
- 00, P10
ci = G+ v Cro O
cf = oigr Pei o,

where third-order cortributions have beenset to zero. In accordancewith
the order of expectation values, we use the rst constraint to eliminate
pi= p?=2M GS;S:ZM and solve for second-ordermomerts

0:1 P ~11 1;0 00 I~
00 _ P ~10 1,0 P ~20
Goo = MGLO , Gip = MGOO

As constraints for k > 1 corntain second-ordermomerts only through C",
they are trivigl as well. This follows from the rst constraint which sets
c' Gy O( .

Thus, asfar as second-ordermomerts are concerned,the system of con-
straints is consistert. The momerts G5, G1io, Gg's and Gy;g arefully deter-
mined while all second-ordemomernts assaiated with the pair (g; p) canbe
speci ed freely. All remaining constraints then determine higher momeris.
This is the samesituation asexperiencedin the linear case,asfar assolving
the constraints for second-ordermomerts is concerned. The inconsistency
of Section9.5.1is avoided becauseC®, which made C and thus Gjg vanish
in the sharp truncation, is now realized as a higher-order constraint in the
momert expansion.

Gaugetransformations are generatedby C%, Cél) , Ct(l), Cétl) and C,()l),
where third-order cortributions are setto zeroasin (9.19). In comparison
to Section 9.5.3 we have four additional gauge transformations. Whereas
P@ := PO remains gaugeinvariant under these transformations as well,
this is not the casefor Q. The latter hasto be altered by adding second-
order momerts sud that an obsenable
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1 .
Gy (9.20)

@ = 0O
Q®=Q® =
results which also satis es fQ @;P@g= 1.

Calculating the transformations generated by constraints on second-
order momerts shows that GPP@ = Gég is an obsenable, i.e. commutes
with all v e constraints on the hypersurfacede ned by these constraints.
The form of gaugeorbits suggeststo make the ansatz

t

GPA = Ggg+ Gii G0t 5 ; (9.21)
2 -
_ 02 P o1, P° ~00 2 11 00, I~
GH@ = Goio szo;l*' E 5Goi2 M Goot Gyg t >
+ tz GZ;O .
M 2 ~0,0 »

for the remaining two obsenables. They are invariant under gaugetransfor-
mations. The term 5 is included such that Poissonbrackets betweenG¥()
and the remaining two quantum obsenablesare of the required form. They
satisfy

fGPPRA), @ g= 2GPPA . {GPPR): G g= 4GPA ;
fGPA) . @ g = 2cwA)

Commutators betweenQ® | P@ and the physical quantum variables G2
GP@) and G®@ vanish.,

Thus we shaved that four of the ten second-ordermomerts are eliminated
directly by the constraints. Three of the remaining second-ordermomerts,
Gcl’;g, Ggég and Ggéi, are pure gaugedegreesof freedom. Consequetly three
physical quantum degreesof freedomremain at secondorder. The observ-
ables can be used to determine the general motion of the systemin co-
ordinate time: From (9.18) and (9.20) together with (9.19) and (9.21) we
obtain

t 1 t 1 i~
qt) = Q@+ o P®@ + o G Q@+ MP(Z) P G, + 5
t 1 t
= Q@+ mp(z) o) G2 4+ MGPP(Z) G® (9.22)

for the relational dependencebetweeng, t and G%®. Thus, the momerts
appear in the solutions for expectation valuesin coordinate time which il-
lustrates the relation betweenexpectation valuesand momerts.
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At this stage, we still have to choosea gaugeif we want to relate the
non-obsenablesq, t and G% in this equation to properties in a kinematical
Hilb ert space.A corveniert choiceis to treat (t; p;) like a fully constrained
pair.

The choice should ensurethat physical quantum variables take real val-
ues and the uncertainty relations are satis ed for all, physical as well as
unphysical, quantum variables. This suggeststo x the gaugeby requiring
that Gy, = %i~ has no real part. Then, physial quantum variables are
real. Moreover, asin the linear case,we cangauge x Gy = 0, suc that the
uncertainty relation G¢ Gp,p, (Gip,)? ~?=4is saturated independertly of
the behaviour of the (q; p)-variables. For G; 6 0, it would depend on those
variablesvia Gp,p,  P?°GPP=M 2 from (9.19). Finally, this is the only gauge
condition for Gy, which works for all valuesof P, including P® = 0iin
(9.22).

In this gauge,we obtain

q(t) = Q(Z) + ﬂt . G®(t) = GP@) 4 ﬂ(at
M M
in agreemem with the solutions one would obtain for the deparametrized
free particle. In this case,there is no quantum back-reaction of quantum
variables a ecting the motion of expectation values becausethe patrticle is
free. In the presenceof a potential, equations analogousto those derived
here would exhibit those e ects.

Consistency of constrain ts up to third-order momen ts

Including third-order terms in the analysis, solutions to the constraints Cél),
Ct(l), C,S}) and Cp(,l) become

01 _ pi~ p .11 1 21,
Clo = w3z WG gy Coo:
P .10 _ oo 1= 1 _20.
MGO;l - G1;1 E oM G'0;1 ,
00 _ P10 1 ~20.
GZ;O - MGLO oM Glio !
10 _ P20 1 _30.
Gl;O - VGO;O NGO;O :

As in the previous paragraph, they will be usedto determine second-order
momerts. The constraint C® cortains no third-order terms and thus re-
mains unaltered. Thir d-order momerts are determined by higher constraints
ci, cp’. ciip, €l and ', c?, .

All other constraints contain third-order momerts with a factor of ~ or
of secondor higher momerts, both of which provides terms of higher order.
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For instance, we may considerthe constraints Cc%)z Ct(sg cf. (E.17), (E.18).
They both contain third-order momerts with a factor of C, which, after
solvingC® | becomesaterm of fth order. The remaining second-and third-
order terms occur with a factor of ~, and are thus of fourth and fth order.
From this considerationof ordersin the moment expansion,we concludethat
C(l) and C(l) do not constrain third-order momerts but becomerelevant
onijy at hlgher than third orders of the approximation scheme.

For n = 1 the constraints that actually do determine third-order momerts
are C(l) Ctl) C(l) and Cr(é)' On the constraint hypersurface,they imply

11 P ~21 2:0 ; )
Gio VGo-o M G00 Goo i~
1,0 2:0~1,0 P ~20.
G M Go 0Goi1 MGO;l ,
. 1 . 1 . p . p .
1,0 2,0 3,0 2:0 2,0..
G2 M Golo —ZM Goo + MGO;O MGl;OH
. 1 p .
2,0 2,0 3,0 .
Gl;O 2M GO OG MGO;O .

Note that this holds on the constraint hypersurface de ned by the con-
straints C®, c§?, ¢, ¢ and C{”. Dropping fourth- and fth-order
terms, we nd the simple relatlons

P ~21. Glo P ~20
M 00 11 M 01
P ~20. G20 P ~30.

M Lo 1,0 M 00

This happensin a consistert manner becauseunconstrainedthird-order mo-
ments appear on the right-hand sides. No condition on the (g; p)-moments
presert in these equations arisesin this way, but the third-order momerts
Gil and G21 assaiated with (t; p;) remain unspeci ed at this stage. The

@ @ c

constraints Cgq arising for n = 2 yield

01 p 20~11 .
GZ;O M 2GO OGOO '
0:0 1 2:0 oo 1 20 [
Ga1 g Goo Cunt yGon *yCor
- 1 1 3 P ~20
Goo P P P63+ — 62 - 63+ P
30 M 2M2 00" 2y 2m T am 00

which, after setting higher-order terms to zero, sets
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P , P
M 2 2M 3

Now we turn to the elimination of degreesof freedom through gauge
transformations. The inclusion of third-order terms and new constraints
doesnot aect P@ and Q@ . They remain constart under gaugetransfor-
mations. We therefore write

0;1 . 0,0 2,0 . 0;0 3,0.
GZ;O 0 ’ Gz;l GO;l ’ GS;O GO;O'

P® = P® and Q©® := Q@ :

Accordingly, their Poissonbracket is unaltered. The situation is, however,
altered for the second-orderquantum variables. Only G°*®? remains invari-
ant under the ow generatedby third-order constraints. Now that third-
order terms are included, G®©@ and G®@ are no longer obsenables. The
former changesunder gaugetransformations as follows

1

fGP@:cfg = - -Goo iGP@;cMg= v G0t -
1 13

” _ 20 . 2. _ 30 .

fG ar( )’Cr()tl)g = NGLO : fG ap( )an(;l)g = oM GO;O ;

whereasPoissonbrackets with Cc%), Ct(;), C,()tl% and CY areof fourth orderin
the momert expansion. The terms on the right—hancf side can be eliminated

through the addition of a third-order momert by

1

NGSEE :
This has vanishing Poissonbrackets with all constraints up to fourth-order
terms. Moreover, it has vanishing Poissonbracket with P®) aswell asQ®).
The Poissonbracketswith G*P) := G*P(@ remainsunaltered, fG¥®®) ; GPPG) g =
2GPPB3) |

Transformations generated by the constraints on G*@ are of a more
complicated form and | have not found a simple way of writing G%®) in
explicit form.

Nonethelesswe can end our calculations becausethe applicability of
e ectiv e constraints has beendemonstrated.

cPB) = cPR)

9.6 Conclusions

| thoroughly motivated and brie y introducedthe formalism of generalized
e ectiv e equations. This is set up on quantum phase spacecoordinatized
by expectation valuesand higher momerts of the wave function which are
also referred to as quantum variables. The main part of this chapter was
concernedwith the application of this schemeto constrained systems.
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Two major taskshad to be solvedin orderto provide suc an application.
First of all, a handy set of constraints on quantum phasespacehad to be
found that replacesDirac's quarntization condition. The major problem was
to ensurethat this setwould provide neither stronger nor wealer restrictions
than the original constraint quantization condition. Secondly the resulting
in nite set had to be dealt with in someway. That meanswe had to nd
a consistert approximation method. This method had to be chosensud
that quantum variables can be treated order by order. Nonetheless,the
approximated systemshould remove degreesof freedomup to a certain order
correctly.

We deweloped an iteration procedure that allows one to determine a
minimal set of quantum constraints. It was shovn how this set would look
like for linear constraints and moreover demonstrated that the thus chosen
set meetsall requiremerts. The degreesof freedom are removed correctly.

Furthermore, we preseried a consistert approximation schemethat works
for any arti cially reparametrization-invariant theory. This procedure also
applies to interacting systems. We can solve the constraints in the same
manner and using the same orders of constraints. The main consequence
in the presenceof a potential V(q) is that additional g-momerts appear as
extra terms in solutions at certain orders, whose precise form depend on
the potential. For a small potential, this can be dealt with by perturbation
theory around the free solutions.

The relativistic, or truly reparametrization-invariant case,awaits further
study.
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Chapter 10

Conclusions

In this thesis, | gave a careful derivation of quantum generalrelativity. |
paid particular attention to the problemsof this approach. Quantum general
relativit y is usually blamed for not allowing a positive de nite inner product
and thus no Hilbert spacestructure. A positive de nite inner product is
however not what one would expect from a constrained quantum theory. To
the contrary, one hasto require that the theory does not allow a positive
de nite inner product becauseit still contains unphysical states.

The secondreproach quantum general relativit y has to face are diver-
gencesarising from operator products at the samespacepoint. These, how-
ever, are an inherent feature of the functional Schredinger picture. Every
guantum eld theory when formulated in this picture suers from these
divergences. Thus this type of divergencesis a problem of the functional
Scredinger picture and not a speci c de cit of quantum general relativ-
ity. The fact that these divergencescannot be simply removed by some
renormalization procedure,is however owed to generalrelativit y.

The third problem is related to the divergenceof the Wheeler{DeWitt
equation wheneer the three-metric becomesdegenerate.

This bridges the gap to the major topic of this thesis, namely the fate
of singularities in quantum cosmology First of all, | arguedthat we should
not expect that quantum generalrelativit y is a theory free of singularities.
Simply becauseit is not the nal and fundamertal theory. Furthermore, |
used the example of singular potentials in classicaland quantum medan-
ics to demonstrate that we cannot expect that the singularities of classical
general relativit y do not occur on the quantum level as well. Namely, in
the caseof singular potentials, classicalsingularities persist on the quantum
level. A familiar exampleis the inverse-squarepotential. From this point
of view, the motivation of quantum gravity throughthe existene of classial
singularities is invalid.

And indeed, the divergenceof the Wheeler{DeWitt equation for degen-
erate three-metrics signals that some singularities persist on the quantum
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level.

For the cosmological model this divergencearises for vanishing scale-
factor, i.e. at the usual location of the big-bang singularity. | shawved,
however, that for a Friedmann{Robertson{Walker universewith cosmolog-
ical constart for a whole class of factor-orderings a unique solution to the
Wheeler{DeWitt equation exists which can be continuously extended to
zeroscalefactor. Soin the simple quantum-cosmologicalmodels considered
here, the degeneracyof the three-metric does not prevent the theory from
providing unique predictions.

A way to cope with this divergenceof the Wheeler{DeWitt equation in
the full theory, is to exclude degeneratethree-metrics from the very begin-
ning. This just amounts to an implementation of the positivit y condition of
the three-metric.

All classicalsingularities that do not correspond to a degeneratethree-
metric are absert on the quantum level | aslong asthey do not correspond
to singular points of the matter Hamiltonian.

From this picture, two criteria seemto be sensiblebencdmarks to judge
singularity resolution. The rst oneis the vanishing of the wave function at
the location of the classicalsingularity. This, of course,canonly apply if the
classicalsingularity can be tracked down in con guration space. The van-
ishing of the wave function then simultaneously turns the Wheeler{DeWitt
equation into a well-de ned equation. Note that a point on which the wave
function vanishescannot contribute to the quantum theory.

The secondcriterion is the break-down of the semi-classicalapproxi-
mation. It applies especially to singularities which cannot be located in
con guration space. Here, the dissolution of spacetimesu ces to accourt
for singularity resolution. The end points of classicallyincomplete geadesics
are hidden in a quantum region. That meansobseners cannot “fall' into
the singularity becausespacetimeitself dissolves before the singularity is
reached.

With thesetwo criteria at hand, | approadcedtwo di erent cosmological
scenarios. Both scenariosare dominated by singularities which end the
ewlution of the universeat largescalefactor. The rst scenariois motivated
by phantom dark energy This type of dark energy generically drives the
universeinto a big-rip singularity at which the scalefactor divergesafter
a nite amourt of time. Soin this model, the singularity is found at the
boundary of con guration spaceopposite to the big bang.

In the secondscenario, the universeis governed by an anti-Chaplygin
gas. This type of matter producesa big-brake singularity which endsthe
universe'sewolution at nite, large scalefactor.

Both singularities are resolved on the quantum level. The big-rip singu-
larity doesnot correspond to a singularity of the Wheeler{DeWitt equation.
As expected, it is therefore resolved through a mere spreadingof wave padk-
ets, i.e. a break-down of the semi-classicalapproximation. As a side, let me
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remark that an exact solution to the Wheeler{DeWitt equation was given
for one of the phantom models. For eadh phantom model with big-rip sin-
gularity, a corresponding scalar- eld model was studied. These exhibit a
big-bang singularity. The big bang can be tracked down in con guration
spaceand doescorrespond to a singular point of the Wheeler{DeWitt equa-
tion. Consequetly it is, as expected, resolved through a vanishing of the
wave function. The big-brake singularity, on the other hand, corresponds
to a singularity of the matter potential. The wave function is consequefly
found to vanish at the big brake, but also spreadsupon approad of the
classicalsingularity.

So, we can concludethat these more exotic types of singularity are re-
solved on the quantum level. This resolution of singularities occurring at
large scalefactor standsasproof for the occurrenceof quantum gravitational
e ects in the macroscopicuniverse.

The last chapter does not relate to the previous ones. It was dewted to
the dewvelopmert of a formalism that allows the application of generalized
e ectiv e equationsto constrained systems. The two major hurdles to clear
were the consistert formulation of a set of constraints on quantum phase
spaceand the dewvelopmen of a consistert approximation schemefor these.
Both diculties were overcome. The consistencyof the set of constraints
was shown for a single, linear constraint and thus for all singly constrained
systemsat leastlocally. The applicability of the approximation schemewas
demonstrated for arti cially reparametrization-invariant theories. The ex-
tension to relativistic systemsawaits further study.
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App endix A

Generalized Hamiltonian
dynamics

In classical mechanics, one can distinguish between regular and singular
systems. Singular systems have the property that the matrix of second
derivatives of the Lagrangian with respect to the velocities is degenerate,
ie.

det M =0
@'d
for a system with Lagrangian L(q; q) depending on positions g and veloc-
ities g = % for eath degreeof freedomi = 1;:::N. There are certain

peculiarities arising from this degeneracy in the Lagrangian as well asin
the Hamiltonian framework.

As the Hamiltonian framework is the starting point for quartization, |
will focus on the setup of the Hamiltonian formulation for such a singular
system. This formulation is given by the Bergmann{Dir ac algorithm.

A.1 The Bergmann{Dirac algorithm for classical
mechanics

As described above, we start from a systemwith action

z
S=  dtl(gq;

whereq and d fori = 1;:::N arethe positions and velocities of a mechani-
cal system. We assumethat this systemis consistert but singular. The aim
is to arrive at a Hamiltonian formulation for it. In the following we will use
g, gqor pto referto all ', g and p;.
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A.1.1 Canonical momenta and primary constrain ts

The Hamiltonian framework is set up on phase space consisting of all
positions g and canonically conjugate momerta p de ned via

@ (qa .
a
Becausewe are dealing with a singular system, the matrix W = %L is

degenerate,i.e. it doesnot have full rank. Let the rank be R < N. This
meansthat we can eliminate just R of the velocities in terms of the momena
and the remaining velocities,

o =f3aqgp;a);
wherea = 1;:::R, = 1;:::Rand = R+ 1;:::N. The velocities q
remain in the formalism. We thus have

pi=g(gp;d)

for the canonicalmomerta. The setof momerta disscaciatesinto two groups:
those which still contain velocities

and those which do not

pr=g(gp;a); wherer =R+ 1IN : (A1)

The latter are constraints. As they arisein the de nition of the momenta,
they are called primary constraints.

A singular Lagrangian systemthus correspondsto a Hamiltonian system
with 2N variables (g;p ;9 ) set up on a hypersurface , of phase space
de ned by the primary constraints, (A.1).

A.1.2 Canonical Hamiltonian and equations of motion

We de ne the quartity

He(gip ;a) = pd L(gQ:

Inserting the de ning equationsfor the momerta, this becomes

He(gp;a)=p f-+ad L(gq:

Di eren tiating this quarntit y with respect to the variables(q;p ;9 ), we nd
the equations
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€ : e od (a2
) @ @ r.
P @ + @iq, (A.3)

Whereas% = 0. These equations hold by meansof the Euler{Lagrange
equations, i.e. when the equations of motion are satis ed (becausewe re-
placed % by pi).

The Hamiltonian thus yields N + R equations of motion. The N R
velocities d remain undetermined. Thus we have equationsof motion on the
constraint hypersurface , { but only for the ¢? and all p;. The equations
look very similar to the Hamiltonian equationsof motion for a regular system
but are not symmetric in p and q (more equations for p than for g) and
cortain undetermined functions ¢ .

The decisive step in the Bergmann{Dirac algorithm consistsnow in ex-
tending this set of equations as well asthe Hamiltonian to the entire phase
space . To this endit is conveniert to introduce the notions of weak and
strong equalities.

A.1.3 Weak and strong equalities

Weak and strong equalities can be de ned for any function F(p;qg) on a
neighbourhood of . The function F (p;q) is weakly equalto zeroif F (p;q)j ,
= 0. We write

F(lma) 0 it F(pig)j,=0:

The function F (p;q) vanishesstronglyif itself and its gradient vanish weakly.
We usethe notation

F(p;g) " 0 if F(p;a)j , =0

and %% j, =0:
Fixing a function on the primary constraint hypersurfaceup to rst-order
derivativesis su cien t for the reformulation of the Hamilton equations of
motion, becausethey only contain rst-order derivatives with respect to
phase-spacevariables.

One can then de ne the primary constraint hypersurface by a set of
weakly vanishing functions

G(pa)=pr G(xpp) O: (A.4)
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It can be shown (for the proof seeSundermeyer's book [23], p. 48) that
every weakly vanishing function is strongly equalto a linear combination of
the primary constraints Gy,

@ (p;d) :

@ (A.5)

F(p;g) O : F(p;@) ' Gr(p;a)

A.1l.4 Primary Hamiltonian and extended equations of mo-
tion

The generalized Hamiltonian H

With this result and these de nitions, one can extend the Hamiltonian H¢
over the ertire phase space. This generalized Hamiltonian H° has to be
equivalent to the canonical Hamiltonian on p, Hc¢ HC According to the
previous result (A.5) for F(p;q) = Hc H°® 0t follows that

0
He Ho+ @rGr(p;q)' 0;

where we usedthe fact that H. doesnot depend on p,. By de nition, the
derivatives of this expressionwith respect to all positions and momerta
vanish weakly. Employing the equations of motion (A.2), we nd that

@°
a HO G ’ r ’
a —@a @ r(p;0) o d
@ @ o @ r
— — HY —G(p;
@ a @ @oPd ed
We can now replaceg; by G in theseequationsasthe derivativesof p; with
respect to p; and g vanish. Note further that

@Br rz@r r.
@’i(_:L @a(l’

sothat we nally obtain a symmetric form of the equations of motion

@

fqi;H"' dGig;

d
@
ar fp;H+ dGrg;
where H = H° Gr%o. The price we pay for the additional equations
of motion for the ¢ is that the equations of motion are now only weak
equations. Also the equations contain the not completely xed function H.
The latter problem can easily be circumvented as Hc * H. Therefore the
equations of motion can be written as
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d fqd;Hc+ dGrg;
% fpi;Hc+ dGrg:

The primary Hamiltonian Hp

In a last step, onetakescare of those casesin which the constraints cannot
be solved for the momernta p;. In generalthis is not possibleand we thus
cannot assumethat the primary constraint hypersurface be described by
equationsof the form G;, (A.4). Wetherefore characterize | by the weakly
vanishing

r(p;a) O where r=R+ 1;:::N:

We relate this to the former expressionG, by taking derivativeswith respect
to g and pa,

d @, @@
dq @ dps dg
d @, Q@
dpa @a dps dpa

The matrix V = ( ) is invertible and therefore we can solve these equa-

tions for d%s— and @éz We can again substitute g. by G, weakly. Thus we
can rewrite the equations of motion

i @
d  fdiHg+ @V 1dp|r ;
B fpiHg+ ¢Vy 1% 5
Introducing = a®V,, 1, we can de ne the primary Hamiltonian
Hp=He+ ' ¢

with the help of which the time-developmert for an arbitrary phasespace
function A(p;g) can be written as

A fA;Hpg+ "fA; (g:

These , arethen seento contain the arbitrariness carried in the velocities
g which could not be expressedn terms of momerta.
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A.1.5 Consistency and secondary constrain ts

The systemcan only be described consisterily if the constraints themseles
areconsenedin time. This canyield new constraints or restrict the multplier

functions ', depending on the form of the consistencyconditions. These
are

+ f Heg+ °f 1 SO

Using the short-handsh, = f ;Hc,gand P,s = f ; sg, the following four
casescan arise.

Casel: h6 0

Case IA: detP 6 0
In this case, P can be inverted and multiplier functions be
determined through

S Pthr:
The equations of motion thus become
A fAHg A sgPMf rHg;

and do no longer contain any ambiguities. The motion is com-
pletely determined.

Case IB: detP O
The matrix P doesnot have full rank. Let its rank be denoted
by M < N R. In this case,P hasN R M null eigervectors
e( ) yielding new constraints

el )Ps 0 ) el )hy 0:

These constraints restrict the primary constraint hypersurface
further to a hypersurface °© p- The new constraints are called
secondary constraints.

Casell: h O
Case IIA: detP 6 0
Now the fact that P can be inverted xes the ' | they have
to vanish weakly sP;,s 0, S 0. Thus the canonical

Hamiltonian is equal to the primary one.

If Hc = 0, onetherefore hasto demandthat detP 0| other-
wise the theory is trivial. This is an additional, secondarycon-
straint.



A.l. THE BERGMANN{DIRA C ALGORITHM | 165

Case |IB: detP O
In this case,the condition SP;s 0 yields constraints on the
multipliers . Let therank of P beM,thenN R M multipliers
get weakly xed through theseequations.

Requiring the constraints to be consened in time yields a number of sec-
ondary constraints that further shrink the constraint hypersurface. More-
over, some of the multiplier functions get xed. We denote the new con-
straint hypersurfaceby © It is de ned via

r(p;0) 0; r=R+ 1;:::N and
ofp;q) 0; 0= 1::::L0:

Weak equalities from now on referto  ©
From the arisal of new constraints, two iteration proceduresresult.
First of all, the primary constraints have to be consened on the new
constraint hypersurface ° From this requiremert one might get more (ter-
tiary) constraints that restrict the surfaceto %etc. In the end we will
arrive at a constraint hypersurface °°described by the weak vanishing of

;) O0; r=R+1::N and (A.6)
op;q) O 00= 1::::L%; (A7)

where L% L% we will call all new constraints arising in this process
secondaryconstraints.

The seconditeration procedure takes care of the time-consenation of
these new, secondaryconstraints. Whether or not new constraints arise at
this stage dependsnow on the matrix

fr s9
f % g
For every null eigervector of this matrix we get a new constraint from mul-
tiplication of f ;Hc.g+ f ;Hcg by the null eigervector.
Iteration of thesetwo proceduresyields the nal constraint hypersurface
¢ de ned by a set of primary and secondaryconstraints

() O0; r=R+1:::N and
(p;q) O; =1L L%
For every null eigervector eV) of
D = f r;- sg
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the equations

ef ;Hg+ ef ;Hg 0

are satised on . Furthermore the functions = are subject to the condi-
tions

f r;Heg+ 5f 1 sg 0 (A.8)
f ;Hg+ °f ; sg O (A.9)

on .. In practice, this procedureterminates after a few stepsand in ead
stepit is very obvious what to do without recurring to matrices P or D and
their rank.

A.1.6 Determination of multiplier functions

In the last paragraph we just noted that the multiplier functions get xed
through consistencyrelations for certain primary and secondaryconstraints.
We now want to look somewhatcloseron how this happens. More speci -
cally, we want to know how many of the multiplier functions get xed.

To answer this question, it is useful to intro duce the notion of rst- and
second-clasgonstraints. A rst-class constraint has weakly vanishing Pois-
son brackets with all other constraints and all linear combinations of them.
All constraints that do not have this property are called second class Note
that here and in the following, weak vanishing refersto the nal constraint
hypersurface .

With thesenotions at hand, we can discussthe xing of multiplier func-
tions. Conditions on  arise whenewr the matrix D in (A.8) has full
rank N R. This is just CaselA discussedabove. If the rank of D is
K < N R, then K multipliers get xed through the above equations.
Fromthe N R K null eigervectorsel) of D, onecan construct the new
constraints

Y= J=1:::N R K

through linear combination. Becausethe e(?) are null eigervectorsof D, we
nd that

fJd: .9 O0; fJd:. g 0:
The new constraints are rst class. We call the remaining primary con-
straints 'wherei= N R K+ 1;:::N R. Theseare then necessarily
secondclass. We carry out a similar split for the secondaryconstraints. The

rst-class oneswill be denotedby #, the second-clasonesby 2. In this
step, primary and secondary constraints get mixed. Thus we will only speak
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of primary rst- and second-clasgonstraints but the remaining constraints

will nolongerbereferredto assecondaryasthey are linear conmbinations of
secondaryand primary constraints. We write therefore s S= Jv;+ 'u;.
Inserting this in (A.8), we obtain the following equations

f J:Hg O (A.10)
f A:Hg O (A.11)
f LHg+uf ' jg 0 (A.12)
f % Hg+uf % jg O: (A.13)

There are se\eral obsenations onecan make at this point. First of all, we see

that any rst-class constraint necessarilycommutes with the Hamiltonian.

Secondly the multipliers assaiated with the primary rst-class constraints

all drop out. Thus there are as many undetermined multiplier functions as

there are primary rst-class constraints. Thirdly, the multiplier functions

assaiated with the second-clasconstraints are determined by (A.10).
They are xed to

uj o Hg
where = ( '; ?) stands for any second-classconstraint and the matrix
is given by
_ flg
= ¢ A g

The derivation of theseresults can be found in Sundermeyer's book, [23], p.
58| it is essetially the samecalculation asin CaselA above.

The equation of motion for a generalphasespacefunction A(p;q) is then
given by

A fA;H.g+ vifA; Jg fA; g U Hcg: (A.14)

Sowhereasall second-clasgonstraints appear in a symmetric manner, the
primary rst-class constraints play a distinguished role.

A.1.7 First-class constrain ts and gauge transformations
Gauge transformations

The equation of motion (A.14) shows that there is somearbitrariness in the
time ewolution of phasespacefunctions due to the undetermined v;. More
speci cally, given an initial value Ay of a phase spacefunction A at time
t = to, the ewlution of A(t) is not uniquely determined. The transformation
betweentwo solutions A(t) obtained through the ewolution with two di erent
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parametersv is called a gaugetransformation. A priori this hasnothing to do
with gaugetheories nor the invariance of the Lagrangian under certain (rigid

or local) gaugetransformations. Howewer, there is a link between gauge
transformations de ned here and local gaugeinvariance of the Lagrangian.
This connectionwill be discussednow.

We assumefor the time beingthat the systemat hand hasonly rst-class
constraints sothat the primary Hamiltonian is Hp = Hc+ J. The gauge
transformation mapstwo solutionsA (t), A o(t) with A (tg) = A o(tp) = Ag
onto ead other. If we expand

A (t) = Ag+ fAg; Hegt + 3(0)fAg; gt + higher derivatives;

corrBthe following transformation is a gaugetransformation

A () Aot)=t 30) 90) fAy Yg= A= ;fAq g: (A.15)

First of all, one can seefrom calculating the commutator of two such gauge
transformations that in general these transformations do not form
a group. The group property holds only weakly. Moreover, the primary
rst-class constraints are not the only constraints generating gaugetrans-
formations. Evolution over a larger amount of time makesit necessaryto
include also secondderivatives A(t). Thus also ) generategaugetransfor-
mations. In general, one can construct the set of all gaugetransformations
iterativ ely, including higher-order time derivativesin (A.15). Let the set
Go be the set of all rst-class primary constraints. Then we nd from the
inclusion of secondderivativesthat Gy = G[ fGp;Hpg is the set of gauge
transformations. Here, f Go; Hpg standsfor the set of constraints that arises
from the derivation of the constraints in G with respectto time. This proce-
dure hasto beiterated, Gj+1 = Gi[ fGj;Hpg, until Gj+1 = Gj. We call the
resulting set of gaugetransformation-generating constraints G. It follows
from the construction that, rstly , all primary rst-class constraints gener-
ate gaugetransformations. Secondly G doesnot necessarilyexhaustthe set
of all rst-class constraints. There may be rst-class constraints that do not
genemlte gaugetransformations. Before we turn to the content of the Dirac
conjecture, we want to briey shedlight on the relationship betweengauge
transformations asthey are de ned here and local gaugetransformations.

Gauge transformations and Lagrangian invariance

In the Lagrangian approad, the name of gauge transformations is used
for transformations that leave the Lagrangian invariant. Depending on the
character of these transformations, one speaksof rigid or local gaugetrans-
formations. They are the subject of the rst and secondNoether theorem,
respectively.
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Assumea systemwith action
z
S[ A1=  dxL[ A @%;x ]

describing a theory with elds # depending on coordinates x . Let
L[ A;@*;x ] be the system's Lagrangian density and @* a short-hand
denoting the dependenceof the Lagrangianon @ A = %(—A.

If under an in nitesimal transformation

x ! xP=x+ x ; (A.16)
Alx) ! AxY= A+ A (A.17)

the Lagrangian remains invariant, we say that the transformations (A.16)
generate gauge transformations of the system. Inserting (A.16) into the
Lagrangian and requiring L = L[ ®;@ ®;x°] L[ #;@”;x ]= 0, one
nds the condition

@Lx+ﬁ A+ Ly A=0; (A.18)

where A= A @ A x isthe substartial variation of A and La =

L @ ﬁ are the Euler derivatives. This statemert holds irre-

spective of the form of x and A. We specify these further. Let the
transformations be parametrized by r parameters ,

X = k g A= K kAZ
corrBIf theseare constart, we speak of rigid gaugetransformations. In this
case, Noether's theorem tells us that there exist r consened currents |
if the equations of motion are satis ed (just use (A.18)). We are however
interested in local gaugetransformations. These are transformations with
X -dependert (x). Writing

A

A = k kA + k! k ]

we get from (A.18) the so-calledgeneralizedBianchi identities

La & (@* , @ Lajp =0: (A.19)

These are trivially satis ed if the equations of motion are. But they hold
also if the equations of motion are not satis ed, shawing that the set of
Euler{Lagrange equations is not independert. Also, one can show that
(A.19) implies that the Lagrangianis singular. Therefore, any locally gauge-
invariant theory yields constrained Hamiltonian dynamics. (The reverse,
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however, is not true: Singular Lagrangianswith second-classonstraints on
the Hamiltonian level are not locally gauge-irvariant.)

On the Hamiltonian level, such a local gaugetransformation is a canon-
ical transformation. One nds that the generatorsof canonical transforma-
tions corresponding to local gaugetransformations are in fact linear com-
binations of all rst-class constraints. On the other hand, out of the set
of transformations A = fA;' g, where' = ( J; A)is the setof all
st-class constraints, one can construct those which leave the Lagrangian
invariant. The condition L = Orestrict the . The local gaugetransfor-
mation that leavesthe Lagrangian invariant is usually a linear combination
of rst-class constraints.

Thus it is generally not possibleto construct such a transformation out
of the primary rst-class constraints alone.

A.1.8 The Dirac conjecture

Because, rstly , local gaugetransformations are generally a linear combina-
tion of all rst-class constraints and, secondly the set of gaugetransforma-
tions generally exceedsthe set of primary rst-class constraints, one may
be tempted to generalizethe Hamiltonian even further and introduce the
extended Hamiltonian
He = Hp+ A A

containing all rst-class constraints. In fact, Dirac conjecturedthat all rst-
class constraints generate gauge transformations and consequetly the re-
placement of H, by Hg was admissiblein the equations of motion. This is
just the content of the Dirac conjecture. There are certain argumens that
speakin favour of such a generalization of the Hamiltonian.

First of all, depending on whether one usesa rst- or second-orderac-
tion formalism, the role of primary and secondary constraints may be in-
terchanged. Moreover, the secondary rst-class constraints are in a sense
already contained in the primary Hamiltonian. Namely, one can rewrite
He = HO+ A A, where Ao = a(Q;pa), seeMatschull [5] for illustrativ e
examples. Thirdly, due to the ambiguous functions ¢, the positions ¢
themselves remain undetermined. But as A = a(Q;pa), these are also
undetermined and therefore generate gauge transformations. Lastly, one
can state that Hg at least captures the full gaugeaspect of the theory and
therefore is suitable for the analysis of gaugeissues.

On the other hand, there exist examples,see[23], where G is not the set
of all rst-class constraints | thusviolating the Dirac conjecture. Moreover,
there is no indication in the Bergmann{Dirac algorithm itself for such an
extension of the primary Hamiltonian. Note that here, all statemerts were
only local asthey refer to local coordinate charts. Sundermeyer adds that
a geometrical and global formulation asit was given by Gotay, Nester and
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Hinds (seethe referencein Sundermeyer's book) does neither indicate the
generalizationto the extended Hamiltonian.

Conclusively, whether or not Dirac's conjecture holds hasto be speci ed
on a case-ly-casebasis. Soin the end, one has to ched for the specic
model at hand which transformations are indeed gaugetransformations and
which are not.

A.2 The Bergmann{Dirac algorithm for eld the-
ories

If one tries to generalizethe Bergmann{Dirac algorithm to eld theories,
complications arise. These are essetially basedon the fact that not all
conclusionsdrawn in the above sectioncarry over from the nite-dimensional
to the in nite-dimensional case.

I will give a brief list of the complications that arise and refer again to
Sundermeyer's book for an illustrativ e example and further explanations.

Let the eld theory be described by elds Q and momerta . The pri-
mary constraints then generally contain “spatial’ derivatives of these elds,

r= 1[Q ;@ @] *

So, rst of all, the constraints are no longer algebraic relations but dif-
ferential equations. Moreover, for eadh 0 (now referring to the pri-
mary constraint hypersurface) its spatial derivatives and spatial integrals
alsovanish weakly. Thus we can no longer concludethat a weakly vanishing
functional is a linear combination of the primary constraints. Recall that
this was a decisive step in the derivation of the generalizedHamiltonian.

Due to the spacetimedependenceof the elds and momerta, ead con-
straint ; O standsfor an in nite number of constraints: , 0 at ead
spacepoint. All summations are thus augmerted by an integration over all
spacepoints. For example,the primary Hamiltonian becomes

x Z
Hp = Hc + d3x ur(x) r(x);

r

ensuingthe following consistencyrelations
Z
f siHg+  dPyur(n)f s(x); «(y)g O: (A.20)

The matrix P is consequetly in nite-dimensional,

Prs(xa;yb) =f s(X); r(¥)9xo=yo ;

1*Spatial' here depends on the choice of time variable with respect to which velocities
are de ned.
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where (x2;yP) denote dependencejust on the spatial coordinates of x and
y. If its determinant is non-zeroon the constraint hypersurface,an inverse
exists. But this inverseis no longer unique.

Equivalertly, one canlook at (A.20) and expand

fs00; r(NGo=ye = as (X y)+H@ (x* y?)
+ higher-order derivatives:

If b, 6 0, (A.20) is a dierential equation for u,. Thus, boundary condi-
tions are neededto get a unique solution u; from (A.20). The sameholds
if the determinant of P is weakly vanishing. Then the null eigervectors
are not uniquely de ned and again we needboundary conditions to x the
arbitrariness in the formalism.

Soto make the Bergmann{Dirac algorithm work for eld theories, ad-
ditional conditions in the form of boundary conditions are needed. Other-
wise the secondaryconstraints cannot be found nor the multiplier functions
uniquely be xed.

References:

In this appendix, | followed the presenation given in Sundermeyer's book
on “Constrained Dynamics', [23], very closely | focussedon the relevant
properties of systemswith rst-class constraints only. This is the relevant
casefor generalrelativity. A thorough exposition of Hamiltonian systems
with second-classonstraints and their relation to the Poissonbracket can
be found in Sundermeer's book. He also exhibits very clearly the relation
between Lagrangian singular systemsand their Hamiltonian formulation. |
only usedthose bits relevant to understand the de nition of gaugetransfor-
mations in the canonical context.



App endix B

The canonical guantization
scheme

B.1 Canonical Quantization in Classical Mechan-
IcS

Quantization here shall be understood as a description of how to passfrom
a given classicalsystemto a quantum theoretical one. The oldest attempt
at a formalisation of such a procedure is given by canonical quantization.
This method was mainly devisedby Weyl, von Neumann and Dirac.

In the original form, canonical quantization makes use of a phase space
= R"™ R" with coordinates (p;q) where p, q are short-hands for all
pi, g andi = 1;:::N labelsthe number of degreesof freedom. The task of
guartization isthento nd amap b from a suitable subsetC of the space
of functions f (p; ) on phasespace,C C?! ( ), into the spaceof self-adjoirt
operators, SELF AD J(H), acting on the Hilb ert spaceH = L2(R";d"q),

b: 7! Qf;
such that the following conditions hold:
(1) The map

b: C ! SELFADJ(H);
f 71 Q=1

is linear.

(92) The function with constart value one is mapped onto the identity
elemen on the Hilb ert space:Q; = 1.

173
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(g3) Any function on phasespaceis realizedasan operator on Hilb ert space
via the von-Neumann rule.

For any function :R! RforwhichQ  and (Qs) arewell-de ned,
Q = (Qr)

Note that this rule gives a prescription of how the multiplication of
phase-spacgunctions is realized on the spaceof operators. It thus
requires the presenation of the assaiative structure on C given by
multiplication of functions on phasespace.

(g4) The quartization map is consistert with the Scredinger represena-
tion, i.e.

Q) (=4 (@; QM) (= i~

for 2 L2(R";d"q).

(g5) A corresppndencebetweenthe classicalPoissonbracket and the quan-
tum commutator exists in the following way

1
fo;gg = i [Qf ;Qg] ;
for all quantizable obsenablesf;g2 C.

The Stone{von Neumann theorem ensuresthat (g4) is the only irreducible
represertation | upto nite multiplicit y | of the canonicalvariablesp and
g such that the canonical commutation relations hold as they follow from
the Poissonbracket: §;p = i~ | and all others vanish.

The Lie algebra spannedby (p;q; 1) under the Poissonbracket is called
Heisenkerg algeba. One can therefore replace (g4) by:

(g4") The Heiserbergalgebrahasto be represered irreducibly (up to nite
multiplication) on H.

The problem with this simplelist is that any three out of the four conditions
(q1), (93), (g4) and (g5) areinconsistert, [17].1 A famousexampleof such an
inconsistencyproof is given by Groenewold, later elaborated on by van Hove
[21, 22]. Their statemert is simply that (g5) cannot be satis ed whenewer
(q1) and (g4) are and the space of quantizable functions is given by all
polynomials in (p;q) of degreesmaller than four. This theorem makes no
use of the von-Neumannrule. More importantly, it is part of the proof of
the theorem to shaw that the multiplicativ e structure is partially consened
by the quartisation map | by virtue of the conditions (ql), (92), (g4) and

1The secondaxiom (g2) is redundant, asit follows e.g. from (g5) with f = gqand g = p.



B.1. CANONICAL QUANTIZA TION IN CLASSICAL MECHANICS 175

(g5) alone. More speci cally, the von-Neumannrule is trivially satis ed for
o?, p? and pg, seealso[18].

If any three out of four conditions are inconsistert, one condition obvi-
ously hasto be dropped. Esserially , two ways have beenchosenout of this
predicamert: One can drop the von-Neumanrule (g3). But, aswas pointed
out above, this does not suce to circumvent the Groenewold{van Hove
theorem. Sofurther, onehasto restrict the spaceof quantizable obsenables
suitably. E.g. if C is restricted to the spaceof all polynomials of at most
secondorder C = Cpqy(2) , the axiom (g5) can be satis ed. This holds also
if C contains all polynomial functions at most linear in p but of arbitrary
order in g, C = Cpqy(1 :1)- Thus there is more than one suitable choice of
quantizable variables.

Another possibility is to lessen(g5) and generalizethe Poissonbracket{
commutator relation.

Modern formulations of the canonical quantization programme try to
implement these ideas and furthermore extend quarntization to situations
where phasespaceis given by an arbitrary symplectic manifold.

We will restrict the general outline of the canonical quartization pro-
grammeto the casethat the underlying phasespaceis a symplectic manifold
of dimension 2n which at the sametime is a cotangert bundle over some
con guration space. We will denote the manifold by and the symplectic
form by ! ,i.e. ! is aclosed,non-degeneratetwo-form. Con guration space
is given by Q, the cotangent bundle consequetly by T Q. The dimensions
are dmQ = n, dmT Q = 2n. Due to Darboux' theorem, the manifold
looks locally like R?". More precisely we can equip locally with coordi-
nates(q;pi), i = 1;:::n. In thesecoordinates,! = dg ~ dp; and * denotes
the wedgeproduct. For two functions f and g on , the Poissonbracket is
de ned via

ffigg= ! (X¢;Xg);

where X, X4 are the Hamiltonian vector elds of f and g, respectively. In
the local coordinate chart, the Hamiltonian vector eld of a function f is
given by

x,-@ @ @ a.
@ e
And thus the above de nition coincideswith the usual Poissonbracket,
@@ O @
ff;g9= —— ——:
ae e

We then require the quartization map b: C ! SELFADJ(H), f 7!
Qs to satisfy the conditions (ql), (g2) and (g5). We require that (g4) holds
in a local coordinate chart and in the casethat = R2". We drop the
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von-Neumann rule and keepin mind that we have no generalrule how to
selectthe suitable subspaceC  C! () which satis es (g5).

There are sewral xed structures in this procedure: rst of all, oper-
ators are de ned on a Hilbert space. Secondly operators are self-adjoirt.
Thirdly , the represenation of the fundamertal variablesis xed. Each of
these structures has beenchallengedin quantum gravity.

B.2 Canonical Quantization of Field Theories

Sofar, we gave a more or lessaxiomatic systemto be realized for the quan-
tization of a nite dimensional system. The whole procedurebecomesmore
elaborate but not altered in principle if one generalizesthese ideas further
to eld theory. This is known asthe functional Schredinger representation
of quantum eld theory.

The functional Schredinger represenation constitutes a generalization
of the usual Fock spacerepresenation. The latter is restricted to situations
where the particle interpretation applies. But the Scredinger represena-
tion appliesalsowhen the particle interpretation doesnot exist| it canbe
generalizedto arbitrarily curved spacetimes. But in fact, for a free scalar
eld theory in Mink owski space,it can be shown that both descriptions are
equivalent.

In either case,we haveto specify a constant-time hypersurface.

The relation betweenthe Sdredinger and Fock represemations is one
way to carry over the quantization schemeof the previous sectionto a eld
theory, [10]. Another way is to discretize the hypersurfaceinto cubes of
volume V; where i numbers the cube, [35. Then the eld in one suc
volume is approximated by its value at the certre x; of this cube:

Gi(t) = (i) = (1)
wherer = 1;:::N labelsthe di erent degreesof freedom,di erent elds or
componerts of a vector eld, for instance. Replacing similarly derivatives
by di erences at neighbouring lattice points, onecanrewrite the Lagrangian
of the theory L = L( ; —+; r;a) in adiscretizedform as

L(t) = ViLj( (G t); (1) ((51) 5
whereiYis the di erence of elds at neighbouring lattice points and summa-
tion overj is assumed.The conjugate momertum is thus

Bri(t) = %: (i) Vi

where
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Q; .
@« (ist)
Thus actually the conjugate momentum is a density of weight one. We
choose,to be consistert with the literature on canonical quantum gravity,
the conjugate elds (i; t). In the limit of vanishing volume, V;! 0, we
obtain

r(i 1) =

h i yd
H = VJ r(j; t)—F(j; t) Lj [ H= dVH(X);

where
H(X) = r(X)=(X) L r(t); +(Xt); ra(xt):

References:
| usedthe review article by Ali and Englis, [17], as well as Giulini's con-
tribution to the book "Quantum Gravity | From Theory to Experimertal
Seard, [18] in the rst sectionto give an axiomatic approach to canoni-
cal quartization. For the generalization of this quantization schemeto eld
theories, | usedMandl and Shaw's book on quantum eld theory, [35].
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App endix C

‘Singularit y resolution’:  the
Coulom b potential

The standard examplefor singularity resolution cited in the quantum general
relativit y literature is an electronmoving in the attractiv e Coulomb potential
of a nucleus. The claim is that here, the classicalsingularity consisting in
the fall of the particle to the certre is resolved on the quantum level.

C.1 Singular potentials in quantum and classical
mechanics

The Coulomb potential is more generally discussedin the study of singular
potentials in classicaland quantum physics. Let the potential be described
by a single coordinate r which stands for the radial distance.

Then singular potentials in classical, non-relativistic mechanics are all
attractiv e potentials which fall o faster than the inverse-squarepotential
r 2 asthe origin is approached. The inverse-squarepotential itself is a
transitional potential, i.e. it exhibits singular features only for a certain
range of coupling. In relativistic mecanics already the Coulomb potential
is transitional, thus singular for certain parameter ranges. All potentials
that fall o faster at the origin are truly singular.

Physically, such classically singular potentials are characterized by the
existenceof tra jectories along which the particle spirals into the origin. The
velocity divergesin this approach. And so doesthe scattering angle. In-
nitely many trajectories go through the origin | all with the sametan-
gert. Thus, in- and outgoing trajectories can only be matched if additional
conditions are imposed, as, for example, energy and angular momertum
consenation. It is the occurrenceof an in nite curvature of the particle's
trajectory which prevents a unique cortinuation of the trajectory through
the origin.

179
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Upon quartization, singular potentials remain singular. That meansa prob-
lem such asthe motion of a particle in an attractiv e inverse-squarepotential
which exhibits singular features on the classical level, will do so as well
on the quantum level. For singular potentials, no singularity resolution
takes place upon quantization. In non-relativistic quantum medanics, for
the radial Schrodinger equation all potentials which fall o as fast as the
inverse-squarepotential or faster, are problematic. In the relativistic case,
the Klein{Gordon and Dirac equation exhibit singular features already for
the Coulomb potential. All potentials that fall o faster than the Coulomb
potential are truly singular potentials of these equations.

Physically, singular potentials on the quantum level are characterized by
the fact that no unigue solution to the quantum equation exists. For the
Sdreodinger equation with inverse-squargootential, this implies for example
that both solutionsvanish at the origin | but di er by a phasefactor (again,
this holds for a certain parameter range). This phase factor cannot be
determined and mirr ors the non-uniquenessof outgoing trajectory for a
given ingoing one that is found on the classicallevel. More generally, a
boundary condition doesnot pick a unique solution for a quantum equation
with singular potential. From this results an arbitrary phasein scattering
amplitudes. Generally, the bound-state spectrum is not unique | there is
an in nit y of bound states. Lastly, the energyis generally unbounded from
below.

Mathematically, these singular potentials correspond to strong singu-
larities at r = 0 of the corresponding di erential equation. Equivalertly,
one can sa they stem from a Hamiltonian operator which has no unique
self-adjoint extensionto r = 0.

C.2 The classical motion of a particle in the at-
tractiv e Coulom b potential

On the non-relativistic level, the motion of the electron is perfectly well
behaved. As long as the particle has non-vanishing angular momertum, it
doesnot fall to the certre. In the caseof a vanishing angular momertum,
the particle falls to the certre, but does so on a straight line. Because
the total energy remains constart and nite, the kinetic energy and thus
the velocity divergesas the origin is approached, thus compensating the
in nitely negative potential energy The equation of motion posesa well-
de ned initial value problem. The predictions inferred are unique (for a given
set of initial conditions). The classicalmotion is not singular. The fact that
the fall of the electronto the certre is not in agreementwith observationis a
di erent question and might at this level be justied by the argumen that
the state of exactly vanishing angular momertum might never be exactly
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realizedin Nature.®

In the relativistic case,howewer, the particle spiralsinto the certre when-
ever angular momertum becomessmaller than the coupling, i.e. the total
charge. In this case,the scattering angle divergesand we encourer the
problems listed above?

C.3 The quantized Coulom b problem

Quarntizing the motion in the Coulomb potential, one endsup with the ra-
dial Schredinger equation and the additional condition, following from the
self-adjointness of the Hamiltonian operator, that its solutions vanish at
the origin and in nit y su cien tly quickly.® This xes the wave function
uniguely. The radial Screodinger equation thus posesa well-de ned prob-
lem. The resulting wave function corresponding to zero angular momertum
remains constart at the origin. The energyis unbounded from below. The
guantum motion is not singular | as one would have expected from the
guarntization of a non-singular classicalsystem. But it is now in (better) ac-
cord with obsenation: instead of a classicaltra jectory which leadsstraight
into the nucleus, the electron is described by a wave function with zero
probability density at the origin.

The caseis, again, di erent in the relativistic setting. The Klein{Gordon
equation with Coulomb potential is singular for certain angular-momertum
eigervalues. The boundary condition at the origin here does not pick a
unique solution.

C.4 Conclusion

Sol do not know why and how one can speak of singularity resolution in the
caseof the Coulomb potential. To the cortrary: the Coulomb potential is an
example where either both, quantum and classicalmotion, are well-de ned
or both posean ill-de ned problem. In fact, this is what is expected from
the study of singular potentials.

What happensupon quartization of the Coulomb problem in the non-
relativistic caseis that the wrong prediction of the classical framework is
substituted by a correct prediction through the quantum framework. The
singularity occurring in the special relativistic description is due to the fact

1This resenbles the point of view taken before the formulation of the singularity theo-
remsin generalrelativit y: The singularities occur only becausewe make idealized assump-
tions about Nature (lik e exact spherical symmetry, for example) which are not realized.

2The divergencein the relativistic caseis due to the fact that the e ectiv e potential
contains the square of the real potential | in contrast to the non-relativistic casewere
the potential enters the e ectiv e potential linearly.

3The condition isthat r (r) = Oasr ! Oandasr ! 1, wherer is the radial
coordinate.
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that in special relativit y instantaneousinteractions are not admissible. The
Coulomb potential hasto be substituted by a photon-mediated interaction.
This, in a sensejs a consequencef the fact that the Klein{Gordon equation
doesnot allow a consistent interpretation and hasto be subjected to second
guantization. In this way, one arrivesat quantum eld theory. The gauge
principle than vyields the correct description of the interaction. Thus the
correct statemert would be that the singularity of the Coulomb potential
occurring in specialrelativit y is cured by the replacemen of an instantaneous
interaction through the gauge principle and the eld quartization of the
resulting problem.

Another examplewherethe classicaland the quantum motion are singu-
lar is the radial Schreodiger equation with attractiv e inverse-squarepotential.

References: Singular potentials in quantum medanicsare discussedn
the review by Frank and Land, [42]. Moreover, the singular inverse-square
caseis discussedn Landau and Lifshitz's book, [44]. The speci ¢ caseof the
Coulomb potential can be found in Newton's textb ook, [45] and the article
by Case,[46].



App endix D

Appro ximating the
Wheeler{DeWitt  equation
for the big-brak e model

D.1 The Born{Opp enheimer appro ximation

The Born{Opp enheimerapproximation is usedin atomic physicsto simplify
the full Schredinger equation comprising the full motion of all electronsand
nuclei. It relieson the fact that nuclei have much larger massthan electrons.
It can be carried over to the quantum generalrelativit y casewhere the role
of the nuclei is played by gravitation and the matter elds take the place
of the electrons. | will give here a brief outline of the Born{Opp enheimer
approximation in atomic physics as well as the conditions under which it
applies.

I will useR to denotethe coordinate of the nucleusand r to denote the
electron location. By simply substituting the metric for R and the matter
elds for r, one arrives at the quantum gravitational case. The parame-
ter M usedin the following is originally given by the massof the nucleus
and in quantum generalrelativit y turns into (4.7). The time-independert
Sdrodinger equation is then of the form

o 2+ A(r;R) (r;R)=0; (D.1)
where fi(r; R) is the electron-part of the Hamiltonian and g is the Lapla-
cian with respect to the nucleus' coordinate. One makesthe ansatz

X
(nR)= Cn(R)' n(R;r) ;
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where
A R) n(Rir) = En(R) n(Rir)
and ' (R;r) n(R;r) = mn:

Upon inserting this equationin (D.1) and multiplying the resulting equation
by ' ,(R;r), integrating over r and using the orthogonality of the electron-
eigenfunctions, one obtains

o &+ En(R) Ca(R)

2 X 5

Nk dl"n(R,r)Z RCm R'm+Cm R'm :0:
The Born{Opp enheimer approximation now consistsin neglecting the o -
diagonal terms. The Sdcredinger equation then simpli es to

o &+ En(R) Ca(R)
2 Z

M
When doesthis approximation apply? This can be seenfrom a rewriting of
the neglectedterms as

h i
z 5 H mj IﬁR;ﬁ J' ni
dr' ' H mjPRrj' ni = ;
m R n mJFR] n En(R) Em(R)

were PR is the canonically conjugatemomertum to R. This isthusnegligible
if the energy levels are well separated. This justi es the neglection of the
rst o-diagonal term. The secondone is basically given by h mjlﬁéj' ni
and the assumptionis that H mjPZj' ni  (H mjPrj' ni)?. Thusthe spread
in the momenrtum of the nucleushasto be small.

For a real-valued wave function, the diagonal terms vanish: the rst one,
H njPrj' ni, due to the self-adjointness of P, the secondone again in the
approximation H ,jP3j' ni  (H jPRrj' ni)2

Note that the last two assumptionsmake somedi cult y whenapplied to
guantum generalrelativit y: First of all, the wave functional doesnot have
to be real and secondly the operator corresponding to the kinetic energy of
the gravitational eld is generally not self-adjoirt.

Moreover, for exotic matter potentials aswill be usedlater in this work,
seeChapters 7, 8, the matter Hamiltonian alsodependson the gravitational
coupling and thus on the Planck mass. The generalassumptionthat gravity
is “heavier' than matter then cannot be made, aswill be seenin the following.

dr' ,(R;r) 2 rCh R'n+Ch &' n =0:

(D.2)
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D.2 Appro ximating the Wheeler{DeWitt equation

We start from the full Wheeler{DeWitt equation (8.10),

¢ & () e

2

2
2 6@2 @2
here Vo = Vpawer=3 2. Into this equation, we insert the ansatz ( ; ) =
2 Cn( ) n( ; ), where' ,( ; ) isthe solution of (8.11),

A a5 )=En( ) a5 );
where A = 1p? + a®V("). The eigenfunctionsof the matter Hamiltonian

A are just the eigenfunctions of the radial Schredinger equation for the
Coulomb potential with vanishing orbital angular momertum. They are
given by (8.12) and obey the orthogonality relation (8.13). Inserting the
ansatz, the Wheeler{DeWitt equation turns into

X 2 2h i
26 Ch'n+ 2C' n+ Ch'en +EnCh'n =0;

where dots are usedto denote derivativeswith respectto . This equation
can be simplied by multiplication with ' , and integration over . This
may not be very obvious at this point, but recall the procedure used in
the Born{Opp enheimer approximation, cf. Section D.1. After using the
orthogonality relation, the Wheeler{DeWitt equation becomes

2 2h i

6 Cm+ EmCm Z() |

X 2 2h i
> 2Cah mj'_ni + CoH mjeni =0

In the following, Dirac brackets denotean inner product givenby integration
over which is suggestedby the orthogonality relation (8.13).

I will now carry out an approximation in two steps. First, the crossterms
H mj' ni, B mj*ni will be neglectedin a Born{Opp enheimerapproximation.
In a secondstep, | will show that the remaining diagonal terms cortain-
ing derivatives of ' , with respect to  can also be neglected. In atomic
physics, this follows trivially from the Born{Opp enheimer approximation
and the fact that all operators are self-adjoint. Here, counting powers of the
gravitational coupling 2 will be employed.

D.2.1 Born{Opp enheimer appro ximation of the Wheeler{
DeWitt equation

We have to show that two terms are negligible: H ' _ni and H pj'eni.
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| will start with the rst term. Rewriting this term as

h mj—@j‘ nl = H mjagj' ni

1 @
ith mjaPaj’ ni :

H m]'

The last equation can then be rewritten in the well-known way, cf. (D.2),
as
h [
S Homi PaH | ni
H mjapaj' ni = a E E. ;

where square brackets denote commutators. Thus, we obtain

L 6i~a® _ L
N mj'ni = ﬁh miV()j' ni
If the expectation value of the potential remains nite, the term on the left

hand side is negligible, if the energy eigervalues are well separated. Using
the energy eigervalues, (8.14), this reads
0 6i~3 1 . o
H mj' i = V—ﬁh miV(D)j' ni

nZ m?
Soif h mjV(’\)j' ni remains nite, the approximation applies. The expecta-
tion value of the potentials yields an integral of the form
Z
MV ai =W  de (Z)Lh o L o )

where = ZL andsimilarly = 2. This canbe integrated with the help
of
Z, - | j
bx _ (+l+ +d )b )
. dxe ™x L, ( x)Lj(x)— i G
Lo . b(b ) .
N IR

where F (a; b; c; x) denotesthe hypergeometricfunction, [78]. This yields

Vo (m+n)

RVl = Kmn (M 1)!(n 1)

F m+1 n+1 m n+1;n ;
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Recall that n 6 m. This is obviously nite.

We therefore conclude that the term H nj'_,i can be safely neglected
due to the fact that the spectrum of the matter Hamiltonian is discrete and
the energylevels are well separated.

The secondterm, H yj'*ni can basically be rewritten as H mjp3j' ni.t
The assumptionis that

H mial' ni W mipaj’ ni?
and, as the right-hand side vanishes, so does the left-hand side. In this
way, we get rid of the o -diagonal terms. This is analogousto the Born{

Oppenheimerapproximation asit was presened in SectionD.1.
With theseapproximations, the Wheeler{DeWitt equation simpli es to

2 h i

5 Cn+EnCm Z()

2 h i

5 2Cmh mj' mi + Cuh mj'emi = 0:

D.2.2 Neglection of matter motion

Whereas in atomic physics, the diagonal terms, H nj' mi, 0 nj*mi, van-
ish trivially , here somework is neededto show that they can actually be
neglected. Wethus haveto show that theterm CZ( ) = CmH nj' mi dom-
inates over CnH mj' mi and ChH hj'*mi. This is rather easily seen. First

of all note that the derivativesof Ciy( ) = c2Ko 91—6% with respect to
, cf. (8.16) satisfy

Cm Cm: Cm V Cm VZ2:

On the other hand, as a consequencef the orthogonality relation, (8.13),

Homj" mi Homi'_mi H mj'emi v :

Therefore, the di erent terms behave as

L eb
Cmh mj' mi \Y —
CiH mj'"_mi 1

L 1 2
CmH mJ"m' V— eT

11t also givesone contribution proportional to hpai which can be negelcted due to the
arguments given above.
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Recall that V dependson

aref Vo .

32 °
There are thus two argumerts that justify the neglection of the terms con-
taining derivativesof ' ,. First of all, one can usean expansionin terms of
the Planck mass. This is analogousto the massparameter M = 4% intro-
ducedin the derivation of the approximate functional Schredinger equation,
cf. Section4.4.1,(4.7). Then the C, term givesthe highest order contribu-
tion.? Moreover, in the vicinity of the big-brake singularity the scalefactor
is large. This is another reasonwhy we can safely neglect the derivative
terms.3

Thus, we nally end up with the approximated Wheeler{DeWitt equa-

tion (8.15),

V = e =

6V 2
Cn( ) mcn( )=0:

2Recall that E,, V2.
3Recall that, anyway, the potential used here is a good approximation to the full
potential only in that regime.
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System of constrain ts for the
parametrized free particle

General expressionfor the constraints are

X oo Axm™
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20 m)
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XX 2% M) X n m 2 m k jp2(n my+k °or

C(n) — b pAn mrko
tpk . R )
P m=0j=0 =0 r=0 m J r (2M )n m
th‘;+0r;0 + Gj‘;+lr;0 + %J Gj‘+rl;;% ; (E.4)
20 m) \
e = T nma w0 e
' ) n m
* m=0j=0 ‘=0 r=0 m J r (2M)
qu\fO“O + Gj‘;Jror;1 + %(‘ + r)GJf;Jror o (E.5)

cm = XX AX™X nm o 2n m)  k o jprn mrk
= ) . AL
m=0j=0 ‘=0 r=0 M ! ' (@m)n

PG %+ Gty (E.6)

In addition to thosewritten explicitly here,there are thoseinvolving higher
polynomials alsoin g, t and p;. The rst two typesof those constraints are
more lengthy due to reorderingsin the quantum variables. The constraints
listed su ce for considerationsin Chapter 9.
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In a momert expansion,the leading terms of these constraints are

1 2;0
C(n) = C(?Iass"' nc(?lasémeo;o
2
p 2:0 P ~10, 1 .00 1 o0
+n(n  1)Cl.2 WGO;0+ Melo*' EGzo Nel;o
P ~30 1 40
+ oz G0t gz Coio
p? : p : 1 o p ;
+n(n 1)(” Z)C(?Iasz M 2Gi8+ NG%;S—F éGg;8+ 6M 368;8+X1
+n(n 1)(n 2)(n 3)R;=0; (E.7)
_ pi~ P .11 o1, 1 21
C" = aC™+nClus 355 * 37 C00+ Ciio* 55 Coio
i~1 130, 3P ~20 P° 21, P ~11
+n(n  1)Cl,2 oM Gig * NGOO * oM 5Goio t mel;o
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P ~1.0 0;0 1 o0
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i~ 3p% 20, 2010, 1 00, 2P .3
+n(n 1)Cfas > WG§§8+ m61;8+ EG238+ WGggg
3 )
"'NG%S + X12
i~ 3p? 2,0 2p? 3:0 P ~10
+n(n  1)(n 2)Cl.3 5 ozCo* 33,3G00* 11 CGa0
1 o
+5G258 + X3
+n(n  1)(n 2)(n 3)Rg=0; (E.14)
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CI(JQ) = 3pC'()2) 3pzc'(3n) + pSC(n) + C?Iasng;g—'- nct?lasixl“
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where X; and R; are linear functions of higher, i.e. at least fourth, order
momerts.
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App endix F

Figures

F.1 Wave packet for the big-brak e model

0.45

Figure F.1: This gure shaws the wave packet for the big-brake model at

= 1. Here, the sum in equation (8.24) is carried out up to dierent n. It
can be seenthat it is su cien t to sum the seriesup to n = 20. Including
more terms doesnot alter the form of the wave padket: The padket obtained
for n = 21is exactly of the sameshape asthe oneobtained from summation
up to n = 20.
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Figure F.2: This plot shows how the wave padket for the big-brake model
loosesits form. The di erent lines shaw the padcet at dierent . Summa-
tion is carried out up to n = 20. The initially Gaussianpacket at = 1
dispersesas = 2andat = 5 is already a mere oscillation around zero.
The classicalsingularity occurs at 7.
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Figure F.3: The gure showsthe wave padket for the big-brake model. One
clearly seesthat the initially peaked padket dispersesquickly. The classical
singularity occurs at 7, = 0] wherethe wave padket is zero anyway.
The certre of the Gaussianat = 1 is chosento be = 10. Units are
determined such that ~= 1 and = 0:05. As parameterVy = 1 was chosen.
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F.2 Wave packet for the phantom- and scalar- eld
models

Figure F.4: This gure shows the wave padket for the phantom model with
exponertial potential. The padcket is displayedin the (u 1;v 1)-plane. It is
clearly peaked around the classicaltrajectory (7.29) but spreadsasju ij,
iV 1] becomelargs,l/vhich is just the region of the classicalbig-rip singularity.
In this plot, = 3 waschosen. The gravitational constart has units sud

that 2= 6.
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Figure F.5: Thesetwo gures exhibit the wave packet for the scalar eld
model with exponertial potential, Chapter 7. In the upper plot, the initial
conditions are chosensud that the two solutions add up at the origin of
the (uq;v1)-plane. For wave padket shown below, the initial conditions have
been chosensud that the padet vanisheson u; = 0. Recall that u; > 0
and one quarter of the (u1;vi)-plane correspondsto the erntire ( ; )splane.
Parametersare chosenasin the corresponding phantom model, = = 3and
2= 6.
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ul

Figure F.6: This gure shows the same wave padets as F.5. From this
perspective, onecan clearly seethat the boundary condition = Oatu; =0
is satis ed for the upper wave packet.
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